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Abstract

Decision-making in real applications is often affected by vagueness, incomplete information, heterogeneous
data, and conflicting expert opinions. This survey reviews uncertainty-aware multi-criteria decision-making

(MCDM) and organizes the field into a concise, task-oriented taxonomy.

We summarize problem-level settings (discrete, group/consensus, dynamic, multi-stage, multi-level, multi-
agent, and multi-scenario), weight elicitation (subjective and objective schemes under fuzzy/linguistic in-

puts), and inter-criteria structure and causality modelling. For solution procedures, we contrast compen-
satory scoring methods, distance-to-reference and compromise approaches, and non-compensatory outrank-
ing frameworks for ranking or sorting. We also outline rule/evidence-based and sequential decision models

that produce interpretable rules or policies.

The survey highlights typical inputs, core computational steps, and primary outputs, and provides guidance
on choosing methods according to robustness, interpretability, and data availability. It concludes with
open directions on explainable uncertainty integration, stability, and scalability in large-scale and dynamic

decision environments.

Keywords: Fuzzy Set, Neutrosophic Set, Plithogenic Set, MCDM, Decision-Making



Chapter 1

Introduction

1.1 Uncertain Set

Real-world systems rarely provide perfectly crisp information. Observations may be imprecise, partially
reliable, or incomplete. To model such uncertainty in a mathematically disciplined manner, many gener-
alized set-theoretic formalisms have been proposed, including Fuzzy Sets [1], Intuitionistic Fuzzy Sets [2],
Neutrosophic Sets [3,/4], Vague Sets [5], Hesitant Fuzzy Sets [6], Picture Fuzzy Sets [7], Quadripartitioned
Neutrosophic Sets [8], PentaPartitioned Neutrosophic Sets [9], Plithogenic Sets [10], HyperFuzzy Sets [11],
and HyperNeutrosophic Sets [12]. Applications of fuzzy models and their extensions—outlined in later
parts of this book—have been investigated extensively in decision science, chemistry, control, and machine
learning [13]. In practice, the appropriate set model depends on (i) the phenomenon being described and
(ii) how many uncertainty components are needed to represent it faithfully.

In the classical fuzzy paradigm, each element z of a universe X is assigned a single membership grade
wu(x) € [0, 1], indicating the extent to which = belongs to a given fuzzy set [1]. For reference, the comparison
between classical (crisp) sets and fuzzy sets is presented in Table

Table 1.1: Concise comparison between classical (crisp) sets and fuzzy sets.

Aspect Classical (Crisp) Set Fuzzy Set

Membership model Indicator function x4 : X — {0,1} Membership function ps : X — [0,1]
(1]

Decision boundary Sharp (in/out) Gradual (degrees of belonging)

Expresses uncertainty ~ Not directly (binary membership only) Yes (graded membership captures
vagueness)

Basic operations U, N, ¢ defined via Boolean logic Generalized via t-norms/t-conorms

(e.g., max /min as a common choice)

Typical use cases Exact categories, deterministic rules Imprecise concepts, soft thresholds,
human judgments

For an intuitionistic fuzzy set, each x € X is characterized by a pair (u(x),v(x)) of membership and
non-membership values, where p, v : X — [0, 1] satisfy

0<p(z)+v(z) <1,
7
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[2,14] and the residual quantity 1 — u(x) — v(z) is commonly interpreted as hesitation. A neutrosophic set
refines this representation by associating to each z € X a triple

(T'(x), I(z), F(x)),

where T'(x), I(z), and F(z) denote degrees of truth, indeterminacy, and falsity, typically in [0,1]. Unlike
the intuitionistic fuzzy constraint, neutrosophic components are not required to sum to 1, which enables the
encoding of incomplete, inconsistent, or redundant information in a flexible manner [14}/15]. EI Neutrosophy
emphasizes the conceptual significance of neutrality and indeterminacy and has stimulated parallel devel-
opments in neutrosophic logic, probability, statistics, measure theory, integration, and related formalisms.
These tools now appear in a wide variety of scientific and engineering applications [13].

Plithogenic sets further broaden this landscape by modeling each element through its attribute values to-
gether with corresponding degrees of appurtenance, and by introducing a contradiction (dissimilarity) func-
tion between distinct attribute values [104|17,/18]. This added structure supports context-aware aggregation
of heterogeneous and potentially conflicting assessments, thereby refining classical fuzzy, intuitionistic fuzzy,
and neutrosophic descriptions (see, e.g., [19,20]). For quick reference, Table summarizes the canoni-
cal information associated with each element across several representative set extensions (using notation
harmonized for this book).

Table 1.2: Representative set extensions and the canonical information stored per element.

Set Type Canonical data attached to each element

Fuzzy Set Membership mapping u : X — [0, 1].
Intuitionistic Fuzzy Set  Membership p and non-membership v with p(z)+v(xz) < 1; the gap 1 — pu(x) —
v(z) is interpreted as hesitation.

Neutrosophic Set Triple (T, I, F) with T, I, F' € [0,1] (truth, indeterminacy, falsity), treated as
independent coordinates.
Plithogenic Set Tuple (P, v, Pv,pdf, pCF) where pdf : P x Pv — [0,1]* encodes s-dimensional

appurtenance and pCF : Pv x Pv — [0,1]! is a symmetric contradiction map
taking values in [0, 1]’

As a further generalization, Uncertain Sets are also known [20]. Uncertain sets extend classical sets by
assigning graded, multi-component membership information (e.g., truth and indeterminacy) to elements,
thereby modeling vagueness and incomplete data in a rigorous way. These concepts are also often studied
in conjunction with notions such as grey sets, interval sets, rough sets, near sets, soft sets, and hypersoft
sets.

1.2 Uncertain Decision-Making

Decision-making selects an action among alternatives by evaluating objectives, criteria, constraints, and
uncertainty to achieve desired outcomes. These ideas have been extended by incorporating uncertainty-
oriented logics, leading to diverse research directions such as Fuzzy Decision-Making [21,22], Intuitionistic

ntuitionistic fuzzy sets do not treat indeterminacy as a primary coordinate, whereas neutrosophic operators incorporate
indeterminacy on the same footing as truth-membership and falsehood-nonmembership [14,/16]. It is broadly accepted that the
neutrosophic set framework subsumes several well-known models, including intuitionistic fuzzy sets, inconsistent intuitionistic
fuzzy sets (covering picture fuzzy and ternary fuzzy sets), Pythagorean fuzzy sets, spherical fuzzy sets, and g-rung orthopair
fuzzy sets. In a similar spirit, neutrosophication extends a range of decision and uncertainty paradigms, such as regret theory,
grey system theory, and three-way decision theory [16].
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Fuzzy Decision-Making [23,24], Neutrosophic Decision-Making [25]26], and Plithogenic Decision-Making
[27-29]. Moreover, decision-making itself admits a wide variety of methodologies; for example, TOPSIS [30],
AHP [31], ANP [32], CoCoSo, and DEMATEL are well-known representative methods.

By combining (i) a chosen uncertain-set paradigm (e.g., fuzzy, intuitionistic fuzzy, neutrosophic, plithogenic,
or other uncertain sets) with (ii) a selected decision-making technique, one can investigate what novel and
practically meaningful outcomes emerge. In particular, research explores how efficiently real-world decision
processes can be supported or improved in terms of accuracy, robustness, transparency, and computational

cost.
- N
— : - 2 (ii) Decision-making tech-
(i) Uncertain-set paradigm nique
e Fuzzy set e AHP / ANP
e Intuitionistic fuzzy set e TOPSIS
e Neutrosophic set e CoCoSo
e Plithogenic set ¢ DEMATEL
L Other uncertain sets ) e Other MCDM / GDM methods
L J

Combine & Integrate
Uncertain Decision-Making
(Model + Method)

Investigate outcomes

e Novel theoretical results (well-definedness, consistency, properties)
e Practical performance (accuracy, robustness, interpretability)

e Efficiency (computational cost, scalability, decision speed)

e Applicability under constraints and incomplete information

Figure 1.1: Conceptual diagram: combining an uncertain-set paradigm with a decision-making technique
to obtain novel and practically meaningful outcomes.

1.3 Owur Contributions

In view of the discussion above, the paradigms of decision-making and uncertain sets—including fuzzy sets
and neutrosophic sets—are of fundamental importance. In this book, we conduct a comprehensive survey of
methods for uncertain decision-making. Our primary objective is to provide a useful reference that supports
and informs future research by specialists in this area. In addition, we propose several new decision-making
methods.

For reference, a compact taxonomy of methods in Uncertain Decision Science, classified by task, input
structure, and typical outputs, is presented in Table Since the table extends across multiple pages, we
apologize for any inconvenience. In this book, each of these concepts will be discussed briefly, together with
related methods where appropriate.
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Table 1.3: Compact taxonomy of methods in Uncertain Decision Science (classified by task, input structure,

and typical outputs).

Typical inputs

Primary out-
puts

Notes / when used

A. Problem-level frameworks (problem statements / settings)

Method Pri-
mary
task

Fuzzy Frame-

MCDM work

(gen-

eral) [33]

Fuzzy Frame-

MADM [34] work
(dis-
crete)

Fuzzy Frame-

Group- work

Decision (group)

Making [35]

Fuzzy Con-

Consensus sensus

decision- process

making

Fuzzy Opti-

Multiple mization

Objective (multi-

Decision- objec-

making [36] tive)

Fuzzy ethi- Rule/cri-

cal decision teria

making decision

Fuzzy Planning

Strategic decision

decision

making

Fuzzy Frame-

Dynamic work

Decision- (dy-

Making namic)

(Dynamic

/ multi-

period

MCDA)

(cf. [37])

Alternatives x crite-
ria; fuzzy/uncertain
evaluations; weights

Finite alternatives;
attributes;
numbers / linguistic
ratings

Multiple experts; in-
dividual fuzzy matri-
ces; expert weights

fuzzy

Experts’ fuzzy opin-
ions; similarity/con-
sensus threshold

Continuous decision
vector; multiple (pos-

sibly fuzzy) objec-
tives/goals
Ethical dimensions;

fuzzy rules or fuzzy
scores per action
Projects/measures;
goal achievement
+ cost/resource
satisfaction
Time-indexed
uations/weights
(Z45(t), w;(t));  up-
date/discount rules;
(optional)  scenario
data

eval-

Ranking / best
alternative

Ranking

Collective ma-
trix; ranking

Consensus-
reaching +
final choice

Compromise
solution

Action choice /
ranking

Optimal plan /
selection set

Time-
aggregated
ranking or
adaptive pol-
icy /plan

Umbrella viewpoint for
most items below.

A common discrete
MCDM setting (matrix-
based).

Includes aggregation
+ (optional) consensus
stage.

Explicit iteration until
consensus is reached.

Often reduced to
a membership-
maximization scalariza-
tion.

Domain-specific MCDM
(often fuzzy inference).

Often modeled as
weighted fuzzy satisfac-
tion under constraints.

Models evolving pref-
erences/performances
across periods; aggre-
gates over t = 1,...,T
(e.g. discounted, rolling,
or state-updated).

Continued on next page.
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Method Pri- Typical inputs Primary out- Notes / when used
mary puts
task
Fuzzy Frame- Experts’ fuzzy eval- Collective General group MCDA:
Multi- work uations (matrices or fuzzy as- aggregates multiple
Expert (group preference relations); sessment; experts’ fuzzy opinions
Decision- / multi- expert weights; ag- ranking/choice (optionally with consen-
Making expert) gregation/consensus sus constraints) into a
rule single decision.
Fuzzy Frame- Stage-indexed  cri- Stage-wise Sequential decisions
Multi-Stage work teria/alternatives; decisions; final across stages; earlier
Decision- (multi- inter-stage con- plan/policy choices affect feasible
Making stage) straints; fuzzy sets and evaluations at
transition /feedback later stages (fuzzy un-
rules certainty propagated).
Fuzzy Frame- Leader—follower ob- Hierarchi- Models decisions across
Multi-Level — work jectives/constraints ~ cal  solution levels (e.g., bilevel):
Decision- (hierar- (or hierarchical crite- (compromise)  upper-level choices
Making chical / ria); fuzzy goals and influence lower-level
bilevel) constraints feasible responses under
fuzzy  preferences/tar-
gets.
Fuzzy Frame- Agents’ utili- Joint decision, Multiple agents with
Multi- work ties/preferences equilibrium, possibly conflicting
Agent (multi- (fuzzy); interaction or negotiated fuzzy preferences; so-
Decision- agent) protocol  (coopera- outcome lution via aggregation,
Making tive/competitive); bargaining, or game-
information sharing theoretic negotiation
rules mechanisms.
Fuzzy Frame- Scenario set {); sce- Robust rank- Evaluates alterna-
Multi- work nario weights/prob- ing/choice tives under multiple
Scenario (scenario- abilities (possibly across scenar- scenarios; aggregates
Decision- based) fuzzy); scenario-wise ios scenario-wise fuzzy out-
Making fuzzy performances comes (e.g., expected,

B. Weight elicitation (derive criterion weights)

Fuzzy AHP
38]

Fuzzy ANP
39]

Fuzzy
BWM [40]

Weight-
ing
(pair-
wise)
Weight-
ing
(net-
work)
Weight-
ing
(best—

worst)

Fuzzy reciprocal
pairwise comparison
matrices (hierarchy)

Pairwise compar-
isons + dependence
network; superma-
trix

Best-to-others  and
others-to-worst fuzzy
ratios

Local/global
weights; prior-
ities

Global priori-

ties

Weights (opti-
mization)

worst-case, regret) for
robust selection.

Tree/hierarchy; geomet-
ric mean / eigenvector
variants.

Generalizes AHP to
interdependencies (limit
supermatrix).

Consistency-controlled,
fewer comparisons than

AHP.

Continued on next page.
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Method Pri- Typical inputs Primary out- Notes / when used

mary puts

task
Fuzzy Ob- Normalized fuzzy Objective Assigns larger weights
CILOS jective decision matrix; weights (pos- to  criteria  causing
(Criterion weight- impact-loss compu- sibly fuzzy greater information/im-
Impact ing tation per criterion ;) pact loss when omitted
Loss) [41] (fuzzy) or deteriorated (fuzzy

loss-based weighting).

Fuzzy Weight- Ordered criteria; Weights  (se- Fast elicitation when
SWARA ing fuzzy stepwise im- quential) an importance order is
[42] (step- portance coefficients known.

wise)

Fuzzy FU- Weight- Ordered criteria; Weights 4+ de- Optimization enforces
COM [43] ing (full consecutive  fuzzy viation index  ratio +  transitivity
consis- priority ratios consistency.

tency)
Fuzzy PI- Weight-  Sequential compar- Weights (se- Ordinary + inverse pass
PRECIA ing isons to a pivot quential) often used for robust-
[44] (pivot/step)/ neighbor; fuzzy ness.
scales
Fuzzy OPA  Weight-  Experts’ ordinal Weights (max— No pairwise matrices;
[45] ing rankings (4 optional min model) uses an optimization
(ordinal)  fuzzy importances) model.
Fuzzy Data Fuzzy preference de- Input for Used in fuzzy AHP-like
judgment structure grees (often comple- weights / pipelines and preference
matrix mentary) in [0, 1] consistency modeling.
Fuzzy Ob- Fuzzy decision ma- Criterion Computes PV} =
LOPCOW  jective trix (defuzzified); weights w; 100 |In(RMS;/0;)| from
(Loga- weight- benefit/cost  types; (and  impor- normalized data, then
rithmic ing normalization tance ranking) normalizes PV,  to
Percentage obtain w;.
Change-
driven
Objective
Weight-
ing) [46]
Fuzzy Weight-  Experts’  linguistic Fuzzy (or Fast weighting without
SIWEC ing importance ratings defuzzified) pairwise comparisons;
(F-SIWEC) (direct — TFNs; mnormal- criterion uses dispersion (e.g.
[47] rating; ization;  (optional) weights w; standard deviation)
dispersion- expert weights (and  criteria to  reflect experts’
adjusted) ranking) disagreement.

Continued on next page.
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Method Pri- Typical inputs Primary out- Notes / when used
mary puts
task
Fuzzy Ob- Normalized fuzzy Integrated ob- Purely data-driven
IDOCRIW  jective decision matrix jective weights weights combining
[48] weight- (benefit/cost);  en- wj(.IDOCRIW) information disper-
ing tropy dispersion; (and  criteria sion and relative loss;
(inte- CILOS impact-loss ranking) used to reduce sub-
grated) (fuzzy /defuzzified); jectivity and stabilize

aggregation rule

weighting when criteria
scales/variability differ.

C. Structure / causality modelling (inter-criteria influence)

Fuzzy Causal
DEMA- analysis
TEL [49)
Fuzzy ISM Struc-
(Inter- tural
pretive mod-
Structural  elling
Model- (hierar-
ing) f0]  chy)
Fuzzy Influence
MICMAC classifi-
(cross- cation
impact
/  driving—
dependence)
3l
Fuzzy To- Inter-
tal ISM pretable
(TISM) structure
model
Fuzzy Cog- Causal
nitive Map network
(FCM) 2] (dy-
namic)

Fuzzy direct-relation
(influence)  matrix
among criteria
Expert reachability
judgments (binary —
fuzzy); reachability
matrix; transitive
closure

(ISM) reachabil-
ity  matrix  (bi-
nary/fuzzy);  cross-
impact strengths

ISM reachability +

link-wise rationales
(expert explana-
tions)

Signed directed

causal graph; fuzzy
edge weights; initial
concept activations

Total relation;
cause/effect
groups
Hierarchical
directed influ-
ence graph

Driving power
/ depen-
dence indices;
clusters  (au-
tonomous,
dependent,
linkage, driv-
ing)
Hierarchy

+ anno-
tated edges
(strength  +
interpretation)
Scenario
dynamics;
steady states
/ trajecto-
ries; influence
graph

Outputs prominence
(D+R) and relation
(D—R).

Fuzzy ISM uses graded
reachability from lin-
guistic terms; fuzziness
is propagated through
closure.

Fuzzy MICMAC com-
putes graded driving—
dependence  strengths
and yields robust clus-
tering under ambiguity.

Adds explicit justifica-
tions to each link while
the ISM-
hierarchical

preserving
derived

structure.
Uses fuzzy
weights  and
ear updates to model
feedback loops and
uncertain propagation.

causal
nonlin-

D. Compensatory scoring on a decision matrix (“weighted-sum” families)

Fuzzy SAW Ranking

[53] (addi-

tive)
Fuzzy Ranking
SMART (addi-
[54] tive)

Normalized fuzzy
decision matrix +
weights

Value scales + swing
weights; fuzzy rat-
ings possible

Score and

ranking

Utility
ranking

score;

weighted-
highly

Prototype
sum method;
interpretable.
Essentially  structured
SAW with explicit value
scaling.

Continued on next page.
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Method Pri- Typical inputs Primary out- Notes / when used
mary puts
task
Fuzzy Utility Single-attribute util- Overall utility; Utility-theoretic (often
MAUT [55] aggrega- ities; weights; fuzzy ranking additive/multiplicative
tion outcomes possible forms).
Fuzzy Value Qualitative pair- Value func- Builds numerical value
MAC- scale wise difference- tions + rank- scales from linguistic
BETH [56] construc- of-attractiveness ing categories.
tion judgments
Fuzzy CO- Ranking Decision matrix; Utility degree; Separates benefit and
PRAS [57]  (bene- weights; benefit/cost ranking cost sums in the scoring.
fit/cost)  partition
Fuzzy Ranking  Normalized decision Net score; Often used with Multi-
MOORA (ratio) matrix; weights; ranking MOORA extensions.
[58] benefit—cost split
Fuzzy Ranking Decision matrix + Utility ratio; Compares each alter-
ARAS [59]  (add added optimal alter- ranking native to an explicitly
ideal native; weights added ideal.
alt.)
Fuzzy Ranking  Decision matrix; Integrated Combines WSM (sum)
WAS- (hybrid)  weights; normaliza- score; ranking and WPM (product).
PAS [60] tion
Fuzzy Co- Ranking Decision matrix; Compromise Combines additive and
CoSo [61] (compro- weights; normalized score; ranking  multiplicative aggrega-
mise) sums/powers tions.
Fuzzy Pairwise  Pairwise compar- Preference ma- Aggregates criterion-
REGIME win/loss  isons per criterion; trix; ranking wise wins/losses across
aggrega-  weights alternatives.
tion
Fuzzy Prospect- Reference point; Dominance Captures loss aversion /
TODIM theory gains/losses; atten- values; rank- asymmetric preference.
[62] ranking  uation  parameter; ing
weights
Fuzzy GRA  Simi- Reference sequence; Relational Closeness to ideal pat-
larity normalized data; grade; ranking tern via grey relational
ranking  distinguishing coeffi- grades.
cient
Fuzzy Ranking  Decision matrix; nor- Preference in- Weight-light / weight-
Preference  (index) malization (often no dex; ranking free variants are com-
Selection explicit weights) mon.
Index
Fuzzy Ranking  Normalized perfor- Overall value; Emphasizes value inter-
Range (inter- mances; weights; ranking vals/ranges in aggrega-
of Value val/value value ranges tion.
method range)

Continued on next page.
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Method Pri- Typical inputs Primary out- Notes / when used
mary puts
task
Fuzzy Ratio- Normalized fuzzy Ratio  score; Computes a weighted
MOOSRA  based performances; ranking ratio-type utility from
(Multi- scoring weights; benefit /cost fuzzy normalized values
Objective partition (often benefit-over-cost
Optimiza- style) to obtain a com-
tion on pensatory ranking.
the  basis
of  Simple
Ratio Anal-
ysis) [63]
Fuzzy Ranking  Decision matrix; Overall utility Performs two-step nor-
AROMAN  (normalizatiweights; benefit/cost score; ranking  malization of criterion
(Alterna- based partition;  two-step values, then aggregates
tive Rank- scoring)  normalization weighted normalized
ing  Order performances to obtain
Method a final ranking.
Accounting
for two-step
Normaliza-
tion) [64]
Fuzzy Weight-  Criteria; experts’ Criterion Aggregates fuzzy im-
RANCOM ing linguistic importance weights (and portance  evaluations,
(e.g., PTF- (expert- assessments (fuzzy); criteria rank- scores and ranks cri-
RANCOM) judgment (optional) expert ing) teria,  then  derives
[65] based) weights; aggregation normalized weight coef-
operator ficients for subsequent
MCDA methods.
Fuzzy Ranking Fuzzy decision ma- Utility score; Maps each criterion
RAFSI [66]  (func- trix (e.g., TFNs); ranking sub-interval to a com-
tional weights; ideal/anti- mon interval, applies
map- ideal reference max/min normaliza-
ping; points; mapping tion (via A, H), then
rank- interval (nq,ng) aggregates weighted
reversal scores.
resis-
tant)
Fuzzy Ranking  Fuzzy decision ma- Index score F;; Aggregates weighted
RATMI (trace- trix; weights; bene- ranking normalized perfor-
to- fit/cost types; mnor- mances via a trace index
median malization; parame- and a median-similarity
index) ter v term to obtain a final

compromise score.

E. Distance-to-reference / border / compromise-index methods

Uncertain Distance
TOP- to (ideal,
SIS [67] nadir)

(uncertain/fuzzy)
decision
weights; metric

matrix;

Closeness coef-
ficient; ranking

Ranks by distance to
FPIS/FNIS (ideal/anti-
ideal).

Continued on next page.
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Method Pri- Typical inputs Primary out- Notes / when used
mary puts
task
Uncertain Com- Decision matrix; Compromise Balances group utility
VIKOR [68] promise  weights; best/worst; index Q; and individual regret.
program- parameter v solution set
ming
Uncertain Border Decision matrix; Deviation Ranks by signed dis-
MABAC approxi-  weights; border area score; ranking tance from border ap-
[69] mation construction proximation area.
Fuzzy Distance  Decision matrix; Appraisal Uses distances to the av-
EDAS [70]  from average solution; score; ranking  erage (not to ideal).
average positive /negative
distances
Fuzzy CO- Distance Decision matrix; Relative  as- Often uses Euclidean +
DAS |71] (Eu- negative-ideal;  dis- sessment; Manhattan discrimina-
clid + tance measures ranking tion.
Taxicab)
Fuzzy Utility vs  Extended matrix Utility func- Explicitly includes both
MAR- ideal/anti- with ideal/anti- tions; ranking ideal and anti-ideal ref-
COS [72] ideal ideal; normalization; erences.
weights
Fuzzy Ideal- Fuzzy decision ma- Gap-based Compares “theoretical”
MAIRCA real trix; weights; the- score; ranking  (ideal) expectations
(Multi- com- oretical/ideal distri- with  “real”  fuzzy
Attributive  parative  bution vs observed performances; ranks
Ideal-Real  ranking (real) performance by aggregated fuzzy
Com- deviations (gaps).
parative
Analysis)
Fuzzy OutrankingPreference func- Category as- PROMETHEE-flow
FlowSort based tions and  flows signment via sorting: compares al-
sorting (PROMETHEE); flows ternatives to limiting
reference pro- profiles and assigns
files; fuzzy evalu- classes  using  posi-
ations/weights tive/negative/net  flow

F. Outranking (non-compensatory / dominance relations)

Uncertain Out-
ELEC- ranking
TRE [73] / kernel
Uncertain Out-
PROMETHERanking
[74] flows

Concordance—
discordance indices;
thresholds; weights
Preference functions
on pairwise differ-
ences; weights

Outranking
graph; kernel
set
Positive/neg-
ative /net

flows

rules (fuzzy inputs).

Non-compensatory;
yields a
relation and best set.
Produces complete or
partial  ranking
flows.

dominance

via

Continued on next page.
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Method Pri- Typical inputs Primary out- Notes / when used
mary puts
task

Fuzzy Out- Pairwise (possibly  Best order- Evaluates permutations;

QUAL- ranking  fuzzy) preference re- ing (ranking) aggregates (fuzzy) con-

IFLEX [75] (permutatiolations per criterion; maximizing cordance of pairwise
based criterion weights concordance preferences to select
ranking)  (optional) the most consistent

ranking.

Fuzzy Out- Ordinal ranks / Ranking (often Uses (fuzzy) ordinal in-

ORESTE ranking preference intensities robust under formation and distance-

[76] (ordinal-  (possibly fuzzy); weak data) based aggregation when
distance  distance/aggregation precise cardinal evalua-
ranking)  rule tions are unavailable.

G. Rule induction / learning / evidence / sequential decisions

Fuzzy
DRSA based
rules
Fuzzy Pre-
Decision dictive
Tree [77] model
Fuzzy Ev- Evidence
idential aggrega-
Reasoning tion
Fuzzy Sequen-
Markov tial
Decision control

Process

Dominance-Ordered

criteria;
dominance relations;
fuzzy boundaries
Training data; fuzzy
splits / fuzzy parti-
tions

Belief degrees / ev-
idences (often DS-
like) + weights
States, actions,
(fuzzy) transi-
tions/rewards

Decision rules;
class approxi-
mations

Tree  model;
predictions

Aggregated
belief / utility;
ranking
Optimal
icy;
function

pol-
value

Produces if-then rules
and reduct-like struc-
tures.
Learning-oriented; can
support decision recom-
mendation.

Combines multiple un-
certain evidences sys-
tematically.
Multi-stage decision
under uncertainty (dy-
namic programming).
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Chapter 2

Preliminaries

This chapter collects the basic notation and background used throughout the book.

2.1 Fuzzy Set

Fuzzy set theory extends the classical notion of a subset by allowing graded membership, quantified by a
value in [0,1] [1,/78,/79]. The core definition is recalled next.

Definition 2.1.1 (Fuzzy set). [1] Let X be a nonempty set. A fuzzy set A on X is specified by a membership
function
pa X —[0,1].

Equivalently, one may write

A= {(z,pa(x)) [z € X},

where p4(z) indicates the degree to which = belongs to A.

A particularly common numeric object in fuzzy decision analysis is the triangular fuzzy number (TFN)
[80,[81]. It models an imprecise quantity through a simple piecewise-linear membership profile.

Definition 2.1.2 (Triangular fuzzy number (TFN)). [82,83] Let X be a universe. A triangular fuzzy
number (TFN) Z is a fuzzy set on R

whose membership function pz : R — [0, 1] is determined by three real parameters

T = (lz,mz,uw) GRS, l;p sz SUZB)
via
(0, t<ly,
t—1,
y lm <t< My, (mw > lw)a
my _l.t
pz(t) = Uy — 1
y o Mg ST < Uy, (uac >m:v)a
Uy — My
0, t > uyg.
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If I, = my (resp. my = uy), the corresponding middle expression is interpreted in the limiting sense, so that
uz(my) = 1 and the membership curve remains triangular. If, in addition, 0 < I, < my, < u,, then Z is
called a positive TFN.

Here m, represents the modal (most plausible) value, while I, and wu, serve as lower and upper bounds.

2.2 Intuitionistic fuzzy set

Intuitionistic fuzzy sets enrich fuzzy sets by recording both membership and non-membership information,
leaving room for an explicit hesitation component [2|. A standard formulation is as follows.

Definition 2.2.1 (Intuitionistic fuzzy set). [84] Let E be a nonempty set. An intuitionistic fuzzy set (IFS)
A on F is given by
A= {{z,pa(x),va(2)) : x € B},

where
pa,va s E—10,1]

are, respectively, the membership and non-membership functions, and for each z € F,
0 <pa(z)+rva(x) <1

The remaining part,
Ta(z) = 1— pa(z) —va(z),

is called the hesitation degree at x.

The classical fuzzy-set situation is recovered when v4(x) = 1 — pa(z) for all z € E, equivalently m4(x) =0
for every x.

As extensions of intuitionistic fuzzy sets, several related concepts are known, such as the following:

o Generalized intuitionistic fuzzy sets [85]: Generalized intuitionistic fuzzy sets assign each element mem-
bership and nonmembership degrees in [0, 1], constrained by min(u,v) < 0.5, extending Atanassov’s
1+ v <1 condition for richer, flexible uncertainty modelling.

o Cubic intuitionistic fuzzy sets [86}[87]: Cubic intuitionistic fuzzy sets model each element using an
interval valued intuitionistic pair and a crisp intuitionistic pair, preserving membership and nonmem-
bership information simultaneously fully.

 Bipolar intuitionistic fuzzy sets [88,89]: Bipolar intuitionistic fuzzy sets assign each element positive
membership and nonmembership in [0,1] and negative membership and nonmembership in [—1,0],
satisfying corresponding sum bounds simultaneously.

o Complex intuitionistic fuzzy sets [90,|91]: Complex intuitionistic fuzzy sets assign complex valued
membership and nonmembership grades; membership, nonmembership, and their sum remain within
the unit circle or unit square always.

o Interval-valued intuitionistic fuzzy sets [92,93|: Interval-valued intuitionistic fuzzy sets represent each
element by membership and nonmembership intervals in [0, 1], with upper bounds satisfying 147 < 1,
capturing imprecision explicitly.
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2.3 Neutrosophic Set

Neutrosophic sets represent uncertainty by assigning three (in general independent) degrees to each element:
truth 7', indeterminacy I, and falsity F', typically taken in [0, 1] [4,/14,15,/94]. This explicit indeterminacy
component provides a flexible generalization of both fuzzy sets and intuitionistic fuzzy sets.

Definition 2.3.1 (Neutrosophic set). [95,96] Let X be a nonempty set. A neutrosophic set (NS) A on X
is described by three functions

Ta:X —[0,1, Is:X—>1[0,1, Fa:X—][0,1],

where, for each x € X, the values Ts(x), I4(z), and F4(x) quantify the degrees of truth, indeterminacy,
and falsity of the statement “x € A”, respectively. They satisfy

0< TA(Z) + IA(HT) + FA(Z) < 3.

For reference, an illustrative diagram of a Neutrosophic Set is presented in Figure [2.1

e \ s \
X Neutrosophic description of z
A(z) = (Ta(x), La(z), Fa(z))
A Ta(z) | | truth
° —_ Q
reX Ia(z) | indeterminacy
Element under Fy(x) (h falsity
evaluation 0 1
L OSTA(CU)+]A(JJ)+FA($)§3 )
. J

Figure 2.1: Conceptual illustration of a neutrosophic set. For each x € X, the membership status is described
by the triple (Ta(z), Ia(x), Fa(z)) representing truth, indeterminacy, and falsity degrees, respectively.

As extensions of neutrosophic sets, several related concepts are known, such as the following:

o Cubic Neutrosophic Sets [97,/98]: Represent each element by both an interval neutrosophic triple
(T,I,F) and a single-valued triple, capturing range uncertainty plus a representative point simulta-
neously for decision tasks.

» Bipolar Neutrosophic Sets [99,100]: Assign two neutrosophic triples per element: positive (sup-
porting) and negative (opposing) truth-indeterminacy—falsity, modelling pros and cons with uncer-
tainty on both sides in evaluations.

« m-polar Neutrosophic Sets [101]: Generalize bipolar to m poles; each element has m neutrosophic
triples, one per perspective/agent/state, enabling multi-attitude assessments with indeterminacy and
inconsistency across criteria sets too.

o Interval-valued Neutrosophic Sets [102,103|: Replace truth, indeterminacy, and falsity degrees
with intervals in [0, 1], allowing bounded uncertainty about each component instead of single numbers
during aggregation and ranking steps.
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o SuperHyperNeutrosophic Sets [104-106|: Extends neutrosophic sets to superhyperstructures,
assigning truth, indeterminacy, and falsity degrees to higher-order, nested entities and relations.

o Complex Neutrosophic Sets [107,/108]: Use complex-valued truth, indeterminacy, and falsity
grades (typically magnitude and phase), representing oscillatory or periodic information while retain-
ing neutrosophic separation of components for signal contexts.

o Neutrosophic Offsets [109-111]: Neutrosophic offsets extend neutrosophic sets by allowing truth,
indeterminacy, or falsity values to fall below 0 or exceed 1 independently. As subclasses of neutrosophic
offsets, concepts such as neutrosophic oversets [112,|113] and neutrosophic undersets [3,114] are also
known.

» Spherical Neutrosophic Sets [115,116]: Constrain single-valued degrees so that 7', I, and F lie in
[0,1] and satisfy a spherical norm bound, e.g., T? + I? + F? < 1, ensuring feasible triples for decision
models. As a further extension, n-HyperSpherical Neutrosophic Sets are also known [117-119].

2.4 Plithogenic Set

Plithogenic set assigns multi-criteria membership vectors to elements, modulated by contradiction degrees
between attribute values and dominance levels interactions globally [17,120-122].

Definition 2.4.1 (Plithogenic Set). [17,/120] Let P be a nonempty universe of discourse, and let v be a
(fixed) attribute whose possible values form a nonempty set Pv. Fix dimensions s,t € N.

A plithogenic set on (P,v, Pv) is a quintuple
PS = (P, v, Pv, pdf, pCF),

where

o pdf : Px Pv— [0,1]° is the degree of appurtenance function (DAF); for x € P and a € Pv, pdf(x,a)
is the (possibly vector—valued) membership degree of x corresponding to the attribute value a;

e pCF : Pv x Pv — [0,1]! is the degree of contradiction function (DCF), satisfying

pCF(a,a) =0, pCF(a,b) =pCF(b,a) for all a,b € Pu.

In plithogenic theory, a (typically fixed) dominant attribute value a* € Pv is chosen, and set-theoretic
operations (such as union and intersection) are defined by combining the appurtenance degrees pdf with the
contradiction degrees pCF(-,a*) in order to model interaction and opposition between different attribute
values.

Plithogenic sets are known for their ability to generalize a wide variety of concepts. If needed, see [20] for
further details.
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2.5 Rough Set

Rough set theory models imprecision by approximating a target subset through a certain part (lower approx-
imation) and a possible part (upper approximation), constructed from an indiscernibility relation [123-H126].
The classical Pawlak approximations are recalled below.

Definition 2.5.1 (Rough set approximations). [127] Let X be a nonempty universe, and let R C X x X
be an equivalence (indiscernibility) relation. For x € X, write the equivalence class of x as

[zlr ={y € X |(z,y) e R}

Given any subset U C X, define:

1. Lower approximation:
U={zeX|[z]rCU}.

Elements of U are those that belong to U with certainty (their entire class is contained in U).

2. Upper approximation: o
U={zeX|zlgnU#a}.

Elements of U are those that may belong to U (their class meets U).

The pair (U, U) is the rough-set representation of U, and it always satisfies

UCUCU.

As extensions of rough set theory, various concepts have been studied, such as probabilistic rough sets
[128,|129] and granular rough sets [130,/131]. If needed, see [132] for further details.

2.6 Soft set

Soft sets provide a parameter-based description of uncertainty: each parameter selects a subset of the
universe, and the family of all such selections forms the model. This framework was introduced by Molodtsov
(1999) and has been widely used in decision problems [133}|134].

Definition 2.6.1 (Soft set). [134] Let U be a universe set and let E be a set of parameters. Take A C E
and denote by P(U) the power set of U. A pair (F, A) is called a soft set over U if

F:A—P).

For each parameter € € A, the subset F(¢) C U is called the e-approximation of (F, A). Thus, a soft set is
a parameterized family of subsets of U.

As extensions of soft set theory, a wide variety of concepts have been proposed, such as HyperSoft Sets
[135,/136], SuperHyperSoft Sets [137,[138], and TreeSoft Sets [139}[140]. If needed, see, for example, [141] for
further details.
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2.7 Uncertain set

An uncertain set associates with each element a degree taken from a chosen uncertainty model, thereby
providing a unifying umbrella for fuzzy, intuitionistic fuzzy, neutrosophic, plithogenic, and related frame-
works [20}/142].

Definition 2.7.1 (Uncertain model). [142] Let U denote the class of all uncertain models. Each M € U
is determined by:

« a nonempty set Dom(M) C [0,1]¥ of admissible degree tuples for some fixed integer k > 1; and

» model-specific algebraic or geometric constraints imposed on elements of Dom(M) (for example, p +
v < 1 in the intuitionistic fuzzy setting, or 0 < T + I + F' < 3 in the neutrosophic setting).

Typical instances include:

o Fuzzy model: Dom(M) = [0,1];

o Intuitionistic fuzzy model: Dom(M) = {(u,v) € [0,1]?: p+v < 1};

« Neutrosophic model: Dom(M) = {(T,I,F) € [0,1]3: 0< T+ 1+ F < 3};
e Plithogenic model, and many further extensions.

Definition 2.7.2 (Uncertain set (U-set)). [142] Let X be a nonempty universe, and fix an uncertain model
M with degree-domain Dom (M) C [0,1]*. An uncertain set of type M (briefly, a U-set) on X is a pair

U= (X, pm),

where
pnr 2 X — Dom(M)

is the uncertainty-degree function (membership map) of U. For x € X, the value pps(x) € Dom(M) encodes
the degree(s) to which x belongs to U, as prescribed by the model M.

As noted in the remark, various generalizations are possible. For reference, Table presents a catalogue
of uncertainty-set families (U-Sets) organized by the dimension k of the degree-domain Dom (M) C [0, 1]*
(cf. [20]).

2.8 Fuzzy Graph

A fuzzy graph assigns each vertex and edge a membership degree in [0, 1], representing uncertain connectivity
and relationship strength as graded, rather than binary, links [143]. As related concepts, Fuzzy Digraph
[214], Fuzzy HyperGraph [143], and Fuzzy SuperHyperGraph [215] are also known.

Definition 2.8.1 (Fuzzy graph). [79] A fuzzy graph on a vertex set V' is a pair G = (o, ) consisting of:
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Table 2.1: A catalogue of uncertainty-set families (U-Sets) by the dimension k of the degree-domain

Dom(M) C [0, 1]* [20].

k note  Representative U-Set model(s) whose degree-domain is a subset of [0, 1]*

1 Fuzzy Set MM, N-Fuzzy Set 144H146 Shadowed Set 147H149

2 Intuitionistic Fuzzy Set ; Vague Set [5,151]; Bipolar Fuzzy Set (two-component descrip-
tion) ; Pythagorean Fuzzy Set ; Fermatean fuzzy Set ; Variable
Fuzzy Set [158-{160]; Paraconsistent Fuzzy Set ; Bifuzzy Set

3 Single-Valued Neutrosophic Set ; Picture Fuzzy Set ; Ternary Fuzzy Set ;
Hesitant Fuzzy Set [@; Spherical Fuzzy Set ; Tripolar Fuzzy Set (three-
component formalisms) [170172]; Neutrosophic Vague Set

4 Quadripartitioned Neutrosophic Set ; Double-Valued Neutrosophic Set ; Dual
Hesitant Fuzzy Set ; Ambiguous Set [180-182]; Turiyam Neutrosophic Set [183{{186]

5 Pentapartitioned Neutrosophic Set [187H189]; Triple-Valued Neutrosophic Set [190-{193]

6 Hexapartitioned Neutrosophic Set |\ Bipolar Neutrosophic Set ; Bipolar Picture
Fuzzy Sets ; Quadruple-Valued Neutrosophic Set

7 Heptapartitioned Neutrosophic Set [199H201]; Quintuple-Valued Neutrosophic Set
203]

8 apartitioned Neutrosophic Set ; Bipolar Quadripartitioned Neutrosophic Set
; Bipolar Double-valued Neutrosophic Set

9 Nonapartitioned Neutrosophic Set

n (n>1) Multi-valued (Fuzzy) Sets ; MultiFuzzy Set ; n-Refined Fuzzy Set

2n (n>1) n-Refined Intuitionistic Fuzzy Set |\ Multi-Intuitionistic Fuzzy Set \\

3n (n>1) n-Refined Neutrosophic Set ; Multi-Neutrosophic Set |

Reading guide. In the U-Set scheme , each model M is specified by a degree-domain Dom(M) C [0, 1]* and a membership
map pny : X — Dom(M). The table groups representative families by the ambient dimension k (i.e., how many numerical
components are stored per element).

(@) A widely cited viewpoint is that neutrosophic sets provide a unifying umbrella covering several earlier multi-component
fuzzy models (and their generalizations); see [16].

(b) Ambiguous sets are commonly presented as subclasses of certain four-component neutrosophic families; see .

() Turiyam neutrosophic sets are reported as subclasses of quadripartitioned neutrosophic sets; see \\

o A vertex membership function o : V' — [0, 1], where o(z) gives the degree to which x € V' belongs to

the graph.

o An edge membership function p: V x V — [0, 1], which is a fuzzy relation on o, satisfying

w(x,y) < o(x)ANoly), Yz,yeV,

where A denotes the minimum operator.

The associated crisp graph G* = (¢*, u*) is determined by

ocf={xzeV]ox)>0}, pwr={(z,y) e VxV|pulz,y) >0}

A fuzzy subgraph H = (o', /') of G is obtained by choosing a subset X C V and defining

o a restricted vertex membership o’ : X — [0, 1],

o an edge membership ¢/ : X x X — [0,1] such that

Wix,y) < o'(x)Ao'(y), Va,yeX.
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A wide variety of extensions of fuzzy graphs have been studied [4},216,217]. These can be represented
within the framework of uncertain graphs, which extend uncertain sets to graph structures. We now state
the uncertain graph-theoretic notions.

Definition 2.8.2 (Uncertain graph). [218] Let G = (V, E) be a finite, undirected, loopless graph, and let
M be an uncertain model with degree-domain Dom(M). An uncertain graph of type M is a triple

gM = (ME7MM)7

where
pn V' UE — Dom(M)

assigns an uncertainty degree in Dom(M ) to each vertex v € V' and each edge e € E. Optionally, one may
impose model-dependent consistency relations between vertex- and edge-degrees (e.g., bounding g (€) in
terms of pps(u) and ppr(v) for e = {u, v} in fuzzy or intuitionistic fuzzy settings), but such constraints are
dictated by the chosen model M and are not fixed at the level of this general definition.

For convenience, Table lists representative uncertainty-graph families, organized by the dimension k of
the degree-domain Dom(M) C [0, 1]* (cf. [20,218]).

Table 2.2: A catalogue of uncertainty-graph families (uncertain graphs) by the dimension k of the degree-
domain Dom(M) C [0, 1] (cf. [218]).

k Representative uncertainty-graph type(s) Gas = (V, E, uar) with gy : VU E — Dom(M) C [0, 1]F

1 Fuzzy graph; N-graph [219]; shadowed-graph variants [220]

2 Intuitionistic fuzzy graph [2215[222]; vague graph [223[; bipolar fuzzy graph [224,[225]; intuitionistic evi-
dence graph; variable fuzzy graph; paraconsistent fuzzy graph; bifuzzy graph [226}227)

3 Neutrosophic graph [4]®); hesitant fuzzy graph [228[229]; tripolar fuzzy graph; three-way fuzzy graph;
picture fuzzy graph [230}/231]; spherical fuzzy graph [168]232]; inconsistent intuitionistic fuzzy graph;
ternary fuzzy / neutrosophic-fuzzy graph; neutrosophic vague graph

4 Quadripartitioned neutrosophic graph [233}234]; double-valued neutrosophic graph [176]; dual hesitant
fuzzy graph [235); ambiguous graph(®; local-neutrosophic graph; support-neutrosophic graph; turiyam
neutrosophic graph [185}/236](¢)

5 Pentapartitioned neutrosophic graph [237]; triple-valued neutrosophic graph [191]

6 Hexapartitioned neutrosophic graph; quadruple-valued neutrosophic graph [191]

7 Heptapartitioned neutrosophic graph [238|; quintuple-valued neutrosophic graph [191]

8

9

n

Octapartitioned neutrosophic graph

Nonapartitioned neutrosophic graph

n-refined fuzzy graph; multi-valued (fuzzy) graphs; multi-fuzzy graphs [239)
2n n-refined intuitionistic fuzzy graph; multi-intuitionistic fuzzy graphs
3n n-refined neutrosophic graph [240]; multi-neutrosophic graphs

(®) Neutrosophic graph models are often treated as broad frameworks that can specialize to many degree-based graph formalisms
under suitable constraints.

(b) Ambiguous-graph models are commonly presented as subclasses of certain quadripartitioned and also double-valued neutro-
sophic graph models.

() Turiyam neutrosophic graphs are reported as subclasses of certain quadripartitioned neutrosophic graph models.

2.9 Uncertain decision-making (UDM)

Using uncertain sets, one can define uncertain decision-making (UDM). The definition is given below.

Definition 2.9.1 (Uncertain decision-making (UDM) of type M). Let A = {A;,..., A} be a finite set of
alternatives and C = {C1,...,C,} a finite set of criteria. Fix an uncertain model M with degree-domain
Dom (M) C [0,1]% (cf. [20,142]).
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An uncertain decision-making instance of type M is the data
D = (A,C, Xar, war, Aggyy, Scoreny),

where:

(i) Xm = (pij) € Dom(M)™*™ is an uncertain evaluation matriz, where p;; € Dom(M) encodes the
uncertain assessment of A; under Cj;

(i) wam = (w1,...,wy) € Dom(M)" (or, optionally, w € [0,1]" with . w; = 1) is an uncertain criterion-
importance profile;

(iii) Agg,s is a model-dependent aggregation operator which assigns to each alternative A; an overall
uncertain score

Si 1= AggM((MIla R muin)a (wlv . 7wn)) € DOHI(M),

(iv) Scoreps : Dom(M) — R is a ranking functional (model-dependent score/defuzzification) inducing a
preorder on A by
AZ‘ M A]‘ <~ ScoreM(si) > ScoreM(sj).

A solution of Djy is any alternative
A* € arg max Scoreps(s;),

together with the ranking induced by Scoreyy.

Remark 2.9.2 (Specializations). If M is the fuzzy model Dom(M) = [0, 1], then Definition recovers
a standard fuzzy decision-making setting. If M is intuitionistic fuzzy, neutrosophic, plithogenic, etc., then
one obtains the corresponding multi-component uncertain decision-making setting by changing Dom(M)
and the operators (Agg,,, Scorepy).

Theorem 2.9.3 (Well-definedness of uncertain decision-making of type M). Let A = {A;,..., Ap} and
C={Cy,...,Cn} be finite. Fiz an uncertain model M with degree-domain Dom(M) C [0,1]*. Assume:

(A1) the aggregation operator is a total map

Aggys : Dom(M)"™ x Dom(M)" — Dom(M);

(A2) the ranking functional is a total map

Scoreps : Dom(M) — R.

Then, for every UDM instance
On = (-’47 C? XM: W, AggM7 SCOI’GM)

with Xy = (pij) € Dom(M)™ ", wpyr = (wi, ..., wy) € Dom(M)",

the following objects are well-defined:
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(i) the aggregated uncertain scores s; € Dom(M), i =1,...,m;

(ii) the induced preference relation =p; on A given by

A; =y Aj < Scoreps(s;) > Scoren(s;);

(iii) the solution set argmaxa,ea Scorepys(S;), which is nonempty.
Moreover, = is a total preorder on A (reflexive, transitive, and total).

Proof. (i) Aggregated uncertain scores exist. Fix i € {1,...,m}. Because X;; € Dom(M)™*"  the
row (i1, - .., pin) belongs to Dom(M)™. Also wy; = (w1,...,w,) € Dom(M)™. By assumption (Al), the
value

Si 1= AggM((,U’Zla s ),U’in)a (wla s 7wn))
is defined and lies in Dom(M).

(ii) Scores are real numbers. By (A2), Scorej(s;) € R is defined for each 1.

(iii) The relation >, is well-defined and a total preorder. Define A; =); A; iff Scoreps(s;) >
Scoreps(s;). Since > is a well-defined total preorder on R, it follows immediately that:

o Reflexive: Scoreps(s;) > Scoreps(s;) for all i, hence A; =y A;.

o Transitive: if A; =y Aj and A; =y Ay, then Scoreps(s;) > Scorepr(sj) > Scoreps(se), hence A; =
Ay

o Total: for any 1, j, either Scoreps(s;) > Scoreps(s;) or Scoreps(sj) > Scorens(s;), hence A; =y Aj or

Therefore =) is a total preorder on A.

(iv) A maximizer exists. The set {Scoreys(s;) : 4 =1,...,m} C R is finite, hence attains its maximum.
Therefore,

arg max Scoreps(s;) # 9,

7

so at least one solution alternative A* exists, and the solution set is well-defined. O

For reference, Table presents a catalogue of uncertainty-decision families (UDM).
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Table 2.3: A catalogue of uncertainty-decision families (UDM) by the dimension k of the degree-domain
Dom (M) C [0, 1]* (cf. [20]).

k note Representative UDM family/families whose assessments take values in Dom(M) C [0, 1]

1 Fuzzy decision-making [241] / fuzzy MCDM and MADM (single membership degree); N-
fuzzy decision-making (multi-membership collapsed to k=1 via aggregation); shadowed de-
cision variants

2 Intuitionistic fuzzy decision-making (membership/non-membership with constraint) [242,
243|; vague decision-making [244}245|; bipolar/bi-component fuzzy decision-making [246]
247); paraconsistent /bifuzzy decision-making

3 Single-valued neutrosophic decision-making (truth/indeterminacy/falsity) [248,/249]; hesi-
tant fuzzy decision-making [250%251]; picture-fuzzy decision-making [252]; spherical-fuzzy
decision-making [253}[254]; tripolar fuzzy decision-making [255]; neutrosophic-vague decision-
making [256]

4 Quadripartitioned neutrosophic decision-making [257]; double-valued neutrosophic decision-
making |258]; dual-hesitant decision-making [259,260]; ambiguous-decision-making; turiyam-
neutrosophic decision-making [261]

5 Pentapartitioned neutrosophic decision-making [262, 263|; triple-valued neutrosophic
decision-making

6 Hexapartitioned neutrosophic decision-making; quadruple-valued neutrosophic decision-
making

7 Heptapartitioned neutrosophic decision-making [199]; quintuple-valued neutrosophic
decision-making

8 Octapartitioned neutrosophic decision-making

9 Nonapartitioned neutrosophic decision-making

n (n>1) n-refined fuzzy decision-making; multi-valued (fuzzy) decision-making; multi-fuzzy decision-
making [264]

2n (n>1) n-refined intuitionistic fuzzy decision-making; multi-intuitionistic fuzzy decision-making

3n (n>1) n-refined neutrosophic decision-making [265-267]; multi-neutrosophic decision-making

Reading guide. This table mirrors the “U-Set catalogue” viewpoint: an uncertain decision family is characterized, at the
type level, by the degree-domain Dom (M) C [0, 1]* used to encode assessments and/or weights, together with model-dependent
aggregation and ranking operators (Agg,,, Scorers). Thus, changing k changes how many numerical components are stored per

assessment.
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Problem-level frameworks

In this section, we present fundamental decision-making frameworks.

3.1 Fuzzy Multiple-Criteria Decision Making (Fuzzy MCDM)

Multiple-Criteria Decision Making evaluates alternatives across several criteria, assigns weights, aggregates
scores or outranking relations, and ranks choices systematically overall [268]269]. Fuzzy MCDM models
ratings and weights as fuzzy numbers or linguistic terms, propagates uncertainty through aggregation, then
defuzzifies rankings robustly [270,[271].

Definition 3.1.1 (Fuzzy MCDM problem (evaluation-and-ranking form)). [270,271] Let A = {A1,..., Apn}
be a finite set of alternatives and C = {C1,...,Ck} a finite set of criteria. Let FN(R) denote a chosen class
of fuzzy numbers on R (e.g. triangular or trapezoidal), and let FN([0,1]) denote fuzzy numbers supported
in [0, 1].

A fuzzy multiple-criteria decision-making (fuzzy MCDM) instance is the data
D= (A,C,)N(,@, Agg, Score),

where:

(i) X = (&) € FN(R)™™¥ is the fuzzy decision matriz, where Z; represents the (possibly linguistic)
performance of A; under criterion Cy;

(ii) @ = (1, ...,w) € FN([0,1])* is the fuzzy weight vector with w; describing the uncertain importance
of criterion CY;

(iii) Agg is an aggregation operator producing, for each alternative A;, an overall fuzzy score
Si = Agg((Z1, ..., Tik), (W1, ..., ) € FN(R);
a common choice is the fuzzy weighted average
5 = Zle Wi @ Ty
Zf:l W

where ® and / are fuzzy arithmetic operations in FN(R);

9

31
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(iv) Score : FN(R) — R is a ranking functional (defuzzification/score), and the induced preorder on A is

A; = A; <= Score(§;) > Score(5;).

A solution of the fuzzy MCDM instance is any alternative A* € A satisfying

A* € arg max Score(s;
gAZ'E.A ( l)v

together with the (total preorder) ranking of A induced by Score(s;).

Remark 3.1.2 (Ideal/anti-ideal (distance-to-reference) fuzzy MCDM). Many fuzzy MCDM methods re-
place Score by a distance-to-reference ranking. Given fuzzy positive and negative ideal points (or solutions)
I, I~ in the criterion space, define for each A4; two distances d = d(%;,I") and d; = d(%;,I) (using a
chosen fuzzy distance), and rank by a closeness/approximation index, e.g.

d;
Fi:ZWE[O,l], AziAj <~ FZZFJ

This produces a compromise ranking relative to the ideal and anti-ideal references.

Definition 3.1.3 (Uncertain Multiple-Criteria Decision Making (UMCDM)). Let A = {A;,..., A} be a
finite nonempty set of alternatives and C = {C1,...,C,} a finite nonempty set of criteria. Fix an uncertain
model M.

An UMCDM instance of type M is the data
QM = (A7 Ca XM7 w, AggM: SCOI'GM),

where:

(i) Xm = (ij) € Dom(M)™*"™ is the uncertain evaluation matriz, where p;; € Dom(M) encodes the
(uncertain) evaluation of A; w.r.t. criterion Cj;

(i) w = (w1,...,wy) € [0,1]" is a criterion weight vector with 3°7_, w; = 1 (allowing uncertain weights
is possible by taking w € Dom(M)™ instead);

(iii) Agg,; is an aggregation operator producing an overall M-degree for each alternative:

CIRES AggM((uﬂ, e ,um),w) € Dom (M), i=1,...,m;

(iv) Scoreps : Dom(M) — R is a ranking functional (score/defuzzification), and it induces a preference
relation on A by
A; =y Ax <= Scoreps(s;) > Scoreps(sg)-

A best alternative (solution) is any

A* € arg max Scorep(s;).
1<i<m
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Theorem 3.1.4 (Uncertain-set structure and well-definedness of UMCDM). Let
D = (A,C, X, w, Aggyy, Scoreny )

be an UMCDM instance as in Definition where A,C are finite nonempty and M is an uncertain
model.

Assume:

(A1) Aggy : Dom(M)" x A, — Dom(M) is a total mapping, where Ay :={w € [0,1]" : 3°%_; w; =1};

(A2) Scoreps : Dom(M) — R is a total mapping.

Then:

(i) (Uncertain-set structure) The evaluation matriz Xpyr = (ui;) defines an uncertain set of type M
on the product universe A x C via

pw: AxC— Dom(M), w(As, Cj) = pij.

Hence (.A xC, ,u,) is an uncertain set of type M. Moreover, the aggregated-score map s : A — Dom(M)
defined by s(A;) := s; also yields an uncertain set (.A, s) of type M.

(ii) (Well-defined ranking) The relation =p; on A induced by Scoreps os is a total preorder (reflexive,
transitive, and total).

(iii) (Existence of a best alternative) The solution set arg maxi<i<m Scoreys(s;) is nonempty.

Proof. (i) Uncertain-set structure. Because X; € Dom(M)™*", each entry p;; lies in Dom(M). Define
p(A;, Cj) == pij on AxC. This is a well-defined function p : AxC — Dom(M), so (.A xC, u) is an uncertain
set of type M.

Next, fix i € {1,...,m}. Since (u;1,. .., pin) € Dom(M)™ and w € A,,, assumption (Al) implies that

S = AggM((,ulla v 7,uin)’w) € DOHI(M)

exists. Hence the mapping s : A — Dom(M), s(4;) := s;, is well-defined and (A, s) is an uncertain set of
type M.

(ii) Well-defined ranking and total preorder. By (A2), each Scoreps(s;) € R is defined. Define
A; = Ay iff Scoreps(s;) > Scoreps(sg). Since > on R is reflexive, transitive, and total, the induced relation
> inherits these properties:

o Reflexive: Scoreps(s;) > Scoreps(s;), hence A; = A;.
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o Transitive: if A; =y Aj and A; = Ay, then Scoreps(s;) > Scorepr(sj) > Scorepr(se), hence A; =
Ay

« Total: for any i, k, either Scoreps(s;) > Scoreps(sg) or Scoreps(sk) > Scoreps(s;), hence A; =y Ay or
Ap =m A

Thus >, is a total preorder.

(iii) Existence of a best alternative. The set {Scoreps(s;) : ¢ =1,...,m} C R is finite, hence it attains a
maximum. Therefore arg maxj<;<m, Scoreps(s;) # @, proving existence of at least one best alternative. [

As a reference, a catalogue of uncertainty-aware MCDM families organized by the dimension k& of the
degree-domain is presented in Table [3.1]

Table 3.1: A catalogue of uncertainty-aware MCDM families by the dimension k of the degree-domain
Dom(M) C [0, 1]*.

k note Representative uncertainty-aware MCDM model(s) whose degree-domain is a subset of
0,1]*

1 Fuzzy MCDM.

2 Intuitionistic Fuzzy MCDM [272,|273]; Bipolar Fuzzy MCDM [274}275|; Pythagorean
Fuzzy MCDM [276,277); Fermatean Fuzzy MCDM [278,279]

3 Hesitant Fuzzy MCDM [280,[281|; Picture Fuzzy MCDM [282,283]; Spherical Fuzzy
MCDM [284,285]; (Single-valued) Neutrosophic MCDM [286,287|.

4 Quadripartitioned Neutrosophic MCDM [288)289).

n (n>1) Plithogenic MCDM [290, [291] (vector-valued degrees over attribute values: for

Valset(v) = {a1,...,an}, plx) = (u(z,a1),...,u(x,a,)) € [0,1]"; augmented with
a contradiction function ¢ : Valset(v) x Valset(v) — [0, 1] on values).
Reading guide. Here, k counts the number of numerical components stored per evaluation (i.e., the ambient dimension
of the degree-domain). For hesitant fuzzy information, the classification £k = 3 can be realized by a standard vectorization
(e.g., an envelope/summary map of a hesitant set of grades into three numbers in [0, 1]®). Plithogenic models naturally induce
variable dimension k = n because degrees are assigned per attribute-value and | Valset(v)| depends on the chosen value set;
the contradiction map c(+,-) is an additional structure on values.

In addition to uncertainty-related extensions, approaches such as Linguistic MCDM [292,293], Behavioral
MCDM [294], Rough MCDM [295,[296], Hybrid MCDM [297,[298], Soft MCDM [299}300], Grey MCDM
[301,1302], MCGDM ([303,,1304], Stratified Multi-Criteria Decision-Making (SMCDM) [305,306], Z-Number
Based MCDM [307,[308], Potentially All Pairwise RanKings of all possible Alternatives (PAPRIKA) [309,
310], Aggregated Indices Randomization Method (AIRM) [311,1312], Multi-Attribute Global Inference of
Quality (MAGIQ) [313], UTA methods [314], Stochastic Multicriteria Acceptability Analysis (SMAA) [315],
Conjoint Value Hierarchy (CVA) [316], and Large-scale GDM [317,318] have also been studied, and further
developments and extensions can be expected in the future.

3.2 Fuzzy MADM (Fuzzy Multi-attribute decision-making)

MADM evaluates a finite set of alternatives across multiple attributes, weights attributes, aggregates per-
formances, and selects the best option [319,[320]. Fuzzy MADM expresses attribute ratings and weights as
fuzzy numbers or linguistic terms, aggregates fuzzily, then defuzzifies to rank alternatives [321,322].
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Definition 3.2.1 (Fuzzy MADM problem (discrete multi-attribute decision model)). [322}323] Let
A={A4,..., An}

be a finite set of alternatives and

C={Cy,...,Cn}
a finite set of attributes (criteria). A fuzzy MADM instance is specified by:

(1) a fuzzy decision matriz
R= (7i) € EN(R)™*™, 7i; is the fuzzy performance rating of 4; w.r.t. Cj;
(2) a fuzzy weight vector

W = (w1,...,0,) € FN(R>o)", wj is the fuzzy importance of Cj.

Here FN(-) denotes a chosen class of fuzzy numbers (e.g. triangular/trapezoidal).

A decision procedure consists of two phases:

(P1) (Aggregation) For each alternative A;, compute an aggregated fuzzy utility
;= Agg(Fi1, ..., Tin; W1, ..., Wy) € FN(R),
where Agg is a specified fuzzy aggregation operator. A common choice is the fuzzy weighted average
(FWA)
B (@)

Uq = =
' @;‘1:1 wj

with @, ® and / interpreted in the adopted fuzzy arithmetic.

(P2) (Ranking) Rank alternatives by a fuzzy ranking rule
Ai = Ay = U ZF Uy,

where <p is a fixed preorder on fuzzy numbers (e.g. induced by a defuzzification/score map Score :
FN(R) — R via @; <p @, <= Score(u;) < Score(ug)).

A (best) solution is any A* € A such that A* = A; for all A; € A.

We next consider Uncertain MADM, obtained by generalizing the above framework using Uncertain Sets.

Definition 3.2.2 (Uncertain MADM (UMADM)). Let A = {A44,..., A} be a finite nonempty set of
alternatives and C = {C1,...,Cy} a finite nonempty set of attributes (criteria). Fix an uncertain model M
with degree-domain Dom(M) C [0, 1]*.

An uncertain multi-attribute decision-making instance of type M (UMADM instance) is the data
Dy = (A,C,RM,w,AggM, ScoreM),

where:
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(i) Rm = (pij) € Dom(M)™*™ is the uncertain decision matriz, where p;; € Dom(M) encodes the
uncertain evaluation of alternative A; under attribute Cj;

(ii) w = (w1,...,wy) € [0,1]" is a (crisp) attribute-weight vector with >°%_; w; = 1 (optionally, one may
allow uncertain weights w € Dom(M)™);

(iii) Agg,, is an aggregation operator producing an overall M-degree for each alternative:
S 1= AggM((MZla s 7Min)7w) € DOHI(M), i = 17 < My

(iv) Scoreps : Dom(M) — R is a ranking functional inducing the preference relation

Ai=ym Ay <= Scorep(si) > Scoreps(sy).

A best alternative (solution) is any

A* € arg max Scoreps(s;).

Theorem 3.2.3 (Uncertain-set structure and well-definedness of UMADM). Let
Dy = (A,C,RM,w,AggM,ScoreM)

be a UMADM instance in the sense of Definition with A,C finite nonempty and M an uncertain
model.

Assume:

(A1) Aggys : Dom(M)" x A, — Dom(M) is a total mapping, where Ay := {w € [0,1]" : 370, w; = 1};

(A2) Scoreps : Dom(M) — R is a total mapping.

Then:

(i) (Uncertain-set structure on the evaluation domain) The decision matriz Ry = (pij) induces
an uncertain set of type M on A x C via

w: AxC— Dom(M), p(As, Cj) == pij.
Hence (.A X C,u) is an uncertain set of type M.

(ii) (Uncertain-set structure on alternatives) The aggregated-score assignment s : A — Dom(M )
defined by s(A;) := s; is well-defined and yields an uncertain set (A, 5) of type M.

(iii) (Well-defined preference and existence of a best alternative) The induced relation =y on
A is a total preorder (reflexive, transitive, total), and the solution set argmaxi<j<m Scoreys(s;) is
nonempty.
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Proof. (i) Uncertain-set structure on A x C. Because Ry; € Dom(M)™*™, each entry p;; belongs to
Dom(M). Define u(A;, C;) := p;. This is a well-defined mapping p : A x C — Dom(M), hence (A x C, 1)
is an uncertain set of type M.

(ii) Aggregated uncertain scores exist and form an uncertain set on A. Fixi € {1,...,m}. Since
(ti1, - -+, fin) € Dom(M)™ and w € Ay, assumption (Al) implies that

i = AggM((:ulla s 7Hin)) w) € Dom(M)

is defined. Therefore the mapping s : A — Dom(M), s(A;) := s;, is well-defined, and (A, s) is an uncertain
set of type M.

(iii) The induced preference =,; is well-defined and a total preorder. By (A2), each value
Scorepr(s;) € R exists. Define A; =p Ay iff Scoreps(s;) > Scorepr(sg). Because > on R is reflexive,
transitive, and total, the induced relation >j; inherits these properties:

o Reflexive: Scoreps(s;) > Scoreps(s;), hence A; = A;.

o Transitive: if A; =y Aj and A; = Ay, then Scoreps(s;) > Scoreps(sj) > Scorens(se), hence A; =
Ay

o Total: for any i,/, either Scoreps(s;) > Scoreps(sg) or Scoreps(sg) > Scoreps(si), hence A; =y Ay or
A zm A

Thus =7 is a total preorder.

(iv) Existence of a best alternative. The set {Scorey/(s;) : i =1,...,m} C R is finite, hence attains a
maximum. Therefore,

arg max Scoreps(s; o]
glgig)fn M( z)?é )

so at least one best alternative exists and the solution set is well-defined. O

Examples of uncertainty-aware MADM families, grouped by the degree-domain dimension &k of Dom(M) C
[0, 1], are listed in Table

As related concepts beyond uncertain MADM, Rough MADM ([335], Soft MADM [336],1337], Multiple at-
tribute group decision-making (MAGDM) [338,339], Grey MADM [340], Z-number madm [341},342], and
Linguistic MADM [343,1344] are also known.
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Table 3.2: Related uncertainty-aware MADM families (examples) grouped by the degree-domain dimension
k of Dom(M) C [0, 1]%.

note Representative uncertainty-aware MADM model(s)
Fuzzy multi-attribute decision making.
Intuitionistic Fuzzy multi-attribute decision making [324,/325].
Hesitant Fuzzy multi-attribute decision making [326)|327]; Spherical fuzzy multi-
attribute decision making [328}|329]; Picture Fuzzy multi-attribute decision making
[330L|331]; Neutrosophic multi-attribute decision making [3321[333].
n (n>1) Plithogenic multi-attribute decision making [334] (vector-valued degrees over attribute
values, coupled with a contradiction function on values).
Note. The k = 3 placement for hesitant fuzzy MADM follows the same convention as in Table namely, representing
hesitant information via a 3-component embedding/summary in [0, 1]®. Plithogenic MADM yields k = n where n = | Valset(v)|
depends on the chosen attribute value set.

W DN =

3.3 Fuzzy Group-Decision Making

Group Decision-Making combines the preferences of multiple decision makers, negotiates trade-offs, measures
consensus, and selects an alternative that reflects collective judgments [345,346]. As a concept that may be
viewed as roughly opposite to Group Decision-Making, personal decision-making [347,348]| is also known.
Fuzzy Group-Decision Making represents opinions by fuzzy numbers or linguistic terms, aggregates them
using fuzzy operators, evaluates consensus, and then ranks the alternatives [349,350].

Definition 3.3.1 (Fuzzy group decision making (consensus + selection framework)). [351] A fuzzy group
decision making (FGDM) problem consists of:

X ={x1,...,z,} (alternatives), E ={e1,...,en} (experts/decision makers).

Experts express their opinions in fuzzy form (often by linguistic terms encoded as fuzzy numbers), and their
assessments are aggregated to obtain a collective decision; a consensus stage is typically applied before the
final selection stage.

(A) Multi-attribute evaluation data (typical MADM-type FGDM). Let C = {ci,...,¢p} be cri-
teria. Fix a class FN(R) of fuzzy numbers (e.g. TFNs). Each expert e provides:

R — (Ffjh)) € FN(R)"™ P  (fuzzy ratings),

o) = (ﬁ)gh), . ,12)1(,}”)) € FN(R>0)? (fuzzy criterion weights).

(B) Group aggregation. Choose aggregation operators
Aggpr : FN(R)™ — FN(R),

Agg,, : FN(R>0)™ — FN(R>o),
and define the collective fuzzy ratings and weights by

(1)

(1) ~(m)), Wy 1= Aggw(w]( N D]

7:1']' = AggR(fij sy Tij

(For TFNs, a common choice is componentwise arithmetic mean.)
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(C) Selection (collective scoring + ranking). Fix a fuzzy aggregation/scoring operator Agg. across
criteria. A standard choice is the fuzzy weighted average (FWA):

s _ . s . Dh_ (w; ® 7ij)
§i = Aggo((Firs -, Tip), (W1, ..., Wp)) = ]ép 72 e FN(R),
=1

Wy

where @, ® and / are the adopted fuzzy arithmetic operations.

Let Score : FN(R) — R be a ranking functional (defuzzification/score). Define the collective preorder on X
by
x; = xp, <= Score(§;) > Score(8y),

and select any

x* € arg max Score($;).
z,€X

(D) Consensus (optional but standard in FGDM). Fix a consensus measure Cons (e.g. built from
pairwise similarity of experts’ fuzzy preferences) and a threshold v € [0,1]. A consensus state is reached
when Cons > +; otherwise, a moderator-guided iterative revision of experts’ opinions may be performed
until Cons > =, after which the selection step (C) is applied.

As an extension of the above framework, we define Uncertain Group-Decision Making. The definition is
given below.

Definition 3.3.2 (Uncertain Group-Decision Making (UGDM) of type M). Let A = {A1,..., A} be a fi-
nite nonempty set of alternatives, C = {C,...,C,} a finite nonempty set of criteria, and € = {E1,..., E.} a
finite nonempty set of experts (decision makers). Fix an uncertain model M with degree-domain Dom (M) C
[0, 1]%.

An uncertain group decision-making instance of type M (UGDM instance) is the data
By = (.A,C,E,XM,w, A,AggE,AggC,ScoreM,Cons),

where:

(i) Xy = (,uz(;)) € Dom(M)™*™*" is the expert-indexed uncertain decision array, where ,ul(;) € Dom(M)
encodes expert F;’s uncertain evaluation of A; under Cj;

(i) w = (w1,...,wn) € [0,1]" is a criterion-weight vector with > 7, w; = 1;

(iii) A = (AM,...,Ar) € [0,1]" is an expert-weight vector with Y ;_; Ay = 1 (optional; if omitted set
A = 1/r);

(iv) Aggp : Dom(M)" — Dom(M) is an expert-aggregation operator used entrywise to obtain a collective
matrix

flij = AggE(ug),...,ug);)\) € Dom(M), i1=1,....m, j=1,...,n;

(we allow Aggp to depend parametrically on \);
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(v) Agge : Dom(M)"™ x A, — Dom(M) is a criterion-aggregation operator (with A, = {w € [0,1]™ :

>_;jw; = 1}), producing an overall M-degree

8; 1= Aggc((ﬂ“, . ,/]m),w) € Dom(M), i=1,...,m;

(vi) Scoreps : Dom(M) — R is a ranking functional inducing a preorder on A by

Ai =M Ag e ScoreM(si) > SCOreM(Sg);

(vii) Cons : [0,1] is a (possibly optional) consensus index computed from the experts’ assessments (e.g.

via distances/similarities between {,uz(;)} and the collective {fi;;}), together with a chosen threshold
v € [0, 1] used operationally to accept the group aggregation.

A UGDM best alternative (solution) is any

A* € arg max Scoreps(s;).

1<i<m

Theorem 3.3.3 (Uncertain-set structure and well-definedness of UGDM). Let & be a UGDM instance,
with A,C, & finite nonempty and M an uncertain model.

Assume:

(A1)
(A2)
(A3)

Aggp : Dom(M)" x A, — Dom(M) is a total mapping (where A, = {A € [0,1]" : >, A\ = 1});
Aggr : Dom(M)" x A,, — Dom(M) is a total mapping;

Scoreps : Dom(M) — R is a total mapping.

Then:

(i)

(iii)

(Uncertain-set structure on the evaluation universe) The expert-indexed array Xy induces an
uncertain set of type M on
U:=AxCx¢&

via
w: U — Dom(M), w(A;, Cj, Ey) = MS).
Hence (U, p) is an uncertain set of type M.

(Collective matriz is well-defined and yields an uncertain set) The entrywise aggregated
mapping
ﬂ:AXC%DOm(M), ﬂ(AZ,CJ) = [hij,

is well-defined, so (A x C, ) is an uncertain set of type M.
(Aggregated alternative scores form an uncertain set on A) The mapping
s: A— Dom(M), s(A;) == s,

is well-defined, so (A, s) is an uncertain set of type M.
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(iv) (Preference relation and solution set are well-defined) The induced relation =y on A is a
total preorder, and the solution set arg maxi<j<m Scorens(s;) is nonempty.

0
ij
belongs to Dom(M). Define u(A;, Cj, Ey) = ug). This is a well-defined mapping U — Dom(M ), hence
(U, ) is an uncertain set of type M.

Proof. (i) Uncertain-set structure on U = A x C x €. Because X € Dom(M)™*"™*" every entry

(ii) Collective matrix exists and defines an uncertain set on A x C. Fix (i,5). The expert list
(,uz(;), e ug)) lies in Dom(M)" and A € A,. By (Al), the aggregated value

fij = Aggp (Mz(jl'), .. 7M§;)§ /\) € Dom(M)

exists. Therefore fi : A x C — Dom(M), f(A;, Cj) = fi;j is well-defined, and (A x C, i) is an uncertain set
of type M.

(iii) Alternative-level aggregation exists and defines an uncertain set on A. Fix i. The criterion
tuple (f1, - ., flin) belongs to Dom(M)™ and w € A,,. By (A2), the overall score

S; = Aggc((ﬂila c ,ﬂin), w) € DOIII(M)

exists. Hence s : A — Dom(M), s(4;) = s; is well-defined and (A4, s) is an uncertain set of type M.

(iv) Well-defined preference relation and existence of a best alternative. By (A3), each Scorey;(s;) €
R exists. Define A; = Ay iff Scoreps(s;) > Scorepr(sg). Since > on R is reflexive, transitive, and total,
> is a total preorder.

Finally, the finite set {Scoreys(s;) : i =1,...,m} C R attains a maximum, hence

arg max Scoreps(s; %]
glgig)in M( 2)7‘é s

so at least one best alternative exists and the solution set is well-defined. O

A catalogue of uncertainty-aware group decision-making (GDM) families is presented in Table

Uncertain Group Decision-Making is not the only perspective; related notions such as rough group decision
making [360,361], soft group decision making [362], grey group decision making [363},|364], multigroup
decision making [365,[366], Z-Number group decision making [367,[368], consensus group decision making
[369,1370], multi-stage group decision making [371,/372], multi-criteria group decision-making (MCGDM)
[3731374], and linguistic group decision making [375,[376] are also known.
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Table 3.3: A compact catalogue of uncertainty-aware group decision-making (GDM) families by the dimen-
sion k of the degree-domain Dom(M) C [0, 1]*.

k note

Representative GDM family /families whose per-evaluation degree-domain is a subset
of [0,1]%

n' non-vector

add-on

Fuzzy group decision making: group aggregation/consensus over scalar fuzzy evalua-
tions in [0, 1] (membership grades), typically via expert weights and fuzzy aggregation
operators.

Intuitionistic fuzzy group decision making [352,353]: group aggregation/consensus
over evaluations in [0,1]? (membership, non-membership).

Hesitant fuzzy group decision making [354,/355]: group aggregation/consensus where
each evaluation is represented in a [0, 1]3-type degree-domain (per the adopted hesi-
tant encoding).

Neutrosophic group decision making [356,|357): group aggregation/consensus over
evaluations in [0, 1]® (truth, indeterminacy, falsity).

Spherical fuzzy group decision making [358}359]: group aggregation/consensus over
evaluations in [0,1]3 satisfying p? + v? + 72 < 1 (membership, non-membership,
hesitancy).

Plithogenic group decision making: scalar degrees on attribute-value pairs (n =
| Valset(v)|) coupled with a contradiction function ¢(-,-) on values.

Reading guide. Here k denotes the dimension of the degree-domain used for each expert’s evaluation (or preference statement).
In GDM, evaluations are collected per expert and then aggregated (optionally with a consensus-reaching stage) into a collective

assessment,. ) For plithogenic models, the effective dimension depends on the number n of admissible values of the chosen
attribute, because degrees are attached to attribute—value pairs rather than stored as a fixed-length vector.

3.4 Fuzzy dynamic decision-making

Dynamic decision-making chooses actions over time, updating information and preferences, accounting for
state transitions, and optimizing cumulative outcomes [377,378]. Fuzzy dynamic decision-making models

evolving states, rewards, or
adaptive policies [379,380].

criteria with fuzzy sets, propagates uncertainty through updates, and selects

Definition 3.4.1 (Fuzzy dynamic decision-making (multi-stage fuzzy MADM)). [379,380] Let

A:{Al,...,Am} and C:{Cl,...,Cn}

be finite sets of alternatives and criteria. Let

T ={t,....t,)}

be a finite set of decision stages (time periods).

Fix a chosen class of fuzzy numbers FN(R) (e.g. triangular/trapezoidal), equipped with fuzzy arithmetic
(B, ®, ) consistent with FN(R).

A fuzzy dynamic decision-making instance is specified by:

(1) Stage-wise fuzzy decision matrices: for each stage t; € T, a fuzzy decision matrix

R

= (fl(;c)) € FN(R)™*"™, #*) rates A; wor.t. C; at time ty.

v
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(2) (Optional) Stage-wise fuzzy criterion weights: for each stage t, a fuzzy weight vector
W = @F .. o®) e FN(Rso)"™.
(If weights are time-invariant, write Wk = /V[7)

(3) Stage weights (dynamic importance of time): a weight vector

p
w=(wi,...,wp) €[0,1]7, Zwkzl,
k=1

where wy, quantifies the importance of stage ¢ (e.g. giving larger weight to recent stages).
(4) Aggregation operators:
o a within-stage (across-criteria) fuzzy aggregation map
Agge  FN(R)" x FN(Rs0)" — FN(R),
o a cross-stage (dynamic) fuzzy aggregation map
Aggr : FN(R)? x [0,1]7 — FN(R).
(5) A ranking functional: a score/defuzzification map
Score : FN(R) — R

that induces a preorder on fuzzy numbers by & <p § <= Score(Z) < Score(y).
A dynamic fuzzy decision procedure computes, for each alternative A;:

(P1) Within-stage fuzzy utility. For each stage t;, define a stage utility

s = Agge(7l, 7l aP) € PNR).

vy an Y
A standard choice is the fuzzy weighted average (FWA):
®) ®) o ) ™ (0)
5= D@ en) | oDy .
j=1 j=1
assuming the denominator is nonzero in the adopted fuzzy arithmetic.

(P2) Cross-stage (dynamic) aggregation. Aggregate the stage utilities into an overall dynamic utility:
i = AggT<§(1),...,§(p); wl,...,wp) e FN(R).

7 i

A standard choice is the dynamic fuzzy weighted average (DFWA):

p
=P o),
k=1

=g

interpreting wy ® (-) as scalar multiplication in the fuzzy-number model.
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(P3) Ranking and selection. Define the crisp overall score U; := Score(;) € R and rank by
A, = Ay < U; > U,.
A (best) solution is any

A* € arg max Score(w;).
gAiG.A ( Z)

In the uncertain-set viewpoint, the core data at every stage are degrees in a fixed degree-domain Dom (M) C
[0, 1]%.

Definition 3.4.2 (Uncertain dynamic decision-making (UDDM) of type M). Let
A={A1,...,A,} (alternatives), C={Ci,...,Cy} (criteria),

and let
T =A{t1,...,tp} (decision stages / time periods)

be finite nonempty sets. Fix an uncertain model M with degree-domain Dom(M) C [0, 1]*.

An uncertain dynamic decision-making instance of type M is the tuple

DN = (AC T (X, X0, i ), w, Agee ar, Aggr a, Scorenr )

where:
(i) Stage-wise uncertain evaluation matrices: for each k € {1,...,p},
X = (1) € Dom(ary™<m,
where ugf) € Dom(M) encodes the uncertain assessment of A; under criterion C; at stage t.

(ii) Stage-wise uncertain criterion weights (optional but standard): for each k,

wg\lf[) = (w§k), ..,w®y e Dom(M)™  (or, alternatively, w® e [0,1]" with ij(.k) =1).
J

(iii) Stage-importance weights (time aggregation weights): a vector

p
w=(wi,...,wp) € [0,1]7, Zwkzl.
k=1

(Thus wy, models the relative importance of stage ty, e.g. recency weighting.)
(iv) Within-stage aggregation (across criteria): a model-dependent total map
Agge py : Dom(M)™ x Dom(M)"™ — Dom(M),
which assigns to each alternative A; at stage t; an aggregated uncertain stage-utility

sgk) = Aggc,M((u,(’f), .. ,,ugi)), wg\?) € Dom(M).



Chapter 3. Problem-level frameworks

(v) Cross-stage aggregation (dynamic synthesis): a model-dependent total map
Aggr a2 Dom(M)P x [0,1]P — Dom(M),

which aggregates stage-utilities into an overall uncertain dynamic utility

u; = Agng((sl(-l), . ,sgp)), w) € Dom(M).

(vi) Ranking functional: a total map
Scoreps : Dom(M) — R.
It induces a preference relation on A by

A; Ej}[/n Aj <= Scorey(u;) > SCOTeM(“j)-

The (dynamic) uncertain best-alternative set is

arg maﬁ Scoreps(u;).

7

Theorem 3.4.3 (Uncertain-set structure and well-definedness of UDDM). Let @j\l}'n be an uncertain dy-
namic decision-making instance as in Definition[3.4.3 Assume:

(A1) Aggc s : Dom(M)"™ x Dom(M)™ — Dom(M) is a total map;
(A2) Aggr p: Dom(M)P x [0,1]P — Dom(M) is a total map;
(A3) Scoreps : Dom(M) — R is a total map;

(A4) w e [0,1]P satisfies Y _j wi = 1.

Then:

(i) The overall dynamic utilities u; € Dom(M) are well-defined for alli=1,...,m.

(ii) The mapping
u%}n : A — Dom(M), M%H(Ai) =y,

is well-defined; hence
dyn dyn
Un" = (A ip)

is an uncertain set (U-set) of type M on the universe A.
(iii) The induced relation t%}l’n on A is a total preorder (reflexive, transitive, and total).

(iv) The solution set argmax,e.4 Scoreps(u;) is nonempty (so a best alternative exists).
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Proof. (i) Stage-utilities exist in Dom(M). Fix i € {1,...,m} and k € {1,...,p}. Because X](\? €
Dom(M)™*™, the ith row
k k
(,ugl), . ,u,gn)) € Dom(M)".

Also, by definition, wg\lf[) € Dom(M)™ (or it is a crisp admissible surrogate; the present theorem covers the

Dom(M )™ case explicitly). By assumption (A1), the value

k k k k
s = Agge (- i) wiiy)
is well-defined and lies in Dom(M).
(ii) Dynamic utilities exist in Dom(M). For fixed i, the stage-utility vector (sgl),...,sl(p)) lies in

Dom(M)P by (i), and the stage-weight vector w lies in [0, 1]P by (A4). By (A2), the overall dynamic utility

ui = Aggr (s, 57, w)

is well-defined and lies in Dom (M), proving (i) of the theorem statement.

(iii) U-set structure. Define u%}'n : A — Dom(M) by ,u(]i\}'n(Ai) = wu;. By (ii) this is a well-defined map
into Dom(M ), hence L{]‘\ij’n = (A, /,L(]i\}m) is a U-set of type M on A, proving (ii).

(iv) The preference relation is a total preorder. By (A3), each Scoreps(u;) € R is well-defined.

Define A; E(Ji\}[’n A; iff Scoreps(u;) > Scorepr(uj;). Since > on R is reflexive, transitive, and total, the induced

relation on A inherits these properties; thus t%n is a total preorder, proving (iii).

(v) Existence of a maximizer. The set {Scorey(u;) : ¢ = 1,...,m} C R is finite, hence attains its
maximum. Therefore arg max,e 4 Scoreps(u;) # &, proving (iv). O

Table presents related uncertainty-model variants of Dynamic Fuzzy Decision-Making.

Table 3.4: Related uncertainty-model variants of Dynamic Fuzzy Decision-Making.

Related Dynamic Fuzzy Decision-Making variant(s)

Dynamic Fuzzy Decision-Making

Dynamic Intuitionistic Fuzzy Decision-Making
Dynamic Hesitant Fuzzy Decision-Making
Dynamic Spherical Fuzzy Decision-Making
Dynamic Neutrosophic Decision-Making
Dynamic Plithogenic Decision-Making
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3.5 Fuzzy Multiple Objective Decision-making

Multiple Objective Decision-making optimizes several conflicting objectives simultaneously, generating Pareto-
efficient solutions and selecting a compromise using preferences or weights [381},382]. Fuzzy Multiple Ob-
jective Decision-making represents objectives, goals, or constraints fuzzily, computes satisfaction degrees,
aggregates them, and selects a compromise solution [383,384].
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Definition 3.5.1 (FMODM as fuzzy multi-objective programming with fuzzy goals). [383384] Let X C R"
be a nonempty feasible set and let £ > 2 be the number of objectives. In fuzzy multi-objective decision-
making (FMODM), the objectives remain explicit and (typically) carry weights reflecting their relative
significance.

Fix a continuous t-norm 7 : [0,1]2 — [0, 1] and its k-ary extension (still denoted 7). Let F(R) be a chosen
class of fuzzy numbers on R, and suppose the ith objective is a fuzzy-number-valued mapping

fi: X —» F(R), i=1,...,k.
Assume for each objective ¢ two fuzzy reference levels are given:
m; € F(R) (undesired level), M; € F(R) (desired level),

together with a metric (distance) D : F(R) x F(R) — R>o.

(1) Objective-wise satisfaction (application) functions. Define, for each i, a satisfaction degree
H;,: X —[0,1] by

1 1
L+ D(m, fi(x)) " 1+ D(M;, fi(=)) |

or more generally by the ¢-norm aggregation

H;(z) := min {1 -

1 1
Hy(x) -—T<1— 1+ D, fu(@))’ 1+D(Mi,ﬁ~(x>)>'

Intuitively, larger H;(x) means “far from undesired” and “close to desired” for objective i.

(2) Fuzzy decision (intersection of fuzzy goals). Let wy,...,wy € [0,1] be (crisp) importance weights
with Zle w; = 1. Define the overall fuzzy decision membership (the intersection of fuzzy goals) by

pp(x) =T (Hy(x)", ..., Hy(z)"), r e X.

ny other weighted t-norm construction may be used; the key point is that a -norm models the conjunction
Any oth ighted ¢ tructi b d; the k int is that a ¢ dels th juncti
of goals.)

(3) FMODM solution. An FMODM (compromise) solution is any

x* € argmax up(x).
reX

Equivalently, the fuzzy multi-objective problem is reduced to the single-objective scalarization

max T(H (), Hi(),

with H; constructed from desired /undesired levels and a metric on fuzzy numbers.

In an uncertain setting, objective values and/or goal achievements are represented in a fixed degree-domain
Dom(M) C [0,1]¢ (fuzzy, intuitionistic fuzzy, neutrosophic, plithogenic, etc.), and the multiobjective prob-
lem is reduced to a U-set on the feasible set via a model-dependent aggregation and a real-valued score.
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Definition 3.5.2 (Uncertain multiple objective decision-making (UMODM) of type M). Let X C R" be a
nonempty feasible set, and let k > 2. Fix an uncertain model M with degree-domain Dom (M) C [0, 1]%.

An uncertain multiple objective decision-making instance of type M is the tuple

(’BM: (Xu (fla"'vfk)) (le"‘7Gk)7 w, AggMa SCOI'GM),

where:

(i) Objectives: f; : X — R (crisp objectives) for i = 1,...,k. (If objective evaluations are uncertain,
replace f; by an uncertain evaluation map f; : X — Dom(M); the construction below is unchanged
by composing with Gj.)

(ii) Objective-to-degree (goal/satisfaction) maps: for each i, a map
G;: R — Dom(M) (or more generally G; : X — Dom(M))

that converts the objective level f;(x) into an uncertain degree p;(z) := G;(fi(z)) € Dom(M).
(iii) Importance weights: a vector w = (w1, ..., wy) € [0,1]*F with Zle w; = 1.
(iv) Uncertain goal aggregation: a total map

Agg,; : Dom(M)* x [0,1]* — Dom(M),

interpreted as the conjunction/compromise operator over the k uncertain goal degrees.

(v) Ranking functional: a total map

Scoreps : Dom(M) — R.

