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ABSTRACT

Routing problems, like the Traveling Salesman Problem (TSP) and the Capacitated
Vehicle Routing Problem (CVRP), are NP-hard and slow to solve for large
instances. Diffusion-based solvers can be trained in a supervised way using sets
of optimal solutions, and then quickly solve new test instances. However, for
large instances, optimal solutions are hard to find, and diffusion models fail to
generalize to instance sizes outside their training distribution. Here we describe
ResizeCO, a label-free size-generalization approach that addresses both the change
in statistical properties of larger instances, and the computational challenge of
solving them quickly. It uses reinforcement learning on large-scale instances to
adapt a diffusion model trained on small instances. Specifically, we adapt GRPO to
this problem, using route length as the training signal. ResizeCO also formulates
k-opt as a tree search, solved by a beam search on the GPU. In size-generalization
experiments on TSP and CVRP instances with up to 10000 nodes, ResizeCO
achieves a Pareto front over route quality and time that dominates learned solvers,
and also outperforms other solvers at short run times, setting a new state of the art.

1 INTRODUCTION

Combinatorial optimization (CO) problems, and specifically routing problems, appear in many
real-world systems, from logistics and supply-chain planning to chip design and scheduling. Among
these, probably the most well-studied and widely deployed are the Traveling Salesman Problem (TSP)
and the Capacitated Vehicle Routing Problem (CVRP), both NP-hard. For small instances, heuristic
approaches can efficiently find near-optimal solutions for these problems, but solving large instances
could take hours. Solving within seconds would open new possibilities for real-world problems like
on-the-fly routing, interactive “what-if” planning, and large-scale routing, like coordinating deliveries
within a city.

Supervised learning methods offer a promising approach for fast combinatorial optimization, because
the long training cost is amortized over many new instances, each solved quickly at inference
(Joshi et al.| 2019; [Luo et al., |2023). Diffusion-based generative solvers, trained by adding noise
to precomputed optimal solutions, now match or beat hand-designed heuristics when tested on
in-distribution instances (Li et al., 2025} |Chen et al., 2026). Unfortunately, supervised training
on large instances may be prohibitively expensive because it requires creating a large number of
near-optimal solutions as labels. This effect is quantified in Appendix [D.T|for TSP and CVRP. At the
same time, current supervised approaches also fail at size generalization, namely, diffusion models
trained on small instances perform poorly on large instances. Together, scaling supervised training
to large instances is challenging.

Here we describe ResizeCO, a label-free size-generalization approach, designed to generalize
from small to large instances. ResizeCO trains a diffusion model on small instances and then
fine-tunes the model using reinforcement learning (RL) on large-scale instances. ResizeCO
tackles the two main challenges of size generalization: the fact that statistical properties of instances
may change with size, and the efficiency challenge of optimizing larger instances. ResizeCO
addresses these using an integrative approach that handles architecture, fine-tuning and inference.
(1) Architecture: We design a variant of Graph Transformer to generalize better across instance sizes.
(2) RL fine-tuning: We adapt GRPO to provide label-free fine-tuning of a diffusion model trained
on small instances. Specifically, we use a node-walk decoder, which provides a better estimate of


https://arxiv.org/abs/2610.17192v1

Preprint

a trajectory probability given the model. (3) Inference: We design a new and efficient beam k-opt
search that runs in parallel on the GPU, which improves inference quality.

We evaluate ResizeCO on TSP and CVRP and in several size-generalization setups, comparing to both
machine-learning and fast non-learned approaches. ResizeCO achieves a new state-of-the-art (SoTA)
quality for short run times for several size-generalization setups, and dominates learning-based
methods over the full Pareto front.

Our main contributions are: (1) ResizeCO is the first diffusion solver trained on small instances
and adapted to large instances without labels, becoming the first diffusion solver trained for CVRP
instances of size 10000. (2) Using node-walk decoding, we introduce an exact probability model
over the routes sampled from a masked diffusion solver, then used to weight GRPO trajectories. (3)
An efficient formulation of k-opt as a tree search and a beam-search approach that can be run on the
GPU to solve it efficiently. (4) A new SoTA in size generalization on both CVRP and TSP for short
durations, and Pareto-domination over learning-based methods in terms of time vs. solution quality.

2 RELATED WORK

Size Generalization in Neural Routing Solvers Supervised heatmap solvers, from the graph convolu-
tional network of Joshi et al.| (2019) to the diffusion-based solvers (Sun & Yang| 2023} |Li et al.| [2023]
2024; 2025} |Chen et al.| |2026)), learn from labeled routes. None of them targets size generalization in
its main method, so a model trained at one size runs unchanged on larger instances. However, a solver
trained on small instances loses accuracy on larger ones (Joshi et al.,[2022). Other methods reach larger
sizes with size-robust inductive biases in autoregressive solvers (Luo et al., 2023} |[Drakulic et al.| 2023}
Fang et al., 2024; |Huang et al.| 2025} |Gao et al.,|2024), with meta-learning across sizes and distribu-
tions (Zhou et al.| [2023)), or by splitting a large instance into small subproblems (Ye et al.| [2024; | Hou
et al., 2023} Li et al.;|2021). In contrast, our method continues training at the target size, without labels.

Label-Free Training at the Target Size Label-free solvers learn from the route length, as a reinforce-
ment learning reward (Kool et al., 2019} |Kwon et al.| 2020} Qiu et al.| [2022; (Greenberg et al., [2026)
or inside an unsupervised loss (Min et al.}|2023)), and concurrent work trains autoregressive solvers
this way with GRPO (Sepulveda & Ruz,[2026). However, these solvers train from scratch, and |Joshi
et al.[(2022)) show that training from scratch on large instances is sample-inefficient, while a model
trained on small instances improves further with fine-tuning at the large size. SIT (Luo et al., [2025a)
and MaskCO'’s self-training variant (Chen et al., [2026)) follow this approach, but imitate their own im-
proved routes as pseudo-labels. CADO (Song et al.,[2026) fine-tunes a supervised diffusion solver with
RL instead, but only at its labeled training sizes. EAS (Hottung et al., |2022)) also fine-tunes a trained
model with RL, but per test instance. In contrast, our method fine-tunes a diffusion model supervised
on small instances at the target size before test time, with GRPO and the route length as its reward.

Size-Generalizing Architectures Generative solvers encode instances with a message-passing
network on a k-nearest-neighbor graph (Sun & Yang] 2023} |L1 et al., 2024)) or a transformer (Chen
et al.,|2026)), which gives a local or a global view, not both. Graph Transformers keep both by adding
graph structure to attention and generalize better than message-passing networks out of distribution
(Niv & Rabin, [2025; Wu et al., |2025)), so we adapt the Graph Transformer of |Chen et al.| (2022).

k-opt Local Search Diffusion-based solvers often post-process (also known as “polish”) each
decoded route with a local operator called 2-opt (Croes), [1958)). It swaps two edges of the route
for a shorter pair. LKH-3 (Helsgaun, |2017) chains a sequence of edge exchanges into deeper k-opt
moves with Lin-Kernighan search (Lin & Kernighan) 1973} |Helsgaun, 2000), and HGS (Vidal, [2022)
combines 2-opt with other moves. However, a Lin-Kernighan chain grows one exchange at a time.
Prior work already parallelized k-opt on GPUs, searching all moves of one route in parallel for £ up
to three (Rocki & Suda, [2012) or six (Qiao et al., [2026)). In contrast, our method runs Lin-Kernighan
chains as a GPU beam search, keeping only the best chains per step for many routes at once.

3 PRELIMINARIES AND PROBLEM DEFINITION

Routing as Edge Selection A routing instance is an undirected weighted graph G = (V, E) with
N = |V| nodes and edge lengths d,;; = d;;. We encode a solution as a flattened binary adjacency
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matrix z € {0,1}"", where x;; = xj; = 1iff edge (4, j) participates in the route (see also|Sun &
'Yang, 2023} [Chen et al.,|2026). The length of a route x is length(z) = %de. Routing problems
minimize this length over {2, the set of feasible solutions.

TSP and CVRP In TSP, 2 holds the routes that visit every node once and return to where they
started (Hamiltonian cycles). In CVRP, one node is a depot and every other node ¢ is a customer with
a demand ¢;. A route in €2 returns to the depot once per vehicle, so it consists of several sub-routes
from the depot and back. Every customer is on exactly one sub-route, and the total demand on each
sub-route is at most the vehicle capacity.

