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Abstract

Reference solutions and question-specific
rubrics are not always available to guide the
teacher in self-distillation. A large language
model’s own solution attempts offer an alter-
native, but their quality is difficult to assess in
open-ended tasks without automatic correct-
ness checks, and even correct attempts can
involve uncertain token predictions. We pro-
pose Reliability–Uncertainty Self-Distillation
(RUSD) to learn from these attempts. The
same model serves as teacher and student: the
teacher receives the question and completed
attempt, and the student matches the teacher’s
token-level predictions using a question-only
prompt. RUSD weights each attempt’s distil-
lation loss by additively combining judged re-
liability, estimated from a self-judge’s score
and confidence, with student predictive uncer-
tainty. Across eleven reasoning benchmarks,
RUSD outperforms all five baselines in average
accuracy, reaching 70.47% on Qwen3-4B and
76.69% on Qwen3-8B (8.90 and 2.10 percent-
age points above the base models). Data and
code are available at https://github.com/
JP-25/RUSD.

1 Introduction

Self-distillation trains large language models
(LLMs) by using the model itself as a teacher (Zhao
et al., 2026a; Gu et al., 2026). In recent approaches,
the teacher receives the question together with addi-
tional teacher context, such as a reference solution;
the student uses a question-only prompt and learns
by matching the teacher’s next-token predictions
along student-generated responses.

Challenge 1: Reference solutions and rubrics
are not always available to guide the teacher.
SDFT and OPSD supply demonstration responses
(example answers) or reference solutions as teacher
context (Shenfeld et al., 2026; Zhao et al., 2026a).
RCSD and RGSD use question-specific rubrics,

which specify what a good response should contain
(Gu et al., 2026; Rezaei et al., 2026). When these
solutions or rubrics are unavailable, preparing them
can require expensive human annotation or addi-
tional model generation. One alternative is to learn
from the model’s own generated responses with-
out supplied reference solutions (Pei et al., 2026;
Li et al., 2026). These self-generated solution at-
tempts, however, may contain errors.

Challenge 2: Assessing attempt quality is diffi-
cult in open-ended reasoning. On open-ended
reasoning tasks, reliable automatic verifiers for
these self-generated attempts are often unavailable
(Ye et al., 2026a). In reinforcement learning with
verifiable rewards (RLVR), mathematical answers
can be checked against known results, and code
can be run against tests (DeepSeek-AI et al., 2025).
Without comparable checks or reference answers,
it is difficult to determine which attempts are cor-
rect and how much to learn from them. An LLM
judge, a model prompted to assess response qual-
ity, can score these attempts, but its ratings can be
wrong (Zheng et al., 2023). And using a larger
external judge can increase the computation or API
fees needed to score training attempts (Verga et al.,
2024; Xie et al., 2026).

Our intuition is to learn from correct attempts
generated with uncertain token predictions, so
the model can produce the reasoning more con-
fidently. We propose Reliability–Uncertainty Self-
Distillation (RUSD, Figure 1) based on this intu-
ition. For each question, the current model gen-
erates one solution attempt. As teacher, the same
model receives the question and completed attempt
in its prompt to provide token-level guidance. A
judge assesses the attempt’s quality: high scores
supported by confident judgments indicate greater
judged reliability. As student, the model learns to
match the teacher’s guidance with only the question
as its prompt. We weight each attempt’s distilla-
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tion loss using judged reliability and the student’s
uncertainty in predicting its tokens, giving priority
to attempts judged reliable and to attempts with
uncertain token predictions.

Our contributions are threefold: 1. We introduce
RUSD, which uses one model-generated attempt
as teacher context without supplied solutions or
question-specific rubrics. 2. We design response
weights that combine judged reliability and stu-
dent uncertainty, giving greater learning priority to
attempts judged reliable and to attempts with uncer-
tain token predictions. 3. Across eleven reasoning
benchmarks, RUSD outperforms all five baselines
in macroaverage accuracy at both scales, improving
Qwen3-4B and Qwen3-8B by 8.90 and 2.10 over
the base models. External ratings, training anal-
yses, and ablations examine its weighting signals
and learning behavior.

2 Related Work

Self-distillation with and without supplied refer-
ences. Self-distillation trains a model to match its
own predictions. In recent on-policy LLM methods,
the teacher receives additional context and the stu-
dent matches the teacher’s token distributions along
student-generated responses (Zhao et al., 2026a).
SDFT and OPSD supply demonstrations or refer-
ence solutions; RCSD and RGSD supply question-
specific rubrics (Shenfeld et al., 2026; Zhao et al.,
2026a; Gu et al., 2026; Rezaei et al., 2026). With-
out supplied solutions, NSD constructs negative
teacher conditions from model responses, whereas
Canon and u-OPSD select a self-generated solution
by majority-answer consensus across multiple re-
sponses (Pei et al., 2026; Gkountouras et al., 2026;
Li et al., 2026). RUSD uses one completed attempt
as teacher context, without negative conditions or
answer consensus.

Assessing self-generated attempts. SDPO sup-
plies environment feedback or successful responses
to the teacher, while SD-Zero trains a reviser with
binary correctness feedback (Hübotter et al., 2026;
He et al., 2026). Such feedback requires response
assessment; consensus requires rules for matching
answers. RUSD estimates attempt reliability from
judge score and confidence without correctness la-
bels. Reliability controls the response weight; the
teacher supplies next-token predictions.

Weighting by confidence and uncertainty.
LLKD’s weighted variant combines teacher confi-

dence and student uncertainty for classification (Li
et al., 2025). EGRSD weights token updates us-
ing teacher entropy, PW-OPSD uses token position,
and COSE uses evaluator confidence for policy up-
dates and replay (Ke et al., 2026; Liu et al., 2026;
Wei et al., 2026). RUSD combines judged relia-
bility with student predictive uncertainty to weight
each attempt’s distillation loss. Appendix A gives
fuller comparisons and the scope of our baselines.

3 Method

Overview. Figure 1 illustrates the RUSD work-
flow, and Algorithm 1 in Appendix B shows the
training procedure. RUSD trains on questions
D = {xi} without supplied reference solutions
or question-specific rubrics. The current model
πθ serves as teacher and student under different
prompts. The initial model πθ0 is kept frozen
throughout training and serves as the judge. The
current model generates one attempt, which the
teacher uses as additional context to provide token-
level guidance ( 1 ). The judge’s score and confi-
dence estimate the attempt’s reliability ( 2 ). We
also measure the student’s uncertainty in predict-
ing the attempt’s tokens ( 3 ). These signals de-
termine the attempt’s training weight ( 4 ). The
student learns to match the teacher’s token distri-
butions, with each attempt’s contribution scaled by
its weight ( 5 ). Table 4 in Appendix B gives the
three prompts.

3.1 Using the attempt as teacher context

For each sampled question xi, the current model
πθ generates one solution attempt yi:

yi ∼ πθ(· | PS(xi)), (1)

where PS is the question-only prompt. The teacher
prompt PT(xi,yi) contains the question and com-
pleted attempt. The prompt describes the attempt
as potentially useful or misleading and asks the
model to solve the problem independently using
any useful information.

