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Given that quantum computers are naturally suited to simulate the behavior of quantum many-body
systems, an immediate question arises: can one formulate physically motivated quantum machine
learning (QML) tasks that exhibit learning separations? We address this problem by studying
the learnability of quantum many-body dynamics from the perspective of probably approximately
correct (PAC)-learning. Concretely, we devise a supervised learning problem where the training set
consists of specifications of randomized stabilizer probe states, evolution times sampled uniformly
at random from a polynomially large time interval [0, T ], coupled with expectation values of certain
observables evaluated on the resulting time-evolved state under an unknown Hamiltonian. For this
learning task, we provide an efficient quantum procedure whose training phase learns the underlying
Hamiltonian from short-time training samples, and whose deployment phase combines Hamiltonian
simulation with the classical shadows protocol to perform inference on a newly given data point. By
contrast, the existence of O (poly (n))-time instances ensures classical hardness: by embedding a
BQP-complete computation into the polynomially long time-dynamics of a low-intersection variant
of the Feynman-Kitaev clock Hamiltonian construction, we show that, for a certain family of input
distributions, no randomized classical polynomial-time algorithm can fulfill our learning condition,
unless BQP ⊆ P/poly. Furthermore, we show that the classically hard instance maintains quantum
learnability. We also give an interpretation of our results in learning-assisted certified quantum
simulation. Taken together, our results demonstrate a rigorous learning separation for a natural ML
task based on Hamiltonian evolution, while building connections between quantum learning theory,
quantum simulation, and QML.
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I. INTRODUCTION

Notions of ML are rapidly reshaping the world. Large language models and other applications of ML are now
ubiquitous, substantially altering how we communicate, manage organizational tasks, and generate products in industrial
settings. At the same time, although the concept of quantum computing is not new [1], recent years have seen the
construction of quantum devices that suggest we may soon achieve quantum computers and simulators with practical
utility [2, 3]. Indeed, a number of quantum algorithms are known to exhibit super-polynomial advantages over their
classical counterparts, some of which are directly relevant to practical problems in optimization [4–6] and ML [7–11], as
well as those in quantum simulation [12–19]. In light of these developments, a central challenge remains the identification
of real-world ML tasks exhibiting meaningful learning separations. Initial results in this direction have already emerged,
including rigorous, in-principle QML separations [7–9], as well as early evidence of robust quantum advantages for
natural classical data [11, 20–25].

Nevertheless, examples of provable learning separations remain relatively scarce, with many of such results relying
on cryptographic assumptions. Thus, it is fair to argue that one of the central challenges in the field remains the
identification of further well-motivated separations, particularly those grounded in physical considerations. Indeed, it
is widely believed that quantum computers are capable of simulating certain many-body systems more efficiently than
classical computers [12, 26]. Guided by the intuition that similar advantages may hold for learning tasks as well, an
immediate question arises:

Can one identify QML separations for physically motivated learning tasks?

An example of such a learning problem is that of predicting ground state properties of quantum systems, a quintessentially
quantum learning task for which one may expect quantum learners to yield an advantage over classical ML. Within the
natural regime of gapped phases of matter, however, the aforementioned learning problem has been found to be solvable
using classical ML algorithms [27–30], and the question of whether quantum advantage is attainable in learning properties
of ground states thus remains dauntingly open. Therefore, in this work, we instead consider a closely related problem
that is equally well motivated from a physical perspective, namely, predicting Hamiltonian time-evolution. Any physical
system that is sufficiently isolated from its environment undergoes quantum evolution generated by a Hamiltonian. In
analog quantum simulation [31–34], one studies the time-dependent evolution generated by some precisely controlled
Hamiltonian. Contrasting this, digital quantum simulation involves approximating the dynamics of some target quantum
system by a discrete sequence of elementary quantum gates [12, 13].

More generally, quantum simulation, whether that concerns real-time dynamics or preparation of ground or thermal
states, may be regarded as a forward computational problem. In turn, if we consider the problem of estimating
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the parameters of a many-body quantum system from measurement data thereof: in Ref. [35], this task has been
conceptualized as an inverse, Hamiltonian learning problem. Within an ML context, this dichotomy bears a natural
analogy to training and inference, or, in the language of PAC-learning, to identification and evaluation. At a high level,
the present work builds on this conceptual viewpoint, using tools from Hamiltonian learning and notions from complexity
theory to formulate ML tasks based on Hamiltonian evolution that are classically hard yet quantumly tractable. In other
words, we focus on showing a learning separation of the type considered in Refs. [21–25], while leveraging ideas from
quantum learning theory to inform the design of our learning procedure.

A closely related work in this regard is Ref. [24], which has considered the problem of learning time-dynamics
generated by an unknown Hamiltonian from classical measurement data. For this task, the authors of that work have
shown a learning separation, premised on the widely believed complexity-theoretic conjecture that BQP ̸⊆ P/poly.
However, their learning problem is formulated in terms of a relatively restrictive family of Hamiltonians, namely, ones
parametrized by O (log n)-dimensional coefficient vectors. Consequently, this leads to an ML task that, while being
physically motivated, does not capture the learning of physically plausible local Hamiltonians with a number of terms
scaling, say, linearly or polynomially in the system size. By contrast, in this work, by assuming access to a stronger
form of training data, we address the problem of predicting the dynamics of a more general family of Hamiltonians.
Concretely, our contributions are as follows:

1. We formulate a supervised learning task where one is required to predict expectation values of quantum states
that have been time-evolved by some unknown, low-intersection Hamiltonian, containing a number of constituent
terms scaling asO (n). More precisely, our setting involves input data specifying probe states given by randomized
stabilizer product states, as well as evolution times sampled uniformly at random, labeled by a list of expectation
values evaluated on certain observables, which may be thought of as being morally equivalent to a classical
description of the probe states after time-evolution by the unknown Hamiltonian.

2. We establish an exponential learning separation for the aforementioned learning problem, premised on the well-
founded complexity-theoretic assumption BQP ̸⊆ P/poly. In particular, we provide an efficient quantum learning
algorithm whose training phase is based on a simplified variant of the Hamiltonian learning protocol of Haah,
Kothari, and Tang [36], and the deployment stage of which is a combination of Hamiltonian simulation and the
classical shadow formalism. To complete the argument and prove classical hardness, we rely on the construction of
Oliveira and Terhal [37], who have provided a low-intersection version of the Feynman-Kitaev clock Hamiltonian
whose time-evolution realizes a BQP-complete computation for polynomially large evolution times.

Intuitively, the set-up is as follows: our training dataset corresponds to the expectation values of time-evolved states for
evolution times that are uniformly sampled over a time interval [0, T ], where T ∈ O (poly (n)), so that the samples may
be regarded as being divided into “short”- and “long”-time regimes. The short-time window constitutes an inverse-
polynomial fraction of the time interval, and its corresponding samples are used during training to learn the data-
generating Hamiltonian in a classical fashion. On the other hand, we require the presence of samples corresponding
to polynomially long time-evolutions to ensure classical hardness. That is, given a time t ∼ Unif ([0, T ]) during the
inference stage, the learner may be required to predict expectation values even for polynomially long evolution times,
which is precisely the regime where the underlying dynamics can encode BQP-complete computations.

We emphasize two aspects of our work. In our setting, we assume access to training data that is sufficiently rich
to enable Hamiltonian learning, unlike that of Ref. [24], where the labels are scalars given by single expectation
values. In other words, while the formulation of their learning problem is substantially more elegant than ours, from a
methodological perspective, it precludes the use of approaches based on Hamiltonian learning which requires a set of
sufficient statistics to fully reconstruct the Hamiltonian. More fundamentally, as we explain further in Subsection VII A,
it also imposes complexity-theoretic limitations on the kinds of Hamiltonian families to which their approach can be
applied [38].

We circumvent these difficulties by assuming stronger and more informative training data, naturally motivating the
use of a simple Hamiltonian learning algorithm that is tailored to our randomized-time setting. At the same time, we
draw attention to the fact that this leads to a training procedure that is somewhat trivial and algorithmically elementary,
involving what amounts to classical processing of the training samples and a proper PAC identification of the concept
generating the training data. The source of our quantum learning advantage thus lies in the evaluation of the concept
and not the identification thereof, leaving open the possibility of further identification-based separations in physically
motivated learning tasks.
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FIG. 1: A visualization of the key ideas of the present work. (a) Our training samples are generated by the time-evolution
of a low-intersection Hamiltonian H (λ) for randomly chosen times t ∼ Unif ([0, T ]) acting on some initial probe state
vector |ψ (x)⟩. (b) We consider as our labels a vector of expectation values evaluated on a set of certain pre-determined
observables. This has been schematically depicted in the above figure as a collection of measurement samples. (c)
We filter out the short-time samples from our training data and use them to identify the underlying data-generating
Hamiltonian via a simple Hamiltonian learning algorithm that is classical. (d) Finally, we use a quantum computer to
successfully perform inference on a newly given data point. By universality of Hamiltonian evolution, this may involve

predicting a BQP-complete computation, which is believed to be hard for classical learners.

Organization of this work. This work is organized as follows. In Section II, we provide an overview of the related
literature on supervised learning of quantum many-body systems, learning separations, both information- and complexity-
theoretic, and Hamiltonian learning. This is followed by Section III, where we provide the requisite preliminaries on
computational learning theory, complexity theory, and Hamiltonian learning protocols. We then rigorously formulate our
learning problem in the language of the PAC-learning formalism in Section IV. Then, in Subsection V, we provide a
detailed description of our quantum learning algorithm, following which we give an overview of our proof of classical
hardness in Section VI. We conclude the main text with a discussion section where, in addition to enumerating a list of
open questions and future directions, we outline in detail the main differences between our work and Ref. [24].

II. RELATED WORKS

A. Supervised learning of quantum many-body physics via classical methods

In Ref. [27], the authors employ classical ML techniques to learn classical representations of ground states of gapped
Hamiltonians, as well as expectation values on local observables, with rigorous guarantees on sample and computational
complexities. The success of classical ML in solving the aforementioned learning tasks is essentially due to the fact
that, within the gapped regime, the physical properties of quantum systems and, in particular, their ground states are
well-behaved, in the sense that they are smooth functions of the Hamiltonian specifications. Thus, the authors are able
to use the l2-Dirichlet kernel to learn such functions, using a number of training samples and computational runtime that
scaling as O

(
n1/ε

)
, so that, for constant precision ε ∈ O (1), their algorithm is efficient. For the same learning task,

follow-up papers considered the setting where the learner is equipped with additional knowledge of certain aspects of the
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quantum system being learned, such as its geometry and the knowledge of the observable being predicted. These include
works by Lewis et al. [28] and Wanner et al. [29], which have improved the scaling of Ref. [27] toO

(
logn ·2poly log(1/ε)

)
and O

(
2poly log(1/ε)

)
, respectively, while retaining the quasi-polynomial dependence on system size for non-constant

ε. As extensions of the gapped scenario, subsequent works have considered important classes of states beyond ground
states of gapped Hamiltonians. In Ref. [30], the authors have employed classical methods to learn properties of thermal
states with exponentially decaying correlations, in addition to ground and thermal states satisfying the generalized
approximate local indistinguishability property. The setting of Ref. [30] has further been generalized in Ref. [39]
to Lindbladian phases of matter [40], which provably encompass the more conventional notions of phases. Finally,
within the complementary setting of predicting dynamical properties of quantum systems, a noteworthy work is that of
Huang, Chen, and Preskill [41], where they address a supervised learning problem involving quantum states evolved by
quantum channels of arbitrary complexity. Remarkably, by generalizing the notion of a low-degree approximation from
classical PAC-learning theory to quantum observables, they have been able to devise a quasi-polynomial time classical
ML algorithm.

Relation of the present work to the above. While our work is also situated within the context of the above literature, it
should be noted that the vast majority of the aforementioned papers have to do with predicting static properties of quantum
systems, in that the learning problems they consider involve ground and thermal states. Moreover, the works mentioned
above are able to successfully tackle such problems via methods that are either entirely or predominantly classical. Given
the success of classical methods in this regime, in contrast, we consider the challenge of showing learning separations
for the task of predicting learning quantum dynamics. The advantage of this setting lies in the BQP-completeness of
time-evolution, a fact that allows us to prove complexity-theoretic learning separations for our task.

B. Learning separations

Within the related field of quantum learning theory, information-theoretic learning separations have been shown for
tasks involving genuinely quantum data, such as predicting properties of quantum states, learning quantum processes,
quantum principal component analysis, as well as certain variants of quantum property testing [42–45]. Importantly, such
separations are predicated on being able to transduce quantum data onto an external quantum memory in a stable manner,
followed by coherent processing of quantum information. A different strand of research has focused on the supervised
learning setting, similar to that of Ref. [27], involving primarily classical data obtained from quantum experiments [9,
21, 24, 25]. In contrast to the previously discussed works on quantum learning separations, which involve unconditional
information-theoretic lower bounds, the latter papers prove separations that rely on the classical hardness of simulating
BQP-complete processes. In particular, the authors of Ref. [21] have laid out a systematic framework for proving
separations for quantum many-body learning tasks, by leveraging the BQP-completeness of the data-generating function
to prove classical heuristic hardness-of-learning in physically motivated settings under a fixed input distribution. In
Ref. [9], premised on the assumption BQP ̸⊆ P/poly, learning separations were shown within distribution-free settings
as well, marking an improvement over previously shown hardness statements based on BQP ̸⊆ HeurP/poly. The learning
problem considered there is that of predicting expectation values of time-evolved quantum states on unknown observables,
given as either linear combination of k-local Pauli operators as O (λ) =

∑
i λiPi, or unitarily parametrized observables,

given as O (λ) =W (λ)OW (λ)†, for some Hermitian operator O and parametrized unitary λ 7→W (λ).
In Ref. [24], the learning task is that of predicting expectation values of quantum states on a known observable, which

the authors tackle via a combination of Fourier coefficient extraction of parametrized Trotter circuits, linear regression,
and kernel methods. However, in contrast to Ref. [9], the quantum states are time-evolved according to an unknown
parameterized Hamiltonian. The work of Ref. [25] introduces the learning under quantum privileged information
(LUQPI) framework, a quantum generalization of the classical formalism of Vapnik et al. [46, 47]. There, the authors
envision a supervised learning scenario involving minimal quantum resources, whereby a quantum computer is used
only in the extraction of certain features. Within this framework, the authors then construct examples of concept classes
demonstrating exponential learning separations and provide numerical evidence of examples where the use of quantum
privileged information is shown to enhance the performance of classical ML algorithms for learning quantum systems.
To conclude, we also mention the work of Ref. [23], wherein the authors asked: can quantum advantage in QML arise
from the hardness of identifying the concept generating the data, as opposed to the hardness of evaluating it? There, the
authors answered this question in the affirmative, by using the notion of random generatability to provide the first proofs
of identification-based learning separations.
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Relation of the present work to the above. Our work is in a similar vein to the works of Refs. [9, 21, 24, 25], in that
we show a complexity-theoretic learning separation for the task of predicting expectation values of certain time-evolved
quantum states. In terms of research direction, we reiterate that the current work is perhaps most closely aligned with
that of Ref. [24], where the task of learning quantum real-time dynamics has also been considered. However, as we
document in Subsection VII A, our work differs from theirs in several key aspects. Namely, we consider Hamiltonian
families satisfying properties such as low-intersection and geometric locality, leading to a learning task that is arguably
more natural from a physical standpoint. Other distinctions have to do with details of how the learning problem is defined,
in addition to the learning algorithm itself, which involves a combination of Hamiltonian learning and simulation during
training and inference respectively. In connection with this methodological difference, we make note of the fact that the
works of Refs. [9, 21, 48] were the first to envision the Hamiltonian learning problem as an identification problem. Our
use of Hamiltonian learning in the training procedure may be interpreted as leveraging this insight.

C. Hamiltonian learning

Hamiltonian learning is the task of inferring the Hamiltonian corresponding to some quantum many-body system
of interest, given measurement data obtained from the system. Historically, parameter estimation of specific families
of Hamiltonians has been a well-studied problem in quantum control, quantum metrology, and quantum sensing [49–
55]. More recently, within the field of quantum learning theory, the literature on Hamiltonian learning has expanded
substantially, with works on learning many-body systems from singular eigenstates [56–59], thermal states [30, 36, 60–
66], and time-evolution [35, 36, 49, 52–54, 57, 61, 66–90]. Here, we focus on the third setting in particular, since our
learning problem has to do with predicting expectation values on time-evolved states. This setting is particularly relevant
for experimentally learning large-scale Hamiltonians from realistic data in a robust fashion [67]. For present purposes,
however, rigorous arguments about precise sample complexities in idealized situations are particularly important. A
landmark result within that literature has been the work of Haah, Kothari, and Tang, wherein rigorous guarantees were
provided for the first time on Hamiltonian learning from high-temperature Gibbs states, as well as query-access to time
evolution [36]. Subsequent works also considered a version of Hamiltonian learning where the interaction structure of
the underlying many-body system is unknown to the learner [35, 74, 90]. By this, we mean that the interaction terms
constituting the Hamiltonian are not provided as inputs to the problem, so that one is required to perform structure
learning in addition to learning the interaction strengths. A key requirement is Heisenberg-limited scaling, where one
is interested in achieving a total query time of ttime ∈ O (1/ε), where ε is the desired precision on the Hamiltonian
coefficients. Numerous works exist in this direction, such as those of Refs. [74–76, 79, 80, 88], as well as the related
work of Dutkiewicz et al., where they show the fundamental necessity of a certain amount of quantum control in achieving
Heisenberg-limited scaling [89].

Relation of present work to the above. As we will see later, our learning algorithm will involve a simplification of
the Haah-Kothari-Tang protocol, an adjustment that will prove appropriate for our setting, since it involves training data
corresponding to randomized time instances. So, while the learning problem considered in this work is a supervised
one, we borrow heavily from the set-up of Ref. [36], and our analysis of quantum learnability will involve numerous
mathematical objects considered in that work.

While the core aim of our work is the physically motivated learning separation as such, there are a few other
implications that are of independent interest in the context of Hamiltonian learning. One interpretation of our results is in
learning-assisted certified quantum simulation. Instead of attempting to certify a difficult long-time quantum evolution
directly, we characterize an experimentally accessible short-time regime, infer the governing Hamiltonian, and use this
learned model as the basis for long-time quantum prediction. In this way, Hamiltonian learning serves as a calibration
stage for subsequent quantum simulation, yielding rigorous guarantees on the resulting predictions. This perspective is
somewhat reminiscent of the approach taken in Ref. [77], but here comes with explicit complexity-theoretic and learning-
theoretic guarantees.
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III. PRELIMINARIES

A. PAC-learning

The PAC-learning framework provides a formal and mathematically precise language for describing supervised
learning problems. Within this framework, a learning problem is specified by a set of functions, called the concept
class, usually denoted by C. The individual functions contained in the concept class are called concepts. Each concept
c : X → Y maps an input/instance space X to an output/label space Y . In the supervised learning setting, a learner has
access to a training dataset of the form T = {(xi, c (xi))}Ni=1. This is a set of input-output pairs, where the inputs xi
are drawn independently from an unknown but fixed target distribution D over the input space X , and the outputs are
examples that are labeled by a concept c ∈ C. Given this dataset, the learner must then output a hypothesis h : X → Y
that approximately “agrees” with the labeling concept c with high probability over the target distribution D. To formalize
the aforementioned picture, we will now give a definition of efficient PAC-learnability, which requires that the learner
outputs a hypothesis in polynomial time.

