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ABSTRACT

Large language models have achieved remarkable advances in complex reasoning. How-
ever, scaling reasoning post-training with ever-larger corpora can substantially increase
training cost without proportional performance gains. In this study, we therefore ask: how
far can reasoning supervision be compressed without sacrificing capability? To this end,
we propose an uncertainty-guided progressive contraction framework that concentrates
supervision and optimization on the reasoning trajectories most valuable for learning.
Specifically, rather than treating a teacher-generated chain-of-thought (CoT) as a single
realized path, we construct uncertainty-profiled reasoning supervision by building Monte
Carlo reasoning trees around intermediate reasoning states to expose process-level uncer-
tainty. This uncertainty first contracts the original corpus into a compact teacher-informed
pool. A second, learner-aware contraction then performs online routing during SFT, con-
centrating optimization according to the student’s evolving learning state. Together, the
two stages progressively contract both supervision and optimization, substantially reduc-
ing the student training budget. Experiments across diverse reasoning benchmarks and
LLM families show that our method uses as little as 0.22% of the optimization budget of
full-data SFT, over 450x less training exposure, while maintaining or improving reason-
ing performance. Notably, our framework generalizes well across heterogeneous student
families, black-box teachers, and weak-to-strong transfer. This indicates that it is not only
a way to accelerate training but can also enhance reasoning capability.

1 INTRODUCTION

Large language models (LLMs) have made remarkable progress in complex reasoning, driven in part by
increasingly capable pretrained models and post-training on ever-larger reasoning corpora (Wei et al.| 2023
Guo et al., [2025). A prevailing line of work is to scale supervision with more reasoning trajectories to train
on (Zelikman et al.,[2022bj; GLM-5-Team et al.,2026). However, this scaling incurs substantial training cost
without proportional performance gains, motivating a shift from simply increasing data volume toward iden-
tifying reasoning trajectories with greater learning value [He et al.| (2026); |Hou et al.| (2026)). Existing efforts
broadly explore two complementary directions: constructing more effective reasoning supervision through
stronger teacher generation and trajectory augmentation (Guo et al} [2025; |Li et al., [2023)), and improving
the utilization of fixed corpora through filtering or routing based on correctness (Slinko et al., [2026; |Guha
et al., 2025), difficulty (Tian et al.l [2025; Huang et al., [2026)), or quality (L1 et al., [2026; Just et al., [2026).
While achieving promising results, neither direction is sufficient for extreme optimization efficiency. As
a result, achieving such efficiency requires coupling supervision construction with downstream allocation:
first exposing where learning value resides, and then progressively concentrating optimization on it.
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Figure 1: Correct and confident CoTs can still conceal fragile reasoning. Left: Even among the top-5%
teacher-confident CoTs, 18.1% fall within the global top-10% uncertainty tail. Mid: Likewise, 30.5% of
correct CoTs fall within the same uncertainty tail. Right: Motivated by this, we propose an uncertainty-
guided progressive contraction framework. By progressively narrowing supervision from uncertainty-
informative teacher reasoning to learner-relevant trajectories, we achieve competitive reasoning performance
with 18.7x fewer post-training steps.

To expose learning-critical information, we exploit the internal structure of reasoning. In fact, reasoning is
inherently non-uniform: a solution often hinges on a small number of intermediate states where plausible
continuations diverge toward different outcomes, which we term reasoning forks. Such forks naturally
manifest as process-level uncertainty, as alternative continuations from the same reasoning state may lead to
both successful and unsuccessful solutions. As shown in Fig. [T} even highly confident or correct Chain of
Thoughts (CoTs) can conceal substantial process-level uncertainty, suggesting that terminal confidence and
correctness may mask fragile intermediate reasoning (Zelikman et al., 2022a;|Zhaol 2026; Mao et al., 2026;
Ye et al.| 2025b). Consistent with prior work showing that uncertainty reveals local failures and reasoning
boundary (Kadavath et al.|[2022; Zhang et al.,[2026c; Mei et al., 2025]), we therefore view process uncertainty
as a behavioral signature of the reasoning capability boundary.