Following on-policy self-distillation (Zhao et al.,
2026a), we evaluate teacher and student next-token
distributions at every position within this same sam-
pled response. At position t, both receive the pre-
ceding response tokens yi,<t = (yi,1, . . . , yi,t−1).
Only the teacher prompt also contains a complete
copy of yi, giving it access to the response’s later
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Shared current model πθ

Question x
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Solution attempt y

y1 … yn
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Question x

+ complete attempt y

Student

Question x

?
y<t

?
y<t

πT

πS

5 Weighted loss

w · KL(πT ‖ πS)

student matches the teacher
at every token of the attempt

Update πθ

x, y
2

Judge

πθ0 (initial)

Ratings πJ

1 2 3 4 5

Score s̄

Confidence cJ

Reliability

rJ = s̄  cJ

3 Uncertainty
uS (entropy)

4 Response weight

w = αrJ + (1 − α)uS

Figure 1: Overview of RUSD. 1 πθ generates attempt y for question x. Teacher and student predict next-token
distributions from the same response prefix y<t under different prompts; only the teacher prompt includes the
complete attempt. The teacher generates no additional response. 2 Judge score s, normalized to s̄, and confidence
cJ give judged reliability rJ. 3 Normalized student entropy averaged over the response gives uncertainty uS. 4 A
weighted sum of reliability and uncertainty gives response weight w. 5 The weighted distillation loss updates the
shared model. Numbers match Sections 3.1–3.5; bars are schematic.

reasoning when predicting earlier tokens:

πS
i,t(v) = πθ(v | PS(xi),yi,<t),

πT
i,t(v) = πθ(v | PT(xi,yi),yi,<t), (2)

where v ∈ V is a vocabulary token, and πS
i,t and πT

i,t

are the student and teacher next-token distributions,
respectively.

3.2 Estimating reliability from self-judgment
The judge πθ0 assesses each completed attempt to
provide a quality signal for response weighting; the
teacher provides token distributions for the student
to match. For efficiency, we reuse the initial model
as judge rather than rely on a larger external model.
Given the question and attempt, the judge evalu-
ates logical validity, internal consistency, factual
plausibility, relevance, and completeness using one
five-level rubric shared across questions (Table 4,
Appendix B).

For question–attempt pair i, let ℓJi,k denote the
judge’s logit for rating k ∈ {1, . . . , 5}; the su-
perscript J labels judge quantities. The judge is
prompted to return one rating digit. We read its
five rating-token logits and normalize them into a
distribution, with j indexing the possible ratings in
the denominator:

πJ
i (k) =

exp(ℓJi,k)∑5
j=1 exp(ℓ

J
i,j)

. (3)

Judge score. We take the judge’s most probable
rating as the quality score: 1 means fundamentally
incorrect, and 5 means fully correct and well jus-
tified. We rescale the score to [0, 1] for use in the
response weight:

si = arg max
k∈{1,...,5}

πJ
i (k), s̄i =

si − 1

4
. (4)

Judge confidence. Judge confidence distin-
guishes attempts with the same score: the judge
may strongly favor that rating for one attempt but
be split between ratings for another. We quantify
this distinction using one minus normalized rating
entropy:

cJi = 1− H(πJ
i )

log 5
, (5)

where H(p) = −
∑

j p(j) log p(j) is Shannon en-
tropy and log 5 is the maximum entropy over five
ratings. Confidence is zero for equally likely rat-
ings and approaches one as probability concen-
trates on one rating. It measures decisiveness, not
a calibrated probability of correctness.

Judged reliability. We combine the normalized
judge score and confidence into judged reliability:

rJi = s̄ic
J
i . (6)

The product is high only when the judge assigns
a high score with high confidence; uncertain high
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scores and confident low scores both receive lower
reliability. Appendix B gives an example, and Sec-
tion 4.3 relates judge score and confidence to exter-
nally assessed response quality.

3.3 Measuring student uncertainty
We use student uncertainty to prioritize attempts
whose tokens the student predicts less confidently,
including attempts judged reliable. We measure
this uncertainty by averaging normalized next-
token entropy over the generated response yi of
length ni = |yi|:

uSi =
1

ni

ni∑
t=1

H(πS
i,t)

log |V|
. (7)

We use the full-vocabulary student distribution at
the distillation temperature (Appendix B); prompt
and padding positions are excluded. Normalization
bounds uSi in [0, 1], and averaging avoids an auto-
matic increase with response length. A larger value
indicates more diffuse token predictions along that
response, rather than a direct estimate of whether
its reasoning is correct.

3.4 Combining reliability and uncertainty
We combine the two signals to weight each at-
tempt’s distillation loss:

wi = αrJi + (1− α)uSi , α ∈ [0, 1]. (8)

The reliability term prioritizes attempts judged to
be high quality with high confidence, while the
uncertainty term prioritizes attempts for which the
student’s token predictions are uncertain.

The additive rule lets either priority contribute
independently: uncertainty can contribute when
judged reliability is low, and reliability can con-
tribute when the student is already certain. The
endpoints α = 1 and α = 0 use reliability and
uncertainty alone, respectively. We use α = 0.5,
which gives both signals equal coefficients; their
realized contributions depend on their magnitudes.
Section 4.5 evaluates both components and their
balance.

3.5 Training objective
We train the student to match the teacher’s to-
ken distributions, scaling each response’s average
forward-KL loss by its weight wi:

L(θ) = Exi,yi

[
wi

ni

ni∑
t=1

DKL(π
T
i,t ∥πS

i,t)

]
, (9)

where the expectation is over questions from D and
attempts drawn from Equation 1. Following OPSD
(Zhao et al., 2026a), we optimize a coordinate-
clipped surrogate of this loss, with gradients pass-
ing only through student predictions. Appendix B
gives the clipping and model-update details.

4 Experiments

Our experiments examine reasoning performance,
the judge’s quality signals, training dynamics, and
design choices: RQ1: Can RUSD improve reason-
ing accuracy across tasks and model scales? RQ2:
Do judge scores and confidence reflect response
quality? RQ3: During training, does the number
of responses with high judge scores and confidence
increase, and does the percentage with low student
uncertainty within this group also increase? RQ4:
How do the weighting signals, their balance, and
the loss type affect performance?

4.1 Experimental Setup

Models and Training Data. We evaluate Qwen3-
4B and Qwen3-8B (Yang et al., 2025), with com-
ponent ablations and hyperparameter studies on
4B. All methods share 30,000 NaturalReasoning
questions (Yuan et al., 2025), sampled with seed
42 after filtering for non-empty reference answers
so that reference-based baselines can use the same
questions. RUSD learns from questions and its
own online attempts; the dataset’s reference an-
swers and generated responses are excluded from
its teacher and judge prompts.

Baselines. We compare five representative super-
vision strategies on the same training questions.
Supervised fine-tuning (SFT) (Ouyang et al., 2022)
learns from the dataset’s Llama3.3-70B-Instruct re-
sponses. GRPO (Shao et al., 2024) uses scalar
rewards from an external LLM judge. RCSD
(Gu et al., 2026) supplies question-specific rubrics
as teacher context. OPSD (Zhao et al., 2026a)
uses the dataset’s Llama3.3-70B-Instruct responses
as teacher context and matches teacher and stu-
dent predictions along student-generated responses.
NSD (Pei et al., 2026) generates negative conditions
from model responses and suppresses behavior en-
couraged by the negatively conditioned teacher.
Thus SFT, OPSD, RCSD, and GRPO rely on super-
vision beyond the training questions (marked with
† in Table 1), whereas NSD and RUSD use only the
questions and the model’s own outputs.
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Science and general reasoning Mathematical reasoning Logic Overall

