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Abstract

The edge-of-stability (EoS) phenomenon of Adam has been widely observed, while its underlying
dynamical mechanism is not yet fully understood. We study uncorrected Adam on a one-dimensional
quadratic, a clean setting where constant curvature isolates the optimizer-induced dynamics behind the
EoS. We characterize the resulting dynamics across the parameter space. In broad regimes, we prove
that Adam exhibits a restoring tendency toward its frozen stability threshold 2(1 + 51)/[n(1 — B1)]. We
also identify settings in which this edge-seeking mechanism breaks down, including strictly subcritical
periodic orbits and specially tuned trajectories that converge to the optimum while remaining uniformly
supercritical. These results give a concrete dynamical explanation for Adam’s EoS in a setting free of
evolving loss geometry, while also exposing its limitations.

1 Introduction

Adam [Kingma and Ba, 2015] is among the most widely used optimizers in modern deep learning. When
neural networks are trained with first-order methods such as gradient descent or Adam, a striking empirical
regularity emerges—the edge of stability (EoS): the sharpness (the largest eigenvalue of the Hessian of
the loss function) rises toward the stability threshold and then oscillates around it (Figure 1, left). For
gradient descent, this behavior has been observed extensively in neural-network training, where the sharpness
approaches the classical threshold 2/n for learning rate n [Cohen et al., 2021]. For adaptive methods,
Cohen et al. [2022] observed a similar phenomenon for Adam: the preconditioned sharpness S;—the largest
eigenvalue of the Hessian after Adam’s coordinatewise rescaling—rises toward and then stays near the stability
threshold of the corresponding frozen dynamics. These results establish the EoS as a robust but so far
largely empirical phenomenon and a strong departure from classical optimization theory. While EoS attracts
extensive theoretical investigation on gradient descent, the mechanism of EoS for Adam remains mysterious.
This leaves a basic question unresolved for Adam: why does this happen?

In this work, we provide theoretical evidence that, in contrast to gradient descent, Adam’s adaptive
nature by itself induces EoS. More specifically, we work in the simplest possible setting, the one-dimensional
quadratic

fla) = 32, (1)

and prove that edge-of-stability behavior actually occurs, identifying the mechanism that produces it,
illustrated by the negative-feedback loop in Figure 1 (right). On this objective, uncorrected Adam iterates

mepr = Pimye + (1 — Br)ay, Vi1 = Bovy + (1 — B2)ag, Tpy1 = Ty — M1, (2)
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Figure 1: Edge-of-stability behavior and its negative-feedback mechanism. Left: Adam’s sharpness oscillates
around its frozen stability threshold in both neural-network training and the one-dimensional quadratic
studied here. Right: above the edge, expansion raises v; and pushes w; down; below the edge, contraction
lowers v; and pushes w; up. Experimental details are given in Appendix H.

with momentum and second-moment parameters 0 < 57 < 1 and 0 < 85 < 1, learning rate n > 0, stabilizer
€ > 0, and initial state (xg,mg,vg). We use the normalized sharpness wy; = ¢nS; with ¢ = (1 — 51)/(1 + 1),
for which the frozen stability threshold becomes the parameter-free boundary w = 2. The key mechanism is a
negative-feedback loop driven by Adam’s second-moment adaptation: above the edge the iterates expand, vy
inflates, the effective step size shrinks, and w; is pushed back down; below the edge the iterates contract, vy
decays, and w; is pushed back up. In broad regimes we prove that this feedback forces w; to keep fluctuating
around 2: it cannot persistently stay well above or well below the edge. This built-in self-stabilization of the
effective step size may also be part of why Adam performs so well in practice.

Turning this mechanism into proofs requires arguments on the two sides of the edge; Figure 2 summarizes
the resulting proof structure (Section 3). In the subcritical regime (left), an adaptive Lyapunov function
certifies contraction up to an explicit cutoff W < 2, which weakens the second-moment forcing and pushes w;
upward toward the edge. This mechanism is not universal: in the complementary parameter regime, under
certain conditions, strictly subcritical periodic orbits can arise when € = 0. In the supercritical regime (right),
the sign geometry separates two distinct behaviors. Aligned trajectories expand and are forced out of every
fixed supercritical band in finite time, whereas exceptional persistently misaligned trajectories can contract
to the origin while remaining uniformly supercritical.

Taken together, these results prove that Adam’s adaptive state can generate the negative feedback
toward the frozen stability boundary illustrated in Figure 1, even when the loss curvature is completely
fixed. At the same time, positive momentum introduces precise ways in which this edge-seeking mechanism
can fail, illustrating the additional complexity of the general setting. Thus, our analysis identifies both
an optimizer-induced mechanism for the EoS and its limitations already in the simplest quadratic setting.
Extending this exact discrete analysis to higher dimensions is an important direction for future work.
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Figure 2: Proof roadmap for 81 > 0. Left: below the edge, an adaptive Lyapunov function certifies contraction
up to a cutoff W < 2 when 3, > 3?2 (Proposition 3.1, Corollary 3.2), while strictly subcritical four-cycles
can arise for certain complementary parameter choices when ¢ = 0 (Proposition 3.3). Right: above the
edge, the sign of x;h; separates aligned trajectories, which exit every fixed supercritical band in finite time,
from exceptional persistently misaligned trajectories that converge while remaining uniformly supercritical
(Lemma 3.4, Corollary 3.5, Proposition 3.6).

2 Mathematical formulation and the case of 5; =0

2.1 The stability threshold

To see where the threshold comes from, freeze the second moment in (2) at a constant value v > 0. Define

C = ) Wt ‘= —F/—, Wmax =
1+ p " Vuite §

Then 0 < wy < wpax, and stability of the frozen update is decided by this scalar alone:

L 1-75 cn . @ (3)

Lemma 2.1 (Frozen stability in one dimension). Fizv > 0 and let A, denote the map (x¢, my) — (Tp41,Mig1)
obtained from (2) by freezing viy1 at v. Then A, is linear, and its spectral radius (the largest modulus of its
eigenvalues) is smaller than 1 if and only if

wi= -
T Vu+e

The lemma is the one-dimensional case of Lemma B.2 in Appendix B, which treats general objectives in
any dimension. Thus w = 2 is the frozen stability boundary, free of all parameters. In practice € is tiny (e.g.
1078), 50 wmax > 2 in essentially every realistic configuration; this is the regime we study, and the globally
subcritical case wmax < 2 is treated in Appendix G.

Note that Schur stability of the frozen iteration is only a pointwise criterion: v, and hence w;, evolves
along the trajectory, so it does not by itself determine the stability of the adaptive dynamics—yet our results
show that this local boundary is precisely the level around which w; oscillates. In the general setting of
neural-network training, the frozen operator, the preconditioned sharpness S;, and its threshold S* are defined
analogously in Appendix B.

