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ABSTRACT

Hierarchical reinforcement learning uses temporally extended subtasks for explo-
ration, yet committing to their execution can restrict both deployment and policy
learning. We identify and separate the resulting execution and policy suboptimality.
Task and execution trees distinguish reward objectives from policy choices and
decision interruption. A Unified Value Function for HRL and a four-stage Gen-
eralized Hierarchical Bellman Equation then support a common analysis of both
losses. Under bounded rewards and uniform termination, we establish hierarchical
policy and execution improvement results. With the remaining node policies fixed,
task-subtree compatibility and node-policy optimality under the original execution
mode establish when Markov execution is optimal. The resulting decomposition
leads to independent execution choices for behavior, targets, and deployment.
We instantiate this principle through execution improvement and one-stage or
two-stage policy improvement at arbitrary hierarchy depth. Option-based and
goal-conditioned experiments demonstrate complementary gains from changing
execution and changing the learning target. Controlled stochastic environments
show how these gains depend on stochastic transition strength and spatial structure.
This framework makes execution design an explicit component of hierarchical
policy optimization.

1 INTRODUCTION

Temporal abstraction gives hierarchical reinforcement learning a structured way to explore: commit-
ting to a useful subtask produces transitions that would be difficult to discover through independent
primitive actions (Sutton et al., 1999; Wen et al., 2020). Exploiting the learned hierarchy poses a
different question: when should the agent reconsider its choice? After a stochastic transition, another
subtask can become more valuable even while the current subtask remains unfinished.

This distinction reveals two sources of loss within a fixed task hierarchy. Execution suboptimality
concerns when a learned policy reselects subtasks; policy suboptimality concerns which execution
process its training objective optimizes. Improving deployment execution and optimizing a policy for
that execution are separate interventions. Here Semi-Markov Execution (SME) runs each selected
subtask until its task termination event, while Markov Execution (ME) permits a new subtask decision
at every environment frame. Their difference motivates a theory that treats task objectives and
execution as independent design choices.

The main contributions of this paper are the following three:

We first formalize the two sources of suboptimality within a unified value model. Task and
execution trees separate nested reward objectives and termination boundaries from policy choices
and decision interruption. The Unified Value Function for HRL (UVFH) distinguishes the evaluated
task from the node holding decision authority (Figure 1). Its four-stage Generalized Hierarchical
Bellman Equation (GHBE) and optimality counterpart, GHBOE, support node-policy and execution
improvement with the remaining policies fixed. An optimal execution theorem under task-subtree
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compatibility and node-policy optimality then yields a decomposition into execution and policy
suboptimality.

Building on this decomposition, we decouple behavior, target, and deployment execution. ESIF
addresses execution suboptimality by changing how a learned policy is deployed; PSIF addresses
policy suboptimality by changing the execution process optimized during learning. Both PSIF
procedures apply at arbitrary depth: PSIF-2S changes behavior and target execution together through
bottom-up, node-wise stages, while PSIF-1S preserves SME behavior and forms local ME targets.
This design retains temporal structure for exploration while optimizing policies and execution for
exploitation.

We then test the resulting frameworks from discrete control to continuous-control extensions.
Tabular OC provides finite, discounted Markov control with the two-level compatible hierarchy of the
theory, allowing us to evaluate ESIF and PSIF in a directly aligned setting. We extend this evaluation
to continuous control: goal-conditioned HAC tests ESIF execution improvement, and option-based
DAC tests PSIF-style policy improvement through a second-stage comparison. Finally, controlled
local-slip and global-teleportation experiments vary both random-transition probability and type to
analyze their distinct effects on execution and policy improvement.

Setting. We use the task-based MDP formalization (S, A, T, R, a,, 8;): T is the Markov tran-
sition kernel, R, the reward, «., the initial-state distribution, and 3, the termination function. A
frame is one primitive environment interaction. A node policy 7, selects child tasks; successive
child choices induce a primitive-action policy 7. All comparisons keep the available task hierarchy
explicit. Appendices D.1, E.1, and K provide extended preliminaries, execution examples, and the
exact GridWorld construction.

2 A UNIFIED THEORY OF TASK OBJECTIVES AND EXECUTION

The source of the difficulty is that a task has two different roles: it defines an optimization objective,
and it induces a transition when called. Its termination function 3 determines the first role, whereas
its decision interruption function B determines the second. Binding these functions makes the
optimization objective and the execution schedule change together. We separate them using task-tree
and execution-tree formalization; the complete definitions and proofs appear in Appendix L.

Task, policy, and execution trees. Let N (i) denote the node indices at depth i, let n(4) denote a
node on a given path, and write |n (i) for the subtree rooted at node x,,(;y. A task tree T describes
nested task objectives. Each task node is the quadruple

Tn(i) = (T/7ﬂ7 Ra R) Lt
n(i)

Here 77 is its child-task set or space, [ is its termination function, R is its per-frame reward, and Ris
its exit reward. If a task or one of its ancestors terminates, the highest ancestor with a termination
event determines the exit boundary; the task and its descendants terminate together. Thus 8 and R
specify both how long rewards accumulate and which boundary reward applies. For options, an exit
reward can be the parent’s value; for goal-conditioned tasks, it can be zero. These two common
frameworks therefore fit the same task-node definition.

An execution tree e specifies how the agent calls these tasks. Each execution node is the pair
(7, B )n(i): 7 selects a child task, and B determines whether decision authority returns to an ancestor.
The node policies form the policy tree 11; the interruption functions form the interruption tree B.
Only a node holding decision authority may choose a child. Decisions proceed down the tree until an
action is selected. Changing B changes this schedule while leaving the task tree and policy tree fixed.

Under SME, interruption events are coupled to task termination events, with B = . Under ME,
B = 1: decisions restart at the root of the executing subtree every frame. This does not redefine
the rewards or termination boundary of the task being evaluated. In particular, task termination and
decision interruption must remain distinct even when the two mechanisms happen to use the same
probabilities.
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Two roles in one value function Same node set; different meanings

V€<S7 Tn(i) | Tn(h )
L

Extended state §= (s, 7,,;)) Conditioning task 7,

ey(;) chooses next, or an action is selected. Fixes Rumy, Puny> Runy and the return boundary.

Within one decision stage: no environment step yet

P
(8, Tn(iy) ] R [ (S, TG+ 1)) ] , [ (S, Tieqr = a) ]

Parent holds authority Child holds authority Action selected

Every value above uses the same condition | z,); s is unchanged.

Figure 1: Decision state is not the task whose return is evaluated. The extended-state coordinate
records the current decision position; the condition specifies the reward objective and exit boundary.
Decision authority moves down the tree within a frame while the environment state and conditioning
task stay fixed. The two node labels can coincide, but their roles are distinct.

Unified Value Function for HRL (UVFH). The value must identify both whose reward is being
evaluated and who currently holds decision authority. Define the extended state s= (s, ’Tn(i)), where
en(i) holds decision authority, or an action has just been selected. For the evaluated task 7=7, (1),
UVFH is defined by

T—1
VIt (3]7) = Ve(8]7) = Esgms,Tore [ > Ray(se,a1) + R (STaTn(jmm—l)>}- (€]
t=0
Here T is the frame at which the evaluated task terminates. The exit destination records the hier-
archical boundary of that event. This definition unifies state values, action values, and values at
intermediate decision nodes without identifying the evaluated task with the current decision node.
We write Vi ¥ and VM Z for the two special execution modes.

The two appearances of a task label in V, (s, 7,,(s) | Tn(n)) have different meanings. The decision state
Tn(i) Tecords where the next choice is made in the execution tree; it does not select the reward being
accumulated. The conditioning task 7,y supplies that reward and its exit boundary. As Figure 1
shows, several decision states can be visited at the same s before one action is executed. Their values
all evaluate the same task. Conversely, fixing the extended state and changing the conditioning task
asks about a different reward objective. The indices may coincide; they are independent roles, not
two different kinds of task.

Generalized Hierarchical Bellman Equation (GHBE). For an execution subtree e|n(h’) evaluat-
ing task Tn(h)» h > I/, one environment frame contains four stages. Decisions descend through IT;
an action produces a transition and reward; task termination determines the exit reward; and decision
interruption reallocates authority for the next frame. Let 7, () denote the task-transition probabilities

and 4, (1) the decision-transition probabilities, as defined in Appendix L.1. If depth [ directly selected
the preceding action, the four equations are

Veinwry (8, Ta(iy|Tny) = N [Velnnry (85 Tagisn) | 7o) ] s YR (4), 2
Veinwry (8, Tieaf |Tnn)) = Ragy (5,0) + Egars,a) [Veinny (8 Tieas |Tam) ] 3
Veintny (8's Tteas | Tam) = Venin) (8" Tieas [Tam) Ynn (5)
h—1
+ ) A (8) Ragny (53 7nm)) “
k=-—1
l
Vernn) (5 Tteaf | Tam) = Y Ante) () Vetnewny (8' Tt | Taemy) - )
k=h'
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The intermediate values V and V/ separate task termination from execution preparation. To optimize
one node policy while holding the other policies and interruption functions fixed, replace the decision-
stage expectation only at that node by a maximum. The other decision nodes retain their policy
expectations. This gives the Generalized Hierarchical Bellman Optimality Equation (GHBOE), with
VeV v denoting its values (Appendix L.2). Figure 2 shows the four stages for the node-local
objective b’ = h, the case used in the suboptimality comparison below.

Four-stage GHBOE: optimize one node policy h' = h; any hierarchy depth

All values condition on 7, and use eln(h); only 7, is optimized.

( N\ 'd
0 Decision e Interaction
a

¥ 4 V' (s, Tay) = max V' (8, Tatht 1)) — V' (S, Tieaf) = Run (5, @)

Other nodes: expectation under their fixed 7. + Eg ~7(s,0) [V* (S,, Tieaf)]

I

next frame

( (
o Preparation IZ20) e Termination

% ' L A * 1 — ’ A g ,
- V(s Tlea) = Z TV (85 Tuiy) D Vs, Tleaf) =Yn(h) Vs, T’(’(lf)
lp=1l

ME: restart at n(h); SME: follow task termination. el Z Yn(k) Ién(h)(s/, Tn(k))

—

Exit: boundary reward, no in-task bootstrap.

y comes from f; 7 comes from /}

Figure 2: GHBOE separates optimization, task exit, and decision interruption. Only 7,, ) is
optimized; the other node policies are fixed. Termination adds the weighted survival and exit
contributions, but only survival continues through preparation. The fixed condition 7,;) and
execution-subtree subscript, shared by all four stages, are suppressed inside the boxes; transition
probabilities are evaluated at s’.

The execution mode enters through preparation, not through a redefinition of the evaluated task’s
termination. Under ME, authority returns to the executing subtree’s root; under SME, it follows task
termination. The depth [ belongs to the execution node that selected the action, not to the action
leaf. Only an environment interaction changes s to s’. Thus the same task objective admits different
Bellman recursions and different optimal node policies.

Evaluation and policy improvement. The evaluation lemma assumes uniform termination, 1 —
Tn(h) (s) > € > 0, and bounded per-frame and exit rewards, with absolute values below M. The
GHBE operator is then a contraction with factor 1 — ¢; it has a unique fixed point bounded by
2M /e, and repeated evaluation converges to that fixed point (Lemma L.16 and Corollary L.17). The
value-comparison results below use these evaluation conditions. The policy-improvement statement
is as follows.

Theorem 2.1 (Hierarchical Policy Improvement). Given execution trees e and ¢’ that differ only in
the node policies Ty (yy and ﬁ;(h) at s, if

Bty ~ioniny () Velnw) (8, Ta(ha1)) S Brpynir () Veln(a) (8 Tn(htn));
then, for all s, Vejpny (5, Tn(n)) < Verin(nr) (S, Tu(n) ), where h > 1.

The proof compares the two GHBE operators under the old value and propagates their ordering to their
fixed points. The SME and ME specializations give policy-improvement results for their respective
optimization objectives; the corresponding policy-iteration arguments follow Theorem L.18 and
Corollaries L.19-L..20 in the appendix.

Execution improvement. Keeping II fixed, the preparation-stage value also supplies an improve-
ment criterion for the interruption tree.
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Theorem 2.2 (Hierarchical Execution Improvement). Given execution trees ¢ and ¢’ differing only in
Bn(ny and B;L(h) at s', compute 4,4’ from their interruption functions. If, for every n(l),

!
Z Antk) (8 )WVelnn) (8", Tagi) | Ta(a))
k=’

l
< A Ve (87 Tagioy )
k=h
then, for all s, Ven(n) (S: Tnn)) < Verin(h) (8, Tn(n))- Here 1 > h > b/, and 1 is the depth of the task
that directly called the previous action.

Assumption 2.3 (Task Subtree Compatibility). The task subtree 7|n(h) has only two levels, or every
descendant task 7,,(s), h' > h, has child-task set 7/ =~ C T/

Tn(h) "
Theorem 2.4 (Optimal Execution). Under Assumption 2.3, if node policy 7, () is optimal for the
execution mode induced by an arbitrary interruption subtree B|n(h), then
Bin(h) ME
VH|’rL(h) < VH|n(h)

That is, ME is an optimal execution mode.

The theorem compares execution modes for a node policy optimal under its original mode, with the
remaining node policies fixed. Compatibility matters because descendants can optimize rewards
different from their ancestors’ rewards. The multilevel counterexample (Figure 22 in the appendix)
shows that when compatibility fails, reselecting from above can reduce the evaluated task’s value.

The two gaps. Fix the task tree and every node policy except 7, (p,). Let II™ use the node policy
obtained from HBOE-SMDP, and let IT* use the one obtained from HBOE-MDP. Denote the four
returns by

| SME ME
11~ Je Ji
| Jp  Ja

The rows distinguish node-policy solutions; the columns distinguish execution modes.

Theorem 2.5 (Generalized SMDP Suboptimality). In an HRL problem with a Markov environment,
with the task tree and all other node policies fixed, the HBOE-SMDP and HBOE-MDP solutions
induce the SMDP-optimal and MDP-optimal node policies, respectively. Their returns satisfy
Ja > Jgand Jo > Jp. Under Assumption 2.3, Jg > Je also holds.

Two-level HRL satisfies the stated compatibility alternative, giving the narrow ordering J 4 > Jg >
Je > Jp. The resulting decomposition is

AJSMDP _ A JE | AJP — (Ja—JB)+ (Jg — Je). 6)

Policy suboptimality is the loss J4 — Jp from optimizing for SME and then deploying with ME;
execution suboptimality is the loss Ji — J¢ from retaining SME at deployment. The decomposition
separates execution design from policy optimization within a fixed task hierarchy.

A strict separation. The exact GridWorld construction in Appendix K makes both losses visible.
With a reward of —1 per frame, its four undiscounted returns are J4 = —8, Jg = —11, J¢ =
—12, and Jp = —14. Reselecting subtasks with the SME-trained node policy saves one frame
in expectation; optimizing the node policy for ME saves three more. Executing that ME-optimal
node policy with SME is worse than the original SME solution. Direct finite-trajectory calculations
establish this undiscounted example; the general evaluation argument above uses uniform termination.
The example separates the gains from changing execution and retraining for that execution mode.

3 DECOUPLING BEHAVIOR, TARGETS, AND DEPLOYMENT

The design principle: three independently specified execution modes. The framework separates
three roles: behavior determines which trajectories are collected; the target determines which
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execution process is optimized; deployment determines how the learned policy tree acts. The task
tree, including termination S, fixes the reward objective and exit boundaries; interruption functions B
specify execution separately for each role. This separation combines temporally extended exploration
under SME behavior with frame-by-frame decisions in ME targets and deployment. Applying ME to
behavior can interrupt a learning subtask before its reward boundary and leave subsequent actions to
another task (Figure 14). The design therefore addresses the two sources of suboptimality separately:
deployment execution addresses the execution gap, and the training target addresses the policy gap.

Behavior Target for 7, Deployment
root: Stage 1 root: Stage 1 root
Q. Q.

Tn(h) O SI Tn(h) O SI Tn(h)
Stage 2 Stage 2

primitive actions primitive actions primitive actions

Mixed node-local stages Same execution modes After training: all ME
SME == ME O Highlightedtask O Completed / fixed

Bottom-up, per node: Stage 1 (SME) — all children complete / fixed — Stage 2 (ME) — converge / fix

S1/S2: Stage 1/2. Primitive calls: SME = ME; lowest trainable nodes start in Stage 2.

Figure 3: PSIF-2S matches behavior and target execution as training progresses up the tree.
In this mixed-stage snapshot, the highlighted node is in Stage 2 and its children are fixed, while its
parent remains in Stage 1. Each caller’s stage sets its outgoing calls. Deployment uses ME after
training is complete.

Behavior Target for 7, Deployment
root root root
Q O
Tn(h) e} O Tn(h) O Tn(h)
0] O Q
u] u] mf u] o m]
primitive actions primitive actions primitive actions
SME throughout ME inside; SME outside ME throughout
SME = ME O Optimized task

Figure 4: One policy tree, three execution specifications. A multilevel PSIF-1S example: behavior
uses SME; the target for 7,,() uses ME inside its subtree and SME outside, including the incoming
call; deployment uses ME throughout. The optimized task can lie at any depth.

Figures 3 and 4 compare the same hierarchy: PSIF-2S changes behavior and target execution together,
node by node; PSIF-1S separates them throughout training. Appendix C gives the full execution-mode
summary (Table 4) and training-flow comparison (Figure 10).

ESIF: change deployment execution. The Execution Suboptimality Improvement Framework
keeps SME training and deploys the learned policy tree with ME. Its idealized comparison is
Je — Jp: the node policies retain their SME optimization objectives. The Optimal Execution
Theorem establishes the ME guarantee under its optimal-node-policy and compatibility conditions.

