arXiv:2610.09994v1 [cs.LG] 7 Oct 2026

Technical Report

TEMPORAL PREDICTIVE MULTIPLICITY:
EQUALLY ACCURATE TIME SERIES MODELS YIELD
DIFFERENT FORECAST TRAJECTORIES

Emanuele Albini * Francesca Toni

J.P. Morgan Al Research Imperial College London
Imperial College London London, UK

London, UK ft@imperial.ac.uk

emanuele.albini@jpmorgan.com

Saumitra Mishra Francesco Leofante

J.P. Morgan Al Research Imperial College London

London, UK London, UK

saumitra.mishra@jpmorgan.com f.leofante@Rimperial.ac.uk
ABSTRACT

Models with near-identical predictive performance can yield substantially differ-
ent predictions, a phenomenon known as predictive multiplicity. Prior work has
mostly studied this at the level of individual scalar outputs. In time-series forecast-
ing, however, predictions across horizons jointly define a trajectory, and horizon-
wise comparisons can hide important differences in predictive behavior.

To address this problem, we introduce temporal predictive multiplicity, a frame-
work that characterizes disagreement over complete forecast trajectories among
models with near-identical predictive performance. We show that constraining
predictive performance alone can still admit a broad range of different trajecto-
ries. We further show that constraining multiplicity at individual horizons partially
reduces, but does not eliminate, trajectory-level multiplicity.

Experiments with 19 neural forecasting architectures on 11 datasets confirm that
near-optimal models can exhibit substantial variability in the forecast trajectories
they produce, and trajectory-level disagreement is largely unrelated to horizon-
wise disagreement. Our framework, therefore, exposes a gap in existing multi-
plicity studies: models with indistinguishable predictive performance imply fun-
damentally different temporal trajectories, with consequential downstream effects.

1 INTRODUCTION

In machine learning, multiple models can often achieve nearly indistinguishable predictive perfor-
mance while producing different predictions. This phenomenon, known as the Rashomon Effect
(Breiman, [2001)), gives rise to predictive multiplicity: the fact that models with comparable perfor-
mance can make different predictions for the same instance. A growing literature has studied the
existence and consequences of competing models within the Rashomon set, the collection of mod-
els whose predictive performance is close to optimal (Fisher et al.| [2019; [Semenova et al.| [2022),
showing that model choice can affect individual predictions (Marx et al., [2020), feature attributions
(Dong & Rudinl [2020), and downstream decisions (Du et al. [2025), even when aggregate perfor-
mance remains essentially unchanged.

Time-series forecasting is a particularly natural setting in which to study this phenomenon. Despite
the proliferation of deep forecasting architectures (Lim & Zohrenl 2021} Benidis et al., [2022), no
model class consistently dominates: simple linear models remain competitive with more complex
neural architectures (Zeng et al., 2023} Toner & Darlow} [2024)), while model rankings shift con-
siderably with hyper-parameter choices and evaluation protocols (Brigato et al., [2026). Forecasting
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Figure 1: Examples of forecast trajectories that are indistinguishable under current multiplicity
frameworks. At every horizon, the disagreement among forecasts is identical across the three panels.
Yet, the panels exhibit markedly different patterns of temporal disagreement at the trajectory level.

practitioners therefore routinely train a heterogeneous pool of models with near-identical aggregate
performance, yet must select a single model for deployment. In the absence of a principled frame-
work that characterizes how these models differ temporally, this choice is effectively arbitrary.

Current multiplicity frameworks offer little guidance for selecting among competing forecasting
models. Existing work has largely focused on individual predictive multiplicity, in which models
produce a single scalar prediction for each instance, and multiple outputs are treated as independent.
Forecasts, however, are temporal objects that require a different treatment: they are sequences of
predictions over multiple time points whose joint behavior defines a forecast trajectory, as illustrated
in Figure[l] Ignoring this structure would render markedly different trajectories indistinguishable.

Motivated by these observations, we introduce a new theoretical framework for predictive multiplic-
ity in time-series forecasting. At its core, our framework organizes multiplicity into a three-level
hierarchy: pointwise, horizon-wise, and temporal, making explicit which aspects of forecast struc-
ture each level can capture. We then use this hierarchy to reveal two fundamental limitations of
conventional notions of multiplicity. First, near-optimal predictive performance provides weak con-
trol over forecast trajectories: constraining aggregate performance alone allows models to differ
substantially over an entire trajectory, with this freedom increasing at longer horizons. Second, even
when disagreement is tightly controlled at individual horizons, at pointwise and horizon-wise levels,
substantial temporal differences can remain, including the direction of predicted changes, the timing
of events, and the shape and frequency structure of forecast trajectories.

We complement these theoretical results with experiments on 19 neural forecasting architectures
across 11 public datasets. We find that near-optimal models frequently produce substantially dif-
ferent forecast trajectories, including predictions of changes in opposite directions. Moreover,
trajectory-level disagreement is largely unrelated to disagreement measured at individual horizons,
confirming that temporal multiplicity cannot be recovered from conventional pointwise or horizon-
wise diagnostics. Finally, through a case study, we show that these differences can translate into
materially different downstream decisions. Taken together, these results show that model choice
is consequential; our framework makes the underlying temporal differences explicit and measur-
able, giving practitioners a principled basis for auditing near-optimal candidates along application-
relevant dimensions and for justifying the model they ultimately deploy.

2 RELATED WORK

Model Multiplicity in Machine Learning. That many models may explain the same data approx-
imately equally well was articulated by Breiman as the Rashomon Effect (Breiman, |2001), and has
resurfaced in modern machine learning through studies of underspecification and training instability
(Madhyastha & Jainl 2019; D’ Amour et al.| 2022} |Teney et al.| 2022)). Models within a Rashomon
set have been shown to differ in variable importance and feature attributions (Fisher et al.| 2019;
Dong & Rudin, [2020; Donnelly et al., 2023; Laberge et al., [2023)) and, at the prediction level, to
assign conflicting predictions to the same instance, a phenomenon formalized by Marx et al.| (2020)
as predictive multiplicity. A growing literature distinguishes predictive multiplicity from its pro-
cedural, explanatory, and dataset-induced forms (Black et al., |2022; Heljakka et al., |2023}; |Ganesh
et al., |2025), investigates its root causes (Parikhl [2026)), weighs its opportunities and risks (Rudin
et al., 2024} Hsu et al.| |2026) and reconcile its implications for downstream decisions (Du et al.,
20235). All of these works treat each instance as an independent prediction problem: their notions
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of multiplicity live at the pointwise level of our hierarchy, and are provably blind to the complex
structure of time series, as we will later show.

Model Equivalence and Multiplicity in Forecasting. Forecasting research has long recognized
that several models may be statistically indistinguishable in predictive ability: the Model Confi-
dence Set of |Hansen et al.[ (2011) retains the models whose differences cannot be statistically es-
tablished, [Fosten & Gutknecht| (2021)) let this set vary with the horizon through horizon confidence
sets, while |Quaedvlieg (2021) and [Monschang et al.| (2026) select models with one joint constraint
on all horizons. Such statistical tests compare models through their losses, either globally, per hori-
zon, or jointly, and thus determine which models are performance-equivalent; they do not, however,
characterize how the forecasts of equivalent models differ, which is precisely the gap that this paper
addresses. Recent work has begun to bring a Rashomon-set perspective to forecasting. This includes
studies of predictive and procedural multiplicity in recovery-rate forecasting (Hibbeln et al., |2026),
functional differences among volatility forecasters with tied loss (Cortesi et al., |2026)), and variation
in feature reliance among time-series forecasting models (Berry et al., |2024). Closest to our set-
ting, |[Kale et al.|(2026) introduce horizon-constrained Rashomon sets to track predictive multiplicity
across forecast horizons in chaotic dynamical systems. All these works sit at the horizon-wise level
of our hierarchy, which again cannot fully characterize trajectory-level multiplicity.

3 A HIERARCHY OF PREDICTIVE MULTIPLICITY NOTIONS

This section develops our hierarchy of predictive multiplicity notions for forecasting. We begin by
introducing the forecasting setup and notation. We then define three kinds of multiplicity: pointwise,
horizon-wise, and temporal, which differ in whether they compare isolated predictions, horizon-
specific collections of predictions, or complete forecast trajectories. Finally, we show that these
levels are not merely alternative aggregations of the same disagreement: each retains a different
amount of information about the forecasts.

Setup and Notation. Consider a class of models F. Given a model f € F, let L(f) be the loss of
f evaluated over a collection of origins 7. For a tolerance ¢ > 0, the corresponding Rashomon set
is (Fisher et al., 2019)):

Re={feF:L(f) <L +¢€} where L* = L(f*), f* € argminL(f). (1)
fer

Given a model f € R, let Y/ € RT*H be its forecast matrix, Y € RT*H the target matrix,

and Ef =Y — Y/ its error matrix, with rows indexed by origins t € T and columns by forecast
horizons h € {1, ..., H}. We consider three temporal trajectories extracted from these matrices:

« the forecast trajectory gf = (g),f FRTR ,g)f n 1) |, the t-th row of Y/: forecasts across horizons;

* the revision trajectory ?f , the ¢-th anti-diagonal of Y /: successive forecasts of the same target;
* the error trajectory e{ =Y — ﬂtf , the t-th row of E7: forecast errors across horizons.

Forecast and revision trajectories also arise in the forecast-stability literature, where their fluctua-
tions underlie the definitions of horizontal and vertical (in)stability, respectively (Van Belle et al.
2023} \Godahewa et al.l [2025). That literature regularizes such fluctuations within the forecasts of
a single model; here, instead, we use the same geometry to characterize disagreement among the
members of the Rashomon set: distinct models with equivalent loss.

A Hierarchy of Predictive Multiplicity in Forecasting. Having established the forecasting setup,
we now introduce the three levels of our hierarchy. The pointwise level treats every prediction
in isolation, while the horizon-wise level assesses disagreement separately at each forecast hori-
zon. We then introduce temporal predictive multiplicity, a trajectory-level notion that compares how
competing models behave jointly across horizons. The first two levels generalize existing multiplic-
ity measures to forecasting and compare scalar predictions through their absolute difference (e.g.,
‘Watson-Daniels et al.| [2023; |Hibbeln et al., | 2026)); temporal multiplicity instead compares complete
trajectories using distances designed to capture distinct aspects of their temporal behavior.
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Figure 2: Pictorial representation of the structure that each of the loss and the three levels of the
multiplicity hierarchy is aware of on a running example.

Definition 3.1 (Pointwise Predictive Multiplicity). Let 7 > 0. The pointwise prediction range v,
pointwise prediction diameter w, pointwise ambiguity o, and pointwise discrepancy s, of R. are:

V=

- f ~g } _ [ A f g
max. ¥y, p — Y w= max [ 9., =1
teT [f,geRe| e~ B FgER. 1o Len = Giinl
1<h<H 1255%u

_ ~f 9 _
ar= L []l{ max — >TH ¢ = max E []1{
T teT fi9ER. ‘yt"’h yt+h’ T f19€Re  teT
1<h<H 1<h<H

N N
Yitn — ytg+h’ > TH

The range and ambiguity average the per-instance maximal disagreement, while the diameter and
discrepancy ask how far a single pair of models drifts apart on average, hence w < v and ¢ < a.

Intuitively, pointwise ambiguity (c;) and discrepancy (s, ) generalize Marx et al.|(2020) and Watson-
Daniels et al.[(2023) by maximizing over all pairs of competing models, not against f*, to capture
all the multiplicity in R., and by treating the (¢, h) cells as instances. The prediction range (v)
averages the width of the viable prediction range of [Watson-Daniels et al.| (2023) over the forecast
matrix; the prediction diameter (w) is a novel metric that we propose as its complement.

Following a similar pattern, we formalize the per-horizon notion of multiplicity of |[Kale et al.|(2026).
Definition 3.2 (Horizon-Wise Predictive Multiplicity). Let 7 > 0. For each horizon h €

h)

{1,..., H}, the horizon-wise prediction range vM) | prediction diameter w™ | ambiguity a(T , and

discrepancy gﬁh) of R, producing profiles indexed by h, are defined as follows:

(h) _ [ Sf g } (h) _ |:Af g }
v/ = E | max w' = max E

teT f,geRJy“rh 7 FoeR. 1o |9 — s

(h) — T (h) — of g

of) = B [1{ max [los— 0l > 7}] o= max B [1{Jidin 0] > )]

We now introduce temporal predictive multiplicity. Unlike the pointwise and horizon-wise levels, it
compares complete forecast trajectories and can therefore capture how competing models disagree
across forecast horizons or across successive revisions.

Definition 3.3 (Temporal Predictive Multiplicity). Let 7 > 0, let ’Utf denote any of the trajectories

we defined earlier (forecast g, revision 77, or error /) and let d : R¥ x R¥ — [0,00) be a
trajectory distance function. The temporal trajectory range vq, trajectory diameter wq, ambiguity
aq,r, and discrepancy ¢4 » of R for such a trajectory are defined as:

vg= E [maxd’vf,vg] wg= max E [dvf,fvg}

¢ teT Lf,geR. (t t) ¢ f9ERe teT (t t)
agr= E []l{ max d(v!,v? >TH G4r = max [E [Il{d vl v >TH
& teT f,9€R. ( £ t) ¢ [,9€Re teT ( £ t)

The choice of d determines which aspect of temporal disagreement is assessed. Models may differ
in the magnitude, direction, volatility, shape, spectral structure, or timing of their trajectories. No
single distance captures all of these forms of disagreement without conflating them. We therefore
leave d unspecified in the general definition and provide concrete instantiations in Section[3}

Information Awareness Across Multiplicity Levels. The temporal statistics defined above sum-
marize disagreement over complete trajectories. We next show that the three levels retain different
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information about the forecast matrix. We formalize this distinction through their sensitivity to re-
arrangements of forecast data, demonstrating that pointwise and horizon-wise statistics are blind to
aspects of disagreement that depend on how predictions are coupled across horizons.

Definition 3.4 (Multiplicity-, Horizon-, and Trajectory-Aware Statistics). A statistic is any function
of the target matrix Y~ and the forecast matrices {Y/} ;c. . A statistic is:

o multiplicity-aware if not invariant under per-model cell permutations Ef — 77 (EY), with 7/
a permutation of the cells 7 x {1, ..., H} that may depend on f;

* horizon-aware if not invariant under cell permutations, per-model cell permutations with a
common 7f = 7

* trajectory-aware if not invariant under row permutations, cell permutations 7(t,h) =
(mn(t), h) that preserve horizons and re-index the origins within each horizon.

These statistics are nested, since row permutations are cell permutations, and cell permutations
are per-model cell permutations. As illustrated in Figure 2] the loss retains none of this structure;
pointwise statistics retain model alignment but treat all T'H cells as an unordered collection; and
horizon-wise statistics additionally distinguish horizons, but not the ordering of origins within them.
Only temporal statistics retain full trajectory structure. For example, swapping origins at one horizon
flattens the trajectories in the final panel of Figure [2] without changing any lower-level statistic,
despite changing whether models agree on the direction of change. The proof is in Appendix

4 How LOOSELY IS TEMPORAL MULTIPLICITY CONSTRAINED?

Knowing what each level captures, we now quantify how loosely information below the temporal
level constrains temporal multiplicity. We consider losses of the following common form:

L(F) = gy SO e, @)

teT h=1
for some continuous £ : R — [0, 00) with £(0) = O that is nondecreasing in |e| and unbounded
(l(e) — oo as |e| — oc), with inverse £~1(L) = max{e > 0 : £(e) < L}. This covers most
standard losses, including MSE (¢(e) = €2), MAE ({(e) = |e]), as well as MASE-type losses.

We begin by quantifying how loosely the performance constraint defining the Rashomon set con-
strains temporal multiplicity. The bound below is tight for sufficiently rich model classes: we call
F shell-rich (at level ¢) if for every E € RT*H with £* < L(E) < L* + ¢ there exists f € F with
Ef = E. This is a mild condition, far weaker than universal approximation (Hornik, 1991)): F need
only realize error patterns with loss near £*. It is readily satisfied by sufficiently overparameterized
networks, which can interpolate arbitrary values at finitely many inputs (Zhang et al.,|[2017).

Theorem 4.1 (Multiplicity Bounds Under Rashomon Set Membership). Forall f,g € R.:
Gl =90, < 20N TH(L* +¢)  VteT, he{l,... H}.

9l n =905 = 20 (TH (L£* + ).

If F is also shell-rich, the bound is attained, i.e., maxf 4er.

Theorem [.1] shows that Rashomon set membership imposes a single scalar budget on the TH-
dimensional error matrix, without constraining where errors fall within such a matrix. It thus un-
covers a failure mode of performance-based model selection in temporal settings: beyond leaving
open how errors distribute across instances (Marx et al.l [2020), the loss is blind to how they dis-
tribute across horizons within each instance, i.e., to the shape of every forecast trajectory. More-
over, this freedom scales with the horizon: for {(e) = |e|P, the theorem’s pointwise bound grows
as H'/? (v/H under MSE and linearly under MAE). Longer horizons therefore weaken the control
that Rashomon membership provides over individual forecasts, limiting what membership alone
guarantees about the resulting trajectories.

At the opposite extreme of our hierarchy lies horizon-wise multiplicity. We now quantify how con-
straining at this level affects temporal multiplicity by imposing the strongest requirement afforded

by its definition, vanishing horizon-wise ambiguity: ag,f) = 0 for every horizon h, at tolerances
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T = (11,...,7y). This implies v w") < 7, and é,’? = 0. When 75, = T, this condition also
recovers the pointwise case, a, = 0.
Theorem 4.2 (Multiplicity Bound Under Horizon-Wise Control). Fix tolerances T = (11,...,TH).

Then, every pair f,g € F with aT ({f, g}) = 0 for all h satisfies:
9l < T WteT.he{l,... H}

If, moreover, F is shell-rich, the bound is attained by pairs in R. whenever it is loss-feasible, i.e.,
whenever the loss budget of Theorem[.1|does not bind first: 3, 0(14,/2) < TH(L* + €).

