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Abstract

Existing graph-based multi-agent system
(MAS) designers mainly improve collaboration
by optimizing communication topologies over
predefined agents, roles, or groups. However,
because each node remains a closed-set entity,
these methods struggle to generalize to tasks
that require unseen combinations of capabil-
ities. We propose SIGMA, a skill-incidence
graph framework that constructs agents as task-
conditioned bundles of reusable skills. Given a
task and a skill library, SIGMA predicts a skill-
agent incidence matrix, composes agent node
embeddings from selected skills, and decodes a
communication topology over the constructed
agents. During execution, skill-specific mail-
boxes route messages to the relevant assigned
capabilities, making the incidence structure di-
rectly operational. Across six reasoning and
coding benchmarks with three base LLMs,
SIGMA achieves the best average performance
and improves over CARD, the strongest non-
compositional topology-based baseline, by
2.06, 2.36, and 1.75 points, respectively. It
also shows stronger robustness to unseen skill
libraries, with an average performance drop of
only 0.96 points. These results suggest that
compositional node construction is a comple-
mentary and important axis for multi-agent de-
sign beyond communication topology optimiza-
tion. Code is available at https://anonymous.
4open.science/r/SIGMA-2338/.

1 Introduction

Large language model based multi-agent systems
(MAS) solve complex tasks by assigning agents
specialized roles and communication structures (Li
et al., 2023a; Wu et al., 2024; Hong et al., 2024;
Qian et al., 2024; Chen et al., 2024). Recent
graph-based designers further automate this pro-

cess by learning task-adaptive topologies over
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Figure 1: Comparison between fixed-role and skill-
composed multi-agent graph design.

agent nodes (Liu et al., 2024; Zhuge et al., 2024;
Zhang et al., 2025b,a). Yet most of them still regard
each node as a closed-set role, operation, or pre-
defined group: they optimize how existing agents
communicate, while leaving what each agent is
able to do largely fixed.

This node-level rigidity limits compositional
generalization. Real tasks often require capabil-
ities that cross role boundaries, including tool use
and intermediate actions (Karpas et al., 2022; Yao
et al., 2022), API grounding and structured tool
access (Li et al., 2023b; Patil et al., 2023; Qin et al.,
2024), and reusable procedural skills (Wang et al.,
2023). Such capabilities are not always aligned
with a single role. Although fixed roles are useful
abstractions, they do not explicitly construct new
agent identities from reusable capabilities. Con-
sequently, a topology designer can learn a better
graph over predefined agents, but it cannot make
the same slot become a retrieval-grounded imple-
menter for one task and a verification-heavy rea-
soner for another.

In light of this dilemma, we propose the LLM-
based Skill-Incidence Multi-Agent Protocol (SI-
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Figure 2: Performance plot across six benchmarks and
three base LLMs.

MAP), which provides guidance for compositional
LLM-MA graph design:

Skill-Incidence Multi-Agent Protocol (SI-
MAP): Given a task q and skill library L, a
compositional LLM-MA designer should sat-
isfy: (1) Compositionality, constructing each
agent as a task-conditioned skill bundle; (2)
Executability, making assigned skills affect
prompts, tools, memory, or routing; (3) Topol-
ogy compatibility, exposing constructed node
representations to a graph decoder; and (4) Ex-
pandability, allowing new tool/API skill cards
at test time without retraining the topology de-

coder.
To instantiate SI-MAP, we introduce SIGMA,
a compositional and executable LLM-powered
multi-agent graph designer. SIGMA represents
reusable capabilities as skill cards, predicts a task-
conditioned skill-agent incidence matrix, composes
node embeddings from the selected cards, and de-
codes a communication topology over the con-
structed agents. During execution, the same inci-
dence structure is exposed through skill-specific
mailboxes, so skill assignments are operational
rather than latent annotations. This design de-
liberately separates two decisions that are cou-
pled in role-based systems: what each agent can
do is decided by skill incidence, whereas how
agents exchange information is decided by topol-
ogy decoding. The separation lets SIGMA keep the
matched-crew evaluation protocol of prior graph-
based MAS work while testing a different model-
ing axis, namely whether reusable capabilities can
construct more transferable agent nodes. Figure 2
provides a compact preview of our empirical find-
ings. The formal objects and full algorithms are
given in Section 3, Section 4, and Appendix B.

Our contribution can be summarized as follows:

@ Protocol Proposal. We propose SI-MAP, a proto-
col that shifts graph-based MAS design from con-
necting fixed agents to constructing executable

agent nodes from reusable skills. It formalizes
compositionality, executability, topology com-
patibility, and expandability as requirements for
skill-aware multi-agent graph design.

® Practical Solution. We present SIGMA, which
couples incidence-based node construction, skill-
aware topology decoding, and mailbox-based ex-
ecution under matched multi-agent settings. Un-
like methods that only prune or reconnect prede-
fined nodes, SIGMA changes the capability com-
position of each node before topology generation.

® Experimental Validation. We evaluate SIGMA
against single-agent, debate-based, and topology-
based multi-agent baselines under compositional
generalization settings. The evaluation isolates
whether skill incidence improves compositional
generalization under the same crew size, con-
text budget, and graph-decoding interface. As
summarized by Figure 2, SIGMA achieves consis-
tently strong performance across diverse bench-
marks, suggesting that the gains are not tied to a
specific backbone or task family.

2 Related Work

LLM-based multi-agent systems. LLM-based
multi-agent systems decompose complex tasks into
interacting agents with specialized roles, work-
flows, and communication protocols. Role-playing
frameworks assign agents complementary identi-
ties, enabling them to collaborate through instruc-
tion following, perspective taking, and iterative
communication (Li et al., 2023a; Chen et al., 2024).
Workflow-oriented systems further organize agents
into structured pipelines, where different agents
are responsible for planning, coding, reviewing,
testing, or project management (Wu et al., 2024;
Hong et al., 2024; Qian et al., 2024). Another
work improves reasoning by introducing debate,
discussion, or self-reflection among multiple LLM
agents, allowing agents to expose errors and refine
intermediate answers through interaction (Du et al.,
2024; Liang et al., 2024). Multi-agent frameworks
have also been applied to simulation and decision-
making scenarios (Park et al., 2023).

Graph-based Multi-agent Design. Graph-based
MAS methods mainly improve collaboration by
adapting the communication topology among
predefined agents. One line of work designs
task-adaptive or dynamic connections between
agents (Liu et al., 2024; Zhuge et al., 2024). An-
other line treats the graph itself as an optimiz-



able or learnable object, using graph search or
graph decoders to produce task-conditioned topolo-
gies (Zhang et al., 2025b; Wu et al., 2026). Recent
work further studies conditional topology design,
where the communication graph adapts to chang-
ing environmental signals such as model capabil-
ity, tool availability, or knowledge-source varia-
tion (Wu et al., 2026). Pruning-based methods
instead reduce redundant communication by re-
moving unnecessary agents or edges (Zhang et al.,
2025a). These methods make communication more
flexible than hand-written chains or fully connected
graphs, but the agent nodes are still largely fixed.

Tool-augmented and skill-based agents. Tool-
augmented agents extend LLMs with external exe-
cutable procedures (Karpas et al., 2022; Yao et al.,
2022; Schick et al., 2023; Shen et al., 2023; Lietal.,
2023b; Patil et al., 2023; Qin et al., 2024). Skill-
library agents further show that reusable skills can
be stored and adapted across tasks (Wang et al.,
2023).

3 Preliminaries

3.1 Graph-Based Multi-Agent Design

For a task query ¢, a graph-based MAS with K
agent slots is represented as a directed graph

9q = (A, &),

where A = {ay,...,ax} denotes agent slots and
&, denotes directed communication edges. Its adja-
cency matrix A, € {0, 1} satisfies A,[i, j] =
1 if messages from a; are passed to a;. Conven-
tional role-based systems initialize each agent as
an atomic entity,

ar, = {Basey, Roleg, Statey, Plugin,}, (1)

where the role/profile and tool configuration deter-
mine the node semantics. This interface supports
topology learning, but it leaves the node vocabu-
lary closed-set. Given a generated graph G, agents
communicate for 7" rounds. At round ¢, an agent
receives the task query and messages produced by
its in-neighbors in the previous round:

RY = ai (PPl

k,sys? " k,usr

2
= {q, {R§t_1) taj € Mn(ak)}}a

p®

k,usr

where N, (ag) is the in-neighborhood of aj and
Rgo) is initialized as an empty message. After the

final round, an aggregation function returns the
system answer:

Uq < Aggregate (R(IT), . ,Rg)) .3

SIGMA keeps this graph-execution interface, sum-
marized in Appendix B.2, while replacing atomic
role nodes with skill-composed nodes.

3.2 Skill-Agent Incidence

Let £ = {si1,...,sn} be a library of reusable
skills, and let S denote the corresponding set of
skill-card nodes when we form skill-agent bipartite
graphs.

Definition 1 (Skill Card). A skill card is a reusable
capability descriptor

Sm = (nmvdmanmaﬁmagm)y 4)

where n,, is the skill name, d,, is its natural-
language description, 7, is an executable affor-
dance such as a tool, API endpoint, retrieval oper-
ation, or reasoning procedure, x,, is an optional
input-output contract, and g,,, records the ground-
ing source. Purely cognitive skills are still in-
stantiated as concrete prompt-level procedures or
mailbox routing targets, preventing vague role la-
bels from being treated as executable skills. Each
card is embedded by a frozen encoder as e,, =
Enc(s,,) € R

For a query ¢, SIGMA constructs the K agent
slots through a skill-agent incidence matrix

Bq € {Ovl}MXKv
B,[m, k] =1 < s — ay.

)

The k-th column defines the executable skill bundle
Lok ={sm € L]|By[m, k] =1}. 6)

Thus, ag is no longer a single role token; it is a
task-conditioned bundle of selected capabilities.

Definition 2 (Skill-Incidence MAS). Given a query
q, a skill library £, and K agent slots A =
{a1,...,ax}, askill-incidence multi-agent system
is

Xq = (‘CaAa Banqvgquq)7 (7)

where B, is the executable skill-agent incidence
matrix, U, contains bundle embeddings used by
the graph decoder, G, is the decoded communi-
cation graph, and M, is the set of skill-specific
mailboxes. A deployed skill-incidence MAS re-
quires that each nonempty bundle is grounded in
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Figure 3: Framework of SIGMA. Offline, an incidence generator is trained with deterministic pseudo-label
supervision to assign reusable skills to agent slots. Online, the predicted task-specific incidence matrix is converted
into skill-composed agent embeddings, which are used to decode an agent communication graph with skill-specific

message routing.

skill cards, each node embedding is computed from
the selected cards, and every incident pair (m, k)
owns an execution-time mailbox.

This separates capability composition from
topology generation: B, determines what each
agent can do, while G, determines how the con-
structed agents communicate. The definition de-
scribes the discrete system used at inference and
execution. During training, SIGMA optimizes a
continuous relaxation whose hard projection yields
By; this preserves differentiability without chang-
ing the executable object evaluated at test time.

4 Methodology

4.1 Overview

Figure 3 illustrates the overall framework of
SIGMA. SIGMA treats reusable skills as first-class
design objects. Given a query ¢ and a skill library
L, it first predicts a skill-agent incidence structure:

(zq, E) = SkillEncode(q, £),

(anBq) = FO(quE)»
Hy= (S, A,By).

®)

It then constructs skill-composed agents, decodes
their communication topology, and executes the
resulting graph:

(Ug, 24) = Construct(Hy, z4, E),
gq = D¢a’¢)(UQ’ Qqa Ev Zq)a
§q = Execute(Gg, By, q).

Here P, is the soft incidence matrix used for learn-
ing, By is the hard executable incidence matrix,
H, is the induced skill-agent bipartite graph, and
2, stores skill-attention weights. The learnable
components are the incidence generator Fy and the
skill-aware topology decoder Dy . The full de-
coding algorithm and implementation details are
provided in Appendix B.

€)

4.2 Incidence Generation and Agent
Construction

Each skill card is serialized using the fields in Defi-
nition 1 and encoded together with the query by a
frozen text encoder:

Zg = EI].C(q)’
e, = Enc(snm), (10)
E=le,...,ey] .



The frozen encoder lets new tool/API cards enter
at test time by extending £, rather than changing
the model architecture.

