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ABSTRACT

Extreme low-bit weight-only quantization is an effective approach to reducing
the deployment costs of large language models. Below 3 bits, scalar quantiza-
tion often suffers severe accuracy loss, while vector quantization (VQ) better pre-
serves accuracy through more expressive joint encoding. However, existing VQ
methods still exhibit substantial degradation on real-world tasks, and two design
challenges remain underexplored: (1) protecting sensitive weight channels within
jointly encoded vectors; and (2) allocating a fixed bit budget among representa-
tion components, such as direction and radius, to suit different weight matrices.
To address these challenges, we propose SAGE: Split Adaptation and Grouping
by Energy for weight-only vector quantization. First, Energy-Stratified Group-
ing (ESG) couples channel grouping with activation-weighted fitting, grouping
channels from different energy tiers within each subvector to prioritize sensitive
channels. Second, Adaptive Bit Split (ABS) balances direction-codebook capac-
ity and radius precision per matrix, selecting the split with the lowest activation-
weighted reconstruction error under a fixed budget. Across benchmarks cover-
ing knowledge, mathematics, code generation, instruction following, and tool
use, SAGE achieves state-of-the-art performance in the 2-bit quantization set-
ting. On Qwen3-30B-A3B, it retains 95.3% of the BF16 model’s average bench-
mark score. With our custom-designed CUDA kernel, SAGE delivers up to a
2.55x non-streaming end-to-end speedup over FP16. The code is available at
https://github.com/Zincwolf/sagel

1 INTRODUCTION

Recent large language models (LLMs) (Kimi Team| [2026} (GLM-5 Teaml| [2026} [Yang et al., 2025}
DeepSeek Team, 2026} [Liu et al.l 2026) have made remarkable progress in reasoning, coding, and
generation. Those gains have come with steadily growing parameter counts. A larger model occu-
pies more memory and spends more compute on every token it generates, which makes it hard to run
on edge devices and other resource-constrained platforms. Local deployment prioritizes low-latency
inference with small batches. In this setting, decoding offers little weight reuse across requests, mak-
ing memory bandwidth rather than compute the primary bottleneck (Song et al., 2024).

Weight-only post-training quantization (PTQ) (Frantar et al., 2023} [Lin et al., [2024; |Tseng et al.,
2024b; [Liang et al.l 2026)) targets exactly this bottleneck. Lower-bit weights shrink the memory
footprint and can accelerate memory-bound decoding by reducing weight traffic (Kim et al., [2024)).
Scalar methods such as GPTQ (Frantar et al.l 2023) and AWQ (Lin et al., [2024) have made 3—4-
bit weights practical with little accuracy loss. Below 3 bits the picture changes: each weight has
only a handful of reconstruction values left, and accuracy degrades sharply (Egiazarian et al.,[2024)).
Vector quantization (VQ) (Egiazarian et al., 2024; Baalen et al.,2024; van der Ouderaa et al., [2026))
instead encodes groups of weights jointly against a shared codebook, so at the same bit budget its
reconstruction points follow the weight distribution far more closely. This is what motivates the
sub-3-bit line of work built on VQ and related structured coding (Tseng et al.l 2024azb)).

Existing VQ methods differ in how the codebook is structured and how a weight is recovered from
it. QulP# (Tseng et al., 2024a) and QTIP (Tseng et al., [2024b) use incoherence processing, requir-
ing online Hadamard transforms on activations during inference. QulP# combines table lookups
with sign and shift operations, QTIP supports lookup-only, computed, and hybrid trellis codes, and
LLVQ (van der Ouderaa et al., [2026) uses structured Leech lattice decoding without an explicit
codebook. PCDVQ (Yue et al} [2025) does use an explicit direction codebook, but a substantially
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Figure 1: Accuracy and inference efficiency on Qwen3-4B-Instruct-2507. Left: generative
scores, with independent zero-based axes. Right: batch-one non-streaming first-token latency versus
output throughput on an RTX 4090; upper left is better. Throughput includes prompt processing.
P/D denote input/output token counts. Quantized weights are reconstructed on demand.

larger one. SPHQuant (Zhang et al., [2026)) reaches comparable accuracy and decodes considerably
faster. It stores each group of eight weights, a subvector, in sign-separated form: the signs explicitly,
the magnitude through a quantized radius, and the direction as an index into a learned codebook
over the non-negative orthant. Folding all 28 orthants into one keeps that codebook at 64 entries, or
1 KiB, so it stays in shared memory and decoding is a lookup, a sign flip, and a multiply.

However, two challenges remain insufficiently addressed in vector quantization. (1) How to protect
important channels. Protecting the channels that matter most is standard in scalar quantization, by
rescaling them (Lin et al.|[2024) or by permuting them so that a group’s channels are alike and share
a scale well (Yan et al.,[2026)). Neither strategy transfers directly to vector quantization, where eight
channels share one codeword and one radius: both rely on properties of a per-weight scalar grid that
a jointly coded subvector does not have. (2) How to divide the fixed budget. A group of eight
weights costs 18 bits: eight signs, six for the direction index, four for the radius, a nominal 2.25 bits
per weight. How the remaining ten are split between the index and the radius is itself a choice, since
moving one bit from the radius to the index doubles the codebook at almost no extra cost. Previous
work adopts a fixed split (Zhang et al., [2026)).

Beyond quantization algorithm design, evaluating the practical capabilities of quantized models is
equally important. Common metrics such as perplexity and multiple-choice accuracy on benchmarks
like HellaSwag (Zellers et al.l 2019) do not fully characterize the generative capabilities of post-
trained LLMs. In particular, a small increase in perplexity does not necessarily imply that a model
can still reason correctly, follow instructions, or produce functional code. We therefore evaluate
quantized models on generative benchmarks covering knowledge, mathematical reasoning, code
generation, instruction following, and tool use. Our goal is to preserve the ability of extremely
low-bit models to complete real-world tasks, which requires assessing these capabilities directly.

In this paper, we propose SAGE: Split Adaptation and Grouping by Energy for weight-only vec-
tor quantization. To address Challenge (1), we introduce Energy-Stratified Grouping (ESG), which
couples channel grouping with activation-weighted reconstruction. ESG distributes energy-ranked
channels across subvectors, placing channels from different energy tiers within each subvector so
that weighted fitting can prioritize sensitive channels. To address Challenge (2), we introduce Adap-
tive Bit Split (ABS), which evaluates candidate allocations between the direction index and radius
using activation-weighted reconstruction error and selects a split for each matrix. Together, ESG
and ABS adapt the representation to channel importance and matrix-specific demands while pre-
serving the encoding budget. Fig. [T]illustrates both accuracy and inference efficiency on Qwen3-
4B-Instruct-2507. SAGE achieves the highest quantized scores across all six generative benchmarks
and combines low first-token latency with high output throughput under both input/output length set-
tings. Our custom-designed CUDA kernels further enable up to a 2.55 x non-streaming end-to-end
speedup over FP16. We hope SAGE advances low-bit models toward real-world deployment.



Our key contributions can be summarized as follows:

* We propose SAGE: Split Adaptation and Grouping by Energy, a novel weight-only VQ
framework that advances 2-bit quantization toward real-world usability.

* We design Energy-Stratified Grouping (ESG), which couples channel grouping with
activation-weighted fitting. ESG groups channels from different energy tiers within each
subvector, enabling weighted fitting to prioritize sensitive channels.

* We develop Adaptive Bit Split (ABS), which derives the division between the direction
index and the radius from activation-weighted reconstruction error and adapts it per matrix,
rather than applying one fixed split across the whole model, at an unchanged bit budget.