Definition 1 (Efficient PAC-learnability). Consider a concept class C = {cj}j , comprised of concepts cj : X → Y ,
where X is the instance space and Y is the output space. Let L : Y × Y → R⩾0 be a loss function. Then, C is efficiently
PAC-learnable with respect to a fixed distribution D over X if there exists an algorithmA that takes in as input a dataset
T = {(xi, c(xi))}Ni=1, accuracy and confidence parameters ε, δ > 0, such that, for all concepts c ∈ C, the size of the
datasetN ∈ O (poly (n, 1/ε, 1/δ)), where n is the dimension of the instance space, the algorithmA outputs a hypothesis
function h satisfying

E
x∼D

[L (h (x) , c (x))] ≤ ε, (1)

with high probability 1− δ over D over X , and runs in time O (poly (n, 1/ε, 1/δ)).

B. Complexity theory

The central result of our work is a learning separation premised on the widely-held complexity-theoretic assumption
that BQP ̸⊆ P/poly. We therefore begin with the definition of the class BQP.

Definition 2 (BQP). Let L :=
(
Lyes,Lno

)
be a promise problem, where Lyes,Lno ⊆ {0, 1}∗ and Lyes ∩ Lno = ∅. Then,

L ∈ BQP if and only if there exists a polynomial-time, uniform family of quantum circuits {Un : n ∈ N}, where, for all
n ∈ N, Un takes in as input an n-qubit computational basis state and outputs a single bit obtained by measuring the first
output qubit in the computational basis, such that the following properties are satisfied:

1. For all x ∈ Lyes, the probability that U|x| accepts x is greater than or equal to 2/3; that is, Pr
[
U|x| (x) = 1

]
⩾

2/3.

2. For all x ∈ Lno, the probability thatU|x| does not accept x is greater than or equal to 2/3; that is, Pr
[
U|x| (x) = 0

]
⩾

2/3.

An important category of complexity classes we will consider is that of advice classes, wherein a Turing machine is
provided, in addition to the input, a polynomially sized advice string. Intuitively, the advice string should be thought of
as enhancing the “power” of the computation being performed, compared to the setting where it is only supplied with
the problem input. Advice classes are used to model the complexity of computational problems which involve a resource
intensive pre-processing stage, followed by a post-processing stage that is computationally less expensive. This makes
them suitable for analyzing the complexity of ML problems. We provide a definition of the class P/poly, as follows.

Definition 3 (P/poly, Def. 6.5, [91]). A decision problem L : {0, 1}∗ → {0, 1} is contained in the complexity class
P/poly if there exists a polynomial-time, classical algorithm,A, satisfying the following property: for every n ∈ N, there
exists a polynomially sized bit-string, λn ∈ {0, 1}poly(n), such that, for all x ∈ {0, 1}n, A (x, λn) = L(x).
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C. Hamiltonian learning

Consider a quantum system defined on n qubits. The interactions characterizing the system are governed by a 2n×2n

Hermitian operator called the Hamiltonian, which we will denote by H . Such an operator is expressible as a linear
combination of Pauli operators, with their coefficients representing bounded interaction strengths. The task of learning a
Hamiltonian, then, may be informally described as recovering ε-accurate estimates of the Hamiltonian coefficients with
high probability, given as input either of the following:

1. Query access to the real-time evolution of the Hamiltonian, e−iHt, for some t > 0.

2. Several, identically prepared copies of the thermal state of the Hamiltonian

ρβ (H) =
e−βH

Tr [e−βH ]
, (2)

at a known inverse temperature β > 0.

The setting of the present work will involve the first access model, in that the input to our supervised learning problem will
be a training dataset containing expectation values of randomized probe states that have been evolved under an unknown,
low-intersection Hamiltonian, which we define below.

Definition 4 (Hamiltonian). A Hamiltonian H is given by a set of tuples of the form {(λa, Ea)}a∈[M ], where M ∈ N, so
that a ∈ [M ] is an index ranging over [M ] = {1, 2, . . . ,M}, λa ∈ [−1, 1] for all a ∈ [M ], and (Ea)a∈[M ] are unique,
non-identity Pauli operators. The associated Hamiltonian is then given as

H :=
∑

a∈[M ]

λaEa. (3)

On occasion, we will also use λ := (λ1, λ2, . . . , λM ) to denote the entire vector of coefficients, and H (λ) to express the
Hamiltonian as a function of λ. We also say that H is K-local if |supp (Ea)| ⩽ K for all a ∈ [M ].

Definition 5 (Low-intersection Hamiltonian [36]). Let H =
∑

a∈[M ] λaEa be an n-qubit, K-local Hamiltonian as in
Def. 4. The dual-interaction graph G of H is an undirected graph whose vertices are identified with elements of [M ],
with an edge connecting vertices a, b ∈ [M ] if

supp (Ea) ∩ supp (Eb) ̸= ∅. (4)

Let d denote the maximum degree of G over all vertices. Then, we say that H is low-intersection if both K, d ∈ O (1).

Low-intersection Hamiltonians have also been referred to in the literature as sparsely-interacting Hamiltonians [92]
and low-interaction Hamiltonians [75]. We note here that low-intersection K-local Hamiltonians subsume the more
familiar class of geometrically local K-local Hamiltonians, which constitute, by far, the most physically plausible family
of Hamiltonians, since the latter must satisfy the additional locality constraint that each interaction term be supported
on a spatially contiguous region. We now formally state the problem of Hamiltonian learning from query access to
time-evolution.

Problem 1 (Hamiltonian learning from time-evolution, [36]). LetH := {(λa, Ea) : a ∈ [M ]} be an n-qubit Hamiltonian
as defined in Def. 4. Let t ⩽ tc be a known time, where tc ∈ O (1) is a constant and U := e−iHt. Then, assuming
knowledge of (Ea)a∈[M ], the learning problem involves taking in as inputs precision and confidence parameters ε, δ > 0,

and O (poly (n, 1/ε, 1/δ)) queries to the time-evolution unitary U , and producing as outputs λ̂ :=
(
λ̂a
)
a∈[M ]

such that,

with probability at least 1− δ,
∣∣λa − λ̂a∣∣ ⩽ ε holds for all a ∈ [M ].
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1. Background on the methods of Haah et al.

We now provide some background on the results of Ref. [36]. Let H = {(λa, Ea) | a ∈ [M ]} be a low-intersection
Hamiltonian as in Defs. 4 and 5. The starting point of their Hamiltonian learning algorithm is an expectation value we
denote by Fa,t, which, for a ∈ [M ], they define as

Fa,t := Tr

[
Qae

−iHt

(
I + Pa

D

)
eiHt

]
=

1

D
Tr
[
Qae

−iHtPae
iHt
]
. (5)

In the above, Pa is chosen to be any single-qubit Pauli operator that anti-commutes with the Hamiltonian term Ea,
Qa := i [Pa, Ea] = 2iPaEa, D := 2n, where n is the number of qubits constituting the many-body system, and
t ⩽ tc ∈ O (1/poly (d)). It can be shown, as in the proof of Lemma 7 or Eq. (8) of Ref. [36], that the quantity Fa,t admits
the expansion

Fa,t =
1

D
Tr
[
Qae

−iHtPae
iHt
]
= 4λat+O

(
t2
)
, (6)

so that the coefficient λa is exposed in the first-order term. This is a consequence of the Hadamard formula (see Lemma
5), orthonormality of Pauli operators with respect to the Hilbert-Schmidt inner product, as well as the specific choices of
Pa and Qa. The authors of Ref. [36] envision the Hamiltonian learning problem as one of inverting the non-linear map

Ft : [−1, 1]M ∋ (λa)a∈[M ] 7→
(
Fb,t := Tr

[
Qbe

−iHtPbe
iHt
])

b∈[M ]
∈ RM , (7)

for all a ∈ [M ]. In particular, their protocol is carried out via the following two steps:

1. Computing estimates F̃a,t of Fa,t up to some precision ξ, such that
∣∣F̃a,t − Fa,t

∣∣ ⩽ ξ, for all a ∈ [M ]. This is
straightforwardly performed by measuring time-evolved randomized stabilizer states on the observable Qa.

2. Using estimates F̃a,t, inverting the map Ft via the Newton-Raphson method.

Their use of the Newton-Raphson method is necessitated by the fact that the map Ft is non-linear, in that the forward
map from the coefficients (λa)a∈[M ] to (Fa,t)a∈[M ] involves exponentials in the Hamiltonian. Furthermore, due to their
lack of control over t, they are unable to utilize a first-order approximation of Fa,t to arbitrarily small error. However,
as we explain later, our setting will allow us to take advantage of a linear approximation of Fa,t, leading to a drastically
simpler Hamiltonian learning algorithm.

IV. LEARNING PROBLEM

In this section, we formalize the central learning problem behind our quantum advantage results. At a high level, the
goal of this task is to predict, for various given times and input states, a classical description of these states after they have
been time evolved under an unknown Hamiltonian. The training data for this task is generated as follows: for different
inputs x ∈ {0, 1}poly(n) and evolution times t ∈ [0, T ], an n-qubit input state vector |ψ(x)⟩ is prepared and time-evolved
by a low-intersection Hamiltonian H (λ) for time t, i.e., it evolves by U(t, λ) = e−iH(λ)t. The classical description of
this time-evolved state then takes the form of expectation values of a predetermined set of certain observables that are
gathered via repeated preparations and measurements. The Hamiltonian parameters λ ∈ [−1, 1]M are fixed but unknown,
with M ∈ O (n), which follows from the low-intersection property. In particular, we consider Hamiltonians

H (λ) =
∑

a∈[M ]

λaEa (8)

of the kind described in Def. 4. The task of a learner will then be to use these classical snapshots of time-evolved states
from polynomially many different (x, t) pairs to generalize to new inputs and evolution times. This learning problem can
be rigorously formalized by means of the following concept class.
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Definition 6 (Concept class). Let H :=
{
H (λ) |λ ∈ [−1, 1]M

}
be a family of n-qubit low-intersection Hamiltonians.

Let x ∈ {0, 1}p(n), where p : N → N is a function mapping n to some integer and p (n) ∈ O (poly (n)). Also, consider
(Qa)a∈[M ], the operators defined in Subsection III C 1. Then, we define the concept class

CHUenc,T
:=

{
cλ : {0, 1}p(n) × [0, T ] ∋ (x, t) 7→

(
⟨ψ (x)|U † (t, λ)QaU (t, λ) |ψ (x)⟩

)
a∈[M ]

∈ RM
∣∣λ ∈ [−1, 1]M

}
,

(9)

where U (t, λ) := e−iH(λ)t, such that |ψ (x)⟩ = Uenc (x) |0⟩⊗n, where Uenc is a data-encoding unitary and T ∈
O (poly (n)).

Note that the concept class is specified by a fixed choice of encoding unitary Uenc, the Hamiltonian family H =
{H(λ)}λ under which we perform the time evolution, and a maximal evolution time T . In this work, we are interested
in an encoding unitary of a particular kind, whose action is determined by the first bit of the input bit-string x. For some
input pair

(
x(j), t(j)

)
, we define it as

Uenc
(
x(j)
)
|0n⟩ :=

{
|ψ
(
x(j)
)
⟩ = |s(j)⟩ ∈ {|0⟩ , |1⟩ , |+⟩ , |−⟩ , |i⟩ , |−i⟩}⊗n, if x(j)1 = 0,

|ψ
(
x(j)
)
⟩ = |x(j)2 , . . . , x

(j)
n+1⟩ , if x(j)1 = 1,

(10)

where, in the case when x(j)1 = 0, the choice of the state vector |s(j)⟩ is fully determined by the bit-string x(j)2 , . . . , x
(j)
p(n).

In particular, the state vectors |s(j)⟩ are tensor products of single-qubit stabilizer states and can therefore be described
by bitstrings of length p(n) = 1 + ⌈n log2 6⌉, where n is the number of qubits on which the state vector |ψ

(
x(j)
)
⟩ is

defined. In the following, we denote by s(j) the bit-strings x(j) with x(j)1 = 0, where the remaining bits x(j)2 , . . . , x
(j)
p(n)

specify the particular stabilizer state vector |s(j)⟩. The goal of the ML algorithm, then, is to learn a model h(x, t) which
approximates the unknown concept

cλ(x, t) =
(
⟨ψ(x)|U † (t, λ)QaU (t, λ) |ψ(x)⟩

)
a∈[M ]

, (11)

given training data of the form T λ :=
{(
x(j), t(j), y(j)

)}N
j=1

, where y(j) := cλ(x
(j), t(j)). On occasion, in the context of

quantum learnability, i.e., when x1 = 0, we will also use

B(j)
a := Tr

[
Qae

−iH(λ)t
n⊗

i=1

∣∣s(j)i

〉〈
s
(j)
i

∣∣eiH(λ)t

]
(12)

to denote the ath component of the jth training sample, for notational convenience. To fully formalize the learning task,
we also need to specify the family of distributions {Di}i from which the training data points (x(j), t(j)) are sampled.
These distributions will also govern the measure of approximation (or generalization performance) of the hypothesis
h(x, t) over the entire space (x, t). We will consider in particular input distributions of the following form:

Definition 7 (Allowed input distributions). Let p > 0 andDi ∈ {Di}i be a family of distributions over (x, t) ∈ {0, 1}p×
[0, T ] defined as:

• The time t is uniformly sampled over [0, T ].

• The first bit x1 of x is randomly selected with equal probability between 0 and 1.

• If x1 = 0 then the other p− 1 bits x2, x3, . . . , xp are sampled from the uniform distribution over p− 1 bit-strings
Unif({0, 1}p−1).

• If x1 = 1 then the p − 1 bits in x2, . . . , xp follow any possible distribution over {0, 1}p−1. For each i, the
distribution over these bit-strings defines the specific overall distribution Di.
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In our setting, we will consider p = p(n).

Formally, our learning condition is defined as follows.

Definition 8 (Efficient PAC-learning condition). The concept class CHUenc,T
is (efficiently) PAC-learnable with respect

to the set of distributions {Di}i over (x, t) ∈ {0, 1}p(n) × [0, T ] if there exists an algorithm A such that, for all
ε, δ > 0, for any cλ in CHUenc,T

, and any input distribution Di ∈ {Di}i, A receives as input a training set T λ of size
O (poly (n, 1/ε, 1/δ)) and outputs a hypothesis h(·) = A(T λ, ε, δ, ·) which satisfies

E
(x,t)∼Di

[∥cλ (x, t)− h (x, t)∥∞] ⩽ ε (13)

with probability greater than 1− δ. The concept class is said to be efficiently PAC-learnable if the time complexity of A
is O (poly (n, 1/ε, 1/δ)).

V. QUANTUM LEARNABILITY

Having properly formalized the learning task considered in this work, we now provide a quantum learning algorithm
that is able to efficiently PAC-learn the concept class described in Def. 6 with respect to a certain family of input
distributions. This entails: i) learning the Hamiltonian parameters λ using short-time-evolved states sampled from the
x1 = 0 subspace, and ii) guaranteeing that the learned parameters λ̂ allow time-evolution of new input states up to good
approximation error, even for long evolution times t ∼ T . Recall from the previous section that our training data is of the
form

T λ =
{(
x(j), t(j), cλ

(
x(j), t(j)

))}N

j=1
, (14)

where cλ
(
x(j), t(j)

)
=
(
⟨ψ(x)|U † (t, λ)QaU (t, λ) |ψ(x)⟩

)
a∈[M ]

. (15)

Given such a training dataset as input, our learning algorithm is divided into the following two stages:

1. A training phase, where, using the expectation values provided in T λ, we identify the concept generating the data
via Hamiltonian learning. This phase is specified by Algorithm 1.

2. An inference stage, involving evaluation of the learned concept, which is performed by means of Hamiltonian
simulation and the classical shadows protocol. This phase is specified by Algorithm 2.

We will proceed by considering the expansion of Fa,t shown in Eq. (6). Following an alternative idea sketched in
Ref. [36], we note that one could choose to determine an ε-dependent t such that higher-order terms satisfy an appropriate
tail bound, in which case the coefficient becomes recoverable through simply division of an estimate ofFa,t by 4t. For the
scenario considered in this work, where the times contained in the training dataset are sampled from a uniform distribution
over [0, T ], where T ∈ O (poly (n)), we consider the map

F̃t∗ : [−1, 1]M ∋ (λa)a∈[M ] 7→

(
F̃b,t∗ :=

1

t∗

∫ t∗

0
Fb,tdt

)
b∈[M ]

∈ RM (16)

(instead of the one defined in Eq. (7)), where t∗ is chosen such that

1

t∗

∫ t∗

0
Fb,t dt = 2λat

∗ + . . .︸︷︷︸
⩽εtail

(17)

can be shown to hold, where εtail will be some allocated error budget. Algorithmically, we will compute the time-
averaged integral via Monte-Carlo estimation, which we perform simply by taking the empirical average over training
samples contained in the short-time window [0, t∗] ⊂ [0, T ]. Dividing the empirical average by 2t∗ gives us an estimate
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Algorithm 1. Training via Hamiltonian learning from short-time randomized probes

Input:
1. Final precision and confidence parameters ε, δ > 0.
2. A training dataset of the form T λ of size N as defined in Eq. (14).
3. Knowledge of the maximum degree d of the dual-interaction graph G of H , as well as the Hamiltonian terms (Ea)a∈[M ].

Output: Estimates λ̂ :=
(
λ̂a
)
a∈[M ]

of λ := (λa)a∈[M ] such that, for all a ∈ [M ],
∣∣λa − λ̂a∣∣⩽ ε/2MT with probability at least

1− δ/2.

1: t∗ ← O
(
ε/MT ∥O∥∞ (d+ 1)

2
)

, where O is the observable being predicted
2: for a = 1 to M do
3: Sa,t∗ ← 0 ▷ Initialize sum variable.
4: counta,t∗ ← 0 ▷ Initialize counter variable.
5: for j = 1 to N do ▷ Loop over all data points in training set.
6: if x(j)1 = 0 then ▷ Check whether sample can be used for learning.
7: if t(j) ∈ [0, t∗] then ▷ Check if data point is contained in short-time window
8: if Pa

∣∣s(j)i

〉
= +

∣∣s(j)i

〉
then ▷ Check if

∣∣s(j)i

〉
is a +1 eigenstate of Pa.