For each skill s, and slot ay, the incidence gen-
erator computes

(1D

Am k= FO([an €msPk;Zqg © em])7

where py is a learned embedding for the k-th canon-
ical agent slot and ® denotes element-wise product.
The soft incidence probability is
Py[m, k] = o(am)- (12)
For notational brevity, we write p,,, , = Py[m, k]
below. Soft incidence provides supervision and a
differentiable training path, while the hard matrix
B, determines executable bundles. We obtain B,
through a deterministic sparse projection. For each
slot k, SIGMA first forms the thresholded candidate

set
Coe = {m : o(m k) > Tekin}- (13)

It then selects at most k; skills, with an argmax
fallback when no skill exceeds the threshold:

_ ) Topy, (Co s v 1),
{argmax,, o 1 },

Cq,k 7é @7

otherwise.

14)

q,k

We set B,[m, k] = 1iff m € Z . If two slots pro-
duce the same bundle, the later slot is repaired by re-
placing the lowest-margin duplicated skill with the
highest-scoring unused skill. This avoids repeated
agents under a fixed crew size; Appendix B.4 gives
the complete algorithm.

The hard incidence matrix defines a skill-agent
bipartite graph H, = (S, A, B,). For each slot,
SIGMA computes query-conditioned attention over
selected skills:

_ B,[m, k] exp(am )
L1 Byt K] exp(agy)

During training, an analogous soft support

is used for differentiability. Let Jyr =

Top, ({1,...,M};a.}) be the top-ranked candi-
date set with . > k,. The soft attention is

6m,k

(15)

l[m S jq,k}pm,k eXp(OémJg)
Zéejq,k Pk explog)

Bk = (16)

Below wy, ;. denotes Bm ); during training and 3., j,
during inference, and €2, = [wy, ). The node

embedding combines slot identity, task context,
and selected skill cards:

M
u, ;; = Norm (pk +z4+ Z wmvkem) . (17)

m=1
The resulting node matrix is

T erRExd  (18)
It is consumed by the topology decoder under the
same crew size K as role-based graph baselines.
Thus, a node is not a pooled role embedding; its
semantics are determined by the task and by exe-
cutable skills assigned to the slot.

U, =[ug1,...,ugk]

4.3 SKkill-Aware Topology Decoding

SIGMA decodes communication edges from both
node-level affinity and skill-bundle compatibility.
For each ordered pair (i, j), the agent-level affinity
is

rij = MLP¢([uq7i, Ug,j,2Zg, Ug; O uq,j]). (19)

The skill-bundle compatibility aggregates pairwise
complementarity between selected skills:

gmnq = MLPw([em,en, ZQ7em O] en])a

Cij = E Wm,iWn,j9mnq-

m,n

(20)

The compatibility term captures task-specific com-
plementarity such as retrieval skills feeding API
grounding, planning skills feeding code writing, or
testing skills feeding debugging. The sum is evalu-
ated only over sparse active supports: J,; X Jqj
during training and the Cartesian product of hard-
selected skills during inference. Thus, the active
compatibility cost depends on bundle size rather
than the full library. The final edge logit combines
both terms with a weak workflow prior:

L F J,
where A is a simple anchor topology such as a
chain, star, or dataset-provided workflow prior. Set-
ting A, = 0 recovers a matched decoder that ig-

nores explicit skill-pair compatibility. At inference
time, edge probabilities are thresholded as

gq = ('A’ SQ)v
&g = {(as,a5) : o (li) > e, i # j}-
If a benchmark requires a directed acyclic schedule,

a canonical slot-order mask is applied before thresh-
olding. This decoder remains topology-compatible

lij = 1ij + Accij + AoAoli, 7], (21)

(22)



with prior graph-based MAS methods because it
consumes the constructed node matrix U, and
outputs the same type of directed communication
graph.

4.4 Execution and Learning

SIGMA uses B, during execution as well as repre-
sentation learning. For each incident pair (m, k),
the executor maintains a skill-specific mailbox; in-
coming messages are routed to the most relevant
assigned skills using frozen embedding similarity,
and only the corresponding mailbox summaries
enter the agent prompt. Thus, skill incidence af-
fects prompts, tools, memory organization, and
message routing instead of remaining a hidden vari-
able. Formally, for each incident pair (m, k) with
B,[m, k] = 1, SIGMA creates

M®

ok = {r:r— (ag, sm), time(r) < t},

(23)
where r — (ay, S;,,) indicates that message r is
routed to skill s, inside slot a;. A frozen router
scores incoming message 7 against each incident
skill by

Ym(r) = sim(Enc(r), epn,), 24)

and routes it to the top-r assigned skills. At round
t, the system prompt contains the selected skill
cards and state, while the user prompt contains the
task and mailbox summaries:

s((;fi = Summarize(Mé’fi) ,

P,Sgys ={Lyk: State,(f)},

’Pliflsr = {Q7 Sz(;;c} :
Each mailbox summary is capped under the same
total context budget used by the baselines. Ap-
pendix C gives the full prompt format and fallback
routing.

Training uses pseudo-labels B built only from
training-split role descriptions, tool/API docu-
ments, and execution traces. For each training slot,
a deterministic labeler retrieves candidate skills
and selects at most kg cards, yielding canonical
incidence columns without using held-out queries,
answers, traces, or inserted tool/API cards. The
incidence generator is trained with binary cross-
entropy:

M K
Line =Y _ > > BCE (B}[m, k], pmu) -

q m=1k=1
(26)

(25)

When annotated communication graphs are avail-
able, the topology decoder is trained with an edge
reconstruction loss:

ﬁedge = ZZBCE<A;[Z7]]7U(€U)) (27)
q i#j

In our benchmark setting, datasets do not provide
ground-truth communication edges; therefore A7
is instantiated from the same weak anchor topology
A used across controlled graph baselines, rather
than from held-out answers or evaluation traces.
We further use a soft bundle-size cap and graph
sparsity penalty,

K M
['sparse = Z Z max <O7 Z Pmk — ks)
m=1

q k=1
+ )\g Z ZO‘(EU)
q ]
(28)
The final objective is
L= Einc + Aeﬁedge + )\S»Csparse- (29)

If annotated target graphs are unavailable, Lcgge
is computed against this shared structural prior or
omitted in the matched-decoder control. Pseudo-
label construction and complexity analysis are de-
tailed in Appendix D and Appendix F. At test time,
SIGMA can use the frozen training library or ap-
pend new cards derived from held-out tool/API
documents, because new skills enter through the
same text-card encoder.

5 Experiments

5.1 Setup

Benchmarks. We evaluate SIGMA on six rep-
resentative benchmarks covering code generation,
general knowledge, mathematical reasoning, and
symbolic problem solving: @ Code Generation:
HumanEval (Chen et al., 2021); ® General Rea-
soning: MMLU (Hendrycks et al., 2020); ® Math-
ematical Reasoning: GSM8K (Cobbe et al., 2021),
SVAMP (Patel et al., 2021), MultiArith (Roy and
Roth, 2015), and AQuA (Ling et al., 2017). For all
benchmarks, we report task accuracy as the primary
metric. To examine whether the proposed method
is robust across model scales and families, we con-
duct experiments with three base LLMs: Qwen3-
8B (Yang et al., 2025), GPT-OSS-120B (Agarwal
et al., 2025), and GPT-4o-mini (Hurst et al., 2024).
The average score across all benchmarks is also



Table 1: Performance comparison with three different base LLMs. Mul., Topo., and Comp. indicate whether the
method supports multi-agent execution, communication-topology design, and skill-based composition, respectively.
Dark blue cells denote the best and light blue cells second-best results. Cross, mixed check—cross, and check

marks indicate no, partial, and full support.

Method Mul. Topo. Comp. MMLU GSMSK MultiArith SVAMP AQuA HumanEval Avg.
%7 Qwen3-8B
Vanilla XXX s 8076 8737 9668 3583 8223 7343
CoT X X X 58.7441.03 90.75+9.99 87.8310.46 97.0140.33 81.1044527  82.8540.62 83.0519.62
LLM-Debate v X X 59.6141.90 90.1249 36 88.46+1.09 97.6240.94 81.1444531 83.85¢1.62 83.47410.04
GPTSwarm v s X 59.5841.87 89.7849.02 90.27+42.90 97.8541.17 81.5244569  84.1441.9] 83.86410.43
G-Designer v v X 60.07+42.36 90.85+10.09  90.1442.77 98.4541 77 82.08446.25 84.7342.50 84.39+10.96
ARG-Designer v v X 60.9243 ) 911441038 89381201 98.2141.53 824714664 85471324 84.60411.17
CARD v v X 60.1342.42 918711111 90.544317 98.1341 45 81.92446.09  87.28+4505 84.98+11 55
SIGMA v v v 61.44 13 73 91.56 11080 98.39111.02  98.6812.00 83.4614763 88.711643 87.04 113,61
® cGprross-1208
Vanilla XX X 8158 8449 9590 9507 _ _ _ 7477 _ 9004 8698
CoT X X X 83.3941.81 84.8140.32 95.630.27 95.1940.12 76.02¢1 25 90.87+0.83 87.6510.68
LLM-Debate v X X 82924134 85.5341.04 95.720.18 94.89 018 75.3840.61 91434139 87-65T0_67
GPTSwarm v s X 83.5942.01 86.88+2.39 96.50+0.60 94.77 10,30 71.4142.64 92.3012.26 88.58+1.60
G-Designer o/ X 85060348  88.620413  96.860096 95214014 78134336 92.884284  89.4642.49
ARG»Designer |/ \/ X 85'63T4-(]5 91.08/%'59 98.67T2_77 94.81‘L()_2(, 78'62T3-85 93.4713_43 90'38T3-41
CARD v v X 85.7814.20 93.44 43 95 98.2142.31 95.4840.41 82.76+7.99 93.9843.94 91.61 1463
SIGMA  / v 87284570 9625176 9834104 95941057 90164153 95831579 93971699
® GPr40-mini
NVanilla XX X676l 8533 9394 8612 6980 _ 7729 _ _ 80.02 _
CoT X X X 68.8441 23 86.5141.18 94.46+40 52 86.89+0.77 71.8542.05 78.6411 35 81.2041.18
LLM-Debate v X X 69.66+42 05 87.2941.96 94.97+1.03 87.67+1.55 72.9343.13 79.4842.19 82.00+1.99
GPTSwarm |/ ' X 71'40T3-79 88.881\3'55 96.01T2_()7 89'21T3-09 75'06T5-26 81'39T4-1() 83-66T3.64
G-Designer v v X 73.19+5. 58 90.46+5.13 96.78+2 84 90.3744.25 76.58+6.78 82.6745.38 85.0144.99
ARG»Designer \/ \/ X 74'23T(’-62 91-84T6.51 97.56T3_(,2 91'53T5-4] 78416’{8.36 84'54T7-25 86.3176_3()
CARD v v X 75.07 +7 .46 93.13+7.30 96.94+3 00 91.62+5 50 80.4011060 85.11475> 87.0547.03
SiIGMA v v v 76.47 13 36 93.207.87 99.11 45 17 93.85+7.73 83.86114.06 86.2919.00 88.8015.73
reported as an overall measure of general task- 7 siGMA
. . . CARD
solving ability. All methods use the same bench- ° G-Designer
. N . 5 s GPTSwarm
mark splits, deterministic decoding, and dataset- 54 LLM-Debate
specific answer extractor; Appendix H.2 reports <, r [
the concrete Vanilla and CoT prompt templates 2l - T mE
used in the evaluation. For MMLU, we follow o
0 MMLU GSM8BK AQuA HumanEval SVAMP Multi.

the cost-controlled evaluation protocol used by G-
Designer and ARG-Designer: all methods are
evaluated on the same fixed 153-question shuffled
subset, while training/optimization uses separate
examples and never uses held-out answers.

Baselines. We compare SIGMA with both single-
agent and multi-agent baselines. For single-
agent settings, we use Vanilla prompting and
CoT (Wei et al., 2022). For multi-agent set-
tings, we include LLM-Debate (Du et al.,
2024), GPTSwarm (Zhuge et al., 2024), ARG-
Designer (Li et al., 2026), CARD (Wu et al., 2026),
and G-Designer (Zhang et al., 2025b). These
baselines evaluate whether SIGMA’s gains come
from skill-composed node construction rather than
stronger prompting, additional agents, or topology
optimization alone. Table 6 also displays more

Figure 4: Performance drop from source skill libraries
to unseen skill libraries. Lower values indicate stronger
robustness to library changes.

training and experiment details of SIGMA.

