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ABSTRACT

The best two-bit weight quantizers for large language models, such as QTIP and Proteus, share a
recipe. Each weight matrix is first rotated by a random orthogonal transform so that its entries look
Gaussian, and this rotation has to be undone at every decoding step. The rotated weights are then
encoded with a trellis or lattice code under a Euclidean search, and the layer Hessian is used only in
the error-feedback step between coding blocks. We show that this recipe leaves part of the Hessian
unused. Error feedback turns the loss into a weighted sum of per-coordinate rounding errors, and
the weights, the diagonal of the Hessian’s LDL factorization, are computed by existing quantizers
but never read. We put these weights into the search’s distance, the Viterbi branch metric, so that
the search follows the curvature within each coding block. This also explains what the rotation is
for. The rotation removes this within-block variation, so after it the weight has little left to exploit.
Weighting in the native basis and rotating are therefore substitutes. We confirm this on three models:
the weighted native search matches the baselines’ rotation, a full-dimension randomized Hadamard,
to within about one point of downstream accuracy, and weighting after the rotation gains little.
Around this search we build CURVETAQ, a trellis codec with no rotation. The rotation also flattened
the amplitude and the marginal shape of the weights, which we handle directly with a factored scale
field and a closed-form quantile table. In either basis, error feedback passes each block’s residual
on to the next, so we store a start state per coding block that lets the trellis adapt to it. At two bits
CURVETAQ is 1-3 points higher in mean downstream accuracy than QTIP and Proteus on three 4—-8B
Instruct models, even after both are given our start state, which by itself lifts either baseline by 1-3
points. It also leads on a 35B mixture of experts, to our knowledge the first trellis-coded result on
such a model. With no rotation to undo, our decoder is the fastest of the three at all tested batch sizes
and bit widths.

1 INTRODUCTION

When a large language model (LLM) generates text one token at a time, the cost of each step is dominated by reading
the model’s weights from memory. Storing fewer bits per weight therefore directly translates into faster decoding. At
four bits per weight, post-training quantization (PTQ) is by now routine (Frantar et al., 2023; |Lin et al.| [2024)). The
open frontier is two to three bits, where quantized models still lose a large amount of accuracy, and where the choice
of the code, how groups of weights are jointly mapped to a small set of stored indices, matters more than the choice
of the scalar grid (Tseng et al.,|2024b; [Egiazarian et al.| 2024).

The strongest two-bit trellis and lattice codecs today follow the same three-step recipe, which we call transform-and-
flatten (Figure[Th). First, each weight matrix is rotated by a random orthogonal transform, so that its entries look like
independent Gaussian samples (Chee et al.| 2023 [Tseng et al., [2024a)). Second, the rotated weights are encoded with
a high-dimensional code, a trellis or a lattice, using a Euclidean search and a Gaussian-shaped reconstruction. Third,
the layer Hessian, which says how sensitive the layer output is to an error in each input coordinate, enters only through
an error-feedback step between coding blocks (LDLQ). QTIP (Tseng et al.| 2024b) is the canonical instance; Proteus
(Yang et al., [2026) replaces its lookup table by a computed code but keeps the rotation and the Euclidean search. The
recipe has a cost at every decoding step: the rotation has to be undone at inference time, either on the activations or on
the weight-decoding path.
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What error feedback leaves unused. It is tempting to think that the feedback step has taken care of the Hessian, so
that the search inside a block can safely be Euclidean. In fact, feedback only rearranges the loss of a row into a weighted
sum of its per-coordinate rounding errors (Eq.[I). The weights are the diagonal D of the Hessian’s LDL factorization,
the same quantity GPTQ divides its residuals by (Chee et al. 2023} [Frantar et al., |2023). In the native basis these
weights differ by orders of magnitude between input channels, because a few channels carry outlier activations. Yet,
to our knowledge, every trellis and lattice quantizer ignores them and minimizes the unweighted error inside the block;
QTIP computes their block form as part of its feedback step and never reads it. Our first step is simply to use them.
Placed in the Viterbi branch metric, they change neither the code nor the decoder, and, as we show next, they make the
rotation unnecessary.

Why the rotation then becomes unnecessary. Once the weight is in the search, the random rotation turns out to
act on the same quantity. The rotation is meant to make all coordinates look alike, and for the raw Hessian diagonal
it does. For the LDL diagonal it does not: Figure [2[a) shows that it turns the jagged native weights into a smooth
ramp along the coding order, nearly flat within one 64-column block. A weight that is constant within a block does
not change which path the block’s search selects, so after rotation the weighted and the Euclidean search coincide: the
rotation removes the structure the weight exploits. Proposition[I] relates the weighted search’s gain over the Euclidean
one, in the high-resolution limit, to the within-block variation of these weights, which is large in the native basis and
near zero after rotation. Weighting and rotating are therefore substitutes, which Section.2|confirms on three models.
A rotation also flattens the local amplitude and the marginal shape of the weights; we handle both directly, with a
factored group scale and a closed-form quantile table (Section [3.3), so the decoder needs no transform (Figure [Ip).

What else the block boundary changes. Taking the feedback block seriously has a second consequence, for the
trellis termination. Under feedback, the first columns of each block carry the residual pushed forward from the previous
block, so the boundary is where the search needs the most freedom. QTIP’s tail-biting trellis ties each tile’s first
coordinates to its last, constraining exactly this boundary, and stores no start state; we instead let each block start
in any trellis state and store the choice (Section [3.1). The 14 stored bits per block are 0.22 bpw, our largest single
component, and not specific to our codec: given to QTIP and Proteus, the same state is worth 1-3 downstream points
at two bits. Removing the state costs 2—4 perplexity and 5 downstream points, ten times the cost of a group-scale field
of the same size. At decode time it is one load per block, 1-3% of throughput.

Contributions. (1) We show that the curvature weight and the random rotation are substitutes: the LDL diagonal
in the branch metric exploits what a rotation removes (Sections [3.TH3.2). On three models the weighted native search
matches, to within about a point of mean accuracy, the full-dimension rotation QTIP deploys at equal rate (Section[4.2).
The loss identity (Chee et al.l|2023)) and weighted trellis search (Fischer & Wang},|1992)) are both known; what is new is
that together they make the rotation unnecessary. (2) We replace QTIP’s tail-biting termination by a block-local trellis
with a stored start state per block, our largest single rate component and the one that creates the two-bit downstream
margin (Sections [3.1] A.3). It is not specific to our codec: transferred unchanged to QTIP and Proteus, it lifts each
by 1-3 points (Section 4.1). (3) Using (1), we build CURVETQ, a rotation-free trellis codec; in the native basis, its
per-module quantile table and factored scale field handle the marginal shape and the local amplitude that a rotation
would have flattened (Section [3.3). Against QTIP and Proteus given our start state it is 1-3 points higher downstream
at two bits on three Instruct models (Section[.1)). It also leads on a 35B mixture of experts, to our knowledge the first
trellis-coded result on one; at 32B the start state alone closes most of the baselines’ gap. (4) With no rotation to undo,
our decoder is faster than both baselines’ kernels at batch 1 to 128 (Section[£.4).

2 RELATED WORK

Incoherence processing. QulP (Chee et al.,[2023) introduced random orthogonal preprocessing that makes weights
and Hessians incoherent, together with LDLQ, the error-feedback rounding whose loss identity we use (Eq.[I)); QuIP#
(Tseng et al., |2024a) made the transform a randomized Hadamard and added the FEg lattice codebook, block LDLQ
and a fine-tuning stage. Later work moves rotations into the activation path or makes them data-aware (Ashkboos
et al. [2024; Liu et al.| 2025b; |Sun et al.| 2025} |Chen et al |2026a). Our view is that a rotation flattens three separate
quantities at once, the local amplitude, the marginal shape and the block-local LDL diagonal, and that each can be
flattened explicitly in the native basis.

Trellis, lattice and vector codes. Two lines of work are closest to ours. The first is trellis-coded quantization.
Its weighted and feedback variants (Marcellin & Fischer, [1990; [Fischer & Wang| 1992 |Atal & Schroeder, [1979;
Eyuboglu & Qureshil [1988)) are classical; QTIP (Tseng et al.l [2024b) brought TCQ to LLM weights with the bitshift
trellis and two decoders, a lookup code and a computed one. Proteus (Yang et al.l |2026) makes the computed code
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Figure 1: Transform-and-flatten (a) versus our recipe (b); schematic, not measured data. The Encode row is the mechanism: the
LDL diagonal D, which (a) flattens within each block by rotation, becomes in (b) the weight of the Viterbi branch metric, so the
search minimizes y_, D;n? rather than 3 i 7. The rotation’s other two effects are obtained by the factored group scale 3, and the
quantile table 7', and the decoder needs no transform.

central and argues from decode bandwidth that a lookup-free trellis is the right target. All of these keep the search
Euclidean and confine curvature to the feedback step; Proteus does use a Hessian-weighted objective, but to select
its code per layer, not inside the search. The second line is lattice and additive vector quantization (Egiazarian et al.|
2024} \van Baalen et al.,|2024; Liu et al., 2024;|Zhang et al., 2025b; |van der Ouderaa et al., 2026), which trades decode
arithmetic for shaping gain (we compare against trellis codecs only, which decode faster: LLVQ reports its single-
shell kernel slightly slower than QTIP’s, and an independent multi-shell implementation measures QTIP’s kernel
2.27x faster (Malandrino, |2026))). This line does optimize an input-weighted error: AQLM’s beam search, and the
Hessian-weighted k-means of GPTVQ, VPTQ and SqueezeLLM (Kim et al., 2024). The cost is several dependent
codebook reads per weight at decode, where a trellis needs one table read, or none. Our codec is a trellis code that
optimizes the weighted objective of vector quantization, at a trellis decoder’s cost.

Solvers and side information. GPTQ (Frantar et al., [2023) rounds columns one at a time with Hessian feedback,
and its error-normalization constant is the same diagonal D we place in the search. On side information, group scales
are universal (Lin et al., 2024; |Shao et al., 2024), and storing them on a second, coarser grid goes back to QLoRA
and SpQR (Dettmers et al., 2023} |2024); our factored scale field is a structured version of this idea. For mixtures
of experts, QMoE (Frantar & Alistarh| [2023) quantizes with one Hessian per expert, which we adopt; no trellis or
lattice codec has been reported on such a model. Finally, post-quantization fine-tuning is worth more at two bits than
the spread between any two codes (Malinovskii et al.| 2024)), and QulP#, QTIP, AQLM and Proteus all publish their
headline numbers after such a stage; to isolate the code, we run every method without it (Section f). Appendix [C]
discusses this literature in more detail.

3 METHOD

Preliminaries: error feedback and the bitshift trellis. Let W € R?*C be a linear layer with input Hessian H =
E[zx ] damped as H + 6[ all identities below hold for the damped loss. Weight-only PTQ chooses W to minimize
>, el He,, e, = w, — ,. Fix a coding order over the C' input coordmates and write H = (I + U)D(I +U)".

Column -wise feedback quannzes coordinate j against w; + > ._. U;je; and defines 7, as that target minus 0;; then
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holds for any quantizer and any code (Appendix [A). Under block feedback with blocks of G = 64 columns (QuIP#’s
block LDLQ at our block size), the exact form for the block factor is e He = Zb n;r Dy ny with Dy, the Schur
complement of the trailing submatrix of H onto block b (our default column factor approximates it; Appendix [H):
feedback handles the triangular factor, diag(D,) is additive and is what we place in the search, and the off-diagonal
part is omitted.

The code. We use QTIP’s bitshift trellis: an L-bit state s;, a k-bit code a; per weight (k € {2, 3,4}), the transition
siy1 = ((st < k) |as) mod 2%, and a reconstruction from the emission window (Section [3.3); decoding walks the
state machine, encoding is a Viterbi search over 2L states.

3.1 CURVATURE-WEIGHTED TRELLIS SEARCH

Rows are coded in blocks of G = 64 columns, left to right; the residual of a coded block is propagated onto the
not-yet-coded columns through the triangular factor of H. Each block is coded by a Viterbi search that minimizes
. - 2 1
P* = arg min %wi (% — T(k;(P))], w; = ped
where % is the feedback-corrected, scale-normalized target of the block, &;(P) the code index of coordinate i on path P,
T the reconstruction table, and d; the i-th diagonal entry of the Cholesky factor of H~! (GPTQ’s error-normalization

constant). Because Eq. [2]is additive over coordinates, Viterbi minimizes it exactly at unchanged complexity, and the
packed format is that of the Euclidean search (w = 1): the weight changes which path is chosen, not how it is stored.

2

We make two further approximations. First, Eq. 2] keeps only the diagonal of Dj, and omits the in-block coupling.
Second, 1/d? conditions on all columns after i, including in-block columns that block feedback never corrects. Ap-
pendixcompares 1/ df, our default, with the feedback-free H;;.

Block-local trellis with an explicit start state. A trellis code must decide how one coding block’s path relates to
the next. We let each block’s Viterbi start in any of the 2 states and store the chosen state, the boundary-state field by
(the discrete counterpart of the amplitude field s, of Section , as L bits per (row, block). This boundary adaptation
rate, L/G = 14/64 = 0.219 bpw, is counted in every reported rate (Appendix E]) The decoder loads the state and
walks the block; nothing else changes. QTIP instead codes 256-weight tiles as fail-biting sequences: the first state is
a function of the tile’s own last bits, so no start state is stored and the rate is exactly k£ (Tseng et al.,2024b)). That
construction is right for a long tile over a rotated, near-i.i.d. source. Under error feedback, however, the block boundary
is where the inherited residual lands, and tying the first [ L/k] coordinates of a 64-column block to its own last ones
is the wrong constraint. Section compares this choice with tail-biting and chained terminations; Section also
equips the baselines with it.

3.2 WHY THE ROTATION BECOMES UNNECESSARY

Factor each weight as w; = s4(;)2;, with s, the scale of its 64-group and z; € [—1,1]. The block objective Eq.
then has three factors at three granularities: the amplitude field s,, the marginal law of z, and the curvature weight
D,. A random orthogonal transform flattens all three: block energies concentrate, so one scale per row suffices; the
marginal tends to a Gaussian, so a universal emitter fits; and the raw diagonal concentrates, Hz’l — tr(H)/C. The
LDL diagonal, however, does not flatten: it becomes a smooth ramp along the coding order (Appendix [B). Define the
anisotropy of D and its block-local version, in bits per weight,
AM(D) >, tr(Dy)
I'(H) = Llogy, —— Iy(H) =11 b >0, 3

) =zls i)y 1) = 2100 S GG (dng y) = ©)
with equality in I'y, iff diag Dy, is constant within every block.
Proposition 1 (weights and floors). With the feedback rule of Eq. ' (i)e" He = > D;n? for any quantizer. (ii)
If the residuals have equal second moments E[nf] = g2—the high-resolution behaviour of a Euclidean search with
one alphabet for all coordinates—then Ele” He] = o?tr(D) > Co? GM(D) = Co?det(H)YC, with equality
iff all D; are equal. (iii) The lower bound in (ii) is attained, under the high-resolution rate model, by a code whose

per-coordinate step is proportional to D, 1/2 (Huang & Schultheiss, |1963) Zadorn |1982).

Proofs are in Appendix In words: within the high-resolution relaxation of (ii)—(iii), weighting can gain at most
I'(H) over a Euclidean search in a given basis, and a block-local code at most 'y (H). Since det(RHR") = det H,
the floor is the same in every basis; within this relaxation only the Euclidean loss o?tr(D) is not, and that is what a
rotation changes.



The substitution hypothesis. A Haar or sign-randomized Hadamard rotation turns D} into a smooth ramp from
the harmonic to the arithmetic mean of the damped spectrum (Appendix [Bf checked numerically). Where the ramp
is flat across a block, the search weight D) is nearly constant within it, so the two searches nearly coincide: after
rotation, weighting is redundant. The converse, that native weighting matches rotation, is not implied by Proposition/[I]
(Appendix [A] Proposition [2)); it is a hypothesis about trained LLM Hessians, whose outlier input channels put large
block-local anisotropy into the native D, and it predicts that the weighted metric’s gain tracks ', natively and vanishes
after rotation. Section [4.2] tests both on three models. We therefore keep the basis and the weight, and flatten the
amplitude and the marginal shape explicitly (Figure[Ib).

3.3 CURVETQ: THE ROTATION-FREE CODEC

Group scale and quantile table. The scale of a 64-group is its absmax s, stored on the factored grid described
below as 5, > s4; the coder operates on z; = w; / 34, so encoder and decoder share the normalization. Each coded
linear layer has its own alphabet of N = 128 int8 values at the equiprobable quantiles of a sample of its normalized
weights, indexed by a 7-bit hash of the emission window, with no interpolation at decode. The sample is a deterministic
stride over the layer’s 64-groups, so the table is closed-form and the build is a deterministic function of the calibration
set. A quantile grid is a heuristic rather than the rate—distortion-optimal reproduction law, but it matches an EM fit of
the same 128 entries (Section {.3).

Emission window. QTIP emits from a 16-bit state and searches 2'¢ survivors; we instead emit from the edge (s;, a;)
of a 14-bit state (the same code family, and at £ = 2 the same 16-bit window) and search 214 This is the Mealy form
(outputs on transitions rather than on states) of QTIP’s node-emitting trellis; an exact Viterbi run confirms identical
costs and reconstructions on every tested row, with a quarter of the survivors.

Table-free emission. The 128-entry table can be removed altogether: in the table-free variant the reconstruction is
computed from the emission window, like QTIP’s IMAD code, with one global scale in place of the table (details in
Appendix [[). Nothing else changes, so the difference between the two variants isolates the table (Appendix [D).

