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ABSTRACT

Learning symmetries through data augmentation offers an alternative to archi-
tectural equivariance, but does not guarantee that a network respects those sym-
metries. Measuring learned equivariance is especially difficult for intermediate
representations, whose group actions are not specified. In a finite discrete setting,
we show that equivariance requires representations of original and transformed
inputs to determine one another exactly, yielding a test based on normalized mu-
tual information (NMI). For high-dimensional activations, we use centered kernel
alignment (CKA) as a scalable test, with an exact guarantee for orthogonal feature
transformations. Across architectures and tasks, augmentation usually increases
transformation consistency, showing that learned equivariance can be probed di-
rectly from representations without recovering the hidden transformation rules
that relate them.

1 INTRODUCTION

Equivariance is a powerful inductive bias in fields such as biology, materials science, and image
processing, letting networks produce equivalent outputs despite non-canonical inputs. However,
recent work shows that at equal computational cost, non-equivariant networks can outperform struc-
turally equivariant ones when they instead learn equivariance from a variety of transformed inputs
(Abramson et al., 2024} |Chai Discovery} 2024 [Wohlwend et al., |2024). Such networks tend toward
equivariance during training but are not constrained to it, so they may not be perfectly equivariant.
Gruver et al.[(2023) and Moskalev et al.|(2023) found that models may have generalization error re-
lated to unlearned equivariance for inputs further from the training distribution. A practical measure
of this error is therefore needed to check whether such models generalize correctly across inputs.

Prior work quantifying learned equivariance in model outputs and latent features assumes the group
action on input, hidden, and output features is known and specified a priori (Gruver et al.l [2023).
This limits these metrics, since in practice the group action may be unknown (especially on the latent
space) so checking for equivariance requires testing different candidate actions.

We address this with an information-theoretic approach. Maximal normalized mutual information
between a layer’s representations of an input and its transformed copy implies a deterministic, in-
vertible map between them, as equivariance requires, without knowing what that map is. Because
mutual information cannot be estimated reliably for continuous activations, we use centered kernel
alignment (CKA) (Kornblith et al.,2019) as a proxy, and show that it is an exact test when the feature
transformation is orthogonal.

Our contributions are:
* We show how learned equivariance can be tested without specifying how hidden features

should transform: exact equivariance requires NMI to be maximal between original and
transformed representations.

* We introduce CKA as a scalable geometric test for high-dimensional activations (com-
paring their pairwise similarity structure), show that exact equivariance yields maximal
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Figure 1: Comparison of equivariance error between 1 —CKA and the local equivariance error (LEE)
using the assumptions of |Gruver et al.[(2023). Each model is an exactly equivariant model made
with ESCNN (Weiler & Cesal [2019) and equivariance error is computed at every half a degree in
the range [0, 359.5]. CKA is able to properly detect the zeros at the right intervals where the LEE is
unable to detect equivariance for any model, even the SO(2).

CKA under orthogonal feature transformations, and characterize where it departs from the
information-theoretic criterion.

* Across architectures, tasks, and symmetry groups, we show that data augmentation gen-
erally increases learned equivariance in standard networks, and identify where existing
equivariance measures succeed or fail.

2 RELATED WORK

Measuring and discovering equivariance. |Lenc & Vedaldi|(2015) measure equivariance by fitting
feature-space maps for known image transformations, while (Gruver et al.|(2023)) use Lie derivatives
to measure local deviations from specified input and output actions. LieGG (Moskalev et al., [2022)
recovers generators of learned invariances from a gradient-based matrix, while LieGAN (Yang et al.}
2023) discovers distribution-preserving transformations through adversarial training. Our NMI and
CKA measurements take the input transformations as given and compare activations on original and
transformed inputs. They require neither specifying nor fitting the corresponding transformations of
hidden features. SEIS (Lin et al.,|2026)) reports separate equivariance and invariance scores without
fitting feature transformations; we show its equivariance score drops for steerable networks whose
rotations also mix channels.

Information-theoretic symmetry. In a grid-world model of shared concept formation, Moller &
Polani| (2023)) measure equivariance using mutual information between concepts assigned to original
and transformed world states. |Charvin et al.| (2023) connect equivariance of discrete probabilistic
mappings to optimal joint input-output compression that preserves mutual information. Our focus is
measuring existing neural representations under given input transformations, rather than finding an
optimal compression. For finite discrete representations, we express the necessary condition through
NMI: original and transformed representations must determine one another exactly. We then use

CKA to compare high-dimensional activations and investigate where it agrees with or departs from
this condition.

Representation similarity. SVCCA (Raghu et al.|,2017)) compares correlated feature combinations
after discarding low-variance directions, while CKA (Kornblith et al., [2019) compares patterns of
similarity between examples. We use linear CKA across layers and during training because it re-
quires neither selecting feature directions nor fitting an alignment. We also evaluate SVCCA and
Procrustes error. Procrustes measures the mismatch remaining after the best rotation or reflection
in feature space (Williams et al.l 2021). We show that exact equivariance under orthogonal feature
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transformations yields maximal CKA, connecting its established invariance properties to a necessary
condition for equivariance.