Masked Diffusion for CO Diffusion-based solvers learn a distribution over solutions by adding
noise to optimal solutions during training and predicting that noise. Our pipeline is based on MaskCO
(Chen et al., [2026)). At inference, the denoiser receives a partial solution & and outputs an edge

heatmap py(G, %) € [0, 1]V *. Starting with all edges masked, a decoder iteratively selects edges
from this heatmap over K unmasking steps. The decoded route is improved with 2-opt (Croes, |1958)).
MaskCO can then run multiple correction cycles that re-mask part of the current route, rebuild it,
and retain the best solution (see Figure[T[C). The decoders we use are described in Appendix [B.4]

During supervised training, each edge of an optimal route z* is masked independently at a rate p ~
U(0, 1), and masking edge (7, ) masks the two entries x;; and z ;. For TSP, the loss averages over

the 2V entries of z* that equal one, Lg,(0) = CE(py(G, 2),2*) = — 5% Z(i,j);x;7.:1 log pa.i;-

Group Relative Policy Optimization GRPO (Shao et al., |2024) is a reinforcement learning
algorithm that uses a sampled group’s mean as its own baseline instead of a value network. For each
input, the policy mg samples a group of G outputs. Output g receives a reward R4, and its advantage
Ay is the reward standardized within the group, A, = (R; — mean(R; ... R¢))/std(R; ... Rg).
For generators with T steps, such as flow and masked diffusion models (Liu et al., [2025; [Luo et al.,
2025b; [Zhou et al., 2025), GRPO treats generation as a T'-step Markov decision process with actions
a+ taken from states s; by the policy mg_,, that sampled the group. The loss raises the probability of
actions with positive advantage, lowers it for negative ones, and keeps the policy near the reference
Tref, @ frozen copy of the starting model:

ey

4 OUR METHOD: RESIZECO

To allow diffusion-based combinatorial optimization to generalize to large instances, we need to
address two challenges: (1) Size generalization — handling instances that come from a distribution
of large instances; and (2) computational scalability — handling larger search spaces. We take a
three-pronged approach to handle these. (A) An architecture that supports a scalable representation
that captures global structures, while emphasizing local structure that stays meaningful as instances
grow (Section[d.1)), (B) training for size generalization without ground-truth labels, learning from
route length alone at the target size (Section .2)), and (C) fast parallel inference whose quality
scales with the test-time budget (Section [4.3). Figure [I] draws the three as one pipeline, with our
contributions marked in yellow.

4.1 THE GRAPH TRANSFORMER ENCODER: LOCAL STRUCTURE IN EVERY LAYER

Current approaches (Chen et al., |2026) encode the routing graphs using transformers, since they
capture global structure and are fast. However, transformers can be less sensitive to local structure.
This can hurt size generalization significantly, because the distribution of local structures may be
preserved when moving to larger instances (Fang et al.| [2024)). We therefore design a variant of
Graph Transformer for the current optimization problem.
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Figure 1: The three stages of ResizeCO. Yellow marks our novel contributions. (A) Supervised
training. A masked-diffusion model is trained using small labeled instances with a Graph Transformer
encoder. (B) RL training. Label-free GRPO training on larger instances. A node-walk decoder
samples G routes from the heatmap. Each route is denoted route,, and their lengths alone determine
the advantage. (C) Inference on large instances. Multiple correction cycles are executed. Each
cycle runs K unmasking steps to build an edge heatmap and decodes the heatmap into a route with
the node-walk decoder. The route is then “polished” with our GPU beam k-opt search. Before the
next cycle, the route is partly re-masked.

Specifically, we construct, for every instance, a k-nearest-neighbor graph Gy, from its node coor-
dinates, and assign weights w;; to the edges of that graph, based on the distances between the nodes,
w;j = 1/(1+ |lv; — v;||) for nodes 7 and j. This weighting assigns larger weight to closer nodes.

We then follow the Graph Transformer architecture of Chen et al.| (2022). We build a two-
layer MPNN extractor that receives as input the graph Gy, where each layer has the form b/ =
h~+Wout - RMSNorm(SlLU( self - 4 Wieign - mean EN (i) Wij * -h; )) This is fully defined in Ap-
pendix[B-1} We initialize W, to zero before supervised training, so the encoder starts as a plain trans-
former, and train it in both the supervised and the RL stages. In each attention layer, we then compute
the queries and the keys from the extractor output and, as in a standard transformer, the values from the
plain node states. This makes the attention weights sensitive to the local structure around each node.
All L encoder layers take this form, each running the extractor anew, and the decoder is untouched.

(a) (b)
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Figure 2: Encoder attention, averaged over all layers and normalized per row. (a) One query node
(star) at TSP-1000. (b) Mean attention by distance to the query node. Shaded bands denote std over
query nodes.
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We analyze the effect of the architecture change on the distribution of encoder attention, comparing
the transformer and the Graph Transformer, trained on TSP-100, and then tested on TSP-100
(in distribution) and on TSP-1000 (size generalization), see Figure @ Both models attend more
strongly to close neighbors when tested in distribution (Figure [2p left 100 — 100), but only the
Graph Transformer keeps that preference in size generalization (Figure [Zb right 100 — 1000). This
demonstrates how the locality preference learned by the Graph Transformer survives the size change.

4.2 LABEL-FREE GRPO AT THE TARGET SIZE

Our second main contribution addresses size Algorithm 1 Label-free GRPO at the target size.

generalization with no ground-truth labels. Bjye text marks our changes to standard GRPO.
True labels are not available for large instances - - - -

. . . . . Require: D unlabeled instances, 6 supervised model, G group size,
because finding their optlmal solutions is cos.tly. K unmasking steps per route, 7 learning rate
We therefore take a reinforcement learning  1: 6 < 6o, prer + Do, > frozen
approach that uses the cost of a route as the %i repeat G D ith N

. : draw an instance G ~ D with N nodes

reward. We adap t GRPO _tO CO with three 4: forg=1...Gdo > distinct start nodes
changes: (a) a reward that includes the 2-opt  5: &4 + 0, nq < the g-th start node, Uy + V' \ {n1}
polish operator, (b) a node-walk decoder that gi fort =1...K do
8
9

defines an exact probability model over routes, ﬁ) ’ or ‘[E;G'ff))N S| 41 DL t° ]I\lfe/f;{rﬁf pass
and (c) a loss with a single update per batch and : raw 1 ~ mo(- | 553P8) >Eq. @)
a KL penalty on the whole heatmap. 10: &g ¢ &g U{(nj,nj41)} > unmask the edge
) 11: Ujt1 < Ui \ {n 41}
First, let us formally define the RL problem, 12: end for ' '
adapting GRPO for masked diffusion to our 13: end for
. . .. . - 14: routey < &4
combinatorial optimization case. We view the 5. Ry « — length (2-opt(route,))
construction of one route as a Markov decision  1g.  end for !

process with one decision per edge, and each 17: A, < advantageof Ry ... R

of the K unmasking steps supplies the heatmap ig 0 <= 0 — nV LResizeco (9) > one update, Eq. @
for the next N/K decisions. At decision - until the step budget runs out

j € {1,...,N}, the state s; = (G,z;)

contains the instance and the edges unmasked so far. The action a; ~ (- | s;; p})) selects which
single edge of the route is unmasked next from the heatmap p}, = py(G, &;) of the most recent
unmasking step ¢. Algorithm[I] presents the full training procedure, where the outer loop runs over
the unmasking steps ¢ and the inner loop over the decisions j.

(a) The polished cost as a reward. Unlike previous approaches in this area, we use as reward the
negative route length after a 2-opt polish operator, Ry = — length(Z—opt(routeg)). This provides
two benefits: it is more consistent with inference, and it removes errors accumulated during iterative
node-walk decoding. Here, the advantage ranking corresponds better to solution quality.

(b) Node-walk decoder. This decoder constructs a route sequentially, node by node. A random
node is set as the root. Then, at each step, another node is sampled using the heatmap p},, which
represents a conditional distribution because a softmax was applied to each row. The probability
of each decision is therefore

t
p&, UKL ESY
=ttt )
ZW//EUJ pQ,njn’

where 1,41 is the node at the end of the edge (n;,n;4+1) selected at decision 7, and U; is the set
of nodes not yet visited, except Uy = {n1}, so the last decision closes the route with probability
one. Multiplying the decisions within a step and over steps, we obtain the total probability of route,
[¢N/K]
log pg(route,) = Z Z log g (a; | s;;ph)- 3)
t=1 j=|(t—1)N/K]+1
In contrast with other masked generative models (Luo et al.l 2025b; [Zhou et al., |2025), which
score all positions unmasked in the same step as independent, our approach scores masked edges

sequentially, each edge being conditioned on its predecessor. As a result, Eq. (3) provides the exact
Markovian probability of a route under the node-walk policy, rather than an approximation.

mo(a; | sj;pp) =

Node-walk decoding differs from the greedy decoding that is commonly used in the field. In greedy
decoding, all N2 edges of the graph are ranked by their heatmap score, and edges are selected one
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by one as long as they are feasible. This decoding does not allow us to compute the exact route
probability, because it does not compute a proper normalization. GRPO improves the model with
node-walk decoding and not with greedy decoding (Appendix [D.4).