» Experiments on five LLMs and six generative benchmarks establish SAGE as a new SOTA
for 2-bit VQ, retaining 95.3% of the BF16 average score on Qwen3-30B-A3B. Our CUDA
kernel achieves up to a 2.55 x non-streaming end-to-end speedup over FP16.

2 RELATED WORKS

Quantization can be categorized by optimization and representation. Post-training quantization
(PTQ) uses small calibration sets for calibration or lightweight blockwise reconstruction, while
quantization-aware training (QAT) typically involves large-scale end-to-end training. Scalar quanti-
zation (SQ) encodes weights individually, whereas vector quantization (VQ) encodes them jointly.
Our method is weight-only vector PTQ, and we organize this section by representation.

Scalar Quantization. Among SQ approaches, PTQ is the most widely adopted, for its low cal-
ibration cost. At 8 bits, LLM.int8() (Dettmers et al., 2022)) and SmoothQuant (Xiao et al.| 2023)
preserve accuracy via outlier handling and channel-wise scaling, while at 4 bits, GPTQ (Frantar
et al.| 2023) and AWQ (Lin et al.,|2024) reduce quantization error through second-order compensa-
tion and activation-aware scaling. Beyond direct quantization, rotation-based methods redistribute
outliers with fixed or learned orthogonal transforms (Ashkboos et al.| 2024; [Liu et al., [2025a} |Chee
et al.| 2023} [Sun et al.,[2025; Hu et al.| 2025} Liang et al.l 2026)), while permutation-based methods
leave channels intact and merely reorder them, gathering channels of similar range so that a shared
scale fits every member of a group (Yan et al.|[2026). To limit error accumulation, GPTAQ (Li et al.,
2025a)) and QEP (Arai & Ichikawa, [2025)) account for errors from preceding quantized layers when
reconstructing layer outputs. Others add auxiliary representations, a sparse full-precision compo-
nent (Kim et al.l [2024) or shared low-rank corrections (Gu et al., [2026), or optimize the quantizer
itself through clipping and equivalent transformations (Shao et al., [2024) and loss-sensitive non-
uniform grids (Zhang & Shrivastaval 2025). At even lower precision, ARB-LLM (Li et al., 2025b)
and PT2-LLM (Yan et al.; 2026) extend parameter refinement to binary and ternary quantization by
alternating updates to grid parameters and discrete assignments. However, scalar PTQ can suffer
substantial accuracy loss at 3 bits and below (Liu et al., 2025b). QAT addresses this through distilla-
tion (Liu et al.|[2024b} Du et al.|[2024) or tailored optimization (Chen et al., 2025} Liu et al.| 2025b),
while limited scalar-grid capacity motivates more expressive VQ representations.

Vector Quantization. VQ methods differ mainly in how they group weights, how they construct
codebooks, and how they optimize the resulting assignments. GPTVQ (Baalen et al., [2024) ex-
tends GPTQ’s second-order compensation to weight vectors spanning columns; VPTQ (Liu et al.,
2024a)) instead groups weights within columns for column-wise compensation. Additive and resid-
ual codebooks further refine reconstruction (Egiazarian et al.,[2024; Liu et al.,|2024a). QuIP# (Tseng
et al.,|2024a) combines incoherence processing with lattice codebooks. QTIP (Tseng et al.| 2024b))
retains incoherence processing but replaces these codebooks with trellis coding, enabling higher-
dimensional quantization without exponential codebook storage. NestQuant (Savkin et al.| [2025)
develops the lattice approach using self-similar nested lattices. A further branch applies the clas-
sical shape—gain decomposition (Gersho & Gray, [1991)), coding magnitude and direction sepa-
rately: PCDVQ (Yue et al., 2025) pairs a scalar magnitude code with an Eg direction codebook,
LLVQ (van der Ouderaa et al., [2026) uses the Leech lattice, and SPHQuant (Zhang et al., [2026))
additionally separates the sign pattern so that one small codebook entry serves every sign pat-
tern. Optimization advances include joint refinement of parameters and assignments (Malinovskii
et al.| 2024)) and mixed precision guided by gradients and Hessians for VLMs (Wang et al.||2026d).
UniSVQ (Wang et al., [2026b) and LC-QAT (Wang et al., |2026a) use affine lattice codebooks for
scalar kernels and lookup-free QAT, respectively.
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Figure 2: Overview of SAGE. Spherical Vector Quantization encodes each weight subvector us-
ing signs, a direction index, and a quantized radius. Energy-Stratified Grouping (ESG) uses cal-
ibration activations to group channels across energy tiers within subvectors and protect sensitive
channels through weighted fitting. Adaptive Bit Split (ABS) compares activation-weighted recon-
struction errors to select a direction-index/radius bit split per matrix, using 18 bits per eight weights.
Blockwise Optimization updates radius and codebook angles to match full-precision block outputs.

3 METHOD

Overview. As illustrated in Fig.|2] SAGE combines activation-guided channel grouping with adap-
tive bit allocation for spherical vector quantization. We first introduce the spherical representation
and its bit budget in Sec. [3.1] Building on this formulation, Sec. [3.2] presents ESG to protect sensi-
tive channels through energy-stratified grouping and weighted fitting. Sec. [3.3]then introduces ABS
to adapt the direction-index and radius bit allocation to each weight matrix. Finally, Sec. [3.4]covers
calibration and blockwise optimization, and Sec. [3.3]presents our fused inference kernel.

3.1 BACKGROUND: SPHERICAL VECTOR QUANTIZATION

Spherical Representation. Following SPHQuant (Zhang et all, 2026), we partition each row of
a weight matrix W € R%utXdin into subvectors of dimension v = 8 along the input axis. Each
subvector w is decomposed into signs s = sign(w), radius r = ||w||2, and nonnegative unit direc-
tion d = |w|/r. Signs are stored exactly, while the direction is represented by an entry c, from a
matrix-specific codebook C of K nonnegative unit vectors. The quantized reconstruction is:

w=7(sOc,), (1
where 7 is the quantized radius and © denotes elementwise multiplication.

Direction and Radius Quantization. In this formulation, the codebook is initialized using spher-
ical k-means, and directions are selected by cosine similarity, 2 = argmax;d'c;. Given the

selected direction, the continuous radius # = |w|'c. minimizes Euclidean reconstruction error.
Every G = 128 weights share a uniform radius grid with offset 1, and step d,:
N . =
7= pig +qdg, qchpq 5 ﬂ,Ov?"l), 2
g

where V is the radius bit width, and the grid spans each group’s fitted radius range.

Bit Budget. Each subvector stores v sign bits, a log, K-bit direction index, and a V'-bit radius
code. The total encoding budget is:

B=v+logy K+ V. 3)
The baseline configuration (K,V) = (64,4) uses 18 bits per subvector, or 2.25 bits per weight
excluding shared metadata. At this fixed budget, direction capacity and radius precision can be
traded by varying K and V. Further details on spherical quantization are provided in Appendix[A.6]
We next introduce Energy-Stratified Grouping (ESG) and Adaptive Bit Split (ABS).
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Figure 3: ESG analysis on Qwen3-4B-Instruct-2507: (a) within-subvector energy variation, (b)
high-energy channel errors, and (c) total error contributions.