For each feasible x € X, define the objective-wise uncertain degree vector
n(@) = (ju(@),... (@) € Dom(M)F,  pi(x) == Gilfi(x)),
and define the overall uncertain decision degree

po () = Aggyy (u(x), w) = Aggp (11 (2), - - -, (@), (w1, ..., wy)) € Dom(M).
The induced preference on X is
TmMY = ScoreM(upﬁM(m)) > ScoreM(,uD,M(y)).
A UMODM (compromise) solution is any
T € arg Izneag)(( ScoreM(pD,M(x)).

Theorem 3.5.3 (Uncertain-set structure and well-definedness of UMODM). Let B be a UMODM instance
as in Definition[3.5.9. Assume:

(Al) X #£o.
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(A2) For each i, G; : R — Dom(M) is a total map and f; : X — R is a total map.
(A3) Agg,, : Dom(M)* x [0,1]F — Dom(M) is a total map.
(A4) Scoreps : Dom(M) — R is a total map.

(A5) w e [0,1)F satisfies S5 w; = 1.

Then:

(i) The mapping pp.p : X — Dom(M) is well-defined. Consequently,
Uﬂwdm = (X, pp,nmr)
is an uncertain set (U-set) of type M on the universe X.
(ii) The induced relation >y on X is a total preorder.

(iii) If X is finite, then the UMODM solution set arg max,ecx Scorens(up a(x)) is nonempty.

Proof. (i) Well-definedness and U-set structure. Fix z € X. For each i, since f; is total on X,
fi(z) € R is well-defined. By (A2), G; is total, hence p;(x) = G;(fi(x)) € Dom(M) is well-defined. Therefore
w(x) = (ui(x),...,pun(x)) € Dom(M)* is well-defined. By (A3) and (A5), Agg,,(u(z), w) € Dom(M) is
well-defined, hence pip ar(x) € Dom(M) exists for every z € X. Thus up pr : X — Dom(M) is a well-defined
map, and UM = (X, up ) is a U-set of type M.

(ii) = is a total preorder. By (A4), Scorey (up,a(z)) € R is well-defined for each z € X. Define
x =p y iff Scoren(pp,m(x)) > Scoreps(upa(y)). Since > on R is reflexive, transitive, and total, the
induced relation >j; inherits these properties and is therefore a total preorder.

(iii) Existence of a maximizer when X is finite. If X is finite, then the real set
S := {Scorey(upm(x)) : =€ X}

is finite and thus attains a maximum. Hence arg max,ex Scorey (pp v (x)) # @. O

Table presents related uncertainty-model variants of Multiple Objective Decision-Making (MODM).
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Table 3.5: Related uncertainty-model variants of Multiple Objective Decision-Making (MODM).

Related MODM variant(s)

Fuzzy Multiple Objective Decision-Making [385]
Intuitionistic Fuzzy Multiple Objective Decision-Making
Hesitant Fuzzy Multiple Objective Decision-Making
Spherical Fuzzy Multiple Objective Decision-Making
Neutrosophic Multiple Objective Decision-Making
Plithogenic Multiple Objective Decision-Making
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3.6 Fuzzy ethical decision making

Ethical decision making selects actions by comparing moral principles and consequences, balancing rights,
duties, and stakeholders to justify choices [386/387]. Fuzzy ethical decision making assigns graded compliance
to ethical dimensions, applies fuzzy rules and inference, defuzzifies scores, and selects actions.

Definition 3.6.1 (Fuzzy ethical decision making (rule-based fuzzy selection)). Let S # @ be a set of
situations (contexts, states) and let A # @ be a set of feasible actions. Let D = {dy,...,dy} be a finite set
of ethical dimensions (e.g. privacy, fairness, transparency), each evaluated on a graded scale in [0, 1].

For each dimension d;, assume an ethical compliance degree
i Sx A— (0,1, (s,a) — py(s,a).

where 115(s,a) is the degree to which action a satisfies dimension d; in situation s.

Fix a continuous t-norm 7" and an s-norm S on [0, 1] (for conjunction/disjunction in fuzzy inference), and
fix a finite fuzzy rule base R whose rules have the form

R: IF (,u1 is Ll) AND ... AND (Nk is Lk) THEN (E is LE),

where each L; and Lg is a linguistic label (e.g. low/medium/high) represented by membership functions
on [0,1]. Such conditional rules score ethical behaviour by combining (for example) privacy, fairness, and
transparency into an ethical decision score.

For each (s,a) € S x A, fuzzy inference (Mamdani-type) produces a fuzzy output Es,a on [0,1] by

K, (€)= Srer (T(QR(&@)? #Lg(e))>7

where ag(s,a) € [0,1] is the firing strength of rule R computed from the antecedent labels via T, and LR
is the membership function of the consequent label of R.

Let Defuzz be a defuzzification functional (e.g. centroid), and define the crisp ethical score

E(s,a) := Defuzz(Es,) € [0, 1].

Defuzzification is required when non-boolean linguistic values must be converted to actionable numeric
q g
outputs.)

A fuzzy ethical decision in situation s is any action

a* € argmax E(s,a).
acA
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In an uncertain formulation, each ethical dimension is evaluated in a fixed uncertain degree-domain Dom (M) C
[0, l]d (chosen uncertain model M), and the overall ethical acceptability is represented as an uncertain set
on the action space; actions are then ranked via a real-valued score.

Definition 3.6.2 (Uncertain ethical decision making (UEDM) of type M). Let S # @ be a set of situations
(contexts) and A # @ a set of feasible actions. Let D = {dy,...,d;} be a finite set of ethical dimensions
(k > 1). Fix an uncertain model M with degree-domain Dom(M) C [0, 1]¢.

An uncertain ethical decision making instance of type M is a tuple

QE]\4 = (Sa A,D, (Hla s 7Mk)7w7AggM7 SCOI'eM)7

where:

(i) Dimension-wise uncertain compliance degrees: for each j = 1,...,k, a total map
pi S x A — Dom(M),

where /1;(s, a) encodes the uncertain degree to which action a satisfies ethical dimension d; in situation
s.

(ii) Importance weights: a vector w = (wr,...,wy) € [0, 1]* with Z?:l wj = 1.
(iii) Uncertain ethical aggregation operator: a total map
Agg,, : Dom(M)* x [0,1]¥ — Dom(M),

interpreted as combining the k ethical-dimension degrees into a single overall ethical acceptability
degree.

(iv) Ranking functional: a total map

Scoreps : Dom(M) — R.

For each (s,a) € S x A define the overall uncertain ethical degree
Peth, M (8, a) = AggM( (n1(s,a), ..., pr(s,a)), (wi,... ,wk)) € Dom(M).
Thus, for each fixed situation s, the mapping
eth,n (S, ) + A — Dom(M), a — feth,M (S, a),

defines an uncertain set (U-set) of type M on the universe A.

A UEDM preference at situation s is the relation =7, on A given by
arysb — ScoreM(uemM(s,a)) > ScoreM(ueth,M(s,b)).
A UEDM ethical decision at situation s is any action

a*(s) € arg maj‘( ScoreM(,tz,emM(s,a)).
ac
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Theorem 3.6.3 (Uncertain-set structure and well-definedness of UEDM). Let €y be a UEDM instance as
in Definition[3.6.3 Assume:

S # @ and A # @ and D is finite.
FEach pij : S x A — Dom(M) is a total map.

(A1)
(A2)
(A3) Agg,, : Dom(M)* x [0,1]F — Dom(M) is a total map.
(A4) Scoreys : Dom(M) — R is a total map.
(A5)

w € [0,1]F satisfies Z?:l wj = 1.

Then:

(i) The mapping pieth,ar : S X A — Dom(M) is well-defined. For every s € S, (A, pleth,pm(S,)) s a U-set
of type M on A.

(ii) For each s € S, the relation =y s is a total preorder on A.

(iii) If A is finite, then for every s € S the argmaz set arg maxqe 4 Scorens (feth, v (S, @) is nonempty.

Proof. (i) Well-definedness and U-set structure. Fix (s,a) € S x A. By (A2), each value p;(s,a) €
Dom(M) exists and is uniquely determined, hence the k-tuple (u1(s,a),. .., ux(s,a)) € Dom(M)* is well-
defined. By (A3) and (A5), the aggregated degree

eth,M (8, a) = AggM((ul(s, a), ..., pr(s, a)),w)

is a well-defined element of Dom(M). Therefore fieth as is a well-defined map on S x A. For fixed s, the
function pietn,n(s, ) : A — Dom(M) is a membership assignment in the model M, hence (A, pieth,a(s,-)) is
a U-set of type M.

(ii) =ums is a total preorder. Fix s € S. By (A4), the real score Scorens(pteth, 1 (S, a)) € R is well-defined
for each a € A. Define a =y s b iff Scorens(feth pr(S,a)) > Scorens (fteth,ar(s,b)). Since > on R is reflexive,
transitive, and total, the induced relation =,s, is a total preorder.

(iii) Existence of a maximizer for finite A. If A is finite, then the finite set
Ss := {Scoren (fetn,p(s,a)) : a € A} CR

attains a maximum. Hence the argmax set is nonempty. O

Table presents related uncertainty-model variants of Fuzzy Ethical Decision-Making.
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Table 3.6: Related uncertainty-model variants of Fuzzy Ethical Decision-Making.

Related Fuzzy Ethical Decision-Making variant(s)

Fuzzy Ethical Decision-Making
Intuitionistic Fuzzy Ethical Decision-Making
Hesitant Fuzzy Ethical Decision-Making
Spherical Fuzzy Ethical Decision-Making
Neutrosophic Ethical Decision-Making
Plithogenic Ethical Decision-Making
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3.7 Fuzzy Consensus decision-making

Consensus decision-making is a collaborative process in which participants discuss alternatives, reconcile
differing views, and seek a broadly acceptable decision supported by the whole group [388,389]. Fuzzy
consensus decision-making is a group process where experts’ fuzzy evaluations are iteratively adjusted
toward a collective fuzzy matrix until consensus threshold holds, then alternatives ranked [390,391].

Definition 3.7.1 (Fuzzy consensus decision-making (consensus-reaching + selection)). [390,391] Let
A={A4y,..., Ay} (alternatives),
C={Cy,...,Cn} (criteria),

E={e1,...,ep} (experts).

Fix a class FN of fuzzy numbers (e.g. TFNs), and let each expert ej provide a fuzzy decision matrix

R®) = ( ik )) € FN™*", fg?) is the fuzzy evaluation of A; under C}.

Let w = (w1, ..., wp) be expert weights with wy, > 0 and >} _; wg = 1.

(1) Distance, similarity, and consensus index. Assume a normalized distance on fuzzy numbers
d:FN x FN — [0, 1].
Extend it to decision matrices by
DR, 78) = L S™ S e #9) € 0.1,
i=1 j=1
and define the corresponding similarity
S(R®, RO = 1 — D(RE®, 7)) € [0,1].

A (weighted) group consensus index is
GCL(RWY, ..., R™) ZwkS R°) € [0,1],

where RC is a collective matrix obtained by a fixed fuzzy aggregation operator Aggp (e.g. componentwise
weighted average):

R¢ := AggR(é(l), . .,é(p);w) € FN™*",
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(2) Consensus-reaching condition. Fix a consensus threshold 5 € [0,1]. The experts are said to reach

consensus if N N
GCI(RW,...,R®) > 3.

If this fails, a consensus-reaching process iteratively revises experts’ opinions (and possibly their weights)
until the threshold is met. Such iterative revision/feedback is the standard viewpoint of consensus reaching
in group decision making.

(3) A generic fuzzy feedback (opinion-adjustment) step. At iteration ¢, given current matrices

RW)(t), compute the collective matrix R°(t) = Aggr(RM(t),.. ., R®(t);w(t)). For each expert e that
is requested to adjust, choose an acceptance degree Or(t) € [0,1] and update entrywise by the convex-
combination rule

(B)

WD+ =1 -00)2i ) © G Ft),  i=1...,m j=1,...,n,

]

where @, ® denote the adopted fuzzy arithmetic (e.g. extension-principle addition and scalar multiplica-
tion). This expresses “move (to degree 6;) toward a trusted/collective opinion”, a common mechanism in
consensus-reaching models.

Repeat (1)—(3) until GCI > S.

(4) Selection after consensus. Let R be the final collective matrix. Fix criterion weights & = (71, ..., o)
(crisp or fuzzy) and a final scoring/defuzzification map Score : FN — R. Define the overall fuzzy score of
alternative A; by a chosen operator Agg., e.g. the fuzzy weighted average:

8i = Aggo (751, ... T3 01, .., 0p) € FN,

A* € arg max Score(5;).
1<i<m

Any such A* is called a fuzzy consensus decision.

Uncertain consensus decision-making generalizes consensus-reaching group decision processes by allowing
each assessment to take values in a fixed uncertain degree-domain Dom(M) C [0,1]¢ (an uncertain model
M). The collective outcome after consensus is represented as an uncertain set on the alternative space, and
a real-valued scoring functional induces ranking and selection.

Definition 3.7.2 (Uncertain consensus decision-making (UCDM) of type M). Let
A={A,..., Ay} (alternatives), C=A{C,...,C,} (criteria), E={e1,...,ep} (experts),

with m,n,p > 1. Fix an uncertain model M with degree-domain Dom(M) C [0, 1]¢.

An uncertain consensus decision-making instance of type M is a tuple
€y = (A,C,E (RM )Y _ |, w, dur, Aggr, B, Uy, Agge, Scorenr),

where:
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(i) Uncertain evaluation matrices: each expert e, provides an uncertain decision matrix

k)

R — (rz(f)) € Dom(M)™ ™, rz(] € Dom(M) is the uncertain evaluation of A; under Cj.

(ii) Expert weights: w = (w1,...,wp) € [0,1]7 with > 7_ w, = 1.
(iii) Distance and similarity on Dom(M): a normalized distance
dps : Dom(M) x Dom(M) — [0,1],

and its entrywise extension to matrices

Du(R, B0) = LSS (1) e 0.1
i=1 j=1
with similarity Sy/(R®), R©) :=1 — Dy (R®, RY).
(iv) Collective aggregation across experts: a total aggregation operator
Aggr : Dom(M)P x [0,1]? — Dom (M)

extended entrywise to matrices by

R° = AggR(R(l), ...,R®); w) € Dom(M)™ "™, i = AggR(rS), A rg.’); w).

(v) Consensus index and threshold: a group consensus index
p
GCIy (R, ... RP)) :=> " wy Sy(R®, R°) € [0,1],
k=1

and a threshold 3 € [0, 1].

(vi) Opinion-update (feedback) operator: a total update map
Up,s : Dom(M) x Dom(M) x [0,1] — Dom(M),

which updates an expert’s entry toward the collective entry with acceptance degree 6 € [0,1]. At
iteration ¢, for each requested expert k and each (i, j):

Wt 41) = Upp(riP(e), 5(8), 06()),  6u(t) € [0,1].

P
(vii) Post-consensus selection: a criterion-aggregation operator
Agge : Dom(M)"™ x [0,1]" — Dom(M),
(using criterion weights v = (v1,...,v,) € [0,1]", >, vj = 1), and a scoring functional

Scoreys : Dom(M) — R.

Consensus-reaching phase. Starting from (R®)(0))!_,, define for ¢ = 0,1,2,... the collective matrix
Re(t) = Aggp(RMV(t),..., RP)(t);w) and compute GCIys(t) := GCIy (RM(t),..., RP)(t)). Consensus is
reached at the first time 7" such that GCI;(T") > 5.
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Decision (uncertain-set output) phase. Let R¢ := RY(T) be the final collective matrix. For each
alternative A;, define the overall uncertain utility degree

u; == Aggo(rsy, ..., 75, V1, .., vy) € Dom(M).
Then the mapping
i 2 A — Dom (M), e (Ai) = ug,

is the collective uncertain utility set (a U-set of type M) on A. A final ranking is induced by
A =p Ay <= Scorepr(u;) > Scoreps(uy),

and any
A* € arg max Scorens(pes(Ai))

3

is called an uncertain consensus decision.

Theorem 3.7.3 (Uncertain-set structure and well-definedness of UCDM). Consider a UCDM instance €y
as in Definition . Assume:

(A1) m,n,p>1 and A,C,E are finite nonempty.

R®) € Dom(M)™™ for all k (hence each entry rk)

A2 i € Dom(M) exists).

A3) dys is a total map Dom(M) x Dom(M) — [0, 1].
A5) Upy, is a total map with codomain Dom(M), and 0x(t) € [0,1] for all k,t.

(A2)
(A3)
(A4) Aggp and Aggq are total maps with codomain Dom(M).
(A5)
(A6)

Scoreps : Dom(M) — R is a total map; and w,v are normalized weight vectors.
Then:

(i) For every t > 0, the matrices R¥)(t) produced by the update rule are well-defined elements of
Dom(M)™*", and the collective matriz R°(t) is well-defined. Consequently GClys(t) € [0,1] is well-
defined.

(ii) If consensus is reached at some finite time T, then the post-consensus utility mapping py : A —
Dom(M) is a well-defined U-set of type M on A.

(iii) The induced relation =p; on A is a total preorder.

(iv) If consensus is reached at some finite time T' and A is finite, then the argmazx set defining an uncertain
consensus decision is nonempty.

Proof. (i) Well-definedness along iterations. Fix t > 0 and suppose inductively that R(k)(t) €
Dom(M)™*™ for all k (true at t = 0 by (A2)). By (A4), for each (7, j) the value

v (t) = Aggp(r (1), ....r) (£);w) € Dom(M)
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is well-defined, hence R°(t) € Dom(M)™*" is well-defined. By (A5), the update

Tg'c) (t+1) =Upy (7"1(]]?) (t), (1), 0x(t)) € Dom(M)

is well-defined for each k4,7, so R®¥)(t 4+ 1) € Dom(M)™ ™ for all k. Thus, by induction, all R*)(¢) and
R¢(t) are well-defined for every t.

Next, by (A3) each entrywise distance dy (rg.c) (t),75;(t)) € [0,1] is well-defined, so the averages Dy (R¥)(t), Re(t)) €

[0,1] and similarities Sy (R¥)(t), R°(t)) € [0, 1] are well-defined. Finally, GCIp(t) is a convex combination
of values in [0, 1] using weights w, hence GCI(¢) € [0, 1] is well-defined.

(ii) U-set structure after consensus. Assume consensus is reached at time 7. Then R = R¢(T) €
Dom(M)™*"™ is well-defined by (i). For each alternative A;, by (A4) the aggregation

Ui = AggCOfla s 7r1‘cn; U) € DOIH(M)

is well-defined. Therefore ps(A;) := u; defines a well-defined map 1y : A — Dom(M), i.e. a U-set of type
M on A.

(iii) =as is a total preorder. By (A6), each score Scoreps(u;) € R is well-defined. Since > on R is
reflexive, transitive, and total, the induced relation A; =5 Ay <= Scoreps(u;) > Scoreps(uy) is a total
preorder.

(iv) Existence of a maximizer for finite A. If A is finite and consensus is reached, then the finite set
of real scores {Scorens(p(Ai)) : A; € A} attains a maximum. Hence the argmax set is nonempty. O

Table presents related uncertainty-model variants of Fuzzy Consensus Decision-Making.

Table 3.7: Related uncertainty-model variants of Fuzzy Consensus Decision-Making.

Related Fuzzy Consensus Decision-Making variant(s)

Fuzzy Consensus Decision-Making
Intuitionistic Fuzzy Consensus Decision-Making
Hesitant Fuzzy Consensus Decision-Making
Spherical Fuzzy Consensus Decision-Making
Neutrosophic Consensus Decision-Making
Plithogenic Consensus Decision-Making
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3.8 Fuzzy Strategic decision making

Strategic decision making selects long-term initiatives under resource constraints, aligning actions with
organizational goals, risks, and competitive priorities [392,393]. Fuzzy strategic decision making scores
strategic plans by fuzzy goal achievement and cost satisfaction, aggregates via t-norms, selects best [394,395].
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Definition 3.8.1 (Fuzzy strategic decision-making (strategy-map based)). Let M = {M;,..., M,} be a
finite set of strategic measures (projects). A strategic plan (decision) is a vector

z=(x1,...,2p) € D C{0,1}7,

where xy = 1 means that measure M, is selected, and D encodes feasibility constraints (e.g. resource budgets,
precedence constraints).

Let G = {g1,-..,9s} be strategic goals (from a formalized strategy map). For each goal g;, fix a set

Zi ={L1,..., Lim,} of its (resultant) indicators and initial/target values (v?j, vy;) for each indicator I;;.

(1) Strategic criteria (goal-achievement degrees). For each i, assume the strategy-map formalization
provides a mapping that assigns to every plan z € D a degree of achievement

Sl(l’) S [0, 1],

interpreted as the (graded) level at which goal g; is achieved under z.

(2) Economic criteria (resource costs and efficiency). Let R = {1,...,r} be resource types. Define
cost /consumption criteria

Cu3D_>RZO (UER),

and (optionally) additional economic-efficiency criteria
E,:D—R (v=1,...,q).

Thus, the criteria are partitioned into a strategic group {S;};_; and an economic group {C,}!_; (and
possibly {E,}_,).

(3) Fuzzy evaluation and fuzzy selection. Assume each criterion is assessed fuzzily by a satisfaction
(membership) degree:
pe D —10,1] (i=1,...,s),

pul D —=00,1 (uw=1,...,r),
pf D= 0,1 (w=1,...,q).

Let T be a k-ary t-norm (conjunction operator), and let w = (w1, .., Wsyr4q) be nonnegative importance
weights with ) w; = 1. Define the overall fuzzy decision membership of a plan x by

pp () = T((Mf(ﬂﬁ))wla o (3 (@) (U () (g ()t

(W (@)™ (g ()00 ) € (0,1,

A fuzzy strategic decision (optimal strategic plan) is any
x* € arg max up(x).

S

We now define Uncertain Strategic Decision-Making (USDM), obtained by extending this framework using
Uncertain Sets.
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Definition 3.8.2 (Uncertain strategic decision-making (USDM) of type M). Let M = {M;,...,M,} be a
finite set of strategic measures (projects), and let

D C{0,1}"

be a nonempty feasible set of strategic plans, where z = (z1,...,2,) € D indicates the selected measures.
Fix an uncertain model M with degree-domain Dom(M) C [0, 1]¢.

Let G = {g1,...,9s} be strategic goals and let R = {1,...,r} be resource types. Assume that each plan
x € D induces uncertain evaluations (degrees) for:

i : D — Dom(M) (i=1,...,s) (goal-achievement degrees),

Yy : D — Dom(M) (u=1,...,7) (resource-feasibility /cost satisfaction degrees),

and optionally additional uncertain criteria
Ny : D — Dom(M) (v=1,...,q).
Let k := s+ r + ¢ and enumerate these criteria as a single family

Cl,...,Ck:D%Dom(M),

where (C1,...,C) = (¢1,---59s), ([Cot1re--sCsir) = (1,..., %), and (Cogri1s---,Ck) = (1,...,1n9) (f
g = 0, omit the last block).

(1) Aggregation in the uncertain degree-domain. Choose a total aggregation operator
k
Agg,, : Dom(M)* x A, — Dom(M), Ay = {fw e 0,1~ ij = 1}7
j=1

and fix a weight vector w € Ay.

(2) Scoring and selection. Fix a total scoring functional
Scoreps : Dom(M) — R.
Define the overall uncertain strategic utility of a plan x € D by
Unm(z) == Aggy (G (), - .., G(2); w) € Dom(M),
and the induced real score by Score(z) := Scorep;(Ups(x)) € R. An uncertain strategic decision is any plan

a* € argmax Scorep(Unr(w)).
z€D

(3) Uncertain-set output (strategic utility set). Define the mapping
ty : D — Dom(M), p(x) == Upr(z).

Then U = (D, pyy) is called the strategic uncertain utility set (a U-set of type M) induced by the instance.
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Theorem 3.8.3 (Uncertain-set structure and well-definedness of USDM). Let a USDM instance of type M
be given as in Definition[3.8.9 Assume:

(A1) p>1 and D C {0,1}? is finite and nonempty.
(A2) Dom(M) C [0,1] is nonempty and each criterion map ¢; : D — Dom(M) is total.
(A3) Agg,, : Dom(M)F x Ay, — Dom(M) is total and w € Ay.

(A4) Scoreps : Dom(M) — R is total.

Then:

(i) The mapping s : D — Dom(M) defined by py(x) = Aggr(Ci(z), ..., Ck(x);w) is well-defined; hence
U= (D, py) is a well-defined uncertain set (U-set) of type M on D.

(ii) The binary relation =pr on D defined by

x =ypy <= Scoreps(pu(x)) > Scorens(pus(y))

is a total preorder.

(iii) The set argmaxzep Scorens(py(x)) is nonempty; hence an uncertain strategic decision exists.

Proof. (i) Uncertain-set structure. Fix z € D. By (A2), each (j(z) € Dom(M) is well-defined. By
(A3), applying the total map Agg,,(-;w) to the k-tuple ((i(z), ..., kx(z)) yields a unique value

() = Aggpr (Gi(), .. ., Grx); w) € Dom(M).

Thus py : D — Dom (M) is a well-defined mapping, and therefore U = (D, ) is a U-set of type M.

(ii) Total preorder. By (A4), Scorey (pus(z)) € R is well-defined for all z € D. Since > on R is reflexive,
transitive, and total, the induced relation >j; inherits these properties, hence is a total preorder.

(iii) Existence of an optimizer. Because D is finite and nonempty by (A1), the finite set of real numbers
{Scorens(p(x)) : x € D} attains a maximum. Therefore arg max,cp Scoreys(uy(x)) # @. O

Table presents related uncertainty-model variants of Fuzzy Strategic Decision-Making.
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Table 3.8: Related uncertainty-model variants of Fuzzy Strategic Decision-Making.

Related Fuzzy Strategic Decision-Making variant(s)

Fuzzy Strategic Decision-Making
Intuitionistic Fuzzy Strategic Decision-Making
Hesitant Fuzzy Strategic Decision-Making
Spherical Fuzzy Strategic Decision-Making
Neutrosophic Strategic Decision-Making
Plithogenic Strategic Decision-Making
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3.9 Fuzzy Multi-Expert Decision-Making

Multi-expert decision-making aggregates several experts’ evaluations or pairwise preferences, weights ex-
perts, measures consensus, and produces a collective ranking or choice [396,397]. Fuzzy multi-expert
decision-making represents experts’ judgments as fuzzy numbers or linguistic terms, aggregates them via
fuzzy operators, enforces consensus, and ranks alternatives robustly [39§].

Definition 3.9.1 (Fuzzy Multi-Expert Decision-Making (FMEDM)). (cf. [399,400]) Let A = {A41,..., An}
be a finite set of alternatives, = {K7,..., K,} a finite set of criteria, and &€ = {E,..., E,} a finite set of
experts.

(1) Expert contribution factors. Assign each expert E; a contribution factor (weight) ¢; € [0, 1] such

that
n
ZCZ‘ =1.
=1

(2) Fuzzy evaluations. Let [ denote a chosen class of fuzzy numbers on R. Each expert F; provides a
fuzzy evaluation

iﬁ(ﬂzj)E]F (r:17'_,’m;j:1,...,p),

interpreted as the (uncertain/vague) performance of alternative A, under criterion Kj.

(3) Multi-expert aggregation (group evaluation). Fix fuzzy-number operations & (addition) and ®
(scalar multiplication by ¢;). The aggregated (group) fuzzy evaluation is defined entrywise by the weighted
fuzzy averaging operator

n

Tyj :z@(@@i’fﬂ?), (r=1,....m; 5=1,...,p).

i=1

(4) Aggregation across criteria and decision rule. Let wi,...,w, > 0 be criterion weights with
Z§:1 w; = 1 (crisp weights; fuzzy weights can be used analogously). Define the fuzzy overall score of A, by

p
5 = P (wy @) € F.
j=1
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Let @ : F — R be a ranking functional (e.g., a defuzzification map). A (recommended) group decision is
any
N .
A* € arg llgnTagn O(5,).

(Common instantiation: trapezoidal fuzzy numbers). A standardized trapezoidal fuzzy number
(STFN) is a quadruple & = (al, a™,a", a") with al < a™ < a™ < a* and membership function

( l

t—a
T a <t<am,
a™ —a
1, am <t <a"

pat) =9 .,

—, a" <t<a"
at —a
0, otherwise.

(
For ¢ > 0, define ¢ ® (a',a™,a",a") := (cal, ca™, ca™, ca®) and
(a',a™, a", a*) @ (b, 6™, 0", b%) == (al + V', a™ + b7, a™ + b7, a® + bY),
so the multi-expert aggregation in (3) becomes componentwise weighted averaging.
Definition 3.9.2 (Uncertain multi-expert decision-making (UMEDM) of type M). Let
A={A1,...,An} # 2 (alternatives), C=A{Ci,...,C,} #@ (criteria),

and
E={ei,...,ep} # T (experts).
Fix an uncertain model M with degree-domain Dom(M) C [0, 1]¢ (for some d > 1).

(1) Expert and criterion weights. Let
a=(al,...,0p) €Ay, Ap::{oze[O,l]p: Zahzl}’
be expert weights, and let

be criterion weights.

(2) Expert-wise uncertain evaluations. Each expert ej, provides an uncertain decision matrix
RW = (rz(]h)) € Dom(M )™ "™, rg-l) € Dom(M) evaluates A; w.r.t. C; by expert ey,.
(3) Aggregation operators in Dom(M). Choose total aggregation operators
Agge : Dom(M)? x A, — Dom(M) (across experts),

Agg, : Dom(M)"™ x A,, — Dom(M) (across criteria),
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and a total scoring functional
Scoreps : Dom(M) — R.

(4) Collective evaluation, utility, and selection. Define the collective uncertain decision matriz
R¢ = (r{;) € Dom(M)™*™ entrywise by

i = Aggg(rg), .. .,rg’);alpha) € Dom(M), i=1,....m, j=1,...,n.
For each alternative A;, define its overall uncertain utility degree by
u; = Aggc(rfl, ey T w) € Dom(M),

and its induced real score by
U; := Scoreps(u;) € R.

A (recommended) uncertain multi-expert decision is any

A* € arg max U, = argmax Scorens(u;).
81 Sidm & AeA ar(ui)

2

(5) Uncertain-set output (multi-expert utility set). Define
ty : A — Dom(M), pa(Ai) == ;.
Then U := (A, uy) is called the multi-ezpert uncertain utility set (U-set of type M) induced by the instance.

Theorem 3.9.3 (Uncertain-set structure and well-definedness of UMEDM). Let a UMEDM instance of
type M be given as in Definition[3.9.9 Assume:

(A1) A,C,E are finite and nonempty.
(A2) Dom(M) C [0,1]¢ is nonempty.

(A3) For every expert e, and every (i,j), the evaluation entry ri € Dom(M) is specified (i.e. each R\ is
a total m x n matriz over Dom(M)).

(Ad) o€ Ay and w € A,,.

(A5) Agge and Agge are total functions with codomain Dom(M), and Scoreys is a total function with
codomain R.

Then:

(i) py : A — Dom(M) is well-defined; hence U = (A, py) is a well-defined uncertain set (U-set) of type
M on A.

(ii) The binary relation >y on A given by
A; =y Ay = ScoreM(,uu(Ai)) > ScoreM(,uu(Ag))

is a total preorder.



Chapter 3. Problem-level frameworks

(iii) The maximizer set argmaxa,c.4 Scorep (pus(A;i)) is nonempty; in particular, a UMEDM solution A*
exists.

Proof. (i) Fix A; € A and C; € C. By (A3), the p-tuple (TS), . ,7“87)) € Dom(M)P is well-defined. By
(A4)-(A5), applying the total map Agge(-; ) yields a unique value

rij = Agge (7"1(';), e ,7“2?); «) € Dom(M).

Thus R € Dom(M)™*" is well-defined. Again by (A4)-(A5), the n-tuple (r§,...,r$,) € Dom(M)™ is

sy Min
well-defined and
u; = Agge (751, .- 73 w) € Dom(M)

is uniquely determined. Therefore p(A4;) := w; is well-defined for each A;, hence pyy : A — Dom(M) is a
well-defined mapping and U = (A, ) is a U-set of type M.

(ii) By (A5), each score Scoreps(14(A4;)) € R is well-defined. Since > on R is reflexive, transitive, and total,
the induced relation >, is reflexive, transitive, and total; hence it is a total preorder.

(iii) Because A is finite and nonempty by (A1), the finite set of real numbers {Scorens(pus(4;)) : Ai € A}
attains a maximum. Therefore the argmax set is nonempty, so at least one maximizer A* exists. O

Table presents related uncertainty-model variants of Fuzzy Multi-Expert Decision-Making.

Table 3.9: Related uncertainty-model variants of Fuzzy Multi-Expert Decision-Making.

Related Fuzzy Multi-Expert Decision-Making variant(s)

Fuzzy Multi-Expert Decision-Making

Intuitionistic Fuzzy Multi-Expert Decision-Making
Hesitant Fuzzy Multi-Expert Decision-Making
Spherical Fuzzy Multi-Expert Decision-Making
Neutrosophic Multi-Expert Decision-Making [401}{402]
Plithogenic Multi-Expert Decision-Making
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3.10 Fuzzy Multi-Stage Decision-Making

Multi-stage decision-making selects actions across sequential stages, where earlier choices affect later feasible
sets, costs, and outcomes, optimizing total performance [403,404]. Fuzzy multi-stage decision-making models
stage-dependent evaluations, constraints, or transitions with fuzzy sets, propagating uncertainty through
stages to choose an adaptive plan [405]406].

Definition 3.10.1 (Fuzzy Multi-Stage Decision-Making (FMSDM)). [405,406] Fix a finite horizon m € N.
For each stage i € {1,...,m}, let S; be a (finite) state set and, for each s € S;, let D;(s) be a nonempty
(finite) set of admissible decisions. Let the (crisp) transition map be

TiISiXDi(S)—)SH_l (izl,.‘.,m—l).
Assume that each stage-wise cost is given by a fuzzy number:

ﬁi : Sz X DZ(S) — f./\/’(R),
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where FN(R) denotes the class of fuzzy numbers on R.

A (deterministic) policy is a sequence m = (71, ..., m,) with m;(s) € D;(s). Given an initial state s; € Sy,
the induced trajectory is
Si+1 :Ti(Si,Tri(Si)) (/L:]-vvm_]')a

and the induced composite fuzzy cost is the fuzzy number
BT (s1) == Bi(s1,m(s1)) ® Ba(s2,m2(s2)) ® -+ ® Bu(Sm>Tm(sm)),
where @ is the extended (fuzzy) sum defined by a-cuts: for fuzzy numbers X,Y and « € (0, 1],

(X ®Y]oa=[X]a+[Y]a (Minkowski sum of intervals).

To compare fuzzy costs under a minimization objective, fix the a-cut dominance preorder < on FN (R): for
fuzzy numbers X, Y,

X %Y < VYae (0,1]: inf[X], <inf[Y], and sup[X], < sup[Y]a.

Write X <Y if X <Y and not Y < X.

A policy 7* is called (dominance-)optimal at sy if there is no policy 7 such that 87(s1) < 8™ (s1). Equiva-
lently, the (possibly set-valued) solution set is the set of <-minimal composite costs:

IT*(s1) := {7‘(‘ . Fn’ with 87 (s1) < ﬂ”(sl)}.

Definition 3.10.2 (Extended minimum cost and fuzzy set of best policies). Assume II is a finite set of
admissible policies (e.g., all deterministic policies over finite S; and D;(-)). Define the extended minimum
of fuzzy numbers (X/rc)]k,\[:1 by Zadeh’s extension principle:

- (u) = sup min X (Uk;) u € R.
min(X1,..., Xn) u=min(uy,...,uy) TSFEN ’ ,

Then the minimum (extended) fuzzy cost at s; is

B*(s1) := ai?l{,@”(sl) T mTE H}.

To associate a fuzzy set of best policies with 3*(s1), fix any well-defined matching (similarity) index Match :
FN(R) x FN(R) — [0,1]. A common choice is the intersection height:

Match(X,Y) := sup min{ux (u), uy (u)}.
u€R

Define the fuzzy set IT*(s;) on II by
Nﬁ*(31)(7") := Match (87 (s1), 8" (s1)).

In particular, if a unique policy 7* strictly dominates all others (under <), then ﬁ*(sl) collapses to the
crisp singleton {7*}.



Chapter 3. Problem-level frameworks

We now define Uncertain Multi-Stage Decision-Making (UMSDM) by extending stage-wise evaluations from
fuzzy quantities to a general uncertain model M with degree-domain Dom(M) C [0, 1]*.

Definition 3.10.3 (Uncertain Multi-Stage Decision-Making (UMSDM) of type M). Let M be an uncertain
model with degree-domain
Dom(M) C [0,1]*

for some integer k > 1. Fix a finite horizon m € N.

For each stage i € {1,...,m}, let S; be a finite nonempty state set, and for each s € S;, let D;(s) be a finite
nonempty set of admissible decisions at stage 7. Define the feasible state-decision set

D; = {(s,d): s € S;, d € Di(s)}.

Foreachi=1,...,m—1, let
Ti: Di — Sipa

be a (crisp) transition map, and for each i = 1,...,m, let

be the uncertain stage-evaluation map, where (;(s,d) represents the uncertain cost, utility, reward, or
performance degree associated with taking decision d in state s at stage 1.

Assume further that a model-dependent stage-composition operator
Comp,; : Dom(M)™ — Dom(M)
and a model-dependent ranking functional
Scoreps : Dom(M) — R

are fixed.

A deterministic policy is a sequence
T = (71, yTm),

where each
T . SZ — U Dl(S)
SES;

satisfies m;(s) € D;(s) for all s € S;. Let II; denote the set of all such stage-i decision rules, and let
=T % --- x I,

be the set of all deterministic policies.

Given an initial state s; € S1 and a policy 7 € II, the induced state trajectory

is defined recursively by

T s o ™
51 . — 51, Si+1 . — Ti(S
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The induced stage-wise uncertain evaluations are

b7 (s1) == Bi(s],mi(s])) € Dom(M) (i=1,...,m).

The composite uncertain performance of w at sy is
Bj(s1) :== Compy; (b7 (s1), - .., b, (s1)) € Dom(M),
and the associated scalarized performance value is

Jir(s1) := Scoren (Bj;(s1)) € R.

Under a minimization objective, define the induced policy preorder by
T2 p = Ji(s1) < I (s1)-
A policy n* € 11 is called optimal at s; if
Jif (s1) = min J3;(s1)-
Equivalently, the optimal-policy set is

1T} = inJj )
b (s1) := argmin Jy (1)

If a maximization objective is intended instead, one replaces arg min with arg max, or equivalently replaces
< with > in the induced preorder.

Theorem 3.10.4 (Well-definedness of UMSDM of type M). Let M be an uncertain model with degree-
domain Dom (M) C [0,1]%, and let

tar = ((S)721s (D)2, (7)i, (Bi)iZy, Compyy, Scoren)

be a UMSDM instance as in Definition|5.10.5. Assume:

(A1) each S; is finite and nonempty;
(A2) each D;(s) is finite and nonempty for every i € {1,...,m} and s € S;;

(A3) each transition map
Ti5Di_>Si+1 (i:1,...,m—1)

is a total function;

(A4) each stage-evaluation map
Bi:Di = Dom(M) (i=1,...,m)

is a total function;

(A5) the composition operator
Comp,; : Dom(M)™ — Dom(M)

is a total function;
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(A6) the ranking functional
Scoreps : Dom(M) — R

is a total function.
Then, for every initial state s1 € S1, the following statements hold:

(i) the policy set 11 is finite and nonempty;

(ii) for every policy w € 11, the induced trajectory

™
m

ST,85,...,8
is uniquely determined;
(iii) for every policy m € 11, the stage-wise uncertain evaluations
b7 (s1) € Dom(M) (t=1,...,m)
and the composite uncertain performance
Bj;(s1) € Dom(M)
are well-defined;
(iv) for every policy w € 11, the scalar value
Ji1(s1) = Scorer (Bj(s1)) € R
is well-defined;
(v) the relation <p; on 11, defined by
T =mp = Ji(s1) < J5(s1),
is a total preorder;

(vi) the optimal-policy set
IT3;(s1) = argmin Jj;(s1)
well

15 nonempty.
Hence Uncertain Multi-Stage Decision-Making of type M is well-defined.

Proof. First, for each stage i, define
I == {mi : Si = Uses, Di(s) : mi(s) € Di(s) for all s € S;}.

Since S; is finite and each D;(s) is finite and nonempty, the number of such functions is

Il = T 1Di(s)l,

SES;
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which is a positive finite integer. Therefore each II; is finite and nonempty, and hence
M=T10 x - x I,

is also finite and nonempty. This proves ().

Next, fix an initial state s; € S7 and a policy m € II. We show that the induced trajectory is uniquely
determined. Set s := s1. Assume inductively that s] € §; has been uniquely defined for some i €
{1,...,m —1}. Because m;(s]') € D;(s]), the pair

(S?,m(s?)) € D;.
By assumption (A3), the transition map 7; is total, so
Sp =T (5?,77,-(3?)) € Sit1

exists and is unique. By induction, the whole trajectory

™

s ™
51,89+, 5,

exists and is unique. Thus (i7) holds.

For each stage 4, since
(S?, 71'1(3;7)) c Di

and 3; : D; — Dom(M) is total by (A4), the value
b7 (s1) := Bi(sT, mi(s7))
is well-defined and belongs to Dom(M). Hence the m-tuple
(b7 (s1),...,b],(s1)) € Dom(M)™
is well-defined. By (A5), the composition operator Comp,, is total, so
Bj(s1) = Compy, (b7 (s1), - .., b],(s1)) € Dom(M)

is well-defined. This proves (ii).

By (A6), Scorey is a total map from Dom(M) into R. Therefore
Jir(s1) := Scoreps (Bjy(s1)) € R

is well-defined for every = € II. Thus (7v) holds.

Now define, for m, p € II,
T =2mp = Ji(s1) < JP(s1).

Since < on R is reflexive, transitive, and total, the induced relation <j; on II is also reflexive, transitive,
and total. Hence </ is a total preorder. This proves (v).

Finally, because II is finite and nonempty by (7), the set

{J3f(s1):mell} CR
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is a finite nonempty set of real numbers. Every finite nonempty subset of R attains its minimum. Therefore
there exists at least one policy n* € 1I such that

JT; = min J7}, .
a (s1) frnelnn rr(s1)
Equivalently,

I3, (s1) = argmin J3;(s1) # 2.
well

Thus (vi) holds.

All required objects therefore exist and are unambiguously defined. Hence UMSDM of type M is well-
defined. O

Table presents related uncertainty-model variants of Fuzzy Multi-Stage Decision-Making.

Table 3.10: Related uncertainty-model variants of Fuzzy Multi-Stage Decision-Making.

Related Fuzzy Multi-Stage Decision-Making variant(s)

Fuzzy Multi-Stage Decision-Making
Intuitionistic Fuzzy Multi-Stage Decision-Making
Hesitant Fuzzy Multi-Stage Decision-Making
Spherical Fuzzy Multi-Stage Decision-Making
Neutrosophic Multi-Stage Decision-Making
Plithogenic Multi-Stage Decision-Making

I W W W N |

3.11 Fuzzy Multi-Level Decision-Making

Multi-level decision-making models hierarchical leaders and followers, where upper-level decisions constrain
lower-level responses, solved as bilevel or hierarchical optimization problems [407-H409]. Fuzzy multi-level
decision-making introduces fuzzy goals, constraints, or preferences at different hierarchy levels, yielding
compromise solutions under imprecise leader—follower information.

Definition 3.11.1 (Fuzzy L-Level Decision-Making). Let L > 2 be the number of decision levels. For each
level ¢ € {1,...,L}, let zy € Xy C R™ be the decision vector controlled by the ¢-th level, and set

L
T = (:rl,...,:cL) e X = HXg.
=1

Assume that uncertainty /imprecision is modeled by fuzzy numbers. Let R denote a chosen class of fuzzy
numbers on R. For each level ¢, let the (fuzzy-valued) objective be

fg X > R
Let the system constraints be given by fuzzy-valued mappings

§T:X—>R, r=1,...,p.

Fix:
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o an order-inducing ranking functional R : R — R (e.g., a defuzzification/ranking operator) that will
be used to compare fuzzy objectives;

o a feasibility satisfaction level n € (0,1].

For a fuzzy number Z € R with membership function ps : R — [0, 1], define the possibility that Z < 0 by

Pos(z <0) := sup uz(t) €10,1].
<0

Define the n-feasible set

F, = {xEX: Pos(f]?«(x)SO)anorallrzl,...,p}.

Define recursively the rational-response correspondences Sy (backward induction):

Srp(r1.p-1) := arg min {R(fL(SULL—l,ZUL)) D (w1p-1,7L) € Fn}7
Z‘LEXL

Se(x1.0-1) = arg min {R(fe($1:z—1,$e,:ﬂe+1:L)) s3xpp1. € Spqr1(21e), (T1:L) € Fn},
Ty 14

for{=L—-1,L—2,...,1, where z;;; := (2;,...,2;).

*

A vector z* = (27,...,27) € F;, is called a fuzzy L-level (Stackelberg) solution if
x5, € So(z]) and a7 € S$1(9),
equivalently, if z* is generated by the above backward-induction optimal reactions.

Remark 3.11.2 (Recovery of classical multilevel programming). If all data are crisp (so f and gr take
values in R), Pos(g,(z) < 0) € {0,1}, and one takes n = 1 with R equal to the identity, then Definition(3.11.1
reduces to the standard (crisp) L-level Stackelberg decision/optimization model.

Theorem 3.11.3 (Well-definedness / existence under compactness). Assume:

1. each Xy is nonempty and compact;

2. F, is nonempty and closed in X (hence compact);

3. for each £, the scalarized objective x +— R(fe(x)) is continuous on X.

Then for every £, the correspondence Sy is nonempty-valued, and there exists at least one fuzzy L-level
solution x* € F,.
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Proof. We argue by backward induction.

Level L. Fix x1.1,—1 such that the feasible slice {z} € X, : (1’1:L—1,$L)~ € F,} is nonempty. Because F; is
closed and X7, is compact, this slice is compact. Continuity of 21, — R(fr(x1.1—1, 1)) implies the minimum
is attained (Weierstrass theorem), hence Sp(z1.1—1) # .

Induction step. Assume Spy1 is nonempty-valued. Fix x1.,—1 and consider the set of admissible z, € X, for
which there exists z¢41.1, € Spy1(21.¢) with (21.) € F;). Nonemptiness follows from the induction hypothesis
together with F;, # @. Compactness follows from compactness of X and closedness of F;, (after projecting
onto the relevant coordinates). Since z — R(fy(z)) is continuous on X, the induced minimization over this
compact nonempty set attains its minimum, so Sp(z1.0—1) # .

Applying this to ¢ = 1 yields a nonempty S1(&) and thus a backward-induction chain producing at least
one z* € F),. O

We now define Uncertain Multi-Level Decision-Making (UMLDM) by replacing the level-wise crisp/fuzzy
objectives in multi-level decision-making with uncertain-set-valued objectives, in the sense of [20,142].

Definition 3.11.4 (Uncertain L-Level Decision-Making (UMLDM) of type M). Let L > 2 be the number
of hierarchical decision levels, and let M be an uncertain model with degree-domain

Dom(M) C [0,1]*

for some integer k > 1.

For each level £ € {1,..., L}, let X; be a nonempty decision set for the ¢-th decision maker, and put

L
X = HXg.
/=1

An element of X is written as
x:(azl,...,xL), xp € Xy

We write

Assume that the set of globally feasible decisions is a nonempty subset
Fy C X.

For each level ¢ € {1,..., L}, let
fer : X — Dom(M)

be the uncertain objective map of level £, and let
Scorey pr : Dom(M) — R

be a total ranking / scalarization map used to compare uncertain objective values at level £. Thus each pair
(X, fe,m) is an uncertain set (U-set) of type M on the common decision universe X.
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For each ¢ € {1,..., L} and each feasible prefix x1.4_1, define the feasible continuation set
¢
Fz&)(ﬂ?hz—ﬁ = {app € Xp x - X X1t (w1021, w0.1) € Fr}
For convenience, when ¢ = 1, we interpret x1.9 as the empty prefix @, so that

F{P(2) = Fr.

The rational-response correspondences are defined recursively from the lowest level upward.

Level L: for each feasible prefix x1.;,_1, set

Rim(x1.p—1) := arg min Scorer, m( frm(z1:0-1,21)).
ILGFJ(W )(@1.0-1)

Levels { = L—1,L—2,...,1: for each feasible prefix x1.p_1, define the admissible rational-continuation set

Ao v (z1:0-1) = {IL’@:L € Fﬁ)(l’uq) CXpyrL € R£+1,M($1:Z)}7

and then define

Reni(x10-1) = arg min Scoreg a( fo v (@101, e1))-
xp. L €Ag 0 (T1:0-1)

An element

¥ = (af,...,x7) € Fi;

is called an uncertain L-level solution (or uncertain Stackelberg solution) of type M if

S RLM(Q).

Equivalently, x* is obtained by backward induction, where each level ¢ chooses a continuation minimizing

its scalarized uncertain objective under the assumption that all lower levels £+ 1, ..., L respond rationally.

Remark 3.11.5 (Specializations). If M is the fuzzy model with Dom(M) = [0, 1], then Definition
reduces to a fuzzy multi-level decision-making model. If M is chosen as an intuitionistic fuzzy, neutrosophic,
plithogenic, or other uncertainty model, then one obtains the corresponding uncertainty-aware multi-level
decision-making framework by changing the degree-domain Dom(M) and the model-dependent ranking
maps Scoreg py.

Theorem 3.11.6 (Well-definedness of UMLDM). Let

M = (Lv M? (Xf)é;b FMv (f&M)él:l’ (SCOI‘e&M)%:l)

be a UMLDM instance as in Definition|3.11.4). Assume:

1. each Xy is finite and nonempty;

2. FyCX = Hf:l Xy is nonempty;
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3. for each £ € {1,...,L}, the map
fer + X — Dom(M)

is total;

4. for each ¢ € {1,...,L}, the map
Scorey pr : Dom(M) — R

is total.
Then the following hold.

1. For every £ € {1,...,L} and every feasible prefix x1.4—1 arising from some feasible vector in Fys, the

easible continuation set F(Z) T1.4—1) %S a finite nonempty set.
M

2. For every ¢ € {1,...,L} and every such feasible prefix x1.4—1, the response set Ry nr(x1.0-1) is well-
defined and nonempty.

3. In particular, R1 (D) # &, so the set of uncertain L-level solutions is nonempty.

Hence Uncertain Multi-Level Decision-Making of type M is well-defined.

Proof. For each ¢ € {1,..., L}, define the set of feasible prefixes of length £ — 1 by
Py = {fﬂu—l € X1 x - x Xy_1: 3xpp with (21.0-1,201) € FM}-

By convention,

Py = {@}
Since Fy; # @, we have Py # &.

We prove by backward induction on £ that for every z1.,_1 € Pr_1,

Fﬁ) (21:0-1)

is finite and nonempty, and
Re v (x1:0-1)

is well-defined and nonempty.

Step 1: the last level / = L.

Fix x1.;,1 € Pr_1. By definition of P _1, there exists at least one x;, € X, such that
(r1.0-1,21) € Fur.

Hence .
F]$4)(331:L—1) ={zr € X : (v1.0-1,21) € Fum}

is nonempty. Since X7, is finite, F]Ef) (z1.1,—1) is also finite.
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Because fr, u is total, for each zp, € F]Ef) (1.2-1),
fo.m(z1.-1,21) € Dom(M)
is defined. Because Scorey, s is total,
Scorer, m(frm(w1:-1,21)) € R

is defined for every zj, € F]E;) (x1.0-1)-

Therefore we are minimizing a real-valued function over a finite nonempty set. Hence the minimum is
attained, so

Rrm(x1.—1) = arg min Scorer, p(fr,m(21:0-1,21))
xLeFjﬁ/, )(@1:0-1)

is well-defined and nonempty.

Step 2: induction step.

Assume that for some ¢ € {1,..., L — 1}, the statement has already been proved for level ¢ + 1; namely, for

every feasible prefix x1.y € Py,
(£+1)
F M (x I:Z)
is finite and nonempty, and

Ret1,m(T1:0)

is well-defined and nonempty.

Now fix z1.0_1 € Py_1. By definition of P,_q, there exists some
Ty € Xp X -+ X X,
such that
(T1:0-1,%e.1) € Fr.

Hence ¢
F\(10-1)

is nonempty; since Xy X --- x X, is finite, it is also finite.

Let Z, denote the ¢-th component of Zy.;,. Then
(T1:0-1, %0, Tey1:1) € Fur,

so the prefix
(x1:€—17j€) €p.

By the induction hypothesis,
Rip1m(X10—1,%0) # 9.

Choose any
Yot1:1 € Reg1,m(T1:0-1, Te).
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Again by the induction hypothesis,
{41 _
Yor1:L € F]Ef )(331:@—1,934),

which means

(1:0-1,Zp, Yet1:.1) € Fr-

Therefore

(Zo, yosr:n) € Ao (T1.0-1)-

So the admissible rational-continuation set

A (21:.0-1)

is nonempty. Since it is a subset of the finite set F]Ef}) (1.0—1), it is finite.

Now, for every
ze.r, € Apy(T1:0-1),

the point (x1.4—1,2.1) € X is defined, hence by totality of fy ar,
Jevr(x1:0-1,2¢.1,) € Dom(M)
is defined; and by totality of Scorey s,

Scoreg avi( fo, v (@1:0-1, ze:1)) € R

is defined.

Thus Ry ar(x1.0—1) is the argmin of a real-valued function over a finite nonempty set:

R (z1.0-1) = arg min Scoreg ai( fo v (@1:0-1, Ter))-
xp. L €A p(T10—1

Hence Ry nr(21.0—1) is well-defined and nonempty.

This completes the backward induction.

Applying the result to £ = 1, we obtain that

Rim(9) # @.

Every element of R /(@) is an uncertain L-level solution. Therefore the solution set is nonempty, and
UMLDM is well-defined. O

Table presents related uncertainty-model variants of Fuzzy Multi-Level Decision-Making.
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Table 3.11: Related uncertainty-model variants of Fuzzy Multi-Level Decision-Making.

Related Fuzzy Multi-Level Decision-Making variant(s)

Fuzzy Multi-Level Decision-Making
Intuitionistic Fuzzy Multi-Level Decision-Making
Hesitant Fuzzy Multi-Level Decision-Making
Spherical Fuzzy Multi-Level Decision-Making
Neutrosophic Multi-Level Decision-Making
Plithogenic Multi-Level Decision-Making

S W W W |

3.12 Fuzzy Multi-Agent Decision-Making

Multi-agent decision-making coordinates or analyzes multiple autonomous agents with possibly conflict-
ing utilities, seeking joint policies, equilibria, or negotiated agreements under interaction rules [410-H412].
Fuzzy multi-agent decision-making represents agents’ utilities, beliefs, or strategies by fuzzy sets, enabling
negotiation and coordination under vague preferences and uncertain perceptions.

Definition 3.12.1 (Fuzzy-number domain). Let ' denote the class of (real) fuzzy numbers, i.e., fuzzy sets
a on R with membership function uz : R — [0, 1] that are (i) normal, (ii) convex, (iii) upper semicontinuous,
and (iv) have compact support. For o € (0, 1], the a-cut is the (nonempty) compact interval

3 = {z €R: pa(x) > a} = [a(a), a(a)).
Define the (Zadeh-extension) sum & @ b € F and positive scalar product y ® @ € F (y > 0) by a-cuts:
(a®b)* =a®+b* =[aa) + b(a),a(a) +b(a)], (yOa)*=~a%

Definition 3.12.2 (Fuzzy multi-agent decision-making). Let

A={A4y,...,An} (alternatives),

C={Ci,...,Cy} (criteria),
D={1,...,K} (agents).

A Fuzzy Multi-Agent Decision-Making (FMADM) instance is a tuple

FMADM = <A7 C,D, (X(k)>k€D7 (w(k))kED> A Agg7 Score, H)v

where:

1. For each agent k € D,
X(k) _ (fi(k))mxn e Fmxn

ij
is the fuzzy evaluation matrix, with ¥ er describing the (perceived) performance of A; on C; by

ij
agent k.

2. For each agent k € D,

w® = @ ey e, Y w =1,

n

is the criterion-weight vector of agent k (crisp weights; fuzzy weights can be handled analogously by
(k) ~ (k)
el).

replacing w; with w;
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3. A= (\1,..., k) € [0,1]% is the agent-importance vector with Zszl A = 1.

W

. Agg : FK — F is an agent-aggregation operator. A canonical choice is the weighted fuzzy mean
K
Agg(ay,...,ak) := @)\k O ag.

5. Score : F — R is a scoring (defuzzification) functional. A standard example is the centroid score

Jg  pa(x) de

Score(a) = [ o) d

, assuming /ud(az) dx > 0.
R

6. II is a decision rule producing either a ranking < on A or a choice set S C A.

The collective fuzzy evaluation matrix is defined entrywise by

Zij = Agg()),... 30 €F, X = (Fi)mxn € FO
A common induced (collective) fuzzy utility of A; is
n
ﬂi::@iji“ijGIF, with some w € [0, 1]" ij—l e.g., w—Z)\kw
j=1
Then II may return the score-based preorder
A; = Ay < Score(u;) < Score(y),
or the maximal (choice) set S = {A; € A: Score(u;) = max, Score(d,)}.

Theorem 3.12.3 (Well- deﬁnedness of the canonical FMADM aggregation). Assume F is as in Defini-

tion Let Agg(ay,...,ax) = @le Ax © ag with Ay > 0 and 22{:1 A = 1. Then, for every
(a1,...,a ) € FX, one has Agg(al, ...,ag) € F. Consequently, the collective matriz X in Definition|3.12.2

is well-defined in F™*",

Proof. Fix a € (0,1]. Each aj is a compact interval in R. By the a-cut definitions,

K o K
(Browm) = wa,
k=1 k=1

which is a (nonempty) compact interval since Minkowski sums and nonnegative scalar multiples preserve
compact intervals. Standard closure properties for fuzzy numbers imply that the resulting fuzzy set is again
normal, convex, upper semicontinuous, and has compact support; hence it lies in F. Applying this entrywise
yields X € Fmx", O

We now define Uncertain Multi-Agent Decision-Making (UMADM) by extending fuzzy multi-agent decision-
making from fuzzy-number-valued evaluations to a general uncertain model M with degree-domain Dom (M) C
[0, 1]*.
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Definition 3.12.4 (Uncertain Multi-Agent Decision-Making (UMADM) of type M). Let
A={A41,...,An} (alternatives), C=A{Ci,...,Cy} (criteria), D={1,...,K} (agents),

where m,n, K € N and m,n, K > 1.

Fix an uncertain model M with degree-domain
Dom(M) C [0,1]*

for some integer k > 1.

An Uncertain Multi-Agent Decision-Making instance of type M is a tuple
UMADM ;= (A4,€,D, (X} Jkep, () rep, A, Aggar, Utilar, Scoreny ).

where:

1. For each agent k € D,

X% — (Y, € Dom(M)™*"

ij
(k)

is the uncertain evaluation matriz of agent k, where pu, ;€ Dom(M) denotes the uncertain assessment

of alternative A; under criterion C; given by agent k.

2. For each agent k € D,
wg\? = (wgk), . ,w,(lk)) € Dom(M)"

is the uncertain criterion-importance profile of agent k. (If desired, one may instead use crisp weights
w®) € [0,1]", but here we keep the general uncertain form.)

A=(AL) €005 Y =1,

is the agent-importance vector.

Agg,s : Dom(M)® — Dom(M)

is a model-dependent agent-aggregation operator, used to combine the K agent-specific assessments of
the same entry into a collective uncertain assessment.

Utilps : Dom(M)™ x Dom(M)"™ — Dom(M)

is a model-dependent utility aggregation operator, used to combine the collective criterion-wise assess-
ments of an alternative with a collective criterion-weight profile.

Scoreps : Dom(M) — R

is a ranking functional (score / scalarization map).
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The collective uncertain evaluation matriz is defined entrywise by

pij = Aggyy (MEJI-), - -,uff{)) € Dom(M),  Xnr:= (Kij)mxn € Dom(M)™*".

Similarly, the collective uncertain criterion-weight profile is defined componentwise by

wj = AggM(w](.l), . ,wj(.K)) € Dom(M), wpr = (w1, ... ,wp) € Dom(M)".

For each alternative A; € A, define its collective uncertain utility by
u; == Utilys (i, - - - fin)s (w1, - - ., wpn)) € Dom(M).

The induced score of A; is
s; := Scoreps(u;) € R.

The collective preference relation =y on A is defined by

A; =y Aj <~ SZ‘ZS]'.

A solution of UMADM), is any alternative

A* € arg max s;.
AiE.A

The corresponding set of optimal alternatives is denoted by

*
= arg max s;.
M gA~ A %

7

Remark 3.12.5 (Interpretation). Definition [3.12.4] separates the multi-agent decision process into three
layers:

1. agent-wise uncertain assessments X](\f[) and weight profiles w](\]f[);

2. inter-agent aggregation via Agg,;

3. alternative-wise utility construction via Utilys, followed by ranking through Scorey,.

Thus UMADM is a model-independent framework: once M, Agg,;, Utilys, and Scoreys are specified, one
obtains a concrete uncertainty-aware multi-agent decision method.

Remark 3.12.6 (Specializations). If M is the fuzzy model with Dom(M) = [0, 1], then Definition
reduces to a fuzzy multi-agent decision-making framework. If M is chosen as an intuitionistic fuzzy, neu-
trosophic, hesitant fuzzy, spherical fuzzy, plithogenic, or other uncertainty model, then one obtains the
corresponding uncertainty-aware multi-agent decision-making setting by replacing Dom(M), Agg,,, Utilyy,
and Scoreys accordingly.
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Theorem 3.12.7 (Well-definedness of UMADM of type M). Let
UMADM ; = (A ¢, D, (X)iep, (W) iep, X, Aggyy, Utilar, S )
M s Uy Ly M k€D, wM )k€D7 , NAEC 7, ti M, DCOTepr

be a UMADM instance as in Definition |3.12.4. Assume:

(A1) A, C, and D are finite nonempty sets;

(A2) for each k € D,

X](\f}) = (,ugc)) € Dom(M)™*" and wg\]f[) = (wgk), .., w®Yy e Dom(M)™;

(A3)
Aggys - Dom(M)X — Dom(M)

is a total map;

(A4)
Utilps : Dom(M)"™ x Dom(M)™ — Dom(M)

is a total map;

(A5)
Scoreys : Dom(M) — R

is a total map.
Then the following objects are well-defined:

(i) the collective uncertain evaluation matriz

XM = (,uij)an c Dom(M)mxn;

(7i) the collective uncertain criterion-weight profile

wyr = (Wi, ..., wy) € Dom(M)™;

(iii) the collective uncertain utilities

u; € Dom(M) (1=1,...,m);

(iv) the real-valued scores
s; = Scoreps(u;) € R (t=1,...,m);

(v) the preference relation =p; on A, defined by
A =y Aj > 8; = Sj,

which is a total preorder;
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(vi) the optimal set
A} = arg max s;
M gAZEJ)i v

which is nonempty.

Hence Uncertain Multi-Agent Decision-Making of type M is well-defined.

Proof. By (A1), thesets A ={A;,..., A}, C={C1,...,Cy},and D = {1, ..., K} are finite and nonempty.

Step 1: Well-definedness of the collective matrix X,.

Fixi e {l,...,m} and j € {1,...,n}. By (A2), for every k € D,
ul(f) € Dom(M).

Hence the K-tuple

1 K
(,ugj), ce /j,z(»j )) € Dom(M)E.
Since Agg,, is total by (A3), the value
K
[ij = AggM(MS),---,ufj )

is defined and belongs to Dom(M). Because this holds for every pair (i, j), the matrix
Xy = (Mij)mxn

belongs to Dom(M)™*™. Thus (i) is proved.

Step 2: Well-definedness of the collective weight profile w;,.

Fix j € {1,...,n}. By (A2), for every k € D,
k
wj(- ) e Dom(M).

Hence
(wj(-l), e ,wj(K)) € Dom(M)~.

Again by totality of Agg,,,
1) (K))

wj = AggM(w§ .
is defined and belongs to Dom(M). Therefore
wyr = (w1, ..., wy) € Dom(M)".

So (ii) holds.

Step 3: Well-definedness of the collective uncertain utilities u;.
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Fix i € {1,...,m}. From Step 1,
(wi1, - -, pin) € Dom(M)",

and from Step 2,
(Wi, ..., wy) € Dom(M)".

Hence
((Mih ey in), (Wi, - ,wn)) € Dom(M)" x Dom(M)".

By totality of Utily; in (A4), the value
U; = UtﬂM((Mila RN Nin)a (wl, ce ,wn))
is defined and belongs to Dom(M). Thus (iii) holds.

Step 4: Well-definedness of the scores s;.

By Step 3, u; € Dom(M) for each i. Since Scoreys is total by (A5),
s; := Scoreps(u;) € R

is well-defined for every i = 1,...,m. Hence (iv) holds.

Step 5: The induced preference relation is a total preorder.

Define
Ai M Aj = 5 > Sj.

Since > on R is reflexive, transitive, and total, the induced relation =j; on A is also reflexive, transitive,
and total. Therefore > is a total preorder on A. This proves (v).

Step 6: Existence of an optimal alternative.

The set of scores
{s1,...,sm} CR

is finite and nonempty because A is finite and nonempty. Every finite nonempty subset of R has a maximum.
Hence there exists at least one index ¢* € {1,...,m} such that

Six — 1Max Sj.
1<i<m

Therefore
A = arg max s; # .
M g an s #

So (vi) holds.

All required objects are thus well-defined, and the optimal set is nonempty. Hence UMADM of type M is
well-defined. O

Table presents related uncertainty-model variants of Fuzzy Multi-Agent Decision-Making.
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Table 3.12: Related uncertainty-model variants of Fuzzy Multi-Agent Decision-Making.

Related Fuzzy Multi-Agent Decision-Making variant(s)

Fuzzy Multi-Agent Decision-Making
Intuitionistic Fuzzy Multi-Agent Decision-Making
Hesitant Fuzzy Multi-Agent Decision-Making
Spherical Fuzzy Multi-Agent Decision-Making
Neutrosophic Multi-Agent Decision-Making
Plithogenic Multi-Agent Decision-Making

S W W W |

3.13 Fuzzy Multi-Scenario Decision-Making

Multi-scenario decision-making evaluates alternatives under several scenarios, aggregates scenario outcomes
using probabilities or weights, and selects robust or expected-optimal alternatives [413,/414]. Fuzzy multi-
scenario decision-making treats scenario performances or scenario weights as fuzzy, aggregating with fuzzy
expectation, worst-case, or regret criteria to select robustly.

Definition 3.13.1 (Fuzzy multi-scenario decision model). A fuzzy multi-scenario decision-making problem
is a tuple

D= (Xv K> (KJ);W:D (}/}t)j,ta Za H, w, T, Agg07 AggSa j)>

where:

10.
11.

. X ={x1,...,z,} is the finite set of alternatives.

. K ={Kj,...,Ky} is the finite set of (top-level) criteria.

For each j € {1,...,m}, K; = {kj1,...,kj7;} is the finite set of indicators (subcriteria) defining
criterion K.

For each indicator kj;, Yj; is its value domain (numerical, ordinal, linguistic, etc.).

¥ ={o1,...,0s} is a finite set of scenarios (distinct requirement profiles / evaluation policies).

p is a family of scenario-dependent membership mappings (defined precisely in Definition [3.13.2)).
w = (wi,...,wp) € [0,1]™ is a criterion-weight vector with > ", w; = 1.

7= (m,...,m) € [0,1]° is a scenario-weight vector with > >, m, = 1.

Agg . is a criterion-aggregation operator (within a scenario).

Aggg is a scenario-aggregation operator (across scenarios).

= is a total preorder on the chosen score space (e.g., on [0, 1] or on a class of fuzzy numbers) used for
ranking.

Definition 3.13.2 (Scenario-dependent membership structure). Fix z € X, j € {1,...,m}, and a scenario
o € Y. Let the indicator observations for = be

yir(x) €Y (t=1,...,Tj).

A scenario-dependent indicator membership is a mapping

wi : Yie — [0,1], Y — 3 (y),
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and the induced scenario-dependent criterion satisfaction is defined by an indicator-aggregator ®7 as

5 (@) 1= 0F (W51 (1 (2)), - 15, (g, (2))) € [0, 1],
Typical choices include:

®7 =min (conjunctive / “all indicators must be good”),

®7 =max (disjunctive / “any indicator may suffice”),

or a weighted mean on [0,1], or a t-norm/t-conorm composition. Scenario semantics (e.g., obligatory,
desirable, not required) are encoded by how pJ, and @7 are chosen.

Definition 3.13.3 (Within-scenario overall score). Assume the score space is [0,1]. For each scenario
o € X, define the within-scenario overall score

U?(x) == Agge (1] ())j21; w) € [0,1].

A canonical (compensatory) choice is the convex combination
m
U7 (2) = 3w (1),
j=1

A canonical non-compensatory alternative is the weighted minimum

A.
U°(x) = min (u}’(w)) >0,

1<j<m
or any monotone aggregation on [0, 1] compatible with the intended decision logic.

Definition 3.13.4 (Across-scenario aggregation and ranking). Define the multi-scenario overall score of
xz € X by

Ule) = Aggs (U7 (2))imy: 7).

A standard choice is again the convex combination

U(z) = ZTI’T U (z) €0, 1].
r=1
The induced ranking is
Tg 2Ty U(xa) < U(Ib)v

and the set of optimal alternatives is

argmaxU(zx) ={z e X: U(x) >U(z) Vz € X}.

rzeX

Proposition 3.13.5 (Well-definedness). Assume:

1. For every o € X, j, and t, pug, : Yjr — [0, 1] is well-defined.
2. For every o and j, ®7 : [0, 15 — [0,1] is well-defined.
8. we[0,1™ and Y71 wj =1, and 7 € [0,1]° and 377_, 7 = 1.

4. Agge : [0,1)™ x Ay, — [0, 1] and Aggg : [0,1]° x Ay — [0,1] (where Ap,, Ag are simplices of weights)
are aggregation operators that return values in [0, 1].
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Then for every x € X, the quantities puf(x), U’(x), and U(z) are well-defined and belong to [0,1]. Hence,
Definition yields a well-defined ranking.

Proof. Fix x € X. By (1), each puf,(y;i(z)) € [0,1] is defined. By (2), uJ(x) = ®7(---) € [0,1] is defined
for each j. Thus (uf(z))j2; € [0,1]™, and by (4) we obtain U%(x) = Aggq((p] (2));;w) € [0,1]. Likewise,
(U (x))i_; € [0,1]°, and by (4) again U(z) = Aggs((U"(x)),;m) € [0,1]. Therefore U : X — [0,1] is

r=1

well-defined, and the preorder induced by < on [0, 1] defines a well-defined ranking on X. O

We now define Uncertain Multi-Scenario Decision-Making (UMScDM) by extending fuzzy multi-scenario
decision-making from fuzzy assessments to a general uncertain model M with degree-domain Dom (M) C
[0, 1]%.

Definition 3.13.6 (Uncertain Multi-Scenario Decision-Making (UMScDM) of type M). Let
A={A,...,An} (alternatives), C={Cy,...,Cn} (criteria), Y ={o1,...,05} (scenarios),

where m,n,s € N and m,n,s > 1.

Fix an uncertain model M with degree-domain
Dom(M) C [0,1]*

for some integer k > 1.

An Uncertain Multi-Scenario Decision-Making instance of type M is a tuple
UMScDMy, = (A,C,E, (X](\?)f:l,wM,ﬂ,AggaM,AggS,M,ScoreM),

where:

1. For each scenario r € {1,...,s},
(r) _ (r) mxn
Xyp = (1" )mxn € Dom(M)

(r)

is the scenario-dependent uncertain evaluation matriz, where p;;” € Dom(M) denotes the uncertain

assessment of alternative A; under criterion Cj in scenario 0.

wyr = (w1, ...,w,) € Dom(M)"

is the uncertain criterion-importance profile.

S
m=(r,..,m) €015, > m=1,
r=1

is the scenario-weight vector.
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4.
Agge py : Dom(M)™ x Dom(M)" — Dom(M)
is a within-scenario criterion-aggregation operator. For each scenario r and each alternative A;, it
produces an uncertain scenario-specific utility
ugr) = AggC,M((Nz('I)7 e ugz)), (wi,. .. ,wn)) € Dom(M).
D.
Aggg pr : Dom(M)* x [0,1]° — Dom(M)
is an across-scenario aggregation operator. It combines the scenario-specific utilities of an alternative
into its overall uncertain utility
w; 1= gg&M((ui e U ),7?) € Dom(M).

6.

Scoreps : Dom(M) — R

is a ranking functional (score / scalarization map), and the corresponding real-valued score of A; is

s; := Scoreps(u;) € R.

The induced preference relation >j; on A is defined by
Ai M Aj <~ S; > Sj.
A solution of UMScDMy, is any alternative

A* € arg max s;,

7

and the set of all optimal alternatives is denoted by

V1= arg max S;.

M gAIG.A !
Remark 3.13.7 (Interpretation). Definition [3.13.6| separates the decision process into two aggregation
layers:

1. within-scenario aggregation, where criterion-wise uncertain assessments are combined into a scenario-

(r).

specific uncertain utility u,

® o u

.’) is combined into the overall uncertain

2. across-scenario aggregation, where the family (u
utility ;.

Thus UMScDM models decisions in which the performance of each alternative depends on several possible
scenarios, while all evaluations remain encoded in a general uncertain model M.

Remark 3.13.8 (Specializations). If M is the fuzzy model with Dom(M) = [0, 1], then Definition
reduces to a fuzzy multi-scenario decision-making framework. If M is chosen as an intuitionistic fuzzy,
neutrosophic, hesitant fuzzy, spherical fuzzy, plithogenic, or another uncertainty model, then one obtains the
corresponding uncertainty-aware multi-scenario decision-making framework by replacing Dom(M), Aggc s
Aggg s, and Scoreyy accordingly.
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Theorem 3.13.9 (Well-definedness of UMScDM of type M). Let
UMScDM,, = (A,C,E, (X](\;))izl,wM,ﬂ,AggC’M,AggS’M,ScoreM>

be a UMScDM instance as in Definition|3.13.6 Assume:

(A1) A, C, and ¥ are finite nonempty sets;

(A2) for everyr € {1,...,s},

X{7) = (uf5)) € Dom(ar)™r;

(A3)
wy = (Wi, ..., wy) € Dom(M)™;
(44) 5
7= (m,...,7s) €1[0,1]° with Zmzl;
r=1
(A5)

Agge py : Dom(M)™ x Dom(M)"™ — Dom (M)
s a total map;

(A6)
Aggg pr : Dom(M)* x [0,1]* — Dom(M)

is a total map;

(A7)
Scoreps : Dom(M) — R

is a total map.
Then the following objects are well-defined:

(i) for every alternative A; and every scenario o, the scenario-specific uncertain utility

ugr) = AggC’M((ug?, ... ,ugz)), (wiy... ,wn))

belongs to Dom(M);
(ii) for every alternative A;, the overall uncertain utility
u; = AggS,M((u§1)7 e ’“z('S))v m)
belongs to Dom(M);
(iii) for every alternative A;, the real-valued score
s; = Scoreps(u;)

is well-defined;
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(iv) the induced preference relation =y on A, defined by
Ai=m Aj = s > 55,
is a total preorder;

(v) the optimal set
Ay = arg max s;
M gAiE.A !

15 nonempty.

Hence Uncertain Multi-Scenario Decision-Making of type M is well-defined.

Proof. By (A1), the sets
A={A,..., An}, C={Cy,...,Cp}, Y ={o1,...,04}
are finite and nonempty.

(r)

Step 1: Well-definedness of the scenario-specific uncertain utilities u, ’.

Fixi e {l,...,m} and r € {1,...,s}. By (A2), the i-th row of the scenario-dependent matrix X](\Z) is

(ug), . ,,ugl)) € Dom(M)".

By (A3),
(wi,...,wy) € Dom(M)".

Hence
((Mi?? ey /’LEZL))v (wla L 7wn)) S Dom(M)n X Dom(M)n

Since Aggc j/ is total by (A5), the value

u" = Aggo (15 i), (@1, wn))

is defined and belongs to Dom(M). This proves (i).

Step 2: Well-definedness of the overall uncertain utilities u;.

Fix i € {1,...,m}. By Step 1, for each r =1,...,s,
ugr) € Dom(M).

Therefore
(ugl), . ,uis)) € Dom(M)?*.

By (A4),
m=(m1,...,ms) € [0,1]°.
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Hence
(..., u),7) € Dom(M)* x [0,1]"

[t

Since Aggg j, is total by (A6), the value

U; = Agg&M((uz('l)v sy Uy )7 7T)

is defined and belongs to Dom(M). Thus (ii) holds.

Step 3: Well-definedness of the scores s;.

By Step 2, u; € Dom(M) for each 4. Since Scoreys is total by (A7),
s; := Scoreps(u;) € R

is well-defined for each i = 1,...,m. Hence (iii) holds.

Step 4: The induced preference relation is a total preorder.

Define
A, =y Aj = 5; > Sj.

Since > on R is reflexive, transitive, and total, the induced relation =j; on A is also reflexive, transitive,
and total. Therefore >/ is a total preorder on A. This proves (iv).

Step 5: Existence of an optimal alternative.

The set of scores
{s1,...,sm} CR

is finite and nonempty because A is finite and nonempty. Every finite nonempty subset of R has a maximum.
Hence there exists at least one index i* € {1,...,m} such that

Six — 1Max Sj.
1<i<m

Therefore
A = arg max s; # J.
M g A s #

Thus (v) holds.

All required objects are therefore defined unambiguously, and the solution set is nonempty. Hence UMScDM
of type M is well-defined. O

Table presents related uncertainty-model variants of Fuzzy Multi-Scenario Decision-Making.
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Table 3.13: Related uncertainty-model variants of Fuzzy Multi-Scenario Decision-Making.

Related Fuzzy Multi-Scenario Decision-Making variant(s)

Fuzzy Multi-Scenario Decision-Making
Intuitionistic Fuzzy Multi-Scenario Decision-Making
Hesitant Fuzzy Multi-Scenario Decision-Making
Spherical Fuzzy Multi-Scenario Decision-Making
Neutrosophic Multi-Scenario Decision-Making
Plithogenic Multi-Scenario Decision-Making

S WWwWwwN — |
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Chapter 4

Weight elicitation Decision-Methods

Weight elicitation estimates criterion importance in decision-making by surveys, pairwise comparisons,
trade-off queries, entropy /optimization, or learning, producing normalized weights for aggregation and rank-
ing. For reference, a comparison table is presented in Table

Table 4.1: A concise comparison of fuzzy weight-elicitation methods.

Method Type Typical input Main idea / strength Main limitation /
note
Fuzzy AHP Subjective  Fuzzy pairwise com-  Classical hierarchical Requires many pairwise
parison matrix weighting with consis- comparisons when the
tency checking; intuitive, number of criteria be-
transparent, and widely comes large.
used in practice.
Fuzzy LOP- Objective Fuzzy decision ma- Data-driven weighting Does not directly in-
COW trix based on criterion vari- corporate the decision-
ability or discrimination maker’s subjective pref-
power. erences.
F-SIWEC Subjective  Expert importance A simple expert-oriented The precise mathemat-
assessments weighting procedure with  ical formulation should
relatively low elicitation be stated explicitly, since
burden. variants may differ across
studies.
Fuzzy judg- Founda- Fuzzy pairwise judg- A basic structure for rep-  Not a standalone weight-

ment matrix

Fuzzy ANP

tional tool

Subjective

ments

Fuzzy pairwise com-
parisons on a net-
work

resenting fuzzy preference
information used by many
weighting approaches.
Extends AHP to settings
with interdependent crite-
ria and feedback relations.

ing method unless cou-
pled with a specific
derivation rule.

Model construction and
computation are gener-
ally more involved than

in AHP.

93

Continued on the next page.
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Table (continued).
Method Type Typical input Main idea / strength Main limitation /
note
Fuzzy OPA Subjective  Ordinal rankings or Requires less information ~ Uses less detailed prefer-
priority orders than full pairwise com- ence information than
parison and is efficient in ~ cardinal comparison-
elicitation. based methods.
Fuzzy PI- Subjective  Sequential relative Stepwise weighting Final weights may de-
PRECIA importance judg- method with lower burden pend on the ordering of
ments than full pairwise compar- criteria.
ison.
Fuzzy Subjective ~ Ordered criteria and  Expert-friendly and easy-  Sensitive to criterion or-
SWARA comparative impor- to-implement stepwise dering and the reliability

Fuzzy CILOS

Fuzzy
IDOCRIW

Fuzzy BWM

Fuzzy CRITIC

Fuzzy
MEREC

Fuzzy FU-
COM

Objective

Integrated
objective

Subjective

Objective

Objective

Subjective

tance coefficients
Fuzzy decision ma-
trix

Fuzzy decision ma-
trix

Best-to-others and
others-to-worst com-
parisons

Fuzzy decision ma-
trix

Fuzzy decision ma-
trix

Ranked criteria and
comparative priori-
ties

weighting approach.
Determines weights
through the criterion
impact-loss concept with-
out requiring direct pref-
erence input.

Integrates multiple objec-
tive weighting ideas, often
combining CILOS-type
and entropy-type informa-
tion.

Requires fewer compar-
isons than AHP and pro-
vides a consistency-based
framework.

Uses both contrast inten-
sity and inter-criterion
conflict to derive weights.

Evaluates the effect of
removing each criterion on
the overall performance
structure.

Achieves weighting with
very few comparisons
while emphasizing con-
sistency.

of expert judgments.
Although preference-free,
it may be less intuitive
for practitioners.

Computationally more
complex than a sin-
gle objective weighting
scheme.

Requires clear and reli-
able identification of the
best and worst criteria.

Does not reflect direct
expert preferences unless
combined with a subjec-
tive approach.

Can be sensitive to the
selected normalization
procedure and per-
formance aggregation
model.

Requires a reliable prior
ranking of criteria before
weight derivation.

4.1 Fuzzy Analytic hierarchy process (Fuzzy AHP)

AHP structures decisions into a hierarchy, uses pairwise comparisons to derive weights, and synthesizes
global priorities for ranking [415-+417]. Fuzzy AHP replaces crisp comparisons with fuzzy numbers, computes
fuzzy weights and defuzzified priorities to rank alternatives under uncertainty [418-420)].
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Definition 4.1.1 (TFNs and FAHP). (cf. [421,422]) (0) Positive TFN, arithmetic, and defuzzifica-
tion. A positive triangular fuzzy number (TFN) is = (I,m,u) € R2, with 0 < [ < m < u. For positive
TFNs = (I, my, uz) and § = (I, my, u,), define componentwise

Ty = (lp +1ly, my+my, ug +uy), TRY:= (luly, memy, uzuy),

= (1%, m&, u®) (@>0), z':i=Q/ug, 1/mg, 1/l,), zOj:=ix7 L
A standard crisp representative (centroid/COA) is

l+m+u

COA(#) = ——

(1) Decision hierarchy. A decision hierarchy is a rooted tree H = (V,root, ch), where each internal node
p € V has children ch(p) = {ei,...,e,} representing criteria/subcriteria, and leaves represent alternatives.

(2) Fuzzy pairwise comparisons at a node. Fix an internal node p with children ch(p) = {e1,...,e,}.
A fuzzy reciprocal pairwise comparison matriz at p is

AV = @) e (TFNso)™, al = (1), af = (@)

(3) Local weights by fuzzy geometric mean. For each row i, define the fuzzy geometric mean

1/n

N ()
Qi ’
j=1
and the normalized local fuzzy weight

aP =P o (@ )

k

to sum to 1.

Optionally obtain crisp local weights by wZ( P = = COA(w, g )) and normalize (fwgp ) s w? ))

(4) Hierarchical synthesis (global priorities). Set W (root) = 1 and propagate priorities down the
tree:
W{(e;) == W (p) wgp) for each edge p — e;.

For a leaf (alternative) a, W (a) is its final priority and alternatives are ranked by decreasing W (a). (A fully
fuzzy-end variant replaces products by ® and defuzzifies only at the end.)

Remark 4.1.2 (Reduction to classical AHP). If dg)) = (ag), al(]), g))) for all 4, j, p, then the above reduces

to the corresponding crisp AHP geometric-mean weighting and synthesis.

By extending AHP using Uncertain Sets, we obtain the following formulation.
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Definition 4.1.3 (Uncertain AHP (UAHP) of type M). Let H = (V,root,ch) be a finite rooted tree
(decision hierarchy), where each internal node p € V has a finite nonempty set of children

ch(p) ={e1,..., enp}7

representing criteria/subcriteria, and the leaves Alt C V represent alternatives. Fix an uncertainty model
M with degree-domain Dom (M) C [0,1]% (d > 1).

(1) Local uncertain pairwise comparisons. For each internal node p € V, let n,, := |ch(p)| and assume
a local uncertain pairwise comparison matriz

AP = (a{?') € Dom (M),
subject to the basic AHP normalization constraints in Dom (M ):

a(p) = ]-M (’L: 1,...,np), (Igzl)) :IHVM(a(p)) (27&])7

% 1]

where 1), € Dom(M) is the model’s “unit-comparison” element and Invy; : Dom(M) — Dom(M) is a
(total) reciprocal/inversion operator in Dom(M).

(2) Local priority extraction. Fix a (total) priority-extraction operator
n
Prips : Dom(M)™ "™ — A, A, = {x € R, : sz = 1},
i=1
which, given a local matrix AP returns a crisp local priority vector

w® = Priy(AP)) € A, .

(Thus wl(p) is the relative importance of child e; € ch(p) w.r.t. node p.)

(3) Hierarchical synthesis (global priorities). Define global priorities W : V' — [0, 1] recursively by
W (root) =1, W(e;) = W(p) wgp) for each edge p — e;.

For each alternative a € Alt, its final priority is W (a), and alternatives are ranked by decreasing W (a).

(4) UAHP output as an uncertain set over alternatives. Let Alt = {A;,..., A,,} be the leaf set.
Define a membership map

s Alt — [O, 1], MZ/I(AZ) = W(AI)

Then U := (Alt, pyy) is called the UAHP priority uncertain set induced by the hierarchy and uncertain
comparisons.

Theorem 4.1.4 (Uncertain-set structure and well-definedness of UAHP). Consider a UAHP instance of
type M as in Definition[{.1.5 Assume:

(A1) The hierarchy H is a finite rooted tree and every internal node has finitely many children.
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(A2) Dom(M) C [0,1]¢ is nonempty, 1y € Dom(M) is fized, and Invys : Dom(M) — Dom (M) is total.

(A3) For each internal node p, the matriz A®) € Dom(M)™*" is fully specified and satisfies az(f) =1y
(p) (p))

and aj;’ = Invy(a;;

(A4) Prips is total and satisfies Pripr(A) € Ay, for every A € Dom(M)™*™.
Then:

(i) The global priority map W : V' — [0,1] is well-defined and satisfies 3 ca Wi(a) = 1.

(ii) The induced mapping pyy : Alt — [0, 1] is well-defined; hence U = (Alt, uyy) is a well-defined uncertain
set on Alt.

(iii) The UAHP solution set

A
arg max 4iyy(A)

is nonempty; therefore at least one optimal alternative exists.

Proof. (i) Well-definedness of local weights. Fix an internal node p with n,, children. By (A3), A®) is a
well-defined element of Dom(M )" *"». By (A4), applying the total map Priy; yields a uniquely determined
vector

w® = Priy (AP) € A, .

In particular, w® > 0 and S wgp) = 1.

i

(ii) Well-definedness of W and normalization on leaves. Define W (root) = 1. For any node v # root,
there is a unique directed path root = v9 — v1 — -+ — vy = v in a rooted tree. Define recursively
W(vy) = Wive—1) wfft_l), where v, is the ¢-th child of v;_;. This gives a unique real value W (v) > 0, hence
W is well-defined on all nodes.

To show Y .ax W(a) = 1, proceed by induction on the tree. For each internal node p, the total weight
assigned to its children is

ST wie) =Y W) w? =wp) Y w? =wp).
=1 =1

ecch(p)

Thus, the mass W (p) is conserved when propagated from p to its children. Starting from W (root) = 1,
iterating this conservation down to the leaves implies the sum of leaf weights equals 1.

(iii) Uncertain-set output and existence of an optimum. By (ii), each W (a) € [0, 1] is well-defined
for every alternative a € Alt, so 1y(a) = W(a) defines a well-defined mapping pys : Alt — [0,1] and hence
U = (Alt, /) is an uncertain set.

Because Alt is finite and nonempty, the real-valued function pi, attains its maximum on Alt, so arg max gcap pis(A) #
. O
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Table 4.2: Related uncertainty-model variants of AHP (classified by the degree-domain dimension k).

Related AHP variant(s)

Fuzzy AHP [423]/424]
Intuitionistic Fuzzy AHP [425}|426]
Pythagorean Fuzzy AHP [427,/428|
Hesitant Fuzzy AHP [429}[430]
Spherical Fuzzy AHP [431}/432]
Neutrosophic AHP [433]434]
Plithogenic AHP [435]436|

S WW W N |

Related uncertainty-model variants of AHP, classified by the degree-domain dimension k, are listed in

Table .21

In addition to Uncertain AHP, related concepts such as Rough AHP [437,/438|, Soft AHP [439,440], Modified
analytic hierarchy process [441,442], TOPSIS-AHP [443,/444], Interval AHP [445,446], Grey AHP [447/448],
AHP-BOCR [449,[450], Linking Pin AHP [451], AHPSort [452,[453], Stochastic AHP [454,[455], AP-
K [456,457], Incomplete AHP [458,|459], Monte Carlo analytic hierarchical process (MCAHP) [460,/461],
Entropy-weight AHP [462,463], and Linguistic AHP [464},465] have also been studied.