5.2 Main Results

Superior Overall Performance. The results in
Table 1 show that SIGMA consistently improves
multi-agent collaboration across different model
scales and task domains. Across Qwen3-8B, GPT-
0SS-120B, and GPT-40-mini, SIGMA achieves
the highest average scores of 87.04, 93.97, and
88.80, respectively. Compared with CARD, the
strongest non-compositional topology-based base-
line in terms of average performance, SIGMA
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Figure 5: Visualization of the accuracy and token trade-
off across benchmarks.

brings consistent average improvements of 2.067,
2.361, and 1.757 points. It ranks first on 16 of
the 18 benchmark—model combinations, with espe-
cially clear gains on AQuA and HumanEval, where
structured reasoning and executable construction
matter. These results indicate that the gains of
SIGMA are robust across baselines and bench-
marks. To further isolate whether the improve-
ments come merely from exposing task-relevant
skill cards to the model, we also introduce SINGLE-
AGENT+SKILLS, a controlled baseline that re-
ceives the same union of selected skill cards as
SIGMA but removes multi-agent execution, topol-
ogy decoding, and mailbox routing. As a controlled
baseline, SINGLE-AGENT+SKILLS improves over
CoT but remains below SIGMA on average and
on most datasets in Appendix Table 9, suggesting
that the gains come not only from exposing skill
cards, but also from topology-aware multi-agent
execution and mailbox routing.

Generalization to unfamiliar skill libraries.
When the source skill library is replaced with un-
seen skill cards at test time, SIGMA suffers the
smallest average degradation. As shown in Ta-
ble 14 and Figure 4, its performance drops by
only 0.96 points, lower than CARD (2.03), G-
Designer (3.00), GPTSwarm (4.06), and LLM-
Debate (4.02). This robustness is especially evi-
dent on MMLU, AQuA, and HumanEval, where
topology-centric baselines exhibit much larger per-
formance drops under library shifts. The result
indicates that skill incidence can compose unseen
cards into agent slots instead of relying on a fixed
capability inventory.

Efficiency. Figure 5 shows that SIGMA reaches
the best accuracy with the fewest tokens among
compared multi-agent methods on MMLU, Hu-
manEval, GSM8K, and AQuA. Compared with
GPTSwarm, it reduces token consumption by
95.5%, 61.9%, 92.9%, and 60.3% on these bench-
marks, respectively; compared with LLM-Debate,
the maximum reduction reaches 96.7%. Thus,
SIGMA improves collaboration efficiency by com-
posing task-specific agents rather than increasing
communication volume; detailed statistics are in
Appendix G.2.

5.3 Ablation Study

Table 2 ablates the main components of SIGMA.
Bw/o Inc. replaces the learned skill-agent inci-
dence predictor with flat skill assignment. lw/o
Skill Dec., Bw/o Mailbox, and Bw/o Anchor Prior
remove skill-aware decoding, mailbox routing, and
the weak workflow prior, respectively. The con-
sistent drops show that SIGMA’s generalization
comes from the joint effect of compositional node
construction, skill-aware topology decoding, and
executable skill routing.

Table 2: Ablation study under source and unseen skill
libraries, using GPT-OSS-120B

Variant MMLU HumanEval
Source Unseen | Source Unseen
SIGMA 85.62 84.31 95.97 95.16
w/o Inc. 80.39 80.39 91.23 90.77
w/o Skill Dec. 83.01 82.35 92.33 92.41
w/o Mailbox 81.04 80.39 93.07 92.18
w/o Anchor Prior | 83.01 83.66 93.74 92.93

6 Conclusion

We presented SIGMA, a skill-incidence framework
for compositional multi-agent design. Rather than
treating agents as fixed role nodes, SIGMA con-
structs each agent as a task-conditioned bundle of
reusable skills and decodes communication over
these skill-composed nodes. Skill-specific mail-
boxes further make the incidence structure exe-
cutable during multi-agent interaction. By separat-
ing capability composition from topology genera-
tion, SIGMA enables fixed agent slots to express
diverse task-specific identities and generalize to
unseen skill combinations. Our results highlight
that effective multi-agent design should consider
not only how agents communicate, but also how
their internal capabilities are composed.



Limitations

We note several limitations. @ SIGMA depends on
the quality and coverage of the skill library, making
noisy or incomplete skill cards a potential source of
error. @ Its deterministic pseudo-labels and canon-
ical slot ordering may inherit biases from labeling
heuristics. ® The current framework assumes a
fixed number of agent slots, leaving dynamic crew-
size prediction as future work. @ Our evaluation
focuses on benchmark-style reasoning and coding
tasks, while real-world tool-use environments may
involve noisier APIs, longer horizons, and skills
with side effects. @ Finally, although skill-specific
mailboxes make skill incidence executable, adap-
tive routing and conflict resolution remain open
directions.

SIGMA does not attempt to solve the globally op-
timal skill-agent assignment problem by exhaustive
search. Instead, it learns a task-conditioned inci-
dence generator and applies a sparse deterministic
projection, trading global optimality guarantees for
scalability under a fixed bundle-size budget.
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A Appendix Roadmap

This appendix provides additional details for
SIGMA, including method design, skill-card se-
rialization, incidence decoding, mailbox execution,
pseudo-label construction, evaluation protocols, im-
plementation settings, and additional robustness
results.

Appendix Roadmap

Appendix B: Method Details

Additional method details, including graph execu-
tion, skill-card serialization, hard incidence decod-
ing, continuous relaxation, and end-to-end infer-
ence.

Appendix C: Mailbox Execution
Skill-mailbox execution, mailbox summary format,
and fallback routing.

Appendix D: Pseudo Labels
Deterministic pseudo-label construction and canon-
ical slot ordering.

Appendix E: Experimental Protocol
Matched-crew evaluation, held-out skill composi-
tion, test-time skill insertion, baselines, and met-
rics.

Appendix F: Implementation Details
Hyperparameters, training configuration, training
objective, and complexity analysis.

Appendix G: Additional Results
Additional results, including robustness to unfamil-
iar skill libraries.

Appendix H: Prompt Templates

Prompt templates for SIGMA agent execution,
Vanilla/CoT baselines, and dataset-specific answer
extraction.

Appendix I: Additional Details
More details about datasets, skill libraries, and
models used in experiments.

Appendix J: Failure Cases
Analysis of some failure cases during experiments.

Appendix K: Impact Statement
Impact of SIGMA.

Appendix L: Case Study
Detailed, card-style replay of representative Hu-
manEval cases from the raw execution logs.
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Table 3: Operational checklist for the SI-M AP protocol.
Each check corresponds to a required property of exe-
cutable skill-incidence based multi-agent design, with
its concrete realization in SIGMA summarized on the
right.

Property Instantiation in SIGMA

Compositionality Builds each agent slot from a
task-conditioned bundle of reusable
skill cards via the incidence matrix B,.

Executability Exposes assigned skills through

prompts, tool affordances, retrieval
procedures, and skill-specific
mailboxes.

Topology Com- Feeds skill-composed agent embeddings

patibility U, into the same graph decoder used for
communication topology generation.
Expandability Allows new tool/API skill cards to be

appended at test time and encoded by
the frozen skill encoder.

B Additional Method Details

B.1 SI-MAP Design Checklist

The Skill-Incidence Multi-Agent Protocol (SI-
MAP) requires that a graph-based multi-agent de-
signer satisfies four operational properties. Table 3
summarizes how SIGMA instantiates these proper-
ties.

B.2 Graph Execution Interface

The main text keeps only the compact graph def-
inition. For completeness, we state the generic
multi-agent execution interface used by SIGMA and
the baselines. Given a generated graph G,, agents
communicate for 7' rounds. At round ¢, agent ay,
receives the task query and messages produced by
its in-neighbors:

t t t
RI(C) = ag (plgr,gys’ Pli,lsr) ) (30)
Pitr = {2 AR 0y € Nan(an)} }

where Vi, (ag) is the in-neighborhood of a; and
Rgo) is initialized as an empty message. After the
final round, an aggregation function returns the
system answer:

SIGMA keeps this interface but replaces atomic
role nodes with skill-composed nodes and routes
messages through skill-specific mailboxes.

(T)

Uq < Aggregate (Rl e ,Rg) (31)



B.3 Skill Card Serialization

Each skill card is serialized into a fixed textual
template before being encoded. We use the same
template for training, validation, and test-time skill
insertion.

/[ SKILL CARD TEMPLATE tag W
J

~

Skill_id "{unique skill identifier}”

Name "{skill name}"

Description  "{capability description}”

Benchmark "{target benchmark or task
domain}”

Inputs ["{input field 13}", "..."]

Outputs ["{output field 13}", "..."]

Tools ["{optional tool/API/retrieval
resource}”, "..."]

Tags ["{retrieval tag 1}", "..."]

\ J
/{ SKILL CARD EXAMPLE I mmlu J—\

Skill_id "option_elimination”

Name "Option elimination”

Description Rule out implausible
multiple-choice answers before
selecting the final answer.

Benchmark "MMLU"

Inputs ["query"”, "messages"]

Outputs ["analysis”, "answer"]

Tools [1]

Tags ["mmlu”, "multiple-choice”,
"elimination"]

N J
/{ SKILL CARD EXAMPLE III aqua J—\

Skill_id "synthesize"”

Name "Synthesize"

Description Produce the final response by
consolidating the reasoning
trajectory into a concise
answer.

Benchmark "AQUA"

Inputs ["query"”, "messages"]

Outputs ["analysis"”, "answer"]

Tools ]

Tags ["aqua”, "synthesis",
"final-answer"]

N J

/[ SKILL CARD EXAMPLE III humaneval

Skill_id "algorithm_design"

Name "Algorithm design”

Description Choose an algorithmic strategy
and complexity target before
implementing the solution.

Benchmark "HumanEval”

Inputs ["query"”, "messages"]

Outputs ["analysis”, "answer"]

Tools []

Tags ["humaneval”, "algorithm",
"complexity"]

N\ J

For tool or API skills, the executable affordance
field contains the callable endpoint, retrieval oper-
ation, or tool-use instruction. For cognitive skills,

the affordance is instantiated as a concrete prompt-
level procedure or mailbox-routing target rather
than a vague role description. This prevents purely
latent role labels from being treated as reusable
executable skills.

B.4 Hard Incidence Decoding

The incidence generator predicts a soft assignment
probability P,[m, k] for every skill-agent pair. The
executable incidence matrix B, is obtained by de-
terministic sparse projection. For each agent slot £,
we first keep skills whose probability exceeds gkl
and then retain at most k skills. If no skill exceeds
the threshold, the highest-scoring skill is used as
an argmax fallback. To avoid repeated agent identi-
ties under a fixed crew size, duplicated bundles are
repaired by replacing the lowest-margin duplicated
skill with the highest-scoring unused skill.

Algorithm 1 SIGMA incidence decoding

Require: Query embedding z,, skill embeddings E, slot
embeddings {px } r—;, incidence generator Fy, threshold
Tskill, bundle size kg

Ensure: Hard incidence matrix B, € {0,1}M*¥

1: Initialize B, < 0
2: for k =1to K do

3 form = 1to M do

4 QAm,k <_F9([ZQ76m7pk’zq®em])

5: Dk < 0(Qm k)

6: end for

7: Cok < {m : P,k > Tarin}

8 if Cy 1, # 0 then

9: gk TOp,CS (C’q,k;a.,k)

10: else

11: I, < {arg max,, Qm,k}
12: end if

13: for m € I, do

14: Bg[m, k] < 1

15: end for

16: end for

17: Repair duplicated columns of B, by replacing the lowest-
margin duplicated skill with the best unused skill for the
affected slot.

18: return B,

B.5 Continuous Relaxation and Bundle
Attention

During training, SIGMA uses a sparse continuous
relaxation aligned with the hard bundle. For each
slot k, let J, x = Top, ({1,...,M}; o) be the
top-ranked candidate support with r. > ks. The
soft bundle attention is

1[m € Tgr]pm,k exp(Qm,k)

Bk =
" > e, , Pekexp(ogk)

;32

where py, = (o k). We use Bm,k during dif-
ferentiable training and the hard-selected attention



B,k during inference. The same sparse support
is used when computing skill-bundle compatibil-
ity, so pairwise skill interactions are evaluated over
Jq,i X Jq,; during training and over hard-selected
skill products during inference.