Indeed, horizon-wise multiplicity imposes a stronger constraint on predictions, bounding the abso-
lute difference between models at each horizon by 7;,. Yet, except in the degenerate case where
7, = 0 for every horizon and all models in the Rashomon set produce identical forecasts for every
sample, this constraint leaves many temporal properties of the trajectories unrestricted. For example,
it provides no control over differences in their direction, spectral behavior, or shape.

5 INSTANTIATIONS OF TEMPORAL MULTIPLICITY

Definition [3.3] deliberately leaves the choice of trajectory distance function unspecified. We now
instantiate this general definition with a family of interpretable distances, each designed to capture
a distinct aspect of temporal disagreement. As there is no unique trajectory distance appropriate
for all forecasting applications, we select distances that are complementary along two criteria: each
has a clear interpretation in terms of a recognizable aspect of temporal behavior, and together they
distinguish differences in level, local dynamics, and global trajectory structure.

We begin with a magnitude distance, which aggregates the pointwise gaps between two trajectories
u,v € R and therefore retains the least temporal structure. It is consequently the temporal distance
most closely related to pointwise and horizon-wise multiplicity.

* Magnitude: dyagnitude (U, V) = \ﬁ ||lu — v||2, the root-mean-square pointwise gap.

The next three distances operate on trajectory increments and compare patterns of change indepen-
dently of the trajectories’ absolute levels.

o Increment: dincroment (U, V) = \/7||Au Av||g, with Au = (Aug, ..., Aug_1).

* Volatility: dyoasitity (U, v) = H71 | o lAup| —
lute increments.

* Direction: dgjrection (8, V) = ﬁHh : sign(Auy) # sign(Avy,)
of opposite sign.

, the fraction of increments

These final three distances are scale-free, comparing the form of trajectories rather than their abso-
lute values[T]

* Shape: dsnape(u,v) = %(1 — p(u,v)) € [0,1] using the Pearson correlation.
o Spectral: dspectral (U, V) \fH |F(u)| — |F (v)] H2 [0, 1], the magnitude spectrum gap.

* Timing: diiming(u,v) = |7*|/(H — 2) € [0,1] with 7% = argmax|, <y_o pr(u,v), the
best-alignment lag as a fraction of the largest admissible lag.

Each distance can be applied to forecast, revision, or error trajectories. On forecast trajectories ﬂ[ ,

it measures disagreement about the future path of the target; on revision trajectories ?f , it mea-

sures differences in how models update forecasts of a common target as new observations become

available; on error trajectories e{ , it measures differences in the temporal structure of model errors.

The instantiations above also make the general results of Section [] operational: substituting each
distance into our theoretical framework yields metric-specific bounds on temporal disagreement. We
defer these bounds, their proofs, and an empirical assessment of their tightness to Appendix [D] and
turn next to experiments that characterize temporal multiplicity among trained forecasting models.

'Here, p denotes Pearson correlation, f the normalized discrete Fourier transform, and p- the lag-7 cross-
correlation. See Appendix [AE:] for precise numerical implementations.
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Table 1: Pointwise, horizon-wise, and temporal predictive multiplicity in empirical Rashomon sets.
Each cell reports the trajectory range / diameter (v4/wq), maximized across forecast, revision, and
error trajectories. For multi-target datasets, multiplicity statistics are maximized and MASE is av-
eraged across targets. Magnitude, increment, and volatility are reported in seasonal-naive units;
direction, timing, shape, and spectral distances are scale-free and reported as percentages.

Dataset dmagnitude dincrement  Qvolatility ~ ddirection dshape dspectral dtiming ‘ LD @y ED) G ‘ MASE*
ATM 1D 1.38/0.66 1.55/0.81 0.87/0.35 100% /59% 96% ! 54% 85% 136% 100% /54% |1.79/0.59 1.94/0.62 1.85/0.55|1.05
ATM 1W 1.46/0.67 1.38/0.65 0.94/0.49 100% /55% 99% | 56% 85%132% 100% /58% |1.75/0.71 1.67/0.61 1.68/0.59|0.93
Bitcoin 7.00/2.99 3.66/2.08 2.01/0.88 100%/62% 99% /61% 82% /42% 100% /69% |5.16/2.35 9.41/3.34 7.10/2.63|2.67

Electricity D. A 1.56/0.62 0.47/0.33 0.21/0.15 79%/49%  83%/39%  82%/43% 98% /33% 1.59/0.46 2.19/0.58 1.93/0.53|0.46
Electricity D.Z  0.80/0.30 0.20/0.15 0.07/0.05 69%/50%  19%/44%  17%/49% 99%/40% |0.62/0.22 1.17/0.32 0.97/0.24|0.24
Electricity Price 0.95/0.45 0.40/0.29 0.18/0.11 81%/46%  72%/35%  76%/38% 96%/30% |0.98/0.34 1.29/0.48 1.24/0.37]0.82
ETT IH 1.42/0.56 0.50/0.33 0.23/0.14 83%/47%  17%/33%  19%/37% 95% /31% 1.13/0.44 1.97/0.60 1.66/0.47|0.48
Exchange Rate 5.31/1.78 5.25/2.31 3.05/1.32 100% /100% 100% /100% 97% /87% 100% /100% |4.09/1.59 6.26/2.02 5.35/1.362.36
FRED-MD 0.16/0.12 0.13/0.09 0.09/0.05 51%/35%  49%/36% 0%/0%  61%/45% |0.11/0.08 0.21/0.13 0.16/0.11|0.14

Gasoline 274/133 2.13/1.00 1.23/0.56 100%/72% 100% /66% 94% /46% 100%/79% |3.03/1.32 3.29/1.29 3.10/1.22|0.74
Weather 2.41/1.25 0.72/0.51 0.39/0.27 66%/52%  88%/50%  71%/47% 99%/48% |2.73/1.39 3.12/1.10 2.96/1.06|0.95
Mean 229/0.98 1.49/0.78 0.84/0.40 84%/57%  86%152%  16%/41% 95%153% |2.09/0.86 2.96/1.01 2.55/0.83|0.99

6 EXPERIMENTS

We evaluate temporal predictive multiplicity in trained forecasting models guided by three questions:

Q1: How much do near-optimal models differ across the temporal aspects captured by our trajectory
distances?

Q2: Can pointwise or horizon-wise disagreement serve as a proxy for such differences?
Q3: Can temporal multiplicity alter the conclusions or decisions drawn from a forecast?

Across the experiments, we find that near-optimal models frequently produce markedly different
trajectories, that these differences are largely invisible to conventional multiplicity measures, and
that they can have consequential downstream implications.

Experimental Setup. We consider 11 datasets from diverse domains. For each dataset, we train
models spanning 19 neural forecasting architectures, including transformer, MLP/mixer-based, and
recurrent families, over 10 random seeds and several hyper-parameter configurations. The empirical
Rashomon set R, contains all models within € = 5% of the best validation MASE. We compute all
multiplicity statistics from rolling-origin test forecasts of its members. Full details of the datasets,
models, training procedure, and evaluation protocol appear in Appendix [A]

Q1. How large is temporal multiplicity? We first quantify the extent to which near-optimal models
differ in the temporal aspects captured by our trajectory distances. For each distance, we compute
the trajectory range and diameter of the empirical Rashomon set. Table E]reports the resultsE]

Temporal multiplicity is substantial across all temporal aspects. At a typical origin, some pair of
near-optimal models moves in opposite directions on 84% of trajectory increments, reaching 100%
on Gasoline; even a fixed pair does so on 57% of increments.A shape range of 86% corresponds
to a Pearson correlation of approximately —0.7 between the most divergent trajectories, with one
trajectory tending to rise at the time steps where the other falls. The timing range reaches 95%,
indicating that the most divergent trajectories often require a shift of about half the forecasting
horizon to align, and the spectral range of 76% lies well above the midpoint of its scale. Thus,
models with indistinguishable validation performance can imply sharply different trajectories.

The pointwise and horizon-wise results are also consistent with prior work: pointwise multiplicity
increases with the forecast horizon (Marx et al., [2020; [Watson-Daniels et al., 2023 [Kale et al.,
2026). However, the temporal results are not simply a rescaling of the pointwise ones. The two
measures rank datasets differently; for example, Weather has the fourth-largest pointwise range but
the second-smallest directional disagreement. We examine this distinction in the next experiment.

Q2. Can conventional frameworks capture temporal multiplicity? The preceding theoretical
results suggest that temporal multiplicity is not simply a rescaling of pointwise or horizon-wise
multiplicity. We test this directly at the level of individual model pairs and forecast origins. For

2Appendixreports the complete pointwise, horizon-wise, and temporal multiplicity statistics, including
ambiguity and discrepancy, per target.
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Table 2: Spearman rank correlation, over all (model pair, origin) samples of the empirical Rashomon
set, between the pair’s mean pointwise gap 6]? and its trajectory distance d(v] ,v?) on the same
forecast origin, read as in EquationE] with £} = 1 (Pointwise) or as is (Horizon-Wise). Each row
reports the minimum / maximum over the three trajectories and, for multi-target datasets, its targets.

Dataset Pointwise Horizon-Wise
dmagnitude  dincrement  volatility  ddirection  dshape dspectral  driming | dmagnitude dincrement  dvolatitity  ddirection  dshape dspectral  diiming
ATM 1D 098/0.98 058/0.75 0.35/037 0.15/0.28 0.24/0.61 0.05/042 0.07/02410.98/0.98 058/0.75 0.35/0.37 0.15/028 024/0.61 0.05/042 0.07/024
ATM IW 099/0.99 056/0.70 0.39/047 0.13/0.18 0.17/0.40 0.04/024 0.14/020/0.99/099 056/0.70 0.39/0.47 0.13/0.18 0.17/0.40 0.04/0.24 0.14/0.20
Bitcoin 099/1.00 0.61/0.69 0.43/049 0.02/0.19 -0.01/0.32 -0.05/0.26 0.02/0.14|0.96/0.98 0.60/0.67 0.41/0.48 -0.03/0.17 -0.03/030 -0.05/0.25 -0.01/0.13

Electricity D. A 0.99/0.99 0.46/0.66 0.16/0.36 -0.03/0.26 -0.00/0.64 -0.08/0.49 0.05/0.36|0.96/0.97 0.47/0.65 0.16/0.36 -0.03/0.26 -0.03/0.63 -0.10/0.48 0.04/0.35
Electricity D.Z  0.99/0.99 0.23/0.52 0.09/0.28 -0.08/0.23 0.07/0.52 -0.05/0.38 0.10/0.37|0.98/0.99 0.24/0.52 0.09/0.28 -0.07/0.23 0.07/0.51 -0.06/0.38 0.10/0.37
Electricity Price 0.99/0.99 0.59/0.64 0.20/0.31 -0.02/0.06 0.17/0.35 0.08/0.23 0.10/0.14{0.98/0.98 0.59/0.64 0.20/0.31 -0.02/0.06 0.15/0.34 0.07/0.22 0.10/0.14
ETT 1H 0.99/0.99 0.56/0.68 0.30/0.39 0.32/0.36 0.43/0.51 0.31/0.39 0.17/0.29|0.98/0.98 0.58/0.69 0.31/0.40 0.33/0.38 0.41/0.50 0.30/0.39 0.17/0.29
Exchange Rate  0.99/0.99 0.50/0.83 0.29/0.51 0.09/0.22 0.14/0.47 0.01/0.28 0.06/0.22|0.96/0.98 0.49/0.82 0.29/0.51 0.09/0.21 0.14/045 0.01/0.27 0.06/0.20
FRED-MD 0.98/1.00 0.61/0.69 0.45/0.64 0.03/0.40 0.05/0.42 -0.11/0.04 0.02/0.40|0.97/0.99 0.59/0.67 0.44/0.62 0.03/0.39 0.04/0.42 -0.10/0.04 0.03/0.39

Gasoline 0.99/0.99 0.56/0.61 0.35/0.45 0.09/0.22 0.12/0.43 -0.01/0.29 0.10/0.23|0.99/0.99 0.56/0.61 0.35/0.45 0.09/0.22 0.12/0.43 -0.01/0.29 0.10/0.23
‘Weather 1.00/1.00 0.69/0.72 0.51/0.52 0.35/0.43 0.34/0.52 0.24/0.43 0.27/0.35/0.99/0.99 0.70/0.73 0.52/0.54 0.37/0.44 0.34/0.52 0.24/0.43 0.27/0.35
Mean 0.99/0.99 0.54/0.68 0.32/0.44 0.09/0.26 0.16/0.47 0.04/031 0.10/0.27]0.98/0.98 0.54/0.68 0.32/0.44 0.09/0.26 0.15/0.46 0.04/0.31 0.10/0.26

each pair of models in the empirical Rashomon set and each test forecast origin, we compute the
Spearman correlation between their mean pointwise gap and their trajectory distance. We consider
both a pointwise reading and a horizon-normalized reading, which scales gaps by the best validation
MASE at each horizon:

= o [87¢ =, [d(v!, v? _ 59 _ 1 N 3
Td—Q([ t ]{ﬁg}e(@;)a [ (vtavt)]{f7g}€(732€))7 t _ﬁz—¢’ 3)
teT teT h=1 v

where (73‘) is the set of unordered pairs of distinct models in ﬁe, ”gj{ 4, and t‘g}tg 1, are the forecasts
in naive units, £; = min feR Ly (f) is the best validation MASE at horizon h, and ¢ denotes

Spearman rank correlation. The horizon-normalized reading places gaps from different horizons on
a common scale; the unweighted pointwise reading is obtained by setting £; = 1. Table 2] reports
the weakest and strongest correlations across trajectories and, for multi-target datasets, targets.

The results are aligned with our theory. Correlation is nearly perfect for magnitude, which di-
rectly aggregates pointwise gaps, and decreases for increment and volatility distances. In contrast,
disagreement in direction, shape, spectral behavior, and timing has little or no association with
pointwise or horizon-wise disagreement. On the least correlated trajectory, average correlations for
these aspects range from 0.04 to 0.16, while even the strongest correlations do not exceed 0.47.
Thus, knowing how far apart two near-optimal forecasts are at individual horizons provides little
information about whether they agree on the direction, shape, spectrum, or timing of the trajectory.

Q3. Does temporal multiplicity affect downstream decisions? We finally examine whether
trajectory-level disagreement can lead to different downstream decisions. Such decisions often de-
pend on properties of an entire forecast trajectory, rather than on individual forecast cells. As an
illustrative case study, we consider disagreement in the value and timing of trajectory extrema and
in the direction of trajectory increments. For a forecast trajectory, define its maximum v,f M the

ofM f

location of its maximum , and its increments Ay , as:

1
M . M N " .
vtf = max hy{+h, E{ = —argmaxhy{+h, A{h = y{_s_hfhyg_s_h_l. ()

1<h<H 1<h<H

We define v{""™ and E{ "™ analogously for the minimum and its location. For each origin, disagree-
ment about an extremum is measured by its range across members of R, in both value and location:

f ; f
max,.s v —min, s v
range, (v) = feR. * - feR. , range, (£) = max o - min o ®)
L(f*) fER.  feR.

The value range is expressed in multiples of the best validation MASE, while the location range
is expressed as a fraction of the horizon. For directional disagreement, we consider the minority
share of models moving against the majority direction, the share of contested cells on which at
least one model predicts an increase and another a decrease, and the range of increment angles

9{ , = arctan Af 5, across models. Tablereports these quantities for each dataset.

The consequences are substantial. On average, the most and least optimistic near-optimal models
place the forecast peak 3.00 error budgets apart and disagree about its timing by 57% of the horizon;
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Table 3: Disagreement across empirical Rashomon-set members about the value and location of
forecast minima and maxima, and about the direction of forecast increments. Value ranges are
expressed in multiples of the best validation MASE; locations are fractions of the forecast horizon;
and increment-angle ranges are in degrees (up to 180°, opposite steep moves). Ranges are reported
as mean (maximum) across origins, or across forecast cells for increment angles; directional shares
are averaged across cells. We report the maximum for multi-target datasets.

Dataset Extremes Value Extremes Location Increment Direction

range(v™) range(v™) range(£M) range(£™) Contested Cells Minority Share range(6)
ATM 1D 1.91(6.22) 1.43(5.40) 18.7% (85.7%) 48.3% (85.7%) 51.0% 9.2% 55.8 (159)
ATM 1W 1.83(6.82) 1.56 (8.17) 68.3% (75.0%) 70.7% (75.0%) 89.8% 21.8% 69.2 (153)
Bitcoin 2.83(7.35) 2.48(9.21) 84.7% (85.7%) 85.2% (85.7%) 100% 28.7% 101 (164)
Electricity D. A 5.44 (39.4) 3.13(17.1) 43.9% (97.9%) 28.2% (97.9%) 60.9% 10.3% 34.6 (143)
Electricity D. Z  4.18 (20.9) 2.19(7.52) 30.3% (99.0%) 17.7% (99.0%) 70.1% 13.3% 17.2 (89.3)
Electricity Price 1.45(4.13) 1.53(4.59) 45.3% (95.8%) 30.8% (95.8%) 66.0% 10.0% 34.4(110)
ETT 1H 3.33(8.40) 3.24 (8.07) 76.6% (95.8%) 85.1% (95.8%) 100% 23.2% 46.2 (105)
Exchange Rate 2.72 (482) 2.28 (64.5) 80.0% (80.0%) 80.0% (80.0%) 100% 41.3% 118 (177)
FRED-MD 1.30 (3.12) 1.01 (4.82) 27.7% (66.7%) 27.4% (66.7%) 47.0% 8.2% 5.50 (19.0)
Gasoline 391(17.2) 4.26 (21.0) 74.4% (75.0%) 74.0% (75.0%) 92.7% 21.9% 83.6 (160)
Weather 4.09 (15.0) 2.11(12.0) 79.7% (99.3%) 69.6% (99.3%) 100% 33.4% 60.3 (157)
Mean 3.00 (55.5) 2.29 (14.8) 57.2% (86.9%) 56.1% (86.9%) 79.8% 20.1% 56.8 (131)

Bitcoin 2020-09-23 Electricity Price 2018-11-07 06:00 Electricity D. A (NSW) 2014-02-10 00:00 Electricity D. A (QLD) 2014-07-06 11:00
2 75 Up /98 Down

98 Up /110 Down Peak Value in [1.2,10.9]
Peak at h € [18,35]

Peak Value in [4.4, 7.8]
Peak at h & [14,42]

Naive Units
Jeen =y
b oo

L
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Figure 3: Examples of temporal multiplicity within empirical Rashomon sets. Each panel shows
member forecast trajectories at one origin, as deviations from the realized level at that origin, to-
gether with the realized trajectory (black). Left: Bitcoin and Spanish electricity-price forecasts,
colored by net direction over the horizon (blue: up; orange: down). Right: Australian electricity-
demand forecasts, colored by the timing of their maximum (dots); annotations report disagreement
in peak value and timing.

at the worst origin, they locate it at opposite ends of the horizon on every dataset. Moreover, at least
one model predicts an increase while another predicts a decrease on 80% of forecast cells. At a
typical cell, 20% of models oppose the majority direction and the members’ increment angles span
57° on average, i.e., steep rises against steep falls. Thus, performance-indistinguishable models can
support different downstream decisions. Horizon-wise statistics reveal disagreement at individual
steps, but not whether models agree on the direction of changes or on which peak is largest.

