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Abstract. Lifted inference algorithms enable scalable probabilistic in-
ference even for large object domains by leveraging the indistinguisha-
bility of objects in a probability distribution. An essential prerequisite
for constructing a lifted representation is to identify commutative fac-
tors, i.e., functions whose output values are invariant under permuta-
tions of a subset of their input values, in a potential-based factorisation.
In practice, however, parameters learned from data inevitably deviate
even if associated objects are indistinguishable, causing their correspond-
ing factors to be only approximately commutative instead of being ex-
actly commutative. We address this problem by introducing the concept
of e-commutativity, a relaxation of commutativity where output values
are only approximately invariant under permutations of input values.
Specifically, we show how e-commutativity can be exploited for lifted
model construction, downstream probabilistic inference, and prove strict
bounds on the induced approximation error, thereby ensuring the prac-
tical applicability of lifted model construction while maintaining highly
accurate query results. These theoretical guarantees are confirmed em-
pirically, demonstrating comparable query accuracy at lower runtime.

1 Introduction

Uncertain reasoning is a fundamental task in artificial intelligence, where un-
certainty is commonly represented through probability distributions over ran-
dom variables. Probabilistic graphical models such as factor graphs (FGs) pro-
vide a compact way to encode joint distributions over a set of random vari-
ables (randvars) by decomposing a distribution into products of local functions,
called factors. Even with a factorised representation, the problem of probabilistic
inference (i.e., computing marginal or conditional distributions of randvars) is
intractable in general as the computational cost grows exponentially with the
number of randvars [3]. To allow for tractable probabilistic inference whose com-
plexity grows polynomially in the number of objects in the underlying domains,
lifted inference algorithms exploit the indistinguishability of objects by using a
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representative for computations [13]. Performing lifted inference, however, re-
quires a lifted representation in which indistinguishable objects are grouped
together. The construction of such a lifted representation includes identifying
factors that exhibit symmetries and can therefore be grouped together. One
important class are commutative factors (that is, factors whose output values
are invariant under permutations of a subset of their input values). Whether a
factor is commutative depends on the precise output values it maps its input
values to, and herein lies a subtle but pervasive practical issue: When numbers
are estimated from observational data, two values that should ideally coincide
hardly ever do so up to the last digit. Even in simple cases such as counted data,
learning can always yield a distribution of values, which makes an otherwise
commutative factor fail the strict definition of commutativity, even though the
commutativity is clearly present from a modelling perspective. Current state-of-
the-art algorithms for detecting commutative factors have no means to tolerate
such discrepancies. In this paper, we address this problem by softening the un-
derlying equality requirement, thereby enabling the detection of approximate
commutativity and allowing for further compression of FGs.

Previous work. When dealing with noisy distributions, typical approximate tech-
niques control the deviation on the level of the full (global) probability distri-
bution based on classes of prior distributions [1], as done, e.g., by distortion
models such as the constant odds ratio model, which bounds the multiplicative
deviation from a nominal reference distribution [12]. In contrast, we consider
a factorised distribution and bound individual potentials directly via a local
constant-odds-ratio-type neighbourhood on the level of a single factor. Struc-
turally, however, the overall global approximation follows the same guarantees
as distortion models. There has also been research on robustness in graph learn-
ing against false measurements and outliers [6, 14], whereas our approach relaxes
exact structural symmetry in factors for lifted inference. The line of work on lifted
probabilistic inference goes back to Poole [15], who introduced parametric factor
graphs (PFGs) as a representation that interleaves first-order logic with proba-
bilistic modelling and lifted variable elimination (LVE) as an inference algorithm
operating on PFGs. A substantial body of subsequent research has refined and
extended LVE in various directions [18]. One of these refinements includes the
introduction of so-called counting randvars (CRVs) [11], which count over the
occurrences of range values in the input of a factor instead of explicitly listing
possible combinations of input values, thereby exploiting the commutativity of
factors. The current state-of-the-art to construct a lifted representation such as
a PFG is the advanced colour passing (ACP) algorithm [7]. A core ingredient of
ACP is to determine, for every factor, a maximum sized subset of commutative
arguments such that factors can be compressed by using CRVs to count over
the commutative arguments. To determine maximum sized subsets of commu-
tative arguments, the detection of commutative factors (DECOR) algorithm [8,
9] is the state-of-the-art. Such lifted model construction techniques have so far
focused on approximate factors rather than approximate commutativity [10, 16].
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Our contributions. We introduce e-commutativity, an approximate variant of
commutativity in which output values are allowed to deviate depending on a hy-
perparameter €. On the basis of e-commutativity, we show how approximately
commutative factors can be compressed by replacing groups of similar values
with representative values, thereby simplifying the underlying distribution by
giving events of a symmetry set the same value. We further establish a strict
bound on the approximation error induced by such a compression, guaranteeing
that subsequent inference on the resulting lifted representation remains accu-
rate. Finally, we empirically demonstrate that the approximation error remains
well below the theoretical bounds in practice, while the proposed algorithm sub-
stantially reduces runtime across a range of parameter settings.

Structure of this paper. The remainder of the paper is organised as follows.
We first introduce the necessary background on FGs and commutative factors
therein. We then formalise the concept of e-commutativity, develop a compres-
sion scheme based on e-commutative representatives, and prove important prop-
erties leading to a strict bound on the resulting approximation error. Afterwards,
we embed the compression of e-commutative factors into the ACP algorithm for
lifted model construction and empirically show that downstream probabilistic in-
ference still produces highly accurate results. Due to space constraints, detailed
proofs are relegated to App. A and further experimental results to App. B.

2 Background

We briefly introduce the notion of an FG and then formally define what a com-
mutative factor is. An FG compactly encodes a joint probability distribution over
randvars as a product of factors [4, 5]. In the following, we write range(R) to de-
note the values a randvar R can take (called range) and Xr := X perrange(R)
to denote the Cartesian product over the ranges of a set of randvars R.