3.2 ENERGY-STRATIFIED GROUPING

Activation-Weighted Reconstruction. The Euclidean reconstruction criterion in Sec. [3.1] treats
all positions within a subvector equally. Motivated by activation-aware channel protection (Lin
et al., [2024) and data-aware codebook fitting (Baalen et al., |2024), we incorporate input activation
statistics into the reconstruction objective to guide weight quantization. For the linear layer input
x, we estimate channel energy as e, = E[z2] over calibration tokens, where z.. is the activation of

input channel c. For channels aq, . .., a, in a subvector, we define the weights and objective as:
e) Y
i = = 2
Wi = T Lo(p,T,cr) = Zwi(pi — k)", “4)
v 22j=1 a4 i=1

where p = |w/, 7 is the continuous radius before quantization, and ¢y, ; is the i-th component of
codeword ci. Weights are normalized to unit mean per subvector. We use v = 0.75 to temper
energy differences while prioritizing high-energy channels, with ablations in Fig. d{a).

Energy-Stratified Grouping. The effect of weighting depends on which channels share a subvec-
tor. When their energies are equal, w; = 1 and the objective reduces to Euclidean reconstruction.
This motivates grouping channels from different energy levels, allowing the weighted fit to priori-
tize important positions within each jointly encoded vector. Let o sort input channels by decreasing
energy, and divide the sorted list into v tiers of m = dj, /v channels. ESG constructs each subvector
by taking one channel from each tier, giving the permutation:

m((j—Dv+t) =o(t—Dm+j), j=1,...,m, t=1,..., 0. 5)
Each subvector therefore contains channels spanning the energy ranking, with positions consistently
ordered from higher to lower energy. Fig.[3[a) shows that ESG increases within-subvector energy
variation compared with both the original order and grouping adjacent energy-ranked channels. We
apply 7 to the columns of W and reorder the activation statistics accordingly before fitting the
quantizer. This preserves each channel’s identity while changing which weights share a direction
and radius. At inference, the corresponding permutation is applied to the input activations.

Weighted Quantizer Fitting. We fit the codebook using weighted spherical k-means in the per-
muted channel order. For a candidate codeword cj,, minimizing Eq. (@) over the continuous radius
gives a closed-form solution. Substituting it into the objective yields the direction assignment:

2

Zi wlp’bgk,z , z = arg max (Zz wlplc;,l) . (6)
Y wic ko) wicky

The selected radius 7} is quantized using the shared grid in Eq. (Z). With uniform weights, the as-
signment reduces to the cosine rule in Sec. Atinitialization with (K, V') = (64, 4), ESG reduces
high-energy channel errors compared with weighted fitting without reordering (Fig. [3[b)). Most of
the overall weighted-error reduction comes from the highest-energy 10% of channels (Fig. [3[c)),
supporting the role of grouping in protecting sensitive channels.

=

3.3 ADAPTIVE BIT SPLIT

ESG changes the structure of weight subvectors and their reconstruction priorities, potentially al-
tering the balance between direction and radius errors. Under a fixed encoding budget, increasing
direction-codebook capacity requires reducing radius precision. Since the benefit of this trade-off
depends on each matrix’s weight distribution and activation statistics, Adaptive Bit Split (ABS) se-
lects a matrix-specific split by comparing activation-weighted reconstruction errors at initialization.



Candidate Bit Splits. With v = 8 and B = 18, we consider three splits of the remaining ten bits:

F =1{(64,4),(128,3),(256,2)},  logy K +V = 10. (7)
All candidates use the same 2.25-bit encoding budget per weight, with a fixed radius group size
and grid-parameter precision. For each candidate, we fit the codebook and assign directions and
continuous radii in the ESG-permuted order, following Sec.[3.2] Radii are quantized using Eq. (@),
accounting for both direction approximation and radius discretization.

Activation-Aware Selection. Let W(X:V) denote the reconstruction in original channel order, and
W. . the weight column for input channel c. Using calibration energies e., we compute:

Zc €c

2
Zc €c HW:-,CHQ
The numerator approximates the expected squared output error by ignoring correlations between
input channels. Fitting uses tempered, normalized weights w, while scoring uses raw energies e, to
preserve relative importance across subvectors. The selected split is:
Ky, Viy) =arg min Ew(K,V). 9
(Kw: Vaw) g(Kv)EI w (K, V) )

)

W, . — VAV.“?’”HQ
c e 5

Ew(K,V) = ®)

Equal candidate payloads allow independent selection for each matrix while preserving the total
encoding budget. The split is fixed after initialization throughout blockwise optimization.

3.4 CALIBRATION DATA AND BLOCKWISE OPTIMIZATION

Calibration Data Construction. Since ESG and ABS rely on calibration activations, the calibra-
tion inputs should reflect the contexts encountered during deployment, including both user prompts
and model-generated responses. Following the use of model-generated data in LLM-QAT (Liu et al.}
2024b) and target-model reasoning traces in AYOT (Wang et al.,|2026¢)), we construct calibration se-
quences from the full-precision model’s own responses. We sample prompts spanning mathematics,
code, reasoning, instruction following, tool use, and general conversation, apply the target model’s
chat template, and generate responses using greedy decoding. Each prompt is concatenated with
its response, and the resulting token streams are packed into fixed-length sequences for activation
statistics collection and blockwise optimization. Further details are provided in Appendix [A.5]

Blockwise Optimization. Following SPHQuant, we optimize blocks sequentially against full-
precision outputs, with student inputs from preceding quantized blocks. For block ¢, we minimize:

~ 2
Lotoa = Ep.,, [HFe(xﬁ‘) ~ Fu(x?) J : (10)

where F, and ﬁg denote the full-precision and quantized blocks, respectively. We jointly update
the continuous radius parameters and codebook angles while keeping channel permutations, bit
splits, and direction indices fixed. Radius quantization uses a straight-through estimator, and an-
gular parameterization preserves nonnegative unit codewords. This procedure allows each block to
compensate for errors introduced by preceding quantized blocks.

3.5 CUDA KERNEL DESIGN FOR EFFICIENT INFERENCE

Channel Permutation and Fusion. ESG stores each weight matrix in permuted input-channel
order; each projection applies its corresponding permutation to the input activations. In compiled
decoding, we keep permutation visible to the graph compiler for fusion with preceding normaliza-
tion or activation operations. This avoids repeating the gather in every output thread block. Eager
decoding fuses gather into matrix—vector multiplication for short inputs, avoiding a separate launch.
Prefill reorders activations once per projection for reuse across output tiles.

Quantized Matrix Multiplication with Adaptive Bit Splits. All ABS splits share a 16-bit main
word plus two auxiliary bits per subvector, with compile-time specialization of bit extraction. Dur-
ing decoding, contiguous shared-memory codewords enable 128-bit loads for register-local packed
FP16 dot products, followed by FP32 radius weighting and reduction. Shape-dependent output tiling
balances activation reuse against register pressure and thread-block parallelism. During prefill, Ten-
sor Cores reuse weight tiles decoded into shared memory across 32 or 64 activation rows. The larger
tile amortizes decoding, while staging only 64 activation channels at a time limits shared-memory
usage. For small grids, we expose more parallelism by splitting the reduction dimension across
thread blocks, then combine partial sums in FP32. Further details are provided in Appendix [A.T]
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Table 1: Weight-only vector quantization results on six benchmarks (higher is better). Bold indicates
the best quantized result for each model and metric. BF16 denotes the full-precision model.