9: Sa,t∗ ← Sa,t∗ + 6B
(j)
a

10: end if
11: counta,t∗ ← counta,t∗ + 1 ▷ Count number of points in short-time window.
12: end if
13: end if
14: end for
15: F̂a,t∗ ← Sa,t∗/counta,t∗ ▷ Compute empirical average.
16: λ̂a ← F̂a,t∗/2t

∗ ▷ Invert the map λ̂a 7→ F̂a,t∗ via division by 2t∗.
17: end for
18: return

(
λ̂a
)
a∈[M ]

▷ Return estimates of Hamiltonian coefficients.

λ̂a of λa, up to some precision controlled by εtail and the accuracy of Monte-Carlo estimation. We then calculate the
sample complexity of short-time samples, which we denote by Nt∗ . We do this by bounding the difference between
the Monte-Carlo estimate and the time-averaged integral, which we show to be the expectation of the random variable
from which the training samples are drawn, conditioned on t ∈ [0, t∗], thereby allowing us to use Hoeffding’s inequality.
Finally, we guarantee that enough training samples are contained in the short-time window, as well as in the x(j)1 = 0
subspace, so as to ensure efficient execution of the training algorithm. To address these requirements, we use the Chernoff
bound to compute the total sample complexity N , and find that we incur only a polynomial blow-up with respect to Nt∗ .

The sample complexity of the inference stage is determined by the cost of implementing the classical shadows
protocol, which is logarithmic in the number of observables being predicted and the inverse of the failure probability,
and inverse-polynomial in the desired precision. We also find that the overall runtime of our learning procedure, a
detailed analysis of which we defer to Appendix C, is polynomial in the relevant parameters. We now give an informal
statement of our main quantum learnability result.

Theorem 1 (Quantum learnability, informal). There exists a family of distributions, namely, the one defined in Def. 7,
such that, with respect to all distributions in that family, for precision and confidence parameters ε, δ > 0, the concept
class in Def. 6 is efficiently PAC-learnable using a quantum learning algorithm whose sample- and time-complexity scales
as O (poly (n, 1/ε, 1/δ)).

Proof-sketch. The above theorem is formally restated as Theorem 5, which may be found in Subsection C 4 of Appendix
C. In order to show that we can efficiently PAC-learn the concept class using Algorithms 1 and 2, we need to prove that
the overall procedure for solving the learning task is both sample- and time-efficient. Our sample complexity analysis
proceeds by analyzing the error decomposition∣∣∣λ̂a − λa∣∣∣ =

∣∣∣∣∣ F̂a,t∗

2t∗
− λa

∣∣∣∣∣ =
∣∣∣∣∣ F̂a,t∗

2t∗
− F̃a,t∗

2t∗
+
F̃a,t∗

2t∗
− λa

∣∣∣∣∣ ⩽
∣∣∣∣∣ F̂a,t∗

2t∗
− F̃a,t∗

2t∗

∣∣∣∣∣+
∣∣∣∣∣ F̃a,t∗

2t∗
− λa

∣∣∣∣∣ , (19)

where
(
λ̂a
)
a∈[M ]

are the coefficients retrieved in the training phase,
(
λa
)
a∈[M ]

are the actual coefficients corresponding

to the ground-truth Hamiltonian, and F̂a,t∗ is the Monte-Carlo estimator used to approximate the time-averaged integral
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Algorithm 2. Inference via Hamiltonian simulation and classical shadows

Input:
1. Final precision and confidence parameters ε, δ > 0.
2. Learned coefficients

(
λ̂a
)
a∈[M ]

via Algorithm 1.

3. Inference point
(
x, t
)
∼ Unif

(
{0, 1}p(n) × [0, T ]

)
.

4. The Hamiltonian terms (Ea)a∈[M ].
5. The set of observables

(
Qa

)
a∈[M ]

.

6. Sample-access to the uniform distribution over the ensemble of unitaries U :=
{
1, H,HS†}⊗n

.

Output: Estimates
(
⟨Q̂a⟩ρ(x,t)

)
a∈[M ]

such that, for all a ∈ [M ],
∣∣∣⟨Q̂a⟩ρ(s,t) − ⟨Qa⟩ρ(s,t)

∣∣∣ ⩽ ε with probability at least 1− δ/2.

1: Ĥ ←
∑

a∈[M ] λ̂aEa

2: Set G← ⌈2 log (4M/δ)⌉ ▷ Number of classical shadow segments.

3: Set Ñ to be the following: ▷ Number of copies of time-evolved states required for classical shadows protocol.

Ñ ← 136G

ε2
max
a∈[M ]

∥∥∥∥Qa −

=0︷ ︸︸ ︷
Tr [Qa]

2n
1

∥∥∥∥2
shadow︸ ︷︷ ︸

⩽4·3|supp(Ea)| (for Pauli measurements)

(18)

4: for ℓ = 1 to Ñ do ▷ Loop over all copies for data acquisition phase.

5: ρ
(ℓ)
init(x)← Uenc(x) |0n⟩⟨0n|Uenc(x)

† ▷ Encoded input state preparation.
6: ρ̂(ℓ)(x, t)← e−iĤtρ

(ℓ)
init(x)e

iĤt ▷ Hamiltonian simulation.
7: end for ▷ Obtain Ñ copies of the time-evolved probe state.
8: Run Subroutine 1 on the states

(
ρ̂(ℓ)(x, t)

)Ñ
ℓ=1

▷ Data acquisition phase of classical shadow protocol, outputs
(
σ̂(ℓ)

)Ñ
ℓ=1

.

9: Run Subroutine 2 using
(
σ̂(ℓ)

)Ñ
ℓ=1

, (Qa)a∈[M ], and G as inputs ▷ Median-of-means estimation of expectation values on(
Qa

)
a∈[M ]

.

10: return
(
⟨Q̂a⟩ρ(s,t)

)
a∈[M ]

▷ Predicted expectation values.

F̃a,t∗ . As we have already discussed, we bound the difference between F̂a,t∗/2t
∗ and F̃a,t∗/2t

∗ using Hoeffding’s
inequality, and that between F̃a,t∗/2t

∗ and λa via tail bounds on Fa,t∗ . This is followed by an application of the Chernoff
bound to compute the total sample complexity, which, for precision and failure probability ε, δ > 0 respectively, we find
to be polynomial in n and 1/ε, and logarithmic in 1/δ. The sample complexity of the inference stage is dominated by the
cost of running the classical shadows formalism, which is inverse-polynomial in ε and logarithmic in 1/δ and the number
of observables being predicted. The time complexity we show to be polynomial in the relevant parameters as well. The
training stage involves elementary constant-time arithmetic operations for each data sample and observable Qa, whereas
the runtime of the deployment phase is dictated by the cost of Hamiltonian simulation, which, for polynomial evolution
time, is also polynomial, and that of the classical shadows protocol, which involves preparation of logarithmically many
copies of time-evolved states, followed by classical polynomial-time post-processing.

VI. QUANTUM ADVANTAGE

In this section, we instantiate the learning problem described by the concept class in Def. 6 in a way that shows
a quantum learning advantage. Specifically, we define a family of input distributions Di ∈ {Di}i and Hamiltonians
H(λ) for which no classical algorithm can satisfy the learning condition in Def. 8. Together with the fact that the
quantum algorithm described in Section V can still learn the particular instantiation described here, this establishes a
quantum learning advantage. Our construction relies on mainly two tools: i) a Hamiltonian family {HBQP(λ)}λ due to
Oliveira and Terhal [37] that satisfies the low intersection property and whose time-evolution for time TBQP ∈ O (n) is
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BQP-complete with high probability, ii) and the seminal boosting result of Schapire [93] that allows us to promote any
efficient classical PAC-learner under our choice of input distributions to polynomial-size classical circuits for deciding
BQP languages (i.e., that would imply BQP ⊆ P/poly).

A. Classical hardness

We start by stating our classical hardness result, which is based on the widely-believed conjecture that BQP ̸⊆ P/poly,
and provide a proof-sketch. A detailed proof is given in Appendix B.

Theorem 2 (Classical hardness, informal). For any (Promise)BQP-complete language, there exists a Hamiltonian family
HBQP specifying a concept class CHBQP

Uenc,T
as per Def. 6 and a family of input distributions following the specification of

Def. 7 such that no randomized polynomial-time classical algorithm AC satisfies the PAC-learning condition of Def. 8
for this concept class, even when restricted to a constant learning error ε < 1/48, unless BQP ⊆ P/poly.

Proof-sketch. Here, we summarize the main argument behind the proof. We begin by defining a Hamiltonian family
HBQP = {HBQP(λ)}λ such that BQP computations can be embedded into the Hamiltonian evolution of HBQP(λ) by
properly choosing λ. Let L be a (Promise)BQP-complete language over input bit-strings z ∈ {0, 1}m. Since L ∈ BQP,
there exists a polynomial-depth quantum circuit UBQP deciding L, in the sense that

• if z ∈ L, then applying UBQP to |z⟩ outputs 1 with probability at least 2/3;

• if z /∈ L, then applying UBQP to |z⟩ outputs 0 with probability at least 2/3.

Using the construction of Ref. [37], one obtains a low-intersection local Hamiltonian HBQP acting on n ∈ O (poly (m))
qubits whose real-time evolution for polynomially or linearly long times TBQP ∈ O (n) implements the circuit UBQP

with high probability (see Appendices B 1 and B 2). The key to making this Hamiltonian low-intersection compared to
the standard Feynman/Kitaev construction is to expand the simulated circuit UBQP over O (poly (m)) many qubits (or,
more precisely, mK qubits for a depth K circuit) such that any qubit involved in this circuit gets only acted upon by
a constant number of gates. In the Feynman-Kitaev construction, this translates into each qubit being involved in only
a constant number of local Hamiltonian terms, i.e., the Hamiltonian satisfying the low-intersection property. Moreover,
the construction can be easily modified so that HBQP simulates UBQP with arbitrarily high probability for a randomly
sampled evolution time in [0, TBQP]. Expanding each local term of HBQP in the Pauli basis gives a Hamiltonian of the
form in Eq. (8). The Hamiltonian family HBQP = {HBQP(λ)}λ is then defined by considering all Pauli expansions
resulting from this construction, for arbitrary circuits UBQP. In this way, the Pauli coefficients λ ∈ [−1, 1]M specify the
particular Hamiltonian HBQP that simulates a given circuit UBQP.

We now relate this Hamiltonian evolution to the decision problem for L. For inputs x with x1 = 1, we identify the
bits z = x2 · · ·xm+1 with an input to the BQP computation. Measuring the observable O = Z ⊗ I ⊗ · · · ⊗ I on the
state obtained after the evolution generated by HBQP distinguishes whether z ∈ L or z /∈ L. More precisely, the concept
associated with λ contains a component of the form

(cλ(x, t))i⋆ = Tr
[
Oe−iHBQP(λ)tρ(x)eiHBQP(λ)t

]
, (20)

where i⋆ is the index associated with component corresponding to O. Averaging this component over t ∈ [0, TBQP], and
restricting our attention to the subset of inputs with x1 = 1, we find that the resulting function

q(z) =
1

T

∫ T

t=0
(cλ((1, z,0), t))i⋆ (21)

approximates the BQP computation deciding L up to good margin for all z ∈ {0, 1}m. Armed with this observation,
the only difficulty from here onward is that a classical learner achieving non-trivial average performance with respect to
some input distributions {Di}i does not immediately guarantee that it can solve the BQP problem. We need additional
machinery to leverage this hypothetical efficient classical learner to construct an algorithm in P/poly that can decide the
BQP language.

Suppose now, toward a contradiction, that there were a randomized polynomial-time classical algorithm satisfying the
learning condition for the concept class CHBQP

Uenc,T
with small overall error ε ∈ O (1). Applying this learner to the concept
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specified by λ would produce, with high probability, a hypothesis that approximates the component (cλ(x, t))i⋆ with
average error O (ε) over the subspace x1 = 1 and t ∈ [0, TBQP]. By further averaging the hypothesis over the time
window t ∈ [0, TBQP] and suitably setting the threshold error ε to 1/48, one obtains a classical hypothesis that correctly
decides L with probability strictly more than 1/2 with respect to any distribution µ over z ∈ {0, 1}m.

The final step uses the result of Ref. [93], which states that if a function is PAC-learnable under arbitrary distributions,
then it can be computed by a polynomial-size classical circuit on every input. We recall this result and explain its
consequences in Appendix B. Applying it here would imply the existence of a polynomial-size classical circuit deciding
the (Promise)BQP-complete language L. Therefore BQP ⊆ P/poly, contradicting the assumed hardness. Hence no
randomized polynomial-time classical learner can satisfy the learning condition for CHBQP

Uenc,T
, unless BQP ⊆ P/poly.

B. Quantum learnability for a classically hard case

Recall that the objective of our quantum learner is to output an estimate λ̂ such that the hypothesis function h, defined
by h(x, t) = cλ̂(x, t), satisfies the learning condition in Eq. (13). For this, the learning algorithm devised in the last
section (Algorithm 1) is directly applicable, as per Theorem 1. An interesting observation however is that, in the case
of our Hamiltonian family HBQP, it is sufficient to recover an λ̂ such that

∥∥λ̂ − λ∥∥∞ ⩽ ε ∈ O(1) in order to recover
HBQP(λ) exactly. In turn, this means that we can learn the concept class perfectly, i.e., with zero generalization error,
and that too using less samples than stated in Theorem 1.

Lemma 1 (Quantum learnability of CHBQP

Uenc,T
). Consider the learning problem corresponding to the concept class CHBQP

Uenc,T

that is defined by the Hamiltonian family HBQP presented in Theorem 2. Then, Algorithm 1 is able to meet the learning
condition in Def. 8 with zero error, i.e., h(·) = A(T λ, ε, δ, · ) is such that with probability 1− δ,

h(x, t) = cλ(x, t) ∀(x, t) ∈ {0, 1}p(n) × [0, T ], (22)

for any concept cλ in CHBQP

Uenc,T
. Moreover, the number of samples required by A is NBQP ∈ O (T log (M/δ)), and the

time-complexity of A is given by O (MNBQP).

Proof. The proof follows from Lemmas 2 and 13 in the Appendix. In particular, Lemma 2 guarantees that the
Hamiltonian associated with the classically hard instance can be written as a 5-local, low-intersection Hamiltonian
HBQP(λ) =

∑
a∈[M ] λaEa, where {Ea}a∈[M ] are local Pauli strings and the coefficients λa belong to a fixed finite

set Λ ⊂ R that is independent of the system size. Hence, to reconstruct HBQP(λ) exactly, it suffices to estimate each
coefficient with precision smaller than half the minimum separation between any two distinct admissible values. In the
Pauli expansion provided in Lemma 2, two identical Pauli terms can appear in HBQP only in the case we consider the
Z-dependent part of the gates

T =

(
1 + eiπ/4

2

)
I +

(
1− eiπ/4

2

)
Z (23)

and H = (X + Z)/
√
2. In this case, the difference of the coefficients is

εP =

∣∣∣∣∣1− eiπ/42
− 1√

2

∣∣∣∣∣ ≈ 0.66. (24)

After accounting for the normalization factors introduced by the clock-register terms and the two SWAP operations, the
minimum separation between two distinct admissible coefficients is lower-bounded by ε′P = εP /32. We may therefore
run A with coefficient-estimation precision strictly smaller than ε′P /2. With probability at least 1 − δ, each estimated
coefficient λ̂a can then be uniquely rounded to the corresponding exact value λa. Consequently, HBQP(λ̂) = HBQP(λ),
and the hypothesis returned by the learner coincides with the target concept

h(x, t) = cλ(x, t) ∀(x, t) ∈ {0, 1}p(n) × [0, T ] (25)
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for every input and every evolution time. Moreover, the ability to learn the Hamiltonian exactly also has an impact
on the sample complexity of our learning algorithm. Indeed, unlike the general case considered in Theorem 1, the
error propagation in Hamiltonian simulation (see Lemma 8) is trivially accounted for, which significantly reduces the
sample complexity of Algorithm 1. As detailed in Lemma 13, we can get away with a sample complexity NBQP ∈
O (T log (M/δ)), as opposed to

N ∈ O

(
M5T 6 ∥O∥3∞ (d+ 1)6

ε5
log

(
M

δ

))
(26)

in the general case of Theorem 1, which gives N = O
(
M5T 6 log (M/δ)

)
upon plugging in the scaling ε ∈ O (1).

VII. DISCUSSION

A. Distinction between the present work and earlier work

We recall the PAC-learnable version of the concept class in Ref. [24]:

Definition 9 (PAC-learnable Hamiltonian dynamics concept class, Def. 4, [24]). Consider a sequence of n-qubit
Hamiltonians {Hn (x, λ)}n∈N, such that each Hamiltonian Hn (x, λ) is parametrized by a bit-string x ∈ {0, 1}p(n) of
length p (n), where p : N→ N, and λ ∈ [0, 1]d(n), a vector of continuous, unknown parameters, with d (n) ∈ O (log n).
For {On}n∈N a sequence of observables, consider the concept class

CHn,d :=
{
cλ : {0, 1}p(n) ∋ x 7→ ⟨0|U †

n (x, λ)OnUn (x, λ) |0⟩ ∈ R
∣∣ λ ∈ [0, 1]d(n)

}
, (27)

where Un (x, λ) := e−iHn(x,λ)τ , where τ ∈ R>0 is a fixed, positive real number.

Let us enumerate the key differences between the work of Barthe et al. and that of our paper. To begin with, in
Ref. [24], for n ∈ N, the unknown part of the Hamiltonian Hn (x, λ), i.e., the part parametrized by λ, can contain only
logarithmically many terms, since the dimensionality of λ must be d (n) ∈ O (logn). This is in contrast with our setting,
since we impose no such restriction. In particular, for our learning task, the unknown Hamiltonian generating the training
data satisfies the low-intersection property described in Def. 5, which leads to the number of constituent terms being
O (n), a scenario that encompasses many-body systems of the kind typically encountered in condensed matter physics.