Factored scale field. A fp16 scale per 64 weights costs 0.25 bpw. Second-level quantization stores first-level scales
on a low-bit grid with a fp16 constant per block (Dettmers et al.| 2023 2024), treating them as a flat sequence. We
treat them instead as a two-dimensional field over rows and column groups, whose row and column-group effects
carry much of the variance (about half over the linear layers of Llama-2-7B, by a two-way decomposition log, s, 4 =

Ao+ By +€rg). Westore 5,y = A, B, Rn ¢ with fp16 row and column-group factors (geometric means along each
axis) and only the residual on a 4-bit linear grid with a fp16 absmax per 256, both rounded up against the stored fp16
factors, so that 5 > s holds for every group. The cost is 0.068 bpw on Qwen3-4B and 0.067 on Llama-3 (per-term
arithmetic in Appendix [J), against 0.25 for fp16 scales and 0.125 for int8 second-level quantization. The fp16-scale
variant of every build is reported in Appendix [D} every rate we report counts all of this side information, the emission
table and the start state (Appendix [J).

Mixture-of-experts models. The codec applies to a mixture of experts unchanged; only the Hessians differ. Fol-
lowing QMOoE (Frantar & Alistarh} 2023), expert e receives its own H (e) = Zt e l‘t$tT over the tokens the router

sends it. Under top-8-of-256 routing that is a few thousand tokens for a 2048-dimensional input, so H(®) is often
rank-deficient and its LDL diagonal damping-dominated, which leaves the weighted metric close to Euclidean.

4 EXPERIMENTS

Setup. We quantize six public checkpoints: Llama-2-7B, Llama-3-8B- and Llama-3.1-8B-Instruct (Grattafiori et al.},
2024), Qwen3-VL-4B- and -32B-Instruct (Qwen Team, 2025) (Qwen3-4B, Qwen3-32B below) and the Qwen3.6-
35B-A3B mixture of experts, all with the same 128 calibration segments of 2048 tokens from C4 (Raffel et al.|, [2020);
our build is deterministic given the calibration set. QTIP (Tseng et al., 2024b)) and Proteus (Yang et al., 2026) run
from one trellis/LDLQ implementation at L. = 16, each at its published rate and in two strengthened forms, with an
added 64-group fp16 scale (x.25 bpw) and with our per-block stored start state (Section [3.1} 2.19-2.22 bpw at two
bits, 3.16-3.20 at three), so that the second form carries our start-state side information. Appendix [D]also gives them
both at once, at x.31-x.34 bpw, above ours. HIGGS (Malinovskii et al., [2025) and 64-group GPTQ (Frantar et al.,
2023) run at 2.25 bpw. Table[G.I] gives the per-model protocol. We report WikiText-2 perplexity (Merity et al., 2017)
at context 4096 and mean accuracy over a fixed suite (4 to 34 tasks per model; Appendix G) run through one harness



Table 1: Perplexity and mean downstream accuracy at two and three bits (four bits in Appendix @); protocol in Section [4]
published rate plus 0.003 bpw of sign bits; ours include the per-block start state (Appendix [J. 4start: the baseline with our stored
start state, charged net (Appendix E]) *Llama-2-7B: ARC-c/ARC-¢/PIQA/WinoGrande, 0-shot, the suite of the QTIP and Proteus

papers. No method is fine-tuned; Proteus is its discrete solver, without learned scales or distillation. Bold: best in tier. : not run;
“x”: no valid outputs.

WikiText-2 perplexity | Downstream accuracy (%) T
Method bpw L2-7B Q3-4B L3-8B L3.1-8B Q3-32B L2-7B* Q3-4B L3-8B L3.1-8B Q3-32B
fpl6 16 521  9.72  7.68 6.67 6.17 66.6(43.1/76.3/77.7/69.2)  62.0 61.8 63.2 70.2
QTIP 200" 686 1536 11.53 10.31 7.21 61.7(36.0/70.0/75.0/65.7)  46.8  48.8 49.8 65.4
Proteus 2007 673 1421 10.99 10.02 7.09 61.8(35.5/70.0/74.5/67.0) 48.0 48.8 51.5 65.0

CurveTQ 2.29 6.44 11.50 991 9.16 6.90 62.9(38.6/71.6/74.3/67.0) 51.8 53.2 54.0 66.3
QTIP g4 2257 672 1372 11.19 10.03 7.07 61.6(35.8/68.9/74.6/67.1) 479 484 48.8 65.0
Proteustgea 2257 670 13.99 10.81 10.05 6.97 61.6(36.0/68.7/74.9/66.6) 473 483 51.0 65.8
QTIP gtare  2.197 649 13.99 10.22 9.42 6.93 63.1(36.7/72.0/75.8/67.9) 49.8 51.1 50.9 66.1
Proteussiare 2.227 631 13.15  9.83 9.30 6.88 63.0(37.3/70.8/75.7/68.2)  51.0 52.1 52.5 66.1

HIGGS 225 1095 21.23 19.09 18.40 — 55.8(28.9/60.7/70.1/63.6)  36.8  40.1 39.8 -
GPTQ (g64) 225 1567 40.75 536 530 — 37.3(21.5/26.1/52.4/49.3)  17.1 X X -
QTIP 3.00t 550 1068 8.30 7.32 6.38 65.7(42.1/75.1/77.0/68.4) 589  58.6 60.2 69.2
Proteus 3.00t 547 1073 8.15 7.23 6.37 65.6(42.4/75.2/76.6/68.3)  59.0 59.2 60.0 69.3

CurveTQ 3.29 542 10.28 8.16 7.09 6.32 659 (42.1/75.8/77.5/68.1)  60.0 59.9 60.9 69.7
QTIP gtare  3.16T 548 10.62  8.12 7.27 6.37 65.1(41.1/74.5/77.7/67.2)  59.6  59.2 61.2 69.3
Proteusseare 3.207 541 1043  8.16 7.12 6.31 66.4(41.9/76.1/77.3/70.3)  60.0  59.7 61.2 69.4

(Gao et all 2024} [Zhang et al., [2025a); main comparisons are paired differences to each baseline over tasks, with
bootstrap 95% intervals (Appendix [E)).

4.1 MAIN RESULTS

Table [1| reports the trellis methods at two and three bits and, at two bits, HIGGS and GPTQ, which fall far behind the
trellis codecs (other rows and baselines in Appendix [D} confidence intervals for every difference below in Appendix [E).
GPTQ is the only other rotation-free row: its scalar grid collapses at two bits, and its gap to our build is what the code
is worth without a rotation.

Two bits. At 2.29 bpw CURVETQ has lower perplexity than QTIP and Proteus at 2.00 and 2.25 bpw on all four
Instruct models. Downstream it leads them by +2.5 to +5.2 points on the three 4- and 8B Instruct models, all twelve
contrasts excluding zero, and by +0.5 to +1.3 on Qwen3-32B (Table . The gare Tows add our per-block start
state to the baselines’ own trellis. It is worth +1.0 to +3.3 points to them, more than the group scale, and it closes
the perplexity gap on the Llamas and Qwen3-32B. The downstream margin survives: +0.9 to +3.1 points against
QTIP_t ¢¢art and Proteus_;¢o, ¢ ON the three models, five of six contrasts excluding zero. It is concentrated on generative
tasks (GSMS8K, IFEval), while multiple-choice tasks move by about a point. A 128-group scale on top of the start
state changes little: at a rate above ours (2.31-2.34 bpw), the margin is +0.4 to +2.7 points, five of six contrasts
excluding zero, and the scale adds little over the start state alone (Appendix [D). On Llama-2-7B and Qwen3-32B,
where generative tasks lose less, the start state is most of the difference: without it the baselines trail by 1-2 points,
with it they come within 0.2 points on both. Our Llama-2-7B QTIP reproduction is within 0.05 perplexity of its paper.

Three and four bits. At three bits CURVETQ (3.29 bpw) leads the 3.00-bpw rows downstream on every model.
Once the baselines carry our start state (3.16-3.20 bpw) they draw level: CURVETQ is ahead of or level with the
baseline in twelve of the sixteen (model, metric, baseline) comparisons on the four models, and all eight paired
contrasts lie within £0.7 points (Table [E.T). The per-group-scale rows are in Appendix [D} At four bits all trellis
codecs are within 0.35 perplexity and one point (Appendix D).

Mixture of experts. Table 2]reports Qwen3.6-35B-A3B (40 MoE layers, 256 experts, top-8 routing) quantized with
one Hessian per expert by the same code. At 2.29 bpw, the exact element-weighted rate, our build has lower perplexity
and higher mean accuracy than Proteus and QTIP at 2.00 bpw, by +2.1 [+1.4, +3.0] and +2.5 [+1.9, 4-3.3] paired
points over the 30 tasks; the 64-group scale gains the baselines nothing downstream, our start state +0.6 to 2.0
points. At equal side information CURVETQ is still ahead of both, by +0.6 [—0.1, 4+1.3] points over QTIP g4, and



Table 2: Qwen3.6-35B-A3B (MoE) at two bits: PPL and mean accuracy over 30 tasks (per task: Appendix .

Method bpw ppld  Mean T
fpl6 16 6.12 71.3
CurveTQ 2.29 6.76 68.2
Proteus 2.00™ 6.99 66.0
QTIP 2.00" 7.10 65.6
QTIP 464 2.25% 6.99 65.3
Proteus 464 2.25% 7.08 65.1
QTIP start 2.19% 6.81 67.6
Proteus {stare ~ 2.227 6.78 66.6
(a) D; along the coding order (b) T, per matrix, G = 64 (c) Gain of 1/d? weighting
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Figure 2: Within-block curvature anisotropy 'y, (Eq.[3] G = 64), and what a rotation does to it; all panels Llama-2-7B. (a) The
LDL diagonal along the coding order for one matrix (layer 15, g/k/v input, 16-bin means): native is jagged (whole-layer max / min
2503 x), the full-dimension randomized Hadamard and the dense Haar rotation both produce the smooth ramp of Appendix
(2.7x, 3.9%). (b) I', over 128 public Llama-2-7B Hessians, one histogram per transform; medians (dashed) 0.038 native, 0.0089
act-order, 0.00013 full RHT, 0.00016 Haar. (c) Realized gain of 1/d? weighting on a held-out layer objective, as a fraction of
the Euclidean loss (1 — Lw /L), against I', computed from the full held-out Hessian, 224 matrices: the gain follows I'y natively
(Spearman +0.97, filled) and not after the RHT (+0.16, hollow); the other two models in Figure[3] Symlog vertical axis; details in

Appendix B}

+1.5 [+0.5, +2.8] over Proteus s¢art, winning 18 and 21 of the 30 tasks (Table E[) Expert Hessians are estimated
from few tokens, so their LDL diagonals are damping-dominated and the weight is nearly inert here (Section [3.3).

4.2 ROTATION AND CURVATURE

Section [3.2] predicts that after a mixing rotation the curvature weight has little left to exploit, and that in the native
basis it can substitute for the rotation. We test both with a 2 x 2 design, {rotation, none} x {Euclidean, 1/d?}, in the
CURVETQ format of Table[T](k = 2, factored int4 scales, per-module table, 2.29 bpw) so that only rotation and metric
vary. The rotation is the full-dimension randomized Hadamard Hom ® H g that QulP# and QTIP apply to the whole
input dimension (dense, but with an O(C'log C') transform), drawn per matrix; table, factored scales and weight are
recomputed from RH R in each cell; each cell is built on n = 4 disjoint calibration slices and scored on the model’s
full task suite of Table [I] reported as paired difference + s.d. The models are Qwen3-4B, Llama-3-8B-Instruct and
Llama-2-7B; the last is included because public 6144-sequence Hessians exist for it (Tseng et al.|[2024a)), which make
Figure[2(b) exact.

Results. Figure Eka,b) shows what the rotation does to D: it does not flatten it, but within a 64-column block the
ramp it produces is flat. The within-block anisotropy I';, of Eq. [3|falls on every one of the 128 matrices, by a median
of two and a half orders of magnitude (0.038 — 0.00013 bit). Table [3|reports the realized contrasts, and three things
hold on the models where they can be measured. First, in the native basis the weight gains (P1): +2.44 £+ 0.57
points on Qwen3-4B and +4.29 £ 1.04 on Llama-2-7B, positive on all four slices of both. On Llama-3-8B the native
Euclidean search collapses across the suite (MMLU at chance, GSM8K under 3%), an instance of the two-bit fragility
of Llama-3 that Huang et al.| (2024) document, so we report only the contrasts that do not involve that cell. Second,
after the rotation the weight adds little (S1): +0.36, +0.08 and —0.13 points, each inside its slice spread. Third, the
substitution: the rotated Euclidean search and the weighted native search are within about a point of each other (SUB),
+1.10 £ 0.63, +0.39 £ 0.66 and +0.07 &= 0.84. On the two Llamas it is smaller than its slice s.d. On Qwen3-4B the



Table 3: Rotation (full RHT) x metric at 2.29 bpw: mean accuracy over each model’s suite of Table(34, 4 and 14 tasks), paired
difference over n = 4 slices = s.d. P1/S1: weighted — Euclidean, native/rotated; R-e/R-w: rotated — native, Euclidean/weighted;
SUB: rotated Euclidean — native weighted. “—”: the native Euclidean search collapses on Llama-3-8B, so contrasts against it are
not reported.

Qwen3-4B Llama-2-7B Llama-3-8B
P1 +2.44 + 0.57 +4.29 +1.04 -
S1 +0.36 £ 0.51 +0.08 £ 0.53 —-0.13+0.19
R-e +3.54 +£0.71 +4.68 £ 1.40 -
R-w +1.46 £ 0.42 +0.48 £0.14 —0.06 £ 0.67

SUB +1.10 £ 0.63 +0.39 £ 0.66 +0.07 £0.84

Table 4: Component ablation, Qwen3-4B at two bits: PPL and mean accuracy over 34 tasks. Blocks: components added one per
row up to the full recipe; one removed; search ablations from the quantile-fit row; block terminations. Paired differences with 95%
CIs: Appendix [H}

Configuration bpw ppl acc.
Building up the codec (one component per row)

128-entry table, EM fit (start) 2.469 13.32 504
+ closed-form quantile fit 2.469 13.05 50.8
+ int8 second-level scales 2.345 13.46 50.9
+ edge-indexed emission 2.345 12.19 51.9
+ int4 scales (flat grid) 2.282 12.77 51.0

+ factored int4 scales, per-module table  2.289 11.50 51.8

Removing one component from CURVETQ

— factored scales (fp16 scales) 2.469 11.86 52.2

— emission table (computed code) 2.289 13.63 50.7

Ablating the search (from the quantile-fit row)

— error feedback 2.469 13.38 48.2

Euclidean metric instead of 1/d? 2.469 12.81 474

Block termination (from CURVETQ)

chained trellis, one state per row 2.073 13.59 46.4

tail-biting block, no start state 2.069 15.60  46.8
same, T'=256 (QTIP’s tile) 2.069 13.38 47.7

rotated search is ahead on 25 of the 34 tasks, by 1.1 points on average, while WikiText-2 perplexity favours the native
weighted search by 0.36. A dense Haar rotation gives the same picture (Appendix [B)). Figure[2]c) adds the per-matrix
view on a held-out layer objective: in the native basis the weighted search’s gain tracks I';, matrix by matrix (Spearman
+0.97 on Llama-2-7B, +0.67 and 4+0.99 on the other two), and after the rotation it does not (40.16, —0.11, —0.01).
The weighted native search therefore matches the rotation QTIP deploys to within about a point at equal rate with
no transform at all. The weight’s value is not a lower loss than the rotation’s but the native basis it lets us keep. In
that basis a per-module quantile table and a factored scale field, components a rotated, Gaussian-coded design has
no use for, are what separate CURVETQ from the .4, baselines of Table E]; consistently, the table-free build ties
Proteus_ g¢art (Appendix . The rotation lets the baselines search without a weight; Section measures what it
costs at decode.

4.3  ABLATIONS

Building up the codec. Table [ ablates the codec on Qwen3-4B at two bits (all models and rates in Appendix [H).
Read with the bpw column, the ladder has two kinds of step. Equal-rate steps change only accuracy: the closed-form
quantile fit matches an EM fit of the same 128 entries (0.28 perplexity, within twice the seed noise of Appendix [H)
and makes the build deterministic, and the edge-indexed emission is the largest single step, 1.27 perplexity and about
one downstream point at equal bits. Rate-buying steps trade accuracy for bits: int8 second-level scales save 0.124 bpw
for 0.41 perplexity, and moving them to a flat int4 grid a further 0.062 bpw for 0.58 perplexity and 0.8 points. The last
step recovers what the flat grid gave up—the factored int4 scale field with a per-module table is 1.26 perplexity and
0.8 points better at 0.006 bpw more—so the ladder is not monotone in accuracy, and its intermediate rate-buying rows
are cheaper but worse than their neighbours. End to end the recipe saves 0.18 bpw, 1.82 perplexity and 1.4 [+0.5,
+2.4] downstream points.



Table 5: Batch-1 decode throughput (tokens/s), one RTX 3090. Llama-2-7B QTIP and fp16 are QTIP’s published numbers; the rest,
and all batch 64/128 numbers, are ours. Batch 64/128 and the +rotation / —start-state arms are in Appendixm CTQ: CUuRrRVETQ.

Model bits fpl6 QTIP Prot. CTQ

L2-7B 2 52.5 127.0 105.9 139.0
119.0 103.5 125.7
109.0 102.6 114.9

74.3 153.6 117.9 160.8
144.2 115.4 151.7
137.2 113.2 146.2

Q3-4B

EENUS TN (ST SN O}

Removing one component. fpl6 scales in place of the factored field cost 0.18 bpw for 0.35 perplexity worse and
0.4 [—0.3, +1.1] points better: the field saves its bits at no downstream cost. Removing the emission table costs 2.13
perplexity and 1.2 [0.2, 2.2] points at two bits and is within noise at four (0.11 perplexity, 0.2 points): the table matters
only at the lowest rate.

