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Abstract

Routing each query to a cost-effective large language model (LLM) is critical for
balancing quality and cost, yet most routers rely on a centralized task center to
predict model performance, creating an information-risk mismatch and a scala-
bility bottleneck as the model pool grows. We propose a market-based routing
paradigm that shifts ex-ante prediction to LLM providers via a reverse auction,
where providers bid with self-predicted success probabilities and execution costs.
To account for inherently noisy provider predictions and center evaluations, we
introduce the Error-Aware Reverse Auction Mechanism (EA-RAM), which explic-
itly models this inherent Dual Error. We prove that EA-RAM is Bayesian incentive
compatible and individually rational under the Dual Error, establish sufficient
conditions for center rationality, and derive an explicit welfare-loss bound. We
further identify robustness effects: opposite-signed errors can cancel, vanishing-tail
link functions (e.g., logistic) stabilize clear-cut cases via saturation, and extra noise
smooths belief maps, reducing the gains from marginal manipulation. Experiments
on simulations and real-world benchmarks show that EA-RAM is robust to the
Dual Error and achieves a better cost–performance Pareto frontier than central-
ized baselines, with additional gains when providers contribute local information,
validating its practical effectiveness.

1 Introduction

Figure 1: Paradigm shift from traditional Centralized Routing
to our proposed Auction-Based Routing.

Large language models (LLMs)
underpin many intelligent applica-
tions [1, 2, 3], yet the expand-
ing model ecosystem makes it in-
creasingly necessary to route each
query to a cost-effective model. Be-
cause model capabilities and costs
vary widely, from expensive frontier
models to cheaper specialized ones,
LLM routing is essential for optimiz-
ing the cost–performance trade-off.

Most existing routers follow a
centralized estimation paradigm,

Preprint.

ar
X

iv
:2

60
8.

12
71

9v
1 

 [
cs

.G
T

] 
 1

3 
A

ug
 2

02
6

https://arxiv.org/abs/2608.12719v1


where the task center predicts each
model’s performance [4, 5, 6]. It
has two structural limitations. (i) Information–risk mismatch: the task center bears the risk of failure
but has less information about the LLMs, whereas providers hold richer private knowledge. Com-
mercial routers1 largely retain this paradigm and thus inherit the same inefficiency. (ii) Scalability
bottleneck: the center must profile or train for every new model, incurring per-model overhead even
for training-free routers [6], which hinders rapid expansion.

To address these limitations, we propose a market-based routing paradigm that transfers ex-ante
prediction to LLM providers via a reverse auction (Figure 1). The task center acts as the buyer and
solicits bids from providers, who report their self-predicted success probabilities and costs; the center
maintains only a model-agnostic ex-post evaluator. This distributed design aligns information with
risk and removes the need for model-by-model profiling for the buyer, thereby improving scalability.

Similar paradigm shifts have proven successful in other mature domains. For example, moving
from static allocation to market-based mechanisms such as real-time bidding in advertising [9, 10]
and auction-based spectrum allocation [11, 12]. However, transferring this idea to LLM routing
is not straightforward. Designing such a mechanism requires a new theory because LLM routing
operates under an inherent Dual Error: providers’ ex-ante success estimates are subjective and
noisy, and the center’s ex-post evaluation is imperfect. This setting departs from prior fault-tolerant
allocation mechanisms [13, 14, 15], which typically assume ideal observability—i.e., task outcomes
are objectively verifiable and/or agents’ success probabilities are common knowledge—and thus can
distort incentives if such assumptions are violated.

We therefore propose the Error-Aware Reverse Auction Mechanism (EA-RAM) Crucially, EA-RAM
explicitly models the inherent Dual Error by characterizing both providers’ subjective error in ex-ante
prediction and the task center’s error in ex-post evaluation. We characterize equilibrium bidding and
prove that EA-RAM is Bayesian incentive compatible (BIC) and individually rational (IR) under
Dual Error; we further provide sufficient conditions for center rationality (CR) and derive an explicit
upper bound on welfare loss relative to the error-free benchmark. Beyond these, we uncover three
structural robustness effects: ex-ante and ex-post errors with opposite signs can offset each other;
when the link function has vanishing tails (e.g., logistic), large-margin (clear-cut) instances lie in the
saturated region and are thus insensitive to noise; and extra independent noise smooths the belief
maps, reducing their maximum slope and thereby limiting the gains from marginal manipulation.
Extensive simulations and real-world experiments show that EA-RAM is robust to Dual Error and
achieves a superior cost–performance trade-off over state-of-the-art centralized baselines, especially
when leveraging providers’ local information. Our main contributions are summarized as follows:

1. We propose EA-RAM, a market-based routing framework that shifts ex-ante prediction to LLM
providers, addresses centralized routers’ information–risk mismatch and per-model profiling
bottleneck, and models LLM routing as an auction under explicit Dual Error.

2. We establish theoretical guarantees under Dual Error: EA-RAM satisfies BIC and IR, admits
sufficient conditions for CR, and enjoys a welfare-loss bound; we further reveal robustness insights,
including error compensation, saturation stability, and noise-induced flattening.

3. Extensive experiments on simulations and real-world benchmarks show that EA-RAM is robust to
Dual Error and improves economic efficiency compared to state-of-the-art centralized baselines.

2 Error-Aware Reverse Auction Mechanism

We formulate LLM routing as a strategic reverse auction between the task center and LLM providers.
As shown in Figure 2, providers submit ex-ante bids, the center allocates the query, and payments are
settled after ex-post evaluation.

2.1 Basic Setting

We consider a task center (the buyer) and a set of risk-neutral2 LLM providers (the sellers) I =
{1, . . . , N} over independent, non-combinatorial tasks t ∈ T . Hence, we omit the superscript t. Each

1e.g., OpenRouter [7] and Requesty [8]
2Risk neutrality is reasonable in repeated, high-volume platform settings, where providers optimize long-run expected

profit and single-query risk is small relative to their portfolio.

2



Figure 2: EA-RAM for LLM routing. (1) Providers bid using ex-ante predictions. (2) The buyer
allocates the query by reported surplus. (3) The selected model answers. (4) The buyer evaluates the
output and settles payment. (5) The user receives accepted output and pays the task value.

task has a common-knowledge value V > 0, realized by the buyer iff the task demand is fulfilled
(µ = 1). Seller i has private type θi = (pi, ci), where ci > 0 is the execution cost and pi is the true
fulfillment probability of the binary fulfillment indicator µi ∼ Bernoulli(pi).

Figure 3: Ability–Difficulty Matching.

Following prior work on capability model-
ing [6, 16], we model the fulfillment proba-
bility pi via the alignment between seller i’s
model ability mi ∈ R and the task difficulty
d ∈ R (Figure 3). The latent fulfillment score
ϕi = ϕ(mi, d) satisfies ∂ϕ/∂mi ≥ 0 and
∂ϕ/∂d ≤ 0, and pi = σ(ϕi), where the link
function σ : R → (0, 1) is strictly increasing, continuously differentiable, and globally Lσ-Lipschitz.
Neither pi nor µi is observed during mechanism execution.

