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Abstract
Modern systems in artificial intelligence (AI) somehow excel in domains for which they seem poorly
suited. Intelligence has traditionally been modeled as operating over structured combinations of
symbols, such as logical formulas. However, the strongest modern AI systems are based on neural
networks, which instead represent information in continuous vectors. Vectors seem inadequate for
capturing the structure of language, logic, and other cognitive domains, yet neural networks achieve
impressive performance in these areas. How do they do it? In this work, we propose a potential
answer: Despite appearances, perhaps the internal representations of neural networks implicitly realize
symbolic structure. In support of this hypothesis, we show that the vector representations of a
variety of neural networks can be closely approximated with symbolic structures: we can replace
the network’s entire representation-generating process with a closed-form equation instantiating a
symbolic structure, and the network’s behavior remains largely unchanged. This finding holds for
both small-scale neural networks trained to manipulate lists as well as large language models (LLMs)
operating in four domains that are central in symbolic traditions: arithmetic, logic, computer code,
and language. Further, our symbolic approximation allows us to modify an LLM’s behavior in targeted
ways via precise interventions on its internal representations, showing that the LLM’s behavior is
reliant on the symbolic structures we have identified. This work provides a potential way to reconcile
longstanding symbolic conceptions of intelligence with the vector-based nature of modern AI.

1 Introduction
In both AI and cognitive science, many domains of intelligence have traditionally been modeled using symbolic
systems, in which discrete units (symbols) are combined in structured ways (Boole, 1854; Turing, 1950; McCarthy,
1959; Chomsky, 1965; Newell and Simon, 1972; Quilty-Dunn, Porot, and Mandelbaum, 2023). For instance, in
linguistics, sentences are typically represented with trees composed of discrete words (Figure 1.1, left). Symbolic
analyses have a long history: Pān. ini developed symbolic theories of language around 500 BCE (Kiparsky, 1993),
Aristotle formalized symbolic logic around 350 BCE (Smith, 1989), and Ada Lovelace used symbol manipulation
as the basis of the first computer program in 1843 (Bowden, 1953).
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Figure 1.1: The apparent incompatibility of neural and symbolic representations. Left: A symbolic sentence
representation, specifically a (simplified) syntax tree. Right: A neural-network sentence representation, specifi-
cally a continuous vector. These two representations encode the same sentence, but they appear starkly different
from each other. Nonetheless, neural networks are the state of the art in many areas traditionally viewed as
symbolic. In this work, we study how vector representations can support such strong performance in domains
that appear to require symbolic structure.

1At the project’s start, all authors were affiliated with Johns Hopkins, and Smolensky was also affiliated with Microsoft Research.
For parts of the project, McCoy was affiliated with Princeton or with Yale and Microsoft. Soulos’s current affiliation is Microsoft.
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More recently, however, major advances in AI have been driven by neural networks (Rumelhart, Hinton, and
McClelland, 1986)—computational systems that encode information in a very different way: using continuous
vectors (Figure 1.1, right). Such vectors seem qualitatively different from symbol structures, yet neural networks
excel in domains traditionally viewed as symbolic, including language (Brown et al., 2020), mathematics (Glazer
et al., 2024), and coding (Li et al., 2022). How can systems that use vector representations perform so well in
symbolic domains? Answering this question is an important goal for mechanistic interpretability (Olah et al.,
2018; Elhage et al., 2021; Marks et al., 2025), the growing area of research that aims to understand the inner
workings of AI systems such as large language models (LLMs).

The hypothesis we investigate is that, although the explicit structure of neural networks appears very different
from symbol systems, perhaps they implicitly realize symbolic structure inside their vector representations. To
test this hypothesis, we use an analysis method called DISCOVER (DISsecting COmpositionality in VEctor
Representations) which aims to approximate a neural network’s vector representations with vectors that explicitly
encode symbolic structure.

This approach requires a proposal about how vectors could capture such structure—a consideration that
is far from trivial given the apparent incompatibility of vectors and symbols. For this purpose, we adopt a
mathematical formalism from cognitive science called Tensor Product Representations (TPRs; Smolensky, 1990).
In a TPR, a symbolic structure is framed as a collection of fillers—the elements of the structure—each of
which is paired with a role that denotes its position. For instance, to encode the sentence cats chase dogs, we
might use the fillers cats, chase, and dogs paired with the roles subject, verb, and object, respectively. The
collection of role-filler pairs can then be translated into a vector using an approach described in Section 2.3.
TPRs were introduced as a proposal about how neural networks could be designed to capture symbolic structure.
Our hypothesis is that, even without being explicitly designed in this way, standard neural networks naturally
converge to representations that are structured as TPRs.

We apply DISCOVER to a variety of neural networks and find that their representations can be closely
approximated by the type of symbolic structure that we have hypothesized. Specifically, we can replace each
neural network’s entire representation-generating process with a single, interpretable, TPR-based
equation, and the network’s behavior changes minimally if at all. Our core findings are the following:

1. In analyses of models trained on synthetic sequence-manipulation tasks, we find emergent symbolic structure
across all three classes of neural networks that we consider—multi-layer perceptrons (Rosenblatt, 1962),
recurrent neural networks (Elman, 1990), and Transformers (Vaswani et al., 2017). Thus, this type of
emergent structure is general enough to hold across several different classes of neural systems.

2. We also analyze seven LLMs: Gemma-3-27b (Team et al., 2025), GPT-2-XL (Radford et al., 2019), GPT-
OSS-20b (OpenAI et al., 2025), Pythia-12b (Biderman et al., 2023), Qwen3-14b (Yang et al., 2025a), OLMo-
2-13B (Walsh et al., 2025), and Llama-3.1-8b (Grattafiori et al., 2024). We find emergent symbolic structure
in all of these LLMs, showing that such structure arises in large-scale systems trained on naturalistic data.

3. We conduct an extensive analysis of one LLM (GPT-OSS) performing tasks in four domains long viewed as
symbolic (arithmetic, logic, coding, and language). Its representations are well-approximated with TPRs,
providing evidence that LLMs draw on implicit symbolic structure when performing symbolic tasks.

4. Our analyses enable us to intervene on neural network representations in ways that lead the network’s
behavior to change in the expected ways, showing that the representational structure we have identified is
implicated in model behavior. For instance, if a network’s input is the clever doctor helped the lawyer, we
can edit the representation by changing the position of clever from “subject adjective” to “object adjective.”
The network then behaves as if the input had been the doctor helped the clever lawyer.

5. Our analyses can generalize to new combinations of fillers and roles. E.g., if the DISCOVER approach
is trained on sentences that include the word scientist but never occurring in the role of “subject of the
sentence”, DISCOVER then successfully generalizes to sentences with scientist as the subject. This finding
shows that the networks we analyze are systematic in how they compose fillers with their roles.

These findings support the hypothesis that, at least in many cases, the vector representations of standard neural
networks have implicit symbolic structure. Though advances in neural networks make it tempting to think that
symbolic structure is unnecessary, these results instead suggest that such structure is important for intelligent
behavior, since even systems that are not inherently symbolic learn to use symbolic structure on their own.2

2A partial codebase is available at https://github.com/tommccoy1/discover/. The complete code will be made available soon
(pending employer approval).
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2 Background

2.1 Understanding the representations of neural networks
Though neural networks are widely used, the internal mechanisms that drive their behavior remain poorly
understood. An area of research called interpretability or mechanistic interpretability aims to address this issue
by figuring out how neural networks operate internally. Our work is situated in the side of interpretability that
analyzes the vectors that serve as a network’s representations. Prior work has made important progress in this
area by identifying how interpretable features are encoded inside these vectors (Elman, 1990; Bau et al., 2017;
Adi et al., 2017; Rogers, Kovaleva, and Rumshisky, 2020; Ravfogel et al., 2021; Hernandez and Andreas, 2021;
Elhage et al., 2022; Nanda, Lee, and Wattenberg, 2023; Engels et al., 2025; Todd et al., 2024; Bhalla et al., 2026).
For instance, one analysis identified a vector component that encoded the concept “Golden Gate Bridge,” such
that emphasizing this feature led the network to fixate on the Golden Gate Bridge (Templeton et al., 2024).

Most prior representational analyses can be unified under a proposal called the Linear Representation Hy-
pothesis (Park, Choe, and Veitch, 2024). Under one framing of this proposal, each vector inside a neural network
is assumed to capture some set of concepts {c1, c2, ..., cn}; each possible concept ci has a vector e(ci) that encodes
it, and the overall representation is the sum3 of these concept vectors:

∑
i e(ci). For example, a representation

for the sentence dogs jump might encode two concepts—dogs and jump; if the concept vector for dogs is e(dogs)
= [2.0, –0.3] and the concept vector for jump is e(jump) = [0.6, 1.8], then the encoding for dogs jump would be
[2.6, 1.5]. The Linear Representation Hypothesis has been shown to unify a range of popular representational
interpretability methods including additive analogies (Mikolov, Yih, and Zweig, 2013), linear probes (Ettinger,
Elgohary, and Resnik, 2016; Alain and Bengio, 2017; Hupkes, Veldhoen, and Zuidema, 2018; Belinkov, 2022), and
sparse autoencoders (Cunningham et al., 2023; Templeton et al., 2024), each of which has significantly advanced
our understanding of neural representations.

2.2 Structure and the binding problem
The Linear Representation Hypothesis has supported important progress in understanding AI systems, but it
faces a challenge for explaining situations where structure matters—that is, when the system must consider not
only which concepts are present but also how they are arranged. Consider the sentence cats chase dogs. Under
the framing described in the previous paragraph, we would have e(cats chase dogs) = e(cats)+e(chase)+e(dogs).
The problem is that addition is not sensitive to order, so dogs chase cats would receive the same encoding as
cats chase dogs even though these sentences mean different things. Structure is important across the domains
that are traditionally analyzed as symbolic. In math, 4− 7 means something different from 7− 4; in logic, If P,
then Q means something different from If Q, then P ; in computer code, concatenate(x, y) means something
different from concatenate(y,x); and in language—as noted by Lewis Carroll (1865)—I breathe when I sleep
means something different from I sleep when I breathe. Therefore, approaches that do not capture such structure
are missing an important part of how AI systems can succeed in these domains.

Addressing this issue requires some way to indicate which position each element occupies (e.g., indicating
that cats is in the subject position while dogs is in the object position). This goal is at the heart of a long line of
literature in cognitive science, where the issue goes under the name of the binding problem (von der Malsburg,
1981, 1999; Treisman, 1999; Roskies, 1999; Greff, Van Steenkiste, and Schmidhuber, 2020): how can a neural
network bind together different pieces of information such as features and positions? (In cognitive science, the
neural network in question is usually the brain rather than an artificial neural network.) As a hypothesis about
how AI systems encode structure, the current paper adopts one prominent solution to the binding problem: the
Tensor Product Representation formalism.

2.3 Tensor Product Representations
Tensor Product Representations (TPRs; Smolensky, 1990) are a proposal about how symbolic structure could
be realized in vector space. In a TPR, a symbol structure is viewed as a set of fillers (the elements of the
structure) paired with roles (the positions of those elements). For instance, the fraction 3

7 uses the fillers 3

3Some approaches—e.g., standard sparse autoencoders—instead use a weighted sum of concept vectors, where the weights might
correspond to, e.g., the model’s confidence that the concept is present. For this discussion we stick with an unweighted sum because
we are analyzing settings in which it is reasonable to assume that the relevant concepts are either fully present or fully absent.
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Figure 2.1: Linearly-transformed Tensor Product Representations (TPRs). A. Structure of a linearly-
transformed TPR. (1). Each filler and each role is encoded with a vector that stands for it. (2) Each filler
and its corresponding role are bound together using the tensor product, illustrated in B. (3) The tensor products
are summed. (4) A linear transformation is applied to give the final encoding, E. C. Illustrations of TPRs used
to encode pairs of letters with the roles 1st and 2nd. In the special case, the encodings have a human-interpretable
structure both when construed as lists of numbers and when construed as points in space. In the general case, the
list of numbers is not readily interpretable, but the geometric arrangement remains intact (in a stretched, rotated,
and translated coordinate system), illustrating how vectors can have systematic compositional structure even if
no such structure is apparent to human observers. The example TPRs shown here are only two-dimensional
for ease of visualization, but most of the TPRs we deal with in this paper are much larger (with hundreds or
thousands of dimensions).
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and 7 in the roles of numerator and denominator. This role-filler structure is then translated into vector space
(Figure 2.1A): First, each filler has some vector that encodes it (e.g., the filler 3 would be encoded with a vector
f3), and similarly for the roles (e.g., the role of numerator would be encoded with a vector rnumerator); these
vectors can also be referred to as filler embeddings and role embeddings. Each filler vector is combined with the
corresponding role vector using the tensor product (Figure 2.1B), which takes in the two vectors and returns a
matrix that encodes the role-filler pair (e.g., a matrix that encodes “3 in the role of numerator ”). The matrices
for all role-filler pairs are summed to give an encoding of the entire structure.4 We use a variant of TPRs that
we call linearly-transformed TPRs, in which the summed matrix x is passed through an affine transformation
x 7→ Wx+ b to resize and reshape the matrix into a vector, which serves as our final encoding of the structure.5
The overall representation is then W (

∑
i fi⊗ ri)+ b. See Appendix A for why we use linearly-transformed TPRs

rather than basic TPRs; in brief, the linear transformation allows for superficial changes to the vector space that
do not meaningfully change the TPR properties that are relevant to our work.

Figure 2.1C provides some intuition for how the role-filler structure is captured in vector space when we
encode letter pairs as linearly-transformed TPRs. The “special case” shows a situation in which TPRs have clear
human-interpretable organization: each letter is encoded with a number (A=1, B=2, C=3) and the TPR for the
letter pair is simply a length-2 vector containing the encodings for the two letters in order—e.g., the vector [3,1]
for CA. This special case arises when W , b, and the role and filler vectors have a trivial structure. When these
components are non-trivial, the TPR vector space becomes stretched, rotated, and translated in ways that prevent
the vectors from having obvious structure when viewed as lists of numbers. However, the vector space still displays
a consistent geometric organization—the stretching, rotation, and translation impede human understanding, but
they do not necessarily alter the basic structure of the vector space (particularly the structure that is accessible
to neural networks, since neural networks can straightforwardly undo these transformations). This illustrates
how vectors can have systematic structure even when humans cannot readily observe that structure.

TPRs resolve the binding problem by providing a principled way to pair fillers with roles. Given a TPR,
it is possible to determine which filler occupies each role through a simple linear procedure called unbinding,
a procedure which is exact when the role vectors are linearly independent; in practice, unbinding can still be
possible with high accuracy even when linear independence does not hold (Haley and Smolensky, 2020).

Thus, TPRs are one way in which symbolic structure can be realized in vector space (though see Section 9.2 for
other formalisms that achieve the same goal). Our core hypothesis is that this strategy is the one implicitly used
by neural networks when they perform symbolic tasks; the rest of this paper focuses on testing this hypothesis.

3 The central technique: DISCOVER
To test the hypothesis that neural networks implicitly use TPR structure, we apply an analysis method that
we call DISCOVER (DISsecting COmpositionality in VEctor Representations). To make the DISCOVER
procedure concrete, we first introduce a specific neural network that we will analyze as a running example and
then describe DISCOVER by showing how it applies to this running example. In later sections, we then apply
DISCOVER to a broad range of neural networks. We only describe this running example at a high level; see the
next section and the associated Appendix B for more details. DISCOVER was introduced by McCoy et al. (2019),
who used it to analyze recurrent neural networks; the current paper extends DISCOVER to a much broader range
of models, including large-scale LLMs. See Section 10 for more discussion of the history of DISCOVER and its
relation to other analysis methods.

3.1 Running example: A recurrent neural network reversing a list
As our running example, we consider a neural network that is trained to reverse lists of letters (e.g., turning
Q M Z into Z M Q). The type of neural network that we use is a sequence-to-sequence recurrent neural network

4Such role-filler pairings could be captured under the Linear Representation Hypothesis as described above by using a separate
concept for each role-filler pair (e.g., cats-as-subject and cats-as-object) such that the representation of cats chase dogs might be
e(cats-as-subject) + e(chase-as-verb) + e(dogs-as-object). However, it is unlikely that LLMs encode information in this way because
it requires an independent representation for every possible combination of a word and a position, which would require the LLMs to
have learned a very large concept vocabulary. As further reason to doubt such an account, see Section 8 for empirical evidence that
LLMs do not encode role-filler pairs in an atomic way but rather have systematic strategies for combining roles and fillers.

5In linear algebra terminology, linear transformations cannot include a bias term b, making this transformation affine but not
linear. Our use of the term linearly-transformed follows calculus terminology, in which linear functions can include bias terms.
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Figure 3.1: Left: The DISCOVER process. (i) We train the target model, whose encodings E we wish to
understand. (ii) We then train a DISCOVER model, which is explicitly structured as a linearly-transformed
TPR, so that, for each input, its encoding ETPR is as close as possible to the target model’s encoding E.
(iii) We then evaluate the DISCOVER model by plugging its encoding ETPR into the decoder of the original
target model, to see if the target model still produces the right output when provided with ETPR instead of
E. Right: A tapir (Tapirus indicus). Tapirs are the mascot of DISCOVER because the word tapir can
be created by interleaving TPR with AI. Tapir image © 2026 by Victoria E. McCoy under CC BY-SA 4.0
(https://creativecommons.org/licenses/by-sa/4.0/).

(Sutskever, Vinyals, and Le, 2014), which is made of two sub-components called the encoder and the decoder,
each of which is a gated recurrent unit (GRU) network (Cho et al., 2014). The encoder takes in the input
sequence and converts it to a single vector E; the decoder then takes in E and uses it to produce the output.

We train 10 copies of this type of network. At the end of training, all copies achieve an accuracy of 100% on a
test set made of items that were not seen by the models during training. Therefore, these networks have clearly
succeeded at learning the task of reversal, meaning that the encoding vector E must encode all the information
that the decoder needs to produce the output. Although reversal is a simple task, performing it requires E to
capture both which letters appear in the input and which positions they appear in. The goal of our analysis will
be to understand how E captures this information; our hypothesis is that it does so by using TPR structure.

3.2 The DISCOVER procedure
To test the hypothesis that a network’s encodings are implicitly structured as TPRs, we see whether those
encodings can be approximated using vectors that are explicitly TPRs (Figure 3.1); this is the procedure that we
refer to as DISCOVER. That is, we create a neural network that is explicitly structured as a linearly-transformed
TPR, and we train it so that the encodings it produces are as close as possible (i.e., minimizing mean squared
error) to the encodings of the target model—the black-box model that we are trying to understand. The free
parameters in this TPR model are the vectors that it uses to represent fillers and roles, and the parameters
W and b that define its linear transformation; thus, training the TPR model amounts to finding values for
these parameters. Once the TPR model is done training, we evaluate the quality of the TPR approximations
by feeding them into the target model’s decoder. This manipulation amounts to replacing the target model’s
entire encoding process with a closed-form TPR expression that comes from DISCOVER. If the target
model continues to produce the correct answer when fed the TPR approximations, we conclude that the TPR
has succeeded at approximating the target model’s encodings, since the TPR approximations are functionally
equivalent to these target encodings. This criterion for success is quantified with the metric of approximation
accuracy, which is the proportion of test-set examples on which the target model’s decoder produces the entire
correct output sequence when given a DISCOVER model’s TPR-based encoding of the input.

3.3 Role schemes
To train our DISCOVER model to approximate the encoding ES for some sequence S, we need to have a
hypothesis about what fillers and roles are present in S. We assume that the fillers are the letters that are
present in the sequence; e.g., if the sequence is Q M Z, the fillers would be the letters Q, M, and Z. The roles,
however, are trickier: there are many reasonable hypotheses about what sorts of positions could be used as roles.
For this experiment, we will consider 5 possible types of roles (which we refer to as role schemes):

• Left-to-right: Each letter’s role is its left-to-right position (first, second, etc.)

• Right-to-left: Each letter’s role is its right-to-left position (last, second-to-last, etc.)

6
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Figure 3.2: Left: The role schemes that we use for analyzing letter-sequence-processing neural networks, with
an example of the roles assigned by each role scheme to the sequence Q M Z C. Right: Performance of DISCOVER
with various role schemes at approximating the encodings of GRUs trained to reverse letter sequences. The bars
show the mean across 10 reruns, with error bars showing two standard deviations above and below the mean.

• Bidirectional: Each letter’s role is the concatenation of its left-to-right and right-to-left position (e.g.,
(0,3) means “1st-from-left-and-4th-from-right”). Prior work has found that humans encode letter positions
in a bidirectional way in the spellings of words (Fischer-Baum, McCloskey, and Rapp, 2010).

• Wickelroles: Each letter’s role indicates what letter appears before it and what letter appears after it
(Wickelgren, 1969). This role scheme was used by Rumelhart and McClelland (1986) in their influential
neural-network model of learning the English past tense.

• Bag-of-words: All letters are given the same role as each other.

See Figure 3.2 (left) for an example of each role scheme.

3.4 Results
Figure 3.2 (right) shows the results. A TPR using a bidirectional role scheme provides perfect or close-to-
perfect accuracy at approximating the target model in all 10 reruns of the model (the lowest approximation
accuracy across the 10 reruns is 99.98%). This provides strong evidence that the representations of this model
indeed have symbolic structure of the sort realized in a TPR (specifically, a bidirectional TPR).

Among the other role schemes, the right-to-left one does nearly as well as bidirectional, while left-
to-right provides a poor approximation. This asymmetry makes sense: intuitively, right-to-left positions are
more important for the task of reversal than left-to-right positions. The bag-of-words role scheme is essentially
a null hypothesis corresponding to a lack of structure; the fact that it performs so poorly validates the assumption
that the target model indeed encodes structure.