< 2.

2.2 Illustrative example: $; =0 case

As an illustrative example, in this section we focus on the case 81 = 0, in which Adam reduces to RMSProp
[Tieleman and Hinton, 2012]. This is the simpler case because the momentum variable disappears from the
position recursion and ¢ = 1. Adam then reduces to

Vt41 = Bavy + (1 - 52)901?7 Ti41 = (1 - wt+1)33t7 (4)



where we recall w; = . Bai et al. [2026b] studied a related threshold-crossing mechanism for a momentum-

n

vite
free one-dimensional \andratic under additional conditions. Appendix D strengthens this intuition through
a two-sided finite-passage result: for every w < 2 < w, a trajectory cannot remain indefinitely below w or
above w. Since these levels may be chosen arbitrarily close to 2, the result formalizes the restoring behavior
toward the edge. If w; remains uniformly below 2, the position contracts, reducing the forcing of v; and
pushing w; upward; if it remains uniformly above 2, the reverse mechanism pushes w; downward. This is the
feedback illustrated in Figure 1. The positive-momentum analysis in Section 3 follows the same high-level
strategy, but requires an adaptive Lyapunov argument below the edge and sign geometry above it.

3 Analysis of Adam with general parameters

The main focus of this paper is the positive-momentum regime, corresponding to the practical choice
(81, 82) = (0.9,0.999) of Adam. In this regime, we identify subtler EoS behavior of Adam, which requires
more careful analysis. The frozen threshold is still w = 2, but momentum changes what happens near it. In
the subcritical regime, we need to control the joint evolution of position and momentum; in the supercritical
regime, the key distinction is whether the two are aligned or misaligned. All proofs for this section are
deferred to Appendix E (subcritical results) and Appendix F (supercritical results).

Normalized dynamics and phase decomposition Introduce the normalized momentum coordinate

hy i= ¢ Ymy + 2y, 2z = (xt) (5)
hy

Then, the update rule on (z;) can be written as

Zep1 = A(wit1)ze, Alw) = G :z ﬂlzlﬂl_ww)) . v

Since A(w) is similar to the frozen map of Lemma 2.1, its spectral radius satisfies p(A(w)) < 1 exactly
when 0 < w < 2. The matrices encountered along an Adam trajectory, however, vary with w; and need
not commute. Stability of every individual matrix is therefore not sufficient to control their product. Our
subcritical argument uses the exact restriction imposed on successive values of w; by the second-moment
recursion, whereas the supercritical argument uses the sign geometry of (z¢, ht).

3.1 Subcritical analysis

In the subcritical regime, decay of (z;, m;) reduces the forcing in the second-moment recursion. The resulting
decrease of v; raises w; and therefore moves the trajectory toward the frozen boundary. The principal
difficulty is that the family {A(w) : 0 < w < 2} does not admit a common Euclidean contraction estimate.
We instead use the Lyapunov functional

Wi+ P (7)

The coefficient of h? is chosen as a function of the current w;. The exact one-step quadratic inequality,
together with the admissible change in wy, gives the following cutoff:

_— 2V~ B)
\/572(1 - 61) - zﬂl(l - \/E)/wmax
Proposition 3.1. Assume wyax > 2 and Bo > (3. Then 0 < W < 2;if U, >0 and wy, wiq < W, then

U1 < Uy More quantitatively, for every 0 < a <w < W, if a < wg,wer1 < w then Uypq < (1 —d(a, w))\Ilt,
where the explicit quantity 6(a,w) € (0,1) is defined in Appendiz E.

(8)



When 1 — By < 1 — ;1 and €/(cn) = 1/wmax is negligible, the certified contraction region reaches close to
the frozen boundary: for 51 = 0.9 and 2 = 0.999 the cutoff is W = 1.991. An expansion of W as 3 — 1 is
given in (56) of Appendix E.

Because U, keeps decreasing, the trajectory cannot stay below any fixed level w < W forever.

Corollary 3.2 (Fiiite passage toward the subcritical cutoff). Assume the hypotheses of Proposition 3.1.
Then, for any w < W and T € Ny such that wr < w, there exists T < 0o such that wry, > w.

A quantitative version of Corollary 3.2 is stated in Corollary E.2.

3.1.1 Existence of subcritical cycles

Proposition 3.1 gives a sufficient contraction region for 3, > 3% which is indeed the regime of the standard
parameter choice (81, 82) = (0.9,0.999). In the complementary parameter range, strictly subcritical cycling
can occur.

Proposition 3.3 (Existence of strictly subcritical four-cycles). In the scale-free case € = 0, suppose that
V2-1<Bi<l,  0<B<f (9)

Then, for every n > 0, there exists an initial state (xq, mo,vo) whose Adam orbit has prime period four and
satisfies wy < 2 for every t > 0.

Figure 3 in Appendix E displays the construction at a concrete point of the parameter region (9).

3.2 Supercritical analysis

In the supercritical region w > 2, the sign of z;h; separates two sharply different behaviors. When z;
and h; are aligned, the next step preserves alignment and expands the position. This expansion feeds the
second-moment recursion, increases v;, and therefore pushes w; back toward the edge. When they are
misaligned, continued misalignment instead forces the position to contract even though the frozen matrix is
unstable. The following lemma records the one-step geometry.

Lemma 3.4 (Supercritical sign geometry). Suppose that wyiq > 2.

(1) If xthy > 0, then x441hi11 > 0 and
2] > (wers — 1) . (10)

(ii) If xthy <0 and xg11hie1 <0, then
|24
W41 — 1

|Z41] < (11)

In particular, an aligned trajectory that remains above a fixed margin 2 + § expands at least at rate 1+ 4.
Such expansion cannot persist indefinitely: it drives the second moment so high that w; can no longer stay
above 2 + §. This yields a quantitative exit from every fixed band above the edge.

Corollary 3.5 (Finite exit from a uniformly supercritical band). Suppose that xrhr > 0 and wr > 2+ 6 for
some 0 € (0,1], and define

7 :=min{n € N>q : wry, <2+ d}. (12)
Then 5 )2
<1+6 o (1+C’7>. 13

Consequently, if an aligned trajectory remains supercritical for all future times, then lim inf; ., w; = 2.



The unstable convergence stage Part (ii) of Lemma 3.4 raises the question of whether misalignment
must eventually end. The answer is no: for every initial vy with wy > 2, one can choose the initial position
and momentum so that the trajectory remains misaligned forever. It then converges to the origin along an
exceptional contracting trajectory even though its frozen dynamics remain unstable.