Figure [3] illustrates these differences. For Bitcoin, 75 of 173 near-optimal models predict that the
price will rise over the following week, while 98 predict a fall. For Spanish day-ahead electricity
prices, all 208 models predict the same intraday shape, yet 98 forecast a higher price after 24 hours
and 110 a lower one. The demand examples show analogous disagreement about peaks: in New
South Wales, predicted peak increases range from 1.2 to 10.9 naive units; in Queensland, 165 of
332 models place the peak on the same evening and 167 on the following morning. Comparable
predictive performance therefore leaves unresolved both the magnitude and timing of peak demand.

7 CONCLUSIONS

We introduced a framework for characterizing predictive multiplicity in time-series forecasting at
the level of complete trajectories. By distinguishing pointwise, horizon-wise, and temporal dis-
agreement, we revealed differences in direction, shape, timing, and other temporal features that con-
ventional multiplicity metrics cannot capture. Using this framework, we showed that near-optimal
performance, and even tight horizon-wise agreement, provide limited control over the trajectories
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competing models may produce. Experiments across forecasting architectures and datasets con-
firmed that these differences arise in practice and can affect downstream decisions. Our framework
therefore provides practitioners with a means to assess temporal differences among models that
standard accuracy measures deem interchangeable.

Several directions follow. First, time-series attributions and counterfactuals are themselves temporal
objects (Tonekaboni et all [2020; |Ates et al., 2021); applying our framework to them could re-
veal a temporal dimension of explanatory multiplicity (Dong & Rudin, [2020; Laberge et al., [2023).
Second, extending the framework to quantile and probabilistic forecasts would enable the study of
distributional disagreement. For time-series foundation models (Woo et al., 2024} |Ansari et al.,
2025)), competing forecasts may also result from different contexts, prompts, or covariates, raising
the question of whether Rashomon sets should encompass such conditioning choices, as a temporal
counterpart to prompt multiplicity in language models (Sclar et al., |2023; |Ganesh et al.| 2026)). Fi-
nally, combining deterministic Rashomon-set thresholds with model confidence sets (Hansen et al.,
2011)) could account for uncertainty in model performance when estimating temporal multiplicity.
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A EXPERIMENTAL SETUP
We provide in this appendix the details of our experimental setup.
A.l1 DATASETS

Table 4: Provenance of the datasets used in our experiments.

Dataset Domain  Source License Distribution Channel

UK ATM Withdrawals - Daily finance ; CCBY 4.0 GluonTS (Alexandrov et al.|[2020}
UK ATM Withdrawals - Weekly finance CCBY 4.0 GluonTS (Alexandrov et al.|[2020)
Bitcoin Price finance 1.

odahewa et al. (2021 CCBY 4.0 GIFT-Eval (Aksu et al.|202
Australian Electricity Demand energy (2021 CCBY 4.0 GluonTS (Alexandrov et al.||2020

2020'

Zurich Electricity Consumption energy CCO Public Domain Darts (Herzen et al.|2022
Hourly Energy Pricing - Spain energy CCO Public Domain Darts (Herzen et al.|2022
Electricity Transformer Temperature 1 industry CCBY-ND 4.0 Darts (Herzen et al.|[2022
Currency Exchange Rates (USD) finance GluonTS (Alexandrov et al.

CCO Public Domain GluonTS (Alexandrov et al.}
CCO Public Domain Darts (Herzen et al.|[2022]

; Wu et al. CCBY 4.0 Darts (Herzen et a

FRED-MD (US Macroeconomic Data) economy
US Finished Motor Gasoline Supplied energy
Jena Weather nature

A

Kole]

Table 5: Properties of the datasets used in our experiments.

Dataset Frequency Variables Targets Timestamps (7°) Input Size' Horizon Seasonality Poolable*®
UK ATM Withdrawals - Daily D 108 108 791 28 (4W) /56 (8W) T7W)  T(AW) Yes
UK ATM Withdrawals - Weekly w 108 108 113 16 (16W) /26 (26W) 4 (4W)  52(52W) Only
Bitcoin Price D 18 1 2629 28 (4W) /56 (8W) T(AW) - No
Australian Electricity Demand 30min 5 5 230736 336 (1W) 48 (1D) 48 (1D), 336 (1W), 17,520 (52W) Yes
Zurich Electricity Consumption 15min 10 2 268705 672 (1IW) 96 (1ID) 96 (1D), 672 (1W), 35,040 (52W) No
Hourly Energy Pricing - Spain h 20 1 35064 168 (1W) 24 (1D) 24 (1D), 168 (IW), 8,760 (52W) No
Electricity Transformer Temperature 1 h 7 1 17420 168 (1W) /192 (1.1W) 24 (1D) 24 (1D), 168 (1W) No
Currency Exchange Rates (USD) B 8 8 6221 20 (4W) /40 (8W) 5(0wW) - Yes
FRED-MD (US Macroeconomic Data) ME 107 3 728 12 (1Y) /24 (2Y) 33M)  12(1Y) No
US Finished Motor Gasoline Supplied W-FRI 1 1 1578 16 (16W) /32 (32W) 4 (4W) 52 (52W) -
Jena Weather 10min 21 1 52704 1,008 (1W) 144 (1D) 144 (1D) No

*Which representations a dataset’s targets admit: No, the targets are heterogeneous, so pooling is not
meaningful; Yes, they are homogeneous, so a pooled model is available alongside the per-target and joint ones;
Only, pooling is the one feasible representation, as for mixed panels of many unrelated series. A dash (-)
marks a genuinely univariate dataset: a single series, with nothing to pool. TEvery input size the sweep spans,
in sweep order, where a dataset is swept at more than one; the runs of one dataset differ in nothing else.

We use 11 publicly available forecasting datasets spanning finance, economics, energy, industry, and
nature domains. Table [ reports their provenance; Table [3] reports their properties; Table [6] reports
the train/validation/test splits.

Table 6: Train/validation/test splits of the datasets used in our experiments.

Dataset Length Samples Samples™® Forecasts

TRAIN VAL & TEST TRAIN TRAINT VAL & TEST TRAIN TRAINT VAL & TEST TRAIN VAL & TEST
UK ATM Withdrawals - Daily 553 119 526/498 531/503 113 56808 / 53784 57348 /54324 12204 56808 / 53784 12204
UK ATM Withdrawals - Weekly 79 17 - - - 6912/5832  7128/6048 1512 6912/5832 1512
Bitcoin Price 1841 394 1814/1786  1819/1791 388 - - - 181471786 388
Australian Electricity Demand 161516 34610 161181 161227 34563 805905 806135 172815 805905 172815
Zurich Electricity Consumption 188093 40306 187422 187516 40211 - - - 374844 80422
Hourly Energy Pricing - Spain 24544 5260 24377 24399 5237 - - - 24377 5237
Electricity Transformer Temperature 1 12194 2613 12027 /12003 12049 /12025 2590 - - - 12027 /12003 2590
Currency Exchange Rates (USD) 4355 933 4336/4316  4339/4319 929 34688 /34528 34712/ 34552 7432 34688 /34528 7432
FRED-MD (US Macroeconomic Data) 510 109 499 /487 5007488 107 - - - 149771461 321
US Finished Motor Gasoline Supplied 1104 237 108971073 1091/1075 234 - - - 108971073 234
Jena Weather 36892 7906 35885 36027 7763 - - = 35885 7763

*Samples of the pooled representation, windows X targets; the unmarked samples are those of the per-target
and joint representations, one per rolling-origin window. A count is empty where its representation is
infeasible: the pooled one where the dataset is not poolable, the unmarked one where pooling is its one
feasible representation. T Training samples of the recurrent architectures, which unfold training windows of the
input size plus 2 steps rather than the input size plus the horizon; every other count is shared by all
architectures. A cell listing several counts holds one per input size the sweep spans, in the order of the
properties table’s input sizes.

Pre-processing. Placeholder codes (sentinel values, fabricated calendar days such as the 31st of a
30-day month) are converted to missing values before any other step. Three datasets whose series are
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strictly positive and span orders of magnitude (the currency exchange rates, the Bitcoin indicators,
and the FRED-MD macroeconomic levels) are modeled in natural-log space, as is standard for those
series in such domains; the nine FRED-MD series that take non-positive values (interest-rate spreads
and non-borrowed reserves) are kept in raw levels.

Missing Values Handling. Missing values are handled without future leakage: leading gaps are
trimmed, interior gaps are forward-filled, and an availability mask records which positions were
originally missing. The mask follows the data through the whole pipeline: imputed target positions
do not contribute to the training loss, to the seasonal-naive scale of MASE and RMSSE, or to any
evaluation metric.

Standardization. Every architecture standardizes each input window by its own mean and stan-
dard deviation and inverts the transformation on its outputs, so all models see the same raw series.
Refer to the model training section for more details on normalization.

Exogenous Variables. Non-target variables are offered to models as historical exogenous inputs
whenever the architecture allows it (see Appendix [A.2).

Seasonality. When a dataset declares one or more seasonal periods s, 4 Fourier terms of those pe-
riods are passed to the model as future-known exogenous features whenever the architecture allows

. <27rt) (27rt> (47rt> (47rt>
sin| — ], cos| — ), sin[— ), cos|—
s s s s

Dataset Splits. Each dataset is split chronologically into a training, a validation, and a test portion,
the validation portion immediately preceding the test tail and both holding out, by default, 15% of
the calendar (see Table [6] for more details). Within each held-out portion the forecasts are rolling-
origin forecasts at a dense stride of one timestamp, every origin producing one H -step trajectory, so
that the multiplicity statistics of Section [3|are computed over every origin of the test portion.

A.2 MODEL TRAINING

Hardware Setup. To train and evaluate our models we used a Ray cluster of machines with one
NVIDIA RTX PRO 6000 Blackwell Server Edition GPU, an 8-core CPU running at 3.2 GHz, and 128
GB of RAM. To run our experiments on the trained models we instead used a CPU-only machine
with 64 cores, running at 3.7 GHz, and 256 GB of RAM.

Model Architectures. To generate the empirical Rashomon set we train models spanning the main
families of neural forecasting architectures: Transformer-based, MLP/mixer-based, convolutional,
recurrent, and near-linear models. Table[7]lists the 19 architectures used in our experiments together
with the references of the original proposals. We use NeuralForecast (Olivares et al.,|2022) to train
all such model architectures.

Fixed Hyper-Parameters. The following hyper-parameters are fixed on all trained models:

* Loss: MSE (mean squared error).

e Optimizer: Adam with no decay schedule.

* Regularization: every dropout rate set to zero.

* Input scaling: per-window standard scaling of the inputs.

* Precision: train-time operations in bf 1 oat 1 6 mixed precision whenever possible (parameters
and optimizer state stay in £p32); every evaluation—for every model and every checkpoint—is
run in £p32 so that no precision confound enters the comparison of models.

Hyper-Parameters Swept to Generate the Full Set of Models. For every dataset the full set of
trained models is the Cartesian product of the following hyper-parameters:

e Model Architectures: the 19 architectures of Table[7]
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Table 7: Neural forecasting architectures used to generate the empirical Rashomon set, grouped by

model family.

Family Model Reference
PatchTST Nie et al.| (2022
Transformer iTransformer |Liu et al.| (2024)
TimeXer Wang et al.|(2024b))
TFT Lim et al.| (2021)
NHITS Challu et al.| (2023)
NBEATSx Olivares et al.| (2023))
TiDE Das et al.| (2023))
MLP /Mixer  TimeMixer Wang et al.[(2024a)
TSMixer Chen et al.| (2023)
TSMixerx Chen et al.|(2023)
SOFTS Han et al.| (2024)
TimesNet 'Wu et al.[(2022)
Convolutional BiTCN Sprangers et al.|(2023)
TCN Bai et al.| (2018)
xLSTM Beck et al.| (2024}
Recurrent GRU Cho et al.| (2014)
DilatedRNN  |Chang et al.|(2017)
Near-linear DLinear Zeng et al.[(2023)
xLinear Chen et al.|(2026)

* Random Seeds: ten random seeds (0 to 9).

* Learning Rate: 1073 and 3 - 10~*

e Batch Size: 32 and 64

* Input Size: four and eight times the forecast horizon, where the dataset admits both. Table 5]
reports the corresponding input sizes, while Table [6] lists the training samples each input size
yields.

e Target: Univariate and Multivariate *t

e Exogenous Variables: Disabled and Enabled *

* Pooled Targets: Unpooled and Pooled targets * (as supported by each dataset, see Table[3)
* Note that the combinations an architecture cannot realize (e.g. a purely univariate architecture in
the multivariate representation) are pruned per (architecture, dataset) pair.

1 Also note that when multi-target datasets are trained in univariate mode the training fans out into
one model per target, which share one run’s compute budget as described below.

Finally, note that dataset—architecture combinations that exceeded the RAM or VRAM capacity of
the hardware described above were excluded.

All other hyper-parameters that are not mentioned in these two paragraphs are left at their default
value in NeuralForecast 3.1.9 (Olivares et al., [2022)).

Randomness Control. The random seed drives every source of randomness in a run: parameter
initialization, the sampling of training origins, and any stochastic kernel. Deterministic kernels are
requested wherever PyTorch offers them.

Compute Budget. The step budget of every (architecture, dataset, representation) cell is deter-
mined by the following rules.
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* Wall-time budget: a short profiling run measures the isolated training throughput (steps per
second) on a dedicated NVIDIA RTX PRO 6000 Blackwell Server Edition GPU, and the step
budget is the number of steps that spends 900 seconds (15 minutes) at that throughput.

* Epoch cap: the step budget is capped at 250 expected-coverage epochs, an epoch being the
number of steps after which every training origin has been sampled once in expectation, i.e.,
|_N0rigins /Nbatch-‘ .

» Per-target fan-out: the step budget is divided by the number of per-target models a run fans
out into, so that a per-target univariate run spends the same total compute as a joint or pooled
run on the same dataset.

We estimate that training and evaluating our models required 3,000 GPU-hours, with an additional
300 hours of CPU-only compute used to run experiments.

Checkpoints. Along every run we save periodic snapshots of the weights, and the end-of-training
weights as a final checkpoint. The snapshot interval is 1000 optimizer steps, shortened for slow
models to at most 60 seconds of isolated wall-time and to at most one expected-coverage epoch,
whichever is smallest.

Checkpoint Selection. Every checkpoint, including the final one, is scored with the above rolling-
origin protocol. We keep the single checkpoint with the lowest validation MASE (Hyndman &
Koehler, 2006), aggregated over the whole horizon and over every validation origin.

Table 8: Validation and test performance of the full set of trained models of each dataset: minimum
and mean across all models of the horizon-averaged MAE, RMSE, MASE, and RMSSE, on the
validation portion (left) and on the test portion (right).

Dataset VAL TEST
MAE RMSE MASE RMSSE MAE RMSE MASE RMSSE

Models Min Mean Min Mean Min Mean Min Mean Min Mean Min Mean Min Mean Min Mean
ATM 1D 2080 423 4.68 6.88 756 1.05 1.16 1.09 1.20 3.16 345 495 523 0.73 0.80 0.71 0.76
ATM 1W 1520 154 180 223 259 093 1.11 1.05 1.26 129 139 182 195 0.75 0.81 0.80 0.86
Bitcoin 2800  0.06 0.07 0.08 0.10 2.67 326 258 3.03 0.05 0.06 0.07 0.09 235 3.01 216 2.76
Electricity D. A (NSW) 2160 171 206 274 323 038 045 041 048 171 206 274 320 038 046 041 048
Electricity D. A (QLD) 2160 100 118 153 176 0.41 048 040 046 114 141 174 205 047 0.58 046 0.54
Electricity D. A (SA) 2160 61.8 73.0 103 116 0.52 0.62 055 0.63 747 872 121 136 0.63 0.73 0.65 0.73
Electricity D. A (TAS) 2160 226 247 314 342 053 0.58 050 0.54 235 257 325 352 056 0.62 0.53 0.57
Electricity D. A (VIC) 2160 151 179 246 285 043 0.52 046 0.53 166 200 275 321 048 0.57 0.51 0.60

Electricity D. Z (Value_NE5) 1680 524 864 745 1195 0.21 035 0.18 028 543 8838 819 1244 0.23 037 0.20 0.31
Electricity D. Z (Value_NE7) 1680 1019 1823 1485 2481 0.27 0.49 0.23 0.39 934 1734 1421 2400 0.26 0.48 0.23 0.39

Electricity Price 1400 4.88 5.65 6.88 790 0.82 095 081 093 265 3.12 3.63 4.17 043 051 042 048
ETT 1H 2800 1.14 127 150 1.64 048 0.53 046 050 127 146 175 196 057 0.65 0.57 0.64
Exchange Rate (AUD) 4320 0.01 0.01 0.2 0.02 278 335 286 340 0.01 0.0l 0.01 001 166 2.03 150 1.84
Exchange Rate (CAD) 4320 0.01 0.01 0.01 0.02 3.61 435 289 347 001 0.01 001 001 170 2.04 139 1.74
Exchange Rate (CHF) 4320 0.01 0.01 0.01 001 156 190 151 1.82 0.01 0.0l 0.01 001 151 1.89 155 191
Exchange Rate (CNY) 4320 0.00 0.00 0.00 0.00 1.83 3.77 021 043 0.00 0.00 0.00 0.00 252 475 028 0.60
Exchange Rate (GBP) 4320 0.01 0.01 0.01 0.02 221 265 216 256 001 0.01 0.01 001 131 1.59 1.13 140
Exchange Rate (JPY) 4320 0.01 0.01 0.01 0.02 190 228 178 2.08 0.01 0.01 0.01 0.01 122 151 111 136
Exchange Rate (NZD) 4320 0.01 0.02 0.02 0.02 298 359 290 343 0.01 0.01 0.01 001 175 2.14 155 1.89
Exchange Rate (SGD) 4320 0.00 0.01 0.01 0.01 199 243 1.62 198 0.00 0.00 0.01 0.01 177 2.13 134 1.65
FRED-MD (CPIAUCSL) 3240  0.00 0.01 0.01 001 0.09 0.13 0.12 0.16 0.00 0.00 0.00 0.00 0.06 0.08 0.06 0.09
FRED-MD (INDPRO) 3240 001 0.01 0.01 002 0.14 021 0.17 027 0.00 0.01 0.01 0.01 0.10 0.15 0.11 0.16
FRED-MD (UNRATE) 3240 0.02 0.03 0.03 004 0.19 028 0.18 028 0.02 0.03 0.03 004 0.17 022 0.15 0.22
Gasoline 1520 207 224 262 286 0.74 0.80 0.73 0.80 330 400 538 700 1.15 1.39 1.48 1.93
Weather 1240 822 9.14 12.0 133 095 1.06 0.88 098 893 104 123 143 1.02 1.19 0.89 1.03

Model Performance. Tablereports, for each dataset, the minimum and the mean of the valida-
tion and of the test performance across the whole set of trained models, under the four error metrics
MAE, RMSE, MASE, and RMSSE (Hyndman & Koehler, |2006; Makridakis et al.| [2022), each
averaged over the whole horizon and over every origin of the portion.