Definition 1 (Factor Graph). An FG is a tuple M = (R, F,E,®) where
R = {Ry,...,R,} is a set of randvars, F = {f1,...,fm} is a set of factor
nodes, and @ = {¢1,...,dm} is a set of function definitions (called factors).
Each ¢j(Ry;) € @ defines a function ¢;: Xr,, = Rxo over the Cartesian
product of the ranges of its argument sequence of randvars Ry, C R. The image
of ¢; consists of non-negative real numbers (potentials), and each factor is non-
trivial in the sense that it attains at least one positive value. For each pair of
variable node R; € R and factor node f; € F, there is an edge {R;, f;} € E C
R, f} | Re RAf € F} if Ry € Ry,. The full joint probability distribution
encoded by M for an assignment (R1 = r1,...,R, = rp) to the randvars in R,
abbreviated as R = r, is the normalised product over all factors in M :

1 1+
Py(R=r)=—y(r) =~ [T #i(Rs, =ry),
j=1

where T is a projection of v to the argument list of ¢; and Z is the normalisation
constant, defined as Z =3, v, I12) ¢j(Rg, = 1))
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Example 1. Fig. 1a shows an FG M modelling the interplay between the com-
petences ComA and ComB of two employees Alice and Bob, respectively, and
the revenue Rev of the company they work for. The ranges of the randvars are
range(ComA) = range(ComB) = range(Rev) = {high,low} and Fig. 1b shows
the function definition of the factor ¢3(ComA, ComB, Rev), illustrated as a po-
tential table, i.e., ¢3(ComA = high, ComB = high, Rev = high) = ¢4, and so
on, such that ¢1,...,ps € R>o are non-negative real numbers with ¢; # ¢; for
all 7 # j. We omit the potential tables of ¢1(ComA) and ¢o(ComB) for brevity.

ComA ComB Rev ¢3(ComA, ComB, Rev)

high  high  high p1
high high low P2
high low high ©3
high low low ©a
low  high high ©3
low high low ©a
low low high ©s
low low low ©e

(a) (b)
Fig.1: (a) An FG modelling the interplay between the competences of two em-
ployees and the revenue of the company they work for. (b) The function definition
of ¢3, where ¢1,...,ps € R>o with ¢; # ¢; for all ¢ # j.

Ex. 1 illustrates that the output of ¢3(ComA, ComB, Rev) depends only on
the number of highly competent employees, not on their identities. For instance,
¢3(ComA = high,ComB = low, Rev = high) = ¢3(ComA = low,ComB =
high, Rev = high) = 3. Thus, permuting ComA and ComB leaves the output
unchanged—only the count of competences set to high matters. This invariance
under permutations is a key property exploited by lifted inference algorithms
and motivates the following formal definition of commutativity.

Definition 2 (Commutative Factor [7]). Let ¢(Ry,...,R,) denote a factor
and let Cy C Ry := {R1,..., Ry} be a subset of ¢’s arguments with |Cy| > 2.
Then, ¢ is commutative with respect to Cy if for all assignments r = (r1,.. .,
Tn) € XR,, it holds that ¢(r1,...,7n) = G(Tr(1),---Tr(n)) for all permutations
mof {1,...,n} with n(i) =1 for all R; ¢ Cy.

We refer to the arguments in C'y as commutative arguments. Note that ar-
guments can only be commutative if they have the same range because only
arguments with identical ranges can be permuted. Thus, when searching for
commutative arguments, only subsets with the same range need to be consid-
ered. Consider again ¢3(ComA, ComB, Rev) from Fig. 1b. According to Def. 2,
¢3 is commutative with respect to {ComA, ComB}. The above definition relies
on exact equality of potentials. In practice, however, small estimation errors of-
ten break this equality even when the underlying symmetry is still present. The
next section therefore introduces approximate commutativity.
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3 Approximate Commutativity

So far, the definition of a commutative factor requires strict equality among
potentials, which we relax here, introducing the notion of e-commutativity based
on the idea of e-equivalence [10], establish its fundamental properties, and derive
the bounds needed for its practical application in lifted model construction.
We begin to introduce the more general notion of e-equivalence between two
potentials @1, p2 € R>q, written as ¢1 =, @2, which holds if
p1r€fp2-(1—¢)p2-(1+e)and pr € [p1-(1—¢),01-(1+e). (1)
Two factors are e-equivalent if there exists a permutation of arguments such
that Eq. (1) holds for all pairwise row comparisons of potentials. Combining e-
equivalence and commutativity naturally leads to the notion of e-commutativity.

Definition 3 (e-Commutative Factor). Let ¢(Ry,...,R,) denote a factor,
let Cy C Ry be a subset of its arguments with |Cy| > 2, and let € € [0,1]. Then,
¢ is e-commutative with respect to Cy if for all assignments (rq,...,r,) € XR,
and all permutations

n€llc, ={mr €S, |n(i)=1forall R; ¢ Cy},

where Sy, is the symmetric group over {1,...,n}, the potentials ¢(r1,...,r,) and
qﬁ(rﬂ(l), .. ,rﬂ(n)) are e-equivalent, i.e.,

A1, smn) €[D(Ta@)s -+ Tam)) - (1 =€), d(Tr(1ys -+, Tr(ny) - (L +€)] and
¢(T7T(1)7~--ar7r(n))e[¢(T1,-..,Tn) '(1—5)7¢(T1,...,Tn) (1—|—€)}

We refer to the arguments in C'y as e-commutative arguments. Note that,
for the choice of € = 0, e-commutativity reduces to strict commutativity.

As illustrated in Table 1b, the commutativity of a factor can be exploited to
obtain a more compact representation of the factor by introducing a CRV that
groups the commutative arguments such that the original potentials are replaced
by aggregated potentials. Here, ComA and ComB are not listed individually but
have been replaced by a CRV #g[Com(E)] that counts the number of employees
with a certain competence (i.e., [2,0] stands for two employees with a high
competence and none with a low competence, [1,1] stands for one employee
with a high competence and one with a low competence, and [0, 2] stands for
two employees with a low competence and none with a high competence). Given
a commutative factor such as ¢3 from Fig. 1b, all assignments that differ only
by a permutation of the range values of the commutative arguments share the
same potential, so choosing ¢; = ; preserves the semantics exactly. However,
for an e-commutative factor such as ¢ from Table la, potentials corresponding
to assignments only differ by a permutation on the commutative arguments
may deviate by a factor of up to (1 + ), and hence collapsing them into a
single potential ¢! inevitably discards information (e.g., ¢35 must be chosen to
represent both 3 and ¢} at the same time). We therefore seek to choose ¢f
such that its deviation from the original potentials is minimised.

Ezample 2. Consider the factor ¢(ComA,ComB, Rev) from Table la. Given
that @3 and ¢ as well as ¢, and ¢} are e-equivalent for some e € [0,1], ¢ is
e-commutative with respect to {ComA, ComB}.
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ComA ComB Rev ¢(ComA,ComB, Rev)

high  high  high ®1 #5[Com(E)] Rev ¢(#r[Com(E)], Rev)
high  high low 2

high low  high 03 2,0] high @1

high low  low o1 (2,0] low 2

low high high A [1,1]  high ©5

low  high low o4 [1,1] low o4

low low  high s [0,2] high i

low low low 6 [0,2] low o

(a) (b)

Table 1: (a) An exemplary factor ¢(ComA, ComB, Rev) with e-commutative
arguments {ComA, ComB} provided that ¢3 and ¢ as well as ¢4 and ¢} are -
equivalent. (b) A compressed representation of ¢(ComA, ComB, Rev) from (a)
using a CRV to represent the e-commutative arguments {ComA, ComB}.

