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Abstract

A wide range of methods have been proposed for interpreting language models,
delivering important insights into their inner workings. However, different methods
and their resulting insights stand in relative isolation: what could the underlying
structure of language models be, such that they give rise to all our interpretations?
In this work, we propose using Tensor Product Representations (TPRs; [62]) as a
unifying hypothesis. TPRs give a concrete proposal for how compositional structure
could be represented in vector space — as filler-role bindings. We show, both
mathematically and empirically, that TPRs can unify several prior interpretability
methods: additive analogies, linear probing, sparse autoencoders, and activation
patching. Mathematically, we show that these methods can all be derived from
TPRs. Empirically, we apply the derivations to a range of different models —
from small toy models to LLMs — to construct instances of each of the above
interpretability methods; these constructed variants perform comparably to their
standard variants. We view this work as a step toward what interpretability will
ideally provide: a unified account of the nature of neural networks, corroborated
not just by individual observations but also by an explanation of the connections
between them.1

1 Introduction

In a classic story, several people are sent into a completely dark room containing an elephant. None
of them have encountered an elephant before. One feels the elephant’s trunk and concludes that
elephants are like snakes. Another feels a leg and concludes that elephants are like trees. Another
feels a tusk and concludes that elephants are like spears, and the others make observations based on
an ear, a side, and a tail (which are like a fan, a wall, and a rope, respectively). Taken together, these
observations leave a puzzle: What sort of entity could the elephant be? What underlying structure
could explain all of the properties — the snake-like properties, the tree-like properties, the spear-like
properties, etc.? The answer, of course, is a structure like this:

A similar situation is found when trying to understand neural network representations: interpretability
work has made many important discoveries about neural network representations, but it is not obvious
what structure underlies these observations. For instance, these representations support additive
analogies [42, 52]; they can be linearly decoded [12, 1, 65, 24]; they can be decomposed into linear
combinations of concepts [28, 57, 16]; and they can be edited (e.g., via activation patching) in ways
that modify behavior [18, 70, 41, 21, 33]. All of these findings provide windows into the underlying

1Code is available at https://github.com/Rock-Z/Unifying-Interp-TPRs
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Figure 1: Left: Partial observations of an elephant point to a variety of properties—e.g., the trunk
is snake-like and the ears are fan-like. All these partial observations can together be explained by
the elephant’s overall structure. Right: Similarly, different language model interpretability methods
expose consistent but partial descriptions of the same underlying model. Here we ask what the
model’s underlying structure could be such that it supports all of these observations.

structure of the representations being analyzed. What might the nature of this structure be, such that
it can explain all of the properties — the analogical properties, the decodability properties, etc. —
that have been observed? An answer to this question would move the field toward a more complete
picture of neural networks by unifying insights from different methods, behaviors, and types of
models (Figure 1).

We posit that an account of a network’s representations should ideally be both precise and explanatory:

(1) Precise: The account should provide an interpretable closed-form equation capturing the structure
of the representations, such that representations can be constructed independently of the network
being analyzed.

(2) Explanatory: The account should provide explanations of how representations can be analyzed
and edited in ways that are compatible with empirical observations.

In this paper, we propose using Tensor Product Representations (TPRs; [62]), a formalism for
encoding information in vector space, as a unifying account of neural network representations.
Building on this formalism, we make the following contributions:

1. We show that the closed-form equation provided by TPRs can be used to approximate the
hidden states of a variety of neural networks across different tasks, corroborating prior work
[39, 63, 40] and extending to new types of networks.

2. Mathematically, we derive several existing interpretability methods from TPR operations,
unifying them under the same structural assumption.

3. Empirically, we apply the mathematical derivations to construct additive analogies, linear
probes, sparse autoencoders, and activation patching from a single TPR approximation,
finding performance that is comparable to applying these techniques in the standard ways.

The first contribution shows that the TPR formalism is precise (desideratum (1)), and the second and
third contributions show that it is explanatory (desideratum (2)). This work shows that a formal theory
of representational structure based on TPRs can connect multiple interpretability results, moving the
field toward a more unified understanding of the structure of neural representations.

2 Background and related work

This paper brings together two areas of literature concerning the structure of vector representations:
mechanistic interpretability and vector symbolic architectures. Here we introduce these lines of
literature, which are further discussed in Section 8.

2.1 Mechanistic interpretability and the Linear Representation Hypothesis

Interpretability research aims to reverse engineer the representations and algorithms used by neural
networks [2, 5, 47, 44], and it uses a wide range of methods. The most prominent existing proposal
for unifying multiple methods is the Linear Representation Hypothesis (e.g., [50]), which posits that
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information is encoded linearly inside neural networks. The Linear Representation Hypothesis is con-
sistent with, and often assumed by, much interpretability work. Though it is often invoked informally
or implicitly, this hypothesis can also be formalized. Below we give a possible formalization:

(3) The Linear Representation Hypothesis
Concept level: {C1, C2, . . . , Cn}
Vector level: ci = emb(Ci), h =

∑n
i=1 ci

That is, at an abstract, conceptual level, a neural network’s hidden state h is viewed as encoding a set
of concepts C1 through Cn. To translate abstract concepts to the vector representation h, each concept
Ci is encoded with a vector embedding emb(Ci) and these embeddings are summed to obtain h.

2.2 Vector symbolic architectures and Tensor Product Representations

While the Linear Representation Hypothesis has supported many successful analyses, its expressivity
is limited in ways that seem at odds with capturing the full structure of neural network representations.
For example, one can train a small network to reverse sequences (e.g., 2,1,7 7→ 7,1,2; Section 3.1).
A natural way to encode 2,1,7 under the linear representation hypothesis is as a set of three concepts:
2, 1, and 7. However, this “bag-of-numbers” fails to distinguish 2,1,7 from reorderings such as
2,7,1. A possible fix would be to treat each position-content pair as an atomic concept, but this
produces a large number of concepts and fails to capture how concepts are related. For larger-scale
networks, the issue is even more pronounced: e.g., for natural language, creating an atomic concept
for each possible combination of a syntactic slot and a word that could fill that slot would require a
number of concepts that seems hopelessly large, yet modern LLMs excel at processing language.

It seems, then, that an alternative account that can represent position-content combinations sys-
tematically rather than as atomic units is needed. Fortunately, decades of past research in Vector
Symbolic Architectures and related formalisms have produced many approaches that share the same
goal [62, 54, 53, 17, 56, 15, 31, 32]. Here, we focus on one specific approach in this tradition: Tensor
Product Representations [61].

A Tensor Product Representation (TPR) encodes structure by binding a filler (content element) and a
role (structural position), where each possible filler or role is represented as a vector embedding. E.g.,
the sequence 2,1,7 can be thought of as the set of filler-role pairs “(2, 1st), (1, 2nd), (7, 3rd)”. To
encode filler-role pairs in a TPR, we first define the vocabulary of filler and role embedding vectors,
F = {f0, f1, f2, . . . } ∈ Rdf and R = {r1st, r2nd, r3rd, . . . } ∈ Rdr . Then, each filler-role pair is
composed together using the tensor product2 as the binding operation, and all filler-role pairs are
aggregated with summation. The TPR representing 2,1,7 is thus f2 ⊗ r1st + f1 ⊗ r2nd + f7 ⊗ r3rd.
Formally, the encoding for a set of filler-role pairs {fi, ri}ni=1 is

encode({fi, ri}ni=1) =

n∑
i=1

fi ⊗ ri ∈ Rdf×dr . (1)

A TPR preserves the information it encodes: given vectors {u1, u2, ...un} such that ri · uj = δij ,
where δ is the Kronecker delta, right-multiplying uj with a TPR recovers the filler bound to role j in
a process known as unbinding:3

n∑
i=1

fi ⊗ riuj =

n∑
i=1

fir
⊤
i uj =

n∑
i=1

fiδij = fj . (2)

More generally, TPRs can be constructed for a wide range of content types by using appropriate types
of fillers and roles. For example, natural language can be encoded using words as fillers and syntactic
positions (e.g., subject) as roles. Moreover, TPR binding and unbinding are simple linear or bilinear
operations, making them straightforward to implement.

2.3 The Tensor Product Representation hypothesis

The structural expressivity of TPRs motivated [39] and [40] to hypothesize that neural network
representations are structured as TPRs. In this paper, we adopt this hypothesis and term it the Tensor
Product Representation hypothesis:

2As we use vectors as filler/role embeddings and no recursive bindings, this is equivalent to vector outer products.
3Such unbinding vectors are guaranteed to exist as long as the role vectors are linearly independent; see Appendix B.
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(4) The Tensor Product Representation Hypothesis
Concept level: {(R1,F1), . . . , (Rn,Fn)}
Vector level: ri = emb(Ri), fi = emb(Fi), h =

∑n
i=1 fi ⊗ ri

In the next sections, we first provide empirical evidence that TPRs can approximate neural network
representations. We then show that this fact can be used to derive and explain a range of interpretability
methods.

3 Approximating neural network representations with TPRs

 Seq2Seq Model

RNN RNN RNN

2 1 7

h
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Figure 2: A Tensor Product Encoder
training step, where it is trained to ap-
proximate representations in a frozen
neural network.