Motivated by this, we propose an uncertainty-guided progressive contraction framework for efficient rea-
soning post-training. We first construct uncertainty-profiled reasoning supervision trajectories by building
Monte Carlo Reasoning Trees (MCRTs) around intermediate states and estimating correct-answer reachabil-
ity and branch-outcome uncertainty from sampled continuations. Aggregated process uncertainty contracts
the original corpus into a compact teacher-informed candidate pool along with uncertainty profiles. During
student SFT, however, the uncertainty-profiled CoTs remain learner-agnostic and do not reflect the student’s
evolving training state. Thus, we introduce a second learner-aware contraction, which narrows the candidate
set by routing optimization according to the student’s evolving learning state. Together, the two stages pro-
gressively concentrate supervision from teacher-informative to learner-relevant trajectories, reducing both
data usage and, more importantly, the optimization required to learn from it. As a result, our method uses
as little as 0.22% of the optimization budget of full-data SFT, over 450x less training exposure, while
maintaining or improving reasoning performance.

Experimental results across diverse reasoning benchmarks and LLM architectures demonstrate that our
method substantially accelerates SFT training while maintaining or improving reasoning performance.
Our framework presents strong cross-student transferability: reasoning supervision distilled from the
same Qwen3-8B (Yang et al.| 2025a)) teacher generalizes effectively across heterogeneous student fami-
lies, including Qwen3.5-4B/9B (Qwen Team, [2026), Gemma-4 E4B (Team et al.| 2026), Llama-3.2-3B-
Instruct (Grattafiori et al., [2024)), and Mistral-7B-Instruct (Jiang et al., [2023). Importantly, the gains extend
beyond efficiency: our 9B student achieves competitive reasoning performance with substantially larger
reasoning models ranging from 30B to 671B parameters. Notably, because uncertainty is characterized
purely through observable reasoning behavior, the same framework applies to API-only black-box teach-
ers (e.g., DeepSeek-V4-Pro (DeepSeek-Al et al} 2026) and Kimi-K2.6 (Moonshot AL 2026)) and teachers
substantially smaller than their students. For instance, a Qwen3-1.7B teacher can improve a much stronger
Qwen3.5-14B student, demonstrating effective reasoning transfer.



Published as a conference paper at ICLR 2027

Our main contributions are as follows: (1) We introduce an uncertainty-guided progressive contraction
framework for data-efficient reasoning post-training, jointly integrating supervision construction and down-
stream training allocation to progressively concentrate learning on high-value reasoning trajectories. (2) We
introduce uncertainty-profiled reasoning supervision, modeling MCRTs to expose process-level reasoning
forks from observable model behavior without requiring model-internal access. (3) We develop learner-
aware routing that further contracts the active training set during SFT according to the student’s evolving
learning state, enabling enhanced training acceleration. (4) Across diverse benchmarks, model families,
and teacher regimes, our method reduces reasoning optimization to as little as < 0.74%, while maintain-
ing or improving reasoning performance, establishing a practical pathway toward data-efficient reasoning
post-training for future research.

2 THE PROPOSED METHOD

2.1 PROBLEM FORMULATION AND OVERVIEW

We consider reasoning distillation from a teacher model 7" to a student model Sy over a training set D =

N . . . N
(wi,a;),_,. For each problem z;, the teacher generates a reasoning trajectory 7; = (si,1,...,5;m,, ;).

Rather than treating all verified CoTs as equally valuable supervision, we observe that their learning value
depends on two factors: whether the trajectory exposes informative structures in the teacher’s reasoning
space and whether such information remains unresolved by the current learner.

