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Figure 1: Overview of MaDeL. (a) A shared encoder splits a corrupted observation into manifold-
parallel and manifold-orthogonal features, trained with & and d-prediction. (b) These learned fea-
tures define the decomposed generative loss. The resulting gradients produce complementary tan-

gent and normal updates to the data manifold.

ABSTRACT

Generative models are often trained with isotropic objectives such as mean-
squared error. For data concentrated near a low-dimensional manifold, how-
ever, such losses conflate displacement along the manifold, which may represent
valid variation, with displacement away from it, which produces invalid samples.
This mismatch is especially problematic in sparse, highly constrained domains,
where ambient-space regression can encourage off-manifold interpolation. We ask
whether a generative objective can distinguish manifold-parallel variation from
manifold-orthogonal deviation directly from data, without explicitly estimating the
manifold. We introduce a manifold-decomposed feature loss (MaDeL) that learns
complementary representations from corrupted observations: one is trained to re-
cover the clean sample, while the other is trained to recover the corruption. We
show that, under a feature bottleneck, their Jacobians align with the tangent and
normal spaces, exactly for linear manifolds and locally for smooth manifolds. To-
gether, these representations define an anisotropic objective that separately mea-
sures intrinsic variation and off-manifold deviation. Across synthetic, Earth and
climate science, and torsion-angle benchmarks, MaDeL improves support recov-
ery and average angular 1/ under single-step sampling; on protein backbones, it
reduces steric clashes across one- and few-step sampling budgets.

1 INTRODUCTION

Generative models have achieved remarkable fidelity across images, video, molecules, and protein

structures (Karras et al., 2022; Ho et al., 2022; Hoogeboom et al., 2022; Yim et al.,

2023b). Despite

substantial differences in architecture and formulatlon many modern approaches share a common
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training principle: they learn a denoising, score, velocity, or reconstruction target using a largely
isotropic regression objective. For example, diffusion and flow-based models commonly minimize
an /5 discrepancy between predicted and target quantities (Ho et al., 2020; Song et al., 2021; Lipman
et al., 2023; Liu et al., 2023). Such objectives measure how far a prediction is from its target, but
are largely agnostic to the direction in which the prediction is wrong.

This isotropic treatment is poorly matched to the geometry of natural data. High-dimensional obser-
vations are hypothesized to concentrate near a lower-dimensional, structured subset of the ambient
space (Tenenbaum et al., 2000; Narayanan & Mitter, 2010; Fefferman et al., 2016; Pope et al., 2021).
Locally, perturbations of equal magnitude can have very different consequences depending on their
orientation relative to the data manifold (Rifai et al., 201 1a; Alain & Bengio, 2014). A displacement
parallel to the manifold may correspond to meaningful variation, such as a change in object pose or
a valid protein conformation, whereas an orthogonal displacement can produce perceptual artifacts
or physically invalid structures. An isotropic loss cannot distinguish between them.

This distinction is especially important for generative modeling. Near the data manifold, a generator
must both suppress deviations away from valid data and model variation along the manifold. The
desired dynamics are therefore inherently anisotropic: orthogonal directions should restore samples
toward the manifold, whereas parallel directions should describe variation within it. Recent anal-
yses of diffusion models support this geometric perspective, showing that score functions recover
directions associated with the normal bundle of the data manifold at low noise levels (Stanczuk et al.,
2024). Ignoring this distinction encourages interpolation through off-manifold, low-density regions.

Ideally, a generative objective would therefore measure prediction errors according to the local ge-
ometry of the data distribution rather than a fixed isotropic metric. Explicitly estimating tangent and
normal spaces for complex high-dimensional data, however, is challenging. Instead, we use learned
feature spaces to induce data-dependent notions of similarity, building on their successful use as
perceptual losses for image synthesis (Johnson et al., 2016; Zhang et al., 2018).

Concretely, given data &, we construct a corrupted observation & = x+4§ and learn two complemen-
tary representations. Manifold-parallel features are learned by predicting & from & (x-prediction),
encouraging them to preserve intrinsic variation while suppressing corruption. Manifold-orthogonal
features are learned by predicting § from the same observation (8-prediction), encouraging them to
capture deviations away from the manifold. Together, these representations provide a learned de-
composition of errors into manifold-parallel and orthogonal components.

We use these representations to define a geometry-aware training objective for generative models:
rather than penalizing all prediction errors uniformly, it measures them through feature spaces spe-
cialized for intrinsic variation and off-manifold deviation, and thus distinguishes predictions that are
equally distant in ambient space but differ in their compatibility with the data distribution (Fig. 1).

Specifically, our contributions are:

* Theoretical characterization of learned geometry (Secs. 4.1 and 4.2). We show that,
under suitable bottlenecks, optimal x-prediction and d-prediction encoders have Jacobian
row spaces contained in the tangent and normal spaces of the data manifold, respectively,
exactly for linear manifolds and to leading order locally for smooth manifolds. Their fea-
ture losses yield complementary manifold-parallel and manifold-orthogonal gradients.

* Manifold-decomposed generative loss (Sec. 4.3). We introduce MaDeL, a geometry-
aware feature loss that separately measures manifold-parallel variation and manifold-
orthogonal deviation using these representations, without access to the data manifold.

¢ Validation across diverse manifolds (Sec. 5). We evaluate MaDeL on a helix, Earth and
climate science data, protein and RNA torsion angles, and protein backbone generation.
MaDeL improves support recovery and average angular I/ on the single-step benchmarks
and reduces steric clashes in protein backbones across one- and few-step budgets.

2 BACKGROUND

Isotropic regression objectives. Let 9 and ., denote a model prediction and its regression
target. Diffusion and Consistency Models (Song et al., 2023; Song & Dhariwal, 2024), for example,



are commonly trained with isotropic ambient-space objectives of the form
Liso(0) = Elp([#0 — Trargl3)], (1)

where p(u) = u yields mean-squared error (MSE) and p(u) = vu + ¢2 —c yields the pseudo-Huber
loss. Although these methods construct ., differently, their losses depend only on the residual
magnitude and therefore penalize equal-magnitude errors identically regardless of direction.

