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ABSTRACT

Diffusion models generate samples by learning to reverse a fixed corruption process,
and classifier-free guidance (CFQG) is the standard mechanism for conditioning
this process on a desired class or prompt. CFG can be applied at varying guid-
ance strengths, and while higher strengths improve image quality and conditional
alignment, too high a guidance strength can degrade image quality and diversity.
Furthermore, CFG violates principled diffusion sampling dynamics, and existing
explanations for why it works despite the violation disagree on the underlying
theory or do not extend to deterministic samplers used in practice. We address
both these issues. We first frame CFG sampling as a continuous-time optimal
control problem, treating the sampling trajectory as a sequence of controls cho-
sen to maximise the probability of the desired condition. Solving the resulting
Hamilton—Jacobi—Bellman equation shows that CFG is recovered under specific
path costs when using an unconstrained control set. We argue this lack of constraint
is responsible for CFG’s failure at high guidance strengths, since it permits the
sampling path to move arbitrarily far from the current image estimate. To fix this,
we propose curvature-aware CFG (CACFG), which constrains the control set to a
hypersphere informed by the Gaussian regularisation used when training variational
autoencoders. We show that the control inputs produced by CFG sampling rou-
tinely violate this bound, and that across diffusion models, datasets, and guidance
schedules, CACFG achieves superior generative quality at mid-to-high guidance
strengths with a less severe quality-diversity tradeoff than regular CFG.

arXiv:2610.05845v1 [cs.LG] 5 Oct 2026

1 INTRODUCTION

Diffusion models generate samples by learning to iteratively reverse a fixed process that gradually
corrupts data with noise (Ho et al.l 20205 Song et al., [2021b). Classifier-free guidance (CFG) (Ho &
Salimans,, [2022)) provides a mechanism to control the content of generated images by using a variable
guidance strength parameter to target a tilted conditional distribution. However, this tilted distribution
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(a) CFG (b) CACFG

Figure 1: Tweedie’s magnitude (|| (¢, 2+, £)||2) of diffusion sampling trajectories across time with
w = 7.5 and using (a) CFG (Ho & Salimans| [2022) and (b) CACFG (ours), alongside a representative
sample generated by each method. Note that 40% of CFG sampling paths violate the theoretical 95%
upper magnitude bound. CACFG restricts permissible controls to lie within a time-varying bounded
control set.

is not the marginal of any true diffusion process, and excessive CFG guidance can reduce image
diversity and degrade image quality by introducing visual artefacts (Sadat et al}, 2025} [Karras et al.,
[2024). Despite this, CFG is frequently used in practice, and practitioners select the largest guidance
strengths that do not harm image quality (Dhariwal & Nicholl, 2021} [Ho & Salimans| [2022).

Previous work has proposed methods of fixing CFG artefacts: CFG++ (Chung et al.} [2025) and
Interval-CFG (IntCFG) (Kynkdédnniemi et al.| [2024) each attribute CFG’s artefacts to the sampling
trajectory departing the image manifold, correcting for this by varying guidance strength across
the trajectory. A separate line of work asks why CFG works despite violating diffusion sampling
dynamics. Hypotheses attribute its effectiveness to a shared bias in the conditional and unconditional
denoisers (Karras et al.,[2024), an implicit correction for the poorly-approximated tilted distribution
(Moufad et al.,[2025)), or an equivalence with a predictor-corrector scheme in the continuous-time
SDE limit (Bradley & Nakkiran| [2025)). However, these explanations disagree on the mechanism
responsible, and they do not rigorously extend to commonly used deterministic samplers.

We address this gap by reformulating CFG sampling as a continuous-time optimal control problem:
rather than fixing the sampling trajectory as a function of stochastic transition kernels, we treat it as
a sequence of controls chosen to maximise the terminal reward p(§ | @), i.e., how probable it is
that the sample is of the desired condition/class £. Solving the resulting Hamilton—Jacobi—Bellman
(HJB) equation shows that the optimal control recovers CFG when the control set is unconstrained
and the traversal penalty is expressed in the same scale as the diffusion training loss. To the best of
our knowledge, we are the first to frame CFG as a deterministic optimal control problem in this way.
Additionally, existing guidance scheduling methods such as CFG++ and IntCFG also emerge from
this same optimal control formulation under alternative choices of the traversal penalty (Appendix [B).
By examining the path costs of this optimisation problem, we find that the CFG diffusion sampling
trajectory is encouraged to: align the conditional and CFG scores at early-to-mid sampling times;
converge towards a local maximum at late sampling times; and avoid traversing near a maximum too
early. This provides significant insight into how CFG works, and why it exhibits certain pathologies.

Our optimal control formulation shows that traditional CFG imposes no constraint on the control
set. This permits the sampling path to move arbitrarily far from the current image estimate given
sufficiently low traversal penalty. We argue this is directly responsible for CFG’s failure modes in
high-guidance regimes. To address this, we propose a constrained control set and corresponding
curvature-aware CFG scheme (CACFQG) that relies on a property latent diffusion models have by
construction: the training objective of their variational autoencoder (VAE) is explicitly regularised
towards an isotropic Gaussian. We hypothesise that this forces most encodings to lie within a
hypersphere of an estimable radius, and we show empirically that the Tweedie estimates produced by
traditional CFG sampling frequently violate this theoretical upper bound, while those of CACFG do
not (Figure |I|) We find that across diffusion models, datasets, and guidance schedules, CACFG has
superior generative quality at mid-to-high guidance strengths as measured by various quality metrics.

Our core contributions are as follows: (i) We show that diffusion guidance can be interpreted as a
continuous-time control problem; (ii) We show that classifier-free guidance (CFG) is one solution to
this control problem, and that existing guidance scheduling methods, such as CFG++
and IntCFG (Kynké&dnniemi et al., [2024), arise from the same framework under alternative
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choices of the traversal penalty; (iii) We propose a method of using the Gaussian regularisation term
of the VAE training loss to infer the structure of the embedded image manifold; (iv) We propose
a constrained control set for the continuous-time optimisation problem that results in a diffusion
guidance (CACFG) that provides superior conditional generation with a less severe quality-diversity
tradeoff than unconstrained guidance methods, at negligible additional computational cost.

2 PRELIMINARIES

Denoising diffusion models generate data by learning to reverse a fixed diffusion (noising) process.
We write x; € R™ for ¢ € [0, T to denote the state acted on by this process. The diffusion itself is
driven by the stochastic differential equation (SDE) (Ho et al.,|2020; [Song et al., 2021b)),

dxy = f(t)xr dt + g(t) dB:, Vit e[0,T], (1)

where f(t),g(t) : R — R are continuous and -dB; denotes an Itd integral with respect to the
m-dimensional Brownian motion process, B;. The form of f and g is chosen such that (1)) gradually
erases structure in o as t — T, leaving a state that is approximately isotropic Gaussian at termination,
p(xr) ~ N(0,021). Modern image diffusion models leverage both unconditional and conditional
modes, where the initial measure of the state X, is conditioned on a measurable event £ of an auxiliary
variable Y that takes values in Qy, i.e. P(X|€). This allows for £ = Qy to denote unconditional
generation, and £ # Qy to describe conditional generation with target £. We formally define the
above diffusion as the canonical image diffusion in Definition and in Theorem [E.T| we show that
it admits the transition kernel p(z; | ®o) = N (o, BZI™*™)) with ay, B; : R — R and where

I(m>m) denotes the m-dimensional identity.
Generating a sample amounts to reversing (I)), which can be done stochastically via [Andersonfs

reverse-time SDE (Anderson, [1982)), or (more commonly) deterministically via the probability-flow
ODE (Song et al., 2021b)),

day /dt = f(t)@; — g(t)* Ve, logp(a: | €)/2, ()
both of which require an estimate of the score, Vg, logp(z: | £). This is obtained by training a
denoiser €9 : R™ x R x Y — R™ to recover x from a noised observation using the objective,
) é Ty — ﬁte‘g(t7xta§)
o7

. (3

. ~ 2 A~
min Bg . p(aole), 2p(ailzo), t~p(t) [Hwo - $0H2} , To(t, e, &0

For a minimiser 6* of (3)), the score is proportional to the denoiser (see Theorem [E.2)),

Ve, logp(x | &) = —€o+ (t, 21,£) /Bt @

so either reverse-process formulation (SDE or ODE) can be run with €y~ in place of the score.
Additionally, by Tweedie’s formula (Efron, 2011) the optimal denoiser’s output is equal to the
posterior mean (see Theorem [E.3)),

iO(ty Ty, é-) = (wt - BtEQ* (t7 T, 5))/0% = ]E[XO ‘ T, g]a (5)
and note that we are taking & (t, z;, &) = &o(t, 2, &; 6) for brevity.

Classifier-free guidance (CFG). In many cases the conditional score alone is not sufficient to
reconstruct high-quality images of the desired class. Although eg- (¢, 4, £) recovers V4, log p(x: | £)
exactly at optimality (Theorem, faithfully sampling p(xq | £) is not the same as adhering strongly
to &: a specific conditioning event is typically supported by a small number of training samples
compared to the entire training dataset. Thus, the model constructs a noisy estimate of P(X | £),
which places significant probability mass over samples weakly consistent with £ (Dhariwal & Nichol|
2021;|Ho & Salimans, 2022).

To strengthen class adherence, guidance methods target a tilted distribution in place of p(z; | £),

Py | €) occp(€ | @e)” p(ae),  weRsp. (©)
Increasing w concentrates probability mass around these maximal-density regions, whilst leaving its
maximisers unchanged. Differentiating the log of (6) and substituting {@) at £ = Qy gives

vmt logp(wt | g) = wth 10gp(§ | mt) — €px (t7 T, QY)/Bt (7)
- - |:69* (ta T, QY) + O)(EQ* (ta T, g) — €px (t7 T, QY)):| /ﬁh (8)
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where the second line eliminates V, logp(§ | @;) via Bayes’ rule and the score identity in (4).
Classifier guidance (Dhariwal & Nicholl [2021) evaluates (7) by training a separate model pg (& | @+ );
classifier-free guidance (Ho & Salimans| 2022) instead uses (8)), interpolating the class-conditional
and unconditional noise models defined above. Note that this guidance does not represent a true
diffusion process: p(x; | £) is not the marginal induced by diffusing g ~ P(X | £), so following
this score abandons the reverse-time SDE/flow ODE dynamics of @]) (Karras et al.| [2024); however,
it empirically improves perceptual sample quality (Dhariwal & Nichol| [2021;|Ho & Salimans), 2022).

Latent diffusion models. Let Z € R™ be an R"-valued random variable representing a natural
image in n-dimensional pixel-space, sharing the auxiliary (label) variable Y defined above (and in
Definition|[E.1). As above, for £ € ) we write P(Z | &) for the conditional law, and z ~ P(Z | §)

for a realised image. Taking X = Z (so m = n) equates the diffusion state with the image directly,
giving P(X ¢ | §) = P(Z | £) and recovering ordinary pixel-space diffusion.

Latent diffusion models (Rombach et al.| 2022) instead diffuse over a compressed representation of
z, obtained from a variational autoencoder (VAE) (Kingma & Welling| 2014)). The encoder maps

a realised image to a distribution of latents, g¢ (o | 2) £ N (xo; p4(2), diag(oy(2)?)), and the
decoder gives the reconstruction likelihood, py (z | o) = N (z; vy (x0), diag(y,(z0)?)). The
density of X | £ can then be obtained via p(xo | &) £ [5, q¢(0 | 2) dP(2 | £).

The encoder and decoder are trained jointly, over parameters ¢, ) respectively, to minimise the
negative evidence lower bound

Lyae(¢, V) £ Eonp(z) { —Eqy, (x0]2)[l0g py (2 | T0)] + Dx1 (%(wo | z) HN(OaI(mxm))) ],

reconstruction

regularisation

(C))
following Kingma & Welling|(2014), where P(Z) = P(Z | Qy) is the unconditional image law.
Note that the KL term regularises the encoder distribution towards the same isotropic standard normal
that the forward process of (I)) itself converges to as ¢ — T—a fact we leverage later.

3 RELATED WORK

Chung et al.|(2025)) attributes CFG artefacts such as colour oversaturation and broken invertibility to
an off-manifold effect: since w > 1 extrapolates beyond the conditional and unconditional denoiser
outputs, the resulting noise estimate can fall off the data manifold. By reformulating guidance as
a manifold-constrained score-matching problem, Chung et al.|(2025]) appeal to the linear manifold
hypothesis (Chung et al., [2022)) to compute a manifold constrained gradient to force the sample to
remain on the theorised linear image manifold. Alternatively, Interval-CFG (IntCFG) (Kynkaidnniemi
et al.}2024) hypothesises that CFG artefacts can be attributed to when guidance is applied: guidance
at high noise levels collapses diversity by prematurely committing the trajectory to a small set of
modes, while guidance at low noise levels has minimal effect. Thus, IntCFG disables guidance
outside an interval of intermediate noise levels. Though motivated differently, both methods let the
guidance scale of (§)) vary across the sampling trajectory, a fact we make concrete in Appendix [B]
Alternatively, techniques such as Adaptive Projected Guidance (APG) (Sadat et al.| 2025) reshape the
CFG update itself. However, none of this work provides a rigorous explanation as to why CFG is
able to generate conditional images, despite violating diffusion sampling dynamics.