(c) Our training procedure and loss. Our loss differs from the standard GRPO loss of Eq. (I) in
two ways (see Appendix [E). First, since rollouts are fast to compute, we take a single update per
batch on fresh rollouts. Second, the KL penalty is the row average over the whole edge heatmap
rather than over the visited states only. This yields our final loss

G
Lresizeco (0) = > Aglog py(route,) + 8 D (po || pref) - “

NG =
4.3 ACCELERATING INFERENCE USING A GPU BEAM k-OPT SEARCH

We now describe the third technical contribution, which accelerates inference using a GPU beam
k-opt search. At inference, a decoded route usually still contains local mistakes that a few edge
exchanges can fix, so every route ends in a local search. MaskCO uses 2-opt for this search, and
we replace it with the stronger k-opt.

The k-opt procedure is a highly useful sequential procedure. Simply put, in each move k edges are
removed, and one aims to add back another set of k edges that improves the cost. For example, 2-opt
replaces a pair of crossing edges with non-crossing edges. While k-opt is highly useful, finding sets
of k edges that improve the cost can be computationally expensive.

Following LKH (Helsgaun, 2000), we simplify and view the k-opt process as a series of decisions
that form a tree. The root of the tree is the current solution (for TSP, a Hamiltonian cycle). It has
O(N?) outgoing tree branches. Moving from the root to one of these branches means that we remove
an edge (n;, n;) in the solution (one among N edges of the solution), and add another edge, outgoing
from n; or n; (say, n;), to another node (the “front node”). This breaks the validity of the solution.
Every deeper level removes one of the two solution edges of the last “front node”, and adds another
edge, from the other node of that removed edge to another node, which becomes the new “front
node”, or back to n;. Looping back to n; closes the route, which is feasible again if it is a single
cycle. k-opt means that we look for solutions that are feasible at depth at most k. LKH searches the
tree in a sequential way, which can be thought of intuitively as a depth-first approach, and continues
as long as it finds a better route.

This sequential search fits a GPU poorly, because each decision depends on the one before it and
the work differs from route to route. We instead search over the tree using a parallel beam search.
At each level, we keep the top M branches active, advance the set of M branches deeper until depth
k, and also close every branch to record the best feasible solutions. All branches of all the routes
in a batch perform the same computation at the same moment, so they are computed in parallel on a
GPU. At the end, we apply together all the recorded moves that do not overlap on the route, whereas
LKH applies one move at a time. We provide the details in Appendix [B.5]

5 EXPERIMENTS

We evaluate ResizeCO on TSP and CVRP instances of various sizes, against baselines from four
families. Every experiment tests size generalization. We take models trained at one instance size
and test them on larger ones.

Datasets For synthetic data, we follow the standard data generation protocol of [Kool et al.{(2019), for
both TSP and CVRP. Each instance is a set of N nodes sampled uniformly in the unit square. CVRP
demands are integers drawn uniformly from 1 to 9, with a vehicle capacity of 50 (Chen et al., 2026).
The training and test sets cover sizes 100, 500, 1000 and 10000, and only the supervised stage uses
the solutions that come with the training sets. For real-world instances, we test on the benchmark
libraries TSPLIB (Reinelt,|1991) and CVRPLIB (Uchoa et al., 2017;[Arnold et al., 2019), in three
groups per library matched to the test sizes 500, 1000 and 10000. Every set is detailed in Appendix [A]

Metrics Following prior work (Sun & Yang, 2023} [Li et al., |2025; |Chen et al., |2026)), we report
three metrics per test size. (1) Objective: the average total route cost over the test set (a single route
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for TSP, the sum over all sub-routes for CVRP). (2) Gap: the average relative excess in percent over
a near-optimal reference solution, (cost — ref)/ref x 100. (3) Time: the total wall-clock time to
solve all test instances (hardware details in Appendix [B.6).

Baseline Methods We compare ResizeCO with four families of solvers. (1) Classical solvers: an
exact solver and the leading heuristic solvers. (2) Supervised learning (SL): autoregressive solvers
trained on labeled instances. (3) Label-free learning: solvers trained with RL or self-improvement,
without labels. For fair evaluation, they were run with their released models trained nearest to
the target size. (4) Diffusion-based solvers, among them MaskCO (Chen et al.| |2026). MaskCO
Self-Train in Figures [3|and [ is its self-training variant (Appendix [C). For each baseline, we use
the released model and the hyperparameters specified in its original paper, selecting the fastest
reported configuration and retaining all refinements and post-processing. Each table row uses the
configuration name from the corresponding paper.

Evaluation Setting and Hyperparameters In the experiments below, the quality of solutions
depends on the computational budget 7', and this in turn depends on three hyperparameters K, C, S.
K is the number of edge-unmasking steps. The unmasking process is then repeated for C' correction
cycles, and each correction cycle runs with S parallel samples. Together they yield the total
forward-pass budget 7' = K - C' - S. For ResizeCO, we use C' = 1 and K = 1 and vary S as the
compute budget knob. For MaskCO, we use the optimal values reported by the authors, S' = 8, with
K =1,20on TSP and K = 16 on CVRP, and vary the values of C' as the compute budget knob. For
all other methods, we use the configurations that the authors provide for the test size.

5.1 CVRP RESULTS

Table[T|shows three size-generalization experiments, each training on a source size and testing on
a target size, 100 — 500, 500 — 1000 and 1000 — 10000. In this table, we focus on short inference
time, and therefore use configurations reported by competing methods that yielded their fastest
results. Among our diffusion-based baselines, only MaskCO supports CVRP, and among the classical
solvers we report HGS alone, because LKH-3 stays above 7% at targets 500 and 1000. Figure [3]
depicts the full Pareto plane of gap against inference run time, focusing on leading approaches.

Table 1: CVRP results. Dashes indicate a setting we could not evaluate. An asterisk (*) indicates a
number quoted from its paper at a different capacity convention, not comparable to the other rows.
S counts parallel samples and 1" total model forward passes. Bold font marks the best model at a
comparable run time.

‘ CVRP-100 — CVRP-SOO‘ CVRP-500 — CVRP-1000 ‘ CVRP-1000 — CVRP-10000
Method | Obj  Gap Time | Obj  Gap Time | Obj Gap Time

Classical solvers
HGS (reference) (Vidal,[2022) 62.15 0.000% 55h 121.07 0.000% 197h |1120.23 0.000% 512h
HGS (Vidal|[2022) 63.99 2.96% 52s 124.02 2.44% 24m |1129.62 0.846% 22h

Supervised learning
BQ-NCO (G) (Drakulic et al.|2023) |64.39 3.67% 26s - - - - - -
LEHD (greedy) (Luo et al.[|2023) 64.40 3.63% 18s

Label-free learning

INVIT-3V (Fang et al.|[2024) 67.69 9.03% 6.1m |131.78 8.97% 108 m |1192.43 6.49% 2.1h
GLOP-G (LKH-3) (Ye et al.[[2024) - - - - 8.83%* 1.4 m* - 8.27%* 23.9 m*
SIT (PRC10) (Luo et al.[|2025a) - - - - 452%*%  45s* - 443%* 14.5 m*
ReLD (augx8) (Huang et al.|[2025) 64.16 3.29% 21s 125.06 3.38% 40s OOM

Diffusion-based
MaskCO (T=128) (Chen et al.|[2026) |65.79 5.90% Ils 125.79 3.98% 1ls 1197.55 7.97% 1h
MaskCO (T=1280) (Chen et al.[|2026) | 65.39 5.25% l.6m |[125.79 3.98% l.6m |1146.56 2.36% 10.6 h

Ours
ResizeCO (S=1) \ 64.10 3.18% 14s \ 12435 2.76% 13s \ 1118.83 —0.096% 49.9 m

ResizeCO reaches the lowest gap of every learned solver in all three experiments, at a similar
or lower run time. Its margin over the strongest learned baseline grows with the target size, and
from CVRP-1000 to CVRP-10000 every other learned solver stays far from the reference solutions
while ResizeCO reaches them, ending below the reference cost as the sample budget grows. Against
the classical solver, ResizeCO leads at short run times in every experiment (Figure 3)).
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Figure 3: CVRP solution quality (gap) against total run time for three source-to-target pairs. Each
line varies the compute budget of one method. Our approach ResizeCO in green achieves superior
quality in short durations. From CVRP-1000 to CVRP-10000, ResizeCO’s routes are shorter
than the HGS reference solutions (negative gap).

Real-World Instances We also Table 2: Mean gap and run time on real-world instances from
test on real-world instances from CVRPLIB. Times are per instance. Bold font marks Pareto-
CVRPLIB, whose geometry differs domination (best gap and time) in each column group.

from the synthetic instances. We

train on synthetic instances only, CVRPLIB 100 — [321,684] 100 — [748,956] 1000 — [7000,15000]
so this test changes the geometry Gap Time Gap Time Gap Time

as well as the size. Averaged RegzeCO (ours, S=1) 3.67% 04s 380% 07s 8.64%  30.6s
over the instances of each group, MaskCO (T=128) 6.17% 1.1s 560% 11s 1837% 39s
ResizeCO reaches the lowest gap ReLD (augx8) 376% 0.5s 426% 09s OOM
among the learned solvers in all

three groups of Table[2} at a comparable run time.