B.6 End-to-End Inference Procedure

Algorithm 2 gives the complete inference proce-
dure. SIGMA first constructs the task-specific skill-
agent incidence matrix, builds incidence-aware
agent embeddings, decodes the communication
graph, and then executes the graph with skill-
specific mailboxes.

Algorithm 2 SIGMA inference

Require: Query g, skill library £, number of agent slots K,
encoder Enc, incidence generator Fp, topology decoder
Dy
Ensure: Final answer g,
: zq < Enc(q)
: em < Enc(sm) foreach s, € £
: By < INCIDENCEDECODE(zq, E, Fy)
: fork=1to K do
Compute skill attention /3., over selected skills with
By[m, k] =1
Ug,k < Norm(pg + 24 + 3, Bm,k€m)
: end for
S UG [ug, -y ug i)’
: for each ordered pair (i, ) with ¢ # j do
Compute agent affinity 7;;
Compute skill-bundle compatibility c;;
Lij < Tij + AeCij + Ao Aol 7]
: end for
 Eq <+ {(ai,a;) 1 0(lij) > ve, 1 # 5}
: Create one mailbox Mg, for every incident pair (m, k)
with By[m, k] =1
:fort=1toT do
for each agent ay, in the communication schedule do
Route incoming messages to the top-rs incident
skill mailboxes.
Build the system prompt from selected skill cards
and state.
Build the user prompt from g and mailbox sum-
maries.
Generate response Rgf).
end for
: end for
D g — Aggregate(RiT), ce R;?)
: return g,

}{l#L})l\)»—t

C Skill-Mailbox Execution

The mailbox mechanism makes the incidence ma-
trix executable during multi-agent interaction. For
each incident pair (s, ar), SIGMA maintains a
skill-specific mailbox M, 1 . When a message ar-
rives at agent ay, the router compares the message
embedding with the embeddings of skills assigned
to ay, and routes the message to the top-r, relevant
mailboxes. The agent prompt then receives com-
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pact summaries of these mailboxes instead of a
flattened context containing all messages.

Formally, for every incident pair (m, k) with
By[m, k] = 1, the mailbox at round ¢ is

(®)

q;k,m

M ={r:r — (ak, sm), time(r) < t},
(33)

where r — (ag, S;,») means that message 7 is
routed to skill s,,, inside agent ag. A frozen router
scores each incident skill by

Ym/(r) = sim(Enc(r), en), (34)
and routes r to the top-rs skills among those as-
signed to ay. At round ¢, the prompt is constructed
as

sé?C = Summarize(,/\/lé%),

7D/ggys = {Lgk; Stateg)}, (35)
t t

Pl = {%Sé}} :

Each mailbox summary is capped at b tokens, and
all baselines are evaluated under the same total
context budget.

C.1 Mailbox Summary Format

We use a fixed summary format for each mailbox:

SIGMA MAILBOX routed evidence

Box Mailbox[{skill}]

Src slot {id}, sim={score}

Signal {answer / evidence / tool output}
Summary {routed message summary}

Hint {next-step usage}

r{ SIGMA MAILBOX EXAMPLE I problem_decomposition

]

Box

Src
Signal
Summary

Mailbox[problem_decomposition]
slot @, sim=0.087

answer = C

The predecessor agent identifies
option C as the best answer. Its
analysis suggests that the
question asks for a skill that is
not central to planning. It
contrasts conceptual, analytical,
and communication skills with IT
and computing skills, arguing
that the latter are useful but
less fundamental in the planning
context.

Use this routed message to
decompose the decision into core
planning skills and non-essential
supporting skills.

Hint

The summary budget is capped by b tokens per
mailbox. Baselines are given the same total context



budget, so the mailbox design changes only mes-
sage organization rather than increasing available
context.

f[ SIGMA MAILBOX EXAMPLE II elimination

Box

Src
Signal
Summary

Mailbox[elimination]

slot 0, sim=0.102

answer = C

The predecessor agent selects
option C and supports it by
eliminating less plausible
alternatives. The analysis argues
that IT and computing skills,
although useful, are not the most
fundamental management skills for
effective planning.

Use this routed evidence to rule
out options describing useful but
non-core planning skills, while
keeping option C as the strongest
candidate.

Hint

-

C.2 Fallback Routing

If all router scores are low or the selected agent
has only one assigned skill, the message is routed
to the highest-scoring incident skill. In implemen-
tation, we also keep a lightweight general state
for each agent slot, but only skill-specific mailbox
summaries are exposed as capability-grounded ex-
ecution context. This fallback prevents message
loss while preserving the operational meaning of
the incidence matrix.

D Pseudo-Label Construction

D.1 Training Skill Library

The training skill library Liyaiy is constructed only
from training-split sources, including role descrip-
tions, tool/API documents, retrieval procedures,
and execution traces. Held-out queries, held-out
answers, held-out execution traces, and held-out
tool/API cards are not used during pseudo-label
construction.

D.2 Deterministic Incidence Pseudo-Labels

For each training task, we construct a deter-
ministic pseudo-label incidence matrix By using
teacher_light_label. These labels are not hu-
man annotations and are not generated by an LLM.
The labeler retrieves the top 2 = 8 candidate skills
from L5, and assigns at most k; = 3 skills to
each of the K = 5 agent slots. The selected skills
define the columns of B and provide supervision
for the incidence predictor.

The label files do not contain ground-truth com-
munication edges. Therefore, when edge super-
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/( PSEUDO-LABEL EXAMPLE J

{
"id": "mmlu-val-abstract_algebra-0”,
"query"”: "The cyclic subgroup of Z_24
generated by 18 has order

Option A: 4
Option B: 8
Option C: 12
Option D: ...",
"S": [
["analogy”, "counterexample", "
domain_translation”],
["counterexample”, "domain_translation
", "problem_decomposition”]
:ly
"B": [
[0, 0, 0, 0, 0],
[0, 0, 0, 0, 11,
[0, o, 0, 0, 0],
(1, o, o, 0, o],
[0, o, 0, 0, 0],
[0, 0, 0, 0, @],
fe, 1, 1, 1, o],
[0, o, 1, 1, 11,
1, 1, o, o, ol,
[0, o, o, 1, 11,
[0, 0, 0, 0, @],
(1, 1, 1, o, ol
]

- J

Figure 6: Example pseudo-label for skill-agent inci-
dence supervision. The field S records task-relevant
skill groups, while B is a binary incidence matrix indi-
cating which skills are assigned to each agent slot.

vision is needed during training, we use a chain
prior as structural supervision rather than assuming
annotated edge labels.

D.3 Pseudo-Label Format

The deterministic pseudo-labeler outputs selected
skill names for each slot. The output is stored in a
lightweight JSON-style format:

K{ PSEUDO-LABEL TEMPLATE incidence supervision

Id {benchmark split and example id}

Query {task input or question text}

S {task-relevant skill groups or
candidate skill sets}

B {binary skill-agent incidence

matrix, where B;j =1 assigns
skill ¢ to agent slot k}

Here is an example: Figure 6

D.4 Canonical Slot Ordering

Pseudo-label columns follow the canonical slot or-
der used by the training pipeline. This avoids intro-
ducing an additional bipartite matching objective



between predicted slots and target agents. When
multiple assignments are equivalent, ties are re-
solved deterministically by the labeler.

E Experimental Protocol

E.1 Matched-Crew Evaluation

All compared methods use the same number of
agent slots K, the same communication-round bud-
get T, and the same total context budget. This
ensures that the comparison isolates how agent
nodes are constructed and how messages are routed,
rather than allowing gains from larger crews or
longer contexts.

E.2 Held-Out Skill-Composition Setting

The held-out skill-composition setting evaluates
whether a method can solve tasks requiring unseen
combinations of skills. Training tasks and test tasks
may share individual skill cards, but the specific
multi-skill bundles required at test time are held out
from training. This setting measures compositional
generalization over reusable capabilities. As shown
in L4

E.3 Test-Time Skill-Insertion Setting

The test-time skill-insertion setting evaluates
whether a trained designer can use newly appended
tool/API skills without retraining the topology de-
coder. At test time, new skill cards are serialized
with the same template as training cards and en-
coded by the frozen encoder. The incidence gener-
ator and skill-aware topology decoder then operate
over the expanded library Lipain U Lyew-

A method succeeds in this setting only if it can
assign the newly inserted skills to appropriate agent
slots and use them during execution. This distin-
guishes genuine expandability from merely memo-
rizing training-time role or tool configurations.

E.4 Baselines and Controlled Variants

We compare SIGMA with role-based, topology-
based, and skill-based controls. The key controlled
variants are summarized in Table 4.

E.5 Evaluation Metrics

The primary metric is downstream task accuracy
under the same evaluator used by each benchmark.
We also report the source-to-unseen performance
drop:

A = ACCsource - ACCunseen- (36)

Table 4: Baselines and controlled variants used in our
experimental protocol.

Category

Method

Controlled Design Factor

Multi-agent
baselines

Topology
baselines

Skill
signment
variants

as-

Execution
variant

Upper-
bound
diagnostic

LLM-Debate

GPTSwarm

G-Designer

Flat-skill
signer

de-

Embedding-
only incidence

SIGMA  w/o

mailbox

Oracle inci-

dence

Uses role-specialized
agents for argument
exchange, without explicit
reusable skill assignment.
Optimizes communication
structures over predefined
agents, but does not predict
skill-agent incidence.
Generates task-adaptive
topologies over fixed agent
nodes, isolating topology
design from capability
composition.

Retrieves a global skill set
for the whole team without
assigning skills to
individual agent slots.
Assigns skills using frozen
embedding similarity,
removing the learned
incidence generator.

Keeps predicted skill
assignments but flattens
incoming messages into a
shared agent context.

Uses gold or pseudo-label
incidence assignments at
test time; included only as
a diagnostic upper bound.

A smaller A indicates stronger robustness when
the available skill library changes.

When target incidence labels are available, we re-
port micro-averaged precision, recall, and F1 over
skill-agent assignments. Let Tinc, P, and Giye
denote the true-positive, predicted-positive, and
gold-positive incidence counts over all (g, m, k),

respectively:
PI‘GCinC - ﬂnc/PinC,

Recinc — inc/Ginm
Fline = 2/(

(37)
(38)
Precﬁ3 + Reci:li). (39)

When annotated communication graphs are
available, we report edge precision, recall, and F1
over directed edges:

Preceqge — -0 il (40)
= IR
Recuy,, — Lo Fal @1
edge — )
| E|
2-P ‘R
Fledge _ Ir€Cedge €Cedge (42)

15

Precedge + RecCedge



Table 5: Main hyperparameters used by SIGMA.

Table 6: Core training configuration of SIGMA.

Symbol  Meaning Setting Item Setting
K Number of agent slots 5 Training target Joint training of Fy and Dy
T Communication rounds Matched to Optimizer AdamW
benchmark budget Epochs 50 for MMLU experiments
Tskill Skill selection threshold 0.25 Learning rate 1x1073
ks Maximum skills per agent 3 Text encoder HashingTextEncoder
slot Embedding dimension 384
R Candidate support size for 8 Hidden dimension of Fp 256
pseudo-labeling Hidden dimension of 128
Ts Routed skills per incoming 2 Dy
message Number of agent slots K 5
Ye Edge prediction threshold 0.5 Top-r candidate skills 8
b Mailbox summary budget  Fixed under total Candidate support size 8
context budget Maximum skills per slot 3
Ae Edge loss weight 1.0 Edge label mode chain
Ae Compatibility weight 1.0 Anchor mode chain
Ag Graph sparsity weight 1x1073 Acyclic graph constraint  true
Edge loss weight 1.0
Graph sparsity weight 1x1073
For test-time skill insertion, we additionally re- ~ Compatibility weight L
. 1 L Anchor loss weight 1.0
port inserted-skill hit rate: Random seed 0
Incidence threshold 0.25
Hit,o., = 1 Z T hnew(q)] (43) Edge prediction threshold 0.5
| Onew| Temperature 0.0
q€ Pnew
where

hnew(q) = 3M € Luew, ks.t. Bym, k] = 1.
(44)

F Implementation Details

F.1 Hyperparameters

Table 5 lists the main hyperparameters used by
SIGMA. Values that depend on a benchmark-
specific execution budget are selected on the vali-
dation split and then fixed for test evaluation.