Karras et al.|(2024) attributes CFG’s effectiveness to a shared model bias: a capacity-limited denoiser
over-covers sparsely populated regions of the data manifold, and because the unconditional model
exhibits this bias more severely than the conditional one, their ratio acts as an attractive force that
pulls samples towards the image manifold. Moufad et al.|(2025]) show that the tilted distribution of
(6) can be recovered by augmenting CFG with a corrective Rényi-divergence term, and they argue
that CFG is just poorly approximating the true tilted distribution. Bradley & Nakkiran|(2025) instead
prove that in the continuous-time SDE limit, the stochastic (DDPM) variant (Ho et al., [2020) of
CFG is identical to a predictor-corrector scheme that pairs DDIM (Song et al., 2021a) denoising
with a Langevin-dynamics corrector on the tilted distribution. However, this does not account for
deterministic (flow ODE) variants of CFG, and the explanations of Karras et al.| (2024) and Moufad!
et al.| (2025) disagree on the key mechanisms.
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4 REFRAMING CFG AS AN OPTIMAL CONTROL

We first consider the tilted density of (6), and note that raising p(¢ | @) to any power w > 0
leaves its maximiser (w.r.t. ;) unchanged. Thus, the CFG update of @) can be viewed as naively
moving towards a local maximum of p(£ | ;) at each timestep; however, this does not guarantee
maximisation with respect to the terminal state, . Treating CFG sampling as purely an optimisation
problem leads to the natural question: does CFG sampling construct a path that maximises p(§ | xo)
subject to some reasonable path constraints? More concretely, we wish to understand whether CFG
constructs trajectories that terminate at a state, &, that maximise p(£ | ) subject to interpretable
path costs that punish/reward movement from the initial position, .

We treat the sequence of denoising targets used along the trajectory as free decisions rather than
following a fixed set of transition kernels, and we introduce a time-dependent control variable
u; € U(t) C R™ taking values in a nonempty, closed, and convex time-varying control set U (¢).
Additionally, note that maximising p(§|xg) w.r.t. ¢ is equivalent to maximising p(xg | £)/p(xo)
via Bayes’ rule. Under this framework, diffusion guidance is the solution to

T
max {/ L(s,xs,us)ds + ¢(tl,wtl)} , s =b(s,xs,uy), (10)
Ut;,T) t

with running reward L : R x R™ x R? — R, dynamics constraint b : R x R™ x R? — R™, and
terminal reward ¢(t;, 1, ), where ¢(s, ;) = log (%) Vs € [t,T). defines a reverse-time,

ydes
continuous-time maximisation problem, and we write

t
V(t,a:t) £ sup {/ L(s,:cs,us)ds—|—<;5(tl,a:tl)}7 (11)

Ult),t] ty

to define the best accumulated reward achievable by time ¢. Bellman’s principle of optimality (Bell+
man, [1957) shows that V' must satisfy the reverse-time Hamilton—Jacobi—-Bellman (HJB) equatio

Vilt,w) = swp {L(tnw) = (Va, (@), bt wow))}, VEe @,T),  (12)
u €U(t)

with boundary condition V(tl, xy,) = ¢(t;, x4,). Throughout, we take the termination time t; €
(0,T), which keeps 32 > 0 (and hence the relevant densities well-defined) over the whole horizon.

Additionally, we require that L, V, and b be regula and C! differentiable in ¢, ;, and wu,.

We now choose L and b. For the running reward, we penalise the divergence of the control u, from
the unconditional sample, multiplied by some time-dependent cost scale r(s) > 0, alongside an
additional, as-yet-unspecified term h capturing further path costs/rewards,

L(s, @y, ws) 2 —1(5) |[ts — @0 (s, Ts, Uy)||2 + h(s, s, ws). (13)

The choice of Zo(s, s, ly) as the anchor for the /5 penalty is deliberate: by Tweedie’s formula ,
it is the unconditional posterior mean of xg, i.e. the most plausible denoising target available at that
noise level. Penalising the ¢5 deviation of u from this quantity therefore encodes a natural prior: a
candidate target should only be preferred over the unconditional estimate if there is sufficient reward
for doing so. Framing guidance this way turns the question of why CFG works into a question about
h and b: is there a choice of h and b whose optimal control recovers the CFG update of (8)?

To connect this to diffusion sampling, we take the dynamics b to be the probability-flow ODE of (2)),
written in Tweedie form via @) and (), with the denoising target replaced by the control w itself,

&y = b(s, @y, us) = f(s)xs — g(5) (wus — @) /(252). (14)

Setting us = &o(s, x5, 2y) at every step recovers ordinary unconditional sampling, while any other
choice of control defines an equally valid, but different, flow-ODE trajectory. What remains is to

'We state the reverse-time HIB equation in Lemma and provide a rigorous HIB derivation in Ap-
pendixbased on [Bellman| (1957); |Liberzon| (2012); Berkovitz & Medhin|(2012).

2See Problemfor full conditions, and note that many are immediately satisfied due to the differentiability
of the trained denoiser and Gaussian transition kernels.
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specify h, and here we make a significant assumption: we posit that the value function is equal to the
quantity CFG attempts to maximise at each timestep:

V(t, @) £ @(t, @) = log (p(a¢ | £)/p(ay)) - (15)

We argue that this is a reasonable assertion: CFG is already effective at conditioning the diffusion
trajectory—so choosing a value function whose gradients align with the CFG score incentivises
movement in that direction, and this assumption immediately satisfies the boundary condition of (12).
We now ask what constraints (what h) has ¢ as its value function under (12).

Substituting (I4) and (I3) into the reverse-time HIB equation (12) and using the Kolmogorov forward
equation to derive V; allows us to solve for a unique h. We show in Theorem that V' = ¢ solves
for every s € [t;,T] when

(s, 22) = 5005 (Vo 005, ), Vo, logs | ) +1(5) [ Vs, )]

. aoni
conditional score alignment CFG score magnitude

1 2 1
3 2 (T 6(5,), Ts.2) + 30(9% D0, 0(5,2). where (16
CFG score regularisation early-convergence penalty

. 1g(s)%a

AN s
T(S,ws) :prOJU(S)in}O(s’msﬁgy) {47‘(3)/8sz5¢(87$8) . (17)

The corresponding optimal control is then given by

ul 2 &o(t,xe, Qy) + T(t, ). (18)

CFG-like guidance can then be recovered by reversing Tweedie’s formula (5), and using (@) to solve
for the score imposed by the optimal control:
Ty — ouuf 1

Va, logp(x; | §) = _T = _E [66*(157331579)/) - %T] (19)
t ¢ ¢

Traditional CFG, scheduled variants, and Kingma’s SNR. CFG and other scheduled guidance
variants with a positive guidance-weight function w(¢) > 0 can be recovered by setting

g(t)?af 1 m

r(t) 57 () Ut)=R™"Vte (0,T], (20)
and substituting and into (I9). Traditional CFG (Ho & Salimans, [2022) follows when
w(t) = w > 0, and we cover CFG++ (Chung et al., 2025) and IntCFG (Kynk#dnniemi et al.,
2024) in Appendix [B} Note that for CFG, CFG++, and IntCFG, the r(t) of is proportional to
—dSNR(t)/dt = g(t)?a? /B¢, with SNR(t) £ a?/B2. Let \; = log SNR(#) (Kingma’s log-SNR),
then [Kingma & Gao|(2023) show —d);/dt is the weighting that converts the uniform noise-matching
ELBO objective into an equivalent image-matching objective, and ||e — €||3 = SNR(t)||zo — Zo||3.
Thus, minimising E|lzq — &o||3 weighted by g(t)2a?/3} is the same training objective as the
(unweighted) noise-prediction ELBO. In other words, CFG, CFG++, and IntCFG are optimal controls
with an ¢ penalty that is specified with the same scale as the denoising training objective.

We now ask: what do the constraints of (I6) imply about the paths constructed by CFG-like guidance?
The conditional score alignment term in (16 rewards paths that align the conditional and CFG scores,
which is reasonable, given we seek trajectories that converge to high-density conditional regions. This
term is scaled by g(s)?, which decreases as s — 0 under most diffusion parameterisations (Karras
et al.| 2022), suggesting that the conditional alignment matters most in early-to-mid sampling times.
The CFG score projection, Y, can be thought of as the maximum allowable CFG movement given
the current Tweedie estimate, & (s, s, 2y ), at time s. Assuming that &y € U (s) (the control set
should contain all Tweedie estimates), then Y is either O or aligned with the CFG score, V_¢, in
the sense that (V4 ¢(s,xs), Y(s,xs)) > 0 (by Bertsekas, 2009, Prop. 1.1.9), and thus, the CFG
score regularisation term is < 0. This term is negligible at early sampling times, as — 0 as s — T,
but grows as 8; — 0 as s — 0, and the only way to avoid this penalty is to find a local optimum
(V¢ = 0) or enter a region that no longer has viable movement in the direction of the CFG score,
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T = 0. Thus, we can view this term as a penalty for not finding a local maximum, or not maximising
allowable growth of ¢. The CFG score magnitude term blindly rewards large CFG score magnitudes
regardless of sign; however, this is entirely negated by the /5 penalty of (I3) at the optimal control, u}.
The early-convergence penalty term is negative at a mode of ¢ (A, ¢ < 0) and is scaled by g(s)?
(which shrinks as s — 0), so this term penalises trajectories that sit near a sharp maximum at early
sampling times, discouraging them from settling into a mode too early (reducing mode collapse).

Thus, CFG-like guidance is an optimal control specified in the same loss scale as the denoising
training objective, and it finds paths that: (i) are encouraged to align the conditional and CFG scores
at early-to-mid sampling times; (ii) are encouraged to converge to a local maximum at late sampling
times; and (iii) are penalised for nearing local maximums at early sampling times.

5 CURVATURE-AWARE CFG (CACFG)

Section 4] shows that CFG-style guidance solves an optimal control problem, but says nothing about
whether the resulting control is a safe one to take. Compensating for weak class adherence with
a large guidance scale w (or small r(s)) may move the sampling trajectory into regions with few
training samples, and thus, require the model to extrapolate. This is a known failure mode of neural
networks—adversarial regions populate extrapolated sections of the learned manifold, and they cause
networks to behave erratically (Szegedy et al.,|2014; |Goodfellow et al.,|2015; Madry et al., 2018).

Existing cor.rections to CFG address this by assuming the Algorithm 1 Curvature-Aware Guidance
underlying image manifold has some known geometry Roquire: diffusion model: eges gty € (s onm
(Chung et al, 2022} 2025)). Such hypotheses are reason-  pling steps with to = t; ~ 0 <g U PR
able when x is itself a natural image, but for the latent noise schedules oy, B;: guidance weight schedule
diffusion models used in practice (Rombach et al., 2022), ;”a(rgn:toefrlt;ﬂl set U (t); upper radius 7., ; interpolation
x( is instead a VAE latent code, and the manifold it occu-

pies is whatever geometry that particular VAE has learned. @, ~ N(0,1)

A manifold hypothesis tuned to one model’s VAE carries for iQ: i"e‘;; (tlldow{ Oy)

no guarantee of transferring to another’s. € — egu (ti, me,, €)
. . . é(‘ég"”w(ti)(ég 769)
We instead propose a correction built on a property the &' (@, — B, &)/,
VAE is trained to have: the regularisation term of the , 7 , ,
VAE objective in () penalises the encoder distribution pi = (1= oz +p2 v A
for departing from an isotropic standard normal, g, (o | ul e projy, (o (@) b elipto | - |2 < pi
z) ~ N(0,1(™*™)) (Kingma & Welling, 2014). This €+ (@, —ar,ul)/fy,

term rewards encodings that are close to the origin, and we on dﬁlﬁfl
hypothesise that valid encodings become more sparse as return ¢,
distance from the origin increases (Appendix [C.2)), which
means that these regions are likely adversarial from the perspective of the diffusion denoiser. We
propose restricting the control set from Sectionf4]to latents contained within a hsphere with radius

7. That is, we consider a situation where || X||3 < r2, and then by Lemma|E.4] the magnitude of

Tweedie’s estimate is also upper bounded by 7. ||Zo(t, x¢, £ )||§ < r2. This limits the ability of
large control inputs to direct the sample into these hypothesised adversarial regions.