5.2 TSP RESULTS

Table [3| and Figure @ repeat the three experiments and the short-inference focus of Section 5.1 on
TSP. At a comparable run time, ResizeCO reaches the lowest gap of every learned solver in
all three experiments. From TSP-1000 to TSP-10000, every other learned solver reaches a higher
gap, most of them at a far longer run time.

—e— ResizeCO (ours) —@— MaskCO -ir- MaskCO Self-Train SIT - LKH-3 95% ClI
TSP-100 - TSP-50 TSP-500 - TSP-1000 TSP-1000 -» TSP-10000
s
] /{QQ/
&~
LKH-3 &

0.1 ResizeCO (ours)

MaskCO Self-Train
43?_;.D-::—J:H:r::&J

Gap % (-)

. MaskCOW 5.
T T T T T T T T T T T 6 T T T

0.1 0.1 1 1
Total runtime (min) Total runtime (min) Total runtime (min)

Figure 4: TSP solution quality (gap) against total run time for three source-to-target pairs. Each line
varies the compute budget of one method. Our approach ResizeCO in green achieves superior quality
in short durations. We limit runs on TSP-10000 to less than 5 minutes, which LKH-3 exceeds. Error
bars correspond to 95% confidence intervals.

Against the classical solver, ResizeCO runs faster than LKH-3, and from TSP-500 to TSP-1000
it reaches a lower gap than the fastest LKH-3 setting at a shorter run time (Figure ).
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Table 3: TSP size-generalization results.

Bold font marks the best model at a comparable run time.

“Time Limit” denotes cases that did not finish within 4 hours. A dash indicates a setting we did not
evaluate. C counts correction cycles and S parallel samples. Inference budgets (1, T, 1) follow
each paper’s own notation. Larger sample counts lie on the curves of Figure

‘ TSP-100 — TSP-500 ‘ TSP-500 — TSP-1000 ‘ TSP-1000 — TSP-10000
Method | Obj Gap Time | Obj Gap Time | Obj Gap Time
Classical solvers
Concorde / LKH-3 (reference) 16.55 0.000% 37.66m | 23.12 0.000% 6.65h | 71.83  0.000% 8.8h
LKH-3 (trials=32) (Helsgaun![2017) 16.55 0.026% 22s 23.13  0.036% 56s 71.81 —0.023% 7.7m
LKH-3 (trials=1) (Helsgaun|2017) 16.57 0.118% 8.6 23.15 0.139% 23s 71.89  0.085% 5.6 m

Supervised learning

BQ-NCO (G) (Drakulic et al.|{2023) 16.74  1.19% 23s - - - - - -
LEHD (greedy) (Luo et al.[[2023) ‘ 16.80  1.53% I5s ‘ - - - ‘ - - -
Label-free learning

INViIT-3V (Fang et al.||2024) 17.27  4.38% 49m | 2430 5.10% 9.8m | 76.57 6.61% 332m
GLOP (Ye et al.[[2024) 17.07  3.20% 19s 2401 3.85% 38s | 75.61 5.27% 29s
SIT (PRCIO0) (Luo et al.|2025a) 16.70  0.947% 28's 2339 1.18% 13 m | 74.01 3.04% 2.1m
Diffusion-based

DIFUSCO (T4=50, G) (Sun & Yang|[2023) 17.09  327% 22m |23.64 227% 9.6m | 74.11 3.18% 29.6 m
DIFUSCO (T4=100, S=4) (Sun & Yang![2023) | 16.97 2.53% 21.6m | 2348 1.56% 1.2h Time Limit

Fast T2T (T,=5, T,=5, G) (Li et al.[[2024) 17.30  4.58% 25m | 2346 148% 89m | 7520  4.70% 3.6h
Fast T2T (T,=5, T,=5, S=4) (Li et al.[|[2024) 17.16  3.71% 11.2m | 2337 1.10% 20.Im OOM

GenSCO (C=1, S=8) (Li et al.{[2025) 17.19  3.88% 25s 23.17  0.245% 20s | 89.77 2497% 34m
GenSCO (C=10, S=8) (Li et al.|[2025) 17.05  3.06% 25s 2315 0.138% 33m | 89.34 24.38% 34 m
MaskCO (T=8/16) (Chen et al.|[2026) 17.21  3.99% Is 2327  0.662% 23s | 75.60  5.26% 34m
MaskCO (T=80/160) (Chen et al.[|2026) 17.07  3.18% 10s 2315 0.138% 38m | 7524  4.75% 339m
Ours

ResizeCO (S=1) ‘ 16.60 0.329% 2.6s ‘ 2317 0.208% 59s ‘ 7330  2.05% 3M4s

Real-World Instances We also  Table 4: Mean gap and run time on real-world instances from
test on real-world instances TSPLIB. Times are per instance. Bold font marks Pareto-
from TSPLIB. Averaged over domination (best gap and time) in each column group.

the instances of each group,

ResizeCO reaches the low- TspLiB 100 — [400,657] 100 — [724,1432] 1000 — [11849,14051]

est gap among the learned

Gap Time Gap Time Gap Time

solvers in the first two groups Rregeco (ours, S=4) 126% 07s 146% 12s 540%  207s

of Table @ In the last group, MaskCO (T=3232/16) 3.17% 21s 748% l4s 723% 14
DIFUSCO (T,=50,G) 4.62% 09s 503% 53s  5.14% 44m
DIFUSCO reaches a lower gap g1 preio) 224% 103s 257% 204s  5.89% 276

at a 13x longer run time.

5.3 ABLATION STUDIES

Finally, we evaluate the contribution of
various components of ResizeCO. Ta-
ble[5]shows that removing any compo-
nent reduces performance (larger gap).
See more experiments in Table

6 CONCLUSION

We described ResizeCO, a diffusion-
based approach for routing optimization

Table 5: Component ablation of ResizeCO in size general-
ization. Each row removes a single component.

| TSP-100 — TSP-500 | TSP-500 — TSP-1000

Method | Gap Time | Gap Time
ResizeCO (full) [0.329% 26s  |0.208% 59s
w/o label-free GRPO 2.71% 5.6s 0.774% 9.1s

w/o small-model initialization | 2.29% 3.6s 2.75% 10.0's
w/o Graph Transformer encoder | 0.521% 1.6s 0.269% 32s
w/o GPU beam k-opt search 0.456% 25s 0.282% 6.4s

that generalizes a model trained on small instances to large

instances, using RL on large instances without labels. It combines a Graph Transformer encoder, label-
free fine-tuning with GRPO and a GPU beam k-opt search, and our ablation shows that removing any
one of these components increases the gap. In size-generalization experiments on TSP and CVRP
instances with up to 10000 nodes, ResizeCO reaches the lowest gap of every learned solver at a compa-
rable run time, and on CVRP its margin over the strongest learned baseline grows with the target size.
From CVRP-1000 to CVRP-10000, its routes are shorter than the HGS reference solutions. ResizeCO
also reaches the lowest gap among the learned solvers in five of the six groups of real-world instances
from TSPLIB and CVRPLIB, although we train on synthetic instances only. Together, these results set
anew SoTA at short run times, which may open new applications like on-the-fly interactive routing.
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APPENDIX

This appendix details the datasets (Appendix [A]), the implementation of ResizeCO (Appendix [B]),
the configurations of the correction-cycle baselines (Appendix [C)), additional results and ablations
(Appendix D), and the derivation of the training loss (Appendix [E).

A DATASETS

Synthetic Instances The labeled training sets cover sizes 100, 500 and 1000 for both problems,
and the supervised stage uses them with their solutions. The RL stage reuses the same instances
without their solutions, and adds instance sets that we generate at size 10000. The labeled training
sets and the test sets are the ones released with prior work (Sun & Yang] 2023; [Li et al., 2024;
Chen et al.} 2026)), except the CVRP-10000 test set, which we generate from the same distribution.
The test sets cover sizes 100, 500, 1000 and 10000, and every test instance comes with a reference
solution, against which we measure the gap. For TSP, the test references are optimal routes from
Concorde (Applegate et al.,2006), except at TSP-10000, where exact solving is out of reach and the
test references come from long LKH-3 runs (Helsgaun, 2017)). For CVRP, the test references come
from the strong heuristic solver HGS (Vidal, 2022), with four-hour runs at CVRP-10000, so a CVRP
gap is not a distance from the optimum. Table lists the set sizes and the solver behind every test
reference and every training label.

Table A.1: Test and training sets. A dash marks a training set without labels.

