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Abstract

We investigate a general-purpose layer for deep learning that, instead of compress-
ing arbitrary-size training data into fixed-size weight matrices, stores a new pair of
key-value representations for every data point during training, and retrieves and re-
combines these representations through an attention mechanism at inference time—
resulting in a growing neural net (NN). While Irie et al. [1] have put forward this
perspective from the classic duality expressing any linear layer in a deep NN trained
by gradient descent as linear attention (LA) over the training data points, replacing
LA by more powerful attention functions, as they suggest, turns out to be non-
trivial: we show that naively applying learning rules from the LA case to advanced
kernels does not lead to principled optimization. Here we fill this gap and develop
functional gradient-based learning rules for kernelized attention layers, based on
radial basis function (RBF) and softmax-like kernels—establishing the principled
“retrieval-centric deep learning” (RCDL) paradigm. Empirically, we demonstrate
the promising performance and learning-efficiency of RCDL on image classifica-
tion and synthetic teacher-student learning tasks. Moreover, we show that replacing
LA in the dual form of NNs by advanced LA variants, namely MesaNet/DeltaNet,
yields a formal connection to recently proposed optimizers for conventional fixed-
size NN, offering a novel perspective on deep learning optimization.

1 Introduction

Traditional deep learning uses gradient descent to compress arbitrary-size training datasets and/or
experiences into fixed-size weight matrices of a deep neural network (NN). A classic but lesser-known
mathematical property thereof is that any linear layer in such a gradient descent-trained deep
NN admits a nonparametric dual form: Its exact input/output relation can also be achieved by an
equivalent “key-value memory system’” that stores all the training datapoints presented to the layer
during training and the initial weights, and produces outputs through retrieval using “unnormalized
dot-product attention” over the entire training experience stored in the form of “key/value pairs”
[2, 1] (reviewed in Sec. 2).

From a modern sequence modeling research perspective, however, such an unnormalized dot-product
attention represents a form of “linear attention” [3, 4], which is well-known to be sub-optimal to pro-
cess sequences, e.g., compared with the softmax attention [5] commonly used in the transformer [6].
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Table 1: Comparison of parametric vs. retrieval-centric deep learning paradigms.

Model Parametric neural networks Growing nonparametric networks
Building block Linear layer Attention layer

Learnable state Fixed-size weight matrix Growing database of keys & values

(for t train examples) W € Rou*din D = {K € Rinxt vV ¢ Rouxt}
Inference y=Waz y = sp(x) = Attention( K,V , x)

(x € Riin, y € Row)
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Tllustration kil ke ViVp %
x E —> y X Attention y
(K V, %)
Formine deen models Compose linear layers and Compose attention layers and nonlineari-
g deep nonlinearities, e.g., o (Wao(Whix)) ties, e.g., o(sp, (0 (sp, (x))))
Learning objective Minimize a global loss £ (e.g., via gradient descent)
Learning update Update the fixed weight matrix Append a new key-value pair
(e.g., gradient-based)  (e.g, AW «x —Vw L = —Vy, Lz]) (e.g., kt = @y, v x —Vy, L)
Key question How to update the weight matrix? What key-value vectors to append?

This observation has raised a natural question: can we achieve more powerful deep learning systems
by replacing the linear attention (LA) underlying deep NNs by a more powerful attention function
[1, 7]7 While this question has been left unanswered, the time is ripe to revisit it, especially given
how recent research in sequence modeling has advanced LA and provided insights to interpret and
improve LA through various angles, including its connection to fast weight programming and learning
rules [8—15], the underlying local optimization perspectives [16-23], as well as traditional sequence
processing tools such as gating [24, 25].

Here we pursue two approaches that aim to go beyond current deep learning by extending the LA
mechanism underlying any modern deep NNs’ dual form. First, we advance the retrieval-centric view
of the dual form by developing a theory for the “growing neural network™ obtained by introducing
a (non-linearizable) kernel to the dual form’s LA, and devise its learning algorithms (which prescribe
the key and value representations to be stored for each data point) that optimize a given global
objective function. We study the cases of positive definite kernels (e.g., the classic radial basis
function (RBF) [26]) and the “weighted softmax” kernel we propose. In fact, while Irie et al. [1]
have suggested to directly “insert” the softmax function in the corresponding linear attention to
enhance retrieval from NNs’ training experience, devising a principled learning algorithm for such
a system turns out to be highly non-trivial, as such an insertion invalidates the optimality of the key
and value representations computed in the linear case. This is especially true for the softmax, for
which we introduce a closely related “weighted softmax kernel” to formally derive a learning rule for
the resulting retrieval-centric growing NN. We conduct experiments using classic image classification
datasets and teacher-student learning tasks, and demonstrate promising results in performance and
sample efficiency compared to the standard deep NNs with fixed-size weight matrices.

The second extension we pursue is to leverage recent advances in linear attention, namely the
weight updates of DeltaNet [9, 14], and MesaNet [18]. In contrast to the first direction above, this
approach gives rise to optimizers that improve conventional weight-based learning. We derive a
formal connection to a recently proposed optimizer and second-order optimization, and empirically
demonstrate the efficiency of the resulting optimizers, with competitive performance to Muon [27].

Finally, as a new framework that represents a departure from standard deep learning (see comparison
in Table 1), retrieval-centric deep learning (RCDL) still faces many challenges. Perhaps the most
central one is that model size grows at every training step when a nonlinear kernel is chosen. We
finish our paper by presenting first results on a hybrid learning algorithm which manages capacity
allocation dynamically, by combining standard (parametric) gradient updates with model growing
(non-parametric) steps, triggered only when the inputs to a given layer are sufficiently distinct from
past ones. We show empirically that this hybrid algorithm is able to match the performance of the
non-parametric learner at a small fraction of its size.



2 Background: Dual Form of a Linear Layer

Here we briefly review the dual form of a linear layer trained by gradient descent as a linear attention
system [2, 1], which is our starting point. Let ¢, T', di,, doy denote positive integers. Consider a linear
layer inside an arbitrary complex/deep neural network, that transforms a layer input € R% into a
layer output y € R% as y = Wz where W € R%u>dn is a weight matrix.

Given an arbitrary differentiable loss function £ and a sequence (&1, ..., @) of T training inputs
presented to the layer, with 2; € R% for 1 < t < T, we denote the corresponding (backpropagated)
error signals as (v1,...,vr) with v; € R defined by gradient descent, that is vy = —1;Vy, L
where 1, € Ry is the learning rate and V, £ is the gradient of the loss w.r.t. the layer output y;
corresponding to input x;.

At training step ¢, gradient descent updates the weight matrix (WM), initialized with Wy, as W, =
W;_1 —nt(VytE)(X)wt = W,_1+v,®x, where ® denotes the outer product, that is v, @x; = 'vtmtT.

We can unfold this equation to express the WM at step T" as: W = Wy + ZtT:l v/ .

Thus, the layer output for an arbitrary input ¢ € R% can be expressed as:

T T
y=Wrq=Woq+ Y v/ q=Woq+ ) vd(x:,q) ey
t=1 t=1

where the last term is a weighted sum of vectors v; € R%u« with weights 2, ¢ € R, which can be
interpreted as an (unnormalized) “attention mechanism” by identifying v, as values, x; as keys, and
q as the query; and ¢(x¢, q) = :BtT q as attention weights [28, 6, 5]. To be more specific, this is (a
simple form of) linear attention [3, 4].

This implies that the input/output relation of the linear layer can also be realized by a “growing
nonparametric neural network™: Instead of storing the fixed-size weight matrix W as the system’s
training memory, the system maintains a growing database by storing a new pair (k;, v;) of key-
value vectors for each training data point—the layer input k;, = x, € R% as the “key” and the
corresponding error signal v; = —1;Vy, L € R as the “value” vector (in addition to the initial
weight matrix W)). Inference is performed through the linear attention mechanism above (Eq. 1).

Given the ubiquity of linear layers in deep neural networks, this dual view suggests that a fundamental
mechanism linking training and inference in virtually any deep learning systems is based on (a
cascade of) this simple linear attention mechanism. However, recent research on linear attention in
sequence modeling indicates that such “simple linear attention” mechanisms are highly suboptimal.
This points to the potential for fundamentally improving deep learning by enhancing the underlying
linear attention mechanism.

3 Growing Nets with Non-Linear Attention

With the goal of developing a general-purpose deep learning layer that can improve upon the
conventional linear layer, we replace ¢ in Eq. 1 by a more powerful kernel that is not reducible to a
finite-dimensional linear map. Consequently, the resulting layer can no longer be converted into a
linear layer with a fixed-size weight matrix. Instead, we obtain a “growing layer” in which a new
pair of key/value representations is added to the system for each training datapoint. This raises a
fundamental question: how should these key and value representations be chosen to implement a
principled learning algorithm that minimizes a given loss function? Here we formally derive such
algorithms in two classes of powerful attention functions.

3.1 Positive Definite Kernel Attention

We first investigate the case where ¢ in Eq. 1 is a positive definite kernel (PDK). By the
Moore-Aronszajn theorem [29], any PDK admits a representation as an inner product of feature
embeddings into a Hilbert space H,. That is, there exists a map ¢, : R% — H4 such that

P(@, @) = (Yo (@), Yo (@),

This allows us to view the nonparametric layer as a linear layer operating on the implicit feature
space H, with an infinite-dimensional weight matrix W € R%u*>°_ In Sec. A, we rigorously



show that performing standard gradient descent on this implicit weight matrix is mathematically
equivalent to appending a new key-value pair to the database at every step. Analogously to the
analysis of the linear kernel case in Sec. 2, the gradient update of the implicit weight matrix is
AW o (—m;Vy, L) 1b4(x;) 7. This translates exactly to adding a new term (—7;V, L) (x4, ) to
the layer’s output function.

Consequently, to build a growing layer based on a PDK, we retain the exact key-value definitions
from the linear case: setting the key k; = x; and the value v; = —;V,, £ implements a principled
loss-minimizing learning rule in the RKHS. In our experiments, we use the radial basis function
(RBF) kernel—a classic PDK [26].

3.2 Softmax and Weighted Softmax Attention

While PDKs offer a robust theoretical foundation, modern deep learning relies heavily on softmax
attention, which empirically outperforms unnormalized kernel attention in many sequence modeling
tasks [6]. Here we study the case where we replace ¢ in Eq. 1 by the softmax function (more
formally, ¢(x¢, q) becomes ¢(x¢, q; {x-}i1<r<7) as it involves normalization). As it turns out,
theoretically dealing with the standard softmax attention is highly non-trivial (as we discuss below;
and in Appendix B.3). Instead, we introduce a “weighted softmax kernel” and derive a learning
algorithm for the corresponding growing NN.

Let D C R% x R9%u be a finite set of key-value pairs or “database”. This database in-
duces the standard softmax attention function sp : R% — R defined as: sp(q) =

Z(k,v)ep e(’cmv/ Z(k,v)ep elka)

Consider the objective of making a small “corrective” adjustment to D to move sp in a direction
that minimizes a global loss. Ideally, we would achieve this by adding a new key-value pair to the
database, analogous to the “growing layers” derived in Sec. 3.1.

However, this is not possible in an infinitesimal manner for this softmax attention. Introducing any
new key discontinuously alters the denominator, regardless of how small the associated value vector is.

To enable the “smooth addition” of new key-value pairs, we introduce a scalar weight for each entry.
This leads to the “weighted softmax attention” formulation, where the database D consists of a finite
set of triples (w, k,v) € RT x R% x R%u, and the retrieval function becomes:

Z(w,k,v)eD welk Dy
B Z(w,k,v)GD welk:a)

In the remainder of this section, we develop a theoretical framework that allows us to derive a
“growing database” formulation which corresponds to performing a gradient descent in a space
containing all weighted softmax functions.

sp(q) @

Now consider an infinite database containing a weight for every possible key-value pair. We formalize
this by defining a weight function w : R% x R%« — R*, which induces the continuous softmax
function s,, : R%n — Rdou ag:

Jrtn g W(k, v)elk Dy dk dv
Sw(q) =

a f]Rdin X Rout U}(k:7 v)€<k’q> dk dv ’

Appendix B.1 provides further remarks on the functional space of weighted softmax functions.

3

The case of Gaussian mixtures. We analyze the case where w : R% x R%« — R* represents the den-
sity of a Gaussian mixture. Let D = {(w;, ks, v;) : 1 < i < n} C RT xR% x R%u be a finite set of n
weighted key-value pairs, and let o, 0, > 0. We define the Gaussian mixture density wp as follows:
n L e T
2 2

w:
wp(k,v) - (%)@Ugmagwle ’ U

This formulation corresponds to mixing n Gaussian densities centered at (k;, v;)1<i<n, With
respective mixing weights (w;)1<i<n. The covariance matrix ¥ for each of the n Gaussian
components is a block diagonal matrix given by:

2 0 U%Idm 0
E—[o ZJ—[ 0 o2, | )

v

4



Now, let us compute the softmax function s,,,, induced by this mixture density. Substituting wp into
Eq. 3, we can show that (see the full derivation in Appendix B.2):

f]Rdm < Rebout wp(k, 'u)eUWI)v dk dv
a f]Rdm X Rdout wp (k, 'U)e("’»Q> dk d'U

S n ki.q)+3oillall’ S n ki,

_ ie1 'lUi€< Q>+20'kHQH v; _ ie1 wi€< ,Q>'UZ- _ (q)

- - 1 _2 2 n ; — oD .
g ?’:1 wi€<k“q>+2ok”q” E i=1 U}i€<k“q>

Swp (q)

This demonstrates that the continuous softmax function induced by the Gaussian mixture density wp
is exactly equivalent to the discrete weighted softmax function sp defined by the database D. The

shared variance-dependent term e3kllal® cancels out in the numerator and denominator, rendering
the prediction independent of the specific variances oy, and o, used in the mixture model. It is worth
noting that the same cancellation holds for any general block-diagonal covariance matrix 3 (where k
and v are independent), regardless of the specific correlations within the key or value dimensions.

The functional space of Gaussian-modulated softmax functions. Now observing that Gaussian
mixtures with a fixed covariance matrix X are absolutely continuous with respect to the centered
Gaussian measure u = A(0,3), we can analyze the system using this background measure. We
define the Gaussian-modulated softmax function for a relative weight function w as:

_ fRdin x Rdout w(k7 v)e<k,q>v dﬂ(k, 'U)
f]Rdin X Rdout w(k’ U)e<k7q> d/l,(k, ’U) .

This formulation relates to the original Lebesgue-density formulation via a Radon-Nikodym
derivative. If the physical density of the database is p(k, v), the corresponding functional weight

isw(k,v) = j—ﬁ(k, v).

(&)

sw(q)

This perspective reveals a crucial structural property: a Gaussian mixture in the physical space
corresponds to a linear combination of exponential functions in the functional space. Specifically, the
ratio of a shifted Gaussian \V(x|u, ) to the base measure A (x|0, ) is proportional to ™= "W
Consequently, adding a key-value pair to the database is mathematically equivalent to adding an
exponential basis function to the weight w(k, v). This justifies searching for updates in the span of
exponential functions during gradient descent.

