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Abstract

Test-time scaling uses extra test-time compute to improve performance,
such as letting language models reason longer when solving a problem. As
models keep the entire reasoning trace in memory via full attention, hard
tasks that need long thinking can be prohibitively expensive. However, we
find most intermediate reasoning tokens lose importance as the model con-
tinues reasoning. This calls into question whether retaining them is worth
the cost. Based on this insight, we propose Prefix Sliding, which discards
tokens during reasoning that are not part of the prefix or the window of the
last few thousand tokens. The prefix has key instructions and tools avail-
able to the model, while the most recent tokens are the current reasoning the
model is working on. This caps the total memory requirement regardless of
how long the model reasons, allowing for efficient long-horizon test-time
scaling. Without training, Prefix Sliding can make existing models 3x faster
while maintaining performance. Training with Prefix Sliding using rein-
forcement learning can achieve better performance by enabling scaling to
reasoning traces beyond a hundred thousand tokens. Ablations show Prefix
Sliding outperforms summarizing intermediate tokens or vanilla sliding
window. Our code is at https://github.com/Muennighoff/prefix-sliding

Prefix Sliding
Full attention

3x faster

Figure 1: Prefix Sliding without any training is more efficient than full attention. Prefix
Sliding performs better as it can generate more tokens in the same thinking time than full
attention, not because each token it generates is better. Both use the same Qwen3 model
(section 3). Here, Prefix Sliding uses a window size of 4096; see Appendix B for other sizes,
and Appendix C for the results in tabular form.
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Figure 2: The first and last few tokens receive most attention during reasoning with full
attention. We plot post-softmax attention probabilities averaged across layers and attention
heads in Qwen3-1.7B for an AIME25 reasoning trace. Probabilities are Gaussian smoothed.

1 Introduction

Test-time scaling improves the performance of language models by using extra compute
for hard problems (OpenAI, 2024). Commonly, this compute is used by letting the model
reason longer (DeepSeek-AI et al., 2025a; Muennighoff et al., 2025). However, scaling this
approach further is limited by the need to keep the entire reasoning trace in memory via full
attention, as used in most language models (Sadhukhan et al., 2025). With full attention, the
cost of each new token grows linearly with the number of already generated tokens, making
long context windows prohibitively expensive. Long contexts have more issues, including
distraction by old irrelevant tokens (Gema et al., 2025), context poisoning (Comanici et al.,
2025), repetitive loops (Pipis et al., 2025), and lost knowledge (Liu et al., 2023b).

We explore a simple solution based on two observations. First, intermediate reasoning
tokens quickly lose importance. For example, when solving an expression like “((42 + 84) ×
4) - 5”, once the addition 42 + 84 is completed, the reasoning behind that step is no longer
needed; only the result matters for the next operation. Second, the prefix and the most recent
reasoning tokens, however, are of high importance during generation. The prefix, which
includes the system instruction and prompt, contains key information about tools the model
can use and the task to complete. It also serves as an “attention sink” allowing the model to
allocate excess probability weight (Xiao et al., 2024c). Meanwhile, the most recent reasoning
tokens capture what the model is currently working on. This has motivated prior work on
letting models generate using a sliding window (Ainslie et al., 2020; Gupta & Berant, 2020;
Beltagy et al., 2020; Zaheer et al., 2021; Zhang et al., 2025b; Fu et al., 2025c).

We combine these two observations to propose Prefix Sliding. During reasoning, Prefix
Sliding keeps only the prefix and a sliding window in memory. The prefix contains the
model instructions. As the model generates, the sliding window advances, removing older
intermediate tokens. For example, a 40-token system instruction and a 60-token task prompt
could constitute a 100-token prefix. With a 4096-token sliding window, at most 4196 tokens
are then kept in memory. The cost of generating an additional token is the same regardless
of whether the model has already generated millions or billions of tokens. Such constant
cost is necessary to enable very long-horizon test-time scaling.

Empirically, Prefix Sliding can match full-attention performance while running 3× faster
without training, and enables reinforcement learning rollouts beyond 100,000 tokens.