2.2 Error-Aware Prediction and Evaluation

Figure 4: Seller’s strategic decision. The seller
bids based on the buyer’s error-involved evaluation,
rather than the unobserved ground-truth.

LLM Routing faces Dual Error due to noisy pre-
diction and imperfect evaluation, undermining
classical mechanisms such as FTMD [13] and
necessitating an error-aware formulation.

Buyer’s ex-post evaluation. The buyer evalu-
ates the output via the error-involved ex-post ac-
ceptance probability hi = σ(ϕi + εpost), where
the evaluation error εpost has E[εpost] = apost
and Var(εpost) = bpost. The decision µ̃i ∼
Bernoulli(hi) determines whether the answer
is sent to the user.

Sellers’ ex-ante prediction. Since payments depend on the buyer’s evaluation, seller i predicts the
buyer’s acceptance probability rather than the ground-truth fulfillment probability. We introduce an
independent prediction error εante,i with E[εante,i] = aante,i and Var(εante,i) = bante,i, and define the
aggregated error ηi = εpost+εante,i. Thus the seller’s ex-ante subjective probability is gi = σ(ϕi+ηi),
where E[ηi] = aη,i = apost + aante,i and Var(ηi) = bη,i = bpost + bante,i. As shown in Figure 4,
sellers bid based on gi rather than pi, a rationale formalized in Section 3.2.

2.3 Mechanism Interaction

A mechanism is a mapping Γ : θ̂ 7→ (f(θ̂), r(θ̂, µ̃)), where f is the allocation rule and r is the
payment rule, based on sellers’ reports θ̂ and the evaluator signal µ̃. Each seller submits a report θ̂;
the buyer applies f(θ̂) to select a winner or the null allocation; after execution, the buyer observes
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µ̃ and settles transfers via r(θ̂, µ̃). Utilities and social welfare are then computed from the realized
allocation, evaluation, and payment, as summarized in Algorithm 1.

Algorithm 1 EA-RAM

1: Input: Sellers {mi, ci}Ni=1; task (d, V ).
2: for i = 1, . . . , N do
3: Compute (ϕi, pi) and (hi, gi) with errors εpost and

{εante,i}Ni=1.
4: Set ranking score ŝi ← V gi − ci.
5: end for
6: j ← argmaxi ŝi; H ← max(0,maxk ̸=j ŝk).
7: if ŝj ≤ 0 then
8: return Null.
9: end if

10: Execute µj ∼ Bern(pj); evaluate µ̃j ∼ Bern(hj).
11: Pay rj ← V µ̃j −H; set ri ← 0 for all i ̸= j.
12: U seller

j ← rj − cj ; U buyer ← V µj − rj .
13: W ← V µj − cj .
14: return j, {ri}Ni=1, U seller

j , U buyer, W .

Utilities and welfare. Our mechanism is
welfare-oriented but strategic-agent-aware:
the buyer aims to maximize expected social
welfare, whereas each seller aims to maxi-
mize its own expected utility under the in-
duced allocation and payment rules. Any
non-winning seller i ̸= j obtains zero util-
ity. The winner j receives payment rj , in-
curs cost cj , and obtains U seller

j = rj − cj ,
with E[U seller

j ] = E[rj ] − cj . The buyer ob-
tains U buyer = V µj − rj , with E[U buyer] =
V pj−E[rj ]. Social welfare is W = V µj−cj
and E[W ] = V pj − cj ; equivalently, W =

U buyer +
∑N

i=1 U
seller
i because transfers are in-

ternal.

Reports. Seller i privately observes cost ci, forms an ex-ante belief gi about the buyer’s evaluation
outcome, and reports a type θ̂i = (p̂i, ĉi). Since the allocation rule ranks sellers only through the
induced reported surplus score ŝi = V p̂i − ĉi, any report can be equivalently summarized by ŝi; thus
seller i’s strategic choice reduces from the two-dimensional report θ̂i to a scalar ŝi. For incentive
analysis under Dual Error, given belief gi and true cost ci, define the error-adjusted effective surplus
T̄i = V gi − ci, representing seller i’s perceived ex-ante expected welfare contribution under the
evaluation process. Theorem 3.2 will later show that, under our payment rule, it is optimal to align
the reported score with this effective surplus, i.e., ŝi = T̄i.

Allocation. Given reports θ̂, the buyer allocates to maximize reported expected welfare. For
seller i with report θ̂i = (p̂i, ĉi), the reported surplus is V p̂i − ĉi = ŝi; hence ranking by ŝi is
equivalent to ranking sellers by reported expected welfare. The rule selects the largest positive ŝi,
or the null outcome if all reported surpluses are non-positive. Equivalently, introduce a dummy
seller 0 with (p̂0, ĉ0) = (0, 0) and ŝ0 = 0, representing the null allocation. Let Ī = I ∪ {0} and
j ∈ argmaxi∈Ī ŝi. Then f(θ̂) = j if j ̸= 0, and f(θ̂) = ∅ otherwise.

Payment and incentive alignment. Let j denote the winning seller and let H =
max(0,maxk ̸=j ŝk) be the runner-up score. If payments depended on the self-reported proba-
bility p̂i, sellers could inflate p̂i (e.g., report p̂i = 1). We therefore condition transfers on the
evaluator signal µ̃j ∈ {0, 1}, a noisy proxy for the unobserved ground truth µj . The winner is paid
rj = r(θ̂j , µ̃j) = V µ̃j −H 3, while losers receive ri = 0 for i ̸= j. Here V µ̃j rewards evaluated
performance, and H charges the winner for the externality imposed on others, aligning the best
response with surplus-based truthful competition (see Theorem 3.2 for the formal statement).

3 Mechanism Properties

This section establishes EA-RAM’s theoretical foundations, showing that it remains incentive-aligned
and economically robust under Dual Error. Proofs of all results are deferred to Appendix C.

3.1 Mechanism Goals

To ensure a reliable and sustainable routing market, we follow FTMD [13] and consider four standard
desiderata: (1) Dominant-Strategy Incentive Compatibility (DSIC): Truth-telling maximizes each
agent’s expected utility regardless of others’ actions. (2) Individual Rationality (IR): Truthful
participation gives each seller non-negative expected utility. (3) Center Rationality (CR): The

3In practice, negative realized transfers can be handled via a prefunded reserve maintained by each participating seller.
This implementation-layer safeguard does not change the mechanism analyzed below.
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buyer’s expected utility remains non-negative. (4) Economic Efficiency (EE): Under truthful
reporting, the mechanism allocates to maximize total expected social welfare.

We formalize the error-aware setting as a unified framework covering two cases. The general noisy
case is the error-involved setting; the ideal case with vanishing errors, εpost = 0 and εante,i = 0, is the
error-free setting, corresponding to FTMD [13]. In the error-free setting, ex-ante and ex-post beliefs
coincide with the ground-truth probability, gi = hi = pi, and the effective surplus report becomes
the true surplus, ŝi = T̄i = V pi − ci. We then establish the following benchmark property:

Proposition 3.1 (Optimality of the Error-Free Setting). In the error-free setting, the mechanism
satisfies all four desirable properties: DSIC, IR, CR, and EE.