Ablating the search. We remove, one at a time, the two components Section @] argues for, starting from the
quantile-fit configuration (fp16 scales). Removing error feedback costs 0.34 perplexity and —2.5 [—4.3, —1.4] down-
stream points, concentrated on GSM8K (—27) and IFEval (—6). Replacing the 1/ d? branch metric by the Euclidean
one, feedback kept, costs —3.3 [—4.5, —2.3] points while lowering WikiText-2 perplexity by 0.24. Perplexity and
downstream accuracy thus disagree on what the weight is worth; we report both.

Ablating the block termination. The last block of Table 4| replaces our block-local trellis by the two constructions
that store no per-block state, the recipe otherwise identical: a row-long chained trellis and a per-block tail-biting one
(QTIP’s construction on a 64-weight block). Both save =~ 0.22 bpw and cost 2.09 and 4.10 perplexity and —5.5
[-7.0, —4.2] and —5.1 [—6.9, —3.5] downstream points, against the 0.4 points the factored scale field moves for a
comparable 0.18 bpw two rows above. Lengthening the tail-biting sequence to QTIP’s own tile length recovers 2.22
of the 4.10 perplexity but is still —4.2 [—6.4, —2.5] points behind.

4.4 DECODE THROUGHPUT

We implemented the decoder of Section [3.3](row Decode + GEMM of Figure[Ip) as a fused dequantize-and-multiply
CUDA kernel and measured decoding on an RTX 3090 in QTIP’s own benchmark setting, at three bit widths and three
batch sizes (Table [5} full table and setup in Appendix [} Table [.T). Our harness reproduces QTIP’s published fp16
figure on Llama-2-7B (52.25 against 52.5 tokens/s), so at batch 1 we quote their published QTIP numbers there; QTIP
publishes no batch 64/128 figures, so those, and all of Qwen3-4B, we run with its released kernels; Proteus, which has
no public kernel, is our implementation throughout. Three things follow. First, our decoder is the fastest of the three
in every cell: at batch 1 it is 1.05-1.09x QTIP and 1.12-1.36 x Proteus, and at batch 64 and 128 it stays ahead by
1-13%. Second, the rotation is expensive at batch 1. Adding QTIP’s activation-side Hadamard to our own decoder, so
that only the transform changes, costs 5-9 tokens/s on Llama-2-7B and 13-17 on Qwen3-4B, 4-11% of throughput.
That is most of, or more than, our whole margin over QTIP: with the rotation added our decoder is about as fast as
QTIP’s (0.93-1.02x%), so at batch 1 most of the lead is the transform a rotation-free decoder does not pay for. Third,
the stored start state is cheap to decode: removing it gains only 1-5 tokens/s, 1-3%, so the 0.22 bpw it costs returns
1-3 downstream points (Section[d.T)) at almost no cost in speed.

5 CONCLUSION

We showed that the curvature weight and the random rotation are substitutes: the LDL diagonal that error feedback
already computes, placed in the Viterbi branch metric, exploits the within-block variation a rotation removes, and on
three models the weighted native search matches the baselines’ rotation to within about a point. On this basis we built
CURVETAQ, a trellis codec with no rotation to undo at inference, whose factored group scale and quantile table handle
the amplitude and the marginal shape directly. Its block-local trellis with a stored start state also lifts QTIP and Proteus
by 1-3 points; against them so strengthened, CURVETAQ is still 1-3 points higher downstream at two bits, leads on a
35B mixture of experts, and decodes faster at every batch size we tested.
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A PROOFS AND EXAMPLES FOR PROPOSITION 1]

Throughout, H ¢ R Xic is the damped input Hessian of one layer (§ = 102 of the mean diagonal in every build),
H = (I +U)D(I + U)T" its LDL factorization in a fixed coding order with U strictly upper triangular and D =
diag(D1,...,D¢) = 0, w € R® one output row, 1 its quantization and e = w — 0.

A.1 THE LOSS IDENTITY

Lemma 1 (identity (1)). Let column-wise error feedback quantize coordinate j against the target 7; = wj +
>i<j Uijei and define nj = 7; — w;. Thenn = (I + U)Teand

c
e'He = Z D;n?
i=1
for every 1 € R, Under block feedback with blocks b of consecutive coordinates, the same argument gives e He =
> an Dyny with Dy, the Schur complement of the trailing submatrix of H onto block b.

Proof. By definition n; = w; — w; + >, _; Uijei =ej+(UTe);,ie.n=(I+U) e. Hencee' He = e (I +
U)D(I +U)"e = n' Dn. For block feedback replace the scalar LDL factorization by the block one, H = (I —1—
D

Up)Dp(I + U B) with D = blockdiag(Dy); the same substitution gives the block form. No property of w i
used.

The per-step quantity D;n? is the optimal -brain-surgeon loss of rounding coordinate ¢ given all later coordinates

(Hassibi & Stork,|1993), and D; = 1/[H, 1,4 is the reciprocal of the quantity by which GPTQ normalizes its residuals
(Frantar et al’;[2023); Lemmal ] states that these per-step losses add exactly to the layer loss.

A.2  PROOF OF PROPOSITION([I] PARTS (IT) AND (III)

Proof of (ii). By Lemma |1] the loss has no cross terms in 7, so Ele"He] = >, D; E[n?]. Under the hypothesis
E[n?] = o2 for all i this equals o2 tr(D). Since det(I + U) = 1, [[, D; = det H, and the inequality of arithmetic
and geometric means gives tr(D) > C (], D;)'/¢ = C det(H)/©, with equality iff all D; are equal. O

Proof of (iii). Under the high-resolution rate model R; = h; — % log,(co?), ﬁxmg >, R; fixes [[; 02 =: 02C.
Minimizing 3°, D;o? subject to [[; 02 = 0> by a Lagrange multlpher gives D;o? = X for all 4; the constraint then
yields A = o2 ([, D;)'/¢ = 62 GM(D) and the minimum C'o> GM(D). This is the transform-coding-gain argument
of Huang & Schultheiss|(1963). For the second statement, the change of variables y = DY/2g maps the weighted norm
| D'/2 - || to the Euclidean norm and scales the density by det(D)~'/2; Zador’s high-resolution formula for fixed-rate

vector quantization (Zador, 1982) depends on the density only through a factor that scales by det(D)'/¢, which gives
the same floor Co? GM(D) for a code shaped to the weighted norm. O

Remark 1 (on the hypothesis of (ii)). Equal residual second moments across coordinates is the high-resolution be-
haviour of a single alphabet applied to every coordinate. At two bits, with per-group absmax normalization and
overload, it holds only approximately, so (ii) is an idealization of the Euclidean search rather than a bound on it:
with Eln?] = 02 + €, the loss is o* tr(D) + Y, D;€;, whose second term has no fixed sign. The realized gain of the
weighted search is measured directly in Section

A.3 A ROTATION FLATTENS D ONLY PARTIALLY; A DATA-AWARE ONE FLATTENS IT EXACTLY

Example 1. Let H = diag(10, 1). In the native basis D = (10,1), AM(D)/GM(D) = 1.74, i.e. T(H) = 0.40
bit: feedback has nothing to propagate and the anisotropy is entirely available to a weighted search. A rotation
by 45° gives H' = (f’f5 *5‘_*55), whose raw diagonal is flat but whose LDL diagonal in coding order is D' =
(1.82, 5.5): AM/GM = 1.16, T'(H') = 0.10 bit, and []; D; = det H = 10 as Proposition[Ifii) requires. With
H' as the native Hessian, a raw-diagonal weight H]; sees no anisotropy, the LDL weight sees the residual 0.10 bit,
and feedback recovers the rest: the Euclidean loss is 110 without feedback, o* tr(D') = 7.3202 with it, against the
floor 20%/10 = 6.3202.
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The rotation that equalizes the LDL diagonal exactly is not the 45° one but the geometric-mean decomposition of
H'/2 (Jiang et al., 2005), here the angle 6 with 10sin? 6 + cos? 6 = /10, i.e. § ~ 29.3°; after it a Euclidean search
with feedback attains the floor. That rotation depends on H. A random rotation does not, and the example shows that
it need not flatten D; Appendix [B|describes what it does instead.

A.4 THE SUBSTITUTION HYPOTHESIS IS NOT A THEOREM

Write, for a fixed block size G' and coding order, Anaew = Y, G GM(diag Dy) for the high-resolution proxy loss
(per unit residual variance) of the weighted search in the native basis, and Aot g = Egr Y, tr(Dj) for that of the
Euclidean search after a random rotation R, both under block feedback with in-block residuals of second-moment
matrix 021 (Appendix [B).

Proposition 2. Neither Apat w < Avos,E n0F Apay w > Arot i holds for all positive definite H.

Proof. Fix C =4,G =2, Hy = diag(10,1,10,1) and Hp = diag(10, 10, 1, 1). Both have spectrum {10, 10,1, 1},
so for Haar-distributed R the law of RHR is the same for both and Aot 5(Ha) = Avor,g(Hp) =: ®. For every
orthogonal R, with H' = RHR', two bounds hold. Each D} is a Schur complement of H’, so (D});; > D!, the scalar
LDL diagonal of H’; since [ [, D; = det H, the inequality of arithmetic and geometric means gives ), tr(D;) >
>, D} > Cdet(H)YC. A Schur complement is dominated by its block, so >, tr(Dj}) < >, tr(Hj,) = tr H. The
first bound is attained only if all D coincide and the second only if H’ is block diagonal, events of Haar measure
zero for H # cI; hence Cdet(H)l/C < ® < trH,ie 4/10 < & < 22 (numerically ® = 17.73 £ 0.01 over
2 - 10* draws). In the native basis Dj, = diag(Hp), s0 Apar.w(Ha) = 2-2v/10 = 4V/10 < ® and Ao w(Hp) =
2-104+2-1=22> . O

The two matrices differ only in where the anisotropy of D sits. In H 4 it lies inside every coding block, the weighted
search attains the floor C det(H) 1/€ and a random rotation can only lose; in Hp it lies between blocks, the weighted
search has nothing to exploit and the rotation’s mixing lowers the Euclidean loss. Interleaving or grouping the eigen-
values extends the construction to any C and G with 2 < G < C/2; the boundary cases are one-directional (with a
single block the rotated Euclidean proxy equals tr H for every R, and with G = 1 both native proxies equal tr H).
Whether native weighting matches rotation is therefore a property of where the Hessians of trained language models
put their anisotropy, not of positive definite matrices in general. Their native D is dominated by outlier input channels
that place large anisotropy inside coding blocks (Figure 2h,b), the regime of H4; Section tests the hypothesis on
that population.

A.5 WHEN THE TWO CURVATURE WEIGHTS COINCIDE

Remark 2. Within a block, multiplying all weights w; by a common factor leaves the Viterbi argmin unchanged.
Hence the LDL weight w; = 1/d? = D; and the raw-diagonal weight w; = H;; select the same path for every target if
D;/H;; is constant within the block. Since D; is the residual second moment of x; after linear prediction from x~; and
H,; = E[z?), this ratio is 1 — R?, with R? the uncentred squared multiple correlation of channel i with the channels
coded after it. The two weights therefore agree exactly on blocks whose channels are equally predictable from later
ones, and differ most where a few channels are strongly correlated with the rest. This is the sense in which the near-tie
between H;; and 1/d? observed on the feedback axis (Appendix@) is expected.

B ROTATION AND CURVATURE: THE RAMP, THE PROXIES, AND EXTENDED ANALYSIS

Table B.1: The three heterogeneities that a rotation homogenizes, and how the rotation-free recipe handles each.

Heterogeneity Mechanism Inference cost

local amplitude s4 per-(row, 64) group scale with factored second-level quanti- one multiply per weight; 0.07
zation (§3.3) bpw

normalized shape of z closed-form quantile table, or computed code ( 128-entry int8 table, or none

curvature D; weighted branch metric Eq. none (encode side)

coupling U inter-block: error feedback; intra-block: omitted none (encode side)
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Ramp property. After a Haar or sign-randomized Hadamard rotation, D} follows a smooth ramp from the harmonic
mean of the damped spectrum to its arithmetic mean along the coding order (checked numerically, not proved). Its
two ends are exact: D), = v’ Hu and D} = 1/(v" H~1v), with u and v the last and first columns of R, so the two
ends fluctuate on different scales, set by H and by H~!'. What the argument needs is only that the ramp is locally
flat on the scale of a block, which we measure directly: the within-block s.d. of In D} has median 0.013 on the 128
public Llama-2-7B Hessians (0.116 natively). Where it is flat, I'; ~ 0 and the possible gain of weighting is small:
after rotation, weighting is redundant (prediction S1).

The substitution hypothesis. Whether native weighting matches rotation is not implied by (i)—(iii); both sides are
computable from H alone. Under block feedback with in-block residuals of second-moment matrix E[nyn, | =

021 (equal and uncorrelated; equal diagonal alone does not suffice, since E[n, Dyny] = tr(Dy E[npn,'])), the high-
resolution proxy losses of the four conditions in Sectlonnare Anat B =D tr(Db) Anat,w = >, G GM(diag Dy),
Avor,g =Egr >, tr(D}) and Aot w = Aror,m; in this notation Ty, of Eq. 3|is 5 L 1ogy (Anat &/ Anat,w), the block-local
gain of Section The hypothesis is Anatw ~ Aot,r per layer. Neither ordering holds for general matrices
(Appendix [A), so this is a statement about the Hessians of trained LLMs, where outlier input channels put large,
block-local anisotropy into the native D. It predicts: (P1) in the native basis, the realized gain of the weighted metric
tracks I'; (P2) after rotation it vanishes wherever I'; ~ 0.

The H-only proxies on the public Llama-2-7B Hessians. With the 128 public Hessians (6144 sequences, damping
1072 of the mean diagonal, G = 64): after the full-dimension RHT or a Haar rotation, I'j has median 0.0001 and
maximum 0.04 (RHT) or 0.20 (Haar) bit, and A, w is within 2% of Avot, in 125 of 128 matrices, so S1 holds on
H alone. In the native basis I';, has median 0.038 bit (mean 0.085) and is 1arge only where the spectrum collapses:
1.69 bit for the first layer’s attention input (erank = 4), 0.97 for the second layer’s down-projection (erank = 1), 0.80
for the last layer’s. The rotation’s own proxy gain for a Euclidean search, Ayt 5/ Avot,E, has median 1.105 (0.072
bit) and reaches 2.2 (0.58 bit) in those layers. The substitution ratio Ayt w /Aot has median 0.998 (interquartile
0.996-1.096) and is < 1 in 96 of 128 matrices; native weighting wins by a wide margin exactly where the rotation
gains most, and loses on the attention output projections (median 1.077, ten of 32 above 1.1). These proxies assume
equal per-coordinate residual variance and bound the anisotropy mechanism only.

(a) Qwen3-VL-4B, n =252 (b) Llama-2-7B, n=224 (c) Llama-3-8B-Instr., n =224
00 . - -
" @ native, -3!.6, o g0  ° @ native, p= +0.97 o *° U @ native, p= +0.99 o °° Ll
3 10 A after T.ﬁ = e . after RHT, p= +0. . after RHT, p = _5
© $ “ : ot
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Figure 3: The plane of Figure c) on all three models: realized per-matrix gain of 1/d? weighting on the held-out layer objective,
as a fraction of the Euclidean loss (1 — Lw /L ), against I';, of Eq. computed from the full held-out Hessian (64 sequences no cell
calibrated on), native (filled circles) and after the full-dimension randomized Hadamard (hollow squares). The native gain tracks
I'y on every model (Spearman +-0.67, 40.97, +0.99) and the rotated one does not (—0.11, 40.16, —0.01); the rotation lowers the
median ', from 0.075, 0.032, 0.103 to 0.0027, 0.0003, 0.0005 bit, and the median native gains follow the native medians (11.7%,
4.6%, 13.2%; per-matrix medians, whereas the model-level percentages below sum over matrices). Figure c) plots panel (b)
alone. Symlog vertical axis (|| < 1% linear).

Held-out layer objective. Scoring every cell on tr(EHET)/tr(WHW T) with H from 64 sequences no cell cal-
ibrated on (summed over coded matrices; rotation-invariant, so rotated and native cells compare directly) separates
what the metric does from what the rotation does, and the two do not agree with the tasks in the same way. The
metric’s effect tracks tasks: P1 removes 17.2 £ 0.3% of the Euclidean loss on Qwen3-4B, 10.3 4-0.2% on Llama-3-8B
and 5.8 + 0.03% on Llama-2-7B, on all four slices of each; S1 is —0.14%, —0.01% and —0.01% (the two rotated
searches agree to 2 x 10~3 percentage points in weight-space error on every model); and matrix by matrix the native
gain follows I'; at Spearman +0.67, +0.97 and +0.99 (Figure EI) while after the RHT it does not (—0.11, 40.16,
—0.01). The rotation’s effect does not track tasks: on Qwen3-4B the full-dimension RHT lowers the held-out objec-
tive of a Euclidean search by 31.9 + 0.8%, twice the metric’s gain, and the rotated Euclidean cell sits 17.7 &+ 0.7%
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below the weighted native one on this objective on all four slices, yet the two are within about a point on the 34-task
mean (SUB +1.10+0.63) and WikiText-2 perplexity leans to the native weighted one (0.36 4-0.29, all four slices); on
Llama-3-8B and Llama-2-7B the same two cells differ by 0.33 4= 0.02% and 0.32 4= 0.03% on the layer objective, fifty
times less, and by no more on tasks (+0.07 £ 0.84 and +0.39 £ 0.66). Qwen3-4B is the one model of three where this
objective sees the rotation at all. A per-layer quadratic loss is the wrong yardstick for a rotation, which changes the
error’s direction in every layer at once; we report it for the metric, where it agrees with every other measure, and read
the rotation on end-to-end quantities only. End-to-end perplexity on Qwen3-4B (WikiText-2, context 4096, n = 4)
tells the same story for the metric: P1 —1.19+£0.73, S1 —0.27 £ 0.19, SUB +0.36 +0.29, R-w +0.09 £ 0.17; P1, S1
and SUB each carry their sign on all four slices, so on this yardstick the weight retains a small residual value after the
rotation and the native weighted search is 0.36 perplexity ahead of the rotated Euclidean one.