Geometry-aware generative modeling. Natural data often concentrate near low-dimensional
subsets of the ambient space, making their local geometry anisotropic: perturbations of equal mag-
nitude can represent meaningful variation when tangent to the data manifold but invalid deviation
when normal to it, a distinction ignored by isotropic regression.

Tab. 1 summarizes how prior work accounts

for this geometry. Existing approaches Method Geometry Tan./Nor. Train.
primarily incorporate the geometry of a RFM (Chen & Lipman, 2024)  given vIx v
known state space: Riemannian diffusion R (g;/‘[’(Ci_“l-f”f(‘))(m) given jx: ;
. . , . ango-. 1u et al., 2UZ° given
models (Huang C_l al., 2022) and Rlema}n- SDDM (Sun et al., 2023) pretrained VIV X
nian Flow Matching (RFM) (Chen & Lip- MPGD (He et al., 2024) pretrained  X// X
. ) : : Saito & Matsubara (2026) pretrained 4 X
man, 2(,)H.4) extend generative dynamics to AYT (Kim et al. 2026) leamed  Xiv Y
non-Euclidean manifolds, while MeanFlow ~

(MF) (Geng et al., 2025) and Riemannian Mabel. (Ours) leamed /I
MeanFlow (RMF) (Woo et al., 2026) en-
able one-step generation in Euclidean and
manifold-valued spaces, respectively, and
Tango-DM trains only the tangential score component of a known manifold (Liu et al., 2025). Other
work targets the geometry of the embedded data distribution, but extracts it from a pretrained model:
low-noise diffusion scores approximate its normal bundle (Stanczuk et al., 2024), SDDM decom-
poses scores into tangent and normal components (Sun et al., 2023), MPGD constructs manifold-
preserving guidance from pretrained autoencoders (He et al., 2024), and the score Jacobian yields a
tangent-aware metric (Saito & Matsubara, 2026). In contrast, we learn complementary tangent- and
normal-sensitive features from data and place them directly in the training objective, with neither a
known manifold nor a pretrained models.

Table 1: Geometry-aware methods: source of geom-
etry, tangent/normal modeling, and use in training.

Feature losses as learned directional metrics. Learned features introduce anisotropy without
an explicit parameterization of the data manifold: perceptual losses measure errors in representa-
tions aligned with perceptual similarity (Johnson et al., 2016; Zhang et al., 2018), and regularized
autoencoders capture local geometry through denoising, Jacobian contraction, or reconstruction
fields (Vincent et al., 2008; Rifai et al., 2011b; Alain & Bengio, 2014). Features have also been
incorporated directly into generative training through pretrained discriminator features (Sauer et al.,
2021) and feature-based consistency objectives (Song et al., 2023), including manifold-aligned tan-
gents (AYT) (Kim et al., 2026). These approaches, however, provide a single notion of similarity
rather than complementary sensitivities to intrinsic variation and off-manifold deviation.

3 MOTIVATION

Let ¢ : R? — R™ be a feature encoder and define L4(&, ) == 1||¢(&) — ¢(x)||3. Its gradient is
J(2) T (¢p(2) — p(x)), so the encoder Jacobian determines the input-space directions to which the

loss is sensitive. We learn complementary encoders ¢/ and ¢ for manifold-parallel variation and
manifold-orthogonal deviation, respectively. Writing a € ||, L for the two branches, we define

L(@,x) =2 1L A\"Lon (&, ), (2)
Val(®,2) =)L A Jee (@) (¢°(2) — ¢%()) . 3)

>

If the encoders ¢!l and ¢ specialize as intended, these terms provide complementary update direc-
tions along and away from the data manifold, inducing a learned directional geometry rather than a
generic perceptual metric.
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Figure 2: A manifold-decomposed metric mitigates off-manifold interpolation. With sparse
training samples (crosses), Cartesian MSE and Pseudo-Huber interpolate through the circle, whereas
the oracle decomposed metric preserves its support.

Sanity check on a toy example. We first isolate the effect of the training metric on a manifold
that is known exactly, using an oracle decomposition that the learned features of Sec. 4 are designed
to approximate. The target distribution is a mixture of four von Mises distributions on the unit
circle in R2. For each dataset size N, identical generators are trained with the same OT-matched
objective and differ only in the regression metric; the crosses in Fig. 2 denote the training samples,
and N = oo denotes training with fresh samples from the underlying distribution.

As shown in Fig. 2 left, Cartesian MSE and Pseudo-Huber (PH) interpolate between sparse modes
along Euclidean chords and produce off-manifold samples inside the circle. The oracle decomposed
metric applies PH in polar coordinates with (All, \*) = (1, 5), where angle and radius correspond
to the manifold-parallel and manifold-orthogonal directions, and preserves the support.

Fig. 2 right quantifies this behavior: the decomposed metric reduces the fraction of off-manifold
samples to nearly zero across dataset sizes while attaining a comparable angular W; distance to
the target distribution. The improvement therefore arises from the manifold-orthogonal geometry
without loss of variation along the manifold, which underscores the role of the training metric.

4 MAIN CONTRIBUTION: MADEL

Building on Sec. 3, we show that the two feature spaces arise from x-prediction and §-prediction
on corrupted data, and turn them into a two-stage training procedure. We characterize the optimal
encoders exactly for linear manifolds (Sec. 4.1), extend the characterization locally to smooth mani-
folds (Sec. 4.2), connect the encoder Jacobians to the update directions of the decomposed loss, and
describe the shared encoder and generator training (Sec. 4.3).