Proposition 3.6 (Persistent supercritical misalignment). Suppose that 0 < 81 < 1 and wmax > 2. For every
vo > 0 satisfying wo = cn/(\/vo + €) > 2, there exist xg # 0 and mo € R such that

xe(my +cx) <0 for every t > 0. (14)

Along this trajectory,
wi > wo, lz¢| < (wo —1)7" |mg|, t>0. (15)

In particular, (x¢,my,ve) = (0,0,0) and wy — Wmayx, although the trajectory remains uniformly supercritical
for all time.

4 Conclusion

We studied the exact discrete dynamics of uncorrected Adam on a one-dimensional quadratic. Our analysis
identifies a restoring mechanism toward the frozen stability boundary. With momentum, we establish this
behavior up to an explicit subcritical cutoff close to the threshold under standard parameter regimes. We also
show its limitations through strictly subcritical periodic orbits and persistently supercritical yet convergent
trajectories. These results demonstrate that Adam can generate edge-of-stability behavior intrinsically, while
momentum introduces dynamical mechanisms that can prevent universal convergence to the edge. Extending
this analysis to higher-dimensional settings is an important direction for future work.
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A Related Work

Edge of stability. The edge-of-stability (EoS) phenomenon was systematically documented by Cohen
et al. [2021], with early precursors in the catapult phase [Lewkowycz et al., 2020]; the role of dynamical
stability in selecting minima was highlighted by Wu et al. [2018]. Subsequent work has studied its underlying
mechanisms, including implicit regularization [Arora et al., 2022], self-stabilization through higher-order
geometry [Damian et al., 2023], progressive sharpening [Li et al., 2022}, and EoS behavior in simplified models
[Agarwala et al., 2023, Ahn et al., 2023, Zhu et al., 2023, Chen and Bruna, 2023]. Other works connect EoS
to bifurcation and nonlinear oscillatory dynamics [Song and Yun, 2023, Mulayoff and Stich, 2026, Kalra et al.,
2025]. These results primarily concern gradient descent. For adaptive methods, Cohen et al. [2022] identified
an analogous adaptive EoS characterized by the preconditioned Hessian. Our work studies this phenomenon
for the exact discrete Adam dynamics on a quadratic objective, where the underlying curvature is fixed and
the effective sharpness evolves solely through adaptive preconditioning.

Adam. AdaGrad [Duchi et al., 2011] introduced coordinatewise adaptive learning rates based on accumulated
gradients, and Kingma and Ba [2015] later introduced Adam by combining adaptive second-moment scaling
with momentum. Despite its empirical success, Adam can fail to converge [Reddi et al., 2018], motivating
convergence analyses under additional assumptions [Chen et al., 2019, Zhang et al., 2023, Dereich et al., 2025].
Adam has also been studied through continuous-time dynamical models [da Silva and Gazeau, 2020, Barakat
and Bianchi, 2020]. A separate line of work studies how to tune Adam’s hyperparameters, for instance
adapting its learning rate online [Xie et al., 2026]. More recent work has investigated Adam’s behavior
on degenerate objectives and its implicit effect on sharpness [Bai et al., 2026a, Li et al., 2025]. However,
comparatively little work characterizes how Adam’s adaptive preconditioner drives its sharpness relative to a
finite-step stability threshold.
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Adam at the edge of stability. The works most closely related to ours study Adam directly through
stability and dynamical perspectives. Bai et al. [2026b] explain loss spikes through the evolution of the
adaptive preconditioner, with their theoretical analysis focusing on a one-dimensional quadratic setting with
B1 = 0. Regis and Chewi [2026] instead develop a continuous-time model for Adam in the EoS regime. From
a discrete dynamical perspective, Bock and Weil [2019] showed that Adam can admit non-convergent limit
cycles, including quadratic examples, while Bock and Weif} [2021] analyzed local convergence through linear
stability near fixed points. Recently, Dereich et al. [2025] established a priori bounds and asymptotic stability
properties for Adam on strongly convex quadratic objectives. In contrast, we study the exact finite-step
dynamics across both subcritical and supercritical regimes, including finite threshold passage, periodic orbits,
and trajectories whose behavior cannot be inferred from frozen stability alone.

B The general Adam iteration and the frozen stability threshold

For a twice continuously differentiable objective f : R — R, uncorrected Adam maintains a momentum
estimate m; and a second-moment estimate v; and iterates

myp1 = Bimy + (1= 1)V f(xy),
Vi1 = Bavg + (1 - 52)(vf(xt) © vf(mt))v (16)
Ti41 = Tt — n(diag(wvtﬂ) + 6])_1mt+1,

with 0 < 31 <1,0< B < 1,7 >0, € >0, and initial state (xg,mg,v9) € R? x R? x [0,00)¢; here ® and the
square root of v; are taken coordinatewise. The one-dimensional iteration (2) of the main text is the special
case f(z) = 3a°.

A useful EoS perspective is to freeze the second-moment variable and study the resulting operator on
position and momentum:

NE: z —n(diag(yv/v) + 1) (Bim + (1 - B1)V f())
A : <m> — ( pim+ (1= p1)Vf(z) ) a7)

The following preconditioned Hessian and its largest eigenvalue identify the stability boundary of the frozen
linearization.

Definition B.1 (Preconditioned sharpness). Define

H, := (diag(v/or) +€I) "' V2f(20), St = Amax(Hy). (18)

Lemma B.2 (Frozen stability). Suppose that V2 f(z;) = 0. The linearization of A, is Schur stable if and
only if
2(14 1)
St < S*, St = ———. 19
' n(l—p) (19)
Proof. Recall that when V2 f(x;) = 0, the matrix H, of ( 18) is similar to a symmetric positive-definite matrix,
so its eigenvalues are real and positive. Fix ¢ and write D = diag(\/v;) + €I and H = V?f(z;). In the

coordinates y = D'/?2Ax and p = D~Y/2Am, the linearization of A,, is
pt=Bip+ (1= B)DPHD Py, oyt =yt (20)

The middle matrix is symmetric positive definite and has the same eigenvalues as D™'H = ﬁt. Along an
eigenvector with eigenvalue A > 0, the characteristic polynomial is

22— (1+ 81 —n(l = B)A)z + B (21)
The quadratic Jury criterion gives Schur stability exactly when 0 < n(1 — 81)A < 2(1 + S1). This holds for
every mode if and only if Apax(Hy) < 2(1 + B1)/(n(1 — B1)), as claimed. O



C Notation retained for Section 2.2

This section only records the quantities used in the statements of Section 2.2; no proof for that section is
included. For n € N>; and r,5 > 0, let

Gn(r,s) == {(Tn —s/r=s), s, (22)

nr? L r=S5.

Also set
o5(T) :=inf{n € Ny : wr4, > W},
A5 = (1467,
75(T) := inf{n € N> : wp4, <2+ 4},
L, (T,a) := Byvp + (1 — B2)a’G,(As, B2),

(23)

with inf & = +o00.