In the following, we aim to find an optimal representative factor to compress
an e-commutative factor such that the underlying semantics is preserved as much
as possible. To do so, we need a few theoretical properties induced by the notion
of e-commutativity. The following lemma, which has been proven only across
different factors [10, Lemma 6], establishes a useful consequence of the symmetric
definition of e-commutativity and serves as a tool to derive subsequent bounds.

Lemma 1. Let ¢ denote a factor that is e-commutative with respect to a subset
of its arguments Cy. Then, for all permutations © € Ilc,, it holds that

1
¢(T17 s 77"77/) € [Qs(rﬂ(l)) LR TT&'(’II)) ' ma ¢(Tﬂ(l)7 LR TT((’II)) ' (1 + 6)] and

1
¢(rﬂ(1)7' e arﬂ'(n)) € [¢(T1, v 7rn> : mad)(rla R 7rn> ' (1 +5)]

The proof follows the same structural argument as [10, Lemma 6], using the
symmetric definition of e-commutativity. Details are given in App. A.

Before we turn our attention to the compression of an e-commutative factor,
we briefly state two important structural properties of e-commutativity, which
are algorithmically relevant when it comes to detecting e-commutativity of a
factor (which needs to be done before the compression can take place). A natural
question is whether e-commutativity with respect to a set is inherited by its
subsets (as it is the case for the exact version of commutativity [9, Prop. 10]).

Proposition 1. Let ¢ be e-commutative with respect to Cy. Then, ¢ is e-
commutative with respect to every subset C;, C Cy satisfying |C;,| > 2.

Proof. Since, C;) C Cy, we have HC;) C Ilic,. Hence, by Def. 3, for all m € I,

and assignments r = (r1,...,7,), it holds that
o(r) € [6(rrq)s s Tr(n)) - (1 =€)y 0(Tr(1)s- -+ s Tr(my) - (1 + )] and
d)(rﬂ(l)’ s 5r7r(n)) € [d’(r) ’ (1 - 6)7 ¢(T) : (1 + 5)}

Since HC;5 C Il¢,, the same relations hold for all 7" € HC;). O
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Prop. 1 shows that e-commutativity is preserved when moving from a set of
randvars to its subsets. Hence, a factor that is commutative with respect to ij)
may be e-commutative with respect to a strict superset Cy 2 C:z,, thereby en-
abling further compression of the original factor. An important follow-up ques-
tion is whether local e-commutativity of smaller subsets implies this also for
their union, which is indeed the case for exact commutativity [9, Theorem 11]
and gives rise to an efficient algorithm to compute subsets of commutative ar-
guments [9, Algorithm 2]. The following theorem shows that the corresponding
property does not hold for e-commutativity, implying that computing subsets
of e-commutative arguments is more sophisticated than computing subsets of
strictly commutative arguments.

Theorem 1. e-commutativity is not closed under unions of sets with respect to
which a factor ¢ is e-commutative.

Proof. Let (r1,r2,73) € x;_;{high, medium, low} denote any assignment to the
randvars Rj, R, R3. Let € be 0.1. The potentials of the factor ¢ are given by

Ry Ry Rs |¢(R1, R, R3)
high medium low 1
high low medium 1.1
medium  high low 1.1
medium  low high 1.21
low high medium 1.21
low medium high 1.1

All non-listed assignments are mapped to the potential 1. ¢ is e-commutative
with respect to all individual pairs {R;, Re}, {R1, Rs}, and {Rs, R3}, but not
with respect to the set { Ry, Ra, R3}. Consider the assignment (r1, 79, 73) = (high,
medium, low) and the permutation 7(1) = 3,7(2) = 1,7(3) = 2, (cycle of two
transpositions), which maps (high, medium,low) to (rz(1),7r2), 7(3)) = (3,71,
r2) = (low, high, medium). However, ¢(high, medium, low) = 1 is not an element
of the interval [¢(low, high, medium)- (1 —0.1), ¢(low, high, medium)-(1+0.1)] =
[1.089,1.331]. Thus, ¢ is not e-commutative with respect to {R1, Ra, R3}. O

Theorem 1 implies that the algorithm presented in [9, Algorithm 2] to effi-
ciently compute a maximum sized subset of commutative arguments cannot di-
rectly be transferred to compute a subset of e-commutative arguments instead.
We next turn our attention to the compression of an e-commutative factor, which
is performed by replacing it with a smaller representative factor.

3.1 Replacement of Potentials by Representative

The construction developed in this subsection formalises the aggregation of po-
tentials over symmetry sets induced by permutations of e-commutative argu-
ments. We first introduce symmetrised representative factors as weighted repre-
sentatives over symmetry sets and then study the algebraic structure induced by
the permutation group Ilc,, which partitions the assignment space into equiv-
alence classes of pairwise e-equivalent potentials.
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Definition 4 (Symmetrised Representative Factor). Let ¢(Ry,...,R,)
be a factor, which is e-commutative with respect to Cy C Ry = {R1,...,Ry}.
For an assignment v = (r1,...,7,) € XR,, the symmetrised representative
factor ¢* associated with ¢ is defined by

o) = 3w o),

€S, (r)

where Gy(r) = {(’I“ﬂ-(l),...,’l“ﬂ-(n)) ’ e HC¢} denotes the symmetry set of r
under permutations of the e-commutative arquments, and where the weights sat-
1sfy wyr > 0 and Zr,€6¢(r) wer = 1.

To better understand why such a construction is possible, we first investigate
the structure underlying these symmetry classes. This leads us to examine /¢,
which is shown to be closed under composition and inversion in the following.

Lemma 2. For a set Cy C Ry = {Ry,...,R,}, Ilc, is a subgroup of S,.

Proof. By definition mq € Ilc,. If m, 75 € Ilc,, then (71 0mo)(i) = w1 (m2(i)) =
m1(i) =i for all R; ¢ Cy, resulting in closed group operations my oy € llc,. If
m € llc,, then m € S, due to IlIg, € Sp. Sy is a group and therefore 7 lesS,.
This means that for all i with R; ¢ Cy it holds that i = mq(i) = (7L o) (i) =
7! (m(i)) = 7 (i), which means that the inverse 7! is also in ¢, . O

This subgroup naturally induces a group operation of Ilc, on the assignment
space Xgr, via (11,...,7n) = (Tx(1),---,"x(n)) for @ € Ilc,, whose properties
are inherited by the corresponding symmetry sets S, (7).

Hence, symmetry sets are precisely the orbits of this group operation.

Corollary 1. Let ¢(Ry,...,Ry) be a factor, which is e-commutative with re-
spect to Cy C Ry = {R1,...,Rp}. If 7' € G 4(7), then Gyu(r') = Sy(r).