2 Prefix Sliding

Motivation In Figure 2, we depict the two observations from section 1: (1) Intermediate
tokens lack importance and (2) the prefix and recent tokens are key. For the prefix, much
probability mass falls on the first four tokens as they function as attention sinks (Xiao et al.,
2024c). The other tokens in the prompt also receive more attention than later intermediate
reasoning tokens. The common <think> delimiter (DeepSeek-AI et al., 2025a) marking the
start of the reasoning trace also receives high attention, likely because of its ongoing impor-
tant role in signaling to the model that it is in thinking mode. The attention probabilities
then drop throughout the reasoning trace, but increase sharply toward the end, especially
for the token preceding the one being generated.
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Step

n

Full attention Prefix Sliding
Prefix Sliding

Prompt: How to scale at test-time?  Answer: Think longerPrompt: How to scale at test-time? Answer: Think longer

SlidingPrefixStep

n+1

Prompt: How to scale at test-time? Answer: Think longer via Prompt: How to scale at test-time? Answer: Think longerThink longer via

Prefix Sliding
Step

n+2

Prompt: How to scale at test-time? Answer: Think longer via Prefix Sliding Prompt: How to scale at test-time?  Answer: Think longerlonger via Prefix Sliding

Cost grows at each generation step Constant cost

Figure 3: Prefix Sliding enables efficient long-horizon test-time scaling while full at-
tention inevitably becomes prohibitively expensive. For Prefix Sliding, the cost at each
generation step is constant as attention is only paid to the prefix and sliding window tokens.
For full attention, the cost grows at each step due to more tokens in the attention window.
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Figure 4: Position embeddings
(PE) with Prefix Sliding.

Prefix Sliding without training Figure 3 shows how Pre-
fix Sliding works by simply retaining the prefix of tokens
and a sliding window. This makes it applicable to gener-
ative language models out of the box without any further
training. If the model has been trained with position em-
beddings (PE), such as RoPE (Su et al., 2023), then Figure 4
shows two options for handling them. Compared to Reset
PE, Continue PE is more efficient as it does not require
reapplying new position embeddings to the same token,
but allows reusing cached representations with position
embeddings already applied to them. While Continue PE
may perform worse (Xiao et al., 2024c), we have found
performance differences insignificant in Appendix D; thus,
we use Continue PE. For an even simpler alternative, fu-
ture work may combine Prefix Sliding with DroPE to sim-
ply remove the positional embeddings of pretrained mod-
els (Gelberg et al., 2025) or train models without position
embeddings from scratch (Kazemnejad et al., 2023).

Long

trace

Prefix Sliding

Chunked backpropagation (BP)

BP1:
Prefix Sliding

BP2:
Prefix Sliding

BP3:
Prefix

Truncated backpropagation

BP1:
Prefix

X
Sliding
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X
X

Sliding
X
X
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Figure 5: Backpropagating
long reasoning traces with Pre-
fix Sliding. Yellow marks back-
propagated tokens.

Prefix Sliding with training Training with Prefix Sliding
enables very long RL rollouts, avoiding the common prac-
tice of truncating and discarding overlong generations (Yu
et al., 2025). Training on completed generations can sub-
stantially improve the model. This is best accomplished in
an asynchronous RL setup to avoid idle GPUs when other
short generations in the same batch are already done (Fu
et al., 2025b; Noukhovitch et al., 2025), but also works with
synchronous RL. Naive backpropagation of generations
that span hundreds of thousands of tokens can lead to
out-of-memory errors in the trainer. Figure 5 depicts two
solutions for this issue. Both rely on the limited receptive
field of sliding windows. Sliding windows across multiple
layers have a theoretical receptive field of W × L, where
W is the window size and L the number of layers. How-
ever, due to information bottlenecks, it is closer to 1.5×W
in practice (Xiao, 2025). Thus, if we want to backpropa-
gate a set of W tokens, we may only need to pass around
1.5×W of preceding tokens and the prefix to the trainer.
Chunked backpropagation backpropagates on a reason-
ing chain in chunks and accumulates the gradients to en-
sure near-equivalence with standard full backpropagation.
Truncated backpropagation involves only backpropagat-
ing on the last chunk. We use Prefix Sliding with truncated
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backpropagation for our training experiments, as we found its performance can match
full attention with full backpropagation in Appendix E. For example, a model generated
a reasoning trace of 100,000 tokens with a sliding window size of 2048. Under truncated
backpropagation, we may only send the last 8192 tokens from the sampler to the trainer for
gradient computation. We then use the first 6144 tokens only as context and compute the
token-level RL loss only on the final 2048 tokens. In our implementation, this is simply a
loss mask: the loss for the preceding 6144 tokens is set to zero, and autograd backpropagates
normally from the masked loss and only updates with respect to the last 2048 tokens. As the
gradients of those 2048 tokens were computed using 4× the sliding window size, they are
very accurate relative to the full 100,000-token generation. Like for Prefix Sliding without
training, we also use Continue PE for Prefix Sliding with training. Resetting PE in the trainer
is very complex due to teacher-forcing, which is key for training efficiency (Lamb et al.,
2016; Brown et al., 2020). This is because when resetting PE, each token has seen a different
combination of positions before it.