Equation 3 shows the forward pass of a Tensor Product
Encoder (TPE; [39]), which operationalizes TPRs into an
architecture for approximating neural networks. A TPE
takes in a set of filler-role pairs and outputs a linearly
transformed TPR:

TPE({fi, ri}ni=1) = W vec(encode({fi, ri}ni=1)) + b.
(3)

Figure 2 presents an example of training a TPE to ap-
proximate the encoder hidden state of an RNN: Target
activations are obtained from the frozen RNN; then, the
TPE receives the input encoded as filler-role pairs;4 it is
then trained to minimize the mean squared error loss with
the target activation.

In interpretability research about representations, there are
often two central questions: (i) what concepts are encoded in the model, and (ii) what representational
structure/geometry is used to encode those concepts? Our focus is on (ii), such that our experiments
would benefit from having little uncertainty about (i)—that is, if we are reasonably confident about
what content is present, then we can run experiments that isolate the structural question (ii) because
the answer to (i) is already reasonably clear and does not require, e.g., complex unsupervised feature
discovery. Further, if we know which concepts to expect, we can use that information as the ground
truth in probe evaluations, making evaluation easier than what is possible in settings without a clear
ground truth. Accordingly, we apply the TPE architecture to two domains that each involve a fixed
structure: digit sequences with a fixed length of 6 and English sentences with a fixed sentence
structure of subject-verb-object (both discussed in the rest of this section). These fixed structures
make it straightforward to hypothesize which concepts/features are likely to be encoded. Future work
could extend our analyses to domains with more variable structure.

3.1 Synthetic sequences

Dataset: We first consider simple algorithmic tasks that involve copying and reversing randomly
generated sequences. We generate 50,000 sequences of length 6 with a vocabulary of 20 for each
task, split into train/validation/test following an 80:10:10 ratio. Details can be found in Appendix F.1.

Models: We train 1-layer encoder-decoder models: recurrent networks (RNNs; [10]), gated recurrent
units (GRUs; [6]), and long short-term memory networks (LSTMs; [25]) with embedding size 64
and hidden size 256. This setup results in six different conditions, one for each architecture-task
combination. All trained networks reach perfect accuracy; Appendix F.2 details training and results.

TPE Approximation: We freeze encoder-decoder models and train Tensor Product Encoders to
reconstruct their final encoder hidden state. The TPEs receive, as input, sequences encoded as
role-filler pairs of the position (1 through 6) and identity (1 through 20) of each token. The training
process and results are detailed in Appendix F.3. Averaged across all six conditions, TPEs achieve an
average substitution accuracy of 99.97% and R2 of 0.9385; R2 quantifies how well the approximation
captures the variation in activation values, and substitution accuracy—the proportion of the time that
the decoder produces the correct output when given the approximation rather than the true encoding—
quantifies how well the approximation captures the structure that is behaviorally relevant. The

4We manually specify the filler-role structure of an input in this work, though it can be made unsupervised ([63]).
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strong approximation metrics are evidence that the encodings being analyzed are indeed structured as
linearly-transformed TPRs.

3.2 SVO sentences

Dataset: Does TPE approximation extend beyond toy tasks to the representation of natural language
in state-of-the-art transformers? In order to answer this question, we create a set of structured
sentences with the template the <subject> will <verb> the <object>. The subject and
object are each sampled from a list of 77 occupations (e.g., “linguist”, “chef”), and the verb is
sampled from 5 possible verbs. See Appendix G.1 for more details.

Models: We analyze a set of language models and embedding models across various sizes. Qwen3-
8B [72], OLMo2-13B [48], and GPT-OSS-20B [49] (language models), and ModernBERT [71],
EmbeddingGemma [69] and Qwen3-Embedding-8B [73] (embedding models). We compute embed-
dings and representations for these models following their standard usage guidelines. For language
models, we analyze the representation of the period token, which [58] and [40] find captures the
content of the preceding sentence.

TPE Approximation: We train Tensor Product Encoders to approximate the representations for
each model. To construct the input for the TPEs, each sentence is translated into three filler-role
pairs for the subject, verb, and object of the sentence. For example, “the actor will see the chef.” is
translated into the pairs (actor, subject), (see, verb), (chef, object). Appendix G.2 details this set of
experiments; the TPEs achieve an R2 over 0.90 for all embedding models and an R2 over 0.60 for all
LLMs, indicating that they capture most of the variance in these models. The R2 is more modest for
the LLMs than for the embedding models, perhaps because the LLM vectors that we analyzed (i.e.,
the period representations) have not been explicitly optimized to act as sentence representations.

4 Additive analogies

Past work has found additive analogy structures within word embeddings; e.g., [42] observed analogy
quartets like “king − queen ≈ man − woman” where a relationship between two embeddings is
represented as a fixed vector difference. Here we first show that representations in our settings also
obey such analogies. We then show that additive analogies can be explained, both mathematically
and empirically, as an effect of TPR structure.

4.1 Performing analogy experiments for our setups

Synthetic sequences: We construct analogy quartets A,B,C,D for the sequence tasks by substitut-
ing tokens from a sequence, such as the following: <2 1 7> − <3 1 0> + <3 5 0> ≈ <2 5 7>.
We sample quartets by substituting up to three positions from an initial sequence (see Appendix H.1)
and report top-k accuracy by ranking the cosine similarity between the analogy vector (left-hand side)
and embeddings of all sequences that appeared in an evaluation quartet, and checking if the target
(right-hand side) is among the top-k.5 We find that the embeddings of trained models are highly
structured, with a top-1 accuracy of 99.2% (Figure 3).

SVO sentences: We generate quartets A,B,C,D by finding A and D within the test set such
that they differ by either subject or object, and then find B,C that shares the same difference (see
Appendix H.2 for details). We apply the same evaluation procedure to sentence-embedding models
and language-model hidden states, comparing the analogy vector against all sentences (Figure 3).

4.2 TPRs explain additive analogies

Additive analogies assume that substituting a component in a representation corresponds to a constant
vector offset. Here, we show that this is exactly what the TPR hypothesis predicts. As an example,
assume the encoder representation is (approximately) a TPE:

<x> = W vec
(∑

s

fx,s r
⊤
s

)
+ b,

5An important difference our evaluation and that of [42] is that we do not discard the embedding of the input sequence,
and we use all embeddings as the target comparison set. We make this change to address the concerns raised by [34]. See
Appendix H.3 for the full definition and implementation.
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sentence embeddings for embedding models, and last token hidden state for LLMs. TPE analogies
are constructed via Equation 4. TPE analogies match or exceed the accuracy of NN analogies.

where fx,s is the filler embedding at role/position s in input x. Consider two sequences where the
difference is changing only the 2nd position from 1 to 5:

A = <2 1 7>, D = <2 5 7>.

Substituting in the TPE approximation, we would predict the difference between the two representa-
tions to be

<2 5 7>− <2 1 7> = W vec(f5) r
⊤
2nd −W vec(f1) r

⊤
2nd = W vec(f5 − f1) r

⊤
2nd,

as all remaining filler-role pairs and the bias terms cancel. For any other pair (B,C) that differs
by the same substitution (e.g., B = <3 1 0> and C = <3 5 0>), the same cancellation applies.
Rearranging terms then yields the standard four-vector analogy (<2 1 7>− <3 1 0>+ <3 5 0> =
<2 5 7>). Generalizing, if we let S be the set of roles where two TPRs B and C differ, there is

<C>− <B> = W vec
(∑

s∈S
(fC,s − fB,s) r

⊤
s

)
, (4)

which predicts that additive analogies hold because they construct filler-role pair differences.

4.3 Additive analogies can be constructed from TPEs

Figure 4: PCA projection of Modern-
BERT encodings for sentence triplets
that differ only in subject. TPE-
predicted embedding differences, shown
in dashed arrows, closely align with
those of sentence triplets.

Using the trained TPE for each model, we compute the
analogy offset directly with Equation 4, without requiring
the embeddings for B and C, and subtract it from the
embedding of A. We evaluate with the same ranking-based
procedure as Section 4.1. Across sequences and SVO
sentences (Figure 3), TPE-constructed analogies match
or outperform standard vector analogies despite requiring
fewer forward passes (one instead of three) to compute the
left-hand side of the analogy.

Figure 4 shows that offsets between ModernBERT sen-
tence embeddings are similar across analogous sentence
pairs (cosine similarity 0.89± 0.03). TPE binding differ-
ences match the offsets closely (0.94± 0.01), consistent
with the account that the offsets represent filler-role bind-
ing differences.

5 Linear probing

Linear probes are classifiers (i.e., logits = Wh+ b) that predict features from representations. They
are widely used to discover implicitly encoded information within neural network representations
[12, 1, 24, 65, 37]. In this section, we first train linear probes on our task setups. Then, we show that
linear probes can be explained by and constructed from TPRs.
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Probes that classify the subject, verb, and object of a sentence given sentence embeddings; (c) Probes
that classify subject, verb, and object given a LLM’s period token representation at the last layer.