Proof. As 1’ € G4(r), there exists m; € IIg, such that ' = (rz, 1y, .75 (n))-
Let 7" € &4(r'). Then, there is 7 € Ilc, such that v = (1] )., 77 () =
(rm(m(l)),...,rm(m(n))). Since Ilc, is a subgroup of S, it is closed under
composition, hence 7y omy € I, . Therefore r” € G4 (r), which shows Gg(r') C
G4(r). The reverse inclusion follows analogously for 7y L Ty lello o O

While the previous result describes how e-commutativity behaves on the level
of argument subsets, the following lemma establishes the induced equivalence on
the level of potentials via e-equivalence.

Lemma 3. Let ¢(R1,...,Ry) be e-commutative with respect to Cy. Then, all
potentials induced by assignments within the same symmetry set are pairwise
e-equivalent, i.e., if v'.v" € Gu(r), then ¢(r') = ¢(r").

Proof. Let v',7" € &4(r). Then there exist permutations 1,7 € IIc, such
that v = (7, (1), > Try(n)) a0d 77 = (Tr,1)5 -+, Tra(m))- Since Ilg, is a sub-
group of S, (Lemma 2), it is closed under composition and taking inverses.
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Hence, 7 := myom ! € Ilc,. Therefore, r'" = (r’T(l), . ,T’T(n)). Because ¢ is
e-commutative with respect to C, it follows from Def. 3 that ¢(r’) € [p(r”) -
(I—g),p(r")-(1+¢e)] and ¢(r") € [p(r') - (1 —€),d(r’") - (14 €)]. Hence, it holds

that ¢(ry,...,70) =< o(r], ..., 7. O
Thus, we can also view S4(r) =: [r], as the equivalence class of the equiva-

lence relation ~ on Xg, induced by the group operation of Ilc, via
r~7r e HWEHCdJ: (7“/1,... T‘/):(T‘ﬂ.(l),...,Tﬂ.(n)).

r'n

Consequently, the quotient space Xr,/ ~ is well-defined and can be identified
with the set of all symmetry sets. Hence, there exists a representative set X, C
Xgr, containing exactly one element per equivalence class, inducing a bijection

X,/ ~= {[r]y |7 € Xr,} = {64(r) | 7 € Xn, }.

Different symmetry sets (equivalence classes) of the same factor may induce
different weighting schemes. Within each equivalence class, however, the weights
must be chosen consistently with the quotient structure Xr,/ ~ so that every
class contributes exactly once to the representative potential (for the size of
the symmetry set, see Section A.1). This raises the question whether replacing
potentials by symmetrised representatives preserves e-equivalence of factors.

@

Theorem 2. Let ¢ be e-commutative with respect to Cy and let ¢* be its sym-
metrised representative factor for e € [0,1]. Then, ¢ and ¢* are e-equivalent.

Proof. By Lemma 3, all potentials ¢(r’) with 7' € S, (r) are pairwise e-equivalent.
Hence, by [17, Theorem 15], any weighted mean Zr’eGd,(r) wer - @(r') is also e-
equivalent to ¢(r'). Applied row-wise to all assignments and potentials relative
to their equivalence classes, this yields e-equivalent factors. O

Choosing the arithmetic mean ¢ as the symmetrised representative factor
arises as a trivial special case of Thm. 2 by assigning uniform weights w,, :=
\GJW on G4 (r) for which > ywr = 1 holds, yielding ¢*(r) = ¢(r).

r'eEGy(r

Corollary 2. Let ¢ be e-commutative with respect to C'y and let the mean

. — 1
¢*(r) = ¢(r) = 15— > e, (2)
S 2=
¢
be defined with weights wy, := Wl(r)\ forr' € &4(r) for a given € € (0,1]. Then
o* is a symmetrised representative factor of ¢ and is e-equivalent to ¢.

The mean is particularly attractive as it treats all symmetric assignments
uniformly avoiding bias towards specific permutations and minimises the squared
deviation [10]. It is also optimal with respect to the squared deviation in the sense
that, when all values ¢(r') are replaced by the same representative within the
group r € G4(r), the resulting deviation from the original factor is minimised.
These properties make it a natural choice for the symmetrised representative
factor in practical implementations (see Sec. 4 for experiments). However, when
prior knowledge indicates a bias toward specific arguments in the underlying
data, or when domain expertise is available, the weights assigned to individual
arguments of the original factor can always be adapted accordingly.
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3.2 Asymptotic Bounds

To quantify the approximation error induced by symmetrisation, we next analyse
the resulting deviation between the original model and the model obtained by
symmetrising e-commutative factors. We make use of the following symmetric
distance measure, which allows us to bound the change in query results [2,10].

Definition 5 ([2]). The symmetric distance Dcp(Par, Papr) between two dis-
tributions Pyr and Py introduced in [2] (see [10] for details) is defined as

Dep(Par, Pap) :i=In max ZA;'((T)) —1 mrin ];ZZ((:)) (3)
=Inmax vir) _ In min Vi) (4)

r(r) roa(r)
With this measure at hand, we first derive a general bound for arbitrary
weighting schemes.

Theorem 3. Let M be an FG with factors ¢1, ..., ¢m, of which ¢, ..., ¢ with
0 < k < m are e-commutative with respect to Cy,,...,Cg4,, respectively. Let M’
be the FG with factors ¢7,...,®5, Qk+1,- - -, Pm, where e-commutative factors of
M are replaced by their symmetrised representative factors. Further, let Py; and
Py denote the underlying full joint probability distributions encoded by M and
M', respectively. Then, it holds that
Dep(Par, Pap) <ln(1+¢)*

Proof. According to Def. 3, every updated potential ¢¥(r;) in M’ differs from
its original potential ¢;(r;) in M by at most a factor (1 +¢) for i = 1,...,k,
while all remaining factors ¢ > k are left unchanged. Since ¥ (r) = H;nzl oi(r;)
for any assignment 7, using Lemma 1 we obtain

>H¢jrj 1+5 H b (r;) 1+a'f jqus] , and

J=1 j=k+1
k m
H (1+¢)- H ¢j(r;) (1+¢) k. ng
Jj=1 Jj=k+1 Jj=1
Consequently, )
7 11 ¢5(ry)
/ (14¢) J\"I
minw r) > - =1 1 7. and
v Y(r H¢j(r]) (I1+¢)
j=1
PR i
me ey S T (1+e)
H1¢J(TJ)
j=

where r; € XR¢j denotes the projection of r € Xgr. Substituting these bounds
into Eq. (4) yields Dep(Pas, Par) <In(14+¢)k —In1/(1+¢)k =In(1+¢)%. O
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For the special case of arithmetic averaging, we can sharpen this bound.