4.1 THEORY: LINEAR MANIFOLDS AND AUTOENCODERS

Suppose the data z is supported on an r-dimensional linear subspace of RY. Concretely,

x=Az, z~N(0,I), r:=rank(A)<d, 4)

such that data « is Gaussian distributed with covariance
¥ = AA" = Udiag(\,...,.\)U", (5)
with eigenvalues Ay > --- > A\, > 0 = A\.y1 = --- = A\g. We consider linear encoder-decoder

pairs (E, D) with bottleneck dimensions | for -prediction and n for §-prediction, together with

isotropic corruption § ~ N (0, o21).

Proposition 1 (x-prediction selects high-variance directions). Consider the denoising objective
IninE7DEm75||.’1}7DE(CC+5)||§, n| <. (6)

Assume there are no ties between positive eigenvalues, i.e., )\"H > )‘"HH’ and let Unu contain the

eigenvectors corresponding to the n largest eigenvalues of .. Then the optimal composite map is

A
* I R A1 n
D*E* = U"H]‘-‘HU;LFH’ I‘H = dlag()\1+o2,..., )\n”—ﬂaz)' (7)




Moreover, every optimal rank-n| factorization can be written as E* = RU, I D* = Uy, I‘HR_1

)
i

for an arbitrary invertible matrix R € R™I*™I,

Proposition 1 shows that x-prediction allocates the limited representation capacity to directions of
largest data variance. Importantly, the encoder is insensitive to every direction outside the selected
principal subspace: E*v = 0 for all v L Span(Uy,).

For the linear data manifold, ker(X) is exactly its normal space; hence, all manifold-orthogonal
directions are annihilated by the x-prediction encoder. The corruption in the input is essential for
this result: unlike ordinary autoencoding of « from «x, denoising exposes the encoder to off-manifold
directions while requiring the output to remain unchanged.

Proposition 2 (§-prediction selects low-variance directions). Consider instead the objective

ming p Ey 5/|6 — DE(x + 6)|)3. (8)
Let U_,, | contain eigenvectors corresponding to the n| smallest eigenvalues Ag_n | +1, ..., Ad of
3. Then the optimal composite map is
. 2 2
D*E* = U_nlI‘lU_Tnl7 r, = dlag(Ad77Lf+1+02 e A;I-az ), 9)

and every optimal rank-n | factorization can be written as E* = RU', , D* =U_, T R™!

7nL s
for an arbitrary invertible matrix R € R™+*"+,

In contrast to z-prediction, -prediction prioritizes directions of smallest data variance. In particular,
if ny < d — r, the selected directions can lie entirely within ker(32), which is exactly the normal
space of the data manifold. When n; = d — r, the encoder spans the complete normal space. Thus,
under a suitable bottleneck, the two objectives induce complementary representations: x-prediction
selects manifold-parallel variation, whereas d-prediction selects manifold-orthogonal variation.

The distinction can also be seen directly from their direction-wise gains. For an eigen-direction with

. . . . . . 2 .
data variance A, x-prediction and J-prediction assign g (\) = ﬁ and g1 (\) = x%,= which
satisfy g (\) + g1 (\) = 1. z-prediction therefore increasingly favors high-variance directions,
while d-prediction increasingly favors low-variance directions.

4.2 THEORY: GENERAL SMOOTH MANIFOLDS AND AUTOENCODERS

We now extend the linear analysis to a general smooth data manifold with smooth autoencoder.
Let M C R? be an r-dimensional smooth embedded manifold and consider a point ;5 € M.
We parameterize nearby clean samples on the manifold as z. = «(exp,, (€§)), where the random
tangent vector § € T, M possesses the first and second moments

El(] =0, E[(¢']=2r, (10)
and ¢ : M — R? denotes the embedding. Let J, := di, and
C'T = JLETJLT:Udiag(Ala"w)\d)UTa )\12"’2)\7’>O:)\7’+1:"':>\d7 (11)

so that Im(C'r) = T, M and ker(Cr) = Ny, M whenever X has full rank on Ty, M. As before,
independent isotropic corruption 8, ~ A (0, 02I) is added to x..

For each objective, let the encoder E and decoder D be twice continuously differentiable, with
bottleneck dimension 7| for z-prediction and n | for §-prediction. Denote their local Jacobians by

E1 = dE:nU» Dl = dDE(a}o) (12)

The key observation is that, after first-order expansion around x(, both objectives reduce exactly
to the corresponding linear problems addressed in Sec. 4.1, with the local tangent covariance Cr
replacing the global covariance X.

Proposition 3 (Local behavior of x-prediction). Assume D(E(xg)) = xo. Ase,0 — 0,
E¢s, ||z — D(E(ze +8,))[3 = Eg s, leJ.& — D1E1(e € + 8, )5 +o(e® +0%).  (13)
For n) <1, the leading-order objective is minimized by

2
€ A"H

62)\1 )
EA14020 ") €2>\nH+U2 )

DiE; =U, T'°U, , T|°° = diag(

=m0

(14)

with Ef = RU,] , D} = U,, I‘IHOCRflfor an arbitrary invertible matrix R € R™I™"Il,

’
|



Thus, to leading order, the Jacobian of the x-prediction encoder lies in the local tangent space and
is insensitive to normal perturbations: Ejv = 0 for all v € N, M.

Proposition 4 (Local behavior of §-prediction). Assume D(E(xq)) = 0. Ase,0 — 0,
E¢s, [0, — D(E(zc + 6,))|13 = Egs, |0, — D1Ey(eJ & + 8,)|5 +o(e® +0%).  (15)

The leading-order objective is minimized by
2 2

DiE;f =U_, YU’ r'oc = diag( g ey s ), (16)

—ng? €2Ad—nL+1+‘727 ’ 52>\d+0'2

with Ef = RU_,

T, Dt =U_, T°R™! for an arbitrary invertible matrix R € R™+ %",

For n;, < d — r, the vanishing eigenvalues of C corre- x-prediction 6-prediction
spond to normal directions; hence, the local Jacobian of the §- 1
prediction encoder lies in the normal space and spans it when
n, = d — r. Propositions 3 and 4 thus provide complemen-  °1
tary local sensitivities without access to the tangent or normal
spaces. Fig. 3 verifies this on a two-dimensional spiral, where -1

the x- and d-prediction encoders have Jacobians parallel and A 0 i A 0 i
orthogonal to the manifold. Figure 3: Encoder Jacobians on a
2D spiral.