Test Training

Problem Size Instances Reference Instances Labels

TSP 100 1280 Concorde 1.26 M LKH-3
TSP 500 128 Concorde 128 k LKH-3
TSP 1000 128 Concorde 64 k LKH-3
TSP 10000 16 LKH-3 6.4k -
CVRP 100 1280 HGS 1.54 M HGS
CVRP 500 128 HGS 200 k HGS
CVRP 1000 64 HGS 100 k HGS
CVRP 10000 128 HGS 20k -

Real-World Instances The benchmark libraries TSPLIB (Reinelt, 1991) and CVRPLIB (Uchoa et al.,
2017} Arnold et al., 2019)) provide real-world instances, and we test on them at the end of Sections @]
and[5.2} Each library contributes three groups matched to the test sizes 500, 1000 and 10000, and a
group holds every instance within a factor of 0.7 to 1.5 of its size, 24 TSP and 22 CVRP instances
in total. The two smaller CVRPLIB groups also stay within 7 to 14 customers per sub-route, near
the 10 of our training convention, and the CVRPLIB 10000 group takes its whole band, with 21 to
100 customers per sub-route. The solvers keep their main-table models, and the budget of each row
is given in Tables 2Jand ] The two smaller groups of each library run the models trained at size
100, and the 10000 groups run the source-1000 models, without further training, as in the main-table
experiment from size 1000 to size 10000.

B IMPLEMENTATION DETAILS

B.1 ARCHITECTURE

The structure extractor of ResizeCO is a small graph neural network that sits inside every encoder
layer of the denoiser. It is a two-layer message-passing neural network (MPNN), where each node
updates its state from the states of the neighboring nodes. It runs on the k-nearest-neighbor graph Gy,
whose edge between nodes ¢ and j carries the weight w;; = 1/(1 + |lv; — v]|). One extractor layer
updates the node states h as

A =h+ Wy - RMSNorm(SiLU(Wself “h+ Wheigh - mean ey, (i) Wij * hj)), 5)
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with W, initialized to zero before supervised training, so the extractor starts as the identity and the
encoder starts as a plain transformer. At the first encoder layer, h is a learned linear embedding of the
input features of each node (Table[B.T)), and at every later layer it is the output of the layer before.
In Eq. (), Weers, Wiheigh and Woy are learned weight matrices and N () is the set of the k nearest
neighbors of node i. SiLU is the activation function SiLU(x) = z - o(z), where o is the logistic
sigmoid. RMSNorm divides a vector by the root mean square of all entries and multiplies each entry
by a learned gain. An encoder layer runs the extractor of Eq. (3) on the node states & and computes

s =LN(MPNN(h, Gt)), Q=Wgq-s, K=Wg-s, V =Wy LN(h),
T

(©)

QK
KW=h+Wp- softmax(
Vd
All L encoder layers take this form, each running the extractor anew, and the decoder is untouched.
The neighborhood size k is the only architectural setting that changes with the test size. Table[B.1]
lists the parameters.

) V. W= 4 FEN(LN(K)).

Table B.1: Architecture parameters.

Parameter TSP CVRP

Input features 2-D coordinates  2-D coordinates 4+ demand
Encoder layers 16 16

Decoder layers 6 6

Embedding dimension 256 512

Attention heads 8 8
Structure-extractor GNN layers 2 2
Neighborhood size & max (20, N/10) max(20, N/10)

B.2 SUPERVISED TRAINING

The supervised stage trains the denoiser to complete partial solutions on the labeled training sets
of Table[A.T] with the configuration in Table[B.2] A warm start from the previous size means that the
TSP-500 model starts from the trained TSP-100 model, and the TSP-1000 model from the trained
TSP-500 model.

Table B.2: Supervised training parameters. Values in parentheses are training sizes.

Parameter TSP CVRP

Batch size 256 (100), 128 (500), 16 (1000) 512 (100), 64 (500), 16 (1000)
Training steps 500000 225000 (100), 150000 (500, 1000)
Warm start from scratch (100), previous (500, 1000) from scratch

B.3 LABEL-FREE GRPO TRAINING

Table B.3]lists the configuration of the RL stage. The batch size and the group size G are the largest
that fit in GPU memory at each size. The 2-opt pass inside the reward needs enough steps to remove
the sampling error of the node-walk decoder (Section[4.2)). It must also stop before the routes of a
group converge to the same local optimum, because the advantage then loses its signal. Because a
2-opt step costs more on larger instances, the CVRP runs to size 10000 use fewer steps, and the TSP
runs to size 10000 keep the step count but restrict the 2-opt pass to the 20 nearest neighbors of each
node.

B.4 INFERENCE

Decoding the Heatmap A decoder turns the edge heatmap into a route. ResizeCO uses the node-walk
decoder, which grows the route one node at a time by sampling the next node from the current node’s
row of pyg, restricted to the unvisited nodes. On CVRP, it also respects capacity, skipping customers
whose demand exceeds the load left in the vehicle and returning to the depot to open a new sub-route.
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Table B.3: RL fine-tuning parameters. Values in parentheses are the target size or the source and
target sizes of the run.

Parameter TSP CVRP

Group size G 8, 16 (500 to 1000), 64 (to 10000) 8, 64 (to 10000)
Unmasking steps K 1 1

Sampling temperature 1.0 1.0

KL coefficient 5 0.005, 0 (to 10000) 0.005, 0 (to 10000)
Batch size 64 (500), 24 (1000), 96 (500 to 1000), 4 (to 10000) 16 (500), 4 (1000), 1 (to 10000)
Training steps 200000, 150000 (500 to 1000), 30000 (to 10000) 200000, 30000 (to 10000)
Reward 2-opt steps 100 100, 10 (to 10000)
Reward 2-opt neighbors all, 20 (to 10000) all

Reward route length after 2-opt route cost + p - overload after 2-opt
Overload penalty p - 3.0

MaskCO, like most heatmap solvers, uses the greedy decoder, which adds edges in decreasing
heatmap score, skipping any edge that would give a node a third edge or close the loop early. On
CVREP, the greedy decoder applies the two-edge rule to customers only, because the depot takes two
edges per sub-route. Either route can then be shortened by 2-opt local search (Croes), [1958), which
deletes two edges and reconnects the two paths the other way around when that is shorter.

Inference Hyperparameters Table lists the inference settings of every ResizeCO row. The
decoding configuration is set by the test size, not the source size. At inference, ResizeCO launches
S runs in parallel, each building one route with the node-walk decoder from its own start node,
and returns the shortest of the S routes. Each of the S parallel runs makes one forward pass of the
denoiser, that is, K = 1 unmasking step and C' = 1 correction cycle. The local search that follows
decoding, the GPU beam k-opt search, is described with its settings in Appendix

Table B.4: ResizeCO inference parameters. Values in parentheses are test sizes.

Parameter TSP CVRP

Decoder node-walk node-walk
Unmasking steps K 1 1

Correction cycles C 1 1

Batch size 16 (500, 1000), 1 (10000) 16 (500), 8 (1000), 1 (10000)

B.5 THE GPU BEAM k-OPT SEARCH

The GPU beam k-opt search is the local search that follows decoding in ResizeCO (Section[4.3). A
k-opt move removes k edges of a route and adds k£ new edges that give a shorter route. For example,
2-opt, the case k = 2, replaces a pair of crossing edges with a non-crossing pair. A move with a
larger k is stronger, but the number of candidate moves is ©(N*), so a search must find promising
moves rather than enumerate all of them.

The k-opt Search Tree of LKH LKH (Helsgaun, 2000), which implements the Lin-Kernighan
search (Lin & Kernighan, [1973)), finds such moves by building them in steps. As in Section@ we
view this process as a tree whose root is the current route. A step moves one level down the tree. It
removes one route edge, which exposes one node of that edge, and adds a new edge from the exposed
node to another node, which becomes the “front node”. The first step can remove any route edge
(ni, nj) and expose either node, say n;, and we call the other node, 7, the start node. Every later
step removes one of the two route edges of the “front node” and exposes the other node of that edge.
A branch of depth £ is a sequence of £ steps from the root, and its gain is go = > ,(d; — d7),

where d and d are the lengths of the edges removed and added at step s.

t)

A branch alone does not give a valid route, because its start node has one edge and its “front node
has three. Therefore, a step can also close the branch, by joining the exposed node to the start node
instead of another node. Every node then has two edges again, and the ¢ removals and ¢ additions
of the closed branch form one ¢-opt move, whose gain gy is the decrease in route length. The move
is valid when the reconnected route is a single cycle. Otherwise, the closing step is discarded, but
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the branch stays in the tree, because a deeper closing step can still be valid. A branch can close at
every depth, so a k-opt search, whose tree has at most % levels, can make an ¢-opt move for every
2<l<k.