Method GPQA SciB MMLU LiveB OBQA GSM8K MATH AMC Minerva Olymp Zebra Average

Qwen3-4B
Base 41.16 35.77 78.12 46.50 91.40 93.03 81.68 62.35 29.04 46.03 72.13 61.56
SFT† 42.30 35.91 78.19 42.00 91.00 93.18 80.50 54.22 29.41 44.51 72.10 60.30
GRPO† 43.81 43.89 78.85 47.00 93.00 93.78 81.86 63.86 31.25 47.92 72.58 63.44
RCSD† 41.41 42.56 78.66 49.50 92.80 93.25 81.64 61.45 30.15 45.99 71.53 62.63
OPSD† 51.14 46.32 77.49 47.50 91.60 94.24 84.48 71.08 29.04 52.67 69.15 64.97
NSD 51.14 61.81 79.22 47.62 93.00 94.22 81.83 62.65 29.78 45.96 72.50 65.43
RUSD 52.78 70.66 79.38 61.25 92.60 94.81 85.87 74.10 35.02 54.27 74.38 70.47

Qwen3-8B
Base 62.12 75.72 82.04 70.12 93.70 96.17 87.20 80.12 34.10 58.05 81.13 74.59
SFT† 61.24 74.49 82.95 67.62 93.85 96.17 87.13 80.42 34.65 58.42 82.70 74.51
GRPO† 62.63 75.54 82.95 72.50 94.40 96.10 88.20 81.33 34.28 59.27 82.93 75.47
RCSD† 60.61 76.02 83.00 70.62 95.60 95.98 87.95 81.33 34.19 59.79 77.25 74.76
OPSD† 59.72 76.59 80.18 70.63 94.10 95.81 88.31 80.12 33.92 60.42 81.25 74.64
NSD 64.65 74.96 83.06 72.50 95.25 96.23 88.06 82.53 34.01 59.53 82.93 75.79
RUSD 64.90 77.13 83.58 73.13 95.70 97.52 88.48 83.13 36.03 60.87 83.12 76.69

Table 1: Accuracy (Avg@4, %) on eleven reasoning benchmarks. RUSD achieves the highest macroaverage at
both model sizes. Average is the unweighted mean over benchmarks; bold marks the best score in each column
within a model size, including ties. †Uses supervision beyond the training questions and the model’s own outputs:
dataset responses (SFT, OPSD), generated rubrics (RCSD), or an external LLM judge (GRPO). GPQA: GPQA
Diamond; SciB: SciBench; LiveB: LiveBench Reasoning; OBQA: OpenBookQA; Minerva: Minerva Math; Olymp:
OlympiadBench; Zebra: ZebraLogic.

Benchmarks. We evaluate eleven benchmarks:
GPQA Diamond (Rein et al., 2024), SciBench
(Wang et al., 2024), MMLU (Hendrycks et al.,
2021a), LiveBench Reasoning (White et al., 2025),
and OpenBookQA (Mihaylov et al., 2018) for sci-
entific and general reasoning; GSM8K (Cobbe
et al., 2021), MATH (Hendrycks et al., 2021b),
AMC (AI-MO, 2024), Minerva Math (Lewkowycz
et al., 2022), and OlympiadBench (He et al., 2024)
for mathematics; and ZebraLogic (Lin et al., 2025)
for logic-grid reasoning.

Evaluation. We report Avg@4: correctness av-
eraged over four generated responses per question
and then across questions, expressed as a percent-
age. Average in Table 1 is the unweighted mean of
the eleven benchmark scores. All accuracy gains
are absolute differences on this 0–100 scale, cal-
culated before rounding. Appendix B gives the
decoding and scoring settings.

Implementation. All methods use NVIDIA
A100 80 GB GPUs and shared training settings.
At both model sizes, results are reported after 150
training steps, except GRPO, which uses 500 steps
as in RCSD’s GRPO setting. For RUSD, we train
LoRA adapters (Hu et al., 2022) on four GPUs
with α = 0.5 and student and teacher prompts in
thinking mode. Appendix B gives the hyperparam-

eters (Table 5), model updates, GRPO judge, and
evaluation-step details.

4.2 Reasoning Performance (RQ1)
RUSD outperforms all five baselines in aver-
age accuracy at both model scales. In Table 1,
RUSD reaches 70.47% macroaverage accuracy at
4B and 76.69% at 8B, exceeding the base models
by 8.90 and 2.10 and NSD, the strongest evalu-
ated baseline by average, by 5.04 and 0.90, respec-
tively. It leads on ten of eleven benchmarks at 4B
and all eleven at 8B, with gains spanning scientific
and general reasoning, mathematics, and logic-grid
reasoning. At 4B, notable results include 70.66%
on SciBench versus NSD’s 61.81%, and 61.25%
on LiveBench Reasoning, 11.75 above the best
baseline (RCSD). OpenBookQA is the exception:
92.60% versus 93.00% for GRPO and NSD. At
8B, gains over the best baseline on each bench-
mark range from 0.10 to 1.38, despite the stronger
starting model.

The gains also hold against external supervision:
at 4B, RUSD exceeds OPSD by 5.49, while SFT
on the same supplied solutions falls below the base
model. At 8B, the four externally supervised base-
lines change the base average by −0.08 to +0.88,
compared with RUSD’s +2.10. Thus, RUSD im-
proves both tested models without supplied solu-
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Figure 2: Judge assessments and student uncertainty during Qwen3-4B RUSD training with α = 0.5. (a) Distribution
of judge scores over completed responses in summaries reported at training steps 100, 200, and 300. (b) Percentage
of high-confidence judgments (cJi ≥ 0.7) within the score-4 and score-5 categories; shading shows 95% Wilson
confidence intervals for these proportions. (c) Mean student uncertainty over completed score-4/5 responses, with
shading spanning the 25th–75th percentiles.

Predictors Multiple R R2 (%) p-value

Judge score 0.46 21 8.9× 10−12

Judge confidence 0.62 39 5.0× 10−23

Score + confidence 0.77 59 7.2× 10−39

Table 2: Correlation of judge score and confidence with
GPT scores (gpt-5.6sol quality ratings) on 200 re-
sponses. The multiple correlation coefficient R is the
Pearson correlation between fitted and observed GPT
scores; R2 is in-sample explained variation. The p-
values are from overall regression F-tests.

tions or question-specific rubrics. Every evaluated
4B training step from 50 to 300 also exceeds the
strongest baseline average (Appendix C.2).

4.3 Judge Scores, Confidence, and Response
Quality (RQ2)

Higher judge scores and confidence are as-
sociated with higher GPT scores. We ask
gpt-5.6sol (OpenAI, 2026) to rate 200 randomly
sampled saved training responses, one per question,
using the same 1–5 quality rubric as the training
judge. These ratings, termed GPT scores, serve
only as an external measure of response quality
and are not used to train RUSD. Table 2 reports
linear regressions that estimate GPT scores from
judge score, judge confidence, or both. In the joint
regression, higher judge scores are associated with
higher GPT scores at the same confidence, and
higher judge confidence is associated with higher
GPT scores at the same judge score.

We report the multiple correlation coefficient R,
defined as the Pearson correlation between fitted
and observed GPT scores. Using judge score and
confidence together gives R = 0.77 and explains
59% of the in-sample variation in GPT scores,

compared with 21% for judge score alone and
39% for judge confidence alone. Adding confi-
dence to score increases explained variation by
∆R2 = 0.38. Thus, judge confidence helps dis-
tinguish responses with the same judge score but
different GPT scores.

These results support combining judge score and
confidence to assess response quality. Section 4.5
tests the product of normalized judge score and
judge confidence as a training weight. GPT scores
are external quality assessments, not verified cor-
rectness labels. Appendix B gives the regression
definitions and coefficients.