A.3 RASHOMON SET

Selection Rule. The empirical Rashomon set 7%6 of a dataset is selected once again using the
validation MASE as our L(f).
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Table 9: Empirical Rashomon sets: forecast horizon H, the size of the full set of trained models |]? l,

Rashomon set size |7€6|, the Rashomon ratio, and the best and worst validation score of the set’s
members on the selection metric (MASE, in bold) and on the other reported metrics.

Dataset MASE MAE RMSE RMSSE

H |.7:'| |Re| Ratio Best Worst Best Worst Best Worst Best Worst
ATM 1D 7 2080 88 0.04 1.05 1.10 423 444 6.88 7.51 1.09 1.19

4

7

ATM 1W 1520 81  0.05 093 098 154 162 223 245 1.05 1.16
Bitcoin 2800 173 0.06 2.67 2.81 0.06 0.06 0.08 0.09 258 2.81
Electricity D. A (NSW) 48 2160 135 0.06 0.38 040 171 179 274 298 0.41 0.44
Electricity D. A (QLD) 48 2160 332 0.15 041 043 100 105 153 168 0.40 0.44
Electricity D. A (SA) 48 2160 164 0.08 0.52 0.55 61.8 64.8 103 110 0.55 0.59
Electricity D. A (TAS) 48 2160 876 0.41 0.53 056 22.6 237 314 334 050 0.53
Electricity D. A (VIC) 48 2160 259 0.12 043 046 151 158 246 270 046 0.50

Electricity D. Z (Value NE5) 96 1680 107 0.06 0.21 0.22 524 550 745 827 0.18 0.20
Electricity D. Z (Value_ZNE7) 96 1680 109 0.06 0.27 0.29 1019 1070 1485 1603 0.23 0.25

Electricity Price 24 1400 208 0.15 0.82 0.86 4.88 5.12 6.88 7.27 0.81 0.86
ETT 1H 24 2800 748 0.27 048 051 1.14 120 150 159 046 0.49
Exchange Rate (AUD) 5 4320 1435 033 278 292 0.01 0.01 0.02 002 286 3.10
Exchange Rate (CAD) 4320 1339 031 3.61 379 0.01 0.01 0.01 002 2.89 3.10
Exchange Rate (CHF) 4320 1326 031 156 1.64 0.01 0.01 0.01 001 1.51 1.60
Exchange Rate (CNY) 4320 100 0.02 1.83 1.92 0.00 0.00 0.00 0.00 0.21 0.23
Exchange Rate (GBP) 4320 1201 0.28 2.21 233 0.01 0.01 0.01 0.01 216 2.32

5
5
5
5
Exchange Rate (JPY) 5 4320 1334 031 190 2.00 0.01 0.01 0.01 001 1.78 1.90
Exchange Rate (NZD) 5 4320 1238 029 298 3.13 0.01 001 0.02 002 290 3.10
Exchange Rate (SGD) 5 4320 1208 0.28 1.99 2.09 0.00 0.00 0.01 001 1.62 1.83
FRED-MD (CPIAUCSL) 33240 128 0.04 0.09 0.09 0.00 0.00 0.01 001 0.12 0.13
FRED-MD (INDPRO) 3 3240 13 000 0.14 0.15 0.01 0.01 0.01 001 0.17 0.19
FRED-MD (UNRATE) 33240 1 0.00 0.19 0.19 0.02 0.02 0.03 003 0.18 0.18
Gasoline 4 1520 436 0.29 0.74 0.77 207 218 262 284 0.73 0.79
Weather 144 1240 153 0.12 095 1.00 822 863 120 13.0 0.88 0.96

Mean - - - 0.14 099 1.03 - - - - 0.95 1.03

Since the best achievable MASE differs from dataset to dataset, a common absolute tolerance would
admit sets of very different quality across datasets; we therefore choose € as a fixed fraction of the
best validation score, so that the results remain comparable across datasets: ¢ = 5% - L(f*), i.e.,
every model within 5% of the best validation MASE is a member. For a dataset with several targets
that admit per-target modeling, one set is selected and measured per target.

Every multiplicity statistic is then computed on the members’ test forecasts, so that the selection and
the reported disagreement never share data.

Table |§I reports, for every dataset, several metrics on its Rashomon set including the size |R.|, its
Rashomon ratio, and the best and the worst validation score among the members of the set, on four
metrics: MASE, MAE, RMSE, and RMSSE. The best MASE among the models of the Rashomon
set is by construction the best of the full set of trained models, £(f*).

A.4 TEMPORAL MULTIPLICITY

Trajectory Scaling. Since the series differ from dataset to dataset (and, within a dataset, from
series to series) in unit and in scale, a distance between two forecasts, or a threshold 7 on such
a distance, expressed in raw units would not be comparable across them; we therefore read every
magnitude-like quantity in scale-free units, so that the results remain comparable across series and
datasets.

Unless stated otherwise, before any multiplicity statistic is computed, each prediction and each
trajectory is divided by its series’ in-sample seasonal-naive mean absolute error—the MASE de-
nominator (Hyndman & Koehler, 2006). The thresholds 7 are also expressed in the same unit.
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We note that (dgirection> dshapes Gspectral> dtiming) are invariant to positive per-series rescaling and
are unaffected. For the other trajectory distance functions we note that scaling is a fixed positive
constant per series, applied identically to every model and to the realized values: as such, every
result of the paper holds verbatim in the rescaled space, while the statistics gain a unit-free, cross-
dataset interpretation.

Numerical Implementation: Shape Distance. p(u,v) is the Pearson correlation between the
entries of w and v, so that dghape = %(1 — p) ranges from 0 (proportional trajectories) to 1 (anti-
proportional ones). The Pearson correlation is undefined at constant trajectories and unstable near
them. Calling u flat if sd(u) < ( for a small threshold ¢ > 0, with sd the population standard devi-
ation of its entries, we adopt the convention p(u, v) = 1 if both trajectories are flat and p(u,v) = 0
if exactly one is; the same threshold governs the direction, spectral, and timing trajectory distance
functions, as detailed below, and the increments. We use ¢ = 10~2 (in naive units) in our experi-
ments, so that a trajectory is flat only when it is constant up to floating-point noise.

Numerical Implementation: Direction Distance. The sign of an increment is read with the flat-
ness threshold ¢ above: an increment is flat, sign(Auwuy) = 0, when it does not clear ¢ in absolute
value, |Aup| < ¢, and it goes up or down, sign(Awup) = =+1, otherwise. A flat increment thus
counts as a third direction: two flat increments agree, whereas a flat increment against an upward or
a downward one counts as a disagreement, exactly as an upward move against a downward one does.
Two flat trajectories are therefore at distance 0 and a flat trajectory against a strictly monotone one
at distance 1, mirroring the convention adopted for p above; the direction shares read the increments
with the same rule.

Numerical Implementation: Spectral Distance. The trajectories are first standardized, @ = (u—
ul)/|lu — ull|y with @ = % >, up, and F is applied to @ and ©; f denotes the normalized

discrete Fourier transform, (f u);, = \/—% Sy e~ 2mik(=D/H g6 that ||Fully = ||ulla. The
standardization is undefined at flat trajectories; with the flatness threshold ( above, we set u = 0

whenever sd(u) < ¢. Two unit-norm magnitude spectra are at most V2 apart, s0 dspectral € [0,1],
and the maximum 1 is attained exactly when the two spectra have disjoint supports.

Numerical Implementation: Timing Distance. For a lag 7 > 0, the overlapping segments of u
and v are (uj4r,...,um)and (vy,...,vg—), of length H — 7. Their means are denoted by @ and
Ur, while @ and v denote the means of the full trajectories. Negative lags are handled by swapping the
roles of w and v. The lag-7 Pearson correlation p (u, v) is computed on the overlapping segments.
Following the shape-distance convention, a segment is flat if its population standard deviation is at
most ¢, computed over that segment’s own length. We set p, = 1 if both segments are flat and
p- = 0if exactly one is flat.

Pearson correlation measures agreement within the overlap alone, so a short overlap can achieve a
high correlation even when the full trajectories align poorly. We limit this effect in two ways. First,
we require the overlap to contain at least two points and cover at least half of the horizon, restricting
admissible lags to |7| < L, where

L=H —max{2,[H/2]}.

Second, we normalize the centered cross-product over the overlap by the norms of the two full
centered trajectories. For 7 > 0, the resulting score is

H— _ _
kb1 (Uktr — Ur) (v — 07)

pr(u,v) = .
' VI (s — a2/ S (v — o)

The denominator is fixed across lags, so an overlap containing little of the full trajectories’ variation
receives a smaller score in magnitude, even if its Pearson correlation is high. At zero lag, pg = po.
If either full trajectory is flat, we use p, instead.

The best-alignment lag is 7* = argmax|, <, p-r(u,v). We define the timing distance as

dtiming (W, v) = |7*|/L, setting it to zero when L = 0. The distance therefore lies in [0, 1], and
the thresholds 7o = 0.25 and 73 = 0.5 correspond to one quarter and one half of the largest admis-
sible lag, respectively.
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This implementation differs from the definition in Section[5|by capping the lag at L rather than H—2,
maximizing p, rather than p,, and normalizing the selected lag by L. The theoretical statements
in Appendix [D] apply to the definition in Section [5} the modifications above concern the numerical
implementation used in the experiments.

Error Trajectories. Consistent with the evaluation protocol of Appendix a forecast cell
whose ground truth was imputed at load has no observed error, so the error trajectories drop ev-
ery forecast origin carrying at least one such cell, whereas the forecast and revision trajectories keep
it (a prediction is a prediction whatever it is scored against).

Extremes. The location of the maximum and of the minimum of a forecast trajectory, f,{ M and
E{ ™ in Equation is the first step at which the extreme is reached whenever several steps attain it.

Increments. The first increment is A£ 1= “g)tf 1 “yt, i.e., its first term is the realized level at the
origin, that is, hg{ =y, in Equation
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B ADDITIONAL EXPERIMENTAL RESULTS

This appendix presents additional experimental results omitted from the main text due to space
constraints. Note that while the main text presents results aggregated at the dataset level, this section
reports the results from Section [6at a finer grain: separately for each target in multi-target datasets.

Appendix [B-T]reports all pointwise and horizon-wise multiplicity metrics separately for each target.
Similarly, Appendix [B.2]reports all temporal multiplicity statistics separately for each target.

Appendix [B.3|examines the relationship between pointwise or horizon-wise disagreement and tem-
poral disagreement. It reports the Spearman rank correlations separately for each target, together
with their minimum and maximum across the three trajectory types, showing how the relationships
summarized in the main text vary across targets and temporal aspects.

B.1 POINTWISE AND HORIZON-WISE PREDICTIVE MULTIPLICITY

In this subsection we provide more details on the pointwise and horizon-wise multiplicity results,
reported per target. In particular, Table [T0] reports range, diameter, ambiguity, and discrepancy,
with horizon-wise statistics shown at the first and last horizons. For ambiguity and discrepancy,
we report results at two thresholds relative to the best validation MASE: 7y = 0.25 - £(f*) and
71 =0.5-L(f*).

Table 10: Pointwise and horizon-wise predictive multiplicity statistics. Ambiguity « and discrep-
ancy ¢ are measured at thresholds 79 = 0.25 - L(f*) and 71 = 0.5 - L(f*). Horizon-wise statistics
(range, diameter, ambiguity, and discrepancy) are reported at the first and the last horizon only.

Dataset Pointwise Horizon-Wise
v w am) s(n) a(n) s(m) v v w® W aW(r) oM (m) <W(re) ir) aV(n) o) V() H(m)

ATM 1D 1.85 0.55 1.00 0.67 1.00 041 179 1.94 0.59 0.62 1.00 1.00 0.70 0.76 1.00 1.00 0.44 0.49
ATM 1W 1.68 0.59 099 0.72 098 048 1.75 1.67 0.71 0.61 0.99 0.99 0.76 0.75 0.98 0.98 0.55 051
Bitcoin 7.10 2.63 1.00 0.79 098 0.62 5.16 9.41 235 3.34 1.00 1.00 0.77 0.85 0.93 1.00 0.59 0.69
Electricity D. A (NSW) 1.38 0.35 1.00 078 100 0.58 0.76 1.64 024 042 1.00 1.00 0.76 0.83 1.00 1.00 0.53 0.67
Electricity D. A (QLD) 1.93 048 1.00 085 100 0.70 1.37 2.19 045 0.56 1.00 1.00 0.85 0.87 1.00 1.00 0.70 0.75
Electricity D. A (SA) 192 053 1.00 082 100 0.65 1.26 2.17 041 0.58 1.00 1.00 0.81 0.84 1.00 1.00 0.61 0.67
Electricity D. A (TAS) 1.90 044 1.00 079 100 0.60 1.59 2.04 046 048 1.00 1.00 0.83 0.83 1.00 1.00 0.65 0.66
Electricity D. A (VIC) 171 046 1.00 081 100 0.3 1.01 2.00 034 052 1.00 1.00 0.78 0.83 1.00 1.00 0.58 0.67
Electricity D. Z (Value NE5) 0.64 0.17 1.00 0.76 1.00 0.55 047 0.78 0.14 020 1.00 1.00 0.78 0.81 1.00 1.00 0.56 0.63
Electricity D. Z (Value NE7) 0.97 0.24 1.00 0.80 100 0.61 0.62 1.17 022 032 1.00 1.00 0.82 0.85 1.00 1.00 0.64 0.71
Electricity Price 1.24 0.37 1.00 0.63 1.00 035 098 1.29 0.34 0.48 1.00 1.00 0.63 0.72 1.00 1.00 0.32 0.47
ETT IH 1.66 047 1.00 0.81 1.00 0.64 1.13 1.97 044 0.60 1.00 1.00 0.83 0.87 1.00 1.00 0.64 0.73
Exchange Rate (AUD) 535 1.19 1.00 057 099 029 4.09 626 123 1.74 1.00 1.00 0.68 0.86 0.99 1.00 0.35 0.54
Exchange Rate (CAD) 508 1.18 1.00 0.60 0.99 022 4.07 590 120 1.86 1.00 1.00 0.57 0.88 0.96 1.00 0.23 0.50
Exchange Rate (CHF) 3.67 094 1.00 079 1.00 048 3.07 437 1.05 134 1.00 1.00 0.92 0.98 1.00 1.00 0.55 0.71
Exchange Rate (CNY) 447 129 099 077 097 052 378 500 1.59 1.97 0.99 1.00 0.96 0.95 0.97 0.97 0.74 0.76
Exchange Rate (GBP) 358 1.02 1.00 072 1.00 037 3.09 418 1.06 1.43 1.00 1.00 0.78 0.91 1.00 1.00 0.41 0.54
Exchange Rate (JPY) 3.19 081 1.00 0.64 1.00 029 257 3.89 090 1.14 1.00 1.00 0.77 0.86 1.00 1.00 0.37 051
Exchange Rate (NZD) 485 1.36 1.00 0.73 1.00 034 4.03 584 143 2.02 1.00 1.00 0.79 0.97 1.00 1.00 0.42 0.65
Exchange Rate (SGD) 422 1.12 1.00 0.67 099 042 338 508 1.03 1.50 1.00 1.00 0.78 0.94 0.98 1.00 0.43 0.66
FRED-MD (CPIAUCSL) 0.09 0.04 1.00 0.82 093 033 0.06 0.12 0.04 0.05 1.00 1.00 0.73 1.00 0.82 1.00 0.36 0.69
FRED-MD (INDPRO) 0.16 0.11 0.99 0.80 0.88 058 0.11 021 0.08 0.13 0.98 1.00 0.84 0.91 0.79 0.94 0.55 0.68
FRED-MD (UNRATE) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Gasoline 3.10 122 1.00 089 1.00 074 3.03 329 132 129 1.00 1.00 091 0.94 1.00 1.00 0.75 0.78
Weather 296 1.06 1.00 0.81 1.00 064 273 3.12 139 1.10 1.00 1.00 0.88 0.85 1.00 1.00 0.76 0.68
Mean 241 079 097 074 096 0.52 199 2.80 0.81 0.95 097 0.97 0.76 0.82 0.95 0.97 0.55 0.62

Two observations are worth noting:

1. Pointwise multiplicity is pervasive: on most of the datasets the pointwise ambiguity is
almost one at both thresholds, i.e., at almost every (¢, h) cell some pair of near-optimal
models disagrees by more than half of the best MASE, and a single pair does so on close to
half of the cells on average; the exceptions are datasets whose small and accurate sets fail
to contain enough models to register large multiplicity.