Similarity scores need not track model behavior (Ding et al., 2021} |Davari et al.,|2022)), and finite-
sample bias can inflate CKA (Murphy et al., |2024). For equivariance, low CKA need not mean
information was lost, and high CKA does not establish that a particular transformation rule was
followed. We therefore use CKA to track transformation consistency across layers and training,
with shuffled-pair nulls as a chance baseline and SVCCA and Procrustes as complementary checks.

Learning symmetry from data. Prior work studies how data, augmentation, and architecture affect
learned symmetry (Bouchacourt et al., 2021} Bruintjes et al.||2023)). [Wang et al.|(2023)) analyze how
mismatches between symmetry assumptions and the task or data affect prediction error. Whereas
Bruintjes et al.| (2023)) match individual feature maps across channels, we compare whole represen-
tations with CKA. We use this comparison to examine which layers change with augmentation and
how those changes develop during training, across image-recognition, image-to-image, and point-
cloud tasks.

3 BACKGROUND

We provide background on information theory (Shannon), [1948)), equivariance, and CKA (Kornblith
et al., [2019), including the Hilbert—Schmidt Independence Criterion (HSIC) (Gretton et al., [2007)
on which CKA is built.

3.1 INFORMATION THEORY

For a discrete random variable X ~ p(z), the Shannon entropy H(X) = — > p(x) log p(x) quan-
tifies the information gained by observing X. Given a second variable Y ~ p(y), the conditional
entropy is H(X|Y) = =3 >, p(z,y)logp(z|y). The mutual information between the pair of
random variables is determined by:

I(X:Y) = H(X) - H(X|Y) (1)

Mutual information is 0 if and only if X and Y are independent, i.e., observing Y yields no infor-
mation about X.

As mutual information is dependent on the total available information, we utilize normalized mutual
information (NMI):
2I(X;Y)

NMI(X,Y) = XTI

2)

3.2 EQUIVARIANCE

A function f: X — ) is G-equivariant for a group G if f(p,(g)x) = py(g)f(z) forall g € G and
x € X, where p, and p,, are the group actions on the input and output. Invariance is the special case
py(g) = id, giving f(p;(g)z) = f(x). As we work with images, we focus on the Cy group of 90°
rotations, which preserve an image’s information.

There are a few ways to measure equivariance error, but one of the simplest ways is to compute
the error between the output of the function on the transformed input and the output of the function
transformed by the group action EE = || f(pin(9)) — pout(g) f(x)||3. Gruver et al.|(2023) utilizes
equivariance error to measure the per layer equivariance of a model given a infinitesimal transforma-
tion of the input. In practice, they take p,,¢(g) to be trivial for scalar data or a purely spatial rotation
for image-like data, which is wrong for steerable equivariant networks (Weiler & Cesal 2019).

3.3 HILBERT-SCHMIDT INDEPENDENCE CRITERION

Given two datasets X € R"*x and Y € R"*9¥ and feature maps ¢ and 6 into a Hilbert space,
we form kernels Kx (z,2") = (¢(z), d(2")) and Ky (y,y’) = (6(y),0(y’)) that capture nonlinear
relationships. Note that we obtain a linear kernel by choosing 6 and ¢ to be the identity function
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and we obtain an RBF kernel by setting Kx to be exp(—||x — z'[|?/20?). With centering matrix
H =1, — 11,17, the Hilbert-Schmidt Independence Criterion (HSIC) is defined as:

HSIC(Kx, Ky) = (HKxH, HKy H)p 3)

3.4 CENTERED KERNEL ALIGNMENT

Centered Kernel Alignment (CKA) normalizes HSIC to the range [0, 1], removing dependence on
the scale of the original data:

HSIC(Kx, Kvy)

CKA(Kx, K
(B, Ky ) = VHSIC(Kx, Kx)HSIC(Ky, Ky)

“4)

A value of 0 indicates no dependence captured by the kernel and 1 a perfect statistical relationship
between X and Y.

4 METHODOLOGY

We present MIME, a way to uti-
lize mutual information to measure

X X X N C4 equivariance test Per-rotation measurement
equivariance in discrete cases, and
CKALH'} a way to utilize CKA to | Input R(a)
measure equivariance in real models. ! g (shareo)
We show theoretically that both can Apply C rotations
y Rgo(z), Ri1g0(z), Ra7o(x) CKA
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and group G, equivariance cannot be ) )
ruled out at layer ¢ if for all g € G Figure 2: Per-layer CKALE test for Cy: CKA < 1 at any

NMI(he(X), he(p(9) X)) = 1. Tha£ rotation rules out exact equivariance at that layer.

is, the layer’s outputs on the original

and group-transformed data share all

of their information, so a determinis-

tic map relates hy(X) and hy(p(g)X) in both directions, as equivariance requires. We call this
mutual information measure of equivariance MIME.

We show that NMI being 1 is a necessary but not sufficient condition for a function to be equivariant,
which justifies its use as a measure.

Proposition 1. Let g € G. If NMI(f(X), f(p(9)X)) < 1, then f is not G-equivariant at g.