Weighting and feedback. The branch weight and the LDLQ feedback address the same quantity from two sides,
so we separate them on Qwen3-4B in the format of Table[I] scored on the same 34-task suite as Table [3] Switching
the feedback off (round-to-nearest within the trellis search) and the weight off costs 10.3 points; restoring either one
alone recovers most of it: the feedback alone is worth +7.85 £ 0.47 points and the H;; branch weight alone, with
no feedback, +8.73 & 0.29, each positive on all four calibration slices. Using both buys +10.29 & 0.34 (1/d?) or
+10.47 £ 0.35 (H;;), not +16.6: the interaction is —6.3 points, negative on all four slices, so the two mechanisms are
near-substitutes rather than complements, and once the feedback is on the weight is worth +2.44 + 0.57 (1/ df, the P1
of Table[3) or +2.62 £ 0.56 (H;;). Weight-only exceeds feedback-only by +0.88 £ 0.27 points, and the two curvature
weights under feedback differ by less than a fifth of a point (—0.18 £0.12), consistent with Section[3.1} Every contrast
is paired over the same four calibration slices; the arm with neither mechanism uses no Hessian and is a single build.
Two format caveats apply to the feedback-free arms, and both are small relative to the effect: they code each row as
a single trellis sequence and so pay one start state per row rather than one per 64-column block (2.068 against 2.288
bpw, in their favour), and the factored scale field is defined only on the block-feedback path, so they use the flat int4
grid (worth about —0.8 points, against them, Section[4.3). The missing start state is itself worth 4-5 points (Table [d),
so charging it in full still leaves both single-mechanism effects above +2 points.

Which rotation. The rotation of Table |3|is the one the baselines deploy: a sign-randomized Hadamard on the full
input dimension, Hom ® Hpg with a Sloane Hadamard matrix Hg for non-power-of-two widths (X = 20 for the
2560-wide and K = 172 for the 11008-wide inputs, K = 28 for 14336, K = 1 for 4096, as in QTIP’s tables;
K = 76, a Paley-II matrix QTIP never needed, for Qwen3-4B’s 9728-wide down-projection input), the construction
of QulIP# and QTIP. A blocked Hadamard on 256 columns, the cheaper stand-in we used in an earlier version of this
experiment, leaves the rotated Euclidean search 1.3-2.8 points behind the weighted native search on all three models;
the full-dimension transform closes that gap entirely (Table[3), as does a dense per-matrix Haar rotation on Qwen3-4B,
on the same 34-task suite (+1.32 £ 0.70 against native weighted, as against +1.10 for the RHT; +0.22 £ 0.34 against
the RHT; weighting after it —0.27 £ 0.87). The two dense rotations are indistinguishable from each other and within
about a point of the weighted native search; the block Hadamard’s shortfall was a mixing effect, not evidence about
the weight.

What the native basis carries. The native basis is heterogeneous in three ways, and the codec meets each where it
lives: the amplitude field s, carries local magnitude, the branch weight D; carries local sensitivity, and the boundary-
state field by of Section carries the local non-stationarity that feedback itself creates at a block boundary. The last
is not something a rotation removes: it comes from the feedback, which the baselines use as well, and the start state
lifts them in the rotated basis too (Section [4I).

C EXTENDED RELATED WORK

What a rotation repairs. QulP’s Table 2 shows that for a scalar grid at two bits, removing incoherence is a cliff:
outlier input channels overwhelm a grid that has no local scale. That cliff is the amplitude and shape job of the rotation,
which our group scales and quantile table do in the native basis; it is not evidence about the curvature job. Leech-lattice
VQ (van der Ouderaa et al.| [2026) reports the same from the other side: with a norm-preserving correction in place of
plain GPTQ, dropping the rotation moves Llama-2-7B at two bits from 191.9 to 6.9 perplexity, leaving the Hadamard
worth about 0.2: part of what a rotation buys is compensation for a mismatch between solver and code, not a property
of the weights.

Trellis successors. Proteus (Yang et al., 2026) keeps QTIP’s rotation, block LDLQ and Euclidean Viterbi but re-
places the lookup table with a computed Gaussianizing code, chosen per layer from a small candidate pool by a
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Hessian-weighted selection objective (curvature enters the choice of code, not the branch cost), and then learns per-
channel scales and distills per-layer affines. Its throughput advantage at large batch is attributed to codebook shared-
memory traffic rather than to the rotation. Q-Palette (Lee & Song, |2025) derives the optimal bit allocation for Gaus-
sianized weights and provides fractional-bit trellis, vector and scalar quantizers; BCJR-QAT (Iyengar, 2026) replaces
the Viterbi argmax by forward—backward marginals so that the trellis can be trained through, and puts the curvature in
the training objective.

Fine-tuning, and what a published ‘“two bits” contains. PV-Tuning (Malinovskii et al.l 2024) holds the code
fixed and varies only the fine-tuner: AQLM at 2.01 bpw on Llama-2-7B moves from 7.38 WikiText-2 perplexity with
calibration alone to 6.69, 6.41 and 5.90 as the fine-tuner strengthens. QTIP’s own end-to-end stage is worth about one
perplexity point at 7B and about 0.2 at 70B. Converted through the no-fine-tuning rate slope this is 0.7—1.1 effective
bits at 7B, more than the spread between any two codes we compare. Even tuning per-column scales alone moves
QulP# and QTIP by more than a perplexity point in a common pipeline (van der Ouderaa et al.| 2026)). QulP#, QTIP,
AQLM and Proteus all publish their headline low-bit numbers after such a stage, and the rates they publish differ
in what they charge for its parameters and for metadata. We therefore fix the fine-tuning protocol at none for every
method we run and compare at matched rate; how the margins change under a fine-tuning stage is left to future work.

Other relevant lines. GPTQ’s column-wise feedback has recently been identified with Babai’s nearest-plane algo-
rithm on the Hessian lattice (Chen et al., [2026b), whose error bound is a quadratic form in the same diagonal D that
we place in the search. YAQA (Tseng et al.l [2025)) improves which Hessian is used and measures quantized models
by their KL divergence to the original. ICQuant (Li et al., [2025) codes outlier positions by their index gaps; HIGGS
(Malinovskii et al 2025) derives MSE-optimal grids for Hadamard-rotated weights; NF4 is the Gaussian-quantile
construction that our empirical quantile table generalizes. For mixtures of experts, MoEQuant (Hu et al.| 2025)) studies
calibration imbalance across experts and recent work allocates bits across experts. Calibration-set sensitivity is docu-
mented by [Williams & Aletras|(2024); for a deterministic codec its consequence is sharper, since the calibration slice
is the only replicate axis. Quantization is known to hurt multi-step reasoning first (Li et al.l [2024; [Liu et al.| [2025a)),
which is where our two-bit gains concentrate.

D FULL PERPLEXITY AND ACCURACY TABLES

Tables[D.I]and [D.2] extend Table [I] with the NF baseline (a Hessian-aware quantile grid with a Hadamard transform).

The 2.25" rows are not a handicap: a 64-group fp16 scale is the cheapest way either baseline can spend comparable
extra bits, and in nine of ten (model, codec) cells it gives that baseline its own best two-bit perplexity, so the comparison
is against a strengthened baseline. Both rate rows are kept because the exchange rate is not transferable: the same scale
is worth —1.64 perplexity to QTIP on Qwen3-4B and only —0.22 to Proteus, so a baseline cannot be interpolated to
our rate. The gary TOWs spend comparable side information on our stored start state instead (Appendix [H), and
Section 43| bounds the question from our side with a variant of our own recipe at 2.07 bpw.

Both side channels at once. The | tari1g128 TOWs give each baseline our stored start state and a 128-group fp16
scale, 2.31 bpw for QTIP and 2.34 for Proteus, so for the first time the baseline rate lies above ours. On the four
dense models the ordering does not move: at two bits our margin is +1.0 to +2.7 downstream points on five of six
contrasts (Table[E.T)) and 1.5-2.8 perplexity on Qwen3-4B, with the Llamas within 0.25; above two bits every contrast
lies within £1.1 points and 0.31 perplexity. The second channel adds little to the first——0.7 to +0.8 points over the
+start TOWS, and a higher perplexity in five of the eighteen cells on the three 4-8B models (e.g. QTIP on Qwen3-4B at
two bits, 13.99 — 14.31; Proteus on Qwen3-4B at three and four bits)—so the two kinds of side information are not
additive, and neither one interpolated to our rate would close the gap. On Qwen3-32B the same holds for perplexity
(6.99 and 6.89 against our 6.90). We did not run these arms on the mixture of experts.

Removing the table. The table-free variant of Section[3.3](CURVETQ,,, r,uT in Tables and[D.2)) is within noise
of the table variant at three and four bits: over the six model X tier cells above two bits, four paired differences include
zero, the others are —0.5 [—0.8, —0.2] and +0.7 [+0.1, +1.6] (Table , and perplexity moves by at most 0.11. At
two bits the table matters on two of the four models: removing it costs 2.1 perplexity and 1.2 points on Qwen3-4B, and
2.6 points on Llama-3.1-8B, where perplexity changes by only 0.06; once more, perplexity understates a downstream
change. On the other two it is close to free (0.5 points on Llama-3-8B) or slightly negative (Llama-2-7B).
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Table D.1: WikiText-2 perplexity (context 4096; lower is better), all methods. Baselines: QTIP (Tseng et al.l|2024b), Proteus (Yang
et al.| 2026), HIGGS (Malinovskii et al.l 2025), GPTQ (Frantar et al., [2023); GPTQ (g64) is a symmetric int-k grid with one fp16
scale per 64 weights and no zero point, k + 0.25 bpw. Bold: best in tier; the fp16-scale variant of our build (516, .47 bpw) is
listed for reference and not ranked.

Method bpw Rot. Qwen3-4B Llama-3-8B Llama-3.1-8B Qwen3-32B
fpl6 16 none 9.72 7.68 6.67 6.17
QTIP 2.00% RHT 15.36 11.53 10.31 7.21
Proteus 2.00" RHT 14.21 10.99 10.02 7.09
CurveTQ 2.29 none 11.50 9.91 9.16 6.90
CurveTQ,oLuT 2.29 none 13.63 10.01 9.23 -
QTIPg64 2.25% RHT 13.72 11.19 10.03 7.07
Proteus g64 2257 RHT 13.99 10.81 10.05 6.97
QTIP ystart 2.197 RHT 13.99 10.22 9.42 6.93
Proteuststart 222" RHT 13.15 9.83 9.30 6.88
QTIP,start+gi2s  2.317 RHT 14.31 10.17 9.35 6.99
Proteus i start+g12s  2.347 RHT 13.02 9.82 9.03 6.89
HIGGS 2.25 Had. 21.23 19.09 18.40 -
GPTQ (g64) 2.25 none 40.75 536 530 -
CurveTQsp16 2.47 none 11.86 9.85 9.29 -
QTIP 3.00" RHT 10.68 8.30 7.32 6.38
Proteus 3.00" RHT 10.73 8.15 7.23 6.37
CurveTQ 3.29 none 10.28 8.16 7.09 6.32
CurveTQuoruT 3.29 none 10.34 8.06 7.11 -
QTIP, 64 3.257 RHT 10.51 8.30 7.28 6.36
Proteus{g64 325" RHT 10.75 8.20 7.23 6.35
QTIP start 3.16% RHT 10.62 8.12 7.27 6.37
Proteus_ystart 320" RHT 10.43 8.16 7.12 6.31
QTIP;start+gi2s  3.317 RHT 10.29 8.17 7.21 -
Proteus start+g12s 3.347 RHT 10.56 8.14 7.22 -
HIGGS 3.25 Had. 11.06 8.57 7.79 -
NF (Hessian) 3.25 Had. 11.03 234 108 -
GPTQ (g64) 3.25 none 11.85 9.72 8.93 -
CurveTQsp16 3.47 none 10.18 8.06 7.08 -
QTIP 4.00" RHT 9.99 7.81 6.86 -
Proteus 400" RHT 9.83 7.77 6.80 -
CurveTQ 429 none 9.68 7.75 6.77 -
CurveTQ.oLuT 4.29 none 9.79 7.78 6.79 -
QTIP g6 425T RHT 10.02 7.80 6.84 -
Proteus g64 425T RHT 9.88 7.82 6.80 -
QTIPstart 4.13% RHT 10.11 7.82 6.83 -
Proteus i start 4.197 RHT 9.92 7.77 6.80 -
QTIP,start+gi2s 4317 RHT 9.79 7.81 6.82 -
Proteus start+g12s 4.347 RHT 9.99 7.76 6.77 -
HIGGS 4.25 Had. 10.01 7.87 6.88 -
NF (Hessian) 425 Had. 9.79 7.96 12.77 -
GPTQ (g64) 4.25 none 10.33 8.15 7.18 -
CurveT Qs 16 447 none 9.83 7.76 6.75 -
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Table D.2: Mean downstream accuracy (%) over the task suite of SectionEl(n = 34 tasks for the Qwen3 models, 14 for each Llama

model), all methods. “x”: the model fails to produce valid outputs on most tasks. Bold: best in tier; the fp16-scale variant (g,16) is
listed for reference and not ranked.

Method bpw Qwen3-4B Llama-3-8B Llama-3.1-8B Qwen3-32B
fp16 16 62.0 61.8 63.2 70.2
QTIP 2.00" 46.8 48.8 49.8 65.4
Proteus 2.00" 48.0 48.8 51.5 65.0
CurveTQ 2.29 51.8 53.2 54.0 66.3
CurveTQuoLuT 2.29 50.7 52.7 51.4 -
QTIPg64 2.25% 47.9 48.4 48.8 65.0
Proteus{g64 2.25% 47.3 48.3 51.0 65.8
QTIP ¢ start 2.197F 49.8 51.1 50.9 66.1
Proteusystart 2.22% 51.0 52.1 52.5 66.1
QTIP.stare+g12s 2317 49.1 50.5 51.3 -
Proteus i start-+g12s  2.347 50.6 52.9 53.0 -
HIGGS 2.25 36.8 40.1 39.8 -
GPTQ (g64) 2.25 17.1 X X -
CurveTQsp16 247 52.2 52.5 53.5 -
QTIP 3.00" 58.9 58.6 60.2 69.2
Proteus 3.007" 59.0 59.2 60.0 69.3
CurveTQ 3.29 60.0 59.9 60.9 69.7
CurveTQ.oLuT 3.29 60.2 59.4 61.7 -
QTIPg64 3.25% 58.8 59.5 60.9 69.4
Proteus{ g64 3257 59.8 59.1 61.3 69.4
QTIPtstart 3.16% 59.6 59.2 61.2 69.3
Proteus_ystart 3.207 60.0 59.7 61.2 69.4
QTIP; stars+g12s  3.317 59.3 58.8 61.3 -
Proteus  start+g12s  3.347" 59.6 59.9 60.6 -
HIGGS 3.25 55.2 57.6 58.7 -
NF (Hessian) 3.25 55.2 - - -
GPTQ (g64) 3.25 50.8 52.3 52.0 -
CurveTQsp16 347 60.2 60.1 61.5 -
QTIP 4.00" 61.5 61.1 62.1 -
Proteus 4.00™ 61.7 61.2 62.7 -
CurveTQ 4.29 61.8 61.5 63.0 -
CurveTQ.oLuT 4.29 61.6 61.2 62.6 -
QTIPg64 425" 61.6 60.9 62.7 -
Proteus_ g4 4.25% 61.9 61.0 62.7 —
QTIP 4 start 4137 61.5 61.3 62.5 -
Proteusystart 4.19" 61.8 61.4 63.0 -
QTIP, start+g12s 4317 61.6 61.1 62.4 -
Proteus ystart+g128 4.34% 61.5 61.0 62.9 —
HIGGS 4.25 61.2 60.6 62.7 -
NF (Hessian) 4.25 61.4 59.9 62.1 -
GPTQ (g64) 4.25 59.5 59.3 61.5 -
CurveT Qs 16 4.47 61.7 61.5 62.5 -
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E PAIRED COMPARISONS

Table [E.T]lists, for every comparison quoted in Section4.1] the mean paired difference in accuracy over tasks between
our build and a trellis baseline at the neighbouring rate, with a bootstrap 95% confidence interval (4000 resamples of
the task set) and the number of tasks on which ours scores higher. The interval answers whether the margin depends
on the task mix; it does not cover calibration-set variability, which Section measures on three models at about
0.3-0.6 points s.d. per build and which is of the same order as the smaller margins in this table. A win counts the same
whether the margin is 20 points or 0.5, so the last column shows how broad each gain is: at two bits our build is higher
on 82% of all task comparisons pooled over the four dense models and the four trellis baselines (313 of 384), 69% at
three bits (266 of 384) and 65% at four bits (161 of 248).

The margin shrinks with model size, as quantization loss does in general (Li et al., 2024)), and is largest on generative
tasks (GSM8K +-14 to +21 points against 42 to +3 on multiple choice), but survives their removal: without GSM8K
the margin over Proteus is +2.8 instead of +3.6 points and every contrast but one remains significant.