Lemma 4. Let ¢ be an e-commutative factor with respect to Cy, let Xr, =
Ui-:l{rj} be a set of disjoint representatives ¥ for all disjoint equivalence classes
Uézl[rj](b = 02216¢(rj) = Xg, ordered by size such that my = |[r']y| > ... >
my = |[rl]y| > 1, and let ¢* be the symmetrised representative factor via the
mean as in Eq. (2). Then,

max ¢ (r) (1 + mzi_lé‘) (1 + 8)
T ¢(r) m2
1< — 2 < : .
min, (:)) L+ e

Condensed Proof (Longer Version inApp. A). The mean ¢*(r) is uniquely de-
termined within each equivalence class [r’],. First, observe that for every equiv-
alence class [r’], and all 7/, 7" € [r7]s, Lemma 3 implies pairwise e-equivalence,
so the potentials ¢(r”) within one equivalence class [r7], can be ordered

1 , . , o
0< 3 20(r™™) < 9(rP™") < 9(r") < G ") < H(rI ") (14 <),
where @¢(r?™%) := max, (i, ¢(r') and G(r?™") = ming g, ¢(r’'). When
the maximum and minimum originate from two different equivalence classes
[r']s and [r’], with i # j, the worst-case assignments are independent. For the
maximum choose ¢(r) = ¢(r>™"), while all remaining potentials in the same
equivalence class attain their maximal admissible value ¢(r') = @(rvmax) =

(1+¢e)p(rt™in) for all ' € [ri], \ {r}. This yields
¢*(r) _ (@(r"™™) + (|[r'le] = DA +2)p(rt™n))/|[r']g]

max = =1+ 7(mi — 1)6
refrils o(r) G(rimin) m;

For the minimum choose ¢(r) = ¢(r™2*) while all remaining values in the
same equivalence class attain their minimal admissible value ¢(r') := ¢(r?™") =

= o(rv™) for all v/ € [r7], \ {r}. Consequently,

¢*(r) _ (o] = Dz (ri™™) + o)) /lirdls| 1+ e

min =

refrily (1) (rimax) T l+4e

1
i—1 . . . . . e
Observe, that 1 + (mmi)s is monotonically increasing in m;, whereas — 2

is monotonically decreasing in m;. Hence, the largest equivalence classes by
size produce the extremal deviations. To determine which class size appear in
the numerator and denominator, consider the monotonically decreasing g(z) =
(1 + %1 5) (1 + %e) for £ > 2. Therefore, for z1, 22 € N>o it follows:

xlfl 11?271
I+5—=e¢ 1+=—c¢

1+é5 - 1—|—i6

g(x1) > g(z2) <

Consequently, the sharpest bound is obtained by using z1 = mg and xo = m;.
When both extrema originate from the same equivalence class, ¢*(r) = ¢*(r’) for
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all r,7/ € [r7]y, the quotient is maximised via ¢(r) = ¢(ri™") = - ¢(r ™)
and ¢(r') = ¢(rIm3x) = (1 + £)¢(r ™), leading to smaller values
N 1 1
maXyclri], &) maXpe[ri], () S(ri-min)
~ 5 T minae L= i =1+e -
Mrrelrily “Girr)y. r€lrle gty THe)e(rimm)

Combining the class-wise extremal bounds yields the final global statement
for the representative mean-construction, which we show next.

Theorem 4. Let M be an FG with factors ¢1, ..., ¢m, of which ¢, ..., ¢ with

0 < k < m are e-commutative with respect to Cy,,...,Cy,, respectively. Let
Xr, = Uéfizl{rg} be the set of disjoint representatives v for all equivalence
classes Ui—izl[r'g]dji = X, ordered by size with my, := |[r}]s,| > ... > my, =

[[rl]s,| > 1. Let M’ be the FG obtained by M by replacing each factor ¢; by its
mean-based symmetrised representative factor ¢F as in Eq. (2). Then, for the
induced distributions Pyy and Py and € > 0, it holds that

b (1+%2’15) (1+¢)
Dep(Py, Pryp) <In

cp (P, Pur) < H [

i=1

<In (1 + E)Qk.

Proof. The statement follows by factorisation of the joint potential, the determi-
nation of the extrema on a projected factor-level instead of a global assignment-
level, and the class-wise bound from Lemma 4 for the monotonic logarithm.

Dep(Pa, Par) Ba_(4) In max ﬁ((:)) —1In mrin 11/)/}((:))
T, & (ra) TI s Gi(r)

b gy Wizt 0 T 6i(r)
— 1 min

= In max

T [T, ¢i(ri) T [T, ¢i(rs)
P koo
=1In mvz}xil;[l % —1In ananl;[l ¢1((::))

<lIn rk[ma ¢:< (T’L) In ﬁmm :(TZ) In ﬁ i d)z rri))

X o = —
>~ e ; ¢i<ri) Il ;i ¢1(T1) . . ¢1 (r7)
Lemma 4 k (1 + %E) (1 + 5)

< In H T . O
e 1+ ——=¢

'ﬂlli

Even more precisely, the bound is sharp in the general non-trivial case.

Theorem 5. The bound given in Thm. 4 is optimal.

Proof Sketch. Ex. 3 in App. A uses the construction from the proof of Lemma 4
per factor, hits the bound, and is therefore sharp. O

Note that the choice of a multiplicative relaxation in Def. 3 is what makes this
bound attainable in the first place, as Do p is based on quotients of potentials
and only relies on relative sizes. An additive relaxation, requiring permuted
potentials differ by at most a constant, would lead to arbitrary large deviations.
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(a) LVE run time (ms). (b) Query result quotient p’ / p.

Fig.2: Downstream lifted inference performance, averaged over all generated
instances and queries. (a) Run time of LVE on the compressed model returned
by ACP and its e-relaxed variant (ACP +¢). (b) Distribution of the per-query
quotient p’ / p between the approximate result p’ and the exact result p.

4 Experiments

We complement our theoretical results with an empirical evaluation assessing to
what extent e-commutativity translates into practical benefits for lifted model
construction and downstream inference. In particular, we answer the question
of how the trade-off between higher compression and accuracy of query results
behaves when compressing e-commutative factors. Concretely, we compare the
run time of LVE on the compressed model returned by the exact ACP algorithm
(which is only able to compress strictly commutative factors) to the run time
of LVE on the compressed model returned by its e-relaxed variant using the
mean as the symmetrised representative factor (denoted as “ACP =+&” in the
following) and measure the deviation of the query results, quantified by the
per-query quotient p’ / p between the query result (i.e., marginal probability)
p’ obtained on the ACP +e-compressed model and the query result p obtained
on the exact ACP-compressed model. For our experiments, we use the same
input FGs as in the original ACP paper [7] and add noise to the potentials
of the (strictly) commutative factors to obtain e-commutative factors. We only
manipulate commutative factors and leave the remaining factors unchanged to
investigate the effect of e-commutativity on the compression-accuracy trade-off
in isolation (the effect of grouping different factors that are approximately equal
has been investigated in [10] and hence, we only consider indistinguishability
within factors — characterised by e-commutativity — and no indistinguishability
between factors). Specifically, each input FG contains between 2d 4+ 1 and d -
|logy(d)| + 2d + 2 randvars with Boolean range and between 2d + 1 and d -
|logy(d) | +d+2 factors, where d € {2,4, 8,12, 16,20} controls the size of the FGs.
Each input FG contains k € {1,3,7} e-commutative factors, where £ € {0.001,
0.01,0.1}. The e-commutative factors are obtained by multiplying the potentials
of the (strictly) commutative factors by a uniform sample from [1,1 + ¢].