Proof. Proof by contrapositive. Let X be a random variable taking values in X and let f: X — )
be G-equivariant, so that f(p,(g9)z) = py(g)f(z) for all x € X. Define the random vari-
ables Y = f(X), and Y’ := f(p.(9)X). By equivariance, Y’ = p,(g)Y’, and since py,(g)
is a group action and hence invertible, Y = p,(g)"'Y’. Each of Y and Y’ is therefore a
deterministic function of the other, so H(Y | Y’ ) = HY' | Y) = 0, and by [Lemma | W
NMI(Y,Y”) = NMI(f(X), f(p2(9)X)) = 1.

4.2 CKALE: CKA FOR LEARNED EQUIVARIANCE

Mutual information requires the full data distribution, which is intractable for a layer’s continuous,
high-dimensional outputs: recovering the density on R? would require evaluating every possible

"Pronounce like kale
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Table 1: NMI between filtered original and rotated images for the Sobel-X filter (not Cs-equivariant)
and the Laplacian (C4-equivariant) on a restricted, discretized image set. The Laplacian stays at 1.
Sobel-X is Cs-equivariant and anti-commutes, so it reads 1 at 180°; a metric assuming the output
action matches the input action would report a large error here, but NMI detects the equivariance
without being told the action is a sign flip.
Filter
Rotation|Sobel-X Laplacian

90° 0.1954  1.0000

180° | 1.0000  1.0000

270° | 0.1954  1.0000

input. Instead, to measure learned equivariance in real models, we apply CKA to each layer’s
output and its rotated copy to test whether the layer acts in an equivariant manner (Figure 2), a
method we call CKALE: CKA for Learned Equivariance. We measure CKA (h¢(x), he(pin(g9)z))
for all ¢ in the network fy. For any discrete group, we test every possible input operation when
measuring equivariance, but for infinite groups such as SO(2) we subsample to 16 samples to test
for equivariance. We show that similar to NMI, CKA being 1 is a necessary but not sufficient
condition for a function to be equivariant which justifies its use as a measure of equivariance.

Proposition 2. Let ¢ € G. Assume py(g) is orthogonal. Also assume orthogonally in-
variant kernels K that use the same feature map. (For example, linear or RBF kernels). If
CKA(K ¢(x), Kf(px(g9)x)) < L, the function [ is not G-equivariant at g.

Proof. Proof by contrapositive. Assume f: X — Y is G-equivariant and X and Y are sets. Let
Y = f(X) and Y' := f(px(g)X). Since f is G-equivariant, there exists an invertible orthogonal
map py(g) such that Y’ = py(¢)Y. Following our two assumptions, py(g) is orthogonal and
our kernel functions Ky and Ky are orthogonally invariant. Therefore Kv = (0(y),0(y’)) =

(0(py(9)y), 0(py(9)y')) = Kys. By[Lemma 2} CKA(Ky, Ky/) = 1.

5 EXPERIMENTS

We first validate MI as an equivariance measure and compare it with CKA, then show where MI
breaks down, and finally compare CKALE with existing measures on real models.

5.1 MUTUAL INFORMATION AS AN EQUIVARIANCE MEASURE

To show that mutual information can measure equivariance, we use a toy dataset of 4 x 4 binary
images taking values in {—1,1}. Only 2! = 65536 such images exist, so we run every possible
image through the chosen filter and use the output rates to compute the probabilities and normalized
mutual information. Outputs are binarized at a shared median and coarse-grained by summing each
2 x 2 quadrant. This commutes with the group action, since a 90° rotation permutes the quadrants
and each 2 x 2 sum is rotation-invariant; [Section 5.3|explains why it is needed.

As shows, NMI falls below 1 only for Sobel-X at 90° and 270°, since it is only Cs-
equivariant.

shows that relabeling the alphabet, a lossless bijection, drives CKA toward its null because
CKA depends on geometry, while MI correctly stays at 1.000; both correctly flag the lossy merge.
The null column shuffles the pairing between outputs. MI’s high null reflects the large alphabet and
makes it less trustworthy here, so CKA remains the more practical measure despite missing this
form of equivariance.

5.2 CKA FOR SYMMETRY PROBING

Mutual information is invariant to any bijective reparameterization of the features and falls only
when information is genuinely destroyed. Linear CKA is invariant to a strictly smaller set of orthog-
onal transformations and isotropic scaling. Within that set the two agree exactly: on the identity and
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Table 2: CKA versus MI on a discrete set of data points. We apply the Laplacian to the input image,
then either keep the output unchanged, scramble the alphabet (relabel outputs while keeping points
with the same label together), or merge the alphabet (map multiple distinct outputs to the same
value). CKA reads the lossless relabeling as non-equivariant, while MI correctly detects equivari-
ance. A high null indicates the metric may be less informative due to a large alphabet.

linear CKA exact MI
readout nature value null  bits MI/H null/H
identity reference 1.0000 0.0004 7.3205 1.000 0.111
scramble p=1.00 bijective, lossless 0.0376 0.0009 7.3205 1.000 0.111
merge ¢=0.10  90% of alphabet destroyed 0.0431 0.0006 3.1574 0.606 0.005
Sobel-x control (not C4-equivariant) 0.0021 0.0004 1.2676 0.195 0.031