D Proofs for the g =0 case

Here we prove the results announced in Section 2.2: for the $; = 0 dynamics, we bound the precise number
of steps needed to approach the threshold from either side.

Subcritical stage If wr > @, then by definition o5(T) = 0. We therefore consider the nontrivial case
wr < .

Theorem D.1 (Finite passage to a strict subcritical target). Assume f1 =0, Wmax > 2, and

wr < W< 2.
Define
n
My := max{vy, v2.}, Wy = g te (24)
pri= max{|1 - wy|, [1 - @[}, rri= P (25)
and
U = Bor + (1 - fo)a3Gulrr, f2),  n€Nai. (26)
Then 2
NP = min {n €Ny : UM < (2 - 5) } < 00, (27)
= W
and ‘
1< 0g(T) < Np™. (28)
Moreover, introduce
1—
Cﬂ,T =vr + 62 .’L‘%« lf ﬂ? >rr,
B2 —rr
1—
Crri=vr+ b T if B2 <7,
rr — B2
1—
Cor:=vr+ T2 if B2 = 7.

10



The implicit bound satisfies

_ Cor }
1 il
Og(mms)?) b
log(1/p2) ’ 2 T
Cr,T
NP < Ny im 10g<(77/@5)2> 29
T = T -— log(l/rT) ) ﬂ? <7rr, ( )
log<C’T )
(n/@ —e)?
Y Tegtiymy |0 2T

Proof. Because 81 = 0, we have

_ I
NOTEE max T g

Since W < 2 < Wmax,

The assumption wr < @ therefore gives

In particular, Mr > 0, and since My > vp,
0<wy<wp<w<2

Hence
0<pr <1, 0<rpy<l.

Also, since wr < w, we have o5(T) > 1.
Fix n € N>y. If 05(T) < n, the target has already been reached before time 7"+ n, so no further estimate
is needed. Suppose instead that
U@(T) >n.

Then
wry; < W, ji=0,...,n—1.

We claim that throughout this stopped trajectory,
vr4; < My, \xr ] < P |z, j=0,....,n—1 (30)

We prove the two estimates simultaneously by induction. They are immediate at j = 0. Suppose they
hold up to some j — 1 with 1 < j <n — 1. Since wr4; < @ < 2,

|7 45| = 1 = wryjl |[2rsj-1] < |T14j-1],

and hence |zp4j_1| < |zp|. Using

2
vrij = Bovryj—1 + (1= B2)apy 1,

11



together with vry ;1 < M7 and x2T+j71 < sz < M, gives

V45 S M- T-
Consequently,

n P
wp = —— < wpy; < W.
T \/m +e +J
Since w — |1 — w| is convex, its maximum on [w, @] is attained at one of the endpoints. Therefore
1= wry;| < max{[l —we|, [l — @[} = pr,
and thus

|2r45] < prlersj-1| < o lar].
This proves (30).

Unrolling the second-moment recursion over n steps and using (30) gives

n—1
vr4n = Byvr + (1 — Ba) Z By Ik
T
< Bhor + (1 — Bo) Z 5;’1*%4
= U, o
Since B, € [0,1) and r7 € (0,1), UL

»n . — 0. Indeed, when 5 # rr, this follows directly from the closed form
of G, (rr, B2), while for 8y = rp, G, (rp,rr) = m’gi_l — 0. Because

2
(Z — 5) > 0,
W
there exists a finite n for which

U™ < (2 _5)2.
N7
Hence N;mp < 00.

Now take n = N}mp. If 05(T) < n, then certainly o5(T) < NiTmp. Otherwise the stopped estimate applies
and yields

2
VT gn < UT(LT) < (2 - E) .
W
Since n/w — e > 0, this implies
VUr4n +€ < %,
and therefore
Wr4n =
Thus

# > 0.
VUT+n +e

1< o0g(T) < NJ™.
It remains to prove the explicit bounds.
If B3 > rp, then

no_pn n
Gn(rr, B2) = bs —ri < b
SO

C Ba—rp T Ba—r7

U < Cp .

12



Hence

10g<CAB’T 2>
0> \m/w—e¢)
— log(1/p2)
is sufficient to ensure )
Ul < (2 - E)
n —_ In ’
which gives the first case of (29).
If By < rp, then
P 6n P
Gn T, _ T 2 < T , N
(rr. B2) rr—PB2 T rr— P2 =Tt
Consequently,
Ur(LT) S CT’TT%.
Thus

is sufficient, giving the second case.
Finally, suppose B3 = rr. Then

For every n > 1,

n—
nrp

because
n—1
n(v/rr)
Moreover,
Therefore

Hence it is sufficient that

which gives the final case of (29).

Supercritical stage We next show that a nonzero trajectory cannot remain indefinitely in a uniformly
supercritical band. The argument is the reverse of the subcritical mechanism: as long as w; remains above
which forces the second moment upward and eventually makes

2 4+ 6, the position expands geometrically,
such a large value of w; impossible.

log(1/rr)
Gn(rp,rr) = m‘gfl.

L= (i) " ()"

< (\/ﬁ)nfl
T (=)

log(1/y/rr)

13



Theorem D.2 (Finite supercritical exit for 81 = 0). Let T' € Ny and let 6 > 0 satisfy
2+ < Whmax-

Assume
p1 =0, wr > 2+ 9, xr # 0.

Define

2
Ny7 1= min {” € Noy: Ly (T, |or]) > <2Z(5 - 5) } : (31)

Then this minimum is finite and

75(T) < Ny3P < NpP < oo, (32)
where )
n
(A5—52)< —5)
240
log| 1+ (1762)—’;%
NP =1 33
46, T + log A(S ( )
Proof. Because 3, = 0,
Wt N

C Juite
The assumption
240 < Wpax = 1
€

implies
n
— —e>0.
246 -
Consequently,
2

Fix n € N>y. If 75(T") < n, then the trajectory has already left the prescribed supercritical band by time
T + n, so there is nothing to prove. Suppose instead that

75(T) > n.

By the definition of 75(T),
Wryp > 2+ 0, k=1,...,n.

Using the zero-momentum position recursion
Tp1 = (1 — wig1)wy,

we obtain, for every k=1,...,n,

|z k| = [1 — wryk| |27 yp—1]
= (wrk — 1) [zr18-1]
> (1496) |rryx—1]-

Tterating gives 4
|£L'T+j‘2(1+5)]|l‘T|, j=0,...,n,

14



and hence
2 j 2 .
a?T+j2A6xT, ji=0,...,n,

where A; = (1 +46)2.
Unrolling the second-moment recursion over n steps yields

n—1
vrgn = BRvr + (1= B2) Y By aty

=0
n—1 ) )

> Byvr + (1— Bo)ag »_ By~ 7 A]
j=0

= BYvr + (1 — B2)25.Gn(As, Ba)

= L,(T, |xT|).