4.2 Fuzzy LOPCOW (Fuzzy Linear Optimization for Comprehensive Weight)

LOPCOW computes objective criterion weights from normalized data using logarithmic percentage change of
dispersion, emphasizing informative criteria [466,467]. Fuzzy LOPCOW defuzzifies fuzzy ratings, normalizes
performances, computes RMS-to-variance log coefficients, and yields objective weights under uncertainty
[468,1469].

Definition 4.2.1 (Fuzzy LOPCOW objective weighting (score-based, well-defined form)). [468,/469] Let
A={A1,..., A} be a finite set of alternatives and C = {C1,...,C,} a finite set of criteria. Let FN(R) be
a chosen class of fuzzy numbers (e.g., TFNs). Assume a fuzzy decision matrix

X = (%) € FN(R)™*".

Let C = CTUC™ be a partition into benefit (1) and cost ({) criteria.

(0) Score/defuzzification map. Fix a map (ranking/defuzzification)
S:FN(R) — R,
and define the induced crisp matrix X = (z;;) € R™*" by
xij = S(Zi5).

(For TFNs z = (I,m, u), a common choice is S(Z) = (I + m + u)/3.)

(1) Linear normalization. For each criterion j, set

3 = max x4, o™= min ;.

J 1<i<m J 1<i<m
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Define the normalized matrix R = (r;;) € [0,1]™*" by

$j — .Z‘Z'j
—, C;€C™ (cost),
Max _ ,min
. J J
Tij = » min
TN oiect (benefit)
pmax _ xmm’ J )
J J

with the convention that if 27 = x;-nin then r;; := 0 for all ¢ (zero-variation criterion).

(2) Dispersion statistics per criterion. For each j, define the root-mean-square (RMS) and the standard
deviation:

RMS; :=

(So o > 0 and RMS; > 0.)

(3) Logarithmic percentage-change coefficient. Define the LOPCOW percentage value of criterion j

by
MS.:
ln(R SJ)'.mo, o; >0,

gj

PV; =
0, 05 = 0,

where In denotes the natural logarithm.

(4) Objective criterion weights. If >} ; PV, > 0, define

Y PV,
TSP

so that Y% w; = 1. If 37)_ ) PV, = 0 (all criteria have zero variation after normalization), set w; := 1/n.

0,1, j=1,....n,

The resulting vector w = (wy,...,wy) is called the Fuzzy LOPCOW (objective) weight vector associated
with (X, 8,C+,C0).

The definition of Uncertain LOPCOW (ULOPCOW) is given below.

Definition 4.2.2 (Uncertain LOPCOW (ULOPCOW) objective weighting). Let A = {41,..., A} be a
finite set of alternatives and C = {C1,...,Cy} a finite set of criteria. Fix an uncertainty model M with
degree-domain Dom (M) C [0,1]¢ (d > 1). Assume an uncertain decision matriz

)? = (fi‘zj) S Dom(M)mxn,

where Z;; is the uncertain evaluation of A; under C;. Let C = C*TUC™ be a partition into benefit and cost
criteria.

(0) Score (crisp representative) map. Fix a total mapping

Sy Dom(M) — R,
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and define the induced crisp matrix X = (z;;) € R™*" by
Tij 1= SM(fEij)'

(Examples: for TFNs & = (I, m,u), one may take Sy (Z) = (I +m + u)/3; for interval values & = [/, u], one
may take Sy (Z) = (0 4 u)/2.)

(1) Linear normalization (benefit/cost). For each criterion j, set

3 = max x4, ™= min ;.

J 1<i<m J 1<i<m

Define the normalized matrix R = (r;;) € [0,1]™*" by

5Tt C; €C™  (cost)
pmax _ xmin’ J ’
- J J
J Tij — w;mn N
—Y T gyect (benefit),
pmax _ ,min
J J

max

with the convention that if x e = :L‘;-“in then r;; := 0 for all 1.

(2) Dispersion statistics per criterion. For each j, define

_ 1 1 _
Ty = %Zﬁjv 05 = EZ(TU 7j)?
i=1 i=1
(3) LOPCOW percentage value. Define
RMS;
’m( J)' 100, o; >0,
PV = 0 j=1,...,n,
0, 0-] = 07

where In denotes the natural logarithm.

(4) Objective weight vector. If >~ | PV, > 0, define

v, = Vi
TN PV,

so that Y0 w; = 1. If Y5)_, PV; =0, set w; := 1/n.

6[071]7 j:17"'7n7

The vector w = (wy,...,wy) is called the Uncertain LOPCOW (ULOPCOW) objective weight vector asso-
ciated with (X, Sy,CT,C7).

Theorem 4.2.3 (Uncertain-set output and well-definedness of ULOPCOW). Let X € Dom(M)™ " be
given as in Definition[4.2.9, with m,n > 1. Assume:



Chapter 4. Weight elicitation Decision-Methods

(A1) The score map Sy : Dom(M) — R is total (defined for every element of Dom(M)).

(A2) The benefit/cost partition C = CTUC™ is fized.
Then:

(i) The normalized matriz R = (r45) defined in is well-defined and satisfies 0 < ry; <1 for alli,j.

(ii) For each j, RMS; and o; are well-defined real numbers and satisfy RMS; > 0, o; > 0.
(i) Each PVj is well-defined and satisfies PV; > 0.
)

(iv) The weight vector w = (w1, ..., wy,) is well-defined and belongs to the probability simplex

An:{wERgoz zn:wjzl}.

=1

(v) The mapping
Haw :C_)[Oal]a Nw(cj) = ’LUj,

defines an uncertain set W := (C, p,) (the ULOPCOW weight uncertain set ).

Proof. (i) Normalization is well-defined and bounded. Fix j € {1,...,n}. By (Al), each z;; =
Swm(Zij) is a real number, hence x;?“ax,x?“m € R are well-defined. If 27"** = :U?ﬁn, we set 7;; = 0 by
convention, so r;; is defined.

Assume 7% > 27", For benefit criteria,

min
:Eij — CC]-
Tij = pmax _ mmin’
J J

and since .T};-nin <z < x?‘a", it follows that 0 < r;; < 1. For cost criteria,

max

$j — CCZ']'
Tij =0,
max __ ,.min
L L

and again 0 < r;; <1 by the same bounding.

(ii) Dispersion statistics exist and are nonnegative. For each fixed j, the values {r;;}", are real
and bounded by (i). Therefore RMS; is the square root of an average of squares of real numbers and is
well-defined with RMS; > 0. Similarly, 7; is a finite average and o, is the square root of an average of
squared deviations, hence is well-defined with o; > 0.

(iii) Log-percentage values are well-defined. If o; = 0, then PVj is defined to be 0. If o; > 0, then
RMS; > 0. Moreover, if o; > 0 then the column {r;;} is not constant, so at least one 7;; # 0 and hence
RMS; > 0. Thus RMS;/o; > 0 and In(RMS; /o) is defined. Taking absolute value and multiplying by 100
yields PV; > 0.



Chapter 4. Weight elicitation Decision-Methods

(iv) Weights form a simplex vector. If ), PV; > 0, then each wj is a nonnegative ratio, so w; > 0
and "
w, = = =
2= TP, T Y, P,

If >, PVe =0, then w; =1/n>0and 37, w; = 1.

(v) Uncertain-set structure on criteria. By (iv), w; € [0,1] for all j. Hence p,,(C;) := wj defines a
well-defined membership map i, : C — [0,1], so W = (C, j1) is an uncertain set. O

Related concepts of LOPCOW under uncertainty-aware models are listed in Table

Table 4.3: Related concepts of LOPCOW under uncertainty-aware models.

Related LOPCOW concept(s)

Intuitionistic Fuzzy LOPCOW
g¢-Rung Fuzzy LOPCOW [470,471]
Hesitant Fuzzy LOPCOW [472]
Spherical Fuzzy LOPCOW [473]
Neutrosophic LOPCOW [474]

W W wWwNn N |

4.3 Fuzzy SIWEC (Fuzzy simple weight calculation for criteria)

SIWEC derives criterion weights from experts’ direct ratings, normalizes scores, aggregates across experts,
and outputs a weight vector [475L|476]. Fuzzy SIWEC maps linguistic ratings to fuzzy numbers, normalizes,
scales by dispersion, aggregates, then defuzzifies or ranks fuzzy weights [47,477).

Definition 4.3.1 (Fuzzy SIWEC (F-SIWEC): fuzzy simple weight calculation for criteria). [477,478] Let
E ={1,...,e} be the set of expert decision makers (EDMs) and C' = {C1,...,C,} the set of criteria.

Step 1 (linguistic evaluation — triangular fuzzy numbers). Each EDM i € E evaluates each criterion
C}; using a linguistic term that is mapped to a triangular fuzzy number (TFN)

~ l m 3 l m u

Collect these ratings into the fuzzy decision matrix

X = [jij]exn-

Step 2 (normalization). For each criterion j, let

u

M;j := maxx;;,

ek
and define the normalized TFN l
~ Ty x{'; x;;
ij = (ﬁ’ M.’ ﬁ)
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Step 3 (standard-deviation scaling). Defuzzify each normalized TFN by

l m u
et N +4nij +nj;

z]' 6 )

and compute the (sample) standard deviation for each criterion j across EDMs:

e

1 2
R def _ =def —def def
stdev; : | E < nest — ) , E nget,

i=1
Scale the normalized TFNs by this dispersion:

¥y = stdev; © 71;; = (stdev;n! ij» stdevnil, stdev;jng).

Step 4 (aggregation over EDMSs). For each criterion j, aggregate scaled TFNs across EDMs:

u
SJ _@UU J’ Sj ’SJ)

where @ denotes componentwise addition of TFNs.

Step 5 (fuzzy weight vector). Define the fuzzy weight of criterion C; as the TFN

l m u
’J)j (wé’w] ,’U)]) nsj w’ nsj m’ nsj i y jzl,...,n.
D=1 Sk D=1 SE Y ohq Sk

Step 6 (optional defuzzification and normalization). A crisp weight can be obtained by

l m u

wr; + 4w™ + wl

def . J J J
Wit = 5 e Ry.

If required, renormalize:
def

a Py 1wgef

The output @ = (W1, ...,w,) (or w*) is called the Fuzzy SIWEC criteria-weight vector.

Fuzzy SIWEC is extended by using Uncertain Sets.

Definition 4.3.2 (Uncertain sets and uncertain numbers). Let U be a nonempty universe. An uncertain
set on U is a mapping
p:U—0,1],

where p(u) is interpreted as the degree of uncertainty-membership of w.
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An uncertain number is an uncertain set £ on R whose a-cuts
Fa = {teR:pa(t) =0} (a € (0,1)
are nonempty compact intervals. Write
[#a = [2q, 28] (€ (0,1)).
Denote by UN a chosen class of uncertain numbers closed under the operations below, and
UNo := {& € UN : supp(2) C (0,00)}, supp(&) := {¢: pz(t) > 0}.
Define the upper support endpoint (a positive scalar representative) by
up() := sup supp(z) € (0,00) (Z € UNsp).

Definition 4.3.3 ((Recall) Uncertain-number arithmetic via a-cuts). Let ,§ € UN and ¢ > 0. Define:

@@ Jla = [T + ¥ar o2& +yd],  [cOTa:=[ezg, cal],

for all @ € (0,1]. (These are Minkowski sum and scalar multiplication of interval a-cuts.)

Let Score : UN — R be a fixed score (crisp representative) map satisfying:

(S1) (Positivity) Score(z) > 0 for all & € UN, and Score(z) > 0 for all £ € UNs;
(S2) (Positive homogeneity) Score(c ® ) = ¢ Score(Z) for all ¢ > 0;
(S3) (Additivity) Score(z @ y) = Score(z) + Score(y).

e
(For instance, one may take Score(Z) = fol ZatZa do when it is finite.)

Here, we define Uncertain SIWEC (U-SIWEC), obtained by extending SIWEC using Uncertain Sets.

Definition 4.3.4 (Uncertain SIWEC (U-SIWEC): uncertain simple integrated weight estimation for crite-
ria). Let E = {1,...,e} be a finite set of experts and C = {C1,...,C,} a finite set of criteria. An uncertain
SIWEC instance is an uncertain evaluation matrix

X = (Zij) € (UN5g)e ", Zj; is expert ¢’s uncertain rating of criterion Cj.

Fix up and Score as in Definitions [4.3.2H4.3.3l The U-SIWEC procedure constructs criterion weights as
follows.

Step 1 (normalization by upper support). For each criterion j, set

M: — 5
J IiréaExup(xz]) € (0, 00),
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and define normalized uncertain ratings

Step 2 (crisp representatives). Define
ng; = Score(i;j) € Rxo.

Step 3 (dispersion across experts). For each criterion j, compute the mean and (population) standard
deviation

e

1 1 2
HCr . cr e - Cr __ sCr
ny = E N 7= g E (nij nj )" € Rxo.

i=1 i=1

Step 4 (dispersion scaling in the uncertain domain). Scale each normalized uncertain rating by o;:

f)ij =0 @flij € UN.

Step 5 (aggregation over experts). Aggregate expert information for each criterion by

e

§j = @@ij € UN.

=1

Step 6 (objective weights). Let

Sj = Score(éj) S Rzo, T:.= Z S € Rzo.

k=1
Define the crisp weight vector w = (w1, ..., w,) by
S
=L T>0,
wij={ T
J 1
-, T =0.
n
Optionally, define an uncertain weight vector w = (w1, ..., w,) by
1 -
~ T © S, T >0,
wj = 1
—oa, T=0,
n

where @ € UNs is any fixed reference uncertain number (e.g. @ with Score(a) = 1).
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Theorem 4.3.5 (Uncertain-set structure and well-definedness of U-SIWEC). Assume X € (UNs)**™ and
that UN is closed under ® and c¢® (-) for ¢ > 0. Assume Score satisfies (S1)-(S3) in Definition[4.3.3 Then
the U-SIWEC procedure in Definition is well-defined and satisfies:

(i) Each nj, 0;;, and §; is an uncertain number; hence each is an uncertain set on R.

(ii) The crisp output w = (w1, ..., wy) s a valid criterion-weight vector:

n
w; >0 for all j, ijzl.

(iii) If T > 0, then the uncertain output satisfies w; € UN and

Score(w;) = wj, Z Score(w;) =

Proof. (i) Closure / uncertain-set structure. Fix j. Since each #;; € UNso, the upper endpoint
up(Z;;) is finite and positive, hence M; = max; up(Z;;) € (0,00) exists. By closure of UN under scalar
multiplication, n;; = (1/M;) ® Z;; € UNsq is defined. Next o; € R>q is defined by a finite sum of real

numbers ng; = Score(;;). Again by closure, 9;; = 0; © 7i;; € UN, and then §; = @i_, 9;; € UN by closure

under @. Each of these objects is, by definition, an uncertain number and therefore an uncertain set on R.

(ii) Nonnegativity of scores and weights. By (S1), S; = Score(5;) > 0 for all j, hence "=}, S, > 0
and w; > 0 in both branches (7" > 0 and T' = 0).

(iii) Normalization }; w; = 1. If T'> 0, then

n

~ RS T
]:

j=1

If T'= 0, then w; = 1/n gives 3, w; = 1.

(iv) Consistency of uncertain weights when 7" > 0. Assume 7" > 0 and define @w; = (1/T") ® §;. Then
w; € UN by closure. Using (S2),

. 1 1 _
Score(w;) = Score(T ©) Sj> =7 Score(5;) =

Summing yields Ej Score(w;) = Zj wj = 1. ]

For reference, related concepts of SIWEC under uncertainty-aware models are listed in Table
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Table 4.4: Related concepts of SIWEC under uncertainty-aware models.

Related SIWEC concept(s)

Fuzzy SIWEC
Intuitionistic Fuzzy SIWEC
Neutrosophic SIWEC
Plithogenic SIWEC

IS W=

4.4 Fuzzy judgment matrix

Judgment matrix is a pairwise-comparison matrix in which each entry a;; represents the relative preference
(or importance) of alternative X; over alternative Xj; it is often assumed reciprocal and is used to derive
priority weights and to assess consistency [479-481]. A fuzzy judgment matrix is a pairwise-comparison
matrix whose entries lie in [0, 1] and quantify graded preference degrees, so that a;; > 0.5 favors X; over
X, ajj; = 0.5 indicates indifference, and (in the complementary case) a;; + a;; = 1 [482,483].

Definition 4.4.1 (Fuzzy judgment matrix). [482,483] Let X = {X1,..., X,,} be a finite set of alternatives.
A matrix
A= (aij) € R™*"

is called a fuzzy judgment matriz if
Ogaijgl (Vi,jE{l,...,n}),

where a;; is interpreted as the (graded) preference degree of X; over X; in a pairwise comparison.

A common semantic convention is:
a;; > 0.5 = X; is preferred to Xj,

a;; = 0.5 = X; and X; are indifferent,
a;; < 0.5 = Xj is preferred to X;.

Definition 4.4.2 (Fuzzy complementary judgment matrix). A fuzzy judgment matrix A = (a;;) is called
fuzzy complementary if it satisfies

aij +aj; =1 (Vi,je{l,...,n}),
(which implies a;; = 0.5 for all 7).
Definition 4.4.3 (Uncertain preference numbers and arithmetic). Let
UNjo,1; := {Z € UN : supp(Z) C [0, 1]}.
For &,y € UNg ;) define the (truncated) sum and complement by a-cuts:
[Z &7 §la := [min{l, 2z, +yg }, min{l, 2} +yl}],

[16&]e:=[1-af, 1—2,], a € (0,1],

where [Z], = [z, ,2}] and [§]a = [y5,yl]. (Thus 1 & Z is the pointwise complement of Z on [0, 1].)

Next, we extend the judgment matrix using Uncertain Sets. The definition is given below.
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Definition 4.4.4 (Uncertain judgment matrix). Let X = {X;,..., X,,} be a finite set of alternatives. An
uncertain judgment matriz (UJM) on X is a matrix

5 ~ nxn

A= (CLZ]) S (UN[O,l]) s
where @;; is interpreted as the uncertain (graded) preference of X; over X;. A semantic convention is
induced by Score:

Score(a;j) > 0.5 = X is preferred to Xj, Score(a;j) = 0.5 = X; and X; are indifferent.

The UJM is called:

(i) wncertain complementary if
ai; =10a;  (Vi,]),
(which implies a;; is the “uncertain indifference” around 0.5);
(ii) wncertain reciprocal if all entries are supported in (0,1] and a fixed uncertain-number product ® is
available such that
aij@ag =1 (Vi,j),
for a unit uncertain number 1 concentrated at 1.

Theorem 4.4.5 (Uncertain-set structure and well-definedness). Let A = (a@ij) € (UNpg 1)) ™. Then:

(i) Each entry a;; is an uncertain set on [0,1] and, a fortiori, an uncertain set on R. Hence an uncertain
Judgment matrix is a matriz whose entries carry uncertain-set structure.

(ii) The complement operator 1 © () in Deﬁm’tionm is well-defined on UNpg 1) and maps UNg ;) into

itself.
(iii) Ifﬁ is uncertain complementary, then the complement relation is coherent: for alli,j and all « € (0,1],
[Gijla = [1 — aﬁa, l—aj,] = Score(a;j) =1— Score(ay)

whenever Score is affine with respect to complements, i.e. Score(1 & &) = 1 — Score(Z).

Proof. (i) By definition, a;; € UN[g;; € UN is an uncertain number, hence an uncertain set on R. Therefore
each matrix entry carries uncertain-set structure.

(ii) Fix € UNp ) and write [Z] = [z, zf] with 0 <z < zf < 1. Then Deﬁnitionm gives
[16%])a=[1—2F, 1 -]

Since 0 <1 —x}f <1-—2z, <1, each a-cut is a nonempty compact interval in [0,1]. Hence 16 7 € UN(o,11,
so the operation is well-defined and closed.

(iii) If A is uncertain complementary, then a;j = 16aj; by definition. Assuming Score(1©Z) = 1—Score(Z),
we obtain
Score(a;j) = Score(1 © aj;) = 1 — Score(aj;),

which is exactly the coherence of complementary semantics at the score level. O

Related concepts of judgment matrices under uncertainty-aware models are listed in Table
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Table 4.5: Related concepts of judgment matrices under uncertainty-aware models.

Related judgment matrix concept(s)

Fuzzy Judgment Matrix

Intuitionistic Fuzzy Judgment Matrix [426}/484]
Hesitant Fuzzy Judgment Matrix [485-487]
Spherical Fuzzy Judgment Matrix [488}/489]
Neutrosophic Judgment Matrix [490,491]

LW W WN |

4.5 Fuzzy Analytic network process (ANP)

ANP evaluates interdependent criteria and alternatives using pairwise comparisons, builds a supermatrix,
and derives global priorities via limit supermatrix [492-494]. Fuzzy ANP extends ANP with fuzzy pairwise
judgments, forming fuzzy supermatrices and defuzzified limit priorities to handle uncertainty [39,495L496).

Definition 4.5.1 (Fuzzy Analytic Network Process (FANP): supermatrix formulation). [497,498|] Let
C ={Cy,...,Cy} be clusters, where C; = {ei1,. .., €, } with n; > 1, and let

m

E:ZI_IC’i

=1

be the set of all elements. Let D C C x C be a directed dependence relation, where (C;, C;) € D means that
“C; influences C;” (allowing inner dependence i = j and outer dependence i # j).

Fix a class FN'sq of positive fuzzy numbers, closed under the operations used below, and fix a ranking
(defuzzification) map
Score : FNsg — Rsp.

(0) Fuzzy pairwise comparisons and local priorities. A positive reciprocal fuzzy pairwise comparison
matriz is B

A= (ars) € FNZ",
satisfying

e =1, Gy =a, (1<rs<n).

Its local fuzzy priority vector
ﬁ:(ml,...,wn) GFN;LO

is obtained, for example, by the fuzzy geometric mean method:

_ L \UUn _ _ .
gr ‘= (Hars> s Wy 5297“/(2915)7 r=1,...,n,
s=1

where the product, power, sum, and division are understood in the fuzzy-number sense (e.g. via the extension
principle or an equivalent admissible fuzzy arithmetic). The associated crisp normalized priority vector is
defined by

g -
wﬁ : core(w,) r=1,...,n.

= > Score(w)’
Then w® = (wg, Lwh) e RZ%, and

n
Zwﬁ =1
r=1
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(1) Element-to-element influence vectors and unweighted supermatrix. Fix (C;,C;) € D and a
target element ej;, € Cj. Compare the elements of C; pairwise with respect to their influence on ej;, by a
positive reciprocal fuzzy comparison matrix

Let

be the corresponding crisp normalized local priority vector obtained from the above procedure. Define the
block W;; € R™*" by
(Wz’j)ok = wﬁ(i_)j‘k) (k: 1,...,nj),

and set W, := 0 if (Cy,C;) ¢ D. The resulting block matrix
W= (Wij)lgi,jgm € R na)x (225 n5)

is called the unweighted supermatriz.

(2) Cluster weights and weighted (column-stochastic) supermatrix. For each cluster C;, let
F(]) = {Z : (CZ,C]) S D}

Obtain fuzzy cluster-comparison judgments among the influencing clusters {C; : i € I'(j)}, compute the
corresponding fuzzy cluster-priority vector, and then defuzzify /normalize it to get

, ). "y ).
ot — (az(q) ﬁ)z’el“(j) c R‘zo(mv Z QU g
Define the weighted blocks

oy, ieT(), .
j ( ij)1g¢,j§m'

0, i ¢T3,

Then W is column-stochastic, i.e. each column sums to 1.

(3) Limit supermatrix and global priorities. If the limit exists, define the limit supermatriz by

W™ := lim W¢.

t—o00

If W is cyclic with period N, use the cycle-average

=z

oo,_1 _7t
W.—N We.

1M

Let A C F be the designated set of alternatives (usually a subset of the elements in one cluster). The global
priority of an alternative is read from the corresponding row of W (equivalently, from stabilized columns),
and the alternatives are ranked in decreasing order of global priority.

We now extend Fuzzy ANP using Uncertain Sets. The related definitions are given below.
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Definition 4.5.2 (Uncertain set and uncertain number). Let U be a nonempty universe. An uncertain set
on U is a mapping p: U — [0, 1].

An uncertain number is an uncertain set £ on R whose a-cuts
Fai={teR:pa(t) =0} (a e (0,1)
are nonempty compact intervals. Let UN be a fixed class of uncertain numbers and set
UNsg := {Z € UN : supp(z) C (0,00)}.

Assume UNs is closed under the uncertain inverse: if [Z], = [z, ,z}] with 0 < 2, <}, define

[F7 0 = [%i} (o € (0,1]).

To Tqo

Fix a score (crisp representative) map
Score : UNsg — (0, 00),

and assume it is reciprocity-compatible:

Score(z 1) = Scorle(fc) (VZ € UNso), Score(1) = 1,

where 1 is the uncertain number concentrated at 1.

Definition 4.5.3 (Uncertain reciprocal judgment matrix). Let n > 2. An uncertain reciprocal judgment
matrizc is

A = (@rs) € (UN5o)™ "

such that .
arr =1 (Vr), Qor = g (V1 # 5).

s

Its induced crisp reciprocal matrix is
A = (ars) € (0,00)™", ars := Score(ays).

Definition 4.5.4 (Uncertain ANP (UANP): score-induced supermatrix formulation). Let C = {C1,...,Cp}

be clusters, where
m

Ci:{eil,...7€mi} (nz > 1)’ E = |_|Cz

is the set of all elements. Let D C C xC be a directed dependence relation; (Cj, C;) € D means “C; influences
C;” (allowing i = j).

(0) Local priorities from uncertain pairwise judgments. Fix (C;,C;) € D and a target element
ejr € Cj. Decision makers provide an uncertain reciprocal judgment matrix

Z(z%ﬂk) e (UN>O)ni><ni
comparing the elements of C; with respect to their influence on e;;. Let

AGIIR) = (Score(als 1K) € (0, oo)mi*mi
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be the induced crisp reciprocal matrix. Define the local priority vector w3 1k) ¢ RY% as the normalized

Perron vector of AG71k).

A ) (=3 1K) =\ i 8), legi—m'lk) _1
r=1

(1) Unweighted supermatrix. For each (7, 7), define the block W;; € R;ioxnj by setting its kth column

as e
(Wi 5= w19 (k= 1,

and set Wj; := 0 if (C;, Cj) ¢ D. The unweighted supermatriz is the block matrix

W= (W)

m
NxN L )
1<ij<m E]Rzo , N = E 7.
=1

(2) Cluster weights and weighted supermatrix. For each target cluster Cj}, let I'(j) := {i : (C},C}) €
D}. Cluster weights are obtained by uncertain pairwise comparisons among clusters in I'(j), yielding (after
applying Score and Perron normalization) a vector

. , y ,
o) = (agj))ief(j) c Rlz(gj)la Z agj) -1
1€l (j)

Define the weighted blocks

(9) ; :
= a Wij, ieT(j), = = NxN
e {Oj i ¢ T(j), W= ( ij)1g¢,jgm © RZOX '

(3) Limit supermatrix and global priorities. If W is primitive (some power has strictly positive

entries), define
W = lim W".

t—o00

In general (even if periodic), define the Cesaro limit (always used in practice when cycling occurs):
0o 1 — ¢ o
W = lim T Z W*  whenever the limit exists.

Let A C E be the designated set of alternatives (elements representing alternatives). The global priority of
a € A is read from the corresponding row of W (equivalently from stabilized columns), and alternatives
are ranked by decreasing global priority.

Theorem 4.5.5 (Uncertain-set structure and well-definedness of UANP). Under the assumptions of Defi-
nitions the UANP construction is well-defined in the following sense.

(i) (Uncertain-set structure) Every entry a7k ¢ UNsg is an uncertain set on (0,00) (hence on R).

Thus each local comparison matriz AW=71%) is 4 matriz of uncertain sets.
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(ii) (Local priorities are well-defined) For each local uncertain reciprocal judgment matriz AG=31%) | the
induced crisp matriz AV = (Score(&&lﬁj‘k))) is a positive reciprocal matriz. Hence its Perron
etgenvector exists, is unique up to scaling, and the normalized vector w3 lk) g uniquely determined

in the simplex Ay, := {z € Ry : > x, =1},
(iii) (Weighted supermatrix is column-stochastic) Each column of W sums to 1, i.e.
1'w=1",
where 1 is the all-ones vector in RN,

(iv) (Limit priorities are well-defined) If W is primitive, then the limit W = lim;_,o, Wt exists. Con-
sequently, global priorities read from W are well-defined (independent of the iteration index for

sufficiently large t). More generally, whenever the Cesdro limit in Definition exists, it yields a
well-defined steady-state priority extraction even in cyclic cases.

Proof. (i) Each a,s € UNsq is an uncertain set on R. Hence every local matrix Ali=3lk) g entrywise an

uncertain set.

(ii) Let A = (@,s) be an uncertain reciprocal judgment matrix. Then @, = 1 implies a,» = Score(1) = 1.
Also @g- = @} and reciprocity-compatibility give

- . 1 1
tar = Seore(i) = Score(ar)) = gt = L.
s Ts

Thus A = (a,s) is a positive reciprocal matrix. By the Perron—Frobenius theorem, A has a (strictly) positive
principal eigenvector, unique up to a positive scalar; normalizing it to sum to 1 yields a unique w € A,,.

(iii) Fix a target cluster C; and an element ej; € C;. The kth column of the block W;; equals w(71%) for

each i € I'(j), so

n; n;

Y (Wi =D wi™IH =1,

r=1 r=1
()

In the weighted supermatrix, the same column is scaled by «,;”’ and summed over i € I'(j), giving

SN W= Y oY Wi = Y o =1
iel(j) r=1 ieT(j) r—1 i€ ()

Hence every column of W sums to 1, i.e. 1TW =17,

(iv) If W is primitive and column-stochastic, then W is a primitive row-stochastic matrix. By standard
Markov-chain (Perron-Frobenius) convergence, (W T)* converges as t — oo, hence W* converges as well,
and W := lim;_,o W exists. Therefore the priorities extracted from W are well-defined. If W is not
primitive, the Cesaro averaging is the standard remedy; whenever the Cesaro limit exists, it yields a unique
steady-state projection for priority extraction. O

Related concepts of ANP under uncertainty-aware models are listed in Table

As concepts other than Uncertain ANP, DEMATEL-ANP [507,508], BOCR-based ANP [509], Group ANP
[510,/511], ANP-TOPSIS [510,512], and Rough ANP [513,|514] are also known.
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Table 4.6: Related concepts of ANP under uncertainty-aware models.

Related ANP concept(s)

Intuitionistic Fuzzy ANP [499|/500]
Pythagorean Fuzzy ANP [501,502]
Hesitant Fuzzy ANP [503]
Spherical Fuzzy ANP [504]
Neutrosophic ANP [505L[506]
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4.6 Fuzzy Ordinal Priority Approach (OPA)

Ordinal Priority Approach (OPA) is a max—min optimization method that converts experts’ ordinal rankings
into consistent criterion weights, without pairwise comparisons, yielding a prioritized alternative ordering
[515L516]. Fuzzy Ordinal Priority Approach (OPA) extends OPA by representing linguistic importance as
triangular fuzzy numbers, solving a fuzzy max—min model to obtain fuzzy weights and rankings [517-519).

Definition 4.6.1 (Fuzzy Ordinal Priority Approach (OPA-F): TFN-based formulation). [517-519] Let I
be a finite set of experts, J a finite set of criteria, and K a finite set of alternatives. Put n := |.J|. Let

TEN := {(I,m,u) € R3: 1<m< u}
be the set of triangular fuzzy numbers (TFNs). We use the componentwise partial order on TFN:
(li,ma,ur) = (la, ma,ug) <= 11 > 1o, m1 > ma, up > us.

(Any fixed TEN ranking/defuzzification rule can be used later for producing a crisp ranking.)

Fuzzy linguistic inputs. Let £ be a linguistic scale and let ¢ : £ — TFN map each term to a TFN. Each
expert ¢ € I provides an ordinal ranking of criteria, represented by a permutation

mi{Ll,...,n} = J,

where 7;(1) is the most important criterion under expert ¢ and 7;(n) is the least important. In addition,
expert ¢ provides a linguistic importance assessment for each ranked criterion, encoded as TFNs

Qi = gp(fi,r) € TFN, r=1,...,n,

where ¢;, € L is the linguistic term attached to the r-th ranked criterion m;(r).

Decision variables (fuzzy weights). Introduce TFN decision variables
Wi, € TFNsg (i€, r=1,...,n), ZcTFN,

where Wi,r is the (fuzzy) weight assigned by expert i to the r-th ranked criterion 7;(r), and Z is the max-min
(bottleneck) objective variable.

TFN arithmetic convention. For & = (I, m,,u,) and § = (I, my, u,) and A > 0, use

Ty = Iy + 1y, mgy+my, ug +uy), AOT = (A, dmyg, Aug),
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and the common triangular subtraction approximation
2Oy = (lp —uy, my —my, uz —ly).

(Any other consistent TFN arithmetic can be substituted if preferred.)

OPA-F core model (fuzzy max—min program). Fix a (possibly fuzzy) normalization constant 1 € TFN,
typically 1 = (1,1,1) (or a tolerance form such as (1 —¢,1,1 + ¢)). The Fuzzy Ordinal Priority Approach
(OPA-F) determines fuzzy criterion weights by solving:

max Z (4.1)
5.t dip O (W o Wi,m) - 7 Viel,Vr=1,....n—1, (42
Gin O Win = Z, Viel, (4.3)
n
D P - 1 (49
el r=1
Wi,r = (l}f’T,mfr,u;f’r), 0 <p <mj, <uf, Viel, Vr. (4.5)

Aggregated criterion weights and ranking. Define the aggregated fuzzy weight of criterion j € J by
collecting the ranks where j appears:

W; = @ Wi,r(m), where r(i, 7) is the unique rank with m;(r (i, j)) = j.
i€l
A crisp weight vector can be obtained via any defuzzification/ranking map Defuzz : TFN — R>q, e.g.
Defuzz(l,m,u) = (I + m + u)/3, followed by normalization:

_ Defuzz(W;)
Doies Defuzz(W;)

’U)j:

Reduction to crisp OPA. If all inputs are degenerate TFNs (I, m,u) = (p, p,p) and one takes 1 = (1,1,1),
then (4.1)—(4.5)) reduces to a crisp OPA-type max—min linear program.

By extending it using Uncertain Sets, we obtain the following formulation.

Definition 4.6.2 (Uncertainty space, uncertain set, membership, expected value). An uncertainty space is
a triple (I", £, M) where I" is a nonempty set, £ is a o-algebra on I', and M : £ — [0,1] is an uncertain
measure (satisfying, e.g., normality, duality, and subadditivity).

An uncertain set is a measurable mapping
¢: T = P(R),
such that for every Borel set B C R, the events

{rel: &< BteL, {yel:BCi(y}teLl
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An uncertain set ¢ is said to have a membership function pe : R — [0,1] if it represents the uncertain-set
membership semantics in the standard way (equivalently, sup,cp pe(x) = 1).

If ¢ is a nonempty uncertain set, its expected value is defined by

0o 0
E[¢ ::/0 Mg rhar— [ mig<ryar

provided at least one of the two integrals is finite.

Definition 4.6.3 (Uncertain Ordinal Priority Approach (UOPA)). Let I be a finite set of experts and J a
finite set of criteria, with n := |J| > 2. Each expert i € I provides:

1. an ordinal ranking of criteria, represented as a permutation m; : {1,...,n} — J (rank 1 = most
important);
2. an wuncertain importance profile along the ranks: for each rank r € {1,...,n}, an uncertain set

(uncertain number)

&r: T = P(R)
with finite expected value a;, := E[§; ] € R.

(1) Reduction to a deterministic OPA core via expected values. Define deterministic coefficients
a;r = E[& ], i1el, r=1,...,n.

Introduce decision variables w; , € R>¢ and 2z € R, and solve the linear program

max z (4.6)
s.t. ai,r(ww - wMH) > z, Viel Yr=1,...,n—1, (4.7)
UGinWin > 2, Vi eI, (4.8)

n
DY wir=1, (4.9)

el r=1
Wiy >0, Vi I, Vr. (4.10)

(2) Aggregated criterion weights. For each criterion j € J, define its aggregated (crisp) weight by

W; = Z W; r(i,j), Where (i, j) is the unique rank with m;(r(i, j)) = j.
el

Then W; > 0 and ;. , W; = 1.

(3) Output as uncertain sets (degenerate uncertain numbers). Define, for each j € J, a degenerate
uncertain set (singleton-valued mapping)

5T PR),  5() = (W)

The family {Z;};es is called the UOPA uncertain weight vector.
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Theorem 4.6.4 (Uncertain-set structure and well-definedness of UOPA). Assume in Definition[{.6.3 that,
for alli € I and r € {1,...,n}, the uncertain set &, has a finite expected value a;, = E[&; ;] and that
Qj r > 0.

Then:

1. the coefficients a; , in (4.6)) —(4.10) are well-defined real numbers, so the optimization model is well-posed
as a finite-dimensional linear program;

2. the feasible region of (4.6)—(4.10|) is nonempty and compact, and the objective is bounded above; hence

an optimal solution exists;

3. the UOPA output {Z;},c defined in Definition (3) forms a family of uncertain sets (on the same
uncertainty space), i.e., the method yields an uncertain-set structured weight vector.

Proof. (1) Well-defined coefficients. By assumption, each &;, has finite expected value E[¢; ] in the
sense of Definition m Therefore a;, € R is uniquely determined, and (4.6)—(4.10) is a deterministic
linear program with finitely many variables and linear constraints.

(2) Nonemptiness (feasibility). Let N := |I|n. Set w;, := 1/N for all 4,7, and set z := 0. Then (4.9)
and (4.10) hold. Moreover, since a;, > 0 and w;, — w;,+1 = 0, the left-hand side of (4.7) equals 0, and
the left-hand side of (4.8) equals a;,/N > 0. Hence all constraints hold with z = 0. So the feasible set is
nonempty.

(3) Compactness and boundedness. From (4.9)) and (4.10]), the vector (w; ) lies in a standard simplex,
hence the feasible set projected to w is closed and bounded. The full feasible set in (w, z) is also closed: it
is an intersection of closed halfspaces.

Also, for every feasible (w, z) and every i € I, (4.8) implies z < a; ywin < @jpn-1 = a;, because 0 < w;, <1
under (4.9)—(4.10). Hence z is bounded above by max;cs a;,, < 0o. Therefore the linear objective max z is
bounded above on the feasible region.

(4) Existence of an optimizer. A bounded linear functional attains its maximum on a nonempty compact
polyhedron. Thus (4.6)—(4.10) has at least one optimal solution.

(5) Uncertain-set structured output. For each j € J, the mapping =Z;(y) = {W,} is a constant
(singleton-valued) set-valued function, hence measurable with respect to £, and therefore is an uncertain
set in the sense of Definition Consequently, {Z;};es is a family of uncertain sets representing the
UOPA weight vector. O

Related concepts of Ordinal Priority Approach (OPA) under uncertainty-aware models are listed in Ta-
ble E.7

Related concepts other than Uncertain OPA include the interval ordinal priority approach [516,522], the
grey ordinal priority approach [523[524], and the rough ordinal priority approach [525,526].
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Table 4.7: Related concepts of Ordinal Priority Approach (OPA) under uncertainty-aware models.

Related OPA concept(s)

Fuzzy Ordinal Priority Approach (OPA)
Intuitionistic Fuzzy Ordinal Priority Approach (OPA)
Neutrosophic Ordinal Priority Approach (OPA) [520L[521]

W N =

4.7 Fuzzy PIPRECIA (Pivot Pairwise Relative Criteria Importance Assessment)

PIPRECIA is an MCDM weighting method using a pivot criterion and sequential pairwise comparisons
to derive criteria importance coefficients efficiently [527,528]. Fuzzy PIPRECIA extends PIPRECIA by
expressing judgments with fuzzy numbers, handling vagueness and uncertainty while computing robust
criteria weights consistently [44./529].

Definition 4.7.1 (TFN-based fuzzy PIPRECIA (ordinary + inverse)). [44.529] Let C4,...,C,, be criteria
written in a fixed order (the order is not required to be sorted by importance). Let R > 1 decision makers
(DMs) provide linguistic judgments encoded as positive triangular fuzzy numbers (TFNs), using two TFN-
valued scales: a “> 17 scale (often called the 1-2 scale) and a “< 1” scale (often called the 0-1 scale).
(Concrete TFN tables for these two scales are commonly given in the literature.)

Assume TFN arithmetic (®,@) and TFN powers are available (e.g., componentwise in the standard fuzzy-
AHP convention).

Step 1 (ordinary consecutive comparisons). For each j = 2,...,n and each DM r € {1,..., R}, let

§§T) € TFN-( encode the relative importance of C; versus C;_q:

>1 if Cj; is judged more important than C;_1,

§§-T) =1 if Cj; is judged equally important as Cj_1, 1:=(1,1,1),

<1 if Cj; is judged less important than Cj_1,

where > /< are interpreted at the linguistic-scale level.

Step 2 (aggregation by geometric mean). Aggregate the DMs’ TFNs by the (TFN) geometric mean:

R 1/R
5 =GM(EWY,.. 5) :—<®§§7‘)> . i=2,...,n,

r=1

as commonly required in fuzzy PIPRECIA implementations.

Step 3 (coefficients). Define TFN coefficients k; by

ky =1, ki=2035 (j=2,...,n), 2:=(2,2,2),

ie., if 5; = (I;,m;,u;) then l%j = (2 —uj, 2—mj, 2—1;) (to preserve the TFN order). This corresponds
to the “subtract from 2” rule in fuzzy PIPRECIA.



Chapter 4. Weight elicitation Decision-Methods

Step 4 (recursive fuzzy weights). Define g; by

(jlizi, (jj::(jj_1®]~€j (]:2,,n)

Step 5 (relative weights from the ordinary pass). Define the (ordinary-pass) fuzzy relative weights

by
j:*qj (@Qt>7 .]Zlavn

Step 6-9 (inverse pass). Repeat Steps 1-5 in reverse direction by comparing C; with Cj;q (starting

from the penultimate criterion) to obtain inverse-pass TFNs @], ..., o).

Step 10 (defuzzification and final criterion weights). Let Defuzz : TFN<g — R<( be a fixed defuzzi-
fication map. A widely used choice (often reported as DFV) is the weighted mean

l+4
Defuzz(l, m,u) := %
Defuzzify and average the ordinary and inverse weights:
. w; + w
w; = Defuzz(w,), w} = Defuzz(ﬁ);), wgmal = %, j=1,...,n.

This “defuzzify then average” rule is the standard finalization step in fuzzy PIPRECIA.

Finally, normalize

final n
final U) final
w; f so that g w; " =1,
Z inal J
t=1 7j=1
and use (w{inal, ... ,wﬂnal) as the criterion-weight vector.

As an extension based on Uncertain Sets, the definition of Uncertain PIPRECIA (U-PIPRECIA) is given
below.

Definition 4.7.2 (Uncertain PIPRECIA (U-PIPRECIA): expected-value realization). Let C1,...,C), be
criteria listed in a fixed order (n > 2), and let D = {1,..., R} be a finite set of decision makers (DMs).
Work on a fixed uncertainty space (I', £, M).

For each j = 2,...,n and each DM r € D, assume the DM provides an uncertain relative-importance

assessment
=T = P(R),

interpreted as the (uncertain) importance ratio of Cj versus Cj_;. Assume:

=7(7) CRso (Wyel),  EEV] < oo

(
J
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Define the corresponding deterministic coefficients by expected values:

Sgﬂ — E[Ey)] €Rsy, j=2,...,n, 7€D.

Step 1 (DM aggregation). Aggregate DMs by the geometric mean (positive scalar aggregation):

R
A\ /R
sj::<||s§-)> € Ry, j=2,...,n,
r=1

and set s1 := 1.

Step 2 (PIPRECIA coefficients). Define
k1 =1, kj=2-s;, j=2,...,n.

(These are the crisp counterparts of the standard “subtract from 2” rule.)

Step 3 (recursive importance sequence). Define
@ =1, g ==

whenever k; > 0.

Step 4 (normalized criterion weights). Let Q := >} | ¢; (assume @ > 0). Define
0

Q )
The vector w = (wy, ..., wy) is called the U-PIPRECIA (ordinary-pass) weight vector.

wj : j=1...,n.

Step 5 (optional inverse pass and finalization). Repeat Steps 1-4 in reverse order by comparing C;
with Cj 41 to obtain wi, ..., w;,, and set

. / final
final ,__ Wy + w] final w]
wy T 9 ’ w; = Zn wfinal'
t=1 "t

Definition 4.7.3 (Uncertain-set output of U-PIPRECIA). Let w = (wy,...,w,) be the (ordinary-pass or
final) weight vector obtained from Definition Define, for each j = 1,...,n, a degenerate uncertain set
(singleton-valued mapping)

Wi:T = PR),  Wj(7):={w;}.

Then W = (Wy,...,W,,) is called the U-PIPRECIA uncertain weight vector.

Theorem 4.7.4 (Uncertain-set structure and well-definedness of U-PIPRECIA). Assume the setting of
Definition and suppose:

(A1) (Finite positive expectations) For all j =2,...,n andr € {1,..., R}, sy) =E[= .T)] € (0,2).
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Then:

(i) sj €(0,2) and hence kj =2 —s; € (0,2) for all j > 2;
(ii) the recursion g1 =1, q; = qj—1/k; is well-defined and yields q; > 0 for all j;

(ili) @ =1 q: satisfies Q € (0,00), and therefore w; = ¢;/Q is well-defined with w; > 0 and 2?21 w; =
1;

(iv) the output family (W;)j_; in Deﬁm’tz’on is a family of uncertain sets on (I', L, M)(= an uncertain-
set structure). The same conclusions hold for the inverse-pass and the final averaged weights whenever
(A1) holds for the inverse comparisons as well.

Proof. (i) Fix j € {2,...,n}. By (Al), each sg-r) € (0,2), hence [T, sg-r) € (0,2%) and therefore

sj = <ﬁ S§T))1/R € (0,2).

r=1

Consequently k; =2 —s; € (0,2). Also k1 =1 by definition.

(ii) Since k; > 0 for all j > 2, division by k; is valid. Inductively, ¢ = 1 > 0 and if ¢j—; > 0 then
¢; = qj—1/k; > 0. Thus all g; are well-defined and positive.

iii) Because each ¢; > 0 and n < oo, the sum Q = Y., ¢ is finite and strictly positive. Hence each
t=1
w; = ¢j/Q is well-defined and positive. Moreover,

n
E wj; =
J=1 J

n

4 _ 1y~ _Q_
QT gxvT Tt

(iv) For each fixed j, the mapping W;(vy) = {w;} is constant (singleton-valued), hence measurable with
respect to £ and therefore qualifies as an uncertain set. Thus (Wj);‘zl is an uncertain-set structured output.
The inverse pass is the same construction applied to the reverse ordering, so the same argument applies, and
the final averaging/renormalization is an ordinary algebraic post-processing that preserves well-definedness
whenever both passes are well-defined. ]

For reference, related concepts of PIPRECIA under uncertainty-aware models are listed in Table

As related PIPRECIA-based methods other than Uncertain PIPRECIA, PIPRECIA-S [536,[537], Grey
PIPRECIA [538,539], and Rough PIPRECIA [540,/541] are also known.
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Table 4.8: Related concepts of PIPRECIA under uncertainty-aware models.

Related PIPRECIA concept(s)

Intuitionistic Fuzzy PIPRECIA [530]
Fermatean Fuzzy PIPRECIA [531]
Picture Fuzzy PIPRECIA [532]
Hesitant Fuzzy PIPRECIA [533]
Neutrosophic PIPRECIA [534}[535]
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4.8 Fuzzy SWARA (Fuzzy Stepwise Weight Assessment Ratio Analysis)

SWARA ranks criteria by importance, elicits stepwise comparative coefficients between successive criteria,
computes recalculated weights sequentially, and normalizes them for use in scoring models later [542}543).
Fuzzy SWARA uses linguistic terms for stepwise importance ratios, converts them to fuzzy numbers, prop-
agates fuzziness through weight calculation, and defuzzifies final weights for ranking [544-546].

Definition 4.8.1 (Fuzzy SWARA (TFN-based step-wise weighting)). [544-546] Let C = {C1,...,Cy} be
a finite set of criteria. Assume that the decision makers (DMs) provide a consensus ordering

Cir=Cy = =Ch

(from the most important to the least important criterion).

(0) Triangular fuzzy numbers and arithmetic. Let
TFNso := {(I,m,u) €R*: 0 <1 <m <u}

be the set of positive triangular fuzzy numbers (TFNs). For & = (l;, my, uz) and § = (I, my, uy) in TFNg,
define

S~ 1 1 1 1
:v@y::(lx+ly, Mg + My, ux—l—uy), 7 ;:<77f>7

uy My’
l -
Foj=i0j = (i, Mz %) 1:=(1,1,1).
Uy Myl
(Thus © is well-defined on TFN<¢.)
(1) Fuzzy stepwise comparative importance. For each j =2,...,n, let

bj = (lj,mj,uj) S TFN>0

be the fuzzy comparative importance of Cj_; relative to Cj (elicited from linguistic judgments encoded as
TFNs). No b; is needed.

(2) Fuzzy coefficients. Define TFN coefficients €; by

512:1, éj::i)j@i (j:2,...,n).

(3) Recalculated fuzzy weights (unnormalized). Define f] € TFNsq recursively by

flzzia f]:fvjfl@éj (]:2,’n)
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(4) Normalized fuzzy weights. Let F := 4 Y fi. The fuzzy SWARA weight of Cj is

Wj :zﬂ-@ﬁ':(wf,w;ﬂ,w}‘)ETFNw, j=1,...,n.

(5) Defuzzification (crisp weights). A commonly used crisp weight is obtained by centroid (center-of-
area) defuzzification:

wt + w™ + wt
| J J i1
wj =, ji=1,...,n.

3
Optionally, normalize w again by w; < w;/ > 7i_ wy so that 37, w; = 1.

The resulting vector (wy, ..., wy,) is called the Fuzzy SWARA (defuzzified) criterion-weight vector.

Using Uncertain Sets, we define Uncertain SWARA (U-SWARA) as follows.
Definition 4.8.2 (Uncertain SWARA (U-SWARA): expected-value realization). Let C = {C1,...,Cy,} be

a finite set of criteria, n > 2. Assume a fixed consensus importance order
Ci=Coy=---=0C,

(from most to least important). Work on a fixed uncertainty space (I', £, M).

For each step j = 2,...,n, decision makers provide an uncertain stepwise comparative-importance coefficient
(the “relative importance of Cj_; over C;”)

Z;:T — P(R),

assumed to satisfy
Ej(’y) - RZO (V"}/ € F), S5 1= E[E]] < 00.

(Thus s; is the crisp stepwise coefficient obtained by expected-value reduction of uncertainty.)

Define the SWARA recalculation factors by

k=1, ki=14+s; (j=2,...,n).

Define the unnormalized sequential weights recursively by

qj—1 .
q1 =1, qj::J— (j=2,...,n),

whenever k; > 0.

Let Q := >} | ¢ (assume @ > 0), and define the normalized SWARA weights by
_ %

Q )
The vector w = (w1, ..., wy,) is called the U-SWARA criterion-weight vector.

wj : j=1...,n.
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Definition 4.8.3 (Uncertain-set output of U-SWARA). Let w = (wy,...,w,) be obtained from Defini-
tion Define degenerate uncertain sets (singleton-valued mappings)

W;:T' = P(R), W;(v) == {w,}, j=1...,n
Then W = (Wy,...,W,,) is called the U-SWARA uncertain weight vector.

Theorem 4.8.4 (Uncertain-set structure and well-definedness of U-SWARA). Assume the setting of Defi-
nition [{.8.9 and suppose:

(A1) (Nonnegative finite expectations) s; = E[Z;] € [0,00) for all j =2,...,n.
Then:
(i) kj=14s; € [1l,00) for all j =2,...,n, hence kj > 0;

)
(ii) the recursion q1 =1, q; = qj—1/kj is well-defined and yields q; > 0 for all j;
(iii) Q@ = >}, @ satisfies Q € (0,00), and thus wj = q;/Q is well-defined with w; >0 and 3°7_; w; = 1;
)

(iv) the family (Wj)?:1 in Deﬁm’tionforms an uncertain-set structured output on (', L, M).

Proof. (i) By (A1), for each j > 2 one has s; > 0, hence k; =14 s; > 1> 0.

(ii) Since k; > 0, division by k; is valid. Inductively ¢ =1 > 0; if gj—1 > 0 then ¢; = ¢;—1/k; > 0. Thus
all g; exist and are positive.

(iii) Because n < oo and each ¢, > 0, the sum Q = ;' | ¢; is finite and strictly positive. Hence w; = ¢;/Q
is well-defined and positive. Moreover,

n
E w; =
Jj=1 J

n

G 1 Q
G 2N =%
Q@

(iv) For each j, the map Wj(y) = {w,} is constant (singleton-valued), hence measurable; therefore it is an

uncertain set. Consequently (Wj)?zl is an uncertain-set structured output. ]

Related uncertainty-model variants of SWARA, classified by the degree-domain dimension k, are listed in
Table

As related concepts other than Uncertain SWARA, Rough SWARA [561], Soft SWARA [562], SWARA-
TOPSIS [563./564], SWARA-AHP [565,566], and Grey SWARA [567,/568| are also known.
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Table 4.9: Related uncertainty-model variants of SWARA (classified by the degree-domain dimension k).

Related SWARA variant(s)

Fuzzy SWARA

Intuitionistic Fuzzy SWARA [547,548]
Pythagorean Fuzzy SWARA [549.[550]
Fermatean Fuzzy SWARA [551]552]
Hesitant Fuzzy SWARA [553}/554]
Spherical Fuzzy SWARA [555/[556]
Neutrosophic SWARA [557,,558]
Plithogenic SWARA [559.[560]

B WWwWwhhNo N -

4.9 Fuzzy CILOS (Fuzzy Criterion Impact Loss)

CILOS derives objective criterion weights by quantifying information or impact loss when each criterion
deteriorates, emphasizing criteria that most affect overall performance [569,/570]. Fuzzy CILOS extends
CILOS using fuzzy numbers for performances, computes fuzzy impact-loss measures per criterion, and
produces objective weights robust under imprecision [571].

Definition 4.9.1 (Fuzzy CILOS (Criterion Impact Loss) weighting). [571] Let
A: {Al,...,Am} and C = {Cl,...,Cn}

be the sets of alternatives and criteria, respectively. Assume that each criterion Cj is either of benefit type
or cost type.

Let FN <o be a fixed class of positive fuzzy numbers, and let

X = (fij)an € F ;nOXn

be the fuzzy decision matrix, where ;; is the fuzzy performance of alternative A; under criterion C}.

Fix a total ranking / defuzzification map
Score : FNso — Rxg.
Define the associated positive crisp score matrix

Step 1: Benefit-type transformation. Define the transformed matrix X = (2i;)mxn € RZ;" by

Sijs if C; is a benefit criterion,
Lij = ming<y<m Srj . . .

m—— Cj is a cost criterion.
Sij

Thus, after transformation, every criterion is treated as a benefit criterion.

Step 2: Criterion-wise optima. For each criterion j € {1,...,n}, define

T 1= max jj.
1<i<m
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Choose an index
L; € arg max Z;;.
J g1gi§m K

Step 3: Square matrix of criterion-optimal alternatives. Define the matrix A = (aij)nxn by
Qij 1= Ty;4, i,j:L...,n.

Hence, the i-th row of A is the transformed performance vector of an alternative that is optimal for criterion
C;. In particular,
Qi3 — l‘:

Step 4: Relative-loss matrix. Define the matrix P = (p;j)nxn by

*
T: — Qg4
J J . .
. * ) Z#Ja
0, i=j.

Thus p;; € [0, 1] represents the relative loss of criterion C; when the alternative that is best for criterion C;
is selected.

Step 5: CILOS balance matrix. Define F' = (f;j)nxn by

Dijs i # J,
n
fij T _Zprja Z:]
r=1
r#j
Equivalently,
- Zr# br1 D12 T Din
P P?1 — Zr?ﬁg Dr2 - p?n
Pn1 Pn2 T Zmén DPrn

Step 6: Criterion-significance vector and weights. A nonzero vector

¢=(q1,--,4n)" € R\ {0}
satisfying
Fg=0

is called a criterion-significance vector of the fuzzy CILOS model. The corresponding Fuzzy CILOS weight
vector is

w:('LUl,...,wn) 5 wj:m, 7...,77,.
(=1

Then N
wj >0 and ij =1.
j=1
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We now define Uncertain CILOS (UCILOS) by extending the criterion-impact-loss idea to a general uncer-
tain model M.

Definition 4.9.2 (Uncertain CILOS (UCILOS) of type M). Let
A={A1,...,Ap} and C={C1,...,C,}

be the sets of alternatives and criteria, respectively, where m,n € N and m,n > 1.

Fix an uncertain model M with degree-domain
Dom(M) C [0,1]*

for some integer k > 1.

Assume that each criterion Cj is designated either as a benefit criterion or as a cost criterion. Let
X = (pij)mxn € Dom(M)™""
be an uncertain decision matrix, where p;; € Dom(M) is the uncertain performance of alternative A; under
criterion Cj.
Assume further that a total score map
Scoreps : Dom(M) — R
is fixed. Define the associated positive score matrix

S = (Sij)an S R%an Sij 1= SCOIGM(/LZ'j).

Step 1: Benefit-type transformation. Define B = (b;)mxn € RZ; ™ by

Sijs if C; is a benefit criterion,
bij =

min1<r<m Srj . . . .
E——L Cj is a cost criterion.

Sij

Thus every criterion is transformed into benefit form.

Step 2: Column normalization. For each criterion j, let

Bj = Z brj-
r=1

Define the normalized matrix

by
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Step 3: Criterion-wise optima. For each j € {1,...,n}, define

*
Z: = Imax Zzj;
T 4i<m Y

and choose any index

Lj € arg max zj;.
J 1<i<m

Step 4: Square matrix of criterion-optimal alternatives. Define the square matrix
A= (aij)nxn
by
Aij 1= Z;75, i,jzl,...,n.

Hence the i-th row of A is the normalized criterion profile of an alternative that is optimal for criterion C;.
In particular,

Lk
Ay = 25 -

Step 5: Relative-loss matrix. Define P = (p;;)nxn by

0, =7,
Dij = zF — ai;
J J . .
K, 1 #]
Zj

Thus p;; is the relative loss of criterion C; when the alternative that is optimal for criterion Cj is selected.

Step 6: Total loss and criterion significance. For each criterion j, define its total impact loss by

n
Lj = Zpij.
=1
i#]

Define the corresponding criterion-significance score by

Step 7: UCILOS weight vector. The Uncertain CILOS weight vector is

T n 4qj
w = (wiy,...,wy) €][0,1] W, = =
" ’ ! 22:1 qe ’
Remark 4.9.3. Definition [4.10.2|is an objective weighting construction. It generalizes the criterion-impact-
loss idea by first converting each uncertain entry p;; € Dom(M) into a positive representative score and
then applying a loss-based criterion-weighting mechanism to the induced score matrix.

j=1,....n.

Theorem 4.9.4 (Well-definedness of UCILOS). Let
Uemos = (A,C, M, Xz, Scoreny)

be a UCILOS instance as in Definition |4.10.9 Assume:
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(A1) A and C are finite nonempty sets;

(A2)
Xyv = (Mij)mxn € Dom(M)mxn;

(A3) each criterion Cj is designated either as benefit type or as cost type;
(A4)

Scoreps : Dom(M) — Rsg

is a total map.
Then all quantities appearing in Definition [{.10.9 are well-defined. More precisely:

(i) the score matriz S = (si;) € RIS is well-defined;
(ii) the benefit-type matriz B = (bj;) € RT;™" is well-defined;

(iii) the normalized matriz Z = (z;;) € RT™ is well-defined, and for each j,
> =1
i=1

(iv) for each j, the optimal value z; and at least one mazrimizer 1; € arg max; z;; erist;

(v) the square matriz A = (a;j) and the relative-loss matrix P = (p;;) are well-defined, with

(vi) the total losses L; and significance scores q; are well-defined and satisfy
1
Lielon-1, ge|1];

T

(vii) the weight vector w = (wy,...,wy) "' is well-defined and satisfies

wj >0 for all j, and ij =1.

Hence Uncertain CILOS of type M is well-defined.

Proof. By (A2), for every ¢ € {1,...,m} and j € {1,...,n},
Hij € Dom(M).
Since Score)y is total by (A4), each value

Sij = SCOI‘GM(,U,,U)
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is well-defined and belongs to R~g. Therefore the score matrix
S = (Sz’j)mxn (S R;noxn

is well-defined. This proves (i).

Next, define B = (b;;) as in Definition |4.10.2} If C; is a benefit criterion, then
bij = 8i5 > 0.

If Cj is a cost criterion, then
_ minlgrgm Srj

bis =
Because the finite set {s1j,...,sm;} C Rso has a positive minimum and s;; > 0, this quotient is well-defined
mXn

and strictly positive. Hence every b;; € Rsq, so B € RT;"™. This proves (ii).

For each j, define

Since each b.; > 0 and m > 1, we have $; > 0. Therefore

Zij = =
Bi
is well-defined and positive. Thus Z = (z;;) € RZ;" is well-defined. Moreover,
bij 1w
wj= =) b=1
i=1 i=1 " 7 i=1
This proves (iii).
Fix j € {1,...,n}. Since the finite nonempty set {z1;,...,2m;} C R5¢ has a maximum, the number
* — ..
Zj = max z;

exists, and the argmax set
arg max z;;
1<i<m 7

is nonempty. Hence at least one index ¢; can be chosen. This proves (iv).

Now define
Qij 1= Zy;5-

Since each ¢; € {1,...,m}, every a;; is well-defined and belongs to Rs¢. Therefore A = (a;;) is well-defined.

For the relative-loss matrix, first note that z5 > 0. Also, since z7 is the maximum in column j,

0<CLZ‘j < Z;-(.
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Hence, for i # j,

* ..
pij = =
J

is well-defined and satisfies 0 < p;; < 1. By definition p;; = 0. Therefore P = (p;;) is well-defined and all
its entries lie in [0, 1]. This proves (v).

For each j,

n
Li=) by

=1

i#]

is a finite sum of n — 1 numbers from [0, 1]. Therefore

OSLjSTl—l.

Consequently,
1
UL
is well-defined and satisfies .
—<gqg <1
n
This proves (vi).
Finally, because each g; > 0, the denominator
n
>
=1
is strictly positive. Hence
o 4q;
wj = I

is well-defined for every j, and w; > 0. Moreover,
Y=Y e
T Zz Vae g e

Thus w is a well-defined normalized weight vector. This proves (vii).

Therefore every step of the UCILOS construction is mathematically well-defined. O

Related concepts of CILOS under uncertainty-aware models are listed in Table

Table 4.10: Related concepts of CILOS under uncertainty-aware models.

Related CILOS concept(s)

Fuzzy CILOS
Intuitionistic Fuzzy CILOS
Neutrosophic CILOS

W N -
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4.10 Fuzzy IDOCRIW (Fuzzy Entropy-CILOS integrated objective weighting)

IDOCRIW objectively derives criterion weights by integrating entropy dispersion and CILOS impact-loss
indices from a normalized decision matrix data alone [572,573|. Fuzzy IDOCRIW extends IDOCRIW using
fuzzy numbers for performances, computing entropy and loss measures fuzzily, then defuzzifying weights
robustly overall [48,574].

Definition 4.10.1 (Fuzzy IDOCRIW weights (Entropy—CILOS integrated objective weighting)). [48,574]
Let A = {Ay,..., Ay} be a finite set of alternatives and C = {C1,...,Cy} a finite set of criteria. Let
X = (245) € F™*" be a fuzzy decision matrix, where F denotes the chosen class of fuzzy evaluations (e.g.,
TFNs, IVIFNs, picture-fuzzy numbers, etc.).

Assume a score/defuzzification map
s:F— Ry

that induces comparisons and yields strictly positive scalars
di]’ 228(5@') (izl,...,m,jzl,...,n).

Partition the criteria into benefit and cost types: C = BUC, where B are beneficial and C' are non-beneficial
criteria. Form a benefit-oriented (positive) matrix D = (dw) by

dij7 ] € B7

ming <j<m dij

=
S

for all 4, j.
) ] E C7

(Thus all criteria are converted to the “larger-is-better” direction.)

(1) Entropy objective weights. Define the column-normalized proportions

o~

dij
m 7
Zr:l drj

and adopt the convention 0In0 := 0. Let k£ := 1/In(m). The entropy of criterion j is

Dij = 1=1,....m, 7=1,...,n,

Ej = -k Zpij ln(pij),

its divergence is A; := 1 — Ej;, and the entropy weight vector is

A
w](-E)::ij j=1,...,n

Z?:l Ay’

(2) CILOS objective weights. For each criterion j, pick an index

dis
s € arg max d
(one of the best-performing alternatives under criterion j). Construct the square matrix B = (b;;) € RZ"
by
bij =

)
=
.

I
\.’_l
S
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so that b; = maxi<,y<m Jm Define the relative impact-loss matrix R = (r;;) € [0, 1]™*" by

Form the (column-Laplacian) weight-system matrix F = (fj;) € R™*™:
Tij, { ?é jv

f= g s
ij = . .
- Trj, 1=1]-

r=1

A CILOS weight vector is any vector w(©) e RZ,\ {0} satisfying
Fo© =0 3wl -1

(Under standard irreducibility /nondegeneracy conditions on R, such a normalized nonnegative null-vector
is unique.)

(3) IDOCRIW aggregation (integrated objective weights). The fuzzy IDOCRIW weight vector is
defined by the multiplicative fusion

B (O
o, [IDOCRIW) . _ i W i1 n
j . n E Y 9 L)

> =1 wé )wé )

Then w(IDOCRIW) c Rgo and Z?:l ngDOCRIW) -1

We now define Uncertain CILOS (UCILOS) by extending the criterion-impact-loss idea to a general uncer-
tain model M.

Definition 4.10.2 (Uncertain CILOS (UCILOS) of type M). Let
.A: {Al,...,Am} and C = {Cl,...,Cn}

be the sets of alternatives and criteria, respectively, where m,n € N and m,n > 1.

Fix an uncertain model M with degree-domain
Dom(M) C [0,1]*

for some integer k > 1.

Assume that each criterion Cj is designated either as a benefit criterion or as a cost criterion. Let
X = (fij)mxn € Dom(M)™*"

be an uncertain decision matrix, where p;; € Dom(M ) is the uncertain performance of alternative A; under
criterion Cj.
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Assume further that a total score map
Scoreps : Dom(M) — Ry
is fixed. Define the associated positive score matrix

S = (Sij)an € Rzlgnv Sij = SCOI‘eM(/LZ‘j)-

Step 1: Benefit-type transformation. Define B = (b;;)mxn € RZ;" by

Sijs if C; is a benefit criterion,
bij =

rnin1<r<m Srj . . . .
m— e Cj; is a cost criterion.

Sij

Thus every criterion is transformed into benefit form.

Step 2: Column normalization. For each criterion 7, let

Define the normalized matrix

by

Step 3: Criterion-wise optima. For each j € {1,...,n}, define

*
Z: i— maxX Zj;
T i<m T

and choose any index

L; € arg max zj;.
J glgigm J

Step 4: Square matrix of criterion-optimal alternatives. Define the square matrix
A= (aij)nxn
by
Qij = Zu;5, ,j=1,...,n.

Hence the i-th row of A is the normalized criterion profile of an alternative that is optimal for criterion C;.
In particular,

e
Qi = Z; -
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Step 5: Relative-loss matrix. Define P = (p;;)nxn by

0, i =7,

R *
Dij ‘= Zj — Q45

BT i # J.

J

Thus p;; is the relative loss of criterion C; when the alternative that is optimal for criterion Cj is selected.

Step 6: Total loss and criterion significance. For each criterion j, define its total impact loss by
n
Lj = Zpij.
i=1
i#]

Define the corresponding criterion-significance score by

Step 7: UCILOS weight vector. The Uncertain CILOS weight vector is

w= (Wy,...,w € 0,1]", W ==n—, Jj=1...,n.
( n) [0, 1] J S

Remark 4.10.3. Definition is an objective weighting construction. It generalizes the criterion-
impact-loss idea by first converting each uncertain entry p;; € Dom(M) into a positive representative score
and then applying a loss-based criterion-weighting mechanism to the induced score matrix.

Theorem 4.10.4 (Well-definedness of UCILOS). Let
Uemos = (A,C, M, Xz, Scoreny)

be a UCILOS instance as in Definition[[.10.9 Assume:

(A1) A and C are finite nonempty sets;

(A2)
Xt = (Hij)mxn € Dom(M)™";

(A3) each criterion Cj is designated either as benefit type or as cost type;
(A4)

Scoreps : Dom(M) — R

is a total map.

Then all quantities appearing in Definition [{.10.9 are well-defined. More precisely:

(i) the score matriz S = (si;) € RU;™ is well-defined;
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(ii) the benefit-type matriz B = (bj;) € RT;" is well-defined;

(i) the normalized matriz Z = (z;;) € RT™ is well-defined, and for each j,
m
D mi=1
i=1

(iv) for each j, the optimal value zj* and at least one mazwimizer 1; € arg max; z;; ewist;
v) the square matriz A = (a;;) and the relative-loss matriz P = (p;;) are well-defined, with
J J

0<p; <1 (1<i4,5 <n);

(vi) the total losses L;j and significance scores q; are well-defined and satisfy

1
Lyelo,n—1, g€ [7,1};
n
(vii) the weight vector w = (w1, ..., wy)" is well-defined and satisfies
wj >0 for all 7, and ij =1.
j=1

Hence Uncertain CILOS of type M is well-defined.

Proof. By (A2), for every i € {1,...,m} and j € {1,...,n},
pi; € Dom(M).
Since Scoreyy is total by (A4), each value
sij = Scoreps(fLij)
is well-defined and belongs to Rsg. Therefore the score matrix
S = (84j)mxn € RLF"

is well-defined. This proves (i).

Next, define B = (b;;) as in Definition [4.10.2, If C; is a benefit criterion, then
bij = 8i5 > 0.

If Cj is a cost criterion, then
bii — ming <,<m Srj
= ——————,
J 5ij
Because the finite set {s1j, ..., Sm;j} C Rso has a positive minimum and s;; > 0, this quotient is well-defined
and strictly positive. Hence every b;; € R>g, so B € RZ(". This proves (ii).
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For each j, define
Bj = Z brj-
r=1

Since each b.; > 0 and m > 1, we have 3; > 0. Therefore

pe i M
i Bj
is well-defined and positive. Thus Z = (z;;) € RZ;" is well-defined. Moreover,
m m m
Sy =St S
i=1 = i =1
This proves (iii).
Fix j € {1,...,n}. Since the finite nonempty set {z1;,...,2m;} C Rs¢ has a maximum, the number
* .

exists, and the argmax set
arg max z;;
& e S

is nonempty. Hence at least one index ¢; can be chosen. This proves (iv).

Now define
Ajj = Zy;5-

Since each ¢; € {1,...,m}, every a;; is well-defined and belongs to Rs¢. Therefore A = (a;;) is well-defined.

For the relative-loss matrix, first note that z; > 0. Also, since z; is the maximum in column j,
*
0< Q5 < Zj

Hence, for i # j,

z*—aij
|
bij = %

J

is well-defined and satisfies 0 < p;; < 1. By definition p;; = 0. Therefore P = (p;;) is well-defined and all
its entries lie in [0, 1]. This proves (v).

For each j,

Lj:= pr
1753

is a finite sum of n — 1 numbers from [0, 1]. Therefore
0<L;<n-—1.

Consequently,
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is well-defined and satisfies

1
—<g¢; <1
n
This proves (vi).
Finally, because each g; > 0, the denominator
n
D
/=1
is strictly positive. Hence
: 95
wj

o 22:1 qe

is well-defined for every j, and w; > 0. Moreover,

n n n
ijzz q; :Ej:1Qj:1
n n N
= 24:1 qe 25:1 qe

Jj=1

Thus w is a well-defined normalized weight vector. This proves (vii).

Therefore every step of the UCILOS construction is mathematically well-defined. O

4.11 Fuzzy BWM (Fuzzy Best-Worst Method)

BWM selects the best and worst criteria, compares best-to-others and others-to-worst, then solves a con-
strained optimization to obtain consistent criterion weights for MCDA ranking tasks [575,576]. Fuzzy
BWM replaces pairwise comparison ratios with fuzzy numbers, solves for fuzzy weights under consistency
constraints, and defuzzifies or ranks by possibility to prioritize criteria [577-579].

Definition 4.11.1 (TFN-based Fuzzy Best—-Worst Method (FBWM)). [577-579] Let C = {c1,...,c,} be
a set of decision criteria (n > 2). A triangular fuzzy number (TFN) is denoted by @ = (a!,a™, a%) with
0<a <am<at.

Step 1 (Best and worst criteria). A decision-maker selects:

cp € C (best/most important), cw € C (worst/least important).

Step 2 (Fuzzy pairwise-comparison vectors). Using a linguistic scale mapped to TFNs, the decision-
maker provides:

e the Fuzzy Best-to-Others vector
Ap = (ap1,dBa, .-, aBn), ap; = (a;, a;, ah;),

where ap; encodes the degree to which cp is preferred over cj;
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o the Fuzzy Others-to- Worst vector
A ~ ~ ~ ~ l m u
AW == (a1W7a2W7' . '7anW)7 ajW - (ajW7ajW7ajW)7

where @y encodes the degree to which ¢; is preferred over cyy.

As neutral self-comparisons, set app = aww = (1,1,1).

Step 3 (Deriving fuzzy weights by linear programming). The FBWM output is a TFN weight for
each criterion

Wy = (wé-,wg-”,w;f) (j=1,...,n),
together with a satisfaction degree § € [0,1]. Let ¢ € {l,m,u} denote the TFN component (lower/mid-
dle/upper). Introduce tolerance parameters d} > 0 and q§- > 0.

Define the following linear program:

max [
why — aly.w!
s.t. ngtB—atijﬁng, B<1— 7 LIy, vt e {l,m,ul,
J
t_ ot ot
R .
—q}ﬁwﬁ-—aﬁwwﬁvgo, B<1+ -2 qi , Vi, vt e {l,m,u},
J

n
m o __
g w, =1,
i=1
n

n
! ! :
w}‘—i—Zwigl, wj—i-wa‘Zl, v,
=1 i=1
7] 7]
0<w <wl<wl, VY

0<pB<1L

Any optimal solution {w;}_, is called the FBWM fuzzy weight vector associated with (A, Aw).

Uncertain BWM of type (M) is defined as follows.

Definition 4.11.2 (Admissible comparison scale for an uncertain model). Let M be an uncertain model
with degree-domain Dom (M) C [0, 1]* (nonempty). An admissible (ratio) comparison scale for M is a map

Ky s Dom(M) — [1,A]

for some fixed constant A > 1. The value kps(d) is interpreted as a crisp preference intensity induced by
the uncertainty-degree tuple d € Dom(M ).

Remark. The choice of k) is model-dependent (e.g., a score/defuzzification plus rescaling) and should be
specified by the decision analyst.
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Definition 4.11.3 (Uncertain BWM of type M (U-BWM)). Let C = {ci,...,cn} be a set of criteria with
n > 2. Fix an uncertain model M with Dom(M) # () and an admissible scale ), as in Definition [4.11.2

Step 1 (Best and worst criteria). Select

cg € C  (best / most important), cw € C  (worst / least important).

Step 2 (Uncertain comparison vectors). Provide the following two U-sets (uncertain vectors) of type
M:

e Best-to-Others uncertain preferences
ASBM) :C — Dom(M), cj — ag\j),

(M) . )
where ap y encodes how strongly cp is preferred over c;;

o Others-to- Worst uncertain preferences
Agy) :C — Dom(M), cj+—>a§.]\w4,),
(M)

where a W encodes how strongly c¢; is preferred over cyy.

Set neutral self-comparisons ag? = ag,%%, so that

muagy) = malagyy) = 1

Step 3 (Crisp intensities induced by M). Define induced (crisp) ratio intensities

&Bj = HM(CL(BA;[)) S [I,A], &jW = HM(agj\V[/i)) S [1,/\] (_] =1,... ,n).

Step 4 (Weight derivation via a minimax linear program). The U-BWM weight vector is any

optimal solution w = (w1, ...,wy) of the linear program
min &
st. —¢<wp—agjw; <E, j=1,...,n,
_égw]_djwwwgfa jzl,...,’l’L,

n
ijzl, w; >0 (j=1,...,n), §>0.
j=1

The optimal value £* is interpreted as a (model-induced) consistency deviation.

Theorem 4.11.4 (Well-definedness of U-BWM). Under the assumptions of Definition (in particular,
Dom (M) # 0 and kpr : Dom(M) — [1,A] exists), the U-BWM optimization problem is well-defined:



Chapter 4. Weight elicitation Decision-Methods

(i) the feasible region is nonempty;
(ii) an optimal solution (w*,£*) exists;

(iii) every optimal weight vector satisfies w* € A" 1 = {w € R, : Z?:l w; = 1}.

Proof. (i) Since Dom(M) # (), the uncertain comparison vectors A%M),Aw ) can be chosen (and are given)

with values in Dom(M), hence the induced intensities apj,a;w are well-defined real numbers in [1,A].
Consider the uniform weights w; := 1/n for all j; then 2?21 w; = 1 and w; > 0 hold.

Define

= max{ max |wg — ag;w;|, max |w; — a;ww > 0.
) {1§j§n‘ B Bj J" 1§j§n‘ J JW W|} =

With (w,§) = (%1,{0) all linear inequalities in Definition |4.11.3| are satisfied, so the feasible region is
nonempty.

(ii) The feasible set is described by finitely many linear equalities/inequalities, hence it is a closed polyhedron.
Moreover, the constraints 2?21 w; = 1 and w; > 0 imply 0 < w; < 1 for all j. For any feasible w, choosing

&= max{max |lwp — dijj’7 max |UJj — dijW\}
J J

always yields a feasible pair (w, £), so the objective £ is bounded below by 0. Because the simplex constraint
makes the w-coordinates bounded and the inequalities force £ to be at least the maximum of finitely
many continuous expressions, the minimum of the linear objective over this nonempty closed feasible set is
attained. Equivalently (and standard in linear programming), a feasible LP with objective bounded below
admits an optimal solution.

(iii) By construction, every feasible (hence every optimal) solution satisfies the simplex constraints Z?Zl wj =
1 and wj >0, ie., w € AL O

Related concepts of BWM under uncertainty-aware models are listed in Table

Table 4.11: Related concepts of BWM under uncertainty-aware models.

Related BWM concept(s)

Intuitionistic Fuzzy BWM [580}/581]
Bipolar Fuzzy BWM [582]
Pythagorean Fuzzy BWM [40]
Spherical Fuzzy BWM [5831[584]
Hesitant Fuzzy BWM [585]/586]
Picture fuzzy BWM (cf. [587])
Neutrosophic BWM [588-590]
Plithogenic BWM

S W WWWwND NN

As extension- or related concepts other than Uncertain BWM, BWAHP [581], Bayesian BWM [591], Rough
BWM [592/593], BWM-TOPSIS [594,595], Z-number BWM [596], Interval BWM [597], Robust BWM [598],
Belief-based BWM [599], and Grey BWM [600,/601] are also known.
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4.12 Fuzzy CRITIC

CRITIC is an objective weighting method that assigns criterion weights using data dispersion and inter-
criterion conflict, emphasizing informative, discriminative, and nonredundant criteria [602,/603]. Fuzzy
CRITIC computes objective criterion weights from fuzzy ratings using dispersion and intercriteria correla-
tion, emphasizing informative, nonredundant criteria in scoring [604-606].

Definition 4.12.1 (Fuzzy CRITIC weighting). [604-606] Let A = {A1,..., A} be a set of alternatives
and C = {C1,...,C,} a set of criteria. Assume a fuzzy decision matrix

X = (%l]) fij S F,

mxn’

where F is a chosen family of fuzzy evaluations (e.g., TFNs, trapezoidal fuzzy numbers, interval-valued fuzzy
numbers, etc.). Partition criteria into benefit and cost sets:

C = Cben U Ccost'

Fix a defuzzification/score map
S:F— R,

which converts fuzzy evaluations into real numbers (e.g., for a TFN z = (¢, m,u) one may take S(z) =
(¢4+m +u)/3). Define the crisp matrix X = (x;;) by

xij::S(Eij) (i:1,...,m;j:1,...,n).

(1) Min—max normalization. For each criterion C}, define

min .
X = min x;; X = Imax XIj;;
J 1<i<m ™~ 7’ J 1<i<m 7’

max

and assume 2" # x;mn for at least one j. The normalized matrix R = (r4;) is defined by

min

Lij — ‘/E] ben
T ¢y echen,
max __ ,.min
XT; X
P J J
1] pMAX g
J Y cost
—, Cj eC .
max __ ,.min
Ty Tj

Then Tij € [0, 1].

(2) Dispersion of each criterion. Let

L 1 & )
’I”j = E z;n‘j, 05 = 1 Z(’r‘ij — Tj)z.
1=

i=1

(3) Inter-criteria correlation. For j, k € {1,...,n} define Pearson correlation

) Yooy (rig = 75) (rik — Tx)
Pik

B \/Zﬁl(rij —7j)? \/Zl’ll(m - fk)Z’
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whenever the denominator is nonzero (otherwise set pji := 0).

(4) Information content and weights. Define the CRITIC information content of criterion C; as

n
Ly = 05> (1—pjn),
k=1

and (when Z?:l I'; > 0) define fuzzy-CRITIC objective weights by

T; ,
~n T J =
2?21 FZ

The resulting vector w = (w1,...,w,)" is called the Fuzzy CRITIC weight vector associated with ()Z' ,9).

w; = 1,...,n.

Proposition 4.12.2 (Well-definedness and simplex property). In Definition |4.12.1, assume 3 7_; I'; > 0.
Then wj > 0 for all j and 3°7_, wj = 1.

Proof. For each j, 0 > 0 by definition. Also, pjr < 1, hence 1—pj > 0,50 >, (1—pjx) > 0 and therefore
['; > 0. With >7%_, T'; > 0, the formula w; =T/ >7)_, T'y yields w; > 0 and }77_; w; = 1 immediately. [

Using Uncertain Sets, we define Uncertain CRITIC weighting of type M as follows.

Definition 4.12.3 (Admissible scoring map for an uncertain model). Let M be an uncertain model with
nonempty degree-domain Dom(M) C [0,1]¥. An admissible score for M is a map

Sy : Dom(M) — R

such that Sys(d) is finite for every d € Dom(M). (Examples include defuzzification/score functions for fuzzy
degrees, or scalarization maps for multi-component degrees such as intuitionistic/neutrosophic/plithogenic
tuples.)

Definition 4.12.4 (Uncertain CRITIC weighting of type M). Let A = {A1,..., A} be alternatives and
C ={C,...,Cy,} criteria with m > 2 and n > 1. Partition criteria into benefit and cost sets:

C = Cben U Ccost.

Fix an uncertain model M with Dom (M) # () and an admissible score Sy, as in Definition [4.12.3

Assume an uncertain decision matriz

M M M
XM) — (;1:2(] ))mxn’ xl(-j ) ¢ Dom(M),
where a:l(JM) encodes the uncertainty-degree evaluation of alternative A; under criterion C}.

Step 0 (Crisp projection via scoring). Define the real-valued matrix X = (z;;) by
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Step 1 (Min—max normalization). For each criterion Cj, set

min max

T = min x;; x = max xj;.
J 1<i<m =’ J 1<i<m ¥
Define the normalized matrix R = (r;;) by
Lij — 'T?nn : ben max min
—, if C; € C**" and 27 > ",
x;nax _ $;r11n J J
max
P = X — Tij . . .
1) J — if Cj c Ccost and pmax > xmm’
x;nax _ x.;mn J J
: max __ ,.min
0, if T =

(Thus degenerate criteria with zero range are handled by 7;; = 0.)

Step 2 (Dispersion). Let

Step 3 (Inter-criteria correlation). For j, k € {1,...,n} define
Doy (rig = 75) (rig — Tr)
Pik == Vit (rig — )% /2 (i — T,)?

0, otherwise.

if 0; > 0 and o3, > 0,

Step 4 (CRITIC information and objective weights). Define the information content of C; by

n
Fj Z:JjZ(l—pjk), jzl,...,n.
k=1

If Z;‘:l I'; > 0, define the Uncertain CRITIC weights by

T,
wj:zij 7j=1,...,n.

22:1 FK 7

The vector w = (w1,...,w,)" is called the Uncertain CRITIC weight vector of type M associated with
(XM Syp).

Theorem 4.12.5 (Well-definedness of Uncertain CRITIC). In Definition|4.12.4), assumem > 2, Dom(M) #
0, and Syr is admissible. Then:

o the matrices X and R are well-defined (all entries are finite real numbers);

o for every j,k, pji is well-defined and satisfies —1 < pj, < 1;
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e I'; >0 forall j;

o if 2?21 I'; > 0, then the resulting weight vector satisfies

pe, we A" i={w e RL,: Y0 w; = 1},

Proof. Since Sy : Dom(M) — R is admissible, each z;; = S M(xl(;v‘[) ) is a finite real number, hence X

is well-defined. For each fixed j, = mm and z'™ exist because the index set {1,...,m} is finite. The
max __ ,.min
J J
= mgmn. Therefore R is well-defined and has finite real entries.

normalization rule defines r;; either by a ratio Wlth denominator % > (0 or by the constant value

max

0 when ]

Next, o; > 0 holds by definition of a square root of a nonnegative quantity. If o; = 0 or o, = 0,
Definition [4.12.4] sets p;, = 0, hence it is well-defined. Assume o; > 0 and o3 > 0. Let

U =Ty — Ty, Vi =Tk — Tk (2:1,...,m).

Then the numerator of pj; equals Y ", u;v;, and the denominator equals \/ > uf \/ > U?, which is
positive under o; > 0 and o3, > 0. By the Cauchy-Schwarz inequality,

m m m
2 2
}E:“ivi‘g E:uz E:Uiv
i1 i—1 i=1

hence |pjr| < 1,50 =1 < pj, < 1.

For each j, 0; > 0 and 1 — pjp > 0 because p; < 1. Therefore > ;' (1 — pjr) > 0 and thus I'; =
05 2 =1 (1 = pj) = 0.

Finally, if 377, T'; > 0, then w; = T;/ 37)_; T'y is well-defined, satisfies w; > 0, and

_y

W =1.
Z a Ze 1 Iy
Hence w € A" 1, O

Related concepts of CRITIC under uncertainty-aware models are listed in Table

As extensions of CRITIC other than Uncertain CRITIC, several related concepts are also known, including
Rough CRITIC [623], Modified CRITIC [624,625], and CRITID [626].
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Table 4.12: Related concepts of CRITIC under uncertainty-aware models.

Related CRITIC concept(s)

Intuitionistic Fuzzy CRITIC [607.(608]
Pythagorean Fuzzy CRITIC [609.(/610]
Fermatean Fuzzy CRITIC [6111[612]
Picture Fuzzy CRITIC [613/614]
Spherical Fuzzy CRITIC [615-617]
Neutrosophic CRITIC [618H620]
Plithogenic CRITIC [621}/622]

S LW W NN

4.13 Fuzzy MEREC (Fuzzy MEthod based on the Removal Effects of Criteria)

The Method based on the Removal Effects of Criteria (MEREC) is an objective weighting method that
determines criterion importance by measuring how the overall performance changes when each criterion is
removed [627]. As related methods, approaches such as ITARA are also known [628,/629]. Fuzzy MEREC
derives objective weights by evaluating the change in fuzzy overall performance caused by removing each
criterion, assigning larger weights to criteria with greater impact [630,(631].

Definition 4.13.1 (TFN-based Fuzzy MEREC (MEREC-F)). [630,631] Let A= {A1,..., A} be a finite
set of alternatives and C = {C1,...,C,} a finite set of criteria. Let B C C and K C C denote the sets of
benefit-type and cost-type criteria, respectively, with BUX =C and BN K = @.

Assume the (positive) triangular fuzzy decision matrix

X = (fiz'j)mxm i’ij = (lij,mij,uij), 0< lij S mij S uij (Z = 1, e,y ] = 1, e ,n).

l m

Step 1 (Fuzzy normalization). Define the normalized TFNs 7;; = (1,777, 77%) by

i7" 1g

(Lig/w}, mij/us, wig/uf), Cje B,

f@j = _ _ _
(lj /uij, lj /mij, lj /lij), Cj e K,
where
u; = max uj; >0, [7 := min [; > 0.
1<i<m J 1<i<m

Then 7;; is a positive TFN and (componentwise) lies in (0, 1].

Step 2 (Scalarization / defuzzification). Convert 7;; to a scalar n;; € (0,1] by a fixed defuzzification
map 6 : TFNso — (0,00). A standard choice (used widely for TFNs) is

! m u
ri; + 47’Z-j + 75
— %

(If numerical zeros may occur in practice, one may replace n;; by max{n;;, e} with a fixed tiny ¢ > 0 so that
In(n;;) is well-defined.)

mij 7= 0(Tij) =

Step 3 (Overall performance with all criteria). Define, for each alternative A;,

n

1
Si=In|1+ - Z‘ln(nijﬂ

j=1
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Step 4 (Leave-one-criterion-out performance). For each criterion C; and each alternative A;, define

S’i(fj) =In| 1+ % Z’ln(mk)‘
=4

Step 5 (Removal effect). For each criterion Cj, define its removal effect (impact) by

Vi=D|s ) - s,
=1

Step 6 (Objective criterion weights). If Z?:1 Vj > 0, define the (crisp) MEREC-F weights by

1% .
Wi = =7, j=1..
’ ZZ:le

Theorem 4.13.2 (Well-definedness of MEREC-F weights). Under the assumptions of Definition (MEREC-
F), if 375, Vj >0, then

L.

n
w; >0 (j=1,...,n), and ijzl_
j=1

Moreover, Z?:l Vj = 0 holds if and only if Si(_j) =S5; for alli,j, i.e., removing any single criterion never
changes the overall performance values.