Another difference between our work and Ref. [24] lies in the form of the training data considered. Specifically, each
of our training examples is labeled by a list of expectation values on the observables (Qa)a∈[M ], whereas the authors of
Ref. [24] require only a single expectation value on some arbitrary observable O per label. In this sense, our training data
is richer and potentially more informative, which leads to a methodological difference between our work and Ref. [24]—
the stronger access model enables us to learn the unknown Hamiltonian generating the data, which in turn allows us to
predict a wider range of observables than in Ref. [24]. Put differently, our training procedure approximately identifies
the concept generating the training data by learning the underlying Hamiltonian itself. Our approach is thus a form of
proper PAC-learning, where the learner is required to output a hypothesis that is contained in the concept class underlying
the learning problem. By contrast, in Ref. [24], the hypothesis class differs from the concept class described in Def. 9;
in particular, it is given by a family of generalized trigonometric polynomials associated with the parametrized Trotter
circuit implementing the time-evolution operator Un (x, λ) = e−iHn(x,λ)t:

HPQC
n,d :=

{
hλ : {0, 1}p(n) ∋ x 7→

∑
ℓ∈L

bℓ(x) e
i⟨λ,ℓ⟩ ∈ R

∣∣∣∣λ ∈ [0, 1]d(n)
}
, (28)

where L is the frequency spectrum of the parametrized quantum circuit (PQC) and |L| = d (n) ∈ O (logn).
It has been observed in Ref. [24] that the aforementioned logarithmic scaling of d (n) is a fundamental limitation

imposed by complexity theory. Specifically, this follows from the results of Arunachalam et al. [38], which showed
conditional quantum hardness for learning certain classes of shallow classical circuits. More precisely, they define the
following concept class:

Cn ⊆ {c : {0, 1}n → {0, 1}} , (29)
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where Cn corresponds to the circuit classes TC0,AC0, and TC0
2. Then, working within the framework of Ref. [94], they

consider a quantum PAC-learner A, which is given examples of the form

|ψc,D⟩ :=
∑

x∈{0,1}n

√
D (x)|x, c (x)⟩, (30)

where D : {0, 1}n → [0, 1] is an unknown distribution, taken to be fixed in Ref. [38] as opposed to arbitrary, and the
learning criteria to be satisfied by A are analogous to those in Def. 1. Additionally provided in their setting is access
to a quantum membership oracle Oc : |x, b⟩ 7→ |x, b ⊕ c (x)⟩, where b ∈ {0, 1}. Note that the quantum PAC-learning
framework assumes stronger access to training data than its classical counterpart, since examples are provided in the
form of the coherent superposition

∑
x

√
D (x)|x, c (x)⟩, so that one exactly recovers the ordinary classical example

(x, c (x)), with x ∼ D, via measurement in the computational basis. Consequently, one can simulate classical PAC-
learning within this framework, and it follows that hardness results for the quantum PAC-learning setting also apply to
classical PAC-learners.

We briefly recall the hardness results of Ref. [38]. There, assuming that ring-learning with errors (RLWE) cannot be
solved in quasi-polynomial-time using quantum computers [95], the authors showed that efficient (weak) quantum PAC-
learners do not exist for polynomial-size TC0 circuits. Furthermore, under stronger sub-exponential RLWE assumptions,
polynomially sized AC0 circuits were also shown to be unlearnable using nO(logνn)-time quantum PAC-learners, with ν
being some constant. Additionally, under LWE hardness, depth-2 circuits contained in TC0

2 were found to not be weakly
quantum PAC-learnable in polynomial-time. A sufficiently general PQC, i.e., one with polynomially many unknown
parameters, or a Hamiltonian containing O (n)-many terms whose time-evolution can be compiled into such a circuit,
is capable of encoding these shallow circuit classes through a single expectation value obtained by measuring Z1 on the
output qubit. Hence, an efficient quantum learner capable of solving the learning task of Ref. [24] in full generality would
violate the hardness results of Ref. [38]. Our work avoids this obstruction by considering a different form of training data,
in which the labels are given by a richer vector of expectation values chosen to enable Hamiltonian learning.

Finally, in Def. 9, it should be noted that the unitary Un (x, λ) := e−iHn(x,λ)τ corresponds to time-evolution by a fixed
time τ , so that the training data considered in Ref. [24] are expectation values of states that have been time-evolved by τ .
This is unlike the setting considered in our work, since our training samples correspond to a uniform distribution over the
interval [0, T ], with T ∈ O (poly (n)).

B. Summary and future directions

To summarize, in this work, we have formulated a physically motivated learning problem in which the goal is to
predict expectation values of quantum states that have been time-evolved by an unknown, low-intersection Hamiltonian.
Assuming BQP ̸⊆ P/poly to hold, we prove that the aforementioned task demonstrates an exponential quantum-classical
learning separation with respect to a certain family of input distributions. We show the existence of an efficient quantum
learner, whose training phase involves a simplified version of the Hamiltonian learning protocol of Ref. [36], while its
inference stage relies on Hamiltonian simulation and the classical shadows formalism. On the other hand, to prove
classical hardness, we use a low-intersection variant of the Feynman-Kitaev clock Hamiltonian, whose polynomial-time
dynamics encode BQP-complete computations. In this sense, our work shows a proper quantum-classical separation for
a meaningful learning task that is naturally motivated by a plausible physical application. We finally conclude by listing
a few compelling future directions and questions that have been left open in our work.

Applicability of long-time Hamiltonian learning. Currently, our approach in this work relies on short-time samples to
perform Hamiltonian learning in the training phase. One could also consider whether the unknown Hamiltonian can be
learned within a setting involving long-time samples only. In this regard, we highlight the recent works of Refs. [88, 96].
The former shows that Heisenberg-limited Hamiltonian learning can be performed even without access to short-time
control; however, their method interleaves queries to long-time Hamiltonian evolution with certain learned auxiliary
operations, which does not correspond exactly to our setting.

The latter work of Ref. [96] studies the recoverability of local Hamiltonians from arbitrarily long times, and provides
average-case identifiability guarantees over certain local, random ensembles of Hamiltonians. However, whether their
methods apply to the PAC-learning setting considered here, where the concept class may contain instances corresponding
to worst-case Hamiltonian instances such as those in HBQP, remains unclear. Nonetheless, we view the question of
whether long-time Hamiltonian learning algorithms akin to Refs. [88, 96] can be applied to our supervised learning
problem as an interesting future direction and worthy of further study.
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Extensions to other physical settings of interest. Obvious extensions of our work would be to show learning separations
for predicting ground and thermal state properties. In particular, for the analogous scenario involving Gibbs states, it is
foreseeable that a similar approach could hold for some distribution over inverse temperatures β ∼

[
βlow, βhigh

]
, with high

(or constant) temperatures corresponding to samples enabling Hamiltonian learning [36, 65, 97] and low temperatures
ensuring classical hardness [98–100]. Other interesting settings could possibly include states evolved by processes more
general than unitary time-evolution, such as Lindbladians, for which learning algorithms also exist [101–106].

Identification-based learning separations. We stress here again that a limitation of our construction lies in the fact that
our labels are vector-valued lists of expectation values, corresponding to sufficient statistics from which the unknown
Hamiltonian can be recovered via elementary classical post-processing. Thus, our learner obtains an explicit description
of the target concept in a manner that is entirely classical. Therefore, our learning separation does not arise from the
hardness of identifying the data-generating concept. Instead, the classical hardness enters at the evaluation stage: even
after the unknown Hamiltonian has been identified in a proper PAC sense, evaluating the learned concept on potentially
long-time inputs requires simulating time-dynamics that may encode BQP-complete computations. Thus, a pressing open
direction is the formulation of physically inspired learning tasks similar to the one considered in the present work, where
the learning separation stems from the hardness of identification as opposed to evaluation.

Another future direction of interest could thus be to consider a similar learning task to that considered in this work,
but one involving more frugal training data and possibly involving a combination of the setting of the present work with
the PQC learning-based approach of Ref. [24]. Alternatively, one could contrive constructions wherein only part of the
Hamiltonian is identifiable from short-time dynamics, with additional parameters or auxiliary subsystems “switching on”
only after long evolution times. Such settings could potentially exhibit identification-based learning separations.

Certified quantum simulation. One related interpretation of our results is in learning-assisted certified quantum
simulation. Rather than certifying long-time quantum dynamics directly, we learn the governing Hamiltonian from
experimentally accessible short-time data and use it for long-time quantum prediction, obtaining rigorous learning-
theoretic and complexity-theoretic guarantees.

Connections to cryptographic notions. Another intriguing implication of our work arises in the context of quantum
cryptography. While our result does not provide a construction of one-way functions, it identifies a physically motivated
family of quantum-generated prediction tasks that are efficiently solvable on a quantum computer while remaining
inaccessible to efficient classical learners. In this sense, our work lies near the conceptual boundary explored in the
emerging area of Microcrypt [107]: quantum processes may give rise to useful asymmetric computational tasks without
necessarily implying classical one-way functions.

Complexity-theoretic no-gos. Finally, an exciting direction would be to place fundamental limitations on the learnability
of time-dynamics. That is, it would be of interest to explore an intermediate regime between labels that are singular
expectation values, as in Ref. [24], and ones that amount to maximally informative classical descriptions of probe states.
In other words, one could try to prove hardness results of the type shown in Ref. [38], while considering different
generalizations of their setting, such as input states that go beyond computational basis states, like stabilizer states, Choi
states, and so on, as well as measurement of observables more general than single-qubit observables.
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Appendix A: Classical shadows protocol

In this appendix, we provide details on the formalism of classical shadows, since we use it in Algorithm 2. In essence,
one can think of the classical shadows protocol as consisting of a data acquisition phase, followed by a median-of-means
procedure that estimates certain properties of interest. Below, we provide the subroutine used to construct the classical
shadow of an unknown quantum state, given numerous copies thereof.

Subroutine 1 Data acquisition phase of classical shadows protocol [108]
Input:

1. Ñ ∈ N copies of an n-qubit quantum state ρ.
2. Sample-access to the uniform distribution over the ensemble of unitaries U :=

{
1, H,HS†}⊗n

.

Output: A classical shadow given by a collection of unbiased snapshots, which we denote as
(
σ̂(ℓ)

)Ñ
ℓ=1

.
1: for ℓ = 1 to Ñ do
2: Sample U (ℓ) :=

⊗n
j=1 U

(ℓ)
j

i.i.d.∼ Unif (U)
3: Prepare U (ℓ)ρ U (ℓ),†

4: Measure in the computational basis to obtain the pair
(
U (ℓ), b(ℓ)

)
∈ U × {0, 1}n ▷ Randomized measurement.

5: Construct the unbiased classical snapshot: ▷ Inversion of randomized measurement channel.

σ̂(ℓ) ←
n⊗

j=1

(
3U

(ℓ),†
j

∣∣b(ℓ)j

〉〈
b
(ℓ)
j

∣∣U (ℓ)
j − 1

)
(A1)

6: end for ▷ Obtain a collection of classical snapshots:
(
σ̂(ℓ)

)Ñ
ℓ=1

.

7: return
(
σ̂(ℓ)

)Ñ
ℓ=1

Having outlined the method used to construct the classical shadow, let us take a look at how it can be used to estimate
expectation values on some observables of interest.

Subroutine 2 Median-of-means estimation of expectation values [108]
Input:

1. A classical shadow
(
σ̂(ℓ)

)Ñ
ℓ=1

of some n-qubit quantum state ρ.

2. A set of observablesM := {O1, O2, . . . , OP }.
3. Number of segments G ∈ N.

Output: Estimates
( ˆ⟨Oj⟩ρ

)P
j=1

of the expectation values of the observables inM.

1: Set m← ⌊Ñ/G⌋ ▷ Dividing classical snapshot collection into G segments of size m.
2: for j = 1 to P do ▷ Loop over all observables.
3: for g = 1 to G do ▷ Loop over elements of each equally sized segment of classical snapshot collection.
4: S

(j)
g ← 0 ▷ Initialize sum variable to zero.

5: for r = 1 to m do
6: ℓ← (g − 1)m+ r

7: S
(j)
g ← S

(j)
g +Tr

[
Oj σ̂

(ℓ)
]

8: end for
9: µ

(j)
g ← S

(j)
g /m ▷ Sample mean for each segment.

10: end for
11: ˆ⟨Oj⟩ρ ← median

(
µ
(j)
1 , µ

(j)
2 , . . . , µ

(j)
g

)
▷ Median-of-means estimation.

12: end for
13: return

(
ˆ⟨Oj⟩ρ

)
j∈[P ]

▷ Predicted expectation values.

For theoretical details of the aforementioned subroutines, we refer the reader to the original work of Huang et al. [108].
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Appendix B: Quantum advantage

1. A low-intersection BQP-complete Hamiltonian with constant-precision parameters

In this section, we construct a Hamiltonian family that satisfies the low-intersection property required by our learning
algorithm while allowing us to simulate arbitrary BQP computations over long-time evolution. This Hamiltonian family
also has the interesting property that the parameters λ specifying its Pauli expansion only take values from a discrete set,
up to some constant precision. This means that learning λ to constant error (in the ∥ · ∥ℓ∞-norm) is sufficient to recover
the Hamiltonian exactly, and therefore simulate it for arbitrarily long times without any error. We prove that our quantum
algorithm solves the learning problem perfectly in the classically hard case, where, in the definition of the concept class
in Def. 6, U(t, λ) is given by the time evolution of HBQP as discussed in Section VI.

Lemma 2. Let L be a promise problem in (Promise)BQP. There exists a local, low-intersection Hamiltonian

HBQP(λ) =
∑

a∈[M ]

λaEa, (B1)

where the operators Ea are local Pauli strings, such that:

• For evolution times linear in system size, the real-time evolution generated by HBQP simulates a quantum circuit
UBQP that decides L with bounded error.

• There exists a finite set Λ ⊂ R, independent of the system size, such that λa ∈ Λ for every a ∈ [M ].

This Hamiltonian belongs to a Hamiltonian family {HBQP(λ)}λ that is capable of simulating any circuit UBQP of the
same depth, for a suitable choice of the parameters λ.

Proof. Let L be a (Promise)BQP problem and UBQP the corresponding circuit that correctly decides it for input bit-
strings in {0, 1}m. By the Feynman-Kitaev clock Hamiltonian construction [26, 109], there exists a local Hamiltonian
HBQP such that evolving under it for a linear time TBQP implements UBQP with high probability. We will now show
that the coefficients of the Pauli strings in HBQP can be enforced to only take values in a fixed discrete set so that
constant-precision estimates are sufficient to determine λBQP exactly and thus reconstruct HBQP.

In particular, given the circuit UBQP = UKUK−1 . . . U2U1 pre-compiled in a brickwork architecture using the
universal gateset {CNOT, H, T}, the associated Feynman Hamiltonian is defined as

HF =

K∑
j=1

Hj (B2)

where the terms

Hj = Uj ⊗ |j⟩ ⟨j − 1|+ U †
j ⊗ |j − 1⟩ ⟨j| (B3)

act between a work register and a clock register. Later, in Subsection B 2, we show that, on average, the target concept
implements UBQP with high probability for a randomly sampled evolution time t ∈ [0, TBQP], where TBQP is linear in the
depth K of the circuit UBQP = UKUK−1 · · ·U2U1. Specifically, in Lemma 4, we show that this success probability of
correctly implementing UBQP can be brought to 1 − δ, that is, arbitrarily close to 1 by padding the circuit with O(K/δ)
identity gates and taking TBQP = Õ(K/δ2).

Since the Feynman Hamiltonian is constructed with two-local gates Uj ∈ {CNOT,H, T}, the standard unary
encoding of the clock register makes HF 5-local. However, in order to have quantum learnability, we must ensure that
HBQP satisfies the low-intersection property as well. For this, we leverage the construction in Ref. [37]. This involves
transforming the circuit UBQP into an equivalent circuit U ′

BQP = U ′
K′ · · ·U ′

2U
′
1 acting on K ′ = mK qubits, such that

each qubit participates in at most three gates (one Uj and two SWAPs). We refer to these additional qubits as the auxiliary
work register. The Feynman Hamiltonian corresponding to this modified circuit is our final HBQP. It takes the same form
as in Eq. (B2), but uses unitaries U ′

j ∈ {CNOT, H, T, SWAP}. Given that we choose a unary clock |j⟩ = |1j0K′−j⟩,
the Hj terms can be rewritten as

Hj = U ′
j ⊗ I ⊗ |1, 1, 0⟩ ⟨1, 0, 0|j−1,j,j+1 ⊗ I + (U ′

j)
† ⊗ I ⊗ |1, 0, 0⟩ ⟨1, 1, 0|j−1,j,j+1 ⊗ I (B4)
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These terms can be rewritten in the form of Eq. (B1) by expanding each U ′
j and clock transition operators in the Pauli

basis. In particular, using the relations

X =

(
0 1

1 0

)
, Y =

(
0 −i
i 0

)
, Z =

(
1 0

0 −1

)
,

and

|1⟩⟨1| = I − Z
2

, |0⟩⟨0| = I + Z

2
,

|1⟩⟨0| = X − iY
2

, |0⟩⟨1| = X + iY

2
,

we obtain

|1, 1, 0⟩⟨1, 0, 0| =
(
I − Z
2

)
⊗
(
X − iY

2

)
⊗
(
I + Z

2

)
,

|1, 0, 0⟩⟨1, 1, 0| =
(
I − Z
2

)
⊗
(
X + iY

2

)
⊗
(
I + Z

2

)
,

SWAP =
1

2

(
I ⊗ I +X ⊗X + Y ⊗ Y + Z ⊗ Z

)
,

CNOT = |0⟩⟨0| ⊗ I + |1⟩⟨1| ⊗X =
I + Z

2
⊗ I +

I − Z
2
⊗X,

H =
1√
2
(X + Z),

T =

(
1 0

0 eiπ/4

)
=

1 + eiπ/4

2
I +

1− eiπ/4

2
Z.

Therefore, each gate U ′
j , as well as each clock transition operator, admits a Pauli expansion with coefficients drawn from

a fixed finite set Λ0. Since any given Pauli string can appear in at most a constant number of terms H ′
j , each coefficient in

the final expansion HBQP =
∑

a∈[M ] λaEa is a sum of at most a constant number of elements of Λ0. Consequently, the
coefficients λa belong to a finite set Λ that is independent of the system size. Our final Hamiltonian family {HBQP(λ)}λ
is obtained by considering all possible Pauli decompositions obtainable by following the construction above for arbitrary
choices of circuits UBQP = UKUK−1 . . . U2U1.