F.2 Training Configuration

We summarize the core training configuration of
SIGMA in Table 6, as well as the training dynamics
of loss-related parameters in Figure 7. The inci-
dence predictor and topology decoder are trained
jointly with full-batch optimization. Unless other-
wise specified, all source-library and unseen-library
experiments use the same architecture, objective,
and decoding thresholds.

F.3 Training Objective

The training objective combines incidence super-
vision, optional edge reconstruction, and sparsity
regularization. The incidence generator is trained

with binary cross-entropy over skill-agent assign-
ments:

M K
Linc = Z Z ZBCE (B;[mv k]7pm,k) ;
q

(45)
where py, 1, = (k). When annotated commu-
nication graphs are available, the topology decoder
is trained with

Leage = Y > BCE(A}[i, j],0(6y)).  (46)

q it

If annotated target graphs are unavailable, this term
is computed against the shared structural prior de-
scribed in Appendix D.2 or omitted in the matched-
decoder control. We further use a soft bundle-size
cap and a graph sparsity penalty:

K M
£sparse = Z Z max 07 Z Pmk — ks
m=1

q k=1
+Ag ) ally).
q i)
(47)
The final objective is
L= Einc + )\eﬁedge + )\s['sparse- (48)
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Figure 7: Training dynamic of loss.

The incidence term trains the skill-agent assign-
ment predictor. The edge term is used only when
annotated communication graphs or a shared struc-
tural prior are available. The sparsity term prevents
degenerate solutions in which every slot receives
too many skills or the decoded communication
graph becomes overly dense.

F.4 Complexity

Let M be the number of skills and K the number
of agent slots. Incidence scoring requires O(M K)
skill-agent pair evaluations. The skill-bundle com-
patibility term is not computed over all M? skill
pairs. Instead, it is evaluated over sparse active
supports. During inference, each agent has at most
ks selected skills, so pairwise skill compatibility
across agent pairs costs O(K?k2). Therefore, the
active compatibility computation is controlled by
the bundle-size budget rather than the full skill-
library size.

G Additional Results

G.1 Robustness to Unfamiliar Skill Libraries

Table 14 reports the full source-to-unseen library
results across six benchmarks. SIGMA achieves the
best unseen-library accuracy on every benchmark
and shows the smallest performance drop in all
cases. On average, SIGMA drops by only 0.95
points, compared with 2.99 for G-Designer, 4.06
for GPTSwarm, and 4.02 for LLM-Debate. This
suggests that incidence-based skill assignment is
less dependent on a fixed skill inventory and can
more reliably compose newly introduced skill cards
into effective agent slots.

G.2 Detailed Token and Runtime Analysis

To further quantify the computational cost of
SIGMA, we report detailed token consumption and
wall-clock runtime across six benchmarks and three
base LLMs. As shown in Table 13, the overall cost
varies across benchmarks, mainly depending on
the number of evaluated questions and the diffi-
culty of the task. GSM8K contributes the largest
token usage for all three backbones due to its larger
test set, while HumanEval and MMLU require sub-
stantially fewer total tokens. Despite these dif-
ferences, SIGMA remains practical across model
scales: all benchmark evaluations finish within a
few hours, and most individual benchmark runs
complete within roughly one hour.

Table 7: Skill sets used by each dataset.

Dataset Skills

MMLU final_synthesis, problem_decomposition
evidence_check, analogy, counterexample
elimination, concept_recall,
constraint_tracking, causal_reasoning
uncertainty_calibration, calculation
domain_translation

GSMSK synthesize, verify, retrieve, reason

MultiArith  synthesize, reason, retrieve, verify

SVAMP synthesize, retrieve, reason, verify

AQuA synthesize, retrieve, reason, verify

HumanEval edge_cases, implementation,

final_code_review, spec_parse,
complexity_check

H Prompt Templates

H.1 Agent Execution Prompt

During execution, each agent receives a two-part
prompt consisting of a system message and a user
message. As shown in Figure 8, the system mes-
sage specifies the agent identity, its assigned skill
cards, and the rule that only task-relevant skills
should be used. The user message provides the
current task, routed mailbox summaries from pre-
decessor agents, and the required response format.
This prompt design ensures that skill assignments
are not only used for node construction, but are
also exposed to the LLM as executable instructions
during multi-agent interaction. Here is an example:
Figure 9
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(( AGENT EXECUTION PROMPT j—\

Message format.

noon

[{"role” : "system”,

{"role" :

content” : system_prompt},

"user”, "content” : user_prompt}]

system_prompt

You are agent {agent_id} in a multi-agent sys-
tem. Your capabilities are defined by the assigned
skill cards: {selected skill cards}. Use only
skills relevant to the current step. Read routed
mailbox evidence carefully and incorporate use-
ful constraints, tool outputs, retrieved facts, or
unresolved issues.

user_prompt

task {query}

mailboxes  {skill-specific mailbox
summaries?}

response Return: (1) intermediate

reasoning or action; (2) message
to downstream agents; (3)
tool/APl/retrieval request if
needed.

N J

Figure 8: Prompt format used for agent execution.

H.2 Baseline Prompt Templates

For reproducibility, we report the concrete Vanilla
and CoT prompt templates used for single-agent
baselines. Each template uses the same two-
message format as the agent execution prompt
above. For a given dataset, system_prompt is con-
structed by concatenating the dataset-specific Sys-
tem base with either the Vanilla suffix or the CoT
suffix; the user_prompt contains the benchmark in-
stance. All methods use the same benchmark split,
deterministic decoding with temperature=0.0,
and the same dataset-specific answer parser.

( BASELINE PROMPT TEMPLATE: MMLU

system_prompt

System I will ask you a multiple-choice

base question. There are 4 answer options
enumerated as A, B, C, and D. Only
one option is correct. Always select
the best available option from A, B,
C, and D, even if none seems perfect.
Do not answer that none of the
options is correct.

Vanilla Reply with only one letter: A, B, C,

suffix or D. Do not include any analysis.

CoT Reason step by step before choosing

suffix the answer. Use at most 5 short

sentences. Do not write tables,
exhaustive cases, or long derivations.
Put your final answer on the last line
exactly in this format: Final
answer: X where X is one of A, B,
C, or D.

user_prompt

task The task is:\n\n
{question-with-options}

- J
BASELINE PROMPT TEMPLATE: AQUA h
Message format.

[{"role" : "system”, "content"” : system_prompt},
{"role" : "user”, "content” : user_prompt}]

system_prompt

System I will ask you a multiple-choice

base math question. There are 5 answer
options enumerated as A, B, C, D,
and E. Only one option is correct.
Always select the best available
option from A, B, C, D, and E.

Vanilla Reply with only one letter: A, B, C,

suffix D, or E. Do not include any analysis.

CoT Reason step by step before choosing

suffix the answer. Use at most 5 short
sentences. Do not write tables,
exhaustive cases, or long derivations.
Put your final answer on the last line
exactly in this format: Final
answer: X where X is one of A, B,
C,D, orE.

user_prompt

task The task is:\n\n
{question-with-A-E-options}

& J
N

(" BASELINE PROMPT TEMPLATE: GSMS8K, MULTI-
ARITH, AND SVAMP

Message format.

[{"role" :

{"role” :

"system”, "content” : system_prompt},

"user”, "content” : user_prompt}]
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Message format.

[{"role" : "system”, "content"” : system_prompt},

{"role" : "user”, "content” : user_prompt}]




system_prompt

GSM8K
base

M-Arith
base

SVAMP
base

Vanilla
suffix
CoT
suffix

user_prompt

task

I will ask you a grade-school math
word problem. Solve the problem
and provide the numeric answer
without units. Always put your final
answer on the last line exactly in this
format: The answer is X where X
is the numeric answer.

I will ask you a multi-step arithmetic
word problem. Solve the problem
and provide the numeric answer
without units. Always put your final
answer on the last line exactly in this
format: The answer is X where X
is the numeric answer.

I will ask you an arithmetic word
problem. Solve the problem and
provide the numeric answer without
units. Always put your final answer

on the last line exactly in this format:

The answer is X where X is the
numeric answer.

Reply with only the final answer line.

Do not include analysis.

Reason step by step before giving
the final answer. Keep the reasoning
concise.

The task is:\n\n
{math-word-problem}

t BASELINE PROMPT TEMPLATE: HUMANEVAL

Message format.

[{"role" :

{"role” :

"system”, "content” : system_prompt},

"user”, "content” : user_prompt}]

system_prompt

System
base

Vanilla
suffix

CoT
suffix

user_prompt

task

You will be given a Python function
signature and docstring. Write a
correct, concise Python
implementation. Do not change the
function name, arguments, or
expected return type. The final
answer must include a complete
Python code block with the full
function definition.

Reply with only one Python code
block. Do not include analysis
outside the code block.

Reason briefly before writing the
implementation. Keep the reasoning
concise. Put the final
implementation in the last Python
code block. Do not write anything
after the final code block.

The task is:\n\n
{function spec}
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ANSWER EXTRACTION USED WITH THE PROMPT
TEMPLATES

MMLU/AQuUA The parser first ignores any hidden
reasoning before a closing </think>
tag, then reads a leading standalone
option letter, explicit final-answer
markers such as Final answer: X,
correct answer is X, and answer:
X, or option-selection phrases such as
choose option X. AQuA additionally
supports matching emitted option text
back to A-E.

The parser matches explicit answer
markers including final answer, the
answer 1is, answer is, answer, and
#i#t##. It also supports boxed answers. If
no marker is found, it uses the last
numeric expression and normalizes
commas, currency symbols, percent
signs, braces, fractions, decimals, and
surrounding punctuation.

We report pass@ 1. The evaluator
extracts the last valid Python code block
containing a function or class definition
and scores it once with the benchmark
unit tests, with no retries, no
execution-feedback loop, and no access
to held-out tests during generation.

Numeric
math

HumanEval

I Additional Details

I.1 Dataset description

We evaluate SIGMA on six benchmarks covering
general reasoning, mathematical reasoning, and
code generation. MMLU is used to test broad
multiple-choice reasoning ability, while GSM8K,
MultiArith, SVAMP, and AQuA evaluate mathe-
matical reasoning under both numerical-answer
and multiple-choice formats. HumanEval is used
to assess code generation ability with pass@1 as
the evaluation metric. Table 8 summarizes the an-
swer type, metric, test-set size, and license informa-
tion for each benchmark. For MMLU, we follow
the cost-controlled protocol of prior graph-based
MAS designers, including G-Designer and ARG-
Designer, and use the same fixed 153-question shuf-
fled evaluation subset for all methods and base
LLMs. This subset is fixed before method-specific
tuning; optimization and pseudo-label construction
use separate training/dev examples and do not ac-
cess held-out answers.

We use all existing benchmark artifacts only
for their intended research evaluation purposes:
MMLU for multiple-choice reasoning, GSM8K,
MultiArith, SVAMP, and AQuA for mathemati-
cal reasoning, and HumanEval for code-generation
evaluation. We do not redistribute modified bench-
mark data or use these artifacts outside research



Table 8: Dataset descriptions and statistics.

Category Dataset Type Metric  #Test Lic.
General MMLU Multi- Acc. 153 MIT
choice
GSM8K Num. Acc. 1,319 MIT
Math M-Arith Num. Acc. 600 —
SVAMP Num. Acc. 1,000 MIT
AQuA Multi- Acc. 254 Apache-2.0
choice
Code H-Eval Code Pass@1 164 MIT

evaluation settings.

1.2 SKkill distribution

Figure 10 and Table 7 show the normalized skill dis-
tribution across different datasets. Overall, the skill
distributions reveal clear task-dependent specializa-
tion. To complement this distributional view, Ta-
ble 10 reports the corresponding skill-library statis-
tics, including the number of source and unseen
skill cards, the cognitive/tool-API split, the aver-
age number of skills assigned to each agent where
available, and the source—unseen library overlap.
Together, these results show not only which skills
are frequently selected for each dataset, but also
how the underlying skill libraries are constructed
and controlled across source and unseen settings.

I.3 Model Size and Computation Budget

Table 11 reports the size of the base executors and
the trainable components introduced by SIGMA.
The base LLMs are used only as frozen executors
during multi-agent inference, while SIGMA adds a
lightweight controller consisting of the incidence
predictor Fy and the topology decoder Dy ,. The
controller has fewer than one million trainable pa-
rameters in total, making the additional training
cost small compared with the base LLM executors.