Proposition 3.1 establishes the error-free benchmark, showing optimality under idealized conditions.
Although Dual Error weakens these exact guarantees, EA-RAM retains strong robustness in the
error-involved setting: it satisfies BIC and IR, admits sufficient CR conditions when surplus
margins absorb evaluation noise or evaluations are conservative, and bounds welfare loss,
ensuring controlled efficiency degradation under uncertainty.

3.2 Strategic Properties

Let H denote the runner-up score with cumulative distribution function FH and probability density
function fH . For a unilateral report ŝi, the seller’s interim expected utility is U seller

i (ŝi) = Pr(H ≤
ŝi) ·E[V µ̃i −H − ci | H ≤ ŝi] = FH(ŝi)(T̄i −E[H | H ≤ ŝi]), since E[V µ̃i | ·] = V gi from the
seller’s ex-ante perspective.

Theorem 3.2 (Bayesian Incentive Compatibility (BIC)). Seller i’s interim expected utility U seller
i (ŝi)

is maximized at ŝi = T̄i. Hence, reporting ŝi = T̄i is a Bayesian best response. Moreover, if T̄i > 0,
then U seller

i (ŝi) is uniquely maximized at ŝi = T̄i.

This implies that for every seller i, truthfully reporting ŝi = T̄i is a Bayesian best response. Conse-
quently, the strategy profile in which all sellers report ŝi = T̄i constitutes a Bayesian Nash equilibrium.
Under this report, seller i’s expected utility is E[U seller

i ] =
∫ T̄i

−∞(T̄i − h) dFH(h).

Theorem 3.3 (Individual Rationality (IR)). At the equilibrium ŝ = T̄ , every seller satisfies IR:
E[U seller

i | θ̃i] ≥ 0.

This implies that truthful reporting yields non-negative expected utility, thereby ensuring that partici-
pating in the auction remains a rational strategy for every seller.

Theorem 3.4 (Center Rationality (CR)). Each of the following sufficient conditions guarantees CR:
(A) E[H] ≥ V∆gate, where ∆gate = Lσ

√
bpost + a2post; (B) ∆cons = E

[
p(1) − h(1)

]
≥ 0.

Intuitively, CR holds either (A) when the runner-up margin effectively buffers against evaluation
noise, or (B) when the center’s evaluation is sufficiently conservative. Under either condition, the
mechanism is safe for the Task Center in the sense that its expected utility remains non-negative.

Proposition 3.5 (Comparative Statics: Ability and Difficulty). Holding fixed the runner-up score
distribution FH , seller i’s interim expected utility E[U seller

i ] is weakly increasing in their model ability
mi and weakly decreasing in the task difficulty d.

Intuitively, stronger models yield higher expected payoffs because they are more likely to meet the
evaluator’s standard, while increased task difficulty reduces potential gains.

3.3 Welfare Analysis

For welfare accounting, let the expected welfare under a specified selected seller i be E[Wi] =
V pi − ci. We define the true optimal winner index (selected under the error-free setting) as i⋆ ∈
argmaxj{V pi − ci} and the error-aware setting’s winner index as i† ∈ argmaxj{V gj − cj}.

Proposition 3.6 (Economic Efficiency (EE)). The equilibrium allocation induced by the error-aware
setting attains the same expected welfare as the error-free benchmark if and only if the error-aware
winner i† is welfare-optimal.
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Intuitively, Dual Error may distort the induced allocation away from the welfare-optimal seller,
thereby causing welfare loss. We quantify this effect using the Dual Error’s second-moment radii,

Mpost =
√
bpost + a2post and Mante = maxi

√
bante,i + a2ante,i.

Theorem 3.7 (Welfare-loss bound). The expected welfare loss satisfies 0 ≤ E[Wi⋆ ] − E[Wi† ] =
E[(V pi⋆−ci⋆)− (V pi†−ci†)] ≤ 2V Lσ(Mpost +Mante).

This bound provides a guarantee of robustness, showing that the efficiency degradation scales linearly
with the aggregate magnitude of the Dual Error and vanishes as the estimation quality improves.

3.4 Structural Insights

Having established EA-RAM’s validity under Dual Error, we now examine its structural insights.
Proposition 3.8 (Opposite-Signed Error Compensation). If (gi − hi)(hi − pi) ≤ 0, for i ∈ {i⋆, i†},
then the welfare-loss bound tightens to 2V Lσ max{Mante,Mpost}.

Intuitively, when ex-ante and ex-post errors have opposite signs, they partially cancel out, reducing
the resulting welfare loss.
Proposition 3.9 (Saturation Robustness). In addition to the baseline link-function assumptions,
suppose σ has vanishing tails, i.e., lim|x|→∞ σ′(x) = 0. For any error ϵ with E[ϵ2] < ∞, the
deviation ∆(ϕi) = |E[σ(ϕi + ϵ)]− σ(ϕi)| satisfies lim|ϕi|→∞ ∆(ϕi) = 0.

Intuitively, flat-tailed links such as the logistic function saturate when |ϕi| is large, so score noise
barely affects σ(ϕi) and the mechanism is robust in clear-cut cases.
Proposition 3.10 (Noise-Induced Flattening). Let η be an independent noise term with E[|η|] < ∞.
Define the perturbed belief maps by convolution: g̃i(ϕ) = E[gi(ϕ + η)] and h̃i(ϕ) = E[hi(ϕ +

η)]. If gi and hi are continuously differentiable with bounded derivatives, then supϕ |
∂g̃i
∂ϕ (ϕ)| ≤

supϕ |
∂gi
∂ϕ (ϕ)| and supϕ |∂h̃i

∂ϕ (ϕ)| ≤ supϕ |∂hi

∂ϕ (ϕ)|. Consequently, injecting additional independent
noise weakly reduces the maximal sensitivity of both ϕ 7→ gi(ϕ) and ϕ 7→ hi(ϕ).

Intuitively, ex-ante error and ex-post error lower the maximal sensitivity of the ranking map and the
approval map, respectively, limiting the return to strategic manipulation.

4 Experiments

4.1 Simulation Experiments

Seller mi ci pi si

0 1.0 9.0 0.38 -1.45
1 1.5 10.0 0.50 0.00
2 2.5 12.0 0.73 2.62
3 3.5 12.8 0.88 4.81
4 4.5 13.8 0.95 5.25

Table 1: Simulation Set-
tings.

In this section, we run simulation experiments that explicitly control the
magnitude of the Dual Error to evaluate EA-RAM’s robustness.