On the other hand, 75(T") > n implies wri, > 2+ §. Therefore, by (34),

2
Ur4n < (2_7_5 —E> .

Hence survival in the supercritical band through time T 4 n necessarily implies

2
Ui
L, (T <[ ——= - .
(T or < (575 )
Thus, whenever
2+6
the trajectory must have exited the band no later than time 7"+ n.
It remains to show that such an n exists. Since

LT Jor) > (5 s>2,

As=(1+0)*>1> p
and z7 # 0, we have

Lo(T,|zr|) = Byvr + (1 — B2)27Gy(As, Ba)

(1—52)%2 n n
TBQT( 5 —B3).

Because As > 1 and B2 < 1, L, (T, |zr|) — oo. Therefore,

>

NP < oo,

The survival implication above gives )
75(T) < N gf’;?.

It remains to derive the explicit bound. Since 0 < 35 < 1, one has 85 < 1, and hence

An — Bn

Gn(As, B2) = Afsi—gz
A —1

> .

As — B2

Thus | By
LT for) > P a1y,

15
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Therefore it is sufficient that )
Ui

As — —_

(As — f32) (2 5 5)

§>14
° (1= B2)at
By the definition of N7,

2

n

As — o
A ﬂz)(2+5 5)

0 (1 - B2)2% '

Combining this with (37) yields

2
n
Lygp(T, |er|) > (M - 5> :

Hence )
imp exp
N, ST = N, 5,1 >

which completes the proof. O

E Proofs for general parameters in the subcritical stage

E.1 Proof of Proposition 3.1
Proof. Let
0(y) = 2. (38)

Recall that in the present section 0 < 31 < 1.
We first record the restriction that the second-moment recursion places on the pair (w;, w;y1). Since

ﬁw(l ! )

Wt Wmax

its exact normalized form is

2 2 2
( — ) =ﬁ2<1— . ) +<1—ﬁz>(“)- (39)
wt+ 1 Wmax Wy Wmax C77

Taking nonnegative square roots gives

1 1 1 1
- >\ P2 | —— )
Wt1 Wmax Wy Wmax

and hence
Wy

wt+1 S \/5724’ (1 - \/E)wt/wmax,

or equivalently,

wy > VB2 Wit ' (40)
1- (1 Y BQ)wt-l—l/wmax
Equality holds exactly when x; = 0.
We next solve the one-step quadratic inequality. For y,Y > 0, put
P, :=diag(1,y), D(y,Y;wiq1) i= Py — A(th)TPyA(th). (41)

16



Direct multiplication gives the exact identities
D1 (y,Yiwep1) = (2 — wer) (w1 — (2 — wig)Y),

and

det D(y, Y;wep1) = (w1 — (2= wig1)Y) (2 — weg1)y — 3%wt+1)~

Because 0 < w41 < 2, Sylvester’s criterion shows that
A(wir) " Py A(wig1) < Py

if and only if
Y <O(wiy1),  y > Bi0(wepr).

For the Lyapunov function in the proposition, the source and target weights are

y = r6(wy), Y = B160(wit1).

The first inequality in (43) is automatic because 81 < 1, while the second becomes

9(wt) > 619(wt+1).

Since 6 is strictly increasing on (0, 2), (40) implies

0(w;) > 9( VB2 Wi > .

1—- (1 - \/[TQ)wt—i-l/wmax

Therefore, after direct simplification,

B(weir) _ 2= wepr (VB2 +2(1 = VB2) /Wmax)
O(wy) ~ VBa(2 — wit1) '

The right-hand side is increasing in w1, since

2(1 - V/B2)

max

B2 + <1

when wpax > 2. Thus, if
Wt, W41 S w < 2,

then
9<wt+l> < 2 —w (\/E"'_ 2(1 - \/E)/wmax)
O(w) — VB2(2 —w)
The product of the last expression with (7 is strictly below one exactly when
92 _
w < (VB2 — 1) =:W.

\/ﬂ?(l - Bl) - 261(1 - \/ﬁ:)/wmax
Since v/B2 > 1 and Wmax > 2,

VA1 p - 20 VE) (a g

wmax

Hence the denominator in (47) is positive and strictly larger than /B2 — 81, and therefore

0<W<2.

17
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Equations (43)—(47) prove the strict decrease for every nonzero z;.
It remains to make the contraction factor explicit. Set

P(wy) = diag(l, Bﬁ(wt)),

and
D := P(w;) = A(wi1) " P(wiy1) Alwiga).

Specializing (42), or equivalently taking a Schur complement, gives
Dll = (]‘ - 61)wt+1(2 - wt+1),

and

D2
Doy — wa = B1 (0(wt) — B10(wir1)) -
11
If
a < wpwipr Kw < W,
then

Dy = (1= fr) min{a(2 - a), w(2 - w)},

and, using (46),

Dy Dz 5 Pre )y 2o (VI 12 V) )
# Dy~ 2-al 7 V(2 — w)

The bracket is positive by (47).
For convenience, define

2 — w (vBs + 2(1 — V) /Wmas)
VB2 (2 — w) ’

K(w) =

and

(1= p1)min{a(2 —a), w(2 — w)}zﬁiaa

d(a,w) =

2(1+ £ ) max {1, £ 4

All factors in this expression are strictly positive whenever

O<a<w<W,

S0
d(a,w) > 0.

Moreover,
P(wy) — D = A(wig1) " P(wig1) A(wig1) = 0,

because P(wyy1) > 0 and
det A(weq1) = B > 0.

Thus

Since w; < w and 0 is increasing,
Brw

trD <trP <1 .
rD < trP(w;) < +2—w

18
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Also, by (49)—(50),

Di,
det D = D11 D22 — Df
11 ﬂ (53)
. a
> (1 - f1) min{a(2 — a), w(2 — w)}5 = - (1 - BiK(w)).
For a positive-definite 2 x 2 matrix,
det D
min D 2 .
Amin(D) tr D
Hence, by (51)—(53),
Amin (D) > 25(a,w)max{1, Prw }
2—w
On the other hand,
P(w;) = max {1, frw }I
2—w
Consequently,
D > 26(a, w) max {1, flw }1 = 25(a, w)P(w;) = 5(a, w)P(w;). (54)
—w

Since D < P(w;), the inequality above implies
2§(a,w) < 1,
and hence, in particular,
0<d(a,w) <1
Finally,
i1 =2 A(werr) " Plwi1) Awig1)z
< (1=d(a,w))¥,.