For execution, we use three representative
backbones with different serving configurations.
QOwen3-8B and GPT-OSS-120B are served locally
with vLLM, where Qwen3-8B disables the think-
ing template and GPT-OSS-120B uses reasoning ef-
fort. GPT-40-mini is accessed through an OpenAl-
compatible backend. All SIGMA controller training
runs are conducted on 4 x NVIDIA RTX A6000
GPUs 48GB.

L4 OOD Diagnostic Analysis

In the MMLU Split-A setting, ID examples contain
observed skill-bundle patterns, whereas OOD ex-
amples contain the held-out bundle {elimination,
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evidence_check, final_synthesis}, testing
whether SIGMA generalizes to unseen skill com-
positions within the same benchmark. In the skill-
library transfer setting, ID uses the source skill
library, while OOD replaces it with semantically
different unseen skill cards at test time, testing
whether the controller can transfer across changed
capability resources.

Table 12 reports ID/OOD accuracy, OOD perfor-
mance change, and OOD retention. Across both
diagnostics, SIGMA maintains strong OOD accu-
racy and non-negative OOD change. These results
suggest that its gains are not merely due to mem-
orizing in-distribution skill assignments, but also
to recomposing useful capabilities under shifted
skill-composition and skill-library conditions.

J Failure Analysis

We further inspect representative failure cases of
SIGMA to understand when skill-incidence based
multi-agent design is less effective. Overall, the
failures mainly come from five sources: overly
sparse topology decoding, insufficient skill diver-
sity, biased final aggregation, benchmark-specific
answer priors, and imperfect mailbox routing.

Overly sparse communication topology. A no-
table failure mode is that the decoded communica-
tion graph can become empty when the edge thresh-
old is too strict or when the learned topology scores
are overly sparse. In an over-sparse MMLU-153 di-
agnostic variant, all 153 evaluated examples were
decoded as zero-edge graphs, which effectively
prevents agents from exchanging information. In
this case, SIGMA degenerates into isolated skill-
composed agents, losing the benefit of multi-agent
collaboration. This suggests that topology sparsity
should be regularized but not over-constrained. A
practical fix is to calibrate the edge threshold on
the validation split, enforce a minimum number of
edges, or add a topology loss that discourages fully
disconnected graphs.

Correct minority lost during aggregation. In9
out of 27 MMLU wrong cases, at least one agent
produces the correct answer, but the final deci-
sion still follows the wrong majority. This sug-
gests that simple majority-style aggregation can
suppress useful minority evidence. The issue is
not necessarily that SIGMA fails to generate the
right reasoning, but that the final decision mecha-
nism does not sufficiently distinguish high-quality



Table 9: Controlled comparison between SINGLE-AGENT+SKILLS and SIGMA using GPT-OSS-120B. SINGLE-
AGENT+SKILLS receives the same union of selected skill cards as SIGMA, but removes multi-agent execution,

topology decoding, and mailbox routing.

Method Mul. Topo. Comp. Mailbox MMLU GSMSK MultiArith  SVAMP AQuA HumanEval Avg.
CoT X X X X 8339  84.81 95.63 95.19  76.02 90.87 87.65
SINGLE-AGENT+SKILLS X X v X 85.41 87.65 95.93 96.73  88.37 93.24 91.22
SIGMA v / ve Ve 87.28  96.25 98.34 95.94  90.16 95.83 93.97

Table 10: Skill-library statistics for the source and unseen skill libraries. M. and M ,seen denote the number of
skill cards in the source and unseen libraries. Cog. and Tool/API report the number of cognitive and tool/APT skills

in the source/unseen libraries.

Dataset Msre Munseen €Cog. S/U Tool/API S/U Avg. skills/agent S/U Overlap Examples: source — unseen
s concept_recall — analogy;

MMLU, half split 6 6 6/6 0/0 2.80/2.88 0 calculation — uncertainty_calibration

GSM8K 12 12 12/12 0/0 —/- 0 source_extract_numbers —
target_quantity_schema

MultiArith 12 12 12712 0/0 —/- 0 source_choose_operation —
target_operation_router

SVAMP 12 12 12/12 0/0 —/- 0 source_unit_tracking —
target_answer_unit_check

AQuA 12 12 12/12 0/0 —/= 0 source_consistency_check —
target_estimate_validate
source_spec_parse — target_contract_reader

HumanEval 12 12 12710 0/2 —-/2.42 0 source_test_design — target_local_test

_designer

evidence from repeated but weak agreement. A
natural improvement is evidence-weighted aggre-
gation, where final answers are weighted by skill
relevance, confidence, mailbox evidence quality, or
verifier judgments rather than raw vote count.

Answer-option bias. We also observe that wrong
predictions sometimes overuse particular answer
options, especially A or D. This points to a possi-
ble option-prior or prompt-order bias in multiple-
choice tasks. Such bias may come from the base
LLM, the answer-format constraint, or the distribu-
tion of predecessor messages in the mailbox. To
diagnose this issue, we recommend option-order ro-
bustness tests, where the same question is evaluated
under different permutations of answer choices. If
predictions change substantially under permutation,
the system should use option-normalized prompt-
ing or answer re-mapping during evaluation.

K Impact Statement

Positive impact. This work studies skill-
incidence graphs for compositional multi-agent
system design. By constructing agents from
task-conditioned skill bundles rather than fixed
role descriptions, SIGMA may improve the modu-
larity, reusability, and adaptability of multi-agent
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systems.

Risks and mitigation. Flexible skill composi-
tion may introduce risks when unsafe, irrelevant, or
conflicting skills are assigned to agents, especially
in tool-augmented, code-execution, or real-world
decision-making settings. Incorrect skill routing
can propagate errors across agents and make sys-
tem behavior harder to audit. To mitigate these
risks, SIGMA should be used with bounded skill
libraries, explicit execution constraints, assignment
logging, and human oversight in high-stakes appli-
cations. Our experiments are limited to controlled
benchmarks, and we do not recommend direct de-
ployment in safety-critical domains without further
validation and robustness evaluation.

Skill Distribution Across Datasets

MMLU o o o . o

GSMBK s s nm

MultiArith

SVAMP P o . e

ay
counterexample
elimination

AQuA

HumanEval e e . s i

calculation
domain_translation

40 60
Skill Share within Dataset (%)

Figure 10: Skill distribution across datasets.



Table 11: Model and artifact sizes used by SIGMA.

Component Size

Role

Base LLM executors

Qwen3-8B 8B class
GPT-OSS-120B 120B class
GPT-40-mini Undisclosed

Local vLLM executor
for the fixed
MMLU-153 evaluation
protocol.

Executor for MMLU,
GSMB8K, MultiArith,
SVAMP, AQuA,
HumanEval, and
ablations.

Auxiliary executor for
additional benchmark
artifacts.

SIGMA trainable controller

Fj incidence 461,953
predictor params
Dy topology 427,266
decoder params
Full SIGMA ~3.57 MB
checkpoint
Incidence-only 164,997
checkpoint params /
664 KB

Predicts the skill-agent
incidence matrix B.
Predicts the learned
communication
topology.

Contains Fy + Dy,
with 889,219 trainable
parameters in total.
Early variant using only
Fy without learned
topology decoding.

Table 12: OOD diagnostic results. ID denotes the in-
distribution or source-library setting, while OOD de-
notes the held-out or unseen-library setting. Agop is
computed as OOD accuracy minus ID accuracy, where
higher values indicate better OOD retention.

Diag.  Method ID OOD AopopT Ret. T
MMLU Fixed-chain 75.00 75.00 40.00 100.00
Split-A SIGMA 82.50 85.00 +2.50 103.03
Skill-  G-Designer 77.12 77.78 +0.65 100.85
Lib. SIGMA 7712 79.08 +1.96 102.54
Split details. MMLU Split-A uses {elimination,

evidence_check, final_synthesis} as the held-out
OOD bundle. Skill-Lib. evaluates source-to-unseen skill-

card transfer at test time.
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/[ AGENT EXECUTION PROMPT EXAMPLE ]_\
Message format.

[{"role" :

{"role" :

"system”, "content” : system_prompt},

"user”, "content” : user_prompt}]

system_prompt

skill Evidence checking: verify
bundle that the answer follows from
stated evidence. Inputs: query,
messages; outputs: analysis,
answer; tools: none; tags: mmlu.
profile No accumulated interaction
state history before execution.
format The agent receives one question
constraint  with four options A-D; exactly

one option is correct. It must
select the best available option,
use other agents’ reasoning only
as critical advice, reply in fewer
than 100 words, and put only
one letter on the first line.

user_prompt

task What one of the following is not
a key management skill in
planning?

Option A: Conceptual
skills
Option
skills
Option
skills
Option
skills
Mailbox[evidence_check]
receives routed evidence from
SIGMA slot O with similarity
score @.032. The predecessor
selects C and argues that
conceptual, analytical, and
communication skills are core
managerial competencies in
planning, while technical/IT
skills are less central.

Return the answer letter and a
concise evidence-based
explanation.

B: Analytical
C: IT and computing
D: Communication

mailbox
context

expected
output

N

Figure 9: Example runtime prompt used by SIGMA. The
system message injects the assigned skill card, profile
state, and answer-format constraints, while the user mes-
sage provides the concrete question and routed mailbox
evidence.



Table 13: Token comparison across representative

benchmarks and multi-agent methods.

Dataset Method Perf. Tokens / Runtime
SIGMA 87.28 1.18x10°/18.0min
CARD 85.78 7.23x10° / 20.5min

. 5 .

MMLU ARG-Pe51gner 85.63 5.57><105/41.2mz'n
G-Designer  85.06 5.25x10°/67.9min
GPTSwarm  83.58 2.61x10°%/55.1min
LLM-Debate 8292 1.54x10°/75.4min
SIGMA 95.83  4.24x10°/30.9min
CARD 93.98 7.28%10° / 70.2min

HumanEva] ARG-Designer 93.47 8.71x10° / 51.6min
G-Designer  92.88 7.05x10°/50.8min
GPTSwarm 9230 4.57x10°/56.9min
LLM-Debate 91.43 6.90%x 106/ 68.6min
SIGMA 96.25 5.48x10°/ 84.1min
CARD 93.44 9.91x10°/154.1min
ARG-Designer 91.08 1.06x107 / 149.4min

GSMS8K
G-Designer  88.62 8.09x10°/201.3min
GPTSwarm  86.88 1.44x107/241.2min
LLM-Debate  85.53 2.63x107 / 267.7Tmin
SIGMA 90.16 8.22x10°/62.9min
CARD 82.76 1.76x10°/72.9min

AQUA ARG-Designer 78.62 1.09x10°/67.7min
G-Designer  78.13 9.01x10°/92.1min
GPTSwarm  77.41 2.07x10%/109.2min
LLM-Debate 7538 3.12x10°/144.8min
SIGMA 9594 2.14x10°/85.5min
CARD 95.48 8.01x10°/117.5min
ARG-Designer 94.81 7.17x10°/104.8min

VAMP .

S G-Designer 9521 3.07x10°/101.2min
GPTSwarm  94.77 2.97x107 /101.3min
LLM-Debate  94.89 3.55x107 / 165.9min
SIGMA 98.34 8.62x10°/ 48.1min
CARD 9821 2.38x10°/64.2min

.+ .. ARG-Designer 98.67 1.14x10°/78.7min

MultiArith

WOAT G Designer  96.86  1.09x10° /95.4min
GPTSwarm  96.50 2.00x10°/125.5min
LLM-Debate  95.72 3.10x10°/173.4min
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Table 14: Robustness to unfamiliar skill libraries across
benchmarks using GPT-40-mini as the base model. A
denotes the performance drop from the source skill li-
brary to unseen skill cards, with lower values indicating
stronger generalization under library changes.