4.4 Training Dynamics (RQ3)

In this experiment, we analyze the Qwen3-4B run
with α = 0.5. Figures 2 and 3 show changes in
judge assessments and student uncertainty during
training; Table 8 in Appendix E provides counts
and detailed comparisons.

At reported steps 100, 200, and 300, scores 4
and 5 account for at least 99.2% of completed re-
sponses, with score 5 becoming more frequent (Fig-
ure 2a). Score-only weighting therefore assigns
almost all responses either 0.75 or 1.0. Confidence
distinguishes attempts with the same score; RQ2
links higher confidence to higher GPT scores at the
same judge score.

Both the number and percentage of responses
with judge score 5 and high confidence increase.
From step 50 to 300, this group grows from 319
to 638 responses, or 26.5% to 42.8% of completed
score-4/5 responses (Figure 3a; Table 8). Within
score 5, the high-confidence proportion (cJi ≥ 0.7)
rises from 49.0% to 68.5% (Figure 2b). The score-
4/high-confidence group also grows as a share of
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Figure 3: Response-group composition and low student uncertainty during Qwen3-4B RUSD training with α = 0.5.
High judge confidence means cJi ≥ 0.7. (a) Shares of completed score-4/5 responses in four groups defined by judge
score and confidence. (b) Percentage of responses within each high-confidence group whose student uncertainty is
below the pooled mean of all completed score-4/5 responses at that reporting step. Shading shows 95% Wilson
confidence intervals from group response counts. Both panels use the same response population at each reporting
step (Appendix B).

score-4/5 responses; its within-score proportion
rises from 35.3% to 61.6%, with fluctuations.

Mean student uncertainty falls 3.86-fold from
step 50 to 300. Across completed score-4/5 re-
sponses, mean uSi falls from 0.2649 to 0.0687, and
the middle half of uncertainties also shifts down-
ward (Figure 2c). Student predictions thus become
more concentrated.

Within the score-5/high-confidence group,
both the number and percentage with low stu-
dent uncertainty increase overall. Here, low un-
certainty means below the mean of all completed
score-4/5 responses in the same summary. The
count rises from 156 of 319 responses (48.9%) at
step 50 to 463 of 638 (72.6%) at step 300 (Fig-
ure 3b; Table 8). The percentage peaks at 74.9% at
step 200. This threshold measures relative uncer-
tainty because the mean changes across summaries.

From step 100 onward, low student uncer-
tainty is more frequent in high-confidence than
low-confidence groups at both scores. At score
5, the percentages are similar at step 50 but reach
72.6% versus 39.8% at step 300 (Table 8). Among
high-confidence responses, the below-mean per-
centage is also higher for score 5 than score 4 from
step 100 onward (Figure 3b).

Together, rising judge confidence and falling
student uncertainty are consistent with consolida-
tion, but these summaries do not track individual
attempts being learned. The two changes affect
the response weight in opposite directions: higher
judge confidence at a fixed score raises the relia-

bility contribution, while lower student uncertainty
reduces the uncertainty contribution.

Further, accuracy reaches 70.47% at step 150,
then falls despite declining student uncertainty and
increasing high-confidence score-5 judgments (Fig-
ure 5, Appendix C.2). Greater predictive certainty
and judge confidence therefore do not establish
continued improvement in reasoning. A selected
heat-calculation case illustrates retained correct-
ness with increasing certainty: both responses are
correct and receive score 5, while judge confidence
rises from 0.572 to 0.771 and student uncertainty
falls from 0.1728 to 0.0388. Table 7 gives the
complete final responses; Appendix D gives the
calculations and selection details.

4.5 Ablations and Hyperparameters (RQ4)

In this analysis, we study response weighting, loss
type, and the weighting coefficient α on Qwen3-
4B using the eleven-benchmark macroaverage. To
assess what judge confidence and student uncer-
tainty add beyond the judge score, our weighting
ablations compare against score-only weighting
rather than uniform weighting, which assigns the
same loss weight to every attempt. Teacher context
and forward KL remain fixed across the weighting
variants. The loss ablations retain the full weight-
ing rule and change the divergence. Table 3 sum-
marizes the ablations; Table 6 in Appendix C.1
gives the per-benchmark comparison with score-
only weighting.
Ablation studies. Adding judge confidence im-
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Response weighting Average

Score only: wi = s̄i 68.44
Uncertainty only: wi = uS

i 69.93
Reliability only: wi = rJi 70.12
RUSD: wi = 0.5rJi + 0.5uS

i 70.47

Loss type Average

Forward KL 70.47
Reverse KL 69.85
Jensen–Shannon divergence 69.12

Table 3: Response-weighting and loss ablations on
Qwen3-4B, reporting average accuracy (Avg@4, %)
across eleven benchmarks. Weighting variants use the
forward-KL configuration; loss variants use the full
weighting rule at α = 0.5. Jensen–Shannon divergence
uses mixture coefficient 0.5.

proves average accuracy by 1.68. Score-only
weighting, wi = s̄i, reaches 68.44%; multiplying
the normalized score by judge confidence, which
gives reliability-only weighting wi = rJi = s̄ic

J
i ,

raises accuracy to 70.12%. Score-only weight-
ing assigns the same weight to all attempts with
the same rating; confidence differentiates attempts
within each score level. The gain is consistent with
the quality audit, in which confidence explains ad-
ditional variation in external ratings.

Combining reliability and uncertainty gives
the highest average accuracy among all the
weighting variants. Reliability-only weighting
prioritizes assessed quality, while uncertainty-only
weighting prioritizes diffuse student predictions.
The full rule combines both priorities and reaches
70.47%, exceeding reliability-only weighting by
0.35 and uncertainty-only weighting by 0.54. It is
also higher than score-only weighting on all eleven
benchmarks, with a macroaverage gain of 2.03.
Adding confidence gives the larger observed gain
(1.68), while adding student uncertainty to reliabil-
ity gives a smaller further gain in this single-run
comparison. Both single-signal variants exceed the
strongest baseline average, while their combination
gives a further improvement.

Forward KL gives the highest average among
the tested loss types. Response weights determine
each attempt’s contribution, while the loss type
determines how teacher and student token distribu-
tions are matched. With the full weighting rule and
α = 0.5, the forward-KL configuration reaches
70.47%, compared with 69.85% for reverse KL
and 69.12% for Jensen–Shannon divergence with
mixture coefficient 0.5.
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α
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Figure 4: Effect of the mixing coefficient α on Qwen3-
4B RUSD, measured by average accuracy across eleven
benchmarks. All settings use the dynamic teacher. The
endpoints, α = 0 (uncertainty only) and α = 1 (reliabil-
ity only), match the corresponding runs in Table 3.

Hyperparameter study. α = 0.5 gives the high-
est observed average accuracy. In Equation 8,
α = 0 gives uncertainty-only weighting and α = 1
gives reliability-only weighting, matching the cor-
responding ablations in Table 3. Larger α assigns
a higher coefficient to judged reliability, emphasiz-
ing quality supported by judge confidence; smaller
α assigns a higher coefficient to remaining stu-
dent uncertainty. Figure 4 reports 69.93%, 70.13%,
70.47%, 70.13%, and 70.12% for α = 0, 0.25,
0.5, 0.75, and 1, respectively. The full range is
0.54, and all three intermediate settings reach at
least 70.13%. The highest observed average favors
using both signals in this configuration.