4.1.1 Experimental Setup

We simulate N = 5 heterogeneous sellers competing for one task with
V=20 and d=1.5 (Table 1). To stress-test robustness, we use a highly
competitive market with a small top-two surplus gap (∆s = 0.44), where
mild noise can flip the ranking. Performance is measured by the Welfare
Gap relative to the Error-Free upper bound, shown as the y = 0 line. We
compare: (1) Ante-Error-Free (Practical Upper Bound): an oracle seller that perfectly models
hi and best responds by reporting pi + ϵpost; (2) Error-Naive (Baseline): naive sellers that ignore
evaluation and report pi + ϵante; and (3) EA-RAM (Ours): sellers report according to belief gi.

4.1.2 Error Robustness Analysis

Figure 5a evaluates robustness to evaluation error (σpost). The Ante-Error-Free curve is an upper
bound, where sellers perfectly model hi and best respond. EA-RAM closely tracks this bound
and maintains a stable welfare gap as σpost increases, whereas Error-Naive deteriorates sharply.
Figure 5b varies seller 0’s prediction error (σante). Although welfare inevitably declines as seller
information becomes noisier, EA-RAM consistently outperforms Error-Naive, showing that inter-
nalizing the evaluation mechanism avoids severe misallocation and yields more graceful degradation.
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(a) Robustness to evaluation error σpost. EA-RAM
closely tracks the Ante-Error-Free upper bound, while
Error-Naive degrades sharply.

(b) Robustness to prediction error σante. EA-RAM
consistently outperforms Error-Naive as seller infor-
mation quality deteriorates.

Figure 5: Robustness to Dual Error. EA-RAM remains stable under evaluator and seller noise,
avoiding the misallocation caused by naive reporting. Shaded regions show 95% confidence intervals.

4.2 Real-World Experiments

In this section, we benchmark EA-RAM against centralized baselines on real-world benchmarks.

4.2.1 Experimental Setup

Benchmark and baselines. We evaluate routing policies on RouterBench [17], which aggregates
per-query accuracy and monetary cost for 11 LLMs (Appendix A.1), spanning both open-source (e.g.,
Llama, Mixtral) and proprietary models (e.g., GPT, Claude). We use queries from six benchmarks
covering reasoning (HellaSwag [18], Winogrande [19], ARC-Challenge [20]), coding (MBPP [21]),
math (GSM8k [22]), and knowledge-intensive understanding (MMLU [23]), and split them into
train/test with a 70/30 ratio. We compare EA-RAM against a diverse set of strong baselines:
EmbedLLM [4], IRT-Router [16], RouteLLM [5], FrugalGPT [24], and Cascade Routing [25]. They
cover a wide range of architectures, enabling a comprehensive comparison.

Implementation details. EA-RAM trains two types of models. Each LLM has a seller-side ex-ante
predictor, trained separately to estimate the probability that it will correctly answer a query based
on the query embedding. The buyer maintains an ex-post evaluator that predicts answer correctness
from concatenated query and answer embeddings. Both modules are MLPs with two layers. The
embedding model is all-MiniLM-L6-v2 [26]. More details are provided in Appendix A.3.

4.2.2 Routing Pareto Analysis
Method MBPP ARC-C HellaSwag GSM8k MMLU Wino.

EmbedLLM .77453 .89855 .89646 .64596 .78289 .79154
IRT-Router .60465 .89391 .87664 .63717 .77604 .79065
RouteLLM .67213 .89498 .85518 .63841 .77615 .78825
FrugalGPT .70161 .77691 .72110 .65646 .67609 .67387
Cascade Routing .58511 .68921 .62885 .60751 .54454 .55891
EA-RAM .80478 .90353 .89676 .67302 .78548 .79396
with π=0.1 .84932 .96729 .96919 .71379 .90021 .97214
with π=0.2 .85792 .97704 .98029 .73137 .94303 .99792
with ω=0.1 .81834 .91131 .89938 .67421 .78616 .81110
with ω=0.2 .82138 .91338 .89912 .67515 .78899 .81303

Table 2: Quantitative comparison (AIQ↑). EA-
RAM yields the best overall performance.

We evaluate EA-RAM on real-world benchmarks
by sweeping each router’s operating points to
obtain cost–performance pairs (c, a), where c
is the average cost per query and a is empiri-
cal performance, and then extracting the Pareto
frontier. Beyond the base setting, EA-RAM
uses two forms of seller-side local information.
For oracle local information, we set p̂(π)m (x) =
(1 − π)p̂m(x) + πym(x), where π ∈ [0, 1] and
ym(x) is the ground-truth label. For realistic lo-
cal information, we retrieve the top-10 nearest
training examples in the embedding space and use the similarity-weighted label average as a noisy
provider-side signal ỹm(x), defining p̂

(ω)
m (x) = (1− ω)p̂m(x) + ωỹm(x), where ω ∈ [0, 1].

Figure 6 and Table 2 show that EA-RAM achieves the best overall routing performance. Table 2
reports Average Improvement in Quality (AIQ; Appendix A.2), which averages Pareto-frontier quality
over a shared cost range, with higher values indicating a better cost–performance trade-off. EA-RAM
already outperforms baselines in the base setting, and seller-side local information further shifts
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Figure 6: Cost–performance Pareto frontiers on real-world benchmarks. As π or ω increases, EA-
RAM shifts the frontier upward and leftward, indicating a more favorable cost–quality trade-off than
the centralized baselines.

(a) Comparison on GSM8k. (b) Comparison on MBPP.

Figure 7: Noisy LLM-as-a-Judge evaluation. Varying the judge weight α, we report the average
welfare gap to the error-free upper bound (higher is better). EA-RAM consistently incurs the smallest
welfare loss.

the frontier: oracle information yields the largest gains, and realistic information also improves over
the base setting across all datasets.

4.2.3 Robustness to Real-world Noise

To further test robustness to evaluator-side noise, we run a GSM8k/MBPP experiment with a LLM-
as-a-judge evaluator (DeepSeek-V3.2). The evaluation score is score = α · scorejudge + (1 − α) ·
scoregroundtruth, where α ∈ [0, 1] controls evaluator noise, and score ≥ 0.5 indicates acceptance. All
methods follow the same pipeline: select an LLM, evaluate its response, and compute welfare. We
report the average welfare gap to the error-free upper bound over all queries, where higher is better.
Figure 7 shows that EA-RAM consistently performs best across all α, incurring the smallest
welfare loss, providing real-benchmark evidence of robustness to evaluator-side error.

4.2.4 Scalability and Efficiency

To evaluate the practical scalability and efficiency of EA-RAM, we conduct an MBPP experiment as
the number of candidate LLMs increases from 3 to 7 to 11, and examine both center-side computation
latency and the extra communication overhead introduced by the reverse-auction.
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Figure 8: Center-side latency.

Center-side latency. Figure 8 shows that the center-side
latency of EA-RAM remains nearly constant as the model
pool grows, since the center only performs evaluator and auc-
tion computation and does not require retraining or per-model
prediction. In contrast, the centralized router (EmbedLLM)
becomes substantially slower as the model pool grows due to
predictor retraining and ex-ante prediction. Detailed numerical
results are provided in Appendix B.1.