< Reverse flow-ode step with €], T,

Unfortunately, restricting the generative domain in this way would require knowledge of the learned
VAE latent space. To circumvent this we again leverage the Gaussian regularisation of the VAE loss
and assume X ~ N(0, I(™*™)) under which || X||3 follows a chi-squared distribution with m
degrees of freedom. We then define a confidence level p and a corresponding radius r,, such that:

P(||Xo|2 <r2) =p. 1)

Empirically, we find that the Tweedie estimates (i.e. the unclipped control input) of standard CFG
sampling routinely violate the 95.0% bound imposed by this assumption (Figure . Furthermore,
under Xy ~ N(0,1 (me)) and the transition kernel of Theorem X and x; are jointly
Gaussian, so the Tweedie estimate & (t, x;, £) is itself Gaussian, and thus,

2
Qi 2

P\ ||xo(t, 2y, 2<77’u
(1ea(t.2 015 < %

>p Vtelt,T]. (22)

3There exists no measure on the truncated distribution that would permit ||Zo (¢, x¢, &) |3 > r2.
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That is, for ¢ > 0 the Tweedie estimate is expected to lie closer to the origin than the raw bound 7.

A curvature-aware control set. The two bounds above represent the two extremes of the Gaussian
hypothesis: (2I]) assumes only the raw radius r,,, while (22) assumes the hypothesis holds exactly.
We interpolate between the two with a single tuneable parameter y € [0, 1], and take the interpolated
radius to define a time-varying convex control set within the optimal control framework of Section [4]

a? o?
U(t)é{u ER™: |u QStTZ+7<ri—tr3)} Vie T (23)
gl t tll5 of + B2 pE [t1, T

At v = 0 we assume the full Gaussian hypothesis, while v = 1 requires only the upper bound to hold.
We substitute U., (t) into (20}, and refer to this guidance scheme as curvature-aware CFG (CACFG).

6 CACFG EXPERIMENTS

Diffusion models. We evaluate CACFG using two latent diffusion models of varying sizes: Stable
Diffusion 1.5 (SD1.5) (Rombach et al., 2022} and Stable Diffusion XL (SDXL) (Podell et al.,|2024).
Both are text-conditioned latent diffusion models that run the diffusion of (I)) on a VAE latent space
trained using the same objective of (9). SD1.5 and SDXL have differing generative resolutions
of 512x512 and 1024 x 1024, which have substantially different compute costs. Thus, for SD1.5
experiments we generate 10,000 samples for each guidance-dataset-strength setting, while for SDXL
we generate 2,000. We run both models on a NVIDIA RTX4090, and the curvature-aware projection
does not incur substantive compute overhead—all models run at their originally reported speeds.

Datasets. We generate images conditioned on two datasets: ImageNet (Russakovsky et al.| [2015]),
which provides class-conditional generation across 1000 object categories, and COCO (Lin et al.,
2014), which provides caption-conditioned generation—a more sophisticated generative task.

Guidance schedules. We compare three guidance-weight schedules w(t): the constant-weight CFG
of (@) (Ho & Salimans), [2022)), and the two scheduled alternatives CFG++ (Chung et al.| 2025) and
IntCFG (Kynkiédnniemi et al., 2024), whose exact forms are given in Appendix [Bl Each schedule
is evaluated both on its own and combined with the curvature-aware control set of (23)), giving the
CACFG, CACFG++, and IntCACFG guidance schemes respectively. Across all curvature-aware
variants we fix the confidence level of @]) at p = 0.95, which corresponds to ,, = 129.16 and
ry = 257.16 for SD1.5 and SDXL, respectively. Based on initial ablations (Appendix [C.3), we use
the blending parameter v = 0.5 and v = 1.0 for SD1.5 and SDXL, respectively. Additionally, we
use the DDIM ODE solver (Song et al., 2021a) for SD1.5 and SDXL, as it is the most common
deterministic solver.

Guidance weights. We report the guidance weight of CFG and compute an approximate equivalent
weight under each other schedule. That is, we find schedule parameters, 6, such that fOT wepgdt =

fOT w(t; 0)dt. This compares schedules with equal approximate total path perturbations. For SD1.5
we use CFG weights wcpg = 5,7.5,10,15, and for SDXL we use wcrg = 10, 15,20, 25. This
discrepancy arises because SDXL is significantly more resistant to excessive CFG guidance, making
comparisons at lower guidance strengths less meaningful.

Metrics. We report nine metrics measuring image quality across varying axes. Fréchet Inception
Distance (FID) (Heusel et al.,|2018)) measures the similarity of real and generated image distributions.
Density and Coverage (Naeem et al.,|2020) report the fidelity and diversity of the generated images
by comparing manifolds fitted to real and generated images. NIQE (Mittal et al., | 2013)), BRISQUE
(Mittal et al.l 2012)), and TReS (Golestaneh et al., [2022) are no-reference perceptual quality metrics,
scoring an image’s naturalness based on its pixel statistics. CLIP score (Radford et al.,2021)) measures
prompt alignment via the cosine similarity between a generated image’s CLIP embedding and its
conditioning. Human Preference Score v2 (HPSv2) (Wu et al.,[2023)) is a model trained to mimic
human rankings of image quality. We note that HPSv2 and CLIP score are known to artificially
improve at large CFG strengths despite poorer image quality and increasing saturation (Xie et al.
2026). We therefore additionally report Saturation (Sadat et al.,[2025)), computed as the mean of the
saturation channel after converting each image from RGB to HSV, to measure this effect.
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6.1 RESULTS

Distribution quality and diversity. When using SD1.5 we find FID, Density, and Coverage are
improved or equivalent under the curvature-aware (CA) correction for all three guidance schedules
and both datasets, with the gap widening substantially at higher guidance strengths (Figures 2] and [6)).
Since Density and Coverage improve alongside FID rather than trading off against it, the corrected
samples are more accurately contained within the real-image manifold and also cover a wider region
of it, indicating an improvement in both quality and diversity.

The same pattern holds for SDXL (Figure |Z]); however,
Density and Coverage also depend on guidance strength
in a way they do not for SD1.5. At the lowest guidance
strength tested, we find both Density and Coverage are
marginally degraded by the CA correction, before favour-
ing the correction from moderate guidance strengths on-
ward, alongside a FID advantage that similarly grows
across the same range. We hypothesise two explanations
for this phenomenon. First, SDXL is a higher-capacity
model and is more robust to the manifold departures, thus, & * & % “
the CA control set has less to correct at low guidance, and =i
its benefit only becomes apparent once uncorrected guid- = \ .
ance has sufficiently corrupted the sampling trajectory. - LISy
Second, at low guidance strengths the more restrictive .| ..
control constraint, U, (t), limits the sampler’s ability o~~~
search the latent space, a cost that is outweighed once the
guidance strength (effective search budget) is high enough.
Thus, across both SD1.5 and SDXL, the CA correction pro-
vides superior conditional generation at moderate-to-high
guidance strengths, with a less severe quality-diversity
tradeoff than that exhibited by unconstrained guidance
methods. These findings are supported qualitatively by the
samples in Figure [3]and Appendix [D.2]

Perceptual quality. NIQE, BRISQUE, and TReS all

favour the curvature-aware variants at every guidance strength for both SD1.5 and SDXL, with
the largest gains at high guidance. As these are no-reference measures of image pixel statistics,
this indicates that curvature-aware guidance produces images with more natural low-level statistics,
independently of any comparison to the real data distribution, and that this benefit is consistent across
model scale, guidance schedule, and diffusion model.

== .,

FID
T
TReS
2

1

-

Guidance strength

+. CFG  —e— CACFG -+ CFG++ —o— CACFGH+ o IMCFG —o— INtCACFG

Figure 2: Performance of CFG, CFG++,
and IntCFG with (solid line) and without
(dotted line) our curvature-aware correc-
tion using SD1.5 on COCO. Some met-
ric axes have been flipped so that the
improvement direction is vertically up
the page. Zoom in for easier viewing.

Prompt alignment. CLIP score improves only marginally
under ImageNet but more substantially under COCO, for
both SD1.5 and SDXL. We hypothesise that ImageNet’s
single-object class prompts are simple enough that stan-
dard guidance can satisfy them at these guidance strengths,
leaving no room for the CA correction to help, whereas
COCO’s complex caption prompts are harder to satisfy: by
keeping the sampling trajectory closer to the latent image
manifold, curvature-aware guidance allows higher guid-
ance strengths to be spent productively toward matching

the full caption, rather than being wasted on manifold-
departing artefacts.

Human-preference metrics and saturation. HPSv?2 is
the one metric where the curvature-aware variants are
outperformed by their uncorrected counterparts, an effect
that is mild for SD1.5 but more pronounced for SDXL.
However, the Saturation values of both Figures [6] and
show that this coincides with increasing saturation levels,

Figure 3: Comparison of CFG (Ho &
Salimans| [2022)) and CACFG (ours) at
guidance strength w = 15 on the COCO
(Lin et al.l 2014) dataset. CACFG bet-
ter preserves fine detail: the middle im-
age has a correctly numbered clock face,
while the rightmost image reconstructs
Van Gogh’s The Starry Night.

while curvature-aware guidance keeps saturation roughly constant. Given that [ Xie et al.| (2026)
have shown HPSv2 and CLIP scores artificially increase alongside saturation, and that every other
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image-quality metric favours the curvature-aware correction for both models, we interpret the higher
HPSv2 of uncorrected guidance as an instance of this failure mode rather than a quality advantage.

7 CONCLUSION

We show via the HIB equation that CFG and other guidance schedules can be derived as the optimal
control for a continuous-time optimisation problem. Existing CFG corrections assume the underlying
image manifold has some known geometry, but this is not guaranteed for latent diffusion models,
whose latent image manifold is governed by what the VAE has learned. We use the Gaussian
regularisation term of the VAE loss to infer that most image encodings lie within a hypersphere of
estimable radius. We then propose a curvature-aware CFG correction that constrains the control
set of our optimisation problem to a time-varying hypersphere whose radius is informed by the
estimated radius. We find that at high guidance scales this generates images with substantially better
quality, as measured by FID, NIQE, BRISQUE, TReS, Density, and Coverage. Thus, our constrained
guidance provides superior conditional generation with a less severe quality-diversity tradeoff than
that exhibited by unconstrained guidance methods, and functionally no additional compute cost.
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A STATEMENTS

A.1 LIMITATIONS

‘We note three limitations of our work, each of which we view as a promising direction for future work
rather than a fundamental shortcoming of the proposed optimal control framework. First, the control
set U, (t) we optimise over is time-varying but not state-varying; extending it to depend jointly on
sampling time and the current state x; would more directly incentivise training a model to perform
the image-manifold projection. Second, our optimal control perspective does not currently explain
guidance techniques such as APG (Sadat et al.| 2025)), which act by manipulating the guidance
gradient itself, rather than by reweighting it through the guidance schedule. Finally, our formulation is
posed for deterministic sampling processes, and does not immediately extend to stochastic samplers.
However, these extensions are unnecessary for understanding and improving traditional classifier-free
guidance on deterministic samplers, which was the primary objective of this work.

A.2 REPRODUCIBILITY

We ensure reproducibility by providing a detailed description of our algorithm in the main text (Algo-
rithm[T)). Additionally, our code and the configuration files necessary to replicate our experiments are
made publicly available. Comparison methods are implemented using default parameters or with
parameters selected based on the respective authors’ tuning algorithms.

A.3 AIUSE

We used large language models as a writing and verification aid during the preparation of this paper.
Specifically, Al assistance was used to check and typeset proofs that we had already derived by hand,
to edit and improve the clarity of rough prose drafts, and to assist with LaTeX formatting of figures.
Al assistance was not used to write experiment code, nor to generate the ideas, methods, or theoretical
contributions presented in this work; all such content originates from the authors.

B COMPARISON METHODS CFG FORM

Both CFG++ (Chung et al.l[2025) and Interval-CFG (IntCFG) (Kynk&danniemu et al., [2024) propose
guidance scheduling schemes to modulate the strength of CFG-like guidance across diffusion sam-
pling paths. Similarly to Section we let the guidance scale of (8)) vary with time, w(t). We consider
a discretisation 0 = ¢y < t; < --- < t, = T of the canonical image diffusion of Definition |E.1}
with sampling proceeding from ¢, down to ¢, i.e. each step moves x;, to the less-noisy x¢, ,. The
guidance schedules of CFG++ and IntCFG are as follows.