Based on this observation, we introduce progressive supervision contraction, which progressively narrows
supervision through two stages: (1) teacher-side uncertainty contraction and (2) learner-aware optimization
contraction. In the first stage, we treat each CoT as a backbone trajectory and construct an MCRT around its
intermediate states to characterize process-level uncertainty. Each trajectory is assigned a teacher-side uncer-
tainty score ¢/ , and we retain an uncertainty-rich candidate pool P, with ratio p: P, = Top,, (C; ql). Since
this stage relies only on observable teacher behavior, P, is student-agnostic and can be reused across dif-
ferent learners without repeating uncertainty profiling. In the second stage, given the uncertainty-informed
pool, we further allocate optimization according to the current learner state. Specifically, we route training
toward the M trajectories with the largest normalized response loss: Hyr = arg maxycp,, 11|=m Y ien lis
where {; is obtained from standard forward passes without additional optimization or auxiliary computation.
Subsequent training is performed exclusively on H,,. Together, the two stages reduce both the amount of
data exposure and the optimization required for learning. In practice, this reduces the student-side training
budget to less than 1% of vanilla full-set SFT while maintaining downstream reasoning performance.

2.2 UNCERTAINTY-GUIDED REASONING AND PROFILING

Uncertainty-Revealing Reasoning Elicitation. For each problem x;, we prompt the teacher to generate
a structured reasoning trajectory 7, = (8;.1, ..., Sim,, i), where each s; , corresponds to a semantically
coherent reasoning step. The trajectory induces prefix states h; ; = (24, smzt), t =1,...,m;, which serve
as anchors for subsequent behavioral probing. We treat 7; as a backbone trajectory through the teacher’s rea-
soning space, and characterize the local reasoning stability around each h; ; through sampled continuations.

Monte Carlo Reasoning-Tree Profiling. Given a backbone trajectory 7;, we characterize the local sta-
bility of each intermediate state h; ;+ by sampling K independent prefix-conditioned continuations, RE? ~
w7 (- | hiy). Let &gﬁ) denote the resulting final answer and Zi(f;) = H[dg?

ii.d. . .. . .
ZZ.(? S Bernoulli(p; ¢), where p; , denotes the correct-answer reachability from A, ;, and estimate it by

= a;] its correctness. We model

pir=K! Zszl Z Z(lz) Finite-sample concentration is provided in Appendix ??.
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We then quantify local process uncertainty through the normalized Bernoulli variance
Ui = 4pit(1 — pit) € [0,1], (1)

with the plug-in estimator

~

Uit = 4pi (1 — Pie). (2)

This quantity directly measures branch-outcome instability. For two independent continuations rooted at the
same state,

Ui =2Pr(20) # 28 | hi) 3)

Hence, high U; ; identifies states whose plausible continuations diverge in eventual correctness, rather than
states that are simply difficult or incorrect.

Notably, the entire profiling procedure is behavior-based: it operates only on textual prefixes, sampled con-
tinuations, and verifiable outcomes, without requiring logits, hidden states, gradients, or model parameters.
This makes the same uncertainty estimator directly applicable to heterogeneous and API-only black-box
teachers, provided that prefix-conditioned sampling and outcome verification are available.

~ my
Finally, we aggregate state-wise uncertainty into the reasoning uncertainty profile Z;, = {(ﬁi,t, Ui,t)}
t=1
using the mean process uncertainty
_ 1 &
Ui=—> Uiy, €
i3

which normalizes for trajectory length. A larger U; indicates that the realized trajectory more frequently
passes through states whose alternative continuations disagree in eventual correctness.

Uncertainty-Guided Supervision Contraction. We use the trajectory-level uncertainty U; as the teacher-
side informativeness score, i.e., qiT = U,. Given a candidate-pool ratio p, we perform the first supervision
contraction by retaining the verified trajectories with the largest process uncertainty:

P, = arg max ZUz ®)
IS|=[plc|) €S

The resulting pool P, concentrates supervision on verified trajectories that more frequently traverse states
with unstable continuation outcomes, forming a compact teacher-informed candidate space for subsequent
learner-aware optimization.