N
Extra communication

volume (bytes)
Computation

latency (s)
Throughput

threshold (MB/s)

3 44,643 0.044 0.338
7 111,439 0.043 0.370
11 177,377 0.042 0.384

Table 3: Extra reverse-auction communica-
tion overhead on MBPP.

Communication overhead. The efficiency gain in-
troduces extra reverse-auction communication: for
each query, EA-RAM sends the query to all N
providers and collects N bids, adding (N − 1)Sq +
NSb bytes, where Sq and Sb denote the query and bid
sizes, respectively. This counts only auction-specific
overhead, excluding costs shared by standard routing
frameworks. As shown in Table 3, communication
grows roughly linearly with N , while computation latency stays nearly constant. With parallel
provider channels, communication becomes the bottleneck only below 0.338–0.384 MB/s per chan-
nel, suggesting that it is less likely to dominate in typical high-bandwidth text-routing settings.

5 Related Work

5.1 LLM Routing

To balance performance and cost, prior works have explored various routing architectures. Predictor-
based approaches train a centralized router to dispatch queries, ranging from similarity-weighted
ranking and embedding-based routing [5, 4] to specialized fine-tuned agents [27]. Recent works also
incorporate in-context learning to adapt to new models without retraining [6]. Cascading strategies,
in contrast, adopt a model chain [24, 25], invoking stronger models only when cheaper options
fail. Despite these advancements, existing strategies predominantly rely on a centralized estimation
paradigm, which places the prediction burden on the router, the party with the least internal visibility,
resulting in inherent information asymmetry and scalability bottlenecks.

5.2 Market-Based Mechanisms for LLMs

Recent literature has applied auction theory to the allocation of LLM resources. Works in this domain
focus primarily on determining content streams, such as auctioning slots within the RAG context
window for advertisements [28], or aggregating generative preferences via token-level and summary-
level auctions [29, 30]. Regarding task execution, operational frameworks such as COALESCE
[15] employ reverse auctions to outsource subtasks. However, akin to classical FTMD [13], these
approaches typically operate under idealized assumptions: they presume providers make perfect
ex-ante predictions and the center performs perfect ex-post evaluation. Our work challenges this
premise by explicitly modeling the Dual Error inherent in practical routing, and ensures incentive
compatibility and optimal allocation under Dual Error.

6 Conclusion

We presented EA-RAM, an error-aware reverse-auction mechanism for LLM routing that replaces
centralized capability estimation with provider-side ex-ante prediction and platform-side ex-post
evaluation. This paradigm resolves the information–risk mismatch and removes the per-model profil-
ing bottleneck by requiring only a model-agnostic evaluator. Theoretically, we model LLM routing
as a Dual-Error environment with noisy provider predictions and noisy platform evaluations, and
prove that EA-RAM remains incentive-aligned: it is Bayesian incentive compatible and individually
rational, admits sufficient conditions for center rationality, and enjoys an explicit welfare-loss bound.
Our analysis further reveals three robustness effects: opposite-signed errors can cancel, vanishing-tail
links stabilize clear-cut cases via saturation, and additional noise smooths belief maps, weakly reduc-
ing the gains from marginal manipulation. Empirically, simulations and real-world benchmarks show
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that EA-RAM is robust to the Dual Error and achieves a better cost–performance frontier than strong
centralized baselines, with additional gains when providers contribute local information. Overall, our
results suggest that market-based routing offers a scalable and robust foundation for orchestrating
heterogeneous LLM ecosystems under realistic uncertainty.
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A More Implementation Details

A.1 RouterBench

The model pool of the selected part of the RouterBench dataset is:

• Open Source Models: Llama-70B-chat, Mixtral-8x7B-chat, Yi-34B-chat, Code Llama-34B,
Mistral-7B-chat, and WizardLM-13B.

• Proprietary Models: GPT-4, GPT-3.5-turbo, Claude-instant-v1, Claude-v1, Claude-v2.

A.2 AIQ Computation

Given a routing system family, we sample a set of parameterized routers and obtain a collection
of cost–quality points {(ci, qi)}ni=1, where ci is the average monetary cost per query and qi is the
corresponding quality (e.g., accuracy / performance). We then construct the non-decreasing convex
hull frontier Rf (c) over a shared domain [cmin, cmax]. AIQ is defined as the average quality of this
frontier over the shared cost interval:

AIQ(Rf ) =
1

cmax − cmin

∫ cmax

cmin

Rf (c) dc. (1)

In implementation, we evaluate the integral numerically by (i) aligning all methods to the same
[cmin, cmax] via endpoint extrapolation when necessary, (ii) representing Rf (c) with piecewise-linear
segments, and (iii) computing the area under the curve using the trapezoidal rule, then normalizing
by (cmax − cmin).

For endpoint extrapolation, let a router have observed points spanning [cRmin, c
R
max] with corresponding

frontier quality range [qRmin, q
R
max]. We left-extrapolate by extending the global minimum quality-cost

point (qmin, cmin), and right-extrapolate by extending the router’s maximum quality qRmax to the
global maximum cost cmax (i.e., Rf (c) = qRmax for c ∈ [cRmax, cmax]).

A.3 Other Details

EA-RAM’s predictors and evaluator are trained with cross-entropy loss and AdamW for 100 epochs,
with a batch size of 256 and a learning rate of 10−3. All experiments were done on a server with 8
NVIDIA GeForce RTX 3090 GPUs.

B More Experiments

B.1 Detailed Results for Efficiency Analysis

We provide detailed numerical results in Table 4.

Table 4: Center-side latency under different numbers of candidate LLMs on MBPP. Lower is better.

Latency(s)/Method EA-RAM (3) EA-RAM (7) EA-RAM (11) Centralized Router (3) Centralized Router (7) Centralized Router (11)

Initial Center Training 2.184 2.184 2.184 4.181 4.181 4.181
Incremental Center Retraining – 0.000 0.000 – 5.425 11.836
Center Computation (Prediction + Evaluation) 0.044 0.043 0.042 0.118 0.249 0.383
Total Latency 2.228 2.227 2.226 4.299 9.855 16.400

C Proof

C.1 Proof of Error-Free Setting’s Property

Proposition C.1 (Optimality of the Error-Free Setting. Restatement of Proposition 3.1). In the
error-free setting, the mechanism satisfies all four desirable properties: DSIC, IR, CR, and EE.

Proof. DSIC: Fix others’ reports. Let H = max{0,maxk ̸=i(p̂kV − ĉk)}. If i wins, then ri =
V µ−H , so E[ri] = piV −H and

E[U seller
i | win] = E[ri]− ci = piV −H − ci = si −H. (2)
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If i loses, U seller
i = 0. Thus

E[U seller
i | θ̂i] = (si −H) · Pr[ŝi ≥ H], (3)

where the win probability depends on ŝi relative to H .

- If si > H , the best outcome is to win, yielding si −H > 0. Truthful reporting sets ŝi = si, hence
ensures winning. - If si < H , any win would yield si −H < 0, strictly worse than losing. Truthful
reporting sets ŝi = si < H , hence ensures losing. - If si = H , both win and loss yield expected
utility 0.