PSIF-2S: a bottom-up, node-wise training schedule. The Two-Stage Policy Suboptimality Im-
provement Framework assigns two training stages to every task node, at any depth. In Stage 1, a node
calls its children with SME and optimizes the corresponding SME objective. When all its children
have completed Stage 2 and their policies are fixed, it enters its own Stage 2: it calls the children with
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ME and optimizes its MDP node policy on-policy. Only after this node policy has approximately
converged is it fixed. The lowest task nodes, which call primitive actions directly, start in Stage 2
because their SME and ME objectives coincide. Higher nodes can therefore remain in Stage 1 while
lower nodes train in Stage 2 or have already finished. The schedule propagates upwards until every
node has completed Stage 2; the resulting tree is deployed with ME. In the OC instance, completing
option learning permits the root to begin ME training with fixed option policies and termination
functions.

PSIF-1S: local ME targets under global SME behavior. The One-Stage Policy Suboptimality
Improvement Framework calls every task with SME during data collection. When optimizing 7, (),
its target execution uses ME inside that task’s subtree, while the execution outside remains SME.
GHBE supplies the single-frame bootstrap for this node-specific target; GHBOE specifies the MDP
node-policy objective. This construction applies recursively at arbitrary depth. It retains on-policy
execution outside the optimized subtree and confines the execution mismatch to its interior. All
nodes may continue learning without a manual stage transition, and the whole policy tree uses ME at
deployment.

OC instance: separate values and explicit option-exit boundaries. The two-level OC instantia-
tion illustrates these general rules. PSIF-1S maintains separate values for the root’s ME objective and
the options’ objectives:

Vhi(st,u}t)%R(Staat)+Fymjxvhi(8t+17w)' (7)

For an option, the action lasts one frame, but option termination still determines its exit reward. The
option-exit boundary uses the upper ME value:

U(s) = max V" (s,w). 8)
SME trajectories supply the samples for both lower critics:
Vlo(St,wt)» Vlo(stthvat)  R(st,ar)

©)
| (1= By (5041))V' (80401, 08) + Buoy (5641)U (5041) |
Here ~ is the discount factor. V¥ induces upper selection; 1/ supplies option-policy and termination
updates. Appendix C.1 gives their gradients and the Fourrooms termination-update variant. The
resulting design preserves extended option trajectories while training toward ME deployment.

4 EXPERIMENTAL ANALYSIS

The experiments isolate deployment execution, policy learning, and their interaction with transition
randomness. OC/Fourrooms compares ESIF, PSIF-18S, and PSIF-2S within shared hierarchies; HAC
tests execution improvement in goal-conditioned control; DAC tests a PSIF-2S-style second-stage ME
switch from shared first-stage checkpoints. Figures 15 and 24 provide the full OC and HAC curves
and single-level controls, with environment details in Appendix N. The learning and checkpoint
evaluations below connect each intervention to its observed effect.

4.1 LEARNING BEHAVIOR UNDER DECOUPLED EXECUTION

Figure 5 shows how decoupling shapes learning. 1Stage(PSIF) improves before the episode-500
switch while retaining SME behavior; 2Stage(PSIF) reduces the recorded training-step count after
this scheduled switch and finishes below Baseline(ESIF). Direct ME behavior from initialization
(NaiveME) remains less effective in both displayed settings. Together, these trajectories illustrate the
role of temporally extended exploration while the learned objective or subsequent execution changes.
The checkpoint comparisons below separate execution and policy effects after this finite training
budget; all twelve behavior-policy training settings are provided in the appendix.
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= Baseline(ESIF) = 1Stage(PSIF) = 2Stage(PSIF) =—— NaiveME
Local slip, p=1/3, 8 options Global teleportation, p = 1/2, 8 options
60 - NaiveME: 418,551 7.1 (off scale)
172)
53
2 40
=}
Q
o "
— H
S 20 T St
& i 50 -
0 T 1 0 T 1
0 500 1000 0 500 1000
Training episode (behavior policy) Training episode (behavior policy)

Figure 5: Learning behavior with eight options: local slip (p = 1/3) and global teleportation
(p = 1/2). Lines use a trailing 20-episode mean; bands show one SD across saved 35-seed batch
curves (ten batches; nine for teleportation NaiveME). The dotted line marks the two-stage switch.
Off-scale NaiveME reports its episode-901-1000 mean £ SD across batch-window means. Initial
transients may exceed the focused vertical range.

4.2 STOCHASTICITY SEPARATES EXECUTION AND POLICY EFFECTS

The controlled transition sweep tests how stochasticity affects the gains from execution and policy
improvement. We extend Fourrooms to two transition families with probabilities p € {1/6,1/3,1/2}
and either four or eight options. In local action slip, a feasible requested move is replaced, with
probability p, by a uniformly sampled traversable neighboring cell. In global teleportation, the
corresponding event moves to a uniformly sampled free cell; otherwise the original local-slip kernel
is used. This yields twelve settings.

~®- Execution: SME to ME -8~ Policy: ME to 1Stage -#— Policy: ME to 2Stage

Local slip, 40P Local slip, 8OP Teleport, 40P Teleport, 80P
60 40
30 109
=]
o} _ 30
2 20 40
w 5 -
72) 20 -
£ 10 20
7] 10
O e O sgreeeemeeemeenee e
T T T T T T T T T _NI ................ — I
1/6 1/3 172 1/6 1/3 12 1/6 1/3 12 1/6 1/3 172

Transition probability p

Figure 6: Execution and policy savings depend on the transition kernel. Positive values mean
fewer steps: baseline SME minus ME (execution), or Baseline(ESIF) minus PSIF under ME (policy).
Means use checkpoints 910-1000; bands show one SEM across ten policy indices, each evaluated for
35 episodes per checkpoint. These are empirical step differences, not discounted optimal-value gaps.

Figure 6 separates changing the execution mode of a fixed learned policy from learning policies
for ME. In the teleportation environment, the PSIF-1S savings relative to Baseline(ESIF) increase
from 18.6 to 37.4 to 48.5 steps with four options, and from 23.4 to 35.7 to 36.9 with eight options as
p increases. The local-slip and execution-only curves are not uniformly monotone. The observed
benefit of ME-targeted learning thus depends on both the strength and spatial structure of the random
transitions. The full learning curves and evaluation protocol appear in Appendix B.
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Table 1: Effects across algorithm families; arrows mark the preferred direction. OC: ME steps
(p = 1/3,910-1000 ep), mean £ SD over ten policy-window means. HAC: success rate (%), mean
4+ SD across 10 seeds, averaged over the final five plotted checkpoints. DAC: final 0.1M-step return,
mean £+ SD over 50 seeds; full second-stage comparison in Appendix B.3. Effects are relative
changes (%).

Algorithm / environment Change Reference Modified  Effect
OC / Slip (4 opts.) | PSIF-1S 41.8+35.1 16.5+1.8 —60.6%
OC / Slip (8 opts.) | PSIF-1S 234+32 16.8+2.1 —28.4%
OC / Teleport (4 opts.) | PSIF-1S 110.24+29.9 72.7+17.3 —34.0%
OC / Teleport (8 opts.) | PSIF-1S 104.8 +18.5 69.1 £11.6 —34.1%
HAC / random AntReacher T ESIF 49.14+59 72.14+2.9 +46.7%
HAC/URS 1 ESIF 73.1+44 763+41 +4.3%
HAC / AntReacher 1 ESIF 91.7+14 940+1.1 +4+2.5%
HAC / AntFourrooms 1 ESIF 69.1+£5.7 T71.3£6.0 +3.2%

DAC / HalfCheetah (2 opts.) T Stage-2 ME 2257 4 506 2269 + 607 +0.54%
DAC / HalfCheetah (8 opts.) T Stage-2 ME 2111 £+ 698 2268 + 636 +7.41%

Table 1 connects these interventions across algorithm families. At fixed p = 1/3, PSIF-1S reduces
OC’s ME evaluation steps for both transition families and option counts. ESIF raises HAC’s displayed
success rate in each environment. DAC (Zhang & Whiteson, 2019) provides a PSIF-2S-style second-
stage comparison in HalfCheetah: a shared first-stage checkpoint branches into learned-termination
and ME continuations. The two- and eight-option settings have positive mean return changes of
+0.54% and +7.41%, respectively. The complete option-count comparison appears in Appendix B.3.
These comparisons connect execution improvement and ME-targeted training to option-based, goal-
conditioned, and continuous-control learning.

5 SUMMARY AND FUTURE WORK

We have separated execution suboptimality from policy suboptimality within a fixed task hierarchy.
UVFH and the four-stage Bellman recursion provide a common language for the task objective,
policy choice, and decision timing. The resulting improvement criteria and loss decomposition lead to
ESIF and two multilevel PSIF procedures, with behavior, target, and deployment execution specified
independently. The discrete-control comparisons, continuous-control extensions, and controlled
transition sweeps connect this design principle to its empirical effects.

Appendix C.2 relates this execution-centered view to existing HRL approaches.

Future work. We identify three directions that follow from this separation: learning interruption
rules alongside node policies, adapting training to parent-induced changes in state—task visitation,
and improving off-policy value estimation for the local ME targets of PSIF-1S. The improvement
criteria in Section 2 and the learning conditions in Appendix C provide a basis for these extensions.
Together, they open a route to execution-aware learning in deeper hierarchies and continuous-control
implementations while preserving temporal abstraction for exploration.
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REPRODUCIBILITY STATEMENT

The appendix provides the full formal definitions, theorem statements and proofs, together with
the framework algorithms and their instantiations. It also details the experimental environments,
hyperparameter settings, training and evaluation protocols, and statistical aggregation procedures
needed to reproduce the reported results.
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A GUIDE TO THE SUPPLEMENTARY MATERIAL

The supplementary material contains the stochastic-environment and DAC experiments, an interpre-
tation of the unified formalization, and the complete technical development. Appendices K and L
give the GridWorld calculations and full formalization, including the multilevel counterexample.
Appendix M gives all three framework algorithms and their option-based and goal-based instantia-
tions. Appendix N documents the environments, hyperparameters, continuous-control comparisons,
and visualizations. The extended preliminaries and analyses develop the arguments underlying the
main-text presentation.

B ADDITIONAL STOCHASTIC AND CONTINUOUS-CONTROL EXPERIMENTS

B.1 OC TRANSITION FAMILIES AND MEASUREMENT PROTOCOL

The stochastic-transition Option-Critic (OC) experiments in Fourrooms keep the room geometry,
task, option counts, and learning hyperparameters fixed while varying the transition kernel. For
a requested move into a traversable cell, the local-slip kernel executes the requested move with
probability 1 — p and samples uniformly among all traversable neighboring cells with probability
p; the latter set includes the requested destination. A requested move into a wall leaves the agent in
place and does not trigger a random event. For a feasible requested move, the global-teleportation
kernel instead samples a free cell uniformly (including the goal) with probability p; otherwise it
applies the local-slip kernel with fixed slip-event probability 1/3. Thus p denotes an event probability
conditional on a feasible requested move. The unconditional probability of an unintended direction
also depends on the traversable neighbors and the requested action. We evaluate p € {1/6,1/3,1/2}
with four and eight options. Each training run contains 2000 episodes, capped at 1000 environment
steps per episode. The displayed learning curves cover episodes 1-1000, and the two-stage schedule
switches at episode 500.

The training CSVs contain ten worker-batch averages, each formed from 35 training seeds. The
displayed uncertainty is dispersion across these saved batch averages; the 350 individual seed
trajectories were not separately retained in the CSVs. The NaiveME global-teleportation condition
at p = 1/2 contains nine saved batches, representing 315 seeds. The training logger records the
zero-based terminal step index and saves integer-formatted batch averages. The learning curves use
that recorded scale, and checkpoint tests count actual steps; these two measurements have distinct
scales and sampling units.

For the checkpoint evaluation sweep, ten policy indices are evaluated every ten training episodes
from episode 10 through 1990. Each saved policy is tested for 35 episodes, using the same seeded
evaluation scheme for SME and ME and an e-greedy option selector with ¢ = 0.1. The saved
checkpoint-test entry is the rounded mean of those 35 episodes. The summary uses episodes 910-
1000: first average the ten checkpoints for each policy index, then report the mean and sample
standard deviation across the ten policy indices. A comparison of two conditions uses their matching
policy indices; the standard-error bands in Figure 6 are computed from those ten differences. This
paired protocol measures execution and policy effects for the learned checkpoints at a fixed training
budget. The theoretical optimal-value gap compares Bellman-optimal node policies with the other
policies fixed.

B.2 ALL TWELVE OC BEHAVIOR-POLICY LEARNING CURVES

Figures 7 and 8 report the OC learning curves in the local-slip and global-teleportation Fourrooms
environments, respectively. Table 2 gives the corresponding controlled checkpoint comparisons
for OC: the same baseline policies are evaluated under SME and ME, and the 1Stage and 2Stage
policies are evaluated under ME. The algorithm names follow the experimental implementation:
Baseline(ESIF), 1Stage(PSIF), 2Stage(PSIF), and NaiveME. The ESIF designation of the baseline
concerns its deployment intervention. Baseline and 1Stage collect with SME behavior, while the
staged method changes behavior at the prescribed switch. These curves show behavior during learning;
the controlled checkpoint comparisons separate the gains from execution and policy improvement.
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—— Baseline(ESIF) =—— 1Stage(PSIF) —— 2Stage(PSIF) —— NaiveME

p=1/6, 4 options
NaiveME: 413.8 + 4.9 (off scale)

p=1/3, 4 options
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Figure 7: OC on Fourrooms: all six local-slip learning curves, with four options in the upper row
and eight in the lower row. Curves apply a trailing 20-episode mean to each saved worker-batch
trajectory; bands are one sample standard deviation across the smoothed batch trajectories. The
dotted line marks the two-stage switch at episode 500. Focused vertical scales can clip the initial
transient. Off-scale NaiveME labels report the unsmoothed episode-901-1000 mean + SD across
worker-batch window means. Legends and off-scale labels are outside the plotting areas.
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Table 2: Complete OC checkpoint evaluation on Fourrooms at episodes 910-1000: mean + sample
SD of the ten policy-window means (steps, lower is better). Within each checkpoint, each saved
policy is evaluated for 35 episodes.

Environment Opts. p Baseline SME Baseline ME  1Stage ME = 2Stage ME

Slip 4 1/6 31.4+246 227+14.7 205+16.6 20.3+13.5
Slip 4 1/3 48.8+38.8 41.8+35.1 16.5+1.8 34.0+£27.2
Slip 4 1/2 57.0+£16.8 47.7+14.1 323+21.5 40.9+13.7
Slip 8 1/6 17.54+ 3.0 152425 11.94+0.5 12.6 £ 0.7
Slip 8 1/3 289+44 23.4+3.2 16.8 £ 2.1 18.0+2.2
Slip 8 1/2  47.8+12.2 38.1+79 3414179 30.0 £ 5.7
Teleport 4 1/6 88.8+£233 75.0+£20.2 56.3+£29.5 61.0+19.4
Teleport 4 1/3 138.4+34.6 110.2+29.9 72.7+17.3 104.9+73.4
Teleport 4 1/2 168.4+61.5 158.2+60.3 109.8 +21.9 136.7 +47.0
Teleport 8 1/6 86.2+17.0 68.5+11.7 451+ 7.5 58.84+14.7
Teleport 8 1/3 131.3+27.7 104.8+18.5 69.1+11.6 69.6+10.6
Teleport 8 1/2 144.6 +£22.4 126.1 +£30.0 89.2+22.0 102.7+12.9
—— Baseline(ESIF) = IStage(PSIF) —— 2Stage(PSIF) =——— NaiveME
p=1/6, 4 options p=1/3, 4 options p=1/2, 4 options
NaiveME: 236.0 + 3.8 (off scale) NaiveME: 202.3 + 2.4 (off scale)
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Figure 8: OC on Fourrooms: all six global-teleportation learning curves, with the same conventions
as Figure 7. At p = 1/2, NaiveME is included directly in the plotting range; its nine saved worker
batches are retained without imputation.
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B.3 SECOND-STAGE DAC COMPARISON ON HALFCHEETAH

The DAC study compares second-stage continuations from matched first-stage checkpoints at 3 x 106
environment steps through 4 x 10° steps, using 50 paired runs per option count. The reference
branch retains DAC’s learned termination; the ME branch reselects an option each frame and fixes its
termination head to one. This PSIF-2S-style actor—critic continuation adapts intra-option policies,
while the idealized node-wise schedule freezes completed children. The continuation restores network
and normalization parameters and reinitializes other training state.

Figure 9 and Table 3 report the two- and eight-option comparisons. The displayed quantity is training
return: curves use 20,000-step bins and the table summarizes the final 100,000 steps.

= SME continuation = ME continuation
2 options 8 options

3000 A
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g

2 2000 i
2

%D 1500 4 -
g

'E 1000 - .
=

500 + -

0 T 1 T 1
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Environment steps (10°) Environment steps (10°)

Figure 9: Second-stage DAC comparison with two and eight options. Learned-termination and
ME continuations start from the shared 3M-step checkpoint. Curves show the observed 3M—4M
segment in 20,000-step bins; bands are one standard error across 50 runs. Their summary statistics
are given in Table 3.

Table 3: DAC second-stage comparison on HalfCheetah for the valid two- and eight-option settings.
Returns use the final 0.1M steps: mean + sample SD over 50 paired seeds. Effects are relative
changes (%).

Options SME return T ME return 1 Effect

2 2257 + 506 2269 £+ 607 +0.54%
8 2111 £ 698 2268 £ 636 +7.41%

C ADDITIONAL INTERPRETATION OF THE UNIFIED FORMALIZATION

The unified formalization separates task objectives from decision authority, providing the basis for
independent behavior, target, and deployment execution. The complete definitions and proofs appear
in Appendix L.