2.3 LEARNER-AWARE DATA ROUTING

The teacher-informed pool P, reduces the amount of supervision presented to the student before training. We
next perform the second contraction during SFT, routing optimization toward a small subset of trajectories
according to the learner’s evolving training state. Concretely, we first perform a single probing epoch over
P,. For each trajectory i € P,, let R; denote the supervised response-token positions. We derive the
learner-side routing score ¢ using the length-normalized response loss

1
@ =li=——= > logpyu (Ti; | wiTi<)) - (6)
[Ril JER:

A larger /; indicates that the corresponding teacher trajectory remains less well captured by the current
student and therefore receives higher routing priority.
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Table 1: Performance across competition mathematics, general mathematics, and science benchmarks using
Qwen3.5-4/9B. Training budget denotes cumulative student-side sample exposure relative to full-set SFT
(100%). Overhead reports wall-clock GPU hours on a 2-H200-GPU server.

Efficiency ‘ Competition Math ‘ General Math | Science

Method Budget Overhead ‘ AIME24 AIME25 AIME26 AMC HMMT25 HMMT26 ‘ MATH-500 GSMSK ‘ GPQA-D
Qwen3.5-4B Student

Full SFT 100% 847 | 733 567 667 814 400 394 | 978 923 | 758
Ours (p = 30%) 1.91% 0.07 86.7 83.3 86.7 96.3 76.7 69.7 98.4 96.4 77.8
Ours (p = 10%)  0.74% 0.03 86.7 83.3 83.3 94.8 76.7 78.8 98.0 96.2 713
Ours (p = 5%) 0.45% 0.02 86.7 73.3 80.0 93.3 70.0 69.7 97.8 96.3 77.3
Ours (p = 1%) 0.22% 0.01 90.0 83.3 86.7 94.0 76.7 69.7 98.4 96.3 77.8
Qwen3.5-9B Student

Full SFT 100% 9.23 90.0 86.7 90.0 93.3 73.3 63.6 97.8 96.7 78.8
Ours (p = 30%) 191% 0.07 93.3 93.3 90.0 97.0 86.7 81.8 98.6 97.4 81.8
Ours (p = 10%) 0.74% 0.03 93.3 90.0 90.0 97.8 90.0 81.8 98.2 96.6 81.8
Ours (p = 5%) 0.45% 0.02 93.3 90.0 90.0 97.8 83.3 78.8 98.6 97.7 78.8
Ours (p = 1%) 0.22% 0.01 90.0 90.0 86.7 97.0 86.7 78.8 98.4 97.4 81.3

In this way, we contract the active training set by retaining the M trajectories with the largest learner-side
routing scores:
Hy = arg max Z 4. @)
HCP,,[HI=M —
Thus, after the probing epoch, subsequent SFT optimization is performed exclusively over H ;. The routing
scores are updated during training, allowing the active subset to adapt to the evolving learner state. We
provide a detailed algorithm pipeline in Appendix ??.

Efficiency Analysis. Together, the two-stage contraction directly translates into a substantially smaller
student optimization budget. For instance, standard three-epoch SFT over N trajectories processes 3N
instances in total. In contrast, our method trains on the largely contracted teacher-side pool only once and
restricts the subsequent two epochs to the learner-routed active set 3N — |P,| + 2|H | = [pNe| +2M,
where M < N. Accordingly, the relative optimization budget is
e ®)
where N. < N denotes the number of verified teacher trajectories. This corresponds to training on only a
small fraction of the trajectory exposures required by standard full-set SFT. In practice, this reduces student-

side training exposure to below 0.74% of vanilla full-set SFT, i.e., over 135x fewer sample-level exposures,
without sacrificing downstream reasoning performance. We discuss more details in Appendix 2?.