Thus, truth-telling maximizes expected utility in all cases.

IR: From DSIC, if i wins then E[U seller
i ] = si −H ≥ 0 because allocation requires ŝi = si ≥ H . If

i loses then E[U seller
i ] = 0. Hence expected utility is never negative.

CR: If seller j is assigned, then

U buyer = V µ− rj = V µ− (V µ−H) = H. (4)

Since the dummy seller has a score s0 = 0, we have H ≥ 0, so the buyer never loses. If no seller is
assigned, then U buyer = 0.

EE: With truth-telling, ŝi = si. The mechanism assigns only if maxi si > 0, and then to an i
maximizing si. This maximizes expected welfare max{0,maxi si}.

C.2 Strategic Properties

Theorem C.2 (Bayesian Incentive Compatibility (BIC). Restatement of Theorem 3.2). Seller i’s
interim expected utility U seller

i (ŝi) is maximized at ŝi = T̄i. Hence, reporting ŝi = T̄i is a Bayesian
best response. Moreover, if T̄i > 0, then U seller

i (ŝi) is uniquely maximized at ŝi = T̄i.

Proof. Recall the definition of U seller
i (ŝi):

U seller
i (ŝi) = Pr(H ≤ ŝi) ·E

[
V µ̃i −H − ci | H ≤ ŝi

]
= FH(ŝi)

(
T̄i −E[H | H ≤ ŝi]

)
.

(5)

Differentiating U seller
i (ŝi) and using

d

dx

[
FH(x)E(H | H ≤ x)

]
= fH(x)x (6)

gives
U seller
i

′
(ŝi) = fH(ŝi) (T̄i − ŝi). (7)

If T̄i > 0, then U seller
i

′
(ŝi) > 0 for ŝi < T̄i and U seller

i
′
(ŝi) < 0 for ŝi > T̄i, so U seller

i (ŝi) is uniquely
maximized at ŝi = T̄i.

If T̄i ≤ 0, then for every ŝi > 0 we have U seller
i

′
(ŝi) < 0, so U seller

i (ŝi) is decreasing on (0,∞).
Hence, any positive over-report is not profitable. With the explicit null option, any non-positive report
is equivalent to opting out, so reporting ŝi = T̄i remains optimal. Therefore, ŝi = T̄i is always a
Bayesian best response, and uniqueness holds whenever T̄i > 0.

Theorem C.3 (Individual Rationality (IR). Restatement of Theorem 3.3). At the equilibrium ŝ = T̄ ,
every seller satisfies IR: E[U seller

i | θ̃i] ≥ 0.

Proof. Win case. Conditioned on H ≤ T̄i,

E[U seller
i | win, θ̃i] = T̄i −E[H | H ≤ T̄i] ≥ 0. (8)

Plugging ŝi = T̄i into the interim utility U seller
i (ŝi) yields

U seller
i (T̄i) = FH(T̄i)

(
T̄i −E[H | H ≤ T̄i]

)
≥ 0. (9)

Lose case. If H > T̄i, then
E[U seller

i | lose, θ̃i] = 0. (10)

Combining (8)–(10) gives E[U seller
i | θ̃i] ≥ 0.
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Lemma C.4 (Lipschitz Bound.). The link function σ is globally Lσ-Lipschitz, i.e., |σ′(z)| ≤ Lσ for
all z ∈ R. Therefore, for any real number x and any random variable ϵ with E[ϵ2] < ∞, the deviation
between E[σ(x+ ϵ)] and σ(x) satisfies

∣∣E[σ(x+ ϵ)]−σ(x)
∣∣ ≤ Lσ E[|ϵ|] ≤ Lσ

√
Var(ϵ) + (E[ϵ])2.

Proof. The proof consists of two steps: applying the Lipschitz property to the expectation and then
bounding the first absolute moment using the second moment.

Step 1: Bounding the deviation via the Lipschitz constant. Since σ is differentiable and satisfies
|σ′(z)| ≤ Lσ for all z, by the Mean Value Theorem, σ is Lσ-Lipschitz continuous. That is, for any
a, b ∈ R, |σ(a)− σ(b)| ≤ Lσ|a− b|. Let a = x+ ϵ and b = x. Then:

|σ(x+ ϵ)− σ(x)| ≤ Lσ|(x+ ϵ)− x| = Lσ|ϵ|. (11)

Now, consider the absolute difference of the expectations. By the linearity of expectation and Jensen’s
inequality (since the absolute value function | · | is convex, |E[Y ]| ≤ E[|Y |]), we have:∣∣E[σ(x+ ϵ)]− σ(x)

∣∣ = ∣∣E[σ(x+ ϵ)− σ(x)]
∣∣ (12)

≤ E
[
|σ(x+ ϵ)− σ(x)|

]
. (13)

Substituting the Lipschitz bound from Eq. (1) into the expectation:

E
[
|σ(x+ ϵ)− σ(x)|

]
≤ E[Lσ|ϵ|] = LσE[|ϵ|]. (14)

This establishes the first inequality of the lemma.

Step 2: Bounding the first moment via Variance. We apply Lyapunov’s inequality (or simply
Jensen’s inequality for the convex function f(y) = y2), which states that (E[|Y |])2 ≤ E[Y 2].
Applied to the random variable ϵ:

E[|ϵ|] ≤
√
E[ϵ2]. (15)

Recall the definition of variance: Var(ϵ) = E[ϵ2] − (E[ϵ])2. Rearranging for the second moment
gives E[ϵ2] = Var(ϵ) + (E[ϵ])2. Substituting this into Eq. (4):

E[|ϵ|] ≤
√

Var(ϵ) + (E[ϵ])2. (16)

Multiplying both sides by Lσ yields the final bound:

LσE[|ϵ|] ≤ Lσ

√
Var(ϵ) + (E[ϵ])2. (17)

Theorem C.5 (Center Rationality (CR). Restatement of Theorem 3.4). Each of the following sufficient
conditions guarantees CR: (A) E[H] ≥ V∆gate, where ∆gate = Lσ

√
bpost + a2post; (B) ∆cons =

E
[
p(1) − h(1)

]
≥ 0.

Proof. Let the runner-up surplus be H , and let the selected winner be indexed by (1). The winner’s
true fulfillment probability and evaluated acceptance probability are

p(1) = σ(ϕ(1)), h(1) = σ
(
ϕ(1) + εpost

)
. (18)

Let µ(1) ∼ Bernoulli(p(1)) denote the true fulfillment outcome and µ̃(1) ∼ Bernoulli(h(1)) denote
the evaluator’s acceptance signal. Since the winner is paid

r(1) = V µ̃(1) −H, (19)

the buyer’s realized utility is

U buyer = V µ(1) − r(1) = H + V
(
µ(1) − µ̃(1)

)
. (20)

Taking expectations and using E[µ(1)] = E[p(1)] and E[µ̃(1)] = E[h(1)], we obtain

E[U buyer] = E[H] + V
(
E[p(1)]−E[h(1)]

)
. (21)

(A) Condition on ϕ(1) and apply Lemma C.4 to x = ϕ(1) and ϵ = εpost:∣∣E[h(1) | ϕ(1)]− p(1)
∣∣ ≤ Lσ

√
bpost + a2post . (22)
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Taking expectations over ϕ(1) gives∣∣E[h(1)]−E[p(1)]
∣∣ ≤ ∆gate. (23)

Substituting (23) into (21), we obtain

E[U buyer] ≥ E[H]− V∆gate. (24)

Hence, if E[H] ≥ V∆gate, then E[U buyer] ≥ 0, establishing CR.