Table 3: Measuring equivariance after a Laplace operation is applied to the discretized images. The
transformation is applied so we have a more interesting probability distribution under transforma-
tions. Under certain operations applied to the output we see how CKA, MI, and SVCCA either fails
or succeeds to detect equivariance. SVCCA is able to detect one more group than CKA, but lacks
an unbiased estimator, so we chose to utilize CKA.

readout nature MI  null MI/H linCKA rbfCKA SVCCA
identity reference 7.3205 0.8113 1.000 1.0000 1.0000 1.0000
bit-permute bijective, isometry 7.3205 0.8113 1.000 1.0000 1.0000 1.0000
ill-cond. linear  bijective, linear, not isometry 7.3205 0.8113 1.000 0.3584 0.2280 1.0000
alphabet-permute bijective, not linear 7.3205 0.8113 1.000 0.1113 0.1543 0.2597
lossy-half many-to-one, destroyed 1.8643 0.0065 0.505 0.4835 0.4528 0.5042

bit-permutation readouts of both of which are orthogonal, CKA reads 1.0000 and MI reads
7.3205 bits at MI/H = 1.000. Outside it, CKA collapses while MI does not.

Every representation of a compact group is equivalent to an orthogonal one, so the p(g) of an ar-
chitecturally equivariant network can be taken orthogonal, which is CKA’s invariance class. We
assume this holds approximately for networks trained with augmentation. Because each comparison
is between augmented and baseline models of identical architecture, systematic departures largely
cancel. SVCCA is invariant to all invertible linear maps and survives the ill-conditioned readout,
but canonical correlations are biased upward as feature dimension approaches sample count, which
is the regime of our batch-size-64 sweep. HSIC admits an unbiased estimator (Song et al., [2012),
which we use to compute CKA throughout (Nguyen et al., 2021).

Squared magnitudes are common in real networks (fiber norms in steerable CNNss, attention scores,
second-moment features), and they break linear transformation behavior: if v(gx) = Pu(x), the
energy block (N Pv)? contains cross terms v;vg, S0 no matrix p(g) exists to assume or fit. We
test this with the injective readout o(v) = [Mv | (Nv)?]. In MI/H stays at 1.000, so
any reported error belongs to the metric rather than the representation. LEE sits at its shuffled null
(1.02x separation) and detects nothing. The fitted maps still rank the kernels correctly, but they
leave residuals near 0.7 on an exactly equivariant representation, which is a calibration failure that
would read as non-equivariance in practice. CKA and MI both keep working, with linear CKA at
0.7379 against 0.0071 on the control.

5.3 MUTUAL INFORMATION PRECISION PROBLEM

Higher precision enlarges the alphabet, and the shuffled null rises with it. Our earlier MI experiments
used coarse-graining to keep the null low, but choosing a granularity is difficult in practice, so we
repeat them at full 16-bit precision.

shows that by increasing to the full 16-bit resolution, the trustworthiness of the MI measure
falls because the null measurement rises.
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Table 4: Comparison between different methods on detecting equivariance given an identity and an
energy readout. All methods except LEE succeed on the identity readout. Under the energy readout,
only mutual information stays exact, while CKA still clearly separates the equivariant kernel from
the control.

Laplace Sobel-X

metric value null value null separation

(a) identity readout — reference

assumes p LEE, p=1 | 1.4933 1.4145 1.3959 1.4150 0.93x
fits affine fit | 0.0000 1.0001 1.0836 1.0001 00
P Procrustes | 0.0000 1.4874 1.4884 1.4641 00

linear CKA 1 1.0000 0.0020 0.0023 0.0007  435x

no p RBF CKA 1 1.0000 0.0030 0.0044 0.0014  227x

SVCCA 1 1.0000 0.0387 0.0936 0.0283 10.7x

MI, exact (bits) T 7.3205 0.8100 1.2676 0.2027  5.8x
MI/H (null/H) 1.000 0.111 0.195 0.031 —

(b) ENERGY readout o(v) = [Mv | (Nv)?]

assumes p LEE, p=1] 1.3640 1.4140 1.3958 1.4139 1.02x
fits affine fit | 0.6723 1.0002 1.0438 1.0002 1.55x
P Procrustes | 0.7225 1.4749 1.4511 1.4422 2.01x
linear CKA 1 0.7379 0.0029 0.0071 0.0015 104x

no p RBF CKA 1 0.8634 0.0042 0.0091 0.0023  95x
SVCCA t 0.7802 0.0459 0.0876 0.0394  8.9x

MI, exact (bits) T 7.3205 0.8100 1.2676 0.2027  5.8x
MI/H (null/H) 1.000 0.111 0.195 0.031 —

Table 5: Changing the granularity of what mutual information sees from 4 bits to the full 16 bits
shows that the null reading rises with it due to the larger alphabet, making mutual information a
much worse measure the more unique outputs there are. In a continuous space with infinite outputs,
mutual information is not only intractable to compute, but also loses its ability to distinguish real
equivariance from scrambles.