5.1 Performing probing experiments for our setups

For the synthetic-sequence models, we train one probe per position to take in the encoder’s final
hidden state and predict the number at the i-th position (e.g., 2 1 7 5 10 5 7→ 1 for the “second”
probe, Appendix F.4). Probes overall perform well, with near-perfect accuracies on RNNs and lower
accuracies on a portion of positions of the GRUs/LSTMs. For the SVO sentence setting, we train
three probes for each model to predict the subject, verb, and object from an input representation
(Appendix G.3). Trained probes achieve high accuracies across all models and syntactic positions.

5.2 TPRs explain linear probing

A probe is a linear map from hidden states to semantic labels, the same as TPR unbinding (Eq. 2).
Under the TPR hypothesis, probe parameters can therefore be viewed as performing an unbinding
mapping, which we can construct explicitly from a trained TPE via three steps: (i) invert the TPE’s
output layer to recover an approximate TPR encoding from the neural network representation, (ii)
unbind from the recovered TPR to extract the filler, and (iii) project the recovered filler embedding
onto the filler vocabulary to obtain classification logits. Full derivations are in Appendix D. As all of
the steps are linear operations, they can be composed together into the following linear probe weights:

Wprobe = F (u⊤j ⊗ Idf
)W+, bprobe = −Wprobe b. (5)

5.3 Linear probes can be constructed from TPEs

We utilize the above derivations to construct multiple probes from a single TPE and compare them to
trained probes. Constructed probes largely match trained probe accuracy across both digit sequences
and SVO sentences (Figure 5), achieving near-perfect accuracies at positions where the trained probes
perform well, and similarly worse accuracies at the positions where trained probes perform worse.

Beyond performance comparisons, the constructed probes also lend insight into the relationship
between different probes (e.g., subject and object probes). Specifically, the success of the probe
construction process (which reuses filler embeddings across positional probes) suggests that different
linear probes might be drawing upon shared structural components in the inputs that they decode
from — shared filler representations — despite differing in which role is unbound.

6 Sparse autoencoders

A sparse autoencoder (SAE) learns sparsely activating features that linearly reconstruct input acti-
vations. SAEs often yield semantically meaningful LLM features [28, 3, 16, 57, 64], though their
efficacy remains debated (e.g., [51, 66, 35]). In this section, we show that SAEs can be mathematically
and empirically explained by, and derived from, TPRs.
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6.1 Performing SAE experiments for our setups

We train SAEs on the sentence representations: sentence embeddings for embedding models and
period-token final hidden states for language models. To avoid having to heuristically assign interpre-
tations to features while still enabling tests of how well model representations can be decomposed
into SAE features, we follow [35] and [30] in defining a set of ground-truth concepts against which
SAE features can be compared. The ground-truth concepts that we use are pairings of a syntactic
position and a word (e.g., subject-actor, verb-see).

We train two types of SAEs: top-k SAEs, and supervised SAEs with an auxiliary loss aligning features
to ground-truth concepts (Appendix I). We report reconstruction scores (R2) and feature quality,
which measures for each concept the probability the feature activates more on examples where the
concept is present than on ones where it is absent. Both SAE types perform well in reconstruction
(Table 1), and supervised SAEs also achieve high feature quality. Top-k SAEs achieve lower feature
quality, but this is expected since they are not supervised in what the features should be.

6.2 SAEs can be derived from TPRs

A canonical SAE derives feature values from activations with a linear layer followed by a nonlinear
activation function, and then reconstructs the input with these features. The first layer, which maps
from activations to concept space, can be derived from the TPR unbinding operation in a similar way
as was done for linear probes. The weights and biases for an SAE can be constructed from a TPE as
follows, where Wenc,i and benc,i give the SAE feature for filler f⋆ bound to role rj (full derivations
are in Appendix E):

Wenc,i = W+⊤uj ⊗ f⋆, benc,i = −W⊤enc,ib, (6)

6.3 SAEs can be constructed from TPEs Table 1: SAE performance.

Model SAE type R2 Quality (%)

ModBERT Top-k 0.9803 72.52
Supervised 0.9676 99.99
TPE-constr. 0.9289 99.77

Gemma Top-k 0.9889 92.63
Supervised 0.9866 97.26
TPE-constr. 0.9679 99.98

Qwen3-Emb Top-k 0.9785 80.84
Supervised 0.9648 99.40
TPE-constr. 0.9163 99.53

Qwen3-8B Top-k 0.9710 94.11
Supervised 0.9979 99.78
TPE-constr. 0.9932 94.92

OLMo2 Top-k 0.9843 93.97
Supervised 0.9894 99.85
TPE-constr. 0.9822 99.32

GPT-OSS Top-k 0.9897 97.94
Supervised 0.9909 99.45
TPE-constr. 0.9846 99.92

We construct SAEs by instantiating one fea-
ture per filler–role pair, applying Equation 6
and concatenating the resulting features into
Wenc, benc, and set Wdec as the pseudoinverse
of Wenc. Table 1 shows the results of TPE-
constructed SAEs compared to trained ones for
both embedding-model and language-model rep-
resentations. Constructed SAEs also reconstruct
well (average R2 = 0.96), though their R2 is
lower than that of their trained counterparts;
a potential explanation is that TPEs are con-
strained to represent a filler-role pair as either
present or absent, while SAEs are more expres-
sive in that they give each feature a continuous
weight. Overall, the comparison between trained
and constructed SAEs shows that the fact that
model encodings can be decomposed via SAEs
can be explained via the TPR hypothesis.

7 Activation patching

The previous sections make connections be-
tween the TPR hypothesis and a range of interpretability methods used for analyzing representations.
A natural question to ask, then, is whether model behavior is causally affected by the TPR-like struc-
ture that is at the heart of our analyses. In this section, we hypothesize that the edits made by causal
intervention methods such as activation patching [70] implicitly work by modifying TPR filler-role
binding structure. We show that TPEs can be used to construct activation patching interventions with
outcomes comparable to standard activation patching, providing evidence that the TPR structure we
have identified in the previous sections is causally implicated in model behavior.
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7.1 Performing patching experiments for our setups

We start by considering an activation patching task based on our SVO-structured sentences; the
expected behavior is that the network will fill in the blank with the subject of the first sentence (e.g.,
linguist in the source example below):

Source: the linguist will see the student. the student will be seen by the ______
Destination: the actor will see the student. the student will be seen by the ______

An activation patching experiment intervenes on the forward pass of the destination prompt by
replacing the activation at a specific layer and token with the analogous activation from the source
prompt. If the activation is responsible for the model’s output, then the model’s response would also
change to the response it would produce given the source prompt. We run an exploratory experiment
on an autoregressive language model, OLMo-2-13B [48]. We run token-level activation patching on
the same set of three autoregressive language models as seen in Sections 5 and 6, using active/passive
SVO prompts. For each trial, we cache all activations from the source prompt, then patch a single
layer and token position in the destination prompt. To quantify the effect of a patching trial, we
compute restoration score, which measures how much the model’s behavior is restored via patching.6
Consistent with prior work [70], we find that the effective patch position shifts from the subject to the
final token from early to late layers.

7.2 TPRs explain activation patching

A patching experiment can only be effective if the activation being patched is systematically structured
in a way such that replacing an activation does not collapse the model’s performance but instead
modifies its behavior accordingly. If the patched representations are TPRs that systematically encode
the content of the sentence, then patching would indeed be successful. Further, the source/destination
difference would be in the filler bound to the subject role, such that the patched activation should
relate to the original activation via a binding difference:

hdest. = hsrc. −W
((
fsrc,subj − fdest,subj

)
⊗ rsubj

)
(7)

This would predict, in turn, that activation patching does not require two separate forward passes
to compute the source and target activations, as hdest can instead be constructed by subtracting the
binding difference from hsrc., seen in Equation 7.

7.3 Activation patching can be constructed via TPEs

We train TPEs, one for each layer of the chosen language models, to approximate its activations with
the same filler-role structure as the SVO sentences task. All TPEs are trained with filler dimension
128 and role dimension 4, 100 epochs, learning rate 0.002 with cosine scheduling, and batch size 256.

6Here, we follow best practices by Heimersheim and Nanda [22] and use NNSight [13] to run patching experiments.
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Then, we re-run activation patching on all token positions across all layers, constructing ĥdest. with
TPEs following Equation 7. Crucially, note that the TPE predicts an activation difference between
the source and destination prompts, and computes the destination prompt representation using that
difference instead of another language model forward pass. Figure 6 compares the mean restoration
score between the two sets of patching experiments across all layers of OLMo and all token positions.

To quantify the similarity of standard activation patching and TPE-constructed patching, we addition-
ally compute the Mean Absolute Error (MAE) and the Pearson Correlation Coefficient (r) between
the two sets of patching restoration scores. The results are reported below:

• OLMo-2-13B: r = 0.9998, MAE = 0.00098

• Qwen3-8B: r = 0.99999, MAE = 0.00052

• GPT-OSS-20B: r = 0.99991, MAE = 0.00135

As both metrics and Figure 6 demonstrates, TPE-constructed patching achieves near-identical results
as standard activation patching, correctly reproducing both the magnitude of the effect and the shift of
information position, suggesting that TPR structure can serve as an explanation for the mechanisms
underlying patching.