This proves the quantitative contraction estimate.
Finally,

1—
VB2=1- 2ﬁ2 +0((1 - B2)?),
and substituting this expansion into the definition of W gives (56). O

Remark E.1 (Expansion of the cutoff). For fixed 51 and wpyax, the cutoff of Proposition 3.1 has the expansion

51(1 - 2/wmax)
1—-5

derived in the final step of the proof above.

W=2-— (1—=B2)+0((1—B2)?) (B2 = 1), (56)

E.2 Proof of Corollary 3.2
Proof. Suppose, to the contrary, that wr,, < w for every n > 0, and set

cn

M := max{vr,VUr}, ai=—. 57
{ T T} \/M+€ ( )
Then 0 < a < wr < w. Proposition 3.1 and the fact xf < U, show inductively that

VT 4n S M, \I/TJrn S (1 - (5(a,w))n\IfT. (58)
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Unrolling the second-moment recursion and using the second inequality gives

n—1
v < Bivr + (1= B2)¥r > B3~ (1= 6(a,w))’. (59)
j=0
The right-hand side tends to zero. Hence w4, — wmax > 2 > w, a contradiction. O]

The following is the quantitative version referenced after Corollary 3.2.

Corollary E.2 (Quantitativi;)assage toward the subcritical cutoft). Assume the hypotheses of Proposition 3.1
and Wmax > 4. Fiz 0 <6 < W and T € Ny, and let

7 :=min{n € Ny : wry, > W — §}. (60)

If wp > W — 6, then 7 = 0. Otherwise, set

1 n T
g=1 6<\/m+cn/4’w 5). (61)

2 16 2(1 - B2)
- max{ﬁg,q} log [62n2 (UT + 1—max{ﬂ2,q}\IIT> -‘ . (62)

Proof. Only the case wr < W — § needs consideration. Put A = max{$32,¢} and v = (1 + \)/2. Since
Wmax > 4, one has e < en/4. Until time 7, the argument in (58) therefore applies with the lower endpoint
used in (61), and gives

Then

T§1+’V

n—1
v < Bivr + (1= Bo)Ur > By ¢ (63)
j=0
The sum is at most nA"~! and hence at most 2y /(1 — A\). Thus the right-hand side is bounded by
2(1 —
7" (’UT + 7(1 — fQ) \IIT) : (64)

Moreover, if vy, < (en/4)? then, since e < en/4 and W —6 < 2, one has wr.,, = cn/(\/orin+e) > 2 > W—4.
Finally, log(1/v) > 1—~ = (1—\)/2. Taking n equal to the ceiling in (62) makes (64) no larger than ¢?n?/16,
so the target has been crossed by that time. The extra 1 in (62) is harmless. O

E.3 Proof of Proposition 3.3
Proof. For s € (0,1) define, only within this proof,

(1L—Bis)(1+5)]°

R(s
_ 1—R(s)s?
The ratio inside the square is larger than one. Let so € (0,1) be the first solution of
1—- 1

(1—s)(BL+s)

Such a solution exists because the left-hand side is zero at s = 0 and tends to +o0o as s — 17. On [0, so] the
denominator in G is positive, and

G(0)=p5i,  G(s0) =0. (67)
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Thus every B2 € [0, 37) equals G(s) for some s € (0,s9]. When B2 = (%, direct differentiation gives
G'(0) =2B1(1— B1)* > 0;

since G(sg) = 0, there is again a solution with s € (0, sg). We henceforth fix such a positive s.

Set
P R LA N i -

.

11— pis __ Bi+s _1=p
f T ) g T ) k A 2"
]. — S 1 + s ]. + ﬁl
The equation B = G(s) is equivalent to
f_ g
Eap— 69
i~ B (69)
For the prescribed learning rate n > 0, define
f g
=nk==nk= >0 70
a=nkg =nkg > (70)
and initialize
o = a, mo = —ka(ﬂl + 8), Vo = aQB2. (71)
The momentum and second-moment recursions give
t mod 4 | 0 1 2 3
Ty a sa —a —sa (72)
my —ka(B1+s) ka(l—pis) ka(Bi+s) —ka(l—pis)
Vg a’B? a? A2 a?B? a?A?.

Indeed, aA = nkf and aB = nkg verify the first two position updates when ¢ = 0; the remaining two follow
by half-turn symmetry. This also shows directly why the construction works for every n > 0: changing 7
merely rescales a, my, and ,/v; by the same factor.

The two values of w; are

1+82 1-s 1+67 1+ (73)
1+ 11— ps’ 1+61b+s
The first is always below 2, while the second is below 2 exactly when
1-26 - p
§>——=. 74
1+26; — ﬂ% ( )
Since 1 > v/2 — 1, the right-hand side is nonpositive. Therefore the orbit is strictly subcritical. The four
position values are distinct, so its prime period is four. O

F Proofs for the supercritical results

F.1 Proof of Lemma 3.4

Proof. If x; and h; have the same sign, the two rows of A(w;1) show that both signs reverse when w;1 > 2,
and

|Te41] = (Weg1 — 1) [2e| + Brwesr [he| > (wipr — 1) [24] . (75)
If z1hy < 0, write hy = —rxzy with 7 > 0. The next state is also misaligned exactly when
W1 — 2 wiyr — 1
- _ . 76
Br(wip1 — 1) Brwes1 (76)
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0,200 The strictly subcritical four-cycle Every step is frozen-stable: w, <2
2007 254

B1=0.5, f=0.2
0.1751  5~0.2587, a~0.5112n unstable w>2

2.0
0.150 1 frozen stability boundary w=2
X2=—a Xo=a
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Figure 3: An exact four-cycle of Proposition 3.3 at (1, 82) = (%, %), ¢ = 0, initialized at the point (71) with
s~ 0.2587 and a =~ 0.51127. Left: the orbit on f(x) = %xQ. Right: w; alternates between = 1.38 and ~ 0.71,

below w = 2.