The linear setting is therefore not merely illustrative: after

locally linearizing the manifold and encoder-decoder, the general problem reduces to the rank-
constrained regression of Sec. 4.1. This motivates the construction below, where x- and §-prediction
encoders define the manifold-parallel and manifold-orthogonal losses.

4.3 FROM AUTOENCODERS TO GENERATIVE LEARNING

We now connect these local Jacobians to the generative objective in Eq. (2). Recall from Eq. (3)
that the gradient of a feature loss is obtained by mapping the feature residual back to the ambient
space through the transpose of the feature Jacobian; the row space of the encoder Jacobian therefore
determines the directions along which the loss can update a generated sample.

Proposition 5 (Directional decomposition of the feature loss). Let xg € M, ny < d —r, and d)”
and ¢ denote encoders satisfying the locally optimal characterizations of Prop. 3 and 4. Then

Im((J g (20)) ") C T M, Im((Jyi(x0))") € Ngyg M. (17)
Thus, the gradient of the decomposed feature loss in Eq. (2), evaluated locally at x(, decomposes
Vol = Mgl + \tgt gl e T, M, gt e NyM. (18)

Proposition 5 connects the representation-learning objectives to the generative loss: the x-prediction
encoder yields feature gradients confined to manifold-parallel directions and the §-prediction en-
coder to manifold-orthogonal directions, so that their combination in Eq. (2) updates a generated
sample along complementary directions.

Learning the encoders. We use a shared-encoder dual-decoder architecture. Given & = x + 4,
the encoder ¢ : R — R”, with n = ny + n, is split by coordinate projections P and P, into

¢! =Pog, ¢ =Piog. (19)
These branch encoders correspond to Propositions 3 and 4. Under the assumptions of Sec. 4.2,
np<r restricts x-prediction features to dominant tangent directions, while n; < d — r restricts
d-prediction features to the normal space, which they span when n; = d — r. Because these
dimensions are unknown, n| and | are treated as branch-capacity hyperparameters.

Each feature subset is provided exclusively to its corresponding decoder: the parallel decoder D!l is
trained for a-prediction, while the orthogonal decoder D is trained for §-prediction:

Lag = Ao Eoslle — D¢ (@ + 8))[3] + As - Exs[ll6 — DX (@ (@ +0)[3]  20)
The partition prevents the two decoders from sharing task-specific features while retaining a com-
mon feature extractor. By the analysis of Sec. 4.1, z-prediction renders ¢! insensitive to off-

manifold corruption, whereas d-prediction drives ¢ to capture deviations from the data manifold.
These feature subsets enter the generative loss in Eq. (2) directly.



Algorithm 1 MaDeL: Learning Manifold-Decomposed Features and the Generative Model

Require: Encoder ¢, projections P, P, onto its first n| and last n features, decoders DIl D+,
generator Gg; steps Nyep, Ngen; Weights (Az, As, Aisos Al AH)
Stage 1: Representation learning
forstepn =1,..., Ny do
Sample a clean sample @, corruption 4, and let & < x + §
Compute representations hl + (P} o ¢)(&) and h* + (P o ¢)(Z)
Minimize )\, - [|& — DI(RI)||2 4+ s - |6 — DX (hY)|3 wrt. (¢, D!, D)
end for
Freeze ¢l := Pjo ¢ and ¢+ := P 0 ¢
Stage 2: Generative model learning
7: forstepn =1,..., Ngen do
8: Sample prior € and generative model output £y < Gy(e)
9: Assign a target @¢,,o to Zg by the underlying generative method
10 Minimize Aiso||Z0 — @rarg |13 + Al [[@1(20) — @ (zrare) 3 + X[ (&0) — ¢ (@rare) 13
w.rt. 6
11: end for

A A A

Training the generator. Our method is two-stage: after training, the encoders are frozen and used
to train the generator. Given & from the prior, the generator produces &y := Gy(€); the underlying
method constructs a regression target arg, and we modify only the loss comparing these quantities.

For OT matching, &, is assigned by minibatch OT between current outputs and real samples,
following explicit Wasserstein minimization (Fatras et al., 2020; Chen et al., 2019). Given batches
{e;} and {x;}, with 9 ; = Gy(e;), we compute

T = argmingenypy > ; Tij [ #0,i — 2513 2D

We then set Tiare = x; for the data sample assigned to ¢ ;, treating the assignment as fixed during
the generator update. For a flow-map semigroup objective such as Riemannian MeanFlow (Woo
et al., 2026), let G§7*(z) denote the model prediction obtained by transporting @, directly from
time s to t. The regression target is constructed by composing predictions over two shorter intervals:

g = G (xy), Tiarg = SE [Gg”t (Gzér(ws))} . (22)

Here, s < r < t, and sg denotes stop-gradient. Additional terms required by the underlying method,
such as the MeanFlow boundary loss, are retained. Given x,.¢, We train the generator using

ﬁgcn(e) = E[)\isoH:i’O - :BtargH% + )\”»C(pH (:i:Ga a’targ) + )\J—»Cqsi (1%97 wtarg)]~ (23)

Thus, the proposed metric is independent of how the regression target is constructed. The squared
discrepancy in either ambient or feature space may be replaced by any differentiable isotropic loss;
the gradient-decomposition analysis extends directly, up to a loss-dependent scalar weighting of
each residual. Algorithm | summarizes the complete two-stage procedure.

5 EXPERIMENTS

We evaluate MaDeL on four benchmark families spanning synthetic and structured real-world dis-
tributions. Full experimental details are provided in Sec. C.