Let Ho, o, be the space of functions w : R%» x Rut — R such that

E(k,v)~A7(0,5) [w(k,v)26<k’q>+<”’”/>] < 00, Vg € R% Yo' e Réove

We endow H, 5, With the Lo () inner product: (w, w')y, . = E@v)~a(o,s)[w(k, v)w'(k,v)].

Functional gradient descent update rule. We derive the update rule for the weight function
w € He, -, by performing functional gradient descent on a loss function £(s,,(q), y). For a single
observation (g, y:), we compute the Fréchet derivative of the loss functional J(w) = L(s.,(q¢), yz)
and identify the functional gradient V,,J via the Riesz representation theorem in H,, »,. As detailed
in Sec. C, the gradient V,,J takes a specific form involving the exponential kernel e(*:9:) and the
error signal:

<k’Qi>

(w)

D(w) is the denominator of the softmax functional induced by w.

@

Vo (k, v) = (VgL,v — su(qr)) with D(w) = / w(k, v)e®™ ) dp(k,v) . (©6)

R%n x Rdout

)

The functional update w41 < w; — nV,,J corresponds to adding a new term to the weight function,
which is constructively equivalent to appending a new key-value tuple to the database (cf. Sec. C.4).
Specifically, this establishes the update rule that adds a tuple (Wnew, Knew; Unew) Where the new key
is a scaled version of the query, kpew = 25q: = a,% g:, and the weight and value are determined by
the prediction error and the local density. To ensure numerical stability, we store the weighted value
vector ¥ = wv, leading to the robust update rules:

Wpew X 77<5t7gt>7 Upew X _nzvgt X —770’3%, @)



where g, = V3L and s; = sy, (gt). Refer to Sec. C for more details. In the case of mini-batch
stochastic gradient descent with a batch of size B, the linearity of the gradient operator implies that the
total functional gradient is the sum of individual gradients centered at distinct queries. Consequently,
a single step corresponds to adding B distinct tuples to the database simultaneously, reflecting the
non-parametric nature of the approach where model complexity grows with data.

Remark 3.1. Given that kyew = 02qy, one can interpret o7 as the inverse temperature of the resulting
softmax function. In practice, we can store k. = g; and instead use a temperature hyperparameter
T in the Softmax, as is typically done!, i.e., the final weighted-softmax function becomes:

—(k,q) _
)

T+/d;
E(w,k,f))ED e

1 .
k,
T/ din < q>w

sp(q) = ®)

Z(w,k,f:)eD €

In Appendix D, we provide further remarks regarding extensions of the learning algorithm above
(corresponding to vanilla gradient descent) with weight decay and momentum.

3.2.1 Handling negative weights: clipping and gauge invariance

One challenge with the update rule of equation 7 is that when (s;, g:) < 0 we get a negative weight
Wpew < 0. This may cause denominator cancellation and numerical instability (cf. Sec. C.5). A
simple heuristic to enforce non-negativity is via clipping, wpew  max(0, Wyey )-

Another method for addressing the negative weights issue without clipping is via a translational
symmetry of the softmax functional, which we call gauge-invariance (cf. Sec. C.7): If we shift
all the value vectors in the database by +b, the output of the weighted softmax also shifts by +b.
Hence, if we then subtract b from the output, we recover the original weighted softmax. Therefore,
by equipping the softmax functional with an auxiliary global bias b, the model gains a translational
symmetry between the values and the bias (cf. Proposition C.3). This means that the same function
has a different representation for each offset (gauge). We can dynamically choose an offset frame—
a “virtual gauge” b; along the gradient direction—that guarantees that the effective projection
(gt, 8¢ + by) is strictly positive, ensuring wpey > 0. Refer to Sec. C.7 for a detailed description of
this method.

3.3 Sublinear Growth with Hybrid Non-Parametric and Parametric Learning

Appending a new key-value tuple at every training step incurs a linear memory growth O(T') with
respect to the number of training steps 7'. To achieve scalable, sublinear growth, we introduce a
hybrid learning rule that dynamically balances non-parametric expansion with parametric refinement:
We treat the existing key-value pairs in the database as learnable parameters optimized via standard
optimizers (e.g., Adam or AdamW), while conditionally growing the database using functional
gradient descent only when a newly encountered key «x is sufficiently distinct from the existing
keys k; in the database, based on a threshold parameter 7, i.e., min;||@ — k;||2 > 7. By restricting
memory growth to genuinely novel data while leveraging parametric optimization for representation
tuning, this hybrid mechanism dramatically curbs memory footprint while preserving the performance
advantages of the fully non-parametric model (see Figure 5).

4 Advanced Linear Attention Perspectives
Sec. 3 focused on improving the LA underlying the dual form of NNs (Eq. 1) by introducing nonlin-
earity. Here we plug advanced LA models into it, and show how they lead to improved NN optimizers.

We focus on the mesa-layer [17, 18], which replaces the linear attention of Eq. 1 by the best possible
linear key-value map, in the sense that it achieves the lowest (regularized) squared error over the keys
and values seen up to time ¢:

t
1 A
W, :argur/nin§;:1HvT—W.’BT|\2+§HWH%, ®

Ia'i relates to the temperature because increasing oi scales the positions of new keys quadratically, causing them to spread
apart faster than the linear expansion of the standard deviation of individual Gaussian components. Consequently, higher
variance cri acts as a separation parameter, reducing component overlap and sharpening the attention distribution.



where A > 0 is a static (scalar) hyperparameter which controls the strength of regularization, given by
the squared Frobenius norm ||W ||% of the weights. Note that the mesa-layer considers the cumulative
(in time) loss, and fully minimizes it. von Oswald et al. [18] empirically found that the mesa-layer
outperforms both standard LA and the DeltaNet on various sequence modeling problems.

Interestingly, as we show next, the dual view of a linear layer trained by gradient descent yields
an approximate second-order optimizer once we replace linear attention (Eq. 1) by the mesa-layer
(Eq. 9). The only remaining step is to determine what the values v; should be. In this section, we set
them to be the gradient-corrected layer outputs:

vy = W1y — mVyt/l- (10)

An important property of the objective of the mesa-layer (Eq. 9) is that it can be solved analytically.
We use this property to obtain our optimization algorithm, which we develop for the mini-batch
setting—the current standard in deep learning. Before proceeding, we introduce additional nota-
tion to handle mini-batches. We denote by 7' the number of batches seen so far, each containing
B data points. In this setting, X is the dj, x B matrix that holds the current batch inputs in
its columns, and V7 is the d,, x B matrix that holds the corresponding gradient-corrected out-
puts in its columns, following Eq. 10. Additionally, we define X .7 and V_ as the history of
all inputs and gradient-corrected outputs (resp.) observed thus far, excluding the current batch.
Solving Eq. 9 analytically, we obtain a closed-form expression for the weights at iteration 7' i.e.,
Wr = (V<TXIT +VrX;})- (X<TXIT + X7X ] + AI)~1. It turns out that the resulting layer
implements exactly a recently proposed optimizer [FOOF; 30], which has been shown to be highly
efficient in deep learning. FOOF was derived as a simplification of KFAC [31], itself an approximate
second-order optimization method. Intuitively, the optimization speed-up that FOOF (here, the mesa-
layer) enjoys stems from the additional inverse matrix which is not present in linear attention. This ad-
ditional factor applies a whitening transform to the inputs, which yields a full (second-order) Newton
update for a shallow linear model, and an approximate second-order update for a deep neural network.
We refer to Benzing [30] for an analysis of this optimizer, and to Appendix E for additional details.

As an additional reference, we further consider the DeltaNet [9] case. As derived from the delta rule
[32], this case corresponds to performing an online gradient descent step w.r.t. W on the layer-local,
time-dependent loss penalizing the discrepancy between the prediction Wx; and a target value
vy = —NVy, L:

1 1
L(W) = §||Wfﬂt —vyl3 = §||W5Et +1Vy, L3 (11)

with learning rate A\ (corresponding to an online version of the mesa-layer case). This yields the
update W; = W;_1 + A(—nVy, L — W,_1x;)z/ . Appendix E provides additional details.

S Experiments

Here we conduct experiments to empirically validate theories arising from the two extended views of
linear layers above: the newly derived growing neural networks and their learning rules (Sec. 3) and
advanced optimizers (Sec. 4).

Basic Settings. The baseline architecture is a residual MLP similar to the transformer’s MLP block
[6]; the model has multiple layers with a block structure, where every block of the model updates the
residual stream e € R following

e « e + Wyo(W;RMSNorm(e)), (12)

with nonlinearity o(-) and RMSNorm prenormalization [33]. The first block is applied to the net
input € R . The output layer is the standard softmax layer for classification or a linear layer for
regression, using the cross-entropy or mean-squared error loss, respectively.

To find a strong baseline, we perform intensive search over the choice of activation o(-), namely:
ReLU [34, 35], GELU [36] and softmax [37]; as well as over the space of optimizers, including plain
SGD, Adam [38], AdamW [39], RMSProp [40], and Muon [27]. These serve as the baselines for
the MesaNet/DeltaNet-derived optimizers introduced in Sec. 4. We perform a fine-grained scan over
hyperparameters, including model depth and nonlinearity type. All our results are averaged over 5
seeds, and shaded areas reflect stdev. unless noted otherwise (see Appendix F.1 for more details). Our
nonlinear attention-based growing nets (Sec. 3) follow the same residual architecture, but perform:

e < e + gp(RMSNorm(e)), (13)
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Figure 2: (Left Plots) Test set accuracy on CIFAR-10/100: Growing Weighted Softmax & RBF, while
based on plain SGD, significantly outperform the SGD-trained MLP and Adam/RMSProp and are
competitive with MLPs trained with Muon. The Mesa/FOOF optimizer achieves high accuracy on
CIFAR-10 and performs best on CIFAR-100. (Middle Right) Training loss for Growing Weighted
Softmax & RBF decreases much faster than that of the other models. (Right) Test set accuracy on
CIFAR-10 after a single pass on the training data. Growing Weighted Softmax & RBF are the most
efficient learning algorithms. To place our results, we include the test accuracy of two classical (not
single pass) methods: k-nearest-neighbor (kNN) and SVM (starred; details in Appendix F.10).

where gp(-) can either be the weighted-softmax layer (Eq. 2) or the RBF layer (Eq. 1, with ¢ an RBF).

The final output layer is similar but without the residual
connection. Importantly, note that the formal learning .-
rules we derived for these growing nets correspond to

Reference

training them using plain SGD (Sec. 3); derivations for MLP
more sophisticated optimizers are left for future work. g, — Perametric
Teacher-Student Experiments. We begin with exper- — Weighted
iments on a synthetic regression problem, where scalar

target outputs y* € R are generated by a held-out resid- 07 o w0 e 200

ual MLP teacher y*(x) from 100-dimensional inputs Training Steps ~ 1e3

x € R190 [41]. The teacher NN has 1 hidden layer with
ReLU non-linearity, residual-stream d. = 100, and ran-
dom, fixed weights sampled from a LeCun normal distribu-
tion (fan-in). The teacher then projects the residual stream
activation to an output dimension of 1. The student y(x) is
trained through online SGD on the expected squared error
1088 Ep(a) [(y" (@) — y())?], by drawing new data sam-
ples at every training iteration. The inputs x are generated
by first sampling from a standard normal distribution, and
then projecting to the unit sphere. Appendix F provides
further setup details.

Figure 1: Teacher-student regression
loss (mean + s.e.m.) comparing:
(blue, Weighted Softmax) our growing
weighted softmax model; (red, Paramet-
ric Softmax) a very wide MLP baseline
with width matching the final number of
training samples using the softmax ac-
tivation; and (gray, Reference MLP) an
overparameterized student with matched
architecture providing a lower bound.

In this task, an overparameterized student—with the same architecture as the teacher, but larger
width—is expected to perform very strongly [42]. In Fig. 1 we see that this is indeed the case; the
MLP student (denoted by ‘“Reference MLP” in the plot) outperforms all other models, and serves as
the gold standard for this task.

We then compare our Growing Weighted Softmax model (GWS; Sec. 3.2) with a fixed-size “paramet-
ric softmax” baseline that uses softmax activation (Eq. 12) and dimensions matching the full database
size—closely mirroring the GWS model by treating W7 and W5, as learnable keys and values [43].

We compare a single-layer GWS with a single-block parametric softmax baseline (with two trainable
weight matrices; the best model trained with Adam). We find that GWS significantly outperforms
the parametric baseline. Despite the architectural mismatch with the teacher, and despite only having
one trainable layer (comprising values and respective weights), our growing weighted softmax model
can reach significantly lower loss values.

CIFAR-10/100 Experiments. Next, we investigate the performance of the growing RCDL models
on the classic CIFAR-10 and CIFAR-100 image classification tasks [44], using standard data aug-
mentation and non-convolutional architectures. Fig. 2 reports the performance of several parametric
baselines and the growing nonparametric models based on RBF and weighted softmax.
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Figure 4: Comparison between parametric soft-
max (very wide MLP with softmax nonlin.) and
our growing non-parametric weighted softmax
model. Despite sharing the same architecture,
the models behave very differently, both in terms
of optimization and generalization: The para-
metric model displays a widening train-test gap,
that is not present in its nonparametric weighted
counterpart. We train the former for 2000, the

in a significant performance degradation. latter for 50 epochs.

Fig. 2/Left shows test accuracy on CIFAR-10/100. We observe that both the growing weighted
softmax and RBF models (Sec. 3), whose learning rules are based on plain SGD, significantly
outperform the baselines trained by plain SGD, as well as Adam, AdamW and RMSProp; and the
GWS model slightly outperforms the RBF variant.

Using more advanced optimizers, the parametric MLP eventually surpasses the SGD-based growing
models: the MLP trained by the MesaNet-derived (FOOF) optimizer outperforms all methods on
CIFAR-100 and performs on par with the growing variants on CIFAR-10 (see Appendix F.8 for
further discussion on the DeltaNet-based one). Similarly, Muon proves to be a strong baseline on both
datasets achieving top accuracy on CIFAR-10. These results highlight the importance of developing
learning rules for growing models that correspond to these advanced optimizers.

Fig. 2/Middle reports the evolution of training loss on CIFAR-10. Interestingly, the training loss
decreases drastically faster for the two nonparametric models compared to all the other methods,
while having good generalization performance as shown above; this may be a promising property for
tasks that require both good generalization and strong memorization.

Finally, Fig. 2/Right shows the learning efficiency of all methods when trained only on a single pass
over non-augmented CIFAR-10 dataset. In this online regime, the growing methods outperform all
parametric models including Muon and Mesa. We refer to Sec. G for further experimental results and
Sec. G.2 for results using the gauge-invariance version of the GWS layer (described in Sec. 3.2.1).