However, some improving moves are out of reach for every branch. The standard example is the
double bridge, a 4-opt move made of two 2-opt moves. The first is a splitting move, that is, a 2-opt
move with the reconnection that reverses no segment and therefore splits the route into two loops.
The second is the fix step, a 2-opt move that removes one edge from each loop and joins the two
loops into a single cycle. Applied alone, the fix step is a splitting move too, so neither of the two is
valid alone and the tree discards each of them as a closing step. In addition, no branch contains both,
because every step of a branch removes an edge of the “front node” of the step before it, and the two
moves share no node.

The Sequential Search of LKH LKH searches this tree depth-first, that is, it follows one branch
as deep as it can, backtracks when the gain is no longer positive, and tries the next branch. When a
closed branch gives a shorter route, LKH applies this one move and starts again from the new route.
When no branch gives a shorter route, LKH runs a non-sequential search for the moves that no branch
contains. The search continues as long as it finds a better route. Each decision therefore depends on
the result of the decision before it, and the work differs from route to route. In contrast, a GPU is
efficient when many routes perform the same computation at the same moment, so this search runs
poorly on a GPU.

Our Parallel Beam Search Our approach keeps the steps, the gain and the closing rule of LKH. One
sweep searches the tree once, from the current route down to the largest depth &, and then updates the
route, and sweeps repeat until no route improves. To fit a GPU, a sweep searches the tree with five
changes. Figure draws one sweep.

(1) A candidate set for every added edge. Instead of trying every node in the graph as the new “front
node”, each step adds an edge only to one of the few nodes nearest the exposed node, its candidate
set, which loses little because a short route rarely uses a long edge. At the root, this reduces the
©(NN?) branches of Sectionto ©(N), because the candidate set size is fixed.

(2) A beam of M branches. Instead of one branch that deepens and backtracks, the beam advances
M branches together, level by level, where level ¢ holds the branches of depth ¢. Each level extends
every surviving branch by both route edges of its “front node” and by every candidate of the exposed
node, computes all gains in one pass, and keeps the M branches with the largest positive gains with
one sort. Every route in the batch therefore performs the same computation at the same moment. In
addition, the beam narrows with depth by a width-shrink factor f, keeping M branches at the first
level, M/ f at the second, and M/ f? at every deeper level, so deep levels cost less.

(3) All closing steps of a level at once. Instead of testing one closing step at a time, each level also
closes every branch in the beam. Closing a branch only records a move, so the route does not change
during a sweep, and the branch itself is still extended to the next level as in (2). The valid closed
branches are the closures of the level, and across its levels a sweep keeps the closures with the largest
gains, up to a fixed number per sweep.

(4) Double-bridge moves in every sweep. Instead of a separate non-sequential search, every sweep
also searches for double-bridge moves. It scores, in one pass, every splitting move that adds an edge
between a node and one of the candidates of that node, and keeps the splitting moves with the largest
gains. Two of them whose cuts alternate along the route form a double bridge, because the second is
the fix step of the first, and the gain of the double bridge is the sum of their gains. A sweep keeps as
many double-bridge moves as closures.

(5) Many moves per sweep. Instead of applying one move at a time, a sweep applies many kept
moves together, closures and double-bridge moves alike, as long as they do not overlap on the route.
Specifically, each kept move spans a range of route positions, from the first to the last node it touches,
and moves whose ranges are at least one position apart can be applied together, because their gains
add up and the route stays a single cycle. We find the set of such ranges with the largest total gain by
dynamic programming over the ranges sorted by their right end (weighted interval scheduling).

CVRP Variant A CVRP solution is written as one closed route that returns to the depot once per

vehicle, so the GPU beam k-opt search carries over with two changes. First, the gain of a move
1

becomes its decrease in the penalized objective c(z) = L d"z + p Y, max (0, load(r) — Q),
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Figure B.1: An example sweep of the GPU beam k-opt search on a 12-node instance. Every panel
draws the same nodes and differs only in its edges. Each level extends every branch of the beam and
keeps the branches with the largest gains, and the beam narrows with depth. Each level also closes
every branch back to the start node, and a closing that splits the route into two loops is discarded. The
sweep applies the kept closures that do not overlap on the route, here only the one with the largest
gain. Sweeps repeat until no route improves.

where load(r) sums the demands of sub-route r, () is the vehicle capacity and p weighs overload,
so moves are scored on load as well as on length, and the beam k-opt search can pass through a
briefly overloaded route to reach a better feasible one. Second, following LKH-3 2017),
which extends Lin-Kernighan to capacitated routing, the moves also transfer customers and segments
between sub-routes rather than only rearranging edges within one. In addition, a beam sweep is
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expensive, so instead of running the beam k-opt search on each of the S parallel routes, we rank them
with a short 2-opt pass and run the search once, on the best of them.

Beam k-opt Search Hyperparameters Table [B.5]lists the settings of the GPU beam k-opt search,
which are the same at every test size. Its last row counts the steps of the 2-opt ranking pass of the
CVRP variant, and TSP runs no 2-opt before the beam k-opt search.

Table B.5: GPU beam k-opt search parameters.

Parameter TSP CVRP
Candidate set size 15 20
Largest k of a k-opt move (tree depth) 5 5
Beam width M 131072 32768
Beam width-shrink factor f 4 4
Closures kept per sweep 256 128
2-opt steps before the beam k-opt search 0 500

B.6 HARDWARE

All evaluations were conducted on a single NVIDIA L40S GPU, on a machine with an Intel Xeon
Gold 6430 CPU, and so was every training run up to target size 1000. The runs that target size 10000
train on a single NVIDIA B200 or H200 GPU. The classical solvers run single-threaded on one core
of this CPU.

C CONFIGURATIONS OF MASKCO AND GENSCO

Correction-Cycle Baselines MaskCO (Chen et al.,|2026) and GenSCO (Li et al., [2025) run their
released per-size decoding settings, except the values in Table [C.T] MaskCO releases no setting above
test size 1000, so the size-10000 rows extend its size-1000 settings.

Table C.1: Correction-cycle baseline settings. Values in parentheses are test sizes.

Parameter TSP CVRP

Correction cycles C 1,10 1,10
2-opt moves per cycle 500 (500), 1000 (1000, 10000) 6000

Settings at test size 10000
Top-k edge slice 2 x 10° 108
Batch size 1 1

MaskCO Self-Train MaskCO’s optimal-solution-free training (Chen et al., 2026) replaces the labels
of the target size with the model’s own solutions. We run it from the released MaskCO model of the
source size. In each round, the best model so far by gap solves a set of newly generated target-size
instances, and the model is fine-tuned on these solutions with the supervised objective. The gap
flattens within four rounds, and the curves of Figures 3] and {] use the best model by gap of those
rounds.

D ADDITIONAL RESULTS AND ABLATIONS

D.1 THE CoOST OF LABELS AGAINST LABEL-FREE GRPO

We compare two ways to train a model for a large target size, both starting from the same supervised
model trained at size 1000. The first continues supervised training at the target size, which requires
labels computed by a classical solver, LKH-3 for TSP and HGS for CVRP. The second is the label-free
GRPO training of ResizeCO, which requires no labels. We measure the cost of each in total device
hours, the CPU hours of computing the labels plus the GPU hours of training, and report the gap on
TSP-10000 and CVRP-10000 as a function of the total device hours in Figures and
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Figure D.1: Gap on TSP-10000 against total device hours, the CPU hours of computing the LKH-3
labels plus the GPU hours of training. Every run starts from the same supervised model trained at size
1000. The green line is the label-free GRPO training of ResizeCO, and each red line is supervised
training with a fixed number of labels.
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Figure D.2: Gap on CVRP-10000 against total device hours, the CPU hours of computing the HGS
labels plus the GPU hours of training. Every run starts from the same supervised model trained at size
1000. The green line is the label-free GRPO training of ResizeCO, and each red line is supervised
training with a fixed number of labels.

D.2 ALL SOURCE-TO-TARGET PAIRS

This subsection reports all six source-to-target pairs of each problem, grouped by source size. The
baseline rows follow Tables[I]and 3] Every ResizeCO row runs one correction cycle (C' = 1) with
one unmasking step () = 1), and the rows vary the number of parallel samples from S = 1 to
S = 32, so each column group shows the gap and the run time at six compute budgets.

Tables andhold the three pairs that start from the models trained at size 100, with two blocks
of ResizeCO rows. The first block trains one RL run for every pair, as in the main tables. The second
block reports a single RL run that starts from the size-100 supervised model and draws the instance
size of each training batch from a mix of sizes, so one model serves all three target sizes.

Tables and [D.4] hold the three pairs that start from the models trained at sizes 500 and 1000.
They carry only the block with one RL run for every pair, because the mixed-size run starts from the
size-100 supervised model.

At target size 10000 the ResizeCO models of the first block reach the target in two RL stages. A
model of size 100 or 500 is first trained at size 1000 and only then at size 10000, a curriculum that
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keeps each stage within one order of magnitude of its starting size, while the pair from size 1000 is a
single stage. It applies to these rows alone.