CFG++. |Chung et al.|(2025) use a manifold-constrained gradient to force the diffusion sampling
trajectory to remain on the theorised linear image manifold (Chung et al) 2022; 2024). Under
common diffusion scheduling schemes this culminates in a time-varying CFG guidance strength,
w(t). Given the discretisation above and using a DDIM diffusion schedule, Chung et al.['s CFG++
guidance scale is given by

at, B,
ati—lﬂti - atiﬂtifl ,

where w > 0 is a hyperparameter that governs the strength of the CFG++ guidance. Using Euler

w(ti) =w- (24)

. . . . . o, — O, . ' ﬂtv—ﬁt_
derivative approximations: ¢y, ~ — x5 = ay,_, = oy, — At Gy, and By, & —x7

B, = Py, — At - Bt then can be written as

1 ot Py et By
wt) mrw- |— - — — — — _ ,
At aifr — aeBe afr — B
where At functions as a parameter describing how coarse the diffusion discretisation is. Notably,
from , it is clear that w(t) diverges as At — 0. This suggests that CFG++ is sensitive to the

number of sampling steps, with an exploding guidance scale as the granularity of the ODE solver
increases.

(25)
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Interval CFG (IntCFG). Kynkaanniemi et al.| (2024)) hypothesise that guidance at high noise levels
reduces sample diversity, and is redundant at low noise levels, where the trajectory has already
converged onto the correct mode. Thus, IntCFG confines guidance to an interval of intermediate
noise levels. In our notation this is the piecewise-constant schedule

Bt
w, S (Jlov Jhi]»
t = Qi 26
w(t) {1, otherwise, (26)

for hyperparameters 0 < o}, < op; and guidance weight w > 1, selected by grid search against
a downstream metric (e.g. FID) rather than derived. Note that technically IntCFG results in a
discontinuous w(t) scale, which conflicts with HIB assumptions made in Section@ To circumvent
this, a smooth sigmoid transition could be used at each cutoff point oy, and oy; to ensure continuity.
However, in this paper we use the standard IntCFG proposed by Kynkdidnniemi et al.| (2024) and

specified in (26).
C ABLATIONS

C.1 SD1.5 THEORETICAL TWEEDIE UPPER BOUND

Figure ] extends Figure([T]to the full range of guidance strengths tested in the main paper, showing
Tweedie’s magnitude (||Zo(t, x+, &)||2) of SD1.5 CFG and CACFG sampling trajectories across
w € {5,7.5,10,15} on (a) ImageNet (Russakovsky et al.,[2015) and (b) COCO (Lin et al.,[2014).
Notably, it highlights that increasing guidance strength dramatically increases the number of paths
that violate the theoretical 95% upper limit, r,, = 129.16.
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CFG

CACFG

CFG

Timestep (1) Timestep (1)

Timestep (1) Timestep (1)

CACFG

Timestep (1)

(b) COCO

Figure 4: Tweedie’s magnitude (||Zo(t, x¢, £)||2) of SD1.5 CFG and CACFG (ours) sampling trajec-
tories at guidance strengths w € {5,7.5,10, 15} on (a) ImageNet (Russakovsky et al., 2015) and (b)
COCO 2014). Red paths violate the theoretical 95% upper magnitude bound r,, = 129.16
(black dashed line); the violating fraction is annotated in each panel. The proportion of violating paths
grows sharply with guidance strength for CFG, and this growth is suppressed by our curvature-aware
correction, with its time-varying upper bound (red dashed line). We recommend zooming in for easier
viewing.
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C.2 TRUE VAE LATENT DISTRIBUTION

Figure[5|shows the empirical distribution of SD1.5 VAE encodings (||o||2) of the ImageNet validation
set, alongside the theoretical chi density implied by the isotropic Gaussian hypothesis proposed in
Section[5] The two do not agree because the VAE is trained with a regularisation term that encourages
encodings towards the theoretical density, but does not enforce their adherence. In practice we find
that the high-dimensional theoretical density appears as a narrow spike, whereas the true distribution
of encodings is visibly broader and right-skewed, with a tail extending up to an empirical maximum
of 211.19. Despite this, r,, = 129.16 falls just past the mode of the empirical distribution, where the
bulk of the density has already accumulated, so the bound continues to capture a large proportion of
real encodings even though the theoretical density does not capture the distribution’s true shape.

0.035
== Theoretical Chi density
0.030
0.025
. 0020
8015

0010

0.005

0.000

i I I
80 100 120 140 160 180 200
VAE Latent Embedding [Xol

Figure 5: Empirical distribution of SD1.5 VAE encodings (||x||2) of the ImageNet validation set,
i.e. the distribution of ||x¢||2. Red line denotes the theoretical chi density implied by the Gaussian
hypothesis in Section 5}

To test whether this mismatch matters in practice, we compare CACFG against CACFG*, an otherwise
identical scheme that instead sets r,, = 211.19, i.e. the maximum SD1.5 VAE encoding magnitude
observed on the ImageNet validation set. From Table[T| we see that CACFG* is worse than CACFG
on BRISQUE, TReS, and Saturation at every guidance strength tested. FID, NIQE, Density, and
Coverage follow the same pattern from strength 7.5 onward. CLIP favours CACFG* at strengths 5
and 7.5, ties at strength 10, and favours CACFG at 15. HPSv2 favours CACFG¥* across all guidance
strengths. However, as we discuss in the main paper, |Xie et al.|(2026) tie HPSv2 to oversaturation,
and CACFG*’s saturation exceeds CACFG’s throughout, and all other metrics favour CACFG at
high guidance strengths. Thus, we interpret the higher HPSv2 of CACFG* as an instance of the
saturation-induced failure mode rather than a quality advantage.

We hypothesise that CACFG outperforms CACFG* because the tighter, theoretically-derived radius
encloses a denser region of the encoding manifold: Figure [5|shows valid encodings are more sparse
with distance from the origin, so the smaller radius keeps sampling trajectories within the well-
populated region the denoiser was trained on, rather than permitting convergence to low-confidence
regions (Szegedy et al.,|2014;|Goodfellow et al.l2015; Madry et al., [2018).

C.3 CURVATURE-AWARE UPPER BOUND BLENDING PARAMETER

The blending parameter ~ interpolates between the two extremes of the Gaussian hypothesis underly-
ing U, (t): aty = 0 the control set assumes the hypothesis holds exactly, while at v = 1 it retains only
the raw upper bound 7, . We sweep v € {0.0,0.1,...,1.0} for CACFG on ImageNet, for both
SD1.5 (Table[2) and SDXL (Table[3). A consistent pattern emerges across both models: loosening
the control set steadily improves prompt alignment and human-preference scores (CLIP, HPSv2) and
steadily increases saturation, while the remaining fidelity metrics (FID, NIQE, BRISQUE, Density,
Coverage) improve sharply over the first few steps of the sweep and then plateau. No single value
of ~y is simultaneously optimal across every metric, so selecting ~ requires an explicit choice about
how to balance prompt alignment against the residual fidelity cost of moving away from v = 0.0; we
describe that choice, and its cost, for each model below.

For SD1.5, we select v = 0.5. At this value, six of the nine metrics (NIQE, BRISQUE, Density,
Coverage, CLIP, and HPSv2) sit within 1% of the best value achieved anywhere in the sweep, and
FID (14.97) is close to its sweep-best (14.53) and far below the v = 0.0 value (16.95). Beyond
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Table 1: Image quality for SD1.5 samples generated for ImageNet using CFG (Ho & Salimans)|2022)
and CACFG with varying upper bound limits, r,,. CACFG denotes the 7, = 129.16 bound used in
the main paper, while CACFG* is the r, = 211.19 bound derived from the maximum SD1.5 VAE
encoding of the ImageNet validation dataset. The best result for each dataset and guidance strength is
bold.

Strength  Guidance FID| NIQE| BRISQUE| TReStT CLIPT HPSv21 Densityf Coverage? Saturation |

CFG 13.67  4.06 14.98 83.24  24.851  25.076 1.128 0.453 0.299
5 CACFG 13.70 4.05 14.83 83.47  24.849  25.070 1.124 0.454 0.295
CACFG* 13.67  4.05 14.98 83.27  24.856  25.081 1.123 0.454 0.299
CFG 15.12 4.27 15.47 82.80 25.251  25.680 1.139 0.443 0.338
75 CACFG 14.97  4.22 14.59 83.80  25.243  25.653 1.140 0.445 0.316
CACFG*  15.11 4.27 15.33 82.85  25.249  25.687 1.132 0.444 0.337
CFG 16.22 4.44 17.13 81.41 25391  25.967 1.084 0.424 0.371
10 CACFG 15.73  4.32 14.66 84.10 25.395  25.933 1.119 0.433 0.321
CACFG*  16.16 4.40 16.57 81.79  25.395  25.979 1.094 0.426 0.365
CFG 17.78 4.75 21.95 78.14 25491  26.214 0.994 0.391 0.424
15 CACFG 16.52 4.42 14.80 84.60 25.540  26.175 1.063 0.413 0.317
CACFG*  17.55 4.57 19.06 80.02  25.505  26.264 1.023 0.400 0.397

v = 0.5, prompt-alignment and preference gains diminish sharply: CLIP and HPSv2 each move by
less than 0.15% between v = 0.5 and 7 = 1.0. Over the same range, the two metrics that continue
to degrade past v = 0.5 worsen further: TReS, which peaks early at v = 0.1 and declines steadily
thereafter, falling below even its v = 0.0 value; and saturation, which increases monotonically with
v throughout the sweep. We therefore treat v = 0.5 as close to the point of diminishing returns for
SD1.5: it captures nearly all of the available prompt-alignment gain without paying the additional
TReS and saturation cost of continuing to v = 1.0.

For SDXL, we instead select v = 1.0. Unlike SD1.5, fidelity metrics for SDXL plateau from
roughly v = 0.3-0.4 onward and remain within a small margin of their sweep-best all the way to
~ = 1.0. FID, TReS, Density, and Coverage are each within 2% of their respective optima at v = 1.0,
while CLIP and HPSv2 are both maximised at v = 1.0. This is consistent with our hypothesis that
SDXL, as a higher-capacity model, is more robust to the manifold departure the curvature-aware
correction addresses, and so tolerates a looser control set with comparatively little fidelity cost. The
corresponding cost is a mild increase in BRISQUE (2.7% above its sweep-best) and saturation, which
reaches its highest value in the sweep at v = 1.0; we accept this cost given the consistent, and in
several cases maximal, gains elsewhere.

Table 2: Image quality for SD1.5 (Rombach et al., 2022) samples generated for ImageNet (Rus{
sakovsky et al.| [2015) dataset using CACFG across varying curvature-aware blending parameter
values.

~ FID| NIQE| BRISQUE| TReS{ CLIPT HPSv2{ Density?T Coverage! Saturation |

0.0 16.95 5.44 23.59 85.15 24.835 23.844 0.938 0.395 0.194
0.1  14.53 4.56 17.36 86.28 25.159 25.069 1.111 0.444 0.236
0.2 14.54 4.32 15.28 85.65 25.199 25.403 1.142 0.446 0.266
0.3 14.72 4.24 14.64 84.96 25.233 25.550 1.140 0.448 0.289
04 14.89 4.22 14.50 84.29 25.242 25.621 1.140 0.447 0.305
0.5 14.97 4.22 14.59 83.80 25.243 25.653 1.140 0.445 0.316
0.6 15.03 4.23 14.75 83.48 25.244 25.669 1.145 0.447 0.323
0.7 15.11 4.24 14.93 83.28 25.244 25.672 1.138 0.445 0.328
0.8 15.10 4.25 15.04 83.12 25.247 25.673 1.137 0.444 0.331
0.9 15.14 4.26 15.14 83.04 25.255 25.681 1.137 0.445 0.333
1.0 15.09 4.26 15.20 82.97 25.255 25.690 1.133 0.445 0.335
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Table 3: Image quality for SDXL (Podell et al., [2024) samples generated for ImageNet (Russakovsky
et al.,[2015)) dataset using CACFG across varying curvature-aware blending parameter values.

~ FID| NIQE| BRISQUE| TReS{ CLIPT HPSv2{ DensityT Coverage! Saturation |

0.0 35.84 4.96 26.93 78.06 24.751 23.531 0.863 0.143 0.139
0.1 29.85 4.48 26.04 81.82 25.213 25.409 1.073 0.174 0.165
0.2 29.22 4.42 26.05 83.37 25.274 25.924 1.133 0.183 0.182
0.3 29.09 4.43 26.21 83.96 25.291 26.114 1.147 0.184 0.193
0.4 29.02 4.44 26.45 84.22 25.322 26.234 1.117 0.181 0.201
0.5 29.02 4.47 26.53 84.31 25.361 26.294 1.140 0.184 0.206
0.6  29.06 4.48 26.59 84.38 25.342 26.319 1.157 0.187 0.209
0.7 29.09 4.48 26.70 84.41 25.350 26.339 1.159 0.186 0.211
0.8 29.10 4.49 26.66 84.43 25.356 26.353 1.159 0.185 0.213
0.9 29.10 4.50 26.76 84.40 25.358 26.370 1.159 0.187 0.214
1.0 29.12 4.49 26.75 84.39 25.369 26.380 1.158 0.186 0.215

19



Preprint. Under review.