Proof. By construction, each Vj is a finite sum of absolute values, hence V; > 0. If 2;‘:1 V; > 0, then wj is
well-defined and nonnegative, and

=1 =1 D=1 Ve 2p=1Vk

Finally, 2?21 Vj = 0 holds exactly when every V; = 0, equivalently \Si(_j) —S;| =0foralli,j,ie., SZ-(_j) =5;
for all 4, j. O

Uncertain MEREC is defined as follows.

Definition 4.13.3 (Uncertain MEREC weighting of type M). Let A = {4;,..., A} be a finite set of
alternatives and C = {C1,...,C,} a finite set of criteria, with m > 1 and n > 2. Let BC C and K C C
denote the sets of benefit-type and cost-type criteria, respectively, with BUK =C and BN K = @.

Fix an uncertain model M with Dom(M) # 0 and an admissible positive score Sy;. Assume an uncertain
decision matriz

XOD = (3D 2 € Dom(M) (i=1,....,m; j=1,...,n).
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Step 0 (Crisp projection). Define the positive real matrix X = (x;;) by

Tij = S’M(:L‘g\/[)) € (0,00).

Step 1 (Positive normalization). For each criterion C;, define

N _ )
% := max x;; > 0 x. = min x;; > 0.
7 <i<m Y ’ J 1<i<m Y

Define the normalized scalars 7;; € (0, 1] by

Lij
0 Cj S B,

x>

J

Nij = -
7], Cj e

Lij

(Optional numerical stabilization). Fix a tiny constant ¢ € (0,1) and replace 7;; by

n5; -= max{nj,e} € [e, 1].

For notational simplicity, write n;; for the stabilized values in what follows.

Step 2 (Overall performance with all criteria). For each alternative A;, define

n

1
Si =In| 1+ g Z‘ln(ﬁwﬂ

Jj=1

Step 3 (Leave-one-criterion-out performance). For each j € {1,...,n} and each i € {1,...,m},
define

~ I
Si( D= 1n 1—|—EZ’IH(7)¢;€)‘

k=1
k#j

Step 4 (Removal effect). For each criterion C}, define its removal effect by

V=3I - 5l
=1

Step 5 (Objective weights). If Z?Zl Vi > 0, define the Uncertain MEREC weights by

Vi ,
Wi = =p—> j=1..
’ 2k=1 Vi

The vector w = (w1,...,w,)" is called the Uncertain MEREC weight vector of type M associated with
(XA Syp).

SN
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Theorem 4.13.4 (Well-definedness of Uncertain MEREC). Under the assumptions of Definition |4.13.5;

1. All quantities 1,5, S;, Si(_j), and V; are well-defined and finite real numbers, with n;; € (0,1] and
V; > 0.

2. If Z?:l V; > 0, then the weights are well-defined and satisfy
n
w; >0 (j=1,...,n), ijzl,
j=1

e, we A" = {we R, Z?:l wj = 1}.

3. Moreover, Z?ZIVJ- = 0 holds if and only if Si(*j) = 5; for all i and j, i.e., removing any single
criterion never changes the performance values.

Proof. (1) By admissibility of Sy, each z;; = S M(mijM)) is strictly positive and finite. Hence for each j, the
extrema 27 and z; exist (finite index set) and are positive. If C;j € B then n;; = z;;/z5 € (0,1]; if C; € K
then n;; = z; /x;; € (0,1]. After optional stabilization, n;; € [e,1]. Therefore In(;;) is defined and finite,

so |In(n;;)| is finite. Consequently, the sums in S; and Si(_j ) are finite, their arguments are > 1, and thus

S; and Sz(fj ) are finite real numbers. Finally, each Vj is a finite sum of absolute values, hence V; > 0 and
finite.
(2) If 377, V; > 0, then each w; = V;/ 3¢, Vj is well-defined and nonnegative. Moreover,

iwj:i /D = L/ B
j=1 j=1 Zk:l Vi Zk:1 Vi

sow e AL

(3) Since V; > 0 for all j,. one has 77, V; = 0 if and only if V] =0forall j. But V; =3 1", \Si(_j) — S =0
holds if and only if ]SZ.(_J ) Si| = 0 for all i, equivalently SZ-(_] ) = 8; for all i. O

Related concepts of MEREC under uncertainty-aware models are listed in Table

Table 4.13: Related concepts of MEREC under uncertainty-aware models.

Related MEREC concept(s)

Intuitionistic Fuzzy MEREC [632]
Pythagorean Fuzzy MEREC [633]/634]
Spherical Fuzzy MEREC [630,/635]
Neutrosophic MEREC [636,637]

W W NN |
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4.14 Fuzzy FUCOM

FUCOM orders criteria, elicits comparative priorities between consecutive criteria, and finds weights by
minimizing deviation from these ratios while enforcing full consistency conditions in practice [638-640].
Fuzzy FUCOM expresses comparative priorities as fuzzy ratios, solves for fuzzy weights under consistency
constraints, and applies defuzzification/possibility measures to obtain a stable ranking result [641}/642].

Definition 4.14.1 (Fuzzy FUCOM (FUCOM-F) with triangular fuzzy numbers). [641,/642] Let C =
{C1,...,Cy} be a finite set of criteria. Assume that decision makers (DMs) provide an importance ranking
Ciw = Cj2) 7 =+ 7 Ci),

where j(-) is a permutation of {1,...,n} and ties are allowed.

(0) Triangular fuzzy numbers (TFNs) and basic operations. Let
TFN<o := {(I,m,u) €R*: 0 <1< m <u}.
For Z = (ly, mg, uy) and § = (I, my, uy) in TFNs( define
T® Y= (lp +1y, my+my, uy +uy), T Y= (lply, memy, uguy),
1 1 1 1 . 1
Yy ::(77737>7 x®y:l‘®y :(
Uy My Ly
We use the componentwise preorder on TFNs:
a=b < a" <V, am <V, a" <b* fora= (az,am,a“), b= (bé,bm,b“),

and componentwise absolute value || := (|a’|, [a™], |a¥|).

(1) Fuzzy comparative priorities between consecutive ranks. For each rank k =1,...,n — 1, DMs
elicit a TFN

Pr/(k+1) € TFN>o,

interpreted as the comparative priority of Cj) over Cjy1).

(2) Unknown fuzzy weights. The FUCOM-F goal is to determine fuzzy criterion weights
Wiky = (wf(k)va("k),w?(k)) € TFN>o (k=1,...,n),

. NIT ¢
with the usual TFN feasibility 0 < W) < w;’z‘k) < w;.‘(k).

(3) FUCOM-F consistency conditions (ideal equalities). The two FUCOM consistency requirements
are:

(C1) (Ratio consistency) For each k=1,...,n —1,

Wi (k)
Wj(k+1)

= ‘/Njk/(k—&-l) equivalently ﬁ}j(k) = ﬁ)j(k-i-l) & @k/(k-{-l)
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(C2) (Transitivity) Foreach k=1,...,n — 2,

Wji(k)

Drkra) = Ok/(k+1) @ Pk+1)/(k+2) equivalently ;) = Wj(rt2) @ Pr/(kt1) @ Plht1)/(k+2)-

In practice, exact equality may not hold; FUCOM-F therefore minimizes the deviation from full consistency.

(4) FUCOM-F optimization model (minimizing deviation from maximum consistency). Let
¢ > 0 be a (crisp) deviation variable (DMC). FUCOM-F determines the fuzzy weights by solving:

min ¢ (4.11)
s.t. ‘ﬁ)j(k) _ﬁ)j(k+1) ®95k/(k+1)‘ =< (§,&,¢), k=1,...,n—1, (4.12)
D) — Wihr2) @ Projet1) @ Pty h42)| = (6:€,6), k=1,...,n—2, (4.13)
B i =1, (4.14)
k=1
O§w§(k) Sw;‘?k) §w;(k), k=1,...,n. (4.15)

If £ = 0 is attainable, the obtained weights satisfy full (fuzzy) consistency.

(5) Defuzzification (optional; crisp weights). A common defuzzification for @ = (w, w™, w") is the
graded mean integration representation (GMIR):

B w’ + 4w™ + w®

B 6

GMIR(w) :

Define crisp weights and (optionally) renormalize:

n
so that Zwi =1.
i=1

~ Wy
 := GMIR(; - —
o S

The resulting (w1, ..., wy) is called the FUCOM-F (defuzzified) criterion-weight vector.

Using Uncertain Sets, we define Uncertain FUCOM (U-FUCOM) as follows.

Definition 4.14.2 (Uncertain FUCOM (U-FUCOM): expected-value realization). Let C = {C1,...,Cy}
be a finite set of criteria, n > 2. Assume decision makers provide an importance order

Cia) 7 Cj) 7 -+ = Cjn,

where j(-) is a permutation of {1,...,n} (ties allowed). Work on a fixed uncertainty space (I', £, M).

(1) Uncertain comparative priorities. For each consecutive rank k =1,...,n — 1, let
¢, : ' —» P(R)

be an uncertain comparative-priority coefficient representing the relative importance of Cj) over Cj(xi1)-
Assume:
(bk(’}/) C Rso (\V/’Y € F)v Pr = E[(bk] € (07 OO)
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Define also ¢y, p42 := @rpr4+1 for k=1,...,n — 2.

(2) Decision variables (crisp weights) and deviation. Let wj(y), ..., ;@) € R>o be unknown criterion
weights and let £ € R>( be the deviation-from-full-consistency variable.

(3) U-FUCOM optimization model. U-FUCOM determines (w, £) by solving the linear program:

min & (4.16)
s.t. —§§wj(k)—g0kwj(k+1) <, k=1,....,n—1, (4.17)
— § < wj(k) — Pk,k+2 wj(k+2) < f, k= 1, ey — 2, (4.18)
> wiw =1, (4.19)
k=1
wj(k) >0 (k?=1,...,n), fZO (4.20)
Any optimal solution w* = (w7,...,w}) (with indices permuted back from j(-)) is called a U-FUCOM

weight vector. If the optimal value satisfies {* = 0, the obtained weights are (fully) consistent with the
expected ratios ¢ and transitivity products px@p1.

Definition 4.14.3 (Uncertain-set output of U-FUCOM). Let w* be any U-FUCOM optimal weight vector
from Definition 4.14.2] Define singleton-valued uncertain sets

W;:T - P[R), Wi(y):={w}, i=1,...,n
Then W = (Wy,...,W,,) is called the U-FUCOM uncertain weight vector.

Theorem 4.14.4 (Uncertain-set structure and well-definedness of U-FUCOM). Assume the setting of
Definition and suppose:

(A1) (Positive finite expected ratios) ¢ = E[®x] € (0,00) for allk=1,...,n— 1.

Then:

) the feasible set of (4.16)—(4.20) is nonempty;

(ii) an optimal solution (w*,&*) exists;
) every optimal weight vector satisfies w >0 and Y ;" wf =1;
)

the output W = (W1, ..., W) in Definition is an uncertain-set structured output on (I, L, M).

Proof. (i) Feasibility. Consider the uniform weight vector w defined by w; := 1/n for all i. Let

B := max{ 1 max max } € (0, 00).
) J0aX g, | IAX Pkl (0, 00)
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For any k,
1 Ok < 1+ B

|@j(k) = Pr Dj1)| < Djon) + Pk Djiryr) < 15 < ——,

and similarly

0 D 1 orory1 1+ B

Hence (w, ) with £ := (14 B)/n satisfies all constraints, so the feasible set is nonempty.

(ii) Existence of an optimizer. All feasible w lie in the standard simplex
n
A={weR": w; >0, Zwizl},
i=1

which is compact. Moreover, part (i) shows there exists a feasible point with & = &, hence the optimal value
satisfies 0 < &* < ¢. Therefore it suffices to minimize the continuous function (w, &) +— £ over the compact
set

FN(Ax]0,€]),

where F is the feasible set; compactness follows because all constraints in (4.17)—(4.20) are closed linear
inequalities/equalities. By the Weierstrass theorem, an optimizer (w*,*) exists.

(iii) Normalization and nonnegativity. These are enforced directly by (4.19)—(4.20]).

(iv) Uncertain-set structure. For each 4, the map W;(y) = {w}} is constant (singleton-valued), hence
measurable, and thus an uncertain set. Therefore W = (W7y,...,W,,) is an uncertain-set structured output

on (T, L, M). O
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Chapter 5

Structure / causality decision-modelling (inter-criteria

influence)

Structure/causality modelling methods (e.g., DEMATEL, ISM, MICMAC, FCM) elicit inter-criteria influ-
ence matrices, derive causal graphs, identify driving/dependent factors, and prioritize criteria accordingly.

For convenience, a concise comparison of the four structure/causality decision-modeling frameworks consid-
ered in this chapter is presented in Table

Table 5.1: A concise comparison of four structure/causality decision-modeling frameworks.

Method

Primary purpose

Typical input / core mecha-
nism

Typical output / role in
analysis

DEMATEL

ISM

MICMAC

FCM

To analyze the strength and di-
rection of inter-criteria causal in-
fluence.

To derive a hierarchical struc-
tural model from pairwise influ-
ence or reachability judgments.

To classify factors according to
driving power and dependence
power.

To model feedback-rich causal
systems and simulate their dy-
namic behavior over time.

Direct-influence matrix; normal-
ization and total-relation matrix
computation; cause—effect anal-
ysis via prominence and relation
indices.

Reachability-based relation ma-
trix; transitive closure; level par-
titioning of factors.

Reachability matrix (often ob-
tained from ISM); row/column
aggregation and quadrant-based
classification.

Signed weighted causal graph (or
weight matrix) together with an
activation/update rule.

Cause/effect grouping, influence
intensity, and overall centrality
of criteria.

A layered directed hierarchy
showing which factors are foun-
dational, intermediate, or top-
level.

Partition of factors into au-
tonomous, dependent, linkage,
and driving classes.

Dynamic trajectories, equilib-
rium states, cycles, and scenario-
based system behavior under
feedback.

5.1 Fuzzy DEMATEL (Fuzzy Decision Making Trial and Evaluation Laboratory)

DEMATEL analyzes causal relationships among criteria using direct influence matrices, computes total
influence, and separates factors into cause and effect groups [643H645]. Fuzzy DEMATEL models uncertain
causal influences among criteria using fuzzy direct-relation matrices, derives total relations, and identifies
cause—effect groups via prominence (D+R) and relation (D—R) [154}/646,647].

155
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Definition 5.1.1 (TFN-based fuzzy DEMATEL data and outputs). [154,646,647] Let C = {C1,...,Cy}
be the set of criteria. Let TFN := {(I,m,u) € R3 : [ < m < u}.

(1) Linguistic-to-fuzzy encoding and expert aggregation. Let £ be a linguistic scale and let ¢ : £ —
[0, 1] map each linguistic term £ to a TEN ¢(¢) = (I, my, ug) (e.g. a 5-level scale). Assume P > 1 experts
(p)

provide judgments Ei] € L for the influence C; — Cj. Define the individual fuzzy direct-relation matrices

~(p)

ij )nxn’

and their componentwise mean (aggregation)

(2) Defuzzification, normalization, and total relation. For a TFN & = (I, m, u), define BNP defuzzi-

fication by
l+m+u

3

Defuzzify X entrywise to obtain the crisp direct-relation matrix

BNP(%) :

X = (xij), xz‘j = BNP(fI”)

Let

n

1
S := max E Tij, N .=-X.
1<i<n £~
J:

Assume p(NN) < 1. The total-relation matrix is

o
T:=N(I-N)"'=> N~
k=1

(3) Dispatch/receive and cause—effect indices. Let 1 € R™ be the all-ones vector and define
D:=T1, R:=T"1.
For each criterion C;, define
Prominence; := D; 4+ R;, Relation; := D; — R;.

Then Prominence; measures overall centrality, while Relation; > 0 (resp. < 0) indicates a net cause (resp.
net effect).

Definition 5.1.2 (Uncertain DEMATEL (U-DEMATEL): expected-value realization). Let C' = {C,...,Cp}
be a finite set of criteria with n > 2, and fix an uncertainty space (I, £, M).

(1) Uncertain direct-relation matrix. An uncertain direct influence assessment is an n X n matrix

X = ()?U) S US(Rzo)nxn, Xy =0,
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where each entry )N(ij : I' = P(R>p) is an uncertain number encoding the (nonnegative) direct influence
C; — Cj. Assume the expected values exist and define the crisp expected direct-relation matriz

X = (ZL‘”) S Rgén, Tjj 1= E[XZ]] < o0.
(2) Normalization. Let

Assume s > 0 and define the normalized matrix

(3) Total-relation matrix. Define the total-relation matriz by the Neumann series

o0
T:=> N*
k=1

whenever the series converges. (Equivalently, when it converges one may write T = N (I — N)~1.)

(4) Prominence and relation indices. Let 1 € R™ be the all-ones vector and set
D:=T1, R:=T"1.
For each criterion C;, define
Prominence; := D; 4+ R;, Relation; := D; — R;.

Then Relation; > 0 indicates a net cause and Relation; < 0 indicates a net effect (with respect to the
expected influence network).

Using Uncertain Sets, we define U-DEMATEL as follows.

Definition 5.1.3 (Uncertain-set output of U-DEMATEL). Let (Prominence;, Relation;)? ; be the indices
produced by Definition Define singleton-valued uncertain sets

IL; : T' - P(R), II(y) := {Prominence;}, Ri:I' = P(R), Ri(y):={Relation;}.
The collection ((IL;, Ri))?zl is called the U-DEMATEL uncertain index family.

Theorem 5.1.4 (Uncertain-set structure and well-definedness of U-DEMATEL). In the setting of Defini-

tion[5.1.9, assume:

(A1) (Finite expectations) x;; = E[X;;] < oo for alli,j, and X #0 (so s> 0).

(A2) (Spectral-radius condition) p(N) < 1, where p(-) denotes the spectral radius.
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Then:

(i) the series T =332, N¥ converges (entrywise and in any matriz norm);

(ii

)
) (I = N) is invertible and T = N(I — N)™1;
(iii) the vectors D = T1 and R = T'1 are well-defined and finite;
)
)

(iv) the indices Prominence; and Relation; are well-defined real numbers;

(v) the outputs in Definition|5.1.5 uform an uncertain-set structured output on (', L, M).

Proof. (i) Under (A2), the matrix N satisfies p(IV) < 1. A standard result in linear algebra implies that for
any induced matrix norm | - || there exists ko such that || N*|| < 1; hence 3°,~, N* converges absolutely in
that norm. Therefore the Neumann series -

> N

k=0

converges, and so does T' = > 72 | N*.

(ii) Since > ;2 N * converges, the Neumann-series identity holds:

() ()

o
—:ZM.
k=0

so (I — N) is invertible and

Multiplying by N gives
[e.e] o
T=> N'=N) N\ =NI-N)"".
k=1 k=0
(iii) By (i), T has finite real entries, hence D = T'1 and R = T'1 are finite vectors in R™.
(iv) Each Prominence; = D; + R; and Relation; = D; — R; is therefore a finite real number.

(v) For each 4, IT;(y) = {Prominence; } and R;(y) = {Relation;} are constant singleton-valued maps, hence
measurable and therefore uncertain sets. This yields an uncertain-set structured output on (I', £, M). O

Related concepts of DEMATEL under uncertainty-aware models are listed in Table

Uncertain DEMATEL has also been extended in other directions; for example, Rough DEMATEL [666),
667, AHP-DEMATEL [668]669], TOPSIS-DEMATEL [670,/671], Interval DEMATEL [672,/673], Linguistic
DEMATEL [674,/675], and Grey DEMATEL [676,677] are also known as related variants.
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Table 5.2: Related concepts of DEMATEL under uncertainty-aware models.

k  Related DEMATEL concept(s) Representative references
1  Fuzzy DEMATEL |648/649]

2 Intuitionistic Fuzzy DEMATEL [650-652]

2 Bipolar Fuzzy DEMATEL [653,654]

2 Pythagorean fuzzy DEMATEL [655,,656]

2 Fermatean fuzzy DEMATEL [657-659]

3 Picture Fuzzy DEMATEL [660]

3 Hesitant Fuzzy DEMATEL [661]

3 Spherical Fuzzy DEMATEL (662, 663]

3 Neutrosophic DEMATEL [664,665]

5.2 Fuzzy ISM (Fuzzy Interpretive Structural Modeling)

Interpretive Structural Modeling structures complex factors by expert judgments on pairwise reachability,
builds a transitive reachability matrix, and derives a hierarchical directed graph [678-680]. Fuzzy ISM
replaces binary reachability with graded membership degrees from linguistic judgments, propagates fuzziness
through transitive closure, and yields a hierarchical influence graph [681,/682]. As an extension, concepts
such as Fuzzy Total Interpretive Structural Modeling have also been studied [683,/684].

Definition 5.2.1 (Fuzzy Interpretive Structural Modeling (Fuzzy ISM)). [681,682] Let F = {f1,..., fu}
be a finite set of factors (system variables), with n > 2.

Step 1 (Directional judgments: SSIM symbols). For each unordered pair {i, j} with i # j, an expert
specifies the direction of influence using

si; € {V,A,X,0},

interpreted as:

fi influences f;,

fj influences f;,

fi and f; influence each other,
fi and f; are unrelated.

Q<

(Equivalently, one may store these symbols in a self-structural interaction matrix (SSIM).)

Step 2 (Fuzzy strength of influence). Fix a family I of fuzzy degrees representing influence strengths,
together with a mapping from linguistic terms to F. Typical choices include:

o F=10,1] (direct fuzzy degrees), or

o F=TFNp (triangular fuzzy numbers within [0, 1]).

For each pair {i,j} with i # j, assign a fuzzy influence strength

dijGF
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corresponding to the expert’s linguistic assessment of the influence magnitude.

Step 3 (Fuzzy adjacency / AFSSIM). Define the (possibly aggregated) fuzzy adjacency matrix A=
(@77 Jnxn € F™™ by setting a;; := 1y (full self-reachability) and, for i # j,

where Op and 1y denote the null and unit elements in F. If multiple experts provide matrices 121”(1)7 L AP
their aggregation (AFSSIM) is obtained by a fixed aggregation operator Agg : FP — F applied entrywise:

Ay = Agg(A), ... AD)).

Step 4 (Fuzzy reachability matrix via fuzzy transitive closure). Assume F supports a fuzzy con-
junction A and disjunction V (e.g., min /max on [0, 1]). For matrices over F, define the max-min product

o by
\/ /\ Q]k

Let AV := A and At+D) .= A®) 6 A. The fuzzy reachability matriz (FRM) is defined as the fuzzy transitive
closure

R=A0 v A@ v ... v A,

Step 5 (Defuzzification and thresholding: DFRM). Fix a crisp score/defuzzification map Score : F —
[0,1] and a threshold 6 € (0, 1]. Define the defuzzified (binary) reachability matriz D = (d;;) € {0,1}"*" by

Do e 1, Score(f%ij) >0,
Yo, Score(ﬁij) < 0.

Step 6 (Level partitioning and ISM hierarchy). For each i, define the reachability set, antecedent
set, and intersection set:

Reach(i) :={fj € F|dij =1}, Ante(i) :={fj € F|dj =1}, Inter (i) := Reach(i) N Ante(7).

The top level consists of all f; satisfying Reach(i) = Inter(z). Remove these factors and repeat the same
construction on the remaining set until all factors are assigned to levels. The resulting layered digraph (with
edges f; — fj when d;; = 1) is called the Fuzzy ISM model induced by the expert judgments and the chosen
fuzzy /defuzzification settings.

Proposition 5.2.2 (Basic well-posedness and termination). Assume F is finite and F admits A,V so that
maz—min composition is defined. Then:

o the fuzzy transitive closure R in Definition s well-defined;
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o for any score map Score and threshold 6 € (0,1], the binary matriz D is well-defined;

e the level partitioning procedure terminates after at most n iterations and assigns every factor to exactly
one level.

Proof. All entries of Alie in F, and A® is obtained from finitely many A, V operations, hence is well-defined;
so is R as a finite join. Applying Score and thresholding yields a binary entry for each pair (i,7), so D
is well-defined. At each level-partition iteration, at least one factor is selected for the current top level
(a standard property of reachability /antecedent-based partitioning on finite sets), hence the remaining set
strictly decreases. Therefore the procedure terminates in at most n steps, and disjointness of removed sets
implies each factor is assigned to exactly one level. O

We now generalize this framework by allowing pairwise influences to take values in an arbitrary uncertain
model M.

Definition 5.2.3 (Uncertain ISM of type M). Let
F=A{fr,-- [n}

be a finite nonempty set of factors, where n > 1. Fix an uncertain model M with degree-domain
Dom(M) C [0,1]*

for some integer k > 1.

Assume that the direct influence structure is represented by an uncertain influence relation
Ry F x F — Dom(M),

where Ryr(fi, fj) expresses the uncertain degree to which factor f; directly influences factor f;.

Fix further:

e a total score map
Scoreps : Dom(M) — [0, 1],

which converts uncertain influence values into scalar influence strengths;

e a threshold
6 € (0,1].

Step 1 (Scored adjacency matrix). Define the scored adjacency matrix
A = (aij)nxn € [0,1]""

by

= i=J,
Qi5 1= {ScoreM(RM(fi,fj))’ 17& ]
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Thus self-reachability is fixed at 1, while off-diagonal entries are induced from the uncertain relation.

Step 2 (Max—min reachability closure). For matrices P, @ € [0,1]"*", define their max—min product
PoQ@ by
(P o @)k := max min{P;;, Qjx}.
1<j<n

Define recursively
A=A A = Ao 4 (> 1).

The uncertain reachability matriz is defined by
E = A[l] \/A[Q] \VARV/ A[”]’

where V denotes the entrywise maximum. Writing

R = (Tij)nxnv

each 7;; € [0, 1] represents the aggregated uncertain reachability strength from f; to f;.

Step 3 (Binary reachability matrix). Define the binary reachability matrix
D = (dij)nxn € {0,1}"7"

17 Tij Z 07
dij =
0, Tij < 0.

by thresholding:

Step 4 (Level partitioning). Set
Ul = F.

For each iteration ¢ > 1, provided U; # &, define for every f; € Usy:
Reach(i) :={ f; € Uy : dijj =1},
Antei (i) :=={fj €U : dj =1},
Inter(7) := Reach(7) N Ante.(i).

The t-th level is
Lt = {fz € Ut : Reacht(i) = Intert(i) }

If U, # @, remove the identified level and define
Ut+1 = Ut \ Lt.

Repeat until the remaining set becomes empty.

The ordered family of levels
(L1, Lo,...,L7)

together with the directed graph on F whose edges are given by
fi=fi = dij=1
is called the Uncertain ISM model of type M induced by
(F, Rar, Scorepy, 6).
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Theorem 5.2.4 (Well-definedness of Uncertain ISM). Assume the data in Deﬁnitionw satisfy:

(A1) F=A{f1,..., fn} is finite and nonempty;
(A2) Ry : F x F — Dom(M) is a total map;
(A3) Scoreps : Dom(M) — [0,1] is a total map;

(A4) 6 € (0,1].
Then:

(i) the scored adjacency matriz A, all powers AW (t =1,...,n), and the uncertain reachability matriz R
are well-defined;

(ii) the binary reachability matriz D is well-defined, reflexive, and transitive;
(iii) for every iteration t with Uy # &, the level Ly is well-defined and nonempty;
(iv) the level-partitioning procedure terminates after at most n iterations;

(v) the obtained levels Ly, ..., Ly are pairwise disjoint and satisfy

F=LiULoU---Lp.
Hence Uncertain ISM of type M is well-defined.

Proof. (i) Well-definedness of A, All, and R. For each pair (i, ), the value Ru(fis fj) € Dom(M) is
defined by (A2), and

Scoren(Ra(fi, f5)) € [0,1]
is defined by (A3). Therefore every entry a;; of A is well-defined, so

A e [0, 1™

Now let P,@Q € [0,1]"*". Since min{P;;,Q;r} € [0,1] for every j, and the maximum of finitely many
numbers in [0, 1] again lies in [0, 1], the entry

(PoQ)i = max min{P;;, Qjx}

is well-defined and belongs to [0, 1]. Hence P o @ € [0, 1]"*".

By induction, each AlYl € [0,1]"*" is well-defined for t = 1,...,n. Since R is the entrywise maximum of
finitely many matrices Al ... A" it is also well-defined and belongs to [0, 1]"*™.
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(ii) Well-definedness, reflexivity, and transitivity of D. Because every r;; € [0,1] is well-defined and
6 € (0, 1], each entry d;; € {0,1} is well-defined by thresholding. Thus D € {0,1}"*".

Since a;; = 1 for every ¢, we also have r; > 1, hence r;; = 1. Because 0 < 1, it follows that d;; = 1 for all 3.
Therefore D is reflexive.

We next show transitivity. For a directed path

= (1 =140,01,.,im =J)
in {1,...,n}, define its strength by
str(rm) := Og{l}i<nm Qiig -

By construction of R=Alv...v Al the entry ri; is the maximum strength of all simple directed paths
from ¢ to j; it suffices to consider simple paths because removing a cycle does not decrease the minimum
edge value along the path, and any simple path has length at most n — 1.

Now suppose d;; = 1 and d;; = 1. Then
Tij > 9, Tik > 0.

Choose simple paths m;; from ¢ to j and m;; from j to K whose strengths are r;; and 7, respectively.
Concatenating them gives a path from i to k; after removing repeated cycles, one obtains a simple path
from ¢ to k whose strength is at least

min{r;;, i} > 0.

Hence
ik > min{rj, mi} > 0,

so d; = 1. Therefore D is transitive.

(iii) Nonemptiness of each level L;. Fix an iteration ¢ with U; # &. Restrict the relation represented
by D to U;. Since D is reflexive and transitive, the restricted relation is also reflexive and transitive.

Define an equivalence relation ~; on U; by
fi ~y¢ fj < dij =1 and dji =1.
Let Uy/~¢ be the set of equivalence classes, and define a relation <; on these classes by

il 2elfs] = dij=1
Because D is reflexive and transitive, <; is a partial order on the finite set U;/~;. Hence it has at least one
maximal class; choose one and denote it by [f«].
Take any f; € Reach(i*). Then dj+; =1, so
[fir] = [5)-
By maximality of [f;+], this implies [f;] = [fix]. Therefore d;» =1, i.e.,
[j € Ante;(i*).
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Thus
Reachy(i*) C Ante(i*).

Consequently,
Reach(i*) = Reachy(i*) N Ante; (i*) = Inter, (:¥).

Hence fix € Ly, so Ly # @.

(iv) Termination. Whenever U, # &, part (iii) shows that L; # &. Therefore
U1 = Ui\ Ly

is a strict subset of U;. Since |Uj| = n, after at most n iterations the remaining set becomes empty. Hence
the procedure terminates.

(v) Disjointness and covering property. By construction,
Lt - Ut and Ut+1 = Ut \ Lt.

Therefore the sets Ly, Ls, ..., LT are pairwise disjoint. Since the procedure stops exactly when no factors
remain, every factor is removed at some step, whence

F=LiULoU---ULp.

All required objects are therefore well-defined, and the hierarchical decomposition exists and terminates. [

For reference, related concepts of Interpretive Structural Modeling under uncertainty-aware models are
listed in Table 5.3l

Table 5.3: Related concepts of Interpretive Structural Modeling under uncertainty-aware models.

Related ISM concept(s)

Fuzzy Interpretive Structural Modeling
Intuitionistic Fuzzy Interpretive Structural Modeling
Neutrosophic Interpretive Structural Modeling [685-H687]

W DN = >

5.3 Fuzzy MICMAC (cross-impact / driving—dependence analysis)

MICMAC analyzes a binary reachability matrix to compute driving power and dependence, classifying
factors into autonomous, dependent, linkage, and driving clusters [688,/689]. Fuzzy MICMAC computes
driving and dependence strengths from fuzzy reachability values, classifies criteria using graded impacts,
and supports robust clustering under ambiguous judgments [690-692].
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Definition 5.3.1 (Fuzzy MICMAC (driving-dependence analysis)). [693-695] Let F = {f1,..., fn} be
a finite set of system factors (n > 2). Assume that a fuzzy reachability matriz (FRM) has been obtained
(typically after fuzzy transitive closure in Fuzzy ISM),

R= (), T €F,
where F is a chosen fuzzy evaluation family (e.g., TFNs in [0, 1]), introduced to handle uncertainty in expert
judgments.

Step 1 (Defuzzification / scoring). Fix a score map Score : F — [0, 1] and define the crisp reachability
matrix
R = (rij) ri;j == Score(7;;) € [0, 1].

nxn’

Step 2 (Thresholding: DFRM). Fix a threshold 6 € (0, 1] and define the defuzzified (binary) reachability
matriz (DFRM)

D = (dZ]) c {O, 1}n><n’ di]’ = I[T‘ij Z 9]

nxn

(Thresholding assigns 1 when the value is at least the cutoff and 0 otherwise.)

Step 3 (Driving power and dependence power). Define the driving power and dependence power of
each factor f; by

DRP(i) := Y dij,  DEP(i):= Y dj.
Jj=1 Jj=1

Row sums measure how many factors are reachable (directly or indirectly), while column sums measure how
strongly a factor is influenced by others.

Step 4 (Quadrant-based MICMAC classification). Choose cutoffs (7p,7p) for “high/low” driving
and dependence; a common choice is

1 — 1 —
== DRP(i == DEP(®).
TD ng; (@), TP nZ; (4)

Classify each factor f; into one of the four MICMAC clusters (autonomous, dependent, linkage, independent)
according to its (DRP(i), DEP(7)) location. Formally,

Faut :={fi: DRP(i) < 7p and DEP(i) < 7p},
Faep = {fi : DRP(i) < 7p and DEP(i) > 7p},
Fin :={fi : DRP(i) > 7p and DEP(i) > 7p},
Find := {fi : DRP(i) > 7p and DEP(i) < 7p}.

The resulting partition is called the Fuzzy MICMAC classification induced by (E, Score, 0, 7p, 7p). (Driv-
ing/dependence-based grouping is the standard purpose of fuzzy MICMAC in ISM-based studies.)

Theorem 5.3.2 (Well-definedness of Fuzzy MICMAC). Under Definition assume:

o F is finite with n > 2;
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e Score : F — [0, 1] is well-defined on F;

e 0€(0,1] and (tp,7p) € R? are fized.
Then:

1. The matrices R and D are well-defined, with R € [0,1]™*" and D € {0, 1}"*".
2. For each i, DRP(i) and DEP(i) are well-defined integers satisfying

0<DRP(i)<n, 0<DEP(i)<n.

3. The four sets Faut, Fdeps Flins Find form a partition of F, i.e., they are pairwise disjoint and their
union equals F.

Proof. (1) Since Score maps every 7;; € F into [0,1], each entry r;; is a well-defined real number in [0, 1].
With 6 € (0, 1], the indicator d;; = 1[r;; > 0] is well-defined and lies in {0,1} for every (4, j). Hence R and
D are well-defined matrices of the stated types.

(2) Because each d;; € {0,1} and there are exactly n terms in each sum, DRP(i) = }>"_, d;; and DEP (i) =
E?zl dj; are well-defined integers with bounds 0 < DRP(i) < n and 0 < DEP(i) < n.

(3) Fix any f; € F. Exactly one of the two inequalities DRP(i) < 7p or DRP(i) > 7p holds, and exactly
one of DEP(i) < 7p or DEP(i) > 7p holds. Therefore, f; belongs to exactly one of the four sets defined in
Step 4. This shows Fut U Faep U Fiin U Fina = F. Moreover, no f; can satisfy two incompatible pairs of
inequalities simultaneously, so the four sets are pairwise disjoint. Thus they form a partition of F. ]

We now extend this idea to a general uncertain model M.

Definition 5.3.3 (Uncertain MICMAC of type M). Let

-F:{fla"'?fn}

be a finite nonempty set of factors, where n > 1. Fix an uncertain model M with degree-domain
Dom(M) C [0,1]*

for some integer k > 1.

Assume that an uncertain reachability matriz of type M is given:
ﬁM = (pij)an S Dom(M)nxn,

where p;; € Dom(M) represents the uncertain reachability degree from factor f; to factor f;. Typically,
Ry is obtained from an Uncertain ISM procedure.

Fix further:
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e a total score map
Scoreps : Dom(M) — [0, 1],

e a threshold
6 € (0,1].

Step 1 (Scored reachability matrix). Define the scored reachability matrix
R = (rij)nxn € [0,1]""

by
rij == Scorens(pij), ,j=1,...,n.

Step 2 (Binary reachability matrix). Define the binary reachability matrix
D = (dij)nxn € {Oa 1}n><n

by thresholding:

17 Tij > 07
dz‘j =
0, Tij < 0.

Step 3 (Driving power and dependence power). For each factor f; € F, define its driving power and

dependence power by
n

DrvM(z’) = Zdij, DepM(i) = Z dji.
j=1

j=1

Thus Drvj,(7) is the row sum of D, and Dep,,(i) is the column sum of D.

Step 4 (MICMAC cutoffs). Define the average driving-power and dependence-power cutoffs by

1 & . 1 & ,
Tdrv = E Z DTVM(Z), Tdep = E Z DepM(Z)'
=1 i=1

Step 5 (Quadrant-based classification). Define the four MICMAC classes by
Fout i= {f, € F: Drvy (i) < Tary and Depy,(i) < Tdep},
Fdep := {fi € F: Drvy(i) < Ty and Depy;(i) > Tdep},
Fiin := {fi € F : Drvas(i) > 7ary and Depy; (i) > Taep
Fary = {fz € F: Drvy(i) > Tare and Depy, (i) < Tdep}.

These are called, respectively, the autonomous, dependent, linkage, and driving classes.

The quadruple
(fauta ]:depy JTIina fdrv)

is called the Uncertain MICMAC classification of type M induced by

(Rz, Scorepy, 6).



Chapter 5. Structure / causality decision-modelling (inter-criteria influence)

Remark 5.3.4. Definition is model-independent. The uncertain model M only enters through the
degree-domain Dom(M ) and the score map Scoreys, which converts uncertain reachability values into scalar
strengths in [0, 1].

Theorem 5.3.5 (Well-definedness of Uncertain MICMAC). Under Definition [5.5.3, assume:

(A1) F=A{f1,..., fa} is finite and nonempty;
(A2) Rar = (pij)nxn € Dom(M)™<";
(A3) Scoreps : Dom(M) — [0, 1] is a total map;

(A4) 0 € (0,1].

Then:

(1) the scored matriz R = (r;j) € [0,1]™*" and the binary matriz D = (d;;) € {0,1}"*™ are well-defined;
(ii) for every i € {1,...,n}, the quantities Drvys(i) and Dep,,(i) are well-defined integers satisfying

0 < Drvy(i) <m, 0 < Depy, (i) < m;

(177) the cutoffs Tary and Tgep are well-defined real numbers;

(iv) the four classes
Fauta ]:dep’ ﬂina Fdrv

are well-defined and form a partition of F, that is, they are pairwise disjoint and their union is F.

Hence Uncertain MICMAC of type M is well-defined.

Proof. (i) Well-definedness of R and D. By (A2), each entry p;; belongs to Dom(M). Since Scorey; is
total by (A3), the value

Tij = SCOI"GM(pij)

is well-defined and belongs to [0, 1] for every i, j. Therefore
R = (""ij)nxn S [0, 1]n><n

is well-defined.

Because 6 € (0, 1], for each r;; € [0, 1] exactly one of the inequalities
Tij >0 or rij < 0
holds. Hence each d;; is well-defined and belongs to {0, 1}. Therefore

D= (dij)nxn S {Oa 1}n><n
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is well-defined.

(ii) Well-definedness of driving and dependence powers. For each fixed i, the sums

n n
Drvy (i) = > dij,  Depy (i) =Y dji
j=1
contain exactly n terms, each equal to 0 or 1. Therefore both are well-defined integers, and clearly

0 < Drvy(i) <m, 0 < Depy,(i) < n.

(iii) Well-definedness of the cutoffs. Since each Drv,;(i) and Dep,,(i) is a real number, the averages

1 — , 1 & _
Tdrv = o 21 Drvaz(3), Tdep = " EDGPMU)
1= 1=

are well-defined real numbers.

(iv) Partition property of the four classes. Fix any factor f; € F. Exactly one of the two relations
Drvas (i) < Tdarv or Drvas (i) > Tare

holds, and exactly one of the two relations
Depys(i) < Tdep or Deps(2) > Tdep

holds. Hence exactly one of the following four combinations is true:

Drvs(i) < Tary and Depj(4) < Tdep,
Drvs(i) < Tary and Depys (i) > Tdep,
Drvas(i) > Tary and Depjs (i) > Tdep,
Drvas(i) > Tary and Depj; (i) < Tdep-

Therefore f; belongs to exactly one of
fauta fdepa ]:lin; —Fdrv~

This shows both that the union of the four classes is F and that they are pairwise disjoint.

Hence the four classes form a partition of F, and Uncertain MICMAC is well-defined. O

Related concepts of MICMAC under uncertainty-aware models are listed in Table



Chapter 5. Structure / causality decision-modelling (inter-criteria influence)

Table 5.4: Related concepts of MICMAC under uncertainty-aware models.

Related MICMAC concept(s)

Fuzzy MICMAC
Intuitionistic Fuzzy MICMAC
Neutrosophic MICMAC [6961(697]

W N |

5.4 Fuzzy Cognitive Map (FCM)

A cognitive map is a signed directed graph of causal concepts; updating node states via weighted sums
simulates system behavior and feedback loops [698],699]. Fuzzy Cognitive Maps use fuzzy causal weights
and fuzzy concept activations, apply nonlinear update functions, and model uncertain feedback dynamics
for scenario evaluation [700-702].

Definition 5.4.1 (Fuzzy Cognitive Map (FCM)). [700,701] Let N > 1 and let C = {C4,...,Cn} be a
finite set of concepts (states/variables/features of the modeled system). A Fuzzy Cognitive Map (FCM) is
a weighted directed graph (equivalently, a weight matrix)

FCM = (C, W, f),

where:

(i) W = (wj;) € [-1,1JN*N is the causal connection (adjacency) matriz with w;; = 0. The entry wj;
represents the signed strength of the causal influence C; — C;:

wj; > 0 (positive causality), wj; < 0 (negative causality), wj; = 0 (no direct relation).

(ii) f:R — I is an activation (transfer) function mapping to a bounded interval I = [0, 1] (unipolar) or
I = [-1,1] (bipolar), typically monotone and continuous (e.g. sigmoid).

FCM state and reasoning dynamics. The state of the FCM at discrete time k € Ny is a vector
Ak) = (A1 (k),..., An(k)) € IV,

where A;(k) is the activation level of concept C;. Given an initial state A(0) € IV, the standard synchronous
FCM update rule is

Ai(k+1)=f Ai(k)+iAj(k)wji , i=1,...,N. (5.1)
i
Equivalently, with componentwise application of f,
A(k+1) = f(A(k) + A(k)W).
(Variants omit the self-memory term A;(k) and use A(k+ 1) = f(A(k)W).)

Common choice of f (unipolar sigmoid). A widely used activation function is the logistic sigmoid

1

:m, )\>O,

fa(z)
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which ensures A;(k) € [0,1] for all k.

Outcome. Iterating (5.1)) generates a trajectory in IV that may converge to a fixed point, enter a limit
cycle, or exhibit more complex attractors depending on A(0), W, and f.

Below, we present the Uncertain Cognitive Map obtained by extending the framework using Uncertain Sets.

Definition 5.4.2 (Uncertain Cognitive Map (UCM): expected-weight dynamics). Let N > 1 and let C =
{C4,...,Cn} be a finite set of concepts. Fix an uncertainty space (I', £, M) and a bounded interval I = [0, 1]
(unipolar) or I = [—1,1] (bipolar).

(1) Uncertain causal weights. An uncertain cognitive map is specified by a matrix of uncertain numbers
W = (wj) € US([—1, 1)V, @y =0,

where w;; encodes the uncertain signed causal influence C; — C;. Assume the expectations exist and define
the expected weight matriz
W .= ('U}ji) € [—1, I]NXN, Wy 1= E[@]z]

(2) State space and activation function. Let f : R — I be an activation (transfer) function such that
f(R)C 1.

(Examples include the unipolar logistic sigmoid or a bipolar tanh-type map.)

(3) Expected-value UCM dynamics. A UCM state at discrete time k € Ny is a vector
A(k) = (AL(k), ..., An(k)) € TV,

Given A(0) € I, define the synchronous update rule by

N

A(k+1) = f| Ai(k) + > Aj(R)w;i |, i=1,...,N. (5.2)
j=1
J#i

Equivalently,
Ak+1) = f(A(k) + A(k)W),
where f is applied componentwise. The triple UCM := (C, W, f) is called an Uncertain Cognitive Map.

Definition 5.4.3 (Uncertain-set output induced by a UCM). Let A(0) € IV be fixed and let (A(k))x>0 be
generated by (5.2). For each k € Ny and each concept i, define the singleton-valued uncertain set

A : T = P(),  Air(y) = {4i(k)}.

keNy

i—1.__n 1s called the uncertain-set state family induced by the UCM (via expected-value real-

Then (Azk)

ization).
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Theorem 5.4.4 (Uncertain-set structure and well-definedness of UCM dynamics). In the setting of Defi-

nition[5.4.3, assume:

(A1) (Finite expectations) E[wj;] ezists and is finite for alli,j.

(A2) (Bounded transfer) f(R) C I.

Then, for every initial state A(0) € I'V:

(i) the recursion (5.2)) defines a unique sequence (A(k))p>o in IV;
(ii) each A;(k) € I is well-defined for all i and all k;

(iii) the family in Definition m is an uncertain-set structured output on (I', L, M).

Proof. Fix A(0) € IV.

Step 1 (existence of the expected weight matrix). By (Al), each wj; := E[wj;] exists as a real
number, hence W = (wj;) is a well-defined real matrix.

Step 2 (one-step update is well-defined). Assume A(k) € I"V. For each 4, define the real input

wi(k) == Ai(k) + ) Aj(k)wyi € R,
JF
which is well-defined because it is a finite sum of real products. Then (A2) implies A;(k+1) := f(u;(k)) € I.
Therefore A(k + 1) € IV,

Step 3 (existence and uniqueness for all times). Step 2 shows that the map F : IN — IV defined by
F(A) = f(A+ AW) (componentwise f) is a well-defined function. Hence the recursion A(k+1) = F(A(k))
produces a unique sequence (A(k))g>o in IV by deterministic iteration of a function.

Step 4 (uncertain-set structured output). For each (i, k), A; r(v) = {Ai(k)} is a constant singleton-
valued set map, hence it is an uncertain set on (I', £, M). This proves (iii). O

As related concepts beyond Uncertain Cognitive Maps, Grey Cognitive Maps [717,|718], Rough Cogni-
tive Maps [719,/720], Evidential Cognitive Maps 721,722, Dynamic Cognitive Maps [723,/724], Granular
Cognitive Maps [725}/726], Cognitive HyperMaps [727-729], Bipolar Cognitive Maps [730,/731], Linguistic
Cognitive Maps [732], and Probabilistic Cognitive Maps [733,734] are also well known.
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Table 5.5: A compact catalogue of Cognitive Map variants by the uncertainty encoding (indexed by a

convenient degree-domain dimension k).

k Cognitive Map variant Remark (how uncertainty is represented)
1 Fuzzy Cognitive Maps Causal influences (edge weights) and/or concept activations are mod-
(FCM) [703,/704] eled by single graded degrees (typically normalized to [0,1] when
needed) and updated by nonlinear dynamical rules.
2 Intuitionistic Fuzzy Cognitive Each influence is encoded by a two-component degree (e.g., member-
Maps [705],706] ship and non-membership, with implicit hesitation), yielding a richer
uncertainty description than scalar weights.
2 Pythagorean Fuzzy Cognitive Pythagorean Fuzzy Cognitive Maps (PFCM) (degrees (u,v) € [0, 1]
Maps (PFCM) [707,[708] with 2 4+ 2 < 1; hesitation 7 = /1 — p2 — 12 is derived).
3 Hesitant Fuzzy Cognitive Each influence is assessed by multiple plausible degrees (a finite hes-
Maps [709}710] itation set); for catalogue purposes this is often summarized into a
fixed-length k=3 encoding (e.g., min/representative/max).
3 Neutrosophic Cognitive Each influence carries truth/indeterminacy /falsity components in
Maps [711H714] [0,1]3, enabling explicit representation of indeterminacy and incon-
sistency in causal strengths.
3n Refined Neutrosophic Cognitive  Refined Neutrosophic Cognitive Maps (R-NCMs): degrees in
(n>  Maps [704,714] [0,1]3", typically (Ty,...,Tn, Ii,...,I,, Fi,...,F,) for each con-
1) cept/edge.
n Plithogenic Cognitive Influences are attribute—value based with scalar appurtenance degrees

Maps [715],716]

on attribute—value pairs, coupled with a contradiction function on
values; aggregation uses plithogenic operators.




Chapter 6

Compensatory scoring methods on a decision ma-
trix (“weighted-sum” families)

Compensatory scoring aggregates weighted, normalized criterion performances into overall utility scores,
allowing trade-offs where strong performance compensates weak criteria, producing rankings via sums/prod-

ucts.

For convenience, a concise comparison of the representative decision-matrix methods discussed in this chap-
ter is presented in Table

Table 6.1: A concise comparison of representative decision-matrix methods discussed in this chapter.

Method Primary role Core mechanism Typical final Short note

quantity

COPRAS Utility ranking Uses weighted normalized per- Relative significance Explicit benefit—
formances, separates benefit and and utility degree cost decomposi-
cost sums, and computes rela- tion.
tive significance.

MAC- Value-scale con-  Converts qualitative pairwise Cardinal value scale Strongly

BETH struction and attractiveness judgments into a / overall scores judgment-

ranking numerical value scale, usually driven and scale-
via linear programming. oriented.

CoCoSo Compromise Combines weighted-sum and Combined compro-  Hybrid SAW-

ranking weighted-product logics into a mise score WPM style
compromise aggregation. method.

SAW Utility ranking Aggregates normalized crite- Weighted-sum util-  Canonical com-
rion performances by a simple ity pensatory base-
weighted sum. line.

RAFSI Utility ranking Maps criterion values to a com-  RAFSI score Emphasizes

mon interval using ideal and
anti-ideal anchors, then aggre-
gates them.

common-interval
functional map-

ping.
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Continued on the next page.



Chapter 6. Compensatory scoring methods on a decision matrix (“weighted-sum” families)

Table (continued).

Method Primary role Core mechanism Typical final Short note

quantity

RATMI Utility ranking Combines a trace-based per- Trace-to-median Matrix-geometry
formance term with a median- index flavored ranking
similarity term after weighting. rule.

RANCOM  Criteria weight-  Ranks criteria, builds a compar-  Criterion-weight Mainly a weight-

ing ison matrix from rank relations,  vector ing tool rather
and normalizes row sums. than a direct
alternative-
ranking method.

AROMAN  Utility ranking Uses two-step normalization, Ranking index Designed to bal-
separates benefit and cost ef- ance two normal-
fects, and applies an exponential ization views.
preference score.

MAUT Utility ranking Applies single-attribute utility Overall utility Preference-
functions and combines them theoretic and
into an overall multi-attribute utility-based.
utility.

SMART Utility ranking Uses value functions and swing- ~ SMART score Transparent and
type weights, then computes a easy to imple-
simple weighted additive score. ment.

REGIME Pairwise ranking Compares alternatives pairwise Net guide index Comparison-
on each criterion, aggregates based rather
weighted win—loss indicators, than purely di-
and forms net dominance. rect scoring.

TODIM Dominance Uses prospect-theoretic gains Overall dominance Captures asym-
ranking and losses relative to a reference  value metric treatment

and aggregates dominance val- of losses.
ues.

GRA Similarity rank- ~ Measures closeness to an ideal or  Grey relational Reference-
ing reference sequence via grey rela-  grade similarity based.

tional coefficients and grades.

ARAS Utility ratio Aggregates weighted normalized — Utility degree Ideal-alternative
ranking performances relative to an ex- baseline is cen-

plicitly defined ideal alternative. tral.

WASPAS Compromise Combines weighted-sum and Integrated WAS- Robust WSM-
ranking weighted-product utilities PAS utility WPM hybrid.

through a mixing parameter.

MOORA Ratio ranking Uses vector normalization and MOORA score Simple ratio-
computes a weighted benefit- analysis family.
minus-cost score.

PSI Objective Derives criterion weights from Preference selection  More data-driven
weighting and dispersion of normalized data index than subjective
ranking and then computes a preference weighting meth-

index. ods.

ROV Interval utility Forms pessimistic and optimistic ~ Value interval / Naturally sup-

ranking

weighted utilities and ranks by
an attitude-dependent score.

attitude score

ports optimistic—
pessimistic evalu-
ation.

Continued on the next page.
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Table (continued).
Method Primary role Core mechanism Typical final Short note
quantity
MOOSRA  Ratio ranking Computes a weighted benefit-to- MOOSRA score Direct bene-
cost ratio after normalization. fit/cost ratio

form.

Note. Although all methods are discussed in the same general decision-matrix context, they are not identical in role. In
particular, RANCOM is primarily a criterion-weighting method, while MACBETH is fundamentally a value-scale construction
framework that can subsequently support ranking.

6.1 Fuzzy COPRAS (Fuzzy Complex Proportional Assessment)

COPRAS ranks alternatives using weighted normalized criteria, separately aggregating benefit and cost sums
to compute relative significance and utility [618,735,/736]. Fuzzy COPRAS models ratings and weights
as fuzzy numbers, defuzzifies or compares them, then computes COPRAS significance and utility under
uncertainty [737}/738|.

Definition 6.1.1 (Fuzzy COPRAS (COPRAS-F)). [737.,[738] Let A = {A1,...,An} be alternatives and
C ={Ci,...,C,} criteria. Partition criteria into benefit and cost types

c=Cctuc, Jt={j:C;eCct}, J ={j:C;eC}.

Assume a TFN decision matrix D = (&;;) € (TFN)™ " and TFN criterion weights W = (11,...,0,) €
(TEN)™.

(0) BNP defuzzification. For a TFN z = (I, m,u) define

B l+m+u
= 3 .

BNP(Z) :
(1) Defuzzify and (optionally) normalize weights. Set
Tij = BNP(i‘ZJ>, q; ‘= BNP(’UNJ]),

and (optionally) normalize ¢ by ¢; <— ¢;j/ >, ¢ so that Z?:l g = 1.

(2) Column-sum normalization and weighting. Define
Lij

Nij = mme s Lig i Q5 Mg
szl Lpj

(3) Benefit/cost sums. For each alternative 4;, set

.PZ' = E Tij, Rz = E Lij, Rmin = min RZ
; ; 1<i<m
JjeJ+ jeEJ—
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(4) Relative significance and utility degree. Define

Rmin nl R 3
Zt_}% ! s Qmax ‘= max Qi7 N; = QZ
Ri Z?:l < min) 1<i<m Qmax

Ry

x 100%.

Qi=F+

The final ranking is obtained by sorting @; (equivalently N;) in descending order.

Using Uncertain Sets, we define Uncertain COPRAS (U-COPRAS) as follows.

Definition 6.1.2 (Uncertain COPRAS (U-COPRAS): expected-score formulation). Let A = {A1,..., Ap}
be a finite set of alternatives and C = {C1,...,C,} a finite set of criteria. Partition criteria into benefit and

cost types
c=ctuc, Jri={j:CjeC}, J :={j:CjeC}.

Fix an uncertainty space (I', £, M).
(1) Uncertain decision matrix and uncertain weights. An uncertain COPRAS instance consists of:

e an uncertain decision matriz _
X = (%zj) € US(Rzo)mxn,

where z;; is the uncertain performance of A; under criterion Cj;

e an uncertain weight vector
w = (1171, ... ,I’Dn) € US(RZ())”,

where w; is the uncertain importance of criterion Cj.

Assume all expectations exist and define the expected (crisp) scores

T 1= E[fu] € RZQ, qj = E[ﬁ)}] S Rzo.

(2) Normalized expected weights. If )" | ¢ > 0, set

i = 4q;
’ Doy Gt

so that 370, q; =1. If 31, ¢+ = 0, set ; := 1/n for all j.

c0,1] (=1....,n),

(3) Column-sum normalization and weighting (on expected data). For each criterion j, let

m
S]' = E Qipj.
p=1

Assume s; > 0 for all j (non-degenerate criteria). Define

Ngj 1= =9 S [0, 1], i'ij = qjnij € [0, 1].
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(4) Benefit/cost aggregated sums. For each alternative A;, define
P, = Z Tij, R, .= Z Tij.
jeJ+ jeJ-
If J~ # @, also define

Rmin = min Rz
1<i<m

(5) Relative significance and utility degree. If /=~ = &, set Q; := P;. If J~ # & and R; > 0 for all 4,
define "
Rmin Etzl Rt
Ri Yty (%%“Z“)
Let Qmax = maxi<ij<m Qi and, if Qmax > 0, define the utility percentage

NZ' = Qz
Qmax

The U-COPRAS ranking is obtained by sorting Q; (equivalently N;) in descending order.

Qi =P+

x 100%.

Definition 6.1.3 (Uncertain-set output induced by U-COPRAS). Under Definition define the singleton-

valued uncertain sets

Q;:T = P(R), Qi(v) :=={Qi},

and (when Qumax > 0) the singleton-valued uncertain sets
N; : T — P([0,100]), Ni(v) == {N;}.

Then (Q;)™, (and (N;)™,) is called the uncertain-set structured COPRAS output (via expected-score
realization).

Theorem 6.1.4 (Uncertain-set structure and well-definedness of U-COPRAS). In the setting of Defini-

tion[6.1.9, assume:

Al) (Finite expectations) E[Z;;] and E[w;] exist and are finite for all i, j.

(

(A2) (Non-degenerate columns) s; = > 7" xp; > 0 for all j.

(A3) (Cost-sum positivity when needed) Fither J— = @, or else R; > 0 for all i.
(

A4) (Nontrivial overall score) Qmax > 0 whenever N; is formed.
Then:
(i) all quantities in Steps (2)—(5) of Definition [6.1.4 are well-defined real numbers;

(ii) the induced ranking preorder A; = Ay <= Q; > Qy is well-defined on A;

(i) the outputs (Q;) and (N;) in Definition[6.1.9 constitute uncertain sets on (T, L, M).
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Proof. Assumption (Al) guarantees that z;; = E[Z;;] and ¢; = E[w;] exist as finite real numbers, hence
Steps (1)—(2) are well-defined. If >, ¢; > 0, the normalization g; = ¢;/>_, ¢ is a real number in [0, 1]; if
>+ @ =0, the fallback g; = 1/n is a real number and still satisfies Zj g =1

By (A2), each s; > 0, so nj; = x;j/s; is well-defined and lies in [0, 1] because x;; > 0 and z;; < s;. Then
Zi; = qjngj is well-defined and nonnegative, so P; = ) jeg+ Zjj and R; = ) Z;; are well-defined finite
sums.

JjEJ~

If J- = &, then Q; = P; is well-defined. Otherwise, by (A3) we have R; > 0 and also R; > 0 for every t,
hence each fraction Ruyin/R; is well-defined and positive, so Y ;" | (Rmin/R¢) > 0. Therefore the COPRAS

expression for @); is well-defined for all 3.

The ranking preorder A; = Ay <= Q; > Qy is well-defined because (Q;) are real numbers. Finally, when
Qmax > 0 (assumption (A4)), each N; = (Q;/Qmax) - 100 is a well-defined real number in [0,100]. The set
maps Q;(v) = {Q;} and N;(v) = {N;} are singleton-valued uncertain sets on (I', £, M), proving (iii). [

For reference, COPRAS and representative uncertainty-aware variants are listed in Table

Table 6.2: COPRAS and representative uncertainty-aware variants (organized by the degree-domain dimen-
sion k).

Representative COPRAS-type model(s) whose evaluation degrees live in a subset of [0, 1]*

Fuzzy COPRAS.

Intuitionistic Fuzzy COPRAS [571739]; Pythagorean fuzzy COPRAS [740L|741].

Hesitant Fuzzy COPRAS [742,/743|; Spherical fuzzy COPRAS [744,|745|; Picture Fuzzy COPRAS [746]
747); Neutrosophic COPRAS (748][749).

Note. Here k denotes the ambient dimension of the degree-domain used to encode each criterion evaluation (and, if applicable,
each weight).

W N =

6.2 Fuzzy MACBETH (Fuzzy Measuring Attractiveness by a Categorical Based Eval-
uation Technique)

MACBETH elicits qualitative pairwise judgments of attractiveness differences, converts them into numerical
value scales via linear programming, and aggregates weighted scores to rank alternatives consistently [750}
751]. Fuzzy MACBETH replaces crisp categories with fuzzy linguistic terms or fuzzy numbers, propagating
imprecision through the scale-construction model to obtain fuzzy scores and robust rankings [752H754].

Definition 6.2.1 (Fuzzy MACBETH (triangular fuzzy semantic scale + F-LP-MACBETH)). [752-754]
Let A ={ay,...,a,} be a finite set of evaluation elements (actions, alternatives, or performance levels) that
are totally preordered by a decision maker (P = strict preference, I = indifference). Assume a™ € A is the
most attractive element and a~ € A is the least attractive element.

(1) Semantic categories and their triangular fuzzy encoding. Let the semantic categories be
Cy,C1,...,Cs, where Cy denotes indifference and Cq,...,Cg denote increasing differences of attractive-
ness. Associate each category Cj with a triangular fuzzy number (TFN)

i 3
A = (b, mp,ug) € RS, Ll <my < g,
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given by the standard Fuzzy-MACBETH scale
Ag=(0,0,0), A1 = (1,1,2), Ay = (1,2,3), A3 = (2.3,4),

1214 = (33475)7 A5 = (47576)7 1216 = (5a6a6)~

(Equivalently: for k = 2,3,4,5, take ¢, =k — 1, mp =k, upy = k+1; for k =1, {4 = my = 1,u; = 2; for
k:6,€6:5,m6:u6:6.)

(2) Fuzzified judgment matrix. For each ordered pair (z,y) € Ax A with x Py, the decision maker assigns

a category c(z,y) € {1,...,6} (or 0 for indifference). Define the fuzzified judgment as d(z,y) := A y)-

(3) TFN arithmetic and TFN order. For TFNs p = (p1,p2,p3) and § = (q1, q2,q3) define

PO q=(p1+q1, p2+ g, p3+q3), POG=(p1—qi, P2 —q2, P3—q3).
Use the componentwise preorder > on TFNs:
(b1, my,u1) = (ba,ma,ug) <= €1 > by, my > ma, up > up.

Let COA(¢, m,u) := (¢ + m + u)/3 be the centroid defuzzification map.

(4) F-LP-MACBETH (fuzzy linear program) and fuzzy basic scale. Decision variables are TFNs
o(x) = (vk, oM WY) for all z € A (the pre-cardinal / basic fuzzy scale). Compute ¥ by solving the following
optimization problem:

min COA (3(a™) © 5(a"))

subject to the constraints

(Origin) o(a”) = (0,0,0),

(Indifference) o(x) ©0(y) = (0,0,0) V(z,y) € Cy,

(Positive separation) i(x)eo(y) = (1,1,2) V(z,y) € Cy, ke {l,...,6},
(Cardinal consistency across categories) o(z) ©9(y) = 0(w) S 0(z)

V(x,y) € Ck, Y(w,2) € Cpr, k >k, kK €{1,...,6}.

Any feasible optimizer © is called a Fuzzy-MACBETH basic (pre-cardinal) scale.

(5) Defuzzification and cardinalization. Define the basic crisp scale v, := COA(0(z)) for each z € A.
To obtain a cardinal scale E,, anchor two reference levels: choose a “neutral” level ™" and a “good” level
22°°d and impose

Eynen = 0, E_go0a = 100.

X
Then define the affine transformation
Ey = av; + B,

with (o, §) determined by the two anchoring equations above. The resulting mapping = — E, is called the
(fuzzy) MACBETH cardinal value function.

Using Uncertain Sets, we present Uncertain MACBETH (U-MACBETH) as an extension of the original
framework below.
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Definition 6.2.2 (Uncertain MACBETH (U-MACBETH): expected-interval LP scale construction). Let
A ={ay,...,an} be a finite set of evaluation elements (actions/alternatives/levels). Assume a total preorder
= on A with strict part P and indifference part I:

Py < (z =y and y % z), xly <= (x> yand y = z).

Let a™ € A be a most attractive element and a~ € A a least attractive element (with atPa™).

(1) Semantic categories and uncertain numerical bounds. Let the MACBETH semantic categories

be Cy, 4, ..., Cg, where Cy denotes indifference and C1, ..., Cg denote increasing differences of attractive-
ness. Fix an uncertainty space (I', £, M). For each category k € {0,...,6}, assign an uncertain interval
bound pair

(Li, Ur) € US(Rs0) x US(Rx),

interpreted as (uncertain) lower/upper bounds on a value difference belonging to category Cj. Assume the
expected bounds exist and put

Ly :=E[L)], Uy:=E[U)] (k=0,...,6),

with
0= Lo = Uy, 0<Lp,<Up<oo (k>1), U < Ligy1 (k=0,...,5)

(category separation on expected bounds).

(2) Uncertain MACBETH judgment matrix. For each ordered pair (z,y) € A x A with 2Py, the
decision maker provides a category label

c(z,y) € {1,...,6}.

For indifference pairs (x,y) € I, set c(z,y) := 0. This yields a (category-valued) judgment matrix c :
Ax A—H{0,...,6}.

(3) Expected-interval linear program (basic value scale). Decision variables are real values v(z) € R
for all x € A. Define the feasible set by the expected-interval constraints:

(Anchor) v(a™) =0,

(Indifference) v(z)—v(y) =0 VY(z,y)el,

(Category bounds) Lezyy < v(w) —v(y) < Upay) Y(z,y) € AX Awith 2Py,
(Monotonicity) v(x) >v(y) Vo,y € Awithz >y.

Among all feasible v, define a basic MACBETH scale by solving

min v(a™) subject to the above constraints. (6.1)

Any optimizer v* of (6.1)) is called an U-MACBETH basic value scale.

(4) Cardinalization (0-100 scale) and ranking. If v*(a™) > 0, define the cardinal value function
E: A —[0,100] by

* ok —

) —ta) oo
v*(at) —v*(a™) v*(at)

Rank elements by the induced preorder

E(x) =100 -

(x € A).

T ZU.MACBETH ¥ <= FE(x) > E(y).
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Definition 6.2.3 (Uncertain-set structured U-MACBETH output). Under Definition fix an optimizer
v* of (6.1) (and the induced E when v*(at) > 0). Define singleton-valued uncertain sets

Ve:T — P(R)’ Vw(’y) = {U*('T)}v

and, when v*(a™) > 0,
E: : T'— P(]0,100]), Ex(v) = {E(x)}.

Then (Vy)zea (and (E;)zea) is called the uncertain-set structured U-MACBETH output (via expected-
interval realization).

Theorem 6.2.4 (Uncertain-set structure and well-definedness of U-MACBETH). In the setting of Defini-

tion[6.2.3, assume:

Al
A2
A3
A4

(Finite expectations) E[Ly] and E[U}] ezist and are finite for all k=0, ... ,6.
(Separated expected category bounds) 0 = Lo = Uy, 0 < Ly < Uy, and Uy < Lgyq for k=0,...,5.
(Feasibility ) The constraint set of (6.1)) is nonempty.

(A1)
(A2)
(A3)
(A4) (Nontrivial top anchor) Every feasible v satisfies v(a™) > 0 (equivalently, the constraints force a

strictly positive separation between a* and a™ ).
Then:

(i) the LP ( is well-defined and attains an optimal solution v*;
(ii

(iii

the cardinal values E(x) are well-defined real numbers in [0,100] for all x € A;

the ranking preorder =y \MacBETH 18 well-defined on A;

)
)
)
)

the maps Vy and &, in Definition are uncertain sets on (I', L, M).

(iv

Proof. By (A1) the expected bounds Ly, Uy are finite real numbers. Hence all constraints in Definition
are ordinary linear equalities/inequalities, so (6.1)) is a standard linear program.

By (A3) the feasible region is nonempty. The anchor constraint v(a~) = 0 and the monotonicity constraints
ensure v(a™) > 0 for every feasible v because a™ > a~. Therefore the objective minv(a™) is bounded below
by 0. Since the feasible region is a closed polyhedron and the objective is continuous linear, the minimum
is attained at some optimizer v*, proving (i).

By (A4) one has v*(a™) > 0, so the normalization F(z) = 100v*(x)/v*(a™) is well-defined for every = € A.
Moreover, v*(a”) = 0 and monotonicity implies 0 < v*(z) < v*(a™) for all x € A (because a™ = z = a~
holds in a total preorder). Hence E(x) € [0, 100], proving (ii).

The preorder »y.macserh is well-defined because it compares real numbers E(x), proving (iii).

Finally, Vi(v) = {v*(z)} and &;(v) = {E(z)} are singleton-valued set maps from I' into P(R) (resp.
P([0,100])), hence they are uncertain sets. This proves (iv). O

Related concepts of MACBETH under uncertainty-aware models are listed in Table
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Table 6.3: Related concepts of MACBETH under uncertainty-aware models.

Related MACBETH concept(s)

Fuzzy MACBETH
Intuitionistic Fuzzy MACBETH
Neutrosophic MACBETH

W N =

6.3 Fuzzy CoCoSo (Fuzzy Combined Compromise Solution)

CoCoSo combines SAW and WEP aggregation to compute compromise scores, producing stable, robust
rankings even after alternative changes small perturbations [755,(756]. Fuzzy CoCoSo expresses perfor-
mances and preferences by triangular fuzzy numbers, normalizes them, aggregates fuzzy sums/powers, then
defuzzifies final scores consistently [641},757].

Definition 6.3.1 (Fuzzy CoCoSo (TFN-based Combined Compromise Solution)). [641,757] Let A =
{41,..., Ay} be alternatives and C = {C},...,Cy} criteria. Partition criteria into benefit and cost sets

c=ctuc .

Let TFN>o := {(l,m,u) e Ry, : [ <m <u}.

(0) TFN arithmetic (nonnegative convention). For Z = (I, My, uz),J = (ly, my,uy) € TFN>o and
¢ > 0 define

TO Y= (lp +1y, my+my, uz +uy), T @7 = (lply, mamy, uzuy),
l, mgy u
c®x:=(cly, cmy, cuy), TQc:= (—z,—z,i)
c ¢’ ¢

For w > 0, define the (scalar) TFN power by

~w

v = (17, my, uy),

x 7
(with the standard convention 0° := 1 if needed). Fix a defuzzification/score map (centroid)

l+m+u

Defuzz(l,m,u) := 3

(1) Input data (fuzzy decision matrix + weights). Assume a TFN decision matrix
Y = (ij) € (TFN=0)™", i = (lij, mij, wig),

and a (crisp) weight vector w = (w1, ..., wy) with w; > 0 and 377, w; = 1. (If TFN weights are given,
one may first defuzzify and renormalize them to obtain such w.)

(2) Normalization (fuzzy lift of CoCoSo (7)—(8)). For each criterion j, set the global lower/upper
scalars

= min l;; Y, = max U;; A =7, —y. >0.
Y = 2, Yi = 58, 1YY,
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Define the normalized TFNs fij € TFEN> by

), Cj € CT (benefit),

(lij —Y; i — Y, Ui Y
Y ?
Aj Aj Aj
(@j —uij  Y;—mi; Y;— i

A, N A

ij =

), Cj € C~ (cost).
J

Then 0 < #; < (1,1,1) componentwise and the construction reduces to the crisp normalization when
Ui = (Yij» Yij» Yij)-

(3) Fuzzy comparability sequences (lift of CoCoSo (9)—(10)). Define
Gi = ®(E¢j)wj S TFNEU, EIZ = @(w]’ ®© 7;”) € TFNEO-
=1 =1

(4) Three fuzzy appraisal scores (lift of CoCoSo (11)—(13)). Let

m
Scy = ZDefuZZ(ép @ ﬁp) > 0, Grin = min Defuzz(ép), Hpin := min Defuzz(ﬁp),
p p
p=1

Gmax := max Defuzz(ép), Hppax == max Defuzz(I:Ip).
3 P

Define

c[s(-a) : (

2

= i D }le) @ SGHa
dgl(.ﬁ) = (ﬁl (%) Hmin) D (éz @ Gmin)a

and for a parameter A € [0, 1] (often A = 0.5),

@s = (Ao H & (1-3)©Gi) @ (MHiax + (1= \)Grnax).

(5) Final fuzzy CoCoSo score (lift of CoCoSo (14)) and ranking. Define the final TFN score

« Y = 1/3 1 ~ (a ~ ~
s 1= (dsg ) o a5 & a5§v>) ® 10 (as§ ) o i@ @ as£7)>_

i i
Defuzzify AS; := Defuzz(ds;) € R>o and rank alternatives by
Ap 2 FCoCoSo Aq — ASp > ASq

Any A* € argmaxij<i<m AS; is called a Fuzzy CoCoSo (compromise) solution.

Using Uncertain Sets, we define Uncertain CoCoSo as follows.

Definition 6.3.2 (Uncertainty space, uncertain variable, and induced uncertain set). An uncertainty space
is a triple (I', £, M) where I # @&, L is a o-algebra on I', and M : £ — [0, 1] is an uncertain measure. A
(real-valued) uncertain variable is an L-measurable map ¢ : I' — R. Any uncertain variable £ induces a
singleton-valued uncertain set

Xe: T = PR),  X(y):={O}
When E[¢] € R exists (finite), it is used as a crisp score.
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Definition 6.3.3 (Uncertain CoCoSo (U-CoCoSo): scenario-wise CoCoSo with expected-score decision).
Let A= {Ay,..., A} be alternatives and C = {C1,...,C,} criteria, partitioned as

C=C"UC™ (benefit/cost), Jt={j:C;ecCct}, J ={j:C;eC}.

Fix an uncertainty space (T, £, M).

(1) Uncertain input data. An uncertain CoCoSo instance consists of

e an uncertain decision matriz = = (&) € UV’;"‘OX", where each &;; : I' = R>( is an uncertain variable

representing the performance of A; under Cj;

o an uncertain weight vector Q = (wy,...,wy) € UV%O, where w; : I' = R>q is an uncertain variable
representing the importance of Cj;

« a parameter A € [0,1] (often A = 3).

Here UV>( denotes the class of nonnegative uncertain variables on (I, £, M).

(2) Scenario-wise normalized weights. For each v € I, define

W(y) = Zwt(’y), w;i(y) = w; (v (j=1,...,n),
t=1

so that Y 7, w;(7y) = 1 whenever W(y) > 0.

(3) Scenario-wise normalization of performances. For each criterion j and scenario -, set

£.(v):= min &;(7), &)= max &;(v),  Aj(y):=&(0) =& ().

=J 1<i<m 1<i<m J
Assuming Aj(y) > 0, define the normalized scores t;;(y) € [0, 1] by
§ii(7) —&,(7)

: I j € Jt (benefit),
W= g et
W, Jj € J™ (cost).

(4) CoCoSo comparability sequences (SAW-like and WEP-like). Define, for each alternative A;
and scenario 7,

Hi(v) =Y wi(7) tis(7), C%(v):zzll(tﬁ(y))wﬂvﬁ
=1 i

with the convention 0° := 1 when it occurs.
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(5) Three appraisal scores. Let

San() = Y (GolN) + Hy(1),  Huin(7) = min Hy(3),  Gnin(3) := min Giy(3),
p=1

Hupax () = m;xx Hp(’Y)a Gmax(7) := m;xx Gp(W’)'

Assuming the denominators below are positive, define

@), Hi) Gi(v)
as () = Huin(7) | Gain(7)’
5) = AH;(y) + (1 = NGi(v)
’ )\Hmax(’)/) + (1 - )‘)Gmax(’Y).

(6) Final U-CoCoSo score and decision rule. Define the final scenario-wise score

s\ () + as\? (7) + as™ (7)

3

48i(7) 1= (ast” (1) ast” (1) as! () e

Then AS; : I' — R>¢ is an uncertain variable (under the well-definedness conditions below), and it induces
an uncertain set

ASi(y) == {ASi(v)} € Rxo.
If the expectation exists, define the crisp utility

U, .= E[ASZ] € R,
rank alternatives by A, >v.cocoso 4¢ <= Up > Uy, and select any
A* € arg max Uj.
1<i<m

Theorem 6.3.4 (Uncertain-set structure and well-definedness of U-CoCoSo). In Definition[6.5.5, assume:

FEach &; and wj is an L-measurable map I' — Rx>q.
Weight normalization is valid: W (y) =Y 1" wi(y) >0 for ally € T.
Nondegenerate criteria ranges: Aj(y) >0 forall j=1,...,n and all y € T.

Positive denominators for appraisal scores:

Sar(y) >0, Hpin(y) >0, Guin(y) >0, AHpax(7) + (1 = A)Gmax(y) >0 (Vyel).

(Ab) Finite expected scores: E[AS;] € R exists for alli=1,...,m.

Then:
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(i) all quantities in Steps (2)~(6) of Definition [6.5.5 are well-defined for every vy € I';

(ii) each AS; : T' — Rxq is an uncertain variable, hence AS;(v) = {ASi(v)} is an uncertain set on
(F7 £7M);

(iii) the ranking preorder >=y.cocoso induced by U; = E[AS;] is well-defined on A, and argmax; U; is
nonempty.

Proof. Fix any v € T.

By (A3), Aj(y) > 0, so each normalized performance t;;(y) is well-defined. Moreover, by construction,
tij(v) € 0, 1].

Hence the weighted sum H;(y) = > ; w;(7)ti;(7) is well-defined and belongs to [0,1]. Also Gi(y) =
[T;(ti5 ()" () is well-defined as a finite product of nonnegative reals (using 0° := 1 when needed), so

i
G()e[Ol]

Assumption (A4) guarantees that every denominator appearing in asga) (7),a Z(ﬁ ) (7),a5( )( ) is strictly

positive, so these appraisal scores are well-defined real numbers. Consequently AS;(v) is well-defined.

To show measurability, note that sums, products, scalar division by a strictly positive measurable function,
and pointwise min / max preserve L-measurability. Under (A1)—(A4), each mapping v + AS;(7y) is obtained
from (&;;) and (w;) by finitely many such operations, therefore AS; is an £-measurable map I' = R>, i.e.,
an uncertain variable. This proves (i) and (ii).

Finally, by (A5) each U; = E[AS;] is a finite real number, so the preorder A, »u.cocoso 49 <= U, > Uy
is well-defined. Since A is finite, max; U; exists and arg max; U; is nonempty, proving (iii). O

CoCoSo and representative uncertainty-aware variants are listed in Table

Table 6.4: CoCoSo and representative uncertainty-aware variants (organized by the degree-domain dimen-
sion k).

k Representative CoCoSo-type model(s) whose evaluation degrees live in a subset of [0, 1]*

1 Fuzzy CoCoSo.

2 Intuitionistic Fuzzy CoCoSo [758,(759]; Pythagorean fuzzy Cocoso |760,/761]; Fermatean fuzzy CoCoSo
[762].

3 Picture Fuzzy CoCoSo [763|; Spherical fuzzy Cocoso [764L|765]; Neutrosophic CoCoSo [766,767).
n Plithogenic CoCoSo [768|

Note. Here k denotes the ambient dimension of the degree-domain used to encode each criterion evaluation (and, if applicable,
each weight). In this convention, picture-fuzzy and (single-valued) neutrosophic evaluations are treated as three-component
degrees, hence k = 3.

As concepts other than Uncertain CoCoSo, Rough CoCoSo [769], Grey CoCoSo [770,[771], SWARA-CoCoSo
[772,[773], and Extended CoCoSo [774,[775] are also known.
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6.4 Fuzzy SAW (Fuzzy Simple Additive Weighting)

Classical SAW normalizes performance scores, multiplies each criterion by its weight, sums weighted values,
and ranks alternatives by maximum total score under given criteria [776,777]. Fuzzy SAW normalizes fuzzy
performance ratings, multiplies by criterion weights, sums weighted fuzzy scores, defuzzifies them, and ranks
alternatives by highest overall utility final index [778-780].

Definition 6.4.1 (Fuzzy SAW (FSAW) with triangular fuzzy numbers). [778-780] Let A= {A1,..., Ap}
be a finite set of alternatives and C = {C1, ..., C,} a finite set of criteria. Assume each criterion Cj is either
a benefit criterion (1; larger is better) or a cost criterion (|; smaller is better).

(0) Triangular fuzzy numbers (TFNs) and arithmetic. Let
TFN>o := {(I,m,u) € R?: 0 <1< m <u}.
For & = (ly, Mg, ug), § = (ly, my,uy) € TFN>g and « > 0, define

TD Y= (lo +1y, my+my, uy +uy), a® = (aly, amyg, auy).

(1) Fuzzy decision matrix. A TFN-based fuzzy decision matriz is

X = (#;5) € (TFN>o)™™ "™, Zij = (aij, bij, cij),

where Z;; represents the (possibly linguistic) performance of A; under Cj. If P > 1 decision makers provide

TFNs :%g ) = (ag-J ), bg-) ), cg )), a standard aggregation is the TFN geometric mean

Bij = ( fllalé)) >1/P’ ( ﬁbg’) )1/13’ ( P c®) )1/P.
e

p=1 p=1

(Geometric-mean aggregation for the fuzzy MCDM matrix is commonly used.)

(2) Criterion weights. Let w = (w1, ...,w,) be a (crisp) weight vector with

n
w; >0, > wj=1
J=1

(Weights can be obtained, for example, by defuzzifying and normalizing linguistic judgments.)

(3) Normalization of TFNs. To map heterogeneous criteria to comparable scales and keep normalized
TFNs in [0, 1], a standard linear scale transformation for benefit criteria is:

. aij bij  cij
Tij == (—] —j, —j , cj = max cj, (C5 ).
o cC 1<i<m

This normalization is widely used in fuzzy SAW implementations.
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For cost criteria, one common dual form (after ensuring positivity) is:

. (9 a
Tij = (=,

Tooa.
j ) - :

— a; = min a;; Ci:l
Cij bij7 Qs ’ J 1<i<m 7 ( J )’

which is the TFN analogue of reciprocal cost normalization.

(4) Weighted normalized matrix and fuzzy SAW score. Define the weighted normalized TFN entries
by
@ij =w; O 7:1']' = (ijfj, ijg}, ij%Lj),
and the total fuzzy score of alternative A; by the TFN sum
n
S = @ﬁi]‘ € TFNZ().
j=1

Equivalently, in matrix form this is the fuzzy weighted summation § = Rw (the SAW aggregation of
normalized ratings with weights).

(5) Defuzzification and ranking. Convert 3 = (sf, s s¥) to a crisp score via (signed-distance /
centroid) defuzzification:
Score(A;) := Defuzz(s;) := W
Then rank alternatives by descending score:
A, mrsaw Ay <= Score(Ay) > Score(Ay).

(Using (a 4 b+ ¢)/3 as a defuzzification rule for TFNs is standard in fuzzy SAW practice.)

(6) Reduction to crisp SAW. If every TFN is degenerate Z;; = (x;j,xij,zi;), then 7;; and 3; are
degenerate as well, and the above procedure reduces to the classical (crisp) SAW method.

Using Uncertain Sets, we define Uncertain SAW (U-SAW) as follows.

Definition 6.4.2 (Uncertain SAW (U-SAW): scenario-wise SAW with expected-score decision). Let A =
{A1,...,An} be a finite set of alternatives and C = {C1,...,C,} a finite set of criteria, partitioned as

C=CtUC™ (benefit/cost), Jri={j:C;ect}, J ={j:CjeC}.

Fix an uncertainty space (T, £, M).
(1) Uncertain input data. An uncertain SAW instance consists of:

e an uncertain decision matriz
—_ X .
E = (&;) € uvmr, &j: T — Rxo,

where &;;(y) is the (nonnegative) performance of A; under C; in scenario ;



Chapter 6. Compensatory scoring methods on a decision matrix (“weighted-sum” families)

e an uncertain criterion-weight vector

Q= (wi,...,wn) € (UV>g)", wj : ' = Rxo.

(2) Scenario-wise weight normalization. For each scenario v € I', define

W)=Y w(r),  wi(y) =2 G=1,...,n),
t=1

so that 2?21 w;(y) = 1 whenever W (v) > 0.

(3) Scenario-wise performance normalization. For each criterion j and scenario ~, define

£.(7) == min &;(7), &)= max &;(v).

J 1<i<m 1<i<m

Assuming Ej () > 0 for benefit criteria and §j(7) > 0 for cost criteria, define normalized scores 7;;(7y) € [0, 1]
by

%3((3)), j € Jt (benefit),
Tig = J
i(7) §j () - t
() jE (cost).

(4) Scenario-wise SAW aggregation. Define, for each alternative A; and scenario +,
n
Si(7) =Y wi(y)rij(y) € [0,1].
j=1

Then S; : I' — [0, 1] is the uncertain SAW score (a scenario-wise SAW utility).

(5) Uncertain-set structure and decision rule. Each S; induces an uncertain set
Si(v) = {Si(v)} € [0, 1].
If E[S;] exists and is finite, define the crisp utility
U; .= E[S;] € R,

rank alternatives by
Ap EU—SAW Aq < Up > Uq,
and select any
A* € arg max Uj.
1<i<m

Theorem 6.4.3 (Uncertain-set structure and well-definedness of U-SAW). In Definition assume:

(A1) (Measurability) Fach &; and wj is L-measurable.
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(A2) (Positive total weight) W(y) = >0 wi(y) > 0 for all v € T.

(A3) (Normalization denominators) For all v € T':

() >0 VjieJt, £() >0 VjeJ, &i(v) >0 V(i,j) €{1,...,m} x J .

(A4) (Finite expectations) E[S;] exists and is finite for alli=1,...,m.
Then:

(i) the normalized weights w;(7y) and normalized scores ri;(y) are well-defined for every v € I', and
Tz](’ﬁ € [07 1];

(ii) each S; : T'— [0,1] is an uncertain variable, hence S;(v) = {Si(v)} is an uncertain set on (I, L, M);

(iii) the preorder »=y.saw induced by U; = E[S;] is well-defined, and since A is finite, argmax; U, is
nonempty.

Proof. Fix vy € T.

By (A2), W(v) > 0, hence each normalized weight w;(v) = w;(y)/W (7) is a well-defined real number and
Z?:l wi(y) = 1.

For j € J,
&ij(7) < (
rij(y) = (

by definition of the maximum. For j € J~, (A3) ensures &;(y) > 0 and §j(7) > 0, so

(A3) gives &;(7) > 0, so ry(y) = &;(7)/&;(y) is well-defined and lies in [0,1] because 0 <
)
)/&i;(7) is well-defined and belongs to [0, 1] since §j (7) < &ji(y).

Therefore, for each i the SAW score S;(7y) = > 71 w;(7)ri;(7) is well-defined and lies in [0, 1], as a convex
combination of numbers in [0, 1].

To prove that S; is an uncertain variable, observe that under (A1) the maps §;; and w; are measurable;
pointwise min / max of finitely many measurable functions is measurable; sums/products and division by a
strictly positive measurable function preserve measurability. Hence v — w;(¥), v — 7i;(7), and consequently
v +— Si(7) are all L-measurable. Thus S; is an uncertain variable I' — [0, 1], and the induced singleton
mapping S;(7y) = {Si(7)} is an uncertain set. This proves (i) and (ii).

Finally, (A4) yields finite reals U; = E[S;]. Hence A, >ysaw 4y <= U, > U, defines a well-defined
preorder on A. Since A is finite, max; U; exists and arg max; U; is nonempty. This proves (iii). O

Related concepts of SAW under uncertainty-aware models are listed in Table



Chapter 6. Compensatory scoring methods on a decision matrix (“weighted-sum” families)

Table 6.5: Related concepts of SAW under uncertainty-aware models.

Related SAW concept(s)

Fuzzy SAW
Intuitionistic Fuzzy SAW [7811(782]
Neutrosophic SAW [783,|784]

W N =

6.5 Fuzzy RAFSI (Fuzzy Ranking of Alternatives through Functional mapping of cri-
terion Sub-Intervals into a single Interval)

RAFSI maps criterion values to a common interval using ideal and anti-ideal points, then aggregates
weighted normalized scores [785,/786]. Fuzzy RAFSI uses fuzzy numbers for evaluations, maps them to
a common interval, normalizes benefit/cost, aggregates fuzzy weighted scores [787.[788].

Definition 6.5.1 (TFN-based Fuzzy RAFSI). [787,788] Let A = {A;,..., Ay} be a finite set of alternatives
and C = {C4,...,C,} a finite set of criteria. Partition criteria into benefit (max) and cost (min) types:

c=Cctuc .
Assume evaluations are given by triangular fuzzy numbers (TFNs)
Tij = (lijsmaj uig), 0 <l < mij < ug,

forming the fuzzy decision matrix X = (Zij) € (TFN>)™*". Let w = (w1,...,wy) € [0,1]" be criterion
weights with 37, w; = 1.

TFN arithmetic (standard positive convention). For TFNs a = (a1, as,a3), b = (b1, b2, b3) and a > 0,
define

adpb = (a1 + b1, ag + b2, ag+ bs), a®a:=(aay, aaz, aas),

and (for strictly positive TFNs) the reciprocal

Fix the centroid score (defuzzification) map

COA(l,m,u) :=

Step 1 (reference points: ideal/anti-ideal). For each criterion Cj, define crisp reference points (via
COA-ordering):

I { maxi<;<m COA(SEZ]), Cj € C+, N { minlgigm COA(.%Z]), Cj S C+,
J

9= ming<;<m COA(@]‘), Cj eC, % maxi<;<m COA(@J‘), Cj eC.

L a¥ externally.)

(Equivalently, a decision-maker may specify aj, q;
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Step 2 (functional mapping to a common interval). Fix numbers n; > 0 and ny > n; (often n; = 1,
ng = 6). Define the affine map

N (a][ #* a;\f),
and set the standardized TFN
Sij == [i(Zi5) == (f;(lij), fi(maj), fi(ui)) € TENsg.

(If a]I- = aév, set 5i; := (n1,n1,n1) for all 4.)

Step 3 (arithmetic and harmonic means of the common interval). Define

niy + no ) 2
2 ’ '_L_FL'

A=

Step 4 (RAFSI normalization). Define the normalized TFNs §,-j by

1

~ 24 © 5, Cj€ ct,
Sij = H .
D) © Si_j R Cj eC.