Bench. Method Source Lib. Unseen Lib. A |
LLM-Debate 68.96 63.73 5.23
GPTSwarm 71.37 64.84 6.53

MMLU G-Designer 73.32 70.05 3.27
CARD 75.11 73.68 1.43
SIGMA 75.68 75.03 0.65
LLM-Debate 87.32 85.29 2.03
GPTSwarm 87.83 84.47 3.36

GSM8K G-Designer 89.26 87.28 1.98
CARD 93.21 91.44 1.77
SIGMA 92.96 91.86 1.10
LLM-Debate 72.86 66.96 5.90
GPTSwarm 74.65 69.14 5.51

AQUA  Designer 76.60 70.3 6.30
CARD 80.41 76.85 3.56
SIGMA 83.67 82.50 1.17
LLM-Debate 79.4 72.58 6.82

Human GPTSwarm 81.26 76.41 4.85

" G-Designer 82.48 78.45 4.03
CARD 85.07 81.48 3.59
SIGMA 88.71 86.29 242
LLM-Debate 87.43 85.46 1.97
GPTSwarm 90.12 88.14 1.98

SVAMP G-Designer 90.32 89.17 1.15
CARD 91.65 90.79 0.86
SIGMA 93.64 93.43 0.21
LLM-Debate 94.11 91.96 2.15

Multi GPTSwarm 96.07 93.93 2.14

" G-Designer 96.75 95.50 1.25
CARD 96.94 95.95 0.99
SIGMA 99.64 99.46 0.18




L Case Study

L.1 HumanEval: Communication-Linked Code Generation
Qualitative Study Setting

Evaluation Setting
Method

Dataset / split

Base LLM

Decision method
Run summary
Interpretation focus

SIGMA-humaneval.

HumanEval test.

gpt-4o0-mini.

FinalWriteCode.

124 executed problems, 110 solved problems, 88.71% accuracy.

This case illustrates how communication exposes edge cases and turns
them into an executable final implementation.

Learned Topology
Node ids

Spatial chain
Temporal edges
Edge probabilities
Graph constraint

5euR (slot 0), 5Rg5 (slot 1), 7b2z (slot 2), 7Tja (slot 3), 4mKN (slot 4).
5euR -> 5Rg5 -> 7b2z -> 7Tja -> 4mKN.

None.

0—1 =0.9987, 1—2 = 0.9981, 2—3 = 0.9982, 3—4 = 0.9986.
anchor=chain; acyclic=true.

Reading Guide
OQuery

ATrace
®Agent cards

OFinal

Function signature, docstring, examples, ground-truth implementation,
and final prediction.

Selected skill bundles, chain topology, execution order, and round-level
message flow.

Each card summarizes one skill-composed node and its main
contribution.

The FinalWriteCode decision node that writes the final Python
solution.

Case: Edge-case repair for iscube

Query

Function specification and expected behavior

Record id: HumanEval/77. Solved: yes.
Task: implement iscube(a), which returns True if integer a is a cube of some integer.

Examples: iscube(1) -> True, iscube(2) -> False, iscube(-1) -> True, iscube(64) ->
True, iscube(@) -> True, iscube(180) -> False.

Ground-truth pattern: use the absolute value or signed cube-root handling, then check whether the

rounded cube root cubed equals the original magnitude.

Final prediction: a negative-aware cube-root check with root ** 3 == a.
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Trace

Skill-incidence and message flow

Execution order: 5euR -> 5Rg5 -> 7b2z -> 7Tja -> 4mKN.

Slot 0 skills: {implementation, edge_cases, final_code_review}.

Slot 1 skills: {edge_cases, final_code_review}.

Slot 2 skills: {spec_parse, implementation, edge_cases}.

Slot 3 skills: {implementation, edge_cases}.

Slot 4 skills: {spec_parse, edge_cases, complexity_check}.

Interpretation: the learned chain routes the task from planning and algorithm description to code

generation, testing feedback, and final bug fixing.

5euR: implementation + edge-case analysis + final review

Role/profile state: SIGMA slot 0; no accumulated history before execution.

Mailbox input: empty, because this is the first node in the chain.

Main response: proposes a single-function design and suggests checking whether the rounded cube
root cubed equals the input.

Representative code pattern: return round(a ** (1/3)) ** 3 == a.

Diagnosis: useful high-level implementation plan, but the initial pattern is incomplete for negative

inputs and may be numerically fragile.

5Rg5: edge-case analysis + final review

Mailbox input: receives the slot-0 design through the chain edge 5euR -> 5Rg5.

Main response: restates the cube-root algorithm, documents expected usage, and emphasizes the
equality check after rounding.

Evidence contribution: preserves the concise algorithmic structure and keeps the implementation
simple.

Diagnosis: useful algorithmic clarification, but it still inherits the same cube-root risk from the initial

design.

7b2z: specification parsing + implementation + edge-case analysis

Mailbox input: receives the slot-1 algorithm description through 5Rg5 -> 7b2z.

Main response: writes an executable implementation using round(a ** (1/3)).

Internal-test signal: the generated implementation passes internal testing in the trace.

Diagnosis: partially useful because it produces runnable code, but risky because the round-then-cube

method can mishandle negative inputs or large integers.

7Tja: implementation + edge-case analysis

Mailbox input: receives the slot-2 code through 7b2z -> 7Tja.

Main response: warns that the implementation may fail due to floating-point rounding and highlights
negative numbers and large integers as important edge cases.

Concrete checks suggested: iscube(-8), iscube(-1), and large cube values such as 729 or
1000000000.

Diagnosis: this is the key corrective signal: the edge-case skill identifies the hidden weakness of the

earlier implementation.
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4mKN: specification parsing + edge-case analysis + complexity check

Mailbox input: receives the tester feedback through 7Tja -> 4mKN.

Main response: revises the implementation to handle negative inputs by computing a signed cube-
root candidate before checking root ** 3 == a.

Complexity: constant-time arithmetic with no auxiliary data structures.

Diagnosis: integrates the upstream warning into a bug-fixed implementation, showing how the final

slot acts as a repair node rather than another independent generator.

4sMD: FinalWriteCode decision node

System role: final code writer; must output the completed Python function.

Final input pattern: task specification plus the chain-produced implementation and edge-case
feedback.

Final behavior: outputs a negative-aware implementation: if a < @, compute a signed cube-root
candidate using -(-a) ** (1/3); otherwise use a ** (1/3); finally check root *x 3 == a.
Final result: solved.

Interpretation: the case shows a successful repair path. The early implementation nodes provide a
simple candidate solution, the edge-case node exposes the negative-input risk, and the final writer

incorporates that correction into the submitted code.

Figure 11: A HumanEval case where SIGMA’s chain topology turns a simple but risky cube-root implementation into a

negative-aware final solution.

L.2 MMLU: Skill-Conditioned Evidence Aggregation
Qualitative Study Setting

Evaluation Setting

Base LLM and split Qwen3-8B on the fixed MMLU-153 evaluation subset.
Overall run 153 executed questions, 94 solved questions, 61.44% accuracy.
Execution regime Five AnalyzeAgent nodes produce skill-conditioned answers, followed

by one FinalRefer decision node.

Interpretation focus These cases examine whether skill-composed agents provide
complementary evidence and whether the final decision can repair or
amplify noisy intermediate answers.

Skill-conditioned Aggregation Regime

Node representation Each case constructs U, € R5*38 from the selected skill bundles
before graph decoding.
Observed graph state The MMLU examples activate no pairwise spatial edge after

thresholding, so the final decision node aggregates independently
generated skill-conditioned evidence.

What this shows The analysis isolates the benefit and limitation of skill composition and
evidence aggregation, rather than attributing the MMLU examples to
agent-to-agent message passing.

26



Reading Guide

OQuery
ATrace

©Agent cards

OFinal

Question, options, record id, ground-truth answer, and final prediction.

Concrete node ids, execution order, skill-incidence bundles, activated
edges, and maximum decoded edge probability.

The five executable columns selected by the skill-incidence matrix B,.
Each card lists the node id, role, injected skill profile, mailbox state,
and agent output.

The FinalRefer node. Its user prompt contains the task plus the five

node outputs shown immediately above the final card; the final response
is restricted to one letter.

Case: Answer-label repair on MMLU

Query

Trace

Question and expected answer

Record id: mmlu-test-miscellaneous-39. Solved: yes.

Question: In the film The Talented Mr. Ripley, who plays Mr. Ripley?

Options: A. Jude Law B. Matt Damon C. Dustin Hoffman D. Ben Affleck.

Ground truth: B.

Final prediction: B.

Case focus: the compact answer prefixes are noisy, but the rationales mostly identify Matt Damon;

the final decision node repairs the answer-label mismatch.

Topology and skill-incidence trace

Nodes: mLV2 (slot 0), hj9X (slot 1), wxdu (slot 2), 3M90 (slot 3), d7XF (slot 4).

Execution order: mLV2 -> hj9X -> wxdu -> 3M90 -> d7XF.

Slot 0 skills: {elimination, analogy, evidence_check}.

Slot 1 skills: {evidence_check}.

Slot 2 skills: {final_synthesis}.

Slot 3 skills: {counterexample, final_synthesis}.

Slot 4 skills: {counterexample}.

Activated edges: spatial_edges=[1], temporal_edges=[]; maximum decoded edge probability
=3.16x107% < 0.5.

Interpretation: the case isolates skill-conditioned evidence aggregation rather than agent-to-agent

message passing.

mLV2: elimination + analogy + evidence check

Role/profile state: SIGMA slot 0; no accumulated interaction history before execution.

Injected skill profile: option elimination rules out implausible choices; analogy mapping connects
the query to a known pattern; evidence checking verifies that the answer follows from stated evidence.
Mailbox input: empty because no predecessor output arrived.

Agent output: A. The rationale recalls that The Talented Mr. Ripley stars Matt Damon as the titular
character, eliminates other options by filmography, and confirms Matt Damon as the correct answer.

Diagnosis: useful evidence, but the leading answer prefix conflicts with the rationale and the option

mapping.
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hj9X: evidence check

Role/profile state: SIGMA slot 1; no accumulated interaction history before execution.

Injected skill profile: evidence checking verifies that the answer follows from stated evidence.
Mailbox input: empty because no predecessor output arrived.

Agent output: A. The rationale identifies the target role, recalls that Matt Damon portrayed Mr.
Ripley in the 1999 film, and selects the answer based on this information.

Diagnosis: useful evidence, again with a wrong leading letter.

wxdu: final synthesis

Role/profile state: SIGMA slot 2; no accumulated interaction history before execution.

Injected skill profile: final synthesis combines partial arguments into a concise final answer.
Mailbox input: empty because no predecessor output arrived.

Agent output: A. The response identifies the film, recalls the actor who portrayed Mr. Ripley, but
incorrectly states that Jude Law played the role.

Diagnosis: wrong factual hypothesis; this is the main misleading card in the aggregation set.

,@ 3M90: counterexample + final synthesis
A\ Role/profile state: SIGMA slot 3; no accumulated interaction history before execution.

Injected skill profile: counterexample search looks for edge cases that falsify an answer; final
synthesis combines partial arguments.

Mailbox input: empty because no predecessor output arrived.

Agent output: A. The rationale identifies Matt Damon as the actor who portrayed Mr. Ripley in The
Talented Mr. Ripley.

Diagnosis: useful corrective evidence despite the noisy answer prefix.

d7XF: counterexample

Role/profile state: SIGMA slot 4; no accumulated interaction history before execution.

Injected skill profile: counterexample search looks for edge cases that falsify an answer.
Mailbox input: empty because no predecessor output arrived.

Agent output: A. The rationale states that Matt Damon portrayed the character in the 1999 film and
explicitly ends with Answer: B.

Diagnosis: explicitly exposes the mismatch between the noisy prefix A and the correct textual

answer B.

UmWw: FinalRefer decision node

System role: top decision-maker; must output exactly one of A, B, C, or D.

FinalRefer input: the prompt contains the task/options plus all five node outputs above: mLV2: A,
hjoX: A, wxdu: A, 3M90: A,and d7XF: A ... Answer: B.

Final response: B.

Final result: solved.

Interpretation: the final node is not a raw majority vote over answer prefixes. It reads the rationales
and repairs the answer-label noise because most cards point to Matt Damon and one card explicitly

states Answer: B.

Figure 12: A complete case where the ffnal decision node repairs answer-label noise by reading the agent rationales.
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Case B: Counterexample agents correct a noisy majority

Query

Trace

Question and expected answer

Record id: mmlu-test-abstract_algebra-167. Solved: yes.

Question: Statement 1: If a finite group has order n then the group contains a subgroup of order d
for every positive divisor d of n. Statement 2: If a belongs to a finite group then |a| divides |G|.
Options: A. True, True B. False, False C. True, False D. False, True.

Ground truth: D.