The table-free variant across cells. Across the nine model X tier cells of Table[E.2] the table-free build stays ahead
of QTIP in all nine and is ahead of Proteus or within 0.2 points of it in all nine.

Table E.1: Paired differences in downstream accuracy (points) between our build and each trellis baseline, over tasks.

Model Tier Contrast A 95% CI wins/n
Qwen3-4B 2-bit CurveTQ — Proteus +3.89 [+2.69, +5.13 29/34
Qwen3-4B 2-bit CurveTQ — QTIP +5.00 [+3.39, +7.03 31/34
Qwen3-4B 2-bit  CurveTQ — Proteusygp4 +4.54 [+2.83, +6.98] 30/34
Qwen3-4B 2-bit CurveTQ — QTIP 464 +3.97 [+2.53, +5.62] 29/34
Qwen3-4B 2-bit CurveTQ — Proteusstart +0.86 [—0.21, +1.88] 24/34
Qwen3-4B 2-bit  CurveTQ — QTIPstart +2.03 [+1.14, +2.97] 27/34
Qwen3-4B 2-bit  CurveTQ — Proteusystart+gi2s +1.26 [+0.29, +2.22 24/34
Qwen3-4B 2-bit  CurveTQ — QTIP start+g128 +2.69 [+1.64, +3.88 28/34
Qwen3-4B 3-bit CurveTQ — Proteus +0.93 [+0.40, +1.48 26/34
Qwen3-4B 3-bit CurveTQ — QTIP +1.06 [+0.28, +1.90] 25/34
Qwen3-4B 3-bit CurveTQ — Proteusgp4 +0.21 [-0.58, +0.94 22/34
Qwen3-4B 3-bit CurveTQ — QTIP, 464 +1.18 [+0.26, +2.09] 26/34
Qwen3-4B 3-bit CurveTQ — QTIPstart +0.35 [—0.29, +0.95 22/34
Qwen3-4B 3-bit CurveTQ — Proteusstart —0.05 [-0.79, +0.65 18/34
Qwen3-4B 4-bit CurveTQ — Proteus +0.03 [—-0.43, +0.51 20/34
Qwen3-4B 4-bit CurveTQ — QTIP +0.25 [-0.29, +0.88] 23/34
Qwen3-4B 4-bit CurveTQ — Proteusg64 —0.24 [-0.75, +0.19 19/34
Qwen3-4B 4-bit  CurveTQ — QTIP4g64 +0.06 [-0.63, +0.71 19/34
Llama-3-8B 2-bit CurveTQ — Proteus +4.45 [+2.37, +7.40 13/14
Llama-3-8B 2-bit CurveTQ — QTIP +4.42 [+2.39, +7.11 13/14
Llama-3-8B 2-bit  CurveTQ — Proteusyg64 +4.90 [+3.03, +7.43 13/14
Llama-3-8B 2-bit  CurveTQ — QTIPg64 +4.81 [+3.22, +7.17 14/14
Llama-3-8B 2-bit CurveTQ — Proteusstart +1.17 [+0.09, +2.39 9/14
Llama-3-8B 2-bit  CurveTQ — QTIPstart +2.17 [+0.99, +3.68 13/14
Llama-3-8B 2-bit  CurveTQ — Proteusystart+gi2s  +0.36  [—0.54, +1.26 7/14
Llama-3-8B 2-bit  CurveTQ — QTIP start+g128 +2.72 [+0.92, +5.10 11/14
Llama-3-8B 3-bit CurveTQ — Proteus +0.71 [-0.11, +1.67 11/14
Llama-3-8B 3-bit CurveTQ — QTIP +1.28 [+0.76, +1.88 13/14
Llama-3-8B 3-bit CurveTQ — Proteus 64 +0.83 [+0.14, +1.52 11/14
Llama-3-8B 3-bit CurveTQ — QTIP 464 +0.44 [-0.27, +1.05 11/14
Llama-3-8B 3-bit CurveTQ — QTIPstart +0.67 [+0.17, +1.18 12/14
Llama-3-8B 3-bit CurveTQ — Proteusstart +0.17 [—-0.28, +0.68 8/14
Llama-3-8B 4-bit CurveTQ — Proteus +0.31 [-0.20, +1.03 8/14
Llama-3-8B 4-bit CurveTQ — QTIP +0.37 [+0.08, +0.67 12/14
Llama-3-8B 4-bit CurveTQ — Proteusg64 +0.48 [-0.00, +1.19 10/14
Llama-3-8B 4-bit  CurveTQ — QTIPg64 +0.65 [+0.32, +0.95 11/14
Llama-3.1-8B 2-bit CurveTQ — Proteus +2.49 [+0.19, +5.25 10/14
Llama-3.1-8B 2-bit CurveTQ — QTIP +4.20 [+2.05, +6.55 11/14
Llama-3.1-8B 2-bit  CurveTQ — Proteusygp4 +3.02 [+1.22, +5.00 11/14
Llama-3.1-8B 2-bit CurveTQ — QTIPg64 +5.15 [+2.75, +8.08 12/14
Llama-3.1-8B 2-bit CurveTQ — Proteusstart +1.44 [+0.30, +2.76 10/14
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Table continued

Model Tier Contrast A 95% CI wins/n
Llama-3.1-8B 2-bit  CurveTQ — QTIPstart +3.10 [+1.39, +5.16 11/14
Llama-3.1-8B 2-bit  CurveTQ — Proteus ystart+g12s  +1.02 [+0.13, +1.94 10/14
Llama-3.1-8B 2-bit CurveTQ — QTIPstart+g128 +2.62 [+0.67, +5.07 10/14
Llama-3.1-8B 3-bit CurveTQ — Proteus +0.95 [+0.22, +1.73 11/14
Llama-3.1-8B 3-bit CurveTQ — QTIP +0.70 [+0.00, +1.43 12/14
Llama-3.1-8B 3-bit CurveTQ — Proteus 64 —0.38 [—0.86, +0.12 5/14
Llama-3.1-8B 3-bit CurveTQ — QTIP, 464 +0.06 [—0.66, +0.73 10/14
Llama-3.1-8B 3-bit  CurveTQ — QTIPtstart —0.27 [-1.05, +0.37 9/14
Llama-3.1-8B 3-bit CurveTQ — Proteusstart —0.29 [-0.98, +0.35 8/14
Llama-3.1-8B 4-bit CurveTQ — Proteus +0.28 [-0.16, +0.85 9/14
Llama-3.1-8B 4-bit CurveTQ — QTIP +0.90 [+0.30, +1.71 11/14
Llama-3.1-8B 4-bit CurveTQ — Proteus 64 +0.34 [-0.28, +1.03 10/14
Llama-3.1-8B 4-bit  CurveTQ — QTIP4 464 +0.36 [—0.21, +0.92 9/14
Qwen3-32B 2-bit CurveTQ — Proteus +1.24 [40.35, +2.24 25/34
Qwen3-32B 2-bit CurveTQ — QTIP +0.88 [+0.06, +1.71] 25/34
Qwen3-32B 2-bit  CurveTQ — Proteus_ i g64 +0.47 [-0.20, +1.16 22/34
Qwen3-32B 2-bit CurveTQ — QTIPg64 +1.27 [+0.43, +2.24] 25/34
Qwen3-32B 2-bit CurveTQ — Proteuststart +0.23 [-0.37, +0.90 13/34
Qwen3-32B 2-bit CurveTQ — QTIPtstart +0.23 [-0.52, +0.96 22/34
Qwen3-32B 3-bit CurveTQ — Proteus +0.40 [-0.12, 4+0.90 21/34
Qwen3-32B 3-bit CurveTQ — QTIP +0.49 [+0.05, +0.96] 22/34
Qwen3-32B 3-bit CurveTQ — Proteusyg64 +0.28 [-0.16, +0.73] 21/34
Qwen3-32B 3-bit CurveTQ — QTIP 64 +0.28 [-0.14, +0.71 19/34
Qwen3-32B 3-bit  CurveTQ — QTIPtstart +0.43 [+0.06, +0.82] 20/34
Qwen3-32B 3-bit CurveTQ — Proteusstart +0.35 [-0.04, +0.74] 21/34
Qwen3.6-35B-A3B  2-bit CurveTQ — Proteus +2.13 [+1.42, +2.99] 28/30
Qwen3.6-35B-A3B 2-bit CurveTQ — QTIP +2.54 [+1.85, +3.27] 28/30
Qwen3.6-35B-A3B  2-bit CurveTQ — QTIP4 464 +2.89 [+1.31, +4.92] 26/30
Qwen3.6-35B-A3B  2-bit CurveTQ — Proteusg64 +3.06 [+1.59, +4.88] 25/30
Qwen3.6-35B-A3B  2-bit CurveTQ — QTIP4start +0.56 [—0.10, +1.27 18/30
Qwen3.6-35B-A3B  2-bit CurveTQ — Proteusstart +1.52 [+0.45, +2.81 21/30

Table E.2: The table-free variant: paired differences in downstream accuracy (points) of CURVETQn, r,uT against the table variant
and against QTIP and Proteus at the neighbouring rate, over tasks, with bootstrap 95% Cls.

vs. CurveTQ (with table) vs. QTIP vs. Proteus
Model Tier A [95% CI] wins/n A [95% CI] wins/n A [95% CI] wins/n
Qwen3-4B 2-bit —1.18 [—2.26, —0.21] 10/34 +3.82[+2.09, +5.86] 26/34 +2.71[+1.41, +3.91] 27/34
3-bit +0.27[-0.28, 40.85] 17/34 +1.33 [+0.57, +2.15] 26/34 +1.20 [4+0.65, +1.75] 28/34
4-bit —0.20[—0.70, 40.29] 17/34 +0.05[—0.42, +0.51] 20/34 —0.16 [—0.71, +0.31] 20/34
Llama-3-8B  2-bit —0.55[—1.18, +0.15]  4/14 +3.86 [+2.17, +6.22] 13/14 +3.90 [+2.30, +6.37] 14/14
3-bit —0.52 [—0.83, —0.24]  2/14 +0.76 [+0.11, +1.44]  9/14 +0.19 [-0.62, +1.01] 10/14
4-bit —0.34 [—0.92, +0.08]  5/14 +40.03 [—0.38, +0.38] 8/14 —0.02[—0.47, +0.43] 6/14
Llama-3.1-8B 2-bit —2.59 [—4.89, —0.58]  3/14 +1.61 [+0.69, +2.44] 11/14 —0.10[-1.09, 4-0.87] 8/14
3-bit +0.74 [+0.05, +1.57]  9/14 +1.44[+0.23, +2.89] 11/14 +1.69 [+0.81, +2.99] 13/14
4-bit —0.40 [—-0.92, +0.05]  4/14 +0.50 [+0.02, +1.06] 11/14 —0.12[-0.35,40.10] 6/14

F WEIGHT-SPACE ERROR

Table [F] reports the relative weight-space error under the Hessian norm for every build of Table[D.I} Our build has
the lowest relative weight-space error in every cell but one (Qwen3-4B at two bits, where Proteus_sart+g128 1S lower
by 0.01). Weight-space error is a build-time diagnostic; the ordering of the other methods on it does not carry over to
perplexity or tasks.
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Table F.1: Relative weight-space error ||[W — W ||z /||W ||z in percent (lower is better), same builds as Table Bold: best in
tier; the fp16-scale variant (,16) is listed for reference and not ranked.

Method bpw Qwen3-4B Llama-3-8B Llama-3.1-8B Qwen3-32B
QTIP 2.00" 10.25 9.41 9.43 10.41
Proteus 2.00" 10.01 9.17 9.19 10.15
CurveTQ 2.29 8.01 7.21 7.22 8.04
CurveTQ.oruT 2.29 8.35 7.60 7.62 -
QTIP | 464 2.25% 10.16 9.39 9.41 10.43
Proteus 464 225" 9.90 9.14 9.16 10.16
QTIP fstart 2.19" 8.74 8.00 8.02 8.86
Proteus ¢ start 2.227% 8.10 7.39 7.41 8.19
QTIP; start+gi2s 2317 8.65 7.99 8.01 8.87
Proteus  sart+g12s  2.347 8.00 7.38 7.39 8.19
HIGGS 225 17.34 15.60 15.63 -
CurveTQsp16 2.47 7.97 7.18 7.19 -
QTIP 3.00" 2.77 2.50 251 2.78
Proteus 3.00" 2.58 2.34 2.34 2.60
CurveTQ 3.29 1.98 1.77 1.77 1.99
CurveTQ.orLuT 3.29 2.17 1.95 1.95 -
QTIP  g64 3.25%F 2.67 2.46 247 273
Proteus ; g64 3.25% 2.51 231 231 2.56
QTIP fstar 3.16™ 2.46 2.22 2.22 2.46
Proteus s start 3.207" 2.15 1.94 1.94 2.15
QTIP; start+g12s  3.317 2.38 2.19 2.20 -
Proteus  start+g12s  3.34" 2.09 1.92 1.93 -
HIGGS 325 4.67 4.19 4.20 -
NF (Hessian) 3.25 5.98 5.52 5.52 -
CurveTQs,16 3.47 1.95 1.74 1.75 -
QTIP 4.00" 0.87 0.76 0.76 -
Proteus 4.00" 0.67 0.60 0.60 -
CurveTQ 4.29 0.52 0.47 0.47 -
CurveTQuorur 429 0.55 0.49 0.49 -
QTIP 464 4257 0.79 0.73 0.73 -
Proteus | g4 425" 0.64 0.59 0.59 -
QTIP, start 4.13% 0.82 0.71 0.71 -
Proteus ;start 4.19" 0.57 0.51 0.51 -
QTIP,start+gizs 4317 0.75 0.69 0.70 -
Proteus start+g12s  4.347 0.55 0.50 0.51 -
HIGGS 425 1.13 1.02 1.02 -
NF (Hessian) 4.25 1.26 1.17 1.17 -
CurveT Qs 16 4.47 0.49 0.44 0.44 -
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G TASK SUITE AND PER-TASK RESULTS

Table G.1: Per-model protocol. “LM linears”: only the language-model linear layers are quantized; the vision tower stays in bf16
and is outside the reported rate, which covers the coded linear layers. Llama-2-7B is the model on which QTIP and Proteus report
their headline numbers, so we follow their context length and their four zero-shot tasks and our reproductions can be checked
against the published values.

Checkpoint Short name Ctx. Quantized Tasks Methods run
Llama-2-7B (base) Llama-2-7B 4096 all linears 4 zero-shot (QTIP’s) all, + no-LUT
Llama-3-8B-Instruct Llama-3-8B 4096 all linears 14 text all, + no-LUT
Llama-3.1-8B-Instruct Llama-3.1-8B 4096 all linears 14 text all, + no-LUT
Qwen3-VL-4B-Instruct Qwen3-4B 4096 LM linears 34 (14 + 4 LiveBench + 16 MM) all, + no-LUT
Qwen3-VL-32B-Instruct  Qwen3-32B 4096 LM linears 34 QTIP, Proteus, ours
Qwen3.6-35B-A3B (MoE) MoE 4096 expert + attn. linears 30 QTIP, Proteus, ours

Coverage of the table-free variant. The table-free variant of Section [3.3]is run on the four dense models up to 8B.

Tasks and settings. Text tasks other than LiveBench are run through Im-evaluation-harness (Gao et al., 2024) with a
vLLM backend, LiveBench (release 2024-11-25; reasoning, mathematics, data analysis and language) through its offi-
cial framework, and all multimodal tasks through Imms-eval (Zhang et al.,2025al)), with one configuration per task for
every method. Few-shot settings follow the Open LLM Leaderboard v1 convention: MMLU 5-shot, GSM8K 5-shot
(exact match, flexible answer extraction), ARC-challenge 25-shot, HellaSwag 10-shot (normalized accuracy), Wino-
Grande 5-shot; MMLU-Pro and MMLU-ProX (English) use the harness’s 5-shot generative configuration; ARC-easy,
PIQA, BoolQ, TruthfulQA (MC2), GPQA-Diamond, IFEval (prompt-level strict accuracy), INCLUDE (43 languages,
averaged) and LiveBench are zero-shot. Generation is greedy (temperature 0, one sample per prompt), with a limit of
256 new tokens for GSM8K, 1280 for IFEval, 2048 for MMLU-Pro and MMLU-ProX, and 4096 for LiveBench and
for all multimodal tasks, whose task-level limits are raised to the harness’s model-level default of 4096. Text tasks use
the harness’s plain completion prompts, without the chat template, for the Qwen3-VL and Llama models; this lowers
absolute IFEval scores relative to chat-formatted evaluations but is the same for every method. Qwen3.6-35B-A3B,
whose template enables a reasoning mode, is run with its chat template and reasoning disabled, again for every method.
LiveBench and all multimodal tasks always apply the model’s chat template, and images are resized to at most 401,408
pixels. Multimodal tasks use the default Imms-eval metric of each benchmark. The tables below list every task behind
the means of Table MMLU 0-shot was also run and is omitted from the means to avoid counting MMLU twice.

Reading the tables. Rows are methods grouped by bit tier, with the bits per weight after the method name (:
published rate plus 0.003 bpw of sign bits); columns are tasks. Within a tier, CURVETQ is the factored-scale build
(.29 bpw) and CURVET Q16 the fpl6-scale build (z.47 bpw), listed for reference and not ranked. Bold marks the
best quantized entry per task within a tier. “—” marks a configuration that was not run. The weaker baselines produce
near-zero scores on isolated tasks, e.g. HIGGS on MMLU-Pro at three bits (0.5) and GPTQ on several generative
and long-context tasks at two bits; we report these runs as measured and do not re-run or drop them. Likewise, NF
(Hessian) has an outlying perplexity on Llama-3.1-8B at four bits (12.77) while its downstream mean is normal. The
last column is the unweighted mean over the tasks shown; for Qwen3-4B the means of Table are over the union
of the text and multimodal tables.