Table D.1: Size-generalization CVRP results from the models trained at size 100. Conventions

follow Table T}
| CVRP-100 — CVRP-500 | CVRP-100 — CVRP-1000 | CVRP-100 — CVRP-10000
Method Obj Gap Time ‘ Obj Gap Time Obj Gap Time
Classical solvers
HGS (reference) l 2022 62.15 0.000% 55h 121.07 0.000%  197h | 112023  0.000% 512h
HGS 1Vidal] 2022] 63.99  2.96% S52s 124.02 2.44% 24m | 1129.62  0.846% 22h
Supervised learning
BQ-NCO (G) (Drakulic et al.}[2023 6439  3.67% 26s 125.19 3.53% 36s 1221.13 9.12% 1.3h
LEHD (greedy) (Luo et al.][2023} 64.40 3.63% 18s 12541  3.66% 55s Time Limit
Label-free learning
67.69  9.03% 6.1m | 131.78 897% 10.8m | 1192.43 6.49% 2.1h
- - - - 8.83%* 1.4 m* - 8.27%*  23.9m*
- - - - 4.52%*  45s* - 4.43%* 145 m*
64.16  3.29% 21s 125.06  3.38% 40s OOM
Diffusion-based
MaskCO (T=128) (Chen et al., 65.79  5.90% 11s 12825 6.03% 11s 116739  4.31% 1h
MaskCO (T=1280) (Chen et al. 65.39  5.25% 1.6m | 127.67 5.54% 1.6m | 1163.54 3.94% 102 h
Ours, one RL run per target
ResizeCO (S=1) 64.10 3.18% 14s 125.13  3.43% 16s 1119.27 —0.056% 49.7m
ResizeCO (S=2) 64.02  3.04% 12s 12489 3.23% 20s 1119.27 —0.057% 54.7m
ResizeCO (S=4) 6391 2.88% 14s 12486  3.20% 25s 1119.09 —0.073% 1.2h
ResizeCO (S=8) 63.88 2.83% 15s 12476  3.12% 28s 1118.98 —0.082% 15h
ResizeCO (S=16) 63.82 2.72% 22s 124.64  3.02% 48 s 1118.93 —0.088% 2.1h
ResizeCO (S=32) 6381 2.71% 28's 124.63 3.01% 13m | 111878 —0.102% 4.1h
Ours, one RL run for all targets
ResizeCO (S=1) 6427  3.47% 12s 12456  2.95% 17s 112131 0.130% 45.5m
ResizeCO (S=2) 6422  3.38% Ils 12449  2.90% ISs 1121.08  0.109% 50.1 m
ResizeCO (S=4) 64.09 3.18% 13s 12437  2.80% 17s 1120.90  0.092% 58.7m
ResizeCO (S=8) 64.04  3.10% 14s 12429  2.73% 23s 1120.82  0.085% 1.3h
ResizeCO (S=16) 63.98 2.99% 17s 12423  2.68% 37s 1120.70  0.074% 2h
ResizeCO (S=32) 63.96 2.96% 19s 124.17  2.63% I.1m | 1120.62  0.067% 3.6h
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Table D.2: Size-generalization TSP results from the models trained at size 100. Conventions
follow Table 3}

| TSP-100 — TSP-500 | TSP-100 — TSP-1000 | TSP-100 — TSP-10000

Method | Obj Gap Time | Obj Gap Time | Obj Gap Time

Classical solvers
Concorde / LKH-3 (reference)

LKH-3 (trials=32) (Helsgaun)[2017
LKH-3 (trials=1) (Helsgaun][2017]

Supervised learning
BQ-NCO (G) (Drakulic et al.}[2023 16.74  1.19% 23s ‘ 23.65 2.29% 545 89.07 24.00% 94 m
Too el BOST

16.55 0.000% 37.66 m
16.55 0.026% 22s
16.57 0.118% 8.6s

23.13  0.036% 565 7181  —0.023% 7.7m
23.15 0.139%  23s 71.89 0.085% 5.6m

23.12 0.000% 6.65h | 71.83 0.000% 8.8h

LEHD (greedy) (Luo et al. 16.80 1.53% 15s 2384 3.12% 1.7m | 91.47 27.34% 2.8h

INViT-3V (Fang ct al 1727 438% 49m |2430 510% 98m | 7657  661% 332m
GLOP (Ye etal., 1707 320%  19s | 2401 3.85%  38s | 7561  527% 295

. 2025a| 16.70  0.947% 28s 2339 1.18% 13m | 74.01 3.04% 2.1m

Diffusion-based

DIFUSCO (T=50, G) 1709 327% 22m |2409 419% 10m | 7668  6.75% 41.7m
DIFUSCO (T=100, S=4) (Sun & Yang]2023] | 1697 2.53% 21.6m |23.94 3.53% 12h Time Limit

Fast T2T (T =5, T4=5, G) (Li et al.]2024] 1730 458%  25m |2439 548% 109m Time Limit

Fast T2T (Ts=5, Tg=5, S=4) (Lietal.]2024] | 17.16 3.71% 11.2m | 2422 475% 24.6m OOM

GenSCO (C=1, S=8) (Li et al.|2025] 1719 388%  25s |2496 799%  20s |351.17 38891% 28m
GenSCO (C=10, S=8) 2025 1705 3.06%  25s |2480 726% 33m |350.60 388.11% 28.1m

1721 3.99% Is 2499 8.10% 28s | 33206 36230% 3.1m

MaskCO (T=80/160) ( 207 17.07  3.18% 10s 2480 727% 39m | 321.28 347.30% 31m
Ours, one RL run per target

ResizeCO (S=1) 16.60 0.329% 2.6s 2331 0813% 75s 74.72 4.03% 43s
ResizeCO (S=2) 16.59 0.261% 33s 2328 0.689% 9.6 74.62 3.89% 1.3m
ResizeCO (S=4) 16.58 0.213% 4.8s 2326 0.599% 16s 74.57 3.82% 22m
ResizeCO (S=8) 16.58 0.180% 12s 2324 0541%  30s 74.55 3.80% 4m
ResizeCO (S=16) 16.57 0.152% 17s 2324 0515% S2s 74.49 3.71% 7.7 m
ResizeCO (S=32) 16.57 0.144% 38s 2323 0482% 19m | 7445 3.65% 153 m
Ours, one RL run for all targets

ResizeCO (S=1) 16.61 0.360% 22s 2334 0968% 8.1s 74.90 4.27% 48 s
ResizeCO (5=2) 16.59 0.283% 4.1s 2331 0.838% 11s 74.80 4.14% 14m
ResizeCO (S=4) 16.58 0.214% 59s 2329 0.746% 18s 74.76 4.09% 2.6m
ResizeCO (S=8) 16.57 0.174% 13s 2328 0.690% 33s 74.74 4.06% 47 m
ResizeCO (S=16) 16.57 0.147% 23s 2327 0.645%  59s 74.71 4.01% 9m
ResizeCO (S=32) 16.57 0.138% 43s 2326 0.615% 19m | 74.67 3.95% 17 m

Table D.3: Size-generalization CVRP results from the models trained at sizes 500 and 1000. Conven-
tions follow Table [T}

| CVRP-500 — CVRP-1000 | CVRP-1000 — CVRP-10000 | CVRP-500 — CVRP-10000

Method | Obj Gap Time | Obj Gap Time | Obj Gap Time

Classical solvers

HGS (reference) (Vidal|2022 ‘ 121.07 0.000% 197 h ‘ 1120.23  0.000% 512h ‘ 1120.23  0.000% 512h
2022

HGS (Vidal 124.02  2.44% 24m | 1129.62  0.846% 22h 1129.62  0.846% 22h

Supervised learning
BQ-NCO (G) (Drakulic et al.}[2023 - - - - - - - R -
LEHD (greedy) (Luo et al. ] - - - - - - - - -

Label-free learning

INVIiT-3V (Fang et al.}[2024 13178 897%  10.8m | 119243 6.49% 2.1h | 119243 6.49% 2.1h
GLOP-G (LKH-3) (Ye - 883%* l4m* - 827%* 239 m* - 827%* 239 m*
SIT (PRC10) - 452%F 45s% - 443%*  14.5m* - 4.43%*  14.5m*
ReLD (augx8) (Huang et al.] 125.06  3.38% 40s OOM OOM

Diffusion-based
MaskCO (T=128) (Chen et al. 125.79  3.98% 11s 1197.55 7.97% 1h 1639.21  45.15% 1h
MaskCO (T=1280) (Chen et al. 12579  3.98% l.6m | 114656  2.36% 10.6h | 112741  0.686% 10.5h