Benchmarks. Helix on sphere: a helix in S?, embedded isometrically into S°12 C R®!3 by a
fixed orthonormal map and perturbed by tangential Gaussian noise. Earth and climate science: ge-
ographic coordinates of volcanic eruptions, earthquakes, floods, and wildfires represented on S2,
following prior benchmarks for manifold-valued generation (Bortoli et al., 2022; Chen & Lipman,
2024). Protein and RNA torsion angles: the preprocessed benchmarks of Riemannian Flow Match-
ing (Chen & Lipman, 2024), following Huang et al. (2022), comprising four Ramachandran-angle
distributions (General, Glycine, Proline, and Pre-Pro) on T2 and a seven-dimensional RNA torsion
distribution on T7. Protein backbones: SCOPe protein structures (Chandonia et al., 2022), following
the preprocessing and evaluation protocol of FrameFlow (Yim et al., 2023a).
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Figure 4: Single-step generation on manifold-valued benchmarks.

Method Earth and Climate Science Datasets (W, ) Protein and RNA Torsion-Angle Datasets (1, |)
Earthquake  Fire Flood Volcano  Avg.  General Glycine Proline Pre-Pro RNA Avg.
RFM 27.19° 33.04° 23.68° 28.40° 28.08° 57.79°  64.80° 60.74° 32.68° 63.55° 55.912°
MF 6.43° 9.22°  6.67° 14.95°  9.32° 17.27°  11.57°  16.25° 13.77°  35.62° 18.896°
RMF 9.91° 10.21°  8.39° 16.82° 11.33°  34.33° 24.63° 31.84°  15.21° 41.84°  29.570°
OTM 6.22° 6.25° 4.88° 6.22° 5.89° 4.81° 8.27° 4.97° 5.97° 23.68° 9.540°

+ MaDeL 5.81° 5.93°  5.16° 5.46° 5.59° 4.51° 6.69° 4.39° 6.03° 22.52° 8.828°

Table 2: Single-step generation error on Earth and torsion-angle datasets. Angular W, distance
(degrees) between generated and ground-truth distributions; lower is better. RFM: Riemannian Flow
Matching; MF, RMF: (Riemannian) MeanFlow; OTM: coordinate-space OT matching; + MaDeL.:
OTM with our loss. All methods use single-step sampling.

Baselines. We compare with Riemannian Flow Matching (RFM) (Chen & Lipman, 2024), Mean-
Flow (MF) (Geng et al., 2025), and Riemannian MeanFlow (RMF) (Woo et al., 2026), each trained
with its native objective. We also compare with coordinate-space OT matching (OTM), which com-
putes a minibatch OT coupling between generated samples and real samples and regresses each
generated output toward its assigned real-data target. OTM and OTM + MaDeL use the same cou-
pling, generator architecture, and sampling procedure, differing only in the regression loss.

5.1 MAIN RESULTS

Helix on sphere. In Fig. 4 top, RFM, MF, RMF, and OTM distribute samples broadly over the
sphere, failing to concentrate on the helical support. The Riemannian methods preserve the geometry
of the spherical state space but do not recover the lower-dimensional data manifold embedded within
it. In contrast, OTM + MaDeL reconstructs the global helical structure and places more probability
mass near the data support using the same single network evaluation.

Earth and climate science. As shown in Fig. 4 bottom, RFM spreads samples broadly across the
surface, while MF and RMF recover the major high-density regions but blur their finer structure.
OTM captures much of the global support but retains noticeable dispersion away from the narrow
data structures. Using the same OT assignments, augmenting the coordinate-space regression loss
with MaDeL produces more sharply localized samples while preserving broad geographic coverage.
In Tab. 2 left, OTM + MaDeL achieves the lowest angular distance on three of the four datasets and
improves the Earth average from 5.89° to 5.59°; OTM remains strongest on Flood.

Protein and RNA torsion angles. In Tab. 2 right, OTM + MaDeL achieves the lowest angular Wy
distance on four of the five datasets and improves the mean distance from 9.540° to 8.828° over
OTM. It remains essentially tied on Pre-Pro (6.03° versus 5.97°), with the largest improvement on
Glycine, the broadest Ramachandran distribution.
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Figure 5: Steric violation versus backbone length. Deepest backbone van der Waals overlap per
structure (N/Ca/C, residues > 2 apart), median over 8 independent batches of 128 paired sam-
ples from each model’s 1M-step checkpoint; bands are the full batch range, dashed is real SCOPe.
MabDeL is lower at every length and budget.

Protein backbone generation. We train identical RMF models, with MaDeL adding a frozen
decomposed-feature term to the standard semigroup objective. Although MaDeL does not improve
designability, it improves local steric geometry. We measure the maximum van der Waals overlap
between backbone N, C,, and C atoms of residues separated by at least two positions; lower values
indicate fewer steric clashes, and real SCOPe backbones score 0.28-0.30 A. As shown in Fig. 5,
across eight paired prior batches from the one-million-step checkpoints, MaDeL reduces the median
maximum overlap at all ten tested lengths and all three sampling budgets. At L = 128, it reduces
overlap from 1.375 to 1.011 A at NFE = 10 (lower in 8/8 batches), from 1.742 to 1.503 A at
NFE = 5 (7/8), and from 2.732 to 2.681 A at NFE =1 (6/8). This is not explained by chain
expansion: at L = 60, MaDeL produces backbones that are both more compact and less clashing in
6-7 of eight batches. Designability remains essentially unchanged (10/640 versus 12/640), as does
median self-consistency RMSD (8.63 versus 8.66 A at L = 128 and NFE = 10).