5 Conclusion

In this work, we address two challenges in self-
distillation: obtaining teacher guidance without
supplied reference solutions, and assessing self-
generated attempts without reliable correctness
feedback. RUSD uses the attempts as teacher con-
text and weights distillation by judged reliability
and student uncertainty. Across eleven benchmarks,
it improves Qwen3-4B and Qwen3-8B macroaver-
age accuracy by 8.90 and 2.10 over the base models,
respectively. At 4B, adding judge confidence im-
proves average accuracy, and combining reliability
with uncertainty gives the highest observed aver-
age among the weighting variants. External ratings
support judge confidence as a quality signal, while
training summaries show more high-confidence
judgments alongside lower student uncertainty.
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Limitations

Model coverage. Our experiments use Qwen3-
4B and Qwen3-8B. Further evaluation across
model families and sizes is needed to establish how
well RUSD generalizes beyond these backbones.

Judge design. For efficiency, the judge assesses
completed reasoning responses with thinking mode
disabled, directly reading rating-token logits with-
out generating an evaluation rationale. Whether
enabling judge thinking or updating the judge im-
proves assessment quality remains untested. En-
abling thinking would add decoding cost and la-
tency, depending on the reasoning budget; judge-
update costs depend on whether updates reuse stu-
dent parameters or require separate optimization.
We also do not compare larger judges or judges
from other model families within RUSD, so their
effects on accuracy and cost remain untested.

Self-judgment and learning dynamics. The
judge can confidently endorse incorrect responses
and share biases with the generating model. Its
confidence measures concentration over ratings,
rather than a calibrated probability of correctness.
The additive rule also assigns uncertainty-based
weight when judged reliability is low. The 200-
response audit measures in-sample agreement with
automated quality ratings, rather than verified cor-
rectness. Training summaries follow changing re-
sponse populations and describe associations rather
than causal learning mechanisms. The later de-
cline in accuracy despite falling entropy shows that
greater predictive certainty does not guarantee bet-
ter reasoning.

Component evidence. Component studies use
Qwen3-4B. Judged reliability and student uncer-
tainty both lie in [0, 1]; their interaction and relative
influence on learning across training stages warrant
deeper analysis.

Cost and scope. Each attempt requires a teacher
forward pass conditioned on the complete attempt
and a separate judge forward pass. The teacher
does not generate a second response. We do not
report total compute across all experiments or com-
pare methods at matched compute budgets, and we
do not analyze response length or truncation rates.
Experiments use one NaturalReasoning training se-
lection, English questions, and thinking mode for
response generation. All benchmarks have auto-
matically checkable answers, so performance on

open-ended tasks remains untested.

Ethical Considerations

This study uses publicly available reasoning re-
sources and model-generated responses. Natural-
Reasoning is released under CC BY-NC 4.0, and
the Qwen3-4B and Qwen3-8B backbones under
Apache 2.0.1 The dataset’s Llama3.3-70B-Instruct
responses, which only the SFT and OPSD baselines
use, carry additional obligations under the Llama
3.3 Community License when used to train dis-
tributed models. Reuse and redistribution should re-
spect these licenses and the terms of individual eval-
uation resources, including the training dataset’s
noncommercial restriction.

Self-distillation can reinforce factual errors and
social biases inherited from the model or its train-
ing data. The teacher and judge share a pretrained
backbone, so errors may persist even when judge
confidence increases and student uncertainty de-
creases. The proposed weighting signals are fal-
lible assessments, so more confident responses
should not be treated as verified answers.

The external quality check uses automated
gpt-5.6sol ratings of 200 responses. It provides
evidence about assessed response quality, rather
than human verification or a safety evaluation. Our
experiments do not measure fairness, privacy, or
robustness to harmful requests. Deployment, espe-
cially in high-stakes settings, would require sepa-
rate assessment and safeguards appropriate to the
intended use.
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A Related Work

Distillation and self-training. Knowledge dis-
tillation transfers teacher predictions to a stu-
dent (Hinton et al., 2015; Kim and Rush, 2016);
on-policy distillation applies this guidance along
student-generated responses (Agarwal et al., 2024).
Context distillation transfers behavior elicited by
additional teacher context (Askell et al., 2021;
Snell et al., 2022; Ye et al., 2026b), connecting
to learning with privileged information (Vapnik
and Vashist, 2009; Lopez-Paz et al., 2016). Self-
training selects generated responses using consis-
tency, correctness checks, or rewards (Huang et al.,
2023; Zelikman et al., 2022; Gulcehre et al., 2023;
Dong et al., 2023; Singh et al., 2024). Self-Refine
instead revises responses at inference time, whereas
self-rewarding models construct preferences for
training (Madaan et al., 2023; Yuan et al., 2024).

Sources of teacher guidance. SDFT uses
demonstrations for continual learning, and OPSD
uses reference solutions for reasoning (Shenfeld
et al., 2026; Zhao et al., 2026a). RCSD first trains a
rubric generator through a teacher given reference
answers, then supplies its rubrics to the reasoning
teacher (Gu et al., 2026). RGSD provides rubrics to
a frozen teacher and trains a question-only student
(Rezaei et al., 2026). Experiential Learning ob-
tains textual coaching feedback for non-verifiable
tasks (Ye et al., 2026a). Recent analyses find that
OPSD’s gains need not depend on the paired refer-
ence solution, because solutions to other problems
can provide comparable teacher context (Ichihara
et al., 2026; Shrestha and Tessier, 2026). These
sources of teacher guidance differ from RUSD’s
use of the completed attempt itself as additional
teacher context.

Attempts, feedback, and reference-free supervi-
sion. SDPO constructs teacher context from tex-
tual feedback, or successful responses when only
scalar rewards are available (Hübotter et al., 2026).
H2SD combines verified successful attempts with
reference hints for failures, while PAST uses com-
plete attempts, reference solutions, and correctness-
based routing (Cai et al., 2026; Feng et al., 2026).
SD-Zero trains a reviser using binary correctness
feedback in mathematics and coding, then distills
its predictions into the generator (He et al., 2026).
Activation-Conditioned Self-Distillation uses veri-
fied outcomes to construct teacher-steering acti-
vation contrasts (Lu et al., 2026). OASIS con-
ditions the teacher on another unverified attempt
and uses final-answer labels (Hossain et al., 2026),
and conditioning the teacher on a sampled cor-
rect response can reduce output diversity (Nico-
licioiu et al., 2026). Without supplied solutions,
Canon and u-OPSD condition the teacher on a self-
generated solution that reaches the majority answer
over multiple samples; CoDA additionally penal-
izes minority trajectories (Gkountouras et al., 2026;
Li et al., 2026; Guo et al., 2026). NSD suppresses
tokens favored by negative conditions generated
from its own responses (Pei et al., 2026). Unlike
these methods, RUSD uses the completed attempt
itself as additional teacher context, without cor-
rectness feedback, a reference solution, or answer
consensus, and weights that attempt by judged reli-
ability and student uncertainty.

Confidence and uncertainty. Confidence and
uncertainty guide pseudo-label selection and
weighting (Chen et al., 2023; Mukherjee and
Awadallah, 2020). LLKD’s weighted variant adds
normalized teacher confidence and student uncer-
tainty to scale selected classification losses (Li
et al., 2025). For reasoning, EGRSD attenuates
token updates using teacher entropy, while COSE
weights PPO updates and prioritizes replay using
evaluator confidence (Ke et al., 2026; Wei et al.,
2026). PW-OPSD weights reference-conditioned
distillation by token position, motivated by diag-
nostics of teacher-token reliability (Liu et al., 2026).
Other approaches optimize predictive confidence
through entropy minimization or confidence re-
wards (Agarwal et al., 2025; Prabhudesai et al.,
2025; Zhao et al., 2026b). RUSD distinguishes
confidence in judging an attempt’s quality from un-
certainty in predicting its tokens; evaluator bias and
calibration remain relevant to interpreting both sig-
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nals (Zheng et al., 2023; Panickssery et al., 2024;
Guo et al., 2017).