(B) By (21),
E[U buyer] = E[H] + V E[p(1) − h(1)] = E[H] + V∆cons. (25)

Since the mechanism includes the dummy seller with score 0, we have H ≥ 0 and thus E[H] ≥ 0.
Therefore, whenever ∆cons ≥ 0, (25) implies E[U buyer] ≥ 0. This establishes CR.

Proposition C.6 (Comparative Statics: Ability and Difficulty. Restatement of Proposition 3.5).
Holding fixed the runner-up score distribution FH , seller i’s interim expected utility E[U seller

i ] is
weakly increasing in their model ability mi and weakly decreasing in the task difficulty d.

Proof. We consider ceteris-paribus comparative statics, holding the runner-up score distribution FH

fixed. Recall that

E[U seller
i ] =

∫ T̄i

−∞
(T̄i − h) dFH(h), (26)

where T̄i = V gi − ci. Differentiating with respect to x using the Leibniz integral rule yields:

∂E[U seller
i ]

∂x
= Pr(H ≤ T̄i) · V · ∂gi

∂x
= Pr(H ≤ T̄i) · V ·E[σ′(ϕ+ ηi)]

∂ϕ

∂x
. (27)

The second equality follows from the chain rule applied to the ex-ante belief gi. Observe that V and
E[σ′] are strictly positive, while the win probability Pr(H ≤ T̄i) is non-negative. Thus, the sign of
the utility gradient follows the sign of ∂ϕ

∂x . Recall from Section 2.1 that ϕ is non-decreasing in ability
( ∂ϕ
∂mi

≥ 0) and non-increasing in difficulty (∂ϕ∂d ≤ 0). Therefore:

1. For ability (x = mi), the gradient is non-negative (∂E[U seller
i ]

∂mi
≥ 0).

2. For difficulty (x = d), the gradient is non-positive (∂E[U seller
i ]

∂d ≤ 0).

This confirms that the seller’s utility is weakly increasing in ability and weakly decreasing in
difficulty.

C.3 Welfare Analysis

Proposition C.7 (Economic Efficiency (EE). Restatement of Proposition 3.6). The equilibrium
allocation induced by the error-aware setting attains the same expected welfare as the error-free
benchmark if and only if the error-aware winner i† is welfare-optimal.

Proof. Let i⋆ denote an error-free welfare-maximizing seller. If seller i is selected, then the realized
welfare is

Wi = V µi − ci. (28)
Taking the expectation gives

E[Wi] = VE[µi]− ci = V pi − ci. (29)
Hence, the expected welfare induced by the error-aware allocation is

E[Wi† ] = V pi† − ci† , (30)
whereas the error-free benchmark welfare is

E[Wi⋆ ] = max
i

{V pi − ci}. (31)

Therefore,
E[Wi† ] = E[Wi⋆ ] ⇐⇒ V pi† − ci† = max

i
{V pi − ci}. (32)

This proves the claim.
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Theorem C.8 (Welfare-loss bound. Restatement of Theorem 3.7). The expected welfare loss satisfies
0 ≤ E[Wi⋆ ]−E[Wi† ] = E[(V pi⋆−ci⋆)− (V pi†−ci†)] ≤ 2V Lσ(Mpost +Mante).

Proof. Step 1: Pointwise comparison. Let E[Wi] = V pi − ci and T̄i = V gi − ci. Since i†

maximizes T̄i,

E[Wi⋆ ]−E[Wi† ] = (E[Wi⋆ ]−T̄i⋆)+(T̄i⋆−T̄i†)+(T̄i†−E[Wi† ]) ≤ (E[Wi⋆ ]−T̄i⋆)+(T̄i†−E[Wi† ]),
(33)

because T̄i⋆ − T̄i† ≤ 0. Rearranging yields

0 ≤ E[Wi⋆ ]−E[Wi† ] ≤ V
[
(pi⋆ − gi⋆) + (gi† − pi†)

]
≤ V

(
|gi⋆ − pi⋆ |+ |gi† − pi† |

)
. (34)

Step 2: Bound |gi−pi| by decomposing the two channels. Introduce the telescoping decomposition

g
(0)
i = σ(ϕi) = pi, g

(1)
i = E[σ(ϕi + εpost)], g

(2)
i = gi, (35)

so that
|gi − pi| ≤ |g(1)i − g

(0)
i |+ |g(2)i − g

(1)
i |. (36)

Applying Lemma C.4 to each increment:

|g(1)i − g
(0)
i | ≤ Lσ

√
bpost + a2post = LσMpost, (37)

|g(2)i − g
(1)
i | ≤ Lσ

√
bante,i + a2ante,i ≤ LσMante. (38)

Therefore,
|gi − pi| ≤ Lσ

(
Mpost +Mante

)
for all i. (39)

Step 3: Combine. Taking expectations of (34) and applying (39) at indices i⋆ and i†,

0 ≤ E[Wi⋆ ]−E[Wi† ] ≤ V E
[
|gi⋆ − pi⋆ |+ |gi† − pi† |

]
≤ 2V Lσ

(
Mpost +Mante

)
, (40)

completing the proof.

C.4 Structural Insights

Proposition C.9 (Opposite-Signed Error Compensation. Restatement of Proposition 3.8). If (gi −
hi)(hi−pi) ≤ 0 for i ∈ {i⋆, i†}, then the welfare-loss bound tightens to 2V Lσ max{Mante,Mpost}.

Proof. Let i⋆ ∈ argmaxj Wj denote the winner under the error-free setting, and let i† ∈
argmaxj{V gj − cj} denote the winner selected by the error-involved mechanism. We start from the
welfare-gap decomposition established in Theorem 3.7:

0 ≤ E[Wi⋆ ]−E[Wi† ] ≤ V
(
|gi⋆ − pi⋆ |+ |gi† − pi† |

)
. (41)

Consider the error decomposition gi − pi = (gi − hi) + (hi − pi) := ai + bi. The condition
(gi − hi)(hi − pi) ≤ 0 implies that the two error components ai and bi have opposite signs.
Consequently, their sum is bounded by the maximum of their absolute values:

|gi − pi| = |ai + bi| ≤ max{|ai|, |bi|}. (42)

Applying this to the critical sellers i ∈ {i⋆, i†} yields:

|gi⋆ − pi⋆ |+ |gi† − pi† | ≤ max{|ai⋆ |, |bi⋆ |}+max{|ai† |, |bi† |}. (43)

Next, invoke the Lipschitz bounds from Lemma C.4:

|gi − hi| ≤ Lσ Mante, (44)
|hi − pi| ≤ Lσ Mpost, (45)

where the first arises because g − h differs only by the ante channel, and the second because h− p
aggregates the post channels. Taking the supremum across sellers j yields

sup
j

|gj − hj | ≤ LσMante, sup
j

|hj − pj | ≤ LσMpost. (46)
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Combining (41)–(46), we obtain

0 ≤ E[Wi⋆ ]−E[Wi† ] ≤ 2V Lσ max
{
Mante, Mpost

}
. (47)

Finally, because for any nonnegative x, y, max{x, y} < x+ y when both are positive, we have

2V Lσ max
{
Mante, Mpost

}
< 2V Lσ (Mpost +Mante), (48)

which completes the proof.