Method BPW MMLU-R* GSMS8K MATH-500 IFEval HumanE+" BFCL-v3 Average
Owen3-4B-Instruct-2507

BF16 16.00 81.28 94.01 93.80 84.66 82.32 59.94 82.67
TQuIP# 200 6482 7096 3440 6100 3232 3974 50.54
QTIP 2.00 72.11 81.73 61.00 74.49 55.49 51.33 66.03
UniSVQ 2.00 42.89 15.62 2.40 24.21 4.27 29.73 19.85
SPHQuant 2.25 66.93 81.35 66.40 80.04 57.32 39.48 65.25
SAGE 2.25 73.47 88.70 78.80 82.81 59.76 53.33 72.81
Owen3-30B-A3B-Instruct-2507
BF16 16.00 88.81 96.59 96.80 83.92 89.63 63.31 86.51
QuIP# 200 8535  93.18 90.80 7763 81.10 51.99  80.01
QTIP 2.00 86.65 94.16 91.40 80.22 84.76 56.65 82.31
UniSVQ 2.00 77.42 83.85 66.00 60.63 62.80 36.18 64.48
SPHQuant 2.25 83.18 93.18 88.40 80.41 75.61 49.79 78.43
SAGE 2.25 85.86 94.31 93.60 80.96 85.37 54.77 82.48
QOwen3.5-4B-Thinking
BF16 16.00 89.19 96.89 93.20 87.62 83.54 64.19 85.77
QuIP# 200 36.98 40.18 1580 2717 1341 2413 2628
QTIP 2.00 68.60 76.80 25.80 49.17 28.66 41.93 48.49
UniSVQ 2.00 7.53 0.68 0.00 1.48 0.00 28.85 6.42
SPHQuant 2.25 68.04 70.66 32.40 59.89 39.02 38.60 51.44
SAGE 2.25 78.04 88.93 53.60 71.53 65.85 48.12 67.68
Ministral-3-8B-Instruct-2512
BF16 16.00 82.14 94.47 87.40 62.29 76.22 51.97 75.75
QuIP# ] 200 6788 73.16 4040 4251 4329 3019 4957
QTIP 2.00 72.05 78.32 50.00 47.50 56.71 29.81 55.73
UniSVQ 2.00 50.68 28.05 6.00 29.39 10.37 29.73 25.70
SPHQuant 2.25 63.65 67.55 44.80 48.43 50.00 35.01 51.57
SAGE 2.25 72.05 84.23 63.40 53.42 57.32 48.85 63.21
Ministral-3-14B-Instruct-2512
BF16 16.00 84.82 95.75 90.20 64.88 81.10 56.50 78.88
TQuIP# 200 73.65 8597 5560  52.68 5732 39.00 60.70
QTIP 2.00 70.74 83.09 46.80 50.28 30.49 29.71 51.85
UniSVQ 2.00 63.30 64.37 27.20 46.40 26.83 2891 42.84
SPHQuant 2.25 72.33 82.41 62.00 63.03 65.85 47.81 65.57
SAGE 2.25 78.81 90.14 77.40 62.48 68.90 54.03 71.96

*MMLU-R denotes MMLU-Redux, and HumanE+ denotes HumanEval+.

4 EXPERIMENTS
4.1 EXPERIMENTAL SETTINGS

Implementation Details. Accuracy experiments use PyTorch (Paszke et al.,[2019) and Hugging-
Face Transformers (Wolf et al., [2020) on NVIDIA RTX PRO 6000 Blackwell GPUs; the inference-
efficiency experiments in Sec. .4 use an RTX 4090. We perform blockwise optimization by mini-
mizing the mean squared error between quantized and full-precision block outputs. The radius and
codebook parameters are jointly optimized using Adam for 20 epochs, with a batch size of 16 and
a constant learning rate of 10~3. The calibration corpus contains 1920 training sequences and 128
validation sequences, each with 2048 tokens. We use a subvector dimension of v = 8 and a ra-
dius group size of 128 weights. We initialize codebooks with 20 iterations of activation-weighted
spherical k-means on 65,536 sampled subvectors. By default, ESG uses v = 0.75, and ABS selects
(K,V) € {(64,4),(128,3), (256, 2)} per matrix, unless otherwise stated.



Table 2: ESG and ABS ablation on Qwen3-4B-Instruct-2507. Best results are in bold.
ESG ABS MMLU-R* GSMS8K MATH-500 IFEval HumanE+* BFCL-v3 Average

X X 66.93 81.35 66.40 80.04 57.32 39.48 65.25
v X 69.05 82.18 68.40 80.04 54.88 45.17 66.62
X v 71.33 84.84 74.40 79.85 58.54 44.02 68.83
v 4 73.47 88.70 78.80 82.81 59.76 53.33 72.81

*MMLU-R denotes MMLU-Redux, and HumanE+ denotes HumanEval+.

Models and Evaluation. We evaluate five models covering dense, mixture-of-experts (MoE),
and hybrid attention architectures, as well as instruct and thinking modes. These include Qwen3-
4B-Instruct-2507 (Yang et al., [2025), Qwen3-30B-A3B-Instruct-2507 (MoE) (Yang et al.| 2025),
Ministral-3-8B-Instruct-2512 (Liu et al., [2026)), and Ministral-3-14B-Instruct-2512 (Liu et al., 2026)
in instruct mode, and Qwen3.5-4B (Qwen Team, [2026), which combines linear and full attention, in
thinking mode. For multimodal checkpoints, we quantize the language backbone. We assess prac-
tical capabilities on six benchmarks: MMLU-Redux (Gema et al., 2025) for general knowledge;
GSMSK (Cobbe et al., 2021) and MATH-500 (Lightman et al., 2024) for mathematical reasoning;
IFEval (Zhou et al.}2023) for instruction following; HumanEval+ (Liu et al.,[2023) for code genera-
tion; and BFCL-v3 (Patil et al.| 2025) for tool use. We report accuracy for MMLU-Redux, GSM8K,
and MATH-500, prompt-level strict accuracy for IFEval, pass@1 for HumanEval+, and the overall
score for BFCL-v3. See Appendix for quantization and evaluation details.

Baselines. We compare SAGE with four 2-bit weight-only VQ baselines: SPHQuant (Zhang et al.,
2026), using spherical quantization; QTIP (Tseng et al., [2024b)), using trellis coding with incoher-
ence processing; QulP# (Tseng et al.,|2024a), using lattice codebooks with Hadamard incoherence
processing; and UniSVQ (Wang et al.,[2026b), unifying scalar and vector quantization through affine
lattice codebooks. Speed benchmarks additionally include AWQ (Lin et al.|[2024) at W4G128.

4.2 MAIN RESULTS

Comparisons with State-of-the-Art Methods. As shown in Table [T SAGE achieves the high-
est average score on all five models, retaining 78.9-95.3% of their BF16 average scores. At the
same 2.25-bit encoding budget, it improves over SPHQuant by 4.05-16.24 percentage points. The
largest gain occurs on Qwen3.5-4B-Thinking, where SAGE raises the average score from 51.44 to
67.68 and leads all quantized baselines on every benchmark. On the three dense instruct models,
SAGE surpasses the strongest baseline for each model by 6.39-7.48 points. On Qwen3-30B-A3B,
it achieves an average score of 82.48, retaining 95.3% of BF16 performance. These results demon-
strate gains across dense, MoE, and hybrid attention models in instruct and thinking modes.

Task Sensitivity to Quantization. Quantization affects tasks unevenly, with code generation and
challenging mathematical reasoning showing substantial losses. For example, SAGE trails BF16 by
22.56 points on HumanEval+ but only 1.85 points on IFEval for Qwen3-4B, indicating that strong
instruction following can coexist with substantial degradation in code generation. Sensitivity also
varies within mathematical reasoning. On Qwen3.5-4B-Thinking, the gap to BF16 reaches 39.60
points on MATH-500, compared with 7.96 points on GSM8K. This contrast highlights the diffi-
culty of preserving demanding reasoning in a thinking model, even when performance on simpler
mathematical tasks remains relatively strong. Across five models, SAGE gains 2.44-26.83 points
on HumanEval+ and 5.20-21.20 on MATH-500 over SPHQuant. Remaining gaps to BF16 motivate
task-level evaluation beyond average scores.