H ABLATIONS: FULL PERPLEXITY LADDER

The approximations behind the branch metric. Three approximations are made. First, the block form ), ny Dynp
of Lemma is exact for the residual of the block factor Ul:bl; by default we propagate each block’s residual through
GPTQ’s column factor (divided by diag(Uy), U the upper Cholesky factor of H 1), so the block form evaluated on
the residual the search sees differs from the true loss by a correction of no fixed sign; in our tests the block factor gave
a slightly higher weight-space error. Second, Eq. [2 keeps only the diagonal of Dy; the dropped in-block coupling is
corrected neither by the search nor by the between-block feedback. The baselines’ Euclidean search omits both parts;
we keep the diagonal. Third, 1/d? conditions on all columns after 7, including in-block columns that block feedback
never corrects, so it under-weights early in-block columns relative to diag(Dy). The raw diagonal w; = Hy; is the
weight of the objective without feedback and is kept as a control. Appendix [B|compares H;; with 1/d? on the 34-task
suite; both Hessian-derived weights repair the few matrices on which the Euclidean search fails outright, and 1/d? is
our default.
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Table G.2: Llama-3-8B-Instruct: per-task accuracy (%) for every method and bit tier.

& F $ ng §
S N & I

Method (bpw) ‘§ ‘§ &S é 0% § @‘ Q&) & ‘L\o Q?o ‘éO § x% $
fpl6 66.7 40.8 524 364 754 625 88 788 755 789 845 447 41.0 493 61.8
2-bit tier

CurveTQ 2.29 57.2 27.3 470 328 475 545 726 720 727 763 823 375 274 38.3 53.2
CurveTQ,oLuT 229 554 26.5 482 349 452 534 737 716 721 769 80.5 355 26.5 373 527
CurveTQg,16 2.47 56.5 26.5 48.7 283 462 552 727 71.1 707 769 835 35.1 26.5 37.0 52.5
QTIP 2.00" 51.6 21.7 475 318 28.6 481 704 67.7 69.9 751 822 325 22.0 344 48.8
Proteus 2.007 524 23.0 48.1 308 265 488 71.8 693 703 751 784 320 23.0 33.6 48.8
QTIP 4 g64 225% 52.8 214 449 303 292 509 679 682 69.8 742 80.7 325 214 33.8 484
Proteus  g64 225% 52.7 23.8 475 242 286 488 685 69.1 70.7 738 782 324 24.0 34.4 483
HIGGS 2.25 41.8 14.9 475 232 81 395 60.6 554 642 713 738 194 14.9 26.4 40.1
QTIP seare 2.197 56.7 259 469 333 375 523 700 700 713 76.1 80.7 31.6 26.2 36.4 51.1
Proteus  sart 2.22F 56.0 26.8 488 278 418 53.6 1743 721 737 765 80.5 36.0 26.6 345 52.1
3-bit tier

CurveTQ 3.29 64.2 37.2 514 338 715 61.1 781 773 758 775 848 418 37.4 46.7 59.9
CurveTQ,oLuT 329 64.6 37.2 502 323 709 610 772 712 749 774 833 414 37.4 46.4 59.4
CurveTQgy16 3.47 65.2 38.0 520 349 732 598 7638 774 749 780 85.0 409 38.3 47.0 60.1
QTIP 3.00T 63.4 35.9 510 328 673 593 7715 765 747 780 842 39.6 36.2 442 58.6
Proteus 3.007 64.4 37.1 521 283 698 59.0 768 770 753 772 84.0 444 37.1 46.1 59.2
QTIP 4 464 3.25% 64.1 37.8 512 328 69.1 606 76.7 764 746 770 837 449 38.2 453 59.5
Proteus 4 g64 3.25% 64.0 36.3 515 359 683 603 756 767 753 780 835 39.0 36.4 46.2 59.1
HIGGS 3.25 61.6 34.0 503 374 613 581 750 754 743 769 832 420 34.2 429 57.6
GPTQ 3.25 56.9 26.9 483 349 415 552 69.6 734 720 75.1 80.1 355 27.5 35.1 523
QTIP, seare 3.16T 64.0 36.6 506 313 688 60.8 77.6 710 758 773 83.8 43.1 36.5 46.1 59.2
Proteus  s¢art 3201 64.8 37.3 530 338 692 612 77.0 712 751 774 841 427 37.3 46.0 59.7
4-bit tier

CurveTQ 4.29 66.1 40.0 522 364 752 620 779 785 757 788 843 453 40.2 48.6 61.5
CurveTQ,oLuT 429 659 40.0 524 328 753 624 789 782 752 783 843 445 39.7 48.6 61.2
CurveTQg,16 4.47 66.1 40.6 521 359 747 620 79.0 787 75.6 789 848 434 40.7 48.7 61.5
QTIP 4.00™ 66.0 39.8 516 349 751 623 717 783 747 784 849 440 39.9 484 61.1
Proteus 4.007 66.5 40.1 51.6 323 736 620 779 783 77.0 785 84.6 45.7 40.1 48.5 61.2
QTIP 4 464 425% 65.5 39.5 524 343 733 621 795 719 752 718 84.0 432 39.3 48.0 60.9
Proteus 4 g64 425% 66.1 40.0 51.8 313 740 62.6 78.1 785 758 785 847 442 40.4 48.5 61.0
HIGGS 4.25 65.6 39.4 515 338 731 607 785 7718 752 776 839 438 39.6 47.8 60.6
NF 4.25 65.2 39.1 513 323 716 602 778 718 758 765 834 420 39.3 46.7 59.9
GPTQ 4.25 64.0 37.0 510 313 664 619 779 767 754 783 84.0 429 37.3 45.6 59.3
QTIP gart 4137 66.1 39.7 534 343 754 620 782 780 75.1 783 851 445 39.9 483 61.3
Proteus 4 start 4.19% 66.0 40.1 519 379 742 618 768 784 764 788 845 444 40.2 485 61.4
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Table G.3: Llama-3.1-8B-Instruct: per-task accuracy (%) for every method and bit tier.

& F $ ng §
S N & I

Method (bpw) ‘§ ‘§ 3 é 0% § @‘ Q&) & ‘L\o Q?o ‘éO § x% $
fpl6 68.3 433 545 333 779 614 796 80.4 78.6 813 853 458 43.1 524 63.2
2-bit tier

CurveTQ 2.29 59.9 26.7 509 273 49.7 509 732 735 749 779 827 41.8 26.8 394 54.0
CurveTQ,oLuT 229 573 24.5 434 298 366 538 736 726 729 778 820 344 24.9 356 514
CurveTQg,16 2.47 58.4 259 488 273 473 524 737 723 753 787 819 414 26.0 39.4 535
QTIP 2.00™ 54.3 214 444 263 351 518 1758 69.8 71.6 78.1 80.8 325 21.7 332 4938
Proteus 2.007 54.5 244 470 333 339 527 732 713 740 788 825 359 243 347 51.5
QTIP 4 g64 225% 53.9 21.1 399 273 302 514 726 694 713 767 81.7 33.6 21.6 32.7 48.8
Proteus  g64 225% 54.5 22.1 478 313 38.1 51.6 734 707 732 770 81.7 35.1 219 349 51.0
HIGGS 2.25 39.6 11.9 419 273 11.1 372 6l.1 564 642 725 749 207 12.0 27.1 39.8
QTIP seare 2.197 56.9 24.6 424 252 365 523 740 71.0 732 783 78.0 383 24.8 36.8 50.9
Proteus  sart 2.22F 58.7 26.4 474 288 474 532 7038 729 732 779 81.6 338 27.1 36.3 52.5
3-bit tier

CurveTQ 3.29 66.4 38.6 515 349 717 586 765 789 7777 804 85.1 442 38.7 49.8 60.9
CurveTQ,oLuT 329 66.6 38.5 540 394 728 598 792 789 78.0 80.5 842 43.6 38.5 49.2 61.7
CurveTQgy16 3.47 66.5 39.6 539 343 724 600 793 789 77.1 803 85.6 434 40.0 49.3 61.5
QTIP 3.00T 66.0 38.4 504 30.8 704 594 7538 782 757 802 847 464 38.6 48.3 60.2
Proteus 3.007 65.6 37.0 51.6 303 702 595 782 786 762 79.8 845 425 37.8 479 60.0
QTIP 4 464 3.25% 66.0 38.3 535 323 701 59.1 786 787 77.0 804 844 464 38.4 48.8 60.9
Proteus 4 g64 3.25% 65.2 38.5 533 364 725 588 782 786 77.0 81.0 853 455 39.1 489 61.3
HIGGS 3.25 64.3 34.4 520 288 675 585 765 765 76.0 79.0 83.6 45.7 34.2 449 58.7
GPTQ 3.25 55.7 24.0 472 303 402 540 752 735 728 78.1 792 373 243 36.0 52.0
QTIP, seare 3.16T 66.2 38.4 520 338 71.8 594 1795 785 77.6 80.0 847 479 38.4 48.7 61.2
Proteus  s¢art 3201 65.7 38.8 539 359 707 612 788 787 773 80.7 84.8 43.6 38.6 483 61.2
4-bit tier

CurveTQ 4.29 68.0 42.1 537 374 784 60.8 785 80.2 781 81.5 851 449 42.0 51.7 63.0
CurveTQ,oLuT 429 67.8 414 543 349 761 605 794 80.1 785 80.6 849 453 415 51.5 62.6
CurveTQg,16 4.47 67.6 41.7 542 313 767 608 79.1 803 775 813 850 453 41.8 51.8 62.5
QTIP 4.00T 67.7 41.1 542 323 772 60.0 787 797 777 80.5 853 425 41.8 51.0 62.1
Proteus 4.007 67.9 419 540 343 770 613 792 799 787 81.1 845 457 41.8 51.3 62.7
QTIP 4 464 425% 67.4 413 537 349 763 61.1 717 79.7 780 812 858 4638 41.6 51.7 62.7
Proteus 4 g64 425% 67.8 419 545 338 767 603 786 799 777 810 85.0 47.1 42.0 514 62.7
HIGGS 4.25 67.4 41.8 539 349 763 604 80.3 79.7 78.0 80.6 85.1 47.1 415 50.8 62.7
NF 4.25 66.7 41.0 539 354 767 60.8 785 796 768 810 854 438 40.9 49.5 62.1
GPTQ 4.25 65.4 37.6 530 369 712 593 79.8 790 779 802 851 50.1 37.9 48.0 61.5
QTIP gart 4137 68.0 414 536 354 758 614 79.8 797 775 809 853 440 41.6 51.0 62.5
Proteus 4 start 4.19% 67.8 41.3 539 354 770 613 797 80.1 784 81.0 854 47.1 419 519 63.0
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Table G.4: Qwen3-VL-4B-Instruct, text tasks: per-task accuracy (%) for every method and bit tier.

& F % § s s & &
7 N & A & & S y

T F ST FIIS fe68f FFes &6
Method (bpw) S & N ) v v & BN SR N F & S N <
fpl6 64.8 56.6 59.8 359 341 874 653 785 69.6 662 77.0 86.1 559 41.0 528 543 56.9 54.6 60.9
2-bit tier
CurveTQ 2.29 63.9 35.0 55.6 258 23.6 68.7 563 70.6 62.6 634 745 86.3 12.6 99 283 431 353 42.1 47.6
CurveTQ,o LuT 229 62.1 32.0 539 303 215 632 541 653 604 64.0 735 84.0 6.7 6.1 312 320 31.8 40.6 45.1
CurveTQyp,16 2.47 63.8 34.2 572 298 212 695 593 7338 629 642 748 852 1.5 103 27.0 41.0 345 422 479
QTIP 2.00™ 594 259 541 278 163 395 522 693 589 625 73.0 842 108 7.0 152 349 259  39.8 420
Proteus 2.00" 604 254 563 278 150 558 524 662 590 629 739 852 162 50 229 33.1 256 362 433
QTIP, g4 2.25T 594 256 479 283 163 475 535 623 588 637 727 835 113 67 222 309 258 37.6 419
Proteus ; 64 2257 599 290 536 273 185 307 542 674 610 647 725 836 59 50 204 357 292 409 422
HIGGS 2.25 46.6 15.8 472 258 9.1 212 427 59.1 49.0 593 69.1 818 10.1 37 87 242 16.1 27.5 343
GPTQ 2.25 24.0 2.7 499 237 1.5 1.5 23.6 308 374 527 55.6 429 0.0 14 00 102 2.8 25.6 215
QTIP {start 2.19% 62.8 28.3 549 283 173 585 572 69.8 604 661 733 86.1 9.3 82 244 405 28.8 40.7 453
Proteus 4 start 2.22F 63.2 30.8 541 333 217 642 548 75.0 60.8 65.1 744 843 75 9.1 242 342 30.5 42.6 46.1
3-bit tier
CurveTQ 3.29 70.8 52.2 582 328 291 858 625 774 67.7 657 76.7 86.7 430 38.0 484 545 53.0 519 58.6
CurveTQ,, LuT 329 705 52.0 575 349 309 859 626 77.6 68.0 67.6 76.0 86.6 42.0 35.1 46.1 51.8 522 51.7 583
CurveTQgp 16 3.47 712 519 579 354 315 846 635 776 676 659 762 865 482 379 459 532 520 524 589
QTIP 3.00™ 700 488 569 303 290 831 625 790 671 67.0 760 862 407 30.6 414 555 487  50.1 56.8
Proteus 3.00T 69.5 489 576 349 292 851 617 772 668 652 759 861 413 350 502 50.1 497 509 575
QTIP, 464 3.25T 69.7 489 587 338 282 840 635 780 67.0 658 77.0 836 329 304 477 534 493 510 5658
Proteus | gg4 3.25 700 511 5901 313 329 787 629 797 686 66.1 764 857 414 374 461 532  S1.1 519 580
HIGGS 3.25 68.5 0.5 558 31.8 308 804 609 745 653 66.7 75.1 849 30.0 245 38.0 46.0 454 484 515
NF3.25 663 434 573 308 228 745 602 773 665 664 77.0 848 221 243 364 466 440 469 526
GPTQ 3.25 63.1 322 55.1 27.8 22,6 61.1 567 70.0 643 665 746 847 7.3 52 272 409 325 40.9 46.2
QTIP {start 3.16% 70.5 512 580 30.8 299 835 631 753 67.0 673 753 869 474 339 515 534 51.5 51.0 58.2
Proteus ¢ start 320" 69.8 51.5 60.0 298 32.1 865 63.0 745 67.8 658 763 854 493 332 47.1 564 52.0 519 585
4-bit tier
CurveTQ 4.29 72.1 55.3 59.5 328 308 87.6 656 789 69.3 67.1 77.0 86.6 51.6 40.1 532 538 553  53.6 60.6
CurveTQ,oLuT 429 722 554 59.6 364 335 88.0 652 792 68.8 672 773 864 522 388 51.7 553 55.9 53.8 60.9
CurveTQgp16 4.47 723 55.8 599 354 322 889 648 787 69.3 668 769 86.8 537 41.1 519 540 56.2 53.5 61.0
QTIP 4.00™ 71.8 54.6 59.6 349 346 874 648 79.1 69.1 66.1 769 86.4 529 41.1 529 55.1 54.8 53.5 60.9
Proteus 4.007 72.0 552 592 369 338 879 654 785 69.0 658 76.7 86.3 50.8 418 51.1 525 55.7 53.3 60.6
QTIP, 464 4257 71.9 54.9 59.9 31.8 336 875 645 79.1 689 668 76.7 86.3 482 37.1 522 549 552 533 602
Proteus 4 g64 4.257 72.1 54.9 59.5 333 336 880 645 78.6 694 67.1 76.7 86.8 529 424 53.0 527 553 535 60.8
HIGGS 4.25 71.5 54.6 60.1 359 36.0 785 64.1 76.7 684 67.0 768 86.2 53.6 374 532 538 55.1 53.3 60.1
NF 4.25 71.4 539 59.7 364 310 83.0 656 789 69.2 66.1 775 85.6 520 372 542 558 542 52.7 60.2
GPTQ 4.25 70.6 51.7 585 31.8 278 850 623 787 677 663 768 87.1 454 383 49.0 475 51.7 51.6 58.2
QTIP fstart 4.13% 71.6 539 58.8 333 338 87.0 657 80.2 68.6 667 77.1 86.5 522 373 535 529 54.1 533 60.4
Proteus 4 spart 4.197 72.6 55.0 594 333 356 881 645 77.8 69.1 67.1 767 864 502 441 527 55.6 552 539 61.0
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Table G.5: Qwen3-VL-4B-Instruct, multimodal tasks: per-task accuracy (%) for every method and bit tier. The vision tower is kept