D CURVATURE-AWARE EXPERIMENTS

D.1 METRIC PLOTS

Here we provide the metric plots of SD1.5 (Rombach et al.| 2022)) and SDXL (Podell et al., 2024)
diffusion models on the ImageNet (Russakovsky et al.,[2015) and COCO (Lin et al.,[2014)) generation

tasks. We discuss these results in Section

NIQE BRISQUE

mt_?'tt

0262

0.260

0258

0256

0254

0252

Density Coverage Saturation

1125

1100

1075

Loso

1025

1.000

0975

Guidance strength

~e CFG —e— CACFG ~e CFG++ —e— CACFG++ e INtCFG —e— IntCACFG
(a) ImageNet

FID NIQE BRISQUE

50 75 100 150 50 75 100 150
TReS CLIP

0.268

0.265

0264

0.262

0.260

0258

0.256

0254

Density Coverage Saturation

50 75 100 150 50 75 100 150 50 75 100 150
Guidance strength

e CFG —e— CACFG - CFG++ —e— CACFG++ - INtCFG —e— INtCACFG

(b) COCO

Figure 6: Performance of CFG, CFG++, and IntCFG with (solid line) and without (dotted line) our
curvature-aware correction using SD1.5 on (a) ImageNet and (b) COCO. Some metric axes have been
flipped so that the improvement direction is vertically up the page. Note at larger guidance strengths
FID, NIQE, BRISQUE, TReS, Density, Coverage, and CLIP are all improved by our curvature-aware
correction. We recommend zooming in for easier viewing.
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Figure 7: Performance of CFG, CFG++, and IntCFG with (solid line) and without (dotted line) our
curvature-aware correction using SDXL on (a) ImageNet and (b) COCO. Some metric axes have been
flipped so that the improvement direction is vertically up the page. Note at larger guidance strengths
FID, NIQE, BRISQUE, TReS, Density, and Coverage are all improved by our curvature-aware
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D.2 ADDITIONAL SAMPLES

Here we present additional curvature-aware diffusion samples across varying guidance methods,
guidance strengths, and models.

D.2.1 SDI1.5

(¢) IntCFG vs IntCACFG (ours)

Figure 8: CFG (Ho & Salimans} 2022), CFG++ (Chung et al.,[2025)), and IntCFG
2024) visualised against their curvature-aware variants (ours): CACFG, CACFG++, IntCACFG.
Samples are generated using SD1.5 (Rombach et al,[2022) targeting the ImageNet
dataset with a guidance strength of w = 15.

22



Preprint. Under review.

CACFG CFG

CFG

Figure 9: CFG (Ho & Salimans, [2022) and CACFG (ours) samples generated using SD1.5 (Rombach
2022) targeting the ImageNet (Russakovsky et al.,|2015) dataset. Guidance scale varies across
w =15,7.5,10,15.
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CFG++

CACFG++

IntCFG

IntCACFG

(c) IntCFG vs IntCACFG (ours)

Figure 10: CFG (Ho & Salimans| 2022), CFG++ (Chung et al, 2025)), and IntCFG (Kynkéénniemi|
let all 2024) visualised agalnst their curvature-aware variants (ours): CACFG, CACFG++, IntCACFG.

Samples are generated using SD1.5 (Rombach et al., [2022) targeting the COCO (Lin et al.| [2014)

dataset with a guidance strength of w = 15.
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CFG

CFG CACFG CFG CACFG CFG

CACFG

Figure 11: CFG (Ho & Salimans,[2022) and CACFG (ours) samples generated using SD1.5 (Rombach

2022) targeting the COCO (Lin et al., [2014) dataset. Guidance scale varies across w =
5,7.5,10, 15.
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(c) IntCFG vs IntCACFG (ours)

Figure 12: CFG (Ho & Salimans,[2022), CFG++ (Chung et al., 2025)), and IntCFG
2024) visualised against their curvature-aware variants (ours): CACFG, CACFG++, IntCACFG.
Samples are generated using SDXL (Podell et al,[2024) targeting the ImageNet (Russakovsky et al.}
dataset with a guidance strength of w = 25.
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CACFG CFG

CFG

CFG CACFG

CACFG

Figure 13: CFG (Ho & Salimans}, [2022)) and CACFG (ours) samples generated using SDXL (Podell
2024) targeting the ImageNet (Russakovsky et al.||2015) dataset. Guidance scale varies across
w = 10, 15, 20, 25.
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~ CACFG

CFG++

‘ CACFG++

IntCFG

IntCACFG

(c) IntCFG vs IntCACFG (ours)

Figure 14: CFG (Ho & Salimans, 2022), CFG++ (Chung et al., 2025)), and IntCFG (Kynké4nniemi
2024) visualised against their curvature-aware variants (ours): CACFG, CACFG++, IntCACFG.

Samples are generated using SDXL (Podell et al, 2024) targeting the COCO 2014) dataset

with a guidance strength of w = 25.

28



Preprint. Under review.

Figure 15: CFG (Ho & Salimans, 2022) and CACFG (ours) samples generated using SDXL (Podell

2024) targeting the COCO 2014) dataset. Guidance scale varies across w =
10, 15, 20, 25.
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D.3 QUANTITATIVE RESULTS

Here we provide the numeric values that the Figures[6|and[7| were created from.

Table 4: Image quality for SD1.5 samples generated for ImageNet and COCO datasets across a range
of guidance strengths and schedules. Best result for each dataset and guidance strength is bold, and
the best value between curvature-aware and non-curvature-aware guidance is given in light green, i.e.,
colour denotes whether CA or non-CA methods were favoured.

Dataset Strength Guidance FID| NIQE| BRISQUE| TReSt CLIP1T HPSv21 Densityt Coverage? Saturation |

CFG 13.67  4.06 14.98 8324 24851 25076  1.128 0.453 0.299
CFG++ 1388 4.05 15.27 83.31  24.842 25096  1.093 0.447 0.291
s IntCFG 13.86  4.07 15.00 83.04 24859  25.079 1.112 0.449 0.295
CACFG 1370 4.05 14.83 83.47  24.849  25.070 1124 0.454 0.295
CACFG++ 13.90  4.04 15.19 83.44 24843 25.000 1.090 0.449 0.289
ItCACFG  13.86  4.06 14.87 8320 24.862  25.072 1113 0.449 0.290
CFG 1512 427 15.47 82.80 25251  25.680 1.139 0.443 0.338
CFG++ 14.99 425 15.76 8271 25218 25709 1103 0.440 0.330
75 IntCFG 15.25 431 15.57 82.44 25231  25.658 1.113 0.439 0.333
: CACFG 1197 422 14.59 83.80 25243 25.653  1.140 0.445 0.316
CACFG++ 14.94  4.21 14.93 83.72  25.223  25.696 1.102 0.440 0.314
ImageNet IntCACFG ~ 15.07 4.25 14.64 83.69  25.235  25.635 1.123 0.441 0.309
CFG 1622 4.44 17.13 8141 25391  25.967 1.084 0.424 0.371
CFG++ 16.35  4.42 17.21 81.63  25.372 25993  1.068 0.421 0.360
0 IntCFG 16.38 447 17.46 80.98 25376 25.954 1.069 0.421 0.367
CACFG ~ 15.73  4.32 14.66 8110 25395 25033  1.119 0.433 0.321
CACFG++ 1591  4.32 14.88 8414 25381  25.970 1.097 0.427 0.321
ICACFG 1596 4.34 14.75 8402 25359 25.900 1.109 0.427 0.313
CFG 1778 475 21.95 78.14 25491 26214  0.994 0.391 0.424
CFG++ 18.01 471 22.12 7817 25483  26.221  0.961 0.388 0.410
s IntCFG 1821 A.T8 22.39 7781 25478 26175 0.969 0.389 0.416
CACFG 1652  4.42 14.80 8160 25540 26175 1.063 0.413
CACFG++ 1697  4.45 15.01 84.93 25549  26.192 1.043 0.404
InCACFG 1671 4.48 15.09 8476 25.526  26.122 1.047 0.408
CFG 12.69  3.62 14.82 83.84 25310 0.893 0.520
CFG++ 1268  3.61 14.83 83.93 25.386  0.883 0.511
5 IntCFG 1296 3.63 14.81 83.56 25.312 0.890 0.514
CACFG 1267  3.61 14.57 8411 25303 0.904 0.523
CACFG++ 1265  3.61 14.71 84.12 25.389  0.886 0.509
ICACFG ~ 12.84  3.62 14.56 83.91 25.310 0.890 0.514
CFG 1544 3.80 16.00 8296 26495  26.011 0.885 0.496
CFG++ 1519  3.76 16.02 82.90  26.498 26109  0.864 0.482
5 IntCFG 1551 3.81 16.01 82.56  26.488  26.009  0.872 0.482
: CACFG 1473 3.7 14.63 84.50  26.495  26.010  0.902 0.497 0.310
CACFG++ 1482  3.72 14.92 8424 26517  26.107  0.880 0.492 0.309
€oco INCACFG 1489 3.75 14.60 8432 26.499  25.993 0.882 0.490 0.304
CFG 1709 3.93 17.88 81.17 26567 26335  0.850 0.465 0.368
CFG++ 1698 3.90 17.70 81.48 26574 26432  0.834 0.463 0.358
0 IntCFG 1728 3.94 17.98 80.70 26558 26338 0.820 0.452 0.366
CACFG 1574  3.78 14.61 8490  26.614 26349  0.872 0.480 0.313
CACFG++ 16.03  3.78 14.81 84.93 26612 26.466  0.842 0.471 0.314
ICACFG ~ 15.94  3.81 14.58 8492 26.621  26.328 0.847 0.476 0.306
CFG 1936 4.20 22.01 7705 26610 26597  0.809 0.433 0.419
CFG++ 1944 417 22.05 7733 26634 26,717 0.786 0.432 0.407
5 IntCFG 1970 4.24 22.27 76.64  26.614 26580  0.779 0.423 0.415
CACFG 16.78 3.83 14.51 85.81 26.744 26.683 0.820 0.451 0.305
CACFG++ 17.11 3.8 14.59 86.34 26.754 26.766  0.814 0.448 0.304
ICACFG ~ 16.87  3.88 14.52 86.00  26.763  26.639 0.814 0.451 0.297
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Table 5: Image quality for SDXL samples generated for ImageNet and COCO datasets across a range
of guidance strengths and schedules. Best result for each dataset and guidance strength is bold, and
the best value between curvature-aware and non-curvature-aware guidance is given in light green, i.e.,
colour denotes whether CA or non-CA methods were favoured.

Dataset Strength Guidance FID| NIQE| BRISQUE| TReSt CLIP1T HPSv21 Densityt Coverage? Saturation |

CFG 29.60  4.66 27.42 85.50 25548 26.815  1.137 0.182 0.240

CFG++ 2074 4.63 27.21 86.03  25.508  26.762 1.071 0.174 0.231

0 IntCFG 3012 4.67 27.55 85.91 25508  26.722 1.074 0.172 0.234
CACFG 1.6 27.35 8557 25563  26.789 1.102 0.177 0.229
CACFG++ 4.59 27.04 86.01  25.491  26.754 1.074 0.174 0.227

IntCACFG 4.64 27.33 86.01 25488  26.675 1.078 0.174 0.223

CFG 3095  4.90 28.71 86.48 25735  27.173 1.000 0.162 0.280

CFG++ 3130 4.82 28.32 86.95 25710  27.184  0.990 0.160 0.269

5 IntCFG 3176 4.92 28.73 86.75  25.633  27.079 1.001 0.161 0.271
CACFG 3034  4.75 27.07 8685 25719 27116 1.016 0.164 0.247
CACFG++ 3098  4.75 27.82 87.14 25707 27133 0.969 0.158 0.248

ImageNet ICACFG 3143 477 27.68 87.25  25.680  27.021 0.977 0.160 0.238
CFG 3281 5.07 29.40 86.34  25.807  27.249  0.947 0.154 0.309

CFG++ 3316 5.04 29.01 86.86 25.850 27.291  0.908 0.147 0.298

20 IntCFG 3398  5.16 29.64 86.65 25773 27186 0.904 0.146 0.299
CACFG  31.39 132 28.10 8737 25828 27.223  0.972 0.156 0.253