Scope of comparison. Our experiments compare
representative supervision strategies on fixed Nat-
uralReasoning questions. RGSD shares OPSD’s
teacher-conditioning principle, using rubrics in
place of reference solutions (Rezaei et al., 2026).
We include OPSD with NaturalReasoning’s Llama-
generated responses as teacher context and rubric-
conditioned RCSD as representative baselines,
without separately evaluating RGSD. Verification-
based methods require correctness feedback, while
answer consensus requires rules for matching free-
form answers. LLKD selects and weights pseudo-
labels in a fixed classification label space, and
COSE jointly generates tasks and updates its agents.
Entropy-minimization and self-certainty methods
also require only questions (Agarwal et al., 2025;
Zhao et al., 2026b); because student entropy de-
creases during RUSD training, they are a natural
control that we leave to future comparison. Other
demonstration-, rubric-, feedback-, and uncertainty-
based methods remain applicable or adaptable al-
ternatives outside the present comparison.

B Implementation Details

Algorithm 1 RUSD training procedure
Require: Questions D, initial model πθ0 , coefficient α
Ensure: Trained reasoning model πθ

1: Initialize θ ← θ0; retain πθ0 as judge
2: for each sampled question xi ∈ D do
3: Generate attempt yi using current πθ (Eq. 1)
4: Compute student predictions πS

i,t (Eq. 2)
5: Compute teacher predictions πT

i,t (Eq. 2)
6: Obtain s̄i and cJi (Eqs. 3–5)
7: Compute judged reliability rJi (Eq. 6)
8: Compute student uncertainty uS

i (Eq. 7)
9: Form weight wi (Eq. 8)

10: Update θ (Section 3.5)
11: end for
12: return πθ

Prompts. Table 4 lists the three prompts. Student
and teacher prompts use the model’s thinking mode,
and the judge prompt does not. The teacher and
judge receive the same decoded attempt.

Teacher and judge. Generation, teacher predic-
tion, and student prediction use the same current
LoRA adapters (Hu et al., 2022). Gradients through
student predictions update these shared adapters,
so the teacher also uses the updated parameters on
the next step. We refer to this as a dynamic teacher;

Student (user turn)
Question: {question}
Please reason step by step, and put your final
answer within \boxed{}.

Teacher (user turn)
Question: {question}
Here is a candidate analysis that may contain
useful or misleading information:
=== Candidate Analysis Begin === {attempt} ===
Candidate Analysis End ===
Solve the problem independently using any useful
information from the candidate. Please reason
step by step, and put your final answer within
\boxed{}.

Judge (system turn)
You are an impartial evaluator of reasoning
responses. Evaluate logical validity, internal
consistency, factual plausibility, relevance,
and completeness. Use this rubric strictly:
1 = fundamentally incorrect, irrelevant, or
nonsensical; 2 = contains major errors that make
the conclusion unreliable; 3 = partially correct
but contains an important error, omission, or
incomplete conclusion; 4 = mostly correct and
complete, with only minor issues that do not
invalidate the conclusion; 5 = fully correct,
complete, relevant, and well justified. A
response that omits a requested final answer,
conclusion, or subpart is incomplete and must
not receive a score above 3.
Judge (user turn)
Question: {question} Response: {attempt}
Apply the 1-to-5 rubric above. Return exactly
one digit: 1, 2, 3, 4, or 5.

Table 4: Student, attempt-conditioned teacher, and judge
prompts used by RUSD. The judge applies a common
five-level quality rubric.

a fixed teacher retains the initial parameters. The
judge uses the initial backbone with adapters dis-
abled and reads the five score-token logits after its
prompt, without generating text. For each update,
teacher predictions and response weights are com-
puted without gradient tracking; generation and
judging are also outside the differentiated loss.

Judged reliability example. A judge that splits
its probability between ratings 4 and 5 as 0.44/0.56
assigns score 5 (s̄i = 1) but has confidence of only
about 0.57, so rJi ≈ 0.57; a decisive rating of 5
gives reliability close to 1.

Prediction settings. The generation notation in
Equation 1 denotes one attempt from πθ using the
temperature and top-p/top-k settings in Table 5.
Student and teacher predictions in Equation 2 in-
stead use a full-vocabulary softmax with logits di-
vided by the distillation temperature. Student en-
tropy uses this same full-vocabulary distribution,
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Parameter Setting

Optimizer AdamW
Learning rate 5× 10−6

Epoch budget (maximum) 3
Effective batch size 32
Training steps for reported results 150

Attempts per sampled question 1
Generation temperature 1.2
Sampling top-p / top-k 0.95 / 20
Max. response length (tokens) 8,192
Max. sequence length (tokens) 32,768

Distillation temperature τD 1.2
Vocabulary-coordinate cap κ 0.05

Table 5: Key training hyperparameters for the main
Qwen3-4B and Qwen3-8B RUSD runs.

without the generation filters. The judge’s scoring
logits in Equation 3 are its five rating-token logits
divided by the judge temperature, which is 1.0 in
the main configuration.

Loss implementation. We use the OPSD imple-
mentation (Zhao et al., 2026a), which caps each
teacher-weighted log-probability-ratio contribution
at κ = 0.05 before summing over vocabulary co-
ordinates. This is a coordinate-clipped surrogate
of the forward-KL objective in Equation 9, rather
than exact KL; the cap can change the update di-
rection (Hossain et al., 2026; Huang et al., 2026).
Distillation and student entropy use the full output
vocabulary without generation sampling filters.

Training configuration. Table 5 collects the
main RUSD settings for both model sizes. We
use linear learning-rate decay. The effective batch
size is 32 questions, combining one question per
GPU with eight gradient accumulation steps across
four GPUs. The epoch budget is a configured max-
imum; the main results are reported after 150 train-
ing steps. The coefficient study varies the response-
weight setting with the same dynamic teacher used
in the main configuration. One RUSD training run
took approximately 2 days on four NVIDIA A100
80 GB GPUs.

Masks and reduction. The implementation ex-
cludes prompt and padding tokens from entropy
and loss calculations. Equations 7 and 9 sum over
the unpadded response positions of retained re-
sponses. Responses that reach the 8,192-token
generation limit are excluded from distillation and
receive zero weight. A response with no valid to-
kens contributes no loss and has uSi = 0. The main
configuration uses one question per device micro-

batch, so the valid-token-normalized loss is the per-
response average in Equation 9. The implementa-
tion sums weighted token losses and divides by the
microbatch’s valid-token count before gradient ac-
cumulation and distributed averaging. With larger
microbatches, this is token-count weighting rather
than an equal average of response means. Algo-
rithm 1 presents the per-question computation; op-
timizer updates follow the accumulation schedule
described above. No gradient passes through gen-
eration, judging, teacher predictions, or weights.

Data. We use the public 1.1M-question release
of NaturalReasoning (Yuan et al., 2025). Each row
pairs a question with a reference answer derived
from its source document, when one exists, and a
response generated by Llama3.3-70B-Instruct. All
methods we train share one selection: we keep rows
whose reference-answer field is non-empty, shuffle
with seed 42, and take the first 30,000 questions.
In RUSD, the reference field is used only for this
selection, and neither dataset answer field is used in
training prompts. The student prompt contains the
question and task instructions; teacher and judge
prompts also include the model’s own completed
attempt.