Step 5 (criteria function / overall score and ranking). For each alternative A4;, define its overall
fuzzy RAFSI score

‘N/(Al) = @(w]‘ ® §z]> € TFN<g.
j=1

Defuzzify V; := COA(V(4;)) and rank alternatives by
Ap mrrarst 4 = Vp =2V,

Any maximizer A* € argmax; V; is called a Fuzzy RAFSI best alternative.

Using Uncertain Sets, we define Uncertain RAFSI (U-RAFSI) as follows.

Definition 6.5.2 (Uncertainty space, uncertain variable, and induced uncertain set). An uncertainty space
is a triple (I', £, M) where I # @, L is a o-algebra on I', and M : £ — [0, 1] is an uncertain measure. A
(real-valued) uncertain variable is an L-measurable map £ : I' — R. Every uncertain variable £ induces a
singleton-valued uncertain set

Xe:T' = PR),  Xe(y):={N}

Whenever it exists and is finite, E[¢] € R denotes the expected value of &.
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Definition 6.5.3 (Uncertain RAFSI (U-RAFSI): scenario-wise RAFSI with expected-score decision). Let
A={A1,..., A} be alternatives and C = {C1,...,C,} criteria, partitioned into benefit/cost sets

c=Cctuc, Jt={j:C;ect}, J-={j:CjeC}.

Fix an uncertainty space (I', £, M) and fixed constants 0 < ny < ng. Set the arithmetic and harmonic

anchors
niy + no 2

A==, S

(1) Uncertain evaluations and weights. An uncertain RAFSI instance is specified by:

e an uncertain decision matriz

== (fzj) S Umen, fij :I' - R,

e an uncertain criterion-weight vector

Q= (wl,...,wn) € (UVZo)n, wj : F—)]Rzo.

(2) Scenario-wise weight normalization. For each scenario v € I', define

W)= @), w0)= s G=1n),
t=1

(3) Scenario-wise ideal/anti-ideal reference points. For each criterion j and scenario v, define the
reference scalars

g e gt in £ e Jt
) max. &ij(y), jeJ, ) o o &ij(v), jeJT,
! min &;(y), jEJ, ! max &;(vy), jeJ.

1<i<m 1<i<m

(Thus a][. (7) is the scenario-wise ideal and aj-v () is the scenario-wise anti-ideal.)

(4) Scenario-wise functional mapping to the common interval [n;, n2]. Whenever a][ (v) # aév (),
define the affine map

oy ma—m aj(y)n1 — af (y)nz
fin(x) = aJI'(V) — aév(y) + ajI'(V) — aé.V(fy)

Define the standardized (mapped) performance

ss() = { lil&s ). () a0

ni, a

(So sij(7) € [n1,n2] whenever a]I-(y) + aj-v(v).)
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(5) RAFSI normalization (benefit/cost). Define normalized values 5;;(vy) by

Sz‘j(’}/) . +

R 2A ) ] e J 9
—. , jeJ .
2 si5()

(6) Scenario-wise RAFSI score and uncertain-set output. For each alternative A;, define its
(scenario-wise) RAFSI score

Then V; : I' = R is an uncertain variable, and it induces an uncertain set

Vi(v) = {Vi(v)}

(7) Expected-score ranking and selection. If E[V]] exists and is finite, define
Ui := E[V;,] € R, Ap Z U-RAFSI Aq — Up > Uq>
and select any

A* € arg max Uj.
1<i<m

Theorem 6.5.4 (Uncertain-set structure and well-definedness of U-RAFSI). In Definition[6.5.3, assume:

Al) (Measurability) Fach &; and w; is L-measurable.

(A1)

(A2) (Positive total weight) W () = >0 wi(y) >0 for all v € T.
(A3) (Common-interval anchors) 0 < n; < ng.
(Ad)

A4) (Cost positivity after mapping) For every v € I and j € J~, the mapped values satisfy s;;(y) > 0 for

all i (in particular this holds if ny > 0).

(A5) (Finite expectations) E[V;] exists and is finite for alli=1,...,m.
Then:

(i) for every v € I', the quantities w;(7y), aJI-('y), aév(’y), sij(7), Sij(7), and Vi(vy) are well-defined real
numbers;

(ii) each V; is an uncertain variable, hence Vi(y) = {Vi(y)} is an uncertain set;

(iii) the preorder =y_rarsi s well-defined and arg max; E[V;] # @.
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Proof. Fix vy €T.

(i) By (A2), W(v) > 0, hence w;(7y) = w;(7)/W(7) is well-defined and »~7_; w;(y) = 1. Since m < oo, the

pointwise maxima/minima of {&;;(v)}i, exist in R, so a][(’y) and aév(w) are well-defined reals.

If aJI-(y) # aé-v(v), then f;, is a well-defined affine map and s;;(v) = fj~(&;(7)) is a real number. If
aJI» (v) = aév (7), we set s;;(y) = n1, which is well-defined by (A3). Thus s;;(7) is well-defined in all cases.
Moreover, for ajl-(w) # aé-v(v) one has fj,fy(aéy(’y)) = ng and fj,,y(ajf-(y)) = nq, s0 si;(7y) € [n1,n2] whenever
&ii(y) € [aé\[(’y),af(’y)], which holds by definition of max/min. Hence s;;(y) > n; > 0. In particular, for
j € J~ we have s;;(y) > 0, so the reciprocal 1/s;;(7) in the cost normalization is well-defined. Therefore

8i5(7) is well-defined for all 4, j, and so is Vi(v) = > 1_; w;(7)545(7)-

(ii) Under (A1), each &;; and w; is measurable. Finite sums preserve measurability, and pointwise min / max
of finitely many measurable functions is measurable. On the set {7 : ajl(v) # aév(v)}, 5i(y) is obtained
from measurable functions by arithmetic operations and division by a nonzero measurable function, hence is
measurable there; on the complementary set it is the constant n1, hence measurable. Thus s;; is measurable
on all of I'. Since 1/s;; is measurable wherever s;; > 0 (and (A4) guarantees this for cost criteria), it
follows that s;; is measurable. Consequently each V; is L-measurable, i.e., an uncertain variable, and
Vi(y) = {Vi(7)} is an uncertain set.

(iii) By (A5) each U; = E[V}] is a finite real number, so A, =y.rarst 4y <= U, > U, defines a well-defined
preorder. Since A is finite, max; U; exists and arg max; U; is nonempty. O

Related concepts of RAFSI under uncertainty-aware models are listed in Table

Table 6.6: Related concepts of RAFSI under uncertainty-aware models.

Related RAFSI concept(s)

Fuzzy RAFSI

Intuitionistic Fuzzy RAFSI
Fermatean Fuzzy RAFSI [789)
Neutrosophic RAFSI [790]

W NN

6.6 Fuzzy RATMI (Fuzzy Ranking of Alternatives by Trace-to-Median Index)

RATMI is a matrix-based MCDM ranking method that normalizes criterion values, applies criterion weights,
and produces a single trace-to-median index by combining a trace-based performance term with a median-
similarity term [791,|792]. Related concepts, such as RAMS-RATMI [793,/794], are also known. Fuzzy
RATMI extends RATMI to settings where evaluations are fuzzy or linguistic; the fuzzy assessments are
first converted to comparable scalar scores (e.g., by defuzzification), and then the same trace-to-median
aggregation is used to rank alternatives under uncertainty [795].

Definition 6.6.1 (Fuzzy RATMI (FRATMI): Fuzzy Ranking of Alternatives by Trace-to-Median Index).
[795] Let A = {A1,..., A} be alternatives and C = {C1,...,C,} criteria (m,n > 2). Partition criteria
into benefit and cost sets:
C = Cben U Ccost'
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Assume a positive fuzzy decision matrix

X = (jzj)mxnv jlj € ]F>07

where F+q is a chosen family of positive fuzzy evaluations (e.g., TFNs, trapezoidal fuzzy numbers, interval-
valued fuzzy numbers).

Step 0 (Score/defuzzification). Fix a score map S : F5¢ — (0,00) and define a crisp matrix
xij::S(:iij)>0 (i:1,...,m;j:1,...,n).

(Example for TEN z = (¢,m,u): S(Z) = L +m+u)/3.)

Step 1 (Normalization). For each criterion C}, define

T4
J ’ Cj c Cben’
maXxj<i<m l‘ij
n-j = .
ming <;<m Tsj
—— == gy e,

ZL‘i]’

Then 75 € (0,1].

Step 2 (Weights and weighted normalization). Let w = (wy,...,w,) ' be criterion weights with

n
wj > 0, ij = 1.
j=1

Define the weighted normalized matrix U = (u;;) by

Ujj = W5 Ti5 (i:1,...,m;j:1,...,n).
Step 3 (Optimal alternative components). Define the componentwise optimal vector @ = (q1,...,qn)
by
= ii =1,... .
q; 121525;1 Uy (] s ,Tl)

Let k := |CP®"| and h := |C®*| (k + h = n), and decompose Q = Qmax U Qmin according to CP*™ and C,

Step 4 (Magnitudes). Define the magnitudes of the benefit- and cost-components:

R 2 o 2
Qr = Z a5, Qn = Z q;-
Cjecben CjECcost
For each alternative A;, define
o 2 ._ 2
Ui, == Z Uz Uip == Z (2
Cj ecben Cj€Ccost
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Step 5 (Trace index: MCRAT component). Define diagonal matrices

_(Qr 0 _(Ux O o _
(@ 8). am (T 0), mera.

Define the trace score
tr; == tr(T3) = QrUik + QnUisn.

Step 6 (Median similarity: RAMS component). Define the median lengths

V@i + @ " VUE + U3,

2 (2R 2 I

and the median similarity
MSZ =

SE

Step 7 (Trace-to-median index: RATMI). Let v € [0,1] (typically v = 0.5). Define

tr* := min tr;, tr-:= max tr;, MS":= min MS;, MS™ := max MS;.
1<i<m 1<i<m 1<i<m 1<i<m

Assume tr~ > tr* and MS™ > MS*. The (fuzzy) RATMI index of A; is

tr; — tr*
p—r
tr— —tr*

MS; — MS*

E; = _.
MS™ — MS*

+(1—-wv)

Ranking rule: rank alternatives in descending order of F;.

We now present Uncertain RATMI of type M, obtained by extending the framework using Uncertain Sets.

Definition 6.6.2 (Uncertain RATMI of type M (U-RATMI)). Let A ={A4,..., A} be alternatives and
C ={Ci,...,Cy,} criteria, with m,n > 2. Partition criteria into benefit and cost sets:

C = Cben U Ccost.

Fix an uncertain model M with Dom(M) # 0 and an admissible positive score Sy;. Assume an uncertain
decision matriz

x M) — (x(M) xEJM) € Dom(M) (i=1,...,m; j=1,...,n).

Step 0 (Crisp projection). Define the positive real matrix X = (x;;) by

Tij = SM(x,L(;V[)) € (0,00).

Step 1 (Normalization). For each criterion Cj}, define

3 = max x4, o™= min ;.

J 1<i<m J 1<i<m



Chapter 6. Compensatory scoring methods on a decision matrix (“weighted-sum” families)

Then x;nax > 0 and x;mn > 0. Define

Tis
vJ Cj c Cben’

pmax ’
J . .
Tij 7= pmin (i=1,...,m; j=1,...,n).
J C c Ccost_
Lij ’ J
Hence r;; € (0, 1].
Step 2 (Weights and weighted normalization). Let w = (w1, ..., w,)" be criterion weights satisfying

n
w; >0, > wj=1.
j=1

Define the weighted normalized matrix U = (u;;) by

Uij 1= W, Tij (i=1,....m; j=1,...,n).

Step 3 (Componentwise optimal vector). Define

;1= maxX U; =1,...,n
¢j = Max uj; (G=1,...,n),

and set Q@ = (q1,-.-,qn)-

Step 4 (Benefit/cost magnitudes). Let k := |C**"| and h := |C°®'| (k + h = n). Define

> 4 > @
C c(Cben C cCeost
— 2
Z UU, Uih = uij.
C] Ecbcn C’] eCcost

Step 5 (Trace index component). Define diagonal matrices

_(Qx 0 _(Ux O o T
F_<0 0,)° Gi= (", U ) T, .= F Gy,

and for each alternative A;,

(Empty sums are understood as 0.)

and the trace score
tr; = tI‘( ) QkUk’ + QhUzh

Step 6 (Median similarity component). Define

IR R S N,

2 ) 1 T 2 )

SE
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Step 7 (Trace-to-median index). Let v € [0,1]. Define

tr* := min tr;, tr~:= max tr;, MS*:= min MS;, MS™ := max MS;,
1<i<m 1<i<m 1<i<m 1<i<m

and the ranges A¢, := tr~ —tr*, Ayg := MS™ — MS”*. Define normalized components

tr; — tr* MS; — MS*
& s ) AtI“>07 SZ 5 )
T, = Agr S, = Ans

O, Atr = 0, 0, AMS =0.

AMS > 0,

The Uncertain RATMI index of A; is
EZ' = ’Uﬂ + (1 —U)Si.

Ranking rule: rank alternatives in descending order of F;.

Theorem 6.6.3 (Well-definedness and boundedness of U-RATMI). Under the assumptions of Defini-
tion (in particular, m,n > 2, Dom(M) # (0, and Sy : Dom(M) — (0,00)), all quantities in the
U-RATMI procedure are well-defined and finite. Moreover, for each alternative A;,

0<T; <1, 0<85; <1, 0< E; < 1.

Hence the ranking rule in Definition is always well-defined.

Proof. Since Sy maps Dom(M) into (0,00), each x;; > 0 is finite. Because {1,...,m} is finite, 27"** and

x?ﬁn exist and satisfy 27" > x;; > x;“in > 0. Thus, for benefit criteria, r;; = x;;/ T € (0,1], and for cost
criteria, r;; = x?lin/:xij € (0,1]. With w; > 0 and }_; w; = 1, each w;; = w;ri; is finite and lies in [0, 1].

Therefore each ¢; = max; u;; exists and is finite.

The quantities Qx, Qn, Uik, U;n are square roots of finite sums of squares, hence finite and nonnegative. At
least one weight is positive, so at least one ¢; > 0, which implies Qi + Q,QL = Z}l:l q]2- > 0, hence M > 0 and
MS; = M;/M is well-defined and finite.

The extrema tr*, tr—, MS*, MS™ exist because m is finite. If Ay > 0, then T; is the standard min-max
normalization of tr;, hence 0 < T; < 1; if At = 0, the definition sets T; = 0, so still 0 < T; < 1. The same
argument gives 0 < .5; < 1.

Finally, with v € [0, 1], E; = vT; 4+ (1 —v)S; is a convex combination of two numbers in [0, 1], so 0 < E; < 1.
Therefore the index FE; exists for every 4, and sorting by F; defines a valid ranking. O

Related concepts of RATMI under uncertainty-aware models are listed in Table
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Table 6.7: Related concepts of RATMI under uncertainty-aware models.

Related RATMI concept(s)

Fuzzy RATMI
Intuitionistic Fuzzy RATMI
Fermatean Fuzzy RATMI
Neutrosophic RATMI

W NN

6.7 Fuzzy RANCOM (Fuzzy RANking COMparison)

RANCOM ranks criteria by importance judgments, builds a comparison matrix from ranks, sums rows,
and normalizes to weights [796,(797]. Fuzzy RANCOM encodes linguistic importance as fuzzy numbers,
aggregates experts, scores and ranks criteria, then derives normalized weights [65,798].

Definition 6.7.1 (Fuzzy RANCOM (PTF-RANCOM) for subjective criteria weighting). [65,798] Let
C ={C,...,Cy} be a finite set of criteria and & = {E1,...,E,} a finite set of experts. Fix an integer
q=>1

(A) Polytopic fuzzy numbers (PTFNs). A polytopic fuzzy number (PTFN) is a triple
z={a,n,¢) €[0,1]® satisfying o477+ ¢? <1,

where « is the positive-membership degree, n is the neutral-membership degree, and ( is the negative-
membership degree.

(B) Score functional. For z = (a,n, (), define the (crisp) score

14 adpd_ (4
Score(z) = ra ;77 ¢ eR.

(C) PTF weighted aggregation (PTFWA). Given PTFNs 2z = (a1,m1,(1)s .-+, 20 = (@, 0, () and
expert weights A = (A1,..., A;) with Ay > 0 and Y, _; Ay =1, define

T

1/q T T
PTFWA,(21,...,2,) := <<1 — H(l — a%))"“) , H 77,;\’“, H C,i"‘> .
k=1 k=1

k=1

D) Input data of Fuzzy RANCOM. Each expert E}, provides, for every criterion C;, a PTFN impor-
( p y p p : y i p
tance assessment

L]k:<ajk)n]kvgjk‘> (]:]-aana k::l?ar)v

typically obtained by encoding linguistic terms into PTFNs.

(E) PTF-RANCOM procedure and output weights.
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Step 1. (Aggregate experts) For each criterion C}, compute its integrated PTF importance
1j = PTFWA (41, .., tjr) € [0,1]3
Step 2. (Score and rank) Compute s; := Score(¢j) and define the rank position
g =1+|N{te{l,...,n}: st >s;} €{1,...,n},
so that smaller ¢; means higher importance (ties allowed).

Step 3. (Ranking comparison matrix) Define B = (by;) € [0, 1]"*" by

1, Sg < Gjs
bgj i =4 0.5, ¢4 =g, (9,7=1,...,n).
0, Sg > Sjs

Step 4. (Row sums) Define the row-sum vector h € R%, by
hjtZijg (]:1,,n)
g=1

Step 5. (Normalized criterion weights) Define the criterion weights

h .
wj = = € [0,1], j=1,...,n,

Yoty b

so that Y7, w; = 1.

The vector w = (w1, ..., wy,) is called the (PTF-)fuzzy RANCOM weight vector of C.

Definition 6.7.2 (Uncertain RANCOM of type M). Let C = {C},...,Cy,} be a finite set of criteria (n > 2)
and &€ = {Fy,..., E,} a finite set of experts (r > 1). Fix an uncertain model M with Dom(M) # () and an
admissible score Syy.

Input (expert uncertain importance assessments). Each expert Ej provides, for every criterion Cj,
an uncertain importance degree

tjr, € Dom(M) G=1,....n; k=1,...,71),

interpreted as the importance of C; under the uncertainty model M.

Step 1 (Expert aggregation). Let A = (A1,...,\,) be expert weights with A, > 0 and > ;_; Ay = 1.
Fix an aggregation operator
Aggys : Dom(M)" — Dom(M),

and compute the aggregated importance for each criterion:
i = Aggyr(t1,. .., L) € Dom(M), ji=1,...,n.

(When r = 1, take Agg,, as the identity.)
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Step 2 (Score and induced ranking). Compute crisp scores
sj = Su(tj) €R, ji=1,...,n,
and define the rank position (ties allowed) by
Gi=1+|{te{l,...,n}: st >s;} €{1,...,n}.

Thus smaller ¢; means higher importance.

Step 3 (Ranking comparison matrix). Define B = (by;) € [0, 1]"*" by

1, Sg < G,
bgj =1 0.5, ¢4 =¢j, (9,7=1,...,n).
0, Sg > Sjs

Step 4 (Row sums). Define

Step 5 (Normalized criterion weights). Define the Uncertain RANCOM weights by

h .
n (]ZL...,TL),
Zt:l hi

wj =
provided that Y7 bt > 0. The vector w = (w1, ..., wy)" is called the Uncertain RANCOM weight vector
of type M.

Theorem 6.7.3 (Well-definedness of Uncertain RANCOM). Under Definition assume:

e n>21r>1, and Dom(M) # 0;
o Agg,; : Dom(M)" — Dom(M) is well-defined on Dom(M)";

o Sy :Dom(M) — R is admissible.

Then:

(i) The aggregated importances v; and scores s; are well-defined for all j.
(it) The rank positions g; are well-defined integers in {1,...,n}.
(tit) The matriz B and the row-sums h; are well-defined, with
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(iv) Y4y he > 0 always holds, hence the weights w; are well-defined and satisfy
w; >0 (j=1,...,n), Y w;=1,

e, we A" = {w € R%, : Z?:l w; = 1}.

Proof. (i) Since each ¢;;, € Dom(M) and Agg,, maps Dom(M)" into Dom(M), each ¢; = Agg/(Lj1,- -, Ljr)
is well-defined and belongs to Dom(A/). Admissibility of Sys implies each s; = Sys(¢;) is a finite real
number.

(ii) For each fixed j, the set {t : s; > s;} is a subset of the finite set {1,...,n}, so its cardinality is a
well-defined integer between 0 and n — 1. Hence ¢; =1+ |{t: s > s;}| lies in {1,...,n}.

(iii) For any pair (g,j), exactly one of the three relations ¢, < ¢j, ¢4 = ¢j, or ¢4 > ¢; holds, so by; is
well-defined and belongs to {0,0.5,1} C [0,1]. Therefore each row sum h; = 37", by is well-defined and
satisfies 0 < h; < n.

(iv) Consider the diagonal entries bj;. Since ¢; = ¢, we have bj; = 0.5 for all j. Thus

th Zzbtg—zbtt+zzbtg > tht:g>0
t=1 t=1 g=1 t= 197&1 t=1
g

Hence the denominator in wj = hj/ Y " | hy is strictly positive, so w; is well-defined. Since h; > 0, we have
w; > 0 for all j, and
I
w;j .
a Zt 1 i

Therefore w € A1, O

Related concepts of RANCOM under uncertainty-aware models are listed in Table

Table 6.8: Related concepts of RANCOM under uncertainty-aware models.

Related RANCOM concept(s)

Fuzzy RANCOM
Intuitionistic Fuzzy RANCOM
Fermatean Fuzzy RANCOM
Neutrosophic RANCOM

W NN~

6.8 Fuzzy AROMAN (Fuzzy Alternative Ranking Order Method accounting for two-
step normalization)

AROMAN ranks alternatives using two-step normalization, separates benefit and cost effects, then computes
an exponential preference score [799,800]. Fuzzy AROMAN replaces crisp ratings with fuzzy numbers,
performs two-step fuzzy normalization, aggregates weighted effects, and defuzzifies rankings [801].
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Definition 6.8.1 (Fuzzy AROMAN (Alternative Ranking Order Method accounting for two-step normal-
ization)). [801] Let A = {A1,..., Ay} be a finite set of alternatives and C = {C,...,C,} a finite set of
criteria. Partition the criteria into benefit- and cost-type indices

Jmax U Jmin = {1,...,n},

where j € Jyax means “larger is better” and j € Jy,, means “smaller is better”.

Assume evaluations are given as triangular fuzzy numbers (TFNs)
.fij = (ll-j,mij,uij) S TFNZ(), 1= 1, e, m, ] = 1, e, N

If K > 1 experts provide TFNs i'g-c), set the aggregated fuzzy decision matrix

TFN arithmetic convention (componentwise, positive case). For TFNs a = (ai,as,a3), b =
(b1,b2,b3) and a > 0, define

a®b:i= (a1 + by, a9 + by, az + b3), a®a:= (aay,aag, aas).
If all TFNs involved are nonnegative, define the (approximate) product and power by
a®b:= (a1by, asby, asbs), aP:=(af,ds,df) (p>0),
and for a monotone function f : R>o — R>¢ (e.g. f = exp),

fa) == (f(ar), f(az2), f(a3)).

Step 1 (Normalization No. 1: min—max). For each criterion j, define fuzzy extrema across alternatives
by any fixed TEN preorder (e.g. by a score/defuzzification map; see below):

~min

~max
€T .

= min I;; T = max ;.
J 1<i<m ™~ 7’ J 1<i<m ¥

Set the first normalized TFNs ;; by

o J
tij =

(T o &) © (EP* 0 #M), j € Jmin,

5 { (.’Eij O f;-nin) @ (ZP*>* o i';-nin>, J € Jmax,
J

where ©, @ denote the chosen TFN subtraction/division rules (any consistent TFN arithmetic may be used).

Step 2 (Normalization No. 2: vector-type). Define the second normalized TFNs ffj by

m
f1,] @ @(jp] &® :Epj)a .] € JmaXa




Chapter 6. Compensatory scoring methods on a decision matrix (“weighted-sum” families)

where 27! is the TFN reciprocal (defined whenever the TFN is strictly positive).

Step 3 (Aggregated two-step normalization). Fix 8 € [0,1] and set

By = By @ (1-B)i.

Step 4 (Weighting). Let w = (wy,...,w,) be nonnegative criterion weights with Z?:l w; = 1. Define
the weighted normalized TFNs

NS i Fnorm

Step 5 (Separate aggregation by criterion type). Define the fuzzy sums

Ei = @ %\ija /L = @ %\U

jEJmin jeJmax

Step 6 (Type-balance exponent and final fuzzy ranking index). Set the type-balance coefficient

A= Z wj € [0,1],

jEJmin

and define

~

I~/-)\, A; = Ail_)\, Rz = exp(fli ©

il
i
)

i)-

Step 7 (Defuzzification and ordering). Fix a TFN score/defuzzification map, e.g. the centroid score

l+m+u

Score(l,m,u) == 3

The Fuzzy AROMAN ranking is the preorder on A given by
Ap “FAROMAN 44 = Score(Rp) > Score(Rq).

Any maximizer of Score(R;) is called a Fuzzy AROMAN best alternative.

We now define Uncertain AROMAN (U-AROMAN) by extending AROMAN to a general uncertain model
M, using a total score map to convert uncertain evaluations into positive real values and then performing
the two-step normalization on the induced score matrix.

Definition 6.8.2 (Uncertain AROMAN of type M). Let
A={A,...,An} and C={Cy,...,Cp}

be the sets of alternatives and criteria, respectively, where m,n € N, m > 1, and n > 2.
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Fix an uncertain model M with degree-domain
Dom(M) C [0,1]*

for some integer k > 1. Let
X = (fij)mxn € Dom(M)™*"

be an uncertain decision matrix, where y;; € Dom(M) is the uncertain evaluation of alternative A; under
criterion Cj.

Partition the criterion index set as
Jmax U Jmin = {17 cee 7”}5

where Jpax 18 the set of benefit criteria and Jy;, is the set of cost criteria.

Fix:

e a total score map
Scoreps : Dom (M) — Ry,

e a parameter

B €10,1],

e a weight vector

=1
Define the positive score matrix
mxn L
S = (Sij)mxn € R>O , Sij 1= ScoreM(uij).

For each criterion j, define

min : max max min

s = min s;; s = max s;; 6= s — g8

J 1<i<m 7 J 1<i<m J J J

Assume §; > 0 for all j.

Step 1 (Normalization No. 1: min—max normalization). Define

min

—_ j € J,
t(l) _ 5j , ] maxs
] Sj — Sij5

5]‘ , j € Jmin-
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Step 2 (Normalization No. 2: vector-type normalization). For each criterion j, define

nj =
Then define s
#7 ] E Jma)m
@)Y
K ij )
y JE Jmin-
Mj

Step 3 (Aggregated two-step normalization). Define

ty =Bty + (1 - B)t .

Step 4 (Weighting). Define

uij::wjtij, 1:1,...,m, j=1,...,n.

Step 5 (Separate aggregation by criterion type). Define

Li = Z Uij, Az = Z Usj, izl,...,m.

jEJmin jEJmax

Step 6 (Type-balance coefficient and final ranking index). Define

A= Z wj.

jeJmin

Assume
0< A<,

The Uncertain AROMAN ranking index of alternative A; is

R; = exp(Ail_A — LZ)‘), 1=1,...,m.

Step 7 (Ranking). The U-AROMAN preference relation on A is defined by
Ap muaromaN 4¢ = R, > R,.

Any alternative
A* € arg max R;
1<i<m

is called a U-AROMAN best alternative.
Theorem 6.8.3 (Well-definedness of Uncertain AROMAN). Under Definition assume:
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(A1) A and C are finite nonempty sets;

(A2) X = (piz) € Dom(M)™*";

(A3) Scoreps : Dom(M) — R is a total map;

(A4) JumaxUdmin = {1,...,n}, with both Jyax # @ and Juin # O;

(A5) for every j € {1,...,n}, |
0j = 87 — 87 > 0;
(A6) w = (wi,...,wy) € (0,1)" satisfies 2?21 w; = 1;

(A7) B €[0,1].
Then the following hold:

(i) the matrices S = (s;;), TM) = (tz(-;)), T = (tg)), T = (tij), and U = (u;;) are well-defined;

(ii) for alli,j,

0<t) <1, 0<t? <1, 0<ty<1l, 0<uy < wyg;

(iii) for every i,

0<L; <) 0<A <1-X\

(iv) the coefficient \ satisfies 0 < X\ < 1, each ranking index R; is a well-defined positive real number, and
the relation =yaROMAN %S @ total preorder on A;

(v) the set

arg max R;
1<i<m

18 monempty.
Hence Uncertain AROMAN of type M is well-defined.

Proof. By (A2), each p;; € Dom(M). Since Scoreyy is total by (A3),
Sij = SCOI‘GM(,U,U)

is well-defined and belongs to Rsg. Therefore S = (s;;) € RT[ ™" is well-defined.

For each fixed criterion j, the set {s1j,...,Smj} C Ry is finite and nonempty, so s;-nin and s;-nax are well-
defined. By (A5), 6; > 0, hence the min-max normalized values
min
J
(D 5
J 5ij
0 ’

Sij — S .
WS Jmax;

j € Jmin
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are well-defined. Since 53“1“ < s < 5;-“&", it follows that

0<t) <1

Next, because each s,; > 0, the sums

Siq
=L € Jmaxs
@ _ ) Y
i) S .
) .]Ejmin
nj

r=1 Vi
and similarly
m —1
S
2 _ -2 -2 1]
WJ—E erSU = 0< n'gl.
r=1 J

Thus

Since g € [0, 1], the aggregated normalized value
1 2
tiy = Bt + (1 Bt

is a convex combination of numbers in [0, 1], hence

0<ty<1
Because w; > 0 by (A6), the weighted value
Ui = w;ti;
is well-defined and satisfies
0 <y < wj

This proves (i) and (ii).

Now define

Li: Z uij, Az: Z uij.

jeJmin jeJmax

Since 0 < u;; < wj, we obtain

OSLZ‘SZIU]‘:/\, OSAZS Z’U}jZI—)\.
jeJmin jeJmax
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This proves (iii).

Because Juyin # 9, Jmax # <, and every w; > 0, we have

0<A= Y wj<l

jEJmin

Hence the exponents A and 1 — A are strictly positive. Since L;, A; > 0, the powers L;\ and Ail_)‘ are
well-defined nonnegative real numbers. Therefore

R; = exp(Ail_)‘ — Lf‘)

is well-defined and strictly positive for every 4.

The relation
Ap muaroMaN 4y = R, > R,

is induced by the usual order on R, so it is reflexive, transitive, and total. Hence it is a total preorder on
A. This proves (iv).

Finally, since A is finite and nonempty, the finite set
{Rl, oo ,Rm} C R>0

attains a maximum. Therefore

arg max R; # <.
glgigm i 7

This proves (v), and hence U-AROMAN is well-defined. O

Related concepts of AROMAN under uncertainty-aware models are listed in Table

Table 6.9: Related concepts of AROMAN under uncertainty-aware models.

Related AROMAN concept(s)

Fuzzy AROMAN
Intuitionistic Fuzzy AROMAN
Fermatean Fuzzy AROMAN
Neutrosophic AROMAN

W NN

6.9 Fuzzy MAUT (Fuzzy multi-attribute utility theory)

MAUT (multi-attribute utility theory) models preferences with single-attribute utility functions and trade-
off weights, combining them (often additively) into an overall utility used to choose the maximum-utility
alternative option [802-804]. Fuzzy MAUT represents utilities, weights, or outcomes as fuzzy sets/num-
bers, computing fuzzy expected utilities and then defuzzifying or using dominance to select under vague
assessments [805-807].
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Definition 6.9.1 (Fuzzy MAUT (fuzzy multi-attribute utility theory)). (cf. [808809]) Let A = {A1,..., An}
be a finite set of alternatives and C = {C1,...,Ck} a finite set of attributes (criteria).

(0) Fuzzy numbers and defuzzification. Fix a class FN(R) of fuzzy numbers on R (e.g. triangular
or trapezoidal), and let FN([0,1]) denote fuzzy numbers supported in [0,1]. Fix a defuzzification (score)
functional

Defuzz : FN([0,1]) — [0, 1]

(e.g. centroid/COA), used only for final ranking.

(1) Fuzzy performance ratings. A fuzzy MAUT instance specifies, for each alternative A; and attribute
C, a fuzzy rating
Zi € FN(R), i=1,....m, k=1,... K,

interpreted as the uncertain value of attribute C}, for alternative A;.

(2) Attribute utility functions. For each attribute Cy, fix a (normalized) utility function
up : R — [0, 1].
Its fuzzy extension maps fuzzy ratings to fuzzy utilities:

Uk = ug(Zix) € FN([0, 1]),

defined by Zadeh’s extension principle. Equivalently, in a-cut form: if (Z;x)a = [5 (a), 2% (@)], then
(Uik)o = min ug(t), max up(t)| (a€(0,1]).
¢ [te[xﬁg(a),xﬂe(a)] tefzfi (o) af ()] ]

(In particular, if uy is monotone increasing, then (uig)a = [ug(zh (@), uk(z5 (2))].)

(3) Weights. Either use crisp weights w = (wy, ..., wg) with wy > 0 and S35, wy, = 1, or use fuzzy
weights Wy, € FN([0, 1]) (with a chosen normalization rule).

(4) Overall fuzzy utility (additive MAUT aggregation). Using fuzzy arithmetic on FN([0, 1]), define
the overall fuzzy utility of A; by

K
@ wg ® ulk (crisp weights),
U(4;) := I_( i=1,...,m,
@ W @ uzk (fuzzy weights),
k=1

where @ is fuzzy addition, ® is scalar multiplication, and ® is fuzzy multiplication (or another chosen
t-norm-like weighting operation).

(5) Ranking and solution. Defuzzify the overall utilities:

Ui —Defuzz(U(A)) [0, 1], i=1,...,m,
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and define the induced preorder
Ai mrmavr 4 = Ui =2 Uj.
Any maximizer

A* € arg max U;
A;eA

is called a Fuzzy MAUT (best-utility) solution.

(Reduction to classical MAUT). If each fuzzy rating is degenerate Z;; = (%, Zik, i) (or the crisp
singleton), and weights are crisp, then ;; becomes crisp uy(z;;) and the model reduces to

K
U(4;) = Z w, ug (k).
=1

Using Uncertain Sets, we define Uncertain MAUT (U-MAUT) as follows.

Definition 6.9.2 (Uncertain MAUT (U-MAUT): multi-attribute utility with uncertain inputs). Let A =
{A1,..., Ay} be a finite set of alternatives and C = {C1,...,Ck} a finite set of attributes (criteria). Fix
an uncertainty space (I', £, M).

(1) Uncertain performance ratings (attribute outcomes). For each alternative A; and attribute Cy,
the attribute outcome is modeled by an uncertain variable

T I — R, i=1,....m, k=1,..., K.

Equivalently, each x;; induces an uncertain set X () := {xu(7)}.

(2) Single-attribute utility functions and uncertain utilities. For each attribute Cj, fix a utility
function
ur : R — [0, 1].

Define the uncertain utility of alternative A; under attribute Cj by composition:
Uik(7) = (ur o zix) () = u(zar (7)) € [0,1].

Thus Uy, : I' — [0, 1] is an uncertain variable and induces the uncertain set U, () := {U;r(7)}-

(3) Attribute weights (crisp or uncertain). Either:

(We) crisp weights: w = (w1, ..., wg) € [0,1]% with Zszl wg = 1; or
(Wu) uncertain weights: uncertain variables wy, : I' — [0, 1] such that

K

Zwk(fy) =1 forallyel.
k=1
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(4) Overall uncertain utility (additive MAUT aggregation). Define the overall utility of A; by

K
Zwk Uir(7), under (Wc),
Ui(y) = &' vel.
> wi(7) Uir(7), under (W),
k=1

Each U; : T' — [0, 1] induces an uncertain set

U(A:)(y) == {Ui(v)} € [0,1].

(5) Decision rule (expected-utility ranking). If E[U;] exists for all 4, define the (crisp) MAUT ranking
by
Ap mumavr 4 <= E[U] 2 E[Uy],
and select any
A* € arg max E[U;].
A;eA

Theorem 6.9.3 (Uncertain-set structure and well-definedness of U-MAUT). In Definition[6.9.9, assume:

(A1) (Measurability of outcomes) Each z; : I' — R is L-measurable.
(A2) (Utility regularity) Each ui : R — [0, 1] is Borel-measurable.

(A3) (Weights) Either (Wc) holds, or (Wu) holds with each wy, L-measurable.
Then:

(i) For alli,k, Uy, = ug o 24 is an uncertain variable taking values in [0,1], hence Ui (v) = {Upk(v)} is
an uncertain set.

(ii) For all i, the aggregated utility U; is an uncertain variable taking values in [0,1], hence U(A;)(y) =
{Ui(7)} is an uncertain set.

(iii) If, additionally, E[U;] exists for all i (for example, if the underlying expectation is defined for all
bounded uncertain variables), then the expected-utility ranking in Deﬁmtion is well-defined.

Proof. (i) Fix i,k. By (Al) z;; is L-measurable, and by (A2) wj is Borel-measurable. Therefore the
composition U = uy o z; is L-measurable, hence an uncertain variable. Since ug(R) C [0, 1], one has
Uir(v) € 10,1] for all 4. Thus Ur(y) = {Uix(y)} defines a singleton-valued uncertain set.

(ii) Fix 4. Under (Wc), U;(v) = Zszl wiUik(7y) is a finite linear combination of £-measurable functions,
hence £-measurable. Under (Wu), each product wy(v)U;,(7y) is L-measurable (product of measurable func-
tions), and the finite sum is measurable; hence U; is an uncertain variable.
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Moreover, in both cases wy(y) > 0 and Zszl wi(y) = 1 (with the crisp case interpreted as constant
functions), and 0 < Uc(y) < 1. Hence

K
0<Ui(y) = > we(Uik(7) <D wi(y) - 1=1,
1

so Ui(vy) € 10, 1] for all v. Thus U(A4;)(y) = {Ui(7)} is a well-defined uncertain set.

(iii) If E[U;] exists for all ¢, then each E[U;] is a finite real number, so the preorder A, »y.mavr 4¢ <=
E[U,] > E[U,] is well-defined and the argmax set is nonempty because A is finite. O

Related concepts of MAUT under uncertainty-aware models are listed in Table

Table 6.10: Related concepts of MAUT under uncertainty-aware models.

Related MAUT concept(s)

Fuzzy MAUT
Intuitionistic Fuzzy MAUT
Fermatean Fuzzy MAUT
Neutrosophic MAUT

W NN =

6.10 Fuzzy SMART (Fuzzy Simple Multi-Attribute Rating Technique)

SMART (Simple Multi-Attribute Rating Technique) assigns each criterion a value scale, elicits swing weights
for importance, and computes a simple weighted-sum score for each alternative to rank them overall [810,
811]. Fuzzy SMART uses linguistic ratings and fuzzy weights (e.g., triangular numbers), aggregates via
fuzzy arithmetic, and derives rankings by defuzzification or comparing fuzzy scores directly [812,[813].

Definition 6.10.1 (Fuzzy SMART (fuzzy Simple Multi-Attribute Rating Technique)). [812,[813] Let A =
{A41,..., A} be a finite set of alternatives and C = {C4,...,Cy} a finite set of criteria. Partition criteria
into benefit and cost sets

c=Cctuc .

Let P ={1,...,p} be the set of decision makers (DMs).

(0) TFNSs, fuzzy arithmetic, and defuzzification. Let TFN := {(I,m,u) € R®: | < m < u} be the set
of triangular fuzzy numbers (TFNs). For = (I, my, uy), 9 = (ly, my,uy) € TFN and a > 0, define

T@ Y= (lp +1;, mg+my, uy+uy), a® = (aly, amg, ouy).
Fix a defuzzification map (e.g. centroid/COA)

l+m+u

Defuzz(l,m,u) := 3

(When TFNs are used, centroid-type defuzzification is standard in fuzzy SMART implementations.)
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(1) Fuzzy criterion weights (group aggregation). Each DM t € P assigns a TFN weight QD](t) € TFN>g
to criterion C;. Define the aggregated fuzzy weight by the TFN mean

p
ﬁ}j ::}@U}J(t)GTFNZ(), j=1...,n.
P
Defuzzify and normalize to obtain crisp SMART weights
w;
PR

W; := Defuzz(w;), wj =

so that w; > 0 and 377 ; w; = 1.

(2) Fuzzy ratings and aggregation. Each DM ¢ € P provides a TFN rating i'g) € TFN>q for A; under
C;. Aggregate by the TFN mean:

1 p
i‘l.?:;@jl(;)ETFNEOa Z':l’,.,’m’j:l’._.’n‘
t=1

Thus X = (Zi5) is the aggregated fuzzy decision matrix.

(3) Normalization (benefit/cost). Choose a crisp ranking of TFNs via Defuzz and define, for each
criterion j,

z: = min Defuzz(Z;; Z; := max Defuzz(z;; AN :=%; —xz; > 0.
<9 1<i<m ( Z])? J 1<i<m ( Z])? J J =7

Define the (crisp) normalized ratings r;; € [0, 1] by

Defuzz(Z;j) — x;

J ) +

o Aj » Gelt
K Tj— Defuzz(i'ij) C.cc
A, 0 Iee

(Equivalently, one may normalize directly at the TFN level and then defuzzify; both variants appear in
fuzzy SMART practice.)

(4) SMART aggregation (simple additive weighting). The SMART score of alternative A; is
n
Si::ijTija izl,...,m,
j=1

which is the classical SAW-type synthesis used by SMART.

(5) Ranking and solution. Rank alternatives by descending S;:
Ap ZrsMART 4 = S > S,
and any maximizer
A* € arg max S;
1<i<m

is called a Fuzzy SMART solution.

(Reduction to classical SMART). If all TFNs are degenerate (crisp) and p = 1, then Z;; and @; reduce
to crisp values, and the above procedure reduces to the standard SMART/SAW scoring formula.
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Using Uncertain Sets, we define Uncertain SMART (U-SMART) as follows.

Definition 6.10.2 (Uncertain SMART (U-SMART): uncertain Simple Multi-Attribute Rating Technique).
Let A = {A41,..., Ay} be a finite set of alternatives and C = {C1,...,C,} a finite set of criteria. Fix an
uncertainty space (I', £, M).

(1) Uncertain raw ratings (attribute performances). For each alternative A; and criterion Cj, the
(raw) performance is modeled by an uncertain variable

Xij: I' = R, i=1,....m, 7=1,...,n.

Thus each X;; induces the uncertain set X;;() := {X;;(7)}.

(2) Value functions and uncertain value scores. For each criterion Cj, fix a Borel-measurable value

function
vj - R — [O, 1].

Define the uncertain value score
Vij () := (vj 0 Xi5) () = vi(Xi; (7)) € [0,1].

Then V;; : T' — [0, 1] is an uncertain variable inducing V;; () := {V;;(7)}.
(3) Swing weights (crisp or uncertain). Either:

(We) crisp weights: w = (w1, ..., wy,) € [0,1]" with }3%_, w; = 1; or

(Wu) uncertain weights: uncertain variables W; : I' — [0, 1] such that

ZW]-(V) =1 forallyeTl.
j=1

(4) Overall uncertain SMART score (simple weighted sum). Define the overall SMART score of
alternative A; by

> w;Vij(y),  under (We),

Si(y) = jil ~vel.
> Wj(v) Vij(v), under (W),
7j=1

Each S; : I' — [0, 1] induces the uncertain set

S(Ai) () :==A{5i(v)} € [0,1].

(5) Decision rule (expected SMART score). If E[S;] exists for all ¢, define the ranking
Ap musmart 4 = E[S,] > E[S],
and select any maximizer

A* € arg max E[S;].
AiGA
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Theorem 6.10.3 (Uncertain-set structure and well-definedness of U-SMART). In Definition as-
sume:

(A1) Fach X;; :I' = R is L-measurable.
(A2) Each value function vj : R — [0, 1] is Borel-measurable.

(A3) FEither (Wc) holds, or (Wu) holds and each W; is L-measurable.
Then:

(i) For all i,j, Vij = vj o Xjj is an uncertain variable with values in [0,1], so Vij(vy) = {Vij(7)} is an
uncertain set.

(ii) For all i, the aggregated score S; is an uncertain variable with values in [0,1], so S(A4;)(7v) = {Si(y)}
is an uncertain set.

(iii) If, additionally, E[S;] exists for alli (e.g., if expectation is defined for all bounded uncertain variables),
then the expected-score ranking in Definition is well-defined and argmaxa,c 4 E[S;] # @.

Proof. (i) Fix i,j. By (A1) X;; is L-measurable, and by (A2) v; is Borel-measurable. Hence Vj; = v; o Xj;
is L-measurable, i.e., an uncertain variable. Since v;(R) C [0,1], Vij(y) € [0,1] for all . Therefore
Vij(7) = {Vij(7)} is a well-defined uncertain set.

(ii) Fix . Under (We), Si(v) = >_7_; w;V;;(7) is a finite linear combination of measurable functions, hence
measurable. Under (Wu), each product W;(v)Vj;(v) is measurable and the finite sum remains measurable;
hence S; is an uncertain variable.

Moreover, in both cases the weights are nonnegative and sum to 1 (pointwise in the uncertain-weight case),
and 0 < Vj;(y) < 1. Thus

0 < S;(v Zwelght Zn: elght =1,

so Si(y) € [0,1] for all 7. Hence S(A4;)(y) = {Si(y)} is an uncertain set.

(iii) If each E[S;] exists and is finite, then the relation A, >y.smarT 4 <= E[S)] > E[S,] is a well-defined
preorder. Since A is finite, max,c 4 E[S;] is attained, so the argmax set is nonempty. O

Related concepts of SMART under uncertainty-aware models are listed in Table
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Table 6.11: Related concepts of SMART under uncertainty-aware models.

Related SMART concept(s)

Fuzzy SMART
Intuitionistic Fuzzy SMART
Fermatean Fuzzy SMART
Neutrosophic SMART

W NN

6.11 Fuzzy REGIME

REGIME compares alternatives pairwise on each criterion, records win/lose/tie signs, multiplies by weights,
and sums to build a preference matrix for ranking across all criteria. Fuzzy REGIME replaces crisp perfor-
mances and win/lose signs with fuzzy comparisons, yielding fuzzy preference intensities; aggregation and
defuzzification produce rankings that reflect measurement uncertainty better [814].

Definition 6.11.1 (Fuzzy REGIME (F-REGIME) for MADM). [814] Let A = {44,..., Ay} be a finite
set of alternatives and C = {C1,...,Cy} a finite set of criteria. For each criterion Cj, let s; € {+1,—1}
indicate its type (s; = +1 for a benefit criterion; s; = —1 for a cost criterion). Let w = (wi,...,wy) be
criterion weights with

n
w; >0, > wj=1
j=1

Assume a fuzzy decision matriz X = (Zij)mxn with Z;; € F, where F denotes a chosen class of fuzzy numbers
on R (e.g., normal and convex fuzzy numbers).

(1) Fuzzy pairwise comparator. For each criterion C}, fix a mapping
ki FxF —[-1,1]

satisfying the following minimal axioms:

(K1) (Anti-symmetry) #;(a,b) = —r;(b,a) for all a,b € F.

(K2) (Crisp consistency) for crisp a,b € R (embedded in F), x;(a,b) = sgn(a — b).

(2) REGIME identifier (criterionwise). For each ordered pair (4;, Ax) with ¢ # k and each criterion
C};, define the (possibly fuzzy/graded) REGIME identifier

RY) = s; k(& &ry) € [-1,1].
Collect these into the REGIME vector
R(A;, Ay) == (RY,...,RW) e [-1,1]".

Stacking R(A;, A) over all ordered pairs (i, k), i # k, yields the REGIME matriz.
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(3) Guide index (pairwise aggregation). Define the guide index of A; over Ay by the weighted sum

Gl := ij Rz(i) € [—1, 1].
j=1

(4) Net guide index and ranking. Define the net guide index of each alternative by

m
NGI(4;) :=> Gl
k=1
ki
The F-REGIME ranking is obtained by sorting alternatives in descending order of NGI(4;) (ties may be
broken by a secondary rule, e.g., average rank under individual criteria or a chosen defuzzification tie-break).

Proposition 6.11.2 (Basic well-definedness). Under|Theorem 6.11.1| and (K1), for all i # k,

RY = —RY  (vj),  Gly = —Gl.

Hence NGI(A4;) is well-defined and measures the net pairwise advantage of A; over the remaining alternatives
under the chosen fuzzy comparator.

Proof. By definition, Rgi) = 5k (Tij, Tj) = —sjKj(Trj, Tij) = —R,(i) using (K1). Summing with weights
yields Gl;; = —Glg;. The formula for NGI(4;) is a finite sum, hence well-defined. O

Using Uncertain Sets, we define Uncertain REGIME as follows.

Definition 6.11.3 (Uncertain REGIME of type M (U-REGIME)). Let A = {41,..., A} be a finite set
of alternatives and C = {C1,...,C,} a finite set of criteria, with m > 2 and n > 1. For each criterion Cj,
let s; € {+1,—1} indicate its type (s; = +1 for benefit; s; = —1 for cost). Let w = (w1, ..., w,) be weights
with

n
w; >0, > wj=1
j=1

Fix an uncertain model M with nonempty degree-domain Dom (M) C [0,1]*. Assume an uncertain decision
matric

M M M
XM = (xgj ))an, xgj ) € Dom(M),
where :EZ(JM) encodes the (uncertain) performance of alternative A; on criterion Cj.

(1) Criterionwise uncertain comparator. For each criterion Cj, fix a mapping

&S-M) : Dom(M) x Dom(M) — [—1,1]

satisfying the minimal axioms:

(M)

(Ul) (Anti-symmetry) K;M)(CL, b) = —£; ’(b,a) for all a,b € Dom(M).
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U2) (Neutrality on equality kM) a,a) =0 for all a € Dom(M).
J

When M is fuzzy and Dom(M) = [0, 1], #M) may be a fuzzy /possibilistic comparison intensit ; other M
y ; y /P p y
admit analogous score-based or possibility-based comparators.)

(2) REGIME identifiers (criterionwise). For each ordered pair (A;, Ax) with ¢ # k and each criterion
C}, define
j M M M
R%) =5j fig. )(xl(j ), x,(i,j )) €[-1,1].
Collect them into the REGIME vector
R(A;, A) == (RY,..., R e [-1,1]".

(3) Guide index (pairwise aggregation). Define the pairwise guide index of A; over Ay by

Gl :== Y w; Ry € [-1,1].
j=1

(4) Net guide index and ranking. Define the net guide index of each alternative by

NGI(4;) :== Y Gly € R.
k=1
s
The U-REGIME ranking is obtained by sorting alternatives in descending order of NGI(A;) (ties may be
handled by any fixed secondary rule).

Theorem 6.11.4 (Well-definedness and anti-symmetry of U-REGIME). Under Definition the U-
REGIME quantities are well-defined and satisfy:

(i) For alli # k and all j, R%) and Gly, exist and lie in [—1,1].

(i) For alli # k and all j,
RY = —RY.  Gly = —Gly.

(iii) For each i, NGI(A;) is a well-defined finite real number.

Proof. (i) Since :cgw), :c,(:]\/[) € Dom(M) and K;M) maps Dom(M)xDom(M) into [—1, 1], thg value /€§~M) (mg\/[), x,(é\/[))
is well-defined in [—1,1]. Multiplying by s; € {£1} preserves the range, hence each R%) € [—1,1] exists.

The weighted sum defining Gl;j, is finite and is a convex combination of numbers in [—1,1], so Gl € [—1, 1].

(ii) By anti-symmetry (U1),
Rl(cjz:) _ (M)( (M) (M)) o M)

, . (M) (M)
j Ky b T Sj K, (z T,

ij o Vkj ):_R%)-

»

Multiplying by weights and summing over j yields Gly; = —Gl;g.

(iii) For fixed 4, NGI(A4;) = 3, ; Glii, is a finite sum of finite real numbers (at most m — 1 terms), hence is
well-defined and finite. O

As related concepts, Spherical fuzzy REGIME [815] and Neutrosophic REGIME [816] are also known.
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6.12 Fuzzy TODIM

TODIM ranks by prospect theory: it computes dominance from gains and losses relative to a reference, uses
an attenuation parameter for losses, and aggregates dominance [817-819]. Fuzzy TODIM evaluates criteria
values as fuzzy numbers, computes fuzzy dominance for gains and losses, and obtains a final ordering via
defuzzification or fuzzy preference relations [820)].

Definition 6.12.1 (TFN-based Fuzzy TODIM). Let A = {41,..., A} be a finite set of alternatives and
C={Cy,...,C,} a finite set of criteria. Partition C = C"*™ U C" into benefit- and cost-type criteria.

(1) Triangular fuzzy evaluations. Assume a TFN decision matrix

X = (Zij)mxn, Tij = (Lij, Mij, Uij)s 0 < lij < pij < iy,

where z;; is the (linguistic-to-fuzzy) assessment of A; w.r.t. Cj.

If multiple decision-makers e =1, ...,k provide TFNs 7o

ij » use the componentwise average aggregation

(2) TFN weights and reference criterion. Let TFN criterion weights be
= (), <@ < <ul. j=1l..n,

(aggregated from multiple experts in the same way if needed).

Fix a score/defuzzification map s : TFNsg — Ry, e.g.

42+ u
sl pyu) = —
Define the normalized crisp weights
wj::% j=1...,n.

i1 s(wr)”

Let the reference criterion be any maximizer

r € arg max w;
&gy

and define relative weights (projection to the reference criterion)

n
W
2 s —
Wiy = —=, j=1...,n, W, = E Wy
t=1

Wy

(3) Normalized TFN performances. Define normalized TEN performances Z;; (larger is better) as
follows.



Chapter 6. Compensatory scoring methods on a decision matrix (“weighted-sum” families)

For C; € CPen | set

~max ,__ = e~ ~max
Ty = (maxﬁij, m?XMip maxuij), Tij 1= Zij O T
7 7
For C; € C°, set
~min . __ in fs i - i . .. pmin o o
= (milnﬂw, min piij, mimuzj), Tij =T O Ty

Here TFN division is the standard positive-TFN operation

b m)‘

67 7u@€7 y W ::( s Ty T,
(01, p1,wr) @ (L2, p2, u2) w b

(4) TFN distance (vertex method). For TFNs @ = ({4, fta, Ug) and b = (£, s, up) define

d(avg> = \/; [(ﬁa - gb)2 =+ (,Uzz - Mb)Q + (Ua - Ub)ﬂ'

(5) Gain/Loss matrices (pairwise comparisons). Use the score s(-) to compare TFNs: write & = y iff
s(z) > 5(y)-
For each criterion C; and each pair (i, k), define gain and loss:
Gl L eR, i k=1,....m, j=1..,n
If C; € CP*™ (benefit), set

Gj L d(@j,f}cj), fij = fkj, Lj L 0, Eij = fkj»
ik T 0 ~ ~ ik " AT & ~ ~
s Tij =< Tkj, — (xij)xkj)a Tjj =< Tk
If C; € C* (cost), set
ik T A(Tsi T I~ ik 0 Tij < Tp,
(CCU’ xk])v Tij < Thj, ) Zij = Tkj-

(Thus sz >0 and Lgk < 0 always, and Gfl = Liz =0.)

(6) Dominance degree per criterion (prospect-type asymmetry). Fix a loss attenuation parameter
6 > 0. Define (square-root form) dominance contributions:

J J
i+ . Gixwir -y 1 [(=Ly) Wr i) (o)
= A T = o\ T e, O = O+ O

Let &7 := (‘ng)me be the dominance matrix for criterion Cj.

(7) Overall dominance and overall value. Define the overall dominance matrix A = (d;%)mxm by

n
6ik = Z (I)zk
j=1
Define the overall value of alternative A; by normalizing row-sums:

Si — minj<¢<y, St € [0,1].

maxi<t<m St - minlgtgm St

Si = Zézk, E(AZ) =
k=1

Rank alternatives by decreasing =(A4;) (ties allowed).
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Proposition 6.12.2 (Well-definedness). Under the standing assumptions z;; € TFNsg and w; € TFN+,
and with 6 > 0, the quantities G, , L1, ®, 6, 2(A;) are well-defined real numbers and 0 < Z(A;) <1 for
all 1.

Proof. The vertex distance d(-,) is real and nonnegative by construction. Hence each G‘gk is either 0 or a

nonnegative real, and each Lgk is either 0 or a nonpositive real. Since w; > 0 and w, = max; w; > 0, all

ratios wj, and W, are positive, so @g,g—’_) and @g,g_) are real. Therefore d;; and S; are real. Finally, Z(A;) is

the standard affine normalization of {S;}", hence lies in [0, 1] whenever the denominator is nonzero; if all
S; are equal, define =(A4;) := 0 for all ¢ (or any constant in [0, 1]). O

Using Uncertain Sets, we define Uncertain TODIM as follows.

Definition 6.12.3 (Admissible distance on an uncertain model). Let M be an uncertain model. An
admissible distance is a map
dpr : Dom(M) x Dom(M) — [0, 00)

satisfying: (i) dar(a,b) = dp(b, a), (ii) dy(a,a) =0, and (iii) das(a,b) < oo for all a,b € Dom(M).

Definition 6.12.4 (Uncertain TODIM of type M (U-TODIM)). Let A = {A4,..., A} be alternatives
and C = {C1,...,C,} criteria, with m > 2 and n > 1. Partition C = C"*™ U C°*" into benefit and cost
criteria.

Assume an uncertain decision matriz

and uncertain criterion weights

wj(.M) € Dom(M) (j=1,...,n).

Fix an admissible score S); and an admissible distance dj;.

Step 1 (Crisp weights and reference criterion). Define positive crisp weights by

exp(Su (w™))

= — €(0,1), D> wi=1
PO eXP(SM(wEM))) j=1

U.)j!

Choose a reference criterion
r € arg max wj
SRer =

and define relative weights

n
wjr :=— (j=1,...,n), W, ::Zth.
t=1

Step 2 (Normalization to a benefit orientation). For each criterion Cj, define the criterionwise best
and worst degrees in Dom(M) by

max (M) min
% € arg max Sy(x;. T
J 8% (57, J

‘ (M)
€ arg min Sm(zi; ).
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Define the normalized distance-to-best performance

(0D, ey e cben

) iy ’ o

A = ; P . (i=1,...,m).
M(l‘ij ; T ), C; € C°,

)

(Thus, for each criterion, smaller Al(-j means better.)

Step 3 (Pairwise gains/losses). For each criterion C; and pair (i, k) define
Gl =max{0, AY AV} >0, L) = —max{0, AY - AP} <o

Hence ng measures gain of A; over Ay, while Lgk is the (negative) loss.

Step 4 (Prospect-type dominance per criterion). Fix a loss attenuation parameter § > 0. Define
dominance contributions

J J
i+) . [ Gigwir -y 1 [(=Ly) Wr i) i)
= Trjv N o\ e, O = O+ O

Let &7 := (@gk)mxm be the dominance matrix for criterion Cj.

Step 5 (Overall dominance and final value). Define the overall dominance matrix A = (J;;) by

n
j=1
Let
m
k=1
Define the final TODIM value by min—max normalization:

Si — Hlinlgtgm St
—_ . ’
2(A;) = maxi<i<m St — Minj<i<m St
0, max Sy = min S,

max .S; > min Sy,

and rank alternatives by decreasing Z(A4;).

Theorem 6.12.5 (Well-definedness of U-TODIM). Under Definition (6.12.4), assume Dom(M) # 0, S is
admissible, dyr is an admissible distance, and 0 > 0. Then:

(i) All quantities in U-TODIM are well-defined finite real numbers.
(it) The crisp weights satisfy w; € (0,1) and }77_; w; =1, and thus wjr > 0 and W;. > 0.

(iii) For each i, the final value satisfies 0 < =Z(A;) < 1.
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Proof. (i) Admissibility of Sy implies S M(wJ(.M)) € R, hence exp(S M(w§M)

the normalization defining w; yields well-defined positive reals with sum 1.

)) € (0,00) is finite. Therefore

(ii) Since r maximizes wj, we have w, > 0, hence each ratio w;, = w;/w, is well-defined and positive, and
W, = Zt wir > 0.

(M

ij )) are finite, the argmax/argmin sets used to choose TP, T

nonempty, so the selections exist. By admissibility of dys, each Al(-j ) is a finite nonnegative real. Thus ng

and Lgk are well-defined finite reals with ng > 0 and Lgk < 0. With ¢ > 0, wj, > 0, and W, > 0, the
square-root expressions in @glgﬂ and @g,gf)

real numbers.

* ™ are

(iii) Because m is finite and Sy/(z X

are well-defined finite reals, so <I>Zk, and hence §;; and S; are finite

—_
=

Finally, Z(A;) is obtained by standard min—max normalization. If max S; > min S, then 0 < Z(A4;) < 1 for
all i; if max S; = min Sy, the definition sets Z(A;) = 0. O

Related concepts of TODIM under uncertainty-aware models are listed in Table

Table 6.12: Related concepts of TODIM under uncertainty-aware models.

Related TODIM concept(s)

Intuitionistic Fuzzy TODIM [821]
Pythagorean Fuzzy TODIM [822(824]
Fermatean Fuzzy TODIM [3825[[326]
Hesitant Fuzzy TODIM [827828|
Picture Fuzzy TODIM [829]
Spherical Fuzzy TODIM [8304[831]
Neutrosophic TODIM [832H835|
Plithogenic TODIM [836]

S W W W W NN X

As related concepts to Uncertain TODIM, several extensions are also known, including Rough TODIM
[837,|838], Linguistic TODIM [839,[840], Grey TODIM [841], TODIM-VIKOR [826,,842], and Extended
TODIM [843,844].

6.13 Fuzzy GRA (Fuzzy Grey Relational Analysis)

Classical GRA (Grey Relational Analysis) sets a reference sequence, computes grey relational coefficients
from absolute deviations, aggregates coefficients with weights, and ranks alternatives by highest relational
grade overall [845,846]. Fuzzy GRA normalizes fuzzy criterion ratings, defines an ideal reference sequence,
measures fuzzy deviations, computes grey relational coefficients and weighted grades, then ranks alternatives
by similarity [847,848].

Definition 6.13.1 (TFN-based Fuzzy Grey Relational Analysis (Fuzzy GRA)). [849,1850] Let A =
{A1,..., A} be a finite set of alternatives and C = {C1,...,C,} a finite set of criteria. Assume a partition
into benefit and cost criteria

c=Cctuc, Jt={j:CjecCt}, J :={j:C;eC}.
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Let TFNsg := {(I,m,u) € R3;: | < m < u} denote positive triangular fuzzy numbers (TFNs). Suppose
the fuzzy decision matrix is
X = (&) € (TFNso)™ ", &ij = (lij, mijs uiy),

and let w = (w1, ..., wy,) € [0,1]" be criterion weights with > 7, w; = 1.

Step 1 (Normalization to a comparable fuzzy scale). For each criterion j, define the positive scalars

max

min

= Imax U;q
J 1<i<m 7’

Define the normalized TFNs 7;; € (TFN-q) by

= min lz]
1<i<m

( i i “]), jeJt (benefit),
u

max ’ max ’ max
A
lmin lmin lmin
J J J . J-
, Jj€ (cost).

Tz‘j =
( ) ) l
Uij mij ij

(Thus, larger performance yields larger normalized values for both benefit and cost criteria.)

Step 2 (Reference/ideal sequence). Define the fuzzy reference value for each criterion by the TFN
7ri=(1,1,1) € TFNso,  j=1,...,m,
and the corresponding reference sequence R* = (7. 7).

Step 3 (Distance to the reference in the fuzzy domain). Fix a metric (distance) D : TFN-g X
TFN>o — R>¢. A standard choice is the vertex-distance:

D((ly,m1,w1), (la, ma, ug)) := \/(h —13)2 + (my 3m2)2 + (ug — u2)2'

Define the deviation (distance to the reference) by
Aij::D(fij,f;)GRzo, 1=1,....m, 5=1,...,n.

Let

Apin = min min A;; Amax ;= max max A;;.
1<i<m1<j<n 7 1<i<m1<j<n

Step 4 (Grey relational coefficients). Fix the distinguishing coefficient p € (0,1]. If Apax = 0 (all
alternatives coincide with the reference), define 7;; := 1 for all 4, j. Otherwise define the fuzzy grey relational
coefficient by

Ampin + p Amax

€ (0,1}, 1=1,....m, j=1,...,n.
Aij+PAmax ( ]

Yij =

Step 5 (Grey relational grades and ranking). Define the grey relational grade (overall similarity) of
alternative A; by the weighted sum

n
Fiizzwj%jE[O,l], 1=1,...,m.
j=1
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Rank alternatives by descending I';:
Ap “FGRA Aq — Fp > Fq.

Any maximizer
A* € arg max T;
1<i<m

is called a Fuzzy GRA best alternative.

The definition of Uncertain GRA of type M is given below.

Definition 6.13.2 (Uncertain GRA of type M (U-GRA)). Let A = {A;,..., A} be alternatives and
C ={C,...,Cp} criteria, with m,n > 2. Partition criteria into benefit and cost sets:

C = Cben U Ccost.

Assume an uncertain decision matriz

(M)

M) _ (,.(M)
XM _ (xl-j )mxn’ z;; € Dom(M),
and criterion weights w = (w1, ..., wy) satisfying w; > 0 and Y 7_; w; = 1. Fix an uncertain model M with

Dom(M) # 0, together with an admissible score S); and an admissible distance dj;. Fix a distinguishing
coefficient p € (0, 1].

Step 1 (Crisp projection). Define y;; := SM(xE;V[)) € R and form the real matrix ¥ = (y;;).

Step 2 (Min—max normalization to a benefit orientation). For each criterion C}, define

min : max
: = 1min i . = Imax 07
y] 1<i<m yzj’ y] 1<i<m yl]

Define a normalized scalar matrix R = (r;;) by

min

Yij — yj ben max min

max __ ,,min’ Cj ecC and yj > yj )
Y Yj

max . .

T = Yi " — Yy : i1=1,....m; j=1,....n
1] nzax — nzljin’ Cj c Ccost and y§nax > y;mn’ ( ) , M5 ] ) ) )7

Y; Y
0, ymex — ymin,

so that r;; € [0,1] and larger values always indicate better performance.

Step 3 (Reference sequence). Define the reference (ideal) sequence by

Step 4 (Deviation to the reference). Define

Ajj = ‘T‘; — T‘ij‘ =|1—ry| €]0,1], Amin = nzujn Aij, Apax = n}z}x Ayj.
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Step 5 (Grey relational coefficients). If A, =0, set ;5 := 1 for all 4, j. Otherwise define

Amin + P Amax

e (0, 1], t=1,....m, j=1,...,n.
Aij+pAmax ( ]

Yij =

Step 6 (Grey relational grades and ranking). Define the grey relational grade of alternative A; by

n
Fi::ij%je[O,l], 1=1,...,m,
j=1
and rank by descending I';.
(Optional) Uncertainty-aware distance refinement. Instead of A;; = |1 — 75|, one may define an

uncertainty-aware deviation using dyy, e.g.,

AP = dpg(«0, 200,

(M)

where is a chosen reference degree in Dom(M) (e.g., an Sy/-maximizer). The remaining steps are
then applied with AZ(;W) in place of A;;.

Theorem 6.13.3 (Well-definedness of U-GRA). Under Definition assume m,n > 2, Dom(M) # (),
Sy is admissible, and p € (0,1]. Then:

(i) The normalized values r;; are well-defined and satisfy 0 < r;j; < 1.
(1t) The deviations satisfy 0 < Ayj < 1, hence Amin, Amax ezist.

(7ii) The grey relational coefficients v;; are well-defined and satisfy 0 < v;; <1 when Apax > 0, and v;5 =1
when Apax = 0.

(iv) The grey relational grades satisfy 0 < T'; <1 for all i, and the ranking by I'; is well-defined.

(M
. i
Y and yi exist (finite index set). If Y >y, the stated min—max formula defines r;;. Because

Yij € [y?“in,y;nax], it follows that r;; € [0,1] for both benefit and cost cases. If y*** = y;-nin, the definition
sets r;; = 0, so 735 € [0,1] always.

Proof. (i) By admissibility of Sy, each y;; = Sy(x )) is a finite real number, so for each j the extrema

(ii) Since r; = 1 and r;; € [0,1], we have A;; = |1 —ryj] € [0,1]. Thus Apin and Apax exist as minima/max-

ima over a finite set.

(iii) If Amax = 0, then all A;; = 0 and the definition sets v;; = 1. If Apax > 0, then p Ayax > 0 and the
denominator A;; + pAnyax > pAmax > 0, so 7;; is well-defined. Moreover, A;; > Ay, implies
Amin + pAmaX

<1
A’LJ + pAmax

Yij =

)

and positivity of the numerator yields ~;; > 0.

(iv) Since w; > 0, Zj wj =1, and 0 < ;; < 1, the weighted sum satisfies 0 < T'; < 1. Therefore sorting by
I'; defines a valid ranking (ties allowed). O

Related concepts of GRA under uncertainty-aware models are listed in Table
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Table 6.13: Related concepts of GRA under uncertainty-aware models.

Related GRA concept(s)

Fuzzy GRA

Intuitionistic Fuzzy GRA [851]
Fermatean Fuzzy GRA
Hesitant Fuzzy GRA [852}853]
Neutrosophic GRA [854[[855]

LW WN N |

6.14 Fuzzy ARAS (Fuzzy Additive Ratio Assessment)

ARAS ranks alternatives by normalized weighted criteria sums, comparing each option to an optimal al-
ternative through utility ratios [856,857]. Fuzzy ARAS represents ratings and weights as fuzzy numbers,
normalizes them, computes fuzzy optimality sums, defuzzifies, and ranks by utility [858-860)].

Definition 6.14.1 (TFN-based Fuzzy ARAS (FARAS)). [858-860] Let A = {A1,..., A} be a finite set
of alternatives and C = {C1,...,C,} a finite set of criteria. Partition criteria into benefit and cost sets:

JtUJT ={1,...,n},

where j € JT means “larger is better” and j € J~ means “smaller is better”.

Assume the (fuzzy) performance of A; under Cj is a positive TFN

&ij = (ll-j,mij,uij) (0 < lij S mij § uij), = 1,...,m, j = 1,...,71,
and let w = (w1, ..., wy) be a crisp weight vector with w; >0 and 377, w; = 1.
TFN arithmetic (standard positive convention). For positive TFNs & = (I, mg,u;) and § =

(ly, my, uy) define

. 1 1 1 1
TDY = (lp + 1y, mg+my, uy +uy), T )

xr x x

Tog=r0¢ ", r®T = (rly, rmg, ruy) (r>0).

Step 0 (add the optimal/ideal alternative). Introduce Ay and define, for each criterion j,

~ maxi<i<m aij, Jj€JT,
aoj -= . ~ , _
miny<;<m dij, J€J,
where max / min may be taken w.r.t. any fixed total preorder on TFNs (e.g. via a defuzzification-based

score). Form the extended decision matrix

A= (aij)(mﬂ)xn (i=0,1,...,m; j=1,...,n).

Step 1 (normalization). For each j € J* (benefit), set

m

* L5 5 y
aij.—a¢j® apj | 1=0,1,...,m.
p=0
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For each j € J~ (cost), apply the two-stage transform:
~ ~ m ~
bij ;:d._.l’ d?j =b;; © @bpj , 1=0,1,...,m.
p=0
Let A* = (aj;) denote the normalized TFN matrix.

Step 2 (weighted normalized matrix). Define

X ~ % - .
Ajj = wj © a5, 1=0,1,...,m, j=1,...,n,

and write A = (aij).

Step 3 (optimality function and defuzzification). For each i = 0,1,...,m, define the (fuzzy) opti-
mality value
n
Si = @ &2]
j=1

If S; = (S%, 8™, S, define the crisp score by the COA /centroid rule:

Sf+ Sm 4 Sv

S; = Defuzz(S’i) = 3

Step 4 (utility degree and ranking). Define, for each real alternative A; (i = 1,...,m), the utility

degree
Si
Ki == 0, 1].
seh

The FARAS ranking is the total preorder on A given by

Ap mraras 4 = K, > K.

The definition of Uncertain ARAS (U-ARAS), which is an extension based on Uncertain Sets, is given
below.

Definition 6.14.2 (Uncertain ARAS (U-ARAS): additive ratio assessment under uncertainty). Let A =
{A1,..., Ay} be a finite set of alternatives and C = {C1,...,C,} a finite set of criteria. Let JtUJ™ =
{1,...,n} be the partition into benefit (J*) and cost (J~) criteria. Fix an uncertainty space (T, £, M).

(0) Uncertain performance matrix. For each (i,j), let X;; : I' = (0,00) be an uncertain variable
representing the (positive) performance of A; under criterion C;. Denote the induced uncertain set by

Xij(v) = {Xi;(1)}

(1) Crisp criterion weights (ARAS standard). Let w = (w1, ...,w,) € [0, 1]" satisfy

n
w; >0, > wj=1
j=1
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(2) Construct the optimal (ideal) alternative. Introduce Ay and define, for each j,

maxi<;< X“("}/), jEJ+,
Xojly) = § s R0 Jer.
miny <j<m Xi5(7v), Jj€J7,

This yields uncertain variables Xo; : I' — (0, 00) and uncertain sets Xp;(y) := {Xo;(7)}-

(3) ARAS normalization (scenario-wise). Define normalized uncertain variables R;; : I' — [0,1] as
follows.

o For j € J* (benefit),
Rij(7) = =, i=20,1,...,m.

o For j € J~ (cost), use the reciprocal transform:

Let R;j(y) :== {Ri;(7)} be the induced uncertain sets.

(4) Weighted normalized values and additive optimality function. Define
Vij(v) = w; Rij(v) €[0,1),  Si(y) =D Vy(v) €0,1], i=0,1,...,m,
j=1

and the induced uncertain sets S(A;)(y) := {S:(7)}.

(5) Utility degree and decision rule. Assume Sy(y) > 0 for all v € T" and define the (scenario-wise)
utility degree

Ki(y) =222 c0,1], i=1,...,m,

with induced uncertain sets K(4;)(7y) := {Ki(y)}. If E[K;] exists for all 4, rank by expected utility:
Ap EU—ARAS Aq — E[KP] > E[Kq]a
and select any maximizer

A* E| K.
< o I

Theorem 6.14.3 (Uncertain-set structure and well-definedness of U-ARAS). In Definition assume:

(A1) Foralli,j, X;; : T'— (0,00) is L-measurable.

(A2) wj >0 and 377 w; = 1.
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(A3) Forallvy andallj, ZZL:O Xpi(y) > 0 (automatic from positivity), and for j € J~ also ZZL:O 1/ Xpi() >
0 (automatic from positivity).

Then:

(i) For each j, the ideal-performance map Xo; is an L-measurable uncertain variable, hence Xyj is an
uncertain set.

(i) For alli,j, the normalized values R;; are L-measurable uncertain variables taking values in [0, 1], and
S; are L-measurable uncertain variables taking values in [0,1]; hence R;j and S(A;) are uncertain
sets.

(iii) If, additionally, So(y) > 0 for all v, then each K; is an L-measurable uncertain variable with values
in [0,1], and K(A;) is an uncertain set.

(iv) If, further, E[K;| exists for all i, then the expected-utility ranking >=y.aras @s well-defined and
argmaxg, e E[K;] # @.

Proof. (i) Fix j. For j € JT, Xo;(v) = maxi<i<m Xi;(7). The pointwise maximum of finitely many
measurable functions is measurable; hence X; is L-measurable. For j € J=, Xo;(y) = mini<i<m Xi;(7)
and the pointwise minimum of finitely many measurable functions is measurable. Positivity of X;; implies

Xoj(7) € (0,00).

(ii) Fix (i, 7). The denominators in the normalization are strictly positive by (A3). For j € J*, R;; is a ratio
of measurable functions with positive denominator, hence measurable. Moreover, 0 < R;;(y) < 1 because
Xij(y) < 2200 Xpj(7). For j € J~, the reciprocal Y;; = 1/X;; is measurable (composition with z — 1/z
on (0,00)), and again R;; = Yj;/ > /", Yy; is measurable with 0 < R;; < 1. Thus each R;;(y) = {Rij(7)} is
an uncertain set.

Now Vj;(y) = w;R;;(7) is measurable and lies in [0, 1] since w; € [0,1] and R;; € [0,1]. Therefore S; =
>_j—1 Vij is a finite sum of measurable functions, hence measurable, and satisfies 0 < S;(y) < >°7_  w; =1
by (A2). Hence S(A;) is an uncertain set.

(iii) If So(y) > 0 for all v, then K; = S;/Sp is a ratio of measurable functions with positive denominator,
hence measurable. Also 0 < K;(y) <1 because So(y) > maxo<p<m Sp(7y) > Si(y) holds in standard ARAS
settings where Ay is constructed as an ideal; thus K;(y) € [0,1] and K(4;) is an uncertain set.

(iv) If E[K;] exists for all 4, then the ranking A, >uy.aras 4q <= E[K}] > E[K,] is well-defined. Since A
is finite, the maximum expected utility is attained, so the argmax set is nonempty. O

Related concepts of ARAS under uncertainty-aware models are listed in Table
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Table 6.14: Related concepts of ARAS under uncertainty-aware models.

Related ARAS concept(s)

Fuzzy ARAS

Intuitionistic Fuzzy ARAS [861]
Picture fuzzy ARAS [862,363|
Spherical Fuzzy ARAS [864}/865]
Neutrosophic ARAS [99,/866]

LW W wWwNn | 3

6.15 Fuzzy WASPAS (Fuzzy Weighted Aggregated Sum Product Assessment)

WASPAS ranks alternatives by combining weighted sum and weighted product models after normalization,
producing an integrated utility score [867,868|. Fuzzy WASPAS uses fuzzy ratings and weights, normalizes
them, computes fuzzy WSM and WPM utilities, defuzzifies, and ranks [869,[870].

Definition 6.15.1 (TFN-based Fuzzy WASPAS (WASPAS-F)). [871,872] Let A = {Ai,...,Ap} be
alternatives and C = {C1,...,C,} criteria. Assume a TFN decision matrix and TFN weights

X = (i'ij)an, i’z‘j € TFN<q, W= ('Lbl, - ,’lf)n), UNJj € TFN<q,

and (optionally) >>%_; w; = (1,1,1) in the chosen TFN arithmetic. Let J© C {1,...,n} be benefit criteria
indices and J~ C {1,...,n} cost criteria indices, with JTUJ~ = {1,...,n}.

Fix a total preorder < on TFNs (used to compute max and min over finite TFN-sets). For j € {1,...,n}
define

~max .__ smin

T EE Tig: T 121<nm Tij»

where max, min are taken w.r.t. <.

Step 1 (Normalization). Define the normalized fuzzy matrix X = (Z5) by

5 m” % xmax, ] c J+7 - -
Tij = (1<i<m, 1<j<n).

x;nm®:c,-j, jGJ_,

Step 2 (WSM part). Define the weighted normalized TFNs for the weighted-sum model (WSM) by

). _ .
Zj xl]®wjv Qz--@fUU, ’L—l,...,m.

Step 3 (WPM part). Assume (as typical after normalization) that Z;; = (a,b, ¢) satisfies 0 <a <b<c<1
and that @; = (a, ,7) satisfies 0 < a < f < < 1. Use the standard TFN power rule

(a,b,c) @B .= (a”, v, ).

Define the weighted normalized TFNs for the weighted-product model (WPM) by

B = (3™, ®%U, i=1,...,m.
=1
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Step 4 (Defuzzification). Let COA(l,m, u) := ”T”T“‘ (centroid/center-of-area). Define crisp scores

Qi = COA(Q)), P; := COA(P)).

Step 5 (Integrated utility and ranking). Fix A € [0,1] (or set it by the balancing rule below) and define
K,L:)\QZ—I—(l—)\)PZ 1=1,...,m.
A commonly used balancing choice is

A= Z:’;l Fi .
2211 Qz + Zfil Pz

The fuzzy WASPAS ranking is obtained by sorting K; in descending order (larger K; means a better
alternative).

Definition 6.15.2 (Uncertain WASPAS (U-WASPAS): WSM-WPM compromise under uncertainty). Let
A={A,..., A} be a finite set of alternatives and C = {C},...,C,} a finite set of criteria. Let JTUJ~ =
{1,...,n} be the partition into benefit (J*) and cost (J~) criteria. Fix an uncertainty space (T, £, M).

(0) Uncertain performance matrix (positive data). For each (i, ), let
Xij ' — (0, OO)

be an uncertain variable representing the performance of A; under criterion C;. Write the induced uncertain
set as Xj;(v) == {Xy5(7)}-

(1) Criterion weights and WASPAS mixing parameter. Let w = (wy,...,w,) € [0, 1]™ satisfy

n
wy > 0, ij = 1,
j=1

and fix A € [0, 1] (the WSM-WPM compromise parameter).

(2) Normalization (scenario-wise). For each criterion j and scenario v € I', define the normalizing

scalars
M;(y) = max Xi;(v),  mj(y) = min Xi(y).

Define the normalized uncertain variables R;; : I' = (0, 1] by

X;

<.

((jyy)), j€Jt (benefit),
()
(7)

Let R;j(y) :== {Ri;(7)} be the induced uncertain sets.

Rij(7v) =

X, jeJ (cost).

<.
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(3) WSM part (weighted sum model). Define the WSM utility (uncertain variable) of A; by

Qi(7) == Zwy R;j(v) € [0, 1], Q(Ai)(v) == {Qi(7)}-

(4) WPM part (weighted product model). Define the WPM utility (uncertain variable) of A; by

n

Pi(y) = [[(Ri;()™” € (0,1],  P(A)(7) = {B()}.

j=1

(Here x +— 2™ is taken on (0, 1].)

(5) Integrated WASPAS utility and decision rule. Define the integrated utility (uncertain variable)

Ki(y) = AQi(v) + (1 =A) Pi(y) € [0,1],  K(Ai)(7) :== {Ki(7)}-
If E[K;] exists for all 4, rank alternatives by expected utility:
Ap muwaspas 4y = E[K)] > E[K],
and select any maximizer

A* € E[K;].
arg max B[K;]

U-WASPAS, which is an extension based on Uncertain Sets, is defined as follows.

Theorem 6.15.3 (Uncertain-set structure and well-definedness of U-WASPAS). In Definition as-

sume:

(A1) Foralli,j, X;; : T'— (0,00) is L-measurable.

(A2) wj >0 and 377 w; =1, and X € [0,1].
Then:

(i) For each j, the maps M;(y) = max; X;j(y) and m;(y) = min; X;;(y) are L-measurable uncertain
variables with values in (0, 00).

(ii) For all i,j, the normalized values R;;j are L-measurable uncertain variables taking values in (0, 1];
hence R;j are uncertain sets.

(iii) For each i, Q; and P; are L-measurable uncertain variables with Q;(7y) € [0,1] and P;(vy) € (0,1] for
all v; hence Q(A;) and P(A;) are uncertain sets.

(iv) For each i, K; is an L-measurable uncertain variable with values in [0, 1], hence K(A;) is an uncertain
set.
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(v) IfE[K;] exists for alli, then the expected-utility ranking =y waspas is well-defined and arg max 4, 4 E[K;] #
.

Proof. (i) For fixed j, M; and m; are pointwise maximum/minimum of finitely many measurable maps
{X1j,...,Xmj}, hence measurable. Positivity of each X;; implies M;, m; € (0,00).

(i) Fix (i,7). For j € J+,

Rij = M
J

is measurable as a quotient of measurable functions with strictly positive denominator. Moreover 0 <
R;j(v) <1 since X;;(v) < Mj(y). For j € J—,

is measurable with 0 < R;;(y) < 1 since m;(7y) < X;5(7).

(iii) Since R;; are measurable and w; are constants, w;R;; are measurable, and the finite sum Q; = ) 5 Wj R;;
is measurable. Also 0 < Q;(y) < >, w; = 1. For Py = [[;(R;;)"7: for each j, the map x — 2"/ is
continuous on (0,1], hence (R;;)"7 is measurable; the finite product is measurable. Since R;;(vy) € (0,1],

one has P;(v) € (0,1].

AQ;+(1—A)P,; is a linear combination of measurable maps, hence measurable. Because Q; € [0, 1],

(iv =
1], and X € [0, 1], it follows that K;(vy) € [0, 1].

) K
P e (0,

(v) If E[K;] exists for all 4, then the relation A, =y waspas 4, <= E[K,] > E[K,] is well-defined. Since
A is finite, the maximum expected value is attained, so the argmax set is nonempty. O

Related concepts of WASPAS under uncertainty-aware models are listed in Table

Table 6.15: Related concepts of WASPAS under uncertainty-aware models.

Related WASPAS concept(s)

Fuzzy WASPAS

Intuitionistic Fuzzy WASPAS [873]874]
Bipolar fuzzy WASPAS [875]/876]
Pythagorean Fuzzy WASPAS [877,87§]
Fermatean fuzzy WASPAS [879,/880]
Picture Fuzzy WASPAS [881]/882]
Neutrosophic WASPAS [883,/884]
Spherical Fuzzy WASPAS [885,886]
Pythagorean neutrosophic WASPAS [887]
Hesitant Fuzzy WASPAS [888,889]

WWWWWwhNNoND N -

In addition to Uncertain WASPAS, related variants such as Rough WASPAS [593,890] and Extended
WASPAS [891] are also known.
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6.16 Fuzzy MOORA (Fuzzy Multi-Objective Optimization on the basis of Ratio Anal-
ysis)

MOORA normalizes criterion values, applies criterion weights, and then ranks alternatives using the ag-
gregated benefit-minus-cost score across multiple objectives [892,893]. As an extension of MOORA, the
Multi-MOORA approach is also well known [893H895|. Fuzzy MOORA generalizes this procedure by repre-
senting ratings and/or weights as fuzzy numbers, performing fuzzy normalization and weighting, and finally
ranking alternatives by defuzzifying the resulting benefit-minus-cost fuzzy scores [896,,897).

Definition 6.16.1 (TFN-based Fuzzy MOORA). [898,/899] Let A = {A;,..., Ay} be alternatives and
C ={C,...,Cy,} criteria. Assume a partition into benefit and cost criteria

c=ctuc, Ct={Ci,....C}, C ={Cyi1.....Cn},

and a crisp weight vector w = (w1, ..., wy,) with w; > 0 and Z?Zl wj = 1. Let X = (Zi;) € (TEN)™ ™ be
the TFN decision matrix with Z;; = (:L"fj, xg?, x%)

(0) TEN arithmetic used. All operations below are componentwise:
(@, 2™ 2 @ (', y"™ ) = (2 + 2™y 2y,
a® (28, 2™ %) = (az’, az™, az) (> 0),
and we use the standard triangular approximation for subtraction:

(@', 2™ z") o (¥, y™ y") = (2" =y, 2™ —y™, 2 — ).

(1) Normalization. For each criterion j, set

m

di= | Yo (@ + @2+ @) > 0. = ay/d;
=1

(2) Weighting. Define ;; := w; © &}; and collect V = (9i).

(3) Ratio score (benefit minus cost). For each alternative A;, define the fuzzy MOORA score

g n
j=1 J=g+1

(4) Defuzzification and ranking. Define BNP(§;) := (yf +y™ +y!)/3. The final ranking is the preorder
on A given by
A, = A, <= BNP(j,) > BNP(j,).
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Using Uncertain Sets, we define Uncertain MOORA of type M (U-MOORA) as follows.

Definition 6.16.2 (Uncertain MOORA of type M (U-MOORA)). Let A = {Ay,..., Ay} be alternatives
and C = {C1,...,Cy} criteria with m > 2 and n > 1. Partition criteria into benefit and cost sets:

C = Cben U Ccost'

Fix an uncertain model M with Dom(M) # () and an admissible score Syy.

Assume an uncertain decision matriz

M M
X0 = (3 2 e Dom(M),
and criterion weights w = (w1, ..., w,) with w; > 0 and Zyzl w; = 1.

Step 0 (Crisp projection). Define the real-valued matrix Y = (y;;) by

Step 1 (Vector normalization). For each criterion C}, define

dj =
Define normalized performances r;; by
%, dj > 0,
Tij = J (i=1,...,m; j=1,...,n).
0, d; =0,

Step 2 (Weighting). Define the weighted normalized performances

Vijj = W5 Ty (221,...,m;j:1,...,n).

Step 3 (MOORA ratio score: benefit minus cost). For each alternative A;, define the U-MOORA

score
v, = E Vij — E Vjj.

Cj g(Cben Cj c(Ccost

Ranking rule:
Ap ZUMOORA Aq — \I]p > \I}q-

Theorem 6.16.3 (Well-definedness of U-MOORA). Under Definition assume Sy is admissible and
m > 2. Then:
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(i) All quantities y;;, dj, rij, vij, and V; are well-defined finite real numbers.
(it) If d; > 0 then r;; = y;;/d; is well-defined; if dj =0 then ri; = 0 is well-defined by definition.
(iii) The ranking relation induced by V; is well-defined (ties allowed).

Proof. (i) Since S)s is admissible, each y;; = S M<33§M)) is finite. Hence each yfj is finite and nonnegative,

J
so d; = \/m is well-defined and finite.

(i) If d; > 0, division by d; is valid and r;; is finite. If d; = 0, then >_", yfj = 0 implies y;; = 0 for all ;
setting r;; = 0 is consistent and yields a finite value.

(iii) Since w; > 0 and r;; are finite, v;; = w;r;; is finite. The sums defining ¥; are finite sums of finite reals,
hence V; is finite. Therefore, sorting alternatives by the real scores ¥; defines a well-defined preorder. [

Related concepts of MOORA under uncertainty-aware models are listed in Table

Table 6.16: Related concepts of MOORA under uncertainty-aware models.

Related MOORA concept(s)

Intuitionistic Fuzzy MOORA [900}/901]
Pythagorean Fuzzy MOORA [898,902]
Fermatean Fuzzy MOORA [903[/904]
Neutrosophic MOORA [905},906|

W NN N

As related concepts to Uncertain MOORA, several variants are known, including AHP-MOORA [907,908],
TOPSIS-MOORA [909,/910], and Grey MOORA [911,912].