Analysis. Here we analyze how the GWS model’s test
performance varies as a function of the number of layers

S
and its temperature (Sec. 3.2), and verify that the model gss o ®
effectively leverages the nonlinear kernel. S4s5
Fig. 3 shows that adding hidden layers improves the perfor- § ©
mance on CIFAR-10 (though performance saturates with & 3510
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2 hidden layers), and that there is a non-monotonic depen-
dence on temperature. We also confirm that the model
is in the nonlinear regime by ablating the trained model
by linearizing the exponential function (i.e., using the ap-
proximation exp(z) & 1 + z) in the weighted softmax,
post-training, which leads to a severe drop in performance.
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Figure 5: CIFAR-10 performance vs fi-
nal capacity for various growth thresh-
olds 7. The model retains high test acc.
while exhibiting graceful performance
degradation when compressing further.

We further compare the training and generalization
behaviors of the GWS model with that of the parametric
softmax baseline. Figure 4 shows their training and test
accuracy on CIFAR-10 as a function of the training progress. We observe that their behaviors are
very different: despite being able to train a huge set of parameters at every iteration, the parametric
baseline is slower to fit the training data, despite being highly prone to overfitting; we could not
find a hyperparameter configuration that avoided a widening train-test performance gap. The GWS
model has no such issues and reaches much higher test accuracy overall.



Mixing retrieval-centric and parametric layers. It is also straightforward to mix RCDL layers and
parametric layers within the same model. To illustrate this, we conduct a sanity check experiment
on vision transformers (ViTs) [45] where we replace the feed-forward block in every ViT layer
with an RCDL layer as a drop-in replacement, while keeping all other layers (e.g., self-attention)
parametric and training them by gradient descent. Trained for a single epoch on CIFAR-10, the
purely parametric ViT achieves 48.4% while our mixed model achieves 54.4% test set accuracy, a
promising result opening up many avenues for future research. For more details, see Appendix F.11.

Sub-linear growing. Finally, to mitigate the prohibitive memory and compute growth of vanilla
RCDL layers, we provide preliminary results of the hybrid layer described in Sec. 3.3 which combines
parametric learning with (conditional) non-parametric growth, again when training CIFAR-10 for
one epoch. As shown in Figure 5, the memory growth can be made sublinear while preserving strong
performance. Further experimental details can be found in Appendix F.4.

6 Discussion, Related Work, and Conclusion

The RCDL concept has connections to many existing methods in machine learning, such as kernel
machines [2, 46, 47, 26] (further related work can be found in Appendix H). In particular, the
principled derivation of our update rules—particularly our novel rules for the weighted softmax
kernel—closely parallels functional gradient boosting [48, 49]. While this perspective remains
relatively underexplored in deep learning, prior work [50] derived an algorithm for constructing
networks by iteratively adding differentiable modules trained to match the functional gradient of
the loss; moreover, the same work presented a functional gradient-based rule for reproducing kernel
Hilbert spaces, which essentially corresponds to our result of Sec. 3.1. We complement this early
study with modern deep learning experiments, and with our novel (weighted) softmax attention.

Furthermore, RCDL’s growing network is fundamentally a cascade of kernel machines [2, 46, 47, 26],
with features in every layer trained in an end-to-end fashion through gradient descent—a core principle
of deep learning. This has an interesting difference to Domingos [51]’s view on how an entire deep NN
trained by gradient descent can be approximated by a kernel machine. In contrast, the development of
RCDL builds on the exact layer-wise equivalence/duality between a linear layer trained by gradient
descent and a kernel machine [2, 1]. This might open new avenues to study optimization in NNs.

RCDL may also open up a new path for continual learning. Unlike conventional weight-based
learning which involves possibly irreversible compression during training, RCDL preserves past
activations; we may potentially augment RCDL with some algorithms that revive old memories (e.g.,
within the forward pass of the net). Loosely, this property also aligns with the neurobiological findings
on “silent memory” [52-54] where forgetting occurs due to retrieval failures (not because the actual
memory content is lost) and some (optogenetic) procedure can revive the apparently lost memory.

Limitations. RCDL has several open challenges. One of the biggest concerns is the memory and
compute requirements that linearly grow with the number of training datapoints, which is generally
prohibitive. While some of the key-value pruning methods from the transformer literature (e.g.,
sliding window or token merging [55]) may provide some insights, deriving a more principled solution
for RCDL remains a future research topic. At the same time, the internet (and the corresponding data
storage) itself continues to grow, and memory continues to be cheaper as hardware advances—ever
growing RCDL may not be completely inconceivable in a distant future. Another notable limitation is
the class of base optimization algorithms currently supported by our theory; while we covered some
of the basic concepts such as weight decay and momentum to augment vanilla gradient descent, we do
not know yet how to derive more advanced optimizers such as Adam [38] and Muon [27] for RCDL.

Conclusion. Retrieval-centric deep learning (RCDL) aims to improve upon conventional deep
learning by replacing the “linear attention” (LA) underlying the classic linear layer trained via gradient
descent—a fundamental building block of deep learning—with more powerful attention mechanisms.
While replacing LA with MesaNet/DeltaNet-inspired update rules yields efficient optimizers for
conventional weight-based neural nets, replacing it with kernelized and softmax attention leads to
unconventional nonparametric networks that learn by growing a key-value memory database instead
of a fixed-size weight matrix. Using techniques from functional analysis and functional gradient
methods, we derived gradient-based learning rules to train deep networks composed of the latter, and
we showed empirically that nonparametric deep networks perform strongly on standard benchmarks.
Our findings open a number of avenues for future work, such as investigating how to compress the
growing nonparametric layers or integrate such layers into language models.
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A Derivation of the Growing Layer Algorithm for Positive Definite Kernels

In this appendix, we provide the formal derivation of the learning algorithms for the growing kernel
networks introduced in Section 3.1. We establish the correspondence between the “growing database”
update rules and stochastic gradient descent (SGD) performed on an implicit, infinite-dimensional
weight matrix defined in a Reproducing Kernel Hilbert Space (RKHS).

A.1 The Growing Kernel Layer

A growing kernel layer with input dimension d;, and output dimension d,, is defined by a tuple
(¢, D), where:

o ¢:R% x R% — Ris a positive definite kernel.
o D= {(k;,v;)}, is a finite database of key-value pairs, where k; € R% and v; € R,

The layer implements a function f,, p : R% — R defined as:
forla)= Y olk.qv. (14)
(k,w)€D

Unlike standard parametric layers with fixed dimensions, this layer “grows” by appending new
key-value pairs to D. Deep growing kernel networks are constructed by composing such layers, inter-
leaving them with element-wise non-linearities o. For example, a two-layer network is represented

as F(w) = 0(f¢27732 (O-(f¢1fD1 (33))))
A.2 The Implicit Weight Matrix View

By the Moore-Aronszajn theorem, the positive definite kernel ¢ is associated with a Reproducing
Kernel Hilbert Space (RKHS) H,4 and a feature map v : R% — 7, such that ¢(x,z’') =
(Vg(x), ¥ (x")) 5, Since H is typically separable (e.g., for the RBF kernel), it is isomorphic to
¢5(N). We can thus view 14 () as an infinite-dimensional vector.

Substituting this inner product structure into Eq. 14, we obtain:

fop(@) = Z v(thg(k), Yo (@) n,

(k,v)eD

=1 Y wiek)T | vsla)

(k,v)€ED
= Ws.p¥(q) (15)
where Wy p = -5, 4)ep v1py (k)T is an implicit linear operator (or infinite matrix) mapping from
Hy to R%u, This formulation reveals that a growing kernel layer is theoretically equivalent to a linear

layer with a weight matrix W € R%u>® acting on the feature space, where the weight matrix has a
finite rank determined by the size of D.

A.3 Derivation of the Learning Algorithm

We now derive the update rule for the database D by minimizing a global loss function £ via
Stochastic Gradient Descent (SGD) on the implicit weights W.

Consider a deep kernel network F' and a specific layer £ with implicit weight matrix W (), kernel ¢(*),
and feature map )“). Let h{”) () denote the input to this layer and h{’)(x) = WO (b ()
denote the output. Given a mini-batch of training data B = {(x, ys) Lill , the loss is J =
S L,y WO,

The gradient of the loss with respect to the implicit matrix W) is computed via the chain rule. Let
e,(f) be the error signal (gradient of the loss with respect to the layer output) for sample b:

(£)
el()e) = vh}){fﬁf’(:’:b’yb) S Rdout . (16)
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The gradient with respect to W) is the outer product of the error signal and the layer input features:
|Bl
Vo = el v (hi ()T . (17)

b=1
Applying the SGD update rule Wt(f)l = Wt(g) —nVwwJ yields:

| B
¢ ¢ ¢ ¢
W =W — > e O (h) ()T (18)
b=1
We now examine the function computed by the layer at step ¢ + 1 for an arbitrary query q:

@) = w2y (q)

| B
‘ [ [
=W 00(q)+ > (—nel”) v () (@) v (q)
b=1
, |B|
)+ Vnew 0 (Knews @) (19)
where Enew p = hl(f ) (zp) and Unew,b = *7761(,0 This confirms that performing SGD on the implicit

infinite-dimensional weight matrix is exactly equivalent to appending the current batch inputs (as
keys) and their scaled negative gradients (as values) to the database D.

A.4 Optimization Dynamics: Weight Decay and Momentum

We extend the framework to include weight decay and momentum, deriving their dual forms in the
growing database context.

A4.1 Weight Decay and Database Pruning

Consider the Ly-regularized objective Lrcq(W) = L(W) + |W s, where || - ||us is the Hilbert-
Schmidt (Frobenius) norm and «y € (0, 1) is the decay factor. The SGD update becomes:

Wt+1 = (1 — ’Y)Wf — ’I]VWﬁ . (20)
In the functional form f(q) = W1)(q), the scaling factor (1 — ) distributes linearly over the sum of

key-value pairs. Thus, weight decay is implemented by scaling down the value vectors of all existing
pairs in the database at each step:

Dt+1 = {(ka (1 - 7)1)) | (kv ’U) € Dt} U {(kn€W7vnew)} : 21
Pruning: This update implies that the magnitude of a value vector stored at time ¢y decays as
lo@®)| = (1 —~)tte Hv(to)|| This justifies a principled pruning strategy: once ||v(¢)|| drops below

a threshold e, the pair’s contribution becomes negligible, and it can be removed from memory,
bounding the database size.

A.4.2 Momentum

We adopt the standard momentum formulation where a velocity matrix V; accumulates gradients.
Let G; = —nVw L, be the update term at step ¢. The velocity update is V41 = Vi + G, and the
weight update is W4, = W, 4+ V4. Unrolling the recurrence, the weight matrix at time 7" is a
linear combination of all past update terms G, (created at time 7 < T):

T T T7+1

WTZZC(T,T)GT, with ¢(T, 1) Zu 7/1 (22)
T=1

Since each G, corresponds to the batch of key-value pairs Created at time 7, we do not need to store
explicit velocity vectors. Instead, we store the creation timestamp e With each pair. During the
forward pass at time 7', we dynamically compute the coefficient ¢(T', tcreate ):

Tftcreme“rl

fr(q) = > (1_li_'u> o(k, @) Vinit - (23)

(k »Vinit , Eereate ) €D
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This allows exact momentum computation with no additional memory overhead per pair. Combining
both techniques results in decaying the stored values for regularization while scaling the retrieval
output for momentum.

B Further Details and Remarks for the Softmax Case

B.1 Remark: the functional space of weighted softmax functions

In order to make the softmax function in Eq. 3 well-defined, we require that
/ w(k, v)e®DHY) 4k dy < 0o,
Rin x Rdout

Vg € R Wo' € R,

In other words, if we interpret w as the density of a measure ji,, on R%» x R%u then we require that
the moment-generating function of 1, be well-defined and finite everywhere.

Remark B.1. In the case of a finite database of weighted key-value pairs, if we have several tuples
having the same key, then we can combine them into one tuple. For example, we can combine
(w1, k,v1) and (wa, k, v3) and replace them with (w1 + wa, k, % , and this will induce
the same softmax function. Analogously, if we define the “marginalized” key-weight function
@ : R%n — Rt as

w(k) = /Rdout w(k,v)dv,

and the marginalized value function ¥ : R%» — R%ut which associates a unique value for every key

as
1

®) = =55 /R w(k, v)vdy

then we can write s,, in terms of w and v as follows:

g, W(R)eFDG(K) dE
gy W(k)et*a) dk

<

sw(q) = sw.5(q) : (24)

B.2 Continuous softmax function induced by the Gaussian mixture density & Discrete
weighted softmax function

Here we provide a full derivation demonstrating that the continuous softmax function induced by
the Gaussian mixture density wp is exactly equivalent to the discrete weighted softmax function sp
defined by the database D.

fRdin % Rdout 'U)D(ki7 ’U)e<k’vq>v dk dv
- fRdm Riow WD (K, v)eka) dk dv

(ko) ]

Swp (q)

Z?:l wiE(km)NN((k,,vi),g) [e
O WE R o) (s ) 3 [ R0
X Wik o) [V By nr (v 020 V]
N Z?:l wiEkNN(k“UzD [e<’<~‘«,q>]
S wietkeataoillal’y,
S wietkia)+zolal®
e3olal’ S gy ekiady,
e3otlal® S e lkia)
Yoy wiek oy,
S w20
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B.3 Further discussion on the standard (unweighted) softmax case

In Sec. 3.2 of the main text, we introduced the weighted softmax by noting that deriving a principled
learning rule for the standard/unweighted softmax is non-trivial due to the discontinuous nature. Here
we illustrate this difficulty by presenting an example of a naive derivation of a learning rule for the
standard softmax case and showing where it breaks down.

Model description. Consider a growing softmax layer that, at every training step t, maintains

a key-value memory state consisting of two matrices K; 1 = [k1,...,ki—1] € Rénx(t=1) and
Viei =[v1,...,v11] € [Rou (t—1) (both to be defined later), receives a layer input x; € R% and
produces a layer output y; € R% through the softmax attention function:
qr = Ty (25)
ye = Vioisoftmax(K,",q.) Z 1,707 (26)

where a;_1 > € R denotes the attention score for the key kT using the query g; and the system’s
key-value memory state from step ¢ — 1 (i.e., before updating the system at step ¢). That is, x4 is
used as the query gq; in the attention operation to retrieve from the key-value memory consisting of
matrices K;_1 and V;_;.

Then, the system’s memory state is updated as:
K, = [K; 1, k] € Rtx! (27)
Vi = [Vier, v € R0 (28)
where [| denotes concatenation along the time dimension.

By following the linear case (Sec. 2), let us set the key to be the layer input, i.e., k; = x;. Now the
question is how should we set v; € R%u so that this memory update corresponds to a principled
learning algorithm for this system in a way that it optimizes a given objective function £?