2. Time-evolution under the Feynman-Kitaev clock Hamiltonian

Here, we provide a rigorous analysis of the dynamics generated by the Feynman-Kitaev Hamiltonian. In particular, we
show that, on average over some polynomially large interval [0, T ] and upon padding with sufficiently many identity gates,
long-time-evolution with respect to the clock Hamiltonian is able to correctly simulate BQP-complete computations with
success probability arbitrarily close to 1.
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a. Set-up

Our basic set-up will be as follows. Let L,K ∈ N, with L > K. Consider UBQP = ULUL−1 . . . UKUK−1 . . . U2U1

with {UL, UL−1 . . . UK+1} all identities and L−K = R. Let UBQP decide membership of z ∈ {0, 1}m in some language
L belonging to the class BQP, and let

HF =

L∑
j=1

(
Uj ⊗ |j⟩⟨j − 1|+ U †

j ⊗ |j − 1⟩⟨j|
)

(B5)

be the corresponding Feynman-Kitaev clock Hamiltonian. For each j ∈ {1, . . . , L}, define:

|ψj (z)⟩ := UjUj−1 . . . U2U1

(
|z⟩ ⊗ |0⟩⊗a

)
∈ Hwork, (B6)

and |ηj (z)⟩ := |ψj (z)⟩ ⊗ |j⟩ ∈ Hwork ⊗Hclock, (B7)

with |ψ0 (z)⟩ := |z⟩ ⊗ |0⟩⊗a for j = 0 and |η0 (z)⟩ := (|z⟩ ⊗ |0⟩⊗a)⊗ |0⟩, to be the work and history states respectively.
We will also consider the following “path” Hamiltonian, which acts on the clock subspaceHclock:

Hpath :=
L∑

j=1

(|j⟩⟨j − 1|+ |j − 1⟩⟨j|) . (B8)

b. Time-evolution of history state

Proposition 1 (Unitary relation between HF and Hpath). Let HF be the Feynman-Kitaev clock Hamiltonian as defined in
Eq. (B5) and Hpath be the path Hamiltonian defined in Eq. (B8). Then, there exists a block-diagonal unitary

W :=
L∑

j=0

Vj ⊗ |j⟩⟨j|, (B9)

such that HF =W
(
Iwork ⊗Hpath

)
W †.

Proof. Consider the following:

W
(
Iwork ⊗Hpath

)
W † (B10)

=W

Iwork ⊗
L∑

j=1

|j⟩⟨j − 1|+ |j − 1⟩⟨j|

W † (B11)

=

L∑
j=1

W (Iwork ⊗ (|j⟩⟨j − 1|+ |j − 1⟩⟨j|))W † (B12)

=
L∑

j=1

( L∑
k=0

Vk ⊗ |k⟩⟨k|

)
(Iwork ⊗ (|j⟩⟨j − 1|+ |j − 1⟩⟨j|))

(
L∑

ℓ=0

Vℓ ⊗ |ℓ⟩⟨ℓ|

)† (B13)

=

L∑
j=1

[
L∑

k=0

L∑
ℓ=0

VkV
†
ℓ ⊗ (|k⟩⟨k|j⟩⟨j − 1|ℓ⟩⟨ℓ|+ |k⟩⟨k|j − 1⟩⟨j|ℓ⟩⟨ℓ|)

]
(B14)

=
L∑

j=1

[
VjV

†
j−1 ⊗ |j⟩⟨j − 1|+ Vj−1V

†
j ⊗ |j − 1⟩⟨j|

]
(B15)

=

L∑
j=1

[
UjUj−1 . . . U1U

†
1 . . . U

†
j−1 ⊗ |j⟩⟨j − 1|+ Uj−1 . . . U1U

†
1 . . . U

†
j−1U

†
j ⊗ |j − 1⟩⟨j|

]
(B16)
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=

L∑
j=1

(
Uj ⊗ |j⟩⟨j − 1|+ U †

j ⊗ |j − 1⟩⟨j|
)
= HF . (B17)

Lemma 3 (Time-evolved history state). Let |η0 (z)⟩ := |ψ0 (z)⟩ ⊗ |0⟩ be the initial history state, and let |Ψz (t)⟩ :=
e−iHF t|η0 (z)⟩ be the history state after time-evolution under the Feynman-Kitaev clock Hamiltonian HF for some time
t > 0. The state |Ψz (t)⟩ is then given as follows:

|Ψz (t)⟩ =
L∑

j=0

⟨j|e−iHpatht|0⟩|ηj (z)⟩. (B18)

Proof. We compute |Ψz (t)⟩ as follows:

|Ψz (t)⟩ := e−iHF t|η0 (z)⟩ (B19)

= e−iHF t (|ψ0 (z)⟩ ⊗ |0⟩) (B20)

= e−iW(Iwork⊗Hpath)W †t (|ψ0 (z)⊗ |0⟩) (B21)

=W
(
Iwork ⊗ e−iHpatht

)
W † (|ψ0 (z)⟩ ⊗ |0⟩) (B22)

=W
(
Iwork ⊗ e−iHpatht

) L∑
j=0

V †
j ⊗ |j⟩⟨j|

 (|ψ0 (z)⟩ ⊗ |0⟩) (B23)

=W
(
Iwork ⊗ e−iHpatht

) (
V †
0 |ψ0 (z)⟩ ⊗ |0⟩⟨0|0⟩

)
(B24)

=W
(
Iwork ⊗ e−iHpatht

)
(|ψ0 (z)⟩ ⊗ |0⟩) (B25)

=W
(
|ψ0 (z)⟩ ⊗ e−iHpatht|0⟩

)
(B26)

=

 L∑
j=0

Vj ⊗ |j⟩⟨j|

(|ψ0 (z)⟩ ⊗ e−iHpatht|0⟩
)

(B27)

=
L∑

j=0

Vj |ψ0 (z)⟩ ⊗ ⟨j|e−iHpatht|0⟩|j⟩ (B28)

=

L∑
j=0

⟨j|e−iHpatht|0⟩|ψj (z)⟩|j⟩ =
L∑

j=0

⟨j|e−iHpatht|0⟩|ηj (z)⟩. (B29)

This concludes the proof.

Lemma 4 (Average probability mass in the completed subspace). Define αj (t) := ⟨j|e−iHpatht|0⟩ to be the jth probability
amplitude of the time-evolved history state |Ψz (t)⟩. Let

pT :=
1

T

∫ T

0

L∑
j=K

|αj (t)|2 dt =
1

T

∫ T

0
⟨Ψz (t)|Iwork ⊗Πdone|Ψz (t)⟩dt, where Πdone :=

L∑
j=K

|j⟩⟨j|, (B30)

denote the time-averaged probability mass in the completed subspace, namely, the average probability that the clock
register lies in the completed portion of the clock, {K,K + 1, . . . , L}. Then, for some δ > 0, in order for pT ⩾ 1− δ to
hold, it is sufficient to take a number of padded gates R and a time-averaging window [0, T ] such that

R ∈ O
(
K

δ

)
(B31)

and T ∈ O
(
K

δ2
log

(
K

δ

))
(B32)

respectively.
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Proof. From Equations (A2) and (A3) of Ref. [109], we know that the eigenvalues and eigenvectors of Hpath are given as
follows:

|vr⟩ :=
√

2

L+ 2

L∑
ℓ=0

sin

(
πr (ℓ+ 1)

L+ 2

)
|ℓ⟩, (B33)

Er = 2 cos

(
πr

L+ 2

)
, (B34)

for r = 1, . . . , L+ 1. Let us now compute

L∑
j=K

|αj (t)|2 =
L∑

j=K

∣∣⟨j|e−iHpatht|0⟩
∣∣2 (B35)

=
L∑

j=K

⟨0|eiHpatht|j⟩⟨j|e−iHpatht|0⟩ (B36)

=

L∑
j=K

⟨0|

(
L+1∑
s=1

eiEst|vs⟩⟨vs|

)
|j⟩⟨j|

(
L+1∑
r=1

e−iErt|vr⟩⟨vr|

)
|0⟩ (B37)

=

L∑
j=K

L+1∑
r=1

L+1∑
s=1

e−i(Er−Es)t⟨0|vs⟩⟨vs|j⟩⟨j|vr⟩⟨vr|0⟩ (B38)

=
4

(L+ 2)2

L+1∑
r,s=1

sin

(
πr

L+ 2

)
sin

(
πs

L+ 2

) L∑
j=K

sin

(
πr (j + 1)

L+ 2

)
sin

(
πs (j + 1)

L+ 2

)
e−i(Er−Es)t

 .

(B39)

Let us define

Ar,s :=
4

(L+ 2)2
sin

(
πr

L+ 2

)
sin

(
πs

L+ 2

) L∑
j=K

sin

(
πr (j + 1)

L+ 2

)
sin

(
πs (j + 1)

L+ 2

)
(B40)

for notational convenience. We may rewrite the time-averaged probability mass as the following:

pT :=
1

T

∫ T

0

L∑
j=K

|αj (t)|2 dt (B41)

=
1

T

∫ T

0

L+1∑
r,s=1

Ar,se
−i(Er−Es)tdt (B42)

=

L+1∑
r=1

Ar,r︸ ︷︷ ︸
=:pdiag

+

L+1∑
r,s=1,
r ̸=s

(
Ar,s ·

1

T

∫ T

0
e−i(Er−Es)tdt

)
︸ ︷︷ ︸

=:poff

, (B43)

where we have split the time-average into diagonal and off-diagonal parts. Let us focus on the diagonal part first. We
have the following:

pdiag =
L+1∑
r=1

Ar,r (B44)
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=
4

(L+ 2)2

L+1∑
r=1

sin2
(

πr

L+ 2

) L∑
j=K

sin2
(
πr (j + 1)

L+ 2

)
(B45)

=
4

(L+ 2)2

L∑
j=K

L+1∑
r=1

sin2
(

πr

L+ 2

)
sin2

(
πr (j + 1)

L+ 2

)
(B46)

=
4

(L+ 2)2

L∑
j=K

L+1∑
r=1

1

2

{
1− cos

(
2πr

L+ 2

)}
· 1
2

{
1− cos

(
2πr (j + 1)

L+ 2

)}
(B47)

=
1

(L+ 2)2

L∑
j=K

L+1∑
r=1

{
1− cos

(
2πr

L+ 2

)
− cos

(
2πr (j + 1)

L+ 2

)
+ cos

(
2πr

L+ 2

)
cos

(
2πr (j + 1)

L+ 2

)}
(B48)

=
1

(L+ 2)2

L∑
j=K

L+1∑
r=1

{
1− cos

(
2πr

L+ 2

)
− cos

(
2πr (j + 1)

L+ 2

)
+

1

2

(
cos

(
2πr (j + 1)

L+ 2
− 2πr

L+ 2

)
(B49)

+ cos

(
2πr (j + 1)

L+ 2
+

2πr

L+ 2

))}
(B50)

=
1

(L+ 2)2

L∑
j=K

{L+1∑
r=1

1−
L+1∑
r=1

cos

(
2πr

L+ 2

)
−

L+1∑
r=1

cos

(
2πr (j + 1)

L+ 2

)
+

1

2

L+1∑
r=1

cos

(
2πrj

L+ 2

)
(B51)

+
1

2

L+1∑
r=1

cos

(
2πr (j + 2)

L+ 2

)}
. (B52)

At this point, we will make use of the elementary roots-of-unity identity, which is given as the following, for some q ∈ N:

L+1∑
r=0

exp

(
i
2πrq

L+ 2

)
=

{
L+ 2, q ≡ 0 (mod L+ 2) ,

0, q ̸≡ 0 (mod L+ 2) .
(B53)

Taking the real part of the above:

L+1∑
r=1

cos

(
2πrq

L+ 2

)
=

L+1∑
r=0

cos

(
2πrq

L+ 2

)
− 1 (B54)

= Re

[
L+1∑
r=0

exp

(
i
2πrq

L+ 2

)]
− 1 =

{
L+ 1, q ≡ 0 (mod L+ 2) ,

−1, q ̸≡ 0 (mod L+ 2) .
(B55)

As we can observe from Eqs. (B51) and (B52), in our case, q ∈ {1, j, j + 1, j + 2}. Also, in our case, j ∈
{K,K + 1, . . . , L}. Note that, for K ⩽ j < L, we have that for all q ∈ {1, j, j + 1, j + 2}, q ̸≡ 0 (mod L+ 2).
Thus, picking up again from Eq. (B52):

L+1∑
r=1

Ar,r =
1

(L+ 2)2

L∑
j=K

{L+1∑
r=1

1−
L+1∑
r=1

cos

(
2πr

L+ 2

)
−

L+1∑
r=1

cos

(
2πr (j + 1)

L+ 2

)
+

1

2

L+1∑
r=1

cos

(
2πrj

L+ 2

)
(B56)

+
1

2

L+1∑
r=1

cos

(
2πr (j + 2)

L+ 2

)}
(B57)

=
1

(L+ 2)2

L−1∑
j=K

{
(L+ 1)− (−1)− (−1) + 1

2
(−1) + 1

2
(−1)

}+
3

2 (L+ 2)
(B58)

=
1

(L+ 2)2

L−1∑
j=K

(L+ 2) +
3

2 (L+ 2)
=

R

L+ 2
+

3

2 (L+ 2)
=

2R+ 3

2 (L+ 2)
. (B59)
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In the above, the term 3
2(L+2) is the result of computing the final summand. The derivation proceeds as follows:

4

(L+ 2)2

L+1∑
r=1

sin2
(

πr

L+ 2

)
sin2

(
πr (L+ 1)

L+ 2

)
(B60)

=
4

(L+ 2)2

L+1∑
r=1

sin4
(

πr

L+ 2

)
(B61)

=
4

(L+ 2)2

L+1∑
r=1

(
3

8
− 1

2
cos

(
2πr

L+ 2

)
+

1

8
cos

(
4πr

L+ 2

))
(B62)

=
4

(L+ 2)2
·

{
L+1∑
r=1

3

8
− 1

2

L+1∑
r=1

cos

(
2πr

L+ 2

)
+

1

8

L+1∑
r=1

cos

(
4πr

L+ 2

)}
(B63)

=
4

(L+ 2)2

{
3

8
(L+ 1)− 1

2
(−1) + 1

8
(−1)

}
(B64)

=
4

(L+ 2)2

{
3

8
(L+ 1) +

3

8

}
=

3

2 (L+ 2)
, (B65)

where, in the first line, we have used the fact that:

sin2
(

πr

L+ 2

)
= sin2

(
πr ((L+ 2)− (L+ 1))

L+ 2

)
(B66)

= sin2
(
πr − πr (L+ 1)

L+ 2

)
(B67)

=

sin (πr)︸ ︷︷ ︸
=0

cos

(
πr (L+ 1)

L+ 2

)
− sin

(
πr (L+ 1)

L+ 2

)
cos (πr)︸ ︷︷ ︸
=(−1)r


2

(B68)

= sin2
(
πr (L+ 1)

L+ 2

)
. (B69)

Let us now turn our attention to the off-diagonal part of Eq. (B43). Recall that this is given as the following:

poff =
L+1∑
r,s=1,
r ̸=s

Ar,s ·
1

T

∫ T

0
e−i(Er−Es)tdt︸ ︷︷ ︸
=:Ir,s(T )

=
L+1∑
r,s=1,
r ̸=s

Ar,sIr,s (T ) . (B70)

Consider now that

Ir,s (T ) =
1

T

∫ T

0
e−i(Er−Es)tdt =

1

T

∫ T

0
ei(Es−Er)tdt = I∗s,r (T ) . (B71)

The above will allow us to rewrite poff in the following manner, grouping summands corresponding to the indices (r, s)
and (s, r) together:

poff =
L+1∑
r,s=1,
r ̸=s

Ar,sIr,s (T ) (B72)

=
∑

1⩽r<s⩽L+1

Ar,sIr,s (T ) +As,rIs,r (T ) (B73)
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=
∑

1⩽r<s⩽L+1

Ar,s

(
Ir,s (T ) + I∗r,s (T )

)
(B74)

=
∑

1⩽r<s⩽L+1

Ar,s · 2Re [Ir,s (T )] (B75)

=
∑

1⩽r<s⩽L+1

Ar,s · 2Re

[
1

T

∫ T

0

(
e−i(Er−Es)t

)
dt

]
(B76)

=
∑

1⩽r<s⩽L+1

2Ar,s ·
1

T

∫ T

0
Re
[
e−i(Er−Es)t

]
dt (B77)

=
∑

1⩽r<s⩽L+1

2Ar,s ·
1

T

∫ T

0
cos ((Er − Es) t) dt (B78)

=
∑

1⩽r<s⩽L+1

2Ar,s
sin ((Er − Es)T )

(Er − Es)T
. (B79)

We therefore have

pT =
2R+ 3

2 (L+ 2)
+ 2

∑
1⩽r<s⩽L+1

Ar,s
sin ((Er − Es)T )

(Er − Es)T
. (B80)

We now proceed to compute an upper-bound on |poff|.

|poff| =

∣∣∣∣∣∣2
∑

1⩽r<s⩽L+1

Ar,s
sin ((Er − Es)T )

(Er − Es)T

∣∣∣∣∣∣ ⩽ 2

T

∑
1⩽r<s⩽L+1

|Ar,s|
|Er − Es|

. (B81)

Now, let us introduce

θr :=
πr

L+ 2
, θs :=

πs

L+ 2
. (B82)

for notational simplicity. Note that we have the following:

|Er − Es| = |2 (cos θr − cos θs)| (B83)

= 4

∣∣∣∣sin(θr + θs
2

)
sin

(
θs − θr

2

)∣∣∣∣ , (B84)

as well as

|Ar,s| =

∣∣∣∣∣∣ 4

(L+ 2)2
sin θr sin θs

L∑
j=K

sin (θr (j + 1)) sin (θs (j + 1))

∣∣∣∣∣∣ (B85)

⩽
4

(L+ 2)2
|sin θr sin θs|

L∑
j=K

|sin (θr (j + 1)) sin (θs (j + 1))|︸ ︷︷ ︸
⩽1

(B86)

⩽
4 (R+ 1)

(L+ 2)2
|sin θr sin θs| . (B87)

Therefore, we have:

|Ar,s|
|Er − Es|

⩽

4(R+1)

(L+2)2
|sin θr sin θs|

4
∣∣sin ( θr+θs

2

)
sin
(
θs−θr

2

)∣∣ (B88)
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=
(R+ 1)

(L+ 2)2
·
∣∣sin (( θr+θs

2

)
−
(
θs−θr

2

))
sin
((

θr+θs
2

)
+
(
θs−θr

2

))∣∣∣∣sin ( θr+θs
2

)
sin
(
θs−θr

2

)∣∣ (B89)

=
(R+ 1)

(L+ 2)2
·
∣∣sin2 ( θr+θs

2

)
− sin2

(
θs−θr

2

)∣∣∣∣sin ( θr+θs
2

)
sin
(
θs−θr

2

)∣∣ (B90)

⩽
(R+ 1)

(L+ 2)2
·

∣∣sin2 ( θr+θs
2

)∣∣∣∣sin ( θr+θs
2

)
sin
(
θs−θr

2

)∣∣ (B91)

=
(R+ 1)

(L+ 2)2
·
∣∣sin ( θr+θs

2

)∣∣∣∣sin ( θs−θr
2

)∣∣ ⩽ (R+ 1)

(L+ 2)2
· 1∣∣sin ( θs−θr

2

)∣∣ = (R+ 1)

(L+ 2)2
· 1∣∣∣sin( π(s−r)

2(L+2)

)∣∣∣ . (B92)

Since 1 ⩽ s− r ⩽ L, we have that:

0 <
π

2 (L+ 2)
⩽
π (s− r)
2 (L+ 2)

⩽
L

(L+ 2)
· π
2
<
π

2
, (B93)

allowing us to use Jordan’s inequality, as follows:

|Ar,s|
|Er − Es|

⩽
(R+ 1)

(L+ 2)2
· 1∣∣∣sin( π(s−r)

2(L+2)

)∣∣∣ ⩽ R+ 1

(L+ 2) (s− r)
. (B94)

Going back to poff, we have:

|poff| ⩽
2

T

∑
1⩽r<s⩽L+1

R+ 1

(L+ 2) (s− r)
=

2 (R+ 1)

T (L+ 2)

∑
1⩽r<s⩽L+1

1

s− r︸ ︷︷ ︸
=:k

(B95)

=
2 (R+ 1)

T (L+ 2)

L∑
k=1

L+ 1− k
k

=
2 (R+ 1)

T (L+ 2)

(
L∑

k=1

L+ 1

k
−

L∑
k=1

1

)
(B96)

=
2 (R+ 1)

T (L+ 2)
((L+ 1)HL − L) ⩽

2 (R+ 1)

T (L+ 2)
((L+ 1) (1 + logL)− L) = 2 (R+ 1)

T (L+ 2)
(1 + (L+ 1) logL) ,

(B97)

where, in the fourth equality, HL denotes the Lth harmonic number, and in the inequality that follows, we have used the
elementary bound on harmonic numbers: HL ⩽ 1 + logL. Now, recall that pT ⩾ pdiag − |poff|, from which we get the
following:

pT = pdiag + poff (B98)

⩾ pdiag − |poff| (B99)

⩾
2R+ 3

2 (L+ 2)
− 2 (R+ 1)

T (L+ 2)
(1 + (L+ 1) logL) (B100)

= 1− 2 (L+ 2)− 2R− 3

2 (L+ 2)
− 2 (R+ 1)

T (L+ 2)
(1 + (L+ 1) logL) (B101)

= 1− 2K + 1

2 (L+ 2)
− 2 (R+ 1)

T (L+ 2)
(1 + (L+ 1) logL) . (B102)

We would like pT ⩾ 1− δ, for some failure probability δ > 0. Let us now require:

2K + 1

2 (L+ 2)
⩽
δ

2
=⇒ L+ 2 ⩾

2K + 1

δ
=⇒ R ⩾

⌈
2K + 1

δ
−K − 2

⌉
. (B103)
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Finally,

2 (R+ 1)

T (L+ 2)
(1 + (L+ 1) logL) ⩽

δ

2
=⇒ T ⩾

4 (R+ 1)

δ (L+ 2)
(1 + (L+ 1) logL) . (B104)

That is, in order to have pT ⩾ 1− δ, it is sufficient for the number of padded identity gates and length of time-averaging
to scale as:

R ∈ O
(
K

δ

)
, (B105)

T ∈ O
(
K

δ2
log

(
K

δ

))
. (B106)

This completes the proof.