3.5 Notes on the scope and interpretation of DISCOVER
With the DISCOVER method described, there are several points about it that are now worth making.

First, although the models we analyze are black-box neural networks that are notorious for being challenging to
understand, DISCOVER produces an interpretable closed-form equation for the representations of these models.
Thus, providing a DISCOVER approximation of a network’s representations substantially increases the extent
to which the structure of those encodings is human-understandable.

Second, there is no guarantee that a given neural network can be approximated by DISCOVER. The neural
architectures that we analyze are complex, nonlinear systems that (under certain idealizations) can approxi-
mate any function (Hornik, Stinchcombe, and White, 1989; Siegelmann and Sontag, 1992; Pérez, Barceló, and
Marinkovic, 2021). In contrast, TPRs have a simple, bilinear structure, meaning that (once the role scheme
has been specified) a TPR is highly constrained and can only implement a narrow class of functions.6 As an
illustration of how constrained TPRs are, a left-to-right role scheme is a completely reasonable way to encode a

6E.g., any linearly-transformed TPR using left-to-right roles must obey the property that TPR(Q M Z)−TPR(Q S)+TPR(V S) =
TPR(V M Z)—a property we leverage in the experiments in Section 7. Such constraints severely limit the set of functions that may
be implemented by a TPR with a given role scheme.
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sequence, yet TPRs with this role scheme achieved a low approximation accuracy in Figure 3.2 (right). The fact
that DISCOVER is not at all guaranteed to work means that, when it does work, its success is meaningful.

Third, a successful DISCOVER result indicates that the DISCOVER model captures all information that is
present in the target model, but it does not necessarily indicate that the target model captures all information that
is present in the DISCOVER model. Suppose the target model implements TPRs with left-to-right roles. This
target model could be perfectly approximated by a DISCOVER model using bidirectional roles: bidirectional roles
are strictly more powerful than left-to-right roles, so a bidirectional role scheme can be realized in a degenerate
way that is equivalent to a left-to-right role scheme. To use DISCOVER to identify only what information is
present in the target model and nothing more, one would need to (e.g.) pare down the successful DISCOVER
model until nothing more could be removed without harming its approximation accuracy. Such paring down is
an important direction, but we do not pursue it here because our goal is to test the broad hypothesis that neural
networks use implicit TPRs, rather than aiming to conclusively identify which TPRs are used. We consider this
goal to be achieved as long as we can find any TPR that closely approximates a target model, even if that TPR
is not as simple as it strictly could be. For more discussion, see Section 7.1.6 of McCoy (2022).

Fourth, the version of DISCOVER that we use in this paper is supervised—it requires the human experi-
menter to make a hypothesis about which role scheme to search for. This aspect of DISCOVER could be made
unsupervised by having the DISCOVER model form its own hypothesized role schemes, and indeed Soulos et al.
(2020) applied such an approach successfully. We have deliberately chosen to stick with the supervised version of
DISCOVER. To motivate why, it is useful to note that understanding a network’s representations encompasses
(at least) two goals: determining what features are used in the representations, and determining how those fea-
tures are represented. Our goal in this work is providing an answer to the how question; to isolate this question,
it is beneficial to minimize uncertainty about the what question, which we do by using settings where our un-
derstanding of the domain is sufficient for us to make clear hypotheses about the role scheme, making it possible
to use supervised DISCOVER and thereby sidestep the substantial complications that arise with unsupervised
feature discovery in the context of neural network interpretability (Conerly et al., 2024; Gao et al., 2025).

Finally, our goal with DISCOVER is to understand the structure of a neural network’s representations. We
are not attempting to explain how the network produces vectors with this structure (e.g., we are not claiming
that neural networks actually compute the tensor product of filler and role vectors), though this is an important
direction for future work. As a rough analogy, our goal is similar to that of a biologist characterizing the structure
of a complete bird feather, not that of a biologist studying how feathers grow.

4 Letter sequence models
The case study in the previous section showed that TPR-structured representations arise in at least one type of
neural network (the GRU architecture) for at least one task (reversing a list). Is TPR structure a quirk of this
one particular setting, or is it a more general property of how neural networks represent information? Motivated
by this question, we extend our DISCOVER analyses to four neural architectures trained on three different tasks.

4.1 Tasks
Each neural network that we analyze is trained to perform some operation on an input list of letters. Specifically,
these sequence-manipulation tasks are the following:

• Copying: Returning the input list unchanged. E.g., Q M Z V R → Q M Z V R

• Reversing: Reversing the input list. E.g., Q M Z V R → R V Z M Q

• Interleaving: alternating letters from the start and end of the list until all letters are used up.
E.g., Q M Z V R → Q R M V Z

We chose these tasks because all of them require representing which letters appear in the input and where they
appear. Thus, if a neural network succeeds at learning one of these tasks, it must be representing the input’s list
structure, making it natural to then use DISCOVER to test hypotheses about how it encodes that structure.

For these tasks, each letter sequence could have a length from 1 to 6 (inclusive). Each list element could
be any one of the 26 capital letters in the Roman alphabet; letters were allowed to repeat within a list. For
each task, we generated 57,000 unique input-output pairs, randomly divided into three subsets: the training set
(50,000 examples), the validation set (2,000 examples), and the test set (5,000 examples).
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4.2 Neural network architectures
We trained four different types of neural networks on these tasks: multi-layer perceptrons (MLPs; Rosenblatt,
1962); GRUs (Cho et al., 2014), which are a type of gated (Hochreiter and Schmidhuber, 1997) recurrent neural
network (Elman, 1990); Transformers (Vaswani et al., 2017); and bottleneck Transformers. For all four network
types, we used a sequence-to-sequence set-up (Botvinick and Plaut, 2006; Sutskever, Vinyals, and Le, 2014), such
that the network was made of two subnetworks: the encoder (which converts the input sequence to a vector
representation) and the decoder (which takes in the vector representation and produces the output sequence).

Though all architectures share this high-level encoder-decoder structure, they otherwise differ substantially in
how they process sequences (feedforward processing in MLPs, sequential processing in GRUs, and attention-based
processing in the two types of Transformers). See Appendix B.1 for full technical details of these architectures;
here we provide just the most salient points. The MLP and the GRU both encode each input sequence with
a single fixed-size vector. Transformers—the architecture underlying most LLMs—are different in that their
encoders produce one vector per input token, and their decoders can then access all of these encoding vectors.
Our tasks are simple enough that each encoding vector in a Transformer likely only needs to encode a single letter
(whichever letter appears at that encoding’s position), raising the concern that studying these models might not
be very illuminating about what strategies are used by Transformers when they need to pack multiple pieces of
information into a single vector. This consideration motivates our final architecture, the bottleneck Transformer.

While MLPs, GRUs, and Transformers are standard types of neural networks, the bottleneck Transformer is a
new architecture that we introduce for the purpose of analyzing Transformer representations that we know must
be combining multiple pieces of information. The bottleneck Transformer is the same as a standard Transformer
except that its decoder can only access the vector at the first input position (unlike standard Transformer
decoders, which can access all input vectors).7 As a result, this vector acts as a bottleneck that must encode
the entire sequence, and we can therefore study this bottleneck vector to gain a window into how Transformers
combine multiple pieces of information when they need to do so.

For each combination of an architecture and a task, we train 10 different networks (varying from each other
only in the random values that their parameters are initialized with); see Appendix B.2 for training details. All
runs of all models attained near-perfect scores on their training tasks (see Figure B.1 in the Appendix), showing
that the encoders were successful at encoding the information needed by the decoder to produce the output. We
therefore turn to DISCOVER to analyze how the encoders capture this information.

4.3 DISCOVER results
We apply DISCOVER to each sequence-manipulation model that we have trained. We consider the same 5
role scheme hypotheses used in Section 3.3: left-to-right, right-to-left, bidirectional, Wickelroles,
and bag-of-words. Thus, overall we train 600 DISCOVER models (4 target model architectures times 3 tasks
times 10 reruns per architecture/task combination times 5 role schemes). For the MLPs, GRUs, and bottleneck
Transformers, the encoder produces a single vector that encodes the input; these vectors are the ones that we
approximate with DISCOVER. The standard Transformer instead produces one encoding vector for each input
letter, and the decoder can access all of these encodings. To apply DISCOVER to the Transformer, we therefore
have DISCOVER approximate all encoding vectors for each input. We hypothesize that each vector captures one
role-filler pair: a filler equal to the letter at that vector’s position, paired with that letter’s hypothesized role.

Across all architecture-task combinations, the bidirectional role scheme provides a strong DISCOVER
approximation to the target models (Figure 4.1; the “reversing GRU” panel repeats the results from Section 3.4).
If we consider the bidirectional DISCOVER approximations for all 12 architecture-task combinations, the
reversing bottleneck Transformer is the setting with the lowest average approximation accuracy (0.973); all other
settings have an average accuracy greater than 0.99. It is worth noting that the bidirectional role scheme
combines both of the unidirectional role schemes (left-to-right and right-to-left), such that bidirectional
is guaranteed to do at least as well as each of these unidirectional role schemes. Though all settings are similar
in that they show strong bidirectional approximations, they differ in the performance of the unidirectional
role schemes. Broadly speaking, left-to-right outperforms right-to-left in the copying models while the
opposite is true in the reversing models, which makes sense given the nature of these tasks. Meanwhile, in most
interleaving models, neither unidirectional role scheme gives an effective approximation, which makes sense given

7The Transformer encoder is bidirectional, meaning that the representation at the first input position is able to be informed by
information from the entire sequence, which gives this representation the opportunity to capture the whole sequence.
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Figure 4.1: DISCOVER performance for models trained on letter-sequence-manipulation tasks. The bars show
the mean across 10 reruns, with error bars showing two standard deviations above and below the mean.

that the interleaving task combines left-to-right and right-to-left processing. There are exceptions to these trends;
see Chapter 7 of McCoy (2022) for discussion of why we see the differences across architectures that we do.

In all cases, the bag-of-words role scheme gives a poor approximation. This result is expected because
bag-of-words instantiates the null hypothesis that the target models do not encode structure (i.e., that they
encode which letters are present but not how they are arranged); given that the target models show high
accuracy on their tasks (which are structure-dependent), they could not be using such a structureless encoding.
One might wonder whether models would use a structureless encoding if their task did not require structure.
Indeed, if we train these models to sort lists into alphabetical order—a task for which the order of the input
letters is irrelevant—we now see strong approximations with the bag-of-words role scheme (Appendix C).

In all cases, Wickelroles perform worse than bidirectional roles even though Wickelroles provide more
possible roles—and thus more trainable parameters—than bidirectional roles (729 roles vs. 21 roles). This
result shows that DISCOVER success is not merely a matter of how many parameters are available to be trained.
As further evidence for this point, left-to-right and right-to-left roles have equal numbers of parameters
yet often show very different approximation accuracies (see Appendix N for more discussion).

Overall, DISCOVER provides strong approximations across all tasks and architectures that we consider.
Changing the task or architecture can change which role scheme is instantiated by the target model (i.e., which
type of TPR it uses), but all of the settings are united by displaying TPR structure. These results therefore
provide evidence that TPR structure is indeed adopted fairly broadly as the approach for encoding structured
information in neural networks.

5 LLM representations
We now scale up our experiments to LLMs. We will study how LLMs encode lists and sentences; we consider lists
in order to build from the experiments in the previous section, and we consider sentences because LLMs are first
and foremost models of language (the second L of LLM stands for language). A challenge for studying LLMs is
that DISCOVER is designed to analyze individual vectors that encode structures (such as lists and sentences),
yet Transformer LLMs do not produce single vectors as their representations; instead, LLMs use many layers
of processing, and each layer produces one vector representation for each token in the input (where tokens are
typically words, parts of words, or punctuation marks). For instance, if an LLM is given the input Dogs jump.,
each layer would typically produce three vectors—one encoding Dogs, one encoding jump, and one encoding the
period. What vectors, then, should we apply DISCOVER to?

For this experiment, the hypothesis we make is that an LLM’s representation for a period acts as an encoding
of the entire sentence that precedes the period. There are two reasons to make this hypothesis. First, in principle,
it seems plausible that LLMs would benefit from having a single location where information about entire sentences
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accumulates, since some scenarios faced by LLMs might require holistic information about a sentence. In the
LLMs that we study, the representation for a token can be informed by that token itself and all previous tokens,
but not by following tokens (that is, these LLMs are unidirectional, in contrast to the bidirectional Transformer
encoders studied above); thus, the period would be a natural place to encode whole-sentence information since
it is the earliest position at which information about the whole sentence is available. Second, empirically, prior
work has indeed found evidence that punctuation marks act as whole-sentence encodings: Razzhigaev et al.
(2025) found evidence that, given a punctuation mark’s representation from an LLM, the preceding context
can be reconstructed reasonably well; further, Marks and Tegmark (2023) and Tigges et al. (2024) found that
punctuation marks capture sentence-level information (truth judgments and sentiment, respectively).

Therefore, as a first step toward analyzing LLM representations, the analyses in this section will apply
DISCOVER to LLM encodings of the periods that appear after lists and sentences. In the following section, we
will further expand the scope of the analysis to approximate LLM encodings for all tokens, not just periods.

5.1 Conditions
We analyze LLM period encodings in three conditions:

1. Lists: We consider lists of nouns. The lists can be of length 3 to 5 inclusive—e.g., lion, trouble, kindness,
pepper, rubber. The elements of the list are drawn from the noun portion of the Toronto word pool (Friendly
et al., 1982), following Armeni, Honey, and Linzen’s (2022) use of this resource for studying list repetition
in neural networks; our total noun vocabulary size is 300, and all words in a list have to be unique in order
to facilitate the predecessor role scheme (see Section 5.4). We place each list after the preamble Here is
a list of words:, the list items are separated by commas, and a period is placed at the end of the list. An
example of a complete model input is Here is a list of words: lion, trouble, kindness, pepper, rubber. We
then analyze the encoding of the period at the end of the list.

2. Subject-verb-object sentences: We consider sentences of the form The SUBJECT VERBED the OB-
JECT.—e.g., The spy helped the poet. The subject and object were drawn from a list of 80 singular
occupation terms, and the verb was drawn from a list of 16 verbs for which these occupation terms are
semantically reasonable as either a subject or object. We analyze the period at the end of such sentences.

3. Complex sentences: We scale up from simple subject-verb-object sentences to sentences that have varying
syntactic structures—e.g., they can involve two complete clauses joined by a conjunction, or a subordinate
clause, or can be in the passive voice. An example of one of these sentences is The polite runner avoided
the magician after the sailor hired the photographer. See Appendix D for more details about the stimuli.
We analyze the encodings of the periods at the ends of the sentences.

5.2 Models
We analyze 7 LLMs, all accessed via Hugging Face (Wolf et al., 2020): Gemma-3-27b (Team et al., 2025), GPT-2-
XL (Radford et al., 2019), GPT-OSS-20b (OpenAI et al., 2025), Pythia-12b (Biderman et al., 2023), Qwen3-14b
(Yang et al., 2025a), OLMo-2-13B (Walsh et al., 2025), and Llama-3.1-8b (Grattafiori et al., 2024). The LLMs
that we analyze must be open-weights (meaning that their parameters are publicly available) because we are
studying internal representations. We chose these specific LLMs by selecting several prominent open-weights
model families; for each family, we then chose the most recent release available on Hugging Face at the time
of running the experiments, and then among the models included in that release, we chose the largest one that
could run on a single A100 GPU (the largest GPU available to us when we ran the experiments).

These models all have many layers. For each model, we consider the period encodings at 5 different layers: the
first non-embedding layer, the layers that are approximately 25%, 50%, and 75% of the way into the model, and
the last layer. The vector representations inside these models range in size from 1600 to 5376; see Appendix F.1
for more details about each system.

5.3 Do the periods actually encode the preceding sentence or list?
Our aim in this experiment is to see whether DISCOVER can reveal how LLM period representations encode
the lists or sentences that precede them. This framing only makes sense under the assumption that the period
encodings do indeed encode the preceding context, so we test this assumption before we apply DISCOVER.
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Figure 5.1: Analyzing LLM representations of periods. A. Given some input, an LLM generates one vector per
input token per layer. We analyze the vector E that the LLM uses to represent a period at a particular layer
(here, the middle layer). We hypothesize that E encodes the full sentence preceding it; we test this hypothesis
by training a period-unpacking model to take in E and reconstruct the sentence preceding E. B. To understand
how E encodes the information that the period-unpacking model extracts, we train a DISCOVER model to
approximate E with a TPR (ETPR). C. To evaluate how successful ETPR has been at capturing the structure
of E, we evaluate whether feeding ETPR into the period-unpacking model yields the correct output sequence.
(ETPR and the period-unpacking model were never trained together—they are paired up solely for evaluation.)

For each LLM layer that we consider and for each condition, we train a decoding model that takes in a period
encoding and attempts to reconstruct the sentence or list that appeared before the period (Figure 5.1A). Each
decoding model—which we refer to as a period-unpacking model—is a decoder-only Transformer with 6
layers, a hidden size of 1024, and 16 attention heads; it first passes the LLM period encoding through a linear
layer that maps the LLM encoding (whose size varies across LLMs) into a vector of size 1024 which then acts as
the input to the decoder. To prevent rogue dimensions (Timkey and van Schijndel, 2021) from having excessive
influence on the decoding process, we z-score the period encodings before feeding them into the linear layer that
then feeds into the period-unpacking model. We train 5 re-runs of each period-unpacking model in order to get
a sense of variability across re-runs. See Appendix E for discussion of rogue dimensions and z-scoring, and see
Appendix F.3 for more details about training the period-unpacking models.

In general, the period-unpacking models do a strong job at reading out the list or sentence that preceded
a period (see Figure F.1 in the Appendix for the full results). In the subject-verb-object setting, all period-
unpacking models for all layers achieve a perfect accuracy. In the other settings, the accuracy is not perfect,
but it is still reasonably high (typically above 85% for the lists and above 50% for the complex sentences); note
that we only count the period-unpacking model as correct if it produces exactly the intended output, word-for-
word, such that even a score of 50% is reasonably strong. In all conditions, successful period unpacking depends
on structure in order to distinguish the correct output from other potential ways of ordering the words—e.g.,
differentiating lion, trouble, kindness from trouble, lion, kindness in the list condition, or distinguishing The
captain helped the baker from The baker helped the captain in the subject-verb-object condition. Therefore, we
conclude that the period encodings indeed encode a substantial amount of information about the structure of
the preceding sentence or list, and now we use DISCOVER to investigate how they represent this information.

5.4 DISCOVER results
Figure 5.2 shows the performance of DISCOVER at approximating the LLM period encodings. We measure
approximation accuracy by feeding the DISCOVER approximation into the period-unpacking models that we
have trained to read from the period encodings (Figure 5.1, B and C). That is, in Section 5.3, the period-
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Figure 5.2: DISCOVER performance at approximating the encodings of periods in LLMs for lists of length
3 to 5 (top), subject-verb-object sentences (middle), and sentences with varying syntax (bottom). The points
show the mean across 5 reruns, with error bars showing two standard deviations above and below the mean (the
error bars are often too small to be visible). The dashed red lines show the performance of the trained period
decoders when they are fed LLM period encodings; the remaining lines show the performance of the same period
decoders when they are fed DISCOVER approximations. See Section 5.4 for descriptions of the role schemes.

unpacking models were used to test what information was present in the LLM period encodings; we now see
if DISCOVER captures the information that these period-unpacking models rely on. With appropriate role
schemes, DISCOVER achieves high accuracy at approximating the period encodings.

In the “lists” condition, the fillers are the nouns in the list. We consider three role schemes: bidirectional,
bag-of-words, and predecessor. The bidirectional and bag-of-words schemes are the same as in Section 4.
In the predecessor role scheme, each filler’s role is equal to the word before it; e.g., if the list is lion, trouble,
kindness, the set of role-filler pairs would be {#:lion, lion:trouble, trouble:kindness, kindness:#} (using #
to indicate list boundaries). Our lists never contain repeated elements, which ensures that the set of predecessor
role-filler pairs is always sufficient to reconstruct the list. We find that DISCOVER with a bidirectional role
scheme approximates the encodings well, performing similarly to using the actual LLM encodings (labeled target
model in the figure). The predecessor role scheme performs substantially worse than bidirectional despite
having a much larger role vocabulary (301 vs. 12 roles).

In the subject-verb-object case, DISCOVER achieves perfect approximation accuracy with the subject-verb-
object role scheme, in which each sentence has three roles: subject, verb, and object. E.g., the sentence The pho-
tographer called the teacher would be analyzed with the following set of role-filler pairs: {subject :photographer,
verb:called, object :teacher}. In the sentence dataset that we use, any noun can be the subject or object, so
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having distinct roles for subject and object is important for distinguishing pairs such as The photographer called
the teacher and The teacher called the photographer.8

For complex sentences, we consider bidirectional roles, bag-of-words roles, and syntactic roles; in the
syntactic role scheme, each word’s role is its syntactic position, which we define as the path of dependency
arc labels needed to get from the word to the root of the sentence’s dependency parse (see Appendix F.4 for
an example). The bidirectional role scheme consistently provides a strong approximation. It substantially
outperforms the syntactic roles, suggesting that the period encodings mainly capture the sentence’s linear order
rather than its syntactic structure (a conclusion further corroborated by follow-up analyses in Appendix G). An
additional striking property of the results is that the period-unpacking models achieve a higher accuracy when
they are given bidirectional DISCOVER approximations than when they are given the actual period encodings
from the target LLMs, often by a large margin—a fact that we return to in the Discussion because it has potential
implications for the relationship between vectors and symbols. To briefly preview what we will argue, we take
this result as evidence that the LLM period encodings have a bidirectional TPR structure that is realized
imperfectly. This structure is central enough that it is what the period-unpacking models learn to rely on, but
it is noisy enough that the period-unpacking models often then make mistakes. The DISCOVER approximation
realizes this same structure in a precise, noise-free way, enabling more robust behavior in the period-unpacking
models. See Section 9.1 for elaboration on this argument.