6.17 Fuzzy Preference Selection Index

Classical PSI derives objective criterion weights from dispersion of normalized performances, avoiding sub-
jective weighting, computes a preference index for each alternative, and ranks by it [913,914]. Fuzzy PSI
estimates criterion weights from fuzzy dispersion of normalized ratings, avoiding subjective weighting, com-
putes preference selection indices, defuzzifies them, and ranks alternatives by priority [915,916).

Definition 6.17.1 (Fuzzy Preference Selection Index (FPSI)). [917] Let A = {A;,..., A;,} be a finite
set of alternatives and C = {C1,...,C,} a finite set of criteria, partitioned into benefit criteria Cj and cost
criteria C.. Assume a fuzzy decision matrix

X:(gij)mxn, fijG]FNN) (i:1,...,m,j:1,...,n),

where FN+ o denotes the class of positive fuzzy numbers on R with compact a-cuts. For z € FNy(, write its
a-cut as [Z]o = [z, 2] for a € [0,1].

(Fuzzy arithmetic via a-cuts). For u,v € FN and A € R, define (extension principle / interval arithmetic)

[ﬂ@ma:[ua_ijc:a UIWLU;F]» [a@ﬂa:[ua_ivl—a Ul_*va],
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Auy, Aut]l, A>0,

AO Ul =
Ao { Aub, Aug], A<O0,

_l’_

[0 ® 0] = [min{ugvy, ugvg, ugvy, ubvy }, max{ugvy,u svat]

Oé’l)OL’uOéva’uOé/Ua

and, provided 0 ¢ [v], for all a,
[@ @00 = [minf{ug /vy, ug /vy ug [vg s ug [vag b max{ug [vg  ug [va s ug [vg s ug [va }]-

Define the fuzzy square by 292 := 2 ® Z.

Step 1 (Normalization). For each j, define

+ . SN (4 — o min i SV (4
¢j = max sup(supp(Zi;)) (J € Cp), a; = min inf(supp(z;)) (4 € Ce),

and set the normalized fuzzy rating ﬁij € FNy by

~ Tii @ CJ-F, i € Cp,
By={ 0 0
a; @ xij, J€ Ce.
This is the fuzzy analogue of the classical PSI normalizations R;; = x;;/z}* (benefit) and R;; = ac;m“ /xij

(cost).

Step 2 (Fuzzy preference variation). Let Ej be the fuzzy mean of criterion j:

= 1 meo_
Rj = m @G?Rij'
1=

Choose a scaling constant k£ > 0 (common choices: k = 1 as in the basic PSI variance-analogy, or k = m — 1
to mimic sample-variance scaling). Define the fuzzy preference variation

This generalizes the classical PSI step PV; = Y. | (R;; — R;)? and its interval-valued fuzzy counterpart.

Step 3 (Fuzzy deviation and overall preference weights). Define the fuzzy deviation
S} =106 PA‘—// It

and assume EB;L:I g] is strictly positive (in the sense that 0 is not contained in any of its a-cuts), so that
fuzzy division is well-defined. Then define the (data-driven) fuzzy overall preference weight of criterion j by

=50 (@58). i-l..n
k=1

This matches the classical PSI construction §; = 1 — PV} and w; = 0/ >, 0k, and its interval-valued fuzzy
analogue.
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Step 4 (Fuzzy preference selection index). For each alternative A;, define its fuzzy preference selection

index
n

EZ:@(IA%U@@]'), 1=1,...,m,
j=1

which generalizes I; = 37 (R;j w;) and its interval-valued fuzzy version.

Step 5 (Ranking). Fix a score (ranking) functional S : FN — R (e.g., centroid-based or expected-value-
based). Rank alternatives by decreasing S(I;); the best alternative is any maximizer of S(I;).

Using Uncertain Sets, we define Uncertain Preference Selection Index of type M (U-PSI) as follows.

Definition 6.17.2 (Uncertain Preference Selection Index of type M (U-PSI)). Let A = {A44,..., A} be
a finite set of alternatives and C = {C1,...,C,} a finite set of criteria, with m > 2 and n > 1. Partition
criteria into benefit and cost sets:

C = Cben U Ccost.

Fix an uncertain model M with Dom(M) # 0 and an admissible positive score Sy;. Assume an uncertain
decision matrix

XM) = (D " e Dom(M) (i=1,...,m; j=1,....n).

Step 0 (Crisp projection). Define a positive real matrix Y = (y;;) by

Yij 1= SM(:L’EJA/[)) c (0,00)

Step 1 (Normalization). For each criterion C}, define

min

T = max y;; > 0 M= min y;; > 0.
Y 1§z‘§my” ) Y; 1<i<m Yij
Define normalized performances R = (r;;) by

Yij b

max G €07,

J . .

Tij = min (i=1,...,m; j=1,...,n).

J
R Cj € Ceost,

Yij

Then Tij € (0, 1].

Step 2 (Preference variation / dispersion). For each criterion j, define the mean

m

B 1
r-::—g rii
J m 7

i=1

and the (scaled) preference variation
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Step 3 (Deviation and objective criterion weights). Define the deviation
0 == 1—PVj, i=1,...,n,

and the objective weights

d;
B R i=1,...
> iy O g

wj = , 1.

Step 4 (Uncertain PSI index and ranking). For each alternative A;, define its Preference Selection

Index
n
Iz' = E ij’ij.
Jj=1

Rank alternatives in descending order of I; (ties allowed).

Theorem 6.17.3 (Well-definedness and simplex property of U-PSI). Under Definition (in particular,
m > 2, Dom(M) # (), and Sy : Dom(M) — (0,00)), the U-PSI procedure is well-defined. More precisely:

(i) The normalization produces r;; € (0,1] for all i,j.

(it) For each j, one has 0 < PV; < %, hence §; = 1 — PV; € [%, 1]. In particular, Y, 0; > 0, so the
weights w; are well-defined.

(iii) The weight vector w = (w1, ..., wy,) ' satisfies w; >0 and diwi=1 (ie, we A1),

(iv) For each alternative A;, the index I; is well-defined and satisfies 0 < I; < 1.

max min

Proof. (i) By admissibility of Sys, each y;; > 0 is finite. Hence for each j, the extrema Y and yj
exist and are strictly positive (finite index set). For C; € CP°", = vij/y;™ € (0,1]. For C; € CCOSt,
rij =y /yij € (0,1]. Thus ri; € (0,1] for all i, ;.

(ii) Fix j. Since 745 € [0, 1], the sample values have range at most 1. By Popoviciu’s inequality on variances,
the average squared deviation satisfies

1 i 2 < (1 —0)2 1
m 271 T
i=1
and clearly PV; > 0. Hence §; = 1 — PV; € [2,1]. Therefore

n

3
Zét Z nz > 07
t=1

so w; =95/ >, 6 is well-defined.

(iii) Since each d; > 0, one has w; > 0, and

(iv) Because w; > 0, Zj w;j = 1, and r;; € (0,1], the weighted sum I; = Zj wjri; is finite. Moreover,
I; < Zj w; - 1 = 1. Since at least one w; > 0 and all r;; > 0, one has I; > 0. ]

Related concepts of Preference Selection Index under uncertainty-aware models are listed in Table
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Table 6.17: Related concepts of Preference Selection Index under uncertainty-aware models.

Related Preference Selection Index concept(s)

Fuzzy Preference Selection Index
Intuitionistic Fuzzy Preference Selection Index
Neutrosophic Preference Selection Index

W N = T

6.18 FROV (Fuzzy Range of Value method)

Classical ROV calculates each alternative’s value interval from weighted normalized criteria, then ranks using
pessimistic, optimistic, or midpoint scores reflecting decision attitude under uncertainty settings [918}919).
Fuzzy Range of Value (ROV) computes each alternative’s fuzzy utility interval from weighted normalized
fuzzy ratings, defuzzifies bounds, and ranks using optimistic/pessimistic or midrange score [920,921].

Definition 6.18.1 (TFN-based Fuzzy Range of Value (FROV) method). [920,921] Let A = {A1,..., Apn}
be a finite set of alternatives and C = {C,...,Cy} a finite set of criteria, partitioned into benefit and cost
criteria:

c=Cctuc .
Assume the fuzzy decision matrix consists of (nonnegative) triangular fuzzy numbers (TFNs)
X = (Zij) € (TEN>0)™", &y = (lig, mij, uig), 0 < lij <mij < uij,

and let w = (wi,...,w,) € [0,1]" be criterion weights with 3 7, w; = 1. Fix an attitude parameter
A €[0,1] (often A = 3).

Step 1 (fuzzy linear normalization to [0,1]). For each criterion C}, define the global lower and upper

anchors
xj = 121<n lij, Tj:= 1I<nla)§nu”, Aj =T — Z;.
Assume A; > 0 for all j. Define the normalized TFN 7;; = (r fj, i z]) € TFNjo 1) by

lj—z; mij—z; wij — N
( A A, ), Cj € CT (benefit),

(a:j —Ujj; X5 — My; Tj — lij

A, A, A, ), Cj € C~ (cost).

(Thus, componentwise, 0 < re <r <rf <1)

Step 2 (pessimistic/optimistic overall values = “range of value”). Define, for each alternative A;,
the pessimistic and optimistic aggregated utilities

n n
- . ol + . U
= E W;j Ty, V.= E wj T,
j=1 j=1

and the induced value range
ROV(4;) := [V,7, V;*] € [0,1].

Equivalently, one may form the TFN aggregated utility

ZwJQTU - (ij ’Lj’ ij zg? ij zy) V Vm V+)
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whose support endpoints coincide with the range ROV(4;).

Step 3 (crisp ROV score and ranking). Define the (attitude-dependent) crisp score
Scoreprov(4i) == (1 = A\) V- + AV,T €[0,1].
The FROV ranking is the preorder on A given by
Ap “rrov 4; <= Scoreprov(4p) > Scoreprov(A4y).
Any maximizer

A € arg max Scoreprov (4;)

1

is called a FROV best alternative.

Using Uncertain Sets, we define Uncertain Range of Value method of type M (U-ROV) as follows.

Definition 6.18.2 (Uncertain Range of Value method of type M (U-ROV)). Let A = {Ay,..., A} be
alternatives and C = {C1,...,Cy,} criteria, with m,n > 2. Partition criteria into benefit and cost sets:

C = Cben U Ccost.

Fix an uncertain model M with Dom(M) # 0 and an admissible positive score Sy;. Assume an uncertain
decision matriz

M M M . .
X ):(:L'Z(j ))an’ xz(j )eDom(M) (t=1,....,m; j=1,...,n).
Let w = (w1,...,wy) be criterion weights with w; > 0 and 3 7 ;w; = 1. Fix an attitude parameter

A€ [0,1].

Step 0 (Crisp projection). Define the positive real matrix Y = (y;;) by

Yij = SM(IL’EJA/[)) c (0,00)

Step 1 (Linear normalization to [0, 1]). For each criterion C}, define anchors

= min v;; Y. = max U;; A;=7y.—y. > 0.
y] 1§i§myw, y] 1§i§my”’ J y] y] =

Define normalized values 75 € [0,1] by

Yij — Y.
"AEJ, O € CP and A; > 0,
J
Tij 1= Y; — yij, Cj € Cst and Aj >0,
A
0, Aj =0.

(Thus, larger r;; is always better; degenerate criteria with A; = 0 contribute 0.)
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Step 2 (Value range: pessimistic and optimistic utilities). Define the pessimistic and optimistic
aggregated utilities for each A; by

n n
- e + . e
V.o = E w; Tij, V.= g wj Tij,
Jj=1 j=1

after applying different attitudes to uncertainty. To explicitly model uncertainty, introduce a criterionwise
admissible interval radius €;; € [0,7;;] and define

7“@,; = ’rij — Eij < [0, 1], T',;; = Tij + Eij € [07 1]’

then set
n n
- T + . et
Vi .—Zw]rij, V. .—Zw]rij.
j=1 j=1
The uncertain range of value of A; is

ROV(4:) = [V, V;*] € [0,1).

Step 3 (Attitude-dependent crisp score and ranking). Define the attitude score
Scoreyrov(A;) == (1 =\ V,” + AV;T € [0,1].
Rank alternatives by decreasing Scoreyrov (A4;).

Theorem 6.18.3 (Well-definedness of U-ROV). Under Definition assume m,n > 2, Dom(M) # (),
and Sy : Dom(M) — (0,00) is admissible. Choose ;5 € [0,75] so that Ti? =rij+ei; <1 foralli,j. Then:

(i) All normalized values rij and bounds r;, 7‘;5 are well-defined and lie in [0, 1].

(it) For eachi, 0 <V < Vf <1 and ROV(A;) is a well-defined interval in [0, 1].

(iii) For each i, 0 < Scoreyrov(A;) < 1; hence the ranking rule is well-defined.

Proof. (i) Since Sys is admissible, each y;; > 0 is finite, hence yj,yj exist and are finite. If A; > 0, the
linear formulas yield 7;; € [0,1]; if A; = 0, 755 = 0 by definition. With ¢;; € [0,74;] and 7“;; < 1, we obtain
ogrgjgrijgrjggl.

(ii) Since w; > 0, >, w; = 1, and ri;,r;; € [0,1], the weighted sums satisfy 0 < V.- < V.© < 1. Hence

ROV(4;) = [V,7, V7] is a well-defined interval contained in [0, 1].

(iii) Because Scoreyrov(A;) is a convex combination of V;~ and V;* with A € [0,1], it follows that
Scoreyrov(4;) € [0, 1]. Therefore sorting by these scores defines a valid ranking (ties allowed). O

Related concepts of Range of Value under uncertainty-aware models are listed in Table
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Table 6.18: Related concepts of Range of Value under uncertainty-aware models.

Related Range of Value concept(s)

Fuzzy Range of Value
Intuitionistic Fuzzy Range of Value
Neutrosophic Range of Value

W N |

6.19 Fuzzy MOOSRA

MOOSRA normalizes criterion values, applies criterion weights, computes a benefit-to-cost ratio based
on weighted sums, and ranks alternatives in descending order [922,/923]. As an extension, variants such
as MULTIMOOSRAL have also been studied [924,/925]. Fuzzy MOOSRA replaces crisp criterion values
with fuzzy numbers, propagates uncertainty through a-cut operations or defuzzification, and then ranks
alternatives based on the resulting fuzzy ratios in a robust manner [926}927].

Definition 6.19.1 (MOOSRA score (crisp baseline)). [922,923] Let A = {Ai,..., A} be the set of
alternatives and C = {Cj,...,C,} the set of criteria. Let J* C {1,...,n} be the index set of benefit
(to be maximized) criteria and J~ C {1,...,n} the index set of cost (to be minimized) criteria, with
JYtUJm ={1,...,n} and J* NJ~ = @. Let w; > 0 be criterion weights with 37, w; = 1.

Given a (crisp) decision matrix X = (z;;) € R7"™", define the normalized matrix H = (h;;) by

hz‘jZ:L (izl,...,m,jzl,...,n),
m 2
Zp:l Tpj
and define the MOOSRA performance score of alternative A; by
> wj hij
e+
vix) =25 =1 m,
X)="5 w; hij
JjeEJ ™

assuming the denominator is positive. Alternatives are ranked in descending order of Y;.

Definition 6.19.2 (Fuzzy MOOSRA (F-MOOSRA) via the extension principle / a-cuts). Let X = (Z;;)

be a fuzzy decision matriz where each entry Z;; is a nonnegative fuzzy number (e.g. triangular/trapezoidal)

and (Z;j)a = [xfj(a),x%(a)] C R denotes its a-cut for a € (0, 1].

Define the feasible set of crisp realizations at level a by

D, = {X = (.I‘U) S RTxn Tij € (ii‘ij)a for all i,j }
Let Y;(-) be the (crisp) MOOSRA score from the previous definition. The fuzzy MOOSRA score of alternative
A; is the fuzzy number Y; whose a-cuts are

(Fi)a = [¥a) ¥ (@], YHe) = jnf Yi(X), Y7(a):= sup ¥(X),

provided Eje J-w; hij(X) > 0 for all X € D,. Equivalently, Y; is obtained from X by Zadeh’s extension
principle applied to the mapping X — Y;(X).

Finally, Fuzzy MOOSRA ranks alternatives by a fixed fuzzy-number comparison rule applied to Y; (e.g.
centroid defuzzification, possibility /necessity dominance, or a-level interval dominance).
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Using Uncertain Sets, we define Uncertain MOOSRA of type M (U-MOOSRA) as follows.

Definition 6.19.3 (Uncertain MOOSRA of type M (U-MOOSRA)). Let A = {4, ..., Ay} be alternatives
and C = {C},...,C,} criteria with m > 2 and n > 2. Let J* C {1,...,n} be the set of benefit criteria and
J~ C{1,...,n} the set of cost criteria, with J* UJ~ ={1,...,n} and JT NJ~ = &, and assume J~ # .

Fix an uncertain model M with Dom (M) # () and an admissible positive score Sy;.

Assume an uncertain decision matriz

M M . .
X(M):(xgj ))mxn, J:Z(j )EDom(M) (i=1,...,m; j=1,...,n),
and criterion weights w = (w1, ..., wy) with w; > 0 and Z?:l w; = 1. (If uncertain weights are provided,

one may first score them and normalize to obtain such wj.)

Step 0 (Crisp projection). Define a positive real matrix X = (x;;) by

Tij 1= SM(I'Z(JN[)) € (0, OO)

Step 1 (Vector normalization). For each criterion j, define

hijZI%E(O,l] (z:l,,m)

Step 2 (Weighted sums for benefit and cost parts). For each alternative A;, define

N; = Z wjhij > (), D, = Z wjhij > 0,
jeJt jeJ—

and the U-MOOSRA score

Ranking rule: rank alternatives in descending order of Y;.

Theorem 6.19.4 (Well-definedness and positivity of U-MOOSRA). Under Definition assume m >
2, J= #0, Dom(M) # 0, and Sy : Dom(M) — (0,00) is admissible. Then:

(i) dj >0 for every j, hence all hij are well-defined and satisfy hi; € (0,1].
(i) For every i, one has D; > 0, hence Y; is well-defined and satisfies Y; > 0.

(iii) The ranking rule induced by {Y;} is well-defined (ties allowed).
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m 2

p=1Tp;j >

Proof. (i) Since Sy maps into (0, 00), each x,; > 0. Therefore 37", xf,j > 0 and hence d; = (/>

0. Thus hi; = x;;/d; is well-defined and strictly positive. Moreover, z;; < d; because d; > ,/:E?j = T,
hence h;; < 1.

(ii) Because J~ # 0, w; > 0 for all j, and h;; > 0 for all 4, j, the sum D; = ZjeJ— w;h;; is a sum of at least
one strictly positive term, hence D; > 0. Therefore Y; = N;/D; is well-defined and nonnegative.

(iii) Each Y; is a finite real number, so sorting alternatives by Y; yields a well-defined preorder. O

Related concepts of MOOSRA under uncertainty-aware models are listed in Table

Table 6.19: Related concepts of MOOSRA under uncertainty-aware models.

Related MOOSRA concept(s)

Fuzzy MOOSRA
Intuitionistic Fuzzy MOOSRA
Neutrosophic MOOSRA

[JURN NI
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Distance-to-reference / border / compromise-index

methods

Distance-to-reference, border-based, and compromise-index methods rank alternatives by first normalizing
the criteria, then measuring distances to reference entities (e.g., ideal/anti-ideal points, boundary profiles,
or border regions), and finally aggregating these distances into a single compromise score that balances
closeness, separation, and trade-offs across criteria. For convenience, a concise comparison of the repre-
sentative distance-to-reference, border-based, and compromise-index methods discussed in this chapter is

presented in Table

Table 7.1: A concise comparison of representative distance-to-reference, border-based, and compromise-

index methods.

Method Reference entity = Core mechanism Typical final Ranking
quantity direction
TOPSIS Positive ideal solu-  Normalizes and weights the decision Closeness coeffi- Larger is
tion and negative matrix, computes separation from cient better
ideal solution the ideal and anti-ideal points, and
evaluates relative closeness.
MARCOS Ideal and anti-ideal = Extends the decision matrix by MARCOS utility Larger is
alternatives adding ideal and anti-ideal rows, better
normalizes toward the ideal, and
computes utility degrees relative to
both reference alternatives.
CODAS Negative ideal solu- Measures Euclidean and taxicab Assessment score Larger is
tion distances from the negative ideal, better

then forms a relative assessment
matrix using a threshold-based cor-
rection.

251

Continued on the next page.
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Table (continued).
Method Reference entity =~ Core mechanism Typical final Ranking
quantity direction
EDAS Average solution Computes positive and negative Appraisal score Larger is
distances from the average crite- better
rion value, aggregates them with
weights, and forms an appraisal
score.
VIKOR Best and worst cri-  Uses normalized regret from the Compromise index  Smaller is
terion values best value, aggregates group utility Q) better
and individual regret, and combines
them into a compromise index.
MABAC Border approxima-  Normalizes and weights perfor- Border-deviation Larger is
tion area mances, constructs a border area score better
by criterion, and sums signed devia-
tions from that border.
MAIRCA Theoretical vs. real ~ Compares a theoretical distribu- Overall gap / cri- Smaller is
distribution of cri- tion matrix with the real weighted-  terion function better
terion importance normalized distribution and aggre-

gates the resulting gaps.

Note. Although all of these methods belong to the same broad family of reference-based MCDM techniques, they differ in the
type of reference they use: TOPSIS and VIKOR are ideal-solution based, MARCOS uses both ideal and anti-ideal alternatives,
CODAS uses a negative ideal, EDAS uses an average solution, MABAC uses a border approximation area, and MAIRCA
compares theoretical and real distributions.

7.1 Fuzzy TOPSIS (Fuzzy Technique for Order of Preference by Similarity to Ideal
Solution)

TOPSIS ranks alternatives by distances to ideal and anti-ideal solutions after normalization and weighting,
selecting the option with highest relative closeness coefficient [928],929]. Fuzzy TOPSIS ranks alternatives
under uncertainty using fuzzy ratings and weights, defines fuzzy ideal and anti-ideal solutions, computes
distances, and selects highest closeness coefficient [9304931].

Definition 7.1.1 (TFN-based Fuzzy TOPSIS). [419,932] Let A = {Ai,..., Ay} be alternatives and
C ={Ci,...,C,} criteria, partitioned into benefit and cost types

c=ctuc .

Assume K > 1 decision makers provide TFN ratings #®) = (a(k) ) c(k)) and TFN weights atF =

i i 27ty 0 g J
(k) (k) . (k)
(wjl » Wi, Wi )-

(0) Vertex distance. For TFNs & = (a1,b1,c¢1) and § = (ag, ba, ¢2), set

05, 5) = \/(al —a2)® + (b ;52)2 + (1 —c2)?
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(1) Group aggregation (min—mean—max). Define aggregated TFNs by

S T (k)
Ty = (mmaZJ , E b” , maxc ) wj = (mlnwj1 , E fwﬂ, maxw

Let X = (%) and @ = (@, . . . , 0p).
(2) Normalization. Define R = (7;;) by

o (aij/c;f, bij/c;, Cz'j/C;), Cj S C+, C;f = maxlgigm Cij,

rij =

(aj_/cij, aj_/bij, aj_/aij), Cj S C_, aj_ = minlgigm aij.

(3) Weighting. Define the weighted normalized matrix V = (@) by
Uy 1= Tij ® Wy = (rij1wj1, Tijpwj2, rijzw;s),

and write @ij = ('Uz'jh UijQ, Uijg).

(4) FPIS/FNIS. Define (as crisp TFNs)

= e = v
5 = (05,05, 05), vy = (V)55 07)
and set A* := (07,...,0;), A” == (01,...,0;, ).

(5) Separation and closeness coefficient. For each alternative A;, define

n d_
= Zd(i}lﬁ{};)u Zd UU’ CC% = * [0 1]
2 i) d; +d;

(6) Ranking. The fuzzy TOPSIS ranking is the total preorder on A induced by CC;:
Ay = Ay = CC,>CCy

i.e., rank alternatives by decreasing C'C; (ties allowed).

Using Uncertain Sets, we define Uncertain TOPSIS of type M (U-TOPSIS) as follows.
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Definition 7.1.2 (Uncertain TOPSIS of type M (U-TOPSIS)). Let A = {A4,..., A} be alternatives and
C ={Cy,...,C,} criteria with m,n > 2. Partition criteria into benefit and cost sets:

C = Cben U Ccost_

Fix an uncertain model M with Dom(M) # (), together with an admissible positive score S); and an
admissible distance djy.

Assume an uncertain decision matriz

M M , .
X(M):(xl(j ))mxn, xl(j )EDom(M) (t=1,....,m; j=1,...,n).
Let w = (w1, ..., wy) be criterion weights with w; > 0and 377, w; = 1. (If uncertain weights are provided,

first score them via Sj; and normalize to obtain such w;.)

(M)

Step 0 (Crisp projection). Define y;; := Sy(z;; ) > 0 and form Y = (y;;) € (0,00)™*".

Step 1 (Vector normalization). For each criterion j, define

Step 2 (Weighted normalized matrix). Define

vij::wjmje(o,l] (izl,...,m;jzl,...,n).

Step 3 (Ideal and anti-ideal solutions). Define the (crisp) positive ideal solution (PIS) and negative
ideal solution (NIS) by

b : b
o {maxlgigm v, C; €C”", - {mlnlgigm vij, C; €C",
i = T o=

ming<;<m Vij, Cj S CCOSt, J maxi<;<m Vij, Cj € Ceost,

Let V* = (v],...,v}) and V™ = (vy,...,v,).

ren

Step 4 (Separation measures). For each alternative A4;, define the separations

n

D =Y d(vyv}), Dy =Y d(vg;),
j=1

j=1
where d is any metric on R (e.g., d(a,b) = |a — b]). (Equivalently, one may use dj; directly on Dom(M) by

defining Df == Y dys(al}”, ") with suitable 2{"*.)

Step 5 (Closeness coefficient and ranking). Define the closeness coefficient
D
cC; =4 Dy +Dj i1=1,...,m,
0, D; + D; =0,

and rank alternatives by decreasing CC; (ties allowed).
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Theorem 7.1.3 (Well-definedness and boundedness of U-TOPSIS). Under Definition|[7.1.9, assume m,n >
2, Dom(M) # 0, Sy : Dom(M) — (0,00) is admissible, and wj > 0 with »-;w; = 1. Then:

(i) dj > 0 for every criterion j, hence r;; and v;; are well-defined.
(ii) V* and V~ exist and are well-defined.
(71t) For each i, D} >0, D; >0, and CC; is well-defined with 0 < CC; < 1.

(iv) The ranking induced by CC; is well-defined (ties allowed).

Proof. (i) Since Sys is admissible and maps into (0,00), each y;; > 0. Thus > %, yfj > 0 and d; =
/D y?j > 0, so r; = y;;/d; is well-defined. Moreover, y;; < d; implies r;; < 1, hence r;; € (0,1]. With

wj; > 0, Vij = WjTij is well-defined.

(ii) For each j, the sets {v1j,...,vm;} are finite, so the maxima and minima in the definitions of v} and v’
exist. Hence V* and V™~ are well-defined.

(iii) Each separation measure is a finite sum of nonnegative distances, hence D}, D; > 0 and finite. If

D; + D; >0, then CC; = D; /(D; + Dy) is well-defined and lies in [0,1]. If D;” + D} = 0, the definition
sets C'C; = 0, which also lies in [0, 1].

(iv) Since each CC; is a real number, sorting alternatives by C'C; defines a well-defined preorder. O]

Related concepts of TOPSIS under uncertainty-aware models are listed in Table

Table 7.2: Related concepts of TOPSIS under uncertainty-aware models.

Related TOPSIS concept(s)

Intuitionistic Fuzzy TOPSIS [933H935]
Vague TOPSIS [936]

Bipolar fuzzy TOPSIS [937,/938]
Pythagorean Fuzzy TOPSIS [939,940]
Fermatean Fuzzy TOPSIS (941942
Hesitant Fuzzy TOPSIS [943)944]
Picture Fuzzy TOPSIS [945,946]
Spherical Fuzzy TOPSIS [947,948]
Neutrosophic TOPSIS [949-951]
Quadripartitioned Neutrosophic TOPSIS [2041(952]
Bipolar neutrosophic TOPSIS [953)/954]
Plithogenic TOPSIS [9554956]

S OOk WWWWwNoNNNND|

As related concepts beyond Uncertain TOPSIS, several extensions are also known, including Rough TOPSIS
[957,1958], Grey TOPSIS [959,(960], Soft TOPSIS [961], HyperSoft TOPSIS [962,963|, SuperHyperSoft
TOPSIS [964], Group-TOPSIS [9654966], Interval TOPSIS [967,968], OWA-TOPSIS [969,970], Qualitative
TOPSIS [971,/972], TOPSIS-AHP [973.,/974], and Linguistic TOPSIS [975,0976].
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7.2 Fuzzy MARCOS (Fuzzy Measurement Alternatives and Ranking according to
Compromise Solution)

Classical MARCOS adds ideal and antiideal alternatives, normalizes the decision matrix, applies criterion
weights, computes utility degrees relative to ideals, and ranks accordingly for choice [636,977]. Fuzzy
MARCOS appends ideal and antiideal alternatives, normalizes fuzzy matrix, computes weighted sums,
derives utility degrees relative to ideals, defuzzifies, ranks all options consistently overall [978}/979].

Definition 7.2.1 (TFN-based Fuzzy MARCOS (Measurement Alternatives and Ranking according to Com-
promise Solution)). [978,979] Let A = {A4,..., Ay} be a finite set of alternatives and C = {C1,...,C,} a
finite set of criteria. Let CT (benefit) and C~ (cost) be a partition of C. Assume the performance ratings
are positive triangular fuzzy numbers (TFNs)

~ ¢ ¢ . .
Tyj = (w55, 7, 25), 0<ay<aj<uwzy i=1...,m, j=1...,n,
and let w = (w1, ..., wy) be a (crisp) weight vector with w; >0 and 3 7, w; = 1.

(0) TFN arithmetic conventions. For TFNs @ = (af, a™,a*) and b = (b,b™, b%) (positive), define

a®b:=(a" +0b° a™+ 0", a* +bY), r®a:=(ra", ra™, ra*) (r > 0),

a® a™ a

d®6: (a£b£7 ambm7 aubu)7 d@l; = (bu7 b7m7 b€> )

so that division preserves the TFN order when all components are positive.

To take max/min over a finite TFN-set, fix any total preorder on TFNs; a standard choice is the defuzzifi-
cation score
a’ + 4a™ + a¥

Scorerpn(a) := G

Then @ < b < Scoreryy (a) < ScoreTFN(l;).

Step 1 (initial fuzzy decision matrix). Let

X = (.’Z’”) S (TFN>0)m><n.

Step 2 (anti-ideal and ideal solutions; matrix expansion). For each criterion C}, define the anti-ideal
(worst) and ideal (best) TFNs:

SAAL_ {min1§i§m Tij, CjecCt, ZAL._ {maX1§i§m Zij, CjeCT,
i ‘

maxi<i<m Tij, Cj €C™, ! mini<i<m Zij, Cj;€C.
Introduce two additional alternatives Ag := AAI and A,,+1 := Al and form the extended matrix

Kot = (75) € (TFN) ™ 2xn,

where Z5it = FMA B0 ) = B and 350 = Fy5 for i = 1,...,m.
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Step 3 (normalization). Define the normalized TFNs 7;; by

N {f?xt@:zf.“ C.ecCt,
Ce— i J 0 J
nU =

~AL o zext e
i oagt, Cjec,

1=0,1,....m+1, 5=1,...,n.

Collect N := (7).

Step 4 (weighting). Define the weighted normalized TFNs

f)ij =w; O ﬁz‘j, V.= (f)z‘j).

Step 5 (row aggregation). For each extended alternative A; (i =0,1,...,m + 1), define the aggregated

TFN .
S’i = @ Vjj.
j=1

Step 6 (degrees of usefulness w.r.t. AAI and AI). Define

K Zzgi®§0, K*Z:S'i@Sm_H, 1=1,...,m.

2 (2

Step 7 (auxiliary fuzzy sum and maximal reference). Set
Tl:f(;@f(:r (i=1,...,m),
and define the componentwise maximal TFN
D = (d',d™,d") := <maxtf, maxt;", maxtf) . where Tj = (¢, t%).
7 3 (2
Defuzzify D by the graded mean:
= di - 4dm - d”
dgef := Defuzz(D) := %
Step 8 (utility functions relative to AAI and AT). Define

FIKT) =

dger

e

Step 9 (final utility and ranking). Defuzzify (componentwise TFNs) by Defuzz(¢, m,u) = ({+4m+u)/6
and put

K; :=Defuzz(K; ), K; :=Defuzz(K;}), f = Defuzz(f(f(i_)), fit= Defuzz(f(f(:')).
Then the (crisp) final MARCOS utility is
K+ K}
1—f7 1—f "
A
fi fi

f(Ki) =

1+

Rank alternatives by decreasing f(K;):

A, =pMarcos 4 = f(Kp) > f(K,).
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Referring to the above, we define Uncertain MARCOS of type M (U-MARCOS) as follows.

Definition 7.2.2 (Uncertain MARCOS of type M (U-MARCOS)). Let A = {Ay,...
.,Cp} a finite set of criteria, with m,n > 2. Partition criteria into benefit

of alternatives and C = {C1, ..
and cost sets:

,Ap} be a finite set

C = Cben U Ccost'

Fix an uncertain model M with Dom (M) # () and an admissible positive score Sjy.

Assume an uncertain decision matriz

and a crisp weight vector w = (wy,...,wy) satisfying

xEJM) € Dom(M) (i=1,...

n
wj; > 0, ij =1.
=1

Introduce two auxiliary alternatives:

Ap := AAI (anti-ideal),

Apg1 = Al (ideal).

Step 0 (Crisp projection). Define y;; := SM(JJZ(;V[)) € (0,00) and set Y = (y;5) € (0,00)™*".

Step 1 (Ideal / anti-ideal components and matrix extension). For each criterion Cj}, define

Al {maxl<i<m yij, Cj € P,

Y- .
mini<j<m Yij, Cj € C,

Yj

Cj € Cben,

AAL ) MiN1<i<m Yij,
T ) cost
C; € Co.

maxi<i<m Yij,

Define the extended matrix Yt = (ySJXt) € (0, 00)mF2xn by

ext . AAI ext
ij T yj )

Al
Ym+1,5 = Y5

ext

yi; =i (1=1,...,m).

Step 2 (Normalization toward the ideal). For i = 0,1,...,m + 1, define

ext
Yij
AT”
P J
Ngj 1=

Then n;; € (0,1] and nyp1; = 1.

Step 3 (Weighting and aggregation). Define

;e chen,

Cj € coost,

n
Vij 1= Wj Ny, S; = Zvij (i:(),l,...,m—i—l).
j=1
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Step 4 (Utility degrees). For each real alternative A; (i = 1,...,m), define

SA
K_ = — K+ = v
Sy Y S’

T, = K; +K;".

Step 5 (Final utility function and ranking). Let D := maxj<;<, T; and define

- +
i R P D
Define the MARCOS utility
K-+ K+t
U, .= ’++ L —, 1=1,...,m,
R AR
fir fi

and rank alternatives by decreasing Us;.

Theorem 7.2.3 (Well-definedness of U-MARCOS). Under Definition [7.2.4, assume Sy is admissible and
w; > 0 for all j. Then all quantities n;;, S;, K, K;r, T, D, f;, ff, U; are well-defined and finite. Moreover,
So >0, Spi1 = Z?Zl w; >0, D >0, and U; > 0 for all i.

Proof. Admissibility of Sy implies y;; > 0 finite, so the extrema yj-“ and yfAI exist and are positive. Hence

the normalization in Step 2 has positive denominators, and n;; € (0,1] is well-defined. Since w; > 0,
each v;; = wjn;; > 0, so S; = Zj v;; > 0 for all 7, in particular Sp > 0. Because n,11,; = 1, we
have Sp,41 = Z;‘:l w; > 0. Thus K; = 5;/Sp and K:r = S;/Sm+1 are well-defined and positive, hence
T; = K, + Kj > 0 and therefore D = max; T; > 0. Consequently f;", f;r € (0,1] and the denominators
in U; are strictly positive, so U; is well-defined and finite. Finally, U; is a ratio of positive terms, hence
U; > 0. O

Related concepts of MARCOS under uncertainty-aware models are listed in Table

Table 7.3: Related concepts of MARCOS under uncertainty-aware models.

Related MARCOS concept(s)

Fuzzy MARCOS

Intuitionistic Fuzzy MARCOS [979}/980]
Hesitant Fuzzy MARCOS [981]

Picture Fuzzy MARCOS [982/983]
Spherical Fuzzy MARCOS [984}/985]
Neutrosophic MARCOS [636,986]
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7.3 Fuzzy CODAS (Fuzzy COmbinative Distance-based ASsessment)

Classical CODAS defines a negative ideal solution, computes Euclidean and taxicab distances for each
alternative, applies a threshold, and ranks by larger distances overall performance [987,988|. Fuzzy CODAS
defines fuzzy negative ideal solution, computes Euclidean and taxicab distances of each alternative, applies
a threshold, defuzzifies, and ranks; higher distance means better [989,/990].
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Definition 7.3.1 (Fuzzy CODAS (COmbinative Distance-based ASsessment) — trapezoidal-fuzzy, group
MCDM). [989,990] Input data. Let A = {4;,..., Ay} be alternatives, C = {C1,...,C,} criteria, and
let @ ={1,...,q} be the set of decision makers (DMs). Partition criteria into benefit and cost sets

c=CctucC .
Assume all ratings and weights are positive trapezoidal fuzzy numbers

~ (¢ J4 0 l l ~ (¢
xz(j) = (:Ugj?l,xgj?2,x§j?3,x§j?4) € TrFN~o, w]( ) e TrFN<o,

where £ € Q, i € {1,...,m}, j € {1,...,n}. Fix: (i) trapezoidal-fuzzy arithmetic (®,S,®,®) on TrFN<q
(componentwise as standard), (ii) a defuzzification/ranking map D : TrFNsg — R used only to take
max / min over finite fuzzy sets, and (iii) a threshold parameter 6 > 0.

Step 1 (aggregate the fuzzy decision matrices). Define the averaged fuzzy decision matrix X = (Zi5)
by

1 Na0
Tij = — xij .
q =1

Step 2 (aggregate the fuzzy weights). Define the averaged fuzzy weight vector w = (wy,...,w,) by

Step 3 (normalization). For each criterion j, choose a fuzzy “maximum”

~max

T3 € arg max D(Z;5).

J 1<i<m
Define the normalized fuzzy matrix N = (ngj) by

R Tij @ TP, Cj € CT (benefit),
nz-j = B 5 _
TP O iy, Cj € CT (cost).

Step 4 (weighted normalized matrix). Define R = (7;;) by

fl'j = ﬁ)j & TNLZ'j.

Step 5 (fuzzy negative-ideal solution). For each j, define

nsj € arg min D(7;), NS := (181, ..,18y).
1<i<m



Chapter 7. Distance-to-reference / border / compromise-index methods

Step 6 (distance§ from the fuzzy negative-ideal solution). For trapezoidal fuzzy numbers a =
(a1,a2,as,a4) and b = (b, by, b3, by) define:

~ _ 2 2 _ 2 ) — 2 — D)
dg(a,b) = \/(al bu)” + 2(az = bo) j(: (a3 —b3)? + (a4 — ba) 7
7 —by| + 2|ag — bo| + 2|az — b —b
dg(a,b) = a1 — baf + 2|az — ba| + 2|ag — bs| + |as — ba|

6
Then for each alternative A; define the (combinative) distance components

n n
EDZ = ZdE(fijaﬁSj)v HDZ = ZdH(fijaﬁSj)-
j=1 i=1

Step 7 (relative assessment matrix). Define the threshold function ¢ : R — {0,1} by

1, |z[ >0,
t(zx) =
0, |z|<@.

For i,k € {1,...,m} define the relative assessment entry
Pik = (EDZ - EDk) + t(EDZ - EDk) (HDZ - HDk),

and collect RA = (p;) € R™*™.

Step 8 (assessment score). For each i, define the CODAS assessment score

AS; = Z Dik-
k=1

Step 9 (ranking / solution). The Fuzzy CODAS ranking is the total preorder on A induced by AS:
Ai Zrcopas Ay = AS; = AS}.
A (best) solution is any

A* € arg max AS;.
A;eA

Using Uncertain Sets, we define Uncertain CODAS of type M (U-CODAS) as follows.

Definition 7.3.2 (Uncertain CODAS of type M (U-CODAS)). Let A = {Ai,..., Ay} be alternatives and
C ={C,...,Cy,} criteria with m > 2 and n > 1. Partition criteria into benefit and cost sets:

C = Cben U Ccost.

Fix an uncertain model M with Dom(M) # 0 and an admissible positive score Sy;. Assume an uncertain
decision matriz

XOD = (3D 2 € Dom(M) (i=1,...,m; j=1,...,n),
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and criterion weights w = (w1, ..., wy,) with w; >0 and 3 7_; w; = 1. Fix a threshold parameter § > 0.

Step 0 (Crisp projection). Define y;; := SM(:ZJZ(?/I)) € (0,00) and set Y = (y;5) € (0,00)™*"™.

Step 1 (Normalization). For each criterion j, define

max
Ha%.— max y;; > 0.
Ui 1§i§myw

Define normalized performances n;; € (0, 1] by

Yij ben
max ’ Cj eC R
J

max

Yj
Yij

TLZ']' =

, Cj € Coost,

Step 2 (Weighted normalized matrix). Define weighted normalized values

Tij = W Nij (i=1,....,m; j=1,...,n).

Step 3 (Negative-ideal solution). Define the negative-ideal component for each criterion by

nsj = min 7, NS := (nsi,...,nsy,).
1<i<m

Step 4 (Distances from the negative-ideal). For each alternative 4;, define the Euclidean and taxicab
distances from NS:

n

n
EDZ' = Z(T’Z’j — nsj)Q, HDZ‘ = Z ’T’ij — TLSj’.
j=1 J=1

Step 5 (Relative assessment matrix). Define the threshold indicator ¢ : R — {0,1} by

1 |z =6,
t(z) =
0, |z| <8,

and for each pair (i, k) define
pir = (ED; — EDy) + t(ED; — EDy) (HD; — HDy,).

Let RA = (pi) € R™> ™,

Step 6 (Assessment score and ranking). Define
m
ASZ ::Zpik (i=1,...,m),
k=1

and rank alternatives by decreasing AS;.
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Theorem 7.3.3 (Well-definedness of U-CODAS). Under Definition[7.5.9, assume Sy : Dom(M) — (0, 00)
is admissible and wj > 0 for all j. Then all quantities n;j, 35, ns;j, ED;, HD;, pj, and AS; are well-defined
finite real numbers.

Proof. Since Sy maps into (0,00), each y;; > 0 is finite; hence Y = max; y;; > 0 exists. Therefore n;;
in Step 1 is well-defined and lies in (0, 1] for both benefit and cost criteria. Because w; > 0, rj; = w;n;; is
well-defined and positive, so each ns; = min; r;; exists and is finite.

Thus 7;; — ns; are finite reals, so ED; and HD; are finite and satisfy ED; > 0, HD; > 0. Given 0 > 0, t(-)
is well-defined and takes values in {0, 1}, so each p;, is a finite real. Finally, AS; = >} | pix is a finite sum,
hence well-defined and finite. ]

Related concepts of CODAS under uncertainty-aware models are listed in Table

Table 7.4: Related concepts of CODAS under uncertainty-aware models.

Related CODAS concept(s)

Intuitionistic Fuzzy CODAS [9911(992]
Pythagorean Fuzzy CODAS [993]/994]
Neutrosophic CODAS [9951(996]
Picture Fuzzy CODAS [997,/998]
Hesitant Fuzzy CODAS [999,/1000]
Spherical Fuzzy CODAS [1001},/1002]

LW W wWwwNn N |

7.4 Fuzzy EDAS (Fuzzy Evaluation based on Distance from Average Solution)

EDAS (evaluation based on distance from average solution) ranks alternatives by positive and negative
distances from average solution, aggregates weighted distances, and computes appraisal scores [1003}/1004].
Fuzzy EDAS uses fuzzy ratings and weights, computes fuzzy distances from average solution, defuzzifies,
and ranks by appraisal scores [1005].

Definition 7.4.1 (Fuzzy EDAS (evaluation based on distance from average solution)). [1005] Let A =
{A1,..., Ap} be alternatives and C = {C1,...,Cy} criteria. Assume a trapezoidal-fuzzy decision matrix
and trapezoidal-fuzzy criterion weights

X = (ZTij)mxn; Tij = (Tij1, Tij2, Tij3, Tija),
W: (11)1,...,117”), 7])]' = (wjl,wjg,wjg,wj4),

where all entries are trapezoidal fuzzy numbers. Fix a nonnegative scalar “distance” function d : R x R —
R>0 (e.g. a chosen Li-metric at the scalar level), and extend it componentwise to trapezoidal fuzzy numbers
by

d(@,b) == (d(a1,b1),d(as, b2), d(as,b3),d(as,bs)), @= (a,a2, as,as), b= (by,bo,bs,bs).

(0) Defuzzification and the y-operator. For a = (a1, as, a3, a4) define the graded-mean defuzzification

a1 + aq

Defuzz(a) := 5

+ (CLQ —aq —a4+a3),
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and define ¥ (“maximum with zero”) by

(1) Average (reference) solution. For each criterion j, define the average trapezoidal fuzzy value

- 1
AVji=— P i,
=1

where @ denotes trapezoidal-fuzzy addition and scalar multiplication is componentwise.

—_—~—

(2) Positive/negative distances from the average. Define trapezoidal-fuzzy matrices PDA = (pgiaij)
and NDA = (nda;;) by

p;iaij = Lﬁ(d(i’ij, A~Vj)), nZiaij = w(d(A~Vj, i’m))

(3) Weighted sums. For each alternative 4;, set

n n

sp; 1= @(wj ®pc~laij), sn; 1= @(wj ® n;iaij),

J=1 J=1

where ® is trapezoidal-fuzzy multiplication.

(4) Normalization. Write sp; = (spi1, Spi2, Spi3, spia) and sn; = (sn;1, Snge, sns, sn;). Define normalized
(real) values

N oD SPi1

—, NSN,; :=1— ! —.
maxj<t<m Defuzz(sp,) ‘ maxi<¢<m Defuzz(sng)

(5) Appraisal score and ranking. Define the appraisal score

B 2

AS; - € [0, 1],

and rank alternatives in descending order of AS; (larger AS; indicates a better alternative).

Using Uncertain Sets, we define Uncertain EDAS of type M (U-EDAS) as follows.
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Definition 7.4.2 (Uncertain EDAS of type M (U-EDAS)). Let A = {Ai,..., A} be alternatives and
C ={Cy,...,C,} criteria, with m,n > 2. Partition criteria into benefit and cost sets:

C = Cben U Ccost.

Fix an uncertain model M with Dom(M) # 0 and an admissible positive score Sy;. Assume an uncertain
decision matriz

M M , .
X(M):(:ng ))an, :ng )GDom(M) (i=1,...,m; j=1,...,n),
and criterion weights w = (wy, ..., w,) with

n
wj > 0, ij = 1.
j=1

Step 0 (Crisp projection). Define the positive real matrix ¥ = (y;;) by

Yij = SM(xg\/[)) € (0, 00).

Step 1 (Average solution). For each criterion C}, define the average (reference) value

1
AV] = mzlyij € (O, OO)

Step 2 (Positive/negative distances from the average). For each i, j, define the positive distance
from average (PDA) and negative distance from average (NDA) by

max{0, y;; — AV;} max{0, AV —y;;}

. ben ) ben

PDA A% o NDA A% ot
v maX{O, A‘/] - yij} C. € Ceost v maX{Oa Yij — AVY} C. € Ccost

AV L ’ AV L '

Thus PDAij Z 0 and NDA,']‘ Z 0.

Step 3 (Weighted sums). For each alternative A;, define

n n
j=1 j=1

Step 4 (Normalization). Let

SP™* .= max SP;, SN™* .— max SN;.
1<i<m 1<i<m
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Define normalized values

max ’ SPH > O’ 1- max ’
NSP;:={ SP NSN; = SN

0, SPMax =0, 1, SN™ax = (.

SN™ax > (),

Step 5 (Appraisal score and ranking). Define the appraisal score

_ NSP,+ NSN;

Aii
S 2

€ [0,1],

and rank alternatives in descending order of AS; (ties allowed).

Theorem 7.4.3 (Well-definedness and boundedness of U-EDAS). Under Definition (in particular,
m,n > 2 and Sy : Dom(M) — (0,00)), all quantities in U-EDAS are well-defined and finite. Moreover,

OSPDA”,NDAU < 00, OSSR,SNZ < 00, OSNSPZ,NSNZ,ASZ <1.

Hence the ranking rule induced by AS; is well-defined.

Proof. Since Sy; maps into (0, 00), each y;; > 0 is finite, and thus AV} = % > ; Yij > 0 is finite. Therefore
the ratios in the definitions of PDA;; and N D A;; have strictly positive denominators and finite numerators,
so PDA;j and NDA;; are finite and nonnegative.

Because w; > 0 and Zj w; = 1, SP; and SN; are finite nonnegative weighted sums, so SP™* and
SN™# exist (finite maxima over a finite set) and satisfy SP™* > 0, SN™* > (0. If SP™* > 0, then
NSP;, = SP;/SP™* ¢ [0,1]; if SP™®* = (, the definition sets NSP; = 0. Similarly, if SN™#* > 0, then
SN;/SN™* € [0,1] so NSN; = 1-SN;/SN™2* ¢ [0, 1]; if SN™2* = 0, the definition sets NSN; =1 € [0, 1].
Finally, AS; is the average of two numbers in [0, 1], hence AS; € [0,1]. Thus sorting alternatives by AS;
yields a well-defined preorder. O

Related concepts of EDAS under uncertainty-aware models are listed in Table

Table 7.5: Related concepts of EDAS under uncertainty-aware models.

Related EDAS concept(s)

Intuitionistic Fuzzy EDAS [70,/1006)
Hesitant Fuzzy EDAS [1007}/1008]
Spherical Fuzzy EDAS [1009,/1010]
Neutrosophic EDAS [1011}/1012]
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7.5 Uncertain VIKOR

VIKOR ranks alternatives by distances to ideal and anti-ideal points, computing group utility and individual
regret, then a compromise index balancing both [1013,1014]. Fuzzy VIKOR ranks alternatives under
uncertainty using fuzzy ideal and nadir solutions, aggregated utility and regret measures, then a compromise
index balancing group benefit and individual regret [892,1015}/1016].
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Definition 7.5.1 (TFN-based Fuzzy VIKOR). [892,/1015,/1016] Let A = {A;,..., Ay} be alternatives
and C' = {C},...,C,} criteria. Let I, and I, be the index sets of benefit and cost criteria, with I,UI. =

{1,...,n}. Assume TFN performances fij = (l;5, myj,7i5) and TFN weights @; = ([, m{’, r{").

(0) Conventions (defuzzification and max/min). Use the “2nd weighted mean” defuzzification

[+2
Crisp(l, m,r) := #,

and compare TFNs by Z < § <= Crisp(z) < Crisp(g). All TFN additions/scalar divisions below are
componentwise; division is only by positive scalars.

(1) Fuzzy ideal and nadir values. For each criterion ¢ define
e maxi<;<j fij, @€ Iy, s ) minici<y fij, i€ I,
i - . ~ . i = o )
mini<j<y fij, 1€ I, maxi<j<j fij, ¢ € I,

where max, min are taken w.r.t. <. Write f¥ = (I¥,m},r¥) and f° = (I7,mZ,r?).

(2) Normalized fuzzy deviations. Define the (crisp) ranges

l,ie, 1 € I,

A= T , (A; > 0),
ry =17, 1€l

s®s.*

and for each alternative A;,
Q. d U= fu)/Ae i,
’ (fij — f1)/ A, i€ L.

(3) Group utility and individual regret (fuzzy). For each alternative A; define TFNs

gj = Z@l dijv Rj (= max (@l CL‘j),
=1

1<i<n

where products/sums are componentwise and max is w.r.t. <.

(4) Compromise index (fuzzy). Let

1<5<J 1<5<J
and set
S = max r(9;), R™ := max r(Rj),
1<5<T 1<5<T

where r(I,m,r) :=r and [({,m,r) := [ denote right/left endpoints. Fix v € [0,1]. Define

~ S;— S R, —R
QJ v Smax __ Z(S) ( 1)) Rmax __ l(R)
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(5) Ranking and compromise solution (crisp). Defuzzify

S; := Crisp(95;), R; = Crisp(R;), Qj = Crisp(Qj),
and rank alternatives increasingly by Q;. Let A(;), A(g) be the first two in the Q-ranking and A the last.

Set
1 Q(Ap)) — Q(An))
DQ = —— Adv := ]
=g ¥ Q(Aw) — Q(An))

Then Ay is the (single) compromise solution if

Adv > D@Q and A is also best by S and/or by R.

If the stability condition fails, propose { A1), A(2)}. If the advantage condition fails, propose { Ay, ..., A}
where M is the largest index with Q(A) — Q(A(r)) < DQ.

Using Uncertain Sets, we define Uncertain VIKOR of type M (U-VIKOR) as follows.

Definition 7.5.2 (Uncertain VIKOR of type M (U-VIKOR)). Let A = {A4,..., A} be alternatives and
C ={Ci,...,Cy,} criteria, with m,n > 2. Partition criteria into benefit and cost sets:

C = Cben U Ccost'

Fix an uncertain model M with Dom (M) # () and an admissible score S);.

Assume an uncertain decision matriz

M) _ (,.(M) (M)
XM = (2;57), . x5 € Dom(M),
and criterion weights w = (wy, ..., w,) with

n
wj > 0, ij =1.
j=1

Fix the VIKOR compromise parameter v € [0, 1].

Step 0 (Crisp projection). Define y;; := SM(xZ(;V[)) eR.

Step 1 (Best and worst values per criterion). For each criterion Cj, define the best and worst
(projected) values

e {mamgigm vij, Cj€Chem, o= {minlgigm yij, C;echen,
Jj o

mini<j<m yij, Cj € C, maxi<i<m Yij, Cj € C".

Define the range A; := f* — f~ > 0.

Step 2 (Normalized regret per criterion). For each alternative A; and criterion C}, define

fi i C; € Co" and A, > 0,
A
I 2
dij = { Vi ] C: cC and A; >0
AJ ) J ] )
0, A; =0,
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so that d;; € [0,1] and smaller is better (less regret).

Step 3 (Group utility and individual regret measures). Define

1<j<n

Sz' = ij dij, Ri (= Imax (w]' dz])
J=1

Step 4 (Compromise index). Let

S*:= min S;, ST := max S;, R*:= min R;, R := max R;.

1<i<m 1<i<m 1<i<m 1<i<m

Define the VIKOR compromise index

( Si-5 Ri-R* . .
Um—l-(l—v)m, S~ > S*and R~ > R*,
Ma S™>S"and R~ = R*,

Qi = 55
%7 ST =S"and R~ > R*,
0, ST =5"and R~ = R*.

Rank alternatives in ascending order of @); (smaller @); is better).

(Optional) VIKOR compromise solution set. Let Ay, A@)s - -+ Agm) be the Q-sorted alternatives

and set
1

D@ = ——.
@ m—1

One may apply the standard VIKOR acceptable-advantage and acceptable-stability rules on (S;, R;, Q;) to
output either a single compromise solution or a small compromise set.

Theorem 7.5.3 (Well-definedness of U-VIKOR). Under Definition|[7.5.3, assume m,n > 2, Dom(M) # 0,
S is admissible, and wj > 0 with 377, wj = 1. Then:

(i) For alli,j, the quantities f1 fjf,Aj, and d;; are well-defined, with 0 < d;; < 1.
(ii) For each i, S; and R; are well-defined finite real numbers satisfying 0 < S; <1 and 0 < R; < 1.
(iii) The compromise index Q; is well-defined and satisfies 0 < Q; < 1 for all i.

(iv) The ranking induced by {Q;} is well-defined (ties allowed).

Proof. (i) Since Sy is admissible, each y;; is finite. Because the sets {y1;,...,ym;} are finite, f7 and f;~
exist for each j, hence A; = f7 — fj_ > 0 is well-defined. If A; > 0, then d;; is defined by a ratio of finite
numbers; if A; =0, d;; = 0 by definition. In either case, one has 0 < d;; < 1.
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ii) Since 0 < d;; < 1 and Zj wj =1, 8 = Zj w;d;; is a convex combination, hence 0 < §; < 1. Also,
0 < wjdi; < wj, so Ry = max;j(w;d;;) exists and satisfies 0 < R; < max;w; < 1.

(iii) The extrema S*, S™, R*, R~ exist because m is finite. Each case in the definition of @; avoids division by
zero by switching to a single normalized component or setting (); = 0 when both ranges vanish. Whenever
a fraction is used, its numerator lies between 0 and the corresponding denominator, hence the fraction lies
in [0, 1]. Therefore Q; € [0, 1].

(iv) Since each @; is a real number, sorting alternatives by @; defines a well-defined preorder. O

Related concepts of VIKOR under uncertainty-aware models are listed in Table |7.6

Table 7.6: Related concepts of VIKOR, under uncertainty-aware models.

Related VIKOR concept(s)

Intuitionistic Fuzzy VIKOR [1017,(1018§]
Pythagorean Fuzzy VIKOR [1019,(1020]
Fermatean Fuzzy VIKOR [1021]
Bipolar fuzzy VIKOR [1022}1023]
Hesitant Fuzzy VIKOR [1024][1025)
Spherical Fuzzy VIKOR, [1026{{1028]
Neutrosophic VIKOR [1029.|1030]
Plithogenic VIKOR [1031]
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Beyond Uncertain VIKOR, several related variants are also known, such as Grey VIKOR [1032], Group
VIKOR [1033,1034], Z-VIKOR [1035},1036], VIKORSORT [1037.|1038|, Rough VIKOR [1039}/1040], TOP-
SIS-VIKOR [1041,1042], and Soft VIKOR [1043].

7.6 Uncertain MABAC (Multi-attributive border approximation area comparison)

MABAC ranks alternatives by distances from a border approximation area across criteria, then sums devi-
ations to obtain final scores [1044H1046]. Fuzzy MABAC uses fuzzy ratings and weights, computes a fuzzy
border approximation area, and ranks alternatives by defuzzified summed deviations [1047-1049].

Definition 7.6.1 (TFN-based Fuzzy MABAC). [1047-1049] Let A = {Ay,..., A} be alternatives and
C ={Ci,...,Cy,} criteria. Partition criteria into benefit and cost types

c=ctuc,

and fix a crisp weight vector w = (wy, ..., wy) with w; > 0 and >7%_; w; = 1. Let X = (&) € (TEN)m™x»

moal).

.. . ~
be the TFN decision matrix, where Z;; = (xij, T, Ti

(0) TFN arithmetic used. All operations are componentwise unless stated otherwise:
ioj=@'+y 2™ +y" 2" +y"),  a0i=(a’ az™ az”) (a>0),

i@ g = (z" 2™y™, z"y") (nonnegative TFNs), i? = ((zHP, (™), (z")P) (p>0),
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and we use the common triangular subtraction approximation

Fog=('—y, 2™ —y", 2" — ).

(1) Normalization. For each criterion j, define

+ T - : 0
Tl = max ., r; := min x;,
J 1<i<m "’ J 1<i<m W’
and the normalized TFNs
Tij ©x;
J . +
- —, CjeC,
- Tl —x;
tij == 7 i_
Tij @a?j _
—, Cjec,
x. —a]

J

<

where division is by a positive scalar.
(2) Weighting. Define ;; := w; ® #;; and collect V = (@;).

(3) Border approximation area (BAA). For each criterion j, define the border approximation TFN

m 1/m
gj = (HQ~}U> 5 G:: (gl,...,gn).
=1

(4) Signed deviations from the border and overall score. Set
5 n

dij = 0ij © gj, S 1= @%-
j=1

(Heuristically, ¢;; > 0 indicates A; lies in the upper approximation area for criterion j, while ¢;; < 0 indicates
the lower area; a crisp sign test can be implemented after defuzzification.)

(5) Defuzzification and ranking. For S; = (s, s7", s7), define
0
s; + s+ sg.

Defuzz(S;) := 3

Rank alternatives by Defuzz(gi) in descending order:

A, = A, <<= Defuzz(S,) > Defuzz(S,).

The definition of Uncertain MABAC of type M (U-MABAC) is given below.
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Definition 7.6.2 (Uncertain MABAC of type M (U-MABAC)). Let A = {44,..., A} be alternatives
and C = {C1,...,C,} criteria with m,n > 2. Partition criteria into benefit and cost sets:

C = Cben U Ccost'

Fix an uncertain model M with Dom (M) # () and an admissible score Sy;.

Assume an uncertain decision matriz

M M : _
X0 = (@f), e 2l €Dom(M) (=1 mi j=1 ),
and criterion weights w = (wq, ..., wy) with w; > 0 and 2?21 wj = 1.

Step 0 (Crisp projection). Define a real matrix Y = (y;;) by

Yij 1= SM(I'EJ]V[)) eR.

Step 1 (Linear normalization to [0, 1]). For each criterion j, define

min ,__ . . max .__ . . ._ ,max _ ,min
Yy; = 12%21”13/1]’ Yy, = 12112{7;,3/”’ Aji= Y, i > 0.
Define normalized values ¢;; € [0, 1] by
Yii — ymin
= Cject™ and A; >0,
Aj
=R Y i
M) R Gpecetand A >0,
j
L 0, A;=0.

(Thus larger t;; always indicates better performance.)

Step 2 (Weighting). Define the weighted normalized matrix V' = (v;;) by

UijZ:wjtij (izl,...,m;jzl,...,n).

Step 3 (Border approximation area). For each criterion j, define the border approximation value

(geometric mean):
m 1/m
g; ‘= (H’Uij) > 0.
i=1

Let G := (g1,.--,9n)-

Step 4 (Signed deviations and overall score). Define deviations
n

Gij =vij— g5, Si=Y_ g
j=1

Rank alternatives by decreasing .S;.
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Theorem 7.6.3 (Well-definedness of U-MABAC). Under Definition|7.6.9, assume m,n > 2, Dom(M) # 0,
and Sy is admissible. Then all quantities t;;,vij;, g5, ¢ij, Si are well-defined finite real numbers.

Proof. Because S)s is admissible, each y;; is finite; hence for each j the extrema y?in,ymax exist and are

finite, so A; > 0 is well-defined. If A; > 0, the normalization formulas define ¢;; € [0,1]; if A; = 0, the
definition sets t;; = 0, so t;; is well-defined in all cases.

Since w; > 0 and ¢;; € [0,1], each v;; = wjt;; is finite and nonnegative. Therefore the product []"; vi;
is well-defined and nonnegative, so the geometric mean g; = ([, vij)l/ ™ is well-defined and finite (and
equals 0 if any factor is 0). Consequently, ¢;; = v;; — gj and S; = 2?21 ¢;j are finite sums/differences of
finite reals, hence well-defined. O

Related concepts of MABAC are listed in Table [7.7

Table 7.7: Related concepts of MABAC under uncertainty-aware models.

Related MABAC concept(s)

Intuitionistic Fuzzy MABAC [1050L|1051]
Spherical Fuzzy MABAC [43/1052]
Hesitant Fuzzy MABAC [1053,/1054]
Picture Fuzzy MABAC [1055]/1056]
Neutrosophic MABAC [1057}/1058]

LW W W wN | =

As a related concept, Rough MABAC [1059,/1060] is also known.

7.7 Fuzzy MAIRCA (Fuzzy Multi-attributive ideal-real comparative analysis)

MAIRCA ranks alternatives by comparing theoretical ideal distribution of criterion importance with real
performances, aggregating deviations to score [1061,/1062]. Fuzzy MAIRCA represents performances and
possibly weights as fuzzy numbers, computes fuzzy ideal-real gaps, defuzzifies aggregated deviations for
ranking [1063},1064].

Definition 7.7.1 (Fuzzy MAIRCA (TFN-based ideal-real comparative analysis)). [1063}1064] Let A =
{A1,..., Ay} be a finite set of alternatives and C = {C},...,C,} a finite set of criteria. Let J* and J~ be
the index sets of benefit and cost criteria, with Jt*UJ~ = {1,...,n}.

Let TFN>q := {(I,m,u) € R%O : 1 <m < wu}. Assume a triangular-fuzzy decision matrix

X = (@) € (TFNxo)™ ", &yj = (Lij, maj, uiz),
and a (crisp) criterion-weight vector w = (w,...,w,) with w; > 0 and >°%_; w; = 1. Fix a probability
vector p = (p1,...,pm) with p; > 0 and ", p; = 1 (typically p; = 1/m for all ).

(0) TFN arithmetic and defuzzification. For TFNs @ = (af,a™, a") and b = (b',b™,b") and o > 0,
define

a®b:=(a" +b°, a™ + b7, a* +bY), a®a:=(adt, aa™, aa®),
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and the standard TFN subtraction approximation
aob:=(a" —b, a™—b™, a* —bh).
Fix a defuzzification functional Defuzz : TFN>g — R>q (e.g. centroid)

l+m+u

Defuzz(l,m,u) := 3

Step 1 (matrix of theoretical weights). Define the theoretical-weight matrix 7" = (tNZ(»f)) € (TFNxsg)™™ ™
by
fgj) = (piwj, piwy, piwj), 1= 1, e, M, ] = 1, N N

(This is the “theoretical share” of criterion j allocated to alternative i.)

Step 2 (criterion-wise reference bounds). For each criterion j, set the crisp bounds from TFN end-
points

— . + + —
z- = min [;; Tl = max u;; A;i=x7 —z7 > 0.
J 1<i<m 0’ J 1<i<m 7’ J J J

Step 3 (fuzzy normalization factors). Define normalized TFNs 7;; € TFN>q by

lij—:z,‘;7 m@'j—:vj7 Uij — T et
_ A Aj A

Tij ==
l’j — Ujj JS;F — My ZL';L - lij e
) b) M ] *

Aj Aj Aj

(Thus 7;; encodes the normalized “real performance” on [0, 1]; for cost criteria the order is reversed to keep
[ <m<u.)

Step 4 (matrix of real weights). Define the real-weight matrix 7") = (fg)) € (TEN>o)™ "™ by

1= (prwy) @7y, i=1...m j=1_..n

Step 5 (gap matrix). Define the fuzzy gap matrix G= (Gij) by

gy =i ot i=1..m j=1,.n

Step 6 (criterion function and ranking). For each alternative A;, define its fuzzy criterion function

n
Qi:=EPaij € TFN>o, Qi == Defuzz(Q;) € Rxo.
j=1
The Fuzzy MAIRCA ranking is the preorder on A given by
A; mrmarcA Ak = Qi < Qk,

i.e., smaller (); means a smaller ideal-real gap and hence a better alternative. A best alternative is any

A* € arg min Q;.
gAiGAQz
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The definition of Uncertain MAIRCA of type M (U-MAIRCA) is given below.

Definition 7.7.2 (Uncertain MAIRCA of type M (U-MAIRCA)). Let A= {A1,..., Ay} be a finite set of
alternatives and C = {C,...,C,} a finite set of criteria, with m,n > 2. Let J* and J~ be the index sets
of benefit and cost criteria, with Jt*UJ~ = {1,...,n}.

Fix an uncertain model M with Dom(M) # 0 and an admissible positive score Sy;. Assume an uncertain
decision matriz

M M . .
X(M):(xgj ))mxn, xgj )EDom(M) (i=1,...,m; j=1,...,n).
Let w = (wr,...,w,) be criterion weights with w; > 0 and 2?21 w; = 1. Fix a probability vector

p=(p1,...,pm) With p; > 0 and Y7 | p; = 1 (typically p; = 1/m).

Step 0 (Crisp projection). Define the positive real matrix ¥ = (y;;) by

Yij 1= SM(:EE;M)) c (0,00)

Step 1 (Theoretical weight distribution). Define the theoretical distribution matrix 7%®) = (tg.))) €
RZG™ by

(»)
tz‘j

= p; wy, i=1,....m, j=1,...,n.
Step 2 (Min—max normalization of real performances). For each criterion j, define

min : max max min
M= min ;. 1A% — max y;; A = i g >,
Yj 1<i<m Yi» Yi 1<i<m Yig: J Yi Yo =

Define normalized values 7 € [0, 1] by

( Yij — min
Tjj’ j€Jt and A; >0,
max __ ,,..
= TV A ym, jeJ  and A; >0,
J
0, A; =0.

(Thus larger r;; always means better; degenerate criteria with A; = 0 contribute 0.)

Step 3 (Real distribution matrix). Define the real distribution matrix 7) = (t@) by

ti;) = tgf) Tij = Di W4 Tij5.

Step 4 (Gap matrix and criterion function). Define the gap matrix G = (g;5) by

gij = tz(f) — tg) =Di U)j (1 — rij) 2 O
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For each alternative A;, define its criterion function (overall gap)

n n
Qi=> g = piwj(1—ry) > 0.
j=1 j=1

Ranking rule: rank alternatives by ascending @); (smaller gap is better).

Theorem 7.7.3 (Well-definedness of U-MAIRCA). Under Definition[7.7.9, assume m,n > 2, Dom(M) # 0,
and Spr : Dom(M) — (0,00) is admissible. Then:

(1) All quantities y;j, tg-)), Tij, tl(;), gij, and Q; are well-defined and finite.
(it) For alli,j, one has 0 < r;; <1, hence g;; >0 and Q; > 0.

(iii) The ranking induced by {Q;} is well-defined (ties allowed).

Proof. (i) Admissibility of Sy; implies y;; > 0 finite. Since p;, w; are finite and nonnegative, tg-) )

finite. For each j, y;mn, Yy exist (finite index set) and A; > 0 is finite. If A; > 0, the min-max formulas
define r;;; if A; = 0, the definition sets r;; = 0. Thus r;; is well-defined in all cases and finite. Then

tg) = tg.))rij and gij = tgf) — tg)

= piwj 18

are finite, hence Q; = > ;9ij s finite.

(ii) When A; > 0, min-max normalization yields r;; € [0,1]; when A; = 0, ;5 = 0 € [0,1]. Therefore
1 —ri; €0,1], so gij = piw;(1 —r55) > 0 and Q; > 0.

(iii) Each Q; is a real number, so sorting alternatives by @Q; defines a well-defined preorder. O

Related concepts of MAIRCA under uncertainty-aware models are listed in Table [7.8]

Table 7.8: Related concepts of MAIRCA under uncertainty-aware models.

Related MAIRCA concept(s)

Fuzzy MAIRCA
Intuitionistic Fuzzy MAIRCA [1065,/1066]
Neutrosophic MAIRCA

W N = |




Chapter 8

Outranking (non-compensatory / dominance rela-
tions) Decision Methods

Outranking methods compare alternatives pairwise using concordance/discordance with thresholds and veto,
yielding non-compensatory dominance relations where strong drawbacks cannot be offset by advantages.
For convenience, a concise comparison of the representative outranking methods discussed in this chapter
is presented in Table

Table 8.1: A concise comparison of representative outranking decision methods.

Method Core comparison Main mechanism Primary Decision
basis output form

ELEC- Pairwise comparison Builds concordance and discor-  Outranking Partial dom-

TRE of alternatives over dance indices, applies thresh- relation and inance /
concordant and dis- olds (and possibly veto logic), kernel choice set
cordant criteria and derives an outranking rela-

tion.

FlowSort Comparison of each Computes preference flows Category as- Sorting /
alternative with or- against boundary profiles and signment ordered clas-
dered limiting refer- assigns the alternative to the sification
ence profiles category whose profile interval

contains its flow.

PROMETHEHPairwise criterionwise  Aggregates preference functions Net flow Complete

11 preference degrees with criterion weights and com- ranking
between alternatives putes positive, negative, and

net outranking flows.
QUAL- Pairwise concordance  Evaluates all admissible per- Best permuta- Complete
IFLEX of alternatives under mutations, aggregates weighted tion score ranking

each possible permu-
tation

concordance/discordance over
pairs, and selects the permuta-
tion with maximal comprehen-
sive concordance.

277

Continued on the next page.
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Table (continued).
Method Core comparison Main mechanism Primary Decision
basis output form
ORESTE  Ordinal positions and  Uses ordinal ranks of perfor- Distance score ~ Weak rank-
distance-based prefer- mances and criterion impor- and PIR rela-  ing / out-
ence intensities tance, computes distance-based  tions ranking
scores and preference inten- structure

sities, and derives weak and
PIR-type relations.

Note. All of these methods belong to the outranking family, but they differ in their decision logic. ELECTRE emphasizes
non-compensatory dominance through concordance/discordance thresholds, FlowSort is primarily a sorting procedure based
on reference profiles, PROMETHEE II yields a complete ranking through net preference flows, QUALIFLEX selects the best
global permutation of alternatives, and ORESTE is especially suited to ordinal-information settings with weak preference,
indifference, and incomparability-type structures.

8.1 Fuzzy ELECTRE (Fuzzy Elimination and choice translating reality)

ELECTRE is an outranking MCDM method that builds concordance/discordance indices, applies thresholds
and veto, constructs an outranking relation, and eliminates dominated alternatives [1067,/1068]. Fuzzy
ELECTRE is an outranking MCDM method using fuzzy evaluations to compute concordance/discordance
and identify alternatives that dominate others under uncertainty [1069,(1070].

Definition 8.1.1 (TFN-based Fuzzy ELECTRE). [1071,]1072] Let A = {A4,..., A} be alternatives and

C = {Cy,...,Cy} criteria. Let B and K be the index sets of benefit and cost criteria, with BUK =
{1,...,n}. Assume a crisp decision matrix X = (z;;) € RZ;" and TFN criterion weights @w; = (I;, mj, u;).

(0) Conventions. For TFNs, use componentwise addition and scalar multiplication:

(Lmyu)® (U,m/ u)y =1+ 1, m+m/, u+ad), a® (I,m,u) = (al, am, au) (o > 0).

(1) Aggregate and normalize fuzzy weights (three components). If K decision makers provide
numeric importance scores y;;, for criterion j, set

K

~ 7 1
Wi = (L, mj,uj) = <m,gn?/jka O m,?xyjk>'
k=1

Normalize each component reciprocally:

(1/15)

o 4 (1/m;) (1/u;)
e Do (/1) iz

T Um0

Let w®) = (w1, ..., wy,) for z=1,2,3.



Chapter 8. Outranking (non-compensatory / dominance relations) Decision Methods

(2) Normalize performances and build three weighted matrices. Define the normalized matrix
R = (ri) by

L’ ] c _87
o \V Zp:l x;t%j
ij = 1/xii
J ( /x]) ’ J c K,
Zp:1(1/93pj)2
and for z € {1,2,3} define
Ul(;) =T Wyz, V(Z) = (UE;))an-

(3) Concordance/discordance sets and indices. For p # ¢ and z € {1,2,3} define

z [ (2 (2) z o z
CH(pq):={j: v, >0}, D) :={1,....,n}\CP(p,q),

(=) _ ()
Cé,’;) = E Wi, D}(jz) — 2D (pg) |V @ |

& RN
0@ (pg) 2 j=1 vy — gy |

Defuzzify by summing components:

3 3

Cpq = ZOI()Z)’ Dy = ZDI(;Z)'
z=1 z=1
(4) Thresholds and outranking. Let
_ 1 - _ 1 “
= * _D = —— .D>l< .

C m(m — 1) Z Cpq’ m(m — 1) Pq
p,q=1 p,q=1
P#q P#£q

Define the fuzzy ELECTRE outranking relation by

Ay g Ay = (C5,>0C) A (D5, <D), (p#9).

Pq Pq
(5) Dominance matrix and kernel (best set). Define
epq 1= H[C;qZC'], Jpq = l[D;qSD], T:=FEoF,

so that t,, = 1 iff A, =rg A,. The kernel is

K:={A,€ A: Bq+#pwith t,, =1}.

Using an Uncertain Set as the underlying extension framework, we define Uncertain ELECTRE of type M
(U-ELECTRE) as follows.
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Definition 8.1.2 (Uncertain ELECTRE of type M (U-ELECTRE)). Let A = {Ay, ..., A} be alternatives
and C = {C},...,Cy} criteria, with m > 2 and n > 1. Let B and K be index sets of benefit and cost
criteria with BUK = {1,...,n}. Fix an uncertain model M with Dom(M) # () and an admissible score
Sw.

Assume an uncertain decision matriz

M M
XM) = (:EZ(] ))mxn’ :EZ(-]- e Dom(M),
and criterion weights w = (w1, ..., wy) with w; > 0 and 2?21 w; = 1. (If uncertain weights are provided,

score and normalize them to obtain such wj.)

Step 0 (Crisp projection and performance orientation). Define y;; := SM(xZ(;V[)) € R. Convert all

criteria to a “larger is better” orientation by defining

)y, j€B (benefit),
' —¥ij, JjE€K (cost).

Let Z = (Z”)

Step 1 (Normalization). For each criterion j, define

2
dfj‘, dj > O,
dj = Tij = J
0, d;=0,

and the weighted normalized matrix
Uij = ’U)j rij-

Step 2 (Concordance and discordance sets). For each ordered pair (p, q) with p # ¢, define

Clp,q):={j: vy >vgt,  Dpg):={1,....,n}\C(p,q).

Step 3 (Concordance index). Define the concordance index

Cpq = Z W E[O,l].

J€C(p,q)

Step 4 (Discordance index). Define the discordance index by

max |Upj — Ugj |

J€D(p,9)
max |vp; — vy 1Iila<xn|vpj_vqj‘>0’
Dpq = <55y | P qj S= (p # q).
0, max |vpj — vgj| = 0,

1<j<n
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(Thus Dy € [0,1].)

Step 5 (Thresholds and outranking relation). Define average thresholds

1 - 1 “
Ci=——— C Di=—"— D,,.
m(m—l)z P m(m — 1) Z P
p,g=1 p,q=1
P#q p#q

Define the outranking relation >=yg by

Ap7ue Ay = (Cpqzé) A (quSD)7 (p # q).

Step 6 (Kernel / best set). Let t,, := 1[4, =ur 44| and define the kernel
K:={A,€ A: Bq+#pwith t,, =1}.

Theorem 8.1.3 (Well-definedness of U-ELECTRE). Under Definition[8.1.4, assume m > 2, Dom(M) # 0,
and Syr is admissible. Then all quantities z;j, dj, ri;,vij, the sets C(p,q), D(p,q), the indices Cpq, Dpq, the
thresholds C, D, and the kernel K are well-defined. Moreover,

0<Cp<1, 0<Dp <L

Proof. Since Sy is admissible, each y;; is finite, hence z;; is finite. Thus each d; = , /Z;nzl 212) ; 1s well-defined
and finite, and r;; is well-defined by case distinction (d; > 0 yields a valid division; d; = 0 sets r;; = 0).

Then v;; = wjr;; is well-defined.

For each pair (p,q), the set C(p,q) is determined by finitely many comparisons v,; > v,;, hence is well-
defined, and so is D(p,q). Because w; > 0 and }_,;w; = 1, the concordance index Cp, = Zjec(pg) wj is
well-defined and lies in [0, 1].

For discordance, the quantities |v,; — vg;| are finite. If their maximum over j is positive, then the ratio
defining D,, is valid and lies in [0, 1] because the numerator is a maximum over a subset of indices. If
the maximum is 0, then v,; = vy; for all j and the definition sets Dy, = 0 € [0,1]. Hence D,, is always
well-defined and in [0, 1].

The thresholds C' and D are averages over finitely many well-defined indices, hence well-defined. Therefore
the outranking relation is well-defined, as is the kernel K defined by a finite quantification over g # p. [

Related concepts of ELECTRE under uncertainty-aware models are listed in Table

In addition to Uncertain ELECTRE, several other extensions are also known, such as ELECTRE TRI
[1084}[1085], Rough ELECTRE [1086}/1087], Extended ELECTRE [1088,(1089], ELECTRE IS [1090], Group-
ELECTRE [1091,1092], ELECTRE TRI-nC [1093,/1094], Grey ELECTRE [1095], and Soft ELECTRE
[1096|,1097].
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Table 8.2: Related concepts of ELECTRE under uncertainty-aware models.

Related ELECTRE concept(s)

Intuitionistic Fuzzy ELECTRE [1073},/1074]
Pythagorean Fuzzy ELECTRE [1075]
Fermatean Fuzzy ELECTRE [1076,/1077]
Neutrosophic ELECTRE [1078-H1080]
Spherical Fuzzy ELECTRE [1081]

Picture Fuzzy ELECTRE [1082]

Hesitant Fuzzy ELECTRE |1083]

W W WWwND NN

8.2 Fuzzy FlowSort

FlowSort classifies alternatives into ordered categories using PROMETHEE outranking flows versus ref-
erence profiles, applying assignment rules by flows [1098,/1099]. Fuzzy FlowSort extends FlowSort to
fuzzy evaluations and weights, computing fuzzy outranking degrees, defuzzified flows, then assigning cate-
gories [1100,/1101].

Definition 8.2.1 (Fuzzy FlowSort (F-FlowSort) with limiting profiles). [1100,1101] Let A = {a1,...,am}
be a finite set of alternatives and G = {g1,...,gn} a finite set of criteria. Assume K > 2 ordered categories

C:{Cl>-02>-"'>-CK},
described by (K + 1) limiting reference profiles
R=A{r1,...,rk4+1} (intended order: ry =1y > -+ > rg41),

where category Cj is bounded (in performance) between r (upper) and ri41 (lower).

Fuzzy performance data. For each criterion g; and each x € AUR, the evaluation is a triangular fuzzy
number (TFN)

9j(x) = ((x), mj(z), uj(x)),  €i(x) <mj(r) < uj(x),
and the criterion weight may be crisp (w; € [0,1]) or fuzzy (w;), with the standard normalization condition
> j—1w; =1 (or an agreed defuzzified normalization if w; are used).

Fuzzy preference modelling. For each criterion j, fix a (PROMETHEE-type) unicriterion preference
function

P;: R—10,1]

(e.g., usual, U-shape, V-shape, level, Gaussian), together with any thresholds (indifference, preference)
needed by that type. For z,y € AUR define the fuzzy deviation

Aj(x,y) = gi(x) © gj(y)

(using TFN subtraction), and define the fuzzy unicriterion preference IBj(az,y) by applying P; to Aj (z,9)
via the chosen TFN calculus (e.g., interval /vertex evaluation or LR~form).

Aggregated (fuzzy) outranking degree. For z,y € AUTR define the aggregated fuzzy preference

n
A(x,y) =Y w; ® Pi(a,y),
j=1
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where ® is scalar-TFN multiplication (or TFN multiplication if @w; are used). Choose a defuzzification
operator
Def: TFN = R

(e.g., Yager-type, centroid, mean of maxima) and set the crisp outranking degree

m4(z,y) = Def(7(z,y)) € [0,1].

Local comparison set and PROMETHEE-like flows. For each alternative a; € A define the local set
R; :={a;i} UR.

For any = € R} define its positive, negative, and net flows (within R}) by

1 _ 1
of(2) = Y malxy), o (@)= Y ma(y, 1),
Ril—1 |R¥ —1
YER: t yeER]
y#x Yy#T

pi(z) == o (x) — @] ().

Category assignment rules. For each a; € A and each k € {1,..., K} define:

(RT) (positive-flow rule) C,

ot (al) = Ck if

of (re) > ¢ (@) > o (rpga)-

(R7) (negative-flow rule) C,-(a;) = Cy if

¢; (rr) < ¢; (a)) < @7 (Tra1)-

(R) (net-flow rule) Cy(a;) = Cy, if
pi(re) > wi(ai) = @i(ree1).

A Fuzzy FlowSort classification is any mapping o : A — C obtained by choosing one of the rules (R*),
(R7), (R), or by a deterministic fusion policy, e.g.

o(a;) = Cy=  where k* =Mode{k™, k™, k}

with Cy+(a;) = Cy+, Cp-(ai) = Cy—, Cyla;) = Cy, and a fixed tie-breaking convention (e.g., choose the
worst index among ties).

Proposition 8.2.2 (Basic well-definedness). Assume mq(z,y) € [0,1] for all relevant (x,y) and let N; =
|R:|. Then o) (z),¢; () € [0,1] and p;(x) € [~1,1] for all z € R}. Moreover, if for a fized rule (R*)
(resp. (R~ ), (R)) the profile flows satisfy

(pj(rl) > 90;_(7“2) > > goj(rKH) (resp. similarly for ¢; or ¢;),

then the corresponding assignment produces a unique category for each a;.
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Proof. Since m4(-,-) € [0, 1], each flow is an average of numbers in [0, 1], hence lies in [0, 1]. The net flow is
a difference of two [0, 1] numbers, hence in [—1,1]. Strict monotonicity of profile flows yields a partition of
the real line into disjoint half-open intervals, so exactly one k satisfies the relevant inequality. O

Using an Uncertain Set as the underlying extension framework, we define Uncertain FlowSort of type M
(U-FlowSort) as follows.

Definition 8.2.3 (Uncertain FlowSort of type M (U-FlowSort) with limiting profiles). Let A = {a1,...,am}
be a finite set of alternatives and G = {¢g1,...,gn} a finite set of criteria, with m > 1 and n > 1. Fix K > 2
ordered categories

C={C1=Cy -~ Ck},
described by (K + 1) limiting reference profiles

R ={r1,...,rx+1} (intended order: ry = ro = -+ = rgi1),

where category C}, is bounded by 7 (upper) and ;41 (lower).

Fix an uncertain model M with Dom (M) # 0 and an admissible score Sy;. Assume uncertain evaluations

200

; () € Dom(M) forallz € AUR, j=1,...,n,

and crisp criterion weights w = (wy, ..., w,) with

n
w; >0, > wj=1.
j=1

Step 1 (Crisp projection). Define crisp performances

yj(z) ::SM(:Cj (z)) €R (xre AUR, j=1,...,n).

Step 2 (Unicriterion preference functions). For each criterion j, fix a PROMETHEE-type preference
function

Pj:R—[0,1],

possibly with thresholds (indifference/preference) implicit in its definition. For z,y € AU R define the
unicriterion preference degree

75w, y) = Py (2) — y;(v)) € [0,1];

Step 3 (Aggregated preference index). Define the aggregated outranking (preference) index

7(z,y) ::ijﬁj(:c,y)e [0,1], z,y € AUR.
j=1
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Step 4 (Local comparison set and flows). For each alternative a; € A define the local set
S; = {az} UR, N; = ’Sz’ =K+ 2.

For any = € S; define the positive, negative, and net flows:

1 _ 1
7 ) ? )
yeS; yeS;
yF#T y#x

pi(z) = ¢ (x) = @i ().

Step 5 (Assignment rules). For each a; € A, assign a category using one of the following deterministic
rules:

(RT) Positive-flow rule: choose the unique k € {1,..., K} such that

o) (rr) > ¢ (i) > &5 (rey1),

and set o(a;) := C.

(R~ ) Negative-flow rule: choose the unique k € {1,..., K} such that

¢; (rk) < ¢; (ai)) < @7 (Tkt1),

and set o(a;) = C.

(R) Net-flow rule: choose the unique k € {1,..., K} such that

pi(re) > wilai) > ¢i(rrs1),

and set o(a;) = C.

If uniqueness fails due to ties, adopt any fixed tie-breaking rule (e.g. choose the worst category among
eligible ones). The resulting mapping o : A — C is called an Uncertain FlowSort classification.

Theorem 8.2.4 (Well-definedness of U-FlowSort). Under Deﬁm’tz’onm assume Syr is admissible and
each preference function P; maps R into [0,1]. Then:

(i) The unicriterion indices wj(x,y) and aggregated index w(x,y) are well-defined and lie in [0, 1].

(i) For each i and each x € S;, the flows satisfy

0<¢f(x) <1, 0<gi(x)<1, —1<g(x) <L

(iii) The assignment mapping o : A — C is well-defined once a deterministic rule (R*), (R™), or (R) and
a tie-breaking convention are fixed.
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(iv) If, for a chosen rule, the corresponding profile flows are strictly decreasing (e.g. ¢ (r1) > -+ >
o (ric41) for (RY)), then each a; is assigned to a unique category without tie-breaking.

Proof. (i) Since Sy is admissible, each y;(x) is finite, hence each difference y;(x) — y;(y) is finite. By
assumption P; : R — [0,1], so m;(z,y) is well-defined in [0,1]. Because w; > 0 and } ,w; = 1, the
aggregated index m(z,y) =) Wy (z,y) is a convex combination, hence lies in [0, 1] and is well-defined.

(ii) For fixed i and = € S;, ] (z) is an average of N; — 1 numbers in [0, 1], hence lies in [0,1]. The same
holds for ¢; (x). Therefore ¢;(z) = i (z) — ¢; (x) € [-1,1].

(iii) With flows well-defined, each assignment rule compares finitely many real numbers. A deterministic
rule plus a fixed tie-break produces a unique category, hence o is well-defined.

(iv) Under strict decrease of the profile flows, the real line is partitioned into disjoint half-open intervals
[o(rk+1), ©(rk)) (or the analogous form), so exactly one k satisfies the defining inequalities. O

Related concepts of FlowSort under uncertainty-aware models are listed in Table

Table 8.3: Related concepts of FlowSort under uncertainty-aware models.

Related FlowSort concept(s)

Fuzzy FlowSort
Intuitionistic Fuzzy FlowSort
Neutrosophic FlowSort

W N = T

8.3 Uncertain PROMETHEE (Preference Ranking Organization METhod for Enrich-
ment of Evaluations)

PROMETHEE ranks alternatives using preference functions on pairwise criterion differences, aggregates
weighted preferences, and computes positive, negative, and net outranking flows [1102H1104]. Fuzzy PROMETHEE
models ratings and/or weights as fuzzy numbers, defuzzifies or compares them, then applies PROMETHEE
preference aggregation and flow calculations under uncertainty |[1105H1107].