Throughout this subsection, we have written the “done” projector in the following form:

Πdone =
L∑

j=K

|j⟩⟨j|. (B107)

However, note that we use a unary encoding to represent the clock states; in particular, we write |j⟩clock = |1j0L−j⟩,
where j = 0, 1, . . . , L. This leads to the K th qubit in the clock region to be equal to 1 precisely when j ⩾ K. Hence,
with this convention in mind, the done projector may be written as the following:

Πdone =

L∑
j=K

|j⟩⟨j| ≡ |1⟩⟨1|K , (B108)

and I − Πdone ≡ |0⟩⟨0|K . Intuitively, we may thus think of the completed-clock information as being accessible by the
following single-qubit Pauli Z operator acting on the K th clock qubit:

−Zclock
K = −|0⟩⟨0|K + |1⟩⟨1|K , (B109)

such that the +1-eigenstates of the above operator are given by clock states in the region corresponding to j ⩾ K, and
the −1-eigenstates by those lying in the region where j < K. Our choice of observable for which we will show classical
hardness will thus be given by the following two-body operator:

Q := Zwork
1 ⊗

(
−Zclock

K

)
= Zwork

1 ⊗ (−|0⟩⟨0|K) + Zwork
1 ⊗ |1⟩⟨1|K (B110)

= Zwork
1 ⊗Πdone − Zdone

1 ⊗ (I −Πdone) , (B111)

where the operator Zwork
1 = Z ⊗ I ⊗ . . . ⊗ I is acting on the first qubit of the fully simulated circuit (i.e., right before

padding with identities). When convenient, we will drop the superscripts denoting which subspace the tensored operators
belong to.

Remark. Note that the observable Q above is indeed in the set of operators (Qa)a∈[M ] used for Hamiltonian learning
(see Subsection III C 1). Indeed, for this to be the case, we need Q to be of the form Qa = i[Pa, Ea] = 2iPaEa for Pa a
single-qubit Pauli operator that anti-commutes with a Pauli Ea appearing in the decomposition of our Hamiltonian. For
that, we make use of a Pauli from the transition term

|1, 1, 0⟩ ⟨1, 0, 0|clock
K′,K′+1,K′+2 ⊗ U

′ work
K′+1, (B112)

which corresponds to the first transition in the idling phase. U ′work
K′+1 is assumed to act on the first qubit of the fully

simulated circuit and to be freely defined in our Hamiltonian family (but effectively set to identity). This allows us to use
Ea = IXIclock

mK,mK+1,mK+2 ⊗ Zwork
1 and simply choose the associated single-qubit Pa = IY Iclock

mD,mK+1,mK+2 ⊗ Iwork

such that O = Qa = 2iPaEa = 2 IZIclock
mK,mK+1,mK+2 ⊗ Zwork

1 . The factor −2 is irrelevant.
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3. Classical hardness of learning

Theorem 3 (Classical hardness of learning, formal). For any (Promise)BQP-complete language, there exists a Hamiltonian
family HBQP specifying a concept class CHBQP

Uenc,T
as per Def. 6 and a family of input distributions following the specification

of Def. 7 such that no randomized polynomial-time classical algorithm Ac satisfies the PAC-learning condition of Def. 8
for this concept class, even when restricted to a constant learning error ε < 1/48, unless BQP ⊆ P/poly.

Proof. We consider Q as defined in Eq. (B110), and begin by computing the expectation value of this observable
evaluated on the time-evolved history state |Ψz (t)⟩.

q (z, t) := Tr [Q|Ψz (t)⟩⟨Ψz (t)|] (B113)
= Tr [(Z1 ⊗ (−ZK)) |Ψz (t)⟩⟨Ψz (t)|] (B114)

= Tr

(Z1 ⊗ (−ZK))

L∑
j=0

L∑
k=0

αj (t)α
∗
k (t) |ηj (z)⟩⟨ηk (z)|

 (B115)

=

L∑
j=0

L∑
k=0

αj (t)α
∗
k (t) Tr [(Z1 ⊗ (−ZK)) (|ψj (z)⟩⟨ψk (z)| ⊗ |j⟩⟨k|)] (B116)

=
L∑

j=0

L∑
k=0

αj (t)α
∗
k (t) Tr [Z1|ψj (z)⟩⟨ψk (z)|] Tr [(−ZK) |j⟩⟨k|] (B117)

=

L∑
j=0

L∑
k=0

αj (t)α
∗
k (t) ⟨ψk (z)|Z1|ψj (z)⟩⟨k| (−ZK) |j⟩︸ ︷︷ ︸

sjδj,k

, (B118)

where we set

sj :=

{
+1, if j ⩾ K,

−1, if j < K.
(B119)

We resume our computation of q (z, t):

q (z, t) =

L∑
j=0

sj |αj (t)|2 ⟨ψj (z)|Z1|ψj (z)⟩ (B120)

=
L∑

j=K

|αj (t)|2 ⟨ψj (z)|Z1|ψj (z)⟩ −
K−1∑
j=0

|αj (t)|2⟨ψj (z)|Z1|ψj (z)⟩ (B121)

= ⟨ψK (z)|Z1|ψK (z)⟩︸ ︷︷ ︸
=:m(z)

L∑
j=K

|αj (t)|2︸ ︷︷ ︸
=:pdone(t)

−
K−1∑
j=0

|αj (t)|2⟨ψj (z)|Z1|ψj (z)⟩︸ ︷︷ ︸
=:r(z,t)

(B122)

= m (z) pdone (t)− r (z, t) , (B123)

where we denote by r (z, t) a “garbage” term, corresponding to stages of the computation where j < K and therefore not
necessarily encoding the answer of the BQP computation. We note that:

|r (z, t)| =

∣∣∣∣∣∣
K−1∑
j=0

|αj (t)|2⟨ψj (z)|Z1|ψj (z)⟩

∣∣∣∣∣∣ (B124)

⩽
K−1∑
j=0

|αj (t)|2 |⟨ψj (z)|Z1|ψj (z)⟩| (B125)
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⩽
K−1∑
j=0

|αj (t)|2 = 1− pdone (t) . (B126)

Now, consider:

q (z) :=
1

T

∫ T

0
q (z, t) dt =

1

T

∫ T

0
(m (z) pdone (t)− r (z, t)) dt (B127)

= m (z) · 1
T

∫ T

0
pdone (t) dt︸ ︷︷ ︸
pT

− 1

T

∫ T

0
r (z, t) dt︸ ︷︷ ︸

=:r(z)

= m (z) pT − r (z) . (B128)

Let us note that:

|r (z)| =
∣∣∣∣ 1T
∫ T

0
r (z, t) dt

∣∣∣∣ ⩽ 1

T

∫ T

0
|r (z, t)|dt ⩽ 1

T

∫ T

0
(1− pdone (t)) dt = 1− pT . (B129)

Thus, for some δ′ > 0, if by Lemma 4 we have that pT ⩾ 1 − δ′, we also have that |r (z)| ⩽ δ′. Now, consider the
following:

|q (z)−m (z)| = |m (z) pT − r (z)−m (z)| (B130)
= |m (z) (pT − 1)− r (z)| (B131)

⩽ |m (z)| |1− pT |+ |r (z)| ⩽ δ′ + δ′ = 2δ′. (B132)

Now, for γ > 0, assume that the underlying circuit UBQP decides a language L such that, for z ∈ {0, 1}m, we have

z ∈ L =⇒ m (z) ⩽ −γ =⇒ q (z) ⩽ −
(
γ − 2δ′

)
, (B133)

and z ̸∈ L =⇒ m (z) ⩾ γ =⇒ q (z) ⩾ γ − 2δ′. (B134)

We now show that an efficient learner for the concept class CHBQP

Uenc,T
would imply an efficient learner for q under an arbitrary

distribution on z. Fix any distribution µ over {0, 1}m. By the definition of the family of input distributions {Di}i (Def. 7),
we can consider a distribution Dµ over x = (x1, z, x[m+2,p(n)]) ∈ {0, 1}p(n) and t ∈ [0, T ] such that:

• t is uniformly distributed over [0, T ];

• x1 is uniform in {0, 1};

• conditioned on x1 = 1, the bits z = x2 · · ·xm+1 are distributed according to µ, and the remaining bits
xm+2, . . . , xp(n) are deterministically set to 0;

• conditioned on x1 = 0, the remaining bits are distributed uniformly in {0, 1}p(n)−1.

Let cλBQP
(x, t) be the target concept and, in particular,(

cλBQP
((1, z,0) , t)

)
i⋆
= q (z, t) (B135)

be the distinguished component whose output equals the expectation value of the time-evolved history state on the
observable Q. If our PAC-learning condition is met, there exists a learner that succeeds for the target concept cλBQP

under
any such distribution Dµ. Assume, towards contradiction, that CHBQP

Uenc,T
is efficiently learnable for an accuracy parameter

ε to be defined later, and an arbitrary confidence parameter δ > 0. Then, there is a randomized polynomial-time learner
which, given training data generated from cλBQP

under Dµ, outputs, with probability at least 1 − δ, a hypothesis h(x, t)
satisfying

E
(x,t)∼Dµ

[
∥cλBQP

(x, t)− h(x, t)∥∞
]
⩽ ε. (B136)
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Now, consider that:

E
(x,t)∼Dµ

[∣∣(h (x, t))i⋆ − (cλBQP
(x, t)

)
i⋆

∣∣] ⩽ E
(x,t)∼Dµ

[
∥cλBQP

(x, t)− h(x, t)∥∞
]
⩽ ε. (B137)

Restricting the above expectation to the event x1 = 1, we have the following:

E
z∼µ,

t∼Unif([0,T ])

[|(h ((1, z,0) , t))i⋆ − q (z, t)|] · Pr [x1 = 1] ⩽ ε (B138)

=⇒ E
z∼µ,

t∼Unif([0,T ])

[|(h ((1, z,0) , t))i⋆ − q (z, t)|] ⩽ 2ε. (B139)

Let us define the time-averaged hypothesis as

h (z) := E
t∼Unif([0,T ])

[(h ((1, z,0) , t))i⋆ ] =
1

T

∫ T

0
(h ((1, z,0) , t))i⋆ dt. (B140)

Recall also that we had defined

q (z) =
1

T

∫ T

0
q (z, t) dt = E

t∼Unif([0,T ])
[q (z, t)] . (B141)

Now, consider the following:

E
z∼µ

[∣∣h (z)− q (z)∣∣] ⩽ E
z∼µ

[∣∣∣∣ 1T
∫ T

0
[(h ((1, z,0) , t))i⋆ − q (z, t)] dt

∣∣∣∣] (B142)

⩽ E
z∼µ

[
1

T

∫ T

0
|(h ((1, z,0) , t))i⋆ − q (z, t)| dt

]
(B143)

= E
z∼µ,

t∼Unif([0,T ])

[|(h ((1, z,0) , t))i⋆ − q (z, t)|] ⩽ 2ε. (B144)

Let us choose δ′ = γ/4, so that we have γ − 2δ′ = γ/2. Further, let ε < γ/16. This leads to:

E
z∼µ

[∣∣h (z)− q (z)∣∣] ⩽ 2ε ⩽
γ

8
. (B145)

Now, for the particular choice of δ′ = γ/4, we recall that the time-averaged distinguished component q (z) has a margin
of at least γ/2 around zero. That is,

z ∈ L =⇒ q (z) ⩽ −γ/2, (B146)
and z /∈ L =⇒ q (z) ⩾ γ/2. (B147)

Therefore, if the sign of h (z) differs from the sign of q (z), then we have∣∣h (z)− q (z)∣∣ ⩽ γ

2
. (B148)

From the above, we may conclude the following:

Pr
z∼µ

[
sign

(
h (z)

)
̸= sign (q (z))

]
⩽ Pr

z∼µ

[∣∣h (z)− q (z)∣∣ ⩾ γ

2

]
(B149)

⩽
E

z∼µ

[∣∣h (z)− q (z)∣∣]
γ/2

(B150)

⩽
γ/8

γ/2
=

1

4
<

1

2
, (B151)
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where the second inequality follows from an application of Markov’s inequality. Since the sign of q (z) encodes
membership of z in L, thresholding h (z) at zero gives a Boolean classifier with error at most 1/4 under the arbitrary
distribution µ. The assumed learner thus yields a distribution-free weak learner for L with constant error 1/4. Taking
the usual BQP gap of γ = 1/3 and choosing δ′ = γ/4 = 1/12, we finally get ε < 1/48, yielding a classification error
of at most 1/4. At this point, we invoke the standard consequence of Schapire’s theorem: if a Boolean concept class
is weakly learnable under arbitrary distributions, then it is strongly learnable [93]. On the other hand, if it is strongly
learnable in randomized polynomial time, then for each input length there exists a polynomial-size circuit computing the
target function exactly, i.e., the concept class lies in P/poly. Applying this to the language L, we conclude that

L ∈ P/poly. (B152)

Since L has been chosen to be (Promise) BQP-complete, this implies

BQP ⊆ P/poly, (B153)

contradicting the assumption. Therefore, no randomized polynomial-time classical algorithm can satisfy the PAC-
learning condition for the concept class CHBQP

Uenc,T
, unless BQP ⊆ P/poly.

Remark. To put this result in perspective, we note that the trivial learning performance in this task is obtained for a
hypothesis h(x, t) = (0)i∈[M ′], ∀x, t, which achieves ε = 1. The proof above shows hardness for ε < 1/48. Pushing the
constants to their limits, namely, by taking the BQP acceptance threshold to be γ = 1−1/poly(n), the failure probability
of Hamiltonian simulation to be δ′ = 1−1/poly(n), and by considering a non-uniform distribution over x1 (we only need
to have probability weight 1/poly(n) over x1 = 0 and over short times t ∈ [0, t∗] in order to get quantum learnability)
as to get Pr[x1 = 1] = 1 − 1/poly(n), we can easily bring the hardness threshold to ε = 1/2 − 1/poly(n). The only
unavoidable factor of 1/2 originates from the advantage requirement for boosting in Eq. (B151).

Appendix C: Quantum learnability

In this appendix, we supply technical details related to the proof of quantum learnability of the concept class defined
in Def. 6. First, in Subsection C 1, we provide a few technical definitions relevant to the analysis of quantum learnability.
Then, following the main ideas explicated in Section V, we show a tail bound on O

(
t2
)

terms of Fa,t, which may be
found in Lemma 7 of Subsection C 2. In Lemma 8 of Subsection C 3, we then determine how errors on Hamiltonian
coefficients propagate to expectation values of time-evolved states, so as to obtain the necessary training precision for
ε-accurate inference accuracy. In Subsection C 4, we provide bounds on the ideal estimator F̃a,t∗ (Lemma 9), followed
by a thorough analysis of the sample complexity of PAC-learning our main concept class (Lemmas 10, 11, and 12). We
conclude by formally restating our quantum learnability result in Theorem 5, where we also provide the time complexity
of our quantum learning algorithm.

1. Additional definitions

We begin this subsection with the definition of a commutator and the Hadamard formula.

Definition 10 (Commutator). Given operators A,B ∈ CD×D, the commutator of A and B is defined as [A,B] :=
AB −BA. The k-fold nested commutator of A and B is given by [A,B]k, which is defined recursively as

[A,B]k :=

{
B, k = 0,

A [A,B]k−1 − [A,B]k−1A, k ⩾ 1.
(C1)

That is, [A,B]k = [A, [A, . . . , [A︸ ︷︷ ︸
k times

, B] . . .]].

Lemma 5 (Hadamard formula). For A,B ∈ CD×D, it holds that

e−iABeiA =

∞∑
k=0

(−i)k

k!
[A,B]k . (C2)
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The usefulness of Def. 10 and Lemma 5 will become readily apparent, since our analysis of quantum learnability will
involve manipulating and expanding time-evolved operators of the form shown on the L.H.S. of Eq. (C2). However, our
calculations will involve nested commutators that are more general than [A,B]k, such as [M1, [M2, [. . . , [Mℓ−1,Mℓ] . . .]]],
which are nested commutators constructed using more than two operators. In particular, we will be interested in scenarios
when such quantities are non-zero. This leads us to the definition of a cluster.