2. The horizon-wise statistics grow with the horizon on most datasets, in line with the findings
of Kale et al.| (2026)). However, there are a few exceptions, such as ATM 1W. These excep-
tions may reflect differences in the underlying dynamics: Kale et al.| (2026)) study chaotic
systems, whereas not all forecasting tasks considered here necessarily exhibit chaotic be-
havior.
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B.2 TEMPORAL PREDICTIVE MULTIPLICITY

In this appendix we provide more details on the temporal multiplicity results. We report the temporal
multiplicity statistics per target. In particular, Table[TT] provides the equivalent per-target results for
range and diameter in Table [l We also report the same results for ambiguity and discrepancy in
Table[12]using a threshold 71 = 0.5 - L(f*).

Table 11: Temporal multiplicity of the empirical Rashomon Sets. Each cell reports the range and
diameter (vq/wq), maximized over the three trajectories (forecast, revision, and error). dmagnitudes
dincrement and dvolatility are in seasonal-naive units while ddirection’ dtimings dshapes and dspectral
are scale-free on [0, 1] and reported as percentages to allow comparisons across different datasets.

Dataset dmagnitude @increment  Avolatility  ddirection dshape dspectral dtiming

ATM 1D 1.38/0.66 1.55/0.81 0.87/0.35 99.7% /58.9% 95.9% /54.1% 85.1% /36.0% 99.9% / 54.1%
ATM IW 1.46/0.67 1.38/0.65 0.94/0.49 99.9% /553% 99.4% /56.0% 85.4% /31.6% 100% /57.6%
Bitcoin 7.00/2.99 3.66/2.08 2.01/0.88 99.9%/61.7% 99.4% /61.1% 81.5% /41.6% 100% / 68.9%
Electricity D. A (NSW) 1.17/0.42 0.32/0.23 0.14/0.09 75.4% /48.5% 81.1%/39.2% 78.9% 1429% 97.9% /32.7%
Electricity D. A (QLD) 1.55/0.57 0.41/0.28 0.19/0.13 76.6% /48.9% 83.3% /38.6% 81.7% /43.3% 98.3% /33.1%
Electricity D. A (SA) 1.56/0.62 0.47/0.33 0.21/0.15 73.4% /47.4% 75.1% /33.9% 76.8% /41.8% 94.9% /29.0%
Electricity D. A (TAS) 1.41/0.52 0.42/0.27 0.19/0.11 78.6% /49.4% 79.8% /33.8% 81.6% /40.4% 97.9% /28.5%
Electricity D. A (VIC) 1.45/0.56 0.40/0.26 0.17/0.10 76.6% /48.8% 80.5% /37.1% 80.1% /42.4% 97.8% /32.4%

Electricity D. Z (Value NE5) 0.54/0.20 0.12/0.08 0.04/0.02 65.9% /48.1% 76.7% /36.8% 75.9% /41.8% 97.8% /31.6%
Electricity D. Z (Value_NE7) 0.80/0.30 0.20/0.15 0.07/0.05 68.8% /50.0% 79.4% /44.3% 77.3%/49.1% 99.0% /40.0%

Electricity Price 0.95/0.45 0.40/0.29 0.18/0.11 80.6% /45.8% 72.3%135.0% 76.5% /38.2% 95.5% /30.2%
ETT 1H 1.42/0.56 0.50/0.33 0.23/0.14 83.4% /46.5% 76.6% /32.8% 78.7% /36.6% 95.5% /31.2%
Exchange Rate (AUD) 531/1.78 5.25/2.25 3.05/1.32 100%/100% 100% /99.6% 97.2% /70.9% 100% / 100%
Exchange Rate (CAD) 4.79/1.41 4.46/1.75 2.61/1.22 100%/100% 100% /98.5% 97.0% /79.5% 100% / 100%
Exchange Rate (CHF) 3.32/1.04 2.84/1.20 1.60/0.76 100% /100% 100% /97.2% 97.0% /76.0% 100% / 100%
Exchange Rate (CNY) 385/1.70 4.84/2.31 2.83/1.05 100%/100% 99.7% /97.5% 89.9% /75.3% 100% / 100%
Exchange Rate (GBP) 3.26/1.14 3.10/1.43 1.79/0.67 100%/100% 100% /97.2% 96.7% /71.9% 100% / 100%
Exchange Rate (JPY) 2.93/0.95 2.38/1.00 1.36/0.61 100%/100% 100% /99.6% 96.9% /76.7% 100% / 100%
Exchange Rate (NZD) 4.50/1.51 3.40/1.55 2.02/0.87 100% /100% 100% /98.5% 96.8% /86.7% 100% / 100%
Exchange Rate (SGD) 390/1.23 3.18/1.20 1.83/0.56 100%/100% 100% /99.6% 96.3% /58.4% 100% / 100%
FRED-MD (CPIAUCSL) 0.09/0.04 0.06/0.03 0.05/0.03 51.4% /27.1% 49.4%/24.4% 0.0%/0.0%  61.0% /23.8%
FRED-MD (INDPRO) 0.16/0.12 0.13/0.09 0.09/0.05 46.7% /34.6% 45.7%135.6% 0.0%/0.0%  57.9% /44.9%
FRED-MD (UNRATE) 0.00/0.00 0.00/0.00 0.00/0.00 0.0%/0.0% 0.0%/0.0% 0.0%/0.0% 0.0%/0.0%
Gasoline 2.74/1.33 2.13/1.00 1.23/0.56 100%/71.6% 100% /65.6% 94.3% /45.8% 100% /78.6%
Weather 2.41/1.25 0.72/0.51 0.39/0.27 66.0% /51.9% 88.0% /49.5% 76.6% /46.9% 99.4% /48.3%
Mean 2.14/0.92 1.33/0.70 0.75/0.35 82.3%/55.4% 83.7% /50.0% 75.5% /39.9% 93.2% /50.8%

B.3 TEMPORAL MULTIPLICITY IS UNCORRELATED WITH OTHER NOTIONS OF
MULTIPLICITY

In this appendix we report the correlation results of Table [2] per target. Table [I3]reports the same
Spearman rank correlations of Equation [3] for both the pointwise and the horizon-wise reading, but
with one row per target rather than aggregated over the targets of each multi-target dataset. The
picture is the same as in the main text: the correlation is close to one for magnitude, decreases for
increment and volatility, and is weak or absent for direction, shape, spectral behavior, and timing on
every target.
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Table 12: Temporal multiplicity of the empirical Rashomon Sets. Each cell reports the ambiguity
and discrepancy («g/sq) with threshold 71 = 0.5 - £(f*), maximized over the three trajectories
(forecast, revision, and error).

Dataset dmagnitude  @increment  dvolatility ddirection dshape dspectral dtiming
ATM 1D 100% / 62% 100% / 76% 90% /16% 100% /53% 100% /58% 100% /23% 100% / 56%
ATM 1W 98% /63% 98%/61% 90% /44% 100% /58% 100% /58% 100% /23% 100% / 41%
Bitcoin 99% /75% 96% /70% 13%/24% 100% /62% 100% / 65% 100% /34% 100% / 79%
Electricity D. A (NSW) 100% /95% 98% /67% 13% /2% 100% /42% 95% 1 27% 99% 1 30% 98% 1 29%
Electricity D. A (QLD) 100% /99% 100% /77% 31% /10% 100% /44% 96% / 29% 99% / 32% 98% / 30%
Electricity D. A (SA) 100% /1 94% 99% [ 711% 20% | 7% 100% /37% 88% I 22% 97% 1 28% 95% 1 25%
Electricity D. A (TAS) 100% /1 96% 92% /48% 10% / 1% 100% /1 47%  92% | 21% 99% 1 25% 98% 1 25%
Electricity D. A (VIC) 100% /97% 98% /51% 19% / 6% 100% /43% 94% 1 27% 99% 1 30% 98% 1 28%

Electricity D. Z (Value_NE5) 100% /90% 41%/12% 3% /1% 100% /36% 93%124%  99%/25%  98% /29%
Electricity D. Z (Value_NE7) 100% /99% 95% /75% 4% /1% 100% /50% 97%139%  99%/48%  99% / 39%

Electricity Price 100% / 50% 40% /13% 0% / 0% 100% /34% 88%/21%  98%/18%  96% /27%
ETT I1H 100% /98% 99%183% 37% /8%  100% /38% 89% /22%  96%/18%  96% /28%
Exchange Rate (AUD) 9% /34% 96% 145% 15% /8%  100% /100% 100% / 100% 100% / 100% 100% / 100%
Exchange Rate (CAD) 98% /27% 95%129% 55% /8%  100% /100% 100% /100% 100% /100% 100% / 100%
Exchange Rate (CHF) 100% / 60% 100% / 75% 95% /35% 100% / 100% 100% / 100% 100% / 100% 100% / 100%
Exchange Rate (CNY) 97% 176% 98%188% 92%/47% 100% /100% 100% / 100% 100% / 100% 100% / 100%
Exchange Rate (GBP) 100% / 40% 99% / 46% 14% / 12% 100% / 100% 100% / 100% 100% / 100% 100% / 100%
Exchange Rate (JPY) 100% /34% 100% / 46% 78% / 11% 100% / 100% 100% / 100% 100% /99% 100% / 100%
Exchange Rate (NZD) 100% /38% 100% /46% 69% /10% 100% / 100% 100% / 100% 100% / 100% 100% / 100%
Exchange Rate (SGD) B%/51% 98%150% 84% /12% 100% /100% 100% /100% 100% /78% 100% / 100%
FRED-MD (CPIAUCSL) 9% [42% 85% 121% 61%/19% 28%/10%  46%/21% 0% /0% 61% /24%
FRED-MD (INDPRO) 92% 166% 92%154% 55%/23% 33%/18%  37%/29% 0% /0% 58% 1 45%
FRED-MD (UNRATE) 0% / 0% 0% / 0% 0% / 0% 0% / 0% 0% / 0% 0% 1 0% 0% / 0%
Gasoline 100% / 92% 100% /90% 100% /61% 100% /79% 100% /74% 100% /49% 100% / 70%
Weather 100% / 89% 70% 150% 27% /9%  100% /66% 98% /51%  99% /41%  100% / 49%
Mean 96% /73% 84%157% 51%/18% 93%/53%  90%/47%  90%/34%  93%/49%

Table 13: Spearman rank correlation, over all (pair, origin) samples of the empirical Rashomon set,
between the pair’s mean pointwise gap and its trajectory distance d on the same forecast origin, read
as in Equation@ with £ = 1 (Pointwise) or as is (Horizon-Wise). Each row reports the minimum /
maximum over the three trajectories.

Dataset Pointwise Horizon-Wise
dmagnitud ili dshape dspectral diiming dincrement  dvolatility  ddirectio dshape dspectral  diiming

ATM 1D 0.9870.98 0.58/0.75 0.35/0.37 0.15/0.28 0.24/0.61 0.05/0.42 0.07/0.24]0.98/0.98 0.58/0.75 0.35/0.37 0.15/0.28 0.24/0.61 0.05/0.42 0.07/0.24
ATM 1W 0.99/0.99 0.56/0.70 0.39/0.47 0.13/0.18 0.17/0.40 0.04/0.24 0.14/0.20{0.99/0.99 0.56/0.70 0.39/0.47 0.13/0.18 0.17/0.40 0.04/0.24 0.14/0.20
Bitcoin 0.99/1.00 0.61/0.69 0.43/0.49 -0.02/0.19 -0.01/0.32 -0.05/0.26 0.02/0.14]0.96/0.98 0.60/0.67 0.41/0.48 -0.03/0.17 -0.03/0.30 -0.05/0.25 -0.01/0.13
Electricity D. A (NSW) 0.9970.99 0.51/0.66 0.16/0.36 -0.01/0.16 0.04/0.63 -0.08/0.46 0.08/0.33|0.97/0.97 0.52/0.65 0.16/0.36 -0.01/0.16 0.03/0.61 -0.09/0.45 0.07/0.32
Electricity D. A (QLD) 0.99/0.99 0.53/0.60 0.19/0.33 -0.01/0.23 0.04/0.63 -0.05/0.44 0.08/0.36|0.97/0.97 0.54/0.59 0.19/0.33 -0.01/0.23 0.03/0.63 -0.06/0.44 0.07/0.35
Electricity D. A (SA) 0.997/0.99 0.46/0.61 0.16/0.29 -0.03/0.26 -0.00/0.61 -0.08/0.45 0.05/0.34{0.97/0.97 0.47/0.58 0.16/0.30 -0.03/0.26 -0.03/0.59 -0.10/0.43 0.04/0.33
Electricity D. A (TAS) 0.99/0.99 0.55/0.55 0.23/0.30 0.02/0.21 0.11/0.43 0.04/0.35 0.11/0.24|0.96/0.97 0.54/0.55 0.23/0.29 0.02/0.21 0.09/0.42 0.02/0.34 0.10/0.24
Electricity D. A (VIC) 0.99/0.99 0.53/0.66 0.21/0.31 -0.02/0.19 0.04/0.64 -0.07/0.49 0.08/0.33|0.96/0.97 0.55/0.64 0.21/0.31 -0.01/0.18 0.02/0.62 -0.08/0.48 0.07/0.32
Electricity D. Z (Value NES) 0.99/0.99 0.33/0.51 0.19/0.28 -0.08/0.23 0.08/0.40 -0.05/0.26 0.12/0.280.98/0.99 0.33/0.51 0.19/0.28 -0.07/0.23 0.08/0.39 -0.06/0.26 0.11/0.28
Electricity D. Z (Value NE7) 0.99/0.99 0.23/0.52 0.09/0.24 -0.01/0.18 0.07/0.52 -0.03/0.38 0.10/0.37|0.98/0.98 0.24/0.52 0.09/0.24 -0.00/0.18 0.07/0.51 -0.03/0.38 0.10/0.37
Electricity Price 0.99/0.99 0.59/0.64 0.20/0.31 -0.02/0.06 0.17/0.35 0.08/0.23 0.10/0.14{0.98/0.98 0.59/0.64 0.20/0.31 -0.02/0.06 0.15/0.34 0.07/0.22 0.10/0.14
ETT IH 0.99/0.99 0.56/0.68 0.30/0.39 0.32/0.36 0.43/0.51 0.31/0.39 0.17/0.29{0.98/0.98 0.58/0.69 0.31/0.40 0.33/0.38 0.41/0.50 0.30/0.39 0.17/0.29
Exchange Rate (AUD) 0.99/0.99 0.57/0.74 0.36/0.45 0.09/0.21 0.14/0.39 0.02/0.24 0.09/0.15]|0.97/0.98 0.57/0.73 0.36/0.45 0.09/0.21 0.14/0.37 0.02/0.23 0.09/0.14
Exchange Rate (CAD) 0.99/0.99 0.56/0.71 0.34/0.43 0.10/0.17 0.16/0.38 0.01/0.24 0.07/0.12|0.97/0.98 0.55/0.70 0.34/0.43 0.09/0.17 0.14/0.36 0.01/0.22 0.07/0.11
Exchange Rate (CHF) 0.99/0.99 0.55/0.70 0.34/0.43 0.10/0.18 0.17/0.39 0.02/0.24 0.10/0.15{0.97/0.98 0.55/0.69 0.34/0.43 0.10/0.17 0.16/0.37 0.02/0.23 0.10/0.15
Exchange Rate (CNY) 0.99/0.99 0.72/0.83 0.45/0.51 0.10/0.20 0.15/0.39 0.01/0.26 0.11/0.22|0.97/0.98 0.71/0.82 0.44/0.51 0.10/0.19 0.14/0.38 0.01/0.25 0.10/0.20
Exchange Rate (GBP) 0.99/0.99 0.52/0.69 0.32/0.41 0.13/0.21 0.22/0.47 0.02/0.28 0.11/0.18]0.96/0.98 0.51/0.68 0.32/0.40 0.13/0.21 0.20/0.45 0.02/0.27 0.11/0.16
Exchange Rate (JPY) 0.99/0.99 0.50/0.67 0.29/0.38 0.11/0.22 0.17/0.38 0.01/0.23 0.12/0.17{0.96/0.98 0.49/0.66 0.29/0.38 0.10/0.21 0.16/0.35 0.02/0.22 0.12/0.16
Exchange Rate (NZD) 0.99/0.99 0.53/0.68 0.32/0.40 0.11/0.19 0.18/0.38 0.01/0.23 0.09/0.15]|0.97/0.98 0.52/0.67 0.32/0.40 0.11/0.18 0.17/0.36 0.01/0.22 0.09/0.14
Exchange Rate (SGD) 0.99/0.99 0.58/0.74 0.38/0.47 0.10/0.13 0.19/0.32 0.04/0.19 0.06/0.16{0.97/0.98 0.58/0.73 0.37/0.47 0.10/0.12 0.18/0.30 0.04/0.19 0.06/0.15
FRED-MD (CPIAUCSL) 0.99/0.99 0.63/0.63 0.47/0.64 0.04/0.19 0.05/0.28 -0.03/0.04 0.03/0.16{0.97/0.97 0.59/0.60 0.44/0.60 0.03/0.18 0.04/0.26 -0.04/0.04 0.03/0.15
FRED-MD (INDPRO) 0.99/1.00 0.69/0.69 0.45/0.49 0.20/0.40 0.35/042 0.00/0.04 0.13/0.40{0.98/0.99 0.66/0.67 0.44/0.48 0.19/0.39 0.34/0.42 0.00/0.04 0.12/0.39
FRED-MD (UNRATE) 0.98/0.99 0.61/0.67 0.51/0.64 0.03/0.23 0.22/0.38 -0.11/-0.01 0.02/0.16{0.97/0.99 0.61/0.67 0.51/0.62 0.04/0.24 0.23/0.38 -0.10/0.00 0.03/0.17
Gasoline 0.99/0.99 0.56/0.61 0.35/0.45 0.09/0.22 0.12/0.43 -0.01/0.29 0.10/0.23{0.99/0.99 0.56/0.61 0.35/0.45 0.09/0.22 0.12/0.43 -0.01/0.29 0.10/0.23
Weather 1.00/1.00 0.69/0.72 0.51/0.52 0.35/0.43 0.34/0.52 0.24/0.43 0.27/0.35/0.99/0.99 0.70/0.73 0.52/0.54 0.37/0.44 0.34/0.52 0.24/0.43 0.27/0.35
Mean 0.99/0.99 0.54/0.68 0.32/0.44 0.09/0.26 0.16/0.47 0.04/0.31 0.10/0.27 ‘ 0.98/0.98 0.54/0.68 0.32/0.44 0.09/0.26 0.15/0.46 0.04/0.31 0.10/0.26
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Table 14: Classification of the loss and of the multiplicity statistics of the hierarchy.