GRPO reward. For GRPO, scalar response-
quality rewards are supplied by a frozen external
Qwen3.8-27B judge (Qwen Team, 2026).

Training steps for reported results. At both
Qwen3-4B and Qwen3-8B, the main SFT, RCSD,
OPSD, NSD, and RUSD results are reported af-
ter 150 training steps, and GRPO results after 500
training steps. Training steps denote optimizer up-
dates. For RUSD, the reporting step was fixed at
150 independently of the checkpoint evaluations.
The additional evaluations in Appendix C.2 charac-
terize performance over training.

Evaluation decoding. We use temperature 1.0,
top-p = 0.95, top-k = −1 (disabled), min-p =
0, and presence penalty 0. We enable thinking
mode and generate four responses per question.
These evaluation settings differ from the training
generation settings in Table 5.

Benchmark scoring. Benchmark-specific auto-
matic scoring compares parsed multiple-choice an-
swers with annotated options and extracted math-
ematical answers with references using numerical
or symbolic comparison. ZebraLogic requires ev-
ery grid assignment to be correct. These scores
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use neither the training judge nor an external LLM
judge.

Training-dynamics summaries and intervals.
Figures 2(b–c) and 3 use the same reported sum-
maries of completed score-4/5 responses. Fig-
ure 2(a) uses the corresponding saved summaries
at steps 100, 200, and 300, including all com-
pleted responses with scores 1–5. For Figure 2(b),
the denominator is all responses with the corre-
sponding judge score, and the numerator counts
high-confidence judgments. For Figure 3(b), n
is the judge-group response count and k counts
responses with student entropy below the pooled
mean of the corresponding summary. Both pro-
portion plots use 95% Wilson confidence intervals
with z = 1.96. For example, the score-5/high-
confidence group at step 100 has k = 231 and
n = 358, giving 64.5% and an interval of 59.4–
69.3%; at step 300, 463/638 gives 72.6% with an
interval of 69.0–75.9%. These intervals describe
response proportions, rather than variation across
independent training runs. The band in Figure 2(c)
instead spans the 25th–75th percentiles of response
entropy; it is not a confidence interval.

External quality audit. We randomly sam-
ple 200 saved question–response pairs and ask
gpt-5.6sol (OpenAI, 2026) to act as an external
judge using the same five-level quality rubric in
Table 4. Each of the 200 questions contributes one
response and one observation. The three regres-
sions include an intercept and predict the external
GPT rating from the training judge’s score, confi-
dence, or both. We report descriptive in-sample fit
and coefficient estimates. The multiple correlation
coefficient R =

√
R2 is the correlation between

fitted and observed GPT ratings. Its square, R2, is
the fraction of external-rating variation explained
within the fitted sample. R is nonnegative; the
signs of the regression coefficients give the direc-
tion of the fitted conditional associations. The joint
coefficients are bscore = 0.84 per rating level and
bconfidence = 3.78. Thus, a 0.1 increase in confi-
dence is associated with a 0.378 increase in the
external rating at the same judge score; an increase
of 1 in the judge score is associated with a 0.84 in-
crease in the rating at the same confidence. These
estimates describe response-quality ratings, rather
than verified correctness or calibrated probabilities.

C Additional Experimental Results

C.1 Extended weighting results

Benchmark Score only RUSD ∆

GPQA Diamond 52.40 52.78 +0.38
SciBench 66.11 70.66 +4.55
MMLU 78.12 79.38 +1.26
LiveBench Reasoning 58.50 61.25 +2.75
OpenBookQA 91.75 92.60 +0.85
GSM8K 94.56 94.81 +0.25
MATH 83.47 85.87 +2.40
AMC 71.39 74.10 +2.71
Minerva Math 32.08 35.02 +2.94
OlympiadBench 51.41 54.27 +2.86
ZebraLogic 73.02 74.38 +1.36

Macroaverage 68.44 70.47 +2.03

Table 6: Qwen3-4B accuracy (Avg@4, %) under score-
only and RUSD weighting. ∆ is RUSD’s absolute gain
over score-only weighting on the same 0–100 scale.
RUSD improves all eleven benchmarks.

Table 6 reports the complete benchmark com-
parison between score-only weighting and RUSD.
The full rule is higher on each benchmark, includ-
ing scientific reasoning, mathematics, and logic-
grid reasoning, with single-run differences be-
low 1 on several benchmarks. This comparison
changes confidence and student uncertainty to-
gether; the endpoint comparisons in Section 4.5 ex-
amine reliability-only and uncertainty-only weight-
ing.

Sensitivity to SciBench. The 4B gain is largest
on SciBench, where the base model starts at
35.77% and RUSD reaches 70.66%. Removing
this benchmark from the macroaverage still leaves
RUSD ahead of the base model by 6.30 and the
strongest remaining baseline, OPSD, by 3.61. Thus,
the overall advantage is not confined to SciBench.

C.2 Performance across training steps
Accuracy rises from 67.78% at step 50 to 70.47%
at step 150, remains close at step 200 (70.34%),
and falls to 67.96% at step 300 (Figure 5). Fig-
ure 2(c) shows that student entropy continues to fall
as this accuracy curve declines. Entropy measures
predictive uncertainty, whereas benchmark accu-
racy measures task performance. Their divergence
shows why the learning-priority signals should be
interpreted alongside the benchmark curve. Train-
ing step 150 gives the highest observed reason-
ing performance, rather than the lowest student
entropy, and every evaluated training step exceeds
the strongest baseline, NSD (65.43%).
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Figure 5: Average accuracy (Avg@4, %) across eleven
benchmarks for Qwen3-4B RUSD with α = 0.5 at six
evaluated training steps from 50 to 300. The highest
observed value is 70.47% at step 150. The dashed line
marks the strongest Qwen3-4B baseline average (NSD,
65.43%; Table 1).

D Retaining a Correct Solution with
Increasing Certainty

Table 7 reproduces the complete saved final re-
sponses to the same heat-calculation question with
α = 0.5. They are observations at training steps
30 and 105, rather than responses regenerated for
separate evaluations at those training steps. Both
responses contain the correct two-stage calculation.
Their shared correctness makes this case useful for
examining changes that the discrete judge score
alone does not capture. We compare the logged
training signals and verify the saved final calcula-
tions below.

Checking both solutions. The solid must first
reach its melting point and then undergo the phase
change. Heating requires mc∆T = 2.5 × 390 ×
(90 − 40) = 48,750 J. Melting requires mLf =
2.5 × 4,000 = 10,000 J. The total is therefore
58,750 J, matching the supplied reference answer.
Both saved final responses explicitly apply these
formulas and obtain these values. A temperature
difference of 50 ◦C equals 50K, so their temper-
ature conversion is also correct. This check con-
cerns the saved final explanations shown in the case
record.

What changes when correctness is retained?
The judge score remains 5, while the rating dis-
tribution becomes more concentrated: the proba-
bilities assigned to scores 4 and 5 change from
approximately 0.438/0.562 to 0.119/0.879. Judge
confidence consequently rises from 0.572 to 0.771.

Meanwhile, mean normalized student entropy falls
from 0.1728 to 0.0388, approximately a 4.5-fold
reduction. The later response preserves the same
correct reasoning with less predictive uncertainty;
it also states the energy unit next to its final boxed
value. The fixed score thus conceals two changes
with different effects on the additive weight: greater
judged reliability raises its reliability contribution,
while lower student uncertainty reduces its uncer-
tainty contribution. This is the response-level pat-
tern motivating learning from a correct attempt
whose generation and assessment can still become
more certain.