Definition 11 (Cluster, Definition 2.17, [97]). Let M1,M2, . . . ,Mℓ ∈ CD×D. We say that the ordered ℓ-tuple
(M1,M2, . . . ,Mℓ) forms a cluster if, for all a ∈ [ℓ− 1], supp (Ma+1)∩(supp (M1) ∪ supp (M2) ∪ . . . ∪ supp (Ma)) ̸=
∅.

To see the motivation behind Def. 11, note that the quantity [M1, [M2, [. . . , [Mℓ−1,Mℓ] . . .]]] is non-zero only when
supp (Mℓ−1) ∩ supp (Mℓ) ̸= ∅, supp (Mℓ−2) overlaps with supp (Mℓ−1) ∪ supp (Mℓ), and so on. This is exactly
the condition imposed by Def. 11. The final technical ingredient we will require is a cluster-counting lemma that has
originally been shown in Ref. [97], which we restate below for completeness:

Lemma 6 (Counting clusters, Item (b) of Lemma 2.18, [97]). Let E ⊂ P be a set of Pauli operators, where P is the set
of n-qubit Pauli strings of the form P1⊗ . . .⊗Pn, where each Pi ∈ {I,X, Y, Z}. Let every P ∈ E satisfy |supp (P )| ⩽ K
and let the dual-interaction graph associated with E have maximum degree d. LetH1, H2, . . . ,Hℓ be linear combinations
of elements in E , such that Hi :=

∑
P∈E λi,PP , for all i ∈ [ℓ]. Let also A ∈ E . Then, we may write

[H1, [H2, [. . . , [Hℓ, A] . . .]]] = 2ℓ
∑

P1,P2,...,Pℓ∈E,
(A,P1, . . . , Pℓ) is a cluster.

cP1,P2,...,Pℓ
QP1,P2,...,Pℓ

ℓ∏
j=1

λj,Pj , (C3)

where cP1,P2,...,Pℓ
∈ {0,±1,±i} and QP1,P2,...,Pℓ

are certain Pauli operators. Also, the number of terms constituting the
sum in Eq. (C3) is given by ℓ! (d+ 1)ℓ.

2. Tail bound

Lemma 7 (Tail bound for higher-order terms of Fa,t). Let H =
∑

a∈[M ] λaEa be an n-qubit Hamiltonian as defined in
Def. 4. Let U := e−iHt, for t > 0. For each a ∈ [M ], let Pa be any single-qubit Pauli that anti-commutes with Ea and
Qa = i [Pa, Ea] = 2iPaEa. Then, define

Fa,t :=
1

D
Tr
[
QaUPaU

†
]
. (C4)

Then, it holds true that

|Fa,t − 4tλa| ⩽
8t2 (d+ 1)2

1− 2t (d+ 1)
, (C5)

where d is the degree of G, the dual-interaction graph of H , provided that 2t (d+ 1) < 1.

Proof. Consider

UPaU
† = e−iHtPae

iHt (C6)

=
∞∑
k=0

(−it)k

k!
[H,Pa]k

=

∞∑
k=0

(−it)k

k!

∑
a1,a2,...,ak∈[M ] :

∀j∈[k],supp(Eaj )∩(
⋃k

i=j+1 supp(Eai)∪supp(A))̸=∅

[Ea1 , [Ea2 , [. . . , [Eak , Pa] . . .]]]︸ ︷︷ ︸
=:Ca1,a2,...,ak

λa1λa2 . . . λak
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=
∞∑
k=0

tkqk (λ1, λ2, . . . , λM ) ,

where, in the final equality, according to the notation of Ref. [36], qk (λ1, λ2, . . . , λM ) is a degree-k, homogeneous,
matrix-valued polynomial in the Hamiltonian coefficients

(
λa
)
a∈[M ]

. Also, note that, in the penultimate equality, the
interior sum is being taken over clusters of the form (Ea1 , Ea2 , . . . , Eak , Pa), which is to ensure that the summands are
non-zero. This condition is exactly the same as requiring that the (k + 1)-tuple (Ea1 , Ea2 , . . . , Eak , Pa) is a cluster as in
Def. 11. Now, consider

∥qk (λ1, λ2, . . . , λM )∥∞ =

∥∥∥∥∥∥∥∥∥∥
(−i)k

k!

∑
a1,a2,...,ak∈[M ] :

∀j∈[k],supp(Eaj )∩(
⋃k

i=j+1 supp(Eai)∪supp(Pa))̸=∅

Ca1,a2,...,akλa1λa2 . . . λak

∥∥∥∥∥∥∥∥∥∥
∞

⩽
1

k!

∑
a1,a2,...,ak∈[M ] :

∀j∈[k],supp(Eaj )∩(
⋃k

i=j+1 supp(Eai)∪supp(Pa))̸=∅

∥Ca1,a2,...,ak∥∞︸ ︷︷ ︸
⩽2k

|λa1λa2 . . . λak |︸ ︷︷ ︸
⩽1

⩽
2k

k!
k! (d+ 1)k = (2 (d+ 1))k ,

where the bound on Ca1,a2,...,ak follows from iterative use of the trivial commutator bound

∥Ca1,a2,...,ak∥∞ = ∥[Ea1 , [Ea2 , [. . . , [Eak , Pa] . . .]]]∥∞ (C7)

⩽ 2k
( k∏

i=1

∥Eai∥∞︸ ︷︷ ︸
⩽1

)
∥Pa∥∞︸ ︷︷ ︸

⩽1

⩽ 2k,

and the inequality in the third line follows from Lemma 6, which counts the number of monomials (or, equivalently, the
number of clusters over which the sum is taken) contained in the summation form of [H,P ]k. Now, consider

Fa,t =
1

D
Tr
[
QaUPaU

†
]

(C8)

=
1

D
Tr

[
Qa

∞∑
k=0

(−it)k

k!
[H,Pa]k

]

=
1

D

∞∑
k=0

(−it)k

k!
Tr [Qa [H,Pa]k]

=
1

D

(
Tr [QaPa]︸ ︷︷ ︸

=0

− itTr [Qa [H,Pa]]

)
+

1

D
Tr

[
Qa

∞∑
k=2

(−it)k

k!
[H,Pa]k

]
︸ ︷︷ ︸

O(t2)

=
1

D

−itTr
Qa

 ∑
b∈[M ]

λbEb, Pa

+O
(
t2
)

=
−it
D

∑
b∈[M ]

λbTr [Qa [Eb, Pa]] +O
(
t2
)

=
−it
D

∑
b∈[M ]

λbTr [2iPaEa (EbPa − PaEb)] +O
(
t2
)
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=
2t

D

∑
b∈[M ]

λbTr [PaEa (EbPa − PaEb)] +O
(
t2
)

=
2t

D

∑
b∈[M ]

λb (Tr [PaEaEbPa]− Tr [PaEaPaEb]) +O
(
t2
)

=
2t

D

∑
b∈[M ]

λb
(
Tr
[
P 2
aEaEb

]
+Tr

[
EaP

2
aEb

])
+O

(
t2
)

=
4t

D

∑
b∈[M ]

λbTr [EaEb] +O
(
t2
)
=

4t

D
· λaTr

[
E2

a

]
+O

(
t2
)
= 4tλa +O

(
t2
)
,

where, in the fifth equality, we have simply plugged in the definition of H , in the seventh equality, we have used the
definition of Qa, and the tenth equality follows from the cyclicity of the trace and the fact that PaEa = −EaPa. From
the above, we have

|Fa − 4tλa| ⩽

∣∣∣∣∣ 1D Tr

[
Qa

∞∑
k=2

(−it)k

k!
[H,Pa]k

]∣∣∣∣∣ (C9)

⩽
1

D

∞∑
k=2

tk

∣∣∣∣∣∣∣∣Tr
Qa

(−i)k

k!
[H,Pa]k︸ ︷︷ ︸

qk(λ1,λ2,...,λM )


∣∣∣∣∣∣∣∣

=
1

D

∞∑
k=2

tk |Tr [Qaqk (λ1, λ2, . . . , λM )]|

⩽
1

D

∞∑
k=2

tk∥Qa∥∞︸ ︷︷ ︸
=2

∥qk (λ1, λ2, . . . , λM )∥1

⩽
2

D

∞∑
k=2

tk ·D ∥qk (λ1, λ2, . . . , λM )∥∞

⩽ 2
∞∑
k=2

(2t (d+ 1))k

= 2

(
1

1− 2t (d+ 1)
− 1− 2t (d+ 1)

)
= 2

(
1− (1− 2t (d+ 1)) (1 + 2t (d+ 1))

1− 2t (d+ 1)

)

= 2

1−
(
1− (2t (d+ 1))2

)
1− 2t (d+ 1)

 =
8t2 (d+ 1)2

1− 2t (d+ 1)
.

The second equality holds when 2t (d+ 1) < 1.

3. Hamiltonian learning precision required for the continuous-parameter case

Lemma 8 (Error propagation from Hamiltonian coefficients to time-evolved expectation values). LetH (λ) :=
∑

a∈[M ] λaEa

and H (λ′) :=
∑

a∈[M ] λ
′
aEa be Hamiltonians defined on n qubits, where λ := (λa)a∈[M ] and λ′ := (λ′a)a∈[M ]. Also,

let ∥λ− λ′∥ℓ∞ := maxa∈[M ] |λa − λ′a| ⩽ ε, for some ε > 0. Define ρ (λ) := e−iH(λ)tρ0e
iH(λ)t and ρ (λ′) :=

e−iH(λ′)tρ0e
iH(λ′)t, where ρ0 ∈ C2n×2n is an arbitrary initial state. Then:∣∣⟨O⟩ρ(λ) − ⟨O⟩ρ(λ′)

∣∣ ⩽ 2 ∥O∥∞M |t| ε, (C10)
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where O ∈ Herm (2n) is an observable.

Proof. For notational convenience, we will denote H (λ) and H (λ′) by H and H ′ respectively, and ρ (λ) and ρ (λ′) by
ρ and ρ′ respectively. Recall now that, for some parametrized operator A (t), by Duhamel’s formula for derivatives of
matrix exponentials [110], we have

∂te
A(t) =

∫ 1

0
esA(t)∂tA (t) e(1−s)A(t)ds. (C11)

Now, for s ∈ [0, 1], define

H (s) := H ′ + s
(
H −H ′) , (C12)

so that H (0) = H ′ and H (1) = H . Now, consider

e−iHt − e−iH′t =

∫ 1

0
∂se

−iH(s)tds (C13)

= −it
∫ 1

0

∫ 1

0
e−is′H(s)t∂sH (s) e(1−s′)(−iH(s)t)dsds′

= −it
∫ 1

0

∫ 1

0
e−is′H(s)t

(
H −H ′) e(1−s′)(−iH(s)t)dsds′,

where the first equality follows from the fundamental theorem of calculus, the second equality follows from an application
of Duhamel’s formula, and, in the third equality, we have made use of the fact that ∂sH (s) = H −H ′. Taking the norm
of both sides, we get:∥∥∥e−iHt − e−iH′t

∥∥∥
∞

⩽ |t|
∫ 1

0

∫ 1

0

∥∥∥e−is′H(s)t
∥∥∥
∞︸ ︷︷ ︸

=1

∥∥H −H ′∥∥
∞

∥∥∥e(1−s′)(−iH(s)t)
∥∥∥
∞︸ ︷︷ ︸

=1

dsds′ (C14)

⩽ |t|
∥∥H −H ′∥∥

∞ . (C15)

Let U := e−iHt and U ′ := e−iH′t. We bound the trace norm between ρ and ρ′ as∥∥ρ− ρ′∥∥
1
=
∥∥∥Uρ0U † − U ′ρ0U

′†
∥∥∥
1

(C16)

=
∥∥∥Uρ0U † + U ′ρ0U

† − U ′ρ0U
† − U ′ρ0U

′†
∥∥∥
1

⩽
∥∥∥(U − U ′) ρ0U †

∥∥∥
1
+
∥∥∥U ′ρ0

(
U † − U ′†

)∥∥∥
1

⩽
∥∥U − U ′∥∥

∞ +
∥∥∥U † − U ′†

∥∥∥
∞

⩽ 2 |t|
∥∥H −H ′∥∥

∞ ⩽ 2tε
∑

a∈[M ]

∥Ea∥∞ = 2tMε.

Finally, for some observable O, we find∣∣⟨O⟩ρ − ⟨O⟩ρ′∣∣ ⩽ ∥O∥∞ ∥∥ρ− ρ′∥∥1 ⩽ 2 ∥O∥∞ tMε, (C17)

which is exactly the advertised bound.
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4. Sample and time complexity analysis for quantum learning algorithm

Lemma 9 (Bounds on time-averaged integral). Let Fa,t be as defined in Eq. (C4), Lemma 7. For t∗ > 0, define the
time-averaged integral

F̃a,t∗ :=
1

t∗

∫ t∗

0
Fa,tdt. (C18)

Then, for ε > 0, we find ∣∣∣∣∣ F̃a,t∗

2t∗
− λa

∣∣∣∣∣ ⩽ 2t∗ (d+ 1)2

1− 2 (d+ 1) t∗
, (C19)

where d is the maximum degree of the dual-interaction graph G of H .

Proof. Consider that

F̃a,t∗ :=
1

t∗

∫ t∗

0
Fa,t dt (C20)

⩽
1

t∗

∫ t∗

0
4λat+

8t2 (d+ 1)2

1− 2t (d+ 1)
dt

= 2λat
∗ +

2

t∗

∫ t∗

0

1−
(
1− 4t2 (d+ 1)2

)
1− 2t (d+ 1)

dt

= 2λat
∗ +

2

t∗

∫ t∗

0

1− (1− 2t (d+ 1)) (1 + 2t (d+ 1))

1− 2t (d+ 1)
dt

= 2λat
∗ +

2

t∗

∫ t∗

0

1

1− 2t (d+ 1)
dt− 2

t∗

∫ t∗

0
1 + 2t (d+ 1) dt

= 2λat
∗ − 2

t∗
· 1

2 (d+ 1)

∫ 1−2t∗(d+1)

1

1

u
du− 2

t∗

(
t∗ + 2 (d+ 1) · t

∗2

2

)
= 2λat

∗ − ln |1− 2t∗ (d+ 1)|
t∗ (d+ 1)

− 2− 2 (d+ 1) t∗.

The above implies ∣∣∣∣∣ F̃a,t

2t∗
− λa

∣∣∣∣∣ ⩽ 1

2t∗

(
− ln |1− 2t∗ (d+ 1)|

t∗ (d+ 1)
− 2− 2 (d+ 1) t∗

)
. (C21)

For ease of symbolic manipulation, let us define a← (d+ 1) and x← 2at∗. Now, consider that

ln (1− x) = −
∞∑
n=1

xn

n
=⇒ − ln (1− x)

x
− 1− x

2
=

∞∑
n=2

xn

n+ 1
⩽

1

2

∞∑
n=2

xn =
x2

2 (1− x)
. (C22)

From the above, we have

2a

x

(
− ln (1− x)

x
− 1− x

2

)
⩽

ax

(1− x)
=

(d+ 1) · 2at∗

1− 2at∗
=

2t∗ (d+ 1)2

1− 2 (d+ 1) t∗
. (C23)

That is, ∣∣∣∣∣ F̃a,t∗

2t∗
− λa

∣∣∣∣∣ ⩽ 2t∗ (d+ 1)2

1− 2 (d+ 1) t∗
. (C24)

This completes the proof.
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Theorem 4 (Hoeffding’s inequality). Let Y1, Y2, . . . , YN be N independent samples of some random variable Y that is
bounded in the interval [a, b] and with mean µ := E [Y ]. Let Y N be the sample mean

Y N :=
1

N

N∑
i=1

Yi. (C25)

Then, for all precision and confidence parameters ε, δ > 0,

Pr
[∣∣Y N − µ

∣∣ ⩽ ε
]
⩾ 1− δ (C26)

holds true, provided that the number of samples T ⩾ M2

2ε2
ln
(
2
δ

)
, where M := b− a.

Lemma 10 (Short-time sample complexity analysis). Let

B(j)
a = Tr

[
Qae

−iHt(j)

(
n⊗

i=1

∣∣s(j)i

〉〈
s
(j)
i

∣∣) eiHt(j)

]
(C27)

be the ath component of the jth label in the training dataset. Furthermore, for each a ∈ [M ], let

C(j)
a := 1

[
Pa

∣∣s(j)i

〉
= +

∣∣s(j)i

〉]
B(j)

a (C28)

and let F̂a,t∗ := 1
Nt∗

∑Nt∗
j=1 6C

(j)
a be an empirical average over training samples whose times belong to the short-

time interval [0, t∗], where we use Nt∗ to denote the number of such training samples. Let λ̂ :=
(
λ̂a
)
a∈[M ]

:=(
F̂a,t∗/2t

∗
)
a∈[m]

be the vector of coefficients that are obtained as the output of Algorithm 1. Then, for a desired

precision ε > 0, some confidence parameter δ > 0, and a given observable O, we have
∣∣∣∣⟨O⟩ρ(λ,t) − ⟨O⟩ρ(λ̂,t)

∣∣∣∣ ⩽ ε

provided that

t∗ ∈ O

(
ε

MT ∥O∥∞ (d+ 1)2

)
, (C29)

and Nt∗ ∈ O

(
M4T 4 ∥O∥2∞ (d+ 1)4

ε4
log

(
M

δ

))
, (C30)

with probability at least 1− δ.

Proof. Consider the error decomposition

∣∣∣λ̂a − λa∣∣∣ =
∣∣∣∣∣ F̂a,t∗

2t∗
− λa

∣∣∣∣∣ =
∣∣∣∣∣ F̂a,t∗

2t∗
− F̃a,t∗

2t∗
+
F̃a,t∗

2t∗
− λa

∣∣∣∣∣ ⩽
∣∣∣∣∣ F̂a,t∗

2t∗
− F̃a,t∗

2t∗

∣∣∣∣∣+
∣∣∣∣∣ F̃a,t∗

2t∗
− λa

∣∣∣∣∣ . (C31)

Note that we have already bounded the second term by means of Lemma 9. We bound the first term as∣∣∣∣∣ F̂a,t∗

2t∗
− F̃a,t∗

2t∗

∣∣∣∣∣ ⩽ 1

2t∗

∣∣∣∣∣∣ 1

Nt∗

Nt∗∑
j=1

6C(j)
a −

1

t∗

∫ t∗

0
Fa,tdt

∣∣∣∣∣∣ (C32)

=
1

2t∗

∣∣∣∣∣∣ 1

Nt∗

Nt∗∑
j=1

6C(j)
a − E

s,t

[
6Ca (s, t)

∣∣t ∈ [0, t∗]
]∣∣∣∣∣∣ ,
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where 6C
(j)
a are i.i.d. samples of the random variable Ca (s, t), which is defined as

Ca (s, t) :=

{
Ba (s, t) , if Pa|si⟩ = +|si⟩, supp (Pa) = {i},
0, otherwise.