Direct Derivation. For that, we first set the new value vector v; € R%u as an arbitrary free parameter
vector, and consider the virtually updated system with the newly added key-value pair (x;, v). After
this update, the output of the system on the input g; = a:t becomes:

new

Y = V;softmax (K, q;) Z At vy + Ay (29)

that is, compared to the old system of Eq. 26, one extra term (the last term in Eq. 29) is introduced
in the sum as we now have one more value vector, with newly computed attention scores a;%"
normalized over the new set of keys, including the attention score a3}" for the newly added key T

Our goal is to improve the loss on input g; by adding the new value token v; to the system. For

that, we can apply a step of gradient descent on loss £ w.r.t. v; with a learning rate 1; € R~(, which

yields:

o _ - OLi(yi™)
Ur v

where two more variables, v and the gradient term, are still to be determined; as we see below, this

raises difficulties we cannot trivially overcome.

vy =V 30)

old

First, what should v°!¢ be? Essentially, v°¢ is the value for newly added v, that preserves the old
system (representing the initial system before applying a step of gradient descent). For this, we can
express the output of the new system y;" (Eq. 29) as a function of that of the old one vy, (Eq. 26)
and search for the value of v; that makes them equal. The apparently tricky difference between them
is the modified attention scores: a;‘f’;’“ (Eq. 29) vs. ay—1,» (Eq. 26) for 1 < 7 <t — 1. However,
thankfully, we can notice a simple relation that connects the old attention scores before the update
(c4—1,r) and the new ones (a“ew) after the update. By denoting Z° and Z™" the denominators
(normallzers) of the attention scores when the input is q;, before and after the update, respectively,
ie.,

t
79 = ZZ — Y emta = g0y el G31)
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we can express the new attention scores as a function of the old one:

T T
ew eTr dt _ Zold y eTr dt - Zold (32)
Qtr = Znew - Znew Zold - Znew Qt—1,7,

and additionally, the normalizer ratio can also be simplified, since Z™% = Z old edi q: as follows:

zold  god  cq/qr _ calar  gnew _ o4/ q 4! o
_ _ - R (33)
ZneW ZneW ZneW ZneW )

By inserting this ratio to Eq. 32, it yields:
apy = (1 —ai)a1r, (34

that is, the new attention scores for the old keys shrink by factor (1 — a}%"). This allows us to express

the new output y;¥ as a function of the old one y;:
y v Z Qpor Uy + Ay v (29)

= E l—att oy 1TUT+042?"U— 1—a“ew E —1,7V7 —|—o¢§etwv (35)

= (1 —apy )Y + oy (36)
=Y+ Oé?etw(v —Yi) . 37

Here we can at least find v; = v°! such that the updated system reproduces the old system’s output
on input gy, that is, y}*¥ = vy, which, from Eq. 37 holds when v, = vl = g, canceling the last
term. However, this only preserves the mapping for the current query g; as the new key k; alters the
softmax denominator globally, the output for any other query will be modified, failing to achieve the

global function preservation.
Second, while the computation of the gradient term seems straightforward:

aﬁ( IleW) aﬁt( new) » aynew
ov oypev ov

= (Vg Lo)oyy" (38)

by differentiating Eq. 29 w.r.t. v, this requires access to the post-update gradient of the loss w.r.t. the
new output (VymevLy). While this creates a circular dependency in the general case, by setting
v = y; as prescribed by the derivation above, Vv £ can be essentially replaced by V., L;.

Putting these together, we obtain the following update rule:

o _ 3Et( ")
ov

V=0 =Yt — Uta??yvygewﬁt s (39)

T
T, Tt

ZHCW
normalizer, and Z° is computed to compute ;.

where o} = € R can be computed simply as we have Z™V = Z°d 4 e® @t for the

However, this is not a satisfactory derivation as the choice of v°¢ is limited to the local function

preservation on one data point. This derivation illustrates that a naive approach that consists in
parameterizing the value vector as a free parameter and applying gradient descent on it does not work
out of the box.

C Functional Gradient Descent in the Weighted Softmax Space

In this appendix, we rigorously derive the functional gradient of the loss with respect to the weight
function w € H,, -, and show that the gradient descent update corresponds to adding a new
key-value tuple to the database.
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C.1 Setup and Definitions

Let X = Mo, .-, be the Hilbert space of weight functions w : R% x R« — R equipped with
the inner product (f, gy = [ f(k,v)g(k,v)du(k,v) and norm ||w||3, where 4 = N(0, %) is the
centered Gaussian measure with block covariance ¥ = diag(X, X,) = diag(071,02I). Recall the
definition of the softmax functional
( ) fRdin deuut UJ(k, Iv>e<k7q>'v d,LL(k, 'U) N(w)
Swlg) =

B fRdinXRdoul w(k,v)e<k"1> du(k,'l)) B D(w) ’

where we define the denominator functional D : { — R and the numerator operator N : H — Ru
as follows:

D(w) = / w(k, v)e™? du(k, v), (40)
R%n x Rdout

N(w) :/ w(k,v)e® Vv du(k,v). 41)
R%n x Rdout

Let N, (w) denote the j-th component of the vector N (w). It is a scalar linear functional:

Nj(w) = / w(k,v)e®Vv; du(k,v) .
By defining the kernels
Kp(k,v) =e®? Ky i(kv)=e*PDy;,

we can rewrite D and INV; as
D(w) = / w(k7v)KD(kav) dlLL(k,'U) y (42)
R%in x Rdout
Nj(w) = / w(k,v)Ky j(k,v)du(k,v). (43)
R9in x Rdout ’

By the Riesz Representation Theorem, if the functions representing these kernels belong to H, the
functionals are bounded.

We verify membership in H by checking the condition E,,[f(k, v)%e*W+{¥2)] < oo for all u, z.
For Kp, we have

{(e<k’q>)2e<k’“>+<”’z>} = B [e®2HWIE, [e*#)].

1K D13 = Eew)~e

v

These are moment generating functions of Gaussian variables, which are finite everywhere.

For K j, we have
||KN,j||’2}-L — E(k,'u)wu {(e“c,CI)Uj)28<k:,u>+<v,z>} _ Ek[e(k,2q+u)]]Ev [,UJZG('U,Z)] )

The second term involves the second moment of a Gaussian under an exponential tilt, which is
also finite. Thus, D(w) and N (w) are bounded linear operators. Specifically, there exist constants
Cn,Cp < oo such that for any § € H:

[Nl < Cnlldll3,  [D(O)] < Cplld]l4 (44)

C.2 Fréchet Differentiability of s,

We claim that the Fréchet derivative of s,, at w, denoted ds,,, is the linear operator acting on a

perturbation § € H as:

N(8)D(w) — N(w)D(9)
D(w)?

To prove this, we must show that the remainder term R(0) = sy,46(q) — sw(q) — ds,, () satisfies

[R(S)] = o([[0]l3) as [|6]l2 — 0.

dsy(0) = (45)
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Proof. Let us expand the difference sy,45 — S

N > N@)  N(w)
Sw+6 w D( ( ) (’UJ) (46)
_ D )N+ N(&) - N(w)(D(w) + D) w
D(w)(D(w) + D(5))
D(w)N(5) = N(w)D(3)
D(w)? + D(w)D(2) @9
Subtracting the candidate derivative ds,,(9):
_ D(w)N(®) = N()D(@)  Dw)N(5) — N(w)D(s)
B0 = D) (D(w) + DE)) D(w)? 49
= 1D)NG) - NP0 (e ow - o) O
~ DN () - N (o)) (s S ) 51
— _[D(w)N(8) — N(w)D(6 D(9) (52)

O Bt Dw) + D))

Now we bound the norm of R(§). Let w be fixed such that D(w) # 0. For sufficiently small &
(specifically ]| < |D(w)|/(2Cp)), we have

|D(w) + D(6)| = |D(w)| = [D(6)| = [D(w)| = Cpll6]ln = |D(w)|/2.

Furthermore,
[D(w)N(8) = N(w)D()[| < [D(w)[[[N(@)]| + [N (w)[[|D(6)] (53)
< (ID(w)[Cn + [N (w)[|Cp)I6]12 (54)
= C1|6]|5 - (55)

Substituting these back into the expression for R(4):
C1l[d][3 - [ D(9)]

1BON = 1500) £ 1D (w) + DE) 0

C116]l% - Cpl|6]ln
< (57)

|D(w)|? (\D(w)|/2)

20ch

(58)
—0<H5II%) (59)
Since | R(8)|| < C|d]|3,. it implies limy s o 5L = 0. Thus, s,, is Fréchet differentiable. (]

C.3 Derivation of the Functional Gradient

Let £(9, y) be a loss function that is differentiable with respect to the prediction g. By the chain rule
for Fréchet derivatives, the composition J(w) = L(sw(q), y) is differentiable with respect to w, and
its differential is:

dJ(6) = (VgL,dsy(9)) (60)
Substituting ds,,(0):
dJ(0) = <vgc, g(f])) - sw(q)g((i))> (61)
_ 1 <V‘Q£7 Sw(q)>
= Dlw) (VgL,N(9)) - WD((S). (62)
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Using the integral definitions of N (J) and D(J) and the linearity of the inner product, we can rewrite
this as an inner product in H:

dJ(8) = / 5(k,v) L)lw<vgﬁ,v>e<km — W&W du (63)
elk:a)

= [ 8tk ) 55 (Va0 = su (@) (64)

= (0, V) - (65)

By the Riesz representation theorem, the function V,,J inside the inner product is the unique
functional gradient:
elk.a)

Vil (k,0) = T

VgL, v — s4(q)) . (66)

C.4 Constructive Update Analysis

We now analyze the impact of the functional update w;4; < wy — 7V, J on the softmax functional
5w, (@) and demonstrate that it is equivalent to adding a specific key-value tuple to the database.
The impact of this update is determined by the changes to the numerator and denominator functionals.
For the denominator, the update adds a term:

AD(q) = _n/va(kw)e(kmdu(k’v)

___n (k,q:+q) — s\du(k
D(Wt) /6 <gt7v St> l’L( 7U)a
where g; = V4L and s; = s,,(q¢). Since the measure 4 is a centered Gaussian, E,[v] = 0.
Consequently, the term involving v integrates to zero, leaving only the scalar part:

AD(q) = 12, ekara).

The expectation is the moment generating function of A/(0, X3 evaluated at g; + g, which equals
1/2 . . . . .
ezl (@eta)? Factoring this, we get a term proportional to e{>*#9::9)  This corresponds precisely

to the contribution of a new key Ky = X qs (or criqt in the isotropic case). Similarly, for the
numerator, the update adds a term involving v:

AN(q) = _D(Zut) /e<k’qt+q> (gt,v — s¢)vdu(k,v).

The term (g, —s)v integrates to zero (zero mean). The remaining term involves the second moment
E,,[vv'] = %,. Thus:

AN(@) = =y Seg Bl ),

Comparing AN and AD, we see they share the same key kernel e(*»9) The equivalent added
tuple (Whew, Knew Unew) s thus:

Evgt
<S t: g t>

This confirms that functional gradient descent in H,, , is constructively equivalent to growing the
database with specific, tractable update rules.

knew - Ekqt» Wpew X 77<5tagt>7 VUpew X —

In order to avoid dividing by (s:, g:) which could be small and might introduce numerical instabilities,
we can adopt a representation where we store the weighted value vector v = ww instead of the value
vector v, as in Eq. 8. In this case, the added tuple becomes

Knew = Ykqt,  Whew X "7<3tagt>7 Upew X —qugt-

If ¥, = 021 and 3 = no2, the weighted value vector becomes

'Enew X _Bgt .
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C.5 Negative Weights and Numerical Stability

A critical inspection of the update rule for wy,,, reveals that its sign is determined by the inner product
d: = (8¢, g+). Since the learning rate 1 and normalization D (w;) are positive (assuming initialization
with positive mass), wpew can be negative if the gradient of the loss forms an obtuse angle with the
current prediction vector.

This introduces the concept of “negative attention” or signed measures into the softmax mechanism.
Negative weights act to reduce the denominator (partition function), effectively increasing the
magnitude of the output vector s(q) in the direction of the value vectors. This occurs when the
current prediction s; is negatively correlated with the gradient g,, indicating that gradient descent is
attempting to scale up the prediction to minimize the loss.

While considering negative weights might increase the expressive power of our model, they might
introduce numerical instabilities as the denominator might become close to O if the negative and
positive terms cancel.

To ensure robustness, we propose enforcing non-negativity by clipping the new weight:
Whew < Max(0, Wnew) - (67)

This clipping strategy can be theoretically justified as performing a descent step in a larger, decou-
pled function space ’Hgk ,» Where the numerator and denominator weight functions are optimized
independently. Refer to Sec. C.6 for further details.

In Sec. C.7, we propose another method for solving the negative weights issue.

We leave the investigation of deriving an update rule that benefits from the potential expressive power
of the negative weights while ensuring numerical stability for future research.

C.6 Functional Gradient Descent in the Decoupled Weight Space

In this appendix, we consider the functional gradient descent on the decoupled softmax functional
defined in Eq. 68 below. We define the product Hilbert space H? = H,, o+, ® Ho, s, CONtaining
pairs of weight functions (wy, wp). The decoupled softmax functional is:

N(wy)  [wy(k,v)eDvdy

D(wp)  [wp(k,v)e®*a) dy (68)

Swnwp () =

We compute the Fréchet derivatives with respect to w and wp independently. For w, the functional
is linear in the numerator:

1
vaS = 7vaN.
D(wp)

The gradient of the loss J(wy, wp) with respect to wy is:
1
D(wp)
For wp, the functional involves the inverse of the denominator:
N(wn)
D(wp)?
The gradient of the loss with respect to wp is:

1
D(wp)

Vyd = eFa (VL v) .

Vi, D = —Suxwny o py

VwDS - .D('UJD)

V’LUD'] = — €<k’q"><v1g£, Swn,wp (qt)> .

We now map these updates to the growing database formulation. Updating w adds a term Awp o
_% (gs,v)e'k9:) | In the “weighted value vector” representation (where we store ¥ instead of v),
adding a tuple corresponds to adding a basis function to wy. Specifically, if we add (Dnew, Knew )> We
modify the numerator density by a term proportional to e(*>« M) (v, 2 10pew). Matching terms,
we find Ky = Xq and Upey < —12, g;. This matches the numerator update derived in the coupled
case.

24



Updating wp adds a term Awp %(gt, s;)e(ka) This corresponds to adding a basis function
to the denominator weight density wp. In the database, this means adding a tuple (wWpew, Knew)-
Matching terms, we find kpew = X1qr and wyew X 7(S¢, g¢). This matches the denominator update
derived in the coupled case.

Therefore, the coupled update rule derived in Appendix A is a special case of the decoupled update
where we enforce wy = wp = w initially but allow them to evolve. Crucially, since the optimization
of wp is independent of wy in this formulation, applying a constraint wp > 0 (via clipping
Wnew = Max(0, Wyew)) corresponds to a valid Descent step in Hy, 5, ® Ho, .0, Which would be
positively correlated with the gradient direction. This ensures numerical stability while maintaining
the numerator’s ability to reduce error.