B:

3 EXPERIMENT

3.1 EXPERIMENTAL SETUP

Models and Training Data. We evaluate our framework across diverse student scales, architectures, and
teacher regimes. Unless specified, we use Qwen3-8B|Yang et al.[(2025a)) as the teacher, and Qwen3-14B and
Qwen3.5-4B/9B |Qwen Team| (2026) as student models. For cross-family generalization, we further evalu-
ate Gemma-4-E4B-IT [Team et al.| (2026), Llama-3.2-3B-Instruct |Grattafiori et al.| (2024), and Mistral-7B-
Instruct Jiang et al.| (2023). Moreover, we consider API-only closed-source teachers, including DeepSeek-
V4-Pro DeepSeek-Al et al.| (2026) and Kimi-K2.6 Moonshot Al (2026), as well as a weaker Qwen3-1.7B
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teacher for weak-to-strong transfer. We train on DAPO-17K |Yu et al.| (2025), while closed-source teacher
experiments use the first 1000 samples from Nemotron-Math Du et al.|(2025)).

Training and Evaluation. We train models with LoRA-based SFT Hu et al|(2021)). More training details,
including optimization settings and configurations, are provided in Appendix ??. We evaluate reasoning
ability across competition mathematics, general mathematical reasoning, and scientific reasoning, including
AIME24/25/26 [Zhang & Math-Al| (2025)); Dekoninck et al.| (2026), AMC Mathematical Association of
Americal (2024), HMMT25 HMMT,| (2025), HMMT26 [ HMMT| (2026), Math-500 |[Hendrycks et al.| (2021},
GSMB8K |Cobbe et al.|(2021), and GPQA-Diamond (GPQA-D) Rein et al.| (2023).

3.2 MAIN RESULTS

Uncertainty-Guided Data-Efficient Training. As shown in Table |1} we evaluate reasoning distillation
across competition mathematics, general mathematics, and scientific reasoning, using Qwen3-8B as a com-
mon teacher and Qwen3.5-4B/9B as students on DAPO-17k . It can be seen that progressive contraction
yields substantial reductions in both training budget and practical training costs while preserving or improv-
ing reasoning performance. Across Qwen3.5-4B and 9B students, our method uses only 0.22-1.91% of
the full-SFT optimization budget, reducing SFT time from 8.47/9.23 hours to only 0.01-0.07 hours. Under
p = 1%, our method brings over 800 x wall-clock acceleration, yet the resulting models remain competitive
with or outperform full-set SFT across most benchmarks. Importantly, this efficiency persists as the student
scales from 4B to 9B, highlighting its generality. Moreover, performance remains remarkably stable under
increasingly aggressive contraction, demonstrating that our progressive contraction effectively concentrates
optimization on high-value supervision.

Cross-Family Student Gen-

. . . Gemma-4 E4B-IT Llama-3.2 3B-Instruct Mistral-7B-Instruct
eralization. We 'ne>'<t examine 00 w0 .
whether the optimization ef- 300 250 =
. . S X °
ficiency generalizes across <o , I .
. . )
distinct student model & 150 100
[ . 2 _
families.  Using the same g 99 = .\ ™
Qwen3-8B teacher, we eval- 3sj 100 = |
uate three heterogeneous "~ Ours Full SFT Ours ,, Full SET Ours Full SFT
Cumulative Sample Usage (%)
Students: Gemma—4—E4B-IT, AMC Olympiad WEEE GPQA EEE DAPO MATH-500

LLaMA-3.2-3B-Instruct, and
Mistral-7B-Instruct, covering
different  perspectives  of
reasoning capability. As
shown in Fig. 2] our method
maintains or improves overall reasoning performance across all three student families while using only
approximately 0.45% of the full-SFT student-side optimization budget, corresponding to over 200X
training acceleration. The consistent effectiveness under such aggressive contraction demonstrates that
the efficiency gains are not specific to a particular student architecture. Importantly, once the teacher-side
uncertainty profile is constructed from the same Qwen3-8B teacher, it can be shared across students,
highlighting strong cross-family transfer and effectiveness.