Figure 10 supplements the main-text tree illustrations in Figures 4 and 3 with the training schedule.
Panel (a) shows the node-wise stage transitions of PSIF-2S; panel (b) shows the repeated SME
collection and node-local target updates of PSIF-1S. Table 4 records the execution modes and
idealized endpoints for all frameworks.

Why two trees, and why four entries in a task node? The task tree answers four questions for
each task: which subtasks can it call, when does its objective terminate, what reward is accumulated
at each frame, and what reward is received on exit? The last question cannot generally be absorbed
into a single shared environmental reward. A task can exit because of its own termination event or
because an ancestor terminates, and these exits can require different boundary values. The tuple
(7,5, R, R) records these distinctions explicitly. Task termination propagates down the hierarchy,
with the highest terminating ancestor determining the boundary. The external task Tour = 7 (—1)
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(a) PSIF-2S: a bottom-up schedule at every task node

Stage 1 All children ready Stage 2 Done
Behavior: SME > Stage 2 completed; > Behavior: ME > Converged;
Target: SME child policies fixed Target: ME own policy fixed

Lowest trainable nodes start in Stage 2; different depths can occupy different stages.

(b) PSIF-1S: shared data, node-local targets, continuous learning

Collect a transition Bootstrap at each node Update the policies
SME behavior > ME inside its subtree; > All depths keep learning
throughout the tree SME outside No switch or freezing

Repeat with the next transition

Deployment (both): ME throughout the learned policy tree

Figure 10: PSIF-2S changes the training schedule; PSIF-1S separates behavior from the target.
In PSIF-2S, behavior and target modes describe the current node’s calls to its children, not a global
switch. The schedule propagates bottom-up. PSIF-1S keeps SME behavior and updates node-local
ME targets throughout training. Both apply at arbitrary depth and deploy with ME.

Table 4: Execution rules for hierarchies of arbitrary depth. In PSIF-2S, the stage is local to
each task node. In PSIF-18, the target is specific to the node being optimized. Endpoints denote the
conditional idealized comparisons, not finite-training guarantees.

Framework Behavior Target Deployment Endpoint
Baseline SME throughout SME throughout SME Je
ESIF SME throughout SME throughout ME Js
PSIF-2S Node-local SME — Same node-local modes as behav- ME Ja
ME ior
PSIF-1S SME throughout ME within the updated subtree; ME Ja
SME outside it
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calls the root task and receives its exit, whereas action leaves produce one frame of transition and
have Bicqr = 1.

The execution tree answers a different question: which node policy may act now? An execution node
pairs a node policy with a decision interruption function. The policy tree II contains the former; the
interruption tree B contains the latter. This separation permits changing execution without changing
the task’s reward accumulation rule. It also distinguishes learning a task decomposition from learning
a scheduler. For example, changing an option’s intrinsic termination rule can change the subproblem
it must learn, whereas changing only its interruption rule changes when another node can take control.

Why the extended state contains decision authority. In flat RL, a state value evaluates the process
before selecting an action, and an action value evaluates it after an action is selected. In a hierarchy
there are intermediate decision points: a parent can have selected a child task while that child has not
yet selected its own child. The extended state (s, 7,,(;)) identifies all such positions. The conditioning
task 7,,(,) separately determines which reward and exit boundary are evaluated. Hence the two task
indices serve different purposes. For a countable task tree with N nodes, the formalization describes
|S| x N extended-state values for each conditioning task, and |S| x N? values across all conditioning
tasks. This describes the value objects; it does not require estimating every one with a separate
function approximator.

One environment frame, four value stages. The decision stage follows the policy tree downwards;
the interaction stage applies an action and obtains the evaluated task’s reward. The termination stage
then either closes that task’s reward accumulation with an exit reward or passes its remaining value to
the preparation stage. The preparation stage redistributes decision authority through the interruption
tree. These four stages form a closed recursion. They distinguish transitions of task objectives,
represented by ~y, from transitions of decision authority, represented by 7. In particular, knowing the
probability that a task terminates does not by itself specify how frequently a target policy reselects
subtasks.

Why SME behavior can support ME targets. With SME behavior, if an ancestor terminates and
decision authority leaves a descendant’s subtree, that descendant’s task also terminates. Its sampled
trajectory can therefore extend to its own hierarchical boundary. With ME behavior, authority can
leave a descendant while the descendant’s task objective has not terminated. Subsequent actions
can then be selected by another task. Using them to update the interrupted task without accounting
for the change introduces an off-policy discrepancy. Separating execution roles preserves temporal
abstraction for behavior while allowing the target and deployment to exploit ME decisions.

PSIF-2S resolves this scheduling issue through two training stages for each task node. Stage 1 uses
SME to call children and optimizes the corresponding SME objective. Completion of every child’s
Stage 2, with those child policies fixed, permits the parent to enter its own Stage 2. The parent then
calls children with ME and optimizes its MDP node policy; it is fixed only after completing this
optimization. Lowest task nodes start in Stage 2 because their children are primitive actions and their
SME and ME objectives coincide. Different nodes may therefore be in Stage 1, Stage 2, or finished at
the same time. It is the caller’s own stage that governs its execution of its children, and the bottom-up
progression ends when all task nodes have finished Stage 2. These are node-local training stages,
with behavior and target execution matched for the node being optimized.

PSIF-1S instead keeps SME behavior throughout the hierarchy and forms a separate target for each
updated node: descendants within that node’s subtree are called with ME, while the part outside
remains SME. GHBE supplies its single-frame value recursion, and GHBOE specifies its MDP node-
policy objective. The behavior can thus preserve the temporal structure useful for exploration without
imposing the same execution mode on the learning target or final deployment. This construction
concerns an arbitrary node and its descendants, not a fixed pair of upper and lower layers. The OC
instantiation below is a two-level example of these general rules.

Scope of the value guarantees and learning updates. The value-evaluation proof uses bounded
rewards and a uniform positive probability of task termination. The optimal-execution result further
requires a node policy optimal for its original interruption tree and the stated task-subtree compati-
bility condition. The multilevel counterexample identifies why compatibility matters: independent
descendant objectives can make a new scheduling opportunity worse for an ancestor. The idealized

18



Preprint

framework endpoints compare the specified node-policy optima, without asserting finite-training
convergence; partially trained agents are evaluated empirically. In PSIF-2S, SME visitation can
leave rarely called subtasks undertrained, and subsequent parent improvement can shift the state—task
distribution seen by fixed children. PSIF-1S can also encounter state—option distribution shift and
function-approximation error. Multi-frame bootstrapping requires accounting for off-policy data,
while single-frame bootstrapping can accumulate approximation error over long horizons. These
learning effects are separate from the exact value comparisons.

C.1 COMPLETE PSIF-1S UPDATES FOR OPTION-CRITIC

This two-level instantiation uses the environment reward R and discount factor . The agent collects
trajectories with SME. Its upper value estimates the ME target, while two lower values estimate the
option objective:

V(s wi) = R(se,a) + max Vi (si11,w). (10)

The assignment symbol denotes fitting the left-hand value estimates to the right-hand target on
sampled inputs. For the option’s one-frame action transitions, SME and ME coincide. At option
termination, the exit reward uses the upper target policy’s ME value U(s) = max,, V" (s,w). The
lower updates used in this paper are

V(s we), V(s wi, ar) < R(sy,ar) + 7[(1 = Buy (5t41)) V' (5141, wi)
(11)

+ By (5t41) max VI (s141, W)} .

This boundary trains options to support the upper ME target while retaining SME interaction. Both
critics bootstrap from the observed next state after one sampled action; the target execution specifies
its continuation value.

Policy and termination updates. The upper node policy is induced by V"**. The option-policy and
termination gradients use the lower values, with the termination baseline specified separately from
the option-exit target:

8ﬁw(8t) lo lo
92 (V10 51,0) = VI (s0), (12)

Vi°(s) = max V'(s,w).

AV ~ —«

Oy (ag | st)
00

The termination baseline max V'° and the option-exit reward U (

with distinct roles.

Al ~ ag (Vlo(st,w, a) — Vlo(st,w)). (13)
5)

= max V" are distinct quantities

Fourrooms termination-update variant. The runs labeled 1Stage (PSIF) combine the upper-
ME critic boundary in Equation (11) with the termination advantage V"% (s, w) — max,, V(s w’) +
delibin A_Omega, where de1ib is the deliberation term. Their termination update therefore uses
upper values, while the framework update in Equation (12) uses lower values. The reported curves
and statistics evaluate this upper-value termination variant.

C.2 CONTEXT WITHIN HIERARCHICAL REINFORCEMENT LEARNING

Hierarchical reinforcement learning uses task decomposition to organize temporally extended be-
havior; surveys describe both its algorithmic diversity and the resulting design choices (Barto &
Mahadevan, 2003; Pateria et al., 2021).

Options permit interruption (Sutton et al., 1999). Our analysis separates its execution benefit from
the loss induced by an SME training objective and formalizes both for nested tasks. Representation-
induced restrictions (Nachum et al., 2019) and the sample efficiency of temporal abstraction (Wen
et al., 2020; Robert et al., 2023) concern complementary questions. UVFA (Schaul et al., 2015)
conditions values on goals, while UVFH also records decision authority and an independently chosen
execution tree. Recent analyses of option duration (Drappo et al., 2023) and alternative option-induced
MDPs (Li et al., 2023) reinforce the distinction between a hierarchy’s structure and its execution.
Appendix I discusses skill discovery, option learning, multitask learning, and goal-space learning.
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D EXTENDED BACKGROUND

D.1 MARKOV DECISION PROCESSES

A task 7 is described as a Markov Decision Process (MDP) defined by the six-tuple
(S, A, T,R;,ar, ;). This MDP comprises a state space S, a action space A, a transition ker-
nel 7 : 8§ x A — A(S) (where A(S) denotes probability distributions over S), a reward func-
tion R, : S x A — R, a task initial-state distribution v, € A(S), and a termination function
Br : 8§ — [0, 1] which means the probability of exiting task 7 upon visiting a state s. 1 — 3, plays
arole analogous to the discount factor v,.. We define one unit of timestep in which the agent takes
an action and interacts with the environment as a frames, and denote the current frame index as ¢.
When the agent interacts with the environment by calling the policy 7, : S — AA, its value function

is defined as V;(s|7) = Ex_ 5=s {Z;ﬁo (RT(st, a) Z_:t(l — ﬂr(sk)))} , where 7 is the set of

policies for all tasks,! V7, m, € 7. The optimization objective of 7, is to maximize V,(-|7), and
different 7 will have different optimization objectives due to different 5. The expected return of task
Tis J(7|7) = Egn, Var (8]7).

D.2 SEMI-MARKOV DECISION PROCESSES

Tasks affect the optimization objective of their policies and induce dynamic transitions in the
environment when executed by the agent, similar to the effects of actions. Therefore, as illustrated
in Figure 11, in HRL it is possible to call other tasks multiple times to accomplish 7 instead of
directly calling actions. We refer to this stochastic process with variable-duration transitions as a
Semi-Markov Decision Process (SMDP), and the tasks that can be called under 7 are called the
subtasks of 7. In the formalization, we replace .4 in the MDP tuple with the subtask set 7. of
7, and define the SMDP of task 7 as (S,7/,T-, R,,a-,3;). Here, T, : S x T/ — AS is the
subtask transition function, and R, : S X T — R is the subtask reward function. Since tasks
at different hierarchical levels operate on different time scales, we use t to record the number of
subtasks that have been called by a given task. We refer to the policy by which 7 calls its subtasks
as the node policy 7, : S — AT, and we denote the mapping for 7 that starts from 7 and keeps
selecting subtasks until an action is eventually chosen, while keeping the original notation, as the
policy 7 : S — AA. The value function that the node policy 7, needs to maximize can be simply

formalized as Vi (s|7) = Erroi soes [zg’;o (RT(sf,th) - 5T(sk)))]. 2

D.3 PROBLEM SETUP

In this paper, we divide the algorithm into two phases: the training phase and the deployment
phase. Training phase: The agent interacts with the environment to learn appropriate policies.
Deployment phase: The agent needs to call the learned policies in a reasonable manner. We examine
the final performance exhibited by the agent when interacting with the environment during the
deployment phase while executing policies in a certain manner.>The main motivation for this setup
is that during training, the agent needs to explore the environment, and policy execution involves
an exploration mechanism. However, during deployment, more emphasis should be placed on the
optimal performance that the learned policies can achieve in terms of exploitation. We find that this
exploration-exploitation tradeoff takes on a new form in HRL.

'We will extend and redefine the concepts of certain traditional symbols. Notations are in Section J

2This calculation ignores the case where a subtask is terminated due to the termination of its higher-level task
during its execution.

3This setup is more reasonable in RL, for example, by using e-greedy during training and greedy during
deployment, or softmax during training and argmax during deployment.
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Figure 11: Differences between MDP and SMDP: calling actions vs. calling subtasks. The superscript
of 7 denotes its hierarchical level, while the subscript denotes its called index ¢. The subscript of
actions a indicates the timestep index ¢.

E DETAILED PROBLEM FORMULATION

In this section, we analyze the impact of Semi-Markov Decision Processes on the agent during
training and deployment through a simple case study. We point out two distinctly different execution
modes when calling subtasks in HRL.

Definition E.1 (Markov Execution, ME). Task 7 makes a decision and calls a new subtask 7’
at every frame, meaning that each called 7' generates only a single-frame transition. We refer to
this execution mode, in which each transition lasts only one frame, as task 7 calling 7. in a ME
manner. When all tasks of the agent call their node policies in the ME manner, we refer to the
agent as calling 7 in the ME manner. The value function under ME is formalized as VME(s|7) =

E e om [ S0 (Rr(on ) [Lh(1 = A:(50)))

Definition E.2 (Semi-Markov Execution, SME). After task 7 decides and calls a subtask 7/, 7/
is executed in full until it terminates due to termination function 3,.. We refer to this execution
mode, in which each transition lasts for the entire execution of the subtask, as task 7 calling 7,
in a SME manner. When all tasks of the agent call their node policies in the SME manner, we
refer to the agent as calling 7 in the SME manner. The value function under SME is formalized as

VSME(s|r) =B e, [50%%0 (Re(op ) TTzb (1 = Br(se))) |

As shown in Figure 12, ME ignores the original termination functions of subtasks, whereas SME
strictly follows the termination functions of subtasks. SME used in HRL can lead to suboptimality.
We decompose this suboptimality into execution suboptimality and policy suboptimality, as illustrated
by the GridWorld shown in Figure 13a:

E.1 EXECUTION SUBOPTIMALITY

Figure 13b shows the trajectories of an agent with a two-level policy set 7 under SME and ME. Given
the termination functions and node policies of all tasks within the agent, using different execution
modes results in different trajectories. That is, for any 7, there exist the expected return under
SME JME(7|7), and under ME JME(7|7). To reach (0, 8) as quickly as possible, up is the optimal
action at state (0, 2). For the policy set in Figure 13b, it is clear that ME achieves a higher expected
return than SME: JME(7|G) = —11 > —12 = JME(7|@). During the execution of subtask to reach
(0,1), the subtask with the highest expected return changed (due to a random event), but SME could
not promptly stop the unfinished suboptimal subtask, resulting in suboptimality. We refer to this
suboptimality during the deployment phase as execution suboptimality.

E.2 POLICY SUBOPTIMALITY

Figure 13c shows the trajectories of the optimal policy under the two different execution modes, SME
and ME: JME(7*|G) = -8 > —11 = JME(7~|G), SME(n~|G) = —12 > —14 = JME(7¥|Q).
Given the termination functions of all subtasks within an agent, different execution modes can
lead to different optimal node policies. This paper refers to the difference in policy set caused by
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Figure 12: Interaction differences between SME and ME: calling subtasks in full vs. calling subtasks
in one timestep. Task 7 has a 4-timestep subtask 70 and a 2-timestep subtask 71. Both 70 and 71
directly call actions. The subtask 70 and the actions it decides are represented in blue, while 71 and
its actions are represented in yellow.
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Figure 13: Trajectories of the agent in the GridWorld under different policies and execution modes.
The agent needs to reach G at (0, 8) from S at (4, 0) in the minimum number of frames, receiving a
reward of —1 per frame. After reaching the position marked ®, there is a 50% chance of an additional
state transition along the dashed line. The trajectories of the SMDP-optimal policy 7, ; under SME
and ME are shown in blue and red, with their expected returns denoted by J¢ and Jp respectively. The
trajectories of the MDP-optimal policy 7;;, under SME and ME are shown in purple and orange, with
their expected returns denoted by Jp and J 4 respectively. The detailed descriptions of the policies
and execution modes, as well as the related numerical computations, are provided in the Section K

the execution mode during the training phase as policy suboptimality. We provide the following
definitions of policy optimality under these two specific execution modes:

Definition E.3 (MDP-optimal). For a task 7, given the node policies of all its descendant tasks, the
node policy 7, that maximizes VME(-|7) is called the MDP optimal node policy of task T, denoted as
7. Thatis, 7% = argmax;_VME(-[7). When all node policies in 7 are MDP optimal node policies,
we call m an MDP-optimal policy set, denoted as 7*.

Definition E.4 (SMDP-optimal). For a task 7, given the node policies and termination functions of
all its descendant tasks, the policy 7, that maximizes VSME(-|7) is called the SMDP optimal node
policy of task 7, denoted as . That is, 7 = argmax;_V>ME(-|7). When all node policies in 7
are SMDP optimal node policies, we call m an SMDP-optimal policy set, denoted as 7.

F ADDITIONAL THEORY OVERVIEW

F.1 LIMITATIONS OF SME

We now formally present the narrow SMDP suboptimality theory under the two-level HRL setting,
which provides theoretical guarantees for the limitations of SME.
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Table 5: Optimality comparison table.