In sum, across the 7 LLMs that we have studied, the representations of periods capture most of the structure
of the sentence or list preceding the period, and DISCOVER can closely approximate the encodings of these
periods. This result is evidence that the representational spaces of these LLMs have TPR structure.

6 Arithmetic, logic, coding, and language in an LLM
We now select one specific LLM—GPT-OSS—and analyze the representations that it uses for 4 domains that
are especially prominent in symbolic traditions: math, logic, computer code, and language. For each domain,
we analyze the representations produced by this LLM when it is prompted to perform tasks in this domain,
and we see if we can reproduce the LLM’s behavior using DISCOVER approximations to these representations.
We select these four domains in order to get at our core puzzle of how LLMs—despite being vector-based—can
represent the information needed to perform seemingly symbolic computations.

An additional motivation for this experiment is to address two shortcomings of Section 5. First, while the
experiments in that section found TPR structure in LLM encodings, those experiments do not tell us whether
the LLMs use that structure because the system whose behavior was reproduced was a newly-trained period-
unpacking model rather than the LLM itself. Second, those experiments analyzed only period encodings. The
experiments in this section address these limitations by creating DISCOVER approximations for all LLM repre-
sentations in the input (across all layers and tokens) and then checking whether the LLM produces the correct
answer when given the DISCOVER approximation rather than its own representations.

6.1 Tasks
Table 1 gives examples for each task that we prompt the LLM to perform. Below we describe each task in
more detail, with further details in Appendix H. For all tasks, the LLM’s input contained at least one example
of the task with the correct answer since LLMs generally benefit from such examples via the mechanism of in-
context learning (Brown et al., 2020). E.g., for arithmetic, the prompt includes two examples: -9 + 8 * 7 (with
the answer of 47) and 5 * 7 + -2 (with the answer of 33). The LLM prompts were in GPT-OSS’s standard
prompt format,9 which uses special tokens to demarcate input components (e.g., separating user queries from
LLM responses). All of the words in our stimuli were processed as a single token by GPT-OSS (there are some
words that GPT-OSS internally splits up into multiple pieces, but we avoided such words).

8Although we use bidirectional roles in most of our experiments, we do not include them here because the fixed structure
of the sentences ensures that bidirectional roles would capture effectively the same information as the subject-verb-object role
scheme that is already included. E.g., the sentence’s subject is always the same as its second-from-left-and-fourth-from-right word.
It is true that the subject-verb-object roles omit two words that would be included with bidirectional roles (the two instances of
the), but this difference is not meaningful because those words are invariant across stimuli, meaning that their inclusion in the role
scheme would be no different from modifying the fixed bias term that is part of the DISCOVER model. The “complex sentences”
condition disentangles linear position from syntactic position by using variable sentence structures.

9https://github.com/openai/harmony
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Task Example Answer

Arithmetic 7 + -6 * 3 -11

Syllogisms We are given two premises:
No polite agents are painters.
All gamblers are painters.

Please return the first conclusion listed
below that follows from these premises:
All gamblers are polite agents.
Some gamblers are polite agents.
No gamblers are polite agents.
Some gamblers are not polite agents.

No gamblers are polite agents.

Code execution def change(sequence):

return [“Q”] + sequence

def alter(sequence):

return sequence[::-1]

y = [“S”, “M”, “V”]
x = [“U”, “C”]

change(y)

[“Q”, “S”, “M”, “V”]

Passivization Passivize the following sentence: The
swimmer who the polite politician advised
avoided the accountant near the clever gar-
dener.

The accountant near the clever gar-
dener was avoided by the swimmer who
the polite politician advised.

Tense reinflection Convert the following sentence to the
present tense: The important detective
who recommended the astronauts recog-
nized the tall detective.

The important detective who recom-
mends the astronauts recognizes the
tall detective.

Question formation Convert the following sentence to a yes/no
question: The professor who the painter
will encourage would visit the musician
near the famous runner.

Would the professor who the painter
will encourage visit the musician near
the famous runner?

Table 1: Symbolic tasks that we use with GPT-OSS, along with examples and their answers. These tasks
span 4 domains: mathematics (arithmetic), logic (syllogisms), computer code (code execution), and language
(passivization, tense reinflection, and question formation).
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Arithmetic: Each arithmetic problem takes the form of either a * b + c or a + b * c, where a, b, and c are
integers from -9 to 9 inclusive. Processing these inputs requires correctly applying the order of operations (i.e.,
performing the multiplication first and then the addition).

Syllogisms: Syllogisms are a classic form of logical deduction. Two premises are provided, followed by 4
possible conclusions. The LLM must return the first of these conclusions that follows from the premises.

Code execution: This task requires predicting the output of a Python function call. All functions in question
are manipulations of Python lists. The query first provides the definitions of two functions named change and
alter, whose definitions vary from query to query; some example functions are “reverse the list” or “insert a Z at
the start of the list.” Two variables named x and y are then defined; each is a list of letters of length 1, 2, or 3.
Finally, a function call is given pairing one of the two functions with one of the two lists as its argument—e.g.,
alter(x). The intended output is the result of applying this function call. The two functions can appear in
either order, and similarly for the two list variables x and y; thus, one major component of this task is variable
binding (associating each variable name with its value).

Passivization, tense reinflection, and question formation: These tasks are three ways of manipulating
the syntax of an English sentence. In passivization, the LLM must convert an active English sentence into its
passive form. In tense reinflection, the LLM must convert a past-tense English sentence into the present tense,
which requires the LLM to identify each verb’s subject in order to know whether the verb should take its singular
or plural form (since English past tense verbs are not inflected for number while English present tense verbs are).
In question formation, the LLM must convert a declarative English sentence into a yes/no question. For all three
tasks, the input sentences were generated from a context-free grammar in which sentences always took the basic
form of subject-verb-object, but with substantial variability in the syntactic structure of the subject and object:
they could be just the plus a noun (e.g., the doctor), or they could optionally include adjectives, prepositional
phrases, and relative clauses (e.g., the illustrator who surprised the gardener next to the tall editor).

6.2 Model
We analyze GPT-OSS (OpenAI et al., 2025). We use only one LLM because these experiments are computa-
tionally intensive; analyzing even just this one LLM required a little over 3,000 GPU hours on h100 and h200
GPUs on a high-performance computing cluster. GPT-OSS performs well on all 6 tasks that we consider here.
Its worst task is syllogisms (with an accuracy of 0.76), followed by passivization (with an accuracy of 0.94); for
all other tasks, the accuracy is above 0.96. See Figure H.1 in the Appendix for its performance on all tasks.

6.3 DISCOVER results
We now apply DISCOVER to GPT-OSS’s encodings. For each task, we train one DISCOVER model for each
of GPT-OSS’s 25 layers. The DISCOVER model for a given layer is trained to produce an approximation for
every token representation at that layer except for templatic text that is uniform across stimuli within a task; see
Figure 6.1 for a depiction of the approach. The role schemes that we investigate are motivated by two questions:

1. Does GPT-OSS’s representation for each token encode just that token (i.e., just one role-filler pair), or does
it combine multiple pieces of information (multiple role-filler pairs)?

2. When performing these tasks, does GPT-OSS use task-specific structure to represent information, or a
more general structure?

Motivated by these questions, we consider 5 types of role schemes, with examples in Table 2:

• Bag-of-words: Each token is assumed to encode itself and all preceding tokens, but with all of them given
the same role as each other, making it effectively a bag of words.

• Bidirectional (self): Each token is assumed to encode only itself (as a filler), paired with a role denoting
this token’s bidirectional position in the sequence so far.

• Bidirectional (all): Each token is assumed to encode itself and all preceding tokens; each of these tokens
gets a role equivalent to the token’s bidirectional position in the sequence so far.
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LLM output
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Figure 6.1: Analyzing the complete input representation of an LLM (GPT-OSS). A: Standard LLM processing.
The LLM is given a prompt made of some instructions and an input. The LLM uses many layers of processing
(we show 3 layers here, but GPT-OSS in fact has 25 layers); it generates one vector per layer for each token in
the prompt. It then generates the output, one token at a time. As each output token is generated, that token
is appended to the prompt, and the LLM generates vector representations for it (one vector per layer), until the
output is finished. B: Approximating the LLM with DISCOVER. We leave the representations of the instructions
unchanged because they are identical across all inputs for a given task, but we replace all vectors that encoded
the input—across layers and input tokens—with a TPR approximation (which is produced by an interpretable,
closed-form equation). The LLM then generates its output based on the TPR approximations rather than based
on its own input representations. We assess whether the resulting LLM output is correct. The instructions and
input shown here are simplified for the sake of space.

• Task-specific (self): For each task, we define a task-specific parsing algorithm that assigns each token
a role that denotes its position in the context of the task. E.g., for coding, one such position is second
letter in the list that is the value of the variable x; for language tasks, one such position is
adjective modifying the direct object. Under this role scheme, each token encodes only itself (as a
filler), with a role that is its position as given by this task-specific parsing algorithm.

• Task-specific (all): For this scheme, we now assume that each token tj encodes itself and all preceding
tokens—that is, each ti for which 0 ≤ i ≤ j. Inside the representation of tj , each of these ti tokens is
taken to be one filler, with a role that is the concatenation of the task-specific position for ti as well as
the task-specific position for tj . E.g., one such role might be subject_noun-object_adj, which is the role
attached to the representation of the subject noun inside the representation of the adjective modifying the
object. Such pair-based roles are motivated by the fact that they can capture the sorts of interactions that
we hypothesize are important for how one token might influence the representation of another. Consider
the sentence The tall poet helped the spy. The token tall is likely to have a different influence on the
representation of poet (which it directly describes) than on the representation of spy (which it has no close
relationship to). These differing relationships can be captured by having different roles for subject_adj-
subject_noun and subject_adj-object_noun.10

10An additional motivation for the pair-based roles is based on the architecture of GPT-OSS. Like most LLMs, GPT-OSS uses
attention, which enables the representation of one token tj to be informed by the representation of another token ti. The way in
which tj should be influenced by ti is determined by a representation generated from tj (called the query) and a representation
generated from ti (called the key). At a high-level, our pair-based roles—which combine a basic role from one token with a basic
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Bag-of-words Bidirectional Bidirectional Task-specific Task-specific
(self) (all) (self) (all)

The {present:The} {(0,0):The} {(0,0):The} {subj_det:The} {subj_det-subj_det:The}

spy {present:The,
present:spy}

{(1,0):spy} {(0,1):The,
(1,0):spy}

{subj_n:spy} {subj_det-subj_n:The,
subj_n-subj_n:spy}

helped {present:The,
present:spy,
present:helped}

{(2,0):helped} {(0,2):The,
(1,1):spy,
(2,0):helped}

{verb:helped} {subj_det-verb:The,
subj_n-verb:spy,
verb-verb:helped}

the {present:The,
present:spy,
present:helped,
present:the}

{(3,0):the} {(0,3):The,
(1,2):spy,
(2,1):helped,
(3,0):the}

{obj_det:the} {subj_det-obj_det:The,
subj_n-obj_det:spy,
verb-obj_det:helped,
obj_det-obj_det:the}

poet {present:The,
present:spy,
present:helped,
present:the,
present:poet}

{(4,0):poet} {(0,4):The,
(1,3):spy,
(2,2):helped,
(3,1):the,
(4,0):poet}

{obj_n:poet} {subj_det-obj_n:The,
subj_n-obj_n:spy,
verb-obj_n:helped,
obj_det-obj_n:the,
obj_n-obj_n:poet}

Table 2: The five role schemes used to analyze GPT-OSS performing passivization, illustrated through the input
The spy helped the poet (an actual stimulus would also contain formatting tokens, such as a period). Each row
corresponds to one input token. Each table entry shows the role-filler pairs that the relevant token’s representation
is hypothesized to contain under the indicated role scheme. For instance, under the bidirectional (all) role
scheme, the token helped is hypothesized to contain three role-filler pairs: {(0,2):The, (1,1):spy, (2,0):helped}.

These role schemes are elaborated on in Appendix H.2. The two self role schemes allow us to test whether
GPT-OSS can be approximated with just one role-filler pair in each token’s hidden state (question 1 above);
if the other role schemes meaningfully outperform the self ones, this is evidence that each token’s representa-
tion combines multiple pieces of information. Comparing the task-agnostic vs. task-specific roles then allows us
to test if task-specific structure is necessary to give a strong approximation (question 2 above); bag-of-words
and bidirectional (all) give two versions of task-agnostic structure (degenerate and non-degenerate), while
task-specific (all) gives task-specific structure. For each role scheme and task, we perform 5 runs of DIS-
COVER training to get a sense of variability across re-runs. See Appendix H.3 for DISCOVER training details.

The results are in Figure 6.2. For all six tasks, task-specific (all) outperforms the other role schemes,11
giving an approximation accuracy that is extremely close to GPT-OSS’s own accuracy at the task. (The largest
gap between GPT-OSS’s accuracy and the average accuracy of the DISCOVER approximation is 2.36%, in the
arithmetic task). These results provide evidence that GPT-OSS encodes multiple role-filler pairs at each position
and that these role-filler pairs have semantics corresponding to elements of task-specific structure. Zooming out,
the findings support the view that the way GPT-OSS performs these symbolic tasks is by constructing a TPR
for each input token that encodes task-specific information about itself and the preceding context.

7 Causal interventions
An important property of symbolic structures is that they are made of multiple components. We have shown so
far that we can replicate the behavior of various neural networks by replacing their entire representations with
TPRs. We now investigate whether these same networks are sensitive to the compositional structure within the
TPR: if we edit just part of a network’s representation, does the network’s behavior change in the expected ways?

The TPR formalism makes it straightforward to perform such partial edits; the procedure is shown in Fig-
ure 7.1 (left). In a TPR, the representation of a complete structure is the sum of the representations of the

role from another—act somewhat like the keys and queries in that they enable the interactions between two tokens to be informed
by abstract information about both tokens. Thus, we hypothesize that these pair-based roles capture some types of outcomes that
could arise from building representations in a way that leverages attention based on queries and keys.

11Note that, in five of the six tasks, task-specific (all) also uses a larger role vocabulary than any other role scheme. However,
there is evidence that this factor is not what drives the success of task-specific (all); see Appendix N.
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Figure 6.2: DISCOVER results at approximating GPT-OSS performing various symbolic tasks. The dashed
lines indicate GPT-OSS’s performance on each task. Each bar is the mean across 5 reruns, with error bars
showing two standard deviations.

role-filler pairs within it. For instance, the representation of the list Q,M,Z using left-to-right roles would be
the sum of the representations of the three role-filler pairs (where TPR(a : b) is realized as W (ra ⊗ fb)):12

TPR(Q,M,Z) = TPR(1st : Q) + TPR(2nd : M) + TPR(3rd : Z) (1)

That is, “the whole is literally the sum of the parts” (Smolensky, 2006). As a result, we can change one TPR into
another by subtracting out the representation of one role-filler pair and adding in the representation of another.
For instance, we could change TPR(Q,M,Z) into TPR(Q,M,U) as follows:

TPR(Q,M,Z)− TPR(3rd : Z) + TPR(3rd : U) = TPR(Q,M,U) (2)

If our target model’s representations are indeed implicit TPRs, then we should be able to modify those repre-
sentations as well using the same edits, where target(s) is a representation obtained from our target model and
TPR(r : f) is a representation obtained from our DISCOVER model:

target(Q,M,Z)− TPR(3rd : Z) + TPR(3rd : U) = target(Q,M,U) (3)

To test whether our target models are indeed sensitive to the compositional structure of TPRs, we run tests based
on equations like 3: we start with a representation from the target model, then subtract out the representation
predicted by DISCOVER for one or several role-filler pair(s), then add in the representation predicted by DIS-
COVER for one or several new role-filler pair(s). Note that the revision we make changes every number in the
representational vector by a precise amount; the method does not assume that individual pieces of information
are localized inside individual numbers within the vector. We then plug the edited representation into the target
model to see if its behavior appropriately reflects the targeted edit that we have made.

TPR-based representational editing was introduced by Soulos et al. (2020) under the name of constituent
surgery. It is a type of causal intervention—an analysis that involves changing a model’s representations to see if
its behavior changes accordingly, as a test of whether structure that has been identified in the representations is
also causally implicated in model behavior (Giulianelli et al., 2018; Bau et al., 2019; Besserve et al., 2020; Geiger
et al., 2025). It is worth noting some differences between constituent surgery and two other prominent methods
for intervening on neural network representations, namely patching (Vig et al., 2020; Meng et al., 2022; Wang
et al., 2023; Zhang and Nanda, 2024) and steering (Subramani, Suresh, and Peters, 2022; Li et al., 2023; Turner
et al., 2023; Rimsky et al., 2024). Patching and steering both involve editing a network’s representation of one
input based on its representation(s) of some other input(s); in patching, entire parts of the other representation
are swapped into the current representation, while in steering a targeted vector (created by, e.g., averaging over
other representations that show some desired property) is added to the representations in order to encourage
a particular behavior. In contrast, the edits made in constituent surgery are derived from an interpretable,
closed-form analysis of the network’s representational space rather than from the network’s representations of

12In our framing earlier in this paper, a linearly-transformed TPR is defined as W (
∑

i fi ⊗ ri) + b. In this section we assume
an equivalent expression in which W has been distributed inside the sum: (

∑
i W (fi ⊗ ri)) + b. We omit the bias term b in the

discussion here because it cancels across the terms in Equation 2.
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Figure 7.1: Left: The constituent surgery process used to test if we can edit a model’s behavior via targeted
edits to its representations (Soulos et al., 2020). (1) We obtain the target model’s encoding E for an input (here,
the input W,X,C is being provided to a target model that performs reversal). (2) We edit E by subtracting the
predicted representation for one role-filler pair and adding the predicted representation for another role-filler
pair, producing an edited encoding E′. (3) We feed E′ into the target model’s decoder and see if the decoder
shows the intended change in behavior (here, producing D,X,W instead of C,X,W). Right: Results of applying
constituent surgery on models trained to perform transformations on sequences of letters.
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Figure 7.2: Accuracy of causal interventions carried out on LLM period encodings of lists and sentences.

particular examples, Constituent surgery shares this property with distributed alignment search (DAS; Geiger
et al., 2024), but DAS differs from constituent surgery in that it operates via directly training an analysis model
to facilitate causal interventions, whereas in DISCOVER the training is based on a representational hypothesis
that enables causal interventions as a downstream consequence.

7.1 Letter sequence models
We first perform constituent surgery on the models from Section 4 that were trained to manipulate sequences
of letters. The role-filler representations that we used to make the edits were taken from DISCOVER models
with bidirectional roles. We only analyzed the architectures that use a single-vector encoding (MLPs, GRUs,
and bottleneck Transformers, but not standard Transformers) because the multi-vector models in Section 4
were well-approximated with only one role-filler pair per vector; thus, interventions on those models would be
overwriting whole vectors, meaning they would not achieve our goal of editing only part of a representation.
Across architectures and tasks, these causal interventions achieve near-perfect accuracy (Figure 7.1, right).

7.2 Period encodings
We now perform causal interventions on LLM encodings of periods following both lists and sentences, building
on the experiments in Section 5. For lists, we do interventions that replace one word in a list of length 5.
For sentences, we use sentences of the form The NOUN VERBED the NOUN, and the NOUN VERBED the
NOUN, and we run interventions that replace one noun with another. See Appendix I.2 for more details. The
interventions achieve high accuracy, coming close in all cases to the accuracy of the target model (Figure 7.2).
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def alter(sequence):
return [“B”] + sequence

def change(sequence):
return sequence * 2

y = [“Q”, “E”, “V”]
x = [“J”, “R”, “M”] 

change( y )

Original prompt:

Original answer:
[“Q”, “E”, “V”, “Q”, “E”, “V”]

Switch to alter
Answer becomes:
[“B”, “Q”, “E”, “V”]

Switch to 3
Answer becomes:
[“Q”, “E”, “V”, 
“Q”, “E”, “V”, 
“Q”, “E”, “V”]

Switch to H
Answer becomes:
[“H”, “E”, “V”, 
“H”, “E”, “V”]

Switch to x
Answer becomes:
[“J”, “R”, “M”, 
“J”, “R”, “M”]

Figure 7.3: Causal interventions on fillers in GPT-OSS. For each type of intervention shown here, we run 100
interventions on examples of that type, yielding accuracies of 0.99 when changing an element in a list, 1.00 when
changing the number of repetitions, 0.95 when changing which function is called, and 0.96 when changing which
variable is used as the argument of the function call.

7.3 Symbolic tasks in GPT-OSS
Finally, we also perform causal interventions on GPT-OSS when it is performing tasks in arithmetic, logic, coding,
and language. For instance, given the input The spy helped the clever poet, can we edit the sentence structure
by editing the representation of clever to change its position from object adjective to subject adjective, such that
GPT-OSS responds as if the input had been The clever spy helped the poet?

Implementing these interventions is more complicated than the interventions described in the previous subsec-
tions because the GPT-OSS representations that we approximated via DISCOVER do not use a single vector per
input sequence but rather include one vector per input token per layer. Further, under our DISCOVER hypothe-
ses, each token encodes information about itself and all previous tokens. To conduct an intervention on GPT-OSS,
we therefore edit all representations (across tokens and layers) that are predicted under our DISCOVER analysis
to require revision in order to carry out the intervention. See Appendix I.3 for details.