Multiplicity-Aware Horizon-Aware Trajectory-Aware

StatiStic not invariant to not invariant to not invariant to
per-model cell permutations cell permutations row permutations
Loss £ X X X
Pointwise Multiplicity v X X
Horizon-wise Multiplicity v v X
Temporal Multiplicity v v v

C PREDICTIVE MULTIPLICITY HIERARCHY CHARACTERIZATION

This appendix provides the deferred proofs and develops the theoretical results underlying our hier-
archy of predictive multiplicity. In particular, it establishes the distinction between the information
retained by its three levels: pointwise and horizon-wise statistics are invariant to rearrangements
that preserve comparisons within each horizon, whereas temporal statistics can detect the resulting
changes in trajectory structure. Table[T4] provides a summary of the theoretical results.

We begin by establishing what the loss and the pointwise and horizon-wise multiplicity statistics
cannot detect. The key observation is that predictions can be rearranged across origins within each
horizon, changing the trajectories they form while preserving identical pointwise and horizon-wise
multiplicity statistics. The following proposition formalizes this limitation through the invariance
notions of Definition[3.4] showing why agreement at these levels does not fully characterize temporal
disagreement.

Proposition C.1 (Classification of Loss, and Pointwise and Horizon-Wise Multiplicity Statistics).
The loss L is not multiplicity-aware; for every tolerance T, the horizon-wise statistics of Defini-
tion[3.2] are not trajectory-aware, and the pointwise statistics of Definition[3.1|are neither horizon-
aware nor trajectory-aware.

Proof. (i) The loss (Equation |2) of each model is the entrywise sum over its own error matrix,
which is invariant to any permutation of that matrix’s cells; hence £ is invariant to per-model cell
permutations, i.e., it is not multiplicity-aware, nor, a fortiori, horizon- or trajectory-aware.

(i) Each pointwise statistic (Definition D is built from T H per-cell quantities (|y“{ th
(i h|) FgER. each of which depends only on the forecasts at the single pair (¢, h): the predic-
tion range and ambiguity are symmetric functions of these quantities, while the prediction diameter
and discrepancy are maxima over pairs (f, g) of symmetric functions of them. A cell permutation
moves each such pair as a unit and therefore merely permutes these T'H quantities, under which a
symmetric function—and hence a maximum of symmetric functions—is invariant; hence no point-
wise statistic is horizon-aware, nor, a fortiori, trajectory-aware, since every row permutation is a cell
permutation.

(iii) The horizon-wise statistics (Definition [3.2)) are, for each h, symmetric functions of the same
per-cell quantities restricted to horizon h; a row permutation permutes these quantities within each
horizon, so no horizon-wise statistic is trajectory-aware. O

Before proving that the temporal statistics proposed in the main text are trajectory-aware in the sense
of Definition we establish a useful reduction that the proof will later use: for a pair of models f
and g, the four statistics at each level of multiplicity reduce to two, as range coincides with diameter
and ambiguity with discrepancy.

Remark C.2 (Multiplicity Statistics of a Pair of Models). Let d be symmetric and vanish on the
diagonal, i.e., d(u,v) = d(v,u) and d(u,u) = 0 for all u,v € R¥. Then, for every pair f,g € F,
every 7 > 0, every horizon h € {1,..., H}, and every trajectory v;, we have:

({fah =g = B (|5 — ]

1<h<H
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or({f.gh) ={f9h) = E [ﬂ{\@tfm =9 > TH

VW ({F.9) =M (L) = B 1]~ ]

oM ({f,g}) =M ({f, 9} [11{ R TH

==

teT
— _ I

va({£.9) =wal{F.9) = E [d(v].7)]

air({1.0) = sa-({F.9) = B [1{d(v] v]) > 7}].

= E
teT

Proof. On a two-element set, every maximum over f’, g’ € {f, g} ranges over the two zero dis-
tances between a model and itself and the two copies of the pair’s distance. The same conclusion
therefore holds whether the maximum is taken inside the expectation (range, ambiguity) or outside
it (diameter, discrepancy). The hypotheses of the remark hold for every trajectory distance function
d of Section [5] each of which is symmetric and vanishes at identical trajectories. They also hold
trivially for the absolute difference used at the pointwise and horizon-wise levels. O

For a pair of models, multiplicity is therefore summarized by the expected distance between their
predictions and the rate at which that distance exceeds 7. Consequently, the inequalities w < v and
¢ < a noted after Definition [3.1| can be strict only for sets of three or more models.

With that in mind, we now prove that the statistics induced by the trajectory distances of Section[5]are
trajectory-aware and hence, by the nesting of Definition [3.4] also horizon- and multiplicity-aware.

Proposition C.3 (Temporal Multiplicity Statistics Are Trajectory-Aware). The seven distances in
Section 3| give trajectory-aware range and diameter for forecast, revision, and error trajectories.
Their ambiguity and discrepancy are also trajectory-aware, with the following restrictions on the
tolerance:

* for magnitude, increment, and volatility, any T > 0;
* for direction, shape, spectral, and timing, any 0 < 7 < 1.

For the latter four distances, ambiguity and discrepancy are always zero when T > 1.

Specifically, for each statistic at the stated tolerances, we can choose a horizon length and two
ensembles that differ only by a row permutation, yet have different temporal multiplicity. Their
pointwise and horizon-wise multiplicity remain unchanged.

Proof. A row permutation exchanges origins within a horizon, using the same exchange for every
model. It preserves the comparisons between models at that horizon, but can change which values
belong to the same trajectory. We will show that this can change each of the temporal statistics.

It is enough to use two models, f and g, and two trajectories per model. By Remark[C.2] their range
and diameter both equal the average distance between the models’ trajectories. Their ambiguity and
discrepancy both equal the fraction of trajectories for which this distance exceeds 7. We therefore
only need examples where a row permutation changes this average or this fraction.

We begin with error trajectories, so each example consists of two error matrices with two rows.
Whenever we exchange entries within a column, we do so in both matrices. We then explain how to
use the same examples for forecasts and revisions, and how to include both models in a Rashomon
set.

1. Magnitude, increment, and volatility. Consider a model whose errors are constant along each
trajectory, and compare it with a model whose errors are all zero:

(11 . (00
E—(o o>’ E_(O()'

27



Technical Report

Exchange the entries in the second column. The first matrix becomes

6 %)

while the second stays zero. Before the exchange, the two magnitude distances are 1 and 0;
afterward, both are 1/ V2. Their average therefore changes from 1/2 to 1/ V2, changing both
range and diameter.

The same exchange also changes increment and volatility distances. Initially, all trajectories are
constant, so both distances are zero at both origins. Afterward, each trajectory of f changes by 1
in absolute value, while those of g remain constant. Both distances are now 1 at both origins, so
their range and diameter change from 0 to 1.

To handle ambiguity and discrepancy at any given 7 > 0, replace every 1 in this example
by a number a > +/27. The magnitude distances are then (a,0) before the exchange and

(a/V/2,a/+/2) afterward: the fraction exceeding 7 changes from 1/2 to 1. For increment and
volatility, this fraction changes from 0 to 1.

2. Direction and shape. This time, start with two models whose trajectories are constant but at

opposite levels:
1 1 -1 -1
f— g
o4 h) e (),

At each origin, both models have zero increments, so their direction distance is zero. Their shape
distance is also zero by the convention for two constant trajectories in Appendix [A.4]

Exchange the entries in the second column. At each origin, the two models now have opposite
trajectories, (1, —1) and (—1,1). One decreases while the other increases, and their correlation
is —1. Thus both direction and shape distances change from 0 to 1 at both origins. Their range
and diameter change from 0 to 1, as do their ambiguity and discrepancy for every 0 < 7 < 1.

3. Spectral. We need four horizons for this example:
1 -1 1 -1 1 0 -1 0
f— 9 —
B —<1 -1 1 —1>’ B —(—1 0 1 0)‘
The two models initially vary at different frequencies. More explicitly, after standardizing each
trajectory, their Fourier magnitude spectra are

(0,0,1,0) for f, (0,1//2,0,1/v/2) for g.

These spectra have no nonzero entries in common, so their spectral distance is 1 at both origins.

Now exchange the two entries within column 3 and within column 4. The trajectories of f stay
unchanged, while those of g become (1,0, 1,0) and (—1,0, —1,0). Subtracting their means gives
%(17 —1,1,—1) and its negative. After standardization, both therefore have the same magnitude
spectrum as the trajectories of f. The spectral distance changes from 1 to 0 at both origins. Hence

range and diameter change from 1 to 0, as do ambiguity and discrepancy for every 0 < 7 < 1.

4. Timing. The timing distance in Section[5]measures the shift that gives the largest Pearson correla-
tion. When several shifts give the same correlation, we choose the one with the smallest absolute
value. Take three horizons and let

;o (10 -1 (1 0 -1
E_(l 0 —1)7 Eg_(—l 0o 1)

The possible shifts are —1, 0, and 1. At the first origin, both trajectories decrease linearly, so their
correlation is 1 at every shift. At the second origin, one decreases linearly and the other increases
linearly, so their correlation is —1 at every shift. In both cases, shifting gives no improvement
over zero, and the tie-breaking rule selects zero. Both timing distances are therefore zero.

Exchange the entries in the third column. The trajectories of f stay unchanged, while those of g
become (1,0, 1) and (—1,0, —1). Without a shift, each has correlation 0 with the corresponding
trajectory of f. A one-step shift, however, can match two decreasing segments or two increasing
segments, giving correlation 1. Thus the best shift now has absolute value 1 at both origins. Since
H — 2 =1, both timing distances are 1. Their range and diameter change from 0 to 1, as do their
ambiguity and discrepancy for every 0 < 7 < 1.
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These examples also work for forecast trajectories. Choose all targets to be zero, so every forecast
is the negative of its error. Negating both trajectories leaves each of the seven distances unchanged.
The changes in the statistics are therefore exactly the same.

For revisions, the only difference is where we place the trajectories in the matrix: along anti-
diagonals instead of rows. Take 7" = H + 1 origins, which gives exactly two complete revision
trajectories. Place the first row of each example on the first complete anti-diagonal and the second
row on the next, setting the remaining cells to zero. The k-th entries of these two trajectories occupy
cells
(k,H+1-k) and (k+1,H+1-k).

They lie in the same column. We can therefore exchange them by swapping origins k and k& + 1
within that column, for both models. This reproduces every exchange used above through a row
permutation. With zero targets, the resulting revision trajectories are again the negatives of the error
sequences, so all the distance calculations still apply.

Finally, the examples satisfy the Rashomon-set requirement. For each construction, including any
choice of a in the first example, take a model class containing just f and g, and choose

e>|L(f) = L(g)|-

The Rashomon set then contains both models. Each exchange preserves each model’s loss, so the
same tolerance includes both models after the exchange as well. By Proposition|[C.1} it also preserves
all pointwise and horizon-wise multiplicity statistics. The temporal statistics change as shown above,
proving the claim for forecast, revision, and error trajectories. O
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Table 15: Summary of the bounds proved in Appendices and how Rashomon set member-
ship and additional pointwise or horizon-wise multiplicity constraints bound disagreement between
forecast, revision, and error trajectories at each origin. The first column is reported for the MAE.

T For forecast trajectories, the bounds are attained under conditions that rule out degenerate cases.

§ For revision trajectories, the bounds hold when the trajectories are traversed in reverse order.

-+ pointwise -+ horizon-wise

Temporal Statistic R only a, =0 OL(T’,? -0
Pointwise |§f — 7| 2TH(L* +¢) T Th

Magnitude dmagnitude 2V H T(L* + €) T \ 5 L TR
Increment d?ncrement \/2% TH(‘C* + E) 27 \/ﬁ Zh<H(Th + Th+1)2
Volatility diglatility g TH(L" +¢) 27 71 onen (Th + Thin)
Direction d};,.ction free free free

Shape dlhape free free free

Spectral dlpectml free free free

Timing dziming free free free

D TEMPORAL MULTIPLICITY BOUNDS CHARACTERIZATION

This appendix provides the deferred proofs for the temporal multiplicity bounds, characterizes how
these bounds constrain forecast trajectories, and tests how closely trained models approach them. It
is organized in three parts.

Appendix studies what Rashomon set membership alone implies for temporal multiplicity. It
first proves Theoremd.1] which bounds the gap between any two models’ forecasts at a single cell. It
then translates this pointwise bound into bounds on the trajectory distances of Section[5} magnitude,
increment, and volatility disagreement are bounded, whereas direction, shape, spectral, and timing
disagreement can remain maximal.

Appendix [D.2] studies what changes when, in addition, pointwise or horizon-wise ambiguity is re-
quired to vanish. It first proves Theorem .2} which tightens the per-cell gap to the chosen toler-
ances. It then derives the corresponding trajectory-distance bounds, showing that the stronger con-
trol bounds magnitude, increment, and volatility disagreement more tightly, yet still leaves direction,
shape, spectral, and timing disagreement unconstrained under the stated assumptions.

Appendix evaluates these bounds empirically. For each trajectory distance, it measures the
largest disagreement among trained models in the empirical Rashomon set and reports what fraction
of the corresponding theoretical bound it attains.

Table summarizes the theoretical results of the first two parts, comparing the bounds un-
der Rashomon membership alone, specialized to MAE, with those under additional pointwise or
horizon-wise control.

D.1 THE PERFORMANCE CONSTRAINT OF THE RASHOMON SET MEMBERSHIP: EXACT
CHARACTERIZATION AND BOUNDS FOR EACH TEMPORAL ASPECT

We first restate and prove Theorem [A.1] which bounds pointwise disagreement under the perfor-
mance constraint defining the Rashomon set. We then derive bounds and attaining constructions
for the seven trajectory distances introduced in Section [} identifying how much disagreement can
remain between models that are members of the Rashomon set. We conclude by explaining how
these results extend to error and revision trajectories.

The MAE results are summarized in the Rashomon-membership column of Table T3]
Theorem 4.1 (Multiplicity Bounds Under Rashomon Set Membership). Forall f,g € R.:

0 —98n| < 20 TH(L*+€))  VteT, he{l,... H}.

If F is also shell-rich, the bound is attained, i.e., maxs gcr. g)g;h — g}f’+h| =2 é‘l(TH (L* + e))
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Proof. Fix an origint € T and a horizon h € {1, ..., H}, and write
B:=TH(L" +¢), u:={"1(B).

Here, B is each model’s total loss budget, and w is the largest error magnitude that this budget allows
at a single entry.

For any f € R., nonnegativity of the pointwise losses gives

H
Uel) <D0 el ) =THL(f) < B.

t'eT h'=1
Since ¢ depends only on the error magnitude, the definition of « implies
lef | <u= Y (TH(L +¢)).
Every Rashomon forecast therefore lies within distance u of the same target. Since this target cancels
when subtracting two forecasts,

~f g  _ g f
Yeon — Yian = Cn — Ctno

and hence ; ;
Olin = 0fn| < leful + el ] < 2u.

To show attainment under shell-richness, we concentrate each model’s entire budget at the chosen
entry, with opposite error signs. First,

l(u) =B:
otherwise, continuity would allow a slightly larger error with loss still below B, contradicting the
definition of u.

Define
+u, (¥,h')=(th)
Ei P ) ’ s 1)y
LB e n {0, otherwise.
Because ¢£(0) = 0 and ¢(—u) = ¢(u), both matrices have loss
£(u)
EF) = =L"+e
L(E™) TH L +e
They therefore lie in the admissible loss shell
Be:={EeR"™M . L*<L(E)<L+¢}.

Shell-richness guarantees models f, f~ € R, realizing these matrices. Their forecasts at the
chosen entry are y; 5, — v and y; 45, + u, hence

Foek. ’Q{+h = §fin| =2u =207 (TH(L" +¢)).

Thus, two models with identical loss attain the bound by assigning opposite errors to a single entry
while matching the targets everywhere else. O

Theorem [4.1] tells us how far apart two models in the Rashomon set can be at a single forecast
horizon. Under shell-richness, its upper bound can be reached. We now ask how much these models
can disagree over an entire trajectory, using the distances in Section[3]

The following corollaries quantify how much forecast trajectories can differ despite identical aggre-
gate loss. Each construction gives a lower bound on the largest disagreement within the Rashomon
set; when a matching upper bound is available, it identifies the exact maximum.

Fix an origin ¢ € T, and write
B:=TH(L*+¢), u:=0"B), 0:=("Y(B/H).

Here, B is each model’s total loss budget. An error of magnitude u uses this budget at a single entry,
whereas H errors of magnitude o spread it equally across one trajectory:

(u) = He(p) = B.
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These equalities follow from continuity and the definition of /=1, as in the preceding proof.

Every Rashomon model satisfies the row budget

H
> el < B.
h=1

In all constructions below, errors outside origin ¢ are zero and the row loss equals B. The resulting
matrices therefore have average loss L£* + ¢, so shell-richness realizes them as models in R.. This
establishes both membership and equality of aggregate loss without repeating the argument for each
construction.

Let b) € R denote the vector with a 1 at entry j and zeros elsewhere. For any pair of models,
their forecast gap is

w=gl —y) =ef —el.
Thus, distances that depend only on this gap, including magnitude and increment, do not depend on
the target trajectory.