Definition 8.3.1 (Fuzzy PROMETHEE II (TFN inputs + Yager defuzzification)). (cf. [1105H1107]) Let
A = {ai,...,an} be alternatives and let C' = {1,...,n} be criteria. Assume each criterion j € C is
either a benefit criterion (1) or a cost criterion (1). Let fj(a) € R3 be the (triangular) fuzzy performance
of alternative a € A on criterion j, and let w; € R? be the (triangular) fuzzy weight of criterion j. Fix
preference functions (generalized criteria)

pj : R —[0,1] (j=1,...,n),

which convert a performance deviation into a preference degree.

(1) Yager defuzzification. For a TFN z = (I,m,u), define its Yager magnitude (center/centroid score)
by

- I+m+u
Yag(Z) := —s
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Define defuzzified performances

Yag(fj(a)), j is benefit (1),

(@) = ‘
v Yag(fi(a), J is cost (1)

and defuzzified weights w; := Yag(w;). Normalize the weights (optional but standard) by

’LZ)J'
Wi = =
j —
D i Wt

(2) Pairwise preferences. For a,b € A, define the deviation on criterion j by
dj(a,b) := gj(a) — g;(b),
the unicriterion preference degree by
Pj(a,b) == pj(d;(a,b)) € [0,1],

and the aggregated (global) preference index by

m(a,b) := ij Pj(a,b) € [0,1].
j=1

(3) Outranking flows and complete ranking (PROMETHEE II). Define the positive, negative, and
net flows for each a € A by

The Fuzzy PROMETHEE II ranking is the complete preorder on A induced by ¢:

azb <= o(a) =)

Using an Uncertain Set as the underlying extension framework, we define Uncertain PROMETHEE II of
type M (U-PROMETHEE) as follows.

Definition 8.3.2 (Uncertain PROMETHEE II of type M (U-PROMETHEE)). Let A = {a1,...,an} be
a finite set of alternatives with m > 2, and let C' = {1,...,n} be criteria. Partition criteria into benefit and
cost sets B, K C C with BUK = C. Fix an uncertain model M with Dom(M) # () and an admissible score
S

Assume uncertain performances m§M)(a) € Dom(M) for each a € A and criterion j € C. Let w =
(wi,...,wy) be criterion weights with

n
w; >0, > wj=1
j=1
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Fix PROMETHEE preference functions (generalized criteria)
pj : R—[0,1] (j=1,...,n),

which convert a criterion deviation into a preference degree.

Step 1 (Crisp projection and orientation). For each a € A and j € C, define

- SM(ac(-M)(a)), je K (cost),

SM(a:gM) a)), j € B (benefit),
gj(a) =

so that larger g;j(a) always means better.

Step 2 (Pairwise unicriterion preferences). For a,b € A and j € C, define

dj(a,b) := gj(a) — g;(b) € R, Pj(a,b) := pj(dj(a, b)) € [0,1].

Step 3 (Aggregated preference index). Define the global preference index

m(a,b) := ij Pj(a,b) € [0,1], a,b e A.
j=1

Step 4 (PROMETHEE II flows). For each a € A, define the positive, negative, and net flows

Fa)= LS wwh), @)= s Yrlba),  pla) = ) (o).
beA beA
b#a b#a

Ranking rule (PROMETHEE II). Define the complete preorder on A by
arzupb = p(a) > ().

Theorem 8.3.3 (Well-definedness and bounds of U-PROMETHEE). Under Definition[8.3.9, assume m >
2, Dom(M) # 0, Sy is admissible, and each p; maps R into [0,1]. Then:

(i) For all a,b € A, w(a,b) is well-defined and lies in [0, 1].
(i) For all a € A, the flows satisfy

0<¢T(a)<1l, 0<¢ (a)<1, —1<¢p(a) <1

(iii) The ranking relation =yp is well-defined (ties allowed).
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Proof. (i) Admissibility of Sy; implies each gj(a) is finite, hence each deviation d;(a,b) is finite. Since
pj : R — [0,1], Pj(a,b) is well-defined in [0, 1]. With w; > 0 and Zj w; =1, m(a,b) = Z]- w;Pj(a,b) is a
convex combination, hence lies in [0, 1].

(i) For fixed a, ¢ (a) is the average of m—1 numbers in [0, 1], hence ¢ (a) € [0,1]. Similarly, ¢~ (a) € [0, 1].
Therefore p(a) = p*(a) — ¢~ (a) € [-1,1].

(iii) Since each ¢(a) is a real number, sorting alternatives by ¢(a) defines a complete preorder (ties allowed),
hence >yp is well-defined. O

For reference, related concepts of PROMETHEE under uncertainty-aware models are listed in Table

Table 8.4: Related concepts of PROMETHEE under uncertainty-aware models.

Related PROMETHEE concept(s)

Fuzzy PROMETHEE

Intuitionistic Fuzzy PROMETHEE [1106L({1108]
Bipolar fuzzy PROMETHEE [1109,(1110]
Pythagorean fuzzy PROMETHEE [1111}/1112]
Fermatean fuzzy PROMETHEE [1113][1114)
Picture Fuzzy PROMETHEE [1115][1116]
Hesitant Fuzzy PROMETHEE [503./1117]
Spherical Fuzzy PROMETHEE [1118][1119)
Neutrosophic PROMETHEE [1120}|1121]

W WWWNoNNN -

Linguistic PROMETHEE [1122,1123], Soft PROMETHEE [1112,1124], Grey PROMETHEE [1125,|1126],
Group-PROMETHEE [1127,|1128], Extended PROMETHEE [1129,(1130], PROMETHEE-GAIA [1113,
1131], SMAA-PROMETHEE [1132,1133], PROMETHEE-MD-2T |1134], and Rough PROMETHEE [1135,
1136] are also known as related variants.

8.4 Fuzzy QUALIFLEX

QUALIFLEX ranks alternatives by evaluating all permutations, aggregating concordance of pairwise cri-
terion preferences, selecting best ordering [1137,|1138]. Fuzzy QUALIFLEX encodes preferences with
fuzzy numbers or linguistic terms, aggregates fuzzy concordance across permutations, yielding robust rank-
ing [1139][1140].

Definition 8.4.1 (Fuzzy QUALIFLEX (permutation-based outranking)). [1139,1140] Let A = {A1,..., An}
be a finite set of alternatives and C = {C1,...,C)} a finite set of criteria. Let F be a chosen family of fuzzy
evaluations (e.g. triangular/trapezoidal fuzzy numbers, hesitant fuzzy numbers, etc.). Assume a fuzzy
decision matrix

X = (Ti5) € FX™, zi; € F is the evaluation of A; under Cj.

Let w = (w1,...,wy,) € [0,1]" be criterion weights with » 7, w; = 1. For each criterion Cj, fix:

e an ideal fuzzy value ﬂj € F (best attainable on Cj; for cost criteria, choose the minimum-type ideal);
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o a real-valued closeness/score functional
rj:F—R, ri(7) = d;(T,ul),

where d; is a distance (or dissimilarity) on F.

(Thus, smaller r;(Z) means “closer to ideal” on criterion Cj.)

Let &,, denote the set of all permutations of {1,...,m}. Each m € &,, represents a candidate complete
ranking

P, = (Aw(l),AW(Q), e ,Aﬂ(m)), where Az, is ranked not worse than A, if p < g¢.

For any ordered pair (p,q) with 1 < p < g < m, define the criterion-wise concordance/discordance index by

@7 (Ar)s An(g)) = T{(Tr()s) = Ti(Tr(p)i)-
Hence:

¢7 > 0 = concordance (the higher-ranked alternative is closer to ideal), ¢ =0 = ex aequo, ¢; <0 = discordan:

Aggregate across criteria (weighted) for each pair:

n
P (Anp) Ant) = D_ i O(An(p)s An(a)-
j=1
Define the comprehensive concordance/discordance index of the permutation Py by

o(m)i= Y. 9 (Arg) An(g)-

1<p<g<m
A Puzzy QUALIFLEX solution is any permutation 7% € &,, achieving

7 € arg max P(7),
TESM
and the induced ranking
Aﬂ*(l) t Aﬂ-*(2) >_ A t Aﬂ'*(m)'

Using an Uncertain Set, we define Uncertain QUALIFLEX of type M (U-QUALIFLEX) as follows.

Definition 8.4.2 (Uncertain QUALIFLEX of type M (U-QUALIFLEX)). Let A = {A;,...,A,,} be a
finite set of alternatives and C = {C4,...,C,} a finite set of criteria, with m > 2 and n > 1. Partition
criteria into benefit and cost sets:

C = Cben U Ccost'

Fix an uncertain model M with Dom (M) # () and an admissible score Sy;. Assume an uncertain decision

matriz
XM = (.Z‘(M) M e Dom(M),

ij )mxn’ 1)

and criterion weights w = (w1, ..., wy,) with w; >0 and >2%_; w; = 1.
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Step 0 (Crisp projection and orientation). Define y;; := SM(SU(M)

i; ) € R and convert all criteria to a
“larger is better” form:

L ) Vi Cj e chen,
K — Yij, Cj € Coost,
Let Z = (Z”) c Rmxn,

Permutation set. Let G, be the set of all permutations of {1,...,m}. Each 7 € &,, encodes a candidate
complete ranking

P, = (Aﬂ(l), Ar@)s - Aﬂ(m)), where p < ¢ = A, is ranked not worse than Az ,.

Step 1 (Pairwise concordance contribution under a permutation). For any permutation 7 € &,,
and any ordered pair (p,q) with 1 < p < ¢ < m, define the criterionwise concordance contribution

05 (Arnw) An(g) = Zn)j — %@ ER,  J=1,...,n

Thus ¢} > 0 means the higher-ranked alternative is better on criterion j.

Step 2 (Weighted pairwise concordance index). Define the weighted pairwise concordance index

Ay An(g)) = D w5 5 (Ar(p), An(g)) € R.
7=1

Step 3 (Comprehensive concordance index of a permutation). Define the comprehensive concor-
dance of permutation 7 by

O(r)i= >, ¢(Aeg) An(g) ER.

1<p<g<m

Step 4 (Optimal permutation and ranking). Any maximizer

7 € arg max P(w)
TES,

is called an Uncertain QUALIFLEX solution, and the induced ranking is
Arx1) ZUQF Arx(2) ZUQF *** ZUQF Arx(m)-

Theorem 8.4.3 (Well-definedness of U-QUALIFLEX). Under Definition[8.4.4 assume m > 2, Dom(M) #
0, and Syr is admissible. Then:

(i) For every m € &,y,, the value ®(7) is a well-defined finite real number.
(i) The mazimizer set arg max ecg,, () is nonempty, hence an optimal permutation 7 exists.

(iii) The induced ranking by 7 is well-defined (ties correspond to multiple maximizers).
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Proof. (i) Admissibility of Sj; implies each y;; is finite; hence each oriented value z;; is finite. For any w
and any (p,q), each ©] = Zn(p)j — Zr(q); 1S & finite real. Since w; > 0 and Zj wj =1, ¢" = Zj wjp] is
finite, and ®(7) is a finite sum over the (') pairs, hence finite.

(ii) The set &,, is finite with |&,,| = m!. Therefore the finite set {®(7) : 7 € &,,} C R attains a maximum,
so argmaxyea,, ®(m) # 0.

(iii) Any maximizer 7* defines an ordering of the alternatives, hence a ranking relation. If multiple maxi-
mizers exist, multiple optimal rankings are possible; selecting any 7* yields a well-defined ranking. O

As related concepts, QUALIFLEX variants under uncertainty-aware models are listed in Table

Table 8.5: Related concepts of QUALIFLEX under uncertainty-aware models.

Related QUALIFLEX concept(s)

Intuitionistic Fuzzy QUALIFLEX [1141]
Hesitant Fuzzy QUALIFLEX [1139][1140]
Neutrosophic QUALIFLEX [1142({1144)]

W W N

8.5 Fuzzy ORESTE (Fuzzy Organization Rangement Et Synthese De Donnees Rela-
tionnelles)

ORESTE derives rankings from ordinal information using preference intensities and distance-based aggre-
gation, suitable when precise data unavailable [1145,|1146]. Fuzzy ORESTE represents ordinal judgments
as fuzzy ranks, aggregates fuzzy preference distances, producing rankings under vague, imprecise assess-
ments [76,1147,/1148§].

Definition 8.5.1 (Fuzzy ORESTE (distance-based outranking)). [76,[1147,(1148] Let A = {a1,...,an} be
a finite set of alternatives and C = {c1,...,c,} a finite set of criteria, partitioned as C = C"*" LIC" (benefit
vs. cost).

Let IF denote a chosen family of fuzzy numbers on R (e.g. triangular, trapezoidal, or general normal convex
fuzzy numbers). A fuzzy decision matriz is

X = (Ti;) € F™X™, Zij € F encodes the (fuzzy) performance of a; on ¢;.
A fuzzy importance profile is

w = (wy,...,w,) € F" w; € F encodes the (fuzzy) importance of c;.

Assume:

(A1) A ranking functional Rank : F — R that induces a total preorder on F (used to define max /min of
fuzzy numbers by comparing Rank values).

(A2) A (normalized) distance dp : F x F — [0, 1] (any metric/pseudometric suitable for F, e.g. via a-cuts).
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Step 1 (Ideal points). Define the criterion-wise fuzzy ideal value %;“ € F by
arg max Rank(z;;), ¢ € Cben,
ie{l,...,m}

xX. = .
J arg min Rank(Z;;), ¢; € C°
ie{l,...,m}

Also define the most important fuzzy weight
~+ o ~
w' :=arg max Rank(w;).
gje{l,‘..,n} ( j)

Step 2 (Distances / coordinates). For each (i, j) set
dij = d]}r(.%zj,%—i_) S [0, 1], dj = d]F(ﬁ)/j,ﬁ;Jr) S [0, 1]

Interpret (d;j,d;) as the coordinate of the pair “(a;, ¢;j)” relative to the ideal.

Step 3 (Global preference score). Fix a tradeoff parameter ¢ € [0,1]. The global preference score of a;

w.r.t. ¢; is
1/2
Dy = (gai+(1-9d?) " 0,1,

where smaller D;; means closer to the ideal and thus better. The average preference score of a; is

1 n
Di=-5"D, € 0.1].
n; j €1[0,1]

The weak ranking (preorder) is induced by D;:

a; = ap < D; < Dy, a; ~ ap < D; = Dx.

Step 4 (Preference intensities). For paired comparison (a;,ay) define the criterion-wise preference
intensity
Tj(ai, ak) = max{ij — Dij, 0} S [O, 1],

the average preference intensity

and the net preference intensity
AT(ai, ak) = T(ai, CLk) — T(ak, ai) S [—1, 1].

Step 5 (P/I/R test and strong ranking). Fix thresholds u € (0, 1] (preference threshold) and o € (0, 1]
(indifference bound). Define the PIR relation between a; and ay by:

a; Tar < |AT(a;,ar)| < p and T(a;,ar) < o and T(ay, a;) < o,
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a; Rap, < |AT(ai,ak)| < w and max{T(a;,ax),T(ag,a;)} > o,
a; Pa < ‘AT(ai, ak)‘ > p and AT(GZ', ak) > 0.
(The case ’AT(ai, ak)’ > p and AT (a;,ar) < 0 yields axPa;.)

A Fuzzy ORESTE output is the weak ranking induced by (D;); together with the PIR structure (P, I, R)
on A x A. A best alternative (distance-to-ideal optimum) is any

a* € arg min D;.
aiGA

Using an Uncertain Set, we define Uncertain ORESTE of type M (U-ORESTE) as follows.
Definition 8.5.2 (Uncertain ORESTE of type M (U-ORESTE)). Let A = {ay,...,an} be a finite set of

alternatives and C = {ci,...,c,} a finite set of criteria, with m,n > 2. Partition criteria into benefit and

cost sets:
C = Cben U Ccost

Fix an uncertain model M with Dom (M) # () and an admissible score S);.

Assume uncertain performances M) € Dom(M) for each (i,7) and uncertain criterion-importance degrees

ij
w§M) € Dom(M) for each j.

Fix an admissible score Sjs and define crisp performances and importance scores

Su(al), o eche,

Yij = { —SM($§]]W)), ¢ € Ccost7

Thus larger y;; is better and larger $; means more important.

B; = Sar(wi™).

Step 1 (Ordinal ranks from projected scores). Define the performance rank of alternative a; under
criterion c¢; by

rij =1+ ‘{t e{l,....m}: y; > yzj}‘ e{l,...,m},
and define the importance rank of criterion ¢; by

55 ::1+\{te{1,...,n}: ﬁt>ﬁj}‘6{1,...,n}.

(Thus smaller r;; and smaller s; indicate higher desirability /importance; ties allowed.)

Step 2 (Besson—rank distance / global preference coordinates). Fix a tradeoff parameter £ € [0, 1].
Define the ORESTE global distance score

D= e (B) v -0 () e o vETa-g) = 0.1

and the average distance (global score) of alternative a;:

1
D, = TLE:lD” S [0, 1].
]:
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Step 3 (Weak ranking). Define the weak preorder on 4 by

a; myo ax <= D; < Dy (smaller distance is better).

Step 4 (Preference intensity and PIR structure). For a;,a; € A define the criterionwise preference

intensity
Tj(ai, ak) = max{ij — Di]‘, 0} € [0, 1],

the average preference intensity
1 n
T(ai,a) =~ ZTj(aiaak) € [0,1],
7j=1
and the net intensity
AT(ai, ar) := T(ai, ax) — T(ax, a;) € [-1,1].
Fix thresholds p € (0,1] and o € (0, 1] and define relations P, I, R by
a; L a, < |AT(a;,ax)| < p and T'(a;,a) < o and T'(ag, a;) < o,
a; Rap, <= |AT(a;,ar)| < p and max{T(a;,ax), T (ak,a;)} > o,
a; Pap < \AT(ai,ak)] > pand AT(ai,ak) > 0,
(with axPa; when |AT(a;, a)| > p and AT (a;, ax) < 0).

Theorem 8.5.3 (Well-definedness of U-ORESTE). Under Definition[8.5.4, assume m,n > 2, Dom(M) # 0,
and Sys s admissible. Then:

(i) The ranks rij € {1,...,m} and s; € {1,...,n} are well-defined (ties allowed).

(it) D;; and D; are well-defined and satisfy 0 < D;; <1 and 0 < D; < 1.
(iii) For all a;,ay, Tj(a;,ar), T (a;i,ar) € [0,1] and AT (a;, ar) € [—1,1] are well-defined.
(iv) The weak ranking =yo and the PIR relations (P, 1, R) are well-defined.

Proof. (i) Since all y;; and §; are finite real numbers, the sets {t : y;; > y;;} and {t : B > 5} are finite
and have well-defined cardinalities. Therefore r;; = 14+ |{t : yy; > yi;}| € {1,...,m} and s; = 1 + |{t :

B> B €{1,...,n}.

(ii) Because 1 < rj; < m and 1 < s; < n, one has 0 < r;;/m <1 and 0 < s;/n < 1. With £ € [0,1], the
expression under the square root in Dj; lies in [0, 1], hence D;; € [0,1]. Then Dj is an average of n numbers
in [0, 1], so D; € [0,1].

(iii) Since D;j € [0,1], we have Dy; — D;; € [—1,1], hence Tj(a;, ay) = max{Dy; — D;;,0} € [0,1]. Averaging
yields T'(a;, ar) € [0, 1]. Therefore AT (a;,ar) is a difference of two numbers in [0, 1], so it lies in [—1, 1].

(iv) The weak ranking uses comparisons of real numbers D;, hence is well-defined. The relations P, I, R are
defined by finite inequalities involving AT and T' and fixed thresholds u, o, so they are well-defined. O

As related concepts, ORESTE variants under uncertainty-aware models are listed in Table
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Table 8.6: Related concepts of ORESTE under uncertainty-aware models.

Related ORESTE concept(s)

Intuitionistic Fuzzy ORESTE [1149)
Hesitant Fuzzy ORESTE [1150]
Spherical Fuzzy ORESTE [1151]
Neutrosophic ORESTE [1152}[1153]

W W W N |




Chapter 9

Rule induction / learning / evidence / sequential
decision methods

This section describes decision-making methods from the perspectives of rule induction, learning, evidence
aggregation, and sequential decision-making. For convenience, the main concepts introduced in this chapter

are compared in Table

Table 9.1:

sequential-decision methods.

Concise comparison of representative rule-induction, learning, evidence-aggregation, and

Method Type Basic input Core mechanism Primary Decision
structure output role

Decision Fuzzy Fuzzy-valued at- Recursively partitions Predicted Rule induc-

Tree tributes, fuzzy the instance space by class, value, tion / classi-
partitions, or soft fuzzy tests and prop- or leaf-based fication
split functions agates memberships membership

through branches.

Decision Uncer- Uncertain-valued Converts uncertain fea-  Deterministic Rule induc-

Tree tain features scored by  tures to crisp scores, prediction or tion / classi-
an admissible map  then performs hard or aggregated fication
into R soft tree splitting on soft output

measurable tests.

DRSA Fuzzy Ordered decision Builds fuzzy lower and Fuzzy approx-  Preference
classes and fuzzy upper approximations imations and rule induc-
dominance rela- of class unions through  graded deci- tion
tions on criteria fuzzy dominance and sion rules

fuzzy quantifiers.
DRSA Uncer- Uncertain-valued Defines crisp dominance  Approxi- Preference
tain decision table pro-  cones from scored un- mation sys- rule induc-
jected to crisp cri-  certain data and com- tem and tion
terion scores putes lower/upper ap- dominance-

proximations of class
unions.

based rules
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Table (continued).

Method Type Basic input Core mechanism Primary Decision
structure output role
Markov De-  Fuzzy States, actions, Propagates fuzzy states  Fuzzy value Sequential
cision Pro- fuzzy transitions, and evaluates dis- function and decision-
cess and fuzzy rewards  counted fuzzy returns, policy making

typically through fuzzy
Bellman-type updates.

Markov De-  Uncer- Uncertain transi- Scores and normalizes Value function Sequential
cision Pro- tain tion degrees and uncertain transitions and optimal decision-
cess uncertain reward into probabilities, scores policy making
degrees rewards, and solves the
induced crisp MDP.
Evidential Fuzzy Fuzzy belief rules,  Activates rules, con- Aggregated Evidence ag-
Reasoning matching degrees,  structs evidence masses, belief distribu- gregation /
and belief distribu- and aggregates them by  tion assessment
tions over evalua-  ER/Dempster—Shafer
tion grades style combination.
Evidential Uncer- Uncertain belief Converts uncertain evi-  Synthesized Evidence ag-
Reasoning tain degrees and un- dence into crisp masses  belief distri- gregation /
certain reliabilities and combines them se- bution with assessment
scored into [0, 1] quentially under ER incompleteness
aggregation formulas. degree

Note. Decision trees are primarily local partition-based predictive models; DRSA is an approximation- and dominance-based
rule-induction framework; MDPs are sequential optimization models under state transitions; and evidential reasoning is an
evidence-fusion framework over evaluation grades. In the uncertain versions, the common structural principle is to start from
uncertain-valued inputs in Dom (M), project them through an admissible score, and then apply a well-defined crisp decision
mechanism.

9.1 Fuzzy Decision Tree

A decision tree is a rule-based model splitting data by feature tests, forming branches to predict classes or
values [1154,[1155]. A fuzzy decision tree replaces crisp splits with fuzzy membership functions, enabling
soft rules, smoother boundaries, and robustness to noise [1156-1158].

Definition 9.1.1 (Fuzzy decision tree (attribute-value / fuzzy-partition form)). [1156-1158] Let X # &
be a finite set of training objects, and let

FX):={A:X = [0,1]}

denote the family of all fuzzy subsets of X. For A € F(X), define its (sigma-count) fuzzy cardinality by

M(A) =" Ax).
zeX
Fix m > 1 attributes. For each attribute ¢ € {1,...,m}, let X; C F(X) be the (finite) set of fuzzy
attribute-values (linguistic values), and assume |X;| > 1. Fix a t-norm 7' (e.g. 7' = min) and define the
fuzzy intersection

(AN B)(z) :== T(A(z), B(z)) (x € X).
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A fuzzy decision tree is a rooted directed tree 7 whose nodes are fuzzy subsets of X (i.e. elements of F(X))
such that:

(a) Every node N of T satisfies N € F(X).

(b) For every non-leaf node N, there exists an attribute index i € {1,...,m} for which the set of children
of N is exactly
ch(N)={AAr N : Ac X;} CF(X).

(c) Each leaf is assigned one or more class labels (classification decisions).

Definition 9.1.2 (Soft/complete fuzzy decision tree (membership-propagation semantics)). Let U be a
universe of objects (instances). A soft (fuzzy) decision tree for a (crisp or fuzzy) target class C' consists of
a rooted directed tree whose nodes v correspond to fuzzy subsets S, C U with membership u, : U — [0, 1],
and:

o cach internal node v selects an attribute a and a discriminator (soft split) o, : U — [0,1] (e.g. a
piecewise-linear function governed by a cut-point o and width ), and for a binary split defines the
children vy, vg by

pog (0) = po(0) 00(0),  fug(0) = pw(0) (L = au(0)) (0 € ).

o each leaf ¢ carries a numeric label Ly € R (often Ly € [0, 1] for class-membership prediction).

For an input object o € U, the tree output (estimated class-membership) is the leaf-aggregation

> ulo) L

~ _ {cLeaves

pelo): Z te(0) ,

l€Leaves

with the usual convention that the denominator is positive (e.g. firoot(0) = 1).

Using an Uncertain Set, we define an Uncertain decision tree (U-tree) as follows.

Definition 9.1.3 (Uncertain decision tree (U-tree) as a measurable partition rule). Let (2, F) be a mea-
surable space of instances and let Y be a label space (e.g. Y = {1,..., K} for classification or Y = R for
regression). Fix an uncertain model M with Dom(M) # () and an admissible score Sy;.

Assume d uncertain-valued features
X; : Q — Dom(M) (j=1,...,4d),

and let S = {S, }yev be the node set of a finite rooted directed tree 7 with root r. An uncertain decision
tree is specified by:

e a finite rooted tree T = (V, E);
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o for each internal node v € V' a split rule determined by an index j(v) € {1,...,d} and a measurable
set B, C R, producing two children vy, vr and the measurable tests

0€ Sy, == Su(Xjw(0)) € By, 0 € Sy = Su(Xjw)(0) & Bu;

o for each leaf ¢ a prediction value h(¢) € Y.

The induced predictor H : 2 = Y is
H (o) := h((0)),

where /(o) is the unique leaf reached by starting at the root and applying the tests along the unique
root-to-leaf path.

Definition 9.1.4 (Soft uncertain decision tree (membership-propagation form)). Let (€2, F) be a measurable
space. Fix an uncertain model M and an admissible score Sy;. A soft uncertain decision tree is a finite
rooted tree 7 = (V, E) with:

o a root membership p, : Q — [0, 1] (typically u, = 1);
o for each internal node v, a feature index j(v) and a measurable soft split function

oy 2 —[0,1], oy(0) = EU(SM(Xj(v)(O)))

for some measurable ¥, : R — [0,1] (e.g. a sigmoid or triangular membership around a cut-point);
with children vy, vgr defined by the membership propagation

Hop, (0) == pw(0) o4 (0), MUR(O) = f1y(0) (1 - O-U(O));

o for each leaf £, a numeric label Ly € R (or a class-probability vector in AK~—1).

The tree output is the leaf aggregation

ZEGLeaves /Jg(O) Ly
H(O) = ZfeLeaves Mg(O)

0, Ze pe(0) = 0,

, 2o tu(o) >0,

(with 0 replaced by any fixed default output when the denominator is 0).

Theorem 9.1.5 (Well-definedness of uncertain decision trees). In Definitions|9.1.5 and|[9.1.4), assume:

(i) Sm is admissible (finite everywhere);
(ii) all sets B, C R and all functions ¥, : R — [0, 1] are measurable;

(iii) T is finite.

Then:
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(a) The hard uncertain decision tree predictor H : Q — 'Y is well-defined.
(b) In the soft uncertain decision tree, each node membership p, is well-defined and satisfies 0 < p,, < 1.

(c) For every o € Q, the soft output fAI(o) is well-defined as a real number under the stated denominator
convention.

Proof. (a) Since T is a rooted tree, each instance o follows a unique path from the root to a leaf by repeatedly
applying the binary test “Sy/(Xj()(0)) € B," Because Sy (X, (0)) is a finite real and B, is a fixed set,
the test outcome is defined at each internal node. Finiteness of 7 implies the path terminates at a leaf /(o)
in finitely many steps. Thus H (o) = h({(0)) is defined for all o.

(b) By induction on depth. At the root, u,(0) € [0,1]. Suppose p,(0) € [0, 1] for some node v. Since o,(0) =
Yo (Sm(Xjw)(0))) € [0,1], we have py, (0) = pu(0)ay(0) € [0, 1] and fiy5(0) = p1u(0)(1 — 04 (0)) € [0,1]. Thus
all node memberships are well-defined and bounded in [0, 1].

(c) For each o, the set of leaves is finite and each je(0) € [0, 1], so the sums ), (o) and >, pe(0) L, are
finite real numbers. If the denominator is positive, the ratio is well-defined; if it is 0, the definition assigns
a fixed default value, so H (o) is well-defined for all o. O

Table 9.2: Related concepts of decision trees under uncertainty-aware models.

Related decision tree concept(s)

Intuitionistic Fuzzy Decision Trees [1159]
Hesitant Fuzzy Decision Trees [1160}/1161]
Neutrosophic Decision Trees [1162}[1163]

W W N o

Besides Uncertain Decision Trees, several other related decision-tree concepts are also known, including
Boosted Decision Trees [1164,[1165], Decision Hypertrees [1166], Rough Decision Trees [1167}1168], Directed
Decision Trees |[1169}|1170], Complete Decision Trees [1171,{1172], Phonetic Decision Trees [1173,1174], and
Multi-Criteria Decision Trees [1175,|1176].

9.2 Fuzzy DRSA (Fuzzy Dominance-based rough approximation)

Dominance-based rough set is a rough-set approach for preference-ordered data that uses dominance rela-
tions to approximate decision classes in multicriteria decision analysis [1177-1179]. DRSA uses dominance
relations on ordered criteria to approximate decision classes, inducing if-then decision rules and identifying
reducts without requiring globally fixed cutoffs in advance [1180,|1181]. Fuzzy DRSA softens dominance
and class boundaries using membership grades, producing fuzzy lower/upper approximations and graded
decision rules that better capture vague preferences in practice [1182,[1183].

Definition 9.2.1 (Fuzzy DRSA (fuzzy extensions of the dominance-based rough set approach)). [1182]
Let

S=(U,Qu{d}, V. f)
be a (finite) decision table, where U is the universe of objects, @ = {qi,...,qn} is the set of condition
criteria, d is the decision criterion, and f : U x (Q U {d}) — V is the information function. Assume that
the decision attribute induces an ordered family of decision classes

Cly,...,Cl, with higher index meaning a (weakly) better class.
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Fix fuzzy logic connectives: a t-norm 7', a t-conorm S, and an implicator I (typically the R-implicator of a
left-continuous ¢-norm).

A Puzzy DRSA model consists of the following ingredients.

(1) Fuzzy (criterion-wise) ordering relations and fuzzy dominance. For each criterion ¢ € Q, let
R,:UxU —10,1]

be a fuzzy preorder (reflexive and T-transitive). For a nonempty set of criteria P C @, define the fuzzy
dominance relation
Dp(u,v) := Tyep(Rq(u,v)) € [0,1], u,v e U.

(Thus Dp(u,v) is the degree to which “u is at least as good as v w.r.t. all criteria in P”.) Write D := Dp
when P is fixed.

(2) Fuzzy decision classes and fuzzy class unions. In fuzzy DRSA, each class is allowed to be a fuzzy
set

Cl:U —[0,1], Cl¢(u) is the credibility that u belongs to class Cl;.

Define the fuzzy upward and fuzzy downward unions (one standard choice) by

ClZ (u) := max Cly(u),  CIS(u):=maxCly(u), wel, t=1,...,k

s>t s<t

(3) Fuzzified quantifiers. Let quay and quag be fuzzy quantifiers used to aggregate truth degrees over
U. Two canonical choices are:

(quay, quag) = (7,5) (finite-U aggregation) or (quay, quag) = (inf,sup) (general).
If (quay, quag) = (7, .S), interpret

quay(ay; v € U) = Tyevay, quag(ay; v € U) = Syepay.

(4) Fuzzy DRSA lower/upper approximations. For each ¢t € {1,..., k}, define fuzzy lower and upper
approximations of the unions as fuzzy sets on U with membership degrees in [0, 1]:

aprl ! (CI7) (u) := quaV<I(D( w), CI ev),
apras? (C1?) quas(T(D(u ve U),
@‘ga\f’l (Cl = (I D v E U),
apry ! (CIF) (u) = quas(T(D(v veu).

We define Uncertain DRSA of type M (U-DRSA) as follows.



Chapter 9. Rule induction / learning / evidence / sequential decision methods

Definition 9.2.2 (Uncertain DRSA of type M (U-DRSA)). Let
DT = (U, QuU{d}, V, f)

be a finite decision table, where U is a finite universe of objects, @ = {qi1,...,qn} is the set of condition
criteria, d is the decision criterion, and f: U x (Q U{d}) — V is the information function.

Fix an uncertain model M with Dom(M) # () and an admissible score Sjy.

(A) Uncertain-valued criteria and their crisp projections. Assume that each condition criterion
g € @ and the decision criterion d take values in Dom(M):

f(u,q) € Dom(M) (q€Q),  f(u,d) € Dom(M) (u€U).
Define the projected (crisp) criterion values

9q(u) == Su(f(v,q)) ER (¢ €Q),  ga(u) = Su(f(u,d)) ER (ue D).

(B) Ordered decision classes and unions. Assume the decision attribute induces an ordered family of
decision classes

Cl,...,Clg C U, with higher index meaning a (weakly) better class.

Define the upward and downward unions

K t
= Ja,, o= Ja,,  t=1,.. K
s=t s=1

(C) Dominance relations on criteria. For any nonempty subset P C @), define the (crisp) dominance
relation

Dp :={(u,v) € U x U : gq(u) > gq(v) VYq € P}.

Equivalently, (u,v) € Dp means that u dominates v on all criteria in P. For u € U define the dominance
cones
Df(u):={veU: (v,u) € Dp} (objects dominating u),

Dp(u):={veU: (u,v) € Dp} (objects dominated by u).

(D) DRSA lower/upper approximations of unions. For each t € {1,..., K} define:
P(CIZ") :={ueU: Dj(u) CCF"},  P(CIF'):={ueU: Dp(u)nCI*" +£ o},
P(CI¥") :={ueU: Dp(u) CCI¥},  P(CI¥):={uecU: D}(u)nCI= £ o}.

The quadruple of approximations

— _ K
(P(CP), P(CY), P(CI=), P(CI))

t=1

is called the Uncertain DRSA approzimation system associated with (DT, M, Sy, P).
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Theorem 9.2.3 (Well-definedness of U-DRSA). Under Definition[9.2.3, assume U is finite, Dom(M) # 0,
and Sy is admissible. Then, for any nonempty P C Q and any t € {1,...,K}:

(i) The dominance relation Dp C U x U is well-defined and is a preorder (reflexive and transitive).
(ii) The dominance cones D} (u) and D5 (u) are well-defined subsets of U for all u € U.

(iii) The sets P(CIZY), P(CIZY), P(CISY), and P(CISY) are well-defined subsets of U.

Proof. (i) Since S)s is admissible, each gq(u) = S (f(u,q)) is a finite real number, so the comparisons
gq(u) > gq(v) are well-defined. Hence Dp is well-defined. Reflexivity holds because gq(u) > g4(u) for all
q € P, so (u,u) € Dp. Transitivity: if (u,v) € Dp and (v,w) € Dp, then for each ¢ € P, gq(u) > gq(v) >
gq(w), hence (u,w) € Dp. Thus Dp is a preorder.

(ii) Given Dp, the cones D} (u) = {v : (v,u) € Dp} and Dp(u) = {v : (u,v) € Dp} are defined by set
comprehension over the finite universe U, hence are well-defined subsets of U.

(iii) Each approximation set is defined using standard set operations (subset test, intersection, emptiness)
applied to the well-defined sets D}J.F (u), Dp(u) and unions C1Z!, C1=, hence is well-defined. O

9.3 Fuzzy Markov Decision Process

A Markov decision process models sequential decisions with states, actions, transition probabilities, and
rewards; dynamic programming (value/policy iteration) yields an optimal policy maximizing expected return
[1184.|1185]. A fuzzy MDP represents transitions, rewards, or states with fuzzy sets when probabilities are
imprecise; fuzzy Bellman updates compute fuzzy value functions and robust policies [1186,/1187].

Definition 9.3.1 (Fuzzy Markov Decision Process (FMDP)). [1186,/1187] Let (S,Xg) be a (finite or
measurable) state space and (A, 3 4) an action space. For each s € S, let A(s) C A be the (nonempty)
feasible action set. Fix a discount factor v € [0, 1).

A fuzzy Markov decision process (in the possibilistic/max—min sense) is a tuple
M = (57 {A(S)}SES7 ﬁv ?7 7)7

where:

1. Fuzzy transition kernel (possibility kernel). For each (s,a) € S x A(s), the mapping
P(-]s,a): S —1[0,1, &~ P(ss,a),
is a normal fuzzy set on S (i.e. supycg P(s'|s,a) = 1). It induces a possibility measure on (S, Xg) by

II(B|s,a) := sup P(s'|s,a), B e Xs.
s'eB
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2. Fuzzy reward. For each (s,a) € S x A(s), the immediate reward is a fuzzy set
r(s,a) € F(R),
often restricted to fuzzy numbers (normal, upper semicontinuous, and with bounded support).

3. Policies. A (deterministic) stationary policy is a map f : S — A with f(s) € A(s). More generally,
a (possibly randomized) history-dependent policy is a family © = {m; };>0 with m(-|h:) a probability
distribution over A(s;) given a history h; = (sg, ag, - . ., S¢).

Possibilistic state evolution (fuzzy state / possibility distribution). A fuzzy state (possibility
distribution) is € F(S), i.e. amap Z : S — [0, 1] with sup,cg Z(s) = 1. Given a chosen action a; € A(-) at
time t, the next fuzzy state is defined by the max—min composition

Fen(s) = \/ (’ft(s) Aﬁ(sqs,at)), §es,

seS

where V = max and A = min.

Discounted fuzzy return. Let @ and ® denote fuzzy addition and scalar multiplication (e.g. defined via
Zadeh’s extension principle; equivalently, via a-cuts when 7(s,a) are fuzzy numbers):

(UBV)g = (U)o + (0)a, (cOU)q=c(u)g (c>0).

For a fixed policy 7 and initial fuzzy state Zo, define the discounted total fuzzy reward (formally) by
_ oo
G™(z9) := @’yt O T(s¢, at),
t=0

where (s¢, a;) are generated under 7 and the transition kernel P. (For bounded rewards and v < 1, this series
is well-defined under standard choices of fuzzy arithmetic, typically by checking convergence on a-cuts.)

The definition of Uncertain Markov decision process of type M (U-MDP) is given below.

Definition 9.3.2 (Uncertain Markov decision process of type M (U-MDP)). Let S be a finite nonempty
state set and A a finite nonempty action set. For each s € S, let A(s) C A be a nonempty feasible action
set. Fix a discount factor v € [0, 1).

Fix an uncertain model M with Dom(M) # () and admissible scores S%, S¥. An uncertain Markov decision
process of type M is a tuple

My = (Sv {A(s)}sess Pus Rur, s SJ\]},S]@),

where:

o Uncertain transition degrees: P, :S x A xS — Dom(M) assigns an uncertainty degree tuple
Pr(8'|s,a) € Dom(M) to each (s,a,s’) with a € A(s).
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o Uncertain reward degrees: R;;: SxA — Dom(M) assigns an uncertainty degree tuple R/ (s, a) €
Dom(M) to each (s,a) with a € A(s).

Induced (crisp) MDP via scoring and normalization. Define the (strictly positive) transition scores
a(s'|s,a) == Sy (Pa(s'|s,a)) € (0,00), a € A(s),

and the normalizing constant

Z(s,a) = Za(ﬂs,a) € (0,00).

tesS

Define the induced transition probabilities

a(s'|s,a)

p(s'|s,a) := Z(5.0)

€ (0,1), Zp(s’|s,a) =1.

s'eS
Define the induced immediate reward
r(s,a):= Sﬁ(RM(s,a)) eR.

The induced (crisp) MDP is (S, {A(s)},p,r,7).

Policies and value functions. A (deterministic) stationary policy is a map 7 : S — A with w(s) € A(s).
For such 7, define the value function V™ : § — R by the discounted expectation

V7 (s) = E7 [Z At (Si, 7 (SE)) ‘ So = s] ,
t=0

where (S¢)i>0 evolves according to p(-|s, m(s)).

The optimal value function is
V*(s) :=sup V7 (s),
™

and an optimal policy 7* satisfies V™ = V*.

Proposition 9.3.3 (Probability well-definedness). Under Definition for every (s,a) with a € A(s),
the induced transition probabilities p(-|s,a) are well-defined and satisfy

p(15,0) >0, 3 p(s'ls,a) = 1.
s'eS

Proof. a(s'|s,a) = St (Pu(s]s,a)) > 0 for every s'. Hence Z(s,a) = Y ,cga(t|s,a) > 0, so p(s'|s,a) =
a(s']s,a)/Z(s,a) is well-defined and nonnegative. Summing over s’ yields >, p(s'|s,a) = Z(s,a)/Z(s,a) =
1. O

Theorem 9.3.4 (Well-definedness of discounted values and Bellman optimality). Assume the setting of
Definition [9.3.9 and suppose the induced rewards are bounded: there ezists Rmax < 00 such that |r(s,a)| <
Ruax for all feasible (s,a). Then:
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(i) For every stationary policy w, the value function V™ is well-defined and bounded:

Rmax
1—

[V7(s)| < (s €9).

(ii) The Bellman expectation operator T™ : RS — RY,

(T7V)(s) := r(s,m(s)) +7 Y p(s']s,m(s) V(s)

s'eS
is a y-contraction in the sup norm || - ||c and has a unique fized point equal to V™.

(iii) The Bellman optimality operator T* : RS — R,

(T*V)(s) = max r(s,a) +7 Y p(s']s,a) V()]
acA(s
s'es

18 also a y-contraction and has a unique fixzed point V*. Moreover, there exists an optimal deterministic
stationary policy ™ attaining the maximizers in T*.

Proof. (i) Since |r(St, 7(St))| < Rmax almost surely, the discounted series is absolutely bounded by

oo
R

Z’YtRmax = 1 max7

— -7

so the expectation defining V7 (s) is finite and the bound holds.

(ii) For any V,W € R® and any s € S,
[(T™V)(s) = (T™W ZP s, 7(s)) (V(s) = < ’YZP I8, 7()) [IV=Wlloo =YV =Wl

Taking sup, gives |77V — T"W||so < 7[|V — W/|so, so T™ is a contraction. By the Banach fixed-point
theorem on the complete metric space (R, || - ||o0), T7 has a unique fixed point. Standard MDP arguments
show that this fixed point equals the discounted value function V7.

(iii) For any V, W and any s,

(T*V)(s) = (T"W)(s)| < ax Y Zp s,a)(V(s") =W ()| <V = W,

hence [|[T*V — T*W oo < ||V — W||oo, so T* is a contraction and has a unique fixed point V*. Since A(s)

is finite, the maximum in (7*V')(s) is attained for each s; choosing an argmax action defines a deterministic
stationary policy n*, and the fixed-point identity V* = T*V* implies optimality. O

Related concepts of Markov decision processes under uncertainty-aware models are listed in Table
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Table 9.3: Related concepts of Markov decision processes under uncertainty-aware models.

k  Related Markov decision process concept(s)

1 Fuzzy Markov Decision Processes
3 Neutrosophic Markov Decision Processes [1188,/1189)

9.4 Fuzzy Evidential Reasoning

Classical Evidential Reasoning assigns belief degrees to evaluation grades, combines multiple criteria using
evidential reasoning aggregation based on Dempster Shafer calculus, then computes expected utilities |[1190),
1191]. Fuzzy Evidential Reasoning represents each criterion as fuzzy belief degrees over evaluation grades,
combines evidence across criteria using ER rules, then defuzzifies utilities for ranking [1192}|1193].

Definition 9.4.1 (Fuzzy Evidential Reasoning (Fuzzy ER)). [1194,(1195] Let © = {H1, ..., Hy} be a finite
set of evaluation grades (hypotheses). Let X; be the domain of the i-th antecedent attribute (i = 1,..., M).
For each i, fix a linguistic term set A; = {4;1,..., A}, where each A; ; is represented by a fuzzy set on
X; with membership function p; ; : X; — [0,1].

A belief-rule base (fuzzy rule base with belief structure) is a collection R = {Ry}£_, of rules of the form

N

Ry: IF ayis Af A --- A anis Af THEN {(Hj, Br)) ),

where AF € A; is the antecedent linguistic term used in rule k for attribute i, and the belief degrees satisfy
N
Bri €01, Y Bry<1 (k=1,...,L).
j=1

(The inequality allows incompleteness of the consequent belief assignment.)

Given an observation (possibly fuzzy) z; € F(X;) for each attribute i, define the matching degree between
Z; and the antecedent term Af by the Max—Min similarity

k
a;

= in( pz (t t 1 =1,....M, k=1,...,L.
?éaX)fmln(le( )7MAIL¢( )) S [O) ]7 1 9 ) ] ) )

(If the input is crisp x; € X;, one may take ug, (t) = 1,,1(t), yielding ok = ,uAf(xi).)

Let wi > 0 denote an optional intrinsic rule weight (importance of rule k). Define the activation weight
(normalized firing strength) of rule k by

wi [Ti2q af -

P 1= K3 _
= =7 M SO that 6, > 0, E 0, = 1.
Doy welTizy o k=1

O

Evidence-mass construction. For each rule k, define basic probability masses on © U {D} by

mk(H]) = ek/BkJ (]:]-avN)a
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N

N
me(D) :=1-> mp(H;) =1-6; > B
j=1

j=1

and split the unassigned mass as

N
W}C(D) =1— 0y, mk(D) =0 (1 — Zﬁk’j>’ so that mk(D) = mk(D) + ﬁlk(D)
Jj=1

k)

Evidential reasoning aggregation. Initialize m(!(-) = my(-). For k =1,...,L — 1, combine m*) and

Mmy41 by

m" D (Hj) = Kj (m(k) (Hj)ms1(Hj) +m"™ (Hjymy1(D) + m(k)(D)mkH(Hj)),

WD) = Kt () (D)iis1(D) + i) (D) 41(D) + m® (D) (D) )
m* (D) = Ky mP (D) mgsr (D),  mPF(D) = mE+H) (D) + m*+) (D),
where the normalization factor Kj; is

N N

Kyq1 = (1 - Z Zm(k)(Hj)mk+l(Ht)>_l-

j=1t=1
t#j

Fuzzy ER output (belief distribution). The Fuzzy ER synthesis result is the belief distribution 8 =
(/815 e 7BN75D) deﬁned by

m") (Hj)

. ' 7%(L)(D)
:T(L)m (jZl,...,N), ,BD

Here Sp quantifies the remaining (normalized) incompleteness after aggregation. The mapping

ER : {(6, Brts - Ben) bp_y — (Bis-- . B, Bp)

is called fuzzy evidential reasoning.

Using an Uncertain Set, we define Uncertain Evidential Reasoning as follows.

Definition 9.4.2 (Uncertain Evidential Reasoning of type M (U-ER)). Let © = {H1,..., Hy} be a finite
set of evaluation grades (hypotheses), with N > 2. Let L > 1 be the number of evidence sources (e.g.
criteria, rules, experts).

Fix an uncertain model M with Dom (M) # () and an admissible score Sy : Dom(M) — [0, 1].

For each evidence source ¢ € {1,..., L} assume:

o uncertain belief degrees bg-w) € Dom(M) for grades H; (j =1,...,N),
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o an uncertain reliability /activation degree QéM) € Dom(M).
Define their crisp projections

,ng = SM(bgw)) € [0, 1], 0, = SM(QéM)) S [0, 1].

(A) Consistency (incomplete belief allowed). Assume for each ¢,

N
Z Bej < 1.
i=1

Define the incompleteness (ignorance) for source ¢:

N
Bep :==1—Y_ By €[0,1].

=1

(B) Basic probability masses. For each /¢, define a basic probability assignment (BPA) on © U {D} by
N N
my(Hy) =608 (G=1,...,N),  me(D):=1=Y my(H;)=1-6> By
j=1 j=1

Split me(D) into

my(D) :=1—0,  me(D):=0;6p,  me(D)=Tmy(D)+ my(D).

(C) ER aggregation (sequential combination). Set m() := m;, mM) = m;, m(Y = m;. For
k=1,...,L — 1, combine (m(k),m(k),ﬁl(k)) with (mpgs1, ME41, MEr1) by

-1

N N
Kppro= | 1=> > mW(H)mpa(H) |
=1 t=1
t#j
m® ;) = Ky (m® (Hymii (Hy) +m® (Hpmia (D) + m® (D) (H)) ).
m* (D) i= Ky m™*) (D) Mg 41 (D),
WD) i= Ky () (D) (D) + i) (D) 41(D) + ™) (D)is1(D) )

m(k+1) (D) — m(kJrl) (D) + ﬁl(kJrl)(D)

(D) Final belief distribution. Let the aggregated masses be m(X) with split @) (D), m() (D). Define
the normalized belief degrees

_ mM(H))
1 —-mB(D)

The vector (B1,...,0n,Bp) is called the U-ER synthesis result.

(=l V), Bpe= D)
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Theorem 9.4.3 (Well-definedness of U-ER). Under Definition assume:

(i) Sy : Dom(M) — [0, 1] is admissible;
(ii) for every (, Z;VZI Bej <1 (so Bep € [0,1]);
(iii) for each aggregation step k — k+1, the conflict satisfies
N N
K4l = sz(k)(Hj) my1(He) < 1

j=1t=1
1]

(iv) the final normalization denominator is positive:

1-m(D) > 0.
Then:

(a) All masses my(H;), my(D),me(D), me(D) are well-defined in [0, 1].
(b) Each intermediate factor Ky is well-defined and finite, and all aggregated masses remain in [0, 1].

(¢) The final belief degrees 5, Bp are well-defined, satisfy 0 < B;,6p < 1, and

N
Zﬂj—f-ﬁp:l.

=1

Proof. (a) Since 0y, 8y; € [0,1], me(Hj) = 6¢Be; € [0,1]. Also me(D) = 1 —6;3>; B¢ € [0,1] because
Zj Bej < 1. The split satisfies (D) =1 — 6, € [0,1] and me(D) = 0¢8ep € [0, 1].

(b) By assumption, kg1 < 1, hence K11 = (1 — k1)~ ! is well-defined and finite. Each update formula
is a finite sum/product of nonnegative terms multiplied by K1, hence defines finite nonnegative masses.
(These are the standard ER/Dempster-style normalized combinations, which preserve total mass 1 on
© U {D} under the same condition.)

(c) Since 1 —mX) (D) > 0, the normalization defining 8; and Bp is valid. Nonnegativity follows from (b).
Finally,

i s SN mB(H) +mI(D) 1 m(D) :

j D = — g — g R

st 1 —mE) (D) 1 —mE) (D)

because m(H) (D) = mX) (D) + m) (D) and the total mass on © U {D} equals 1. O

Related concepts of evidential reasoning under uncertainty-aware models are listed in Table
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Table 9.4: Related concepts of evidential reasoning under uncertainty-aware models.

Related evidential reasoning concept(s)

S W W W W N R

Intuitionistic Fuzzy Evidential Reasoning [1196}/1197]
Pythagorean Fuzzy Evidential Reasoning [1198}/1199)
Hesitant Fuzzy Evidential Reasoning [1200]

Spherical Fuzzy Evidential Reasoning [1201]

Picture Fuzzy Evidential Reasoning [1202]
Neutrosophic Evidential Reasoning [1203}|1204]
Plithogenic Evidential Reasoning [1205]
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Other Related Decision Methods

In this section, we describe other decision-making methods and related tools. For convenience, the main
concepts introduced in this chapter are compared in Table [10.1]

Table 10.1: Concise comparison of representative other related decision methods.

Method Type Basic input Core mechanism Primary out- Deci-
structure put sion
role
Goal Program- Fuzzy Feasible set, goal Defines goal-satisfaction Compromise so- Goal-
ming functions, aspi- memberships and max- lution and satis- based
ration levels, and imizes the common sat- faction level opti-
fuzzy tolerances isfaction level over all mization
goals
Goal Program- Uncer- Feasible set, real- Projects uncertain tar-  U-GP compro- Goal-
ming tain valued goals, and gets and tolerances, mise solution based
uncertain tar- builds membership-style opti-
gets/tolerances satisfaction functions, mization
scored into crisp and solves a max—min
values compromise model
Data Envelop- Fuzzy DMUs with fuzzy  Extends DEA efficiency Fuzzy efficiency  Effi-
ment Analysis inputs and fuzzy analysis through fuzzy  score or interval ciency
outputs arithmetic or a-cuts efficiency evalua-
around the empirical tion
frontier
Data Envelop- Uncer- DMUs with uncer- Converts uncertain ob-  Crisp efficiency  Effi-
ment Analysis tain tain input/output  servations into crisp scores ciency
degrees scored into DEA data and solves evalua-
positive crisp data  the induced CCR-type tion
efficiency program
Social Choice  Fuzzy Individuals, alter-  Aggregates graded pref- Collective choice Col-
natives, and fuzzy  erences into a collective or collective pref- lective
preference relations fuzzy preference and se- erence decision-
lects a socially preferred making

alternative

Continued on the next page.
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Table (10.1] (continued).

Method Type Basic input Core mechanism Primary out- Deci-
structure put sion
role
Social Choice  Uncer- Uncertain pref- Scores uncertain pair- Chosen alterna-  Col-
tain erence relations wise preferences, ag- tive lective
scored into [0, 1] gregates them into a decision-
and an aggregation collective relation, and making
rule applies a score-based
social choice rule
Decision Table Fuzzy Fuzzy condition Matches inputs to fuzzy Action config- Rule-
states, action rule columns and selects uration or rule based
states, and rule- or aggregates actions by output decision
table entries graded firing strengths support
Decision Table Uncer- Uncertain condi- Scores uncertain con- Action configura- Rule-
tain tion states and dition states, evaluates tion based
crisp or uncertain  rule firing by a t-norm, decision
action values and selects an action support
via deterministic tie-
breaking
Decision Ma-  Fuzzy Alternatives, fuzzy Propagates fuzzy pay-  Fuzzy expected  Matrix-
trix states/events, and  offs through fuzzy arith- evaluation and based
fuzzy evaluations metic or a-cut compu-  related indices assess-
tations to obtain aggre- ment
gate characteristics
Decision Ma-  Uncer- Alternatives, crite- Scores uncertain entries Scored decision = Matrix-
trix tain ria, and uncertain  into a crisp matrix and matrix based
evaluation entries  supports normalization, assess-
weighting, and aggrega- ment
tion operations
Ultrafilter Fuzzy Fuzzy acceptance  Assigns graded accep- Fuzzy ultrafil- Decisive-
degrees on subsets  tance to subsets while  ter / accepted choice
of a universe preserving monotonic-  family structure
ity, intersection, and
ultrafilter-type di-
chotomy
Ultrafilter Uncer- Uncertain accep- Converts uncertain Uncertain ul- Decisive-
tain tance degrees on subset-acceptance into  trafilter and choice
subsets with an scored acceptance satis- induced crisp structure
admissible score fying ultrafilter axioms  ultrafilter
at the crisp level
SWOT Analy- Fuzzy Internal and ex- Aggregates internal—- Prioritized Strategic
sis ternal factors rep-  external factor pairs, SWOT strate- planning
resented by fuzzy  assigns strategy quad-  gies
numbers or mem-  rants, and prioritizes
berships strategies by closeness
or scoring rules
SWOT Analy- Uncer- Internal and exter- Scores uncertain Prioritized anno- Strategic
sis tain nal factors assessed factors, assigns tated strategies  planning

by uncertain de-
grees and impor-
tance weights

SO/ST/WO/WT quad-
rants, and ranks factor
pairs by normalized in-
teraction strength

Continued on the

next page.
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Table (10.1] (continued).

Method Type Basic input Core mechanism Primary out- Deci-
structure put sion
role
Cost—Benefit  Fuzzy Fuzzy benefit and  Computes fuzzy present Fuzzy NPV or Eco-
Analysis cost cashflows, pos- worths and fuzzy fuzzy BCR nomic
sibly fuzzy discount benefit—cost measures evalua-
rates through fuzzy arith- tion
metic or a-cuts
Cost—Benefit  Uncer- Uncertain benefits, Converts uncertain NPV, BCR, and Eco-
Analysis tain costs, and discount- cashflows into crisp project ranking  nomic
rate degrees scored present worths and eval- evalua-
into crisp quanti- uates projects by NPV tion
ties or BCR
Decision Curve Fuzzy Binary outcomes,  Uses threshold- Fuzzy decision Threshold-
Analysis fuzzy predicted exceedance degrees from curve and op- based
risks, thresholds, fuzzy risks to compute timal strategy model
and harm function fuzzy net benefit across set evalua-
thresholds tion
Decision Curve Uncer- Binary outcomes,  Evaluates uncertain Uncertain deci-  Threshold-
Analysis tain uncertain predicted risk exceedance at each sion curve and based
risks, threshold- threshold and computes optimal strategy model
exceedance func- net benefit for compet-  set evalua-
tional, and harm ing strategies tion
function
Rational Fuzzy Alternatives and a  Selects alternatives Fuzzy choice Preference-
Choice fuzzy binary prefer- whose preference degree correspondence  based
ence relation against every feasible choice
competitor exceeds a
fixed threshold
Rational Uncer- Alternatives, un- Scores uncertain pair- Uncertain choice Preference-
Choice tain certain binary pref- wise preference com- correspondence  based
erence relation, parisons through a choice

threshold func-
tional, and cutoff
level

threshold functional
and induces a choice
correspondence

Note. Goal programming and cost—benefit analysis are optimization- and evaluation-oriented methods; data envelopment
analysis focuses on relative efficiency; social choice and rational choice aggregate or compare preferences; decision tables and
decision matrices provide structured rule or data representations; ultrafilters formalize decisive acceptance structures; SWOT
supports strategic prioritization; and decision curve analysis evaluates threshold-based decision strategies. In the uncertain
variants, the common construction is to begin with uncertain-valued inputs in Dom (M), project them through an admissible
score or threshold functional, and then apply a well-defined crisp decision mechanism.

10.1 Fuzzy Goal programming

Goal programming is an optimization approach that seeks a compromise solution by minimizing weighted
deviations from multiple target goals under given constraints [1206,1207]. Fuzzy goal programming extends
this idea by representing goals and constraints as fuzzy sets and then minimizing degrees of dissatisfaction,
enabling robust optimization when aspiration levels or requirements are imprecise [1208},1209].
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Definition 10.1.1 (Fuzzy goal programming (membership-based GP)). [1208,/1209] Let X C R"™ be a
nonempty feasible set and let
le—>R (i:1,...,p)

be objective (goal) functions with aspiration levels (targets) g; € R. Assume each goal has an admissible
(tolerance) deviation A; > 0. Define the goal-satisfaction membership function u; : X — [0,1] by the
(symmetric) triangular form

0, fi(z) < gi — A,
‘Mng—A% 9 — A < filz) < g,
pi(w) = ~ i Z— ;
(gl—i—AlA)‘ fz(x)7 gi sz(x) < g+ A,
0. fix) = gi + A

(Other one-sided or nonlinear membership profiles can be used, depending on the decision-maker’s prefer-
ence.)

The fuzzy goal programming (FGP) model selects a compromise solution by maximizing the common satis-
faction level:
max A subject to A< p(z) (i=1,...,p).
e j < pi(z) ( p)

Any optimizer z* is called an FGP solution.

Using an Uncertain Set, we define Uncertain goal programming as follows.

Definition 10.1.2 (Uncertain goal programming of type M (U-GP)). Let X C R" be a nonempty feasible
set, and let
fi: X =R (i=1,...,p)

be goal functions with p > 1. Fix aspiration (target) degrees

g™ e Dom(M)  (i=1,...,p)
and (strictly positive) tolerance degrees

AM e Dom(M)  (i=1,...,p),
together with an uncertain model M and admissible scores

Sy : Dom(M) — R, St Dom(M) — (0, 00).

Define the projected targets and tolerances

Define the (membership-style) goal satisfaction for each i by the triangular profile

pi(x) == maX{O, 1—W} € [0,1], z e X.

%
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(Thus p;(x) =1 at the target f;(x) = ¢; and decreases linearly to 0 at distance A;.)

The uncertain goal programming problem is

max A subject to A< pui(x) (i=1,...,p).
X X < pi(z) ( p)

Any optimizer x* is called a U-GP compromise solution.

Theorem 10.1.3 (Well-definedness and feasibility of U-GP). Under Definition assume:

(i) X # 2;
(ii) S is admissible and Sy, is admissible positive (i.e. A; > 0 for all i);

(iii) each f; is well-defined as a real-valued function on X.

Then:

(a) Each membership function p; : X — [0, 1] is well-defined.
(b) The U-GP feasible set is nonempty (hence the optimization problem is well-defined).

(c) Any optimal value satisfies 0 < \* < 1.

Proof. (a) Fix ¢ and = € X. Since fi(z),g; € R, the quantity |f;(z) — g;| is finite. Because A; > 0, the
ratio | fi(z) — gi|/A; is well-defined and nonnegative. Hence 1 — |f;(x) — g;|/A; is a real number, and taking
max{0, -} yields p;(z) > 0. Moreover, since | f;(x) —g;|/A; > 0, we have 1 —|fi(z) —gi|/A; < 1, s0 pi(x) < 1.
Thus p;(x) € [0,1] and p; is well-defined.

(b) Because X # &, choose any Z € X. By (a), ui(z) € [0,1] for all i. Let A := 0. Then A < y;(Z) holds for
every i, and A € [0,1]. Thus (Z, \) is feasible, so the feasible set is nonempty.

(c) By construction A € [0, 1] is enforced, hence any optimum satisfies 0 < \* < 1. O

Related concepts of goal programming under uncertainty-aware models are listed in Table [10.2]

As related concepts other than Uncertain Goal Programming, Multi-Goal Programming [1218,|1219], In-
teractive Goal Programming [1220,[1221], Meta-Goal Programming [1222/1223|, Weighted Goal Program-
ming [12241/1225], Lexicographic Goal Programming [1226}/1227], Chebyshev Goal Programming [1228]/1229],
Group-Goal Programming [1230], Fractional Goal Programming [1231}1232], and Multi-Choice Goal Pro-
gramming [1233.|1234] are also known.
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Table 10.2: Related concepts of goal programming under uncertainty-aware models.

Related goal programming concept(s)

Fuzzy Goal Programming

Intuitionistic Fuzzy Goal Programming [12104(1211]
Pythagorean Fuzzy Goal Programming [1212}1213]
Neutrosophic Goal Programming [1214}[1215]
Picture Fuzzy Goal Programming [1216]

Spherical Fuzzy Goal Programming [1217]

W W WM N - |

10.2 Fuzzy DEA (Fuzzy Data Envelopment Analysis)

DEA evaluates relative efficiency of decision-making units using linear programming, comparing multiple
inputs and outputs against an empirical frontier simultaneously [1235,/1236]. Fuzzy DEA extends DEA
by modeling inputs, outputs, or data uncertainty as fuzzy numbers, yielding possibilistic efficiency ranges
robustly overall [1237,/1238].

Definition 10.2.1 (Fuzzy Data Envelopment Analysis (Fuzzy DEA / FDEA)). [1239,1240] Fix integers
n > 1 (DMUs), m > 1 (inputs), and s > 1 (outputs). Let J := {1,...,n} be the index set of decision
making units (DMUs). For each j € 7, DMU j consumes m inputs and produces s outputs.

Fuzzy observations. For every input i € {1,...,m} and DMU j € J, the input is a fuzzy number
Z;; € F(Ry). For every output r € {1,...,s} and DMU j € J, the output is a fuzzy number g,; € F(Ry).
(Thus the classical crisp data (z;j,yr;) are replaced by fuzzy input/output variables.)

Underlying crisp DEA map (CCR, input-oriented). Given any crisp realization X = (z;;) € R"*"
and Y = (yr;) € RY*", define the (input-oriented) CCR efficiency of DMU p € J as
X,Y) :=mi
0,(X,Y) win 0

)

n
s.t. Z)\jl‘i]’ Sel‘lp (izl,...7m),
j=1

n
Z)‘jy’"j >y (r=1,...,58), X\j>0(G=1,...,n),
j=1
where A = (\1,...,\,) are the intensity variables. (Other standard DEA variants such as BCC/VRS are
obtained by adding > 7_; A; = 1.)

Fuzzy efficiency (extension principle). The fuzzy CCR efficiency of DMU p is the fuzzy number
0 € F((0,1]) induced from the fuzzy data X = (Z;;) and Y = (§;) by Zadeh’s extension principle, i.e.
6, := Ext(6,)(X,Y).

Equivalently (and most commonly in FDEA practice), ép is characterized by a-cuts: for each a € [0, 1],
define the a-cut intervals

(@ij)a = [z55(@), 25(@)), Grg)a = lyri(), yry (@),
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and the corresponding set of admissible crisp datasets
D, = <H[:c5(a),xg(a)]> X <H[y7%(a),y%(a)]>.
(2] r,J
Then the a-cut of the fuzzy efficiency is the interval

0,) = [05(a),0Y 0L(a):= inf 6,(X,Y), 0Y(a):= 0,(X.Y).
(Op)a = [0, (), 0, ()], () it p(X,Y), 0, () (X;u)g% h(X,Y)

Hence FDEA yields, for each «, an interval efficiency score rather than a single crisp score, by transforming
a fuzzy DEA model into crisp linear programs on a-cut intervals.

Finally, the membership function of 0~p can be recovered from a-cuts via

ug, (t) = sup{a € [0,1] : t € [9{,’(&),95@)]}.

Fuzzy DEA (as a method). The collection {,},c7 is called the Fuzzy DEA evaluation of the n DMUs.
Ranking/selection is then performed by a chosen fuzzy-number ranking/defuzzification rule applied to 6,
(or by comparing the a-level intervals).

Using an Uncertain Set,the definition of Uncertain DEA of type M is given below.

Definition 10.2.2 (Uncertain DEA of type M (U-DEA), CCR input-oriented). Fix integers n > 1 (DMUs),
m > 1 (inputs), and s > 1 (outputs). Let J := {1,...,n} index the DMUs. Fix an uncertain model M
with Dom(M) # () and an admissible positive score Syy.

Uncertain observations. For each input ¢ = 1,...,m and DMU 5 € J, assume an uncertain input
degree Z'Ejj\/[) € Dom(M); for each output » =1,...,s and DMU j € 7, assume an uncertain output degree
yy(nj-w) € Dom(M).

Define the induced positive crisp data by scoring:

zij = Su(al") € (0,00),  yry = Sur(y") € (0,00).

CCR efficiency (envelopment form). For a fixed DMU p € 7, define its (input-oriented) CCR efficiency
as the optimal value

0p := min 0
o,

subject to

Z)\ja;ijSQxip (i=1,...,m), Z)\jyrjzyrp (r=1,...,s), Aj>0(G=1,...,n), 0> 0.
j=1 j=1

The collection {6),}pcs is called the U-DEA (CCR) efficiency evaluation. (For the BCC/VRS model add
S = 1)
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Theorem 10.2.3 (Well-definedness and feasibility of U-DEA). Under Definition assume Syr is
admissible positive and hence all induced data satisfy x;; > 0 and y,; > 0. Then for eachp € J:

(1) The CCR feasible set is nonempty, so 8, is well-defined as an extended real number.
(i) The optimal value satisfies 0 < 6, < 1.

(7ii) In particular, 0, is a finite real number (hence U-DEA is well-defined).

Proof. (i) Feasibility: choose A, := 1 and \; := 0 for j # p, and set 6 := 1. Then for each input i,
n
D Njwij =iy < 1-ay,
j=1
and for each output r,

n
D AiYei = Yrp = Yrp.
7=1

Also A\j > 0 and 6 > 0. Hence the feasible set is nonempty.
(ii) Since § > 0 is a constraint, §, > 0. Because (6, ) = (1,e,) is feasible, the minimum satisfies 6, < 1.

(iii) Combining (i) and (ii), the optimal value exists and obeys 0 < 6, < 1, so it is finite and real. O

For reference, related concepts of data envelopment analysis under uncertainty-aware models are listed in

Table

Table 10.3: Related concepts of data envelopment analysis under uncertainty-aware models.

Related data envelopment analysis concept(s)

Intuitionistic Fuzzy Data Envelopment Analysis [1241.(1242]
Bipolar Fuzzy Data Envelopment Analysis [1243,[1244]
Pythagorean Fuzzy Data Envelopment Analysis [1245]
Hesitant Fuzzy Data Envelopment Analysis [1246]
Spherical Fuzzy Data Envelopment Analysis [1247,/1248]
Neutrosophic Data Envelopment Analysis [1249-1251]
Plithogenic Data Envelopment Analysis [1252-1254]

S W W W NN R

Moreover, besides Uncertain Data Envelopment Analysis, a very large number of other related concepts are
also known, including Two-Stage Data Envelopment Analysis [1255//1256], Three-Stage Data Envelopment
Analysis [1257,|1258], Four-Stage Data Envelopment Analysis [1259], Global Data Envelopment Analysis
[1260,1261], Rough Data Envelopment Analysis [1262,1263], Grey Data Envelopment Analysis [1264},1265],
and Multi-Criteria Data Envelopment Analysis |[1266,1267].
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10.3 Fuzzy Social Choice

Social choice aggregates individual preferences into collective decisions, using voting or welfare rules while
addressing fairness, strategy, and consistency [1268]. Fuzzy social choice uses graded preference relations,
aggregates them into a collective fuzzy relation, then selects an alternative via defuzzification [1269-1271].

Definition 10.3.1 (Fuzzy social choice (via a fuzzy social choice function)). (cf. |1269-1271]) Let X =
{z1,...,2m} be a finite set of alternatives with | X| > 3, and let N = {1,...,n} be a finite set of individuals
with n > 2. Fix a nonempty domain 7" of admissible fuzzy preference relations on X.

(i) Individual fuzzy preference relations. For each i € N, an individual preference is a fuzzy binary
relation
Ri:XXX—)[O,l},

where R;(x,y) is interpreted as the degree to which “x is at least as preferred as y”. A preference profile is
the n-tuple
RN :=(Ry,...,R,) € T™

(One common choice is to take T'= H, the set of fuzzy orderings, i.e. relations that are reflexive, connected,
and max-min transitive.)

(ii) Fuzzy social choice function. A fuzzy social choice function (FSCF) is a mapping
f:1rm—X
that assigns a single collective choice f(RY) € X to each profile RV of individuals’ fuzzy preference relations.

The resulting collective alternative f(RY) is called the fuzzy social choice.

Definition 10.3.2 (Uncertain preference relations of type M). Let X be a finite set of alternatives with
|X| > 3 and let M be an uncertain model. An uncertain preference relation of type M on X is a mapping

Ry : X x X — Dom(M),

where Rj/(z,y) encodes the (uncertain) degree to which “x is at least as preferred as y”. Given an admissible
score Sy : Dom(M) — [0, 1], its induced scored preference relation is

r(z,y) = Su(Rum(z,y)) € [0,1].

We define Uncertain social choice function of type M (U-SCF) as follows.

Definition 10.3.3 (Uncertain social choice function of type M (U-SCF)). Let X be a finite set of al-
ternatives with |X| > 3 and let N = {1,...,n} be voters with n > 2. Fix an uncertain model M with
Dom(M) # () and an admissible score Sy : Dom(M) — [0, 1].

Let Ty be a nonempty domain of admissible uncertain preference relations on X. A preference profile is an
n-tuple
R:=(R),...,RWY) e (Tn)".

Step 1 (Aggregate uncertain preferences to a collective scored relation). Fix an aggregation
operator
Agg: [0,1]" — [0,1]
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(e.g. weighted mean, OWA, min/max, or any monotone aggregator). For each pair (z,y) € X x X, define
the collective scored relation

r(@,y) = Agg(Sur (RY (@), -, Sur (RS (,9) ) € [0.1]

Step 2 (Social choice by a score-based rule). Define the collective dominance score of an alternative
xz € X by
Score(x) = Z r*(z,y) €[0,m—1].
yeX\{z}

An uncertain social choice function (U-SCF) is the mapping

f: (Ty)" — X, f(R) € arg max Score(x),
TE

with a fixed tie-breaking convention if the argmax is not unique. The chosen alternative f(R) is called the
uncertain social choice (U-social choice).

Theorem 10.3.4 (Well-definedness of U-social choice). Under Definition assume:

(i) Tar # 0 and Dom(M) # 0;
(ii) Spr : Dom(M) — [0, 1] is admissible;
(iii) Agg:[0,1]" — [0,1] is well-defined;

(iv) a deterministic tie-breaking rule is fized.
Then the mapping f : (Ty)" — X is well-defined.

Proof. Fix a profile R € (Th)". For each (z,y) and each voter 1, Rg\?(x,y) € Dom(M) by definition,

SO SM(RE\Z)(:U,y)) € [0,1] is well-defined. Hence the n-tuple of scored inputs to Agg lies in [0,1]", so
r*(z,y) = Agg(---) € [0, 1] is well-defined for every (z,y) € X x X.

Therefore, for each z € X, Score(z) =}, 7*(x,y) is a finite sum of numbers in [0, 1], hence a well-defined
real number. Since X is finite, the set {Score(z) : x € X} attains a maximum, so arg max,¢x Score(z) # ().
With a fixed tie-breaking convention, f(R) is uniquely determined. Thus f is well-defined on (T;)". O

10.4 Fuzzy decision tables

Decision tables map combinations of condition states to actions, enabling transparent rule-based decisions,
consistency checks, and maintenance in complex systems [1272]. Fuzzy decision tables extend decision tables
with fuzzy sets and linguistic terms, handling uncertainty via graded matching and t-norm aggregation
[1273]1274].
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Definition 10.4.1 (Fuzzy decision table (FDT)). [1273/1274] Let ¢ > 1 and a > 1. For each condition
index i € {1,...,c} let CS; be a condition subject with condition domain CD; (universe of discourse). For
each action index j € {1,...,a} let AS; be an action subject with action domain AD;.

(1) Fuzzy condition states. For each i, fix a finite nonempty set of linguistic condition states
CT; ={Ci,...,Cin,}, n; > 1,
where each @k is a fuzzy set on C'D;, i.e.

Cik : CDZ — [0, 1].

Write CT := {CTy,...,CT.}.

(2) Fuzzy action states (two standard forms).

Form 1 (crisp execution flags, fuzzy only in conditions). For each j, let
AV; := {true (x), false (—), nil ()},

and define the action-configuration space AV := H?zl AVj.

Form 2 (fuzzy/linguistic action values allowed). For each j, fix a finite nonempty set of action states
ATy = {Aj, . Ay, my > 1,
where each Ang is a fuzzy set on ADj: Kjg : AD; — [0,1]. Equivalently, one may define an action-value set
AV;:={a|ae F(ADj)} or a designated linguistic subset of it,

and again set AV :=[[j_, AV].

(3) Fuzzy decision table as a single-hit function. A fuzzy decision table is a (single-valued) mapping
F:Chix---xCT, — AV

such that each possible condition-state combination is mapped into exactly one action configuration. Equiv-
alently, viewing condition/action combinations as entries, an FDT is a function from the condition-entry
space to the action-entry space:

F: SPACE(C)— SPACE(A),
where SPACE(C) :=CTy x -+ x CT, and SPACE(A) := AV (Form 1 or Form 2).

(4) Rule (column) interpretation. Each column of the table corresponds to a rule

IF CS; is 5’1k1 A o N CS.is éckc THEN (AS,,..., AS,) takes configuration F(élkl, ooy Cek),

where the antecedent is evaluated by a chosen ¢-norm (e.g. min) when consulting the table.
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Using an Uncertain Set, we define Uncertain decision table of type M (U-DT) as follows.

Definition 10.4.2 (Uncertain decision table of type M (U-DT)). Let ¢ > 1 and a > 1.

Subjects and domains. For each condition index ¢ € {1,...,c}, let CS; be a condition subject with a
(nonempty) condition domain C'D;. For each action index j € {1,...,a}, let AS; be an action subject with
an action domain AD;.

Uncertain condition states (linguistic states). Fix an uncertain model M with Dom(M) # () and an
admissible score Sp;. For each condition ¢, fix a finite nonempty set of linguistic condition states

where each state is an uncertain set (degree map) on C'D;:
C’i(,iw) : CD; — Dom(M).

Its induced (scored) membership is

par(t) == Su(CH @) € [0,1),  teCD,

Action values. Choose either of the following common forms.

Form 1 (crisp execution flags). For each j, let

AV := {true, false, nil}, AV = H AVj.
j=1

Form 2 (uncertain/linguistic action values). For each j, fix a finite nonempty set of action states

ATy = {AND, A0y >

where each A%/I) : ADj — Dom(M) is an uncertain set on AD;. Set AVj := AT and AV :=[[j_, AV.

Decision table as a single-hit mapping. Define the condition-entry space
SPACE(C):=CT; x -+ x CT,.
An uncertain decision table (U-DT) is a mapping
F: SPACE(C) — AV,

so that each condition-state combination is mapped to exactly one action configuration.



Chapter 10. Other Related Decision Methods

Consultation semantics (graded matching). Fix a ¢t-norm 7' : [0,1]° — [0, 1] (e.g. min or product).
For an observed input o = (t1,...,t.) € CD; X ---x CD,. and a rule-entry (Cf%), cee Cc(,i\:[)) € SPACE(C),
define its firing strength by

Oyooee (0) 7= T (pay (1), - - -, ik, () € [0,1].
A standard deterministic selection rule is to choose a maximizer

(k1,...,k}) € arg max ag,

1y.-5le

----- k'c (0)7
with a fixed tie-breaking convention, and output the action
M M
Act(o) 1= F(Cf),...,CRD) € AV.

Theorem 10.4.3 (Well-definedness of U-DT and its consultation rule). Under Definition assume:

(i) Dom(M) # 0 and Sy : Dom(M) — [0, 1] is admissible;
(ii) each CT; is finite and nonempty, and AV is nonempty;
(iii) the t-norm T is a well-defined map [0,1]¢ — [0,1];

(iv) a deterministic tie-breaking convention is fized for arg max.
Then:

(a) The mapping F: SPACE(C) — AV is well-defined as a function (single-hit table).
(b) For every observation o € CDy x --- x CDe, all firing strengths oy, .. r.(0) are well-defined in [0, 1].

(c) The consultation output Act(o) € AV is well-defined for every observation o.

Proof. (a) By definition, SPACE(C) is a Cartesian product of nonempty sets, hence nonempty, and F is
assumed to be a single-valued mapping into AV'.

(b) Fix o = (t1,...,tc). For any rule-entry (ki,...,k.), each pp, (t;) = SM(Ci(If) (t;)) € [0,1] is well-defined
by admissibility of Sy;. Since 7" maps [0,1]¢ to [0, 1], a, . k. (0) € [0,1] is well-defined.

(c) The set of all indices (ki,...,k.) is finite because each CT; is finite; hence the maximum of the finite
set of values {ay,, . (0)} is attained, so argmax is nonempty. With a fixed tie-breaking rule, a unique
maximizer is selected, and then Act(o) is defined by applying F' to that entry. O

Related concepts of decision tables under uncertainty-aware models are listed in Table
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Table 10.4: Related concepts of decision tables under uncertainty-aware models.

Related decision table concept(s)

Fuzzy Decision Tables
Intuitionistic Fuzzy Decision Tables [1275,(1276]
Neutrosophic Decision Tables [1277,(127§]

W N = |

10.5 Fuzzy decision matrices

Decision matrices tabulate alternatives versus criteria or states, record payoffs or ratings, and support se-
lection via scoring, weighting, dominance checks, or expected-value calculations |1279,1280|. Fuzzy decision
matrices replace payoffs or ratings with fuzzy numbers or fuzzy events, propagate uncertainty through fuzzy
arithmetic or a-cuts, and rank alternatives robustly [1281}11283].

Definition 10.5.1 (Fuzzy decision matrix (with fuzzy states of the world and fuzzy evaluations)). Let
(Q, A, P) be a probability space. Let X = {z1,...,x,} be a finite set of alternatives and let m > 1.

(1) Fuzzy states of the world. For j =1,...,m, let S; be a fuzzy event on , i.e. a fuzzy set S; € F()
with membership function g, : @ — [0, 1] whose a-cuts (S;)a = {w € Q: g, (w) > a} belong to A (for all
€ (0,1]). Assume that (Si,...,Sy,) forms a fuzzy partition of :

dopsw)=1 (Vwe)
j=1

(2) Zadeh probabilities of fuzzy states. Define the (Zadeh) probability of a fuzzy event A by

PoA) = [ patw)ap)

and set
ij = Pz(Sj) (jzl,...,m).

(3) Fuzzy evaluations. For each alternative x; and each fuzzy state S;, let H;; be a fuzzy number
representing the evaluation (consequence) of choosing z; when S occurs. Thus H; ; € Fn(R) and its a-cut
is an interval

(Hij)a = [hij(a), hii(@)] (e € (0,1).

(4) The fuzzy decision matrix. The fuzzy decision matriz is the data structure

Dr = (X, (S1,---,Sm), 71, DzZm), (Hi,j>1§i§n,1§j§m)7

often displayed as a table whose columns are the fuzzy states S; (with probabilities pz;) and whose entries
are the fuzzy evaluations H; ;.
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(5) Induced fuzzy characteristics (expected value and variance). Using fuzzy arithmetic (e.g. via
a-cuts), the fuzzy expected evaluation of x; is

EHZ = ZPZJ INE

so that for each a € (0, 1],

(( Zij ,j ZPZ]

A commonly used (but dependency-ignoring) fuzzy variance is
2
( Var ZPZ] )EHZ) .

A dependency-respecting variance can be defined by a-cuts through optimization: for « € (0, 1],
(F)var®(H;)o = [Varf’L(a), Vars U(a)},
where

2
m
var"(a) = min Zij (hi,j - Zkahi,k) hij € (Hij)as j=1,...,m ¢,
k=1

2
m m

var;” (o) = max > pz (hi,j - Zkahi,k) hij € (Hij)a, j=1,...,m
7j=1 k=1

Definition 10.5.2 (Uncertain decision matrix of type M (U-DM)). Let A = {A;,..., A} be a finite set
of alternatives and C = {C1,...,C,} a finite set of criteria, with m,n > 1. Fix an uncertain model M with
Dom(M) # () and an admissible score Sy;.

An uncertain decision matriz of type M is a triple

v (M) _ M M) _ (M) (M)
XM = (4,c,x™) - XD = (7)o 2 € Dom(M),
where xEJM) encodes the uncertain evaluation (performance/payoff) of alternative A; under criterion Cj.

The induced scored (crisp) decision matriz is

X = (l‘ij)an, T 1= SM(I,EJ]V[)) € R.

If Sps is admissible positive, then X € (0, 00)™*".

Definition 10.5.3 (Basic transformations on a U-DM). Let X() = (A,C, X(™) be a U-DM and let
X = Sy (XM be its scored matrix.

o A weight vector is any w = (wy,...,wy) with w; > 0 and Z;LZI w; = 1.
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o A benefit/cost orientation is a partition C = CPUC*!, often converted to “larger is better” by

replacing z;; with —x;; on C.

o A normalized matrizc R = (r;;) is any transformation R = N(X) such that r;; is finite (common
choices: min—max, vector normalization, ratio normalization).

Theorem 10.5.4 (Well-definedness of uncertain decision matrices). Under Definition assume
Dom(M) # 0 and Sy is admissible. Then:

(i) The scored decision matriz X = (SM(x(]M))) is well-defined and belongs to R™*".

(2

1) Any finite aggregation of entries of X (e.g. weighted sums > . w;x;; or pairwise differences x;; — i,
j WiLij J J
1s well-defined as a real number.

(iii) If Spr is admissible positive, then all ratio-based normalizations of the form

are well-defined (denominators are strictly positive).

Proof. (i) Since xEJM)

X € R™*" is well-defined.

€ Dom(M) and Sy is admissible, each z;; = SM(xZ(jV[)) is a finite real number. Thus

(ii) Finite sums and differences of real numbers are well-defined, so any finite aggregation (including weighted
sums with w; > 0 and ), w; = 1) is well-defined.

(iii) If Sy is admissible positive, then z;; > 0 for all 4, j. Hence max, z,; > 0, min, z,; > 0, and >_ 22, >0

P Pj
for each fixed 7, so all displayed ratio-based normalizations are well-defined.

10.6 Fuzzy Ultrafilter

An ultrafilter is a maximal filter on a set: for every subset, either it or its complement belongs to the
ultrafilter, never both [1284]. An ultrafilter relates to decision-making by modeling decisive coalitions in
collective choice: under Arrow-type axioms, the sets able to determine social outcomes form an ultrafilter.
Fuzzy ultrafilters assign each subset a membership degree in [0, 1], preserving monotonicity and intersection,
with maximal top-level acceptance (cf. [1285-1287]).

Definition 10.6.1 (Filter and Ultrafilter). (cf. [1284}|1288.|[1289]) Let X be a nonempty set.

A (classical) filter on X is a nonempty family F C P(X) such that

l. o¢ Fand X € F;
2. (Upward closed) if A € F and A C B C X, then B € F;
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3. (Closed under finite intersections) if A, B € F, then AN B € F.

A (classical) ultrafilter on X is a filter 4 on X which is maximal under inclusion: whenever F is a filter on
X with U4 C F, one has F =U.

Equivalently, a filter U on X is an ultrafilter if and only if it satisfies the witrafilter dichotomy:
VAC X, Acld or X\AelU.

Definition 10.6.2 (Principal Ultrafilter). Let X be a nonempty set and fix a point « € X. The principal

ultrafilter at x is the family
U, = {ACX: ze A}

Equivalently, U, is the unique ultrafilter on X satisfying
Acl, <= € A (VA C X).

Thus U, expresses the policy “select the specific element = throughout,” because every set is accepted
exactly when it contains z.

Definition 10.6.3 (Fuzzy Ultrafilter on a Set). (cf. [1285-1287]) Let X be a nonempty set. A fuzzy
ultrafilter on X is a map

U:PX)—[0,1]
satisfying, for all A, B C X:

. (Normalization) 2/(X) = 1 and U(2) = 0.
2. (Monotonicity) If A C B, then U(A) < U(B).

. (Meet as intersection) U(A N B) = min{U(A),U(B)}.
. (Ultrafilter maximality) max{U(A),U(X \ A)} = 1.

Definition 10.6.4 (Principal Fuzzy Ultrafilter). [1290] Let X be a nonempty set and fix € X. The
principal fuzzy ultrafilter at x is the fuzzy ultrafilter

=

1, x€A,

Uy, : P(X) —s [0,1], L?x(A)::{O e A

In particular, N
U (A) =1 <= z € A,
so U, encodes “a fixed element z is (fully) selected” in a fuzzy-valued format.

Definition 10.6.5 (Uncertain ultrafilter of type M). Let X be a nonempty set and fix an uncertain model
M with Dom(M) # ). Fix an admissible score Sy : Dom(M) — [0, 1].

An uncertain ultrafilter of type M (relative to Sps) is a mapping
Uy P(X) — Dom(M)
whose scored acceptance map
u:P(X)—[0,1], u(A) == Sy (U (A))
satisfies, for all A, B C X:
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(Ul) (Normalization) u(X) =1 and u(@) = 0.

(U2) (Monotonicity) A C B = u(A) < u(B).

(U3)

(U4) (Ultrafilter dichotomy at level 1) max{u(A),u(X \ A)} = 1.

Theorem 10.6.6 (Well-definedness and induced crisp ultrafilter). Let Uy : P(X) — Dom(M) satisfy
Definition [10.6.5. Then:

(Meet = intersection) u(A N B) = min{u(A), u(B)}.

(i) The scored acceptance map u = Syy o Ups is well-defined and satisfies u(A) € [0,1] for all A C X.
(ii) The family
Fr={ACX: u(Ad) =1}

is a (classical) ultrafilter on X.

Proof. (i) Since Sy is admissible, Sy/(d) € [0, 1] for every d € Dom(M); hence u(A) = Sy (U (A)) € 10,1]
for all A.

(ii) First, @ ¢ F; because (@) = 0 by (Ul), and X € F; because u(X) =1. If A € F; and A C B, then

u(B) > u(A) =1 by (U2), hence u(B) =1 and B € F; (upward closed). If A, B € F, then by (U3),
u(AN B) =min{u(A),u(B)} =min{l,1} =1,

so AN B € F (closed under finite intersections). Thus F is a filter.

To show maximality, let A C X. By (U4), max{u(A4),u(X\A)} = 1, so either u(4) =1 or u(X\A) =1, i.e,
A€ Fpor X\ A € Fi. Hence F; satisfies the ultrafilter dichotomy, and therefore is a classical ultrafilter. []

Definition 10.6.7 (Principal uncertain ultrafilter). Let X be a nonempty set, fix z € X, and fix an
uncertain model M with an admissible score Sy;. Assume there exist two degree tuples d',d’ € Dom(M)
such that
Sy(d) =1,  Sy(d) =o0.
Define Ups 5 : P(X) — Dom(M) by
dY, r€A
U A) = ’ ’
ma(A) {do, zd A

Then Uy, is called the principal uncertain ultrafilter at x.

Proposition 10.6.8 (Well-definedness of the principal uncertain ultrafilter). Under Definition Uiz
s an uncertain ultrafilter of type M.

Proof. Let u(A) = Sy(Umz(A)) € {0,1}. Then w(X) = 1, u(@) = 0. If A C B and u(A) = 1 then
x € AC B sou(B) = 1; otherwise u(A) = 0 < u(B), proving monotonicity. Also u(ANB) =1iffx € A
and x € B, i.e. iff u(A) = u(B) =1, so u(AN B) = min{u(A),u(B)}. Finally, for any A, either z € A or
x € X \ A, hence max{u(A),u(X \ A)} = 1. Thus (Ul)—(U4) hold. O

Related concepts of ultrafilters under uncertainty-aware models are listed in Table

Besides Uncertain Ultrafilters, several other related concepts are also known, including Weak Ultrafilters
[1299,|1300], Soft Ultrafilters [1288,1289|, and HyperSoft Ultrafilters [1301].
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Table 10.5: Related concepts of ultrafilters under uncertainty-aware models.