Final prediction: D.

Case focus: three agents produce noisy compact prefixes A, but most rationales identify the correct
false/true mapping; counterexample agents provide the decisive correction.

Topology and skill-incidence trace

Nodes/execution order: mLV2 -> hj9X -> wxdu -> 3M90 -> d7XF.

Slot 0 skills: {elimination, analogy, evidence_check}.

Slot 1 skills: {evidence_check}.

Slot 2 skills: {final_synthesis}.

Slot 3 skills: {counterexample, final_synthesis}.

Slot 4 skills: {counterexample}.

Compact answers: A, A, A, D, D.

Activated edges: spatial_edges=[1], temporal_edges=[]; maximum decoded edge probability
=1.71x107% < 0.5.

Interpretation: the final decision follows the mathematical evidence rather than the noisy compact-

answer majority.

mLV2: elimination + analogy + evidence check

Mailbox input: empty.

Agent output: A. The rationale says Statement 1 is false because Lagrange’s theorem only states
that subgroup orders divide the group order, not that every divisor appears as a subgroup order. It
also says Statement 2 is true because the order of an element divides the group order.

Diagnosis: the reasoning supports false/true, but maps this evidence to option A instead of D.

hjoX: evidence check

Mailbox input: empty.
Agent output: A. The rationale identifies Statement 1 as false and Statement 2 as true, and explicitly
notes that A is incorrect while D is the correct false/true option.

Diagnosis: noisy prefix, but the rationale explicitly identifies D.

wxdu: final synthesis

Mailbox input: empty.
Agent output: A. The response again states that Statement 1 is false and Statement 2 is true, then
explains that the correct choice should be D.

Diagnosis: another prefix/rationale mismatch with correct mathematical evidence.
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3M90: counterexample + final synthesis

f//
\

Mailbox input: empty.
Agent output: D. Statement 1 is false because not all finite groups have subgroups for every divisor
of their order; Statement 2 is true by Lagrange’s theorem.

Diagnosis: clean counterexample-style correction that directly supports the ground-truth label.

d7XF: counterexample

Mailbox input: empty.

Agent output: D. The response independently confirms the same false/true mapping: subgroup
orders must divide the group order, but not every divisor must occur, while element order divides
group order.

Diagnosis: independently confirms the correction and reinforces the minority compact answer.

UmWw: FinalRefer decision node

System role: top decision-maker; must output exactly one of A, B, C, or D.

FinalRefer input: task/options plus five node outputs: three compact prefixes A and two compact
prefixes D, with most rationales supporting false/true.

Final response: D.

Final result: solved.

Interpretation: the final node follows the consistent mathematical evidence rather than the noisy
compact-answer majority, showing that skill cards are treated as evidence sources rather than plain

role labels.

Figure 13: A MMLU case where counterexample skills provide the decisive corrective signal and allow the final decision node

to override a noisy compact-answer majority.

Case C: Recoverable disagreement among skill-composed agents

Question and expected answer
Query

Record id: mmlu-test-public_relations-3. Solved: yes.

Question: Which of these organizations is most effective in engaging with customers online?
Options: A. Starbucks B. Coca-Cola C. Wholefoods D. Redbull.

Ground truth: A.

Final prediction: A.

Case focus: heterogeneous skill-composed agents surface both Starbucks-supporting evidence and a

plausible Red Bull distractor, but the final decision selects the better-supported answer.
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Trace

Topology and skill-incidence trace

Nodes/execution order: mLV2 -> hj9X -> wxdu -> 3M9o -> d7XF.

Slot 0 skills: {elimination, analogy, evidence_check}.

Slot 1 skills: {evidence_check}.

Slot 2 skills: {final_synthesis}.

Slot 3 skills: {counterexample, final_synthesis}.

Slot 4 skills: {counterexample}.

Compact answers: A, A, D, A, D.

Activated edges: spatial_edges=[], temporal_edges=[]; maximum decoded edge probability
=1.96x107% < 0.5.

Interpretation: the aggregation remains stable despite disagreement because the final input contains

enough grounded evidence for Starbucks.

mLV2: elimination + analogy + evidence check

Mailbox input: empty.

Agent output: A. The response argues that Starbucks has a strong online presence, including a
user-friendly website, mobile app, and social media engagement.

Evidence contribution: supports Starbucks through integrated digital strategy and customer engage-
ment.

Diagnosis: useful Starbucks-supporting evidence.

hjoX: evidence check

Mailbox input: empty.

Agent output: A. The rationale emphasizes Starbucks’ mobile app with rewards, active social media
engagement, and integrated online customer experience.

Evidence contribution: independently reinforces the same answer with additional customer-
engagement evidence.

Diagnosis: useful aligned evidence.

wxdu: final synthesis

Mailbox input: empty.

Agent output: D. The response argues that Red Bull has a strong online presence, interactive content,
and community engagement through platforms such as YouTube and social media.

Evidence contribution: surfaces a plausible distractor.

Diagnosis: useful for stress-testing the answer, but ultimately less supported than Starbucks.

3M90: counterexample + final synthesis

Mailbox input: empty.

Agent output: A. The rationale argues that Starbucks excels through its mobile app, personalized
offers, and social media interaction, while Coca-Cola and Red Bull also have strong digital presences.
Evidence contribution: compares the distractors against Starbucks and supports the correct option.

Diagnosis: useful synthesis that acknowledges alternatives without switching away from A.
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d7XF: counterexample

Mailbox input: empty.

Agent output: D. The response favors Red Bull because of interactive content, community engage-
ment, and digital innovation.

Evidence contribution: makes the plausible Red Bull distractor visible.

Diagnosis: noisy but informative disagreement.

UmWw: FinalRefer decision node

System role: top decision-maker; must output exactly one of A, B, C, or D.

FinalRefer input: task/options plus five node outputs containing three Starbucks-supporting cards
and two Red Bull distractor cards.

Final response: A.

Final result: solved.

Interpretation: disagreement is recoverable because the final node receives enough grounded
evidence for Starbucks while still seeing a plausible distractor. This is the desired behavior of skill

diversity: disagreement is visible but not automatically decisive.

Figure 14: A MMLU case where disagreement among skill-composed agents is recoverable because the final mailbox contains

enough grounded evidence for the correct answer.

Case D: Shared misconception in a domain-specific legal question

Query Question and expected answer

Record id: mmlu-test-international_law-1. Selved: no.

Question: Who is an “injured State” in the law of international responsibility?

Options: A. A State is “injured” in case that it has suffered a damage from the internationally
wrongful conduct. B. A State is “injured” in cases that there has been a violation of a peremptory
norm of international law. C. A State is “injured” should it acknowledge the existence of the
internationally wrongful conduct. D. A State is “injured” if the obligation breached was owed to it
individually or if it was owed to a group of States, including that State, and it was specially affected.
Ground truth: D.

Final prediction: A.

Case focus: all agents share the same false legal premise, so aggregation has no corrective evidence

to follow.
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Trace

Topology and skill-incidence trace

Nodes/execution order: mLV2 -> hj9X -> wxdu -> 3M9o -> d7XF.

Slot 0 skills: {elimination, analogy, evidence_check}.

Slot 1 skills: {evidence_check}.

Slot 2 skills: {final_synthesis}.

Slot 3 skills: {counterexample, final_synthesis}.

Slot 4 skills: {problem_decomposition, final_synthesis}.

Compact answers: A, A, A, A, A.

Activated edges: spatial_edges=[], temporal_edges=[]; maximum decoded edge probability
=1.70x107% < 0.5.

Interpretation: this failure reflects insufficient domain-specific evidence coverage rather than an

answer-format issue.

mLV2: elimination + analogy + evidence check

Mailbox input: empty.
Agent output: A. The rationale defines an injured State as one that has suffered damage from an
internationally wrongful act and treats option A as directly correct.

Diagnosis: shares the false premise that actual damage is the defining legal standard.

hjoX: evidence check

Mailbox input: empty.
Agent output: A. The response repeats that an injured State is a State that suffered damage from
wrongful conduct, rejecting the other options as related but incorrect.

Diagnosis: aligned with the wrong premise; no corrective legal standard is introduced.

wxdu: final synthesis

Mailbox input: empty.
Agent output: A. The response synthesizes the same definition and chooses A as the most direct
description.

Diagnosis: fluent synthesis amplifies the shared misconception.

3M90: counterexample + final synthesis

Mailbox input: empty.
Agent output: A. The response argues that option A correctly defines the concept, while the other
options misstate criteria or add unnecessary conditions.

Diagnosis: the counterexample skill does not recover the missing Article-style legal condition.

d7XF: problem decomposition + final synthesis

Mailbox input: empty.

Agent output: A. The response decomposes the definition, says option A captures damage from
wrongful conduct, and rejects option D as overly complex.

Diagnosis: additional decomposition changes the prompt shape but still fails to retrieve the correct

legal criterion.
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UmWw: FinalRefer decision node

System role: top decision-maker; must output exactly one of A, B, C, or D.

FinalRefer input: task/options plus five aligned but wrong A-supporting node outputs.

Final response: A.

Final result: not solved.

Interpretation: this is a failure of evidence coverage. No card introduces the missing legal standard

in option D, so the final node has no corrective signal to follow.

Figure 15: A MMLU failure case where skill diversity does not help because every card shares the same false legal premise.

Case E: Correct majority lost during final aggregation

Query Question and expected answer

Record id: mmlu-test-jurisprudence-37. Solved: no.

Question: Which of the following criticisms of Llewellyn’s distinction between the grand and
formal styles of legal reasoning is the most compelling?

Options: A. There is no distinction between the two forms of legal reasoning. B. Judges are
appointed to interpret the law, not to make it. C. It is misleading to pigeon-hole judges in this way.
D. Judicial reasoning is always formal.

Ground truth: C.

Final prediction: A.

Case focus: three agents correctly support C, but the final node overweights a salient minority

counterexample and outputs A.

Topol d skill-incid t
Trace opology and skill-incidence trace

Nodes/execution order: mLV2 -> hj9X -> wxdu -> 3M90 -> d7XF.

Slot 0 skills: {elimination, analogy, evidence_check}.

Slot 1 skills: {evidence_check}.

Slot 2 skills: {final_synthesis}.

Slot 3 skills: {counterexample, final_synthesis}.

Slot 4 skills: {counterexample}.

Compact answers: C, C, C, A, D.

Activated edges: spatial_edges=[1], temporal_edges=[]; maximum decoded edge probability
=2.06x107% < 0.5.

Interpretation: this case exposes a final-aggregation limitation: correct majority evidence can be

lost when a wrong minority rationale appears forceful.

mLV2: elimination + analogy + evidence check

Mailbox input: empty.
Agent output: C. The rationale says option C criticizes the categorization of judicial reasoning as
oversimplified, while A and D contradict each other and B is less relevant.

Diagnosis: useful correct evidence.
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hjoX: evidence check

Mailbox input: empty.

Agent output: C. The response argues that option C challenges the validity of pigeon-holing judges
into reasoning styles, while B concerns judicial role rather than the distinction itself.

Diagnosis: independently supports the correct option with aligned rationale.

wxdu: final synthesis

Mailbox input: empty.
Agent output: C. The response selects C as the most nuanced and relevant criticism because it
argues the categorization oversimplifies judges’ approaches.

Diagnosis: third aligned correct card.

,@ 3M90: counterexample + final synthesis
\
N Mailbox input: empty.

Agent output: A. The response claims option A directly challenges the core of Llewellyn’s distinc-
tion by denying its existence and treats this as the strongest counterexample.

Diagnosis: salient but wrong minority rationale.

d7XF: counterexample

Mailbox input: empty.

Agent output: D. The response argues that option D challenges the distinction by asserting that
judicial reasoning is always formal.

Diagnosis: another distractor card; it exposes an alternative challenge but does not match the best

criticism.

UmWw: FinalRefer decision node

System role: top decision-maker; must output exactly one of A, B, C, or D.

FinalRefer input: task/options plus five node outputs: three C-supporting cards, one A-supporting
counterexample card, and one D-supporting counterexample card.

Final response: A.

Final result: not solved.

Interpretation: this is an aggregation failure. The final node overweights a forceful but wrong
minority counterexample and ignores that Agents 0-2 independently agree on C with aligned

rationales.

Figure 16: A MMLU failure case where three agents identify the correct answer, but the final decision node follows a minority

distractor.
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