Across the 6 tasks described in Section 6, we run 31 types of causal interventions, which yield an average
intervention accuracy of 0.903. This result shows that GPT-OSS is indeed sensitive to the constituent structure
of the TPRs that we have used to approximate it, such that we can make edits to one part of this structure and
have GPT-OSS’s behavior change appropriately. For full details of these 31 evaluations, see Appendix I.3. In
the rest of this subsection, we describe a selection of the results from these experiments.

Changing fillers: We first consider interventions in which we change the value of a filler (the same type of
intervention performed on the letter sequence models and period encodings). For instance, in the arithmetic
setting, we might start with an input of -2 + 3 * -4 and then edit the filler 3 to become 8, which should change
GPT-OSS’s output from -14 to -34. These filler-based interventions generally attain high accuracies; e.g., the
aforementioned type of arithmetic intervention yields an accuracy of 0.978. Figure 7.3 gives some examples of
how filler-based interventions (in the code execution task) can cause fairly substantial changes in the output.

Changing roles: TPRs involve explicit representations of structural positions, via roles. Therefore, our DIS-
COVER approximations should make it possible to change the position of an element in a structure by editing
that element’s role. For example, if we start with the input The economists stopped the polite tourists, we should
be able to change the position of polite by subtracting the representation of polite bound to its current position
(object adjective) and adding in the representation of polite bound to a new position (subject adjective); after
this intervention, GPT-OSS should behave as if its input had been The polite economists stopped the tourists.
Such role-modifying interventions achieve high accuracy; see Figure 7.4 for examples.13

13Since the original Transformer (Vaswani et al., 2017) included explicit positional representations that were added to the input,
one might wonder if our role-changing interventions merely operate by adjusting explicit positional information from the positional
embedding space. However, GPT-OSS—the model we study here—handles positions with a different approach, RoPE (Su et al.,
2024), that does not involve explicit vector representations of positions (it only modifies the queries and keys during attention rather
than directly contributing positional information to the residual stream). Thus, the positional information that we are intervening
on must be implicit/emergent rather than a built-in part of the architecture.
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def alter(sequence):
return sequence * 3

def change(sequence):
return sorted(sequence)

y = [“Z”, “U”]
x = [“A”, “M”, “Q” ] 

alter(y)

Original prompt:

Original answer:
[“Z”, “U”, “Z”, “U”, “Z”, “U”]

Switch position to:
3rd element of y

Answer becomes:
[“Z”, “U”, “Q”, 
“Z”, “U”, “Q”, 
“Z”, “U”, “Q”]

3 + 6 * 8

Original prompt: Original answer:
51

Swap positions

Answer becomes:
30

A B

Moving an 
adjective

Input: The editors advised the clever artist.
Original output: The editors advise the clever artist.
New output: The clever editors advise the artist.

Moving a 
prepositional 

phrase

Input: The famous astronauts recognized the actors near the happy tutors.
Original output: The famous astronauts recognize the actors near the happy tutors.
New output: The famous astronauts near the happy tutors recognize the actors.

Moving a 
relative clause

Input: The poets avoided the tall spy who helped the cyclist across from the intern.
Original output: The poets avoid the tall spy who helps the cyclist across from the intern.
New output: The poets who help the cyclist across from the intern avoid the tall spy.

C

Figure 7.4: Causal interventions on GPT-OSS that change the structure of the input. Such interventions are
conducted by using a DISCOVER approximation to edit the role of an element in the input. A. Swapping the
positions of two numbers in an arithmetic expression (average intervention accuracy: 0.978). B. Moving a letter
from one list to another in Python code (average intervention accuracy: 0.950). C. Moving modifiers within
a sentence in the tense reinflection task (in these examples, the modifier always moves from the object to the
subject). Moving a prepositional phrase or relative clause requires editing many role-filler pairs; further, the
movement of the relative clause requires one verb to change from singular to plural in the output (underlined).
Average intervention accuracy: 0.980 for adjectives, 0.892 for prepositional phrases, 0.958 for relative clauses.

Complete vs. local interventions: Our DISCOVER analyses involve the hypothesis that each token’s rep-
resentation encodes that token as well as all preceding tokens. Accordingly, our interventions that edit the filler
or role of a token have involved modifying the representations of not just that token but also many others. One
might wonder, however, if editing only the token of interest would suffice to attain the high intervention accura-
cies we have seen; perhaps the traces that tokens leave in the representations of other tokens have little impact
on model behavior. To test this possibility, we reran our interventions with only the representations of the target
token(s) being modified (see Appendix I.3 for details). In general these local interventions continued to perform
almost as well as the full interventions when a filler was being edited, but when a role was being edited (i.e.,
when we were performing a structural change) performance dropped substantially in the local case. This result
suggests that the representations of token identity are fairly localized to individual tokens in GPT-OSS, while
the representations of structure are more distributed across tokens.

Structure-sensitive vs. non-structure-sensitive interventions: Given that a role scheme based on linear
order (i.e., bidirectional (all)) gave reasonably strong approximations in Section 6, one question that one
might have about our structure-changing interventions is whether they truly involve editing abstract structure
or if they work purely by manipulating linear position. Appendix J contains an experiment on passivization and
tense reinflection motivated by this question. This experiment finds that the interventions are indeed sensitive
to sentence structure: interventions that respect sentence structure achieve high accuracies, while interventions
that respect linear order but not sentence structure attain low accuracies.

7.4 Causal intervention summary
Across all of the model types that we have approximated with DISCOVER, we have found that we can make fine-
grained edits to a model’s behavior by editing components of its internal representations. This finding shows that
these models are sensitive to the compositional structure of the TPRs that underlie our DISCOVER analyses.
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8 Testing generalization to novel role-filler pairs
A critical part of DISCOVER (distinguishing it from much other interpretability work, such as work using sparse
autoencoders) is that it hypothesizes that neural network representations capture pairs of roles and fillers bound
together, rather than only capturing atomic concepts. Consider the three representations of the sentence cats
chase dogs shown below. Proposal (1) uses systematic combinations of roles and fillers, while the two proposals
in (2) use only atomic concepts, with each atomic concept capturing either a filler (2a) or a role-filler pair (2b):

(1) Systematic role-filler binding: {subject :cats, verb:chase, object :dogs}

(2) Atomic concepts:
a. Concepts = fillers: {cats, chase, dogs}
b. Concepts = role-filler pairs: {cats-as-subject, chase-as-verb, dogs-as-object}

Role-filler binding as in (1) is central to our hypothesis about how neural networks encode structure. We have
already discussed why (2a) cannot be the strategy used by the target models (Section 2.2): solely encoding which
words are present does not capture word order, yet our target models are clearly sensitive to order. Therefore,
positional roles must be part of our target models’ representations—but are these roles systematically composed
with fillers as in (1), or are role-filler pairs merely encoded as atomic units as in (2b)? The results discussed so
far do not answer this question definitively because, even though DISCOVER is intended to capture systematic
role-filler binding, it is possible for DISCOVER to arrive at degenerate solutions in which role-filler pairs are
encoded as atomic entities (see Section 5.3.3.10 of McCoy (2022)). To know for sure whether we have found
systematic representations of role-filler pairs, we need to test if DISCOVER can generalize to role-filler pairs that
did not appear in the training of DISCOVER—a question that the experiments in this section address.

The key point underlying these experiments is that DISCOVER can only generalize to novel role-filler pairs if
the target model has systematic role-filler binding. Otherwise, DISCOVER would have no basis for determining
how the novel pairings should be represented. Appendix M highlights this point using white-box models (models
whose internal structure is known to us); when we apply DISCOVER to white-box models known to have
systematic binding, DISCOVER robustly generalizes to novel role-filler pairs; but when we apply DISCOVER to
white-box models known to lack systematic binding, then DISCOVER fails to generalize to novel role-filler pairs.

Methods: We test for generalization to novel role-filler pairs by training DISCOVER in the same way as before,
except that during the training phase we withhold certain role-filler pairs. For instance, in the letter sequence
experiments, none of the DISCOVER training examples contain C in the 3rd position. We then evaluate how well
DISCOVER generalizes to examples that contain one or more of the withheld role-filler pairs. In each experiment,
the evaluation set is split into multiple subparts containing examples with differing numbers of withheld role-filler
pairs so that we can analyze the extent to which DISCOVER’s performance drops off as the evaluation examples
contain increasing numbers of unfamiliar combinations. See Appendix K for details about which role-filler pairs
are withheld. The withholding of role-filler pairs is only done when training DISCOVER, not when training the
target model; this is because the withholding is not meant to test whether the target models show systematic
generalization behavior (which is often what such withholding is used for in prior work); rather, it is way to
assess the extent to which the representations of the target models have systematic structure.

As a strong baseline, we compute the best accuracy that DISCOVER could achieve if the target model does
not combine roles and fillers in a systematic way. This baseline accuracy is 1

n! for examples involving n role-filler
pairs that DISCOVER was not trained on. To derive this number, suppose we have applied DISCOVER to a
letter-sequence-copying model and that we are testing it on the example A M C D Q W; the underlining indicates
which role-filler pairs were not present in DISCOVER’s training—e.g., it has never encountered A as the first
element. For the role-filler pairs that it has encountered, DISCOVER can confidently place each filler in the
correct output position, yielding _ M _ _ Q W. That leaves three leftover fillers (A, C, and D) and three empty
slots. This baseline assumes that fillers are not bound to roles in a way that can be systematically leveraged, so
no strategy can beat randomly placing the remaining letters into the remaining slots. There are n! ways to put n
items into n slots (in this case, n = 3, so n! = 6), but only one of those options is correct, yielding the accuracy
mentioned above: 1

n! . We call this strategy the strong chance baseline.14 Note that DISCOVER does not need
14This name contrasts the strong chance baseline from a weaker baseline in which each novel role-filler pair is decoded by producing

a random filler from the vocabulary, yielding an accuracy of (1/|Vf |)n where |Vf | is the number of possible fillers. We do not include
this weaker baseline in our plots because it usually yields an accuracy very close to 0.
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Figure 8.1: Testing how DISCOVER generalizes to novel role-filler pairs when it is trained to approximate the
encodings of models trained to manipulate sequences of letters. The dots show the mean across 10 reruns, while
the error bars show two standard deviations (truncated at 0.0 and 1.0).
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Figure 8.2: Testing how DISCOVER generalizes to novel role-filler pairs when it is trained to approximate
LLM period encodings after lists of length 5 (top) or sentences of the form “the NOUN VERBED the NOUN,
and the NOUN VERBED the NOUN.” (bottom). This plot shows the results for the middle layer of each LLM
(the one labeled “50%” elsewhere in this paper); see Figure K.1 in the Appendix for other layers. The dots show
the mean across 10 reruns, while the error bars show two standard deviations (truncated at 0.0 and 1.0).

to be above the baseline for all values of n in order for us to conclude that there is systematic binding. As long
as it exceeds the baseline for some values of n, that is enough to be convincing evidence; the cases where it fails
to exceed the baseline could be due to extraneous factors such as noise.

As a final methodological note, the experiments in this section used L2,1 regularization, which we found to
be helpful for DISCOVER models to generalize to novel role-filler pairs. See Appendix L for discussion.

Results: For the DISCOVER approximations of letter sequence models (Figure 8.1), all cases except for the
interleaving Transformer show average performance that is well above the baseline for larger numbers of withheld
role-filler pairs; some cases show large error bars indicating variability across re-runs of the experiment, but others
show DISCOVER retaining near-ceiling accuracy across reruns and regardless of how many withheld role-filler
pairs there are. The period encoding cases also show robust generalization that is substantially above the baseline
across all models (Figure 8.2). Finally, for all tasks except arithmetic, the instances of DISCOVER applied to
GPT-OSS substantially outperform the baseline for larger numbers of unseen role-filler pairs (Figure 8.3).

In sum, for almost all target models we have considered, DISCOVER robustly generalizes to novel role-filler
pairs when trained to approximate those target models. Therefore, the target models’ representations must
incorporate systematic binding between roles and fillers—otherwise DISCOVER could not generalize to novel
combinations of roles and fillers. This result provides crucial evidence for this paper’s core representational
hypothesis: the learned representations of neural networks do not solely encode atomic concepts but rather
encode systematic role-filler pairings (perhaps instead of, or perhaps in addition to, encoding atomic concepts).
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Figure 8.3: Testing how DISCOVER generalizes to novel role-filler pairs when it is trained to approximate the
encodings of GPT-OSS performing symbolic tasks. The dots show the mean across 5 reruns, while the error bars
show two standard deviations (truncated at 0.0 and 1.0).

9 Discussion
Across a wide range of models, we have found implicit, emergent symbolic structure in the representations of
neural networks. This implicit structure takes the form of linearly-transformed Tensor Product Representations.
The fact that this structure emerged across many different types of models and training tasks is evidence that
it is not simply a quirk of one type of model but rather is at least a fairly general property of how neural
networks encode symbolic structure. Further, these approximations enable us to modify model behavior in
targeted ways through controlled interventions on internal representations, and these approximations generalize
out-of-distribution to vocabulary elements in novel positions; these two latter points together show that the
structure we have identified is systematic and that models rely on this structure when producing their behavior.

9.1 The relationship between symbols and neural networks: A symbolic victory?
In cognitive science, there is a longstanding debate about the relationship between neural networks and symbolic
systems (Fodor and Pylyshyn, 1988; Pater, 2019; Griffiths et al., 2025). The two most prominent positions in this
debate are eliminativism and implementationalism. The eliminative position is that the successes of neural
networks allow us to eliminate symbols from cognitive theories, in favor of theories that are stated in terms of
neural network computation (Rumelhart, Hinton, and McClelland, 1986). Under this view, symbolic theories are
“occasionally useful but often misleading” (McClelland et al., 2010): they might give a rough characterization of
aspects of cognition, but they do not faithfully reflect the actual cognitive processes that occur in the brain. In
contrast, the implementational position is that the only way a neural network could capture symbol-system-like
behaviors is by internally implementing a symbol system (Fodor and Pylyshyn, 1988; Marcus, 1998).

Recent advances in AI might seem to strongly support the eliminative view because systems without explicit
symbolic structure are now the state of the art in domains long viewed as symbolic. However, the results of the
current paper go against this view because we have shown that, although such systems lack explicit symbolic
structure, they nonetheless have implicit symbolic structure. Thus, such systems should not be taken as evidence
that symbols can be eliminated from theories of advanced cognition; symbols are not only important in the
training of such systems (Griffiths et al., 2025) but also in their internal processing.

Our results might be taken to support the implementationalist view that successful neural networks must
implement symbol systems, but we argue against this conclusion. Rather, we believe that the view that is most
likely to be correct is the in-between perspective of limitivism (Smolensky, 1988), which is the proposal that
neural networks approach symbol systems in the limit but in practice only realize symbol systems approximately
rather than precisely.15 This proposal is not eliminativist because it has symbols—neural symbols—playing
a central role in defining the algorithmic and representational structure of neural networks, but it is also not
implementational because networks only implement symbol systems approximately rather than precisely.

One reason to view our work as supporting limitivism is that DISCOVER usually achieved high accuracy but
not perfect accuracy at approximating target models, which supports the view that these models are approxi-
mately but not exactly symbolic. For instance, the average accuracy of our causal interventions on GPT-OSS
was 0.903; the fact that these interventions usually worked shows that GPT-OSS’s behavior is causally influenced

15We remain agnostic about which type of limit is relevant here. Some candidates are the limit as the amount of training
approaches infinity, the limit as computation (e.g., network size) approaches infinity, the limit as numerical precision approaches
infinity, the limit as soft versions of discretization approach true discretization (Merrill, 2019), and the limit as noise approaches zero.
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by some version of the symbols we targeted, but the fact that this accuracy is meaningfully lower than 1.0 shows
that it does not treat these internal symbols in precisely the same way as a true symbol system would.

Another one of our results that more directly supports the “limit” aspect of limitivism is the fact that,
when we approximated LLM period encodings from complex sentences, the period-unpacking models performed
substantially better when decoding from DISCOVER approximations than when decoding from the original
LLM encodings (compare “bidirectional” to “reconstruction from LLM encodings” in Figure 5.2, bottom; e.g., for
GPT-OSS’s middle layer, the period-unpacking model’s accuracy was 0.71 when given LLM encodings yet 0.96
when given bidirectional DISCOVER approximations). Recall that the period-unpacking models take in an
LLM period encoding and aim to reconstruct the sentence that preceded the period. The DISCOVER model was
trained to approximate the LLM period encodings, and it was evaluated by feeding its approximations to the
period-unpacking model. What is striking is that, even though the period-unpacking model was trained on actual
LLM period encodings, it performs better when fed DISCOVER approximations of those period encodings. We
believe the best interpretation of this result is the following: The LLM period encodings are characterized by an
approximately-but-not-precisely symbolic structure. The period-unpacking model picks up on this structure and
uses it to produce its output. When DISCOVER is trained on period encodings, it precisely realizes the symbolic
structure that is only approximate in the actual period encodings. Since this structure is what the period-
unpacking model relies on, it performs better with DISCOVER’s precise version of this structure than with the
approximate version of the structure that is present in the actual period encodings. This idealized structure must
be truly “present” in the period encodings in some sense, or else the period-unpacking model trained on the period
encodings would not come to rely on this structure, but the discrepancy between the period-unpacking model’s
accuracy when fed LLM encodings vs. DISCOVER approximations shows that it remains only approximately
realized in the period encodings. This overall picture is the sort of scenario predicted by the limitivist view.

To the extent that neural networks deviate from precise symbol structures, an important goal for future
work is understanding the nature of these deviations (Baroni, 2022; McGrath et al., 2024). It could be that the
deviations are merely noise, but there are important reasons to believe instead that the deviations equip neural
networks with abilities that could not be achieved by purely symbolic systems—e.g., by enabling a seamless
integration of computation that handles the systematic, compositional aspects of cognition with computation
that handles the fuzzy, statistical aspects of cognition (Piantadosi et al., 2024; Lampinen et al., 2024; Rodriguez,
Mueller, and Misra, 2025). Such integration might be central in enabling LLMs to process language (Boleda,
2025; Futrell and Mahowald, 2026): it has been frequently argued that much of the crucial structure within
natural language is not discrete and not combinatorially productive, and that this aspect of language structure
is missed by symbolic theories (e.g. Bybee and McClelland, 2005).

Even in cases where neural networks do precisely implement symbol systems, it could be that having a
symbol system implemented in a neural network has consequences that make it meaningfully different from a
discrete-symbol-based implementation. For instance, a neural implementation might display graceful degradation
(McClelland, Rumelhart, and Hinton, 1986) that makes it more robust to certain types of noise than a discrete
implementation would be; and it might be more readily learnable from data because its differentiability enables
powerful gradient-based learning methods that are not available within discrete symbolic computation.

An additional issue in debates about symbols relates to innateness: Is symbolic processing an innate aspect of
human cognition? Some have argued that aspects of symbolic computation are a central part of what is innate in
humans (Fodor, 1975; Hauser, Chomsky, and Fitch, 2002), and very young infants display abilities that appear to
involve symbol processing (Marcus et al., 1999; Gomez and Gerken, 1999; Cesana-Arlotti et al., 2018). However,
others argue that symbolic cognition might emerge from learning rather than being innate (McClelland et al.,
2010; Santoro et al., 2021). The structure that DISCOVER reveals is unlikely to be innate in the target models
we have studied, so our results are evidence that symbolic structure can emerge over the course of learning inside
systems that are not innately provided with symbols. Note, though, that the emergence of symbolic structure
might depend on training data generated by symbolic systems (Griffiths et al., 2025); further, attaining human-
like cognition from the quantity of data that humans experience might require symbolic predispositions, since the
systems we have studied likely received substantially more training data than humans need in order to acquire
the same abilities; e.g., LLMs receive orders of magnitude more linguistic input than children do (Frank, 2023).

9.2 Other types of role-filler representations
TPRs are just one approach for encoding symbolic structure in vector space; many other approaches exist, of-
ten grouped under the term vector symbolic architectures (VSAs). Some other prominent formalisms include
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Holographic Reduced Representations (Plate, 1991), Multiply-Add-Permute (Gayler, 1998), and Binary Spatter
Codes (Kanerva, 1994); for overviews, see Mitchell and Lapata (2010) and Kleyko et al. (2021). It turns out that
all major VSAs are special cases of linearly-transformed TPRs (Smolensky and Tesar 2006; Hiratani and Som-
polinsky 2022; McCoy 2022, Section 5.3.3), in that they can be implemented using a linearly-transformed TPR
given appropriate choices for the filler vectors, role vectors, and linear transformation. A positive consequence of
this fact is that, as long as the target model uses any member of this broad family to represent structure, then
DISCOVER will be able to approximate the target model; a negative consequence is that a successful DISCOVER
analysis does not tell us which member of this family is used by the target model. We do not consider this nega-
tive consequence to be a problem because we are not committed to any particular member of the VSA family but
rather to the high-level structure that all such approaches share (role-filler representations with multiplicative
binding and additive aggregation). One direction for future work would be to more narrowly characterize which
member(s) of this representational family are being used by the target models we have analyzed.

9.3 Extensions of DISCOVER
This paper only scratches the surface of what must be studied to understand compositional structure in neural
networks. Our results have shown that trained networks utilize a particular type of representational structure,
and future work should analyze (i) how networks produce this structure using the computational mechanisms
that are available to them (which, notably, usually do not include the tensor product); (ii) how downstream parts
of the network process this structure; and (iii) how this structure arises during training. The connections made
by Schlag, Irie, and Schmidhuber (2021) between Transformer memory and TPRs, as well as recent advances in
understanding neural network circuits (e.g., Lindsey et al., 2025), might help in answering (i) and (ii), while (iii)
connects to the growing interest in understanding neural training dynamics (Biderman et al., 2026).