5.2 ABLATION STUDY AND ANALYSIS

Ablation. We ablate the two feature branches T Earthquake  Fire  Flood Volcano  Avg.

under the same OT pairing (Tab 3) While OTM 6.22° 6.25° 4.88°  6.22° 5.89°

Flood is an exception, with all feature- ~ +Oveparam. AE — 589°  6.16° 508"  6.24°  5.84°

based variants underperforming coordinate- ¢! =0 G 698 BAlT G061
+Lonly\l=0) 659 6.42° 517°  6.15°  6.08

space OTM, the average results show a  +MaDeL 5.81°  593° 516° 546° 5.59°

clear trend: the overparameterized autoencoder

yie]ds on]y a modest improvement from 5.89° Table 3: Ablation of the decomposed loss. An-

to 5.84°, either manifold-decomposed branch ~gular W1 under the same OT pairing.

alone performs worse (6.13° for || and 6.08° for

1), and combining both branches achieves the best average of 5.59°. MaDeL also attains the low-

est error on Earthquake, Fire, and Volcano, indicating that the complementary branches provide the

strongest overall performance despite variation across datasets.

Analysis. To test whether the encoders realize the decompo- =00 00L 005 o1
sition predicted l?y Sec. 4.2, we use the tangent and normal ol 1588 1675 4504 3321
spaces of the helix and measure the ratio of manifold-parallel 4.1 02 002 004 003
to manifold-orthogonal Jacobian energy (Tab. 4). The ratio is
evaluated at samples perturbed by noise with standard deviation Taple 4: Jacobian tangent-to-
o. Across noise levels, ¢l produces large ratios (15.88-45.04), normal energy ratio.

whereas ¢ produces ratios near zero (0.02—0.04), confirming

that energies concentrate in complementary directions on and near the manifold.

6 CONCLUSION

We introduced MaDeL, a manifold-decomposed feature loss for generative modeling that distin-
guishes variation along the data manifold from deviation away from it. We showed that, under a
feature bottleneck, @-prediction and -prediction learn encoders whose Jacobians are confined to
the tangent and normal spaces of the manifold, exactly for linear manifolds and locally for smooth
manifolds, so that the resulting feature loss yields complementary tangent- and normal-aligned gen-
erative updates without explicit access to the manifold. Across controlled manifolds and structured



real-world domains, MaDeL better preserves data support and improves distributional or local geo-
metric accuracy relative to isotropic regression, which suggests that explicitly shaping the geometry
of the training signal is a practical alternative to parameterizing the data manifold itself, particularly
in sparse and highly constrained generative problems.

Limitations. Our analysis is local and holds to leading order in the corruption level, while the
branch dimensions and loss weights must be chosen without knowledge of the intrinsic dimension.
Our experiments cover a limited set of synthetic and structured scientific benchmarks, and do not
yet establish scalability across models, datasets, or modalities. Future work will develop MaDeL for
scalable manifold generative modeling; Sec. B discusses these limitations.
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A  PROOFS

A.1 LINEAR MANIFOLDS

Proof of Proposition 1. Lety = x + 6 and C = Elyy'] = X + ¢2I. Since 0 > 0, C is
positive definite. The objective depends on the encoder and decoder only through F' := D E, where
rank(F) < n. Using E[zy '] = % gives

E|z — Fy|? = tr(X) — 2tr(FX) + tr(FCF ") (24)
= |[FC'V? —2C V% + tr(2) — tr(ZC'E). (25)
Hence, after defining G := F'C'/2, minimizing the objective is equivalent to
i G -XC 2|3, 26
I‘ankr(rlGlI)lgTLH || HF ( )

Because C = U diag()\; + 02)U T commutes with X,

_ . A Ad
sC Y2 = U dia ( >UT. 27

VAo Vg +0? @7
The scalar map A — A/vV/\ + o2 is strictly increasing on [0, c0). The Eckart—Young-Mirsky theo-
rem and the assumed eigengap therefore show that the unique optimal rank-n| approximation retains
the first n)| eigendirections:

)\”II

. A1 T
G = U, diag| —2L_ . 2w |yT. (28)
I Nt o2 Aoy + 07 I
Multiplying by C~'/2 on the right yields
F*=U,I'U, . (29)

Since ny <, I‘|| is invertible and rank(F™*) = nj. Thus, any factorization F* = D* E* through
an n-dimensional bottleneck has rank(D*) = rank(E*) = n and Im(D*) = Span(U,, ). Write
D* = U, A for an invertible A. Then E* = A*IF”UJH. Setting R := A™'T'|| gives

E* = RU, D*=U, TR, (30)

71,” )

which characterizes every optimal factorization. O

Proof of Proposition 2. Againlety = ¢ +68,C = X +02I,and F = DE. Since E[dy '] = 01,
E||6 — Fyl|j3 = do® — 20% tr(F) + tr(FCF ") @31
= |FC'? - 62C~Y?||% + do® — o* tr(C7Y). (32)

With G := FC'/?, it remains to find the best rank-n | approximation of

2012 — U dia, ( o o ) U’ (33)
o = sy .
E VT2 Vgt o
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These singular values decrease as \; increases. Thus, the Eckart—Young—Mirsky theorem selects the
n, smallest-variance eigendirections, giving

2
G =U._,, diag( ) U, . (34)

0'2 g
Ven, 11 +02 VA + 02

Therefore,

Fr=gcV?’=U_, T.,U"

—n

(35)

The diagonal entries of " are strictly positive, so rank(F*) = n . The same factorization argu-
ment as in Proposition 1 then yields

E*=RU'

—ny>

D*=U_, TR (36)

for an arbitrary invertible R. If eigenvalues are tied at the truncation boundary, U_,, | may be any
orthonormal basis of an optimal subspace within the tied eigenspace. O

A.2 GENERAL SMOOTH MANIFOLDS

Proof of Proposition 3. Define the local autoencoder map Aag = D o E. The manifold parame-
terization has the first-order expansion

T, =x +eJ &+ 7, re = 0(6) 37

in mean square. Since A g is twice continuously differentiable and Ao (o) = x, the chain rule
gives

Aprg(xe +0,) = 2o + D1 Eq(eJ £+ 6,) + TaE, (38)

where the combined Taylor remainder satisfies E||r. — rag||3 = o(¢? + 2) and its cross term with
the first-order residual is also o(e? + o). Consequently,

Ee.s, ||z — D(E(zc + 65))ll3 (39
=Ees,||eJ.& — D1Ey(eJ €+ 68,)5 + o(e* + o?). (40)