Figure 2: Cross-family student generalization under a shared Qwen3-8B
teacher. We evaluate Gemma, LLLaMA, and Mistral students under the same
teacher-side uncertainty profiling. The cumulative training budget is re-
duced by over 99.6% compared to full-set SFT.

Weak-to-Strong Reasoning Transfer. Conventional distillation typically assumes a more capable teacher
than the target student. In contrast, we use Qwen3-1.7B as a weak teacher for the stronger Qwen3.5-4B
and Qwen3-14B students. As shown in Table [2} under p = 5%, the 1.7B teacher still provides effective
uncertainty-guided supervision, yielding gains of up to 14.4% while requiring merely < 0.1 GPU hours of
student training. These results provide strong evidence for weak-to-strong reasoning transfer, suggesting
that supervision value need not be determined solely by teacher strength: uncertainty-guided profiling can
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Table 2: Weak-to-strong reasoning transfer with a 1.7B teacher and Qwen3.5-4B and Qwen3-14B students
with p = 5% on DAPO-17K. Overhead is the wall-clock time (h) on a 2-H200-GPU server.

Model AIME24 AIME25 GPQA-D MATH-500 GSMSK Overhead
Qwen3-1.7B (Weak teacher) ~ 48.3 36.8 40.1 83.4 90.0 .
Qwen3.5-4B 73.8 65.6 76.2 98.0 96.1 -

+ Ours (5%) 83.3*5  80.0714* 176301  98.60° 96492  +0.02h
Qwen3-14B 76.0 67.3 61.5 96.0 89.8 .

+ Ours (5%) 86.77197  70.0*>7  622*07 956704 955%57  40.10h

Table 3: Comparison with larger reasoning models across various reasoning benchmarks. Bold and
underlined values denote the best and second-best results, respectively.

Model Params AIME24 AIME25 AIME26 HMMT25 HMMT26 MATH-500 GPQA-D
Larger Reasoning Models

Gemma-4-it 12B - 72.9 71.5 63.3 727 - 78.8
Ministral-3-Reasoning-2512 14B 89.8 82.9 85.0 67.1 424 - 71.2
Phi-4-Reasoning-Plus 14B 81.3 68.4 73.6 50.3 51.5 83.0 68.9
Nemotron-3-Nano 30B - 89.1 89.9 84.6 - - 74.1
GLM-4.5-Air 106B 89.4 83.3 - 69.2 - 98.1 -
Qwen3-235B-A22B-Thinking  235B 85.7 9223 - 83.9 - 98.0 81.1
LongCat-Flash-Thinking 560B 93.3 90.6 - 83.7 - 99.2 81.5
DeepSeek-R1-0528 671B 914 87.5 - 79.4 - 98.3 81.0
GPT-5 Nano (high) N/A - 85.2 76.7 75.6 69.7 - 71.2
Ours-9B 9B 93.3 93.3 90.0 90.0 81.8 98.6 81.8

expose locally informative reasoning trajectories, while learner-aware routing concentrates training on those
that remain useful to the stronger student.

Black-Box Distillation with Closed-Source Teachers. A practical advantage of our framework is that
teacher-side uncertainty profiling is entirely behavior-based. Thus, our method can be directly applied to
API-only closed-source teacher models without access to their internal parameters or gradients. Specif-
ically, we use DeepSeek-V4-Pro and Kimi-K2.6 as closed-source teachers, paired with Qwen3.5-4B and
Qwen3.5-9B, respectively. We move beyond DAPO-17k and use the first 1000 samples from Nemotron-
Math Du et al.| (2025) to keep API querying practical. As shown in Fig. [3] uncertainty-guided progressive
contraction consistently improves over vanilla distillation across both closed-source teachers and diverse
reasoning benchmarks, with gains of up to 13.4%. Importantly, no modification to the uncertainty estimator
is required when moving from open-weight to API-only teachers: process uncertainty is recovered solely
from observable continuation behavior, highlighting its practicality.