Expected return SME ME

SMDP-optimal policies  J¢ JB
MDP-optimal policies Jp Ja

Theorem F.1 (Narrow SMDP Suboptimality Theorem). In a two-level HRL problem where the
environment satisfies the Markov property, the four expected returns generated by the MDP-optimal
policy set m* and the SMDP-optimal policy set 1~ under ME and SME are defined in Table 5. Then
the following ordering holds:

Ja>Jg 2> Jec > Jp.

This paper also proposes a Generalized SMDP Suboptimality Theorem under more-than-two-level
and arbitrary execution modes, which constitutes the core theoretical contribution of this work. We
provide detailed formulations, descriptions and proofs in the Section L, where the narrow SMDP
suboptimality theory is also proven as a special case.

Proof Sketch for Theorem F.1. Conceptual Clarification: This paper notes that each task 7 has two
termination functions with different roles. One controls the optimization objective of 7., namely the
termination function . introduced in Section D.2. The other controls the duration of 7’s transitions
when it is called as a subtask during interaction, defined as the interrupt function BT. In this context,
we observe that when using ME, BT = 1, while when using SME, BT = (.. In our proof, we further

introduce the task tree and the execution tree to decouple the binding of B, and B, in existing
HRL, which respectively describe the complex task optimization objectives and task execution modes
across multiple hierarchical levels. In simple terms, for each 7, the task tree corresponds to the task
decomposition, which determines the termination conditions of 7 as well as the boundary cases when
returning to different upper-level tasks. The execution tree, on the other hand, acts as the policy
scheduler, specifying how 7 calls its lower-level descendant tasks. By defining these two types of
trees, we can precisely formalize the complex situations in more-than-two-level hierarchical settings
where the termination or interruption of any upper-level task of 7 will cause 7 itself to be terminated
or interrupted. Unified Formalization: The value computation under different execution modes
cannot be directly described by the Bellman equation, since action selection depends on both the
current frame’s state and the task. At each frame during interaction, the hierarchical level of a task

is jointly influenced by 7 and B For instance, in a two-level HRL, under ME, decisions are made
from 7;,; downward at every frame, whereas under SME, downward decisions from 7,; occur only
when a subtask ends, and the remaining frames are decided by 7;,. To address this, we describe the
generalized interaction process of HRL using four stages: Preparation stage: Determine which task
makes downward decisions based on B . Decision stage: The task determined in the previous stage
makes downward decisions according to 7 until an action « is selected. Interaction stage: Each
task receives rewards according to the agent’s transitions. Termination stage: Tasks in execution
determine termination based on /3, including boundary conditions for termination. Based on four
stages, we propose a Unified Value Function for HRL(UVFH). Using UVFH, we establish the
Generalized Hierarchical Bellman Equation (GHBE) and the Generalized Hierarchical Bellman
Optimality Equation (GHBOE), which describe the dynamic value transitions across the four
stages and serve as the foundation for subsequent theoretical analysis. Here "generalized" refers
to arbitrary execution modes and task hierarchy configurations. Theoretical Proofs: We prove
that the iterative operators of the two equations above are Contraction Mappings, thereby providing
theoretical guarantees for the convergence of their solutions. On this basis, we further prove the
Generalized Hierarchical Policy Improvement Theorem, which ensures that under the ME and
SME execution settings, the optimal node policies induced by the GHBOE correspond to the MDP
optimal node policies and the SMDP optimal node policies, respectively. Consequently, we establish
that J4 > Jg and Je > Jp. Next, we prove the Hierarchical Execution Improvement Theorem
for execution modes controlled by B . Using this theorem, together with certain subtask conditions
(satisfied by two-level HRL), we prove the Optimal Execution Theorem. This theorem guarantees
that, under some conditions, the expected return of any execution mode is no greater than that under
ME, i.e., Jg > J¢. In particular, we also provide counterexamples for multi-level HRL settings
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where the conditions are not satisfied for descendant task, demonstrating that the optimality of ME is
not evident. 0

In the process of proving Theorem F.1, we derived the following key theorems. The relevant concepts
and their precise formal definitions can be found in Section L.

Theorem F.2 (Hierarchical Policy Improvement Theorem). Given execution trees e and €', suppose
that the only difference between them lies in the node policy functions 7,y and ﬁ;(h) at state s. If

iy~ (9) Veln(n) (8 Tan1)) < B ymier () Veln(n) (8 Ta(ngry ), where h > 1, then
for all s, it holds that V_|,,(n1) (8, Tn(n)) < Verin(n) (S5 Tu(n)) -

Theorem F.3 (Hierarchical Execution Improvement Theorem). Given execution trees e and
e/, suppose that only the decision interruption functions 3,,(,y and B;L( h) differ at s'. Let decision

transition mechanism 4 and 4 be computed from (3 and ', respectively. If for all n(l) it holds that

l . 1 .
2 k=t ) (S Weln(n) (8" Taie) [Tnn)) < 2 kmis Vi) (8 )WVeln(n) (8's Tk [ Ta(nr) ) then for all
s we have Ve 1) (5, Tn(n)) < Verin(n) (8, Tn(n)), where I > h > 1/, and | denotes the level of the
task directly calling an action in the previous frame.

Theorem F.4 (Optimal Execution Theorem). Under Claim L.1, if the node policy ) is the

optimal policy for the execution induced by any interruption subtree B|n(h), then Vrﬁ%g) <

VME . i.e., ME is the optimum.

Through the SMDP suboptimality theory, we reveal the expected return suboptimality of SME during
both the training and deployment phases. To avoid policy suboptimality, the target policy should
use ME to approaches J 4 instead of being limited by Jg. To avoid execution suboptimality, the
deployment policy shoud use ME to approaches Jp(or J 4) instead of being limited by J¢(or Jp).

F.2 LIMITATIONS OF ME

Unlike SME, under ME, B and [ are set differently, which may result in frequent interruptions of
a task by higher-level tasks during its execution. During task optimization, deviations between the
target policy and the behavior policy may occur, as indicated by the red marks in Figure 14. This
makes it difficult for the boundary conditions controlled by 3 at task termination to be properly back-
propagated along the interaction trajectory during dynamic programming. Therefore, if the agent
directly interacts with the environment using ME during training, the node policies of all subtasks
will face severe off-policy issues, making efficient training difficult. To ensure stable sampling and
learnability of lower-level subtasks during training, the behavior policy should still use SME.

F.3 THE EXPLORATION—EXPLOITATION TRADEOFF INDUCED BY EXECUTION MODES

Given that we have already adopted a hierarchical architecture, what extra suboptimality is introduced
purely by the SME, and how can we remove it by using a more suitable execution mode? Based on
the theoretical analysis above, the problem can be reduced to an exploration-exploitation tradeoff
caused by the execution mode in HRL. Overall, the common HRL design in which both target and
behavior policies use SME is exactly the fundamental design flaw. During the training phase:
Directly using ME to learn the MDP-optimal policy set results in low subtask sampling efficiency,
leading to an exploration problem; directly using SME to learn the SMDP-optimal policy set results
in policy suboptimality, leading to an exploitation problem. During the deployment phase: The
optimal execution mode, ME, should be used to ensure exploitation. Therefore, a reasonable HRL
algorithm should balance exploration and exploitation, interacting with the environment via SME to
generate data while learning the MDP-optimal policy set in some way.
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Figure 14: Subtask off-policy issue under ME. Following the example in Figure 1, the bottom row of
the action sequence represents the agent’s interaction trajectory with the environment, where blue
and yellow colors are used to distinguish whether an action is decided by the node policy of subtask
70 or 71 respectively. Within each subtask box, the action sequence corresponds to the truncated
trajectory used for training that subtask. Whenever the truncated trajectory contains data that is not
decided by the node policy of the corresponding subtask, or when trajectory data is missing, these
actions are highlighted in red, indicating the occurrence of an off-policy issue.

G FRAMEWORK IMPLEMENTATIONS

Based on Section F, this paper designs three theoretically guaranteed frameworks for improving
HRL algorithms by separating the task termination function from the interruption functions and
independently specifying the execution modes of the behavior policy, target policy, and deployment
policy: the Execution Suboptimality Improvement Framework (ESIF), the Two-Stage Policy Subopti-
mality Improvement Framework (PSIF-2S), and the One-Stage Policy Suboptimality Improvement
Framework (PSIF-1S). Existing HRL algorithms can be improved through these frameworks to
balance the exploration-exploitation tradeoff and mitigate the SMDP suboptimality of the original
algorithms to varying degrees.

G.1 FRAMEWORKS

ESIF: This framework does not modify the training process of the algorithm and directly uses the
original algorithm to learn 7~ (i.e., by sampling data through SME to solve the SMDP-optimal policy
set). During the deployment phase, using ME can achieve the expected return Jg. This framework is
analogous to using e-greedy SARSA (Rummery & Niranjan, 1994) to train the agent in RL, followed
by greedy execution during deployment. PSIF-2S: Each task node in the task hierarchy has two
training stages. Stage 1: A task node calls its children using SME and trains its node policy for the
corresponding SME objective. Stage 2: Once every child has completed its own Stage 2 and its
policy is fixed, the parent calls its children using ME and trains its MDP node policy. The parent
policy is fixed only after this second-stage optimization has approximately converged. The lowest
trainable task nodes, whose children are primitive actions, start in Stage 2 because their SME and
ME objectives coincide; all other task nodes start in Stage 1. During training, each unfinished node
solves the GHBOE for its current node-local execution mode. Stage transitions propagate from the
bottom upwards, and nodes at different depths may be in different stages simultaneously. Training
ends when every task node has completed Stage 2. ME deployment then corresponds to J 4 in the
idealized comparison. Here stage numbers describe a node’s own training and its calls to children,
consistently with the general framework in Section 3. PSIF-1S: Each task node is called using
SME during data collection. When a particular node policy is optimized, its target calls descendants
within its subtree using ME, while execution outside that subtree remains SME. GHBE supplies
its single-frame bootstrap and GHBOE its MDP node-policy objective 7. The same construction
applies at every depth. During deployment, the whole policy tree uses ME, corresponding to J 4 in
the idealized comparison. This is analogous to using Q-Learning (Watkins & Dayan, 1992) to train
the agent in RL, followed by greedy execution during deployment. We provide the pseudocode and
improvement instances for the three frameworks in Section M.
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G.2 ALGORITHM IMPROVEMENT INSTANCES

The OC algorithm is a representative algorithm of the Options Framework (Stolle & Precup, 2002;
Riemer et al., 2018; Brunskill & Li, 2014; Harutyunyan et al., 2019), suitable for verifying theoretical
correctness. ESIF framework: During deployment, options can be selected greedily at each frame
according to the higher-level value function. PSIF-2S framework: During the root’s Stage 1, options
are called using SME to collect trajectory data; the lowest task nodes learn their option policies, for
which primitive-action SME and ME coincide. The value updates of both high-level and low-level
node policies follow the original algorithm updated by:

V(st,wr), V(st,wr, ar) <= R(st, ar) + (B, (st41) max V(si1,w)
+ (1= B (5641))V (st41,01))

where w denotes an option subtask, and the left arrow indicates that the left-hand side is trained
under its input distribution sampling, using the right-hand side as the supervision target via Mean
Squared Error. V (s,w) is used to induce the greedy high-level node policy, to provide gradients for
the termination function of the low-level policy, and can also serve as a baseline for low-level policy
gradient updates. The original Option-Ceritic paper also used an intra-option policy-gradient baseline
in its Atari experiments (Bacon et al., 2017). During the root’s Stage 2, it calls the completed options
using ME. The option policies and termination functions are fixed, and the upper-level value update
follows the GHBOE under ME:

V (s, wt) < R(st,at) + 7y max V(st41,w)

PSIF-1S framework: The agent interacts with SME, but the higher-level values are updated oft-
policy according to the GHBOE under ME:

Vhi(st,wt) + R(st,at) + ymax Vhi(st+1,w)

Primitive-action SME and ME coincide within an option, but the option-exit boundary must still be
specified. The PSIF-1S instance studied here uses the upper ME value on option exit, yielding the
lower updates:

VlO(Sth), Vlo(8t7wt>at) — R(sy,ar) + 7((1 - Bwt(3t+1))vl0(3t+17wt)

+ By (s141) max Vhi(5t+1 ) W)) .

V" (s,w) induces the higher-level greedy node policy; V'°(s,w) supplies the lower-level policy
and termination gradients. The full updates and the separate termination baseline are given in
Equations (11)—(13), with the Fourrooms termination-update variant described in Appendix C.1.

H ADDITIONAL EXPERIMENTAL ANALYSIS

This section analyzes ESIF in OC and HAC and compares the two PSIF training procedures in OC.
The learning curves, percentage improvements, and uncertainty summaries use the experimental
settings described in Appendix N. Section 4.2 studies the effects of controlled transition kernels. In
the grid-world environment Fourrooms, we employ the option-based Option Critic (OC) algorithm
(Bacon et al., 2017) as a representative of option frameworks with solid theoretical guarantees, to
empirically validate the suboptimality theory of SMDPs. In the robotic navigation environment
AntReacher, we adopt the HAC algorithm (Levy et al., 2019) as a representative of mainstream
goal-based frameworks, verifying the execution suboptimality problem of the feudal framework and
achieving performance improvements. Details of the environments, additional experiments, and
visualizations are provided in Section N. Improvement of ESIF and Verification of Execution
Suboptimality. In the right side of Figure 15a, the execution suboptimality of the option-based
baseline algorithm OC was validated on the Fourrooms problem, while on the left side of Figure 15a,
the execution suboptimality of the goal-based baseline algorithm HAC was validated on the stochastic
version of AntReacher, where this suboptimality led to a significant performance gap of over 20%.
This experiment verifies both Jg > J¢ and the effectiveness of ESIF. Ablation Study. To further
illustrate the difficulty of these tasks, we also conducted single-level experimental validation using
corresponding flat RL algorithms , which failed to be effectively trained on these long-horizon tasks.
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Figure 15: Results of the improvement frameworks. (a) Verification of execution suboptimality. (b)

Verification of policy suboptimality. The shaded regions represent one standard deviation over results
obtained with multiple random seeds. Higher success rates and fewer steps are better.
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Therefore, it is infeasible to directly obtain the MDP-optimal policy 7* using standard MDP-based
RL algorithms. * Improvement of PSIF and Verification of Policy Suboptimality. Figure 15b
shows the comparison of the OC algorithm under different settings of 4 and 8 options, where the OC
baseline, OC-PSIF-2S, and OC-PSIF-18S are deployed using ME. In OC-PSIF-2S, option learning is
fixed after 500 episodes and the root enters its second stage. This experiment validates the policy
suboptimality of the OC baseline in the Fourrooms problem: the MDP-optimal policies 7* obtained
via the two improvement frameworks achieve higher expected returns J4 under ME deployment
compared with the SMDP-optimal policies 7~ and their expected returns /s under ME. For 8 options,
OC-PSIF-2S completes the task in over 30% fewer steps than the OC baseline, and for 4 options, the
reduction exceeds 50%, indicating that the OC baseline suffers from stronger SMDP suboptimality
when fewer options. Analysis of Differences Between the Two PSIF Variants. We observe that
PSIF-1S achieves better final performance than PSIF-2S upon deployment. This is because in PSIF-
28, the low-level node policies are fixed during the second-stage training. However, when 7,; updates
from 7, to 7;, upon entering the second stage, the state distribution of the agent s changes, and
the frequency of subtask g called also changes. This causes a more severe (s, g) distribution shift
for the low-level policy 7, (s, g), degrading the performance of the learned low-level policies and
limiting the achievable final performance of the high-level tasks. This issue does not occur in the
PSIF-1S framework. We define the set of already-trained subtasks among the subtasks of 7 as the
subtask support of T. Since employing different policies for 7 results in different distributions over
its subtasks during training, the obtained subtask support also differs accordingly. Comparing the
performance curves of PSIF-1S and PSIF-2S in Figure 15b, the expected return J 4 obtained with 7,
subtask support is higher than that obtained with 7, ; subtask support. The advantages of PSIF-1S
over PSIF-2S are: 1) It does not require manual determination of whether a child node policy has
reached 7 and can be fixed so that its parent enters the second stage. 2) PSIF-1S learns the subtask
support of ¥ without being constrained by the subtask support of 7. Limitations. ESIF can only
address execution suboptimality and is ineffective for policy suboptimality. In PSIF-2S, during a
parent’s second-stage training, its fixed child policies can suffer from state-task distribution shift.
PSIF-18, on the other hand, faces an off-policy problem during training due to the mismatch between
the target execution mode (using ME) and the behavior execution mode (using SME). Our framework
decouples execution modes and training objectives in HRL; efficiently computing these objectives
for different algorithms remains an open problem. For instance, in the goal-based PSIF-2S method,
the challenge lies in subtask dependencies: during training, subtask frequencies are concentrated
on those commonly called by the SME-optimal node policy, leading to insufficient learning of
subtasks required by the ME-optimal node policy. PSIF-1S needs to address the off-policy problem
of SME data. Extending SMDP suboptimality improvement frameworks to policy-gradient-based
HRL algorithms is a promising direction for future research.