The leading-order problem is precisely the reduced-rank denoising problem of Proposition 1, with
clean covariance e2C and corruption covariance o2I. Its eigendirections are those of C'r, and the
corresponding gains are

62)‘2’
. 41
€2\ + o2 “D
Applying Proposition 1 therefore gives the stated D} E}, ET, and D7. O
Proof of Proposition 4. Use the same expansion . = xg + €J,& + r.. Now Aarg(xzg) =
D(E(x)) = 0, so Taylor expansion and the chain rule yield
D(E(w6+60)) = DlEl(GJL£+6G)+rAE- (42)

As in the preceding proof, the squared remainder and its cross term with the first-order residual are
o(e? + o2). Hence,
Ees, |00 — D(E(zc + 6,))|3 43)
=Fes,)00 — D1Ei(eJ.& + 8,5+ o(e® + o?). (44)
This is the linear &-prediction problem of Proposition 2 with data covariance e2Cy. The optimal
rank-n map therefore retains the n; smallest eigenvalues of Cr and assigns gain

0.2

€2\ + 02 (45)

to the eigendirection with eigenvalue \;. Proposition 2 then gives the stated composite map and all
of its optimal factorizations. O
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A.3 DIRECTIONAL DECOMPOSITION OF THE GENERATIVE LOSS

Proof of Proposition 5. By Proposition 3, the Jacobian of a locally optimal manifold-parallel en-
coder has the form

J¢H ((l?o) = RHU;LFH . (46)

The columns of U"H are positive-eigenvalue eigenvectors of Cr and therefore lie in Im(C7) =
Tro M. Since Ry is invertible,

Im((J 1 (o) ') = Span(Uy,) C Ty M. 47
Similarly, Proposition 4 gives

Jyi (o) = RLU”,

—n

(48)

Because n; < d—r, the columns of U_,, | can be chosen entirely from the zero-eigenspace of Cr,
which equals N, M. Thus,

Im((Jg (z0)) ") = Span(U_,,, ) € Ny, M. (49)

For a target «, define the two local feature-gradient components at & = x by
gl = (T4 (%0) " (! (o) — @), (50)
9" = (Jpe (@) (" (w0) — &* (@) &)

The two image-space inclusions above imply gll € Ty, M and g+ € N, M. Substituting these
definitions into the gradient identity in Eq. (3) yields

Vil = Mgl + \tgt, (52)

which proves the claimed directional decomposition. O

B SCOPE OF THE ANALYSIS AND LIMITATIONS

Our characterization is local and holds to leading order in the corruption level; finite corruption,
strong curvature, manifold boundaries, and imperfect optimization can therefore mix the two com-
ponents. The corruption distribution, the branch dimensions n| and n_, and the loss weights Al
and A\ must be selected without knowledge of the intrinsic dimension, and the feature geometry
requires a separate representation-training stage for each domain. Our experiments concern sparse
structured distributions and single-step generators; broader validation across architectures, modali-
ties, and scale remains to be established.

C EXPERIMENTAL DETAIL

C.1 SHARED SETUP FOR THE HELIX, EARTH, AND TORSION EXPERIMENTS

The helix, Earth, and torsion-angle experiments use a common training and evaluation framework.
RFM, MF, and RMF use the same network architecture, consisting of four hidden layers of width
256 and a Fourier time embedding with four frequency octaves. Each method is independently
initialized with seed 0, and evaluation uses exponential-moving-average weights with decay 0.999.
The flow-based methods are evaluated at NFE € {1,2, 5,10}, whereas OTM and OTM + MaDeL
directly generate samples with one network evaluation.

For OTM and OTM + MaDeL, we compute an exact Hungarian assignment between generated and
real samples using ambient squared distance. Both methods therefore use identical generated-to-
data pairings and differ only in their regression losses. For Earth and torsion angles, OTM + MaDeL
uses

LOTMAMaDeL = ||& — @ ||2 + 0.1 A, (¢” (&) — ¢ (:c,r)) +0.1he(p(2) — ¢ (zr)), (53)

14



where x, is the assigned real sample and h.(u) = /||ul|3 + ¢ — ¢ with ¢ = 0.01. The helix
experiment omits the ambient term and uses feature weights Al = 1 and A+ = 5.

The feature encoder is trained separately and frozen during generative training. Its parallel de-
coder predicts the clean sample, while its orthogonal decoder predicts the normalized corruption
&/ rms(d). Normalizing the corruption prevents the orthogonal representation from collapsing when
the corruption magnitude is small.

C.2 HELIX ON SPHERE

We construct a spherical helix on S? with winding parameter 5.0, latitude oscillation 0.5, and pa-
rameter range [—, |. Clean samples are obtained by applying tangent Gaussian perturbations with
standard deviation ogna1 = 0.01 and are then embedded into S°'% C R5'3 through a fixed random
orthonormal map from R? to R513. Encoder inputs are formed by applying an additional Gaussian
perturbation with per-coordinate standard deviation opertur, = 0.10 in the ambient tangent space
of S°!2, The clean distribution therefore remains in the three-dimensional image of the embedding,
while the corruption can leave this subspace.

We use 50,000 data samples. All generative models are trained for 50,000 iterations using RAdam
with learning rate 103, batch size 256, gradient clipping at 2.0, and EMA decay 0.999. The encoder
uses | = 3 parallel and n; = 509 orthogonal features and is trained with clean- and corruption-
prediction weights 1 and 5, respectively. OTM and OTM + MabDeL use a three-dimensional Gaus-
sian prior and exact Hungarian assignment. For MF, the prior standard deviation is 1/4/513 so that
its expected norm matches the unit-norm data.

Evaluation uses 2,048 generated samples. The qualitative comparison in Fig. 4 uses NFE = 1
and projects samples back to the underlying S? coordinates. We additionally monitor sliced W3,
energy distance, distance to the underlying helix, displacement outside the embedding subspace,
and coverage along the helix.