Ours, one RL run per target

ResizeCO (S=1) 12435  2.76% 13s 111883 —0.096% 499m | 1117.51 —0217%  46m
ResizeCO (S=2) 12421  2.64% 14s 1118.60 —0.117% 554 m | 111736 —0.231% 50.9m
ResizeCO (S=4) 124.08  2.54% 18s 111850 —0.125% 1h 1117.27  —0.240% lh
ResizeCO (S=8) 124.00 2.48% 26s 111832 —0.143% 1.4h 111725 —0.241% 1.3h
ResizeCO (S=16) 123.96  2.44% 44 s 111820 —0.151% 22h 1117.09 —0.256% 19h
ResizeCO (S=32) 12382  2.32% 1.2m | 1118.08 —0.162% 43h 1117.06  —0.259% 3.8h
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Table D.4: Size-generalization TSP results from the models trained at sizes 500 and 1000. Conven-
tions follow Table 3}

‘ TSP-500 — TSP-1000 ‘ TSP-1000 — TSP-10000 ‘ TSP-500 — TSP-10000
Method | Obj Gap Time | Obj Gap Time | Obj Gap Time

Classical solvers

Concorde / LKH-3 (reference)
LKH-3 (trials=32) (HelsgaunJ[2017)
LKH-3 (trials=1) (Helsgaun]|2017)

23.12  0.000% 6.65h
23.13 0.036% 565
23.15 0.139%  23s

7181 —0.023% 7.7m | 71.81 —0.023% 7.7m
71.89  0.085% 56m | 71.89 0.085% 5.6m

71.83  0.000% 88h | 71.83 0.000% 8.8h

Supervised learning
BQ-NCO (G) (Drakulic et al.}[2023) - - - - - - - - -
LEHD (greedy) (Luo et al.}[2023]

Label-free learning

INVIT-3V (Fang et al.|[2024) 2430 5.10% 9.8m | 76.57 6.61% 332m | 76.57 6.61% 332m
GLOP (Ye et al.|[2024] 2401 3.85% 38s | 75.61 5.27% 29s 75.61 5.27% 29s
SIT (PRC10) (Luo et al.|2025a) 2339 1.18% 13m | 74.01 3.04% 2.1m | 74.01 3.04% 2.1m
Diffusion-based

DIFUSCO (Ts=50, G) (Sun & Yang/[2023) 2364 227% 9.6m | 74.11 3.18% 29.6m | 75.15 4.63% 333 m
DIFUSCO (T;=100, S=4) (Sun & Yang|[2023) | 23.48 1.56% 1.2h Time Limit Time Limit

Fast T2T (Ts=5, T4=5, G) (Li et al..[2024] 2346 148% 89m | 75.20 4.70% 3.6h 76.16 6.03% 39h
Fast T2T (T=5, T4=5, S=4) (Li et al.[[2024) 2337 1.10% 20.1m OOM OOM

GenSCO (C=1, S=B) (Li et al.{|2025} 2317 0.245%  20s | 89.77 24.97% 34m | 118.85 65.46% 33m
GenSCO (C=10, S=8) (Li et al..2025) 23.15 0.138% 33 m | 89.34 24.38% 34m | 11841 64.85% 333m
MaskCO (T=16) (Chen et al.| 2026} 2327 0.662%  23s | 75.60 5.26% 34m | 7579 5.52% 3.4m
MaskCO (T=160) (Chen et al.}[2026} 23.15 0.138% 3.8m | 75.24 4.75% 339m | 7541 4.99% 33.8m
Ours, one RL run per target

ResizeCO (S=1) 23.17 0.208% 59s | 73.30 2.05% 345 74.10 3.16% 42s
ResizeCO (S=2) 23.16 0.165% 7.6s | 73.23 1.95% 53s 74.01 3.04% 1.1m
ResizeCO (S=4) 23.15 0.136% Ils | 73.19 1.90% 14m | 73.99 3.01% 1.9m
ResizeCO (S=8) 23.14 0.112% 17s | 73.16 1.85% 25m | 73.95 2.96% 35m
ResizeCO (S=16) 23.14 0.099%  31s | 73.14 1.83% 46m | 7392 2.91% 6.6 m
ResizeCO (S=32) 23.14  0.096% Im | 73.14 1.83% 88m | 73.89 2.87% 12.8 m

D.3 COMPONENT ABLATION FROM TSP-100 TO TSP-1000
Table [5] ablates the components of ResizeCO on two source-to-target pairs. Table [D.5]repeats the

ablation on a third pair, TSP-100 — TSP-1000. Each row removes a single component. Removing
any component increases the gap, most of all label-free GRPO, from 0.813% to 3.23%.

Table D.5: Component ablation of ResizeCO from TSP-100 to TSP-1000. Conventions follow Table

| TSP-100 — TSP-1000

Method | Gap Time
ResizeCO (full) | 0.813% 75s
w/o label-free GRPO 3.23% 10.7 s
w/o small-model initialization 2.67% 10.6 s
w/o Graph Transformer encoder | 2.42% 8.7s
w/o GPU beam k-opt search 1.29% 7.7s

D.4 WHY DOES NODE-WALK DECODING HELP TRAINING?

Previous heatmap-based CO solvers decode with the greedy decoder (Sun & Yang, 2023). The
decoder a GRPO run uses for its rollouts decides whether the training improves the model at all, so
we compare three runs from the same supervised model that differ only in the decoder (Figure[D.3).
Node-walk decoding scored by its exact likelihood, Eq. (3)), improves steadily. Greedy decoding
scored by that same likelihood falls below the supervised model it started from, because the node-walk
likelihood never sampled the routes a random edge ranking produces, which biases the gradient.
Greedy decoding scored by the exact probability of its own ranking removes the bias, and the
collapse with it, yet the model still does not learn. The obstacle is therefore not the validity of the
gradient.
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Figure D.3: Three GRPO runs from the same supervised model. The runs differ only in how routes
are sampled and scored during RL training. Blue: sampling with the greedy decoder and scoring
with the node-walk likelihood, the TSP-1000 gap rises above the supervised starting point. Orange:
sampling with the greedy decoder and scoring with its own exact likelihood, the gap stays flat. Red:
sampling and scoring with node-walk decoding (our approach), the gap falls steadily.

We attribute the failure to the way each decoder normalizes the transition probability py. The
node-walk decoder weighs an edge against the edges from n; to the unvisited nodes Uj, giv-
ing P 1.1/ 2 wrew,; Po,n;n» @ NOrmalization within a row, as in the supervised loss. In con-
trast, the greedy decoder weighs it against the set B of all edges still masked in the graph, giving
pg, wol 2 (' v)eB pg’ w'v» Which compares unrelated edges. At inference, the greedy decoder works
well, but we deploy the node-walk decoder, so training and inference use the same decoder.

E DERIVATION OF THE TRAINING LOSS

This appendix derives the training loss of Section[d.2] We start from the standard GRPO loss of
Eq. , written for our NV decisions,

1

G N
1
£GRPO(9) = a Z N Z { — min (7”5(9) Ag, Clip(’l‘?, 1—¢, 1—|—E)Ag) + ﬁDKL (71'9 || TI'ref) (SJ)} s
g=1 Jj=1

where 77(0) = mg(a; | s;)/ mo,4(a; | s;) is the ratio between the current policy and the policy
that sampled the group. Throughout this appendix, mg(a; | s;) is short for the node-walk policy
mo(a; | sj;ph) of Eq. (2).

In our case, we adapt the loss in two ways. First, we take a single update per batch and resample

fresh rollouts, which are cheap to draw. The rollouts are therefore always sampled by the current
policy, so 0,14 = 6. The ratios r? then equal one, the clipping never takes effect, and the first term of

Eq. (I) reduces to — r¥(0) A,. This term has the same gradient as — A, log mg(a; | 5;), because
Vomo(a;|s;)  Vemglaj|s;)
Veri(0) = 1 — I 2 = Vglogmg(a; | s5). @)
! oo (a; | 55) mo(a; | s5) T

The first equality treats 7y,,, as a constant, because 14 is fixed during the update. The second
substitutes 6,1 = 6. The third is the derivative of a logarithm. Summing over the /N decisions and
using the route log-probability of Eq. (3)), the loss of one route becomes its advantage times the route
log-probability,

N
1 1
i Ay E logmg(a; | s;5) = — v A log pg(route). (8)
i=1

Second, we apply the KL penalty to the whole edge heatmap, not only to the visited states. This is
because a gradient update changes the model weights 6, and with them every row of the heatmap,
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even rows that no rollout read. At inference, the node-walk decoder reads such rows as well, so the
whole heatmap must stay near the reference p,.t. Specifically, the per-state KL of Eq. (I) is replaced

by the row average
N

Dy (po || pret) Z Dy (po, i || Pret, i) )

i=1
where pg_; is row ¢ of the heatmap, averaged over all heatmaps in the rollout.
Putting the two changes together, the final loss averages the route loss over the group and adds the
KL penalty,

G
EReslzeCO Na Z 10gp9 rOUteg) + ﬁ DKL (p9 || pref) (10)
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