granularity symbols samp./sym MI H MI/H null margin
no convolution — raw pixels

full 16-bit 65,536 1.00 16.0000 16.0000 1.000 16.0000 0.0000
Laplacian — exactly C4-equivariant

full 16-bit 45,707 1.43 15.1834 15.1834 1.000 14.3668 0.8165

quadrant 486 134.8 7.3205 7.3205 1.000 0.8157 6.5048
Sobel-x — not C4-equivariant (control)

full 16-bit 1,225 53.5 4.6122 9.0427 0.510 2.6101 2.0020

quadrant 139 471.5 1.2676 6.4871 0.195 0.2035 1.0641

5.4 CKALE AS AN ASSUMPTION FREE EQUIVARIANCE MEASURE

Other measures require assumptions about the group action. CKA’s assumptions (orthogonal trans-
formations or isotropic scaling) are much weaker. We compare measures on exactly equivariant
models and on models trained with and without augmentation.

Table 6| and [Fig. 1| show that LEE’s assumed output action leads it to report high error where there
should be zeros, while CKA and LieGG identify the correct behavior.

However, LieGG assumes an invariant output, so it misses equivariance in a model with vector

outputs (Table 7).
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Table 6: Three measures on exactly-SO(2) point clouds (three seeds, 300 epochs, 2048 samples for
LieGG; lower is more equivariant). LEE ranks the provably equivariant model last and an untrained
network first; LieGG and CKALE recover the correct order. The ||V|| column is the mechanism:
LEE = ||Lx f||/||f]| is invariant to uniformly rescaling the features but not to their being nearly
constant, where the numerator vanishes and the denominator does not. The untrained network’s
input gradient is over 700 smaller than the others’. LieGG normalizes by its polarization matrix’s
largest singular value, where rescaling cancels, and is unaffected.

LieGG
model sym. var. null dim align  ||V|| LEE 1-CKA
Equivariant SO(2) 0.00000 1.0 1.0000 5.9228 0.9999 0.000000
MLP, augmented 0.05760 0.0  0.0000 5.9187 0.3702 0.008651
MLP, no augmentation 0.06845 0.0  0.0000 6.1034 0.6413 0.042468
MLP, untrained 0.16950 0.0  0.0000 0.0083 0.2518 0.460116

Table 7: LieGG makes an assumption that the input space has to be equivariant and the output space
has to be invariant to rotation. Purposely building a model that has an equivariant output space
shows that LieGG is unable to detect it.

LieGG
readout m  sym. var. | null dim align t A¢rue/rand | 1—CKA |
invariant scalar, head (||h|]) 1 0.00003 1.0 1.0000 0.00008  0.000000
invariant vector, ||h|| 64 0.00022 1.0 1.0000 0.00007  0.000033
equivariant, h 128 0.43667 0.0 0.0000 0.87357  0.000000

SEIS has a similar problem to the Lie derivative method where it is unable to detect the equivariance
of steerable networks. We compare SEIS between a network that does spatial re-encoding and the
steerable network which does spatial and channel re-encodings. [Table 8| shows that SEIS is able
to detect equivariance only when it changes the space of the features, but not the channel of the
features. SEIS is reported separately because its construction requires an unpooled spatial grid: it
cannot be evaluated on the point-cloud experiments, which have no spatial axis, nor on the pooled
comparison, where the axis it operates on has been averaged away.

5.5 ROBUSTNESS OF CKALE ACROSS MANY DOMAINS

To analyze the performance of CKA on real life models and datasets, we used 6 unique tasks: image
recognition, image recolorization, fluid flow prediction on a grid, fluid flow prediction on a point
cloud, stress tensor prediction on a grid, and stress tensor prediction on a point cloud. For image
recognition, we used CIFAR-10 (Krizhevsky} |2009) and MNIST-Font (Wang et al., |2023)) datasets.
For colorization we also used CIFAR-10 and STL-10 (Coates et al., 2011). For the fluid flow and
stress datasets we generated our own datasets. To generate the fluid flow dataset we generate a bunch
of random points with a velocity and temperature in a vertical 2 dimensional slice of space with warm
blobs placed lower in the field and cold blobs placed higher in the field. We walk the simulation
forward 5 steps and use that as the final result. To generate the stress dataset we randomly generate
the stress potential field. To produce symmetry breaking effects we apply a stiffness and a directional
shear coupling along the x direction. For any grid-like dataset we apply C} transformations during
training the augmented models and for any point cloud dataset we apply SO(2) transformations so
the model learns SO(2) equivariance.

For the grid-like datasets we use 4 unique models, a convolutional neural network (CNN), a UNet
(Ronneberger et al.| 2015)), a vision transformer (ViT) (Dosovitskiy et al.l |2021) and a perceptron.
For the point cloud datasets we again use a perceptron, but also a multilayer perceptron, a PointNet
(Q1etal.,2017) and a SetTransformer (Lee et al.;[2019). None of these models are equivariant which
is necessary to see how they may learn equivariance when presented with augmented data.