C.3 EARTH AND CLIMATE SCIENCE

The Earth benchmark contains event locations on S? for volcanoes, earthquakes, floods, and wild-
fires, with 827, 6,120, 4,875, and 12,809 records, respectively. We use deterministic 80/10/10 train,
validation, and test splits with seed 42. Duplicate coordinates are retained during training because
repeated events at one location encode the empirical event density.

Clean locations are corrupted in the tangent space of S? using Gaussian noise with standard deviation
0.15. The encoder uses n = ny = 2 and equal clean- and corruption-prediction weights. It
is trained for 10,000 iterations with batch size 2,048. Generative models are trained for 20,000
iterations using Adam with learning rate 10~ and EMA decay 0.999. Flow-based methods use
batch size 2,048, while the exact-Hungarian OTM variants use batch size 256.

We report geodesic IV distance between generated and real event distributions. The cost is the great-
circle distance on S2, and the empirical transport problem is solved by exact Hungarian assignment.
Datasets with more than 2,048 records use a fixed seeded reference subsample, shared across all
methods and checkpoints. Distances are converted from radians to degrees for Tab. 2. The qualitative
Earthquake comparison in Fig. 4 uses 4,096 generated samples at NFE = 1.

C.4 PROTEIN AND RNA TORSION ANGLES

We use the torsion-angle benchmarks of Riemannian Flow Matching (Chen & Lipman, 2024),
following the preprocessing of Riemannian diffusion models (Huang et al., 2022; Bortoli et al.,
2022). The benchmark contains four two-dimensional Ramachandran distributions and one seven-
dimensional RNA torsion distribution:
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Dataset Manifold Number of records

General T2 137,718
Glycine T? 13,183
Proline T2 7,618
Pre-Pro T2 6,900
RNA T7 9,457

Each angle is represented by its cosine and sine, embedding T¢ isometrically into R?¢ without an
angular discontinuity. Corruption is applied independently to each angle using wrapped Gaussian
noise with standard deviation 0.15 radians.

All generative models use batch size 256 and are trained for 20,000 iterations using Adam with
learning rate 10~3 and EMA decay 0.999. The encoder is trained separately for 10,000 iterations
with batch size 2,048. Its parallel and orthogonal feature dimensions are: n = ny = 2 for T? and

n” :nL=7f0rT7.

We evaluate geodesic W using exact Hungarian assignment under the flat-torus distance, defined as
the Euclidean norm of the wrapped per-angle differences. The generated and test distributions are
restricted to at most 2,048 samples using a fixed seeded subsample, and the resulting distances are
reported in degrees in Tab. 2. All values in the main table use NFE = 1.

C.5 SCOPE PROTEIN BACKBONE GENERATION

Dataset and generator. We use 3,673 SCOPe backbones containing between 60 and 128
residues (Chandonia et al., 2022), matching the dataset used by RMF (Woo et al., 2026). Each back-
bone is represented by residue-local rigid frames in SE(3)~. The generator follows the FrameFlow
architecture (Yim et al., 2023a), using node and edge dimensions 256 and 128, six invariant-point-
attention blocks, eight attention heads, and self-conditioning.

Both the baseline and MaDeL models use the RMF SplitMeanFlow objective, comprising a flow-
matching anchor and a semigroup composition term. Rotational and translational losses are
weighted by 1 and 2, respectively, with translations scaled by 0.1. The time floor is 0.01, and
both objective terms are clipped at 10 after 10,000 iterations. Models are trained with AdamW us-
ing learning rate 10~4, weight decay 0.01, gradient clipping at 1.0, and EMA decay 0.9999. Batches
contain at most 54 proteins under a length-dependent memory budget. Although training runs for
up to two million iterations, the reported steric evaluation uses the one-million-step checkpoints.

Frozen protein encoder. The protein feature encoder is a split-latent U-Net over backbone frames
with 64 feature planes, encoder depths [4, 4,4, 4], and decoder depths [2,2,2]. It is trained for
250,000 iterations using batch size 2,048, learning rate 10~%, and equal clean- and corruption-
prediction weights. Structured corruptions include rigid segment and loop displacements, chain
breaks, and atom-level bond, angle, and torsion perturbations. Each of the 13 corruption operations
is independently activated according to a base probability of 0.15, producing approximately two
corruptions per sample. The EMA encoder checkpoint is frozen during RMF training.

The baseline sets the feature-semigroup weight to zero. The MaDeL model adds the decomposed
feature semigroup term with weight 0.0029 while retaining the standard RMF objective. All other
architecture, optimization, conditioning, and sampling settings are identical between the two runs.

Designability and self-consistency. For each checkpoint, backbone length, and NFE, we generate
64 backbones from identical priors for both models. Following standard protein-backbone evalua-
tion, ProteinMPNN (Dauparas et al., 2022) generates eight sequences per backbone at temperature
0.1, which are refolded using ESMFold (Lin et al., 2023). Self-consistency RMSD is the minimum
RMSD over the eight refolded sequences, and a backbone is considered designable when this value
is below 2.0 A.

Steric validity. We evaluate the one-million-step checkpoints at lengths

{60, 68,76, 84,92, 100, 108, 116, 124, 128}
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and NFE € {1,5,10}. For each length and NFE, we draw eight independent batches of 128 sam-
ples, using identical priors for the baseline and MaDeL within each batch.

For every generated structure, we compute the maximum van der Waals overlap

max (ra + 1y — [l¢a —zp]]2) (54)
over backbone N, C,, and C atoms belonging to residues separated by at least two sequence posi-
tions. We use Bondi radii of 1.55 A for nitrogen and 1.70 A for carbon (Bondi, 1964). Backbone
oxygen atoms are excluded because their placement is determined by the PDB-writing convention
rather than directly emitted by the model. The reported statistic is the median maximum overlap
within each batch. Real SCOPe backbones within four residues of each target length provide the
reference distribution and have median overlaps of 0.28-0.30 A.
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