4.3 ABLATION STUDIES

Contributions of ESG and ABS. Table 2] evaluates ESG and ABS on Qwen3-4B-Instruct-2507.
ESG alone improves the average score by 1.37 points, from 65.25 to 66.62, while ABS alone yields
a 3.58-point gain, reaching 68.83. Full SAGE achieves 72.81, improving over the baseline by 7.56
points and outperforming the individual-component configurations by 6.19 and 3.98 points, respec-
tively. It also achieves the best score across all six benchmarks, indicating broad improvements in
capability preservation. The larger gain of the full configuration suggests that grouping and alloca-
tion work complementarily. ESG changes the structure and reconstruction priorities of subvectors,
while ABS adapts each matrix’s direction—radius split to this structure. By providing a more suitable
allocation of representational capacity at initialization, ABS can help realize the benefits of ESG.
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Figure 4: Sensitivity to (a) the energy exponent v and (b) calibration set size on Qwen3-4B-Instruct-
2507. Scores are averaged over six benchmarks covering diverse generative capabilities.

Sensitivity to the Energy Exponent. Fig.[d{a) evaluates ~ from 0.5 to 1.0 on Qwen3-4B-Instruct-
2507. Average scores range from 71.03 to 72.81, with v = 0.75 achieving the highest score. All
tested settings outperform the baseline score of 65.25, suggesting that the benefits are maintained
across a range of weighting strengths. The exponent controls how strongly activation-energy differ-
ences influence reconstruction: smaller values produce more uniform weights, while larger values
emphasize high-energy channels. We default to v = 0.75, which achieves the highest average score.

Effect of Calibration Set Size. As shown in Fig. f[b), increasing the calibration set size from
512 to 5376 sequences improves SAGE’s average score from 70.22 to 74.22. The largest setting
outperforms our default by 1.41 percentage points, suggesting that additional calibration data can
further improve capability preservation. Given the computational cost of larger calibration sets, we
use the same calibration set size as SPHQuant in main experiments to match the data budget.
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Figure 5: Inference efficiency. Qwen3-4B-Instruct-2507, RTX 4090 (non-streaming, batch 1).
P/D: input/output tokens. Output throughput includes prefill; weights are reconstructed on demand.
Packed model sizes include unquantized weights; AWQ uses W4G128 for speed benchmarks.

4.4 INFERENCE EFFICIENCY

End-to-End Inference Speed. We benchmark non-streaming, batch-one greedy generation with
packed weights and FP16 activations and KV cache. As shown in Fig.[5] SAGE achieves a 2.31-
2.55x end-to-end speedup over dense FP16, the highest throughput in both workloads, and 85.5—
91.9% lower first-token latency than SPHQuant. Detailed protocols and the tradeoff between latency
and memory usage when retaining reconstructed weights are provided in Appendix[A.2]

Memory and Storage Costs. Following prior work (Zhang et al., 2026} Tseng et al.| [2024bj; Wang
et al.,2026b), we quantize all linear layers except the LM head, leaving embeddings and LayerNorm
parameters unquantized. SAGE peaks at 2.19 GiB versus 7.94 GiB for FP16 (a 3.63 x reduction).
The encoding payload uses 2.25 bits per weight, with codebook and permutation metadata stored
separately. Fig.[5(d) reports packed model sizes, including unquantized parameters.

5 CONCLUSION

In this work, we presented SAGE, a weight-only vector quantization method that uses activation in-
formation to guide channel grouping and bit allocation. These two decisions are closely connected:
grouping determines which weights share a representation, while bit allocation determines its capac-
ity to encode direction and magnitude. By addressing them together, SAGE makes more effective
use of a limited encoding budget. Experiments across diverse generative benchmarks demonstrate
improved capability preservation, while our custom CUDA kernel translates the compact represen-
tation into practical inference acceleration. We hope this work helps move extreme low-bit quanti-
zation beyond evaluations centered on perplexity toward models that reliably solve real-world tasks.
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A APPENDIX

A.1 CUDA KERNEL IMPLEMENTATION DETAILS

GEMYV. During decoding, each eight-weight subvector contributes a scalar to one output. Its ra-
dius is shared by all eight weights, so we apply that radius after taking the dot product with the signed
direction (Fig.[6h). This replaces eight radius multiplications with one. In the shape-specialized ker-
nels, we place each codeword’s eight components consecutively in shared memory, allowing a thread
to fetch the whole direction in one 128-bit load. We divide each 128-channel group among four
neighboring threads. Each thread processes four subvectors, while other four-thread teams cover the
remaining groups. Assigning multiple outputs to a thread lets it reuse the same activations; using
fewer outputs per block instead increases the number of independent blocks.

GEMM. During prefill, many token rows use the same weights, so we reconstruct each weight
once per output tile and reuse it across those rows. The schedule in Fig. [6b processes each 128-
channel group in two halves. We decode both weight halves together from the same packed group
and retain them until every warp finishes the group. Only the activation half currently being mul-
tiplied occupies shared memory, leaving room for other resident thread blocks. We fetch the next
half’s activations into registers before the current matrix multiply. A barrier prevents us from over-
writing the shared activation buffer until every warp has finished reading it; another makes the
replacement visible before the next multiply. Likewise, we prefetch the next group’s packed weights
while the current group is still in use, but wait to decode them into shared memory until both current
weight halves have been consumed.

(a) Data paths within a thread block (b) GEMM slab schedule
g starts at this block’s first group. The FP32 ac-
[ Global memory: packed codes, grid, codebook, input ] cumulator acc starts at zero; the codebook is al-

L ready in shared memory.
GEMV J 1

Codebook in shared memory Registers: s, 2, q
Once per block; contiguous c. Bit extraction from packed words

stage-A(load-A(g,0))
stage_B (decode (load-Q(g)))
i i sync ()
‘ Registers: (s ® Cz)Tmsub ‘ for g in assigned_groups:
Four half2 FMAs; FP16 local accumulation al = load-A(g,1)

‘ ¢ ‘ mma (A,B[0],acc)

FP32 radius weighting: 7 = ug + gdg

Four-lane shuffle sum sync(); stage-A(al)
; if has_next (g):
[ FP32 team partials — sum —> FP16 output ] a0 = load-A(g+l,0)
gl = load-Q(g+l)
GEMM: 64 x 64 output tile sync(); mma(a,B[1],acc)
[ Registers: #(s ® c) in FP32 —» FP16 ] sync ()
l if has_next (g):

64 X 64; reused per slab Two 64 X 64 slabs stage_B (decode (gl))
) ¢ sync ()
Tensor Core: ABJT
FP16 operands; FP32 register accumulators

v
[ FP32 epilogue — FP16 output or FP32 split partials

‘ Activation buffer A ‘ ‘ Weight buffers By, B1 ‘ stage. A (a0)

load-A/Q reads activations or codes and grid
into registers. stage_A/B writes shared
memory. decode reconstructs both weight

] halves; sync waits for all threads.

Figure 6: Kernel data paths and the 64-row GEMM loop. z,}, contains eight reordered activations.
In (b), j € {0, 1} selects a half-group, and mma adds ABjT to acc.