We begin with magnitude, which measures the root-mean-square gap between forecasts. Its max-
imum depends on how a model can distribute its loss budget to obtain the largest Euclidean error
norm. Two allocations are relevant: concentrating the budget at one horizon, or spreading it equally
across all horizons. Which allocation attains the maximum depends on ¢(s) := £(1/s), the loss
associated with a squared error of size s:

e when ¢ is concave, concentrating the budget at one horizon attains the maximum;
* when ¢ is convex, spreading it equally attains the maximum.
The following corollary establishes this distinction. For power losses £(e) = |e|?, these cases

correspond to 0 < p < 2 and p > 2, respectively; at p = 2, both allocations attain the same
maximum.

Corollary D.1 (Magnitude Multiplicity Bound Under Rashomon Set Membership). Let ¢(s) :=
0(+/s) for s > 0. If F is shell-rich, then

max dma nitude :’7 :l//\ =
f,9ER. g ( to t)

2u/H, ifis concave,
20, if ¢ is convex.

For MAE, the maximum is 2v/H T'(L* +¢); for MSE, it is 2/T(L* + €). Both maxima are attained
by models with opposite error rows and identical pointwise absolute errors.

Proof. The triangle inequality gives
~f ~ e} — ef ef + |lef
dmagnitude (yg,yf) ” - /Ht ”2 < H : ”2 /H” : ”2

We therefore need the largest Euclidean norm that one error row can have within the budget. Write
sy = e%, sothat ), ¢(sp) < B.

If ¢ is concave, ¢(0) = 0 implies subadditivity, and hence

flell2) = 6( D" sn) <D élsn) < B,
h

h

Thus ||e||2 < u, giving the upper bound 2u/+/H. It is attained by concentrating the budget at one
entry:

e] =ub", ed = —ub,
Their gap has Euclidean norm 2u.

If ¢ is convex, Jensen’s inequality instead gives

o j%) = ¢(% zhjsh) < ;zhjgﬁ(sh) < B/H.
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Thus ||e||s < VH p, giving the upper bound 2. It is attained by spreading the budget equally:

el = o1, el = —pl.

Their gap has magnitude 2o at every entry.

Finally, MAE has ¢(s) = /s and u = B, whereas MSE has ¢(s) = s and p = /B/H, giving the
stated expressions. O

We next consider increment distance, which measures disagreement in how forecasts change from
one horizon to the next. Here, the arrangement of the errors matters as well as their size: an error
concentrated at a horizon other than the first or last creates two abrupt changes, while alternating
errors create changes throughout the trajectory. The following corollary uses these patterns to obtain
lower bounds for general losses and identifies the exact maxima for MAE and MSE.

Corollary D.2 (Increment Multiplicity Bound Under Rashomon Set Membership). Ler ¢(s) :=
0(\/s). If F is shell-rich and H > 3, then

of ) {2\/§U/\/ﬁ, if ¢ is concave,
>

max dincrement (yt s Y

f.9€R 4o, if ¢ is convex.

For MAE, the exact maximum is

2V2TH(L* +¢€)
H-1
For MSE, it is
v TH(L* +¢)
4 cos <ﬁ) -1
The displayed lower bounds and exact maxima are attained by pairs with opposite error rows and
identical pointwise absolute errors.

Proof. Increment distance measures how quickly the forecast gap changes:

_ A=l

dincrement (gtf7 giq) - H—1

For the first lower bound, take opposite errors concentrated at an interior entry:
el =ub) = —€f,  1<j<H.

The gap changes by 2u when entering this entry and by 2u when leaving it. Its two nonzero incre-
ments therefore give

" CV/(@u)2+ (2u)2 22
increment — \/ﬁ = \/ﬁ

For the second lower bound, take opposite alternating errors,

ef,h = (=)o = —ef’h.

Every increment of their gap has magnitude 49, S0 dincrement = 40. Both constructions use the full
budget.

To establish the exact MAE maximum, observe that ||e||; < B = w and

18ello = || D endo®| <3 fenl 26M 1> < V2 el
h h

The last inequality holds because a single entry affects at most two increments. Applying this bound
to both models gives 2v/2u/+/H — 1, attained by the interior-entry construction.

For MSE, the budget is ||| < v/B. The largest singular value of the increment operator is

Omax(A) = 2cos (QL),
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as follows from the eigenvalues of the path Laplacian ATA (Brouwer & Haemers, 2012, Sec-
tion 1.4.4). Consequently,

20 max(A) VB
H-1
Equality is obtained by placing opposite error rows along a unit right singular vector for oax (A):

dincrcmcnt S

2 2h —1
el =VBv=—¢/, vp = E(fl)hflsin(i( 5T )W)

Both rows have squared norm B, and their gap is amplified by A by exactly ou,ax(A). This proves
the stated MSE maximum. O

Magnitude and increment distances depend only on the difference between the two forecast trajec-
tories, from which the common target cancels. The remaining distances compare properties of the
trajectories that are not determined by this difference alone. Their values can therefore depend on
the target trajectory as well as on the errors.

For volatility and direction, this dependence is visible in the forecast increments:

A% = Ayn — Ae{,h’ Ayp = Ytiht1 — Yein-

The target’s own changes can reinforce or offset the changes in the errors, affecting both the magni-
tude and the sign of the predicted increments.

To isolate the disagreement produced by the errors, the volatility, shape, spectral, and timing results
below assume a constant target y; = c1. Under this assumption, each forecast trajectory is simply its
error trajectory reflected and shifted by c. The direction result allows a nonconstant target, provided
its increments are small enough for the constructed errors to reverse the predicted directions.

Volatility distance compares how much the two forecasts fluctuate, measured by their mean absolute
increments. To produce a large disagreement, we pair a flat forecast with one that fluctuates strongly.
The following corollary bounds this disagreement and constructs pairs that attain the stated bounds.

Corollary D.3 (Volatility Multiplicity Bound Under Rashomon Set Membership). If F is shell-rich,
y; = cl, and H > 3, then

~f =g
max dvolatility (yt » Yt )

=2u/(H —1), iflisconcave on [0,0c0),
fi9€Re

> 2p, if £ is convex on [0, 00).

For MAE, the maximum is 2T H(L* + €)/(H — 1). For MSE, it is

H(4H —6) _
W\/T(E +e€).

Each displayed bound is attained by a pair with identical aggregate loss, one of which forecasts a
flat trajectory.

Proof. For a constant target, forecast increments equal error increments up to sign. Thus

S 1Ael |l — | Aef|l
dvolatility (yrfa yf) = ‘ t H -1 t ’ ’

Because both norms are nonnegative, their difference is at most the larger one. We therefore seek
the largest possible total variation ||Ael|; of a single error row.

If ¢ is concave, subadditivity and the row budget give

Ullel) <D tlen) < B, lelh < w.
h

Since each error contributes to at most two increments,

|Aell < 2fells < 2.
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This gives the upper bound 2u/(H — 1).

To attain it, take the flat error row ef = o1 and the concentrated row e{ = ub), with 1 < j <

H. Both use the full budget. The first forecast is flat, whereas the second has two increments of
magnitude u, giving distance 2u/(H — 1). This also proves the MAE formula.

For the convex-case lower bound, keep e[ = pl and take ef , = ( —1)"o. Every increment of the
second forecast has magnitude 2p, giving distance 2.

For the exact MSE maximum, retain the endpoint contributions in the variation bound:
H-1
IAells < lex] +2 3 lenl + lerr| < VAH — 6|le]ls < /(4H — 6)B.
h=2

The middle step is Cauchy—Schwarz with weights @ = (1,2,...,2,1). All inequalities are attained
by an alternating row whose magnitudes follow these weights:

/| B
ef,h = (_1)hah AH — 6

Indeed, ||€f||2 = B, and opposite signs at consecutive entries make every increment equal the sum
of its endpoint magnitudes. Pairing this row with e{ = o1 yields

(4H — 6)B
dvolatility = Wa

which is the stated MSE maximum. ]

Direction distance asks whether the two forecasts rise or fall together at each step, regardless of the
size of those changes. The following corollary shows that models with identical pointwise absolute
errors can predict opposite directions at every step, provided the target’s own changes are small
enough for the errors to reverse the predicted directions.

Corollary D.4 (Direction Multiplicity Bound Under Rashomon Set Membership). If F is shell-rich,
H > 2, and

|Ayn| <20  forallh=1,...,H —1,
then

=~ =g\ _
max dgirecti , =1.
£.9ER. dlrectlon(yt yt)

The condition holds for a constant target whenever o > 0. The threshold 2¢ is 2T (L* + €) for MAE

and 2+/T(L* + €) for MSE.

The maximum is attained by models with opposite error rows and identical pointwise absolute er-
rors.

Proof. Take opposite alternating errors,

eijh = (‘DhQ = _ef,h:

Their forecast increments are
Ag£ = Ayp, +2(=1)"0, AY) = Ay, — 2(—1)"p.

The error contribution dominates the target increment because |Ay,| < 2p. The two predicted
increments therefore have opposite signs at every step. Their direction distance is 1, the largest
possible value. O

Shape distance compares the overall patterns of the trajectories after removing their levels and scales.
For a constant target, opposite error trajectories produce forecasts with exactly opposite shapes. The
following corollary shows that this yields the largest possible shape disagreement while preserving
absolute errors at every horizon.
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Corollary D.5 (Shape Multiplicity Bound Under Rashomon Set Membership). If F is shell-rich,
yr=cl, H > 2 and B > 0, then

,\f ~qg
max d~ 1 5 =1.
FgER. shape (yt Y )

Every admissible pair with opposite, nonconstant error rows attains this maximum.
Proof. With a constant target, centering a forecast removes the target and leaves the negative cen-

tered error. Thus, opposite nonconstant error rows produce opposite nonzero centered forecasts,
whose Pearson correlation is —1.

Such a pair exists: take

e] =ub) = —ef.
Since B > 0, we have u > 0, and these rows are nonconstant for H > 2. Both use the full budget,
and
1—p 1-(-1)
dshape — D) — 9 =1
This attains the largest possible shape distance. O

Spectral distance compares how the variation in each trajectory is distributed across frequencies. The
following construction assigns different frequencies to the two forecasts and adjusts their amplitudes
to give both models the same loss. For a constant target, their spectral disagreement reaches its
largest possible value.

Corollary D.6 (Spectral Multiplicity Bound Under Rashomon Set Membership). If F is shell-rich,
yr=cl, H >4, and B > 0, then
di ectra. gl g7 =1
fglg;g‘ spect (l(yt 7yt)

The maximum is attained by models with identical aggregate loss whose error rows contain different
single frequencies.

Proof. For two nonconstant trajectories, their standardized magnitude spectra a and b are nonnega-
tive unit vectors. Hence

5 1

spectral — 5

d la—b|2=1-(a,b) <1,

with equality when the spectra have disjoint supports. The flat-trajectory convention also preserves
this upper bound.

To attain it, choose two distinct frequencies from {1, ..., | H/2|}, which is possible because H > 4.
For each chosen frequency k, define

Cgbk) = cos(2wkh/H), el* = arc®

7

where a; > 0 is chosen so that
H
Z E(akcgﬁ)) = B.
h=1

Such an amplitude exists because this sum is continuous, starts at zero, and grows without bound.

Each cosine row has mean zero. Since the target is constant, centering and normalizing its forecast
gives —c*) /||c®)||5. Its Fourier transform is supported on {k, H — k}. Distinct frequencies in the
chosen range have disjoint supports, so their magnitude spectra are orthogonal and their spectral
distance is 1. O

Timing distance measures the shift needed to best align the two forecast trajectories. The following
corollary constructs equally accurate forecasts from shifted portions of the same cosine wave. Their
best alignment requires the largest admissible lag, showing that equal aggregate loss can coexist
with maximal timing disagreement.
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Corollary D.7 (Timing Multiplicity Bound Under Rashomon Set Membership). If F is shell-rich,
y: =cl, H> 3, and B > 0, then

dei (5 79 = 1.
fglea?}ée timing (yt » Yt )

The maximum is attained by models with identical aggregate loss whose forecast trajectories are
samples of the same cosine wave shifted by H — 2 steps.

Proof. The timing distance is at most 1 because admissible lags satisfy |7| < H — 2. We construct
a pair whose best alignment occurs at 7 = H — 2.

Let 6 := 7/ H and define
up, = cos(6h), vy, = cos (B(h+ H — 2)) = —cos (A(h — 2)).
These rows have the same absolute entries up to permutation:
V1 = UH_1, vy = Uy, vp = —up—2 (h>3).

Choose a > 0 so that the error row —awu uses budget B; continuity and unboundedness guarantee
its existence. Evenness of ¢ implies that —av has the same loss. Shell-richness therefore provides
forecasts

gl =cl + au, gl =cl + av.
Their lagged correlations equal those of w and v, since Pearson correlation is unchanged by an offset
and positive scale.

Atlag H — 2, the overlapping segments are

(ur—1,um) = (v1,v2).
They are nonconstant, so their correlation is 1.
It remains to exclude a better or equally good alignment at any other lag. The row w is strictly

decreasing, whereas
V1 = V3 > Vg,

and v is strictly increasing from its second entry onward.
For 0 < 7 < H — 3, the overlap includes the first three entries of v. Their decrease followed by an

increase prevents them from being a positive affine transformation of the strictly decreasing segment
of w. Their correlation is therefore strictly less than 1.

For 7 < 0, the overlap pairs a strictly decreasing segment of « with a strictly increasing segment of
v, so its correlation is negative.

Thus the unique maximizing lag is 7™ = H — 2, and
il
dtiming = H_9 =1

O

Together, Corollaries [D.IHD.7| show that models with identical aggregate loss can disagree about
forecast magnitude, increments, volatility, direction, shape, frequency content, and timing.

We close with three remarks explaining how these results relate to revision and error trajectories.

Remark D.8 (Error Multiplicity). Forecast and error trajectories have the same cross-model gaps up
to sign:

Consequently, symmetric distances that depend only on these gaps, including magnitude and in-
crement, give identical multiplicity values for forecasts and errors. Pointwise and horizon-wise
multiplicity statistics also coincide.

For the other distances, the two trajectories can differ: forecast trajectories describe disagreement
about the future, whereas error trajectories describe disagreement in the patterns of the models’
mistakes.
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Remark D.9 (Error Multiplicity for Each Temporal Aspect). The bounds and constructions above
also apply to error trajectories, without requiring a constant target or small target increments. To see

why, recall that for a constant target,

Qtf:cl—ef.

Thus, forecasts are obtained by reflecting and shifting the error trajectories. Applying this transfor-
mation to both trajectories leaves every distance considered here unchanged.

The constructions therefore already produce the stated disagreement between error trajectories. Un-
der shell-richness, the same error patterns can be realized for any target whenever they lie in the
admissible loss shell. Only the restrictions on the target disappear; the assumptions on the loss,
model class, horizon length, and budget are retained.

Remark D.10 (Revision Multiplicity). The bounds and constructions above also apply to any com-
plete revision trajectory. A revision trajectory collects H forecasts of the same target, issued at
successive origins. We can therefore place the constructed errors along its anti-diagonal instead of a
row without changing their total loss; shell-richness guarantees models realizing these patterns.

Because every entry forecasts the same target, the constant-target assumption holds automatically.
The direction condition also holds whenever ¢ > 0. All remaining assumptions on the loss, model
class, horizon length, and budget remain in force.
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D.2 THE HORIZON-WISE MULTIPLICITY CONSTRAINT: EXACT CHARACTERIZATION AND
BOUNDS FOR EACH TEMPORAL ASPECT

We first restate and prove Theorem We then show how its pointwise bounds control magni-
tude, increment, and volatility distances. In contrast, direction, shape, spectral behavior, and timing
disagreement can remain maximal even under arbitrarily small positive tolerances, subject to the
stated conditions on the target trajectory. These results are summarized in Table [15]at the start of
this appendix.

We now ask what controlling disagreement at every horizon guarantees about entire trajectories.
Vanishing horizon-wise ambiguity means that

a(TZ‘)({f,g}) =0 <= |gjtf+h — g)f+h| <7, foreveryteT.

Thus, 7, limits the forecast gap at horizon h. Taking 7, = 7 recovers the pointwise constraint. The
resulting trajectory bounds are summarized in Table [I5]

Write B := TH(L* + €) for the total loss budget. For the attainment results below, assume 7" > 2,
so that errors can also be assigned outside the origin being studied.

A small distinction matters when constructing models: shell-richness guarantees realization only
when their average losses lie in [£*, £* + €]. A construction below the upper limit may still fall
below £*. When two constructed error rows have the same total loss S < B, we can resolve this by
assigning an identical additional error to both models at another origin, contributing

max{THL* — S,0}

to each total loss. Such an error exists by continuity and unboundedness of £. Both models then lie
in the admissible loss shell, while their forecast gaps remain unchanged.

We first restate and prove the multiplicity bound under horizon-wise control.

Theorem 4.2 (Multiplicity Bound Under Horizon-Wise Control). Fix tolerances T = (11, ...,Tw).
Then, every pair f,g € F with ag;)({f, g}) = 0 for all h satisfies:

Gl =90 <™ VteT,he{l,... H}

If, moreover, F is shell-rich, the bound is attained by pairs in R. whenever it is loss-feasible, i.e.,
whenever the loss budget of Theorem#.1|does not bind first: Y-, £(1,/2) < TH(L* + €).

Proof. The upper bound follows directly from the definition of vanishing horizon-wise ambiguity.

To attain all the tolerances at a chosen origin ¢, take

eih:_Th/Z efyh:Th/Z

Their forecast gap is exactly 7, at every horizon, and each row has total loss

S = iz(fh/z) < B.

h=1

Adding identical errors at another origin if necessary, as described above, places both matrices in the
admissible shell without introducing further disagreement. Shell-richness then provides the required
models. O

Magnitude, increment, and volatility distances admit upper bounds directly in terms of the toler-
ances. Magnitude depends on the sizes of the forecast gaps; increment also depends on how those
gaps change between successive horizons. Volatility compares the amount of fluctuation in the two
forecasts, whose difference is likewise controlled by changes in their gap.