I EXTENDED RELATED WORK

Optimality in SMDP. Wen et al. (2020) provide optimality guarantees for planning in HRL, but
the number of subtasks required to guarantee optimality grows exponentially and becomes impracti-
cal. Nachum et al. (2019) studies the impact of subtask space representation on suboptimality, which
represents another type of suboptimality in HRL. Sutton et al. (1999) also reveals the existence of
suboptimality in SMDP under the option framework, but only identifies execution suboptimality
while overlooking policy suboptimality. In contrast, this paper further proves the Optimal Execution
Theorem, which formally establishes the value-optimal execution mode and provides theoretical guar-
antees for general hierarchical policy improvement. We also provide a generalized multi-level proof
and counterexamples for SMDP suboptimality, reducing the problem to the exploration—exploitation
tradeoff in HRL. Recent work Drappo et al. (2023) analyzed regret bounds in finite-horizon SMDPs,
showing how option duration shapes performance. Meanwhile, HIT-MDP (Li et al., 2023) reformu-
lated option-induced processes as equivalent MDPs to stabilize optimization. These studies reveal
the tradeoffs of temporal abstraction but not take into account that SME and ME should differ in the
behavior policy, target policy, and deployment policy. Exploration in SMDP. Potential algorithms in
HRL that can be adapted to our improvement frameworks cover a wide range of research directions,
including autonomously creating option policies from data (Harutyunyan et al., 2019; Riemer et al.,

*For the single-layer RL baseline ablation experiments that were truncated due to zero success rate and
excessively long episode lengths, we display them only as numerical values in the legend so as not to affect the
clarity of the main curves.
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2020; Klissarov & Precup, 2021; Zhang et al., 2021; Lin et al., 2024; Nayyar & Srivastava, 2025),
skill discovery (Menache et al., 2002; Bagaria & Konidaris, 2020; Eysenbach et al., 2019; Tang et al.,
2018a), multi-task or multi-agent learning (Igl et al., 2020; Liu et al., 2021; Yang et al., 2020; Tang
et al., 2018b), and goal-space learning (Andre & Russell, 2002; Ghosh et al., 2019; Zhang et al.,
2020). These algorithms consistently demonstrate that HRL can significantly improve efficiency in
long-horizon decision-making problems, and Wen et al. (2020); Robert et al. (2023) also provide theo-
retical guarantees on the sample efficiency of goal-based HRL. However, most of these algorithms are
based on the SMDP framework and therefore inherently suffer from the SMDP suboptimality issues.
Value formalization in HRL. Schaul et al. (2015) proposed the concept of unified value function,
and Bacon et al. (2017) share similar ideas, but these approaches cannot represent multi-level policy
values under arbitrary execution modes.

J  NOTATIONS

Table 6 lists the symbols used in the detailed formalization and proofs.

Table 6: Notations used in this paper.

Symbol Description
S State space
A Action space

T:SxA—=A(S)
R,:SxA—=R
R, :SxT/ =R
ar € A(S)
Br: S —[0,1]

T!

=

o SXT! =R

T by,

S = A(A)
S — A(T)
Qo

Ve (s|7)

J(7|7)

Br:S — 10,1
ﬂ,*

Tn(4)

wEe

: (87 Tn(i))
LGl7) VB (sIr)

n)(h)

TS

ST = A(S)

Transition kernel of MDP

Per-frame reward function of task

Exit reward function of task 7

Initial state distribution of task 7

Termination function of task 7 (in execution tree)
Subtask set of task 7

Subtask transition function

Subtask reward function

Frames number

Subtasks been called number

Policy of task 7 (calls actions across full level)

Node policy of task 7 (calls subtasks)

Policy set

Value function of policy set 7 under task 7

Expected return of policy set 7 under task 7

Interrupt function of task 7 (in execution tree)
MDP-optimal policy set (all 7 optimal under ME)
SMDP-optimal policy set (all 7, optimal under SME)
Expected returns under ME/SME with 7* or 7~
Discount factors for task termination / decision interruption
Set of node indices at depth ¢ in a tree

Node index at depth 7 in a tree

Subtree rooted at -, (3

Task node at index n(4)

Execution node at index n (i)

Policy tree in the execution tree

Interruption tree in the execution tree

Extended state

Value function of execution tree e under task 7 (UVFH)
The GHBE operator for executing 7,,(5,) using e[n(h)
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K NAIVE CASE STUDY: GRIDWORLD

Figure 16 gives the corridor geometry used in both numerical calculations below; Figure 13 summa-
rizes the resulting policy and execution comparisons. This is a 6 x 8 GridWorld, where the central
4 x 6 region is set as an obstacle. Under this configuration, the agent can only reach the goal through
the left or right corridors. The action space of the agent is {up, down, left, right}, which allows the
agent to move one cell in the corresponding direction. When the agent reaches the ® region on
the map, it has a 50% probability of undergoing an additional state transition along the dashed line.
During interaction with the environment, the agent starts from the starting point S and receives a
reward of —1 for each transition until it reaches the goal G. Within the HRL framework, the agent in
this example completes sub-tasks by calling actions, and accomplishes the overall task of reaching G
by calling these sub-tasks. In this example, the sub-task space G’ is defined as:

G' = {g € S | sub-goal’ g is a state whose L distance from the current state is exactly 5},

where the L, distance is defined as
Li(s1,52) = [x1 — 22| + |y1 — 12|

For instance, at the starting point (4, 0), the only two selectable sub-goals are (0, 1) and (5, 4). In fact,
under this setting, there are always exactly two selectable sub-goals from any state, which greatly
facilitates our clear analysis of the problem. In each sub-task, the agent will learn a policy that reaches
the sub-goal as quickly as possible: starting from the initiation of the sub-task, the agent receives a
reward of —1 for each transition until reaching the sub-goal g. By maximizing the cumulative reward,
the optimal policy for each sub-task can be obtained. Since the shortest paths to each sub-goal in this
example are straightforward, we omit the detailed explanation here.

K.1 EXECUTION SUBOPTIMALITY

The figure illustrates the trajectories of an agent under SME and ME execution modes with a two-level
policy set 7. The high-level policy is denoted as ,;(g | s, G), which selects an appropriate subgoal ¢
from the subtask space based on the current state s in order to reach GG as quickly as possible. The low-
level policy is denoted as 7, (a | s, g), which selects an appropriate action a € {up, down, left, right}
based on the current state s to reach g as quickly as possible. The mapping of 7,; and its value
estimation under ME are as Table 7 (only listing the left-side path): The trajectory of the agent using
SME is marked by the blue arrows on the left side of Figure 17. 75,; will sequentially select three
subgoals (0, 1), (0,6), (3,8) and call 7;, to complete these subgoals, eventually reaching G. The
trajectory of the agent using ME is marked by the orange arrows on the right side of Figure 17. At each
frame, it selects a new optimal subgoal g; through the high-level policy 7, such as (0, 1), (0,2),.. .,
and executes the optimal action a; for g, through 7;, for one frame. If the agent does not encounter
the stochastic transition event at ®, then both SME and ME agents will require 12 frames to reach G,
yielding a return of —12. If the agent encounters a random transition event at ® and is additionally
teleported to (0,2), the two execution modes will diverge: the agent using SME will continue
executing the unfinished subtask (0, 1) and choose the optimal action down under this subtask; in
contrast, the agent using ME will, at (0, 2), reselect a new optimal subtask (0, 7) via 7p,; and choose
the optimal action up under this subtask. In this case, the agent with SME still requires 12 frames to
reach GG, while the agent with ME only requires 10 frames to reach G. Thus,

JME(7|G) = =12 x 0.5 =10 x 0.5 = —11 > —12 = =12 x 0.5 — 12 x 0.5 = J9MF(7|@).
In the table,
V(s=(1,0)) = —=1+0.5x V(s = (0,0)) +0.5x V(s = (0,2)) = =1 -0.5x8—-0.5x 6 = —8.

K.2 POLICY SUBOPTIMALITY

Now consider an agent with a two-level policy set 7*, the mapping of 7, and the value estimation
under ME are as Table 8 (right-hand path) and Table 9 (left-hand path): The agent’s trajectory under
SME is indicated by the purple arrows on the right of Figure 18. It sequentially selects three sub-tasks
(5,4),(4,8), (0, 7) and executes them using 7/, eventually reaching G. The trajectory under ME is
indicated by the yellow arrows on the right of Figure 18; at each frame, the agent selects a new sub-
task g¢: (5,4),(5,5) or (0,8), ... via the high-level policy 77, and executes a single-frame optimal
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Figure 16: GridWorld.
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Figure 17: Execution Suboptimality.

action a; under 7. The expected returns of the two trajectories are denoted as Jp = J9ME (7*|@Q)

and J4 = JME(7*|G). The original policy set ™ fromSection K.1 is denoted as 7, with its
expected returns under SME and ME denoted as Jo = JMF(77|G) and Jg = JME(77|Q),
with trajectories shown on the left side of Figure 18. The calculation of JSMF (7*|G) is relatively
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Table 7: The mapping of 75; and its value estimation under ME.

s @0) [ G.0) [ 2.0) [ (1,0) [ (0,0) [ (0,D)
g 0.1) | 0,2) | (0,3) | (0.4) | (0,5) | (0,6)
Vis) | -11 | <10 | -9 | -8 | 8 | -7
S
g
%

0,2) | (0,3) | (04) | (0,5) | (0,6) | (0,7)
0,7) | (0,8) | (1,8) | (2,8) | (3.83) | (4,8)
)| 6 | 5| 4| 3| 2| -

yACB gf SME
<<€
s[G Dslc |
7 7 \
SME | | NVE '
6 SMDP 6 MDP '
5 upper-level 5 upper-level :.
4 node 4 node :
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° o 3 i ;
2,L 2 '
[AA; 1
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> >

o
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8
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Figure 18: Policy Suboptimality.

straightforward:
Jp = JME(7*|G) = —14 x 0.5 — 14 x 0.5 = —14.

The expected return under ME is more complex, as the agent may repeatedly leverage stochastic
transitions to reach the goal faster:

oo

Ja=J"E(x*|G) = =1 —Time[(5,0) ~ (5,8)] =5 = —6— » (0.5)""(2xi) = —6-2=—8.
=0

In this example, under SME, the agent’s 7j; can only make decisions at the five positions
(4,0),(0,1),(0,6), (5,4), (4,8). Among the 2° = 32 possible node policies, only 7, and 7},
considered in this paper have finite expected returns. It is thus easy to verify that 7, ; is the node
policy that maximizes the expected return from S to G under SME’, i.e., },; is the SMDP optimal
node policy as defined in Theorem E.4. It can be verified that the value under ME using 7* satisfies
the Bellman optimality equation, which proves that 7}, is the optimal policy in the single-level
RL case. Therefore, 7}, is also the node policy that achieves the highest expected return under
ME, i.e., 7}, is the MDP optimal node policy as defined in Theorem E.3. When the agent calls
7~ under SME, we have J; = —12, and for any policy 7 with a different high-level node strategy,
JSME(7|G) < Je, e.g., Jp = JSME(7*|G) = —14 < Je. When the agent calls 7* under ME, we
have J4 = —8, and for any policy 7 with a different high-level node strategy, JM#(7|G) < J4,
e.g., Jg = JME(r~|G) = —11 < J4.

“We do not further elaborate on the SMDP optimality of r,,; at other states, as the proof follows in a similar
manner.
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Table 8: The mapping of 7, and its value estimation under ME (right-hand path).

s GO GCO[GDH[GD[GAH[GCH]GS
g GAH | G55 | (1LO) | 2,0) | (5.8 | (48) | 3.8)
V(is)| 8 | 9 | -8 ] -9 |-10] 9 | -8
s 56 |[GD| G| @8 (B8 |28 (1)
g

Vv

(2.8) | (1,8) | (0.8) | (0,7) | (0,6) | (0,5) | (0.4)
)| 7] 6| 5| 4| 3| 2/]-1

Table 9: The mapping of 7}, and its value estimation under ME (left-hand path).

5 @0) [ 3.0) [ 2,0) [ (1O) [ (0,0) [ (0,D)
g (54) | 53) | (03) | (04) | (0,5) | (0,6)
V)| 8 | 9 | 9 | 8 | 8 | -7
5 ©0.2) [ (0.3) | (0.4) | (0,5) | (0,6) | (0,
g

%

0,7) | (0.8) | (1.8) | (2.8) | (3.8) | (4.8)
(s)| 6 | 5 | 4 | 3| 2| -1

L  FORMALIZATION AND THEORETICAL PROOF

L.1 TASK TREE AND EXECUTION TREE

This work observes that each task 7 has two distinct termination functions. One controls the
optimization objective of 7, i.e., the termination function 3, defined in Section D.2. The other
controls the duration for which 7 executes when it is called as a subtask during interaction, and is
defined as the interrupt function f3;. In HRL, both for the execution of the behavioral policy and the
target policy, the number of frames a subtask is actually executed is simply tied to the subtask’s own
duration, i.e., BT = (.. From the analysis in Section K, we recognize that this is unreasonable. To
address this, we propose the task tree and execution tree, which independently describe, respectively,
the complex task optimization objectives and task calling mechanisms in multi-level hierarchies. The
most crucial aspect is the precise formalization and proper design of hierarchical boundary conditions
when a task terminates. We standardize the notation for node indices used in the tree structures in
this paper asTheorem L.1:

Definition L.1 (Node indices in the tree). Let IV be the set of all node indices in the tree, and
N(i) C N,i > 0 denote the set of indices of all nodes at depth 7 in the tree. We use the variable
n(i) € N (i) as the index of a node at depth 4, n(i — 1) as the index of its parent node, and n(i + 1)
as the index of one of its child nodes. Given a path L on the tree, n(i, L) € N (i) N L denotes the
index of the node at depth ¢ on path L. The set of leaf node indices is denoted by Ne,¢. In this paper,
if the variable x represents a tree, we use ,,(;) to denote the node corresponding to index 7 (i), and
x|n(i) to denote the subtree rooted at x, ;).

L.1.1 TASK TREE

In this paper, we use the concept of a task tree to formally describe the hierarchical nested calling
relationships among multiple tasks in HRL, and to specify the optimization objective for each task.

Definition L.2. Task tree We extend the task 7 in RL into a fask tree 7. A task tree 7 is a tree
structure composed of task nodes 7,(;y, n(i) € N. It describes the calling relationships among tasks
and the nested relationships among the optimization objectives of the node policies of each task.

Definition L.3 (Task Node). '© A task node Ty (i) 18 defined as a quadruple (77, 3, R, ]:B)n(i) consist-
ing of:

0There are two special types of nodes in the task tree:

« External task 7out = Ty(—1) : (Tout /, /5 /)» Where Touy = {7Tw(0)}. This node does not require a
policy optimization objective and is used solely to call the root task and wait for its termination.

o Action Ticas : (/, Bieass /, /), Where Bieay = 1. This node also does not require a policy optimization
objective and is used to produce a single-frame state transition.
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T': The set or space of child task nodes. The parent-child relationships between task
nodes form the tree structure of the task tree.

* (3: The task termination function. 3,,(;)(-) : S — [0, 1] represents the probability that 7, ;)
generates a task termination event when the agent reaches state s’. This is an extension of
the termination function in Section D.1 of the main text. As will be shown in Theorem L.4,
the termination of a task at each frame is jointly determined by its own and all its ancestor
task nodes’ termination events, which defines the temporal scope of reward accumulation.

* R: The per-frame reward function. R, ;)(-, Ticay) : S — R provides a per-frame reward
whenever the agent takes an action a at state s during the interaction process of 7,, ;).

« R: The exit reward function. Rn(i)(-, Tn(j)) : S = R, —1 < j < i, provides a boundary
reward for the entire process when 7,,(;) exits to 7,,(;) due to its own or an ancestor node’s
termination event.

Definition L.4 (Task termination event). For a task node 7,;), if a task termination event is
triggered by itself or any of its ancestor nodes Tn)» 0 < J <4, then the termination event of the
highest-level ancestor 7,(;, ..y takes effect. In this case, the task node 7,(;) is terminated and exits to

its ancestor node 7,,(;, .. _,). This mechanism ensures that when an ancestor task is terminated, all of
its descendant tasks are also terminated, thereby maintaining the nested structure among tasks.

The task tree functions in the following two phases: 1) Interaction phase per frame: After the
agent executes an action a, each task node 7,,(;) will individually obtain a per-frame reward for this
task through its per-frame reward function R,,(;(s, a). 2) Termination phase per frame: All task
nodes in the task tree will independently trigger task termination events according to their termination
functions. Based on the triggered termination events, Definition B.4 determines whether each task
is terminated. If a task 7,(;) is terminated, the accumulation of per-frame rewards ends, and an
exit reward Ry,(;)(8', Tp(jon—1)) 18 provided by the exit reward function. Otherwise, the task 7,,(;)
continues. The task tree defines the optimization objective of each task node’s policy, which is to
maximize the expected return Eg [ tT:_Ol Ry (8¢, a1) + f%n(r)(sT, Tn(]’min_l)ﬂ starting from
any state s, where 7' is the number of frames when the task is terminated. Unlike standard RL, for
tasks in HRL we must also consider the hierarchical structure at the task’s termination. Specifically,
when different termination events occur, they should correspond to different task boundary conditions,
as in the option framework.

Example: Option framework. The root task has a countable set of subtasks (options). The
termination function of the root task is given by the environment. The per-frame reward of the root
task is defined as Ry, (0) (5, Tieas) = R(s, a), which is the environmental reward, and its exit reward
is Ry, (0)(8, Tn(—1)) = 0. For each option, its subtasks are the actions. The termination function of
an option is learned via the termination gradient theorem. The per-frame reward of the option is
Ry, 1)(8, Tieay) = R(s,a), and its exit rewards are R,,(1) (s, Tp(—1)) = 0and R,,(1) (8, Tn(o)) = V (5),
where V' (s) denotes the state value function of the root task. By setting the exit reward to the value
function of the upper-level task, the lower-level policy is optimized to improve the upper-level task.

Example: Goal-based framework. In the Goal-based framework, the root task has a subtask space
(sub-goal space). The termination function of the root task is given by the environment. The per-frame
reward of the root task is R, () (s, Tiear) = R(s,a), and its exit reward is R, (o) (s, 7 (—1)) = 0.
For each goal, its subtasks are the actions. The termination function of a goal is fixed as 3(s) =
I[d(s’, g) < do], where d is a distance metric and d is a hyperparameter related to neighborhood
determination. The reward tree of a goal is provided by itself: its per-frame reward Ry, (1) (s, Ticays) is
defined by the goal, and its exit rewards are R2,,(1 (S, Tr(—1)) = 0 and Ry,(1)(s, Ty(0y) = 0. By setting
the exit reward to zero, the lower-level tasks become feudal, i.e., independent from the upper-level
value.