A.2 INFERENCE MEASUREMENT DETAILS
Hardware and preparation. We benchmark Qwen3-4B-Instruct-2507 on one RTX 4090 with

14 AMD EPYC 9354 CPU cores and 60.1 GB RAM, using Python 3.11, PyTorch 2.10.0 (cul28),
CUDA 12.8, cuDNN 9.10.2, and Transformers 5.15.0. Unlike accuracy checkpoints, timing check-
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points use synthetic packed weights, SAGE permutations, and bit splits; only decoder linear lay-
ers are replaced. Batch size is one; activations and the static KV cache are FP16, with cache
capacity P + D — 1 for P input and D output tokens. UniSVQ uses BF16 internally, including
boundary casts in timing. SDPA priority is cuDNN, FlashAttention, memory-efficient attention,
then math, during both compilation and execution; an untimed profiler checks actual kernel selec-
tion. Prefill and decode use torch.compile with fullgraph=True, dynamic=False, and
reduce-overhead: two compilation/capture passes, profiling, one recovery pass, five warmups,
then ten measurements with recompilation forbidden. Loading, input preparation, compilation, pro-
filing, and per-window setup (cache reset, pinned buffers, events, copy stream, observer, and device
synchronization) are untimed.

End-to-end timing. Figure[7]defines the timing intervals for fixed-length greedy generation with-
out early stopping. Argmax and token feedback stay on the main CUDA stream, with no per-token
host waits. TTFT uses GPU events; total latency and TPOT use the CPU wall clock, so TPOT in-
cludes observer scheduling effects and final delivery rather than measuring isolated decode kernels.
Each latency metric reports its own median over ten runs; speedup is the ratio of FP16’s median
total latency to the method’s. Output throughput is total generated tokens divided by total wall time
across runs, including prompt processing.

Total = tenda — to
TPOT = (tend — tobs)/(D — 1)
" l tend
TTFT tobs

CPU

GPU — Prefill Decode: D — 1 tokens |—>

Figure 7: Inference timing for D > 1 output tokens. t,,s marks CPU observation of the first token.

Memory accounting. All plots reconstruct quantized weights on demand, without retaining addi-
tional full-precision copies between requests; online activation transforms remain timed. For FP16,
AWQ, SPHQuant, and SAGE, the weight-retention switch has no effect; the figures consistently
use runs with that switch disabled. Peak memory is torch.cuda.max memory_allocated,
reset before model initialization and read after measurement, so compilation and warmup peaks are
included. It excludes CUDA-context and other allocations outside PyTorch’s allocator: exceeding
a device’s capacity precludes deployment, but falling below it does not guarantee a fit. Main-text
peaks are maxima over the two main workloads; Fig. [5[d) instead reports packed model storage,
including unquantized parameters.

Retaining reconstructed weights. QulP#, QTIP, and UniSVQ reconstruct each layer’s weights
before prompt processing. Discarding each reconstructed matrix after use saves memory; retaining
all such matrices across requests avoids repeated reconstruction but adds a 16-bit copy of the quan-
tized layers alongside the compressed weights. With retention, first-token latencies for P128/D1024
and P1024/D128 are QulP# 21.7/87.3 ms, QTIP 21.9/89.7 ms, and UniSVQ 18.9/68.3 ms, respec-
tively. Peak allocations rise to 8.80-8.86 GiB.

Table 3: Short non-streaming workload: 128 input and 128 output tokens, without retained weight
copies. First token is GPU TTFT; next token is CPU-observation-based TPOT, each reported as a
median over runs. SAGE achieves a 2.63 x end-to-end speedup over FP16.

Method First token (ms) Next token (ms) Total (s) Output (tokens/s) Peak (GiB)

FP16 14.28 9.869 1.268 101.0 7.665
AWQ 13.18 4.115 0.536 238.7 2.611
QuIP# 51.96 5.719 0.779 164.4 1.714
QTIP 48.35 5.638 0.765 167.3 1.898
UniSVQ 21.53 4.159 0.550 232.7 1.714
SPHQ 125.13 3.699 0.595 215.1 1.921
SAGE 17.14 3.661 0.483 265.2 1.857
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A.3 END-TO-END NUMERICAL CONSISTENCY

Table[d compares each quantized method with its own dense quantize—dequantize (QDQ) reference,
obtained by independently decoding its packed weights. The 4-token references use eager execution;
the 32- and 128-token references use compiled execution. Decode relative L2 is the maximum over
the three steps following prefill; maximum absolute error covers all four steps. The Dense row
instead compares compiled and eager execution with the original pretrained weights.

Table 4: End-to-end numerical consistency. Lower relative L2 is better.

Prefill Prefill Decode maximum Maximum

Method tokens relative L2 (%) relative L2 (%) absolute error
Dense 4 0.1192 0.2266 0.01660
SPHQuant 4 0.8494 1.0412 0.16016
QulP# 4 0.8565 1.2647 0.21484
QTIP 4 1.0206 1.3674 0.19336
UniSVQ 4 5.7379 7.5981 1.02002
SAGE 4 0.6233 0.7746 0.11914
SAGE 32 0.8459 0.8986 0.14453
QulP# 128 4.4006 6.2508 0.89844
QTIP 128 3.0801 3.5425 0.50781
UniSVQ 128 20.0390 20.1103 3.22803
SAGE 128 1.0376 1.0906 0.16406

A.4 EXPERIMENTAL SETTING DETAILS

Serving. For the accuracy results in Tableﬂl, we serve each model with vLLM 0.19.0 (Kwon et al.,
2023) on a single RTX Pro 6000, with prefix caching, chunked prefill, and asynchronous scheduling
enabled. Context limits are 262,144 tokens for Qwen3.5-4B, 65,536 for Qwen3-30B-A3B, and
131,072 for the remaining models. The Ministral models use the Transformers backend and Mistral
tokenizer. Automatic tool calling uses the he rme s parser for Qwen3, gwen3_coder for Qwen3.5,
and mistral for Ministral; Qwen3.5 additionally uses the qwen3 reasoning parser.

Evaluation. We use EvalScope 1.10.0 through the OpenAl-compatible API, following each
model’s official model card for sampling hyperparameters. Qwen3.5 runs with thinking enabled and
a maximum of 16,384 generated tokens, including reasoning; all other models allow 8,192 generated
tokens. Evaluation concurrency is 16 for Qwen3-30B-A3B and 32 otherwise. We fix the generation
and dataset-shuffling seeds to 42 and evaluate BFCL-v3 in function-calling mode. Code execution
uses network-isolated Docker sandboxes, each limited to one CPU and 512 MiB of memory.

A.5 CALIBRATION DATA CONSTRUCTION

Prompt Collection and Filtering. Our calibration prompts are drawn from publicly available
datasets, including OpenCodelnstruct (Ahmad et al., |2025), the training splits of GSM8K (Cobbe
et al.| 2021) and MATH (Hendrycks et al.||2021), DeepMath-103K (He et al., 2026), OpenHermes-
2.SB UltraChat (Ding et al., [2023)), ShareGP and When2Call (Ross et al.l [2025)). The collection
covers code, mathematics, reasoning, instruction following, tool use, and general conversation. We
rigorously screen calibration prompts against all evaluation sets and remove any detected overlaps.
Before response generation, we also exclude prompts that cannot be rendered by the target model’s
chat template or leave insufficient context for response generation. We sample the six domains with
atarget promptratioof 13 : 13 : 13 : 10 : 9 : 6 using a fixed random seed and interleave the sampled
prompts across domains. These proportions apply to prompt counts rather than token counts.