For each dataset and model, we run 10 seeds. We measure the equivariance error against the test
dataset with 90 degree rotations for grid like data and 21.17 degree rotations for pointlike data
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Table 8: Comparison on SEIS equivariance measure between spatial and channel re-encoding. SEIS
is able to detect spatial re-encodings but not channel re-encodings and is therefore unable to detect
equivariance of steerable models.

transformation of the features Sequiv Sinv SEIS reads it as
identity (reference) 1.0000 1.0000 —

spatial re-encoding rotate the grid 1.0000 0.1311 re-encoded v
channel re-encoding the true p(g) 0.2238 0.0941 destroyed X

disjoint images (reference) 0.1361 0.0767 —
® baseline (no augmentation) ® rotation-augmented
Classification Colorization Fluid flow (grid) Fluid flow (particles) Stress (grid) Stress (particles)
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Figure 3: Final-layer CKA across models and datasets for Cy and SO(2) tasks (“naive” denotes
the perceptron). Augmentation increases learned equivariance on most tasks but not colorization,
likely because colorization relies more on texture than position. Error bars show the 25th and 75th
percentiles.

(16 non-identity angles). shows that for most tasks, augmentation improves last-layer
equivariance.

6 CONCLUSION

We showed that normalized mutual information gives a necessary condition for equivariance that
requires no knowledge of the feature-space action, and that it is reliable in small discrete settings.
Because MI degrades with large alphabets and is intractable for continuous activations, we intro-
duced CKALE, which is exact under orthogonal feature transformations and scales across tasks and
architectures without discovering or assuming the group action.

Limitations and Future Work Mutual information cannot be computed exactly in continuous
spaces. CKA is limited to orthogonal transformations, though it is more resilient to random scram-
bles and covers the transformation class that steerable equivariant networks use. We also subsample
infinite groups. Future work could avoid this subsampling and explore kernels that capture non-
orthogonal transformations.

Al USE STATEMENT

In this work, we used generative Al tools for creating code to generate synthetic datasets, to assist
in the writing of mathematical claims, critical ingredients for those claims, and the construction of
proofs, to design and provide feedback on research methodology, and to implement certain exper-
iments. We have not used generative Al tools to develop theoretical models or conceptual frame-
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works, propose or refine hypotheses, or interpret results, and assistance with translation and with
cleaning and reformatting datasets is not applicable to this work. Additionally, we used generative
Al tools to create scientific figures, suggest experimental parameters, assist with drafting and editing
papers, discover related works, and write code. We have reviewed all Al-assisted work. We verified
all references from LLMs to ensure they were correct. One author checked the code for correctness
and logical results. All authors ensured any information written on the paper was correct. We take
responsibility for the final content of this work, including text, claims or artifacts produced with the
aid of generative Al.

REPRODUCIBILITY STATEMENT

All code used to run the experiments in our project was provided in the supplementary materials.
Additionally, we supply descriptions of the dataset creation and experiments we ran in
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A LEMMAS
Lemma 1. NMI(X,Y) =1 < H(X|Y)=H(Y|X)=0.

Proof. By definition of mutual information, I(X;Y) = H(X) - H(X|Y) = H(Y) — H{Y|X),
therefore 21 (X;Y) = H(X) + H(Y) — (H(X|Y) + H(Y|X)).

If NMI(X,Y) = 1, then by definition 57y = T LICHEHITIN) — -
H(X|Y)+H(Y|X H(X|Y)+H(Y|X . .
ARG, = 1, s0 HEEERT0 — 0 which requires H(X|Y) + H(Y|X) =0
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If HX|Y) = H(Y|X) = 0, then 2I(X;Y) = H(X) + H(Y) — (H(X|Y) + H(Y|X))
H(X)+ H(Y). Therefore NMI(X,Y) = 1.

ol

Lemma 2. Under the nondegeneracy assumption X # 0 and Y £ 0,
CKA(Kx,Ky) =1 < X = cf’forsome c> 0,
where X = HKx H and Y = HKy H are the centered Gram matrices.

Proof. Vectorize the centered Gram matrices and treat them as elements of R”*"™ with the Frobenius
inner product (A, B)r = tr(A" B). By definition, CKA is the cosine of the angle between them:

(X,Y)p

o0 B = v

By the Cauchy-Schwarz inequality, |(X,Y)r| < || X/ ||Y]||r, so CKA € [~1,1], with equal-
ity [CKA| = 1iff X and Y are linearly dependent, i.e. X = ¢Y for some ¢ # 0 (nonzero by
nondegeneracy).

Since Kx, Ky are Gram matrices they are positive semidefinite, and centering preserves this, so
(X,Y)r = tr(XY) = tr(X'/2Y X!/2) > 0. Hence the numerator is nonnegative and CKA €
[0,1].