Comparison with Substantially Larger Reasoning Models. As shown in Table[3] our compact 9B student
remains highly competitive with reasoning models that are one to two orders of magnitude larger. Notably,
this suggests that the supervision identified by progressive contraction not only improves optimization ef-
ficiency, but also translates into substantial capability gains for the resulting student. Thus, our framework
can produce a substantially stronger reasoner without relying on increased model scale.

3.3 MECHANISM ANALYSIS AND ABLATIONS

Teacher-Side Uncertainty Identifies High-Value Reasoning Trajectories. To evaluate whether
uncertainty-guided reasoning provides more effective supervision than standard distillation, we prompt the
same teacher to generate standard CoTs and train the students using the same optimization budget. As shown
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Table 5: Matched-budget comparison with vanilla distillation under a 1% training budget.

Student Method AIME24 AIME25 AIME26 AMC GPQA-D HMMT25 HMMT26 MATH500 GSMSK
Qwen3.5-4B Vanilla Distill. 86.7 73.3 76.7 93.3 77.8 73.3 66.7 97.0 96.2

’ Ours 90.0 83.3 86.7 94.0 77.8 76.7 69.7 98.4 96.4
Qwen3.5-9B Vanilla Distill. 86.7 86.7 83.3 95.5 80.3 80.0 63.6 97.8 97.0

’ Ours 90.0 90.0 86.7 97.0 81.3 86.7 78.8 98.4 97.4

Table 6: Effect of teacher-side uncertainty profiling and learner-aware routing on Qwen3.5-4B with p =10%.

Components | Benchmark Accuracy (%)
Teacher Unc. Learner Routing \ AIME24 AIME25 AIME26 GPQA HMMT25 HMMT26
X X 83.3 73.3 76.7 75.8 63.3 54.5
v X 80.0 76.7 76.7 76.3 73.3 57.6
X v 83.3 76.7 80.0 76.3 73.3 63.6
v v 86.7 83.3 83.3 77.3 76.7 78.7

in Table[3] our method consistently outperforms vanilla distillation on both Qwen3.5-4B and 9B, improving
the average performance by 3.6% and 4.0%, respectively. Because the student optimization budget is strictly
matched, the gains reflect more effective allocation of the optimization budget.

To isolate teacher-side uncertainty, we disable learner-aware routing and compare uncertainty-based selec-
tion with matched-size random selection among the same verified-correct trajectories. As shown in Table 4]
uncertainty-based selection consistently improves average performance by 1.6%-4.5%. This shows that
final-answer correctness alone does not fully characterize supervision value; process uncertainty further
distinguishes more informative reasoning trajectories among successful CoTs.

Efficiency Comes from Better Optimization Budget Allocation. To better understand the efficiency of
our method, as shown in Figure [T} we track the optimization trajectories and compare them with the full
SFT. It shows that our method surpasses the full SFT within only 150 steps, whereas full SFT requires about
1500 steps to reach its optimum, corresponding to 10x fewer optimization steps. These results show
that progressive contraction substantially increases the learning progress by concentrating optimization on
high-value supervision, thereby improving reasoning performance with dramatically less student training.

Teacher Uncertainty and Learner Routing Are Complementary. We ablate both stages of progressive
contraction. As shown in Table [f] each component improves accuracy, while their combination yields the
best performance. Importantly, both stages contribute along complementary axes: the former improves the
informativeness of the candidate supervision space, while learner-aware routing concentrates SFT updates
on trajectories with greater student-specific learning demand. Together, they provide a new perspective
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by concentrating increasingly effective supervision into an increasingly compact optimization set, enabling
stronger reasoning performance and substantially higher learning efficiency simultaneously. The substan-
tially larger gain from their combination supports the central design of progressive contraction: first preserve
informative reasoning supervision, and then allocate optimization according to training dynamics.