Related ultrafilter concept(s)

Intuitionistic Fuzzy Ultrafilter [12911293]
Neutrosophic Ultrafilter |1294-1297]
Picture Fuzzy Ultrafilter |1298]
Plithogenic Ultrafilter [1297]

S W oW | T

10.7 Fuzzy SWOT Analysis

SWOT analysis identifies strengths, weaknesses, opportunities, and threats, organizes internal-external fac-
tors, and derives strategies for planning decisions [1302,/1303|. Fuzzy SWOT analysis represents SWOT
factors with fuzzy numbers or linguistic terms, aggregates uncertainties, and prioritizes strategies using
fuzzy ranking [130411305]. SWOT supports decision-making by structuring internal and external factors,
generating strategic alternatives, prioritizing options with weights/scores, and justifying choices transpar-
ently under uncertainty.

Definition 10.7.1 (Fuzzy SWOT Analysis (FSWOT)). [1304,/1305] Let I = {I3,...,I,} be the set of
internal factors and E = {Ey, ..., E,_ } the set of external factors. Fix the SWOT coordinate scale

X :=[-10,10] (internal axis), Y :=[-10,10] (external axis),

where < 0 represents weakness, © > 0 strength, and y < 0 threat, y > 0 opportunity.

A Puzzy SWOT analysis is a procedure that maps the factor sets (I, E) into a prioritized list of strategies
by the following mathematical components.

(1) Fuzzification of factors. Each internal factor I, is represented by a membership function uy, : X —

[0,1], and each external factor E, by ug, : Y — [0,1]. A common parametrization is the triangular form
m

I, = (o, 2, 2%) and E, = (y},y™, y2), with

pr, () = tri(z;af, o’ 27),  pe,(y) = tri(y; o0, vy vo),
where for a < b < ¢,
.
0, t <a,
t—a
, a<t<hb,
tri(¢; a, b, ¢) == b _¢
. b<t<e,
c—b
{ 0, t>c.

(2) Aggregation surface (fuzzy SWOT surface). Fix a t-norm T : [0,1]> — [0,1] (often T" = min).
For each pair (I, E,) define the aggregated membership surface

Huv - XxY— [O) 1]7 Nu,v(xvy) = T(Mlu(x)quv(y))'

(3) a-cut defuzzification and fuzzy area. For a chosen « € (0, 1], define the a-cut region (fuzzy area)

Apv(a) ={(z,y) € X x YV : pyo(z,y) > a}.
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This set encodes the interaction between I, and F, at uncertainty level c.

(4) Quadrant assignment (SO/ST/WO/WT). Let
Qso={(z,y) :2=>0, y 20}, Qsr={(z,y):2>0, y <0},

Qwo = {(z,y) : 2 <0, y >0}, Qwr={(z,y) :2<0, y <0}.

If Ay () intersects multiple quadrants, define its quadrant by maximal area:

quad,, , () € arg max
u’v( ) Qe{Qs0,QsT,.Qwo.Qwr}

Area(Ayn(a) N Q).

(5) Prioritization via ideal-point closeness (one standard choice). Assume A, ,(«) has positive
area. Let its centroid (center of gravity) be

(Tup(@), Yup(a)) == W //Au’v(a)(x,y) dzx dy.

Define the positive and negative ideal points
2t = (10,10), 2z~ = (-10,-10),

the Euclidean distances

050(@) = [[(20(0). () — 7]

p (@) = [[(@uw (@), gup(@) — 27 ||,

and the closeness coefficient

d, ,(a)

U,V

CCyp(a) : € [0,1].

 dup(@) + dfu(a)
Larger cc, (o) indicates higher priority for the pair (I, E,) at level a.

(6) Strategy extraction. A (crisp) strategy candidate is an ordered triple
0= (Iu7 Evv quadu,’u(a))?

interpreted as a strategy generated from the internal factor I, and external factor F, according to the
chosen quadrant. The prioritized strategy list at level « is obtained by sorting candidates by cc, (a) (or
another chosen ranking functional).

(7) Multi-a synthesis (optional). For aq,...,ax € (0,1] and weights wy > 0 with Z,Ile wy = 1, define

a final score
K

Scorey, , = Z Wi, CCy o (ak),
k=1

and rank strategies by Scorey .
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Definition 10.7.2 (Uncertain SWOT analysis of type M (U-SWOT)). Let I = {I1,...,I,,} be internal
factors and E = {Fy,..., E,, } external factors. Fix an uncertain model M with Dom(M) # () and an
admissible score Syy.

Assume each internal factor I, and external factor F, is assessed by uncertain degrees
M e Dom(M)  (u=1,...,n), €M eDom(M) (v=1,...,n.).
Let the internal and external signed scores be
2y = Sy (M) e R, Yo := Sar(eM)) e R.
Interpretation (convention):

Ty > 0: strength, x, <0: weakness, Yy > 0: opportunity, y, < 0: threat.

(If a different sign convention is preferred, replace z,,y, by affine rescalings.)

Fix a nonnegative importance weight for each factor:
ay >0 (u=1,...,n), Bo>0(w=1,...,n¢),

and, for normalization convenience, assume ), «, =1and ), B, = 1.

(1) Strategy candidates (pairing). Each pair (I, E,) generates a candidate strategy token

Ow = (u,v).

(2) Quadrant (SO/ST/WO/WT) assignment. Define

SO, 2420, yy, 20,
ST, x,>0, y, <0,
WO, x,<0, y, >0,
WT, x,<0, y, <O.

quad(u,v) :=

(3) Pair priority score. Define the (nonnegative) interaction magnitude

Kup = Oy By |xu| |yv‘ € RZO'
Normalize to obtain a comparable priority score:

H’Uﬂ)

n; MNe ’ Zp,q Kpgq > 07
K
Scorey, := pzz:l q; P Scorey, € [0,1].
1
niMe ) Zpﬂ Kpq 07

(4) U-SWOT output. The U-SWOT output is the prioritized list of annotated strategies

{(auv, quad(u,v), Scorem,)}

u,v

sorted by decreasing Score,, (ties allowed).
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Theorem 10.7.3 (Well-definedness of U-SWOT). Under Definition assume Dom(M) # (0 and Sy
is admissible. Then:

(i) The signed scores Yy, are well-defined real numbers.
(ii) For every (u,v), the quadrant label quad(u,v) € {SO,ST,WO,WT?} is well-defined.

(iii) The scores Ky, > 0 and Scorey, € [0, 1] are well-defined, and

ng MNe

Z Z Scorey, = 1.

u=1v=1

(iv) Consequently, the prioritized strategy list (sorted by Score,, ) is well-defined.

Proof. (i) Since L&M), = Dom(M) and Sy, is admissible, x, = S’M(LgM)) and y, = SM(Q(,M)) are finite

real numbers.

(ii) Each quadrant condition is a Boolean combination of comparisons of real numbers (x,, > 0, y, > 0 etc.),
so exactly one of the four cases applies; thus quad(u,v) is well-defined.

(iii) By assumption ay, 8y > 0, 80 kuy = awfB|zul[ye] > 0 is well-defined. If 3  rpg > 0, then Scorey, =
Kuv/ D o Kipg 18 well-defined and lies in [0, 1], and summing over (u,v) yields 1. If 3  r,q = 0, the definition
sets Scorey, = 1/(n;ne), which also lies in [0, 1] and sums to 1.

(iv) The set of candidates is finite, hence sorting by the real scores Score,, yields a well-defined ranking
(with ties allowed). O

Related concepts of SWOT under uncertainty-aware models are listed in Table

Table 10.6: Related concepts of SWOT under uncertainty-aware models.

Related SWOT concept(s)

Fuzzy SWOT

Intuitionistic Fuzzy SWOT [1306]
Hesitant Fuzzy SWOT [1307,/1308|
Neutrosophic SWOT [1309H1311]

W W N = N

As extensions other than Uncertain SWOT Analysis, several related concepts have been proposed, including
the TOWS Matrix [1312,/1313], SWOT-AHP [1314,/1315], ANP-SWOT [1316,/1317], Quantified SWOT
[1318]1319], SWOT-QSPM [13204/1321], and SOAR [1322,1323].
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10.8 Fuzzy Cost-Benefit Analysis

Cost-benefit analysis compares monetized benefits and costs over time, discounts cashflows, computes net
present value, and guides project selection decisions [13241|1325]. Fuzzy cost-benefit analysis models uncer-
tain benefits, costs, or discount rates as fuzzy numbers, aggregates via a-cuts, ranks alternatives robustly
overall [1326(1328].

Definition 10.8.1 (Fuzzy Cost—Benefit Analysis (Fuzzy CBA)). [1326-H1328] Fix a finite planning horizon
T € N and let Ry := [0,00). Let F(R;) denote the set of fuzzy numbers on Ry (normal, convex, upper
semicontinuous, compact support).

Consider a project (or design alternative) x. For each time ¢t = 0,1,...,T, model the (uncertain) benefit
and cost cash-flows by fuzzy numbers

Bi(z) € F(Ry),  Ci(z) € F(R,).

Let the discount rate be either crisp r € [0,00) or fuzzy 7 € F([0,00)). Define the (crisp) discount factor
di(r) := (1 +r)~t and, when r is fuzzy, treat d;(7) via the extension principle (equivalently, a-cuts).

(1) Fuzzy present worth of benefits and costs. Using fuzzy arithmetic (e.g. via Zadeh’s extension
principle; equivalently via a-cuts), define the fuzzy present worths

T T
PWg(z) =P Bi(x) © di(r), PWe(z) =P Cila) © di(r),
t=0 t=0

when r is crisp; and replace di(r) by d¢(7) when r is fuzzy. Here @ and ® denote fuzzy addition and scalar
multiplication.

a-cut characterization (crisp r). If 7 is crisp and all cash-flows are nonnegative fuzzy numbers, then
for each a € (0, 1], writing (B;(z))a = [Bf(a; ), BY (a; )] and (Cy(z))a = [CF(a; ), OF (a; x)],

d ¥ (a2)
z; ) Z (1+7‘)t

t=0

T

(PWB Z ’Z 1—1—7“

t=0 t=

) (PWC

(2) Fuzzy benefit—cost ratio (fuzzy CBF/BCR). Assume IS\VNC(J:) is strictly positive in the sense
that inf(PWe(z))q > 0 for all a € (0, 1]. Define the fuzzy benefit—cost ratio (also called fuzzy cost—benefit
function)

BCR(z) := PWg(z) © PWe(a),

where © is fuzzy division. With nonnegative a-cut intervals (ﬁ]B(SU))a = [PWE(a; x), PWY (a; )] and
(PW¢(2))a = [PWE(a; ), PWY (a; x)] and PWE(a; 2) > 0, one obtains

PWE(a;z) PWE(a;m)

(BCR(ZE))a: PWY(a;2)" PWk(a;x)

Classically, BCR > 1 indicates cost-effectiveness; fuzzy CBA keeps this rule but interprets it through a
fuzzy comparison/ranking.
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(3) Decision rule (one mathematically standard option). Let Z be a fuzzy number on R and define
the possibility and necessity of an event {Z > zp} by

II(Z > z) := sup pz(2), N(Z > z):=1— sup 1z (2).

2220 2<20

For a confidence level n € [0, 1], accept project x if
N(g(\]?{(x) >1) >n (conservative), or H(I?(\]?{(x) >1)>n (optimistic).

For ranking multiple alternatives, compare E?(?f/{(x) by any fixed fuzzy-number ranking functional (e.g.
centroid defuzzification).

(4) Incremental fuzzy CBA for mutually exclusive alternatives. Given two alternatives = (chal-
lenger) and y (defender), define incremental fuzzy present worths

Aﬁ/\/]B = ISVVB($) e ISTNB(y), A]?)TNC = ﬁfc($) © f’VVc(y),

and the incremental ratio

ABCR := APW3 © APWo.

Then select = over y if (in the chosen fuzzy-comparison sense) ABCR > 1; iterate this pairwise elimination
to obtain a final choice.

Definition 10.8.2 (Uncertain cost-benefit analysis of type M (U-CBA)). Fix a finite planning horizon
T € N and a finite set of projects (alternatives) X. Fix an uncertain model M with Dom(M) # § and
admissible scores S%, SJ'\Z.

For each project x € X and each time t = 0,1,...,7T, assume uncertain benefit and cost degrees

B (2) e Dom(M), ™) (z) € Dom(M),

and assume an uncertain discount-rate degree (™) € Dom(M). Define the induced (crisp) nonnegative
cashflows and discount rate by scoring:

By(x) = 85,(BM () € [0,00),  Ci(x) := S5,(CM(2)) € [0,00),

r=SHrM) —1 €0,00).

(Equivalently, one may define S}, : Dom(M) — [0, 0co) directly; the above form enforces 1 47 > 0.)

Define the discount factor

(1) Present worths. Define the present worth (PW) of benefits and costs:

T T

PWpg(z) =Y Bi(z)d(r), PWe(z):
t=0 t=0

i
9
8
S~—
&
=



Chapter 10. Other Related Decision Methods

(2) Net present value and benefit—cost ratio. Define
NPV(z) := PWpg(z) — PW¢c(z) € R,
and, provided PW¢(z) > 0, define the benefit—cost ratio

BCR(z) := m € [0, 00).

(3) Decision rules (two standard options).

o Feasibility/acceptance: accept x if NPV(z) > 0 (or equivalently BCR(x) > 1 when PW¢(z) > 0).
e Ranking: rank projects by decreasing NPV (x) (or decreasing BCR(x)).
Theorem 10.8.3 (Well-definedness of U-CBA). Under Definition assume:

(i) S}s{/l is admissible monetary (finite on Dom(M)) and Sy, is admissible positive;

(i) T < oo and X is finite.

Then for every project x € X :

(a) PWpg(x) and PWe(z) are well-defined finite nonnegative real numbers.
(b) NPV (z) is well-defined finite real.
(c) If PWe(x) >0, then BCR(x) is well-defined and finite.

Moreover, if there exists at least one x with PW¢(x) > 0, then ranking by BCR is well-defined (up to ties)
on that subset.

Proof. (a) For each t, By(x),Cy(z) € [0,00) by admissibility of S5,. Also 7 > 0 implies 1 +r > 0 and
hence di(r) = (1 + )~ € (0,1] is well-defined. Therefore each term B;(z)d;(r) and Ci(z)d;(r) is finite and
nonnegative. Since T is finite, the sums defining PWp(z) and PW¢(x) are finite and nonnegative.

(b) NPV(x) is the difference of two finite reals, hence finite.
(c) If PW¢(x) > 0, then division by PW¢(z) is valid and yields a finite real BCR(z) > 0.

Finally, ranking by BCR on the subset { : PW¢(x) > 0} is well-defined because it compares real numbers
(and ties are allowed). O

Related concepts of cost-benefit analysis under uncertainty-aware models are listed in Table
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Table 10.7: Related concepts of cost-benefit analysis under uncertainty-aware models.

Related cost-benefit analysis concept(s)

Fuzzy Cost-Benefit Analysis

Intuitionistic Fuzzy Cost-Benefit Analysis
Neutrosophic Cost-Benefit Analysis (cf. [1329])
Spherical Fuzzy Cost-Benefit Analysis [13301/1331]

W wWwN ~ |

10.9 Fuzzy Decision curve analysis

Decision curve analysis evaluates prediction models across threshold probabilities by net benefit, balancing
true positives against false positives to identify clinically useful decision strategies [1332}|1333]. Fuzzy
decision curve analysis extends decision curve analysis by using fuzzy risk estimates or thresholds, modeling
uncertainty in predictions while preserving net-benefit-based strategy comparison.

Let
-FN[O,I]

denote a fixed class of fuzzy numbers supported on the interval [0, 1]. Thus, each p € FN 0,1] is a fuzzy set
on [0, 1] with membership function pu; : [0,1] — [0, 1], and is interpreted as a fuzzy predicted risk / fuzzy
probability.

Definition 10.9.1 (Fuzzy Decision Curve Analysis (FDCA)). Let
Q={1,...,N}
be a finite set of cases (patients, objects, or decision units), and let
y; € {0,1} (1€ Q)

denote the true binary outcome, where y; = 1 means “event/disease present” and y; = 0 means “event/dis-
ease absent.”

Assume that a given prediction strategy S provides, for each case i € €1, a fuzzy predicted risk

ﬁES) S ‘7'—./\/‘[071}.

Fix a threshold probability
te(0,1),

and let
H :[0,1) — [0,00)

be a prescribed test-harm function (possibly H = 0).

For each case i, define the fuzzy treatment-recommendation degree at threshold ¢ by

r ) =1 > 1) = sup s (u) € 10,1].
uelt,1]

(S)

Hence r;”’(t) is the possibility degree that the fuzzy predicted risk of case i reaches or exceeds t.
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Define the corresponding fuzzy-weighted true-positive and false-positive counts by

N N
TPg}g) (t) := Z i T‘Z(S) (1), FP%S) (t) := Z(l — ;) rl(s) (t).
i=1

=1

The fuzzy net benefit of strategy S at threshold ¢ is then defined by

S 1 s 1 S t
NBE () := ~ TP (1) — ~ FPY (1) T H).

The mapping

NBY :(0,1) 5 R,  t— NBY (1),

is called the fuzzy decision curve of strategy S.

If .7 is a finite family of competing strategies, then the FDCA-optimal strategy set at threshold ¢ is
Optp(t) := arg max NB(Y) (t).
sey F
A strategy S is said to dominate So on a threshold region T' C (0,1) if
NBEY (1) > NBY (1) forall t € T,

with strict inequality for at least one t € T.
Proposition 10.9.2 (Well-definedness of FDCA). Assume that, for a fixed strategy S,

(S .

pE)E}—N‘[OJ] (’L:].,...,]V)7

that t € (0,1), and that H(t) < co. Then:

7. (t) € 10,1] is well-defined for every i;

(2

2. TP%S) (t) and FP%S)(t) are well-defined real numbers satisfying

0<TPP®) <N, 0<FPY ) <N,

3. NBEFS) (t) € R is well-defined;

4. if & is finite and nonempty, then Optp(t) # <.

(5)

i

Proof. Since each p
defined. Therefore

is a fuzzy number on [0, 1], its membership function His) [0,1] — [0,1] is well-

r(t) = sup t(s) (u)
u€lt,1] ¢

is well-defined and belongs to [0, 1], proving (1).
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Because y; € {0,1} and 0 < TZ(S) (t) <1, each summand in

N
HOEDHARIC
=1
and

N
FPY () = 31— i) r (1)
=1

lies in [0, 1]. Hence both sums are well-defined real numbers in [0, V], proving (2).

Since t € (0, 1), the factor ¢/(1 — t) is a finite real number. Together with H(¢) < oo, this implies that

[N L on®) gyt
~§ TPr () = w FPR () 7— — H()

NB(S)< t) = N 1t

is a well-defined real number. Thus (3) holds.

Finally, if . is finite and nonempty, then the set
(NB(#):Se. sV CR
is finite and nonempty, and therefore attains its maximum. Hence

Optp(t) = argmaxNB ( ) # @.

This proves (4). O
Proposition 10.9.3 (Reduction to classical DCA). Assume that each fuzzy predicted risk degenerates to a
crisp singleton:

~(S S

pg ) _ X{p(_S)}, pl( ) e [0, 1].

Then () (&)

r” () =1p;” > ],

and consequently
TP (1) = #{i: =1, ¥ 21},
FPR(0) = #{i: v =0, pi” >},

7

Hence NB;?) (t) reduces exactly to the usual decision-curve net benefit

TPS)(t) FPO() ¢

) (4) = _ _
NB™/(t) N N 1% H(t).
Proof. If ]52(-5) = Xy then
{1t e=r’
Fol? 0, u+p”

Therefore

()
17 pz Z t')
ﬁ%—mwm{
uelt,1]

which is exactly l[pgs) > t]. The remaining statements follow immediately by substitution into the definitions
of TP (1), FPE)(¢), and NB!Y (¢). O
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We now define Uncertain Decision Curve Analysis (UDCA) by extending fuzzy / probabilistic decision curve
analysis to a general uncertain model M.

Definition 10.9.4 (Uncertain Decision Curve Analysis (UDCA) of type M). Let M be an uncertain model
with degree-domain
Dom(M) C [0,1]*

for some integer k > 1.

Let
Q={1,...,N}

be a finite set of cases, and let
yze{oal} (22177]\7)

denote the true binary outcome, where y; = 1 means that the event/disease is present and y; = 0 means
that it is absent.

Let . be a finite nonempty family of candidate decision strategies. For each strategy S € .#, assume that
each case i € () is assigned an uncertain predicted risk

pgs) € Dom(M).

Fix a threshold probability
te€(0,1),

and let
H:(0,1) — [0,00)

be a prescribed test-harm function.

Assume further that a model-dependent threshold-exceedance functional
Excps : Dom(M) x (0,1) — [0, 1]
is given. For d € Dom(M) and ¢ € (0, 1), the value
Excp(d,t)

is interpreted as the degree to which the uncertain predicted risk d reaches or exceeds the treatment threshold
t.

For each strategy S € ., case i € (), and threshold ¢ € (0, 1), define the uncertain treatment-recommendation
degree

7"1(5\)4(15) = ExcM(pgs),t) e [0,1].

Define the uncertain true-positive count and uncertain false-positive count of S at threshold t by

N N
S S S S
TP (1) =S yirl (), FPP () =" (1 — i) r5 ).
=1
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The uncertain net benefit of strategy S at threshold ¢ is defined by

1
N

P& 1) — ZFPS ) 1 ().

S
=L Fer L,

The mapping

NB(Y :(0,1) >R,  t— NB{ (1),

is called the uncertain decision curve of strategy S.

The induced preference relation among strategies at threshold ¢ is

Sy =g Sy = NBUY@) > NBU (1),

The UDCA-optimal strategy set at threshold ¢ is

S
Opty,(t) := arg max NBSW) (t).

A strategy S is said to dominate So on a threshold region 7' C (0,1) if
NBUV (1) > NBUH () forallt €T,

with strict inequality for at least one t € T.

Theorem 10.9.5 (Well-definedness of UDCA). Let M be an uncertain model, and let

Upca = (Qa (yi)i]ila S, (pgS))i,Sa Excpr, H)

be a UDCA instance as in Definition|10.9.4). Assume:

(A1) N>1,Q={1,...,N}, and y; € {0,1} for all i € Q;
(A2) 7 is finite and nonempty;
(A3) for every S € % and i € Q,

p\*) € Dom(M);

(A4)
Excps : Dom(M) x (0,1) — [0, 1]

is a total map;

(A5)
H:(0,1) = [0, 00)

is a total map.

Then, for every threshold t € (0,1) and every strategy S € ., the following objects are well-defined:
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(i) the uncertain treatment-recommendation degrees
S S .
riy () = Exear (0, 1) €[0,1]  (i=1,...,N);
(ii) the uncertain true-positive and false-positive counts
TP (1), FPY (1) € [0, N;
(7ii) the uncertain net benefit
S
NB{(#) € R;
(tv) the induced preference relation >=pry on 7, which is a total preorder;
(v) the optimal strategy set

S
Opty (1) = arg max NB{7 (1),

which is nonempty.

Hence Uncertain Decision Curve Analysis of type M is well-defined.

Proof. Fixt € (0,1) and S € .77

By (A3), for each i € Q,
p\¥) € Dom(M).

Since t € (0,1) and Excyy is total by (A4), the value

ri(6) = Excar (o™, 1)

is well-defined and belongs to [0, 1]. This proves (i).
Next, because y; € {0,1} by (Al) and rl(i}(t) € [0,1], each summand in

N
S S
TP () = 3 w5 (0)
=1

and
N

FPS (1) = (1 — i) riSh (1)
=1

belongs to [0, 1]. Hence both sums are well-defined real numbers, and moreover
0<TP 1) <N,  0<FPY 1) <N

Thus (ii) holds.

Since t € (0, 1), the quantity
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is a finite real number. Also, H(t) € [0,00) is defined by (A5). Therefore

1
N

PO (1) - PO ()

NB(S)< t= N 1t

is a well-defined real number. This proves (iii).

Now define
Sy =are Sa <= NBUY (1) > NB7 (1),

Because > on R is reflexive, transitive, and total, the induced relation >=,s; on . is also reflexive, transitive,
and total. Hence it is a total preorder. This proves (iv).

Finally, since .# is finite and nonempty by (A2), the set
(NBU(t): Se 7} CR
is finite and nonempty, so it attains a maximum. Therefore
Opty,(t) = arg max NBS\;) (t) # @.

Ses
This proves (v), and hence UDCA is well-defined. O
Proposition 10.9.6 (Reduction to classical DCA). Assume that M is the crisp probabilistic model with

Dom(M) = [0, 1],
and let the threshold-exceedance functional be
Excpr(p, t) :=1[p > ] (p€[0,1], t € (0,1)).

Then, for every strategy S, we have
e =10 > 1),
and consequently
TP (6) = #{i: yi=1 p” >},

FPO (1) = #{i: v =0, o >t}

Hence NBS\EP (t) reduces exactly to the usual classical decision-curve net benefit formula.
Proof. Immediate from the definition of Excjy; and substitution into the formulas of Definition [10.9.4] [

10.10 Fuzzy Rational Choice

Rational choice selects the most preferred feasible alternative according to a consistent preference relation,
assuming decision makers compare options coherently and choose utility-maximizing outcomes |1334,/1335].
Fuzzy rational choice extends rational choice by using fuzzy preference degrees, allowing vague or partial
comparisons, and selecting alternatives that sufficiently dominate competitors [1336-1338].
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Definition 10.10.1 (Fuzzy Rational Choice). [1339,1340] Let X be a finite nonempty set of alternatives,
and let
P(X)={ACX: A#g}

denote the family of all nonempty subsets of X.

A fuzzy preference relation on X is a mapping
r: X xX —[0,1],

where 7(a, b) represents the degree to which a is at least as good as b.

For each a € X, define its 1/2-upper contour set by
Rip(a):={zeX: r(a,z) >3}
The choice correspondence induced by r is the mapping
C,:P(X)— P(X)
given by

Cr(A):={a€A: ACRy;(a)}={acA: r(a,r)> tforallz € A}, A e P(X).

A choice function
C:P(X)— PX)

is called a fuzzy rational choice function if there exists a fuzzy preference relation r : X x X — [0,1] such
that
C(A) = Cy(A) for all A € P*(X).

In this case, r is said to rationalize C.

We now define Uncertain Rational Choice by extending fuzzy rational choice from the fuzzy degree-domain
[0,1] to a general uncertain model M with degree-domain Dom(M) C [0, 1]*.

Definition 10.10.2 (Uncertain binary preference relation of type M). Let X be a finite nonempty set of
alternatives, and let M be an uncertain model with degree-domain

Dom(M) C [0,1]*

for some integer k > 1.

An uncertain binary preference relation of type M on X is a mapping
Ry : X x X — Dom(M).

For a,b € X, the value
Ryr(a,b) € Dom(M)

encodes the uncertain degree to which a is at least as good as b, according to the model M.
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Definition 10.10.3 (Threshold functional and induced upper contour set). Let Ry : X x X — Dom(M)
be an uncertain binary preference relation. Fix a total map

Oy : Dom(M) — [0, 1]

and a threshold level
A€ (0,1].

For each a € X, define the (O, \)-upper contour set of a by
Umen(a) = {z € X : On(Ru(a,z)) > A},

Thus « € Upre,1(a) means that, after evaluating the uncertain comparison Rj(a,x) through the threshold
functional ©,;, the alternative a is judged to dominate x at level at least A.

Definition 10.10.4 (Choice correspondence induced by an uncertain preference relation). Let
P(X)={ACX: A#go}
be the family of all nonempty subsets of X. Under the assumptions of Definition define
Cmen:P(X) — P(X)

by
CM,@)\(A) ::{CLGA: AQUM797)\(G)} (AGP*(X))

Equivalently,
Cuoex(A) = {a € A: Oy(Ry(a,z)) > Nforall z € A}.

This set is called the uncertain choice correspondence induced by Ryy.

Definition 10.10.5 (Uncertain rational choice function). A mapping
C:P(X)— PX)

is called an uncertain rational choice function of type M if there exist

e an uncertain binary preference relation

Ry : X x X — Dom(M),

e a total threshold functional
O : Dom(M) — [0, 1],

 and a threshold level A € (0, 1],

such that
C(A)ZCM@’)\(A) for allAEPk(X)

In this case, we say that C' is rationalized by the triple

(R, O, A).
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Theorem 10.10.6 (Well-definedness of uncertain rational choice). Let X be a finite nonempty set, let M
be an uncertain model, and let
Ry : X x X — Dom(M)

be an uncertain binary preference relation. Assume that
O : Dom(M) — [0, 1]

is a total map and that \ € (0,1].

Then the induced mapping
CM7@,)\ : P*(X) — P(X)

defined by
Cuoex(A) = {a € A: Oy(Ry(a,x)) > A for all x € A}

is well-defined. More precisely, for every A € P*(X),

1. CM,@,)\(A) - A;
2. Cno0(A) is uniquely determined;

3. CM,@)\(A) S P(X)

Hence Cyr o) is a well-defined set-valued choice correspondence on X.

Moreover, if the following existence condition holds:
VA€ P (X)3Jac AVr € A, Oy (Ry(a,z)) > A,

then
Cuon(A) #@  forall Ac P (X),

so Cye,\ s a genuine choice function in the usual nonempty-valued sense.

Proof. Fix any A € P*(X). Since A C X and A # &, every element a € A and every z € A belong to X.
Therefore, because
Ry : X x X — Dom(M),

the quantity
Ry (a,x) € Dom(M)

is defined for every pair (a,z) € A x A.

Since O is total on Dom (M), the value
@M(RM(CL, ‘T)) € [07 1]
is defined for every (a,z) € A x A. Because A € (0, 1], the statement

@M(RM(CL,$)) >\
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has a definite truth value for every such pair.

Hence the set
{a € A: Op(Ruy(a,x)) > Xfor all x € A}

is well-defined by separation from the finite set A. By construction, every element of this set belongs to A,
SO
Cumen(4) € A

This proves (1).

The defining condition depends only on the already fixed data
A, Ry, Owm, A,

so the resulting subset Cys e 1(A) is uniquely determined. This proves (2).

Since Cpr,0.0(A4) € A C X, it follows that
Cuex(A) € P(X).
This proves (3).

Therefore Cys.9,5 is a well-defined mapping from P*(X) into P(X).

For the final statement, assume the existence condition
VAe P(X)Jac AVx € A, Oy (Ru(a,x)) > A
Fix A € P*(X). Then there exists some a* € A such that
On(Ry(a*,x)) > A for all x € A.

By definition of Cjze 1(A), this implies
a* € CM7@7>\(A).
Hence Cy0(A) # @. Since A was arbitrary, the conclusion holds for all nonempty feasible sets A. O

Proposition 10.10.7 (Reduction to fuzzy rational choice). Let M be the fuzzy model with

Dom(M) = [0, 1].
Take

Oy (u):=u (u € [0,1]),
and set )
A=—.

2
Then, for every fuzzy binary relation

r: X x X —10,1],
the induced uncertain choice correspondence becomes

Crvor(A)={ac€A: r(a,x) >3 forallz € A},

which is exactly the standard 1/2-cut fuzzy rational choice rule.

Proof. Under Dom(M) = [0, 1] and ©7(u) = u, we have

N | —

Oum(Ry(a,z)) > N <= r(a,z) >

Substituting this into Definition [10.10.4] yields the stated formula. O
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Applications of Decision-Making

In this chapter, we briefly review application areas of decision-making.

11.1 Applications of Computer Science and Engineering

This section presents representative applications of decision-making in computer science and engineering.

e Software requirements prioritization and release planning: Software requirements prioritization and
release planning rank features by value, cost, risk, and dependencies to choose optimal release contents
(cf. [1341]). Analyses have been conducted using Fuzzy MADM [1342,[1343] and multi-person decision-
making [1344].

o IT service management (ITSM) improvement prioritization: ITSM improvement prioritization ranks
process and tool initiatives by incident reduction, customer impact, effort, risk, compliance, and ROI
(cf. |1345]). Analyses have been conducted using fuzzy sets and neutrosophic sets [1346,1347].

o Cybersecurity control prioritization and risk-treatment planning: Ranks security controls by risk
reduction, cost, and feasibility, guiding treatment plans, budgeting, and implementation sequencing
against evolving threats effectively (cf. [1348]). Analyses have been conducted using fuzzy decision-
making [1349,/1350] and neutrosophic decision-making [1351,(1352].

e Cloud migration and system architecture alternative selection: Evaluates cloud migration and archi-
tecture options by cost, latency, security, scalability, compliance, and operational complexity to choose
best-fit design. Analyses have been conducted using fuzzy logic [1353].

11.2 Applications of Manufacturing

This section presents representative applications of decision-making in Manufacturing.

349
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e Production planning and assembly line balancing: Production planning and assembly line balancing
schedule tasks and assign workloads to stations, minimizing cycle time, costs, and bottlenecks (cf.
[1354]). Cases have been analyzed using fuzzy decision-making [1355,(1356] and neutrosophic decision-
making [1357}/1358].

o Maintenance strategy selection (preventive, predictive, condition-based): Maintenance strategy selec-
tion chooses preventive, predictive, or corrective policies by balancing reliability, downtime, cost, risk,
and resource constraints (cf. [1359]). Cases have been analyzed using fuzzy MCDM [1360,/1361].

e Prioritization in power grids and industrial assets: Prioritization in power grids and industrial as-
sets ranks maintenance and investment actions by reliability impact, risk, cost, urgency, and safety
constraints. Cases have been analyzed using fuzzy MCDM [1362].

o Project selection and portfolio optimization (including R&D portfolios): Project selection and portfolio
optimization choose and balance projects under budget and risk constraints to maximize strategic
value and returns (cf. [1363]). Analyses have been conducted using a variety of methods, including
Fuzzy MCDM [1364,|1365|, Fuzzy MULTIMOORA [1366], Fuzzy TOPSIS [1367-1369], Neutrosophic
MCDM [1370], Neutrosophic AHP [1371], and neutrosophic TOPSIS [1372].

11.3 Applications of Finance

This section presents representative applications of decision-making in Finance.

o Credit scoring and loan approval (financial decision-making): Credit scoring and loan approval as-
sess borrower risk using financial and behavioral indicators, assigning ratings to decide credit limits
and approvals (cf. [1373]). Analyses have been conducted using fuzzy decision-making [1374}/1375],
intuitionistic fuzzy decision-making |1376|, and neutrosophic decision-making |1377}/1378].

11.4 Applications of Business

This section presents representative applications of decision-making in Business.

e Supplier selection and procurement evaluation: Supplier selection and procurement evaluation ranks
vendors by cost, quality, delivery, risk, sustainability, and strategic fit, using multi-criteria analysis to
support sourcing decisions (cf. [1379]). A wide range of analytical approaches has been investigated,
including Fuzzy MCDM [1380,1381], Fuzzy AHP [1382], Fuzzy TOPSIS [1383,(1384], and Neutrosophic
TOPSIS [1385-H1387].

o Logistics hub / warehouse location selection: Logistics hub / warehouse location selection chooses
optimal facility sites by balancing cost, service coverage, demand proximity, capacity, risk, and sus-
tainability objectives under multiple criteria (cf. [1388]). Studies have explored analyses using methods
such as Fuzzy MCDM [1389], Fuzzy TOPSIS [1390], and Fuzzy BWM [1391].

e Transportation mode and route selection in supply chains: Chooses transport modes and routes by
balancing cost, transit time, reliability, capacity, emissions, and risk across the supply chain. It has
been studied using fuzzy MCDM approaches [1392,1393] and fuzzy AHP methods [1394-1396], among
others.
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e Human resource selection, performance evaluation, and assignment decisions: Selects and assigns
personnel by evaluating skills, experience, performance metrics, availability, and fit, balancing fairness,
cost, and organizational objectives under uncertainty. Analyses using methods such as fuzzy AHP have
been reported [1397,|1398].

o Marketing strategy selection (budget allocation and campaign prioritization): Selects marketing strate-
gies by comparing channels and campaigns on ROI, reach, timing, risk, and budget constraints to
prioritize spending. Analyses have been conducted using fuzzy ANP [1399,1400|, fuzzy AHP [1401],
and fuzzy DEMATEL [1402].

11.5 Applications of Medicine

This section presents representative applications of decision-making in Medicine.

e Medical Diagnosis: Interprets symptoms, history, tests, and imaging to infer disease likelihoods, con-
firm causes, and guide treatment decisions under uncertainty (cf. [1403]). Several studies have been
conducted within frameworks such as fuzzy decision-making [1404,/1405], intuitionistic fuzzy decision-
making [87,/1406], and neutrosophic decision-making [1407,1408].

e Treatment option selection and clinical decision support: Ranks treatment alternatives using pa-
tient data and criteria, supporting clinicians with transparent recommendations under uncertainty,
constraints, and trade-offs. Analyses using methods such as fuzzy PROMETHEE have been re-
ported [1409].

o Bed/ICU allocation and surge planning under uncertain demand and length of stay: Allocates beds
and ICU capacity by forecasting uncertain demand and stay lengths, optimizing staffing, resources,
triage, and surge responses (cf. [1410]). Analyses using fuzzy MCDM [1411] and fuzzy AHP [1412,1413]
have been reported.

11.6 Applications of Social Science

This section presents representative applications of decision-making in Social Science.

e Environmental impact assessment and mitigation option selection: Assesses environmental impacts
and selects mitigation options by comparing severity, likelihood, cost, compliance, and stakeholder
priorities under uncertainty. Analyses have been conducted using methods such as fuzzy AHP [1414].

o Renewable energy site selection (wind/solar) and technology choice: Selects wind /solar sites by eval-
uating resource potential, grid access, land constraints, environmental impacts, costs, and uncertainty
(cf. [1415]). It has been analyzed using fuzzy MCDM methods [1416,(1417].

e Weather prediction: Forecasts future weather by combining observations and models to estimate tem-
perature, precipitation, wind, and uncertainty over time and space (cf. [1418]). It has been analyzed
using fuzzy MCDM methods |1419] and neutrosophic MCDM approaches [1420].

e Smartphone selection: Chooses smartphones by comparing price, performance, camera, battery, dis-
play, software support, durability, and user preferences under constraints. It has been studied using
fuzzy MCDM [1421], fuzzy WASPAS [1422], fuzzy AHP [31], and fuzzy TOPSIS [1423|, among others.
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Chapter 12

Discussions: New Decision-Making Methods

In this chapter, we examine several new decision-making methods. For convenience, the main concepts
introduced in this chapter are compared in Table

Table 12.1: Concise comparison of the new decision-making methods introduced in this chapter.

Method Type Basic structure Core mechanism Primary out- Decision
put role
Unified Deci- Crisp Alternatives, cri- Processes raw evaluation Score, ranking, Method-
sional Structure meta- teria, evaluation data through Prep — choice set, or  unifying
(UDS) framework domains, decision Ker — Dec to produce sorting/classi-  decision
data, weights, pre- an admissible decision fication architec-
processing, kernel,  object ture
and decision map
Unified Un- Uncer- Alternatives, Applies uncertainty- Representation- Uncertainty-
certain Deci- tain meta- criteria, uncer- aware preprocessing, invariant unifying
sional Structure framework tainty algebras, kernel construction, score, ranking, decision
(UUDS) uncertain evalu- and decision mapping choice set, or  architec-
ations, weights, in a representation- sorting/classi-  ture
and representation- independent way fication
invariant operators
Tterated Hierarchi-  Criterion tree, leaf Recursively aggregates Final score Hierar-
Multi-Criteria cal scoring scores, and internal child criterion scores up- vector and in-  chical
Decision-Making method MCDM scoring op- ward until a root score is duced ranking MCDM
(I-MCDM) erators with local ~ obtained
weights
Iterated Multi- Hierar- Attribute tree, Recursively combines Final root Hierar-
Attribute chical at- atomic attribute lower-level attribute score and chical
Decision-Making tribute scores, and internal scores into higher-level ranking MADM
(I-MADM) aggregation MADM operators  attribute scores
with local weights
Tterated Multi- Hierarchi- Feasible set, ob- Recursively aggregates Final scalar Hierar-
Objective cal opti- jective tree, leaf objectives into a final objective and  chical
Decision-Making mization objectives, aggrega- scalar objective and then solution set MODM
(- MODM) tion operators, and solves it

a solver

353

Continued on the next page.
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Table|12.1| (continued).

Method Type Basic structure Core mechanism Primary out- Decision
put role
Analytic Hyper- Hypernet- Directed hyper- Computes Perron prior-  Global priority Network-
Network Process work prior- network, pairwise- ity vectors on hyperarcs  vector and based pri-
(AHNP) itization comparison matri- and derives global pri- ranking oritization
ces, local priori- orities from a stationary
ties, and a hyper-  distribution
supermatrix
Analytic Su- Superhy- Directed n- Extends AHNP from Global priority Hierar-
perHyperNet- pernetwork superhypernetwork, ordinary nodes to n- vector and chical
work Process prioritiza-  pairwise- supernodes and com- ranking on network
(ASHNP) tion comparison matri- putes stationary global supernodes prioritiza-
ces on supernodes, priorities tion
and a superhyper-
supermatrix
Analytic Recur-  Recursive  Directed recursive  Flattens recursive struc-  Global priority Recursive
sive SuperHyper- superhy- superhypernetwork, tures through supports,  vector and hierarchi-
Network Process pernetwork support-based pair- computes local priorities, ranking cal priori-
(ARSHNP) prioritiza-  wise matrices, and and extracts global pri- tization
tion a recursive hyper-  orities by a stationary
supermatrix vector
SuperHyperDecisiolteachability- Working universe Generates the least Set of maxi- Reachability-
Making (SHDM) based in P™(D), super- reachable closed set by mal reachable based
decision hypercombination iterative consequence decision states choice
system rule, seed set, and  expansion and selects
preorder maximal reachable states
Uncertain Uncertain ~ SHDM structure Combines reachable- Set of maximal Uncertainty-
SuperHyperDecisioneachability- together with an state generation with uncertain deci- aware
Making based uncertainty struc-  uncertainty-valued eval-  sion outcomes reachability-
(USHDM) decision ture and uncertain uation and score-induced based
system valuation map maximality choice
Note. UDS and UUDS are general decision architectures rather than single concrete methods. I-MCDM, I-MADM, and

I-MODM are recursive hierarchical aggregation schemes on trees of criteria, attributes, or objectives. AHNP, ASHNP, and
ARSHNP are network-based prioritization models using stationary supermatrix ideas on increasingly richer structures. SHDM
and USHDM are closure- and reachability-based decision systems, where the final decision is obtained from maximal reachable
states, with uncertainty incorporated in the latter case.

12.1 Unified Decisional Structure

The Unified Decisional Structure is a framework that maps decision data through preprocessing, a decision
kernel, and a decision map to produce scores, rankings, choices, or classifications across methods.

Definition 12.1.1 (Decision tasks and admissible outputs). Let A be a finite nonempty set of alternatives.
A decision output on A is one of the following objects:

1. (Scoring) a map u: A — R;

2. (Ranking) a total preorder > on A (reflexive, transitive, and total);
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(Choice) a nonempty subset A* C A;

3.
4. (Sorting / classification) a map o : A — K into a finite ordered set of categories K = {K; >~ Ky >~
= K}

Denote by O(A) the (disjoint) collection of all such admissible outputs.
Definition 12.1.2 (Unified Decisional Structure (UDS)). A Unified Decisional Structure (UDS) is a tuple
uDsS := (A,C, (Ej)i_1, X, w, Prep, Ker, Dec)

satisfying:

1. (Alternatives and criteria) A = {Ay,..., An} and C = {C4,...,C,} are finite nonempty sets.

2. (Evaluation domains) For each criterion Cj, E; is a nonempty set (e.g. R, an interval scale, an ordinal
scale).

3. (Decision data) The evaluation map is a total function
n
X: AxC— |_|Ej, X(Ai,Cj)Z:xijGEj.
j=1

4. (Weights) The weight vector is w = (w1, ..., wy,) € [0,1]™ with
n
ij =1.
j=1

5. (Preprocessing operator) Prep is a specification of maps (possibly depending on w and/or on the full
matrix (z;;)) producing a processed representation Prep(X,w) € D, where D is a fixed data space.
This step may include normalization, benefit/cost conversion, scaling, reference-profile construction,
etc.

6. (Decision kernel) Ker : D — Z is a total function that maps processed data to an evidence object
z € Z (e.g. a utility vector, a distance-to-ideal vector, an outranking matrix, a dominance matrix,
flows, etc.).

7. (Decision map) Dec : Z — O(A) is a total function that converts evidence into an admissible output
(score/ranking/choice/sorting).

The induced decision procedure is the composite map

DMyps := Dec o Ker o Prep.

Theorem 12.1.3 (Well-definedness of UDS). Every UDS in [Theorem 12.1.2 induces a unique decision
procedure

DMyps : (X, w) — DMyps(X,w) € O(A),

i.e. the output exists and is uniquely determined by (X, w).

Proof. By [Theorem 12.1.2) Prep is a total mapping from inputs (X, w) to D, Ker is a total mapping from
D to Z, and Dec is a total mapping from Z to O(A). Therefore the composition Dec o Ker o Prep is a total
function from (X, w) to O(A). Function values are unique, hence the induced output is unique. O




Chapter 12. Discussions: New Decision-Making Methods

12.2 Unified Uncertain Decisional Structure

Unified Uncertain Decisional Structure extends UDS with uncertainty algebras and representation-invariant
operators, yielding method-agnostic decisions from fuzzy/rough/grey /neutrosophic evaluations.

Definition 12.2.1 (Uncertainty algebra with representation equivalence). An uncertainty algebra is a tuple

U= (U> ~ {Wa}ael', SC)

where:

. U is a nonempty set of uncertain values (e.g. fuzzy numbers, rough intervals, grey numbers, neutro-

sophic triples, intuitionistic pairs, linguistic terms, etc.).

~ is an equivalence relation on U encoding representational equality (e.g. two different parameteriza-
tions describing the same membership function).

. Each w, is a (possibly multi-ary) operation on U used in the decision pipeline, and compatibility holds:
if uy, ~ wj, for all arguments, then

Wa (U1, ..., up) ~ wa (U, ..., u;)  (whenever both sides are defined).

sc: U — R%is a score (crispification) map that is constant on equivalence classes:

u~v = sc(u) = sc(v).

Definition 12.2.2 (Unified Uncertain Decisional Structure (UUDS)). A Unified Uncertain Decisional Struc-

ture

(UUDS) is a tuple
UUDS := (A,c, (U;)7_y, X, w, Prep, Ker, BeT:)

such that:
1. A={A,..., Ay} and C ={C4,...,C,} are finite nonempty.
2. For each j, U;j = (Uj, ~j, {Wa,j}aez;,5¢;) is an uncertainty algebra in the sense of [Theorem 12.2.1]
3. The uncertain evaluation map is total:
~ n o~
X AxCo | |U;,  X(A;,Cp) = 3 € Uj.
j=1
4. Weights satisfy w; € [0,1] and >, w; = 1.
5. The preprocessing operator P/r\e/p maps ()? ,w) to a processed space 5, and is representation-invariant:
if &5 ~; @;; for all (4, ), then
Prep(X,w) = Prep(X',w).
6. The kernel Ker : D — Z is total and representation-invariant (with respect to the induced equivalence
on D coming from the ~j-compatibility of all used operations).
7. The decision map Dec : Z — O(A) is total and depends on uncertain objects only via class-invariant

quantities (typically via score maps sc; or their aggregates).
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The induced uncertain decision procedure is

DMyups := Dec o Ker o P/\rejp.

Theorem 12.2.3 (Well-definedness of UUDS). Let UUDS be as in|Theorem 12.2.4. Then:

1. The output DI\/IUUDS()?,w) exists and is unique for every input ()?,w).

2. The output is representation-independent: zf)N( and X' satisfy Tij ~; :Y:gj for all (i,7), then

DMyups (X, w) = DMyyps (X', w).

Proof. (1) By |The0rern 12.2.2L P/r:p is total from inputs ()Z', w) to 15, Ker is total from D to Z~, and Dec is
total from Z to OD(A). Hence the composite map exists and is a function; therefore its value is unique.

(2) Assume 7;; ~; 7}, entrywise. By the representation-invariance requirement in [Theorem 12.2.2(5),

Prep(X,w) = Prep(X', w).

Applying the representation-invariant kernel [Theorem 12.2.2(6) yields

Re?(ﬁrvep()?, w)) - Re?(ﬁrvep(if,w)) :

Finally, Dec depends only on class-invariant quantities (e.g. score maps constant on ~j-classes), so applying
Dec preserves equality and gives DMyyps (X, w) = DMyyps (X', w). O

12.3 Iterated Multi-Criteria Decision-Making

Iterated Multi-Criteria Decision-Making recursively composes MCDM scoring operators across a hierarchical
criterion tree, aggregating leaf criterion scores into a final root score ranking alternatives.

Definition 12.3.1 (MCDM scoring operator). Let A= {41,..., Ay} be a finite nonempty set of alterna-
tives and let k € N. A (crisp) MCDM scoring operator of arity k is a total function

M : R™F 5 Ay — R™,

where Ay := {w € [0,1]% : S5 wy = 1} is the simplex of weights. Given a performance matrix X € R™*¥
and weights w € Ay, the vector M(X,w) = (u(A;),...,u(Ay))" is interpreted as a score on A.

(Examples: weighted sum, TOPSIS-score, VIKOR-index, MOORA-score, TODIM-value, PROMETHEE
net-flow, etc., provided they output a real-valued score for each alternative.)

Definition 12.3.2 (Criterion tree). A criterion tree is a finite rooted tree T'= (V, E,r). For a node v € V,
let Ch(v) C V be the (finite) set of children of v. A node is a leaf if Ch(v) = @, and an internal node
otherwise. The height ht(T') is the maximum number of edges on a directed path from the root to a leaf.
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Definition 12.3.3 (Iterated Multi-Criteria Decision-Making (I-MCDM)). Let A= {A;,..., A} be alter-
natives and let 7' = (V, E,r) be a criterion tree. An Iterated Multi-Criteria Decision-Making (I-MCDM)
instance is a collection

FMCDM := (A, T {uchrer {Mu, 0™ }evr )

where:

1. L CV is the set of leaves. Each leaf ¢ € L is equipped with a base (atomic) score
Uy - A—R.

(Equivalently, u; may be obtained from raw measurements/linguistic assessments by any fixed pre-
processing and crispification; the present definition only requires the resulting map A — R.)

2. Each internal node v € V' \ L with k, := | Ch(v)| is equipped with

M,y R™Fe 5 A — R™  (an MCDM scoring operator)

and a weight vector w®) e Ay, over its children.

Recursive semantics (“multi-criteria of multi-criteria of ---”). Define, for every node v € V, a
score function u, : A — R recursively by:

(S1) If v is a leaf, set u, := u, given above (base score).
(S2) If v is internal, enumerate its children as Ch(v) = {eci1,...,ck,} and form the child-score matriz
X ) ¢ Rmxke by
X = ue(A)  (i=1,...,m, £=1,... k).

Then define the parent score vector by

(o(Ar), . uy(A)) | o= MU<X(U), w(v)) .

The final I-MCDM score is u, : A — R at the root. A final ranking can be induced by A; = A; <—

Theorem 12.3.4 (Well-definedness of I-MCDM). Let I-MCDM be as in|Theorem 12.3.5. Assume that T
is finite and every M, is a total function on its stated domain. Then:

1. For every node v € V, the recursively defined map u, : A — R exists and is unique.

2. In particular, the final score u, and the induced ranking are uniquely determined by the instance data.
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Proof. Because T is a finite rooted tree, nodes admit a well-founded order by depth-from-leaves (equivalently,
by decreasing distance to leaves). Proceed by induction on this order.

Base step (leaves). If v is a leaf, u, is given as part of the instance, hence exists and is unique.

Inductive step (internal nodes). Assume that for all children ¢ € Ch(v), the functions u. exist and are

unique. Then the child-score matrix X®) is uniquely determined, since each entry XZ(Z ) = Ue, (A;) is

uniquely determined. Because M, is total and w®) ¢ Ay, is fixed, the vector M, (X (v), w(”)) € R™ exists
and is unique, hence defines a unique function .

By finiteness, every node is reached after finitely many steps, so all u, exist and are unique. Applying this
to the root 7 yields existence and uniqueness of u, and thus of the induced ranking. O

12.4 Iterated Multi-Attribute Decision-Making

Iterated Multi-Attribute Decision-Making composes MADM scoring operators along an attribute hierarchy,
recursively aggregating lower-level attribute scores into a root score for ranking alternatives.

Definition 12.4.1 (Attribute/objective tree). A finite rooted tree T = (V, E,r) is used to represent nested
attributes or objectives. For each node v € V, let Ch(v) be its (finite) set of children. Leaves are nodes with
Ch(v) = @.

Definition 12.4.2 (MADM scoring operator). Let A = {Ay,..., A} be a finite nonempty set of alterna-
tives and let k € N. A MADM scoring operator of arity k is a total function

k
M : RkaXAkHRm, A = {wE[O,l]k: ZU&Zl}.
=1

Given an attribute-performance matrix X € R™** and weights w € Ay, M(X,w) returns one real score
per alternative.

Definition 12.4.3 (Iterated Multi-Attribute Decision-Making (I-MADM)). Let A = {A;,..., A} be
alternatives and let T = (V, E,r) be an attribute tree. An Iterated Multi-Attribute Decision-Making (I-
MADM) instance is a collection

FMADM i= (A, T, {urbeer, {Mo, 0 }uernr),

where L C V is the set of leaves, such that:

1. Each leaf ¢ € L (an atomic attribute) has a base score
up: A — R
2. Each internal node v € V' \ L with k, := | Ch(v)| has an MADM scoring operator
My i R™Fe s Ay — R™

and a weight vector w(®) € Ay, on its children.
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Recursive semantics. Define scores u,, : A — R for all nodes v € V recursively:

1. If v is a leaf, u, is given (base attribute score).
2. If v is internal with Ch(v) = {c1,..., ¢, }, form X(®) € Rm*ke by Xi(gj) = uc,(A;) and set

(up(A1), .. (Ap)) T 1= My(X®) w®).

The final - MADM score is u, at the root, yielding a ranking by A; = Ar <= u,(4;) > u,(Ag).

Theorem 12.4.4 (Well-definedness of I-MADM). Under |[Theorem 12.4.3, if T is finite and each M, is
total, then for every node v € V the score u, exists and is unique; in particular, u, s unique.

Proof. Proceed by induction from leaves to the root. Leaf scores are given. Assuming child scores u, are
uniquely determined, the matrix X () is uniquely determined. Totality of M, implies M,(X®) w®)) e R™
exists uniquely, hence defines wu, uniquely. Finiteness of T" ensures termination at the root. O

12.5 Iterated Multi-Objective Decision-Making

Iterated Multi-Objective Decision-Making composes objective-aggregation operators along a hierarchical
objective tree, recursively producing a final scalar objective, then solving it to obtain optimal decisions.

Definition 12.5.1 (MODM objective-aggregation operator). Let X C R? be a nonempty feasible decision
set. A MODM objective-aggregation operator of arity k is a total function

G: (RY* x A, — RY,

where (RY)¥ denotes k-tuples of real-valued functions on X'. Given objective functions fi,..., fr: X — R
and weights w € Ag, G(f1,..., fr;w) returns an aggregated objective F' : X — R (to be minimized or
maximized as specified).

Definition 12.5.2 (Iterated Multi-Objective Decision-Making (I-MODM)). Let X C R? be a nonempty
feasible set and let 7' = (V, E,r) be an objective tree. An Iterated Multi-Objective Decision-Making (I-
MODM) instance is a collection

I-MODM := (X, T, {f}eers {Go, 0™ }oerr s, SoIve),

where L is the leaf set, such that:

1. Each leaf £ € L has an atomic objective f, : X — R.

2. Each internal node v with k, := | Ch(v)| has an objective-aggregation operator
Go: RYF x Ay — RY

and weights w(®) € Ay, .
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3. Solve is a fixed optimization rule that maps a scalar objective F': X — R to a nonempty solution set
X*(F) C X (e.g. argmin or argmax), whenever such a set exists.

Recursive semantics. Define aggregated objectives F, : X — R for all v € V recursively:

1. If v is a leaf, set F,, := f,.
2. If v is internal with Ch(v) = {c1,...,cg, }, set

F, 3:gv(F017~'-7F

Chyy ?

w®).

The final scalar objective is F}. at the root, and the I-MODM output is the solution set

X* :=Solve(F,) C X.

Theorem 12.5.3 (Well-definedness of I-MODM). Under |Theorem 12.5.2, if T is finite, each G, is total,
and Solve(F}.) is defined (i.e. returns a nonempty set), then:

1. each aggregated objective F, exists and is unique for all v € V;

2. the final objective F, is unique; hence the output solution set X* is uniquely determined.

Proof. Induct from leaves upward. Leaves give objectives F, uniquely. Assuming objectives F, are uniquely
defined for all children ¢ € Ch(v), totality of G, gives a unique function F, = G,(F,,,... 7Fckv;w(”)).
Finiteness of T" ensures the recursion terminates at the root, yielding a unique F,. Applying the fixed rule

Solve to this unique F). yields a uniquely determined output set. O

12.6 Analytic SuperHyperNetwork Process (ASHNP)

In this section, we consider extending the Analytic Network Process (ANP) by using hypergraphs and super-
hypergraphs. Hypergraph generalizes graphs: vertices with hyperedges as nonempty vertex subsets, enabling
single edges to connect multiple vertices, modeling higher-order relations [1424-1426]. Hypernetwork is a
(weighted) hypergraph: nodes and hyperedges with a weight/attribute function on hyperedges, represent-
ing multi-node interactions with strengths or confidences [1427]. n-SuperHyperGraph uses vertices drawn
from the n-th iterated powerset of a base set; edges are nonempty families of such supervertices, capturing
hierarchy [215,|1428-1432|. Related concepts, such as directed superhypergraphs [1433,|1434] and Meta-
SuperHyperGraph 14351437 are also known. n-SuperHyperNetwork is a weighted n-SuperHyperGraph:
supernodes from the n-th powerset and weighted hyperedges over them, encoding hierarchical interactions
and strengths [1438,1439]. We also discuss in the Appendix a concept that can generalize arbitrary struc-
tures such as graphs and hypergraphs; please refer to it as needed.

Analytic HyperNetwork Process (AHNP) extends ANP to directed hypernetworks; pairwise comparisons
yield local priorities, assembled into a hyper-supermatrix whose stationary distribution provides global
node weights. ASHNP generalizes AHNP to n-supernodes from iterated powersets; superhyperarcs encode
hierarchical interactions; eigenvector priorities build a superhyper-supermatrix, producing global importance
rankings.
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Definition 12.6.1 (Iterated powerset and iterated nonempty powerset). (cf. [1440]) Let H be a set and let
P(H) denote its (ordinary) powerset.

(1) Iterated powerset. Define the iterated powerset operator P™(H) for n € Ny by

PO(H) := H, PPHYH) == P(P"(H)) (n € Ny).

(2) Iterated nonempty powerset. Let P.(X) := P(X) \ {@} be the nonempty powerset of a set X. Define
PI'(H) for n € Ny by

PYH) :=H, PIYH) = P(PMH)) = P(PM(H))\ {2} (ne€N).

Definition 12.6.2 (Hypergraph [1425,1441]). A (finite) hypergraph is an ordered pair H = (V(H), E(H))
where

o V(H) is a finite nonempty set of vertices;

o E(H)CP(V(H))\ {2} is a finite set of hyperedges.

Thus each hyperedge e € E(H) is a nonempty subset of V(H) (allowing one edge to connect any number
of vertices).

Definition 12.6.3 (n-SuperHyperGraph [215,(1442]). Let Vj be a finite nonempty base vertex set and let
n € Ny. Using the iterated powerset from the previous definition, an n-SuperHyperGraph over Vj is a pair

SHG™ = (V, E)

such that
g+V CP"(Vy) and ECPV)\{o}.

Elements of V' are called n-supervertices, and elements of E are called n-superedges.

Special cases. For n = 0, one recovers an ordinary hypergraph on a subset of the base set: V C Vj and
E CP(V)\{@}. For n =1, vertices are subsets of V{ and edges are nonempty families of such subsets.

Remark. Since E C P(V) C P(P"(Vp)) = P"1(Vp), every n-superedge can be viewed (canonically) as an
element of the (n + 1)-st iterated powerset of V.

Definition 12.6.4 (Hypernetwork [1443\|1444]). A (weighted) hypernetwork is a triple
N =(V,& w)

where

e V is a finite nonempty set of nodes;

e ECP(V)\ {2} is a finite set of hyperedges;
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o w:E& — R>q is a weight/attribute function on hyperedges (omit w for the unweighted case).

A directed hypernetwork can be modeled by replacing £ with a set of ordered pairs

EC (PV)\{2}) x (P(V)\{2}),

where each directed hyperedge is of the form (7, H) (tail/head), or by any equivalent head—tail partition
formalism. Optional node and hyperedge labelings ¢y : V' — Ly and f¢ : £ — Le¢ may be added to encode
types.

Definition 12.6.5 (n-SuperHypernetwork [1444-1446]). Let Vj be a finite nonempty base node set and let
n € Ng. An n-superhypernetwork is a triple

N = (V, & w)

where

o V CP"(Vp) is a finite nonempty set of n-supernodes;
o ECP(V)\ {2} is a finite set of n-superhyperedges;

e w:& — Ryg is an optional weight function.

Equivalently, an n-superhypernetwork is an n-SuperHyperGraph endowed with a hyperedge-weight function.
Moreover, £ C P(V) C P*1(1}) holds automatically.

kxk

S0 is called

Definition 12.6.6 (Positive reciprocal pairwise-comparison matrix). A matrix M = (my,) € R
positive reciprocal if
1
mpp = 1, mpg=— (P#4q).
Mgp

Lemma 12.6.7 (Perron priority vector). Let M € ]ngék be a positive matriz (in particular, any matrixz in

|Theorem 12.6.6] is positive). Then there exists an eigenvalue Apmax > 0 and an eigenvector v € RI;O such
that Mv = Apaxv. Moreover, v is unique up to a positive scalar factor. Hence the normalized vector

v
p(M) = 1T € Ay, Ap:={z € Rgo c 1Tz =1},

is uniquely determined by M .

Proof. This is a standard consequence of the Perron—Frobenius theorem for positive matrices: a positive
matrix has a unique (up to scaling) positive eigenvector associated with its spectral radius. Normalization
by 1T fixes the scaling uniquely. O

Lemma 12.6.8 (Unique stationary distribution for primitive column-stochastic matrices). Let W € RT;™

be column-stochastic, s.e. 1"W =17, and assume W is primitive (there exists t € N such that W has all
entries strictly positive). Then there exists a unique vector m € A, such that

Wrn=m,

and for every x € A, one has Wz — 7 as k — .
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Proof. Primitivity implies, by Perron—Frobenius, that eigenvalue 1 is simple and has a unique positive right
eigenvector. Normalizing it to sum to 1 yields the unique 7 € A,,. Convergence W*z — r for all z € A,,
follows from the Perron decomposition for primitive stochastic matrices. ]

Definition 12.6.9 (Directed hypernetwork). A directed hypernetwork is a triple
H=(V.&,7),
where V' is a finite nonempty set of nodes, £ is a finite set of directed hyperarcs
e=(Te,He), @#T.CV,2#HCV,

and v : &€ = R+ is an optional hyperarc weight (omit + if unweighted). Intuitively, the tail set T, influences
the head set H,.

Definition 12.6.10 (Analytic HyperNetwork Process (AHNP)). Let A = {A;,..., 4,,} be a finite set
of decision elements (criteria, subcriteria, alternatives, or any mix) represented as nodes of a directed
hypernetwork H = (V,&,v) with V = A.

An Analytic HyperNetwork Process (AHNP) instance consists of:

1. A directed hypernetwork H = (V,&,v) on V = A.
2. For each hyperarc e = (T, H.) € £ and each head node h € H,, a positive reciprocal matrix
h |Te|x|Te]
Meh e rUe
whose entries compare the relative influence of tail nodes in T, with respect to the head node h.

3. A fixed rule to assign a nonnegative arc-head mizing weight o, p, > 0 for each (e, h) with h € H,. (For
example, a. , may be set proportional to y(e) and then normalized per head node.)

Local priorities. For each (e, h), define the local priority vector

pleh) :ZP(M(Qh)) € Apr,|

as in [Theorem 12.6.7 Index p(&") by tail nodes in Te.

Global influence (hyper-supermatrix). Define the raw influence matrix S = (s;,)inev € ngoxm by

Sih 1= Z aen 0 (i),

e=(Te,He)EE
h€H,, i€Te

where p(e:h) (7) denotes the component corresponding to i € T¢.

To obtain a column-stochastic hyper-supermatric W = (wyy,), set for each column h:

Sih .
Yy Sun > 0,
Wip = ZuEV Suh

6ih7 if ZUGV Suh = 07
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where J;;, is the Kronecker delta (a self-loop fallback to avoid a zero column).

Final priorities and output. Define the AHNP priority vector m € A,,, as any solution of
Wnr=m.

If a distinguished subset V,;; € V represents alternatives, rank alternatives by descending values of 7
restricted to V,y; (renormalize on Vyy if desired).

Theorem 12.6.11 (Well-definedness of AHNP). Assume an AHNP instance as in|Theorem 12.6.10. Then:

1. All local priority vectors pl" are well-defined and unique.
2. The hyper-supermatric W is well-defined and column-stochastic.

3. If W is primitive, then the stationary priority vector T € A, exists, is unique, and W*z —  for
every © € Ay,.

Proof. (1) Each M (e:h) ig positive reciprocal, hence positive; apply |Theorem 12.6.7l

(2) The entries s;;, are finite sums of nonnegative terms, hence well-defined and nonnegative. Column
normalization defines w;, > 0 and ensures ), w;, = 1 for each h; if the raw column sum is 0, the fallback
column d;;, also sums to 1. Thus 1TW =1T.

(3) If W is primitive, apply [Theorem 12.6.8| to obtain existence/uniqueness of 7 and convergence of powers.
O

Definition 12.6.12 (Analytic SuperHyperNetwork Process (ASHNP)). Fix a finite nonempty base node
set Vp and an integer n € Ny. Let V' C P™(Vp) be a finite nonempty set of n-supernodes. Let H™ = (V,&,7)
be a directed hypernetwork on the supernode set V' (in the sense of [Theorem 12.6.9)), whose hyperarcs are
of the form e = (T¢, H.) with @ # T,,H, C V.

An Analytic SuperHyperNetwork Process (ASHNP) instance consists of:

1. The directed superhypernetwork H™ = (V, &, 7).
2. For each e = (T, He) € £ and each head supernode h € H,, a positive reciprocal matrix
h |Te|><|Te‘
M©M e REe
comparing supernodes in T, with respect to the head supernode h.

3. Nonnegative mixing weights c. j > 0 assigned to each (e, h) with h € H..
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Computation. Define local priorities p(¢") := p(M(©") build the raw influence matrix S = (Sin)inev by

simi= Y oenp @),

e=(Te,He)€EE
h€H., i€Te

and column-normalize it (with the same zero-column fallback) to obtain a column-stochastic superhyper-
supermatrix W on the index set V. Define the ASHNP priority vector m € Ay, by Wrm = 7 and rank the
designated alternative supernodes accordingly.

Theorem 12.6.13 (Well-definedness of ASHNP). Assume an ASHNP instance as in |Theorem 12.6.12.
Then:

1. All local priority vectors pl&" are well-defined and unique.
2. The superhyper-supermatriz W is well-defined and column-stochastic.

3. If W is primitive, then the stationary priority vector m € Ay, exists, is unique, and Wky — 7 for
every T € Apy|.

Proof. 1dentical to the proof of [I'heorem 12.6.11] since the construction depends only on the finiteness of
the node set and positivity /reciprocity of the pairwise-comparison matrices. The fact that V' C P™(V})
changes only the interpretation of nodes, not the algebra. O

12.7 Analytic Recursive SuperHyperNetwork Process (ARSHNP)

Recursive SuperHyperGraph allows supervertices from an iterated powerset, while edges are recursive set-
objects drawn from a depth-k powerset universe, capturing nested, multi-level hyper-relations without mem-
bership cycles |1447-1449]. Recursive SuperHyperNetwork is a weighted recursive SuperHyperGraph: it
attaches nonnegative weights/attributes to recursive superhyperedges, enabling quantified strengths or con-
fidences for hierarchical, nested interactions among supernodes. Analytic Recursive SuperHyperNetwork
Process (ARSHNP) extends AHNP to recursive superhypernetworks: pairwise comparisons on supports
yield local priorities, assembled into a column-stochastic supermatrix whose stationary vector provides
global node importances.

Definition 12.7.1 (Atomization convention). Throughout, the node set V is treated as a set of atoms
(urelements): elements of V are not decomposed by the membership relation € in the recursive constructions
below. Equivalently, one may replace V by a tagged copy

At(V) :={(0,v) [v e V},
and work over At(V). In either case, all recursive set-constructions are built over these atoms.

Definition 12.7.2 (Depth-k powerset universe). (cf. [1450,/1451]) Let V' be a nonempty set of atoms and
let k£ € Ny. Define (Sz‘)iZO by
i—1
So=V, S := P(U sj) (i > 1),

=0
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and define the object universe up to depth k by

k
Obj(V, k) == [ J Si.

i=0
The depth-k powerset universe generated by V is
vy = P(Obj(V, k))

Lemma 12.7.3 (Finite depth and canonical support). Let V be a set of atoms and k € Ny. Every
x € Obj(V, k) admits a finite structural depth d(z) € {0,1,...,k} and a well-defined support Supp(z) C V.

(i) Atoms. For v € V, define
d(v) := 0, Supp(v) := {v}.

(ii) Set-objects. For x € Obj(V, k) \'V (so x is a set of objects), define
d(w) =1+ max({d(y) |[yew}U{0}),  Supp(x) == | Supp(y).
yexr

Then d(z) < k. Moreover, Supp(x) # & whenever x # &.

Proof. By construction, So = V consists of atoms, hence has depth 0. If x € S; for some 7 > 1, then
x C Uj;%) Sj, so every y € x lies in S,y for some j(y) <i— 1. Thus the recursion is well-founded, and d(y)
is defined for all y € x before defining d(z). Induction on the least ¢ with x € S; yields d(z) < i < k. If
x # &, it contains some y, and Supp(y) # &; hence Supp(z) = Uyex Supp(y) # <. O

Definition 12.7.4 (Support of a recursive set). For any X € 2y, (so X C Obj(V,k)), define its support by

Supp(X) := U Supp(z) C 'V,
zeX

where Supp(z) is as in [Theorem 12.7.3]

Definition 12.7.5 (k-recursive hypergraph). (cf. [145041451]) Let V' be a finite nonempty set of atoms and
let k € Ng. A k-recursive hypergraph is a pair
H=(V,E)
such that
EC 2y \ {2},

where 2y, is the depth-k powerset universe from [Theorem 12.7.2| For k& = 0, one has 2y,y = P(V), hence
E CP(V)\ {2} and H is an ordinary hypergraph.

Definition 12.7.6 ((n,k)-recursive SuperHyperGraph). Let Vj be a finite nonempty base set and let
n, k € Ny. Define iterated powersets by

P'(Vo) :=Vo,  P"T(Vo) :=P(P" (V).
A (n, k)-recursive SuperHyperGraph is a pair
RSHG ™) = (V, E)

such that
G#VCP (V) (fnite), EC2y,\ {2} (fnite),

where 2y, is generated from V' as in [Theorem 12.7.2| In addition, V' is interpreted as a set of atoms in the

sense of [I'heorem 12.7.1|
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Definition 12.7.7 ((n,k )-Recursive SuperHyperNetwork). Let Vj be a finite nonempty base set and let
n,k € Nyg. Let RSHG™*) = (V,E) be an (n, k)-recursive SuperHyperGraph as in |Theorem 12.7.6l A
(n, k )-recursive SuperHyperNetwork is a triple

NP = (V, B, w)
where w : E — R>¢ is an optional weight/attribute function (omit w if unweighted).

Theorem 12.7.8 (Well-definedness of recursive SuperHyperNetworks). Let Nk = (V, E,w) be as in
[Lheorem 12.7.71. Then:

1. For every recursive superhyperedge e € E, the support Supp(e) C V' is well-defined.

2. The flattened (ordinary) weighted hypernetwork
N:=(V.E,w)
is well-defined, where

E:={Supp(e) |[ec B} CP(V)\ {2}, w(F):= >  w(e) (FeckE).
Supije(g:F

Proof. (1) Since e € 2y, one has e C Obj(V, k), hence Supp(z) is defined for each z € e by [Theorem 12.7.3]
Thus Supp(e) = (J,c. Supp(z) is well-defined and is a subset of V. If e # &, then by [Theorem 12.7.3) the
support of some element is nonempty, so Supp(e) # <.

(2) Therefore each Supp(e) lies in P(V) \ {@}, so E is well-defined and finite. For each F € E, w(F) is a
finite sum of nonnegative reals, hence well-defined. O

TXT

Definition 12.7.9 (Positive reciprocal matrix and Perron priority). Let r € N. A matrix M = (m,,) € R}

is positive reciprocal if

(p # q).

mpp = 1, Mpq =

ap
Let A, :={z € R : 1"z = 1}. For such M, let p(M) € A, denote the normalized Perron (principal) right
eigenvector; it exists and is unique after normalization (Perron—Frobenius).

Definition 12.7.10 (Directed recursive superhypernetwork). A directed recursive superhypernetwork is a
triple .
NOR = (V. E ),

where V is as in [Theorem 12.7.7]

E C (2va\ {2}) x (2 \ {2})

is a finite set of directed recursive superhyperarcs e = (T, H.), and = : E — R< ¢ is an optional arc weight.
Define the tail support and head support by

T,.:=Supp(T.) €V,  H,:=Supp(H,) CV,

which are nonempty by [Theorem 12.7.3| and [Theorem 12.7.4]
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%
Definition 12.7.11 (Analytic Recursive SuperHyperNetwork Process (ARSHNP)). Let N (") = (V, ﬁ,'y)
be a directed recursive superhypernetwork. An ARSHNP instance consists of:

1. For each arc e = (T, H,) € ﬁ and each head node h € H, a positive reciprocal pairwise-comparison
matrix

A T x|T,|
M ¢ R
comparing tail nodes in I', with respect to head node h.

2. Nonnegative mixing weights o, > 0 for each (e,h) with h € H, (e.g., proportional to vy(e) and
normalized per head node).

Local priorities. For each (e, h), define p(¢") .= p(M(&h)) e Ajr,| and index its components by nodes in
T

Le-

Recursive hyper-supermatrix. Define S = (s;3)i nev € R|>VO|X|W by

sini= Y aepp®M(i).
ecE

heH,, i€T,

e’

Column-normalize S to obtain a column-stochastic matrix W = (w;):

Sih .
=, if > Suh > 0,
Wip 1= >_uev Suh ey
6ih7 if ZUEV Suh = Oa
where §;;, is the Kronecker delta.
Global priorities. Any m € Ay satisfying
Wr=mn

is called an ARSHNP priority vector. If a distinguished subset V,; C V represents alternatives, rank them
by the corresponding components of 7 (renormalizing on V), if desired).

Theorem 12.7.12 (Well-definedness of ARSHNP). Assume an ARSHNP instance as in|Theorem 12.7.11].
Then:

1. Tail/head supports T, H, are well-defined nonempty subsets of V' for all arcs e € ﬁ

(©h) s well-defined and unique.

2. Each local priority vector p
3. The matriz W is well-defined, nonnegative, and column-stochastic.

4. There exists at least one m € Ay such that Wr = w. If, in addition, W is primitive, then this m is
unique and strictly positive.



Chapter 12. Discussions: New Decision-Making Methods

Proof. (1) Since T, He € 2y, \{@}, supports Supp(7:), Supp(H.) are defined by |[Theorem 12.7.4] Nonempti-
ness follows from T,, H, # @ and [Theorem 12.7.3|

(2) Each M (e:h) is positive reciprocal, hence positive. By Perron-Frobenius, it has a unique normalized
Perron vector, so pl&" is well-defined and unique.

(3) Each s, is a finite sum of nonnegative reals, hence well-defined and s;;, > 0. Column-normalization gives
wip, > 0and ),y wip = 1 for each h; the fallback column d;, also sums to 1. Thus W is column-stochastic.

(4) Since W is column-stochastic, ||[WW||; = 1, hence its spectral radius satisfies p(W) < 1. Also 1TW =17
implies 1 is an eigenvalue of W7, hence 1 is an eigenvalue of W. Therefore p(WW) = 1, and by Perron-
Frobenius for nonnegative matrices, W admits a nonnegative right eigenvector for eigenvalue 1. Normalizing
it to sum to 1 yields 7 € Ay with Wr = 7. If W is primitive, the Perron eigenvector is unique up to
scaling and strictly positive; normalization makes it unique and strictly positive. O

12.8 SuperHyperDecision-Making

SuperHyperDecision-Making defines hierarchical decision states drawn from an n-th powerset, generates
reachable sets via set-valued combination rules, and selects maximal outcomes under a preorder.

Definition 12.8.1 (SuperHyperdecision-making system (level n)). Fix an integer n > 1 and a nonempty
set D of atomic decision items. Let  C P™(D) be a nonempty working universe (typically finite), and fix
an arity k£ > 1.

A level-n superhypercombination is a set-valued map
x: QF — P(Q)\ {2}
Given a nonempty seed Sy C €2, define the immediate-consequence operator T, : P(Q2) — P(Q) by

T.(S) =S U U{*(Xl,...,Xk) | Xl,...,XkeS}, ScQ,

and define the reachable (least x-closed) set containing Sy by
S =TS0,  T2(So) = S0, Ty (So) := TT,(S)).
t=0

Let > be a preorder on  (reflexive and transitive). The set of SuperHyperdecision outcomes is

Opt, »(So) := Max, (§%) := {X € 5~ ‘ VY eS*: X =Y}

Theorem 12.8.2 (Well-definedness of SuperHyperdecision-making). Assume |Theorem 12.8.1 and, in ad-
dition, that Q) is finite. Then:

1. T, : P(Q) — P(Q) is well-defined and monotone (i.e. S C S" = T,(S) C Ty (5")).
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2. The reachable set S* exists, is nonempty, satisfies So C S* C , and is the least T,-closed subset of
Q containing Sy:

T,.(S*) =S¥, (VS CQ) (So €S &Tu(S)CS)= S CS.
Moreover the chain stabilizes after finitely many steps: there exists N < |Q| such that T,V (Sp) = S*.

3. For every preorder = on (), the outcome set Opt, . (So) is well-defined and nonempty.

Proof. (1) Let S C Q. For any (Xi,...,X%) € S¥, the value (X1, ..., X)) is a nonempty subset of by
definition, hence
U{*(Xla'--an) ‘ X1,..., X € S} C Q.

Therefore Ty (S) C Q, so Ty is well-defined. If S C ', then S* C (S")¥, hence the union taken over S* is
contained in the union taken over (S')*, giving Ty (S) C Ti(S").

(2) The sequence Sy C T(Sg) € T2(Sp) C --- is increasing by (1), so S* is well-defined as its union and is
nonempty because it contains Sy. Clearly S* C € since each iterate is a subset of Q. To show T, (S*) = S*,
use monotonicity: Ty (T(S)) = TF1(Sy) € S* for all ¢, so Ty (S*) C S*. Conversely, S* C T,(S*) because
T, is extensive (S C T,(S) by definition), hence equality. Minimality follows because any T,-closed S
containing Sy contains all iterates T.!(Sy) by induction, hence contains their union S*. If Q is finite, the
increasing chain stabilizes in at most |Q| strict growth steps, so T,V (Sg) = S* for some N < Q.

(3) Since (2 is finite, S* is finite and nonempty. Every preorder on a finite nonempty set admits at least one
maximal element. Hence Maxy (S*) is nonempty and well-defined. O

12.9 Uncertain SuperHyperDecision-Making

Uncertain SuperHyperDecision-Making extends this framework by valuing reachable states with uncertain
degrees and score-induced preorders, yielding representation-invariant maximal outcomes under uncertainty.

Definition 12.9.1 (Uncertain-model-induced uncertainty structure). Let M be an uncertain model with
degree-domain Dom(M) C [0, 1]*. Fix either:

(i) a preorder =<3 on Dom(M), or (ii) a score map scps : Dom(M) — S into a preordered set (S, <s).

Define an uncertainty structure
Um = (Ua ~ Sa =S, SC)

by
U :=Dom(M), ~:= equality on U,

and:

o If (i) is chosen, set S := U, <s:==y, and sc := idy.
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o If (ii) is chosen, set sc := scyy.

Then any U-set U = (X, ups) induces a preorder on X via

vy > sclu(a) =s sl (y))-

Definition 12.9.2 (Uncertain SuperHyperdecision-making (USHDM)). An Uncertain SuperHyperdecision-
making (USHDM) instance is a tuple

USHDM := (D, n,Q, k,*, Sy, U, Val)

where (D,n,, k,x,Sy) satisfy [Theorem 12.8.1 U = (U,~, S, <s) is an uncertainty structure, and Val :
Q — U is an uncertain evaluation map. The reachable set S* is computed exactly as in [Theorem 12.8.1]
and the uncertain superhyperdecision outcomes are defined by

Opt, Var(S0) = Max-,,, (5%),

where >v,1 is the induced preorder.

Theorem 12.9.3 (Well-definedness and representation invariance of USHDM). Assume |Theorem 12.9.2
and that Q) is finite. Then:

1. The set Opt ', (So) is well-defined and nonempty.

2. (Representation invariance) If Val, Val' : Q — U satisfy Val(X) ~ Val'(X) for all X € Q, then

Opt, Va1 (So) = Opt,y, 1 (So)-

Proof. (1) By [Theorem 12.8.2(2), the reachable set S* is a finite nonempty subset of Q. =y, is a preorder
(pullback of a preorder), so by the same finiteness argument as in [Theorem 12.8.2(3), Maxy,, (S*) exists
and is nonempty.

(2) If Val(X) ~ Val'(X) for all X, then sc(Val(X)) = sc(Val'(X)) by class-invariance of sc. Hence =y,
and >,y coincide on €2, so their maximal sets over the same S* coincide, proving the claim. O
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Conclusion

In this book, we conducted a comprehensive survey of methods for uncertain decision-making, with partic-
ular attention to the roles of uncertainty modeling, weight elicitation, structural and causal analysis, com-
pensatory and reference-based ranking schemes, outranking procedures, and related rule-based or sequential
decision frameworks. We also discussed how diverse uncertainty paradigms—including fuzzy, intuitionistic
fuzzy, neutrosophic, plithogenic, rough, soft, and other generalized structures—can be incorporated into
decision-making processes in a systematic manner.

Overall, the survey shows that uncertain decision-making is not a single method, but a broad methodological
family in which the representation of uncertainty and the choice of decision mechanism must be designed
in a mutually consistent way. In particular, the selection of a suitable framework depends on the problem
structure, the type of available information, the interaction among criteria, and the decision context, such
as individual, group, dynamic, multi-stage, or multi-scenario settings.

We expect that future work will advance in several directions. First, further computational and experi-
mental studies are needed in order to compare the stability, robustness, interpretability, and computational
complexity of different uncertain decision-making methods under common benchmark settings. Second,
more case-study—driven investigations should be developed in practical domains such as engineering design,
manufacturing, finance, medicine, logistics, and social decision analysis, so that the theoretical advan-
tages of these methods can be evaluated in realistic decision environments. Third, promising research
directions include deeper integration with machine learning, intelligent optimization, expert systems, and
broader decision-support frameworks, especially in settings where uncertain, incomplete, inconsistent, or
multi-source information must be processed.

More generally, future studies may also focus on the development of unified mathematical frameworks
capable of comparing, generalizing, and connecting existing uncertain decision-making methods. Such work
may help clarify the relationships among current models and may support the design of new methods that
are both theoretically well-founded and practically applicable.
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Appendix A

Graphic Structure and Uncertain Graphic Struc-
ture

In this appendix, we briefly examine graphic structures and uncertain graphic structures. A graphic structure
is a unified incidence-based framework consisting of a vertex set and a collection of edge objects, where each
edge is associated with a nonempty finite set of incident vertices. An uncertain graphic structure is a graphic
structure equipped with an uncertainty-degree map that assigns to every vertex and edge a degree tuple
from a chosen uncertainty model, enabling graded and multi-component descriptions.

A.1 Graphic structure: a unifying incidence-based model

The definition of a graphic structure is given below.

Definition A.1.1 (Iterated universe (for nested / super-hyper entities)). Let Xy be a nonempty set
(“atomic” entities). Define iterated power sets by

POXo) =X, PUI(Xg) = P(PY(X0)) (i 20),

and the depth-n universe by

Q) (Xo) == | P™(Xo0).
=0

Thus Q) (X,) = X (ordinary vertices), while Q" (X,) (n > 1) contains set-valued and nested entities,
enabling super /higher-order vertex types.

Definition A.1.2 (Graphic structure of depth n). Fix a base set Xy # () and an integer n > 0. A graphic
structure of depth n over Xj is a tuple

GS = (V, E | Inc, Tail, Head)

satisfying:

« Vertex set: V C Q" (X,) is a nonempty set of vertices (entities). Elements of V may be atomic
(€ Xo) or nested (set-valued), depending on n.
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o Edge set: E is a (possibly empty) set of edge-objects, disjoint from V.

« Incidence: Inc: E — P4 (V) assigns to each edge e € E its (finite, nonempty) incident vertex set
Inc(e) C V.
o Optional direction data: Tail, Head : F — Pg, (V) are maps such that, for every e € E,
Tail(e) N Head(e) = 0, Tail(e) U Head(e) = Inc(e).
(If direction is not needed, one may set Tail(e) = Head(e) = () for all e.)

Remark A.1.3 (Standard graph notions as special cases). Within Definition many familiar objects
are recovered by imposing additional constraints:

e (Undirected) simple graph: n = 0, Inc(e) has cardinality 2 for all e € E, and Tail = Head = (.

o Directed graph: n = 0, |Inc(e)| = 2 and |Tail(e)| = |Head(e)| = 1 for all e (so each edge has a
unique tail and head).

« Hypergraph: n =0, Inc(e) € P{ (V) arbitrary (no restriction to size 2).

o Directed hypergraph: n = 0, Tail(e), Head(e) nonempty (typically), disjoint, and Tail(e)UHead(e) =
Inc(e).

« SuperHyperGraph (nested vertices): n > 1 with V C Q" (X,), allowing vertices that are sets
(or sets of sets, etc.); edges are still incidence sets of such vertices via Inc.

o r-regular graph (property): in the undirected graph case, define
deg(v) :=[{e€ E: velnc(e)}| (veV),

and require deg(v) =r for all v € V.
Hence Definition can be viewed as a common “incidence calculus” for graph-like objects.

A.2 Uncertain graphic structure

The definition of an uncertain graphic structure is given below. Throughout this subsection, let M be an
uncertain model with nonempty degree-domain Dom(M) C [0, 1]* (as defined previously in the uncertain-set
framework).

Definition A.2.1 (Uncertain graphic structure of type M). Let GS = (V, E, Inc, Tail, Head) be a graphic
structure. An uncertain graphic structure of type M is a pair

where
pr 2 VUE — Dom(M)

is an uncertainty-degree map assigning a degree tuple in Dom (M) to every vertex and every edge.

Optional (model-dependent) consistency. Depending on the intended specialization (fuzzy, intuition-
istic fuzzy, neutrosophic, plithogenic, etc.), one may additionally impose constraints linking edge-degrees
to incident vertex-degrees. For example, in the fuzzy case Dom(M) = [0,1], a common constraint is
par(e) < min{pas(w), par(v)} for an undirected edge e incident to {u,v}. Such constraints are not fixed at
the level of this general definition; they are selected according to the chosen model M and the application
semantics.
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Remark A.2.2 (Underlying crisp structure and reduction to uncertain sets). There is an obvious forgetful
projection
m: UGSy = ((V, E,Inc,Tail,Head),,uM) — (V, E,Inc, Tail, Head),

which discards uncertainty degrees and returns the underlying graphic structure. If £ = (), then UGS,
reduces to an uncertain set on V via the restriction ppsly : V- — Dom(M).

Theorem A.2.3 (Well-definedness and existence). Fiz a depthn > 0, a base set Xo # 0, and an uncertain
model M with Dom(M) # (.

(i) For every graphic structure GS of depth n over Xy, there exists an uncertain graphic structure UGS, =
(GS, pnr) of type M.

(i) The definition of UGSy is well-defined: namely, for any choice of map pyr : VU E — Dom(M), the
pair (GS,,LLM) is a valid uncertain graphic structure of type M.

(iii) Every classical graph-like object (graph, directed graph, hypergraph, superhypergraph, etc.) can be em-
bedded as a special case of UGS s by choosing GS with the corresponding constraints from Remark[A.1.5
and taking upr to be constant (or crisp-valued, when appropriate).

Proof. (i) Since Dom(M) # (), choose any fixed degree tuple dy € Dom(M). Define pups : VUE — Dom(M)
by the constant map pps(z) := dp for all z € V U E. Then pys is a well-typed function with codomain
Dom(M), so UGSy = (GS, pupy) satisfies Definition

(ii) Let ppsr : VU E — Dom(M) be any function. Definition requires only that GS is a graphic
structure and that puy; maps each vertex/edge into the degree-domain Dom(M ). Both hold by assumption,
hence (GS, I M) is a valid uncertain graphic structure.

(iii) Take any classical structure (e.g., a graph, directed graph, hypergraph, or a nested-vertex superhyper-
graph). Select n and Xj so that its vertex objects lie in Q(™(X,), and encode it as a graphic structure GS
by imposing the appropriate constraints from Remark on Inc, Tail, Head. Finally, apply (i) to obtain
UGSy, = (GS, uar) (e.g., using a constant ppy), which realizes the classical object as a special case within
the uncertain graphic-structure framework. O
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