CACFG++ 3258  4.81 27.97 87.60  25.817  27.245 0.911 0.148 0.255

ICACFG 3236 4.82 27.67 87.83 25750  27.008 0.941 0.153 0.244

CFG 3478 5.22 30.31 85.52 25910 27.209  0.835 0.136 0.332

CFG++ 3590 5.7 29.77 86.30  25.877  27.246  0.843 0.137 0.321

55 IntCFG 3698  5.32 30.43 86.08 25799  27.086  0.780 0.128 0.321
CACFG 3240  4.80 27.01 8751 25804 27.230  0.916 0.147 0.255
CACFG++ 3386 4.83 27.75 87.97  25.854  27.276  0.882 0.144 0.256

IntCACFG 3342 4.81 27.58 88.25 25805  27.115 0.889 0.143 0.245

CFG 3040  4.03 27.60 83.02 26774 28688  0.968 0.181 0.250

CFG++ 30.37 4.0l 27.54 8349 26771 28.722  0.946 0.180 0.243

0 IntCFG 3070 4.04 27.70 83.30  26.803  28.675 0.923 0.172 0.248
CACFG 3038 4.00 27.41 8300 26816 28573  0.894 0.170 0.237
CACFG++ 3047  3.99 27.41 83.50  26.786  28.658 0.950 0.179 0.238
ICACFG 3030 4.02 27.48 8331 26737 28533 0.903 0.169 0.234

CFG 3130 414 27.89 84.01 26926 20175  0.887 0.168 0.289

CFG++ 3148 411 27.62 84.50 29.225  0.869 0.166 0.281

5 IntCFG 3176 417 27.94 84.21 20.158 0.886 0.168 0.286
CACFG  31.05  4.07 27.33 84.54 28.9290  0.896 0.166 0.252

CACFG++ 3136 4.05 27.31 84.77 29.069 0.883 0.170 0.257

€oco ICACFG 3133 4.06 27.48 84.71 28.933 0.841 0.161 0.248
CFG 3227 4.23 28.24 83.94 0.801 0.155 0.323

CFG++ 3237 421 27.84 84.58 0.814 0.156 0.312

20 IntCFG 3270 4.25 28.43 84.04 0.767 0.148 0.319
CACFG 32.00 4.08 27.36 85.32 26.941 0.836 0.159 0.260
CACFG++ 3240  4.08 27.25 85.55  26.955 0.831 0.158 0.265

ICACFG ~ 32.19  4.00 85.42  26.959 0.799 0.153 0.254

CFG 3335  4.33 83.13  26.897 20313  0.736 0.140 0.353

CFG++ 33.93  4.29 84.12 26941 29.429  0.783 0.150 0.341

25 IntCFG 3422 4.36 83.60 20269  0.738 0.140 0.350
CACFG  32.13  4.09 85.64 29.099 0.788 0.151 0.262

CACFG++ 3323  4.10 27.27 86.00 29251  0.813 0.152 0.266
ICACFG ~ 33.13  4.10 27.21 85.87 29.102 0.767 0.147 0.256
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D.4 COMPARISON WITH ADAPTIVE PROJECTED GUIDANCE (APG)

Adaptive Projected Guidance (APG) (Sadat et al., [2025) decomposes the CFG update direction,
Zo(t, xe, &) — Zo(t, x4, Uy ), into components parallel and orthogonal to the conditional prediction.
They show that manipulating the parallel and orthogonal gradient components allows the saturation
and image quality to be controlled more effectively. In this section we compare APG against CFG
and CACFG; however, unlike CFG++ (Chung et al.;|2025) and IntCFG (Kynkaédnniemi et al., [ 2024),
there is no form of w(t) that converts the CFG-like guidance in Section[4to APG. This prevents us
from comparing methods at equivalent path costs as we do in the main paper. To address this, we
instead compare methods across a range of strengths. We report image quality of samples generated
using CFG (Ho & Salimans, |2022)), CACFG, and APG (Sadat et al.; 2025) across a range of guidance
strengths for the ImageNet (Russakovsky et al.,|2015) and COCO (Lin et al., [2014) datasets, and
SD1.5 (Rombach et al., 2022) and SDXL (Podell et al.| [2024) diffusion models.

Counting only best-in-category and second-best-in-category results, we find CACFG is equal to
or better than all other guidance methods; however, this overlooks certain patterns of performance
(see Tables |§| and |Z[) We find APG has lower saturation across all regimes, which is reasonable
given that it was designed specifically to address oversaturation. By comparison, CACFG’s strengths
are more nuanced: it achieves superior no-reference quality (NIQE, BRISQUE) across models and
datasets. However, on SD1.5 it most consistently attains the best or second-best Density/Coverage
scores, whereas on SDXL, CACFG’s advantage shifts to TReS, with FID differences between all
three methods narrowing to within hundredths. This suggests CACFG’s benefit is not tied to a fixed
metric, but rather it maintains a strong performance across metrics as model scale changes. Taken
together, no method is necessarily favoured, but CACFG is more theoretically grounded due to its
optimal control formulation, and can be applied across guidance schedules, while APG requires
tuning to a specific diffusion model.

Table 6: Image quality for SD1.5 (Rombach et al.,|2022) samples generated for ImageNet (Rus-
sakovsky et al., 2015) and COCO (Lin et al.| [2014) datasets using CFG (Ho & Salimans, [2022),
CACFG, and APG (Sadat et al., 2025). Best result for each dataset are given in bold green and
second best in light green.

Dataset Guidance Strength FID| NIQE| BRISQUE| TReS1T CLIP1T HPSv2T Density?T Coverage? Saturation |

5 13.67 1.06 14.98 83.24 24.851 25.076 1.128 0.453 0.299

CFG 7.5 15.12 4.27 15.47 82.80 25.251 25.680 1.139 0.443 0.338
10 16.22 4.44 17.13 81.41 25.391 25.967 1.084 0.424 0.371

15 17.78 4.75 21.95 78.14 25.491 26.214 0.994 0.391 0.424

5 14.07 4.19 17.07 84.85 24.240 23.826 1.009 0.427 0.230

ImageNet APG 75 14.06 4.51 17.04 85.55 24.806 24.567 1.091 0.443 0.233
10 14.77 4.72 16.94 86.05 25.105 24.965 1.123 0.443 0.237

15 16.12 4.82 15.87 86.17  25.396 25.481 1.132 0.436 0.252

5 13.70 4.05 14.83 83.47 24.849 25.070 1.124 0.454 0.295

CACFG 7.5 14.97 4.22 14.59 83.80 25.243 25.653 1.140 0.445 0.316
10 15.73 4.32 14.66 84.10 25.395 25.933 1.119 0.433 0.321

15 16.52 4.42 14.80 84.60  25.540 26.175 1.063 0.413 0.317

5 12.69 3.62 14.82 83.84 26.245 25.310 0.893 0.520 0.296

CEG 7.5 15.44 3.80 16.00 82.96 26.495 26.011 0.885 0.496 0.335
10 17.09 3.93 17.88 81.17 26.567 26.335 0.850 0.465 0.368

15 19.36 4.20 22.01 77.05 26.610 26.597 0.809 0.433 0.419

5 11.56 3.88 16.02 85.88 25.755 23.653 0.820 0.504 0.222

Ccoco APG 7.5 12.43 4.12 15.98 86.63 26.210 24.528 0.859 0.503 0.224
10 13.68 4.29 15.95 87.01 26.451 25.030 0.870 0.495 0.226

15 15.47 4.32 15.13 87.35 26.648 25.649 0.838 0.467 0.241

5 12.67 3.61 14.57 84.11 26.247 25.303 0.904 0.523 0.292

CACFG 7.5 14.73 3.73 14.63 84.50 26.495 26.010 0.902 0.497 0.310
10 15.74 3.78 14.61 84.90 26.614 26.349 0.872 0.480 0.313

15 16.78 3.83 14.51 85.81 26.744 26.683 0.820 0.451 0.305
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Table 7: Image quality for SDXL (Podell et al.,2024)) samples generated for ImageNet (Russakovsky|

et al},[2015) and COCO (Lin et al., 2014) datasets using CFG (Ho & Salimans) [2022)), CACFG, and
APG (Sadat et al.,|2025). Best result for each dataset are given in bold green and second best in light

green.

Dataset Guidance Strength FID| NIQE| BRISQUE| TReST CLIPt HPSv2T Densityt Coveragef Saturation |

10 29.60 4.66 27.42 85.59 25.548 26.815 1.137 0.182 0.240

CEG 15 30.95 4.90 28.71 86.48 25.735 27.173 1.000 0.162 0.280
20 32.81 5.07 29.40 86.34 25.807  27.249 0.947 0.154 0.309

25 34.78 5.22 30.31 85.52 25910  27.209 0.835 0.136 0.332

10 29.70 4.57 26.92 81.76 25.256 25.528 1.107 0.178 0.160

ImageNet APG 15 29.46 4.70 27.36 83.78 25.612 26.136 1.058 0.172 0.168
20 30.51 4.76 27.68 85.41 25.706 26.521 1.017 0.165 0.179

25 31.19 4.80 27.86 86.37 25.818 26.756 1.009 0.165 0.193

10 29.47 1.64 27.35 85.57 25.563 26.789 1.102 0.177 0.229

CACFG 15 30.34 4.75 27.97 86.85 25.719 27.116 1.016 0.164 0.247
20 31.39 4.82 28.10 87.37 25.828 27.223 0.972 0.156 0.253

25 32.40 4.80 27.91 87.51 25.894 27.230 0.916 0.147 0.255

10 30.40 4.03 27.60 83.02 26.774 28.688 0.968 0.181 0.250

CFG 15 31.30 4.14 27.89 84.01 26.926 29.175 0.887 0.168 0.289
20 32.27 4.23 28.24 83.94 26.911 29.284 0.801 0.155 0.323

25 33.35 4.33 28.62 83.13 26.897  29.313 0.736 0.140 0.353

10 30.40 4.15 28.63 78.51 26.659 26.580 0.892 0.170 0.166

COCO APG 15 31.08 4.19 28.43 80.84 26.880 27.391 0.870 0.163 0.175
20 31.01 4.15 27.94 82.62 26.984 27.950 0.933 0.172 0.187

25 31.39 4.13 27.63 83.94  26.990  28.362 0.855 0.161 0.202

10 30.38 4.00 27.41 83.09 26.816 28.573 0.894 0.170 0.237

CACFG 15 31.05 4.07 27.33 84.54 26.936 28.929 0.896 0.166 0.252
20 32.00 4.08 27.36 85.32 26.941 29.047 0.836 0.159 0.260

25 32.13 4.09 27.40 85.64 26.989 29.099 0.788 0.151 0.262
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E HIJB DERIVATION

In this section we present the derivation of the HIB formulation of CFG-like diffusion guidance, and
the modifications necessary to re-derive classic CFG.

E.1 NECESSARY BACKGROUND RESULTS

Canonical image diffusion: We first fix the notation for the forward diffusion process used through-
out the remainder of this appendix, following Collins et al.| (2026).

Definition E.1 (Canonical Image Diffusion). Let ; € R™ fort € [0,T], let f : R — R and
g : R — R be continuous functions of ¢, and let - dB; denote an It6 integral with respect to the
standard m-dimensional Brownian motion process B;. We define the canonical image diffusion to
be the forward process

dxy = f(t)xy dt + g(t) 1™ ™dB,, Ytel0,T)]. (27)

Let X ¢ be an R™-valued random variable representing the initial (image) state, and let Y denote
auxiliary conditioning information available for X (e.g. a class label), taking values in a countable
set 2y with associated sigma-algebra ) (we take ) to contain every singleton {y} V y € Qy).
We take X and Y to be jointly distributed, with joint law P(X,Y"), a probability measure on
(R™ x Qy, B(R™) ® )); the marginal laws P(X ) and P(Y € &) for £ € ), follow in the usual
way. For ¢ € Y with P(Y € &) > 0, we write P(X | £) for the conditional law of X given the
event {Y € &}, i.e.
.y P(XOa Y e f)
PY €&

a probability measure on (R™, B(R™)). Two special cases of & recur throughout: taking £ = Qy
recovers the unconditional case, P(X | 2y) = P(Xy), since {Y € Qy } is the sure event; and
for a specific label y € Qy with P(Y = y) > 0, taking £ = {y} gives the class-conditional law
P(Xo | {y}), which we abbreviate P(X | y). For a measurable function i : R™ x R™ — R
and for £ € Y with P(Y € £) > 0, we understand [ h(z¢, zo) dP(xo | £) to denote integration of
h(zxy, -) against P(X ¢ | £), without requiring this measure to admit a density (this accommodates
empirical measures over a finite dataset).

P (X0l ¢) (28)

Conditional forward distribution: The following theorem describes the conditional forward distri-
bution of the canonical image diffusion when conditioned on the state at an arbitrary time 7. This is a
well-known result, and we restate the formulation by |Collins et al.|(2026); we omit the proof here
and refer the reader there (the derivation solves (27) via its Stratonovich representation and converts
back to the equivalent Itd form).