C.7 Gauge-Invariance: Another Method for Solving the Negative Weights Issue

As established in Sec. C.5, the constructive functional gradient update for the scalar weight of a newly
added weighted key-value tuple is given by:

Wpew X 7)<Stagt> ) (69)

where s; = sy, (qy) is the current prediction and g; = V4L is the error signal. When the gradient
forms an obtuse angle with the current prediction vector (i.e., (s, g¢) < 0), this rule mandates
appending a negative weight (wnew < 0). While the non-negativity constraint can be enforced
heuristically via clipping wyey < max(0, wpey) (theoretically grounded in the decoupled weight
space of Sec. C.6), clipping discards the denominator update entirely whenever (s;, g;) < 0.

In this appendix, we develop an alternative, geometrically principled resolution to the negative
weight obstruction: an augmented representation with gauge invariance. By introducing a global
bias degree of freedom, we show that the underlying function space possesses an exact translation
symmetry in value space. By dynamically selecting an appropriate coordinate frame (a “virtual
gauge”) at each training step, we guarantee that the required weight update is strictly positive
(wnew > 0) without clipping, while preserving the locality of the database update.

C.7.1 Augmented Functional and Gauge Symmetry
We introduce an auxiliary global bias degree of freedom b € R%u into both the continuous and
discrete weighted softmax functionals.

Definition C.1 (Augmented Softmax Functionals). Let b € R% be a bias vector.

1. For a functional weight density w € H,, »,, the continuous augmented softmax output
Sw,p : R4 — R js defined as:

i Wk v)e Vv du(k, v)

o —b. 70
f]Rdm x Rdout w(k7v)6<k’q> d,u(k,’l}) ( )

Sw,p(q) = 5w(g) — b

2. For a discrete database D = {(w;, k;, 9;) }¥., of weighted key-value tuples with &; = w;v;,
the discrete augmented retrieval functional is defined as:

21‘\11 elkind) g,
— _p=Li=lt Tty 71
s.6(q) := sp(q) SN wielkea) 7y

The standard model corresponds to a bias that is set to zero: sp(q) = sp,0(q).
We now define a transformation of the representation under a spatial translation in value space.

Definition C.2 (Shifted Density and Database). Let & € R%u be an arbitrary shift vector.

* We define the shifted weight density w¢ by translating the value coordinate:

we(k,v) == w(k,v — &) - exp <2<£’U>_H£”> ) (72)
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* In the discrete representation, we shift the value vectors as v; — v; + & which implies that
the stored weighted values shift as 9; — w;(v; + &) = ¥; + w;&. Hence, we define the
shifted database D¢ as:

'Dg = {(’w“kl,’f)l +wl£)}fv:1 . (73)
Proposition C.3 (Gauge Invariance). For any density w € Ho, o, discrete database D, bias vector

b € R%u, and shift vector & € R%u, the augmented functional is invariant under simultaneous shifts
of the values and the bias:

Swe b+£(q) = swp(q) and sp,pre(q) = spp(q)- (74)

In particular, any augmented state (D, b) is gauge-equivalent to a canonical zero-bias state:
sp,6(q) = sp_,,0(q) - (75)

Proof. For the continuous case, note that

f]Rdm x Rdout w&(k’ v)e<k1q>rv dﬂ(k, U)
ot xiton We (K, 0)etRD) dp(ke, v)
_ 2 2
Sy gion Wk, v — &) - exp (%) etk @y exp (— ”zlleL 3 ) dkdv
St xgaon Wk, v — &) - exp (M) e(k:a) exp (— lE|? _ 20‘22) dkdv
k
fRdin x Relout w(k,v — §)€<k @y exp ( ”kHz ”v2;§‘|2> dkdv
St s (kv — €)ela) exp (—M — Lot ko
S s piton Wk, v)e®FD (v + £) exp( ”k[ ””” ) dkdv
fRdin x Rdout w(ka ’U)e(k,q) exp ( ”;:;lf ”21:;”5 ) dkdv

_ f]Rdiﬂ x Rdout ’UJ(k,’U)e<k7q) (’U + &) d,U/(k;,'U)
- f]Rdin x Rdout U)(k, v)6<k’q> dﬂ(k, ’U)
= suw(q) +§.

Evaluating the augmented functional with shifted bias b + &, we get
Swe,b+£(2) = suwe(q) = (0 + &) = (sw(q) +&) — (b+&) = 5u(q) —b=sup(q).  (76)

Swe(q) =

Similarly, for the discrete case, we have:

S etk (5 + wi)

5D, (q) = Zf\il wrcld)
Zi\; elkid) g, Zf\; w;ekia)
S wielkia) SN wielkia)
= sp(q) +§. o

Evaluating the augmented functional with shifted bias b + &, we get
5D¢,b+£(q) = spe (@) — (b+&) = (sp(q) + &) — (b+ &) =sp(q) —b=spp(q). (78

Choosing £ = —b yields sp »(q) = sp_,,0(g), completing the proof. O

C.7.2 Gauge Fixing for Strictly Positive Weight Updates

Suppose at step ¢ the model is stored in the canonical zero-bias frame D*) with b = 0, producing
prediction s, = sp (g:) on query g, and loss gradient g, = V3L(s¢, Yy ).

Instead of computing the functional gradient in the canonical frame (which risks wyew < 0), we
perform a gauge transformation to view the database in a virtual gauge with bias b, € R%u«, By
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Theorem C.3, mapping the canonical zero-bias state to a frame with bias b, requires shifting the
values by £ = by, resulting in the shifted virtual database:

DY = {(wi, ki, i +wib) ), (79)
Recall that SD(t)7bt (q¢) = SD(t) (g¢) — by = spw(qr) + by — by = spw)(qr)-
Now consider adding a tuple (wnew, Knew Vpew) tO D( ) in this frame. As derived in Sec. C.4, the

functional gradient descent update on the weight densny w yields a scalar mass update proportional
to the projection of the gradient onto the effective prediction relative to the frame bias:

Wnew = 1 <gt, Spo) (Qt)> =n(gt, spw (qt) +br) = n(ge, st + by) . (80)

Because the gauge choice b; is a free degree of freedom that leaves the function invariant, we can fix
the gauge dynamically at each step to ensure that the inner product in equation 80 is strictly positive.
Specifically, we choose:

be = (—(56:90)/llgell* + o) g , @1)
where a; > 0 is a scalar gauge parameter. Substituting equation 81 into equation 80 yields:
Wnew = 1 {(Gt, ¢ + (— (51, 9/ lge|* + ) g¢) = naellgel|* > 0. (82)

Thus, for any non-zero error gradient g;, the new weight is guaranteed to be strictly positive.

The target weighted value vector ¥}, in the virtual frame is directed along the negative error gradient,
following standard functional descent on the numerator functional:

ﬁr’]ew = _/Bgt ) (83)
where 3 > 0 is the value learning rate. The key is set as usual to ke = Xpq: = az q:. Appending

this tuple to D( ) yields the preliminary database DP*:(*+1) in the virtual frame:

pprel, (t+1) . DI()? U {(Wnews Knews Dnew) } -

news “new

C.7.3 Canonical Return and Locality of the Database Update

To maintain a standard, zero-bias database across training steps, we must transform DPb(t+1) back
to the canonical gauge (b = 0). Shifting the bias from b; back to 0 corresponds to applying the shift
& = —b, to all values.

A naive implementation might suggest that shifting values by —b, requires modifying every existing
entry in the database. Remarkably, this is not the case: the gauge transformation yields a local update.

Theorem C.4 (Locality of the Gauge-Invariant Update). The transition from the canonical database
D 1o DY) consists solely of appending a single new tuple:

D(t+1) = D(t) ) {(wn€W1 Ko, 'ﬁﬁnal)} , (84)

where all previously stored tuples remain completely unaltered, and the canonical (weighted) value
vector of the new tuple is given by:

f’ﬁnal - (_wnewat - ﬂ + nog <5t7 gt>) g: - (85)
Proof. Let (w;, ki, ;) € D® be an arbitrary pre-existing tuple.

1. Forward transformation to virtual gauge: Under shift £ = +b;, the weighted value
becomes ¥} = U; + w;by.

2. Atom insertion: The new atom (Wnew, Knew, Upey) 1 added. Existing tuples are unaffected.

3. Return transformation to canonical gauge: Shifting the bias by —b; transforms all
weighted values via v — v — wb,. For any existing tuple i:
~I

v, = ’13; — wibt = (’171 + wzbt) - wibt = ’61 . (86)

All previously stored tuples return identically to their initial values.
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For the newly added atom, its weighted value in the virtual frame was v.,, = —g;. Shifting it to
the canonical frame yields:

Vfinal = f)rllew — Wnewb:
= —fg; — Wnew (—<3t,9t>/||gt||2 + at) gi
S )
= (wnewat - B + wnew<tg;>> gt (87)
lg:|
g
- <_wnewat - B + 770475“975”2 <||t ||;>> gt (88)
- (*wnewat - 5 + nat<sta gt>) g: . (89)
Thus, no historical data points are modified, and the update is strictly local. O

C.74 Algorithm Summary

The complete procedure is formalized in Algorithm 1. As mentioned in Remark 3.1, we store
knew < qq in the database instead of Kkpey < oiqt.

Algorithm 1 Gauge-Invariant Weighted Softmax Growing Step

1: Input: Current database D®), input query g, loss gradient g; = VyL(st,yr)

2: Hyperparameters: Weight learning rate 7 > 0, value learning rate § > 0, gauge parameter
az > 0, temperature T'

3: 1. Compute prediction

Z(w k v)ED(t) e’

Z(w,k,{;)ED(t) € \/7
5: 2. Compute strictly positive welght update:
6: Whew 7704t||gt||2
7
8

(k 411>

4: S <

(k, tu)

: 3. Compute canonical weighted value:
: Vfinal (_wnewat - B + nat<5t>gt>) gt
9: 4. Set new key:
10:  Kpew < Q¢
11: 5. Append new tuple to database:
12: DU+ F D" U {(wnewa Enew, vhnal)}

C.7.5 Hyperparameter Choice that Yields Changes in the Order of the Gradient Length

The weight of the added tuple is wpnew = Na¢||g¢||? which is quadratic in the length of the gradient. In
order to ensure that we add updates that are in the order of the gradient length, we can set a; :=

In this case, we get

o
llgell -
Whew = 770<HgtH )

and

i}hnd Wnew Ot — ﬂ + nat<3t»gt>)gt

nollgel|*a — B+ nat<3t79t>> o

-
(-
( Mol 19 Tl =2+ Mgl <“m09t

ol
‘(‘ 5+”m|@“%09“

This yields the following algorithm.
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Algorithm 2 Gauge-Invariant Weighted Softmax Learning with Updates in the Order of the Gradient
Length

1: Input: Current database D®), input query g, loss gradient g; = VyL(st,yr)

2: Hyperparameters: Weight learning rate 7 > 0, value learning rate § > 0, gauge parameter
a > 0, temperature 7'

3: 1. Compute prediction:

Z(w k,5)eD(t) © r

(k, Qt>

4: St ﬁ(k’qw

Z(’w,k,f;)g—pu) e lin w

5: 2. Compute strictly positive weight update:
: Wnew < na||gt||

7: 3. Compute canonical weighted value:

. o
8:  UVfinal ¢ (—7]02 - B+ U”g”<3t,9t>) gt
t

9: 4. Set new key:

100 Kpew < Q¢

11: 5. Append new tuple to database:

12: DU+ « p®) U {(wnewa Enew, Uhnal)}

D Optimization Dynamics in the Growing Database

Standard deep learning optimization techniques such as weight decay and momentum can be nat-
urally incorporated into the growing database framework. Weight decay, which corresponds to Lo
regularization in the functional space, translates to a simple uniform decay of the scalar weights w
and weighted values v of all stored key-value pairs at each step. This mechanism not only regularizes
the model but also introduces a “forgetting” factor where older memories gradually fade in influence.
As we show in Sec. D.1, weight-decay corresponds to the update rule

Dy ={((1 = 7w, k, (1 =7)v) | (w,k,?) € Dy_1}
U {(Wnew> Enew, Unew) } - (90)

This means that the weights of old tuples decay exponentially with training steps, thereby providing a
principled path towards “compression” of the database: Old tuples with negligible weights can be
pruned with minimal impact on the function, potentially allowing the database to be maintained at a
constant size.

Momentum, typically implemented by maintaining a velocity vector, would naively require doubling
the storage (storing a velocity database alongside the parameter database). However, we derive a more
efficient formulation where momentum is realized analytically. By storing the creation timestamp ¢;
of each key, we can compute the effective momentum contribution of a key during the forward pass
via a time-dependent scaling coefficient:

1— pt=titl
tt) = ——— 91
C( ’ 1) 1 _ /1/ ) ( )
where p is the momentum factor. As we show in Sec. D.2, this allows the growing network to benefit
from accelerated convergence without the storage overhead of explicit velocity buffers.

One can also combine both approaches. The resulting algorithm applies the geometric decay to the
stored weights at every step to handle regularization, while applying the time-dependent momentum
coefficient during the retrieval operation to simulate the accumulation of gradients. We provide
detailed derivations of these dynamics in Sec. D.3.

In this appendix, we derive the update rules for weight decay and momentum within the growing
softmax framework. We assume the decoupled representation where the database stores (w, k, v),
and the functions are wp (k) = 3" w;et®*) and wy (k) = 3 0;e{k*i) . Note that here we use ¥ to
denote the weighted value vector, consistent with the main text notation.
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D.1 Weight Decay

Weight decay corresponds to minimizing a regularized objective:
T
2n
Here, we adopt the “decoupled weight” formulation of Sec. C.6. Nevertheless, following a “coupled
weight” formulation as in equation 5 yields similar results.

Jreg(wn, wp) = J(wn,wp) + 5= (lwn 3, + [lwpll) -

The functional gradient descent update for wp becomes:
wp,t < Wp—1 —N(Vpd + %wD,t—l) =1 —=9y)wpi—1 —NMVuwpJ -

Similarly for the numerator function wy:
w4 (L —=Y)wni—1 —NVuydJ .

In the database representation, the function wp ;1 is represented by the sum of existing kernels with
weights w;. Multiplying the function by (1 — «) is equivalent to multiplying every coefficient w;
in the database by (1 — ). The same logic applies to the numerator function and its coefficients ;.
Thus, the update rule for the database D;_1 is:

D, = {((1 - ’Y)Uh k, (1 - 'Y)f’) | (w, k, {)) € Dt—l} u {(wner Knew, 6neW)} ,

where the new tuple is derived from the gradients —nV,,,J and —nV,,, J as in Sec. C.4.