Combining the two: CKA = 1 forces the Cauchy—Schwarz equality X = ¢Y together with
(X,Y)p > 0. Substituting gives (X,Y)r = c| Y%, which is nonnegative only when ¢ > 0.
Conversely, if X = ¢Y with ¢ > 0, direct substitution yields CKA = 1. O

B CKA AND ALIASING

B.1 A RESAMPLING FLOOR FOR THE CONTINUOUS SWEEP

The sweep of [Figure 1] compares f(z) against f(rot(f)z) at arbitrary 6, and a non-lattice rotation
of a pixel grid is not a permutation. It requires interpolation, which low-pass filters the image and
discards content at the corners, so rot()x is not “z, rotated” but a rotated and slightly damaged x.
The rising error away from the group elements could therefore reflect the probe damaging its own
input rather than the model failing to be equivariant.

That possibility can be measured directly. Linear CKA is invariant to orthogonal maps and a quarter
turn is a permutation of pixels, so 1 — CKA(x, rot(0)x) evaluated on raw pixels with no network is
exactly zero on the lattice and positive off it. It isolates the rotation operator’s departure from being
an isometry, with the model removed.

[Table 9reports it. The floor behaves as the argument requires: exactly zero at the four quarter turns,
0.00011-0.00013 elsewhere. The model’s error sits about 3x above it, so the convolution amplifies
the input damage rather than merely inheriting it. But both quantities are of order 10~%, and both
fall to zero by a 1132 grid, so the entire off-lattice signal at these angles is a sampling artifact rather
than a property of the model.

The peaks in the continuous sweep run from 0.04 for C16 to 0.51 for C1, between two and three
orders of magnitude above this floor, so the group structure recovered there is genuine signal. We re-
port the negative because the confound was plausible and the floor had not previously been measured
at the input, only at the model.

B.2 CKA DOES NOT DETECT ALIASING

The same experiment read the other way exposes a limitation. Interpolation genuinely destroys
information—it is irreversible, and the representation-aware equivariance error at these angles is
two to three orders of magnitude larger than what CKA reports. Downsampling the feature map at
export makes the point without any rotation at all.

Naive subsampling inflates the equivariance error by 62%, from 0.13429 to 0.21735, and prefiltering
before subsampling brings it back to 0.15250—a loss identified by mechanism and then repaired.
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Table 9: The resampling floor. (a) A C16 steerable conv at its own sixteen group elements: the input
floor is 1 — CKA between raw pixels and their own rotation, the model column the same quantity
on the conv’s features. (b) Both, by grid resolution. All entries are 1 — CKA; 128 MNIST images,
292 grid in panel (a).

(a) at the C16 model’s own group elements

rotation on lattice? input floor model  model/floor
0°,90°,180°,270° yes 0.00000  0.00000 —
22.5° and its 3 repeats  no 0.00011  0.00032 2.83
67.5° and its 3 repeats  no 0.00011  0.00026 2.30
45° and its 3 repeats no 0.00013  0.00054 4.10
off-lattice mean 0.00012  0.00037 3.08

(b) the same quantities, by grid resolution
22.5° 45.0° 90°
grid floor model floor model (both)

292 0.00011 0.00032 0.00013 0.00054 0.00000
572 0.00000 0.00004 0.00000 0.00005 0.00000
1132 0.00000 0.00000 0.00000 0.00000 0.00000
2252 0.00000 0.00000 0.00000 0.00000 0.00000

Table 10: Downsampling a feature map at export aliases it. Equivariance error is || f(gz) —
p(9)f(@)||/llp(g) f(x)| with p(g) read off escnn’s declared Fie1dType, so it is ground truth rather
than a competing estimate. The null is the shuffled control: the pairing between the clean and rotated
branches is destroyed while marginals, dimensionality and sample count are held fixed. § = 2.0 rad
(114.6°), 256 MNIST images.

condition equivariance error | linear CKA 1+ CKA null
grid-aligned reference (0 = 7/2) 0.00000 1.0000 0.0729
full resolution 0.13429 0.9994 0.0722
subsample 0.21735 0.9995 0.0727
blur, then subsample 0.15250 0.9989 0.0432

Linear CKA reads ~0.999 through all three and registers neither the damage nor the fix. The base-
line is not zero because § = 2.0 rad is off-lattice and a Cy model on a square grid is exact only at
quarter turns, so 0.13429 is the interpolation floor above which the 62% is measured.

The null makes the failure precise. A reading of 0.999 could mean either that the two feature
sets really are nearly identical or that the metric returns 0.999 on anything—the second being the
degenerate regime RBF CKA enters at small bandwidth, where signal and shuffled control both
reach 1.0000. Row-shuffling gives ~0.07 here, so CKA sits roughly 14x above its own floor and
the readings are real. The failure is one of range rather than of validity: across the whole experiment
CKA spans 1.0000 to 0.9980 while the quantity it tracks runs from exactly zero to 0.236.

It is not, then, that lost data degrades CKA’s resolution. It is that CKA barely notices data has
been lost at all, because interpolation perturbs every feature slightly while leaving their pairwise
similarities almost intact.