Model-Specific Response Generation. We retain the source prompts and regenerate responses
using each target model. For each model being quantized, we apply its own chat template and

'nttps://huggingface.co/datasets/teknium/OpenHermes—2.5
https://huggingface.co/datasets/Aeala/ShareGPT_Vicuna_unfiltered

16


https://huggingface.co/datasets/teknium/OpenHermes-2.5
https://huggingface.co/datasets/Aeala/ShareGPT_Vicuna_unfiltered

generate responses with its full-precision checkpoint using greedy decoding. For thinking models,
we enable thinking mode and retain the generated reasoning traces alongside the final answers.
We preserve the template’s role markers and concatenate each prompt with its response. These
sequences provide inputs for activation statistics collection and blockwise reconstruction without
requiring ground-truth answer labels.

Sequence Packing. We concatenate the tokenized conversations, inserting an end-of-sequence
token where needed, and partition the resulting streams into contiguous blocks of 2048 tokens.
A block may contain multiple conversations or a segment of a longer conversation. Training and
held-out streams are packed separately, yielding 1920 training blocks and 128 validation blocks.
This fixed token budget is used across models, while the tokenizer, chat template, and generated
responses remain specific to each target model.

A.6  SPHERICAL VECTOR QUANTIZATION PRELIMINARIES

We supplement Sec. [3.1|with the reconstruction derivation, continuous parameterization, radius-grid
construction, and storage accounting.

Direction and Radius Reconstruction. Since signs are preserved, the reconstruction error in

Eq. reduces to approximating p = |w| by a scaled nonnegative codeword. For a unit code-
word cy, the error decomposes as:
Ip — fexlls = [Ipl3 — (P Ter)® + (7 — pTer)®. (1)

The first two terms measure the residual with an unrestricted continuous radius, whose optimum
is 7y = p ' ci. Because both p and c; are nonnegative, selecting the smallest residual is equiv-
alent to maximizing cosine similarity. The last term captures the additional error when the fitted
radius is quantized. Thus, direction assignment with a continuous radius and selection after radius
quantization are distinct problems. The activation-weighted extension yields Eq. (6).

Continuous Parameterization. Following SPHQuant (Zhang et al., [2026)), each codeword is pa-
rameterized by v — 1 hyperspherical angles:

j—1 v—1
c1 = cosb, ¢ = <H sinei) cosf; (2<j<w), Cy = H sin 6;. (12)
i=1 1=1
Unconstrained logits a; determine the angles through:
0, — e + (g _ 26) sigmoid(a;), (13)

where ¢ = 10~% keeps angles away from the boundaries. This mapping produces nonnegative
unit codewords by construction. Continuous radii are parameterized as 7 = softplus(p), ensuring
positivity. Blockwise optimization updates p and the codebook logits while retaining the discrete
assignments.

Shared Radius Grid. Each group contains G/v = 16 consecutive subvectors within a weight
row. The grid offset and step in Eq. (Z) are computed from their continuous fitted radii:
. maXicg Ty —
Ho =minFy, 0y = —— Pt =

These parameters are recomputed from the current radii during optimization. If all radii in a group
coincide, the reconstruction is their common value. The forward pass uses quantized radii, while a
straight-through estimator passes gradients to the continuous radii. Because the grid is shared, its
resolution depends on the fitted radius range of the entire group.

(14)

Encoding and Storage Costs. The 2.25 BPW reported in the main text refers to the sign,
direction-index, and radius-code payload in Eq. (3). For a matrix with N = dqd;i, weights, storing
each grid parameter in b, bits and each codeword component in b, bits gives:

B 2b Kuvb.,.
BPWinatris = o + g + ;\’, ‘. (15)

excluding permutation and format metadata. FP16 grid parameters contribute an additional 0.25
BPW at G = 128, bringing the subtotal to 2.50 BPW before codebook and other metadata. The
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codebook overhead depends on both K and matrix size. Accordingly, ABS preserves the per-
subvector encoding budget, while total storage also reflects the selected codebooks and deployment
metadata.

A.7 SAGE QUANTIZATION ALGORITHM

Algorithm 1: SAGE quantization

Input: Full-precision model and non-evaluation calibration prompts.
Pack prompts and greedy full-precision responses into calibration sequences Dca.
Run full-precision calibration; estimate each matrix’s input-channel energies e.. := E[z2].
for each weight matrix W to quantize do
Sort channels by decreasing e.; interleave eight equal-sized tiers to obtain 7w (ESG).
Permute columns by 7; split rows into 8-vectors, storing signs s and magnitudes p.
Set position weights w; o< 62‘;5, normalized to unit mean within each subvector.
for each (K, V) € {(64,4), (128, 3), (256, 2)} do
Fit K nonnegative unit codewords by activation-weighted spherical k-means.
For each p, choose z, ¥ minimizing >, wi(ps — Feai)?.
Round radii to 2V uniform levels spanning their range in each 128-weight group.

Score W := (s ® ¢.) in original channel order by Y _e.||W. . — WC 3.
end for
Retain the lowest-score candidate to initialize the quantized matrix (ABS).
end for

Initialize z$ := z'P from the calibration embeddings.

for{=1,...,Ldo
Cache full-precision targets F} (mip).
Fix signs, direction indices, permutations, and bit splits in the quantized block Ey.
for each minibatch over all optimization epochs do
Recompute radius grids and reconstruct quantized weights.
Use Adam to minimize mean squared error between ﬁg(m?) and cached targets.
Update only radii and codebook angles; pass gradients through radius rounding.
end for
Propagate x7, , := Fy(z) and xffjrl = Fy(zlP).
end for
Qutput: Signs, direction and radius codes, grids, codebooks, and permutations;
retain unquantized model parameters unchanged.

A.8 DIALOG EXAMPLES

Table 5: Qwen3.5-4B dialogues with native BF16 or quantized—dequantized (QDQ) weights. Both
prompts use seed 42, temperature 1.0, and thinking mode. Generation limits, including reasoning,
are 512 tokens for Prompt 1 and 256 for Prompt 2. Gray text denotes reasoning.

@® Prompt 1 Five numbers have an average of 18. If the number 22 is removed, what is the average of the remaining four numbers?
Choices: A. 16 B. 17 C. 18 D. 19. Please show your choice in the answer field with only the choice letter, e.g., {"answer": "C"}.

2 BF16: The user wants me to solve a math problem and provide the answer in a specific format. 1. Understand the Problem: There
are 5 numbers. The average (arithmetic mean) of these 5 numbers is 18. One number, which is 22, is removed from the set. I need to find
the new average of the remaining 4 numbers. 2. Formulate Equations: Let the five numbers be x1, 22, 3, €4, 5. The sum of the

five numbers is S5. Average formula: Average = &‘)‘\:’I‘“ Given: => = 18. Therefore, S5 = 18 X 5. Calculate S5: 18 x 5 = 90.
So, the sum of the original 5 numbers is 90. Now, one number is removed. This number is z; = 22. The sum of the remaining 4

numbers is Sy = S5 — . Calculate S4: Sy = 90 — 22 = 68. The count of the remaining numbers is 4. The new average is
Average,, .., = % Calculate Average,, .., : %. 68/4 = 17. 3. Check the Choices: A. 16 B.17 C.18 D.19 My calculated
answer is 17, which corresponds to Choice B. 4. Structure the Output: State the steps clearly. Conclude with the final choice. Format
as requested: {"answer": "B"}. Double Check: Original Sum =5 x 18 = 90. Remove 22 (TRUNCATED)