Within this interval,
|Ze1| = (wep1 — 1 = Brwegar) |z

-2 77
< (th 11— wt+1(wt+1 )) |$t‘ _ |5Ut\ ' ( )

W41 — 1
This proves both assertions. O

F.2 Proof of Corollary 3.5

Proof. While wpy; > 2 4§, Lemma 3.4(i) preserves alignment. The following stopped estimate is obtained
by substituting w;y1 = en/ (/U1 + €) in (75) and using vy 1 = Bavy + (1 — Po)a?: for every 1 <n < 7,

d(cn)®
(1= B2)az’
This is a direct induction on n; after clearing the positive denominators, the induction step is precisely the

sum of the nonnegative momentum term in (75) and the nonnegative term Syv; in the second-moment update.
Since 2log(1 +d) > ¢ for 0 < § < 1, (78) implies

(1+6)>—-1< (78)

c 2
n <6 tlog (1 + %) (1<n<T). (79)

Taking the largest surviving integer gives (13). If an aligned trajectory remained supercritical and had
lim inf; wy > 2, it would eventually remain in w; > 2+ § for some ¢ € (0, 1], contradicting the bound just
proved. Hence its lower limit is 2. O

F.3 Proof of Proposition 3.6

Proof. Fix the prescribed vy > 0 and choose any

0< |l‘0| < \/1g. (80)
We will select the momentum by a one-dimensional shooting argument. For a temporary slope o > 0, let

ho = —T9x0, mo = c(ho — xg) = —c(1 4 70)x0. (81)
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Let o = sign(z) and remove the alternating sign by setting
Xt = O'(*l)t.fCt7 Ht = O'(*l)tht. (82)

Thus Xy = |zo| > 0 and Hy = —7¢ |xo| < 0. From (6),

Xtt1 _ [ Wiy1 — 1 Blthrl Xt
= . (83)
Hyiq weyr — 2 Pi(we — 1)) \Hy
We first verify that every finite misaligned orbit stays in the prescribed supercritical box. If misalignment
survives from time ¢ to time ¢ 4+ 1, Lemma 3.4(ii) gives

|4
<—< . 84
|Ze41] Wi — 1 |2 (84)
Starting from (80), induction and the convex-combination identity vy 1 = Bov; + (1 — )22 therefore give

a} <wo, v < (85)

at every surviving time. Hence
an
wy > ———— = wpy > 2. 86
vz =, (56)
This closes the small-box argument: the supercritical hypothesis needed in Lemma 3.4(ii) is automatically
preserved for as long as the trajectory remains misaligned.
We now construct an orbit for which misalignment never ends. On a finite surviving orbit define

T X, 2 > (87)
Substitution of Hy = —r;X; in (83) shows that the next state is misaligned exactly when
wi1) <7 < qlwigr), (88)
where, within this proof,
w — 2 w—1
l(w) = ——, w) = . 89
() = i aw) = G (59)

When (88) holds, the next ratio is

Br(wis1 — 1)ry — (w1 — 2)
=, = .
e (1) wiyr — 1 — Brwepame (90)

For each fixed w > 2, this map is continuous and strictly increasing on (¢(w), g(w)), and

lim @, (r) =0, lim @, (r) = +oo. (91)

r—f(w)t r—q(w)~

We next build nested shooting intervals. Since v; depends on xy and vy but not on rg, the number w; is
fixed. Define

I == (L(wr), q(w1)). (92)
Every ro € I survives through time one, the map ro — 71 is continuous, and (91) says that its range is
(0, +00).
Suppose inductively that Iy = (an,by) is a nonempty open interval such that every ro € Iy survives
through time N, the map rg — ry(rg) is continuous, and

lim rx(rg) =0, lim rxn(ro) = +oo. (93)
m—m; ro—by
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The quantities wy41(ro), £(wn+1(r0)), and g(wn41(r)) are continuous on Iy. Furthermore, (86) implies

the uniform bounds
fwnsy) > =202~ (wns1) < ~ (94)
WN+1) 2 27— ) qQ(WN 41 -
* Bi(wo — 1) " B
Thus the graph of ry starts below the lower boundary in (88) and ends above its upper boundary. Choose a
component Iy11 = (ay+1,byy1) on which

Hwni1) <7 < g(wn1) (95)
and whose left and right endpoints meet the lower and upper boundary, respectively. Then
TN—H C IN. (96)

Applying (91) at the two new endpoints shows that rg — 7x41 again has the endpoint behavior in (93). This
completes the induction. 3
The nonempty compact intervals Iy are nested, so choose

7“8 S m TN. (97)

N>1

Because I 41 C Iy, the selected point actually belongs to every open survival interval Iy. The initialization
(81) with ro = r§ therefore remains strictly misaligned at every finite time. Since m; + cxy = chy, this gives
xe(my + cxy) = cxihy < 0 for every t > 0.

It remains only to record the convergence estimates. Iterating Lemma 3.4(ii) and using w; > wq gives

|wt|<|xo|Hw — < (wo— 1) o] (98)
J

Also rp < q(weg1) < 1/81, and my = e(hy — x¢) = —c(1 + 1)y, SO

1
|mi| < ¢ (1 + ) |z — 0. (99)
B1
Finally,
= Bhvo + (1 - B2) Zﬁt 2t -0, (100)
7=0
because x? decays geometrically. Hence (x¢, my, vi) — (0,0,0) and w; — Wax. O

F.4 Numerical illustration of Proposition 3.6

Take
pr =3, B2 = 0.9, n=1, €=,

so that ¢ = 3 L and wmayx = 4, and prescribe vy = 0.0025 and 2o = 0.04 < /Yo, hence wo = en/(\/vo+e) = 5 > 2.
Following the shooting argument of Appendix F.3, the momentum is initialized as mq = —c(1+rg)xg and the
persistent slope 75 € (x I is located by bisection on 7y, running the recursion (2). With this initialization
the orbit remains misaligned, z;(m; + cx¢) < 0, over the 12 steps shown in Figure 4 (and beyond): w; > wq
increases monotonically toward wyax = 4, the envelope |z¢| < (wo — 1)~ |zo| of (15) holds at every step, and
already |z12] < 107%: the trajectory converges to the origin without ever leaving the supercritical region.
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position contracts while wy; stays supercritical

3.2 1
_ —— x| —— W,
1072 -5“~-___ — =+ bound (wo — 1)"Ixo| 304 ==+ frozen boundary w=2
il P 2.8
107
2.6 1
= £
1076 1 2.4 1
2.2 1
1078 - supercritical
2.0 T e S i e e e SIS S
subcritical
10-10 1.8 1
0 2 4 6 8 10 12 0 2 4 6 8 10 12
iteration ¢ iteration ¢

Figure 4: The exceptional orbit of Proposition 3.6 for 5; = %, B2=09,n=1¢e= %, vg = 0.0025, 2o = 0.04,
with mg determined by the shooting argument of Appendix F.3. Left: the sign of x; alternates at every step
and |z;| decays well inside the certified envelope (wo — 1)~ |xg| of (15) (dashed). Right: along the same
steps w; increases monotonically from wy = % toward wmax = 4 and never leaves the supercritical region.

G Proofs for the w,.,« < 2 case

G.1 Global convergence in the globally subcritical zero-momentum regime

We record separately the complementary regime wp.x < 2 for $; = 0. In this case the entire trajectory
remains strictly below the frozen stability threshold, and the stopped-trajectory argument used in Theorem D.1
becomes a global contraction argument.

Theorem G.1 (Global exponential convergence for 8; = 0). Assume
p1 =0, wmax:g<2-

Then every trajectory of Adam converges to the origin. More precisely, for every initial state (xo, mo,vy) €
R? x [0,00), there exist constants C > 0 and v € (0,1), depending on the initial state and the parameters,
such that

||+ |m| + v < O ¢t € No.