(C33)

where Ba (s, t) = Tr

[
Qae

−iHt

(
n⊗

i=1

∣∣si〉〈si∣∣) eiHt

]
, (C34)

with (s, t)
i.i.d.∼ Unif ({0, 1,+,−, i+, i−}n × [0, T ]), where T ∈ O (poly (n)). We are able to replace the time-averaged

integral by the expectation value of 6Ca (s, t) conditioned on t belonging to the short-time window [0, t∗], where the
expectation is taken over s and t, because of the following:

E
s,t

[
6Ca (s, t)

∣∣ t ∈ [0, t∗]
]

(C35)

= E
t

[
E
s

[
6Ca (s, t)

∣∣t] ∣∣ t ∈ [0, t∗]
]

(C36)

= E
t

[
6 E

s
[1 [Pa|si⟩ = +|si⟩]Ba (s, t) |t] | t ∈ [0, t∗]

]
= E

t

[
6 · Pr

[
Pa|si⟩ = +|si⟩

∣∣t]E
s
[Ba (s, t) |Pa|si⟩ = +|si⟩, t] | t ∈ [0, t∗]

]
= E

t

[
6 · 1

6
· E
s

[
Tr

[
Qae

−iHt

(
n⊗

i=1

|si⟩⟨si|

)
eiHt

] ∣∣∣∣Pa|si⟩ = +|si⟩, t

] ∣∣∣∣t ∈ [0, t∗]

]

= E
t

[
Tr

[
Qae

−iHt E
s

[
n⊗

i=1

|si⟩⟨si|
∣∣∣∣ Pa|si⟩ = +|si⟩, t

]
eiHt

] ∣∣∣∣ t ∈ [0, t∗]

]

= E
t

Tr
Qae

−iHt

{
I

2
⊗ . . .⊗

(
I + Pa

2

)
︸ ︷︷ ︸

ith qubit

⊗ . . .⊗ I

2

}
eiHt


∣∣∣∣ t ∈ [0, t∗]


= E

t

 1

2n
Tr
[
Qae

−iHteiHt
]︸ ︷︷ ︸

=0

+Tr

[
Qae

−iHt

{
I

2
⊗ I

2
⊗ . . .⊗ Pa

2
⊗ . . .⊗ I

2

}
eiHt

] ∣∣∣∣ t ∈ [0, t∗]


= E

t

[
1

2n
Tr
[
Qae

−iHtPae
iHt
] ∣∣ t ∈ [0, t∗]

]
= E

t

[
Fa,t

∣∣t ∈ [0, t∗]
]
=

1

t∗

∫ t∗

0
Fa,tdt,

where the third equality follows from the elementary conditional probability identity E [1AX] = Pr [A]E [X|A], where
1A is equal to 1 if the event A occurs, and 0 otherwise. Going from the sixth to the seventh equality, we have used the
traceless property of Qa, and, per the convention of Ref. [36], replaced the n-qubit operator I ⊗ I ⊗ . . .⊗Pa⊗ . . . I with
simply Pa to reduce notational clutter. By Theorem 4, for some failure probability η > 0, we have that

Pr

[
1

2t∗

∣∣∣F̂a,t∗ − F̃a,t∗

∣∣∣ ⩽ 1

2t∗

√
288

Nt∗
log

(
2

η

) ]
⩾ 1− η. (C37)

Now, setting η ← δ/2M for some desired confidence parameter δ > 0 and applying the union bound over all a ∈ [M ],
we find that ∣∣∣∣∣ F̂a,t∗

2t∗
− F̃a,t∗

2t∗

∣∣∣∣∣+
∣∣∣∣∣ F̃a,t∗

2t∗
− λa

∣∣∣∣∣ ⩽ 1

2t∗

√
288

Nt∗
log

(
4M

δ

)
+

2t∗ (d+ 1)2

1− 2 (d+ 1) t∗
(C38)

holds for all a ∈ [M ], with probability at least 1 − δ/2, where we have allocated the failure probability budget δ/2 to
the training stage. We note here in advance that the other half of the final/inference failure probability δ will be allocated
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to the inference step of our algorithm, where we estimate expectation values of numerous observables via the classical
shadows formalism. This will ensure that the final prediction outputs will be ε-accurate with probability 1 − δ. In the
above, we have also plugged in the bound from Eq. (C24). Now, we allocate the error budgets

1

2t∗

√
288

Nt∗
log

(
4M

δ

)
⩽
ε′

2
, (C39)

and
2t∗ (d+ 1)2

1− 2 (d+ 1) t∗
⩽
ε′

2
. (C40)

Now, in order to ensure that
∣∣⟨O⟩ρ(λ,t) − ⟨O⟩ρ(λ′,t)

∣∣ ⩽ ε, in accordance with Lemma 8, we will set ε′ ← ε/2MT ∥O∥∞.
Then, we have the solution

2t∗ (d+ 1)2

1− 2 (d+ 1) t∗
⩽
ε′

2
=⇒ 4 (d+ 1)2 t∗ ⩽ ε′ − 2 (d+ 1) ε′t∗ =⇒

{
4 (d+ 1)2 + 2 (d+ 1) ε′

}
t∗ ⩽ ε′ (C41)

=⇒ t∗ ⩽
ε′

4 (d+ 1)2 + 2 (d+ 1) ε′
⩽

ε/2MT ∥O∥∞
4 (d+ 1)2 + 2 (d+ 1) (ε/2MT ∥O∥∞)

=
ε

8MT ∥O∥∞ (d+ 1)2 + 2 (d+ 1) ε

=⇒ t∗ ∈ O

(
ε

MT ∥O∥∞ (d+ 1)2

)
for t∗. Now, we will solve for the sample complexity Nt∗ , to get

1

2t∗

√
288

Nt∗
log

(
4M

δ

)
⩽
ε′

2
=⇒ 1

4t∗2
· 288
Nt∗

log

(
4M

δ

)
⩽
ε′2

4
=⇒ Nt∗ ⩾

288

t∗2ε′2
log

(
4M

δ

)
. (C42)

Plugging in the solution obtained for t∗, as well as our chosen bound on ε′, we get

Nt∗ ⩾
288{

ε
8MT∥O∥∞(d+1)2+2(d+1)ε

}2
·
(

ε
2MT∥O∥∞

)2 log(4M

δ

)
(C43)

=
288 · 8M2T 2 ∥O∥2∞ ·

{
16M2T 2 ∥O∥2∞ (d+ 1)4 + 16MT ∥O∥∞ (d+ 1)3 ε+ 4 (d+ 1)2 ε2

}
ε4

log

(
4M

δ

)

=
9216M2T 2

{
2MT ∥O∥∞ (d+ 1)2 + (d+ 1) ε

}2

ε4
log

(
4M

δ

)
∈ O

(
M4T 4 ∥O∥2∞ (d+ 1)4

ε4
log

(
M

δ

))
.

Lemma 11 (Total sample complexity analysis). Let N be the total sample complexity of the training dataset:

T :=

{(
s(j), t(j),

(
B(j)

a

)
a∈[m]

)}N

j=1

, (C44)

which is given as input to Algorithm 1. Also, let Nt∗ be the short-time sample complexity, as in Lemma 10. Then, for
Lemma 10 to hold, N must scale as

N ∈ O

(
M5T 6 ∥O∥3∞ (d+ 1)6

ε5
log

(
M

δ

))
. (C45)

Proof. For each j ∈ [N ], we define

X(j) := 1

[
t(j) ∈ [0, t∗]

]
1

[
x
(j)
1 = 0

]
=

{
1, if t(j) ∈ [0, t∗] and x(j)1 = 0,

0, otherwise,
(C46)
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so that X(j) ∈ {0, 1} is a Bernoulli random variable, since Pr
[
X(j) = 1

]
= t∗/2T and Pr

[
X(j) = 0

]
= 1 − t∗/2T .

The number of short-time samples is then given as

Nt∗ :=

N∑
j=1

X(j), (C47)

so that µ := E [Nt∗ ] =
N∑
j=1

E
[
X(j)

]
=
Nt∗

2T
. (C48)

so that Nt∗ ∼ B (N, t∗/2T ) is itself a binomial random variable, thereby allowing us to use the Chernoff bound. For
0 ⩽ η ⩽ 1, it holds that

Pr [Nt∗ ⩽ (1− η)µ] ⩽ exp

(
−η

2µ

2

)
=⇒ Pr

[
Nt∗ ⩽

(1− η)Nt∗

2T

]
⩽ exp

(
−η

2Nt∗

4T

)
. (C49)

As a notational shorthand, we will set

Nshort :=
2304M2T 2

{
2MT ∥O∥∞ (d+ 1)2 + (d+ 1) ε

}2

ε4
log

(
4M

δ

)
(C50)

to be the required number of short-time samples calculated in Lemma 10. Additionally, we will also require that

(1− η)Nt∗

2T
= Nshort =⇒ η = 1− 2NshortT

Nt∗
. (C51)

Next, in the implication of Eq. (C49), we will set the R.H.S. to be less than or equal to some δshort, and then solve for N .
We proceed as follows.

exp

[
−Nt

∗

4T

(
1− 2NshortT

Nt∗

)2
]
⩽ δshort =⇒ exp

[
−1

2

{
Nt∗

2T
− 2Nshort +

2N2
shortT

Nt∗

}]
⩽ δshort (C52)

=⇒ Nt∗

2T
− 2Nshort +

2N2
shortT

Nt∗
⩾ 2 log

(
1

δshort

)
.

The above may be re-written as the quadratic inequality in Nt∗/2T(
Nt∗

2T

)2

−
(
2Nshort + 2 log

(
1

δshort

))
Nt∗

2T
+N2

short ⩾ 0. (C53)

After application of the quadratic formula and rearrangement, we will find that

N ⩾
2T

t∗

[
Nshort + log

(
1

δshort

)
+

√
log

(
1

δshort

)(
2Nshort + log

(
1

δshort

)) ]
(C54)

∈ O
(
T

t∗
Nshort

)
⊆ O

(
M5T 6 ∥O∥3∞ (d+ 1)6

ε5
log

(
M

δ

))
,

holds true, where, in the final step, we have plugged in the previously obtained scalings for Nshort and t∗ in Lemma
10.

Lemma 12 (Sample complexity of inference via classical shadows). Let
(
λ̂a
)
a∈[M ]

be the learned Hamiltonian

coefficients obtained as outputs of Algorithm 1 such that we have, for all a ∈ [M ] and all (Qa)a∈[M ],
∣∣λ̂a − λa

∣∣ ⩽
ε/2MT max

j∈[P ]
∥Oj∥∞ with probability 1 − δ/2, where ε, δ > 0 are the final precision and confidence parameters
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associated with the inference stage. Then, for a newly provided input
(
s, t
)
∼ Unif ({0, 1,+,−, i+, i−}n × [0, T ]), in

order to ensure
∣∣⟨Q̂a⟩ρ̃

(
s,t
) − ⟨Qa⟩ρ(s,t)

∣∣ ⩽ ε, where

ρ̂
(
s, t
)
:= e−iĤt

(
n⊗

i=1

|si⟩⟨si|

)
eiĤt, Ĥ :=

∑
a∈[M ]

λ̂aEa, (C55)

ρ (s, t) := e−iHt

(
n⊗

i=1

|si⟩⟨si|

)
eiHt, H =

∑
a∈[M ]

λaEa, (C56)

and ∥ρ̃ (s, t)− ρ̂ (s, t)∥1 ⩽ εsim, (C57)

with εsim > 0 being some state preparation error, we require Ñ ∈ O
(

1
ε2

log
(
M
δ

))
copies of ρ̂

(
s, t
)

to be prepared in
Algorithm 2.

Proof. The proof follows straightforwardly from the classical shadows formalism. Consider the error decomposition∣∣∣∣⟨Q̂a⟩ρ̃
(
s,t
) − ⟨Qa⟩ρ(s,t)

∣∣∣∣ = ∣∣∣∣(⟨Q̂a⟩ρ̃(s,t) − ⟨Qa⟩ρ̃(s,t)
)
+

(
⟨Qa⟩ρ̃

(
s,t
) − ⟨Qa⟩ρ̂

(
s,t
))+

(
⟨Qa⟩ρ̂

(
s,t
) − ⟨Qa⟩ρ(s,t)

)∣∣∣∣
(C58)

⩽
∣∣∣⟨Q̂a⟩ρ̃(s,t) − ⟨Qa⟩ρ̃(s,t)

∣∣∣︸ ︷︷ ︸
⩽εshadow

+

∣∣∣∣⟨Qa⟩ρ̃
(
s,t
) − ⟨Qa⟩ρ̂

(
s,t
)∣∣∣∣︸ ︷︷ ︸

⩽∥Qa∥∞∥ρ̃(s,t)−ρ̂(s,t)∥1⩽2εsim

+

∣∣∣∣⟨Qa⟩ρ̂
(
s,t
) − ⟨Qa⟩ρ(s,t)

∣∣∣∣︸ ︷︷ ︸
⩽εexp

⩽ ε,

so that we have εshadow + εsim + εexp ⩽ ε. We set εshadow ← ε/3, εsim ← ε/6, and εexp ← ε/3, where the first and third
each holds true with probability 1− δ/2. Recall again that, here, we are allocating the leftover failure probability of δ/2
from the training stage. Then, using Theorem 1 of Ref. [108], we require

m = 2 log

(
4M

δ

)
, (C59)

and G =
136

ε2
max
a∈[M ]

∥∥∥∥Qa −
Tr [Qa]

2n
1

∥∥∥∥2
shadow︸ ︷︷ ︸

⩽4·3|supp(Ea)| (for Pauli measurements)

, (C60)

so that Ñ ⩽ Gm ∈ O
(

1

ε2
log

(
M

δ

))
, (C61)

where G and m are the parameters of the median-of-means estimation procedure, as in Subroutine 2.

Theorem 5 (Quantum learnability, formal). The concept class of Def. 6 is efficiently quantumly PAC-learnable; that is,
Algorithms 1 and 2 require a total sample complexity

N ∈ O

(
M5T 6 ∥O∥3∞ (d+ 1)6

ε5
log

(
M

δ

))
, (C62)

and a runtime ofO (MN) andO
(
Ñ
(
M+tsim

))
, where tsim ∈ O (poly (n, 1/ε)), in order to satisfy the learning condition

of Def. 8.

Proof. The sample complexity shown in Eq. (C62) follows from Lemma 11. Let us now thoroughly analyze the time
complexities of Algorithms 1 and 2. For each a ∈ [M ] and j ∈ [N ], Algorithm 1 involves checking whether t(j) ∈ [0, t∗],
x
(j)
1 = 0, and Pa|s(j)i ⟩ = +|s(j)i ⟩. Each of these checks is O (1); the Pauli eigenstate check being constant-time follows
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from the fact that Pa is a fixed single qubit Pauli and s
(j)
i can only be one of six symbols. This is followed by a

O (M) cost of performing elementary arithmetic operations to obtain the estimates
(
λ̂a
)
a∈[M ]

. Therefore, the time
complexity of training is dominated by O (MN). We move on to Algorithm 2, the first step of which requires us to
prepare, for each ℓ ∈

[
Ñ
]
, the state ρ(ℓ)init (s), which can be done in O (n) time and O (1) depth. Then, we perform

a time-evolution step, which, abstractly and combined with the previous initial state preparation step, incurs a cost of
tsim ∈ O (poly (n, t, 1/εsim)) ⊆ O (poly (n, 1/ε)) per copy. Finally, the runtime of the classical post-processing is given
by O

(
ÑM

)
. The total time complexity of inference is then given as O

(
ÑM + Ñtsim

)
.

5. Quantum learnability of the classically hard instance

Lemma 13 (Sample- and time-complexity of learning CHBQP

Uenc,T
using Algorithm 1). Let HBQP be the Hamiltonian family

as in Theorem 2, and let CHBQP

Uenc,T
be the corresponding concept class defined per Def. 6. Then, with probability at least

1− δ, CHBQP

Uenc,T
is PAC-learnable in the sense of Def. 8 via Algorithm 1 using a number of samples scaling as

NBQP ∈ O

(
T · (d+ 1)6

κ5
log

(
M

δ

))
⊆ O

(
T log

(
M

δ

))
, (C63)

where, as described in Lemma 1 and for εP ≈ 0.66, κ := ε′P /2 = εP /64 is the minimum estimation precision required
to learn HBQP (λ).

Proof. Recall, from Lemma 9, that we have∣∣∣∣∣ F̃a,t

2t∗
− λa

∣∣∣∣∣ ⩽ 2 (d+ 1)2 t∗

1− 2 (d+ 1) t∗
. (C64)

Let us denote by t∗BQP the short-time cutoff for the classically hard case. We then require that

2 (d+ 1)2 t∗BQP

1− 2 (d+ 1) t∗
⩽
κ

2
=⇒ 4 (d+ 1)2 t∗BQP ⩽ κ− 2 (d+ 1)κt∗BQP (C65)

=⇒
{
4 (d+ 1)2 + 2 (d+ 1)κ

}
t∗BQP ⩽ κ

=⇒ t∗BQP ⩽
κ

4 (d+ 1)2 + 2 (d+ 1)κ

=⇒ t∗BQP ⩽
εP /64

4 (d+ 1)2 + 2 (d+ 1) · (εP /64)

=⇒ t∗BQP ⩽
66

25600 (d+ 1)2 + 132 (d+ 1)
∈ O

(
1

(d+ 1)2

)
∈ O (1)

holds true, with probability at least 1− δ/2. On the other hand, we also require

1

2t∗BQP

√
288

Nt∗BQP

log

(
4M

δ

)
⩽
κ

2
=⇒ 1

4t∗2BQP

· 288

Nt∗BQP

log

(
4M

δ

)
⩽
κ2

4
(C66)

=⇒ Nt∗BQP
⩾

288

t∗2BQPκ
2
log

(
4M

δ

)
,

where Nt∗BQP
is the number of short-time samples. Now, let us compute the total number of samples, NBQP, following the

logic of Lemma 11. By analogy with Eq. (C54), we will find that NBQP satisfies

NBQP ⩾
2T

t∗BQP

[
Nt∗BQP

+ log

(
1

δBQP

)
+

√
log

(
1

δBQP

)(
2Nt∗BQP

+ log

(
1

δBQP

)) ]
∈ O

(
T

t∗
Nt∗BQP

)
. (C67)
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Plugging in the previously acquired expressions for t∗ and Nt∗BQP
, we finally obtain

NBQP ∈ O

(
T · (d+ 1)6

κ5
log

(
M

δ

))
∈ O

(
T log

(
M

δ

))
, (C68)

where we have used the facts that d ∈ O (1) and κ = εP /64 ∈ O (1). The time-complexity of reconstructing HBQP is
then simply given as O (MNBQP).
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