Fig. 2 reports the results averaged over all generated instances and queries.
Fig. 2a shows that the compression of e-commutative factors substantially accel-
erates downstream probabilistic inference, where the speedup increases exponen-
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tially with the domain size. At the same time, Fig. 2b confirms that the query
results (i.e., marginal probabilities) remain extremely close to those obtained
with exact ACP: The per-query quotient p’ / p concentrates tightly around the
optimal value one across all evaluated configurations (except for very few out-
liers). In other words, ACP +e unlocks the speedup of lifted inference at almost
no loss of accuracy. To give insights into the influence of k and e, we provide
further experimental results for individual choices in App. B.

5 Conclusion

We have introduced e-commutativity, a principled relaxation of commutativity
that tolerates the minute numerical deviations that inevitably arise in practice,
e.g., when factor potentials are estimated from data. On this basis, we have de-
veloped a representative-based compression scheme that collapses e-equivalent
potentials into a shared value, integrated the relaxation into the state-of-the-art
ACP algorithm, and proved a sharp (optimal) bound on the resulting approx-
imation error of probabilistic queries. Our empirical evaluation confirms that
the bound is loose in practice: Compressing e-commutative factors unlocks sub-
stantial lifted inference speedups while the deviation of query results stays well
within the theoretical guarantee. As factors are merely non-negative functions,
all proposed concepts directly apply to the detection and compact storage of
approximately symmetric functions in more general settings.

An interesting direction for future work is to investigate approximate indis-
tinguishability for FGs with continuous variables. Currently, the usage of a CRV
restricts the present work to the discrete case and a continuous counterpart of a
CRYV is required to handle e-commutativity in models with continuous variables.
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A Detailed Proofs

Lemma 1. Let ¢ denote a factor that is e-commutative with respect to a subset
of its arguments Cy. Then, for all permutations © € Ilc,, it holds that

1
d)(rl, o ,’I“.,L) € [d)(’l“ﬂ(l),. .. ,Tﬂ,(n)) . m,qﬁ(ﬁr(l),. . .,T,T(n)) . (1 +€)] and
1
(rr()s - Ta(n)) € [O(r1, .. mn) ' m’“ﬁ(W coesTn) ~(1+¢)].

Proof. The proof follows the same structural argument as [10, Lemma 6]. For any
permutation 7 € Ilc, of a given assignment r = (r1,...,7n), by definition, the
symmetric properties ¢(r) < ¢(rx(1), -+ Tx(n)) - (14+¢€) and ¢(rr(1y, -, Tr(n))
#(r) - (1 + ¢) hold, and therefore also the rearranged inequalities ¢(r) - —

D(rr(1ys -+ Ta(m)) and G(ra(r)s -5 Tr(n)) - 132 < O(7).-

14-¢

O INIA

Lemma 4. Let ¢ be an e-commutative factor with respect to Cg, let Xr,
L'Jé:l{rj} be a set of disjoint representatives 7 for all disjoint equivalence classes
Uézl[rj]d, = 02:16¢(Tj) = Xg, ordered by size such that my == |[r']y| > ... >
my = |[rl]y] > 1, and let ¢* be the symmetrised representative factor via the
mean as in Eq. (2). Then,

max, S0 (14 2251e) (142
1< * (1) S 1
min,. ((:) L+ e

<

Proof. A direct worst-case analysis requires some care. Although the extrema

max, % and min,. ¢(—(:)) are taken independently over the entire assignment

space, the mean value ¢*(r) is uniquely determined within each equivalence
class [r’],. Consequently, the extremal configurations cannot always be chosen
independently, and we therefore distinguish several cases.

First observe that for every equivalence class [ri], and all 7/, 7" € [rf]y,
Lemma 3 guarantees pairwise e-equivalence and Lemma 1 implies ¢(r’) € [¢(r")-
1;, (r")-(14¢)] and ¢(r") € [p(r') - 1;, (r")- (14¢)]. Hence, the potentials
within one equivalence class can be ordered as

0< 1%5 SP(rI) < g(rm) < (") < G(r! ) < G(rI ) - (1Lt e),

where ¢(r/™) = maxy (i), ¢(r') and ¢(r?™™) 1= ming ¢y, ¢(r'). This
directly affects the class-wise mean

o) =B = —— S o),

J
|[’I‘ }¢| r'elrily

which is constrained to vary only within a restricted range of values. Consider
first the case where the assignments attaining the maximum and minimum orig-
nate from two different equivalence classes [ri], and [rf]s with i # j. In this
situation, the worst-case deviations can be chosen independently.
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For the maximum, the denominator should be as small as possible. Hence,
choose ¢(r) = ¢(r>™") for the denominator, while all remaining potentials in
the same equivalence class attain their maximimal admissible value ¢(r') :=
P(rimax) = (14 )g(r™n) for all ' € [r'], \ {r} to maximise the numerator.
This yields

9 @0 ([l = 1) (1) g
refrily, (1) G(rtmin)
1 Jol — D
Ll =00 +e)
[[ri]sl mi

For the minimum, the denominator should instead be as large as possible. Thus,
choose ¢(r) = ¢(r?™2¥) while all remaining values in the same equivalence class
attain their minimal admissible value ¢(r') := @(rdmin) = L g(pimax) for all

r’ € [rf]4 \ {r}. Consequently, o
i ) (([7)g] = 1) - gz - 6™ + G (r72%)) /|[1#7] 4]

refrily @(r) G (1) max)
j 1 i 1
_(\[TJ]¢|—1)'m+1: [P7]o] + € :1+mj€
|77 (I+e)-lr]s]  14e¢
1. . . . . I+ote
Observe, that 1 + ™= ¢ is monotonically increasing in m;, whereas I3 Is

monotonically decreasing in m;. Hence, the largest equivalence classes by group
size produce the extremal deviations. To determine which class size appear in
the outer quotient as the numerator and denominator, respectively, consider
g(x) == (1+ =L e) (1+ Le). Its derivative equals ¢'(z) = #, which is
non-positive for all x > 2. Therefore, for z1, 22 € N> it follows:

r1—1 1 To — 1 1
(1 + 2 €> (1 + 5) =g(x1) > g(x2) = (1 + 2 5) <1 + E>
T X1 X9 Xro

1+1te = 141
T2 1

Consequently, the sharpest bound is obtained by using ms for the maximum
term and m; for the minimum term. If several equivalence classes with maximal
group size exist, then simply m; = mo.