Theorem E.1 (Conditional Forward Distribution for Denoising Diffusion,|Collins et al., 2026). Under
the canonical image diffusion of Definition[E_1] define for0 < 7 <t <T

t t 2
a(r,t) 2 exp (/ f(w) du) , B(r,t)* £ a(r, t)Q/ 9() 5 du. (29)
: - a(nw)
Then the forward process in admits the conditional forward distribution
X | X, =@ ~ N (a(T, ., B(r, t)QIWX"U) Vi1, (30)
With a slight abuse of notation we write oy = a/(0,t) and By = 3(0,t), so that
X, | Xo=20~N (at$0, 531“’“”0) . 31)

Score-model link: The following Score-Model Link theorem is based on Karras et al./s 2022
argument, extended by |Collins et al.| (2026)) by conditioning on the auxiliary random variable Y of
Definition @ For additional treatments see (Karras et al., 2022} [Hyvéarinen, 2005} [Vincent, 201 1)).
We restate it here under the canonical image diffusion of Definition replacing the empirical-
density formulation of the original statement with integration against the measure P(X | £) directly;
this is equivalent to the version in (Collins et al.,[2026), and we omit the proof, referring the reader
there.
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Theorem E.2 (Score-Model Link, |Collins et al., 2026; [Karras et al., [2022). Let x; evolve according
to the canonical image diffusion of Deﬁnition with initial law P(X g | §) for some & € Y.

Define

2o(t, @, &50) = 2P teoft(t’”’“g), (32)

where oy and By are as in Theoremm and €g : R™ x R x Y — R™ is a model parameterised
by 0 € O with sufficient capacity such that the Universal Approximation Theorem (Cybenko, |1989;
Hornik, |1991) holds for all € € Y. Then if 32 > 0V t € (0,T), the following statements are true:

1.
1
th log(p(:ct | 6)) = _5769* (t7wt>§) Vt € (07T]7 T S R"L7 5 S y; (33)
t
2.
1
/ E(wt — atmo)p(mt|wo) dP(xq | &)
€9+ (t,xy, &) = - Vte(0,7), (34)
or (0, d) PEAn 0.1
x; € R™, £ €Y, where
0" = argénin EaonP(@ol€), @imp(@:|e), t~p(t) [Ilwo - ﬁfng} ; (35)

and p(t) £ 7.

(36)

By the shorthand of Definition taking £ = {y} for a specific label y € Qy gives the class-
conditional score-model €y+ (¢, x¢,y), and taking & = Qy gives the unconditional score-model
€9« (t, 1, Qy ); both are the objects we later manipulate in the HIB derivation.

Tweedie’s formula: Tweedie’s formula (Efron, 201 1) relates the posterior mean of Xy given a noisy
observation x; to the score of the marginal density of X ;. We state and prove the specialisation of
this result to the canonical image diffusion of Definition [E.I] conditioned on the event £ of Definition
as we require both the conditioning and the proof mechanics directly in the upper-bounding
lemma that follows.

Given the initial law P(X g | £) of Definition which we do not assume admits a density, define
the conditional marginal density of x; by

pee| €2 [ plae| @) dP(en] ) @

where p(x: | o) is the Gaussian transition density of Theorem @ As this transition density is, for
B2 > 0, positive-everywhere and integrates the mass of P(X g | £) against a bounded, smooth kernel,
then defines a genuine, positive-everywhere probability density on R™, regardless of whether
P(X | £) itself admits one.

Theorem E.3 (Tweedie’s Formula, adapted from [Efron, 2011). Under the canonical image diffusion

ofDeﬁnition with 32 > 0V t € (0,T), and let p(x; | £) be as in forf € ). Define

€(t, @4, £) & —BiVa, log(p(m, | €)). (38)

Then
x; — Pre(t, ¢, §)

Ex gz, ¢ [Xo] = o

Ve, e R™, t € (0,T], €€,

where Ex |z, ¢ denotes expectation with respect to the posterior measure P(X ¢ | @, §) constructed
in the proof (writing x; for the conditioning event {X; = x;}, analogous to the & shorthand of

Definition [EZ).
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Proof. Differentiating under the integral sign (justified since 32 > 0 implies p(x; | zo) and
Vz,p(xt | o) are uniformly bounded in &, so dominated convergence permits the interchange),

Ve, 0g(p(ac | ) = Vo tog ([ plar | a0)aP(ea |©)

1
= @6 Jam Va,p(x: | To) dP (0 | §).
By Theorem p(x: | @) = N (aso, t2[(m><m)) = V(x| @) = _5%2(% -
arxo)p(xTy | o), thus,
1 1
Ve oslpta | ) = o [ o= o) st o) aPGea [ . (9
Define the posterior measure P(X | z¢, £) on (R™, B(R™)) by
s Pt | o)
dpP 2 B 120 gp . 40
(mO | L, E) p(wt ‘ 5) (SL’O | E) (40

Asp(my | o)/p(we | §) > 0and [p,. p(xe | To)/p(@: | §) dP (0 | €) = play | €)/p(21 | §) =1
by (37), is a valid Radon-Nikodym reweighting of P(X | £) and hence defines a genuine
probability measure; this is just Bayes’ theorem expressed without requiring P(X ¢ | £) to admit
a density. In particular, P(X¢ | @, §) < P(Xo | §): absolute continuity, i.e., any set assigned
zero probability by P(X | £) is also assigned zero probability by the posterior, since the posterior
is obtained by integrating a finite, nonnegative Radon-Nikodym derivative against P(X | &).

Substituting (@0) into (39),

1
Ve los(ol: 1) = [ |- (e - )| dPlaa] 21, €
m i
1
= _?mt + %/R o dP (o | ¢, §)
t t m
1 (677
=Tty Exole,, ¢ [Xo]. (41)
t t

Multiplying by —f; and applying (38),

Qﬂt—Oé]EX T, [XO] m—ﬂet,a:,
e(t, @, &) = ' ﬁ:l : = Exyjar,¢ [Xo] = %

which proves the claim. O

Comparing with Theorem [E.2] we note that €(t, x;, £) = e+ (t, @4, &) for every £ € V; that is,
the population noise-prediction function of Tweedie’s formula is the optimal score-model of Theorem
and by the shorthand of Deﬁnitionthis holds equally for the class-conditional case (£ = {y},
written €(t, x;, y)) and the unconditional case (§ = y-, written €(¢, x4, Qy)).

Boundedness of the Tweedie estimate: An important property of Tweedie’s estimate is that it
inherits some bounding properties of the underlying data distribution. The following lemma shows
that if the data lies almost surely within a closed ball of radius r, then so does the Tweedie estimate,
for every x, t, and conditioning event &.

Lemma E.4 (Boundedness of the Tweedie Estimate). Under the canonical image diffusion of
Deﬁnition with 32 > 0V t € (0,T), and suppose there exists r > 0 and £ € Y such that

P(IXol3 <[ €) =1.
Then the Tweedie estimator o(t, z;, &) 2 &o(t, T4, & 0%) = Ex |z, ¢ [Xo] ofTheoremsatisﬁes

o (t, e, )5 <r* Ya, €R™, t € (0,T).
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Proof. Fix x; € R™ and t € (0,7), and let A = {a:o eR™ : ||ao|; > 7“2}. By hypothesis,

P(X, € A| &) = 0. By the absolute continuity P(Xg | @, £) < P(Xg | £) established in the
proof of Theorem [E.3|(via (@0)), it follows that

P(X0€A|$t,§)=AmdP(mo|§)=07

since the integrand is finite and nonnegative and is being integrated over the P(X | £)-null set.
Hence || X ¢ ||§ < r2 almost surely under the posterior measure P(Xg | x;, &).

Integrating this almost-sure bound against the probability measure P(X | &, £) gives
Exyion ¢ [IXoll3] <72 42)
As |- Hg is convex on R™, Jensen’s inequality gives
@0(t 20, 13 = [[Extofa ¢ [Xol[3 < Excofes ¢ [I1Xoll3] - 43)

Combining (@2) and #3),

Hio(tawhg)ug S T2'

Asx; € R™ and t € (0,T] were arbitrary, the claim holds for all x; and t. O

to, taking £ = )y in the hypothesis of Lemma|E.4] i.e. an unconditional bound P(|| X3 < 7?) =1,
then P(|| X3 < 72 | £€) = 1, and hence ||&o(t, @, £)||3 < 72, for every ¢ € Y with P(Y € €) > 0-
in particular, for every class-conditional label y € €. Additionally, note that we are taking
Zo(t, x¢, €) to refer to the optimal & (¢, x¢, £; 6*) for brevity.

Since conditioning cannot introduce probabiliti mass on a set the unconditional law assigns zero mass

E.2 HIJB CFG FORMULATION

Optimal control problem and HJB equation: We first fix our notation for the optimal control
problem underlying the HIB equation, following the general formulation of Berkovitz & Medhin
(2012) (§2.3, pp. 19-21) and |Liberzon| (2012) (§5.1.2, pp. 158-159), generalising the control
constraint set to vary with time as inBerkovitz & Medhin| (2012) (§6.2, p. 150).

Problem E.5 (Optimal Control Problem). Fix t; < T. Let ; € R™ fort € [t;,T), let uy €
U(t) C RP be a control taking values in a nonempty, time-varying control set U(t), and let b :
RXxR™xRP - R™ Let L : R x R™ x RP — R be a running cost and K : R™ — R a terminal
cost, and let both be sufficiently regular such that a unique trajectory exists for every admissible
controlfl| For (t,x;) € [t;, T] x R™, minimise the functional

T
J(t, @, up) = / L(s, zs,us)ds + K(zr) (44)
t
subject to the state equation
dxs
Ty = ;: =b(s,xs,us), x4 given, (45)
s

and control constraint us € U(s), s € [t,T).
Definition E.2 (Value Function). The value function of Problem[E.3]is

V(t,z,) £ inf J(t,x,uy), (46)

Wit,T)

where the infimum ranges over controls with u, € U(s), s € [t, T}, and x4 solves (43).

*Specifically: joint continuity, locally Lipschitz in 2 with a ¢-dependent, square-integrable modulus, uni-
formly over u:, and of at most linear growth in |x| (Berkovitz & Medhin, 2012, Assumption 12.2.1(1)-(iv), pp.
338-339). Parts (v)—(vi) of that assumption, concerning the terminal manifold and cost, are immediate from our
choice of a fixed terminal time 7; part (vii), concerning existence of an optimal control, is not required for the
verification Lemma below.
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Hamilton—Jacobi-Bellman equation: The following theorem states that the value function of
Definition [E.2] satisfies the associated Hamilton—-Jacobi-Bellman (HJB) equation. This is a well-
known result, following from the dynamic programming principle; we omit the proof here and refer
the reader to Bellmanl, 1957, Berkovitz & Medhinl 2012|(§6.2, pp. 150-154), and |Liberzon| 2012
(85.1.3, pp. 161-162).

Theorem E.6 (HIB Equation, after Bellman, |1957; Berkovitz & Medhin, |2012; |Liberzon, [2012).
The value function V of Definition|E.2| satisfies

—Vi(t,xs) = utiEnUf(t) {L(t,wt,ut)+<th (t, ), b(t,wt,ut)>}, Y (t,x¢) € [t1, T)xR™, (47)

with boundary condition V (T, xr) = K(xT).

Sufficient condition for optimality: The following verification lemma gives conditions under which
a C! solution of the HIB equation coincides with the value function, and a control satisfying the
associated stationarity condition is optimal. We state the classical smooth specialisation of the
argument; see |Bellmanl (1957, Berkovitz & Medhin, 2012|(Thm. 12.7.1, pp. 359-360, there stated
more generally for Lipschitz continuous value functions via lower Dini derivatives), and |Liberzon)
2012/(§5.1.4, pp. 165-166, the classical C'! statement we specialise to here) for the proof.

Lemma E.7 (Sufficient Condition for Optimality, after|Bellman,|1957; Berkovitz & Medhin, 2012;
Liberzon, 2012). Suppose V € C1([t;, T] x R™) satisfies the HIB equation and boundary

condition of Theorem@ Suppose there exists a control U with 4, € U(t) and trajectory &, &,
given, such that

L(t, &, ) + (Vi (£, @4), b(t, &4, 1)) = YQ%) {L(t,ii'taut) + (Va, (t, 1), b(t, §3t>’ll:t)>}
Ut

foreveryt € [t;, T]. Then V(tl, x1,) = V(t, x4,) and & is an optimal control.

Reverse-time optimal control problem: We now consider the analogous problem in which the
objective is maximised and running reward accumulated since a fixed reference time ¢;, rather than
cost-to-go accrued until a fixed terminal time. This is the formulation our subsequent CFG derivation
is stated on directly.