7.4 Relationship to other intervention-based methods

In the above experiment, we explicitly make comparisons between TPE-constructed patching and a
two-example patching setup. More broadly, our comparison can also be connected to the assumptions
of intervention-based methods that hypothesize that linearly adding and subtracting to representations
can causally affect model behaviors in meaningful ways: for example, steering vectors [67, 23, 55]
and causal abstraction [18, 19]. This assumption is consistent with the TPR hypothesis, and we
connect this assumption to activation patching.

8 Discussion

We have demonstrated that a range of mechanistic interpretability methods can be explained with a
single underlying structure, Tensor Product Representations. In doing so, we also deliver new insights
on how these methods operate: for additive analogies, we give a structural hypothesis for the vector
differences used in analogies. For linear probing, we show that different probes can be seen as the
unbinding of different roles to recover the same set of fillers. For sparse autoencoders, we show that
a dictionary of features can contain further internal structure. For activation patching, we show that
the difference between patched activations can be explained as a filler-role binding difference.

Towards structural insights in interpretability: A typical interpretability project usually aims to
provide an explanation for some behavior of interest within a model. While the explanation can be
seen as the main result, it also tests the underlying structural hypotheses. For much of the work that
involves interpreting transformers, the hypothesis usually involves some information — e.g. syntax
[24, 27], semantic objects [70, 41], or truth values [37, 26] — being represented in some specific way
— e.g., linearly [1, 29, 4, 68], in activations [20, 28], or by an attention head [7, 70, 60].

These structural assumptions are often treated as technical details or simplifications, necessary for
the resource and architectural constraints we operate under and justified by prior empirical results.
In contrast, we argue that the success of experiments based on these structural assumptions is an
important piece of evidence in its own right. In the short term, emphasizing structural insights helps
connect results across models and tasks. If successful explanations of models share similar structural
properties, then all can be seen as corroborating the same structural hypothesis. Starting with a
structural hypothesis then allows for deriving different interpretability methods as downstream results
supported by the same structure; e.g., the same TPE approximation can be used to derive multiple
analyses.

As a longer term goal, it also seems that interpretability should provide broad, structural descriptions
that persist across individual behaviors and architectures. Here we take inspiration from early biology
and cognitive science. Biology grew from its early descriptive stages of individual species and
phenomena to finding unifying regularities across domains [38, 9]. Cognitive science emerged from
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the unification of analyses from different disciplines [46, 43]. In a similar spirit, we envision that
a future “science of language models” should also seek to deliver structural insights that answer
questions concerning the nature of neural networks with respect to a broad class of models.

Relationship to the Linear Representation Hypothesis: The Linear Representation Hypothesis
can also be taken as a unifying theory for mechanistic interpretations [50]. TPRs encapsulate this
hypothesis but also add greater structure. Thus, TPRs can serve as a more expressive structural
hypothesis that can address two notable limitations of the Linear Representation Hypothesis.

First, filler and role bindings extend beyond the “bag of concepts” view to explain the structure used
to combine concepts, offering a theory of how position-content information can be compositionally
stored in a single activation that the Linear Representation Hypothesis cannot explain. This type of
expressivity is not only powerful but also considered essential for a range of cognitively significant
capabilities [45, 14], many of which are now important targets of explanation in language model
interpretability. As a concrete demonstration of such expressivity, we perform an exploratory
experiment training TPEs on datasets where a portion of the filler-role pairs are held out from the
training set, and we show that the approximation generalizes to these held-out examples (Appendix J).

The Linear Representation Hypothesis is also at odds with a growing body of empirical work showing
that neural network concepts are not always encoded in a one-dimensionally linear manner [8, 11].
TPRs are multi-dimensionally linear and can capture structures such as the one [8] describes: indeed,
our GRUs and LSTMs in Section 5 represent sequences in ways linear probes cannot fully recover,
yet the TPEs trained to approximate them can achieve perfect substitution accuracy.

9 Conclusion

We have shown that the Tensor Product Representation formalism can unify four popular interpretabil-
ity methods. Expanding such unification to additional methods and/or tasks can potentially deliver
additional insights into how interpretability findings relate to each other and to the literature on vector
symbolic architectures. Another avenue of work would be towards explaining how TPRs can account
for complex, varying structures that go beyond the structural expressivity of the Linear Representation
Hypothesis (e.g., syntax trees). More broadly, building theories of the shared structure that underlies
the full spectrum of analysis techniques is an important goal for interpretability research—a goal that
the current paper makes progress toward.
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A Overview of appendices

These appendices provide mathematical derivations, experimental details, and extended results that
complement the main text. The appendices start with tables listing notations and abbreviations
used throughout the paper. Then, separate sections detail the synthetic sequence and SVO sentence
datasets, then list model and training hyperparameters, followed by the evaluation procedures for
linear probing, analogies, sparse autoencoders, and activation patching.

B Finding unbinding vectors

Given a set of role vectors {r1, r2, . . . , rn} and the role matrix R where each column is a role vector,
unbinding vectors are vectors ui such that for all u and r’s, ui · rj = δij . Informally, the dot product
between the unbinding vector and a role vector should be 1 if and only if they correspond, and should
be 0 otherwise. Finding such unbinding vectors would allow for lossless information retrieval from
TPRs, as Section 2.2 shows.

If we denote the unbinding matrix U , where each column is an unbinding vector corresponding to
the role vector in the same column, it is not difficult to see that we have U⊤R = I if and only if R
is full-rank. As role vectors are real-valued, then as long as |{R}| ≤ dr, i.e., the number of roles
is less than or equal to the dimension of role vectors, R is very likely full-rank.7 Then, finding the
unbinding vectors simply requires computing the inverse of the role matrix.

For this reason, we limit our role dimensions choices to those larger than the number of roles in
all of our experiments.8 We also compute the regularized pseudoinverse for the unbinding vectors
as gradient descent finds noisy approximations of role vectors. We find that naively using the
Tikhonov-regularized pseudoinverse with λ = 0.1 works well for all our experiments.

C Recovering a TPR from neural network hidden state

A shared component between constructing linear probes (Appendix D) and SAEs (Appendx E), or
more generally, any application of TPR unbinding, is that they must first recover a TPR from the
neural network hidden states.

This step is non trivial. To give an example, the RNN we trained TPEs to approximate (Section 3.1)
has a hidden state size of 256, while the TPR binding has 64×64 = 4096 elements when flattened. As
such, the projection weights W form a down projection for most of the Tensor Product Encoder setups,
and recovering such a TPR would require computing an up-projection that entails an ill-conditioned
pseudoinverse.

One option, of course, is to constrain the dimensions of fillers and role such that the TPR always has
fewer elements than the activation it is trained to approximate. Empirically, however, we find that
this is not necessary or helpful. Instead, we find that merely using the pseudoinverse of W (in an
appropriately regularized form, as described below) is often possible, possibly because the flattened
TPR does not span its full vector space. We offer no principled explanations for why this is the case,
but provide a few observations from initial experiments:

1. If one trains a sequence-to-sequence model that reverses sequence with a hidden size of
400, and then trains TPEs with filler and role dimension of 20 to approximate it, computing
the (pseudo)inverse of the output projection layer gives an inverse transform that is able
to recover a TPR from its linearly transformed variant, but not the NN hidden states it is
trained to approximate, even though the two are closely correlated and the linear projection
layer is in principle invertible.

2. If one computes all of the singular values of the projection layer weight in the above-
mentioned TPE, there will be a large number of small singular values that are approximately

7To make a hand-wavy argument, R will be full rank with probability 1 assuming any reasonable family of continuous
distribution for r.

8TPRs also handle approximate unbinding as introduced in [62], which allows for packing significantly more role vectors
within a fixed high-dimensional space under a certain unbinding error limit. Here we circumvent the need to consider
approximate unbinding as it is outside the scope of the project.
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0, suggesting that the projection layer is not in fact full rank. This finding is, in hindsight,
unsurprising, as specifying a hyperparameter, the dimensionality of filler or role embeddings,
bears no weight on the representational structure of the sequence-to-sequence network and
the subspace it spans.