In particular, (xzy, my,vy) — (0,0,0).

Proof. Since p; = 0, one has ¢ =1 and

Mip1 = T, Vi1 = Bovy + (1 — B2)a7, Tp1 = (1 — wip1)wy,

where

Because v; > 0,
0 < wy < Wmax < 2 for every t > 0.

Hence
|Ze41] = |1 — wiga] [2e] <2,

so that |z¢| < |zg| for every ¢ > 0.
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Set M := max{vg, z3}. We claim that v; < M for every t > 0. Indeed, this is true at t = 0, and if v, < M,
then
Ver1 = Bovr + (1 — Bo)a} < BoM + (1 — Bo)M = M.

Therefore

n
Wi=m ——— < Wy < Whax < 2 for every t > 0.
VM+e~

Define
p = max{|1 *Q‘ y |1 - wmax‘}-

Since 0 < w < Wpax < 2, we have 0 < p < 1. The convexity of w — |1 — w| therefore gives |1 — w;| < p for
every t > 0. Consequently, |x:11| < p|x¢|, and hence

|z < p Jaol - (101)

It remains to control the second moment. Unrolling its recursion yields

t—1
v =B+ (1= B2) > By .

=0
Using (101),
t—1
v < Bhvo + (1 — B2)a Zﬂ;lﬂp% = B5vo + (1 = B2)a5Gi(p?, Ba)-
=0

Since p? < 1 and 3 < 1, the right-hand side converges to zero. Moreover, letting A := max{p?, 2} < 1
and choosing any v € (A, 1), the geometric convolution satisfies G;(p?, 32) < C17! for some C; > 0. Thus
vy < Oyt after enlarging Cs if necessary.
Finally, m; 11 = x4, so |myy1]| < p'|zo|. Combining the preceding estimates, and absorbing the finite
initial values into the constant, gives
|| + [me| + v, < CF*

for some C > 0 and v € (max{p,~},1). Therefore (x¢, m¢,v:) — (0,0,0) exponentially. O

Remark G.2. The condition wpy.x < 2 is sufficient for global convergence when 3; = 0 because the scalar
position recursion admits a common contraction factor once v; is bounded. This conclusion does not extend
directly to positive momentum: when 0 < 81 < 1, pointwise frozen stability w; < 2 does not in general imply
contraction of the adaptive two-dimensional (2, m;) dynamics.

G.2 Global convergence in the globally subcritical regime with positive momen-
tum

The next result removes the zero-momentum restriction.

Theorem G.3 (Global convergence in the strictly subcritical regime). Assume

0<pBi<l, 0<pB<], VB2 > B, Wmax < 2.

Then every trajectory of Adam on f(x) = %xQ converges to the origin. More precisely, for every initial state

(w0, Mo, v0) € R? x [0,00), there exist constants C > 0 and v € (0,1), possibly depending on the initial state,
such that
|2¢| + [me] + v < Oy, t>0.

In particular, (zy, my,v¢) — (0,0,0) and wy — Wyax.-
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Proof. Recall
mye + Cxy T
§t = ——, 2t = &)
so that z;41 = A(wiq1)z. Also recall
w w
O(w) := —, O(w) = .
W= (w) VB2 + (1 = V/B2)w/wimax

Every Adam transition satisfies 0 < w1 < ®(wy).
We first construct a quadratic weight valid on the entire interval (0, wpax]. Define
£0(2(w))
0(w)

2—w

R(w) := 2v/B2 — [1—2(1 = V/Ba2) /Wmax|w

= pi

A direct differentiation gives
— 2ﬁ%(1_\/g)(1 _2/wmax) )
{2\/E - []- - 2(]- - \/E)/wmax]w}z

Since Wmax < 2, one has R'(w) < 0. Moreover,

R (w)

. B
limR(w)=——= <1
wl0 (w) VB2
by the assumption /B2 > 3?. Hence
B20(®(w)) < O(w), 0 < w < Wpax-

Define

Then
B10(®(w)) < y(w) < O(w), 0 <w < Wnax

For any valid transition w — «, monotonicity of § and u < ®(w) give
y(w) > pi0(u),  ylu) < O(u).
The exact one-step diagonal quadratic criterion therefore yields
A(u)"P(y(u))A(u) < P(y(w)),  Ply) := diag(1,y).
Set

w
By =z P(y(wy)z = a7 + y(czt) (my + cxy)*.

It follows that F;; < E;, with strict inequality whenever z; # 0. In particular, xf < FE; < Ej.
Let M := max{vg, Ep}. The second-moment recursion then gives inductively v; < M, and hence

O<w:= < wy < Whax < 2.

cn
VM +¢€
Thus all transitions of the trajectory lie in the compact set

K:={(w,u) : w < w,u < Wpax, u < P(w)}.

The strict quadratic inequality is continuous on K. Consequently, there exists ¢ € (0,1) such that Fy 1 < ¢*F},
and therefore E;, < ¢**Ej. Since y has a positive minimum on [w, Wmax], both x; and &, and hence m;, decay
geometrically.

Finally,

t—1
ve=Bhvo+ (1—B2) Y By ad,
j=0
and the geometric bound on x? implies geometric decay of v;. Thus there exist C' > 0 and ~ € (0,1) such

that |z¢| + |m¢| + ve < CHf. Hence (x4, my,v;) — (0,0,0) and, consequently, w; — Wax- O
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H Experimental details for Figure 1

Left, top. Standard (bias-corrected) full-batch Adam with 3; = 0.9, 82 = 0.999, 7 = 1072, ¢ = 10~® trains a
two-layer network z +— Wy tanh(Wyx + by) + by with 16 hidden units on the squared loss for the regression
task y = sin(2x) over 32 equispaced inputs in [—2,2]. Every 40 steps the Hessian is computed by central
finite differences and we plot the preconditioned sharpness S; of (18), with v; replaced by its bias-corrected
estimate; S; equilibrates near the frozen threshold S* = 2(1 + 51)/(17(1 — 61)) = 38/7, the adaptive edge of
stability of Cohen et al. [2022].

Left, bottom. Uncorrected Adam (2) on the quadratic (1) with the same (81, 82) and 7 = 1, wmax = 10
(equivalently € = ¢n/10), xo = 0.1, mg = 0, vg = 0.01; the normalized sharpness w; oscillates around the
parameter-free boundary w = 2.

Right. The negative-feedback loop: supercritical steps expand the state and inflate v;, pushing w; down,
while subcritical steps contract the state and deflate vy, pushing w; up. For g1 = 0, Appendix D gives explicit
finite-step bounds for both transitions.
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