Problem E.8 (Reverse-Time Optimal Control Problem). Fix ¢; < T. Let x; € R™ fort € [t;, T, let
u; €U(t) CRP, b, Lbeasin ProblemlEZS](with the same regularity), and let K : R x R™ — R be
an initial reward. For (t,x;) € [t;, T] X R™, maximise the functional

t
T(t, @0, ug) 2 / L(s,@s,us) ds + K (11, z1,) 48)
t
subject to the state equation
dx
T, = : =b(s,xs,us), x4 given, (49)
s

and control constraint us € U(8), s € [t;, t].
Definition E.3 (Reverse-Time Value Function). The value function of Problem is

Vit @) 2 sup J(t, ze, ur), (50)
Ult,t]

where the supremum ranges over controls with u, € U(s), s € [t;,t], and &, solves .
Lemma E.9 (Reverse-Time HIB Equation). The value function 1% of Deﬁnitionsatisﬁes

Vilt,w) = sup { Lt w) = (Ve (t20), btww)) b, VEe (@,T), 6D
u€U(t)
with boundary condition V (t;, z,) = K (t;, x,).

Proof. Define the change of variables at the level of the free (evaluation) variable,

A ~ A A
t=T+14 —T, Lr = TT4t;—7> Ur = UT+t;—7,
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and apply the same substitution to the dummy (integration) variable, writing 1/ for its image: s £
T +t; — 4, so that ,, = ¢, and u,, = u, are the same trajectory and control functions evaluated
at ¢ rather than 7. This maps [t;, T] to itself, exchanging its endpoints: t = t; <— 7 =T,
t=T < 7=t,andlikewise s=t; <= Y =T,s=T <= Y =1,.
State equation. Writing s = T' + t; — 1, the chain rule gives

dzy dzs ds

d¢ - ds : @ = _b(57$33us) = _b(T + Z‘:l - 7/%5%7{%) £ 6(%531/;,’&@

Functional. Since s — 1 reverses orientation on [¢;, T, substituting s = T+ t; — 1), ds = —d4) into
and flipping the limits of integration (s = t; — ¢ =T, s =t =T +t; —t = 7),

¢ T T
/L(sws,us)ds:/ L(T-i-tl—w,iwﬁw)d?ﬂé/ L(h, @y, ty) di,

t1 T
where L (), Zy, Uy) = L(T +1t; — 1, &y, @y). The bounds of integration now match Problems:
the free variable 7 as the lower limit, the fixed time 7" as the upper limit. Using x+, = ,
T

T(t, e, ur) = / L(, @y, ity) dib + K (11, %7).

Asu, € U(s) <= @y € U(T +t;, — 1) £ U(v), taking the supremum over u[y, 4 is equivalent
to taking it over @, 77, so, writing V (7, &,) £ V(t, z¢),

V(T &,) = sup

Uiz, T)

T

Min-max flip. Define V& —V, L(1), &y, ) £ —L(, &y, y), and K (27) £ —K (t;,&7). Then
sup{-} = —inf{—-} gives

V(r,&,;) = inf

U[r,T]

/ L, @, dty) dip + K@T)} ,

subject to &y, = b(t), &y, ,) on [7, T]. This is precisely Problemwith t replaced by 7 (and its
dummy variable s correspondingly by v), and L, K, b, U replaced by L, K, b, U. By Theorem ,
V therefore satisfies under this substitution:

V. (r,&,) = inf {E(T@T,v)+<V@T(7,@T),B(77@T,v)>}, e[t T).

vEU(T)
Back-substitution.  Since V(r,&,) = —V(t,@;) with t = T + #; — 7, the chain rule
gives V,(1,&,) = Vi(t,x;) and Vz_(7,&,) = —Va,(t,x;). Substituting these together with

L(r,&,,v) = —L(t, x,v), l~)(7'7 Z,,v) = —b(t,xs,v), and U(T) =U(t),

~Vi(t,zy) = vei%f(t) { — L(t, z,v) + <th (t, ), b(t, wt,v)>}, te(t,T),
using (—a,—b) = (a,b). Multiplying by —1 and using — inf{—-} = sup{-} gives (5I). The
boundary condition follows from V' (t;,x;,) = —V(T,&7) = —K (Z7) = K(t;, T4,). O

Sufficient condition for optimality (reverse-time): The following lemma is the mirror image of
Lemma E.7] obtained by transporting it through the same change of variables used to prove Lemma
We first record the single-point statement that falls out of a direct transport, then extend it to
hold on the whole interval.

Lemma E.10 (Reverse-Time Sufficient Condition for Optimality). Suppose V€ C*([t;, T] x R™)
satisfies the reverse-time HJB equation and boundary condition of Lemmal[E-9} Suppose there
exists a control @ with @; € U(t) and trajectory &, &1 given, such that

L(tvita 'at) - <th (tait); b(tvita/at)> = ufrel%f}((t) {L(tad:hut) - <th (ta it)7 b(ta d’tvut)>}

for everyt € [t;,T). Then V(T, 1) = V (T, 1) and @ is an optimal control.

39



Preprint. Under review.

Proof. Apply the change of variables from the proof of Lemmal[E.9] at the level of the free variable
alone: t 2 T+t — 7, &, 2 TT4t—7> Ur £ UT+1,—- (N0 dummy variable is needed, as the
hypothesis to be transported is a pointwise condition rather than an integral). As shown there, the
reverse-time HJB equation and boundary condition transport V into a candidate V' £ —V (T + t; —
7, &, ) satisfying the (forward) HIB equation and boundary condition of Theorem [E.6| for the
problem with (L, K, b, U) replaced by (L, K, b, U). Since t — T is a bijection of [t;, T onto itself,
"for every ¢ € [t;, T]" transports directly to "for every 7 € [t;, T]"; applying the same substitution to
the stationarity hypothes1s above (using < a,—b) = (a,b) and max{—f} = —min{f}, as in that
proof) shows that w., = UT+tl randx, = iI:T+tl - satisfy

L(7 s @ir) + (Vo (7,87),b(7, 27, it7)) = min {L(7,87,0) + (Va, (7, &), b(r, &r, v)) |
veU(T)
for every 7 € [t;, T]-precisely the hypothesis of Lemma | with &;, = & given. Lemma
therefore gives V (t;,&;,) = V (t;,x;,) and that @ is optimal for the transported problem. Translating
back vian 7 =t <= t =T and V(tl,wt,) = —V(T,x7), V(t;,&;,) = —V(T,xr) gives

V(T,xp) = V(T,xr), and optimality of @ for the transported problem translates back to optimality
of @ for Problem [E.8] O

CFG-style guidance as optimal control: We now show that a guidance scheme built from Tweedie’s
estimate and the class-conditional score-ratio solves the reverse-time optimal control problem of
Deﬁnition for an entire family of running rewards indexed by a free schedule r(s).

Theorem E.11 (CFG-Style Guidance Solves the Reverse Time HIJB Equation). Fix £ € Y and
€ (0,7T) (so that 32 > 0 throughout [t;, T)), let r : [t;, T ) be continuous, and suppose
U( ) C R™ is nonempty, closed, and convex for every s € tl, E]De

A plxs | §)
¢(57m8) - lOg ( p(ws) > ) (52)
and consider Problem [E 8| with dynamics
.= blsszw) 2 [0, — 32 (au, — ), 53

running reward

L(s,ws,us) £ - ( )”Us - 5120(8 wmQY)||2 + ;g <Vmg¢ S ws) vm; logp(ws ‘ £)>
1g(s)’as
) V6w~ 52 (T 000,22), T, 2.)
+ %g(s)%msaﬁ(s,ws), (54)

and initial reward K (t;, ) = 6(t;, Ty, ), where

1 2
T(vas) pro]U(s) &0 (s, ms,ﬂy){ g((s))ﬁg v ¢(5 ms)} (55)

Then the value function of this problem is V (t, ;) = ¢(t, @) for every (t,x;) € [t;,T] x R™, and
the control

ul 2 &o(t,xe, Qy) + Y(t, 1) (56)

is optimal.

>When U (s) is bounded, the regularity of Problem-(]omt continuity, local Lipschitz in @, linear growth)
is understood to hold on the set; when U (s) is unbounded, as in Corollary- [E.12] the regularity of Problem
(joint continuity, local Lipschitz in @, linear growth) is understood to hold on every compact subset of R™ rather
than globally, as Assumption 12.2.1(iii) of Berkovitz & Medhin|(2012) requires.
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Proof. We verify the hypotheses of LemmalE.10/for V £ ¢ and @ £ u*.

Regularity. Since t; > 0, 32 > 0 forevery t € [tl7 T, so by the argument preceding Theorem-both
p(- | €) and p(-) are positive-everywhere and C'1+°° on [t;, T] x R™; hence ¢ € CH>°([t;, T| x R™).

Stationarity. Fix (t,z;) and write &9 = @o(t,z¢,Qy), Vé = Vg, o(t,x¢) for brevity. As
b(t, z:,u;) is affine in u; and the only u;-dependence of L(t, x;, u;) is through —r(¢)||us — Zol|3
(every remaining term of depends on (¢, ;) alone), the map

H(ut) £ L(tv Lt ut) - <v¢7 b(tv L, ut)>

is, as a function of wu,, a strictly concave quadratic (since r(t) > 0):

1
H(u) = ~r@)ws = 2ol3 + 3 X0 (V6,w) + Clt, )
t
for some wu;-independent C(¢, ;). Completing the square, H is maximised over R uniquely at

uy = To + 3 14 tt)) ;} V¢. As U(t) is nonempty, closed, and convex, the Hilbert-space projection

theorem glves that H restricted to U (t) is maximised uniquely at

Projyp {wo} = To + Projy ) —a, {0 — Lot = o + Y(t, 1) = uy.

HJB equation. It remains to show H(u}) = ¢:(t, x;), i.e. that holds at V' = ¢, u; = u.
Writing A £ logp(x; | £), B £ logp(x;) (s0 ¢ = A — B), the Kolmogorov forward equation for
the canonical image diffusion of Definition [EI] gives, for either log-density,

1
Oilogp = —f(t) (m+ (x4, Viogp)) + 59(t)* (|VIogp|l3 + Alogp) ,

and subtracting the two copies (for A and B; the — f(t)m terms cancel, and |VA|3 — | VB3 =
(VA—-VB,VA+VB) =(V¢,VA) + (V¢,VB) since VA — VB = V¢) gives

Bu(t,0) = — F(1) (@0, V6) + S92V, Y, logpla | €)) + L9112V, Vi, o)

+ %g(t)zm (57)

On the other hand, substituting uy = &o + Y into b and using Tweedie’s formula (Theorem [E.3)) in
the form a;&¢ = 2V, log p(x;) + x4 (which follows from combining Theoremwith (33) at

& = Qy), the :Fé 9532) x; terms cancel and

1g(t)2a
2 p7

Substituting u; = w} into (54) (so u} — &¢ = T, and the Fr(¢)||T||3 terms cancel) and subtracting
the expression above,

H(ui) = L(t, z, ui) — (Vo, b(t, @y, uj))
= 39(07(V6, Vo, log plae | ) = 2452V, T) + 3g(1)°A0
— F(t)(@e, Vo) + $9(t)*(V, Va, 1ogp<a:t>> + 1280276, )
—f(){(®:, Vo) + 39(1)*(Vh, Vo, logp(a: | €)) + 59(1)*(V, Va, log p(:))
+29(6)°A¢,
where the 3 g(t) 2t (V¢, T) terms cancel. This is precisely ,80 H(u}) = ¢4(t, @), and since
u; maximises H over U(t . 51) holds at V' = ¢ for every t € [tl, T].
Boundary condition. V (t;,x;,) = ¢(t1, zs,) = K (t;, x,) by definition of K.

(V6,blt,2,u7) = J(0) (V) — 590)(Vo, Va logp(en)) — 5 2024V, X),

The hypotheses of Lemma hold on [t;, T] with V = ¢, @ = u*. Since V (¢, ;) depends, by
Definition only on L, b, K restricted to [¢;,t], these hypotheses (inherited by restriction) give

o(t,x) = V(t, ) for every t € (¢;,T), not merely ¢t = T'; equality at ¢ = ¢; follows directly from
the boundary condition. Hence ¢ = V on [t;, T] x R™, and »* is optimal. O
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Corollary E.12 (Unconstrained CFG-Style Guidance). Under the hypotheses of Theorem|E.11] if
2
U(s) = R™ for every s € [t;,T), then Y(t,x,) = 120007 _ (¢, x,), and the optimal control

1 'r"(t)ﬁt2
(56) reduces to
N Lg(t)* oy (p(%s | f))
ul = xo(t, ze, Qy) + — Va, log | ——== | .
A V0T A e
Proof. U(t) — &o(t, s, Uy ) = R™, and projection onto R™ is the identity map. O
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