Selection and interpretation. The case was se-
lected post hoc through a non-blinded review of
repeated training observations. Reference answers
were used for this selection and the subsequent cor-
rectness check, not for training supervision. The
displayed case was chosen after checking its full
saved final explanations for correctness at both ob-
servations and requiring an unchanged judge score.

The case illustrates retained correctness with in-
creasing certainty; it neither identifies an initial
random guess nor isolates the cause of the change.

E Additional Training-Dynamics Analysis

Table 8 gives the shared counts used in the
training-summary analysis. Figure 2(b) divides
the high-confidence group size by all responses
with the same judge score. Figure 3(a) divides
each group size by all completed score-4/5 re-
sponses, while Figure 3(b) reports k/n for the
two high-confidence groups. For the score-5/high-
confidence group at step 300, these proportions
are 638/932 = 68.5%, 638/1490 = 42.8%, and
463/638 = 72.6%, respectively. Thus, the panels
describe different proportions of the same response
population. Figure 2(a) uses the same saved sum-
maries at steps 100, 200, and 300 but includes all
completed responses: 1,254, 1,369, and 1,502, re-
spectively. Their score-4/5 subsets contain 1,249,
1,363, and 1,490 responses, matching Table 8.

Score distributions and group composition.
The score-5 share of completed responses rises
from 54.2% at reported step 100 to 62.1% at step
300 (Figure 2a). Among completed score-4/5 re-
sponses, the score-5/high-confidence share grows
from 26.5% at reported step 50 to 42.8% at step
300. The score-4/high-confidence share grows
from 16.3% to 23.1%, reaching its maximum of
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Question. A solid has a melting point of 90.0◦C. Calculate the total heat required to change 2.5 kg of this solid from 40.0◦C to
a liquid, given that the specific heat of the solid is 390 J/kg-K and its heat of fusion is 4000 J/kg. Show your work and explain
your reasoning.

Earlier response (step 30) Later response (step 105)
To determine the total heat required to change 2.5 kg of a
solid from 40.0◦C to a liquid, we need to account for two
distinct processes:
1. Heating the solid from its initial temperature to its
melting point
2. Melting the solid at its melting point into a liquid

To calculate the total heat required to change 2.5 kg of a solid
from 40.0◦C to a liquid, we need to consider two distinct
processes:
1. Heating the solid from its initial temperature (40.0◦C)
to its melting point (90.0◦C).
2. Melting the solid at its melting point (90.0◦C) into a
liquid.

Step 1: Heating the solid to its melting point
The temperature difference between the initial temperature
and the melting point is:

∆T = 90.0◦C − 40.0◦C = 50.0◦C

The heat required to raise the temperature of the solid is
calculated using the specific heat formula:

Q1 = m · c ·∆T

Where:
•m = 2.5 kg
• c = 390 J/kg·K
•∆T = 50.0K (since a change of 1◦C = 1 K)

Q1 = 2.5 kg · 390 J/kg·K · 50.0K
= 48750 J

Step 1: Heat Required to Raise the Temperature of the
Solid
The formula for the heat required to change the temperature of
a substance is:

Q1 = m · c ·∆T

Where:
•m = 2.5 kg (mass of the solid),
• c = 390 J/kg-K (specific heat of the solid),
•∆T = Tmelt − Tinitial

= 90.0◦C− 40.0◦C = 50.0◦C.

Q1 = 2.5 kg× 390 J/kg-K× 50.0K
= 48, 750 J

Step 2: Melting the solid at its melting point
The heat required to melt the solid is calculated using the heat
of fusion formula:

Q2 = m · Lf

Where:
•m = 2.5 kg
• Lf = 4000 J/kg

Q2 = 2.5 kg · 4000 J/kg
= 10000 J

Step 2: Heat Required to Melt the Solid
The formula for the heat required to melt a substance is:

Q2 = m · Lf

Where:
•m = 2.5 kg (mass of the solid),
• Lf = 4000 J/kg (heat of fusion).

Q2 = 2.5 kg× 4000 J/kg
= 10, 000 J

Step 3: Total Heat Required

Qtotal = Q1 +Q2

= 48750 J + 10000 J
= 58750 J

Step 3: Total Heat Required

Qtotal = Q1 +Q2

= 48, 750 J + 10, 000 J

= 58750 J

Final Answer

58750

Final Answer

58750 J

Recorded training signal Step 30 Step 105

Judge score si 5 5
Judge probabilities πJ

i (4) / πJ
i (5) 0.438 / 0.562 0.119 / 0.879

Judge confidence cJi 0.572 0.771
Student uncertainty uS

i 0.1728 0.0388

Table 7: Complete saved final responses (after thinking) and training signals for a selected heat-calculation case
from an auxiliary fixed-teacher run. Both answers are correct; judge confidence increases and student uncertainty
decreases between steps 30 and 105. Appendix D gives the calculations and case-selection details.
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Judge score 5 Judge score 4

Step High conf. Low conf. High conf. Low conf.

0 135/314 103/334 116/137 215/351
50 156/319 165/332 109/196 204/359

100 231/358 158/322 140/259 146/310
150 335/463 107/311 151/249 135/314
200 361/482 115/290 235/373 95/218
250 438/586 124/295 216/338 98/200
300 463/638 117/294 212/344 106/214

Table 8: Response counts underlying Figures 2(b), 3,
and 6. Each entry is k/n: n is the group size and
k counts responses with student entropy below the
pooled mean of completed score-4/5 responses in the
same reported summary. High judge confidence means
cJ ≥ 0.7; low confidence means cJ < 0.7. The figures
show reported steps 50–300; step 0 is included here for
completeness.

27.4% at step 200 (Figure 3a). Within score 5, the
high-confidence proportion continues to rise after
the accuracy peak, from 59.8% at step 150 to 68.5%
at step 300.
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Figure 6: Judge-group composition among low-entropy
responses during Qwen3-4B RUSD training with α =
0.5. Only completed score-4/5 responses are included;
low entropy means student entropy below their pooled
mean at that reporting step. Each curve shows a group’s
share of this subset; the four shares sum to 100%. High
judge confidence means cJi ≥ 0.7. Shading shows 95%
Wilson confidence intervals.

Composition of low-entropy responses. Among
responses below the pooled mean student entropy,
the score-5/high-confidence group’s share rises
from 24.6% at step 50 to 51.6% at step 300
(Figure 6). At step 300, this share is 463/898,
whereas the within-group fraction in Figure 3(b)
is 463/638 = 72.6%. The composition depends
on both group size and the fraction of each group
below the mean.

Spread of student uncertainty. The 25th–75th
percentile range of response uncertainty shifts from
0.21032–0.31335 at reported step 50 to 0.04992–
0.08053 at step 300 (Figure 2c). These quantiles
describe variation across completed score-4/5 re-
sponses in each summary.

Detailed relative-certainty comparisons. At
step 50, the fractions below the pooled mean
student uncertainty are 48.9% for score-5/high-
confidence responses and 52.6% overall; at step
100, they are 64.5% and 54.0%. The group’s frac-
tion peaks at 74.9% at step 200 before decreasing
to 72.6% at step 300, when the pooled fraction is
60.3%. It exceeds the pooled percentage from step
100 onward. The score-4/high-confidence group’s
fraction remains at or above the pooled percentage
throughout, with almost no difference at step 100.
High- and low-confidence score-5 responses have
similar fractions at step 50 (48.9% versus 49.7%),
but differ at step 300 (72.6% versus 39.8%).
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