% QuIP#: The user wants me to solve a math problem and provide the answer in a specific format. 1. Understand the problem: There
are five numbers. The average of these five numbers is 18. One number, specifically 22, is removed. The remaining four numbers must
have an average value. I need to determine what that average is from the given choices (A=16, B=17, C=18, D=19). 2. Analyze the data:
Let n be the number of items in a set. Let 1, x2, ..., x,, be the elements. The formula for the average is: average = % Here, we
have 5 numbers whose sum equals 5 X 18 = 90. When 22 is removed, there are 4 numbers left. The new sum is 90 - 22 = 68. The new
average would be 68/4 = 17. 3. Wait, let me check my reasoning. If the original average is 18, with 5 numbers, their total sum is 90.
If one number, 22, is removed, the remaining 4 numbers sum to 90 — 22 = 68. Average of the remaining 4 numbers = 68/4 = 17.
This seems like a straightforward calculation based on averages. However, does this logic work? The problem doesn’t say “one of the
numbers was 227, It says “the number 22 is removed”. Since there were 5 numbers with an average of 18, the sum is indeed 90. Is it
possible for the average of the remaining 4 numbers to still be 187 The question asks which choice is correct. If the sum is 90, removing
22 leaves 68. 68 divided by 4 is 17. So the answer should be 17. 4 (TRUNCATED)

Continued on next page
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Table 5 (continued)
% QTIP: Thinking Process: 1. Calculate total sum of the initial five numbers: Since the average is 18 and there are 5 numbers, the
total sum is 18 X 5 = 90. 2. Remove the number 22 from the set. The remaining four numbers have a sum of 90 — 22 = 68. 3.
Calculate the new average: Divide the remaining sum by the count of remaining numbers (4). New average = 68/4 = 17. 4. Match
with choices: Option B corresponds to 17. 5. Format output: Provide the choice letter in the answer field as requested. Step-by-Step
Calculation: Sum of original numbers = Average X Count = 18 X 5 = 90. After removing 22, Sum = 90 — 22 = 68. Remaining
count = 4. New Average = 68 /4 = 17. Choice B matches 17. Answer should be “B”. {"answer": "B"}

2 UniSVQ: The user wants me to know the average of the remaining 4 numbers after removing the number 22. The five original numbers
were used to get an average of 18. What are the implications? A. It’s about a math problem where I can’t remember what it was when I
was at school or work? B. It’s about statistics: What is the mean of a series? C. It’s a question that needs to be answered without knowing
the answer. D. It could be related to the average value being something else entirely. E. The question might have nothing to do with
statistics, other than the fact that the average is calculated differently in some contexts. (NO FINAL)

2 SPHQuant: The user wants me to solve a math problem about averages. 1. Analyze the given information: There are five numbers.
Their average is 18. One of the numbers (22) is removed. I need to find the average of the remaining four numbers. 2. Formulate the
relationship between average and sum: Average = Sum/Count Sum = Average * Count 3. Calculate the total sum of the original
five numbers: Count=5 Average =18 Sum =35 * 18 4. Perform the multiplication: 5 X 18 = 90 5. Determine the sum of
the remaining four numbers: Original Sum - Removed Number Sum =90-22 90 — 22 = 68 6. Calculate the new average:
New Average = Sum of remaining numbers / Count of remaining numbers New Count =4 New Average = 68 /4 7. Perform the
division: 68/4 = 17 8. Verify with the choices: A. 16 B.17 C.18 D.19 The calculated result matches choice B. 9. Format
the output: The user requested the answer in the answer field with only the choice letter. Format: {"answer": "B"} 10. Final check:
Original sum: 5 X 18 = 90. Remove 22: 90 — 22 = 68. New count: 5 — 1 = 4. New average: 68/4 = 17. Choice is B. Constraint:
“Please show your choice in the answer field with only the choice (TRUNCATED)

The user wants me to solve a math problem and provide the answer in a specific format. Problem: Five numbers have an
average of 18. One number (22) is removed. What is the average of the remaining four numbers? Step 1: Calculate the sum of the
original five numbers. Average = Sum/Count 18 = Sum/5 Sum = 18 X 5 Sum = 90 Step 2: Calculate the sum of the
remaining four numbers. The number 22 is removed. New Sum = Original Sum - 22 New Sum = 90 — 22 New Sum =68 Step
3: Calculate the new average. New Average = New Sum / New Count New Average = 68/4 New Average = 17 Step 4: Format
the output. The user requested the choice letter in the answer field. Choices: A. 16, B. 17, C. 18, D. 19. My calculated answer is 17,
which corresponds to Choice B. The format requires {"answer": "B"}. Double Check: Original sum = 90. Remove 22 -> Remainder
sum = 68. Count = 4. Average = 68 / 4 = 17. Matches Choice B. Final Output Generation: Construct the JSON response. The sum of
the five numbers is 18 X 5 = 90. After removing 22, the new sum is 90 — 22 = 68. The average of the remaining four numbers is
68/4 = 17. This corresponds to Choice B. {"answer": "B"}

® Prompt 2 Do not enumerate steps or analyze options. Answer immediately. Which day follows Tuesday? Output the lowercase name
of the day, followed by an exclamation mark, with no other text.

w2 BF16: Thinking Process: 1. Analyze the Request: Task: Identify the day that follows Tuesday. Constraint 1: Do not enumerate
steps. Constraint 2: Do not analyze options. Constraint 3: Answer immediately. Format: Lowercase name of the day, followed by an
exclamation mark, with no other text. 2. Determine the Answer: Day sequence: Monday -> Tuesday -> Wednesday... Day following
Tuesday is Wednesday. 3. Format the Output: Name: wednesday Punctuation: ! Combined: wednesday! Check constraints: No
extra text, lowercase, exclamation mark at the end. 4. Final Verification: Is it lowercase? Yes (wednesday). Is there an exclamation
mark? Yes (!). Is there any other text? No. Did I enumerate or analyze? No. 5. Construct Output: wednesday! 6. Final Decision:
Output "wed (TRUNCATED)

% UniSVQ: The user wants me to know what day follows Tuesday. The answer is Wednesday. It’s a straightforward question that
requires an immediate response without any further analysis or steps. (NO FINAL)

2 SPHQuant: Thinking Process: 1. Analyze the Request: Task: Identify the day that follows Tuesday. Constraint 1: Do not enumerate
steps or analyze options. (No list, no explanation). Constraint 2: Answer immediately. Constraint 3: Output the lowercase name of the
day. Constraint 4: Follow with an exclamation mark (!). Constraint 5: No other text. 2. Determine the Day: Current day is Tuesday. The
day following Tuesday is Wednesday. 3. Format the Output: Lowercase name: "Wednesday" Exclamation mark: "!" Combined:
"Wednesday!" No extra text. 4. Review Constraints: Did I enumerate? No. Did I analyze options? No. Is it immediate? Yes. Is it
lowercase? Yes ("Wednesday"). Is there an exclamation mark? Yes ("!"). Is there any other text (TRUNCATED)

%% SAGE: Thinking Process: 1. Analyze the Request: : ne which day follows Tuesday. Constraint 1: Do not enumerate
steps or analyze options. Constraint 2: Answer immediately. Constraint 3: Output the lowercase name of the day, followed by an
exclamation mark. Constraint 4: No other text. 2. Determine the Answer: The day following Tuesday is Wednesday. Format required:
lowercase "wednesday!" 3. Check Constraints: Is it a single output? Yes. Is it lowercase? Yes ("wednesday"). Is there an exclamation
mark? Yes ("!"). Is there any analysis or enumeration? No. 4. Final Output Formulation: wednesday! 5. Final Review: Does this meet
all criteria? Yes.cw wednesday!
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