DISCOVER could also be extended to additional types of fillers and roles. We have only used TPRs with a
discrete, atomic vocabulary of fillers and roles, but the TPR formalism can also handle fillers and roles that are
continuous or that have recursive structure (Smolensky, 1990). TPRs can encode structures in which a role has a
blend of numerically-weighted fillers, or in which a filler is bound to a blend of numerically weighted roles: such
Gradient Symbol Systems have been shown to enable unification of aspects of cognition that are quite discrete
(like the tasks analyzed here) and those that mix discrete and continuous dimensions (Smolensky, Goldrick, and
Mathis, 2014; Smolensky et al., 2022). Extending DISCOVER to embrace such Gradient Symbol Systems could
shed considerable light on how neural computation gives LLMs their extreme power with natural language.

Finally, our analyses have focused on specific tasks and domains (e.g., arithmetic problems with a particular
structure). Future work should explore how to scale up DISCOVER to broader types of stimuli, ideally matching
the breadth of the stimuli that modern AI systems can handle. Doing so will likely require modifying DISCOVER
to make it unsupervised such that we do not need to manually form hypotheses about what fillers and roles to
expect; see Soulos et al. (2020) for an example of how we can reduce the supervision involved in DISCOVER.

9.4 Implications for mechanistic interpretability
Before you can analyze a neural network, you must decide which aspect of it to analyze—e.g., attention heads
(Clark et al., 2019), individual neurons (Lakretz et al., 2019), directions in vector space (Cunningham et al.,
2023), or circuits (Wang et al., 2023). Even unsupervised methods—which are called unsupervised because they
make fewer assumptions than other methods—still make assumptions about which network components should
be studied. Therefore, a critical question for mechanistic interpretability is what units of analysis drive model
behavior (Mueller et al., 2026). If we make incorrect assumptions about what a network’s basic representational
and processing units are, then our analyses will be doomed. For instance, analyzing individual neurons will not
be illuminating if the network encodes information in subspaces that are not basis-aligned. Our work contributes
to this discussion by showing that, at least in many cases, some units of analysis that causally influence model
behavior are multiplicative combinations of filler and role vectors. We suggest that future interpretability methods
should incorporate this finding into the assumptions that they make about how neural networks implicitly operate.
Indeed, Enyan and McCoy (2026) show that the successes of several existing interpretability methods can be
explained by the hypothesis that neural networks implicitly use TPR structure. If TPR structure does indeed
underlie existing interpretability results, it is likely that it can also form a useful foundation for future work.
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9.5 Why do neural networks perform so poorly at compositional generalization?
One benefit of representing information in a compositional way is that it enables generalization to novel combi-
nations of units. For instance, even if you have never heard the phrase purple walrus before, you can understand
it by knowing the meanings of the two words and how to combine them. We have found consistent evidence
that neural networks encode information in a compositional way. However, an extensive body of prior literature
has found that neural networks perform poorly at generalizing to novel combinations of units (Marcus, 1998;
Lake and Baroni, 2018; Kim and Linzen, 2020; Hupkes et al., 2020; McCoy et al., 2024; Lewis and Mitchell,
2025). For example, Kim and Linzen (2020) studied networks trained to take in an English sentence and produce
a representation of its meaning. Such networks performed poorly at handling known words in novel positions;
e.g., when networks had only ever encountered the word hedgehog as the subject of a sentence, they often made
errors when hedgehog appeared as the object of the sentence, essentially failing to generalize to a novel role-filler
combination—a type of generalization that one might hope would result from using TPR-based representations.

One way to explain how neural networks could display compositional representations without compositional
generalization is that they might only develop compositional representations for the role-filler combinations that
they have encountered. Such a scenario would produce networks whose representations are compositional but
which fail to generalize compositionally. As an illustration of how such a situation could arise, consider the
word2vec model (Mikolov et al., 2013), which produces a vector representation for each word in its vocabulary.
Mikolov, Yih, and Zweig (2013) found that these vectors display compositional structure. For instance, the vector
for king minus the vector for man plus the vector for woman was approximately equal to the vector for queen.
Later work has raised concerns with these results (Linzen, 2016; Rogers, Drozd, and Li, 2017), but for the sake
of argument we will assume that these additive relationships hold, as this discussion is an in-principle one. The
word2vec architecture is simply a lookup table: each word’s representation is an arbitrary vector, with nothing
in the architecture requiring related words to have related representations—whatever structure exists in the
word representations must emerge as a result of top-down pressures from the training process. Therefore, if the
training data omitted the word queen, word2vec’s learned vectors would no longer obey the math described above,
because the representation of queen would have had no opportunity to be shaped into something reasonable. This
word2vec thought experiment illustrates how a system could have compositional representations without being
able to behaviorally generalize to novel combinations of features; future work could study if some version of this
hypothesis also applies to architectures (such as our target models) that are more complex than lookup tables.

9.6 Might the brain use TPRs?
The puzzle that motivated this paper was that artificial neural networks can perform tasks that seem to require
symbolic structure. The same puzzle also applies to the brain: the brain is a neural network (albeit a biological
one rather than an artificial one), and it excels in seemingly-symbolic domains such as language. Our conclusions
could potentially extend from artificial networks to the brain—perhaps the brain also leverages TPR structure to
carry out symbolic tasks. We have found TPR structure across a broad range of neural architectures, suggesting
that TPR structure is adopted fairly generally across types of neural networks; perhaps this generality extends
as far as to the brain. However, the brain differs in important ways from artificial neural networks, so the current
results certainly do not allow us to make any strong claims about biological cognition without empirical studies
that look for TPRs in brain recording data; DISCOVER could directly support such studies.

One reason to be optimistic that DISCOVER could capture structure in brain data is that LLMs and their
precursors have been shown to provide strong fits to brain responses (Jain and Huth, 2018; Schrimpf et al., 2021;
Caucheteux and King, 2022; Tuckute et al., 2024), and we have shown that DISCOVER can provide strong fits
to LLMs; by transitivity, DISCOVER might then provide strong fits to brain data. However, the stimuli that we
used in our LLM analyses were different from those used in the studies that fit LLM encodings to brain data, so
we cannot yet draw strong conclusions about whether TPRs can explain patterns in brain activations.

10 Related work
Analyzing neural networks with TPRs: TPRs were introduced by Smolensky (1987) at the first NeurIPS
conference. In the longer journal version of that work, Smolensky (1990) raised the possibility that neural
networks might naturally learn to produce TPRs: “In the short term at least, our learning rules and network
simulators do not seem powerful enough to make network learning of linguistic representation feasible. Even if
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such learning is feasible at some future point, we will still need to explain how the representation is done. There
are two empirical reasons to believe that such explanation will require the kind of analysis begun in this paper....”
It seems reasonable to conclude that “some future point” has now arrived, and the current paper indeed applies
TPR-style analyses toward understanding systems that have learned their own linguistic representations.

To our knowledge, the first paper to empirically look for implicit, learned role-filler representations inside
neural networks was Monner and Reggia (2012), which analyzed a stripped-down version of an LSTM (Hochreiter
and Schmidhuber, 1997) to reveal how it builds and processes neurosymbolic representations. While this analysis
was ahead of its time, it required detailed, architecture-specific reasoning, making it challenging to apply to new
architectures or to complex role schemes. DISCOVER addresses those limitations through trainable TPRs that
are agnostic to the target model architecture, enabling us to analyze a wide range of target models.

DISCOVER was introduced by McCoy et al. (2019) who applied it to recurrent neural networks (RNNs)
trained on synthetic data as well as to sentence embedding models. DISCOVER was subsequently used by
Soulos et al. (2020), who applied it to RNNs performing the SCAN task (Lake and Baroni, 2018) and showed
that trained DISCOVER models could enable causal interventions on the target model, and Jawahar, Sagot,
and Seddah (2019), who applied it to BERT (Devlin et al., 2019). The current paper expands beyond these
prior papers by extending DISCOVER to a range of neural network architectures, including modern LLMs. The
dissertation of McCoy (2022) conducted preliminary versions of the letter-sequence experiments reported here.

Several other papers have made connections between black-box neural networks and TPRs or related for-
malisms. Smolensky et al. (2025) shows that a TPR-based algorithmic structure can explain the LLM ability of
in-context learning; this result serves as a theoretical demonstration of what could be achieved by Transformers,
while the current paper empirically studies what strategies are naturally learned by standard systems. Watten-
berg and Viégas (2024) gives a call to action for more work to connect role-filler models and LLMs, a direction
that the current paper certainly fits. Knittel et al. (2024) point out several ways in which the Transformer ar-
chitecture could relate to role-filler models, and they find evidence that GPT-2 uses aspects of its architecture in
the hypothesized ways; our work analyzes representations rather than processing mechanisms. Lee, Viégas, and
Wattenberg (2026) and Bronzini et al. (2025) proposed new types of probes that decode TPR-like information
from Transformer representations; while these papers use a decoding-based approach (reading information out of
neural representations), DISCOVER uses an encoding-based approach (reconstructing neural representations).

Zooming out, the core novel contributions that the current paper makes beyond the papers discussed above
are the following: (i) It identifies TPR structure across a wide range of neural network architectures; (ii) it
identifies TPR structure in LLMs performing tasks in several symbolic domains; (iii) it shows that the TPR
structure we have identified is causally implicated in LLM behavior; and (iv) it demonstrates that the TPR
structure generalizes to novel role-filler pairs. These findings are central to our core argument that systematic
role-filler structure is used broadly across types of neural networks in order to perform symbolic tasks.

Symbolic mechanisms in neural networks: Several interpretability papers have identified mechanisms
inside neural networks that show aspects of symbolic processing (Clark et al., 2019; Olsson et al., 2022; Lepori,
Serre, and Pavlick, 2023; Lindsey et al., 2025; Yang et al., 2025b). We focus on representations, not processing,
but one aspect of symbolic processing that is highly relevant to our work is variable binding. Lewis et al. (2024)
uses behavioral tests to analyze whether a vision-language model binds objects and attributes; we focus on
representations rather than behavior. Several papers have analyzed the mechanisms that models use to perform
the type of variable binding that underlies entity tracking (Dai, Heinzerling, and Inui, 2024; Feng and Steinhardt,
2024; Gur-Arieh, Geva, and Geiger, 2026) or variables in computer code (Wu, Geiger, and Millière, 2025); we
instead analyze how models represent structured inputs. Finally, Huang and Hahn (2026) introduces a method
for finding variable-like subspaces in neural network representations; one direction for future work is investigating
whether the sorts of subspaces identified in that work are related to the roles identified in the current paper.

Analyzing structure in neural networks: An extensive line of literature has investigated what types of
structural information can be decoded from neural network representations, such as syntactic information (Et-
tinger, Elgohary, and Resnik, 2016; Conneau et al., 2018; Hewitt and Manning, 2019; Tenney, Das, and Pavlick,
2019; Jawahar, Sagot, and Seddah, 2019; Lin, Tan, and Frank, 2019; Pimentel et al., 2020; Voita and Titov,
2020; Maudslay and Cotterell, 2021; Li and Kim, 2026). These papers use decoding-based approaches in which
information is read out from the target model; successful decoding indicates that the information in question is
present in the target model, but there is no guarantee that the extracted information reflects the global structure

29



of the vector space—it might be only a small part of a representational space that also contains much other in-
formation. DISCOVER is instead an encoding-based approach that aims to provide a complete reconstruction of
target model representations. Thus, one of the most important words in our title is of : Decoding-based methods
find structural information in vectors, whereas we analyze the structure of vectors.

Some other papers have used the general strategy of mapping the complete representational space to an
interpretable symbol structure (Kirov and Frank, 2012; Andreas, 2019; Chrupała and Alishahi, 2019; Lepori and
McCoy, 2020; Liu and Neubig, 2022; Murty et al., 2023; Pandey, 2023; Geiger et al., 2024). Despite this high-level
connection, the current paper differs from these other papers in the methods it uses, the models it analyzes, and
the representational structure that it is based on (i.e., TPR structure). Like the other approaches mentioned
in this paragraph, sparse autoencoders (Cunningham et al., 2023; Templeton et al., 2024) analyze the complete
structure of representations, but they do so in a bottom-up way that is usually only partially interpretable.

Integrating TPRs into neural networks: While the current paper analyzes whether implicit TPR structure
emerges in standard neural networks, there is also a line of literature aimed at explicitly incorporating TPRs
and related structures into neural networks, typically as a way to improve the network’s compositional abilities
(Palangi et al., 2018; Schlag and Schmidhuber, 2018; Lalisse and Smolensky, 2019; Schlag et al., 2019; Soulos
et al., 2021; Jiang et al., 2021; Soulos et al., 2023, 2024). For an overview of such work, see Smolensky et al.
(2022). One possible way in which DISCOVER might be beneficial for such work is that understanding of what
sorts of representations naturally emerge in trained networks might inform techniques for explicitly encouraging
particular types of structure (e.g., if the emergent structure has shortcomings that can be identified, we might
then want to encourage representations that overcome those flaws; or if the emergent representations are robust,
we might want to provide inductive biases that can encourage such representations to emerge with less training).

11 Conclusion
Neural computation and symbolic computation appear to differ radically and irreconcilably, yet our results
reveal that there is not necessarily a tension between the two: A single system can be simultaneously neural and
symbolic by using a neural architecture to construct symbolic representations. Specifically, we have shown via the
Tensor Product Representation formalism that the representations of a variety of neural networks can be closely
approximated with symbolic structures, providing an interpretable closed-form equation for the representations
of these networks. All the domains that we have analyzed are fully systematic, meaning that one could write
a simple symbolic program that would perfectly perform the task. However, there are also many domains that
are only partially systematic, where neural networks outperform all known symbolic algorithms; most tasks that
involve naturalistic language fall into this category because processing natural language requires fuzzy statistical
inferences in addition to systematic structure. An important future direction would be understanding not just
the representations used by neural networks in fully systematic domains (which is what we study here) but also
the representations used in settings that are only partially systematic. Such an understanding would illuminate
how a system can unify systematic compositionality with gradience and idiosyncrasies—a type of unification that
large language models seem to have achieved, at least in a partial sense, yet which remains poorly understood.
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A Linearly-transformed TPRs vs. basic TPRs
DISCOVER aims to approximate the representations of a neural network using linearly-transformed TPRs. There
are two reasons why we use linearly-transformed TPRs rather than basic TPRs.

First, the linear transformation gives us flexibility over the size and shape of the representation that is
generated. In a basic TPR, the representation must be a matrix of size df × dr, where df is the size of the filler
vectors and dr is the size of the role vectors. Our target models always encode information in vectors rather
than matrices, which necessitates some transformation that can turn a matrix into a vector. A simple choice for
such a transformation would be flatten the matrix into a vector by concatenating its rows; however, the resulting
vector would have size equal to dfdr, but it might be that the size of the target model’s representations does not
permit a precise factorization into two integers that can serve as reasonable values for df and dr. For instance,
if the target model uses representations with a prime number as the size—e.g., vectors of size 127—then either
the filler or role vectors would need to be vectors of size 1, a situation that is unlikely to be able to capture
much richness in the representational space in question. Including the linear transformation removes such strict
constraints on size: We can specify df and dr to be whatever we want and then use a linear transformation that
converts df × dr matrices into vectors of the size used by the target model.

The other reason why we include a linear transformation on top of basic TPRs is that it allows DISCOVER
to capture degrees of freedom that do not meaningfully change the conceptual structure of the vector space
but that might be important for approximating the target model. At a high level, the intuition is similar
to including a constant multiple when correlating two single-dimension variables: e.g., “height in meters” and
“height in feet” are effectively the same quantities because they are identical up to a constant multiple. Our use
of a linear transformation is meant to be the analogue of a constant multiple for multi-dimensional vector space:
successful DISCOVER results show that the target model’s representations are equivalent to TPRs up to a linear
transformation. More precisely, without a linear transformation, the target model’s representations could only
be approximated by TPRs if the elements of the target model’s representations and the elements of the TPR
are in a one-to-one correspondence and appear in the same order as each other. However, there are many ways
in which the two representational spaces could be effectively the same as each other without having this direct
alignment. They might use the same elements as each other but in a shuffled order. They also might use the
same conceptual structure as each other but encoded in ways that are stretched and rotated with respect to each
other, such that their coordinates are not in a one-to-one correspondence even if reordered (see Figure 2.1C). In
such situations, the target model would still be utilizing representations that follow the same role-filler structure
as the TPR in question, but a basic TPR could not approximate the target model’s representations due to the
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reordering, rotation, and stretching that superficially distinguish the target model from the TPR. Adding a linear
transformation, however, makes it possible to capture such situations.

B Technical details for letter sequence models

B.1 Target models
For all target models, the output that they are trained to produce is the intended output sequence followed by
a special end-of-sequence token <EOS> that indicates that the output sequence is finished. E.g., if the task is
reversal and the input is the sequence Q M Z, the intended output would be Z M Q <EOS>. The model’s output is
taken to end at the leftmost position at which an <EOS> token is produced; if it never produced an <EOS> token
(instead continuing to generate text until its maximum output length is reached), its output is taken to end
at the leftmost token at which a padding token is produced; if it never produced an <EOS> token or a padding
token, its output is taken to constitute all tokens that it produces. The <EOS> token was considered part of
the intended output, such that a model was only considered correct if it produced precisely the correct target
sequence followed by the <EOS> token. We train all models with a dropout proportion of 0.1 (Srivastava et al.,
2014); see the description of each model for where the dropout is applied.

MLP: We use multi-layer perceptrons with an embedding size of 10 and a hidden size of 64. The input sequence
is padded to the maximum sequence length lmax (i.e., 6), since MLPs require a fixed-size input. The sequence
elements are embedded and concatenated to form one vector of size 10∗ lmax. This vector is then passed through
a dropout layer, a linear layer, a ReLU layer, a linear layer, a ReLU layer, a dropout layer, a linear layer, and
then a final linear output layer, producing a vector of size |V |(lmax + 1), where |V | is the vocabulary size (i.e.,
29: the 26 letters, a beginning-of-sequence token that is never used, an end-of-sequence token that should be
produced after the rightmost letter in the output, and a padding token). This size uses lmax+1 rather than lmax

because the model outputs have the EOS token appended to them, making the output lengths 1 greater than the
input lengths. That output vector is partitioned into lmax + 1 pieces (each having size |V |), each of which is
passed through a softmax and then treated as the prediction for the token at that position. The vector that is
approximated by DISCOVER is the one after the first ReLU layer.

GRU: We use 1-layer sequence-to-sequence GRUs with an embedding size of 10 and a hidden size of 64. Dropout
is applied to the token embeddings in the encoder and the decoder. The final hidden state of the encoder (which
also acts as the initial hidden state of the decoder) is the vector that is approximated by DISCOVER.

Transformer: We use 4-layer sequence-to-sequence Transformers with an embedding size of 64, a hidden size
of 64, a feedforward dimensionality of 256, and 8 attention heads (note that, in Transformers, the embedding size
must be the same as the hidden size). As is standard in sequence-to-sequence Transformers, the encoder used
bidirectional attention (no masking), while the decoder was autoregressive, with each decoder token using causal
masking when attending to other decoder tokens but not using any masking when attending to encoder tokens.
The encoder and decoder used sinusoidal positional encodings, following the original Transformer (Vaswani et al.,
2017). Dropout is applied to the token embeddings (after the positional embeddings have been incorporated) in
the encoder and the decoder. DISCOVER approximates each final-layer hidden state of the encoder, analyzing
each one as a single role-filler pair (i.e., the filler is whichever token is at that position, and the role is the role
that is assigned to that token under the role scheme in question).

Bottleneck Transformer: The bottleneck Transformer is identical to the standard Transformer (with all of
the same hyperparameters) except that the cross-attention in the decoder can only attend to the first token in
the input sequence, rather than all input tokens as is the case with the standard Transformer. This constraint
forces the first token’s representation to act as a single-vector encoding of the entire input sequence. Note
that our Transformer encoders use bidirectional attention, which is what makes it possible for the first token’s
representation to capture information about all input letters.
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Figure B.1: Target model accuracies on tasks that involve manipulating sequences of letters. The bars show
the mean across 10 reruns, with error bars showing two standard deviations above and below the mean.

B.2 Training target models
The target models are trained using negative log likelihood loss. For the architectures whose decoders gener-
ate autoregressively (i.e., all architectures except the MLP), we use teacher forcing during training, but when
evaluating models we turn off teacher forcing. The initial learning rate is 0.001. We use a batch size of 32 and
evaluate models on the validation set after every 300 batches, saving the model weights whenever it achieves a
lower validation loss than it has at any previous checkpoint. If the model has gone through 5 of these evaluations
without the loss on the validation set improving, the model weights are reloaded from the last saved checkpoint
(i.e., the one with the lowest validation loss), and the learning rate is cut in half. Training is halted at the point
when the sixth such learning rate decrease would apply. The model weights are then reloaded from the last saved
checkpoint (i.e., the point during training that achieved the lowest validation loss), and the model is evaluated
on the withheld test set. Figure B.1 shows the performance of these target models on their training tasks.

B.3 Training DISCOVER models
For DISCOVER models, we used an embedding size of 20 for both the fillers and the roles. The TPR that results
from these filler and role embeddings thus has a size of 20∗20 = 400, but we are aiming to approximate encodings
from target models that used a hidden size of 64. To address this inconsistency, we applied a trainable linear
layer (which included a bias term) that compressed the 400-dimensional TPRs into 64-dimensional vectors.