Both the observations above and the up-projection generally required are similar to finding the linear
best fit of an ill-posed regression problem. We thus apply the solution, applying a regularization
technique called the Tikhonov regularization:

W+
λ = (W⊤W + λI)−1W⊤, (8)

Where λ ≥ 0. Intuitively, setting a larger λ “dampens” the effect of small singular values on the
pseudoinverse. We find that setting this regularization parameter correctly is crucial to retrieving an
approximate TPR from a neural network hidden state. In our empirical experiments, the output layer
regularization λ is chosen with ternary search with respect to a batch of neural network activations and
their filler-role encoding: we start with a range of [10−12, 1012]. At each iteration, we compute the
pseudoinverse with the candidate regularization parameter, and then apply it on a batch of 128 neural
network activations to obtain approximate TPRs and compute its MSE loss with the TPRs encoded
with filler-role pairs. The algorithm repeats until it finds a ±10% range of possible regularization
parameters. The pseudocode for the full algorithm is in Algorithm 1.
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Algorithm 1 Ternary search for regularization using a batch objective

# inputs:
# batch_hidden: the neural network hidden states of a batch of data
# batch_filler_ids: the filler ids for the batch of data
# batch_role_ids: the role ids for the batch of data
# objective_fn: callable mapping log_lambda -> scalar loss
# log_lo, log_hi: search bounds in log10(lambda)
# tol: relative precision
# obtains:
# best_lambda: lambda minimizing objective_fn

def ternary_search_log_lambda(objective_fn, log_lo, log_hi, tol):
precision = log10(1 + tol)

while (log_hi - log_lo) > precision:
left_third = (2 * log_lo + log_hi) / 3
right_third = (log_lo + 2 * log_hi) / 3

loss_left = objective_fn(left_third)
loss_right = objective_fn(right_third)

if loss_left < loss_right: # minimize
log_hi = right_third

else:
log_lo = left_third

best_log = 0.5 * (log_lo + log_hi)
best_loss = objective_fn(best_log)
return best_log, best_loss, (log_lo, log_hi)

# --- batch objective used for output-layer inversion ---
# inputs:
# batch_hidden: [B, D] hidden states to invert
# batch_filler_ids: [B, N], batch_role_ids: [B, N]
# model: provides output-layer inverse and ground-truth TPR

def batch_objective(log_lambda):
W_inv = output_layer_inverse(model, l2_lambda=10**log_lambda)
recovered_tpr = linear(batch_hidden, W_inv)
gt_tpr = model_tpr(batch_filler_ids, batch_role_ids)
return mse(recovered_tpr, gt_tpr)

# call:
best_log, best_loss, bracket = ternary_search_log_lambda(

objective_fn=batch_objective,
log_lo=LOG_LO,
log_hi=LOG_HI,
tol=TOL,

)
best_lambda = 10**best_log

20



D Constructing linear probes from TPRs

Outline The derivation takes three main steps:

1. recover vec(E) from h.
2. unbind the recovered TPR with uj

3. project the unbinding result, which is a predicted filler embedding, onto filler vocabulary

We provide a complete derivation of the analytic probe used in Section 5. We start with the standard
TPR setup:

TPR setup Let fillers fi ∈ Rdf and roles ri ∈ Rdr . The (unflattened/unprojected) TPR matrix is

E =

n∑
i=1

fir
⊤
i ∈ Rdf×dr . (9)

A Tensor Product Encoder maps E to a hidden state h ∈ Rdh by

h = W vec(E) + b, (10)

with projection W ∈ Rdh×(dfdr) and bias b ∈ Rdh . Let uj be the unbinding vector for role rj , so
that r⊤i uj ≈ δij .

Lemma 1 (unbinding identity). For any E ∈ Rdf×dr and u ∈ Rdr ,

E u = (u⊤ ⊗ Idf
) vec(E). (11)

Proof. This is the standard Kronecker/vec identity (x⊤ ⊗ Im) vec(A) = Ax.

Lemma 2 (recovering the filler from h). Let W+ denote the pseudoinverse of W , such that
W+W ≈ I . Then the filler fj bound to role rj can be (approximately) recovered via the following:

(u⊤j ⊗ Idf
)W+(h− b).

Proof. First, the flattened TPR vec(E) can be recovered via the following

h = W (vec(E)) + b (12)
ˆvec(E) := W+(h− b) = W+((W (vec(E)) + b)− b) ≈ vec(E) (13)

Plugging ˆvec(E) into Equation 11 gives

Êu = (u⊤j ⊗ Idf
)W+(h− b), (14)

where the left hand side is the TPR unbinding operation (Equation 2). Thus,

f̂j = (u⊤j ⊗ Idf
)W+(h− b), (15)

which approximates the filler bound to role rj . Note that when the inverse W+ is the exact inverse
(W+W = I), the filler is exactly recovered instead of approximately recovered.

Classification over the filler vocabulary Let F ∈ R|F|×df be the matrix of fillers used for
classification (rows are filler vectors, optionally normalized). The logits for role rj are

logits(h) = F f̂j = F (u⊤j ⊗ Idf
)W+(h− b). (16)

Thus the analytic probe is linear in h with parameters

Wprobe = F (u⊤j ⊗ Idf
)W+, bprobe = −Wprobe b. (17)

This yields a fully specified linear probe with no additional training.
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E Constructing SAEs from TPRs

Outline We consider deriving individual feature vectors, which we then compose into an SAE by
constructing feature vectors for all possible concepts. The derivation takes 3 main steps, in a structure
analogous to linear probe construction:

1. express a desired binding score as a linear function of vec(E).
2. substitute the TPE inverse to obtain a linear detector in h.
3. embed the detector as an SAE feature via (Wenc, benc) and set a compatible decoder.

Setup. Let h = W vec(E) + b be a linearly transformed TPR, with E =
∑

i fir
⊤
i . An SAE with

hidden features z ∈ Rm has the form
z = ReLU(Wench+ benc), (18)

ĥ = Wdecz + bdec. (19)
We construct features that “detect” concepts, i.e., s(h) = d⊤h+ c.

Lemma 3 (binding detector) Let uj be the unbinding vector for role rj and let f⋆ be a filler
embedding. Define

d(f⋆,rj) = (W+)⊤(uj ⊗ f⋆), c(f⋆,rj) = −d⊤(f⋆,rj)b. (20)
Then the scalar

s(f⋆,rj)(h) = d⊤(f⋆,rj)h+ c(f⋆,rj) (21)

approximates the binding score f⊤⋆ Euj .

Proof. Using the TPE-constructed linear probe weights (Equation 16), and setting the set of filler
embeddings F as a single filler f⋆,

f⊤⋆ Euj = (uj ⊗ f⋆)
⊤W+(h− b) = d⊤(f⋆,rj)h+ c(f⋆,rj). (22)

Embedding into SAE parameters For a feature with detector (d, c), set the k-th encoder row
to Wenc[k, :] = d⊤ and bias benc[k] = c. Then the SAE feature is ReLU(d⊤h + c), which gives
the binding score f⊤i Euj for the filler i- role j pair. This allows the SAE to reconstruct by setting
Wdec = W+

enc and setting decoder bias such that it cancels the encoder bias, i.e. bdec = −Wencbenc.
The construction yields explicit SAE features for a collection of specific filler-role bindings derived
from the TPE projection and unbinding vectors.

F The synthetic sequences task

F.1 Task and dataset

The sequence manipulation task is a sequence-to-sequence task that involves manipulating randomly
generated sequences of tokens. We describe the complete data schema and generation procedure
below.

We specify a vocabulary of 20 tokens. For clarity, we identify tokens with their index,
{0, 1, 2..., 18, 19}. Each unit of the sequence is chosen independently from a uniform distribution
over the vocabulary. Then, depending on the task, the target output is generated by algorithmically
manipulating the input: for the copy task, it is the same as the input sequence; for reverse, the
positions of tokens are reversed. We give the two tasks and an example input–output pair of each task
below in Table 2. A total of 50,000 examples, all of length 6, are generated for each task. They are
split into 80% (40,000) train, 10% (5,000) evaluation, and 10% (5,000) test. The generated sequences
are cached and preserved across training runs.

F.2 Sequence-to-sequence models

We train one-layer encoder–decoder RNNs, GRUs, and LSTMs on the two sequence tasks (copy,
reverse) using the dataset described in Appendix F.1. The trained model checkpoints for each
task/architecture are then reused across all sequence experiments (TPE approximation, linear probes,
and analogies).
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Table 2: Example input–output pairs for the sequence manipulation tasks: copy returns the input
unchanged, and reverse outputs the reversed sequence.

Task Input Output

Copy 2 1 7 5 10 5 2 1 7 5 10 5
Reverse 2 1 7 5 10 5 5 10 5 7 1 2

Special tokens To format the task in a way that is friendly to encoder–decoder models, we prepend
and append special tokens to the sequences. For the encoders, each input sequence is prepended
with <bos> and appended with <sep>. For example, the input sequence 2 1 7 5 10 5 translates
to 8 input tokens to the encoder, <bos> 2 1 7 5 10 5 <sep>. The decoder starts generation with
<bos> as input, and we take the decoder’s generation to be complete when it reaches 10 tokens or
outputs an <eos> token.

Hyperparameters The models are all one-layer, with an embedding size of 64 and hidden state
size of 256. The LSTM also has a cell state size of 256. The models do not have dropout. They are
trained with the AdamW optimizer, with a batch size of 128, for 60 epochs. The learning rate follows
a linear warmup over the first 100 steps, followed by a cosine decay schedule, peaking at 0.002. The
best checkpoint, selected via validation split accuracy, is stored.

Evaluation and results The trained models are then evaluated for their accuracy on the test split.
We compute two metrics: the token level accuracy, which is teacher-forced by having the decoder
receive the ground-truth input at each step, and computing the proportion of times the decoder outputs
the correct token. The sequence level accuracy uses no teacher forcing, instead letting the decoder
generate until it emits an <eos> token or reaches 10 tokens, and computes the proportion of times
the generated sequence matches the ground truth as a whole. The token accuracy setting mirrors
training more closely, while the sequence accuracy measures the ability of the trained network to
actually perform its training task. Both are reported in Table 3, and we see that the trained networks
all achieve perfect accuracy.

Table 3: Sequence-to-sequence model test accuracies with token- and sequence-level metrics.