Throughout the following results, maxima run over pairs f, g € R, satisfying |g]tf, wn = Unl <
at every origin ¢ and horizon h.
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Corollary D.11 (Magnitude, Increment, and Volatility Multiplicity Bounds Under Horizon-Wise
Control). Fix an origint, let H > 2, and assume 15, > 0. If F is shell-rich and

H
> Um/2)<B
h=1

then

PN 1
max dmagnitudc (yfv yiq) = E Z TI%’

H-1
f 1
maX dincrement (ytf, yf) = -1 }21 (Th + Tht1)?.
=
If additionally y; = cl and ), ((1,) < B, then
H-
max dvolatlhty (ygi yt - Z 7—h + 7-h+1

The magnitude and increment maxima are attained by models with identical pointwise absolute
errors. The volatility maximum is attained by models with identical aggregate loss, one of which
forecasts a flat trajectory at origin t.

Proof. Write w = g{ — gy for the forecast gap. Since |wy,| < 77,, we have

_ Hw||2
dmagnitude = H H Z

Each change in the gap is bounded by the two adjacent tolerances:

|Awp| < |wpg1] + |wr] < T + Theyt

This gives the increment bound,

H-1
[Aw]|
dincrement = T Th + 7-h+1
H-1 Pyt
For volatility, the reverse triangle inequality gives
H-1
IAG [l — 1A% 11 | _ Aw], 1
dyolatility = 71 < H < T 1 };(Th+7h+1)~
To attain the magnitude bound, use the opposite errors e{ h=—Th/2 = —ef’ ;, from the preceding
proof. Their gap has magnitude 7, at every horizon.
To attain the increment bound, alternate the signs:
h
e{,h =(-1)"r/2 = fef,h.

Consecutive gaps now have opposite signs, so |Awp| = 75 + Th41. Both constructions have equal
row losses within the budget and can be placed in the admissible shell by adding identical errors at
another origin.

For volatility, we need one flat forecast and one alternating forecast. Let z;, = (—1)"73,, choose
another origin s # ¢, and assign

e{:al—i—z7 el =al,

el =al, el =al+ z,
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with errors zero elsewhere. Swapping the rows at origin s gives the models identical total loss:

H
C(a) = Zﬁ(a + z) + Hl(a).

h=1

At a = 0, this equals ), /(7,) < B. If it is below T'H L*, continuity and unboundedness allow
us to choose a > 0 so that C(a) = THL*. Otherwise, take a = 0. Both matrices then lie in the
admissible shell.

The gaps at origins ¢ and s have magnitude 77, so all horizon-wise constraints hold. At origin ¢,
the forecast of ¢ is flat, while every increment of the forecast of f has magnitude 73, + 7541. Their
volatility distance therefore attains the upper bound.

The preceding bounds shrink as the tolerances decrease. For a constant target, direction, shape,
spectral, and timing disagreement can instead remain maximal even when all tolerances are arbi-
trarily small but positive. The reason is that their constructions can be reduced in amplitude while
preserving the signs or normalized patterns that these distances compare. The direction result also
allows a nonconstant target, provided its changes are sufficiently small.

Corollary D.12 (Direction, Shape, Spectral and Timing Multiplicity Structural Freedom Under
Horizon-Wise Control). Fix an origin t, let H > 2, and assume F is shell-rich, B > 0, and
T, > 0 for every horizon. Define

0:=("Y(B/H), Kp, := min{y, 20}, K= m}in Kh-

Here, ky, limits the constructed forecast gap using both the horizon-wise tolerance and the available
loss budget. Then

PN . Kn + Kh
max ddircction (ygv yf) =1 lf|Ayh| < 7+1f0r every h,
max dshape (gzvgf) =1 ify: = cl,
max dspectral (:’/J\{7 y{?) =1 ifys = cland H > 4,
max deiming (ﬁt ,ﬁf) =1 ify; = cl and H > 3.

All maxima are attained by models with identical aggregate loss. The direction and shape construc-
tions also preserve pointwise absolute errors.

Proof. All four distances are at most 1, so it suffices to construct admissible pairs attaining this
value.

In each construction, the error magnitude at horizon h is at most x, /2 for both models. Their gap is
therefore at most «;, < 73, and each row satisfies the loss budget:

H

S enn) < H(o) = B.

h=1

We choose the two rows to have equal loss, allowing identical errors at another origin to place both
models in the admissible shell if necessary.

Direction. Take opposite alternating errors,
o h _ g
Ch = (=1)"kn/2 = —Cin
Their forecast increments are

N Kh + Kh N Kh + K
Ajl = Ay, + (—1)h AL AjY = Agy, — (—1)h AT L

2 ’ 2
Under the stated condition, the error contribution exceeds the magnitude of the target increment.
The forecasts therefore move in opposite directions at every step, giving distance 1.

Shape. For a constant target, the same construction gives opposite, nonconstant centered forecast
trajectories. Their correlation is —1, so their shape distance is 1.
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Spectral. Choose two distinct frequencies j, k € {1,..., | H/2]} and let

cg) = cos(2nrh/H), el =a;c", e! = apc™.
Choose positive amplitudes a;, ar, < /2 giving both rows total loss ¢(x/2). This is possible by
continuity because each cosine row contains an entry equal to 1. If ¢(x/2) = 0, simply take both
amplitudes equal to /2.

As in Corollary centering removes the constant target and normalization removes the ampli-
tudes. The resulting magnitude spectra have disjoint supports, giving spectral distance 1.

Timing. Use the shifted cosine patterns from Corollary [D.7;
up, = cos(mh/H), vy = cos (m(h+ H —2)/H),

and take
el = —(k/2)u, el = —(k/2)v.

Their entries have magnitude at most /2, and their absolute entries are permutations of one another,
so the rows have equal loss. For a constant target, the resulting forecasts have the same lagged
correlations as w and v. Their best alignment occurs at lag H — 2, as established in Corollary
giving timing distance 1. O

Thus, horizon-wise agreement controls the sizes of forecast gaps and the resulting magnitude, in-
crement, and volatility disagreement. Under the stated target conditions, it can nevertheless leave
direction, shape, spectral, and timing disagreement maximal.

Remark D.13 (Revision and Error Trajectories). The results also apply to complete revision tra-
jectories. As forecasts of a fixed target are updated, their horizons decrease from H to 1, so the
corresponding tolerances are (7g,...,71). Reversing this order leaves the bounds unchanged, and
the constructions transfer to the relevant anti-diagonal without changing their loss. Since every entry
forecasts the same target, the constant-target condition holds automatically.

For error trajectories, the horizon-wise constraints are unchanged because
f 9 | —5f 9
‘et,h - et,h| = |yt+h - yt+h|'

The same error patterns therefore attain the stated bounds directly, without assumptions on the target
trajectory. The constant-target and small-target-increment conditions are needed only to obtain the
corresponding disagreement between forecasts.

In both cases, the remaining assumptions on shell-richness, horizon length, tolerances, and the loss
budget still apply.
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D.3 How CLOSE DOES THE EMPIRICAL RASHOMON SET COME TO THE THEORETICAL
BOUNDS?

We test whether trained models in the empirical Rashomon set R, attain the theoretical temporal
disagreement allowed by Rashomon membership alone and by vanishing pointwise or horizon-wise
ambiguity (Table[T5). Since these bounds concern individual origins, we compute the largest dis-
agreement at any origin, rather than the origin-averaged multiplicity statistics we measured in Sec-
tion [6] The question is whether the extreme disagreement permitted by the theory occurs among
near-optimal trained models, and which distances remain far from their theoretical maxima.

Rashomon Membership Alone. For MASE, the loss budget is TH(L* + ¢€), where T is the
number of validation origins, H the horizon, £* = L(f*) is the best validation MASE, and € =
5% - L* (Appendix [A.3). For each trajectory distance d, we define the worst-origin range and its
utilization of the membership bound Uj; as:
_ f g Dd
Uy = max max d(v;,v}), —. (6)
t€T fgeR. ( ! t) Ua

The corresponding bounds (Theorem [.T]and Appendix are:
QT\/H (E* + 6)7 d= dmagnitude7

2W2TH

U, = HH— 1
2T
ﬁ (E* + E), d= dvolatility;

17 de {ddirection7 dshape7 dspectrah dtiming}~

([’* + 6)7 d= dincrement7

For the four scale-free distances, the bound 1 is reported as 100%. The worst-origin range selects
the most separated pair at the most adverse origin and is at least the origin-averaged trajectory range
vq of Table [T} Utilization expresses this observed distance as a fraction of the theoretical bound.
These maxima measure whether large disagreement occurs, rather than how typical it is across pairs
or origins.

Table [16[ shows that the scale-free bounds are readily attained: direction, shape, and timing reach
100% on every dataset, while spectral distance reaches 99.7%. Scale-free distances compare signs
or normalized patterns, so attaining their range does not require large errors: reducing the amplitude
of a disagreement need not reduce its distance. Indeed, this confirms empirically what the theoretical

findings of Corollaries to predicted.

Magnitude, increment, and volatility use at most 6.8% of their bounds. This is expected: the bounds
for these distance functions grow with 7'; however, the attaining constructions would concentrate
an entire model’s error budget in a single forecast cell, an extreme pattern unlikely to result from
training using gradient descent. As such, a finite set of trained models need not contain such con-
structions, even when the model class can represent them.

Although the observed distances reach only a small fraction of their theoretical bounds, they remain
large in absolute terms: between 16.9 and 21.4 multiples of the naive error scale on average, with
most datasets attaining values well above 3 multiples of the naive error scale. Rashomon member-
ship alone therefore leaves extremely large temporal multiplicity at some individual forecast origins,
even without the extreme error patterns needed to attain the bounds.

Vanishing Pointwise and Horizon-Wise Ambiguity. We evaluate each pair f,g € 7%5 at the
smallest tolerances for which its ambiguity vanishes: the largest absolute forecast gap over all test
cells (pointwise), or separately at each horizon (horizon-wise):

fg — baf  _hag fg _ gaf  _bag
T = %§1£2XH| Yitn yt+h|’ Tp = 11}16372(| Yivn yt+h|' (7

By construction, a,s({f,g}) = 0 and oz(T'})g({f,g}) = 0 for every h. Writing 7/9 =
h
(9, ... ,7'}}9 ), let Uy(7) and Uy(7) denote the pointwise and horizon-wise bounds in Table
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Table 16: Worst-origin range and utilization of the Rashomon-membership bound (Equation @)
Magnitude, increment, and volatility are in naive units, with utilization in parentheses; scale-free
distances are percentages of their bound 1. Values are maxima over trajectories, averaged over
targets where applicable; the last row averages over datasets.

Dataset Re only
dmagnitude  dincrement  dvolatility  direction dshape dspectral  Atiming

ATM 1D 6.54 (0.0%) 6.20 (0.0%) 3.52 (0.0%) 100% 100% 97.6%  100%
ATM W 6.66 (0.1%) 5.47 (0.1%) 3.62 (0.1%) 100% 100% 99.4%  100%
Bitcoin 19.7 (0.3%) 11.1(0.1%) 7.39 (0.3%) 100% 100% 95.4%  100%
Electricity D. A 7.86 (0.0%) 1.66 (0.0%) 0.75 (0.0%) 90.2% 98.8% 95.0%  100%
Electricity D. Z  3.73 (0.0%) 0.72 (0.0%) 0.31 (0.0%) 83.2% 98.4% 93.2%  100%
Electricity Price 2.74 (0.0%) 0.85 (0.0%) 0.50 (0.0%) 95.7% 96.5% 92.4%  100%
ETT IH 3.29 (0.0%) 1.21 (0.0%) 0.79 (0.0%) 100% 99.1% 96.5% 100%
Exchange Rate 162 (1.5%) 236 (1.3%) 163 (2.5%) 100% 100% 99.5% 100%
FRED-MD 0.36 (0.8%) 0.22 (0.3%) 0.17 (0.4%) 100% 100% 0.0% 100%
Gasoline 12.2 (1.7%) 7.88 (0.7%) 4.90 (1.0%) 100% 100% 99.7% 100%
Weather 10.6 (0.0%) 2.26 (0.0%) 1.31 (0.0%) 96.5% 99.8% 94.4% 100%
Mean 21.4(0.4%) 24.8 (0.2%) 16.9 (0.4%) 96.9% 99.3% 87.6%  100%

(Theorem[4.2] Corollary [D.T1] and Appendix [D.2), namely:

T, d= dmagnitud67
27—a d= dincrementa
Ua(r) =
27, d = dyolatility
17 de {ddirectiona dshape7 dspectralu dtiming}>
H
i E Tf%? d= dmagnitudey
H
h=1
1 H-1
U, ( ) = E (Th + Th+1)27 d = dincrement s
a\T) = H-1
h=1
1 H-1
H—1 E (Th + Th+1)7 d= dvolatility7
h=1
17 de {ddirection; dshapey dspectral; dtiming}-

This evaluates the tightness of the bounds at the tolerances each pair actually satisfies; it does not
establish attainment at a single, prespecified tolerance shared by all pairs. The pair’s utilization is
its largest distance at any origin divided by the corresponding bound:

fo _ MaXieT d(vf,v}) 7q  maxier d(vf,vf)

Ug Ud(ng) ) ud,f - Ud(ng) (8)

For the scale-free distances, whose bound is 1, we restrict the maximum to origins with |Ahyh| <
(T’{ 9+ 7',{ il) /2 at every step: the target-flatness criterion for direction in Corollary@l For shape,
spectral, and timing distances, the corollary proves attainment for constant targets; the filter alone
does not guarantee attainment. For revision trajectories, the tolerance vector follows the reversed
horizon order.

Table [T7) reports the maximum utilization over pairs. Figure [] plots all pairs and each dataset’s
running maximum against normalized tolerance.

Three observations are worth noting.
Most Distances Attain or Approach Their Bounds. Magnitude reaches 99.8% under pointwise
control and 100% under horizon-wise control; direction, shape, and timing reach 100%, and spec-

tral distance reaches 99.7%. Increment and volatility remain further below: their dataset-averaged
maxima are 65.4% and 53.5% pointwise, rising to 82.5% and 67.9% horizon-wise.

44



Technical Report

The gap is smallest for Exchange Rate, where increment and volatility reach 99.8% and 95.5% of
their horizon-wise bounds, showing that trained models can approach the theoretical maxima. A
possible explanation is the limited predictability of exchange rates: if their dynamics are approxi-
mately those of a random walk, the loss may provide less guidance toward a common forecast struc-
ture, leaving more varied models with similar performance. More generally, as with the Rashomon-
membership bounds, the remaining gaps may reflect the finite collection of models explored and the
implicit restrictions imposed by training, rather than limitations on the disagreement that the full
model class can express.

Substantial Gaps Remain for Increment and Volatility on Most Datasets. The difference fol-
lows from the configurations needed for equality. Magnitude only requires the absolute gap to reach
its tolerance at every horizon of one origin; a persistent offset can therefore approach the bound.
Increment requires the gap to alternate between +7, and —7541 at every consecutive horizon: the
forecasts must cross at every step with maximal amplitude. Volatility additionally requires these
changes to produce the largest possible difference in total variation; one attaining construction pairs
a flat forecast with a full-amplitude zigzag. These extreme configurations are unlikely for trained
forecasters. Smooth, persistent gaps can be large in magnitude while changing little across horizons,
leaving increment and volatility well below their bounds.

Horizon-Wise Control Gives Higher Utilization. Horizon-wise control gives higher utilization
because each horizon receives its own tolerance, avoiding the slack introduced by applying the
largest gap anywhere to every horizon.

Table 17: Maximum pointwise / horizon-wise utilization over pairs (Equation , each evaluated at
its smallest admissible tolerances (Equation[7). Scale-free distances use only origins satisfying the
target-flatness filter. Aggregation over trajectories, targets, and datasets follows Table @

Dataset dmagnitude dincrement dyolatility dgirection dshape dspectral dtiming

ATM 1D 90.4% /1 100% 49.8% 169.2% 41.5% /47.7% 100% /100% 100% / 100% 97.6% / 97.6% 100% / 100%
ATM 1W 99.6% / 100% 62.7% /74.8% 54.4% /65.1% 100% /100% 100% / 100% 99.4% /99.4% 100% / 100%
Bitcoin 99.3% /1 100% 53.4% /71.0% 32.8% /44.8% 100% /100% 100% / 100% 95.4% /95.4% 100% / 100%

Electricity D. A 85.5%/99.1% 18.1% /23.5% 7.7%19.9%  90.2% /90.2% 98.8% /98.8% 95.0% /95.0% 100% / 100%
Electricity D.Z 81.5%/95.4% 11.5%/14.0% 4.8%/6.5%  83.2% /83.2% 98.4% /98.4% 93.2% /93.2% 100% / 100%
Electricity Price 84.7%/99.1% 26.3% /31.9% 11.8%/14.5% 95.7% /95.7% 96.5% /96.5% 92.4% /92.4% 100% / 100%
ETT 1H 94.1% 1 100% 33.7% /53.6% 23.1%/31.7% 100% /100% 99.1% /99.1% 96.5% /96.5% 100% / 100%
Exchange Rate  99.7%/100% 76.7% /97.7% 67.7%192.4% 100% /100% 100% / 100% 99.3% /99.3% 100% / 100%
FRED-MD 95.0% / 100% 67.0% /80.5% 49.6% /62.4% 100% /100% 100% /100% 0.0% /0.0%  100% / 100%
Gasoline 99.8% /1 100% 83.3% /97.7% 69.3% /86.3% 100% /100% 100% / 100% 99.7% /99.7% 100% / 100%
Weather 95.4% 199.4% 23.4%/32.4% 9.4%/14.5% 96.5% /96.5% 99.8% /99.8% 94.4% /94.4% 100% / 100%
Mean 93.2%199.4% 46.0% /58.8% 33.8% /43.3% 96.9% /96.9% 99.3% /99.3% 87.5% /87.5% 100% / 100%
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Figure 4: Pairwise bound utilization against normalized tolerance: 779 /L* for pointwise control

(top), and maxh(T}{ 9 /L) for horizon-wise control (bottom). Each marker represents one pair; lines
show each dataset’s running maximum.
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