The DISCOVER models were trained to minimize the mean squared error between the target model encodings
and the encodings produced by DISCOVER. They otherwise followed the same training procedure as the target
models (using a batch size of 32, evaluating after every 300 batches, and using the same procedure for decaying
the learning rate and determining when to stop training). The dataset splits used for training the DISCOVER
models were the same as the ones used to train the target models.

The trained DISCOVER models were then evaluated using approximation accuracy on the test set: When
the target model’s decoder is fed the DISCOVER model’s encodings for the test set inputs, what proportion of
the time does the target model produce the correct output sequence?

C Analyzing models trained on alphabetizing a list
In Section 4, we analyzed models trained on tasks that involve manipulating letter sequences in ways that require
the order of the input letters to be encoded in the model’s representations (i.e., the tasks of copying, reversing,
and interleaving). Here we consider a letter sequence task for which the order of the input elements does not
matter: sorting the list into alphabetical order (e.g., Q M Z V R → M Q R V Z). We use the same setup for
training the target models as described in Appendix B except that, for the MLPs, we used a hidden state size of
128 rather than 64 since we found that a hidden state size of 64 was insufficient for the MLP to perform well on
this task. After training, all four architectures scored well on this task (Figure C.1, left); the average accuracy
across reruns was 0.973 for the MLPs, and for the other three architectures the average accuracy was over 0.99.

We then applied DISCOVER to these models, with results in Figure C.1 (right). We have added one more
role scheme not considered in the previous experiments, namely the alphabetical role scheme, in which each
letter’s role is its position in alphabetical order; e.g., in the sequence Q M Z C, the letters would get the roles
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Figure C.1: Left: Target model accuracies on the task of sorting a list into alphabetical order. Right:
DISCOVER performance for models trained on sorting a list of letters into alphabetical order. The bars show
the mean across 10 reruns, with error bars showing two standard deviations above and below the mean.

of 3rd, 2nd, 4th, and 1st, respectively. In stark contrast to the models trained on the order-sensitive tasks in
Section 4, the sorting models are all approximated at least reasonably well by the bag-of-words role scheme.
Thus, it appears that, when the training task does not require structure to be represented, neural networks will
not learn to encode structure, or at least not in a way that they rely on deeply; McCoy et al. (2019) drew a similar
conclusion. Nonetheless, for most architectures, the order-sensitive bidirectional role scheme still outperforms
the bag-of-words role scheme, indicating that the encodings of these models still capture order to some extent.

Though the approximation accuracies that we see are fairly high, there are some architectures for which there
is still noticeable headroom in the approximation accuracy. The accuracies of the best-performing role schemes
(averaged across reruns) are 0.979 for the MLP (alphabetical roles), 0.935 for the GRU (Wickelroles), 0.871 for
the Transformer (alphabetical roles), and 0.979 for the bottleneck Transformer (Wickelroles); the accuracies
for the GRU and the Transformer are respectable but are noticeably below the well-over-95% accuracies that we
have seen elsewhere. One possible explanation is that the sorting models might not fully use systematic TPR
structure but rather only a rough approximation of it. Another possibility is that they might use systematic TPRs
but with a role scheme we have not considered; e.g., since different types of role schemes show improvements over
bag-of-words (e.g., bidirectional, which adds linear information; alphabetical, which adds alphabetical
order information; and Wickelroles, which add contextual information), perhaps fully reconstructing these
representations would require a role scheme that includes all of these types of information.

D Context-free grammar for complex sentences
The context-free grammar (CFG) used to generate sentences in the “complex sentence” experiments is in Fig-
ure D.1. We do not intend for this CFG to capture reasonable syntactic analyses of the English sentences in
question; rather, its purpose is simply to serve as a concise way to express variable templates for the stimuli
that we generate. Though we wanted to have sentences with reasonably complex structures, we also wanted to
prevent them from becoming too complex, and the CFG implements certain constraints toward that end. For
example, relative clauses can only appear in sentences that are otherwise fairly simple, and relative clauses cannot
be nested inside each other. Before being fed into LLMs, the CFG-generated sentences were postprocessed by
capitalizing the first letter, removing the space before the comma, and adding a period at the end.

E Rogue dimensions and z-scoring
Timkey and van Schijndel (2021) found that LLM encodings sometimes contain “rogue dimensions”—vector po-
sitions that are extremely prominent in the representational space (e.g., dominating cosine similarity measures)
yet that are not very important in model behavior. DISCOVER aims to capture the structure of the repre-
sentational space, so rogue dimensions could potentially distract DISCOVER from capturing the aspects of the
representations that are most behaviorally important. To guard against this possibility, our experiments with
LLMs z-score LLM representations before analyzing them (i.e., before approximating these representations with
DISCOVER or before training a decoder to read out from them). Z-scoring is a simple way to give all vector
dimensions a similar prominence as each other in the representational space; it is one of the methods for doing

41



S → NP_RC V NP_RC
S → NP V NP , and NP V NP
S → NP V_emb that NP V NP
S → NP_RC was V by NP_RC
S → TempP , NP V NP
S → NP V NP TempP

TempP → Temp NP V NP

NP → the N
NP → the Adj N
NP_RC → the N_post
NP_RC → the Adj N_post
N_post → N
N_post → N RC

RC → who the N V
RC → who the Adj N V
RC → who V the N
RC → who V the Adj N

Temp → {when | after | before }
V_emb → {knew | believed | thought | said }
N → {senator | journalist | composer | director | ... | athlete }
V → {recommended | visited | helped | supported | ... | admired }
Adj → {happy | famous | clever | tall | ... | polite }

Figure D.1: Context-free grammar for complex sentences (Section 5). Some of the lists of terminals have been
truncated for space; overall there are 80 nouns (N ), 16 verbs of the category V (in addition to the 4 verbs shown
in the category V_emb), and 10 adjectives (Adj ). See the project GitHub for the complete word lists.

so discussed by Timkey and van Schijndel (2021). Specifically, if an original LLM encoding is h, the z-scored
version of it is h−µ

σ , where µ is a vector containing the mean value of each vector position, and σ is a vector
containing the standard deviation of the values at each vector position.

Since our goal is to understand LLM representations, one might feel intuitive objections to the use of z-scoring
because it means that the vectors we analyze are no longer the exact vectors used by the LLMs. Below we respond
to this objection for each of the three model types to which it applies. The basic point across all three responses
is that z-scoring and its inverse are both linear transformations such that the z-scoring transformation or its
inverse could be incorporated into any one of these models purely by modifying its weights, such that z-scoring
does not change the expressive capacity of the models but rather only affects how easily training proceeds.

Period-unpacking models: When we train Transformer decoders to take in an LLM period encoding and
then generate the sentence or list that preceded the period, we first z-score the LLM period encodings. However,
given such a decoder, it would be straightforward to adjust its weights so that it produced equivalent decoding
behavior when given non-z-scored LLM representations. This would be done by modifying the initial linear layer
of the decoder so that it becomes the composition of the z-scoring transformation with this linear layer; this
composition would still be a linear layer. Thus, the fact that we achieve a certain level of performance with a
decoder that takes in z-scored encodings guarantees that we could achieve the same level of performance with a
decoder that takes in non-z-scored encodings.

DISCOVER models trained on LLM period encodings: These DISCOVER models are trained to ap-
proximate z-scored LLM period encodings. They are then evaluated by inputting their approximations into
period-unpacking models that have been trained to read out from z-scored LLM period encodings. The preced-
ing paragraph describes how the period-unpacking models could be adjusted to produce the same behavior but
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LLM Layers analyzed Hidden state size

Gemma-3-27b 1, 16, 31, 46, 62 5376
GPT-2-XL 1, 12, 24, 36, 48 1600

GPT-OSS-20b 1, 6, 12, 18, 24 2880
Pythia-12b 1, 9, 18, 27, 36 5120
Qwen3-14b 1, 10, 20, 30, 40 5120

OLMo-2-13B 1, 10, 20, 30, 40 5120
Llama-3.1-8b 1, 8, 16, 24, 32 4096

Table 3: Information about the LLMs whose period encodings we analyze. For all models, layer 0 is the
embedding layer, so layer 1 (the earliest one we analyze) is the first non-embedding layer. The last layer that we
analyze is always the latest layer in the model.

given non-z-scored encodings (by incorporating z-scoring into the first linear layer of the decoder). Similarly,
once we have a DISCOVER model trained to approximate z-scored LLM representations, we can incorporate the
inverse of the z-scoring transformation into the final linear layer of the DISCOVER model. If we then take this
DISCOVER model (modified to perform inverse z-scoring at the end) and this period-unpacking model (modi-
fied to perform z-scoring at the start), the results would be the same as if we had used the original DISCOVER
model and period-unpacking model, showing that the results we have achieved with z-scoring could also have
been produced using models that do not involve z-scoring.

DISCOVER models trained on GPT-OSS performing symbolic tasks: These DISCOVER models are
trained to approximate z-scored GPT-OSS encodings. However, we score the DISCOVER models by feeding their
approximations into GPT-OSS, and before doing so we apply the inverse z-score to translate the DISCOVER
representation space into the GPT-OSS representation space. Thus, all results that we report for the symbolic
tasks in GPT-OSS indicate the success of reproducing the non-z-scored GPT-OSS representations; the z-scoring is
used during training but is undone when evaluating the trained DISCOVER model. As described in the previous
paragraph, the inverse z-scoring transformation could be incorporated into the DISCOVER model’s final linear
layer, such that we could achieve precisely the same results that we have achieved using just a DISCOVER model
(with appropriately adjusted weights) rather than explicitly needing to apply inverse z-scoring.

F Technical details for LLM period encoding experiments

F.1 Information about the LLMs we studied
For each LLM whose period encodings we analyzed, Table 3 provides the specific layers that we analyzed as
well as the LLM’s hidden state size (i.e., the size of the vectors approximated by DISCOVER). The layers were
selected to be approximately 0%, 25%, 50%, 75%, and 100% of the way into the model’s processing, but the
model’s number of layers was not always divisible by 4, so the layer position is sometimes not exact.

F.2 Dataset details
For the subject-verb-object sentences, we generated all possible sentences that fit our templates and then split
them into 80% training, 10% validation, and 10% testing, yielding 81,920 training sentences, 10,240 validation
sentences, and 10,240 testing sentences. For the lists, we used 100,000 training examples, 1,000 validation
examples, and 5,000 testing examples. For the complex sentences, we used 200,000 training sentences, 5,000
validation sentences, and 5,000 test sentences.

F.3 Training period-unpacking models
This section provides technical details for the period-unpacking models that we train to take in an LLM period
encoding and produce the list or sentence that preceded the period. The period-unpacking models are decoder-
only Transformers with 6 layers, 16 attention heads, a hidden state size of 1024, and a feedforward dimensionality
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Figure F.1: Accuracy of period-unpacking models trained to take in an LLM’s representation of a period and
reconstruct the sentence that preceded that period.

of 4096. The LLM period encoding that is provided as input is first compressed to a vector of size 1024 using a
trained linear layer before being fed to the Transformer.

For each combination of a condition (lists, subject-verb-object sentences, or complex sentences), LLM, and
layer, we train 5 distinct period-unpacking models on the training set for that condition. The period-unpacking
models are trained using negative log likelihood loss, a batch size of 32, an initial learning rate of 0.0001, and
dropout with a proportion of 0.1 applied to the embeddings after the positional embedding has been applied.
After every 100 batches, the period-unpacking models are evaluated on the validation set, and the weights are
saved if they achieve a lower validation loss than any previous checkpoint has; if the loss on the validation set
has not improved for 5 of these evaluations, then the learning rate is halved and the model weights are reloaded
from the checkpoint with the best validation loss thus far. Training halts when the sixth of these learning rate
decreases would occur, at which point the weights are reloaded from the best saved checkpoint and then used
to evaluate the model on the test set. The dataset splits are the ones described in Appendix F.2. The period
encodings are z-scored before being provided as input to the period-unpacking models (Appendix E).

For the lists, the period-unpacking model’s target output is just the list of words (excluding the preamble
and the punctuation); e.g., if the input is the period encoding from the end of Here is a list of words: lion,
trouble, kindness., the decoder would be trained to produce lion trouble kindness. For the subject-verb-object
sentences and complex sentences, the period-unpacking model is trained to produce the complete sentence but
without capitalization and with punctuation treated as a separate token; e.g., if the input is the period encoding
from the end of When the popular photographer surprised the journalist, the teacher helped the swimmer., the
period-unpacking model’s intended output would be when the popular photographer surprised the journalist , the
teacher helped the swimmer .. In all conditions, a special end-of-sequence token was appended to the end of the
period-unpacking model’s target output, and during evaluation it was judged to be done generating when it had
produced this end-of-sequence token. See Figure F.1 for the accuracies of the trained period-unpacking models.

F.4 DISCOVER
Across the period encoding experiments, we use 5 role schemes:

1. Bidirectional: Each filler’s role is the concatenation of its left-to-right and right-to-left positions (e.g.,
(0,3) means “1st-from-left-and-4th-from-right”).
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ROOT The painter recognized the tutor before the helpful violinist encouraged the astronaut. 

mainv

nsubjndet ndet

dobj

vtemprightmain

tempv

nsubj
ndet

adj
ndet

dobj

punct

Figure F.2: An example of a dependency parse used for the syntactic role scheme when analyzing the LLM
period encodings of complex sentences.

2. Predecessor: This role scheme is only used in the “lists” condition involving encodings of lists of words.
Each filler’s role is whatever filler appears immediately before it. For instance, if the list is lion, trouble,
kindness, the set of role-filler pairs would be {#:lion, lion:trouble, trouble:kindness, kindness:#} (using #
to indicate list boundaries).

3. Subject-verb-object: This role scheme is only used for the subject-verb-object sentences. It uses three
roles: subject, verb, and object. E.g., the sentence The photographer called the teacher would be analyzed
with the following set of role-filler pairs: {subject:photographer, verb:called, object:teacher}.

4. Syntactic: This role scheme is only used with the complex sentences. In it, each filler is given a role that
indicates is syntactic position, which we define as the path of dependency arc labels needed to get from the
word to the root of the sentence’s dependency parse tree (where we hand-define the dependency parsing
algorithm that we use). Figure F.2 gives an example of a dependency parse; in this sentence, painter would
be given the role of nsubj-mainv, and helpful would be given the role of adj-nsubj-vtemprightmain-mainv.

5. Bag-of-words: All fillers are given the same role as each other, making this role scheme a degenerate one
that does not capture structure.

For the “lists” setting, we used a filler embedding size of 300 and a role embedding size of 100. For the “subject-
verb-object sentences” and “complex sentences” settings, we used a filler embedding size of 100 and a role em-
bedding size of 100. We trained the DISCOVER models with a mean-squared error objective on approximating
the target model’s representations; the DISCOVER training used the same training, validation, and test splits as
the decoders that we trained. We trained the DISCOVER models with a batch size of 32 and an initial learning
rate of 0.001. We evaluated them on the validation set after every 100 batches and saved their weights if the
validation loss was the lowest seen so far. If the training went through 5 such evaluations with no improvement
to the validation loss, we cut the learning rate in half and reloaded the weights from the last saved checkpoint.
Training was halted when the sixth such learning rate decrease would have applied.

G Period encodings with syntactic outputs
Our DISCOVER analysis of the LLM period encodings for complex sentences found that the bidirectional
role scheme substantially outperformed the syntactic role scheme. We found this surprising, as prior work
has found that LLMs encode a substantial amount of syntax (e.g., Hewitt and Manning, 2019). One possible
explanation for the strong performance of the bidirectional roles is that we fed the DISCOVER approximations
into a period-unpacking model that we had trained to reproduce the input sentence in linear order; perhaps if
the period-unpacking model had instead been trained on a syntactic task the syntactic DISCOVER models
would perform better. To test this hypothesis, we trained new period-unpacking models for which the target
task was now to produce either a linearized constituency parse or a linearized dependency parse (we made the
parses linearized so that we could still use the same decoding architecture unchanged). Example (3) gives an
example of a sentence with its linearized constituency and dependency parses; the period-unpacking models
trained to produce such parses were required to produce the space-delimited tokens in the parses as a linear
string. The linearized constituency parse follows standard bracket notation; the linearized dependency parse
follows a depth-first traversal of the labeled dependency tree.
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Figure G.1: DISCOVER performance at approximating the encodings of periods in LLMs for the “complex
sentences” condition, when the period-unpacking model into which the DISCOVER approximations are fed is
trained to reproduce the original sentence as a linear string (top), a linearized constituency parse (middle), or
a linearized dependency parse (bottom). Each point shows the mean over 5 re-runs, with error bars showing
two standard deviations above and below the mean. The dashed red lines show the performance of the trained
period-unpacking models when they are fed LLM period encodings; the remaining lines show the performance of
the same period-unpacking models when they are fed DISCOVER approximations.

(3) a. Sentence: The physicist said that the librarian recommended the important writer.
b. Linearized constituency parse: [S [S2 [DP [Det the ] [N physicist ] ] [VP [V said ] [CP [Comp that ]

[S2 [DP [Det the ] [N librarian ] ] [VP [V recommended ] [DP [Det the ] [N [Adj important ] [N writer ] ]
] ] ] ] ] ] [PUNCT . ] ]

c. Linearized dependency parse: mainv said nsubj physicist ndet the <end> <end> compvmainv
recommended compclausev that <end> nsubj librarian ndet the <end> <end> dobj writer ndet the
<end> adj important <end> <end> <end> <end> punct . <end>

Because only the period-unpacking model changes in these parsing-based conditions, we do not need to re-
train DISCOVER models; instead, we feed the same DISCOVER approximations into the original linear period-
unpacking models as well as these newer syntactic period-unpacking models. The results are in Figure G.1; across
all three decoder types, bidirectional continues to be the best-performing role scheme. Our conclusion is that
the period encodings truly do prioritize sequential information over syntactic information; even when the period-
unpacking model is trained to perform a syntactic task, it seems to mainly leverage sequential (bidirectional)
information (which could be explained, e.g., by the encodings being essentially linear but then the period-
unpacking model learning to do parsing). Although the period encodings do not appear to be very syntactic
in nature, the possibility remains that other tokens’ encodings might be, which would reconcile our findings
here with prior work finding extensive syntactic information inside LLMs; indeed, in some later experiments
(Section 6), we will see a syntactic role scheme outperforming the linear, bidirectional one.

H Technical details for experiments on GPT-OSS in symbolic domains

H.1 Datasets and GPT-OSS’s performance
Arithmetic: Each arithmetic problem takes the form of either a * b + c or a + b * c, where a, b, and c are
integers from -9 to 9 inclusive. The prompt shows two examples: -9 + 8 * 7 (with the answer of 47) and 5 * 7
+ -2 (with the answer of 33). These two examples highlight the order of operations (i.e., carry out multiplication
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first and then addition), to avoid any possible ambiguity regarding order of operations. The training set had
10,718 examples, the validation set had 1,000 examples, and the test set had 2,000 examples (these numbers were
obtained by generating all possible expressions, allocating 1,000 to validation and 2,000 to test, and then putting
the rest in traniing).

Syllogisms: Two premises are provided followed by a list of 4 possible conclusions. The LLM must return
the first of these 4 conclusions that follows from the premises. Every premise and conclusion takes one of the
following 4 forms: All X are Y, Some X are Y, No X are Y, or Some X are not Y, where X and Y are both
plural occupation nouns (we got the candidate nouns from Eisape et al. (2024)), optionally modified by an
adjective (e.g., painters or polite agents). We only used nouns and adjectives that were a single token in
GPT-OSS’s tokenizer. The syllogisms make an existence assumption: we assume that each mentioned category
has a nonzero number of members, such that All X are Y entails Some X are Y and No X are Y entails Some
X are not Y. Some premise pairs entail two conclusions; e.g., if the premise pair entails that All X are Y, then
it must also entail Some X are Y. To avoid having multiple possible answers, the prompt specifies that the LLM
should return the first of the four listed conclusions that follows from the premises; we always list the conclusions
in the order shown (with stronger conclusions preceding weaker conclusions that they entail) such that the target
answer is the strongest conclusion that can be drawn. Our dataset included 200,000 training examples, 5,000
validation sentences, and 5,000 test sentences.

Code execution: The tasks in this category require predicting the output of a Python function call. All
functions in question are manipulations of Python lists. The query first provides the definitions of two functions
named change and alter, whose definitions vary from query to query. There are 5 types of functions that
change and alter can be: (i) reversal (reversing the input sequence), (ii) sorting (sorting the input sequence in
alphabetical order), (iii) repetition (repeating the input list n times, where n can be 2, 3, or 4; note that n is
a fixed constant inside the function definition rather than being an argument of the function), (iv) suffixation
(appending a particular letter at the end of the list, where the identity of the letter is fixed inside the function
definition rather than being an argument), and (v) prefixation (just like suffixation but with the extra letter
added at the start of the list instead of the end). After the function definitions, two variables named x and y
are defined; each is a list of letters of length 1, 2, or 3. Finally, a function call is given pairing one of the two
functions with one of the two lists as its argument—i.e., the call will be change(x), change(y), alter(x), or
alter(y). The intended output is the result of applying this function call. Note that the two functions can
appear in either order (change then alter or alter then change), and similarly for the two list variables x and
y; thus, one major component of this task is variable binding (associating each variable name with its definition).
Our dataset included 200,000 training examples, 1,000 validation sentences, and 1,000 test sentences.