Proposition C.10 (Saturation Robustness. Restatement of Proposition 3.9). lim|x|→∞ σ′(x) =

0. For any error ϵ with E[ϵ2] < ∞, the deviation ∆(ϕi) = |E[σ(ϕi + ϵ)] − σ(ϕi)| satisfies
lim|ϕi|→∞ ∆(ϕi) = 0.

Proof. Using the integral form of the Mean Value Theorem, for any realization of ϵ,

σ(ϕi + ϵ)− σ(ϕi) = ϵ

∫ 1

0

σ′(ϕi + tϵ) dt. (49)

Taking absolute values and expectations gives

∆(ϕi) ≤ E

[
|ϵ|

∫ 1

0

|σ′(ϕi + tϵ)| dt
]
. (50)

Fix η > 0. Since lim|x|→∞ σ′(x) = 0, there exists R > 0 such that

|x| ≥ R =⇒ |σ′(x)| ≤ η. (51)

Define the event A = {|ϵ| ≤ |ϕi|/2} and split the expectation in (50) over A and Ac.

On A, for any t ∈ [0, 1],

|ϕi + tϵ| ≥ |ϕi| − t|ϵ| ≥ |ϕi| −
|ϕi|
2

=
|ϕi|
2

. (52)

Hence, if |ϕi| ≥ 2R, then |ϕi + tϵ| ≥ R and by (51) we have |σ′(ϕi + tϵ)| ≤ η. Therefore,

E

[
|ϵ|

∫ 1

0

|σ′(ϕi + tϵ)| dt 1A

]
≤ ηE[|ϵ|]. (53)

On Ac, we use boundedness of σ′:

E

[
|ϵ|

∫ 1

0

|σ′(ϕi + tϵ)| dt 1Ac

]
≤ ∥σ′∥∞ E[|ϵ|1{|ϵ| > |ϕi|/2}] . (54)

Since E[ϵ2] < ∞, we have E[|ϵ|] < ∞, and moreover

E[|ϵ|1{|ϵ| > t}] −−−→
t→∞

0 (55)

(e.g., by dominated convergence with the dominating integrable random variable |ϵ|). Thus the
right-hand side of (54) vanishes as |ϕi| → ∞.

Combining (50)–(54) yields, for all sufficiently large |ϕi|,

∆(ϕi) ≤ ηE[|ϵ|] + ∥σ′∥∞ E[|ϵ|1{|ϵ| > |ϕi|/2}] . (56)

Taking lim sup|ϕi|→∞ gives lim sup|ϕi|→∞ ∆(ϕi) ≤ ηE[|ϵ|]. Because η > 0 is arbitrary, we
conclude that ∆(ϕi) → 0 as |ϕi| → ∞.

Proposition C.11 (Noise-Induced Flattening. Restatement of Proposition 3.10). Let η be an
independent noise term with E[|η|] < ∞. Define the perturbed belief maps by convolution:
g̃i(ϕ) = E[gi(ϕ + η)] and h̃i(ϕ) = E[hi(ϕ + η)]. If gi and hi are continuously differentiable
with bounded derivatives, then supϕ |

∂g̃i
∂ϕ (ϕ)| ≤ supϕ |

∂gi
∂ϕ (ϕ)| and supϕ |∂h̃i

∂ϕ (ϕ)| ≤ supϕ |∂hi

∂ϕ (ϕ)|.
Consequently, injecting additional independent noise weakly reduces the maximal sensitivity of both
ϕ 7→ gi(ϕ) and ϕ 7→ hi(ϕ).
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Proof. We prove the claim for g̃i; the argument for h̃i is identical. By definition,

g̃i(ϕ) = E[gi(ϕ+ η)]. (57)

Since gi is continuously differentiable and g′i is bounded, we may differentiate under the expectation
(e.g., by dominated convergence) to obtain

∂g̃i
∂ϕ

(ϕ) = E[g′i(ϕ+ η)] . (58)

Taking absolute values and using the bound |g′i(x)| ≤ supy |g′i(y)| for all x yields

|∂g̃i
∂ϕ

(ϕ)| = |E[g′i(ϕ+ η)]| ≤ E[|g′i(ϕ+ η)|] ≤ sup
y

|g′i(y)|. (59)

Finally, taking the supremum over ϕ on the left-hand side gives

sup
ϕ

|∂g̃i∂ϕ (ϕ)| ≤ sup
y

|g′i(y)|, (60)

as desired. The same steps apply to h̃i.

D Limitations and Future Directions

Although this work, to our knowledge, is the first to introduce a reverse-auction paradigm for
LLM routing and to explicitly model Dual Error in this setting, several limitations remain. Our
present theory does not cover payment-rule variants such as bounded penalties or non-negative
payments, which may alter the existing BIC, IR, and CR guarantees. Although we provide robustness
experiments with realistic noisy local information and noisy evaluators, our empirical evaluation
still does not cover all practical settings. Moreover, while EA-RAM improves scalability by trading
additional communication overhead for nearly fixed center-side computation, this advantage is
most evident in our current text-based benchmarks, where payload sizes are relatively small; in
communication-heavy settings such as image- or video-based tasks, or under degraded network
conditions, communication may become a more significant bottleneck. In addition, the auction
protocol requires broadcasting each query to all candidate providers before selection, which may
expose user prompts to non-winning providers and raises security concerns. Finally, because routing
and payment are tied to evaluator outcomes, providers may be incentivized to optimize toward the
evaluator rather than the user’s true underlying need.

These limitations suggest several directions for future work. An important extension is to develop
communication-efficient reverse-auction mechanisms. Other promising directions include extending
the theory to bounded-penalty or non-negative-payment variants, tightening the current welfare-loss
bound, generalizing the framework beyond single-winner routing to support multi-provider cross-
checking, cascading, and multi-turn settings, extending the model to heterogeneous risk preferences,
and providing more principled support for non-binary evaluation tasks beyond the current threshold-
based implementation. In addition, while EA-RAM is defined with respect to an announced task
value V , it remains well defined as long as the buyer announces a reference value; a natural next step
is to study more systematically how misspecification of V changes participation incentives and the
resulting operating point.
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