This operation implies that the weight of a tuple added at time ¢, decays geometrically as (1 — )t~

at step ¢. Consequently, older tuples will eventually have weights strictly bounded by some small e.
This suggests a natural pruning strategy: removing tuples where |w| < € and ||9|| < € results in a
negligible perturbation to the softmax function output. By setting a threshold, one can effectively
bound the maximum size of the database, converting the growing nonparametric model into a
fixed-capacity model with a dynamic memory.

D.2 Momentum

Momentum accelerates optimization by accumulating a velocity function v € H. We apply mo-
mentum to the gradient updates for both wy and wp. Let’s focus on wp (the derivation for wy is
identical). The update rules are:

v = pvi_1+ VypJi, Wpy=wpi_1— ;.

Unrolling the recursion, the weight function at step ¢ can be expressed as a linear combination of all
past gradients:

t—j+1

t /i ¢
1 _
Wpt =Wpo —1N E <§ Mk> Vwpdj =wpo—1 E 71/1# Vwpdj-
j=1 \k=0 i=1

Recall that the gradient V,,,,.J; at step j corresponds to adding a new kernel centered at k; = o2q;
with a specific weight Aw;. The unrolled equation implies that the accumulated weight for the kernel
at k; at current time ¢ is simply the initial update weight Aw; scaled by the coefficient:

1 ‘utftj+1
1—p

Therefore, we can implement momentum without storing the velocity function v, explicitly. Instead,

we store the creation time ¢; for each tuple. During the retrieval (forward pass) at current time ¢, the

contribution of the j-th tuple to the denominator is scaled by c(,¢;). The same scaling applies to the

weighted value vector v; in the numerator.

C(t, tj) =

D.3 Combined Dynamics
In this section, we provide a rigorous derivation of the update rule when both weight decay and

momentum are active. We adopt the decoupled weight decay formulation [39], which is the standard
for modern deep learning optimizers like AdamW and SGDW.
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D.3.1 Setup and Update Equations
Let w; € ‘H denote the function state at time ¢. Let V J; denote the functional gradient of the loss at
step t. The update dynamics are defined by the following system of recurrence relations:
vy = pvp—1+ Vg, (92)
wy = (1 —y)wi—1 — nue. (93)
where:

* 1 € ]0,1) is the momentum coefficient.

* v €[0,1) is the weight decay factor per step.

* 717 > 0 1is the learning rate.

* v, is the velocity function (initialized at vy = 0).
e wy is the initial function state.

D.3.2 Derivation of the Closed-Form State

We aim to express w; as a direct summation of the history of gradients {VJ; }5-:1. For convenience,
we define the effective momentum /i and effective learning rate 7 as:

B
n=-——".

uzl—’y’ 1—7v

First, we unroll the velocity term v; using equation 92:

k
ve=» IV, (94)
j=1

Next, we substitute this into the weight update equation 93. By unrolling the recurrence for w;, we
obtain:

Wy = (1 — v)wt_l — NVt

t
= (1 =y)'wo—n> (1—7)""n
k=1

t
= 1=y we -7y (1—y)Fy. (95)
k=1
Substituting the expression for v, and rearranging the summation order (1 < j < k < t):
t t
we= (1= fwo—7 Y VI [ D (=) b7 ] (96)
j=1 k=j

We simplify the inner summation C(¢, j) as follows:

(1 — )tttk (97)

-

C(t’j) =

-~
[
S

=D (L—ytdthmmym

m=0
t—j 4 m
= (1= t—j+1
(Y ()
t—j
= (1= (98)
m=0
T ﬂt—j—H
= 1 —_ ’y t_‘]+17~ . (99)

31



Substituting this back into the expression for wy, we arrive directly at the compact closed-form
solution:
t e
B 1— ,ut—]—i-l
= —j+1
i—

Similarly to the implementation of momentum, we can store the creation time ¢; for each tuple and
then take it into account in the forward pass.

E Additional technical details on advanced linear attention layers

E.1 DeltaNet

In (unnormalized) linear attention, each step writes a new key-value association into a fixed size state
via an outer-product update. The delta rule instead updates the value associated with the current key by
(partly) overwriting the previously stored value with write strength A € [0, 1], 1Y = v+ (1—\)vld
and W, = W,_; — vfldk: + oY k:,;r . In our setting, we set the key to be the activation, i.e., k; := x;
and define the previously stored value for that key as the current prediction W;_1 ;. To compress a
mapping from activations to (negative) gradients into a fixed size state as in vanilla gradient descent
we set the target value to be the negative output-gradient scaled by a step size 7, i.e., vy := —1Vy, L,
which gives v}V = =V, L+ (1 — \)Wi_ 2.

This yields the recurrent update
W, =W, (I = Awyx/ ) + (—A\nVy, L)z, (101)

which shows that a DeltaNet-like update can be interpreted as gradient descent preceded by a targeted
forgetting mechanism along the current activation direction. Notably, the update itself corresponds to
performing a gradient descent step w.r.t. W on the layer-local, time-dependent loss

1 1
(W) = [ Wh = vl = S[Wa +1Vy, L] (102)

with learning rate A [13, 19], meaning the Delta-rule-based update implicitly performs gradient
descent within the gradient descent weight update. In practice, the update can be implemented with
little computational overhead by rewriting Eq. 101 to

Wy =W, 1+ A=V, L - W, _1z)z], (103)

caching the activation W,_j;x, from the forward pass and using it to form the corrected term
—nVy, L — W;_ 2, before computing the outer-product update.

E.2 MesaNet: Problem formulation and connection to FOOF

Next, we show the connection between FOOF and Mesa layer when applied to the database. We
present a slightly modified formulation of the Mesa layer, with decay factor and an additional
regularization center. We present the case of batch size 1, but the result can easily be extended to the
general case.

Consider the online estimation of a parameter matrix W € R¥*9 from a stream of observations
(z¢,y:) (key and value of the database) for t = 1,...,T. The mesa layer seeks to minimize the
following time-discounted objective function J7 (W) at each step T

T
Jr(W) = "7y, = Way||* + Ar|[W — Cr ||} (104)

t=1
where:

* v € [0,1] is the forgetting factor.

* Ap > 0 is the regularization strength at time 7.
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» Cr € R¥*4 s the regularization center (prior mean) at time 7', taken as the exponential
moving average of past weights, defined as Cr = ’VAKT’l Cr_1+(1- VAK—;I)WT_l, and

Cy=0.

The loss in the main text is recovered by choosing v = 1 and A; = AVi.
It can be shown that the optimal solution W satisfies the normal equation:
Wr®r = Pr (105)

where &1 and Pr are the regularized correlation matrix and cross-correlation vector, defined respec-
tively as:

T

- Z y It + Apd (106)
t=1
T

Pr=3% 7"y + ArCr (107)
t=1

E.3 Derivation of the Recursive Update

We seek to express Wi as a function of Wr_; and the current observation (xr,yr). First, we
expand the recursive definitions of the sufficient statistics.

E.3.1 Recursive Matrix Update

Separating the term at ¢ = 7" and substituting ®7_;:

T-1
O =~ <Z ’yTltmtth> + a:T:c; + ApI

t=1

- (108)
=3(Pr—1 —Ar_1I) +xrxy + Arl
= 'Y(I)T—l + :IIT.’E; —+ (AT — ’}/AT_l)I
E.3.2 Recursive Vector Update
Similarly for Pr:
Pr =~(Pr_y — Ar_1Cr_1) + yrag + ArCr (109)

=vPr_1 +yrzj + (ArCr — yAr_1Cr_1)
E.3.3 Sufficient Condition for the Delta Rule
Assuming Wp_; = PT_1<I>;1_1, we substitute Pr_; = Wp_1$p_ into the expression for Pr:
Pr =Wr_1(y®r-1) + yr@p + (ArCr — yAr_1Cr_1) (110)
From the matrix update step, we substitute y®7_1 = & — :cTac; — (Ar —~yAr_)I:
Pr =Wr_y (o1 — xpxy — (Ar — yAr_1)I) + yrxg + (ArCr — yAr_1Cr_1)  (111)
Rearranging terms to isolate the prediction error:
Pr =Wr 1 @7+ (yr — Wroimr)zgp + R (112)
where the residual term R is defined as:
R = (ArCr —vAr_1Cr_1) — Wr_1(Ar — vAr_1) (113)
Multiplying by @;1 from the right yields the update for Wr:

Wr =Wy + (yr — Wr_1zp)z. 05" + RO (114)
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For the residual term R to vanish, it is necessary and sufficient to impose the following consistency
condition on the update of the regularization center C'r:

ArCr =~yAr_1Cr_y1 + (Ar — yAr_1)Wr_4, (115)

which is satisfied by definition.

Under the above condition, and using as target at every timestep yr = Wr_ixr —nV,y,. L, applying
the loss in Equation 104 to the database would correspond to having a state, W, ®, which is updated
following:

O = yOr_y +xray + (Ar —yAr_ )T (116)
Wr =Wr_1 — Vi, L&} (117)

It now only remains to define a meaningful Ap.

E.4 Proposed Algorithms

We identify two distinct regimes satisfying the consistency condition equation 115.

E.4.1 Algorithm A: Static Regularization

We assume a constant regularization strength Ap = A for all 7.
Matrix Update:
Op = O +xrxg + A1 — )T

Which corresponds exactly to the FOOF optimizer.

E.4.2 Algorithm B: Cumulative Regularization

The previous algorithm causes growing norm of ¢ and a decrease in the importance of the prior,
which may incur numerical and hyperparameter instabilities. We therefore propose the next algorithm,
which we use in practice.

We assume the regularization strength accumulates over time according to Ax = A+ vyAr_1. This is
equivalent to optimizing the weighted averaged loss

T
1
AT ly — Wa|? + AW — Cr||3 (118)

W)= 23—1 =t

Matrix Update:
Op =Py + xpxy + N

While keeping the above objective, we introduce additional tricks to stabilize numeric and hyperpa-
rameter across different layer widths, resulting in the following recursive update for a batch of B
inputs X € R4*5:

IFr=~T7r_1+1 (119)
r—y 1 T

Up = Wr_ XrX 120

T T, 7-1+ BdT'r TXT (120)

WT :WTfl —’I7VWT71£- (\I/T+)\I)_1, (12])

while initializing ¥y = 0, W to a standard weight initialization, and I'y = 0.
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F Experimental Setup

F.1 Tasks and Model Selection

We run experiments on image classification and teacher-student regression tasks. For all experiments,
we report the mean and standard deviation over 5 seeds. To produce the results in Figure 2, we run
each model/optimizer with a comparable set of hyperparameters where they are shared and for each
method add the needed, additional hyperparameters. For Figures 1, 3, and 4, we select a subset of the
hyperparameters relevant to the produced result and again detail the selection in the respective model
subsection. The considered ranges of hyperparameters are reported beneath in the respective model
subsections.

Generally, for each plot and for each method displayed in the respective plot, we select those
hyperparameters that maximize/minimize the metric displayed in the plot. The only place where
we share the selection across multiple plots is Fig. 2. There, the runs visualized in Fig. 2/Left and
Fig. 2/Middle are tied in that the two metrics (Test Accuracy and Training Loss) are displayed
for the same selection of runs that maximize the final test accuracy. In particular, looking for the
hyperparameter that minimizes the training loss would yield a different selection of runs achieving
even smaller training loss (but potentially worse generalization).

In the following two subsections, we first briefly describe the data processing/generation pipeline
used for classification and regression experiments.

F.1.1 Image Classification

CIFAR-10 and CIFAR-100 [44] are image classification datasets on 32 x 32 x 3 dimensional RGB
images from 10 and 100 classes, respectively. Before handing these images to the network, we
first apply standard normalization by subtracting the mean and dividing by the standard deviation
per channel. Then, to increase the effective size of the training dataset, we apply standard image
transformations, randomly sampled during training. These include reflect-padding (£4 pixels)
followed by a random 32 x 32 crop applied to all 3 channels and an epoch-wise horizontal flip. Test
data is only normalized without applying augmentation. Before handing the images to our MLP
network, we flatten them into a 3072-dimensional vector. The notion of epoch in the respective
experiments refers to the following: take the 50000 training samples from the respective dataset,
apply a randomly chosen augmentation (following the above rules) to each sample, and ultimately
shuffle the samples. Only for Fig. 2/Right, where only a single pass on the training data is performed,
we use the non-augmented standard version of CIFAR-10.

F.1.2 Teacher-Student Regression

We generate synthetic regression tasks using a random teacher network. The inputs z € R% are
sampled from a standard normal distribution and projected onto the unit sphere. The targets for the
randomly sampled inputs are generated by a randomly initialized MLP teacher with L residual hidden
blocks adding to a residual stream of width d... Crucially, this teacher has nonlinearities thereby, upon
initialization, implementing some nonlinear input-output(target) mapping. Particularly, the teacher
first projects the input data to the hidden dimension by applying a linear layer and followed by a
ReLU activation. Subsequently, L — 1 residual blocks, where each block consists of a linear layer
and a ReL.U activation, are applied to the initial residual stream activation. A final linear projection
maps the last residual stream activation mapping to the output feature (the target for the regression
task) of dimension d,,. All weights are randomly initialized (standard variance scaling init). In our
experiments, we set dj, = 100, d. = 100, L = 2, and dy, = 1.

F.2 Model Architecture

Throughout the entire paper, and importantly shared across all methods, all experiments (unless
explicitly stated otherwise) are run with a ResNet-MLP architecture. The inputs act as the initial
residual stream activation, thereby governing the residual stream dimension d. = d;,. The network
backbone consists of L residual blocks arranged in a pre-normalization configuration. Specifically,
each block applies layer normalization, followed by a trainable module (a standard dense layer or
one of the proposed alternatives: Delta, Mesa, RBF, or Weighted Softmax). In the case of a standard
dense layer, Delta, or Mesa, a non-linear activation function is applied to the output of the block and
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Table 2: Hyperparameters Nonparametric Growing Weighted Softmax for Teacher-Student experi-
ments.

Hyperparameter Value
Model Single Weighted Softmax layer
Data normalization RMSNorm (on input)

Value learning rate 3 [0.1,0.3,1.0]
Weight learning rate .~ [10.0, 30.0, 100.0]
Softmax temperature 7 [0.1,1.0, 3.0, 10.0]

Momentum [0.6,0.9]
Batch size 64
Epochs 200000

the norm rescaling parameters are trained. Note that for RBF and Weighted Softmax, nonlinearities
are by design included in the block. Also, for those we do not train the scale parameters of the norm
but fix them to be unit. In all cases, the block’s output is added back to the residual stream. The final
residual stream activation is processed by a final normalization (again scale parameters not trained
for RBF and Softmax and trained for all others) before being mapped to the C' class logits via a
final output block (again, either a dense layer or one of the proposed methods). In the following
subsections, we detail the various instantiations of the residual blocks with the methods described in
this work.

F.3 Weighted Softmax

We evaluate Weighted Softmax kernel-based RCDL models on both synthetic teacher-student regres-
sion and image classification tasks, using the classic CIFAR-10 and CIFAR-100 benchmarks. For
these experiments, we instantiate the blocks of the ResNet-MLP backbone architecture, described in
Appendix F.2, with Weighted Softmax RCDL modules.