RNN LSTM GRU

Task Token Sequence Token Sequence Token Sequence

Copy 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Reverse 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

F.3 Tensor Product Encoders

For each sequence-to-sequence model, we train a TPE to reconstruct the encoder’s final hidden state.
These TPEs are then stored and reused across the experiments: analogy evaluation (Appendix H) and
probe construction (Appendix D).

The output dimension of the TPEs trained to approximate RNNs and GRUs is 256. For LSTMs,
the TPE approximates the concatenated vector composed of the encoder’s hidden state and cell
state, so its output dimension is 512. The filler embeddings for the TPEs are the same size as the
sequence-to-sequence model’s vocabulary size. For roles, we do a simple left-to-right assignment of
roles, including special tokens. After adding in a null token used for padding, this results in a total of
9 role embeddings.

Hyperparameters After doing an exploratory analysis optimizing for a large range of hyperparam-
eters, we find that TPE training is quite insensitive to hyperparameters. We thus heuristically choose
one set of hyperparameters proven to be successful approximating some of the sequence-to-sequence
models, and reuse across all tasks and architectures. All the TPEs have filler and role dimensions 64,
and are trained with batch size 64, learning rate 0.002 with a constant learning rate schedule, for 20
epochs. The checkpoint achieving the lowest evaluation loss during training is saved.
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Table 4: Tensor Product Encoder substitution R2 and token and sequence-level accuracies on the test
split.

RNN LSTM GRU

Task Token Sequence R2 Token Sequence R2 Token Sequence R2

Copy 1.0000 1.0000 0.9853 1.0000 1.0000 0.9754 0.9998 0.9990 0.9343
Reverse 1.0000 1.0000 0.8325 1.0000 0.9998 0.9721 0.9999 0.9996 0.9311

Table 5: Probe accuracy (%) comparison between trained vs analytically constructed probes on the
sequence manipulation task. The results provided here correspond to the data used in plotting figure 5.

Model Position Copy Reverse
Trained Constructed Trained Constructed

GRU 1 100.00 100.00 58.70 57.34
2 100.00 100.00 85.84 76.68
3 99.88 99.96 91.52 84.70
4 99.12 99.08 98.40 97.32
5 94.32 86.84 100.00 99.96
6 95.00 90.18 100.00 100.00

LSTM 1 100.00 100.00 65.86 75.62
2 97.78 95.28 70.58 63.48
3 91.12 86.70 75.36 68.24
4 86.74 88.12 87.12 82.68
5 85.14 71.68 98.90 98.82
6 96.20 98.62 100.00 100.00

RNN 1 100.00 99.28 100.00 98.66
2 100.00 95.28 100.00 98.74
3 99.78 93.22 100.00 98.60
4 99.86 95.56 100.00 98.38
5 100.00 99.50 100.00 98.70
6 100.00 100.00 100.00 97.74

Evaluation and results As introduced in Section 3, we evaluate trained TPEs via two metrics: the
R2 between the sequence-to-sequence model’s hidden state and the TPE’s approximation, and the
substitution accuracy, which measures the accuracy of the decoder model if its initial hidden state is
generated by the TPE instead of the encoder model. The results are reported in Table 4, where we see
that all the TPE approximations achieve high R2 and near-perfect substitution accuracies across both
tasks.

F.4 Linear probes

We train linear probes that take in the final encoder hidden state to predict the token identity at
each input position. This results in 6 probes (one for each possible position) for each of the 6
sequence-to-sequence models.

The probes are all trained using the train split of the synthetic sequences dataset, with labels generated
by algorithmically identifying the token that takes a specific position.

Hyperparameters All 6 (number of positions/probes per model) × 2 (number of tasks) × 3
(number of architectures) probes share the same hyperparameters: they are trained for 5 epochs, with
a batch size of 256, constant learning rate of 5× 10−3.

Evaluation and results We evaluate the probes on the test split and report accuracy as the proportion
of times the probe’s most likely label matches the ground truth. The accuracies for trained probes are
presented as blue bars in Figure 5. The exact values can be found in Table 5.
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Table 6: Example generated sentences.

the carpenter will see the magician.
the tutor will help the engineer.
the violinist will see the dancer.
the umpire will help the librarian.
the intern will visit the scientist.

Table 7: List of the 77 occupation nouns used as <subject> and <object> in the SVO template.

professor student president judge senator secretary doctor lawyer
scientist banker tourist artist author actor athlete teacher
engineer accountant architect chef photographer farmer ambassador astronaut
astronomer blacksmith baker barber biologist butler chemist composer
cartoonist coach captain carpenter dancer director drummer detective
explorer economist editor governor gardener illustrator intern inventor
journalist linguist manager magician mayor miner mathematician musician
novelist nurse painter philosopher physicist politician programmer pilot
poet reporter referee sailor spy translator treasurer technician
tutor umpire violinist writer librarian

G The SVO sentences task

G.1 Structured sentences

For transformer language models, we base our experiments on a set of simple subject-verb-object
(SVO) sentences of the following structure:

the <subject> will <verb> the <object>.

To generate the dataset, we chose a list of 77 nouns of occupations (e.g. lawyer, student, farmer), and
5 verbs, “see”, “help”, “visit”, “teach”, “call”. We selected these verbs because an occupation term is
semantically reasonable as the subject or direct object for any of them. The dataset is generated by
exhaustive combination of the above, creating a total of 772 × 5 = 29645 examples. They are then
divided into train, evaluation, and test splits at the ratio of 80%:10%:10%, similar to the examples
in the sequence task, resulting in 23,717 train examples, 2,965 evaluation examples, and 2.966 test
examples. Tensor Product Encoders are trained with embeddings of sentences on the train split,
selected on the evaluation split, and final metrics are reported on the test split. Since the dataset
contains no duplicate sentences, all test sentences are unseen. Table 6 shows a few sample sentences
generated by this procedure. The full list of occupations can be seen in Table 7.

G.2 Tensor Product Encoders

We train TPEs to reconstruct sentence embeddings for three embedding models. The TPEs receive as
input 3 filler-role pairs, corresponding to the subject, verb, and object of the sentence, respectively.
As an example, the sentence the carpenter will see the magician. will be translated, algo-
rithmically, into the TPE input pairs {(carpenter, subject), (see, verb), (magician, object)}. This
filler-role scheme captures the possible variations between different sentences. The period and the
words the and will are constant across all sentences in the dataset, so we hypothesize that they do
not need to be included in the representation of each sentence because the bias term (of Equation 3)
should be able capture the invariant offset that would result from including them.

Encoding We use the SentenceTransformers library [59] to access the embedding models and
encode sentence representations. All models are loaded with bfloat16 datatype. For ModernBERT,
we use its embedding model variant nomic-ai/modernbert-embed-base. The model is trained
for vector embedding search, and requires an embedded sentence to be either a query or document. To
align with its expected usage, we prepend “query_document” to all sentences before encoding them.
Qwen3-Embedding-8B and EmbeddingGemma encode sentences out-of-the-box, so we directly use
them to encode the sentences with no modifications.
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Table 8: SVO TPE metrics on the held-out test split.

Type Model R2 MSE

Embedding Model
ModernBERT 0.9396 4.27× 10−5

EmbeddingGemma 0.9155 1.57× 10−5

Qwen3-Embedding-8B 0.9000 9.51× 10−6

LLM
Qwen3-8B 0.7052 3.50× 10−2

OLMo-2-13B 0.6440 3.28× 10−2

GPT-OSS-20B 0.7423 5.16× 10−1

Table 9: SVO probe accuracy (%) for trained vs analytically constructed probes on SVO sentences.

Model Role Trained Constructed

ModernBERT Subject 99.26 89.61
Verb 100.00 98.01
Object 96.49 91.53

EmbedGemma Subject 99.83 100.00
Verb 100.00 99.83
Object 99.87 99.80

Qwen3-8B Subject 99.93 99.70
Verb 100.00 100.00
Object 99.87 98.31

For the LLM experiments, we use decoder-only language models and cache the final-layer hidden
state at the sentence-final period token via Huggingface Transformers. We use this punctuation-token
representation because it occurs after the full SVO sentence has been processed.

Hyperparameters We train TPEs to approximate the sentence embeddings previously generated
with the hyperparameters listed below.

1. ModernBERT: Filler dimension 128, role dimension 4; trained for 100 epochs with an
initial learning rate of 0.002, following cosine decay schedule.

2. Qwen3-Embedding-8B: Filler dimension 128, role dimension 4; trained for 100 epochs
with an initial learning rate of 0.002, following cosine decay schedule.

3. EmbeddingGemma: Filler dimension 128, role dimension 4; trained for 100 epochs with
an initial learning rate of 0.005, following cosine decay schedule.

For the LLM punctuation-token TPEs, we use the following hyperparameters:

1. Qwen3-8B: Filler dimension 256, role dimension 4; trained for 100 epochs with an initial
learning rate of 0.004, following a cosine decay schedule.

2. OLMo-2-13B: Filler dimension 256, role dimension 4; trained for 100 epochs with an initial
learning rate of 0.004, following a cosine decay schedule.

3. GPT-OSS-20B: Filler dimension 256, role dimension 4; trained for 100 epochs with an
initial learning rate of 0.004, following a cosine decay schedule.