in bf16 for all methods.
9]
R S
<& s g g s 05

S & gF § S &£FFFEF s s s

s & & 5 & 9§ & & S & & & & F K
Method (bpw) S S A g & v &5 > ) ~ ~ S S a B S
fpl6 534 376 63.0 71.8 26.1 819 948 797 221 644 528 536 757 728 857 763 632
2-bit tier
CurveTQ 2.29 449 287 545 66.8 13.0 752 930 720 227 518 415 432 741 679 765 67.1 566
CurveTQ,oLuT 229 440 323 551 66.9 128 744 922 711 211 560 466 449 749 69.5 809 67.1 569
CurveTQsp,16 2.47 447 327 552 66.7 117 744 929 715 205 603 50.1 390 740 70.1 826 658 57.0
QTIP 2.00T 418 264 518 62.9 103 709 888 645 228 556 379 327 684 628 713 67.1 522
Proteus 2.00" 422 258 516 64.0 107 707 893  65.0 229 552 424 344 711 665 774 618 532
QTIP, 464 2257 447 283 528 64.8 133 725 906 687 229 571 377 387 720 666 757 67.1 546
Proteus 4 gg4 2.257 436 288 51.8 63.5 129 70.1 905  69.0 184 492 384 367 692 639 757 67.1 53.0
HIGGS 2.25 368 212 410 56.3 22 553 665 455 08 392 142 234 632 544 565 56.6 39.6
GPTQ 2.25 25.7 142 218 14.2 00 176 109 159 1.0 69 1.3 08 79 102 174 289 122
QTIP, gpare 2.197 450 264 526 64.8 128 73.6 914 689 232 562 417 372 710 668 783 684 549
Proteus . start 2.227 434 288 556 68.0 135 743 919 713 221 558 420 422 736 679 817 710 565
3-bit tier
CurveTQ 3.29 516 337 61.6 715 22.1 81.1 944 783 229 624 471 511 748 716 843 763 616
CurveTQoLuT 329 514 350 613 723 232 798 945 79.2 220 623 515 517 710 740 826 816 625
CurveTQsp,16 3.47 516 335 626 70.5 226 809 944 788 224 628 486 520 756 710 852 737 616
QTIP 3.00T 50.7 347 624 71.0 219 800 937 779 224 61.6 531 474 746 722 843 724 613
Proteus 3.00" 51.1 350 594 70.1 209 796 946  78.0 226 624 494 474 741 712 800 763 60.8
QTIP, 464 3257 482 33.6 594 71.1 217 803 942 713 226 611 549 510 739 701 843 724 610
Proteus 4 gg4 3.257 514 338 589 70.6 243 792 944 779 221 619 516 509 752 705 826 829 618
HIGGS 3.25 48.7 31.7 588 69.7 19.3 79.1 93.8 76.5 20.5 359.5 47.0 458 73.1 684 81.7 750 593
NF 3.25 47.1 305 577 66.8 202 755 934 739 222 572 501 465 705 660 783 724 580
GPTQ 3.25 427 281 546 66.5 181 747 917 707 218 569 426 448 710 665 774 67.1 560
QTIP | gpare 3.16T 51.8 364 599 69.9 207 792 941 770 223 611 493 511 760 745 826 737 612
Proteus 4 start 3207 497 32,1 60.2 70.6 225 799 946 783 225 618 504 514 755 721 852 816 618
4-bit tier
CurveTQ 4.29 52.8 36.6 627 723 254 815 946 792 224 636 516 530 756 726 86.1 803 63.1
CurveTQuoLuT 429 484 340 627 715 24.1 814 945 787 225 639 529 527 758 725 852 763 623
CurveTQgp 16 4.47 52.1 362 628 71.8 246 813 948 795 222 641 509 528 759 721 826 750 624
QTIP 4.00™ 526 365 63.0 71.4 246 81.1 948 792 223 629 526 526 761 725 809 737 623
Proteus 4.00" 54.1 386 623 724 247 813 949 793 224 633 520 530 762 722 843 763 63.0
QTIP 464 4257 524 371 635 70.6 250 81.1 945 793 227 637 519 528 765 720 87.0 816 63.2
Proteus 4 g64 425t 52.2 375 622 70.8 24.5 81.3 94.8 79.1 220 634 51.7 540 76.6 732 87.0 803 63.2
HIGGS 4.25 514 347 621 712 24.1 812 948 794 223 640 519 528 748 719 843 79.0 625
NF 4.25 51.7 35.1 629 70.7 249 808 948  79.0 219 631 491 521 760 732 861 816 627
GPTQ 4.25 487 332 60.3 70.2 233 805 942 77.6 217 621 482 512 738 702 852 750 61.0
QTIP gpare 4.137 523 355 621 72.9 246 813 945 792 224 647 507 519 749 720 843 816 628
Proteus  start 4197 516 377 629 70.3 249 813 948 79.7 220 643 512 538 751 718 861 750 627
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Table G.6: Qwen3-VL-32B-Instruct at the 2- and 3-bit tiers: per-task accuracy (%) on multimodal tasks (top) and text tasks
(bottom); the same 34-task suite as Qwen3-4B.

S
<
o S T >
<& 3 S g ¥ I
S N & S A \of \of & 5 5 & &

S § & F §F & &S F & 8§ J 5 F S s

S & s 7 NS 9 & £ 3 gy & & & & i oz g
Method (bpw) Sy > & & v § ) S ~ < S B S N
fpl6 618 473 736 715 266 869 960 87.6 223 675 595 609 794 770 861 895 68.7
2-bit tier
CurveTQ 2.29 569 419 684 737 208 845 955 840 24 662 576 586 774 751 835 803 654
QTIP 2.00" 576 432 662 729 196 843 953 836 224 632 511 579 771 740 843 855 649
Proteus 2.00™ 558 423 675 735 210 839 960 834 224 640 524 541 781 741 878 842 650
QTIP | g6q 2251 576 413 680 742 198 848 956 84.1 222 632 549 581 754 731 861 829 65.1
Proteus; ge4 2257 557 427 675 750 203 841 957 841 223 652 548 595 771 752 870 816 655
QTIP crare 2197 564 405 675 731 202 845 957 835 224 668 578 589 770 739 870 842 656
Proteus 4 gtare 2227 567 39.9 688 739 219 848 958 840 224 635 549 586 762 734 826 842 65.1
3-bit tier
CurveTQ 3.29 509 442 721 790 258 867 962 872 223 682 610 612 785 768 887 868 684
QTIP3.00" 594 446 730 765 249 870 963 8638 223 663 603 60.1 784 761 861 868 67.8
Proteus 3.00™ 603 458 723 765 250 861 958 864 23 659 571 605 788 775 87.0 855 67.7
QTIP 4 gos 3.25T 592 467 723 756 247 864 962 866 225 669 575 609 792 769 861 868 67.8
Proteus 1 go4 3257 609 468 714 787 261 863 959 863 226 681 566 596 770 765 861 882 679
QTIP care 3.167 594 444 724 765 254 861 961 87.0 24 665 588 603 789 774 870 868 678
Proteus gare 3207 606 449 715 777 264 862 960 873 24 676 582 595 1796 778 861 868 68.0

A
QO o Q
é Ovj & §0 S N4 & Q‘O

S I S s & = § & § S

§F § I FIddsF 688 7588 & ¢
Method (bpw) S S & g §F & ¢ v & £ &g F §F F &S SR
fpl6 837 740 606 409 498 885 747 848 840 782 820 907 720 527 642 664 T4l 667 715
2-bit tier
CurveTQ 2.29 803 669  59.1 379 47.6 863 708 838 805 773 810 904 588 404 589 564 669 637 67.1
QTIP 2.00+ 795 642 562 419 409 887 69.1 858 79.6 77.1 816 900 576 379 563 521 641 628 659
Proteus 2.00" 798 644 584 399 369 877 69.6 832 794 758 808 90. 570 362 520 525 643 627 65.1

QTIP 4 g64 225F 79.3 65.8 585 384 408 774 699 837 79.7 769 80.5 89.8 547 41.1 48.8 549 65.9 63.0 64.9
Proteus 4 g64 225F 80.2 64.1 58.7 414 405 89.7 70.1 854 80.2 76.1 80.6 90.6 56.7 382 569 53.0 64.3 63.1 66.1
QTIP stars 2.197 80.2 66.4 61.3 439 450 82.0 69.0 82.6 80.3 77.0 80.8 90.0 61.6 375 523 56.2 66.6 63.7 66.5
Proteus 4 sgare 2227 80.7 67.2 595 384 421 868 710 853 80.4 763 813 902 593 429 530 584 67.0  64.7 669

3-bit tier

CurveTQ 3.29 83.1 72.8 60.8 419 508 872 734 859 835 772 81.7 909 68.8 514 634 63.6 732 662 70.9
QTIP 3.00% 83.0 72.8 60.6 429 489 889 725 8l1.7 83.3 78.8 819 90.8 71.1 483 61.6 625 727  66.6 70.5
Proteus 3.00" 823 72.4 60.6 399 486 899 71.7 84.6 83.0 785 822 90.7 70.7 537 60.3 65.6 72.1 67.0 70.8
QTIP 4 g6a 3.25T 82.7 72.6 61.8 419 497 88.6 734 8438 835 78.1 81.3 90.5 713 519 61.6 62.7 72.6 672 709

Proteus g4 3257 82.8 73.0 60.5 394 50.1 892 738 857 833 784 820 90.7 702 494 62.1 63.6 73.0  66.6 70.8
QTIPspare 3.16T 82.8 72.4 59.1 429 511 832 741 826 83.1 775 81.0 90.6 673 528 605 64.5 72.6 66.9 70.6
Proteus t gtart 3207 83.0 72.9 603 389 489 869 732 837 833 785 815 90.8 70.8 502 64.8 63.6 72.7 65.8 70.5

The two yardsticks. The search ablations of Section[4.3]separate perplexity from downstream accuracy. The curva-
ture weight protects the coordinates with large D;, the outlier input channels, and the two yardsticks disagree on what
that protection is worth: a 0.24 improvement in perplexity accompanies a 3.3-point loss downstream, far outside the
0.4-point spread we see on re-evaluating one model. The same decoupling appears in the table-free variant at two bits
(Section A1), where a 0.06 change in perplexity accompanied a 2.6-point downstream change on Llama-3.1-8B, and
it is why we report both yardsticks throughout.

Table [H.T] repeats the ablation of Table ] with the rate deltas and the paired downstream differences with bootstrap
confidence intervals; the intermediate tail-biting length (7'=128) is included there. Table [H.2] gives the component
ladder of Table [ on all three dense models and at all three rates, on WikiText-2 perplexity (context 4096). All rows
are single calibration-slice builds. The fp16-scale build, at 0.18 bpw more, is not uniformly better than the factored
int4 build: it is 0.36 worse on Qwen3-4B at two bits (11.86 against 11.50) and within +0.13 of it, in either direction,
on the other eight cells. The removal row also splits the last step of the ladder, which adds the per-module table and
the factored field together: of its 1.27 on Qwen3-4B, the factored field over fp16 scales accounts for 0.36 and the
per-module table for the rest. The seed noise of the 256-entry EM base, measured on Qwen3-4B with n = 5 seeds, is
0.19 at two bits, 0.09 at three and 0.04 at four; differences below about twice these values should be read as noise. Two
regularities hold across models and rates. The edge-indexed row widens the emission window from the 14-bit state of
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Table G.7: Qwen3.6-35B-A3B (mixture of experts) at the 2-bit tier: per-task accuracy (%) on multimodal tasks (top) and text tasks
(bottom); the mean is over 30 tasks. *: published rate plus 0.003 bpw of sign bits.

&
N )
s} o X >
< N S g s
3 5 $ AN Nt ol 0 ST .
§ & § 8§ S E £ FF s s s
s & 3 s 9 ¢ & & S & & & 7 5 &
Method (bpw) < S & & ¥ 5 D ¥ X &y A A
fpl6 16 453 713 75.7 31.6 88.0 95.8 86.7 223 69.6 60.8 795 759 86.1 842 69.5
CurveTQ 2.29 353 69.6 76.1 289 85.9 94.8 82.1 21.8  66.2 574 776 745 843 829 67.0
QTIP 2.00" 32,6 665 75.0 26.5 81.5 93.7 80.0 22.1 60.3 559 730 702 852 79.0 644
Proteus 2.00T 33.1 669 74.4 273 85.8 94.2 79.3 22.7 60.1 562 744 705 79.1 803 64.6
QTIP 464 225t 348 639 75.3 26.0 69.3 94.5 80.5 215 422 570 769 724 81.7 829 62.8
Proteus 4 g64 225% 359 66.0 74.0 29.1 84.1 94.6 81.8 21.7 552 521 76.1 738 843 645 638
QTIP start 2.19% 38.8 719 73.9 30.1 855 93.9 80.5 223 656 578 755 73.8 86.1 77.6 66.7
Proteus - start 222F 31.0 69.1 75.0 285 71.1 93.6 81.3 225 632 570 751 712 86.1 73.7 64.2
A
QL Q
oy S & SN & &
S & s & & 5 K S S
VY §dFEF s TS Fos
S
Method (bpw) S S N S v < = & 5 3§ NN S N N
fpl6 16 82.4 78.1 460 525 888 72.0 82.8 762 828 85.0 733 548 643 824 77.7 68.0 72.9
CurveTQ 2.29 81.9 735 450 41.6 889 704 81.2 752 824 88.0 65.6 423 538 80.0 72.9 64.3 69.2
QTIP 2.00" 80.8 724 394 36.0 874 69.8 798 739 812 875 57.8 399 498 76.7 71.8 62.5 66.7
Proteus 2.00" 81.0 729 404 371 8715 695 80.2 745 819 88.6 55.6 409 533 77.1 72.8 63.2 67.3

QTIP 4 464 225% 81.0 725 414 359 895 70.0 80.1 733 81.0 899 573 431 504 79.7 71.3 62.6 67.4
Proteus 4 g64 225F 80.7 71.1 419 335 878 69.1 80.7 75.6 81.1 872 49.7 365 495 804 70.9 63.6 66.2
QTIP fgpart 2.197 81.6 738 429 364 872 712 80.7 76.1 815 88.8 62.0 400 552 795 73.9 63.6 68.4
Proteus  seare 2227 81.2 738 475 407 884 685 813 746 812 83.1 65.6 438 549 782 73.5 64.1 68.8

Table H.1: TableE|in full: rate deltas, and paired differences to the reference row with 95% ClIs over the 34 tasks.

WikiText-2 ppl ~ Downstream (34 tasks)

Configuration bpw  Abpw pp!l A mean A [95% CI]
Building up the codec (each row adds one component to the row above)

128-entry table, EM fit (start) 2.469 13.32 50.4

+ closed-form quantile fit 2469 +0.000 13.05 -0.28 50.8 +0.3[—0.6,+1.3]
+ int8 second-level scales 2345 —-0.124 1346 +0.41 509 +0.1[-0.6,+41.0]
+ edge-indexed emission 2.345 +0.000 12.19 -—-1.27 519 +1.0[-0.6,+2.4]
+ int4 scales (flat grid) 2282 —0.062 12.77 +0.58 51.0 —0.8[—1.9, +0.0]

+ factored int4 scales, per-module table (= CURVETQ) 2.289 +0.006 11.50 —-1.26 51.8 +0.8[—0.0,+1.7]

Removing one component from CURVETQ

— factored scales (fp16 scales) 2469 +0.180 11.86 +0.35 52.2 +0.4[-0.3,+1.1]

— emission table (computed code) 2.289 —0.000 13.63 +2.13 50.7 —-1.2[-2.2,-0.2]

Ablating the search (from the quantile-fit row above)

— error feedback 2.469 +0.000 13.38 +0.34 482 —2.5[—4.3,—1.4]

Euclidean branch metric instead of 1/df 2469 +0.000 12.81 —-0.24 474 -—-3.3[—4.5, —2.3]

Block termination (from CURVETQ; Section

chained trellis, one start state per row 2.073 —-0.216 13.59 +2.09 464 —-5.5[-7.0,—-4.2]

tail-biting block, no start state 2.069 —0.220 15.60 +4.10 46.8 —5.1[-6.9, —3.5]
same, two rows per sequence (1'=128) 2069 —0.220 14.62 +3.12 468 —5.0[—6.5, —3.5]
same, four rows per sequence (1=256) 2.069 —0.220 13.38 +1.88 477 —4.2[—6.4, —2.5]

the row above to 16 bits at the same 2 survivors; it is not a difference from QTIP’s node-emitting form, which emits
from the same 16-bit window (Section[3.3). Every component’s effect shrinks with rate: the edge-indexed emission is
worth 1.27 perplexity on Qwen3-4B at two bits, 0.17 at three and 0.01 at four, and the emission table 2.13, 0.06 and
0.11. And the effects are larger on Qwen3-4B than on the two Llama models, whose two-bit steps are all within 0.3
perplexity of zero; the bit savings of the rate-buying steps are the same on all models. The search ablations were run
at two bits only.
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Table H.2: WikiText-2 perplexity (context 4096) of every configuration of Table E], three models x three rates. bpw as in Table E]
(the  in 2.469 etc. is the code rate). fp16: Qwen3-4B 9.72, Llama-3-8B 7.68, Llama-3.1-8B 6.67.