L.1.2 EXECUTION TREE

This paper introduces the concept of an execution tree to describe how an agent in HRL executes its
hierarchical policies to interact with the environment. We observe a fundamental difference between
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HRL and standard RL: during the execution process of HRL, in addition to each task node having its
own node policy function, an extra execution mechanism is required to properly organize and call
these node policies at every frame. This is the key point discussed in Section E.1 of the main text.
The differences in execution mechanisms can significantly affect the agent’s expected return, its
exploration capability, and the data efficiency of each node policy during the learning process.
Therefore, the choice of execution mechanisms for the agent’s behavior policy during training, the
target policy during training, and the policy during deployment are all crucial research questions that
have been largely overlooked.

Definition L.5 (Execution Tree). An execution tree e is a tree structure composed of execution nodes
en(i);n(1) € N, used to control the agent’s level-wise decision-making to call actions and complete
various tasks in the task tree. Except for the two special nodes in the task tree, each execution node
en(s) corresponds one-to-one with a task node 7,,(;). The execution subtree e|n (i) is used to execute
the corresponding task 7, ;).

Definition L.6 (Execution Node). An execution node e,,(;) is composed of a tuple (7, B In():

* 7z Node policy function. 7,;)(-) : S — Aﬂ(i) (or equivalently 7, (;)(-|s) : 7;1(2') —
[0, 1]), which allows task 7,,;) to select a subtask when at state s.

« 3: Decision interruption function. Bn(i)() : S — [0, 1] denotes the probability that ey, ;)
generates a decision interruption event after the agent reaches state s’.

Definition L.7 (Decision Interruption Event). For an execution node e,,(;), if a decision interruption
event occurs at e, ;) itself or any of its ancestors e, (;),0 < j < 4, then the interruption from the
highest-level ancestor e,,;, . ) takes effect. The decision authority of execution node e, ;) is then
transferred to the ancestor node e, ;.. 1)

Definition L.8 (Policy Tree). The tree structure in the execution tree e formed by the node policy
functions is referred to as the policy tree II.

Definition L.9 (Interruption Tree). The tree structure in the execution tree e formed by the decision
interruption functions is referred to as the interruption tree B.

When the agent interacts with the environment using the execution tree, only the execution nodes
that currently hold decision authority can call their node policies to make decisions. Taking the
interaction of executing task 7,5 using the execution subtree e|n(h) as an example, the execution
tree operates in the following two phases: 1) Preparation phase of each frame: At frame 0, e,,(,)
directly obtains decision authority. In subsequent frames, the decision authority initially resides
with the execution node e,,(;) that made the decision in the previous frame. All execution nodes
within the subtree e|n(h), except the root e,,(1,), then generate decision interruption events according
to their interruption functions. The decision authority is transferred based on Definition B.7. If
en(1) 18 interrupted, the authority is passed to its ancestor e, , . _,); otherwise, it remains with
en(1)- 2) Decision phase of each frame: The execution node holding the decision authority selects
a subtask according to its node policy function and continuously passes the decision authority to
the execution node corresponding to the selected subtask. If there is no corresponding execution
node (e.g., for actions), the authority is not transferred. This process continues until an action is
selected and executed. At this point, we have decoupled the original termination function £ under the
definitions of the task tree and execution tree: 5 now controls the intrinsic optimization objective of
the task, while B controls the calling of node policies during execution. In the task tree, the optimal
subtask set for facilitating task learning can be found by optimizing 3 and R. In existing algorithms,
some [ functions are fixed; for example, in the Goal-based framework, each task (goal) has a fixed
(. Others are learnable; for instance, in the OC method, each task (option) has a 3 optimized via
the termination gradient theorem. In the execution tree, the optimization of 3 must balance the
exploration and exploitation of task 7,,(5) during both behavior policy and target policy calling. On
one hand, it should consider interacting with the environment under a certain execution mode to
achieve high sampling efficiency (exploration). On the other hand, it should consider planning an
optimal policy tree under the given execution mode using existing data to ensure maximal expected
return (exploitation)!'. Only by decoupling the intrinsic optimization objective of the task, the

" Analysis shows that there is room for improvement in the design of OC here. The termination gradient
theorem should be used for “exploitation” to learn J in order to maximize expected return, instead of modifying
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execution mode of the behavior policy, and the execution mode of the target policy can the HRL
field further address and study the exploration-exploitation tradeoff during the learning process. For
the sake of formal convenience in the proofs of subsequent theorems, we extend and decouple the
discount factor +y in the same manner as the termination function 8. Unlike 8 and ﬁ which are bound
to each node, v and 4 are defined to directly describe task transitions or decision transitions during
the interaction process.

Definition L.10 (Task Transition Mechanism 7). Let 5:(1) denote the probability that the currently

executing task 7, () €xits to its ancestor 7,(;), —1 < ¢ < h during each frame’s termination phase
based on the task termination events.

72((:3) can be computed from 3: when exiting to 7,,(;), —1 < i < h, fyz((g) is the probability that along

the path from 7, (;,) to the root task 7,,(g), T (i41) triggers a termination event while all its ancestors
do not trigger any termination events, i.e.,

n(h
,yn((z)) = ﬂ”(i+1) H(l - Bn(k))
k=0
When Tn(h) does not exit,

h—1
n(h) _ n(h)
Tn(ry =1~ kZ%(k)'

=0

In this paper, when task 7,,(5) is clear from context, the superscript of 7:((?)) is omitted for simplicity,

and we write it as v, ;).

Definition L.11 (Decision transition mechanism 4). Let &Z((Z;) denote the probability that, when

executing the task 7,,(;) using the execution subtree e|n(h), the decision authority at the preparation
stage of each frame transfers from the execution node e,,(;) that made the final decision in the previous
frame to e,,(;).
o (Z.h)) can be computed from B : when the decision authority transfers to e,,;y, h < i </, ’y:((ih)) is
the probability that, along the path from e,,(;) t0 €, (x), €n(i41) triggers a decision interruption while
none of its ancestors do, i.e.,
i
~n(} A A
) = Barny [T (= Bawy)-
k=h+1

When the authority does not transfer,

-1
~n(h) ~n(h)
Ty =1- ;%U@)'
=h

When the task 7,3 is clear from context, we omit the superscript and write ﬁs((ih)) simply as 9y, (;)-

L.1.3 TwO SPECIAL EXECUTION MODES: SME AND ME

Existing hierarchical reinforcement learning algorithms often execute their policy trees using the
SME mode, without decoupling the task termination functions. The transfer of decision authority
is controlled by task termination events, and the decision interruption events are bound to the task
termination events. In the computation of the decision transition mechanism %, it holds that B =4. If
all node policies within a policy subtree IT|n(h) are called under SME, it is referred to as SME called
the policy subtree II|n(h). The interaction process when an agent uses SME to execute task 7, ()
with the policy subtree II|n(h) is illustrated in Figure 19: Since under SME the transfer of decision
authority is controlled by task termination events, during the SME call of a policy subtree II|,, ;)

the subtasks’ 3. When [ approaches 0, subtasks rarely terminate, causing the subtask learning difficulty to
approach that of the original task. Conversely, when /3 approaches 1, subtasks terminate almost every frame,
preventing the higher-level task from effectively leveraging the subtask for efficient exploration.
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Figure 19: SME interaction process.

with i/ < h to execute task Tn(h)» if a task termination event causes the decision authority to exit
the execution subtree el (), then the task 7, ) will also be terminated. Therefore, for the entire
execution of task 7,5, it is equivalent to calling the policy subtree II|,,(5) under SME. Consequently,
when the agent interacts with the environment using the SME call of the policy subtree II|,,(;) as
the behavior policy, all descendant tasks 7,,(5) can obtain the complete trajectory data corresponding
to executing 7,5,y under an SME call of H|n(h). After decoupling the termination functions, the
agent’s decision interruption events and task termination events become independent. When the
agent executes task 7,,(;) by calling the policy subtree H|,,L(h) under ME, we have B = 1 for the
descendant execution nodes. If all node policies within the policy subtree II|,,(;) are called under
ME, the subtree is referred to as a ME called policy subtree I1|,,(,). The interaction process when the
agent executes task 7,y using I, n) under ME is illustrated in Figure 20: Unlike in SME, decision
interrupt events are independent of task termination events in ME. During the execution of task 7, ()
with the ME called policy subtree II|,, (5, h’ < h, if the decision authority is transferred out of the
execution subtree el (5 in the preparation phase due to a decision interrupt event while the task
Tn(h)» controlled by task termination events, is not terminated, and in the next frame the decision
authority is not returned to e, (), as Figure 21, this will cause an off-policy discrepancy between
the target policy (decisions made downward from e,,(1,)) and the behavior policy (decisions made
downward from the execution node e/, ) that holds the decision authority).

L.2 HIERARCHICAL BELLMAN EQUATION
L.2.1 UNIFIED VALUE FUNCTION IN HRL

We need to establish a consistent representation such that the value of any policy can be expressed
under any execution mechanism. To this end, we construct a unified value function applicable to HRL
under arbitrary execution modes, which describes the expected return across different settings.

Definition L.12 (Unified Value Function for HRL, UVFH). The unified value function in HRL is
denoted as V. (8|7), where § is the extended state of the agent at the decision stage, and 7 is the task
node whose value we aim to evaluate.

* Extended state 5=(s, 7,,(;) ): represents the agent being at state s during the decision stage
and the execution node e,,(;) having the decision authority (or having selected an action).
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Figure 20: ME interaction process.
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Figure 21: Off-policy issue in subtask node policy learning under ME.

* task 7=7,;): specifies the scope of per-frame reward accumulation, the per-frame reward
values, and the exit reward values.

* execution tree e: is the execution tree used by the agent.

 unified value function is defined as
T-1

VP (817) = Ve3Ir) = Esgms e | D Ry (56:00) + R (572 T —1) |
t=0

which represents the cumulative sum of all rewards, including per-frame and exit rewards,
when the agent uses execution tree e, starts from 3, and executes until task 7 terminates.

38



Preprint

In particular, given a strategy tree II, when the execution modes are SME or ME, the UVFH for
these two special execution trees are denoted as V7 ™ E and VM F| respectively. The state value and
state-action value in RL are unified into the value of the extended state § at the decision stage. This
transforms the non-Markovian process in HRL, given 7 and e, into an extended Markov process that
is easier to analyze. Meanwhile, both the Goal-based framework and the Option framework in HRL
are unified under the task node 7.

L.2.2 GENERALIZED HIERARCHICAL BELLMAN EQUATION

For each task node in the task tree, there exists a set of generalized Bellman equations for value
estimation. When the agent executes a task 7,,(), h > h’, using any given execution subtree e|n(h’)
of e, we can iteratively compute the HRL unified value through the generalized hierarchical Bellman
equation given 7,5y and e|n(h’), i.e., value evaluation:

Definition L.13 (Generalized Hierarchical Bellman Equation, GHBE). Decision stage:
Vein(n) (8 Ta@) | Tah) = Erp iy ~tng Veln(n) (8 (s [Tam))] > V(i)
Interaction stage:
Ve\n(h') (57 Tleaf"rn(h)) - Rn(h)(sa CL) + IE:s’NT(s,a) [Ve\n(h') (S/, Tleafhn(h))]

Termination stage:

Vein(n) (8" Trea | Tn(n) = Veln(ny (8s Treas | Ta(h)) Y(n) (8 Z Yoty (") R (8, Ty
k=1

Preparation stage:

Veln(n (8's Tieas | Tuiny) = Z Antk) (8 )WVelnn) (8", Tagi) | Ta(n))
k=h'

V and V are intermediate variables. In the termination stage equation, the first term on the right-hand
side is the bootstrapped value when 7,5, has not yet terminated, and the second term is the exit

reward provided by ]%n( k) When 7,,(5) terminates and transfers to another task. In the preparation
stage equation, the right-hand side represents the bootstrapped value when decision authority jumps
occur due to decision interruption events. In particular, since the execution subtree e|n(h) will be
used to execute task 7,,(5,), we need to optimize the node policy 7,1, given all decision interruption
functions in e|n(h) and all node policies except 7, (1), such that the expected return in 7,5

T(elTnin) = Eomanny [Veln(n) (8 Tn(n) [ Ta(n))]
is maximized. If we want to optimize the node policy 7, (1) in e|n(h'), given all decision interruption
functions and all node policies except 7,,(5) for h > R/, such that the expected return in 7,, ;1
J(elTnn) = Esman gy [Veln(n) (8 Tagn) [Ta(ny)]

is maximized, this can be achieved via the Generalized Hierarchical Bellman Optimality Equation
(GHBOE) for the optimization of 7,,(,) given 7,,5/) and e|n(h'). We refer to this as the GHBOE for
Tn(h)- That is, in HRL, the optimization objective of a node policy can be set as maximizing the
expected return of an ancestor task node 7,5+, including its own task node. We denote the results of

GHBOE iterations by adding superscripts to V, V, and V as V*, V*, V* to indicate the computed
values from the GHBOE instead of the value evaluation under a specific execution tree.

Definition L.14 (GHBOE for 7,,(;,). decision stage:
V*

eIn(h’)(sﬂTn(h>|7n(h/)) = Tn?ax V. \n(h/)(s Ta(h+1)| Tn(nr))

V;n(h’)(san(i)hn(h/)) = E‘rn(i+1)~ﬁ-n(1) Veﬁn(h’)@?Tn(i+1)|7—n(h/))} . V(i) # n(h)

interaction stage:

‘/;Tn(h/) (Sa Tleaf"rn(h’)) = Rn(h’) (57 CL) + IEs/NT(s,a) |:‘7(:in(h/) (5/7 Tleaf |Tn(h’))
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termination stage:

‘ZTn(h’)(slaTleaHTn(h/)) = ‘/e|n(h )(5 Tleaf‘Tn(h’ ’Yn(h/ Z ’Yn(k) )(S/aTn(k))
k=—1

preparation stage:

Veﬁn(h')(s/aneafh-n h') Z 'Yn(k e\n(h )(5 Tn(k) |Tn(h’ )
k=h'

Next, we introduce the special cases of GHBE and GHBOE under the two particular execution modes,
SME and ME. The difference in execution modes only affects the preparation stage of the equations.
For SME, we have:

V]%%E/)(Sla 7—leaf|7-n(h’ Z Tn(k V]‘[\n(h/)(s Tn(k) |Tn(h’ )
k=h'
and the corresponding equation sets are denoted as HBE-SMDP and HBOE-SMDP. For ME, we
have:
Vithatny (8" Tieas [Ta(nry) = Vittainy (8" Taw) Tanr))

and the corresponding equation sets are denoted as HBE-MDP and HBOE-MDP. As an extension
of Section F.1, given a task tree 7 and a policy subtree II|n(h) with all node policies except the root
node 7, () fixed, we define IT™ as the policy tree derived from the solution of 7,,(;)’s HBOE-SMDP.
The expected return under SME in 7,,(5,) is denoted as J¢, and under ME as J. Similarly, given a
policy subtree IT|n(h) with all node policies except the root node 7,3 fixed, we define IT* as the
policy tree derived from the solution of 7,,(5,)’s HBOE-MDP. The expected return under SME in 7,, 3,
is denoted as Jp, and under ME as J 4. We will prove the convergence of these solutions and the
optimality of the corresponding policies.

L.3 GENERALIZED SMDP SUBOPTIMALITY THEORY

Theorem L.15 (Generalized SMDP Suboptimality Theory). In HRL problems where the envi-
ronment satisfies the Markov property, given a task tree T and a policy tree w with all node policies
except T (p,) fixed, the policy ﬁ';( n) derived from the HBOE-SMDP of 1, is the SMDP optimal
node policy for T, ), while the policy ﬁ;(h) derived from the HBOE-MDP of 7,y is the MDP
optimal node policy for T,1). As shown in Table 5.1, the four expected returns under SME and ME
satisfy J4 > Jp and Je > Jp. Under Claim L.1, we also have Jg > J¢.

Claim L.1 (Task Subtree Compatibility Condition'?). A task subtree 7|n(h) rooted at task 7,
either has only two levels, or all of its descendant task nodes 7, (), h’! > h have their child task sets

T! satisfy T cT!

n(h’) n(h!)y — " Tn(h)’

Based on the formal tools provided in Section L.1 and Section L.2, we now formally begin the proof
of Theorem L.15.

Lemma L.16. When Vs,n(h) € N(h) satisfy 1 — v,1)(s) > € > 0, the GHBE for executing
Tn(n) Using the execution subtree e|n(h) has a unique fixed point. If max; \f%n(h) (s,7)| < M and
max, s |Ryn)(s,a)| < M, then this fixed point V* satisfies max, , [V*(s, 7)| < 2L,

Proof: The GHBE operator for executing 7,5, using the execution subtree e|n(h) can be written as:

TtV (8, Tu()) =Earnr, o (s) [an)(& a)

l
+ IES’NT(s,a) [’Yn(h) Z ’A}/n(k:) (SI)V(S/, Tn(k))

h—1

+ 37 e (VR (5 T ||, V(i) € Nin()

k=-1

"2Theorem F.1 and existing mainstream HRL algorithms are both two-level, and thus clearly satisfy Claim L.1.

40



Preprint

First, we prove that .7-'2’(2) is a contraction mapping. Let V : § x 7 — R be a bounded function

defined on the state space S and task space T (the union of all tasks in the task tree, which is
complete). Denote the set of such functions by B(S, T). Define the metric d on B as:

YVi,Vo € B(S,T), d(V1,Va) = emax [Vi(s,7) — Va(s, 7).