C PROGRESSION OF MODELS’ LEARNED EQUIVARIANCE

Using the same setup as described in[Section 5.5 we showcase each layer of every model across all
epochs to show how learned equivariance evolves over time.
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Figure 4: Full view of a CNN progression on learning equivariance on CIFAR-10 classification.
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Figure 8: Full view of a perceptron progression on learning equivariance on MNIST-Font classifica-
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Figure 9: Full view of a CNN learning equivariance on CIFAR-10 colorization.
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Figure 10: Full view of a UNet learning equivariance on CIFAR-10 colorization.
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Figure 11: Full view of a ViT learning equivariance on CIFAR-10 colorization.
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Figure 12: Full view of a perceptron learning equivariance on CIFAR-10 colorization.

18

1
200



Published as a conference paper at ICLR 2027

convl

1.0

norml

silul

conv2

0.8 -

0.6

0.4 o

0.2 4

curves coincide

0.0 T T

norm2

curves coincide
T T

silu2

curves coincide

conv3

curves coincide

norm3

1.0

0.8 -

0.6

0.4 o

0.2 4

curves coincide

0.0 T T

1.0

silu3

curves coincide
T T

conv4

curves coincide

norm4

curves coincide

silu4

0.8

linear CKA

0.6 -

0.2 4

curves coincide

0.0 T T

conv5

curves coincide
T T

norm>5

curves coincide

silu5

1.0

0.8 4

0.6 o

0.4 +

0.2 4

curves coincide

0.0 T T

Figure

encl_convl

100

150

13: Full view of a CNN learning equivariance on STL-10 colorization.

encl_norm1

200 O

curves coincide
T T
50 100

encl_silul

150

200 O

epoch

encl_conv2

100

curves coincide

encl_norm2

150

200

curves coincide

100

T
150

= Rotation-augmented
«== Baseline (no augmentation)

encl silu2

enc2_convl

200

001 T T T v

enc2_norm1

curves coincide

enc2_silul

enc2_conv2

08+ -
06+ -
044 1
024 -

001 T T T v

mid_silul

curves coincide

mid_conv2

mid_norm2

enc2_norm2

mid_convl

mid_norm1

mid_silu2

dec2_convl

08+ -

06+ -

044 1

024 -

linear CKA

0.0+ r T T v
dec2_conv2

dec2_norm2

dec?_silu2

dec_convl

decl_norm1

dec2_norm1 ~ dec2 silul
decl silul decl_conv2

08+ -
06+ -
044 1
024 -

001 T T T v

decl_norm2

decl silu2

001 i

o 50 100 150 200 0O

Figure

urves coincide

50 100 150

14:

200

Rotation-augmented
Baseline (no augmentation)

epoch

19

50

curves coincide

100

150

s
200 0

Full view of a UNet learning equivariance on STL-10 colorization.

50 100

150

200



Published as a conference paper at ICLR 2027

linear CKA

linear CKA

patch_embed pos_embed blocko.attn.norm blocko.attn.attn blocko.attn.out

0.8 -

0.6 -

0.4

0.2

0.0

curves coincide curves coincide curves coincide

blocko.attn.residual block0.ff.norm blocko.ff.gelu blocko.ff.linear blocko.ff.residual

0.8

0.6

0.4 -

0.2 -

0.0 =+

curves coincide curves coincide curves coincide

T T A T T T 1 T T T T 1A T T T T
0 50 100 150 200 © 50 100 150 200 0 50 100
final_norm unpatch

0.8
0.6 1
0.4
02+

0.0

1.0

T
50

=== Rotation-augmented
4 == Baseline (no augmentation)

T T T T 1
100 150 200 0 50 100 150 200

epoch

Figure 15: Full view of a ViT learning equivariance on STL-10 colorization.
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Figure 16: Full view of a perceptron learning equivariance on STL-10 colorization.
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Figure 17: Full view of a CNN learning fluid dynamics on a grid-like buoyancy dataset.
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Figure 18: Full view of a ViT learning fluid dynamics on a grid-like buoyancy dataset.
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Figure 19: Full view of a UNet learning fluid dynamics on a grid-like buoyancy dataset.
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Figure 20: Full view of a perceptron learning fluid dynamics on a grid-like buoyancy dataset.
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Figure 23: Full view of an MLP learning fluid dynamics on a particle-like buoyancy dataset.
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Figure 24: Full view of a perceptron learning fluid dynamics on a particle-like buoyancy dataset.
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Figure 25: Full view of a CNN learning stress tensor prediction on a grid-like anisotropic dataset.
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Figure 26: Full view of a ViT learning stress tensor prediction on a grid-like anisotropic dataset.
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Figure 27: Full view of a UNet learning stress tensor prediction on a grid-like anisotropic dataset.
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Figure 28: Full view of a perceptron learning stress tensor prediction on a grid-like anisotropic
dataset.
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Figure 29: Full view of a PointNet learning stress tensor prediction on a particle-like anisotropic
dataset.
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Figure 30: Full view of a SetTransformer learning stress tensor prediction on a particle-like
anisotropic dataset.
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Figure 31: Full view of an MLP learning stress tensor prediction on a particle-like anisotropic

dataset.
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Figure 32: Full view of a perceptron learning stress tensor prediction on a particle-like anisotropic

dataset.
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