Algorithm 3 Growing Weighted Softmax Attention

1: Input: Stream of query batches {g; ,}2_,, temperature T, value-learning rate 3 > 0, weight-

learning rate np > 0, Wy = %, Ky ~ N(0, ﬁI), Vo ~ N(0, ﬁI)
2: Initialize: Dy « {(Wy, Ko, Vo)}
3: fort=1,2,...do
4: forn=1,...,Bdo
ﬁ<k,qt,n> ~

5: Compute prediction: s; ,, 2ok )Ry © LUMR 1;

S myep,y we Vi
6: Compute gradient: g; ,, < VL(8¢,)
7: Compute inner product: &; ,, < (St.n, Gt n)
8: end for
9: Update database: D, < D;_1 U {(max{0,7d;:n}, qtn, —Bgin) :n=1,...,B}
10: end for

A Weighted Softmax module maintains a growing database of key, value, weight tuples D, =
(K, Vi, W) = ({ki,vi,w; }i_,) of size (t + 1)B at time step ¢, where B is the batch size. For
numerical stability, we initialize this database with a randomly sampled batch at ¢ = 0. Particularly,
we set Dy = (Ko, Vo, Wy). Here, Ky € RB*d and V; € RE*du (4, = d, for the residual
blocks) are sampled from a standard normal distribution and subsequently normalized along the
feature dimension by root mean squared normalization. All entries of W;, € R” are set to a constant
weight wg = %, where B is the batch size. At timestep ¢ > 0, the database is grown following the
steps outlined in Algorithm 3. Briefly, we apply the Weighted Softmax update rule but clip negative
weights to 0 (cf. Appendix C.5). Moreover, for numerical stability, we drop the division by the
normalization D;_; for both the weight and the value update. Ultimately, we introduce learning rates
7 and [ to scale weights and values independently.
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Table 3: Hyperparameters Growing Weighted Softmax for experiments on CIFAR-10 and CIFAR-
100.

Hyperparameter Value

Dataset CIFAR-10, CIFAR-100

Input 32 x 32 x 3 images flattened to 3072
Model Residual MLP

Residual stream size (d.) 3072

# residual blocks (L) [0,1,2]

Normalization in blocks ~ RMSNorm (pre-norm, per block)
Final normalization RMSNorm before head

Classifier head Weighted softmax-kernel RCDL layer
Weight learning rate 7 [0.3,1.0,1.5,3.0]

Value learning rate 8 [20.0, 30.0,40.0, 60.0]

Softmax temperature 1’ [1.0,3.0,10.0,15.0,30.0]
Momentum [0.0,0.1,0.9,0.999]

Batch size 64

Epochs 50

We report the hyperparameters considered to produce the Weighted Softmax numbers in Figure 1 in
Table 2. Additionally, the dimensionality of the inputs and thus of the keys in the synthetic regression
task is d. = 100, Input = 100.

The hyperparameters considered to produce the Weighted Softmax numbers in Figure 2 and 3 are
reported in Table 3. Both Figures display data from the same set of experiments. On top, for Figure
2/Right we also include the batch size in the sweeps and consider the values 4, 16, 32 and 64. For the
Weighted Softmax numbers reported in Figure 4 we again follow Table 3 but only consider models
with L = 0 residual blocks.

F.3.1 Gauge-Invariant Weighted Softmax

The Gauge-Invariant Weighted Softmax module uses the same database, initialization and prediction
as the Weighted Softmax module (Appendix F.3). Only the weight and value of each new tuple differ
(Algorithm 2). As explained in Appendix C.7, we can choose the gauge offset b, so that the added
weight w; = nal|g:|| > 0 is non-negative by construction, so the clipping max{0, -} of Algorithm 3
is no longer needed. As before, we drop the division by D;_; in both updates. In practice we add
€ = 1078 to ||g;|| in the denominator for numerical stability.

F.4 Hybrid Weighted Softmax

The Hybrid Weighted Softmax layer keeps the database D of the Weighted Softmax (Appendix F.3),
but differs in two ways (Algorithm 4). First, all stored tuples are treated as parameters and trained
by backpropagation with standard gradient descent optimization. Second, a query is only added
if its Euclidean distance to the nearest stored key exceeds the growth threshold 7. The new tuple
follows the Weighted Softmax rule of Algorithm 3, with d; ,, clipped to [0, c0) for stability. Dy
consists of B tuples with zero keys and values and weight %. Because queries are RMS-normalized,
llgll2 = V/din ~ 55.4, which sets the scale of 7. We define capacity as the total number of stored
tuples after training, summed over all layers and divided by the maximum 4N.

Table 4 lists the hyperparameters for Figure 5.

F.5 Parametric Softmax

Here we describe the Parametric Softmax baseline that is referenced in Figures 1 and 4. The
motivation for this baseline is to compare growing a (weighted) softmax kernel-based module with

learning a fixed size key-value parameterization for a softmax kernel where all keys and values are
treated as parameters i.e., are optimized jointly to minimize the loss.
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Algorithm 4 Hybrid Weighted Softmax Attention

1: Input: Stream of query batches {q; ., }Z_,, temperature T', growth threshold 7, maximal size
N, value-learning rate 8 > 0, weight-learning rate > 0, Adam learning rate o, Wy = %,
Ky ~ N(0, ﬁI), Vo ~ N(0, \/;OTI)

2: Initialize: Dy < {(Wy, Ko, Vo)}

fort=1,2,...do

forn=1,...,Bdo

aw

1
—L (k. )
.. Z(w,k,ﬁ)eDt,I eTVdin "o
5: Compute prediction: s; , < I

Ty/diy

(k,qt,n)
Z(w,k,f;)ept,] we

Compute gradient: g, ,, < VL(s,,)
Compute inner product: & p, <— (St.n, Gt.n)
end for
Select novel queries: S; <— {n : min(.  3yep, , [|qe,n — kll2 > 7}, keeping only the first
N — |D;_1] elements if necessary
10: Parametric update: update all (w, k, ¥) € D;_; with one Adam step (learning rate a) on
% Zn ‘C(st»”)
11: Update database: D, < D;_1 U {(max{0,7d;n}, tn, —BGin) :n € St}
12: end for

° ® 3D

Table 4: Hyperparameters for the Hybrid Growing Weighted Softmax on CIFAR-10 (Figure 5).
Hyperparameter Value

Model L = 3 residual blocks + readout layer, no nonlinearity
Embedding dimension d, 3072 (flattened image, no input embedding)
Normalization RMSNorm (no learned scale) before each layer and the readout
Maximal width per layer N 50016

Growth threshold 7 [35, 40, 45, 50, 55, 60]

Value learning rate 3 [10, 30, 60]

Weight learning rate n 1.0

Softmax temperature T [1.0,5.0,10.0]

Adam learning rate « [0.0003,0.001, 0.003]

Batch size 16

Epochs 1

Unlike the growing module, this baseline uses a static architecture with fixed size parameters (keys,
values and weights), pre-allocated with enough capacity to match the size of a fully grown database
from the RCDL case from the beginning. We obtain predictions s;_; applying a softmax to this huge
database, but instead of growing the database step-wise, update the entire key-value parameterization
by gradient descent at every timestep. Essentially, this baseline can be seen as wide MLP with a
softmax nonlinearity.

We report the hyperparameters considered to produce Parametric Softmax numbers in CIFAR-10
experiments (cf. Figure 4) in Table 5.

For the synthetic Teacher-Student regression task presented in Figure 1, we adapt the "database size"
of our fixed parametric representations to shapes (10240000, dj, ) for Wey and (10240000, doy) for
Whae- We report the remaining hyperparameters for this result in Table 6. We find that training
the weights for a weighted version of softmax leads to severe training instabilities in this parametric
setup and hence report the numbers for an unweighted softmax variant.

F.6 RBF

We evaluate RBF kernel-based RCDL models on image classification tasks, using the classic CIFAR-
10 and CIFAR-100 benchmarks. For these experiments, we instantiate the blocks of the ResNet-MLP
backbone architecture, described in Appendix F.2, with RBF RCDL modules. In all RBF kernel-based
RCDL modules, we predict and grow the database according to Algorithm 5.
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Table 5: Hyperparameters Parametric Softmax for experiments on CIFAR-10.

Hyperparameter Value

Dataset CIFAR-10

Input 32 x 32 x 3 images flattened to 3072
Model MLP

Normalization in blocks RMSNorm (pre-norm, per block)
Wkey shape (2560000, 3072)

Whane shape (2560000, 10)

Nonlinear Activation Softmax

Learning rate « [0.003,0.01,0.03,0.1]

Softmax temperature 7 [0.001,0.03,0.1,0.3, 1.0, 3.0, 10.0]
Batch size 64

Epochs 2000

Table 6: Hyperparameters Parametric Softmax for Teacher-Student experiments.

Hyperparameter  Value

Model Single Parametric Softmax layer

Hidden size 10240000

Data normalization = RMSNorm (on input)

Learning rate n [0.0003,0.001, 0.003,0.01, 0.03]

Temperature 7' [0.001,0.01,0.1,0.3,1.0, 3.0, 10.0, 30.0, 100.0]
Optimizer Adam

Momentum 0.85

Batch size 64

Training steps 200000

We report the hyperparameters considered to produce the RBF numbers in Figure 2 in Table 7. On
top, for Figure 2/Right we also include the batch size in the sweeps and consider the values 4, 16, 32
and 64.

FE7 Mesa (FOOF)

We evaluate the performance of the Mesa update rule introduced in Section 4 on CIFAR-10 and
CIFAR-100 benchmarks. For these experiments, we instantiate the blocks of the ResNet-MLP
backbone architecture, described in Appendix F.2, with vanilla dense linear layers. We train the
parameters of the resulting network by applying the Mesa weight update detailed in Section 4.

We report the hyperparameters used to produce the numbers for the Mesa update rule in Figure
2 in Table 9. We implement the computation of the matrix inverse (cf. Appendix E) using the
Newton-Schulz Iteration. We report the effect of iterations for this algorithm in Table 8.

Algorithm 5 Growing RBF

B
n=1»

1: Input: Stream of query batches {q; ., }
2: Initialize: Dy < ()

3: fort=1,2,...do

4: forn=1,...,Bdo

temperature 7', value-learning rate n > 0

5 Compute prediction: Sy, = >, 4)ep, , eXp(—%) v
6: Compute gradient: gy, < VL(S¢n)

7: end for

8 Update database: D, < D;—1 U{(qt,n, —Mgin) :n=1,...,B}
9: end for
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Table 7: Hyperparameters RBF for experiments on CIFAR-10 and CIFAR-100.

Hyperparameter Value

Dataset CIFAR-10, CIFAR-100

Input 32 x 32 x 3 images flattened to 3072
Model Residual MLP

Residual stream size (d.) 3072

# residual blocks (L) [0,1,2]

Normalization in blocks ~ RMSNorm (pre-norm, per block)
Final normalization RMSNorm before head

Classifier head Weighted RBF-kernel RCDL layer
Value learning rate 7) [0.3,1.0,3.0]

Temperature T' [0.5,1.0,1.5,5.0,15.0]
Momentum [0.0,0.1,0.9,0.999]

Batch size 64

Epochs 50

Table 8: Best Average Accuracy on CIFAR-10 and CIFAR-100 across different numbers of steps for
the newton iteration algorithm for approximating the inverse. We find that generalization performance
on CIFAR saturates with 10 iterations.

Mesa newton-approximation steps

Dataset 5 10 Inf.
CIFAR-10 0.6914 0.7130 0.7124
CIFAR-100 0.4149 0.4323 0.4319

F.8 Delta

Lastly, we evaluate the performance of the Delta rule variant introduced in Section 4 on the CIFAR-10
and CIFAR-100 benchmark. For these experiments, we instantiate the blocks of the ResNet-MLP
backbone architecture, described in Appendix F.2, with vanilla dense linear layers. We train the
parameters of the resulting network by applying the Delta weight update detailed in Section 4.

We report the hyperparameters used to produce the numbers for the Delta update rule in Figure 2 in
Table 10. On top, for Figure 2/Right we also include the batch size in the sweeps and consider the
values 4, 16, 32 and 64.

F.8.1 Additional Experimental Results: Extended training for deep networks with Delta
regularization

Here, we present additional experimental results to evaluate the DeltaNet-like gradient descent update,
which were obtained in a different experimental setting compared to the results in Section 5, to better
assess the regularizing effect for deep neural networks. Specifically, we train a 10-layer ResNet MLP
on Cifar-10 for 2000 epochs. Our architecture downprojects the preprocessed and flattened input to
a hidden size of 512, and uses 2-layer MLPs with 4x expansion ratio, GELU activation [56] and a
pre-block Layer norm [57]. We train with a batch size of 64 and implement the DeltaNet update in
the batch setting by applying all decays within a batch simultaneously, that is, multiplying the linear
layer by T — AX; X,' before applying the gradient update, where X; € R% > denotes the stacked
input activations from batch ¢. In contrast to the derivation in Section 4, we reparametrize the update
rule to align the decay rate with the learning rate scheduling (analogous to standard weight decay).
Specifically, we update the weights as

W, =W, (I - X X,") — Gy, X", (122)
where G'y, contains the stacked output gradients, A is the Delta rule decay rate and 7; is the learning

rate, for which we use cosine annealing with linear warmup. A more detailed description of the
experimental setup can be found in Table 11.
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Table 9: Hyperparameters Mesa for experiments on CIFAR-10 and CIFAR-100.

Hyperparameter Value

Dataset CIFAR-10, CIFAR-100

Input 32 x 32 x 3 images flattened to 3072
Model Residual MLP

Residual stream size (d.) 3072

# residual blocks (L) (2, 4]

Normalization in blocks ~ RMSNorm (pre-norm, per block)
Final normalization RMSNorm before head

MLP activation GELU

Classifier head Linear (3072 — 10)

Mesa-y [0.9,0.99,1.0]

Mesa-\ [0.001,0.01,0.1]

Optimizer Adam

Learning rate « [0.0001,0.0003,0.001,0.003,0.01]
Momentum 0.85

Batch size 64

Epochs 50

Table 10: Hyperparameters Delta for experiments on CIFAR-10 and CIFAR-100.