Then we have Vi (s,7) — Va(s,7) < d(V4,V2), i.e., Vi(s,7) < Va(s,7) + d(V1,V2). When the
conditions of Theorem 5.2 hold, for all e and for all s € S, Tn(i) € T,

]:67(7];)‘/1 (S, Tn(z)) = Ea"’ﬂ'n(i)(s) |:Rn(h) <S7 a)

l

+Egnr(s,a) [%(h) Z An(e) (SIVL(S, Ta(ry)
k=h

+ Z Yot (8") Ry (5 Tn(k))H

k=—1
< Frim V(s Ta@) + (1 = €)d(V1, Va)

From this, we have forall s € S, 7,5y € T,

.FS’(Z)Vl(S, Tn(i)) — .7:2’(2)‘/2(8, To(i)) < (1 —e)d(Vi, Va).
Similarly, for all s € S, 7,,(;y € T,

]-'n(h Va(s, Tney) — ]-'n(h Vi(s, Tney) < (1 —€)d(Vi, Va).
Hence, forall s € S, 7,5 € T,

| n(h)V1 S, Tn(l)) ‘Fn(h)vé(s Tn(z))| < (1 - €)d(V17V2)~
Therefore, for all V1, V5 € B,
A(F5 Vi, FrnVe) < (1= )d(Vi, Vo).

Since € > 0, the operator ]-"n( h) is a contraction mapping for any given e. By the Banach fixed-point
theorem, ]-"n n has a unique fixed point, denoted by V*. Next, we show the bound of V*. For all
S, Tn(i)»
TV (8:Tn(i) = Earr, iy (5) [Rn(m(sv a)
l

+ IES’NT(s,a) [’Yn(h) Z fA)/n(k)(S/)V*(Slv 7-n(k))
k=h

+ Z Tt () Bon (s i)

k=-1
<M+ Tn(h) n;ax |V*(8a T)| +M

< 2M + (1 = €)yp(n) max [V*(s, 7)|.

Thus, we have
maxx [V*(s,7)] < 2M + (1 — €)ynn max |[V*(s,7)],

which implies
2M
max |[V*(s,7)| < —.
s,T €

Theorem L.16 is thus proved. O

Corollary L.17. Under the conditions of Theorem L.16, for any e and any initial value Vy, performing
successive iterations using the operator F¢ (2) will result in convergence: lim,,_,. V;, =V, where

V is the unique fixed point of F°, n(h) i.e., the unified HRL value for the given execution tree e,
Veln(n) (s [ Tamy) = V-

41



Preprint

Proof: From the proof of Theorem L.16 we have shown that .7-'2’(2) is a contraction mapping; hence
the successive (Gauss) iterations converge to the unique fixed point, and this fixed point satisfies
the GHBE for executing 7,,(j,) with execution subtree e|n(h). By Theorem L.13, this fixed point is
exactly Ve\n(h)(': . | Tn(h))' O

L.3.1 STEP 1: HIERARCHICAL POLICY IMPROVEMENT THEOREM

In this section, we first establish the Hierarchical Policy Improvement Theorem for multi-level HRL.
We then prove that when a node policy is iteratively improved until convergence, the resulting solution
satisfies the GHBOE of that node policy under a given interruption tree B. Throughout this section,
the discussion is based on a fixed task 7,,(5/) with its associated rewards and boundary conditions.
Hence, for notational simplicity, we omit the conditioning part in the HRL unified value function.

Theorem L.18 (Hierarchical Policy Improvement Theorem). Given two execution trees e and
¢/, suppose that the only difference between them lies in the node policy functions 7, and 7?:1( h)

at state s. If Be 1 i () Veln) (8 Tnnt1) < By mi o (9) Veln(n) (8, Tn(nt) ), then for
all s, it holds that Ve (n/) (8, Tn(n)) < Vern(n') (8, Tn(n)), where h > 1.

Proof. We first show that

Ty Velnty < Friun Veln(n)-

Ife, g, h > h/ does not belong to en(n) itself nor its ancestors, then the execution subtrees eln(h)

and ¢'|n(h) are identical. Hence,

Finy Velnw) (8: 7)) = Ty Vel (8 T i) )-

Otherwise, we have

fi(ﬁ)nln(iz’)(san(ﬁ)) - ]:Zkz/)‘/;aln(h’)(sﬁn(ﬁ))

= P[n(h) = n(h)] (Emwmw;m(s)Ve‘n(hf)(87 Tn(h+1))

- ETn(hﬁ»l)Nﬁ'n(h)(s)Ve‘n(h/) (s, Tn(h+1)))
>0,

where P[n(h) — n(h)] denotes the probability of eventually selecting 7,,,) when starting from 7, )

and making decisions down the subtree. The first equality follows directly from the decision stage
equation of the GHBOE. The second inequality is guaranteed by the condition of Theorem L.18.
Therefore, we conclude that

FrutnyVelnwy - < Fp oy Velnown -
Since

/

T e/,'r k
iy Velnny < (Fion) Veln(n

Velnwy = Fopn Velniy < Fy, n(h

7i n
for all k, by taking the limit we obtain
. e\ T \k _
Vely < im0 (F 50)) " Veln(ny = Verpn(n)-

This completes the proof of Theorem L.18. O

Corollary L.19 (SME Hierarchical Policy Improvement Theorem). Given two policy trees
II and 1, where the node policy functions T, ) and fr;(h) differ only at state s, if

SME SME
]ETn(h+1)Nfrn(h)(s)vnln(h’)(S’ Tn(h+1)) S ]ETn(h+1)Nﬁ:l(h)(S)an’ﬂ(h/)(87 Tn(h+1))7 then for Clll states

s, it holds that Vlﬁff(ﬁ)(s,m(m) < Vns,%gl,)(s, Tn(h))-
Corollary L.20 (ME Hierarchical Policy Improvement Theorem). Given two policy trees

I and 1, where the node policy functions ;) and 7, ) differ only at state s, if

ME ME
ETn(h+1)Nﬂ'n(h)(s)vnln(h’)(S’ 7'n(h+1)) < Ern(hﬂ)fw;(m(S)an(h,)(s,Tn(hﬂ)), then for all states

s, it holds that VAT (s, 7 (ny) < VEAE ) (5, Tum))-

Next, we prove the existence and uniqueness of the GHBOE solution for 7,, (1, (hierarchical policy
iteration).
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Existence of the GHBOE solution for 7, ;). Given an arbitrary initial execution tree el = e,

perform iterative updates that change only the node policy 7, ;) each round. For the k-th iteration let
the execution tree be e¥ = {II*, B}, and define

ﬁﬁ(h) (Ta(ht1) | 8) = arg Tr?}i?i) Vek=1|n(n) (85 Tn(ht1))s
where Vx—1|,,(j,v) is the solution of the GHBE given 7,, ;) and e#*=1|n(h’). By the Hierarchical Policy
Improvement Theorem ( Theorem L.18), the sequence V.« ,,(;,+) is monotonically nondecreasing in k.
By Theorem L.16, { Vx|, () } 1 is uniformly bounded for all k. Hence the iterative process converges,
and it converges to a unique limit. Denote

Verpnny= Hm Ver ).
Let the execution tree derived from this limit be e*, where

n(h)( n(h+1) | 8) = arg max Ver In(h') (8, Tn(ht1))5

Tn(h
and all other components of e* coincide with those of e. Since the iteration converges, the value eval-
uation of €* is V,«|,(n’), and further GHBOE updates on e* leave it unchanged. It is straightforward
to verify that Ve, (5 satisfies the GHBOE for 7, (5). Therefore a solution to the GHBOE for 7,5
exists. O

Uniqueness of the GHBOE solution for 7,,(3). Suppose V) eln(h") is any solution in the solution set
of the GHBOE for 7,,(p,). Construct an execution tree €* from e and Ve‘n (h") by setting
T (h)(Tn(h+1) | s) = argTrr<1ax V‘n(h, (8, Tn(h+1));

while keeping the rest of &* identical to e. If we take e = &* and run the same GHBOE iteration, then

by construction the iterates satisfy V,x = Ve’in ) for all k. But from the previous existence argument
the iteration from any initial e” converges to the unique limit V- [n(h)- Therefore V;l‘n ) = Ver In(hr)-
As this holds for any solution Ve*n( hy» the GHBOE solution is unique. Consequently, the GHBOE

for 7,,(») has a unique solution V|, (5)- [JAs a special case of

the GHBOE solution V-, (/) the solutions of HBOE-SMDP and HBOE-MDP also exist and are
unique; we denote them by Vr[ ‘n ) and VM ‘n (h) , respectively. Therefore, given a policy tree II
with all node policies except 7, (p,) fixed, let 79 = 7. The solutions of the SMDP hierarchical policy
iteration and the MDP hierarchical policy iteration satisfy

SME SME ME ME
Vitsin(ny Z Vitin(wys Viejney 2 Vi)
The corresponding improved node policies are defined by

Tn s) = arg max Vi7» (b
Tty (Tt | 8) = arg max Vi n(n) (5,7

n(h+1))5
W;(il) (Tn(h+1) | S) = ﬂ-n(h)(Tn(h‘i’l) ‘ S), V’I’L(}AL) 75 (h),
and

Tor(ny Tty | 8) = argTIr(l}afcl) VH*\n(h’)(S Ta(h+1))s

7 iy Tty [18) = 7y (Tagrgn) | 5), Vn(h) #n(h).
Hence fr;( n) and 77 (n) are the SMDP and MDP optimal node policies for 7, (), respectively. Taking
h' = h, we further obtain the chain of inequalities on expected returns:

JSME‘(

Je(Tan)) = 07 [ 7o) = Esmanm [Vﬁgf]\ﬁh)(sfn(h) | Tan))]

= JSME(TT* | To(hy) = JD(Tn(n)),

Z ]Esmaan(h) [Vﬁg*]‘i%‘h) (57 Tn(h) ‘ Tn(h))]
Ta(Tamy) = TP [ i) = Esman VAT gy (8 Taeny | Tany)]

> B [V fa(n) (5 Ty | Tam)] = TYE O | ) = T8(Tam)-
Thus we have established the inequalities in Theorem L.15:
Ja > Jp, Je > Jp.
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L.3.2 STEP 2: HIERARCHICAL EXECUTION IMPROVEMENT THEOREM AND OPTIMAL
EXECUTION THEOREM

This section proves the Hierarchical Execution Improvement Theorem in multi-level HRL. Based
on this theorem, we further establish the Optimal Execution Theorem under the Task Subtree
Compatibility Condition (Claim L.1). All discussions in this section are based on a fixed task 7, /)
with its corresponding reward and boundary conditions; therefore, for notational simplicity, we omit
the conditioning on 7,,(;y in the HRL unified value function.

Theorem L.21 (Hierarchical Execution Improvement Theorem). Given execution trees

e and €', suppose that only the decision interruption functions Bn(h) and ﬁ;(h) differ at
!/

s'. Let 4 and 4' be computed from [ and [, respectively. If for all n(l) it holds that

l - 1 .
> e A (8 )WVeln) (8" Tty [Tnny) < Dy ’Y;L(k)(s’)ve\n(h')(s’,Tn(k')|7'n(h’))v then for all
s we have Vejn(n) (8, Tn(n)) < Verin(n) (8, Tn(n)), where I > h > 1/, and | denotes the level of the
task directly calling an action in the previous frame.

Proof. First, we show that
Fein Veln(ny < Fomn Veln(n-

n

Since for all Tjeqr, (1),
‘FS(]:/)‘/e\n(h’)(S Tleaf) *.FS&Z,)VM( /)(S Tleaf)
l

= ( |5 a PYn(h’ Z ’Yn(k e|n h’)(S/aTn(k)) - Z ’Ayn(k:) (s/)‘/e|n(h’)(8/77-n(k))
k=h' k=h'
>0,

by the same reasoning as in the proof of Theorem L.18, it follows that for all Ta(h) h > R,
Ty Velnw) (8, T iy) = Frntin Veln(n) (8, T i) = 0-
Hence,
Fraimy Velnn) < Foimy Veln(n)-
Similarly, applying the contraction property and taking the limit gives
Veln(ny < klggo(ffl(}:/))kv;ln(h/) = Verin(ny-
This completes the proof of Theorem L.21. O
Theorem L.22 (Optimal Execution Theorem). Under Claim L.1, if the node policy T,y is

the optimal policy for the execution induced by any interruption subtree B|n(h), then Vl_ﬁ ‘?2};) <
Vﬁv‘fn( h)» i.e., the ME is the optimal execution method.

Proof. for all s, h > h We have

T - Bln(h)
VH\n(h) (S7Tn(h)) N T'r),(h+1’1r32)§-71n( . VH|n(h) (SaTn(h+1))
= max VWi oo
raimery ) (8, Tn(hr1))
Bjn(h)
= max V. n ( s, n . )
Tn(iLH)GTT/n(h) |n(h) (h+1)
B|n(h)
2 E "(fl+1)~frn(fz) II|n(h) (S7Tn(h+1))
Bin(h)
VH|n (h) (SaTn(ﬁ)),

where the first equality follows from the optimality of 7,,(5), and the first inequality is guaranteed
by Claim L.1. Thus, for all n(l) we have

Bln(h
Z ’Yn(k) H\n(h) (s/, Tn(k)|7—n(h)) < VmL(%))(Slv Tn(h)|7—n(h))‘
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By Theorem L.21, it follows that for all s
Vi on) (5, 7)) < Vithlin (5 Tan)-
Hence, Theorem L.22 is proved. [OWe also have
I5(Tneny) = JME( 70n))
=Eonan {Vnﬂ{ﬁ(h)(& T(h) |7—n(h))}

2 B, n {Vl'lsfhﬁh) (8, Tn(n) |Tn(h))}

= JIME(IT )

= Je(Tun))s
which proves that Jg > J¢ in Theorem L.15. ClHence, Theorem L.15 is fully
proved. O Claim L.1 is crucial. In multi-level HRL, if Claim L.1 is not satisfied, there exist

counterexamples where Jz < Jc. We can observe that in the left figure, the values of the red nodes
are higher than those of the blue nodes, indicating that using ME to improve the execution method
can yield a value increase. However, in the right figure, the values of the red nodes are lower than
those of the blue nodes, so applying ME for execution improvement fails. This phenomenon arises
because subtasks have their own independent reward accumulation mechanisms, and the decisions
made by the subtask’s optimal node policy can be suboptimal for the current task 7, ). We note that
the node with value 6 at level-/ is not selected by the optimal policy of its parent node; it is precisely
such special parent tasks that conflict with 7,3 that produce this counterexample. By adjusting the
decision path, this situation can be avoided, and Claim L.1 serves as a sufficient condition.
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Figure 22: Counterexample: The red and blue colored arrows represent the SMDP-optimal policies
for each task node, while the numbers inside the circles indicate the state-task values at the current
frame when SME executes 7,,(5). In this example, no task termination events occur. Gray nodes
denote the actions taken by the agent in the previous frame; the blue nodes form the decision path of
the current frame if SME is used, and the red nodes form the decision path of the current frame if ME

is used.

M FRAMEWORK IMPROVEMENT AND ALGORITHMIC DESIGN PRINCIPLES

Frame- | Execution | Execution Execution Mode | Training | J Limitation
work Mode (De-| Mode of Be-| of Target Policy | Require-
ployment) | havior Policy | (Training) ment
(Training)
HRL SME All node poli-| All node policies | On-policy | J¢ Execution and
Base- cies called by | called by SME policy subopti-
line SME mality exist
ESIF ME All node poli-| All node policies | On-policy | Jp Policy subop-
cies called by | called by SME timality exists
SME
PSIF-2S | ME Each  node | Same node-local | On-policy | J4 Subtask sup-
calls children | execution modes port problem
by SME in | as behavior; com- exists
its Stage 1,|pleted nodes re-
by ME in its | tain ME
Stage 2
PSIF-1S | ME All node poli-| For each optimi- | Off-policy | J 4 Off-policy is-
cies called by | zed node policy, sue exists
SME its descendants
called by ME,
others by SME

Table 10: Comparison of HRL Improvement Frameworks

The comparison of the three improved frameworks is presented in Table 10.
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M.1

M.1.1

IMPROVED FRAMEWORK PSEUDOCODE

ESIF PSEUDOCODE

Algorithm 1 ESIF Deployment Pseudocode

1: Deployment: Deploy subtrees of I~ rooted at 7%;( n) using ME
2: Initialize sq, current task 7 = 7, (p,), decision authority task 7o = 7,,(p)
3: for frame ¢t = 0, 1, ... until 7 = 7,,; do

4: T=T7

5:  while 7 ¢ {Tleaf} do

6: T =mr(8¢)

7: if 7 € {Tjeqs} then

8: ay =T

9: end if
10:  end while
11:  Execute action a; and observe next state s;41
12:  Sample task exit T = 7,,(;) according to
13:  Return decision authority to root: 7, = 7,1,
14: end for
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Algorithm 2 ESIF Training Pseudocode

Require: HRL algorithm L, MDP environment E
1: Training: Interact with F using the original SME execution mode of L and learn I1~
2: Initialize policy tree II {Initialize each node policy 7,,(5),n(h) € N and all state-task values

V (8, Tn(i)|Tn(ny) forall s € S, n(i) € N. 7, is the task to be optimized by 7, () }

3: for episode m =0, 1, ... do

4:

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24
25:
26:
27:
28:
29:

30
31

Initialize state s, current task T = 7,,(g), decision authority task 79 = 7,(g), decision path
L= {Tn(O)}
for frame t = 0, 1, ... until 7, = 7,,,; do
{Decision phase}
T =Tt
Retain in L only the root-to-7 prefix of the current decision path
while 7 ¢ {71.,s} do
T=7(s¢
if e {Tleaf} then
as =T
else
Add the selected task 7 to L
end if
end while
Execute action a; and observe next state s;41
{Interaction phase}
for task 7,(;) € L do
Tt+1 (Tn(z)) = Rn(l) (Stv at)
end for
Sample task exit 7 = 7, ;) according to -y {Termination phase }
Return decision authority via SME: 741 = T {Preparation phase}
for task 7,,;y € L do
{Data collection}
buffer(n(z)) — {St, L,ay, St+1,Tt+1 |Tn(z)}
end for
end for

end for
: Learning:
: for node n(h) € N do

32:  for transition {s, L, at, St41,7t41|Tn(n) } € buffer(n(h’)) do
33: Resample task exit along L according to current y to 7,,;)
34: Update state-task value via HBE-SMDP:
V (st aelTunn) < et + Ii<jon B (86, Tu(j) + I <3V (88, Tu(j) | Tnar))
35: for task 7,;y € L do
36: V(st, Ta@) [Tann) < Byt (50 [V (86 Tagir ) [Tagn))]
37: end for
38:  end for
39:  Policy update:
40: M) < arg maxr, ., €T, V(- Tt 1) Tn(r))
41: end for

42: Output: SMDP-optimal policy tree II~ (each node policy induced by state-task values)

M.1.2 PSIF-2S PSEUDOCODE
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Algorithm 3: PSIF-2S Pseudocode

Requlre HRL algorithm L, MDP environment F

: Training: Learn IT* through node-local Stage 1, Stage 2, and completion
Interaction: Stage-1 nodes call children by SME; Stage-2 and completed nodes call children by ME
Initialize policy tree II {Initialize each node policy 7,n),n(h) € N and all state-task values
V (s, Tn(s)|Tn(ny) forall s € S,n(i) € N. T,(ny is the task to be optimized by 7y, 1) }
Initialize lowest task nodes in Stage 2, other task nodes in Stage 1; primitive actions are fixed
for training rounds until every task node is completed do
for each collection episode in this round do
Initialize state so, current task 7 = 7, (o), decision authority task 7o = 7,(0), decision path L =
{Tn(0)}
for frame t = 0, 1, ... until 74 = 75 do
{Decision phase}
T =Tt
Retain in L only the root-to-7 prefix of the current decision path
while 7 ¢ {7icqr} do
T =7 (8¢
if r ¢ {Tleaf} then
at =T
else
Add the selected task 7 to L
end if
end while
Execute action a; and observe next state s;+1 {Interaction phase}
for task 7,,(;) € L do
Te41(Tn(i)) = Rn(i) (St at)
end for
Sample task exit T = 7,5y according to «y{Termination phase}
Return decision authority: 7e41 =T
{Preparation phase: a caller in Stage 2 or completed reselects its children each frame}
while 71 ¢ {7,,(0), Tout } and its parent is Stage 2 or completed do
Tt+1 = Tt+1 father
end while
for task 7,,(;) € L do
{Data collection}
buffer(n(z')) — {St, L,aq, St+1,Tt+1 |7'n(7;)}
end for
end for
end for
Learning:
for unfinished task node n(h) € N do
for current-mode transition {s¢, L, at, St+1, 7t+41|Tn(n/) } € buffer(n(h’)) do
Resample task exit along L according to 7y to 7, ;)
Set decision authority 7, (1) = Tn(;), keeping task-exit index j unchanged
while 7,y & {75(0), Tout } and its parent is Stage 2 or completed do
Tn(k) = Tn(k) father
end while{The target policy and the behavior policy use the same execution mode. }
Update state-task value via GHBE:

V (8¢, at|Tr(nry) < res1 + Loa<jon Runry (8641, Ta(i)) + Lnr<i V(St41, Tnr) | Ta(nr))

for task 7,,(;) € L do
V(st, Ta()|Tnn)) < B 41y~ 50 [V (86 Tagi1) [Ta(nn))]
end for
end for
Improve 7, from its current-mode values, as in ESIF
if 7,,(p) is Stage 2 and 7, () = fr;(m then
Mark 7,1,y completed and fix its node policy
end if
end for
for Stage-1 task whose child task policies are all completed and fixed do
Move this task to Stage 2 for the next collection round
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56:  end for

57: end for

58: Output: MDP-optimal policy tree IT* (each node policy induced by state-task values)
59: Deployment: same as ESIF

Stage variables persist across episodes. A node begins Stage 2 after its children have completed it;
its own policy is fixed only after its own Stage-2 optimization finishes. Thus behavior and target
execution change from SME to ME from the bottom upwards. The task-exit index j determines
reward termination, whereas k determines the next decision authority; changing interruption must not
change the sampled task-exit boundary.

M.1.3 PSIF-1S PSEUDOCODE

Algorithm 4 PSIF-1S pseudocode

Require: HRL algorithm L, MDP environment E
1: Training: Interact with E using the original SME execution mode of L and learn IT*
2: Interaction: Same as ESIF {Behavior policy execution: SME}
3: Learning: {Value update via GHBE, and target policy execution: where 7, p,)’s descendant
tasks are executed via ME, others via SME}

4: for node n(h) € N do

5. for transition {5, L, as, St41, 7t41|Tn(n) } € buffer(n(h’)) do

6: Resample task exit along L according to -y to 7, ;)

7: Set decision authority 7,,(xy = 7y,(;), keeping task-exit index j unchanged

8: if task 7,, (1) is a descendant of 7,,(p,) then

9: Tn(k) = Tn(h)
10: end if{Inside the optimized subtree, return authority to its root; outside, retain SME}
11: Update state-task value via GHBE:

V(8t,at|Tn(ny) < Te1 + Lo <icn By (St4+1, Ta(g)) + I <5 V(St415 T Tn(nr))

12: for task 7,;y € L do

13: V(sts Tui) | Tan)) < Er iy minen (s [V (8t T 1) [ Tnan))]

14: end for

15:  end for

16: end for

17: Policy update: Same as ESIF
18: Output: MDP-optimal policy tree IT* (each node policy induced by state-task values)
19: Deployment: Same as ESIF

The behavior policy uses SME across the entire hierarchy. For each optimized node, the target uses
ME within that node’s subtree and SME outside it. The sampled task-exit boundary remains indexed
by j; only the next decision authority changes to k. This design helps mitigate the off-policy issue, as
node policies outside the subtree only influence the initial state distribution of the task, which does
not affect the optimality of the target policy optimization.

M.2 EXAMPLE OF ALGORITHMIC IMPROVEMENT
M.2.1 OPTION FRAMEWORK ALGORITHM

Section L.1 presents the task tree setup under the options framework, where 7,,(¢) is the root task,
Tn(1) is an option, Tje, s is an action, and R(s, a) is the per-step reward provided by the environment.
Accordingly, the original algorithm corresponds to the HBOE-SMDP as follows: For the root task
ﬁ'n(O) :

V (8, T (0) [7n(0)) = Er, 1y~ o () [V (85 T(1) [ T (o)) s

7ATn(o) (s) = argmax V' (s, Tn(1) ‘Tn(O))7
Tn(1)
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V(Sv Tn(1) ‘7-77,(0)) = Eneafwfrn(l)(s) [V<S7 Tleaf |Tn(0))]7

V(S; 7—leaf|7-n(0)) = R(57 a)+Es’~T(s,a) ﬁ/n(l) (SI)V(Slv Tn(1) |Tn(0))+;yn(0) (SI)V(S/7 Tn(0) |Tn(0)) :

For the option 7,(1):
V(8,700 |Ta(1) = Brt |~y (0 [V (8, Ty [Tn))]s

V{8, Tn)|Tn() = Erppoymtnny () [V (85 Ttear [Tn(1))],

Ty (8) = argmax V (s, Tieay|Tn(1))s

Tleaf

V(8 Tiear (1)) = R(8,a) + By or(s,a) | Fn1) (8)V (S Tn) [Tn@)) +7n0) (8D V(S Tnioy [Tn(1)) | -

It can be observed that during value estimation, because ¥ = <, the two sets of value operators
between the root task and the option are identical. Therefore, a single value function can be shared
between them. In the PSIF-2S framework, once all options have completed their second stage, their
node policies and termination functions are fixed. The root then enters its second stage and calls
these options using ME. The GHBOE at this stage is as follows: For the root task 7, (q):

VS, T (0) [Tn(0)) = Er, 1y~ oy () [V (85 T(1) [ T (o))

7ATn(O) (5) = argmax V(S7 Tn(1) ‘Tn(O))a
Tn(1)

V(57 Tn(1) ‘Tn(0)> = Eneafwﬁ'n(l)(s) [V(& Tleaf |Tn(0))]7
V (8, Tieaf|Tn(0)) = R(s,a) + Eg or(s,a) [Fn(0) (8 )V (S, Tn() | Tn(0))] -

Through iterative updates, 7,y will gradually converge from 7%7:(0) to ﬁT*L(O). In the PSIF-1S

framework, unlike the original options framework, the target execution processes evaluated by the
root and the options differ. Therefore, separate upper and lower values are maintained. The option-exit
reward uses the upper ME value, as in Equation (11). The corresponding GHBOE is as follows: For
the root task 7, (g):

V(8 T0(0)[Tn(0)) = Er,y 1)~y () [V (8, T (1) [Tn(0))],
Tn(0)(8) = argmax V (s, 7,1y [ Tn(0)),
Tn(1)
V (8, Tn)|Tn(0)) = Erpopmitn oy () [V (85 Treas I Tn(0))]s
V(S, 7—leaf"rn(o)) = R(S, (l) + Es/NT(s,a) [%(0) (S/)V(SI, Tn(0) |Tn(0))] .

For the option 7,(1), the exit reward at the root boundary is

Ry (1) (8, (o)) = Ul(s) = max V(S,T;L(l)hn(o)).

Tn(1)

The option’s values then satisfy
V(s, Tn(1) ‘Tn(l)) = E‘Fz@af'\"ffnu)(S) [V (s, Tleaf |Tn(1))]7

(1) (8) = argmax V (s, Tiear|Tn(1))s
Tleaf

V (s, Ticar|Tn(1)) = R(s,a)
+ IEs’NT(s,a) [’?n(l)(sl)v(sl7 Tn(1) |Tn(1)) + ’Yn(O)(S/)Rn(l)(Slv Tn(O)):| :

This corresponds to the OC-PSIF-18S algorithm used here. V (-, -|7,,(g)) corresponds to V"7, while

V (-, +|7n@1)) corresponds to Ve, While the option continues, its own lower value supplies the
bootstrap; when it terminates, the upper ME value supplies the exit reward. Data collection still
follows SME. The single-frame target uses the observed next state and can be evaluated without
sampling the upper target policy’s full trajectory. It does not remove state—option distribution
shift during learning. V' (s, 7,,(1)|7p(0)) induces the greedy root node policy, while V' (s, 7,,(1)| 7 (1))
supplies the option-policy baseline and the option termination update. The termination baseline is the
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maximum lower value, distinct from the upper-ME option-exit reward. Thus the framework updates

are:
0B, (s)

oY

or,(als
AG ~ ag% (V(S, a|Tn(1)) — V(S,Tn(1)|7'n(1)>) .

AY ~ —ay (Vlo(s,w) — max Vlo(s,w’)> ,

The Fourrooms implementation uses an upper-value termination advantage instead; Appendix C.1
describes this implementation variant.

M.2.2 GOAL-BASED FRAMEWORK ALGORITHM

Section L.1 presents the task tree setup for the target framework, where 7, ) belongs to the target set
G, Ty (1) belongs to the subgoal set g, and 7, ¢ represents actions. The original algorithm corresponds
to the HBOE-SMDP as follows: For the root task 7, (q):

V($7 Tn(0) ‘Tn(O)) = Eneafw‘frn(o)(s) [V(Sv Tleaf |Tn(0))]7

7ATn(o) (s) = argmax V (s, Tn(1) ‘Tn(O))7
Tn(1)

V(8 Tn(1) [ T0(0)) = Erpenpmitnny () [V (85 Tieat [ Tn(o))]s
V (5, Ticar|Tn(0)) = Rn(0)(s, a)
+ Egor(s,a) [Fn1) (8 )V (S, Ta) [ Ta(0)) + An0) (8 )V (S, (o) [ Tn(0)) | -

For the option 7, (1):

V(8 Tn(0)|Tn(1)) = Eryupmitnioy () [V (85 Ttear I Tn(1))], s

V(8 To(1)|Tn(1) = Brpewpmitn ) () [V (85 Tieat [ Tn(n))]s

Tp(1y(8) = argmax V (s, 7,1y [ Tn(1)),
Tn(1)
V (8, Tieaf|Tn(1)) = Rn(1)(s,0) + By or(s,a) [In) (8)V (S mayImny)] -
In some target-framework algorithms, the execution of a subgoal lasts for a fixed number of frames c,
while the upper-level value estimation only accounts for the value of the subgoal when it has been
fully executed. It does not estimate the value of the remaining subtask transitions during execution.
Therefore, the ESIF framework cannot be directly applied. To address this, the subgoal g can be
extended to a subgoal—elapsed-time pair (g,%), with 0 < ¢ < c.

N EXPERIMENT DETAILS AND ANALYSIS

N.1 ENVIRONMENT SETTINGS

Randomized version of AntReacher. A continuous task simulated in MuJoCo aims at controlling
an ant robot to achieve a random goal on the map. When deploying a policy, an additional random
transition event is engaged: For every 10 timestep, the ant will have a random state transition on the
whole map with the probability of 10%, only involving coordinates x and y.

Fourrooms. A GridWorld environment of four rooms. The cells of the grid correspond to the states
of the environment. The agent must start from a random starting cell and reach a fixed-end cell. In
any state, the agent is feasible to perform one of four actions, up, down, le ft, right. And there is a
random transition after the action is selected. With the probability of 2, the agent moves one cell in
the chosen direction. With the probability of % the agent moves one cell in one of the other three

directions, each with the chance of %. In either case, if the movement takes the agent onto a wall, the
agent remains in the same cell.

Bthis computation is irrelevant for policy learning and can be omitted in practice.
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N.2 ALGORITHMS USED

HAC. This is a state-of-the-art goal-based HRL algorithm. For the goal-based HRL algorithms, the
higher level of the hierarchy interacts with an SMDP induced by the environment dynamics and the
behavior of the lower level. During training, the lower-level policy constantly changes with updates,
making the higher-level interaction non-stationary. HAC proposed the hindsight action relabeling
method to alleviate this problem for static environments by ‘pretending’ that the lower-level policy
has already been optimal. In addition, HAC also proposed hindsight goal transitions and subgoal
testing to accelerate the learning of sparse-reward tasks.

OC. This is a classic option-based HRL algorithm. This algorithm learns the entire hierarchical
policy tree in an end-to-end manner. The higher-level policy and all the options (i.e., intra-option
policies and termination functions) are trained using policy gradient derived using the root task
rewards (i.e., the original environmental reward). A limitation of OC is that it requires predefining
the number of options. The policy gradients are heavily dependent on the root task reward. Thus,
OC is likely to perform poorly on the sparse-reward tasks. Figures 24a, 24b, and 24c show the

£=0 t=9 t=10 t=11
—_ >}
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\
L ] L ] L ] L ]
SME t=12 t=13 =23 t=28
™ o
[ ] L ]
t=0 t=9 t=10 t=11
— >
/ L ] L ]
\
L] -
ME t=12 =13 =23 t=28
* ™
.

Figure 23: The ant robot navigates from a random starting position to a random ending position in
the AntReacher environment. The yellow sphere on the map refers to the ending position, the red
sphere refers to the subgoal proposed by the agent’s higher-level policy, and the lower-level policy
directly controls the ant’s joints for moving towards this subgoal.
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Figure 24: Comparisons for HAC under SME and ME: (a) URS (top), (b) AntReacher (middle), and
(c) AntFourrooms (bottom).

same-policy execution comparison in URS, AntReacher, and AntFourrooms, respectively. To explore
the performance difference of the same policy under SME and ME in the environment without
random transition events, we deploy the HAC algorithm in the original environments of its paper:
URS5, AntReacher, and AntFourrooms. And the results are shown in Figure 24. We observe that
the performance of ME is as least as good as SME’s. The opposite conclusion may be obtained in
other algorithms. Not all algorithms can improve performance after switching the execution mode
from SME to ME at no cost due to their possible defects, especially when the higher-level policy
is suboptimal and has not yet converged to the optimum. At this point, the conditions required by
the Optimal Execution Theorem are not satisfied. Instead of directly adopting ME based on the
theorem, one should design a new algorithm according to the Execution Improvement Theorem
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to learn the optimal interruption function for the deployment policy. Our framework provides a
principled foundation for further potential improvements: the execution modes of the target policy,
behavior policy, and deployment policy are mutually independent.

N.3 HYPERPARAMETERS

For HAC, we follow the open-source implementation of the author, which is available at https:
//github.com/andrew—j-levy/Hierarchical-Actor—-Critc—HAC-. All the
experimental results are averaged using 10 random seeds. For OC, all the experimental results are
averaged using 350 random seeds. The key training hyperparameters are as follows:

* the discount factor v = 0.99.

* the learning rate of termination function ayeyrm, = 0.25.
¢ the learning rate of intra-option policy antrq = 0.25.
* the learning rate of critic aepigic = 0.5.

* the learning rate of higher-level policy oy = 0.2.

* the number of options w = {4, 8}.

N.4 EXTRA RESULTS AND LIMITATIONS

We visualize the results of deploying the HAC algorithm in the AntReacher environment under SME
and ME in Figure 23 and found evident disadvantages of SME. When a random transition event
occurs at ¢ = 10, the ant shows stagnant until ¢t = 23 under SME. This result may be because the
large-scale coordinate offset prevents the lower-level policy from making effective actions according
to the current state and subgoal. However, under ME, the higher-level policy adjusts the subgoal in
time so that the task of the lower-level policy is still moving towards the attainable subgoal.
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