We evaluate TPEs at the end of every epoch on the evaluation split of the dataset, and save when the
metrics are better than the last saved checkpoint. For each model, we choose the checkpoint with best
evaluation loss and report its performance on the test split. The final metrics for all TPEs are reported
in Table 8

G.3 Linear probes

We train linear probes to classify the subject, verb, and object given a sentence embedding. Probes
are trained with all 23,717 sentences in the train set, batch size 256, and a constant learning rate
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of 0.005. We train for 20 epochs for ModernBERT and EmbeddingGemma, and 50 epochs for
Qwen3-Embedding-8B, confirming that evaluation loss plateaus by inspecting training logs. Due to
the simplicity of the task, we did not perform automated hyperparameter searches. Analytic probes
are evaluated with batch size 256 on the held-out test split. Results are reported for each probe
(subject/verb/object) on the test split.

Each role probe predicts a 77-way subject/object label or a 5-way verb label. All trained probes
perform well, and all but the object probe trained on ModernBERT reach near-perfect accuracy. The
results are visualized in Figure 5b, and also presented in Table 9.

H Additive analogy construction and evaluation

Below we describe the exact procedure for constructing and evaluating additive analogy quartets on
our task setups.

H.1 Synthetic sequences

The analogy quartets are set up as follows. Denote the 4 sequences of an analogy quartet A,B,C,D.
We draw sequence A from the test split of each task. Given A = (a1, . . . , a6) (since all sequences in
the dataset are length 6), we sample a set of substituted roles S ⊂ {1, . . . , 6} uniformly at random
with 1 ≤ |S| ≤ 3. We call the remaining positions, R = {1, . . . , 6} \ S, the retained roles. We then
construct sequences

B = A(R←ã), C = A(S←â, R←ã), D = A(S←â),

where S(P←a) denotes the replacement operation, replacing the positions in P with random tokens
from â and ã, two randomly generated sequences that are different at each position from the original
sequence A. Thus, B and C differ only on S, and D is A with exactly those positions replaced. The
analogy quartets all contain special tokens, so the recurrent encoders can encode them as normal
inputs. Example (5) demonstrates a quartet constructed from the algorithm above:

(5) Example (sequence analogy):
A = <bos> 2 1 7 5 10 5 <sep>
B = <bos> 9 3 7 8 10 4 <sep>
C = <bos> 9 3 0 8 10 4 <sep>
D = <bos> 2 1 0 5 10 5 <sep>

We evaluate analogies by sampling 1000 analogies per model and task. We compute analogy vectors
using both the standard three-embedding method and the TPE-constructed method, then evaluate
top-k accuracy using the algorithm described in Appendix H.3.

H.2 SVO sentences

For SVO sentences, we construct analogies from the test split by varying exactly one role (subject,
verb, or object) while holding the other two fixed. For subject analogies, we group sentences by fixed
(verb, object) values; within each group, for every ordered pair of distinct subjects (valA, valC), we
seek another group with a different (verb, object) pair that contains both subjects. We then form A
and D from the first group and B and C from the second group, yielding a quartet A,B,C,D where
only the subject role varies. Object analogies are constructed analogously by grouping on (subject,
verb) and varying the object role. We stop at the first matching second group for each (valA, valC)
pair.

Analogies are ranked against all possible SVO sentences, although the quadruples themselves are
built only from the test split. This evaluation procedure yields exactly 44,468 analogies in total
(22,488 subject analogies and 21,980 object analogies). Below we show one such example quartet:

(6) Example (subject analogy):
A = “the doctor will see the patient .”
B = “the doctor will help the student .”
C = “the lawyer will help the student .”
D = “the lawyer will see the patient .”
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H.3 Evaluation

Top-k accuracy Given an analogy vector v (either e(A)− e(B) + e(C) or the TPE-constructed
variant) and a candidate pool of embeddings {ei}Ni=1, we rank candidates by cosine similarity

si =
v⊤ei

∥v∥2 ∥ei∥2
.

Let i⋆ be the index of the target sentence/sequence D. The rank of the target is

rank(v) = 1 +

N∑
i=1

1{si > si⋆},

and top-k accuracy is the fraction of analogies with rank(v) ≤ k.

A parallelized implementation Computing cosine similarity between vectors and ranking them
sequentially is inefficient and takes an unreasonable amount of time even for our relatively small
evaluation set. We implement the same computation in a vectorized way. First, cosine similarities
are computed in batch between all embeddings. Then, we index the target’s similarity as an entry
from the resulting cosine similarity matrix, and do distributed comparison between the target cosine
similarity and every cosine similarity with masking. We present implementation pseudocode below:

Algorithm 2 Computing top-k accuracy for analogies

# inputs:
# V: analogy vectors, shape [B, D]
# E: candidate embeddings, shape [N, D]
# target_idx: index of target D for each analogy, shape [B]
# k: specifies top-k accuracy
# obtains:
# topk: the top-k accuracy

E = E / (norm(E, axis=1, keepdims=True) + 1e-12) # [N, D]
V = V / (norm(V, axis=1, keepdims=True) + 1e-12) # [B, D]

S = E @ V.T # [N, B] Cosine similarity
matrix

target_sim = S[target_idx, arange(B)] # [B]
ranks = 1 + (S > target_sim).sum(axis=0) # [B]

topk = mean(ranks <= k)

I Training and evaluating sparse autoencoders

We train SAEs on SVO sentence representations using two variants: top-k SAEs, and supervised SAEs,
where the first is a standard performant SAE architecture, and the second is a modified architecture
specifically suiting our purposes. For embedding models, the representations are sentence embeddings.
For language models, the representations are cached final-layer hidden states at the sentence-final
period token, using the same punctuation-token representations described in Appendix G.2. All SAEs
are trained on the train split of the relevant SVO dataset, then evaluated on the held-out test split.

Throughout this section, we term a row in the SAE’s weight encoder weight matrix a “feature”, and
the value corresponding to it in the intermediate layer of the SAE the “feature activation”. We term
the explanation assigned to the feature the “concept”, which is often a semantic content-syntactic role
pair, such as “subject-linguist”.
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I.1 Reconstruction R2

We report reconstruction R2 and feature quality. For reconstruction, given inputs x and reconstructions
x̂, we compute

R2 = 1−
∑

∥x− x̂∥22∑
∥x− x̄∥22

, (23)

where x̄ is the mean representation in the dataset used for evaluation. R2 captures how well the
SAE’s reconstruction recovers the input representations with respect to the total variations within
the evaluation dataset, where 0 stands for (roughly speaking) no correlation, and 1 stands for perfect
reconstruction. This metric allows us to quantify the quality of SAE reconstructions across models
that widely differ in sizes.

I.2 Feature quality

Motivation A feature is meaningful if its activations correlate well with whether a given concept is
present within the example — intuitively, the feature should activate highly when the concept it tracks
is present, and should not activate (as highly) when the concept is not. We cash out this notion of
“well-rankedness” by asking, for a given feature and concept, the probability that a positive example
(containing the concept) is ranked above a negative example (not containing the concept) by that
feature’s activation.

Definition For each feature k, let a(k)i denote its activation on example i. Fix a concept yk for this
feature and define the positive and negative sets

Pk = {i : example i contains yk}, Nk = {i : example i does not contain yk}.

We define the quality score for the feature evaluated on this concept as the probability a randomly
sampled pair of positive-negative samples are well-ranked, i.e.,

Quality(k) =
1

|Pk||Nk|
∑
i∈Pk

∑
j∈Nk

[
1{a(k)i > a

(k)
j }+ 1

21{a
(k)
i = a

(k)
j }

]
.

This metric gives 1.0 for perfect separation, and 0.0 for perfectly reversed ranking. To compute
the quality score for an SAE, we take the average across the quality score of all its features. The
pseudocode illustrating how we compute feature quality of an SAE in the code implementation is
presented below:

Algorithm 3 Computing feature quality

# inputs:
# A: activations, shape [num_examples, num_features]
# example_labels: concepts that are present in each example (e.g., subject-

linguist)
# feature_labels: assigned concept for each feature
# obtains:
# scores: list of quality scores for every feature

scores = []
for k in range(num_features):

y = feature_labels[k]
pos = where(example_labels == y)
neg = where(example_labels != y)
if len(pos) == 0 or len(neg) == 0:

continue
a_pos = A[pos, k] # [n_pos]
a_neg = A[neg, k] # [n_neg]
score = mean( (a_pos[:,None] > a_neg[None,:]) +

0.5 * (a_pos[:,None] == a_neg[None,:]) )
scores.append(score)
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Assigning concept to unsupervised SAEs For supervised and constructed SAEs, each feature is
explicitly trained to correspond to a pre-defined concept. However, top-k SAEs are unsupervised, and
we do not know a priori what concept a feature corresponds to, if anything. We thus run the above
evaluation process for each feature with every possible concept on the train set, and assigning the
feature the concept for which it performs best on. We then report the quality score by evaluating it
again on the test set, this time specifying the concept as the one we previously assigned.

I.3 Top-k SAEs

We train top-k SAEs [36], which can be thought of as a way to modify standard SAEs by replacing
the activation function with keeping only the k-highest activated units.