Passivization: The LLM must convert an active English sentence into its passive form. The input sentences
were generated from a context-free grammar in which sentences always took the basic form of subject-verb-object,
but there was substantial variability in the syntactic structure that the subject and object could have: they could
be just the plus a noun (e.g., the doctor), or they could optionally include adjectives, prepositional phrases, and
relative clauses (e.g., the illustrator who surprised the gardener next to the tall editor). The example that is
provided in the prompt includes a relative clause in order to make clear that only the main clause of the sentence
should be passivized, not any relative clauses. Our dataset included 200,000 training examples, 5,000 validation
sentences, and 5,000 test sentences. We ensured that all words used in the input sentences were processed as a
single token in GPT-OSS’s tokenizer. Within each sentence, we did not allow any content word (noun, verb, or
adjective) to be repeated.

Tense reinflection: The LLM must convert a past-tense English sentence into the present tense. Doing so
requires the LLM to identify the subject of each verb in order to know whether the verb should take its singular
or plural form (since the English past tense is not inflected for number while the English present tense is). The
sentences take the same basic structures as those used in the passivization task. There is one wrinkle: The
interplay of relative clauses and prepositional phrases can potentially create a scenario where syntactic ambiguity
makes it unclear whether the verb should be singular or plural. E.g., in The detective by the astronauts who
helped the doctor recommended the lawyer, it is possible for the subject of helped to be either detective—
in which case the present-tense form should be helps—or astronauts—in which case the present-tense form
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Figure H.1: Performance of GPT-OSS on the six symbolic tasks that we consider.

should be help. To address this concern, we add the constraint that the object of a prepositional phrase must have
the same number as the noun preceding the prepositional phrase; this does not remove the syntactic ambiguity,
but it does ensure that there is no ambiguity about which linear string of words should be produced as the
answer. Our dataset included 200,000 training examples, 5,000 validation sentences, and 5,000 test sentences.
We ensured that all words used in the input sentences were processed as a single token in GPT-OSS’s tokenizer.
Within each sentence, we did not allow any content word (noun, verb, or adjective) to be repeated.

Question formation: The LLM must convert a declarative English sentence into a yes/no question. The input
sentences follow the same basic structure as those used for passivization and tense reinflection except that every
verb is preceded by an auxiliary verb such as would or can. Our dataset included 200,000 training examples,
5,000 validation sentences, and 5,000 test sentences. We ensured that all words used in the input sentences were
processed as a single token in GPT-OSS’s tokenizer. Within each sentence, we did not allow any content word
(noun, verb, or adjective) to be repeated.

CFGs for syntax tasks: For the three syntax tasks, sentences were generated from context-free grammars
(CFGs). The CFGs can be found in the supplementary file on the project GitHub (Supplement S1).16

Harmony prompt format: The prompts fed to GPT-OSS followed the Harmony prompt format expected
by GPT-OSS (https://github.com/openai/harmony). That is, special tokens were included to demarcate
components of the prompt. An example of a complete arithmetic prompt is in Example (4). It begins with two
in-context examples, whose inputs are in the user field and whose answers are in the assistant field. It then
includes the query that the LLM is expected to answer (4 + -9 * 9), and it should respond by producing tokens
to continue after final—specifically, it should produce the special <|message|> token followed by its response.

(4) <|start|>user<|message|>-9 + 8 * 7<|end|><|start|>assistant<|channel|>final<|message|>47
<|end|><|start|>user<|message|>5 * 7 + -2<|end|><|start|>assistant<|channel|>final
<|message|>33<|end|><|start|>user<|message|>4 + -9 * 9<|end|><|start|>assistant<|channel|>
final

GPT-OSS performance on the target tasks: Figure H.1 gives GPT-OSS’s performance on the 6 tasks that
we use in these experiments.

H.2 Role schemes
For our analyses of GPT-OSS performing symbolic tasks, we consider 5 types of role schemes: bag-of-words,
bidirectional (self), bidirectional (all), task-specific (self), and task-specific (all). Table 2
illustrates how these role schemes apply to one input for the passivization task. The bag-of-words, bidirectional
(self), and bidirectional (all) role schemes are all task-agnostic, so all of them apply in the same way to
other tasks as they do for the passivization task. However, the task-specific ones are set up in different tasks. As
noted in the main text, task-specific (self) is defined via a task-specific parsing algorithm that assigns each
token a role that denotes its position in the context of that task (where the authors used their knowledge of these

16https://github.com/tommccoy1/discover/blob/main/discover_supplement.pdf
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domains to hypothesize what the relevant notion of task-specific position is). In the task-specific (all) role
scheme, each role is then the concatenation of two roles from task-specific (self). Here are descriptions of
the task-specific parsing algorithms used to define these role schemes for each task:

• Arithmetic: The positions in arithmetic expressions indicate whether the token is a digit, a negative sign
(the negative sign is always a separate token from the digit), or an operator (i.e., + or *); they also indicate
the position of that element and the sequence of operators that have been seen so far, and for digits the role
indicates whether the digit is negated or not. Thus, some example positions would be “the second digit,
which is negated, in an expression that thus far contains + and no other operators”, “the non-negated first
digit of an expression that thus far contains no operators”, or “the second operator in an expression that,
up until now, contained only * and no other operators.” The operators are included in the roles because,
due to the order of operations, they affect the structure of the computation to be performed.

• Syllogisms: The prompt is framed as containing 6 sentences (the 2 premises and the 4 candidate conclu-
sions). Each token’s role denotes which sentence that token appears in and its position in that sentence
(such as subject noun, predicate noun, adjective modifying the predicate noun, quantifier, etc.) Some
example roles would thus be “the quantifier in the third candidate conclusion” or “the adjective modifying
the predicate noun in the second premise.” There are also roles corresponding to the linear positions of
the tokens in the framing text that is not part of the premises and conclusions (Please return the first
conclusion listed below that follows from these premises:).

• Code execution: For each token inside either of the two function definitions, the role for that token
indicates the name of the function (alter or change), whether it is the first or second function, and what
linear position inside the function definition is occupied by this token. For instance, one such role would be
“third token inside the definition of alter appearing as the second function in the prompt.” The variable
definitions also have roles indicating which variable the token appears inside, whether that variable is the
first or second to be defined, and what position inside that variable definition this token occupies. For
instance, one such role would be “second element of the y list, which is the first list variable to be defined.”
Finally, there are roles for the elements of the function call (i.e., a role for “function being called” and a
role for “variable inside function call”), as well as roles for all the formatting material that appears in and
around the components mentioned so far.

• Syntactic tasks: In all three syntactic tasks (passivization, tense reinflection, and question formation),
each token’s position is its syntactic position, such as “subject noun” or “adjective modifying the object of
the prepositional phrase that modifies the subject noun.”

H.3 DISCOVER
We train DISCOVER to approximate all token representations except for those that are identical across prompts.
Consider Example (5) below, which shows a complete input for the passivization task. Much of this input is
invariant across stimuli: the in-context example The swimmer who the polite politician advised avoided the ac-
countant near the clever gardener is held constant across examples, as is the instruction Passivize the following
sentence:. The stimuli only become different once we get to the specific sentence to be passivized (here, The
illustrator who surprised the gardener next to the tall editor helped the author in front of the famous drummer.).
Further, GPT-OSS proceeds in a left-to-right way, so the representation for a given token is only influenced by
itself and the preceding tokens. As a result, all of the tokens that appear in the initial part of the prompt that
is fixed across stimuli are guaranteed to have the same representation across stimuli, meaning that approximat-
ing them with DISCOVER would not be very interesting. Therefore, we only have DISCOVER approximate
the tokens whose representations vary across stimuli—e.g., in this example, the tokens in the segment The
illustrator who surprised the gardener next to the tall editor helped the author in front of the famous drum-
mer.<|end|><|start|>assistant<|channel|>final. Note that this includes formatting tokens at the end; although
these tokens are fixed across stimuli, they are preceded by tokens that vary from stimulus to stimulus, meaning
that their representations can be different in different stimuli—and we want to make sure that DISCOVER can
capture this variation in case it is critical to how GPT-OSS operates for these stimuli.

(5) <|start|>user<|message|>Passivize the following sentence: The swimmer who the polite politician advised
avoided the accountant near the clever gardener.<|end|><|start|>assistant<|channel|>final<|message|>The
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accountant near the clever gardener was avoided by the swimmer who the polite politician advised.<|end|>
<|start|>user<|message|>Passivize the following sentence: The poet who surprised the gardener next to the
tall editor helped the author in front of the famous drummer.<|end|><|start|>assistant<|channel|>final

We train one DISCOVER model for each of GPT-OSS’s 25 layers. That is, we use the same learned DISCOVER
parameters across tokens within a layer, but we use different learned DISCOVER parameters across layers. For a
given token, we hypothesize the same role-filler pairs for all representations of that token across layers (e.g., the
role-filler pairs for poet in the second-to-last row of Table 2 would be used in the DISCOVER model for each of
the 25 layers as the hypothesis underlying the DISCOVER approximation for the representation of poet)—though
the learned DISCOVER parameters instantiating these hypotheses (e.g., the filler embedding for poet) can vary
across layers. It is likely that different layers in fact differ in what information they encode (e.g., Tenney, Das, and
Pavlick, 2019), but we leave investigation of such variation for future work, as the assumption of uniformity—
flawed though it might be—produces effective approximations in our experiments. In relation to this point,
it is worth recalling the “third” point from Section 3.5, which is that DISCOVER can succeed as long as the
information in the DISCOVER hypothesis is a superset of what is actually encoded in the target model—it does
not need to precisely match what is in the target model. Thus, the fact that we achieve successful approximations
when adopting the same structural hypothesis across layers does not necessarily mean that all layers encode the
same information; they might encode differing subsets of the information present in that hypothesis.

We trained our DISCOVER models with a batch size of 24 for arithmetic, passivization, tense reinflection,
and question formation, and we used a batch size of 12 for syllogisms and code execution (the last two required
smaller batch sizes because their prompts are longer, meaning that fewer prompts could fit on our GPUs at
once). In all cases, we used a filler embedding size of 100, a role embedding size of 50, and an initial learning
rate of 0.0001. We evaluated the DISCOVER models on the validation set after every 200 batches and saved
the weights if they achieved the lowest validation loss seen so far. If we went through 20 such evaluations with
no improvement to the validation loss, we halved the learning rate and reloaded the weights from the last saved
checkpoint; we halted training at the point when the eleventh such learning rate reduction would have occurred.

I Technical details for causal interventions

I.1 Number of intervention examples
For the letter sequence models and for the LLM period encodings, we used a dataset of 1,000 interventions. For
the GPT-OSS experiments, we used a dataset of 100 interventions for each condition, because the interventions
were more computationally costly to carry out in this setting than in the others.

I.2 LLM period encodings
To perform causal interventions on lists, we used only lists of length 5. To perform causal interventions on
sentences, we used only sentences of the form The NOUN VERBed the NOUN, and the NOUN VERBed the
NOUN. We used these fixed templates because it made defining the interventions simpler than it would be if we
allowed more variable input structures. For each of these two settings, we trained new period decoders on only
stimuli that came from these fixed templates (length-5 lists or two-clause sentences), using the same procedure
described in Appendix F.3. We then trained DISCOVER models on the encodings of the same restricted sets of
stimuli. For the lists of length 5, we used the same setup as for the lists described in Appendix F.4, except that
the only role scheme we considered was bidirectional. For the sentences, we used the same setup as for the
subject-verb-object sentences described in Appendix F.4, except that the only role scheme we considered was the
two-clause analogue of the subject-verb-object role scheme (i.e., it had six roles: subject of first sentence, verb
of first sentence, object of first sentence, subject of second sentence, verb of second sentence, and object of second
sentence). Those DISCOVER models were then the ones that we used to perform the causal interventions, which
replaced one randomly-selected word (in the list condition) or one randomly-selected subject or object (in the
sentence condition).
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Original Edit to make

The {subj_det-subj_det:The} None

spy {subj_det-subj_n:The,
subj_n-subj_n:spy}

− subj_n-subj_n:spy
+ subj_n-subj_n:astronaut

helped {subj_det-verb:The,
subj_n-verb:spy,
verb-verb:helped}

− subj_n-verb:spy
+ subj_n-verb:astronaut

the {subj_det-obj_det:The,
subj_n-obj_det:spy,
verb-obj_det:helped,
obj_det-obj_det:the}

− subj_n-obj_det:spy
+ subj_n-
obj_det:astronaut

poet {subj_det-obj_n:The,
subj_n-obj_n:spy,
verb-obj_n:helped,
obj_det-obj_n:the,
obj_n-obj_n:poet}

− subj_n-obj_n:spy
+ subj_n-obj_n:astronaut

. {subj_det-punct:The,
subj_n-punct:spy,
verb-punct:helped,
obj_det-punct:the,
obj_n-punct:poet,
punct-punct:.}

− subj_n-punct:spy
+ subj_n-punct:astronaut

Table 4: Representational edits that would be made with the goal of changing spy to astronaut.

I.3 GPT-OSS in symbolic domains
To perform causal interventions on GPT-OSS’s representations in symbolic domains, we used the task-specific
(all) role scheme for the domain in question. Whenever replacing a role-filler pair, we edited all tokens that
would need to be modified by this change. For example, Table 4 shows how we would change spy (in position
subj_n) to astronaut (which would also have the role subj_n). Under the task-specific role scheme, all
tokens in the sentence from the position of spy onward are hypothesized to contain an encoding of spy. Thus, to
edit spy, we will need to edit the representation of each of those tokens by subtracting out the role-filler pair that
includes spy and adding back in a role-filler pair that instead contains astronaut. Note that the role to which
spy (and later astronaut) is bound is different for each token position because the roles are the concatenation
of the position of spy (which is always the same: subj_n) and the current token (which varies).

For the sake of space, additional information about the causal interventions carried out on GPT-OSS is
presented in the supplementary file on the project GitHub page (in Supplement S2).17 This additional information
includes further information about how role-changing interventions are carried out as well as detailed examples
and accuracy metrics for all of the categories of interventions that we use.

J Testing for structure-sensitivity of causal interventions in GPT-OSS
A possible concern with our causal interventions on GPT-OSS is that they might only be intervening on the linear
positions of tokens rather than on more abstract structural positions. One reason to have this concern is that a
linear role scheme (bidirectional (all)) gave an approximation that was nearly as strong as task-specific
(all) for GPT-OSS, particularly for the linguistic tasks (Figure 6.2; thus, if much of the structure can be
captured in this linear way, perhaps the interventions succeed by editing only linear information. While it would
still be interesting to demonstrate fine-grained control of linear information in an LLM, it is less interesting than
demonstrating fine-grained control of more abstract structure. To address this concern, here we run an analysis
that tests whether our intervention results can be explained via purely linear edits.

17https://github.com/tommccoy1/discover/blob/main/discover_supplement.pdf
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Passive,PP,back Edit: S Edit: O

Intervention: S 1.00 ± 0.00 0.03 ± 0.02

Intervention: O 0.00 ± 0.00 0.94 ± 0.02

Passive,RC,back Edit: S Edit: O

Intervention: S 1.00 ± 0.00 0.53 ± 0.08

Intervention: O 0.07 ± 0.03 1.00 ± 0.01

Passive,PP, front Edit: S Edit: O

Intervention: S 1.00 ± 0.00 0.00 ± 0.00

Intervention: O 0.00 ± 0.01 0.94 ± 0.01

Passive,RC,front Edit: S Edit: O

Intervention: S 1.00 ± 0.00 0.00 ± 0.00

Intervention: O 0.03 ± 0.02 0.99 ± 0.00

Tense,PP,back Edit: S Edit: O

Intervention: S 1.00 ± 0.00 0.03 ± 0.01

Intervention: O 0.07 ± 0.02 1.00 ± 0.00

Tense,RC,back Edit: S Edit: O

Intervention: S 0.98 ± 0.00 0.39 ± 0.07

Intervention: O 0.61 ± 0.07 1.00 ± 0.00

Tense,PP, front Edit: S Edit: O

Intervention: S 1.00 ± 0.00 0.00 ± 0.00

Intervention: O 0.00 ± 0.00 1.00 ± 0.00

Tense,RC,front Edit: S Edit: O

Intervention: S 0.98 ± 0.00 0.04 ± 0.02

Intervention: O 0.38 ± 0.06 1.00 ± 0.00

Edit: S Edit: O

Intervention: S 1.00 ± 0.00 0.00 ± 0.00

Intervention: O 0.00 ± 0.00 1.00 ± 0.00

Edit: S Edit: O

Intervention: S 1.00 ± 0.00 1.00 ± 0.00

Intervention: O 1.00 ± 0.00 1.00 ± 0.00

Hypothetical result if representations
are structure-sensitive:

Hypothetical result if representations 
are not structure-sensitive:

Actual results

Figure J.1: Analysis of whether causal interventions on GPT-OSS representations are sensitive to sentence
structure or are purely driven by linear order. See the text for descriptions of the terms in the plots. All results
(right) show at least some version of the diagonal pattern predicted if the interventions are structure-sensitive
(top left) rather than the uniform pattern predicted if the interventions are not structure-sensitive (bottom left).

It is easiest to illustrate this analysis through an example. Consider the following two interventions for the
tense reinflection task, both of which move the adjective popular to a position later in the sentence:

(6) Intervention 1:
a. Output pre-intervention: The dancer behind the popular tutor recognizes the librarian.
b. Output post-intervention: The dancer behind the tutor recognizes the popular librarian.

(7) Intervention 2:
a. Output pre-intervention: The dancer recognizes the popular tutor behind the librarian.
b. Output post-intervention: The dancer recognizes the tutor behind the popular librarian.

If these interventions are conducted in a way based on linear position, then both of them are making the same
change: they are moving popular from the linearly fifth position to the linearly eighth position. However, if
these interventions are instead conducted in a way that is based on sentence structure, then they are making
different changes: Intervention 1 is moving popular from inside the prepositional phrase modifying the subject
to the direct object, while Intervention 2 is moving popular from the direct object to inside the prepositional
phrase modifying the direct object.

Such intervention pairs—where the two interventions make the same change in linear terms but different
changes in structural terms—form the basis of our analysis. Each intervention is conducted by adding some
vectors into GPT-OSS’s representations, where the vectors are derived from our trained DISCOVER model. The
vectors that we generate are intended to capture sentence structure: for Intervention 1 we generate a vector that
captures the shift from subject prepositional phrase to direct object (call this Edit Vector 1), and for Intervention
2 we generate a vector that captures the shift from direction object to object prepositional phrase (call this Edit
Vector 2). Typically the way our interventions work is that we edit a representation using the edit vector that
was motivated by that vector; i.e., we would edit Representation 1 (the representation of sentence (6a)) using
Edit Vector 1, and we would edit Representation 2 (the representation of sentence (7a)) using Edit Vector 2.
However, if the interventions are only sensitive to linear order, these edit vectors should be interchangeable since
they instantiate the same linear movement; whereas if they are sensitive to sentence structure they should not
be interchangeable.

The structure of our analysis, then, is to consider all four possible pairings of a starting representation
(Representation 1 or Representation 2) and an edit vector (Edit Vector 1 or Edit Vector 2). If the interventions
are structure-sensitive, each edit vector should only be effective on the representation that matches with it
(Figure J.1, top left). In contrast, if the interventions are only sensitive to linear order, either edit vector should
be effective with either input representation (Figure J.1, bottom left).
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We consider four types of intervention pairs, shown below. To explain the terminology: The PP interventions
are ones based on prepositional phrases, while the RC ones are based on relative clauses. The front interventions
involve moving an adjective forward in the sentence, while the back interventions involve moving an adjective
backward. The S interventions are ones in which the subject is modified by a prepositional phrase or relative
clause, and the O interventions are ones in which the object is modified. We consider these interventions for
both the passivization task (passive) and the tense reinflection task (tense):

(8) PP, front
a. Intervention: S

(i) Output pre-intervention: The dancer behind the popular tutor recognizes the librarian.
(ii)Output post-intervention: The dancer behind the tutor recognizes the popular librarian.

b. Intervention: O
(i) Output pre-intervention: The dancer recognizes the popular tutor behind the librarian.
(ii)Output post-intervention: The dancer recognizes the tutor behind the popular librarian.

(9) PP, back
a. Intervention: S

(i) Output pre-intervention: The dancer behind the tutor recognizes the popular librarian.
(ii)Output post-intervention: The dancer behind the popular tutor recognizes the librarian.

b. Intervention: O
(i) Output pre-intervention: The dancer recognizes the tutor behind the popular librarian.
(ii)Output post-intervention: The dancer recognizes the popular tutor behind the librarian.

(10) RC, front
a. Intervention: S

(i) Output pre-intervention: The miner who the careful professor stops advises the ambassador.
(ii)Output post-intervention: The miner who the professor stops advises the careful ambassador.

b. Intervention: O
(i) Output pre-intervention: The miner stops the careful professor who advises the ambassador.
(ii)Output post-intervention: The miner stops the professor who advises the careful ambassador.

(11) RC, back
a. Intervention: S

(i) Output pre-intervention: The miner who the professor stops advises the careful ambassador.
(ii)Output post-intervention: The miner who the careful professor stops advises the ambassador.

b. Intervention: O
(i) Output pre-intervention: The miner stops the professor who advises the careful ambassador.
(ii)Output post-intervention: The miner stops the careful professor who advises the ambassador.

The results are in Figure J.1 (right). In all 8 cases, the results show at least some version of the diagonal pattern
predicted by structure-sensitivity rather than the uniform pattern predicted by non-structure-sensitivity. In some
cases, the diagonal pattern is extremely clear (e.g., tense,PP,front). In others, it is not as stark, but it is still
the case that the mismatched interventions result in substantially lower accuracy than the matched interventions
(e.g., tense,RC,back). We therefore conclude that these interventions are sensitive to sentence structure rather
than being driven purely by linear position.