Qwen3-4B Llama-3-8B Llama-3.1-8B
Configuration bpw 2-bit  3-bit 4-bit 2-bit 3-bit 4-bit 2-bit 3-bit 4-bit
128-entry table, EM fit 469 1332 1046 9.81 10.10 8.17 7.80 935 7.09 6.79
+ quantile fit 469 13.05 10.24 9.80 10.12 8.12 7.73 9.15 7.12 6.77
+ int8 scales x.345 1346 10.15 9.78 10.14 8.14 7.78 9.16 7.16 6.78
+ edge emission z.345 12.19 1031 9.79 993 8.03 7.82 9.18 7.09 6.76
+ int4 scales (flat) x.282 12.77 1037 995 9.78 8.11 7.78 9.12 7.12 6.77

+ factored int4 scales (CURVETQ) x.289 11.50 1028 9.68 991 8.16 7.75 9.16 7.09 6.77
CURVETQ — factored scales (fp16) xz.469 11.86 10.18 9.83 9.85 8.06 7.76 9.29 7.08 6.75

CURVETQ — table x.289 13.63 1034 9.79 10.01 8.06 7.78 9.23 7.11 6.79
quantile fit — error feedback x.469 13.38 - - - - - - - -
quantile fit, Euclidean metric r.469 12.81 - - - - - - - -

Ablating the block termination: the full comparison. The last block of Table 4| replaces our block-local trellis
by the two constructions that store no per-block state, at an otherwise identical recipe. A row-long chained trellis,
in which each block starts in the state the previous block ended in, saves 0.216 bpw and costs 2.09 perplexity and
—5.5 [—7.0, —4.2] downstream points; a per-block tail-biting trellis, QTIP’s construction applied to the 64-weight
block, saves 0.220 bpw and costs 4.10 perplexity and —5.1 [—6.9, —3.5] points, although its weight-space error is the
lower of the two. The chained variant loses on all 34 tasks and the tail-biting one on 32, most on the generative ones
(GSMB8K —19 and —26, IFEval —14 and —12). Read against Table[I] the chained variant at 2.07 bpw still edges QTIP
and Proteus with per-group scales on perplexity (13.59 against 13.72 and 13.99 at 2.25%) but not downstream (46.4
against 47.9 and 47.3), and the tail-biting variant trails on both (15.60 against QTIP’s 15.36 at 2.00™). Lengthening the
tail-biting sequence by stacking rows, at the same 2.07 bpw, recovers 0.98 and 2.22 of the 4.10 perplexity at 7" = 128
and T' = 256; the longer one passes the chained variant (13.38 against 13.59) but still trails the stored start state by
1.84 (Appendix[J). Downstream the recovery is smaller and slower than perplexity suggests: the first doubling returns
nothing measurable (4+0.1 [—1.1, +1.2] over the 64-length block for 0.98 perplexity) and the second returns +0.8
[—0.8, +2.2], so at QTIP’s own tile length the construction is still —4.2 [—6.4, —2.5] points behind the stored start
state and loses on 31 of 34 tasks. For comparison, the factored scale field saves 0.18 bpw at a cost of 0.4 [—0.3, +1.1]
downstream points two rows above: the start state is the side channel on which a bit buys the most, which is why we
keep it and charge it.

How much of the margin is the extra rate? The T'=256 variant also bounds how much of our margin over the
baselines is bought with rate rather than designed, without any assumption about how perplexity trades against bits. It
is our recipe with QTIP’s termination and QTIP’s tile length, storing no start bits and carrying a 14-bit state against
QTIP’s 16, and it sits at 2.0685 bpw, 0.066 above the baselines’ published 2.003 and 0.219 below ours. At that rate it
reaches 13.38 perplexity against QTIP’s 15.36 and Proteus’s 14.21. Our perplexity margin over QTIP on this model
therefore splits into 1.98 from the weighted search, the quantile table and the factored scales, spent at 0.066 bpw,
and 1.84 from the block-local start state, spent at 0.219 bpw (both halves measured against the same rebuild; 0.04
of the 3.86 in Table[I]is the rebuild’s GPU difference). The two halves are comparable, so on perplexity the stored
state is not what creates the gap—it is what doubles it. Downstream the split is one-sided in the other direction: at
47.7 points the variant is +0.8 [—0.9, +2.2] over QTIP and +0.4 [—1.4, 4+-2.0] over Proteus with per-group scales,
neither measurable, while the start state is worth +4.2 [+2.5, +6.4]. Without a stored start state the other components
recover perplexity at this rate but not accuracy; with one they deliver both. We report the variant as a control, not a
configuration to use (it is 1.84 perplexity and 4.2 points worse than the build we ship), and it is run on Qwen3-4B only.

The start state transfers. The ., rows of Tables and are QTIP from its released code and Proteus
from our implementation, each with one change: every 256-weight tile’s trellis is split into four 64-weight segments,
each coded by one Viterbi pass whose start and end states are free, i.e. our block-local construction on their trellis and
code. Nothing else differs from the published baseline (same rotation, LDLQ, scale and code). At two bits the state
is worth 0.7-1.4 perplexity and +1.0 to +3.3 downstream points to the baselines on the three Instruct models, more
than the 64-group scale buys them. The gain shrinks with rate: at three bits it is —0.2 to +0.7 points and at four bits
within £0.5. Against these strengthened baselines our two-bit margin is +0.9 to +3.1 points (five of six contrasts
exclude zero; Table , +1.2 where Proteus_ s,y has the lower perplexity (Llama-3-8B, 9.83 against 9.91). As
in Appendix [E] the margin is largest on generative tasks (GSM8K, IFEval and the LiveBench categories: +3.6 to
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+8.4 points on average) but does not depend on them: over the multiple-choice tasks alone it is +1.5, +1.2 and +2.2
against QTIP g4, On the three models, all excluding zero, and +0.2, +0.8 and +0.8 against Proteus_ g5,, Within
noise; at three and four bits the twelve contrasts lie within 0.7 and two are marginally significant. On Llama-2-7B
and Qwen3-32B the start state alone brings the baselines level with us (62.9-63.1, 65.2—66.4 and 66.1-66.9 points on
Llama-2-7B at two, three and four bits; 66.0-66.1 on Qwen3-32B at two bits, from 65.0-65.8 without it).

I IMPLEMENTATION AND THROUGHPUT MEASUREMENTS

Table I.1: Decode throughput (tokens/s) on one RTX 3090 at batch 1, 64 and 128 and at 2, 3 and 4 bits. Llama-2-7B QTIP at batch
1 and fp16 are the published numbers (Tseng et al.| 2024b), which our harness reproduces (fp16: 52.25); QTIP publishes batch 1
only, so its batch 64/128 rows, Qwen3-4B fp16 and QTIP, and all Proteus rows are our measurements. “+rot.”: our decoder with
QTIP’s activation-side Hadamard added; “—start”: without the stored start state. Bold: fastest of the three codecs.

batch 1 batch 64 batch 128
Model bits fpl6 QTIP Prot. CTQ +rot. —start QTIP Prot. CTQ QTIP Prot. CTQ

L2-7B 2 525 127.0 1059 139.0 130.0 1413 1011 1038 1082 1715 1830 1927
119.0 103.5 125.7 117.6 126.8 999 1025 1071 1702 1805 1916
109.0 102.6 1149 1099 1173 985 1011 1063 1690 1782 1907

743 153.6 1179 160.8 143.5 1653 1007 1012 1021 2186 2227 2268
1442 1154 151.7 1389 1553 1002 1003 1016 2178 2212 2246
137.2 1132 146.2 133.0 1483 997 1000 1012 2163 2194 2236

Q3-4B
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Setup. All kernels are measured on one RTX 3090 in the benchmark setting of QTIP (Tseng et al.l [2024b): end-
to-end decode steps at batch 1, 64 and 128 and at 2, 3 and 4 bits, captured in a CUDA graph; the reported figure
is the median over steps. Our harness reproduces QTIP’s published fp16 throughput on Llama-2-7B (52.25 against
their 52.5 tokens/s), so for that model we quote QTIP’s published batch-1 numbers at 2, 3 and 4 bits rather than re-
measure them. QTIP reports batch 1 only, so its batch 64/128 rows, and all of its Qwen3-4B rows (a model QTIP
does not report), are our runs of its released kernels. Proteus has no public kernel, so all of its rows use a kernel
written from its description, and its published throughput is measured on an H800, which we do not have. Its rows
here should therefore be read as what that description yields in our harness on this GPU, not as a reproduction of
Proteus’s published results; the anchored comparison in this table is the one against QTIP, whose released kernels we
run and whose published fp16 figure our harness reproduces. QTIP runs its released HYB code (L = 16, V' = 2), the
code of its published results and kernels, for accuracy and throughput alike. QTIP and Proteus include the Hadamard
transform on the activations that incoherence processing requires at inference; our decoder does not need one. Our
decoder is a fused dequantize-and-multiply kernel: one warp per output row loads the block’s start state, walks the
trellis, reconstructs each weight by one table read from the emission window (in the table-free variant, the (144k)-bit
window is mixed by one multiply and one xor-shift and the four bytes of the result are summed, centred and divided
by the exact standard deviation 1/4(2562 — 1)/12, giving a unit-variance code value; one global scale is then chosen
by a nine-point line search on 16 calibration rows, so the stored table of 0.0001 bpw disappears), applies the group
scale reconstructed from the factored field, and accumulates against the activation. The “+rot.” arm of Table E] runs
the same decoder with an activation-side Hadamard inserted before each quantized layer, following QTIP’s transform,
so that its cost measures what incoherence processing adds to a decoder that would otherwise not need it; the “—start”
arm runs it with every block started from a fixed state, so that its gain measures the decode-time cost of the stored start
state. Both arms are decode-only measurements: the resulting models are not the ones evaluated for accuracy.

J RATE ACCOUNTING AND STREAM AUDIT

Rate accounting. Every bits-per-weight figure in this paper counts the k code bits, all scale side information, the
emission table and the L-bit start state of every block; for QTIP and Proteus we add their reported 0.003 bpw of sign
bits, marked T. The per-tensor arithmetic and a byte-level audit of the serialized stream follow.

Why the start state and not a tail-biting block. QTIP instead codes 256-weight tiles as fail-biting sequences,
whose first state is a function of the tile’s own last bits, so no start state is stored and the rate is exactly k (Tseng
et al.l 2024b). The construction is right for its setting: a long tile over a rotated, near-i.i.d. source, coded without
weights, where the tile boundary falls on nothing in particular and the constraint removes only L/256 of the path
freedom. Under error feedback it has a cost that the i.i.d. setting hides. The block is the 64-column feedback block,
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so the constraint removes L /64 of the freedom; and the block is not stationary: its target Z carries the residual pushed
forward from the previous block, concentrated on the first coordinates, and w; varies across it. Tail-biting ties the
first [ L/k| coordinates of a block to its last ones, so the coordinates that carry the inherited residual are the ones the
search may not choose freely, and their error is passed on again. We measure this directly: with a tail-biting block
the reconstruction error at the first block position is 2.6-2.9x the within-block mean, and lengthening the sequence
by stacking rows improves it monotonically but has not reached the stored-state result by QTIP’s own tile length
(15.60 — 14.62 — 13.38 at T' = 64,128, 256, against 11.54; Table [J.3): block length is part of the problem, but
where the constraint falls matters as much as how much freedom it removes. The freedom is spent where the feedback
puts the difficulty: on the built models the error at the first block position is 0.55x the within-block mean and recovers
to the mean by position eight.

What is counted. For the ., baselines the stored stream of a 64-weight segment is the L-bit start state followed
by the code bits; a node-emitting trellis emits from the state itself, so its last KV code bits are never emitted and the
segment costs L — KV bits over tail-biting (12 per block for QTIP, V' = 2; 14 for Proteus, V' = 1; 0.19 and 0.22 bpw
at two bits), whereas our edge-emitting trellis uses every code bit and is charged the full L = 14. The reported rate
splits into a payload term and the side information the decoder needs, R = Rpayioad + Rscale + Rstate + Reable, With
the boundary adaptation rate Rtate = L/G (Section . Term by term: for a tensor of R rows and C' columns coded
at k bits with blocks of G = 64, the reported rate is the sum of: & bits per weight for the trellis path; L/G = 14/64
bits per weight for the L-bit start state of every (row, block) pair (Section ; 4/@ bits for the int4 residual of the
factored scale field, 16 /(G - 256) for its fp16 block absmax, 16/C for the fp16 row factor and 16[C/G/(RC') for the
fp16 column factor; and 128 - 8 + 32 bits per tensor for the emission table. Both levels of the scale field are rounded up
against the stored fp16 factors, so § > s holds exactly for every group; the builder checks that no normalized weight
leaves [—1, 1]. The fpl6-scale variant replaces the four scale terms by 16/G. Summed over the coded tensors of each
model this gives the “Reported” column of Table the start-state term is 0.219 bpw for every model, the rest varies
with tensor shapes in the fourth decimal. Embeddings, output head, norms, router and vision tower stay in bf16 and
are outside the reported rate, which covers the coded linear layers. For reference the table also lists the rate a row-long
trellis with one stored state per row would have; that construction is evaluated in Section The start state is stored
in full: a variant that keeps the top L — b bits of the previous block’s end state and spends only the low b = 8 freely,
at 0.125 instead of 0.219 bpw, saves 0.094 bpw and costs 0.51, 0.43 and 0.44 perplexity at two bits on Qwen3-4B,
Llama-3-8B and Llama-3.1-8B respectively. Every reported build stores all L bits.

Table J.1: Stored rate of every built model. “Code, scales, table” excludes start states; “one state per row” is the hypothetical
row-long trellis of Section “one state per block” is our coder and the rate reported throughout.

Model k  Coded weights Code + scales + table 4+ 1 state/row  + 1 state/block (reported)
Qwen3-4B 2 3.63B 2.0685 2.0734 2.2872
Qwen3-4B 3 3.63B 3.0685 3.0734 3.2872
Qwen3-4B 4 3.63B 4.0685 4.0734 4.2872
Qwen3-4B, no table 2 3.63B 2.0685 2.0734 2.2872
Qwen3-4B, fp16 scales 2 3.63B 2.2500 2.2549 2.4688
Llama-2-7B 2 6.48B 2.0669 2.0703 2.2857
Llama-3-8B 2 6.98B 2.0667 2.0699 2.2855
Llama-3-8B 3 6.98B 3.0667 3.0699 3.2855
Llama-3-8B 4 6.98B 4.0667 4.0699 4.2855
Llama-3.1-8B 2 6.98B 2.0667 2.0699 2.2855
Qwen3-32B 2 31.2B 2.0659 2.0682 2.2846
Qwen3-32B 3 31.2B 3.0659 3.0682 3.2846
Qwen3.6-35B-A3B 2 30.3B 2.0720 - 2.2908

Stream audit. To check the arithmetic against bytes, we instrumented the builder to serialize, for every tensor,
exactly what a decoder needs: the k-bit symbol stream, the int4 residual codes packed two per byte, the fp16 block
absmax, row and column factors, the 128 int8 knots with their fp32 step, and the start states. A separate routine reads
those bytes back, regenerates the emission index through the mixer of Section [3.3] walks the trellis and rescales, and
compares the result with the tensor the coder wrote into the checkpoint. Table shows the first decoder layer of
Qwen3-4B at k = 2: every component matches its formula to the byte, the full model is recovered bit-exactly from
the stream, and the two decoding rows show that the per-block state is what a decoder needs: given one state per
row instead, 10.2% of the weights differ. The same check was run on the whole model and on the chained and tail-
biting variants of Section (Table[J.3)); all decode bit-exactly at their stated rates. Two further variants lengthen the
tail-biting sequence by coding two and four consecutive rows of one 64-column block as a single sequence, leaving
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feedback and scales per row; the second is QTIP’s length of 256. Both decode bit-exactly with zero stored start bits,
their first and last states agree in all 252 modules, and both pack to the same 2.0685 bpw as the 64-length block.
Perplexity falls monotonically with sequence length (15.60, 14.62, 13.38 at T' = 64, 128, 256), so roughly half of
the tail-biting penalty is the shortness of the sequence. The remainder is not: at T' = 256 (QTIP’s own tile length,
and the length at which its rate argument is stated) the construction still trails a stored start state by 1.84 ppl. The two
doublings return —0.98 and —1.24, so we cannot claim the curve has saturated, only that it has not reached the stored-
state result by the length the comparison method uses. With a 64-length tail-biting block the error at the first position
of a block is 2.6-2.9x the within-block mean (above); lengthening the sequence dilutes that boundary term across
more coordinates without removing it. Downstream the ladder does not halve: the two doublings return +0.1 [—1.1,
+1.2] and +0.8 [—0.8, 42.2] suite-mean points, neither measurable, against the start state’s +4.2 [+-2.5, +6.4]; at
T = 256 the construction is still —4.2 points behind and loses on 31 of 34 tasks. The perplexity recovery is therefore
not evidence that sequence length can substitute for the stored state, only that perplexity is the less demanding of the
two measures here (Section [£.3)).

Table J.2: Serialized stream of the first decoder layer of Qwen3-4B at k£ = 2, and whether the checkpoint tensors are recovered
from the stream alone.

Component (Qwen3-4B, layer 0, 7 tensors, 100.9 M weights) Bytes bpw
Trellis payload (k = 2) 25,231,360 2.000000
Start state, one 14-bit state per (row, 64-weight block) 2,759,680 0.218750
Scale field: int4 residual 788,480 0.062500
Scale field: fp16 block absmax (1 per 256 residuals) 12,320 0.000977
Scale field: fp16 row factor 61,440 0.004870
Scale field: fp16 column factor 832 0.000066
Emission table (128 int8 knots + fp32 step, per tensor) 924 0.000073
Total 28,855,036 2.287236
Decodes bit-exactly from the stream above yes (0 of 100.9 M differ)

Decodes from one start state per row instead no (10.17% of weights differ)

Table J.3: Qwen3-4B at &k = 2 with the block terminations of Sectionplus a T'=256 tail-biting variant, same recipe otherwise.
“Packed” is the rate a decoder needs, verified from the serialized stream. The rebuild of our coder was made on a different GPU
type from the checkpoint of Table[T] and lands 0.04 perplexity from it (11.54 against 11.50); same-GPU rebuilds are bit-identical,
and the checkpoints we release are those of Table

Block termination Packed bpw  Start bpw  Rel. W-err  Wiki2 ppl
Block-local, stored start state (CURVETQ) 2.2872 0.2188 0.0801 11.54
Chained, one stored state per row 2.0734 0.0049 0.1148 13.59
Per-block tail-biting, no start bits 2.0685 0 0.1093 15.60
Tail-biting, two rows (1'=128), no start bits 2.0685 0 0.1026 14.62
Tail-biting, four rows (1'=256), no start bits 2.0685 0 0.1005 13.38
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