As there is no guarantee that the k-highest activated units follow the same distribution between
training and test stages, we follow the standard procedure [16] of storing a moving average of the
numerical threshold for top-k activations during training, and use the numerical threshold instead at
evaluation time.

Following standard practices [64], we also employ dead neuron resampling: with randomly initialized
features, it may be the case that some feature directions never get activated by examples in the training
set. We thus keep a running record of features that have not been activated during training (or since
the last resampling step), and resample them by randomly initializing them again. During training,
we set an n resamples hyperparameter, which then defines evenly spaced resampling steps throughout
training. For example, training for 20 epochs with 4 resampling steps will result in resampling at
the end of the 4th, 8th, 12th, and 16th epochs. We have found that increasing the number of times
resampling is performed to be essential for the SAEs to discover high-quality features that align with
human expectations (e.g., subject-doctor).

Hyperparameters Due to standard concerns about hyperparameter sensitivity during SAE training
[51], we perform a random search over the span of hyperparameters: k ∈ {4, 8, 16, 32}, hidden
dimension ∈ {128, 256, 512, 1024}, batch size ∈ {64, 128, 256}, learning rate ∈ [10−5, 5× 10−3]
(sampled with log-uniform distribution), and resample times ∈ {1, 2, 5}.

We train each model for 200 epochs,9 where the first 5% (10 epochs) applies linear learning rate
warmup, and heuristically select the checkpoint (among all hyperparameter search checkpoints)
that achieves the best sparsity-reconstruction tradeoff: that is, the trained SAE should have sparsely
activated features with a sparsity that aligns with human expectations. Any SAE that is more sparse
will have a worse loss than the chosen one, and any SAE with lower loss will not be as sparse. In the
end, the chosen top-k SAE checkpoints have the following hyperparameters:

• ModernBERT: hidden dimension 1024, k = 8. Learning rate = 6.658× 10−4, batch size
= 256.

• Qwen3-Embedding-8B: hidden dimension 1024, k = 32. Learning rate = 1.508× 10−3,
batch size = 256.

• EmbeddingGemma: hidden dimension 1024, k = 8. Learning rate = 4.815× 10−4, batch
size = 128.

For the language-model punctuation-token experiments, the top-k baselines are selected from 40
total sweeps run over hidden dimension {512, 1024, 2048, 4096}, k ∈ {8, 16, 32, 64, 128}, batch
size {128, 256}, learning rate sampled log-uniformly from [10−5, 5× 10−3], and resampling times
{2, 5, 8}. The sweep uses Weights and Biases’ Bayesian backend. These models are also trained
for 200 epochs. The selected checkpoints optimize feature quality on the validation split, with the
following hyperparameters:

• Qwen3-8B: hidden dimension 4096, k = 64. Learning rate = 1.69 × 10−5, batch size
= 256, resample times = 5.

• OLMo-2-13B: hidden dimension 2048, k = 128. Learning rate = 3.72× 10−3, batch size
= 128, resample times = 2.

9This is a significantly larger number of epochs compared to what is commonly seen for SAE training, and we find this to
improve results significantly as our training dataset is quite small (approximately 25 thousand examples).
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• GPT-OSS-20B: hidden dimension 1024, k = 128. Learning rate = 4.19× 10−3, batch size
= 128, resample times = 5.

Supervised SAEs A supervised SAE pre-assigns a concept for each of its features at initialization
time, and as such always has 159 features (77 (subjects) + 77 (objects) + 5 (verbs)). In addition to
standard SAE losses, it adds an auxiliary “supervision loss”, which is a cross-entropy loss between
the SAE’s pre-ReLU intermediate activations and the ground truth concepts that are present. Each
sentence in our dataset contains 3 concepts (one each for subject, verb, and object), so the target
distribution the intermediate activations are trained to approximate is one that assigns three labels 1/3
probability, and 0 to the rest of the labels. Formally, given an input embedding x ∈ Rd, the encoder
computes pre-activations and activations

a = Wex+ be, z = ReLU(a), (24)

and the decoder reconstructs
x̂ = Wdz + bd. (25)

The standard SAE loss is the sum of reconstruction error and an L1 sparsity penalty on the activations:

LSAE = ∥x̂− x∥22 + λ∥z∥1, (26)

where λ is the sparsity weight. The supervision loss is applied to the encoder pre-activations a. For
each example we build a multi-label target vector y ∈ {0, 1}F with three ones (subject, verb, object)
and normalize it to a distribution ỹ = y/

∑
j yj = y/3. We then compute a cross-entropy loss against

the softmax of a:

Lsup = −
F∑

j=1

ỹj log softmax(a)j . (27)

The total objective is
L = LSAE + αLsup, (28)

where α is the supervision weight.

As cross-entropy loss biases features towards negative infinity, we find that setting the supervision
weight and no additional L1 regularization is sufficient for sparse activations. The embedding-
model SAEs are trained with sparsity penalty 0.0, and supervision weight 0.05 (ModernBERT,
EmbeddingGemma) or 0.02 (Qwen3-Embedding-8B). The language-model SAEs use sparsity penalty
0.0, supervision weight 0.02, and a dead-latent threshold of 10−6. All supervised SAEs are trained
for 40 epochs, learning rate 2×10−3, warmup ratio 0.05, and batch size 128. For the language-model
SAEs, we checked seeds {13, 42, 101} and found stable reconstruction at the displayed precision:
mean R2 is 0.9979 for Qwen3-8B, 0.9894 for OLMo-2-13B, and 0.9907 for GPT-OSS-20B.

J TPR substitutions systematically generalize

TPRs have a compositional structure that is systematically constructed from filler and role embeddings.
If this predicted structure matches with that of the neural network representations that we are
analyzing, then we would expect TPR approximations to generalize: that is, even if we train the TPR
approximation on only a subset of possible filler-role combinations, the learned TPR approximation
should nevertheless generalize to novel filler-role combinations in the evaluation set. Below we test
this hypothesis on both the synthetic sequence tasks and the SVO sentences task, showing that in
both situations the TPE approximation generalizes to novel filler-role pairs.

J.1 Synthetic Sequences

For the synthetic sequences experiments, we construct fixed-length-6 copy and reverse datasets in
which one randomly chosen number-position pair is held out at each position: (2, 1), (7, 2), (13, 3),
(4, 4), (18, 5), and (10, 6). The train, validation, and test splits contain no examples with any of
these held-out pairs, while the generalization split contains 5000 examples, each of which contains at
least one held-out pair. Thus the generalization split tests whether a TPE trained without a particular
filler-role binding can still reconstruct the encoder state for sequences containing that binding.

We reuse the same frozen sequence-to-sequence models as in Appendix F.1. The TPEs are trained
with the same hyperparameters as Appendix F.3. As before, we evaluate the TPEs with reconstruction
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R2 and substitution accuracy, where substitution accuracy measures decoder accuracy when the
encoder hidden state is replaced by the TPE approximation.

Table 10: Digits filler-role holdout results. Test examples contain no held-out filler-role pairs;
generalization examples contain at least one held-out filler-role pair.

Test Generalization

Task Model Substitution Acc. R2 Substitution Acc. R2

Copy RNN 1.0000 0.9863 1.0000 0.9835
LSTM 1.0000 0.9949 0.9634 0.9882
GRU 0.9994 0.9600 0.8230 0.9005

Reverse RNN 1.0000 0.8344 1.0000 0.8238
LSTM 0.9994 0.9888 0.9464 0.9758
GRU 0.9998 0.9497 0.9098 0.9000

As seen in Table J.1, the held-out substitution results remain strong. Averaged across the six TPEs,
the generalization split has R2 = 0.9287 and substitution accuracy 0.9404. The RNN TPEs show
perfect accuracy on both the test and generalization splits. The GRU and LSTM TPEs show some
performance drops, but still performs well (≥90%) on the OOD generalization set.

J.2 SVO sentence embeddings

We construct an analogous holdout split for the SVO sentence embeddings. Because verbs occur only
in the verb role in this dataset, we hold out noun-role pairs rather than verb-role pairs. Seven nouns
are held out in subject position (professor, artist, ambassador, coach, gardener, musician,
and referee) and seven different nouns are held out in object position (secretary, engineer,
barber, drummer, linguist, physicist, and technician). The train, validation, and test splits
contain no sentence with these noun-role pairs, while the generalization split contains all sentences
with at least one held-out noun-role pair. This yields 19,600 training sentences, 2450 validation
sentences, 2450 test sentences, and 5145 generalization sentences.

We train TPEs with the same filler-role encoding, embedding models, and hyperparameters as
Appendix G.2. The evaluation again compares the TPE reconstruction to the frozen sentence
embedding, but for this setting we report only reconstruction R2.

As in the digits setting, TPE reconstruction generalizes to unseen filler-role combinations (Table J.2).
The average R2 on the SVO generalization split is 0.9514, compared to 0.9727 on the in-distribution
test split. This result indicates that the TPEs capture filler-role structures within the neural network
activations that transfer to systematic substitutions.

Table 11: SVO sentence-embedding filler-role holdout reconstruction results.

Model Test R2 Generalization R2

ModernBERT 0.9679 0.9589
EmbeddingGemma 0.9883 0.9602
Qwen3-Embedding-8B 0.9619 0.9350
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