It remains to analyse the case where both extrema originate from the same
equivalence class. Since ¢*(r) = ¢*(r') for all r, 7’ € [r7]4, we obtain

" (r) 1

MaXrelrily “g(r) MaXrelrily Firy
. * (! - . . 1 M
MiNge[pi, % MINgs i), 30

If the equivalence class contains only a single assignment, the quotient equals
1. Otherwise, m; > mo > 2 holds, and the quotient is maximised by choosing



18 M. Luttermann, J. Speller, T. Braun, M. Gehrke, R. Moller

6(r) = o(rIm) = To(rim) and 9{r') = o(rim) = (1+)g(rimm).

Hence, for mo < my we get

PR 1 (1 + —mrle) (I+¢)
maXyclpi min m
Tl 9 P gy g * ,
My g [pi], () (172)(r7-mim)y 1+ €
which establishes the bound in all cases. O

Theorem 5. The bound given in Thm. 4 is optimal.

For the proof, consider the following example.

Ezxample 3. Let M be the FG with factors ¢1, ..., ¢, of which ¢q,..., ¢ with
0 < k < m are e-commutative with respect to disjoint argument sets Cy,, ...,
Cy, with finite domains, respectively, each satisfying |Cg,| > 2. Let Xg, =
Ué;l{rg } be the set of disjoint representatives rg for all disjoint equivalence
classes [r?],, united to U;;l[rg]qgi = XR, ordered by group size with my, =
I[Pt ] > ... > my, = |[rl]s,| > 1 for every e-commutative factor ¢; with
i = 1,...,k Let Xr, = range(R;) have at least two deviating elements and
within a group Cy, the same ranges. For i =1,...,k define

(1+¢e)-1 ifr; =7}
1 if i € [ri]o, \ {ri},
@i(ri) =< 2 if r; =12,
(I+e)-2 ifri€[rfls, \ {r},
J for 7; € [r]]g, and 2 < j < ;.

Thus, the first equivalence class contains exactly one maximal value and oth-
erwise minimal values, whereas the second class contains exactly one minimal
value and otherwise maximal ones, following the same construction as in the
proof of Lemma 4. All remaining parts are constant and therefore contribute no
approximation error.

Proof of Thm. 5. We show that the construction from Ex. 3 attains the bound.
Let M’ denote the model obtained from M by replacing every e-commutative
factor ¢; by the arithmetic mean as in Eq. (2). Notice that ¢} (r;) = ¢:(r;) for
i=k+1,...,mandall r; € Xg, , but also ¢r(r;) = ¢i(r;) fori =1,... )k

and 7; € [rf](p and 2 < j < [; implying ‘(Z:((:’)) = 1. Consequently, all extremal

deviation are attained exclusively within the first two equivalence classes. For
r; € [r}]s,;, the definition results in
* (1+5)+(m11_1) 1
o7 (ri) =

=1+ —c¢,
mli mli

and for 7 € [r?],, in

ity = (2 DE2 (1 (2=,

i
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For r; € [r}]s, the maximum becomes

(ry m, 1
max ¢1(r): =14 —e > 1,
riefrily, ¢i(ri) 1 mi,

and for 7} € [r2]s, it becomes

(inil)
max ¢2‘(r§):2'<1+ ma; E):1+(m2i—1)6>1
rielr?)y, Gi(r]) 2 ma, ’

which is larger than the first one due to mqy, > 2.
Analogously, for r; € [r%]@ the minimal quotient inside this class reaches
5 (1)

min = <1,
ri€lrils, oi(ri) 1+e

which is as small as the following one for 7} € [r?]s, due to mg, > 2

oy 20 (14Tl 1 (macl
min % = : = . <1
rier?ls, Gi(r7) 2-(1+¢) l+e

Using Eq. (4) from the definition of the Chan-Darwiche distance leads to
Y'(r) L Y(r)
Dep (P, Pyr) =1 -1
e T B T )
k * m k * m
Hi:l ¢ (ri) Hi:k+1 bi(rs) 1o min Hi:l o7 (rs) Hi:k+1 ¢i(Ti)
[TZ1 ¢i(rs) v [TiZ ¢i(rs)

k
: o; (r
— In min C .
r 11;11 i(Ti)

= In max
r

!
~

k
o; (1)
= In max L

i(Ti)

Since the argument sets are pairwise disjoint, the extrema can be atteined inde-
pendently for every factor. Hence,

k * . k « '
bev (P]M’ PJ\/[/) = H H}"azx le((:zl)) n H H’ll‘in 22(( z))

k ¢ (r!) u ¢ (r)

T —1In min
H 67‘2]«;51 (251( 2 i riElrils; ®i(rs)

lnH<1+ ) lnH 1+€ f[(

Thus, the bound of Thm. 4 is attained exactly and is therefore optimal. O

m27 )(1+5)

E
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A.1 Additional Result Symmetry Set

Proposition 2 (Cardinality of the Symmetry Set). Letr = (r1,...,7,) €
XRr, and Ic, = {i | R; € Cy4} denote the indices of the commutative argu-
ments. Further, let {ay,...,ar} = {7 | i € Ic, } be the set of distinct values
occurring among the commutative arguments, and let n; := |{z clc, |ri=aj }|
denote the multiplicity of value a; for a fized assignment r. Then the cardinality
of the symmetry set is

C!
k
[T;=1 75!

with 1 < |G4(r)| < |Cyl!, where the upper bound is attained if and only if all
commutative arguments have pairwise non-¢-equivalent values.

S4(r)] =

Proof. Since permutations in Ilc, act only on the positions corresponding to
e-commutative arguments, it holds that |[IIc,| = |Cy|'.

If all values among the commutative arguments are pairwise distinct, every
permutation produces a distinct tuple, and thus |S4(r)| = |Cyl!.

Now assume that some values coincide. For each distinct value a;, there are
exactly m; positions among the commutative arguments whose assigned value
equals a;. Permuting these m; positions among themselves does not change the
resulting tuple. Hence, every distinct tuple in the symmetry set is generated
exactly H§=1 n;! times by permutations in /Ic,,. Since there are |C4|! permuta-
tions in total, the number of distinct tuples is

1Cy|!

1S4(r)| = :
H§:1 n;!

B Additional Experimental Results

In addition to the experimental results provided in Sec. 4, we provide further
experimental results for individual scenarios in this section.