Hyperparameter Value

Dataset CIFAR-10, CIFAR-100

Input 32 x 32 x 3 images flattened to 3072
Model Residual MLP

Residual stream size (d.) 3072

# residual (L) (2,4]

Normalization in blocks ~ RMSNorm (pre-norm, per block)
Final normalization RMSNorm before head

MLP activation GELU

Decay rate A [0.0000003, 0.000001, 0.000003, 0.00001, 0.0001, 0.0003]
Classifier head Linear (3072 — 10)

Learning rate « [0.0001,0.0003,0.001,0.003,0.01]
Batch size 64

Epochs 50

We compare plain SGD, SGD with weight decay, and SGD with Delta rule decay when training for
2000 epochs. Note that this is significantly longer than in other experiments (with a significantly
deeper model), as it is computationally feasible and allows us to better understand the effect of
regularization. As shown in Fig. 6, adding a DeltaNet-like decay mechanism significantly improves
the final test accuracy (74% vs. 67%), far exceeding that of multiplicative weight decay (Fig. 7).
While both mechanisms lead to a much slower increase in train accuracy, only the DeltaNet-like
decay achieves superior generalization. We also tested combining both decay mechanisms (as in
Gated DeltaNet), but this yielded no additional improvement.

Additionally, we experimented with normalized DeltaNet updates as is standard for sequence mod-
eling, i.e., using an input-dependent write strength of An/||z||3. However, this slightly degraded
performance. A likely explanation is that faithfully following the DeltaNet derivation would require
scaling the learning rate accordingly; doing so, however, leads to highly unstable optimization, since
it makes the (effective) per-sample learning rate dependent on the activation norm.

F.9 MLP Baselines
We complement the RCDL modules discussed in this work with strong MLP baselines on image

classification tasks, using the classic CIFAR-10 and CIFAR-100 benchmarks. For these experiments,
we instantiate the blocks of the ResNet-MLP backbone architecture, described in Appendix F.2, with
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Figure 6: Training and test accuracy for a 10-layer residual MLP trained with SGD under varying
DeltaNet decay rate A. While A = 0 achieves near-perfect training accuracy quickly, test accuracy
plateaus at around 67%. Modest DeltaNet-like decay rates significantly improve generalization, as
indicated by the reduced train-test gap, which demonstrates the regularizing effect of the update rule.
Curves are smoothed using a running average.
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Figure 7: Training and test accuracy for a 10-layer residual MLP trained with SGD under varying
multiplicative decay rate /3. Similarly to DeltaNet-like decay the training accuracy increases much
slower, however, generalization improves only marginally. Curves are smoothed using a running
average.

vanilla dense linear layers. We train the parameters of the resulting network with either SGD [58],
RMSProp [40], Adam [38], AdamW [39], and Muon [27].

We report the hyperparameters used to produce the numbers for the respective optimizer in Figure 2
in Table 12. On top, for Figure 2/Right we also include the batch size in the sweeps and consider the
values 4, 16, 32 and 64.

We report the hyperparameters used to produce the numbers for the reference MLP in the Teacher-
Student setup in Figure 1 in Table 13.

F.10 Nonparametric Baselines
In Figure 2/Right we complement the RCDL methods with two nonparametric baselines: A kernel

ridge regression (least squares (LS-)SVM) on the 10-dimensional one-hot targets and a k-Nearest
Neighbour (kNN) implementation.
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Table 11: Hyperparameters used for DeltaNet-GD experiments on extended training on Cifar-10 with
deep nets.

Hyperparameter Value

Dataset CIFAR-10

Input 32 x 32 x 3 images flattened to 3072
Model Residual MLP

Input projection Linear (3072 — 512)

Residual stream size (d.) 512

# residual blocks 10

Normalization in blocks ~ LayerNorm (pre-norm, per block)
Final normalization LayerNorm before head

MLP expansion 4x

MLP hidden dimension 2048

MLP activation GELU

Dropout 0.1

Classifier head Linear (512 — 10)

Optimizer SGD

Learning rate 1x1072

Momentum 0.0

LR schedule Step-wise: 5 epoch linear warmup + cosine annealing
Cosine schedule CosineAnnealinglL.R over remaining steps
Batch size 64

Epochs 2000

Table 12: Hyperparameters MLP Baselines for experiments on CIFAR-10 and CIFAR-100.

Hyperparameter Value

Dataset CIFAR-10, CIFAR-100

Input 32 x 32 x 3 images flattened to 3072
Model Residual MLP

Residual stream size (d,) 3072

# residual (L) (2, 4]

Normalization in blocks RMSNorm (pre-norm, per block)
Final normalization RMSNorm before head

MLP activation GELU

Classifier head Linear (3072 — 10)

Optimizer [SGD, RMSProp, Adam, AdamW , Muon]
Learning rate « [0.0001,0.0003,0.001, 0.003, 0.01]
Weight decay (for AdamW)  [0.0001, 0.01]

Momentum 0.0

Batch size [16, 64]

Epochs 50

F.10.1 Kernel ridge regression (least squares (LS-)SVM)

For the LS-SVM we chose the RBF-kernel k(z, ') = exp(—||z — ’||3) inducing the Gram matrix
K € R, with K, ; = k(x;,x;), where x;, x; are the channel-wise normalized RGB images,
flattened into 3072 dimensional vectors. We parametrize the bandwidth parameter following the

median heuristic y = ———m_ and approximate the sample median on all pairwise distances
median; ;||z; —x; |3

of a subsample of 2048 images. With the one-hot targets Y € R™*10 we invoke a standard solver to
compute @ = (K + AI,)"'Y € R™ 1% and evaluate f(z) = Y., a;k(z, z;) € R'" on the test
samples x (predicting the argmax class).

We report the considered hyperparameter ranges for producing the data-point displayed in Figure
2/Right in Table 14.
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Table 13: Hyperparameters MLP Baseline for Teacher-Student setup.

Hyperparameter Value

Model Residual MLP

Residual stream size (d.) [256,512,1024, 4096, 8192]
# residual (L) 2

Normalization None

MLP activation ReLU

Optimizer SGD

Learning rate [0.0003,0.001,0.003,0.01,0.03,0.1,0.3, 1.0, 3.0]
Momentum [0.0,0.9,0.999]

Batch size [64,256,1024]

Training steps 200000

Table 14: Hyperparameters RBF kernel regression for experiments on CIFAR-10.

Hyperparameter  Value

Dataset CIFAR-10

Input 32 x 32 x 3 images flattened to 3072
Model RBF kernel

Classification arg max on predicted output
Optimizer Exact solver

Bandwidth [0.25,0.5,1.0,2.0, 3.0, 5.0]

.3.0,5
Ridge regulariser A [0.001,0.01,0.1,0.3,1.0]

F.10.2 Kk-Nearest Neighbors (KNN)

We implement a kNN search using similarity score s(x, ;) on the channel-wise normalized and
flattened test image and respective database entry x, z; € R°72. We consider two similarity scores

—|l& — x;||3 euclidean
s(z,x;)) =4 T .
T'x; unnormalised dot product.
Denoting Ny () as the indices of the top-k neighbors (according to the similarity score) we then
weight the labels of these entries either uniformly or proportional to the respective similarity score
leading to one of the following weights

1 uniform (regardless of similarity score)

1 . . . .
w; = { o=z 510= proportional, euclidean (inverse distance)
exp(z " ;)

S ep@TE) proportional, dot (softmax over top-k),

JENY J

for i € Ny (). Using these weights, the prediction for an input @ is given by taking the argmax over
2ieNi (@) Willyi =

ZiENk (x) w;

To obtain the number reported in Figure 2/Right we sweep the grid of the two similarity metrics, the
two weighting mechanisms, and k € {5, 10, 15, 20, 25}.

F.11 Vision Transformer Experiments

We investigate the performance of RCDL modules beyond ResNet architectures in classic vision
Transformers (ViTs). We employ pre-LayerNorm transformer blocks consisting of standard softmax-
attention and feed-forward networks (FFNs) and a linear readout on the CLS token. In the Weighted
Softmax ViT, we replace each block’s FFN with a single Growing Weighted Softmax Module
(Algorithm 3), all other components of the model are trained with standard parametric learning. Both
are trained for a single epoch on CIFAR-10 (Appendix F.1.1), with hyperparameters in Tables 15
and 16.
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Table 15: Hyperparameters Standard ViT for single-epoch experiments on CIFAR-10.

Hyperparameter Value

Dataset CIFAR-10

Input 32 x 32 x 3 images, 4 x 4 patches (64 patch tokens + CLS token)
Model ViT, 2 transformer blocks

Embedding dimension d,
Attention heads
Positional embedding
Normalization in blocks
FFN

FFN blowup factor
Readout

Optimizer

Learning rate «

Batch size

Epochs

Seeds

128

8

learned

LayerNorm (pre-norm, per block) + final LayerNorm
Dense (128 — 512) — GELU — Dense (512 — 128)
[1,2,4,8,16,32)

Linear layer on CLS token

Adam

[0.0003,0.001,0.003]

64

1

5

Table 16: Hyperparameters Weighted Softmax ViT for single-epoch experiments on CIFAR-10.

Hyperparameter Value

Dataset CIFAR-10

Input 32 x 32 x 3 images, 4 x 4 patches (64 patch tokens + CLS token)
Model ViT, 2 transformer blocks, FFN replaced by growing GWS
Embedding dimension d, 128

Attention heads 8

Positional embedding learned

Normalization in blocks
Readout

LayerNorm (pre-norm, per block) + final LayerNorm
Linear layer on CLS token

Optimizer (non-growing params.) Adam

Learning rate (Adam) « [0.0003,0.001,0.003]
Weight learning rate 7 [0.1,0.3,1.0]

Value learning rate 3 [10, 30]

Softmax temperature T [0.1,0.3,1.0, 3.0
Value momentum [0.0,0.999]

Batch size 64

Epochs 1

Seeds 5

F.12 Computational considerations

Growing Weighted Softmax, RBF-kernel based RCDL, and Parametric Weighted Softmax modules
have a significant memory footprint. In the reported CIFAR-{10,100} experiments, where each epoch
consists of 5 x 10 training examples, we add 2.5 x 10° tuples (w, v, k) (or (v, k), respectively, for
RBF-kernel based modules) to D in growing modules. For a hidden layer with di, = dqy = 3072,
implemented in float32, as used in CIFAR experiments, this results in a total memory footprint of
61.5GB (sum of memory footprint for both keys, values and weights). To realize the training we
rely on parallelization and shard this database across 4 TPUs for 50-epoch CIFAR experiments. For
the teacher-student regression experiments, training for 200 epochs adds 107 tuples to D in growing
modules. For a hidden layer with d;;, = dy, = 100, this results in a minimal memory footprint of
approximately 8GB. As a result, this task does not require parallelization or database sharding and
can be efficiently trained on a single device.

However, note that the update is relatively cheap in growing as we do not have to compute gradients
for these large databases. This is in contrast to Parametric Weighted Softmax modules, where we
furthermore have to consider the additional footprint of the equally sized gradients, and if using
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Figure 8: Training loss for Weighted Softmax & RBF decreases much faster than that of the other
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Figure 9: Test accuracy of non-parametric methods (Weighted Softmax, Gauge-Invariant WSM &
RBF) as a function of the number of samples seen during training.

advanced optimizers such as Adam [38], first and second moments, making training significantly
more expensive and slower than by learning the Weighted Softmax module by growing.

G Further Experimental Results

G.1 Training loss on CIFAR-100

Complementary to Figure 2/Middle where we report the train loss on CIFAR-10, we here report the
respective numbers for CIFAR-100 in Figure 8.

G.2 Gauge-Invariant Weighted Softmax

We compare the Gauge-Invariant Weighted Softmax (Algorithm 2) with the standard Weighted
Softmax and RBF in the single-epoch setting of Fig. 2/Right: non-augmented CIFAR-10, batch size
16, L = 2 residual blocks, d. = 3072, and RMSNorm without learned scale. For Weighted Softmax
and RBF we use the best configurations from the respective sweeps: Weighted Softmax with 7' = 6,
1n = 0.003, 8 = 3; RBF with temperature 20 and learning rate 10. For the Gauge-Invariant variant we
use T’ =5, a« = 10, n = 0.03, 8 = 100. Fig. 9 shows mean and standard deviation over seeds. All
three methods reach similar final test accuracy (Weighted Softmax 59.4 + 0.4%, RBF 58.8 + 0.2%,
Gauge-Invariant 58.4 + 0.4%). Guaranteeing non-negative weights by the choice of gauge, rather
than by clipping, therefore performs comparably and removes the need for the clipping heuristic.
Given this similar behavior, we decided for the results in the main text of the paper to only analyze
standard weighted softmax RCDL layers.

H Further Related Work and Discussions

Here we provide further related work and discussions. At a high-level, retrieval-centric deep learning
(RCDL) also shares conceptual similarities with existing “differentiable memory models” such as
Differentiable Neural Computer [59, 60], Memory Networks [61, 62] and Neural Episodic Control
[63] (see also more recent work in the context of language models, such as Berges et al. [64], Eyuboglu
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et al. [65]); with a crucial difference that RCDL’s memory retrieval operates on the training datapoints.
Its growing behavior, recruiting “resources” (new key/value allocations) as the system processes
increasingly more training data (conceptually to infinity, with practical hardware limitations) is
somewhat also reminiscent of Turing machines [66] as is the case for the transformer at runtime [6]
(see also how Behrouz et al. [67] adopt a similar principle to recurrent nets).

RCDL also differs from “deep kernel learning” [68] which uses a deep NN as a learnable pre-
processor to produce features for a single-layer Gaussian Process (GP); as well as from a special
variant of modern Hopfield-lookup layers [69] that stores the static training data and retrieves their
labels via softmax attention. This comparison also provides an interesting contrast to infinite-width
deep learning theories, where NNs asymptotically reduce to a kernel machine, such as the neural
tangent kernel (NTK; Jacot et al. [70], Lee et al. [71]); in that regime, a central question is whether
deep NNs meaningfully learn representations or operate in a lazy training regime with fixed random
features [72]. In contrast, RCDL learns representations in an NN that is explicitly structured as
a (deep) kernel machine—an intriguing future work may be to study RCDL through the lens of
NTK/GP.

The challenge of expanding model capacity has antecedents in early constructive algorithms [73, 74],
which dynamically allocate new units to reduce error. In modern deep learning, this concept
evolved into architectures like “progressive NNs” [75], which instantiate new columns for novel
tasks to prevent forgetting. In fact, the idea of growing networks is rather common in continual
learning (see, e.g., Yoon et al. [76]), as well as in architecture search/optimization (see, e.g., Stanley
and Miikkulainen [77], Evci et al. [78], Butkus et al. [79]). RCDL offers a distinct path: unlike
heuristics that add coarse-grained parametric modules, RCDL grows by accumulating fine-grained
nonparametric key-value pairs, resulting in capacity that scales linearly with training data. Crucially,
while this growth rate is fixed, the update rule itself is strictly principled: we do not add units
arbitrarily, but rather derive the addition of each new key-value pair as a precise step of functional
gradient descent on the global loss.

“Retrieval” has also received recent popularity in the context of large language models (LLMs)
[80, 81] as a method to complement the deficiency of LLMs’ knowledge stored in their fixed-size
weight matrices. In a sense, RCDL integrates such a process within the network itself; store the entire
internet in the NN itself, and “compression’ occurs at inference time through attention that recombines
features—a slogan here is “store the entire internet in a growing neural net, compression can wait!”.
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