K Technical details for experiments testing for generalization to novel
role-filler pairs

K.1 General note: Restricted templates
In most of our main DISCOVER experiments, we train DISCOVER on stimuli that vary in structure because
doing so is necessary for teasing apart candidate role schemes. For instance, if all inputs are sentences of the form
The SUBJECT VERBED the OBJECT, then a role scheme based on linear position would be equivalent to a
role scheme based on syntactic positions because there would be a one-to-one mapping between linear positions
and syntactic positions (e.g., the linearly-second word is always the subject). If the sentence structure is more
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varied, however, the different role schemes become deconfounded, enabling us to judge which one fits the target
model best.

For the purpose of testing for generalization to novel role-filler pairs, however, experimental considerations
point in the opposite direction, toward using fixed templates. Specifically, running these experiments requires
us to withhold certain role-filler pairs during DISCOVER training. It is plausible that neural networks might
sometimes use a fuzzy combination of multiple role schemes (e.g., their representations might be partially linear
and partially syntactic). Such entanglement makes the withholding that we need to do somewhat tricky: Suppose
we are withholding the filler doctor from syntactic role subject and then testing how DISCOVER generalizes to
stimuli containing the pair subject:doctor. In our training set, the subject syntactic slot might overlap with
a different syntactic slot (e.g., object of a prepositional phrase following the subject) with respect
to the linear positions it can occupy. If the target model’s representations are partially governed by linear
position, then this shared linear position could result in the representations of these two syntactic roles being
similar. As a result, even though we intend to withhold subject:doctor, we might not be doing so effectively
because allowing object of a prepositional phrase following the subject:doctor to appear might have
the effect of providing some leaky signal about subject:doctor. This possibility can be guarded against by using
strict templates for the DISCOVER training stimuli such that, for all reasonable hypotheses we can make about
what role scheme might be used by the target model, all would be in effect the same; in that case, withholding
a role-filler pair as defined in one role scheme (e.g., subject:doctor) is guaranteed to also withhold a role-filler
pair as defined in a different role scheme (e.g., linearly-second:doctor), ensuring that our evaluation is testing
generalization to a withheld role-filler pair as intended.

Motivated by these considerations, the tests described below generally use rigid templates for training stimuli
except in the case of letter sequence models, which are simple enough for us to be reasonably confident that the
bidirectional withholding described below will address the same sorts of confounds that we otherwise address
with strict templates.

K.2 Letter sequence models
For letter sequence models, we trained 10 re-runs for each setting, using the bidirectional role scheme since
that role scheme reliably gave a strong DISCOVER approximation across tasks. We used the same training
procedure as for the letter sequence DISCOVER models discussed earlier (Appendix B.3).

When training DISCOVER, we withheld the letter A from appearing in the position first from left, the letter
B from appearing in the position second from left, etc., up to withholding F from appearing in the position sixth
from left. We also withheld A from appearing as the sixth-from-right letter, B from appearing as the fifth-from-
right letter, etc., up to withholding F from appearing as the rightmost letter. We generated evaluation sets that
contained some of these withheld role-filler pairs—i.e., out-of-distribution (OOD) evaluation sets. All elements in
the evaluation sets were of length 6, such that each withheld role-filler pair appearing in the sequences had been
withheld from both the left-to-right and right-to-left position that it appears in. We used the withheld role-filler
pairs involving B and E for OOD validation for selecting regularization hyperparameters (Appendix L), and we
used the other 4 withheld role-filler pairs for OOD testing. Since we had 4 withheld role-filler pairs available
for OOD testing, we made 4 OOD test splits containing sequences with 1, 2, 3, or 4 withheld role-filler pairs,
respectively.

K.3 Period encodings
For the period encoding experiments, we used lists of length 5 and sentences of the form The NOUN VERBED
the NOUN, and the NOUN VERBED the NOUN.

To create the list data, for each of the 5 possible list positions, we designated 10 nouns as withheld for
purposes of OOD testing and a distinct set of 10 nouns as withheld for purposes of OOD validation. No nouns
were withheld from more than one position. We then trained DISCOVER on a training set that had none of
these withheld word-position pairs and used examples containing the role-filler pairs that had been withheld
for validation for purposes of selecting the regularization hyperparameter (Appendix L). We then tested the
DISCOVER models on 5 OOD test splits, which contained examples with 1, 2, 3, 4, or 5 withheld role-filler
pairs, respectively. We used a role scheme of bidirectional.

To create the sentence data, for each of the four possible noun positions, we designated 10 nouns as withheld
from appearing in that position. No nouns were withheld from more than one position. We did not have an OOD
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Figure K.1: Testing how DISCOVER generalizes to novel role-filler pairs when it is trained to approximate
LLM period encodings after lists of length 5 (top) or sentences of the form “the NOUN VERBED the NOUN,
and the NOUN VERBED the NOUN.” (bottom). The dots show the mean across 10 reruns, while the error bars
show two standard deviations (truncated at 0.0 and 1.0). The dashed lines show a strong baseline.

validation set; we used the lists condition for selecting a regularization weight and then used the same weight for
the sentences, under the assumption that what works in one setting should work for the other given that they use
the same types of encodings with the same type of normalization (z-scoring). We tested the DISCOVER models
on 4 OOD test splits, which contained examples with 1, 2, 3, or 4 withheld role-filler pairs, respectively. In all
OOD evaluations, we constrained both verbs in the sentence to be the same as each other. For our DISCOVER
approximations, we used a role scheme with roles for subject of first sentence, verb of first sentence, object of first
sentence, subject of second sentence, verb of second sentence, and object of second sentence.

For both the lists and sentences, we used the same procedures to train DISCOVER models as described in
Appendix I.2. Full results for all 5 LLM layers that we considered are in Figure K.1. All layers show robust
generalization that is substantially above the chance baseline, except that in some cases the first layer (0%)
performs at or below baseline level.

K.4 GPT-OSS performing symbolic tasks
For arithmetic, we withheld the digits 1, 2, and 3 from appearing as the first number in the expression, 4, 5, and
6 from appearing as the second number in the expression, and 7, 8, and 9 from appearing as the third number in
the expression. The positive version and the negative version of each digit in question were both withheld from
the specified position. The withheld role-filler pairs involving 3, 6, and 9 were used for OOD validation, and the
remaining withheld pairs were used for OOD testing.

For syllogisms, we restricted ourselves to only a subset of the syllogism templates to guarantee that (i) all
templates had the same number of words and (ii) the nouns in the template had the same relative ordering
(i.e., a syllogism always has one noun that is repeated across both premises and two others that are unique;
we selected only templates of the form “QUANTIFIER1 NOUN1 are NOUN2. QUANTIFIER2 NOUN3 are
NOUN1.”) These choices were made to ensure that the positions we withheld were consistent linear positions, so
that each instance of withholding withheld the noun in question both from its structural position and from its
bidirectional position. For each noun slot (NOUN2, NOUN3, and the repeated NOUN1), we designated 5 nouns
as withheld for OOD validation and 5 as withheld for OOD testing.

For code execution, we only used lists of length 3 as the values for the variables x and y. We also always used
only the suffix and prefix functions (with one of each appearing in each prompt). We also always placed x
as the first variable to be defined. These provisions were to ensure that the withholding that we did applied to
consistent linear positions as well as consistent structural positions. For each of the 6 possible list positions (3
in x and 3 in y), we designated 2 letters as withheld for OOD validation and 2 different letters as withheld for
OOD testing. No letter was withheld from more than one position.

For passivization and tense reinflection, we always used sentences of the form “The NOUN PREPOSITION
the NOUN who VERBED the NOUN VERBED the NOUN PREPOSITION the NOUN WHO VERBED the
NOUN.” (e.g., The librarian behind the painter who advised the reporter encouraged the magician near the actor
who recommended the photographer.). Question formation used the same template except with an auxiliary verb

55



Architecture Task Best λ OOD accuracy
Unreg. Reg.

MLP Copying 0.0 1.0 1.0
Reversal 0.0 1.0 1.0

Interleaving 0.0 1.0 1.0

GRU Copying 0.001 0.77 0.98
Reversal 0.00001 1.0 1.0

Interleaving 0.001 0.70 0.88

Bottleneck Copying 0.001 0.99 0.99
Transformer Reversal 0.001 0.90 0.92

Interleaving 0.001 0.54 0.97

Transformer Copying 0.0 1.0 1.0
Reversal 0.0 1.0 1.0

Interleaving 0.0 1.0 1.0

Table 5: OOD validation set results of the hyperparameter search for the λ hyperparameter that determines
how much to weight the L2,1 regularization loss term for letter sequence models. The accuracies are on examples
with 2 withheld role-filler pairs. We show accuracies in the unregularized setting (‘unreg.’—i.e., λ = 0) and in
the regularized setting (‘reg.’—i.e., with the best λ).

Model Task Best λ OOD accuracy
Unreg. Reg.

Gemma (31) Sentences 0.001 0.00 0.86
Llama-3.1 (16) Sentences 0.0005 0.00 0.90
OLMo-2 (20) Sentences 0.001 0.00 0.86

Task Best λ OOD accuracy
Unreg. Reg.

Arithmetic 0.0001 0.08 0.43
Syllogisms 0.00005 0.79 0.94

Code execution 0.0001 0.93 1.00
Passivization 0.0001 1.00 1.00

Tense reinflection 0.0 1.00 1.00
Question formation 0.0 1.00 1.00

Table 6: OOD validation set results of the hyperparameter search for the λ hyperparameter that determines how
much to weight the L2,1 regularization loss term for LLM period encodings (left) and for GPT-OSS performing
symbolic tasks (right). We show accuracies in the unregularized setting (‘unreg.’—i.e., λ = 0) and in the
regularized setting (‘reg.’—i.e., with the best λ). On the left, the accuracies are on examples with 5 withheld
role-filler pairs, and on the right the accuracies are on examples with 2 withheld role-filler pairs. In the model
column on the left, the numbers in parentheses indicate the layer we were analyzing.

before each verb. For passivization and question formation, for each of the six noun positions, we designated 5
nouns as withheld for OOD validation and 5 as withheld for OOD testing; for tense reinflection, for each of the
six noun positions, we designated three singular nouns and three plural nouns as withheld for OOD validation,
and the same number for OOD testing. No noun was withheld from more than one position.

We trained each DISCOVER model with the relevant task’s task-specific (all) role scheme. We used
the same traning procedures as described in Appendix H.3 except that we decreased the learning rate after 5
non-improving evaluations (instead of 20) and halted training at the point that would have brought the 3rd such
weight decrease (rather than the 11th), since we found that the more constrained templates led to faster training
in these settings than in the previous ones.

L Regularization for OOD generalization
When testing how well DISCOVER can generalize to novel role-filler pairs, there is a potential problem. Specif-
ically, if the role embedding size is at least as large as the number of possible roles and the filler embedding size
is at least as large as the number of possible fillers, then it is possible for DISCOVER to effectively learn an
independent embedding for every role-filler pair, rather than having any consistency between role-filler pairs that
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share a role or filler. (To see this, suppose that each role and filler has a 1-hot embedding. Then, their tensor
product will yield a 1-hot matrix, with a 1 indicating that role-filler pair and zeroes elsewhere. Then, the weight
matrix W that linearly transforms the tensor product is effectively an arbitrary embedding matrix for role-filler
pairs). In principle this problem could be circumvented by making the filler and role embedding sizes smaller,
but if they are too small, then they will fail to capture the structure of the target model.

A potential solution is to add a regularization term that encourages the role and filler embeddings to be
small but without enforcing a specific embedding size. For this, we use an L2,1 regularization loss. The basic
DISCOVER loss is the mean squared error between the DISCOVER approximation and the target model’s
encoding vector; this regularization adds two more loss terms, one for the role embedding matrix and one for the
filler embedding matrix. The overall loss then becomes the following, where Wemb,f and Wemb,r are the filler and
role embedding matrices and λ is a hyperparameter that determines how the loss terms are weighted (note that
we fix λ to be the same across both L2,1 loss terms):

Lreg = LMSE + λL2,1(Wemb,f ) + λL2,1(Wemb,r) (4)

The L2,1 loss takes in a weight matrix and first computes the L2 norm of each row, giving a vector of size equal
to the number of rows. It then computes the L1 norm of that vector. The matrices to which we apply this are
embedding matrices in which each column is an embedding. This loss thus encourages certain dimensions in
embedding space to remain unused: the L1 loss encourages the L2 norms of the dimensions to be 0, and the L2

norm can only be 0 if the entire row is 0, meaning that the dimension corresponding to that row is unused.
Using this regularization requires us to select a value for λ. To do this, for each experiment we create an

OOD validation split and an OOD test split. That is, the training of the DISCOVER model has certain role-filler
pairs withheld from it. A subset of those withheld role-filler pairs are used for OOD validation, while the rest
of the withheld role-filler pairs are used for OOD testing (the withheld pairs used for OOD validation and OOD
testing do not overlap). We select the λ that works best on the OOD validation set and then train models with
that λ and evalaute them on the OOD test set. See Appendix K for details for each model type that we analyze.

L.1 Letter sequence models
Table 5 shows the results of our hyperparameter search for λ in the letter sequence models. There are some
settings in which the unregularized accuracy is at ceiling, but there are others where the regularization makes a
major difference (e.g., in the interleaving bottleneck Transformer, raising OOD accuracy from 0.54 to 0.97).

L.2 LLM period encodings
Table 6 (left) shows the results of our λ hyperparameter search for LLM period encodings. We ran the hyperpa-
rameter search over just 3 of the LLMs (using one layer from each); they all gave similar results (with λ = 0.001
performing best or similarly to the best λ), so we adopted that value for all other models and layers. (In the table,
note that 0.001 is not the best λ for Llama-3.1, but 0.001 performs nearly as well as the best λ: 0.896 vs. 0.898.
Thus, since 0.001 seems strong across settings, it is the one that we adopt in general. For these experiments,
the regularization seems to be critical, making a qualitative difference in DISCOVER generalization performance
(Table 6, left).

L.3 GPT-OSS performing symbolic tasks
Table 6 (right) gives the results of searching over λ for applying DISCOVER to GPT-OSS’s representations of
symbolic inputs. We ran this search separately for each of the six tasks.

M Generalization to novel role-filler pairs in white-box models
Our experiments with generalization to novel role-filler pairs are built on the assumption that, if DISCOVER
successfully generalizes to novel role-filler pairs, this is evidence that the target model’s representations incorpo-
rate systematic binding. This assumption can be supported solely from principle (DISCOVER cannot generalize
to something unseen unless there is some sort of systematicity that it can leverage to determine how to handle
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Figure M.1: DISCOVER performance on two white-box models: one that is known to have systematic role-filler
binding (“TPR”) and one that is known not to have systematic role-filler binding (“Atomic Pair”).

the unseen units). However, as an additional source of support, here we also run an empirical experiment to
validate this assumption.

The way we test this assumption is to run DISCOVER on two types of white-box models (where a white-box
model is one whose internal structure is known, in contrast to the more standard situation in which neural
networks are black boxes). We use one type of white-box model that we know has systematic role-filler binding
and one type of white-box model that we know does not. The one that has systematic role-filler binding is a
sequence-to-sequence model with an encoder that is explicitly a TPR, and a decoder that is a Transformer; the
one that does not have systematic role-filler binding is a sequence-to-sequence model with an encoder that has an
atomic embedding for each role-filler pair (which we call an Atomic Pair Encoder) combined with a decoder that
is a Transformer. The Atomic Pair Encoder’s representation for an input is simply the sum of its embeddings
for the role-filler pairs in the input.

There is one wrinkle: It is possible that, through training, the Atomic Pair Encoder would coverge to system-
atic embeddings. That is, even when the architecture is not structured systematically, it is possible for learned
embeddings to converge to systematic structure due to training pressures (Mikolov, Yih, and Zweig, 2013). There-
fore, we leave the encoders of these two models untrained—the TPR Encoder and the Atomic Pair Encoder are
left with the weights that they have at random initialization, with the Transformer decoders trained to read out
from these frozen encodings. It is still possible that the Atomic Pair Encoder would have systematic structure
through astronomical good luck, but that is so unlikely that we are comfortable dismissing the possibility.

We first train these sequence-to-sequence models on the task of copying, and both architectures perform
nearly perfectly, with accuracies above 0.99 for all 10 reruns for both architectures.

We then apply DISCOVER to the two sequence-to-sequence architectures, training it with withheld role-filler
pairs in the same way as the black-box models in Section 8. The results are in Figure M.1. Two points about these
results are worth noting. First, in the cases where there are no unseen-filler role pairs—i.e., where DISCOVER
only needs to handle role-filler pairs that it has been trained on—DISCOVER works well for both architectures,
even the one that has no systematic binding. This illustrates that we indeed cannot draw strong conclusions
about the presence of systematic binding based on in-distribution DISCOVER results, since this plot gives an
existence proof of DISCOVER giving high accuracy even when the target model definitely lacks systematic
binding. Second, however, we also see that testing for generalization to novel role-filler pairs addresses this
concern: We see strong generalization for the white-box TPR model that is known to have systematic binding,
while we see a complete failure to generalize in the white-box Atomic Pair model that is known not to have
systematic binding. Thus, this plot supports our methodological decision to use generalization to novel role-filler
pairs as the key type of evidence for systematic role-filler binding.

N Is DISCOVER performance merely driven by the number of roles?
Many of our results involve comparing multiple role schemes, where some role schemes work better than others.
Our interpretation of the results typically assumes that the extent to which a role scheme provides a close
approximation quantifies the extent to which the role scheme matches the implicit structure of the representational
space being analyzed. However, there is an important confound to address: In many cases where role scheme A
outperforms role scheme B, role scheme A also involves a larger vocabulary of roles than role scheme B, meaning
that the DISCOVER model for A has more parameters than the DISCOVER model for B. Since machine learning
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Role scheme Number of roles

Left-to-right 6
Right-to-left 6
Bidirectional 21
Wickelroles 729

Bag-of-words 1

Bidirectional (all) Task-specific (all)
Task role count role count

Arithmetic 94 185
Syllogisms 1,956 1,772

Code execution 1,329 3,771
Passivization 993 1130

Tense reinflection 993 1130
Question formation 1038 1283

Table 7: Number of roles for the DISCOVER models trained in the letter sequence experiments (left) and
for the bidirectional (all) and task-specific (all) role schemes used in DISCOVER approximations of
GPT-OSS (right).

models typically perform better when they have more parameters, differences in the number of roles raise the
concern that DISCOVER performance might merely be driven by the number of roles rather than by a role
scheme’s structural fit to the target model.

Luckily, there are many data points that provide reason to reject this possibility. First, consider the letter
sequence results in Figure 4.1. For each role scheme used in those results, Table 7 (left) shows how many roles
are used (the number of roles is the same across all architectures and tasks). In every condition in Figure 4.1,
bidirectional roles outperform Wickelroles despite using far fewer roles (21 vs. 729). Note that Wickelroles
are not quite sufficient to uniquely identify every possible sequence (e.g., A, A, B, A, A, A and A, A, A, B, A,
A both receive the same Wickelrole representation). This factor is unlikely to fully explain the low performance
of Wickelroles, since there are cases where it produces a fairly high DISCOVER accuracy (such as the reversing
bottleneck Transformer), showing that at least in principle it can score reasonably high on DISCOVER but usually
does not; however, the other examples in this section involve comparisons where this issue is not relevant because
all role schemes considered are sufficient to uniquely identify the sequence in question. Further, left-to-right
and right-to-left roles use the same number of roles (i.e., 6), yet they often show substantially different
approximation accuracies; in this case, both are sufficient to uniquely identify the sequence.

Now consider the period encoding results in Figure 5.2. In the lists condition, the bidirectional role scheme
uses 12 roles while the predecessor role scheme uses 301 roles, yet bidirectional consistently outperforms
predecessor. Note that, in this setting, we use lists in which all elements are unique, so the predecessor role
scheme does in principle provide enough information to uniquely identify the sequence being encoded.

Finally, consider the GPT-OSS results in Figure 6.2. Table 7 (right) shows the number of roles used in the
two competitive role schemes for each task. In all cases, task-specific (all) achieves a stronger DISCOVER
approximation than bidirectional (all). Nonetheless, in the syllogisms task, task-specific (all) uses
fewer roles; further, in code execution, task-specific (self) (99 roles) slightly outperforms bidirectional
(all) (1,329 roles) despite using substantially fewer roles. Thus, the differences in DISCOVER accuracy cannot
be fully explained by the number of roles available—though it is indeed the case that, in the 5 of the 6 conditions,
the better-performing task-specific (all) has more roles than the worse-performing bidirectional (all).

As one other relevant point, the main reason to be concerned about the settings where task-specific (all)
uses more roles than bidirectional (all) is that it raises the risk that we are misinterpreting the results by
concluding that task-specific (all) better reflects the structure of the target model; what if the target model’s
structure actually follows bidirectional (all), but in a way that is masked in our analyses by the smaller
role count for that role scheme than for task-specific (all)? This concern is particularly acute in the lin-
guistic tasks (passivization, tense reinflection, and question formation), since in those conditions task-specific
(all) achieves only slighter better approximation accuracy than bidirectional (all). However, for two of
the linguistic tasks, we have an alternative source of evidence—the structure-sensitivity of causal interventions
(Appendix J)—as evidence that these representations are indeed driven more by the task-specific (i.e., syntactic)
structure than by the task-agnostic bidirectional structure.

Overall, then, we conclude that differences across role schemes in DISCOVER approximation accuracy are
not primarily driven by the number of roles used, supporting the type of inference drawn throughout the paper
(namely, that DISCOVER approximation accuracy with a particular role scheme indicates the extent to which
that role scheme captures the causal structure of the target model’s representations).
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