4 RELATED WORK

Uncertainty in LLM Reasoning and Learning. Uncertainty quantification has been studied as a means
of characterizing the reliability and knowledge boundaries of LLMs (Shorinwa et al., [2025; |L1 et al.| 2025}
Ye et al.| [2025a). Existing approaches estimate uncertainty through token probabilities, verbalized confi-
dence, sampling-based disagreement, and semantic entropy (Manakul et al., [2023; [Farquhar et al., [2024;
Luo et al., [2026). Recent studies further show that stronger or longer reasoning does not necessarily yield
better uncertainty awareness, with modern reasoning models often remaining overconfident or increasingly
miscalibrated on incorrect predictions (Mei et al 2025} [Yeom et al., [2026). Beyond final-answer confi-
dence, process-level uncertainty has been modeled over intermediate reasoning states through Monte Carlo
continuation, confidence probing, and calibration-aware supervision (Wang et al., 2026b; [Park et al.| [2026;
Yan et al.| 2026). For instance, RLCM (Wang et al.||2026a)) introduces confidence-aware process supervision
and improves calibration while preserving reasoning accuracy. These works motivate treating uncertainty as
a structured signal of reasoning stability and capability boundaries throughout multi-step reasoning. (Wang
et al., [2026Db} |[Park et al.| 2026; | Yan et al., [2026).

Data-Efficient Distillation and Adaptive Data Routing. Knowledge distillation provides a data-centric
mechanism for transferring capabilities from stronger teachers to smaller learners (Hsieh et al., 2023} |Shrid-
har et al., |2023} |[Zhang et al., [2026d). For reasoning tasks, recent work increasingly distills intermediate
rationales or long-form CoTs rather than final answers alone, enabling students to acquire richer reasoning
behaviors (Liu et al.| 2026}, 'Wu et al, 2026aib). Beyond increasing the amount of reasoning supervision,
growing evidence suggests that its effectiveness depends strongly on trajectory form and learner compatibil-
ity (Yang et al., 2026b; [Zhang et al., [2026b). Accordingly, reasoning supervision has been adapted through
trajectory filtering (Yang et al., 2026b), prefix alignment (Liu et al., 2026)), difficulty-aware supervision (Wu
et al.| [2026a), and student-conditioned trajectory selection (Zhang et al.,[2026a; [He et al., [2026). In paral-
lel, data selection and valuation methods allocate training computation toward more useful examples (Yang
et al.l 2025b; Mirzasoleiman et al., [2020), using signals such as quality (Wang et al.l 2024} |Yang et al.|
2025c)), diversity (Zheng et al.| |2023)), gradient or influence information (Yang et al., [2022; Wang et al.|
2026c¢), and model-dependent learning dynamics (Engstrom et al., [2024}; [Wang et al.| 2025). Representative
approaches include DEITA (Liu et al., [2024)), LESS (Xia et al.,|2024)), Data Agent (Yang et al.| 2026a), and
RHO-Loss (Mindermann et al., [2022). These methods can be broadly viewed as data routing: allocating
limited optimization toward supervision with greater expected learning value.

5 CONCLUSION

We propose an uncertainty-guided progressive contraction framework that exposes and concentrates learning
value in reasoning supervision, substantially accelerating reasoning post-training without sacrificing capa-
bility. Across diverse benchmarks and architectures, our method consistently improves data efficiency with
strong generalization. These results highlight that effective reasoning supervision depends not only on scale,
but also on how learning value is identified and allocated throughout training. More broadly, we hope this
work inspires further research on the shift from scaling reasoning data toward more efficient and accessi-
ble reasoning post-training, while providing a practical tool to reduce training burden and enable strong
reasoning models under limited computational resources for the community.
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