The averaged results in Fig. 2 aggregate over the number of e-commutative
factors k and the tolerance €. To disentangle the influence of these two parame-
ters, Figs. 3 to 11 report the LVE run time and the per-query quotient p’ / p sep-
arately for each combination of k € {1,3,7} and ¢ € {0.001,0.01,0.1}. The run
time behaviour is qualitatively consistent across all configurations: The run time
of LVE on the e-relaxed model stays almost constant in the domain size, whereas
exact ACP—which must leave the e-commutative factors uncompressed—slows
down steeply, so the speedup grows exponentially with the domain size d. The
speedup is essentially independent of £ (given that the e-deviation in the model
is within the chosen e-value used when running ACP, which is the case in our
experiments), since the structure of the compressed model depends only on the
commutativity pattern and not on the magnitude of &, while it increases with the
number of e-commutative factors k, as each additional compressed factor widens
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Fig.3: (a) Run time of LVE on the compressed model returned by ACP and
its e-relaxed variant (ACP =+¢), and (b) distribution of the per-query quotient
p’ / p between the approximate result p’ and the exact result p for input FGs
containing k = 1 e-commutative factors with € = 0.001.
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Fig.4: (a) Run time of LVE on the compressed model returned by ACP and
its e-relaxed variant (ACP =+¢), and (b) distribution of the per-query quotient
p’ / p between the approximate result p’ and the exact result p for input FGs
containing k = 1 e-commutative factors with € = 0.01.

the gap between the two models. At the same time, the per-query quotient re-
mains tightly concentrated around the optimal value of one in every scenario. In
line with the theoretical bound, increasing € from 0.001 to 0.1 slightly widens the
spread of the quotient, and increasing the number of e-commutative factors k
admits a few more outliers, since each compressed factor potentially contributes
to the overall deviation. Even for the largest tested £ = 7 and for the largest
tested € = 0.1, however, the quotient stays well within the theoretical guarantee,
confirming that the bound is loose in practice.

A plot showcasing the resulting speedup of online inference (averaged over
all choices of k and ¢) is given in Fig. 12a. It becomes evident that the speedup
grows exponentially with the domain size d and eventually reaches a factor of
more than 30 for the choice of d = 20. Figure 12b further displays the offline run
times of ACP and its e-relaxed variant (averaged over all choices of k and €). As
expected, the offline run time of the e-relaxed variant does not surpass the offline
run time of exact ACP, demonstrating that the relaxation does not introduce any
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Fig.5: (a) Run time of LVE on the compressed model returned by ACP and
its e-relaxed variant (ACP =+¢), and (b) distribution of the per-query quotient
p’ / p between the approximate result p’ and the exact result p for input FGs
containing k = 1 e-commutative factors with ¢ = 0.1.
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Fig.6: (a) Run time of LVE on the compressed model returned by ACP and
its e-relaxed variant (ACP =+¢), and (b) distribution of the per-query quotient
p’ / p between the approximate result p’ and the exact result p for input FGs
containing k = 3 e-commutative factors with € = 0.001.

overhead at all. In fact, e-relaxed ACP even slightly reduces the run time com-
pared to exact ACP, since e-relaxed ACP is able to find e-commutative factors
and hence requires less iterations when searching for subsets of e-commutative
arguments (ACP needs more iterations as it checks all subsets of arguments until
it is able to conclude that no subset of strictly commutative arguments exists).

Finally, we examine the structural reduction achieved by the compression
stemming from exact ACP and its e-relaxed variant. Figures 13 to 15 show the
compression ratio |[M’| /| M| between the compressed model M’ and the original
model M for k € {1,3,7} at the smallest and largest tolerance ¢ € {0.001,0.1}
(that is, a compression ratio of one means that no compression is achieved at
all, whereas a smaller ratio indicates more compression). The e-relaxed variant
attains a substantially smaller compression ratio than exact ACP, because it is
able to compress the e-commutative factors that exact ACP cannot compress.
For both variants, the compression ratio decreases as the domain size grows,
illustrating that larger models offer more indistinguishability to be exploited.
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Fig.7: (a) Run time of LVE on the compressed model returned by ACP and
its e-relaxed variant (ACP =+¢), and (b) distribution of the per-query quotient
p’ / p between the approximate result p’ and the exact result p for input FGs
containing k = 3 e-commutative factors with ¢ = 0.01.
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Fig.8: (a) Run time of LVE on the compressed model returned by ACP and
its e-relaxed variant (ACP =+¢), and (b) distribution of the per-query quotient
p' / p between the approximate result p’ and the exact result p for input FGs
containing k = 3 e-commutative factors with e = 0.1.

Interestingly, as shown in Fig. 16, ACP is not able to obtain any compression
at all for some of the input FGs: The input instances are generated from two dif-
ferent classes of FGs—employee and epidemic—which have different structural
properties, and exact ACP is only able to achieve compression for the employee
instance class, while it fails to achieve any compression for the epidemic instance
class. This particular behaviour highlights that even if there is just a single e-
commutative factor in a given FG, exact ACP may fail to find any compression
at all (although there are other parts in the input FG that could be compressed
and that do not involve commutativity), which is due to the propagation of
information throughout ACP’s colour passing procedure.
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Fig.9: (a) Run time of LVE on the compressed model returned by ACP and
its e-relaxed variant (ACP =+e), and (b) distribution of the per-query quotient
p’ / p between the approximate result p’ and the exact result p for input FGs
containing k = 7 e-commutative factors with € = 0.001.
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Fig.10: (a) Run time of LVE on the compressed model returned by ACP and
its e-relaxed variant (ACP =+¢), and (b) distribution of the per-query quotient
p’ / p between the approximate result p’ and the exact result p for input FGs
containing k = 7 e-commutative factors with € = 0.01.
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Fig.11: (a) Run time of LVE on the compressed model returned by ACP and
its e-relaxed variant (ACP =+¢), and (b) distribution of the per-query quotient
9’/ p between the approximate result p’ and the exact result p for input FGs
containing k = 7 e-commutative factors with € = 0.1.
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Fig.12: (a) Speedup for online inference run times (i.e., ratio of the run time
of LVE on the compressed model returned by ACP and the run time of LVE
on the compressed model returned by the e-relaxed variant of ACP). (b) Offline
run times of ACP and its e-relaxed variant (ACP +e).
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Fig. 13: Compression ratio |M’| /| M| between the compressed model M’ and the
original model M for input FGs containing k£ = 1 e-commutative factors with

(a) € =0.001 and (b) e =0.1.
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Fig. 14: Compression ratio |M’| /| M| between the compressed model M’ and the
original model M for input FGs containing k = 3 e-commutative factors with

(a) e =0.001 and (b) € = 0.1.
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Fig. 15: Compression ratio |M’| /| M| between the compressed model M’ and the
original model M for input FGs containing k£ = 7 e-commutative factors with

(a) € =0.001 and (b) € =0.1.
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Fig. 16: Compression ratio |M’| /| M| between the compressed model M’ and the
original model M broken down per instance class, averaged over the number of
commutative factors k and the tolerance e.