Prefix Sliding kernel implementation We implement the Prefix Sliding attention kernel
with two-level filtering:

• Intra-tile masking: For tiles that partially overlap the allowed attention region
(prefix ∪ sliding window), we apply an elementwise mask so that only valid (q,k)
pairs contribute to the softmax and output. This ensures mathematical correctness
without changing the FlashAttention tiling strategy.

• Inter-tile skipping: We skip tiles that fall entirely outside the allowed region.
Concretely, we restructure the producer–consumer pipeline to iterate over two
disjoint block ranges (prefix blocks and window blocks). This avoids redundant
loads and computations, substantially matching the efficiency of standard sliding
window attention.

3 Setup

Modeling We use the Qwen3-1.7B model unless otherwise specified (Yang et al., 2025).
We use vLLM (Kwon et al., 2023) with FlashAttention (Dao et al., 2022; Dao, 2023) for all
generations. We write custom kernels for the Nvidia Hopper architecture to enable running
Prefix Sliding with FlashAttention. We experiment with sliding window sizes 512, 1024,
2048, 4096, 8192, and 16384. For summary ablations, we treat the summary as a tool call and
let the model itself write the summary instead of an external model.

Training For reinforcement learning experiments, we use GRPO (Shao et al., 2024) via
its synchronous implementation in trl (von Werra et al., 2020), as well as its asynchronous
implementation in prime-rl (Intellect, 2025). We either backpropagate the entire generation
or only the last sliding window of tokens, as explained in section 2. In the latter case, we
always pass four times as many of the last tokens to the trainer to ensure we compute
accurate gradients for the sliding window. We do not tune other hyperparameters not
directly related to Prefix Sliding (e.g., learning rate) and fix them across comparisons. We
create our own dataset of math problems and filter it using guessability, verifiability, and
difficulty as our three criteria. Details are in Appendix F.

Evaluation We evaluate on standard reasoning benchmarks: GPQA (Rein et al., 2023),
MATH500 (Hendrycks et al., 2021; Lightman et al., 2023), AIME25 (Mathematical Association
of America, 2025). We average results across 64 runs to increase confidence in our results,
which we refer to as either accuracy or avg@64. We use a temperature of 0.6 and top p
of 0.95 (DeepSeek-AI et al., 2025a). We verify answers using a small verification library
called simpleverify. We use budget forcing to keep generations to specific thinking budgets
(without the use of “Wait” tokens) (Muennighoff et al., 2025). We benchmark models by their
average thinking time per sample, measured in seconds, as speed is what users ultimately
experience, making it the most important efficiency metric. FLOPs or total generated tokens
can be a good proxy, but they miss memory differences among methods.
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4 Results
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Figure 6: Prefix Sliding faster than full attention. We
generate 1024 sequences of the respective sequence length
with vLLM using its auto batch size, FlashAttention, one
80GB Nvidia H100 GPU, and a window size of 4096 tokens
for sliding methods.

Prefix Sliding without training
Figure 1 shows Prefix Sliding
is more efficient even when ap-
plied to an existing model that
has been trained with full at-
tention. Figure 6 shows our
FlashAttention kernel for Prefix
Sliding reaches about the same
speeds as a regular sliding win-
dow kernel. A slightly slower
speed is expected due to the ad-
ditional memory requirements
of the prefix. The tokens per sec-
ond for Prefix Sliding and regular sliding window drop initially before stabilizing around
5,000. The initial drop is due to the generation spending less time in the cheap warm-up
phase, where the generated tokens are still less than the sliding window. Once the sliding
window size is reached, generating each new token costs the same amount. Meanwhile,
full attention keeps getting slower indefinitely as the cost per token progressively increases
because all prior tokens need to be in memory.
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Figure 7: Prefix Sliding can improve perfor-
mance. We restrict both to near-equal memory
budgets: 8,192 max tokens for full attention and
an 8,192 sliding window size for Prefix Sliding.
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Figure 8: Truncated backpropagation numerics.
We compute the Kullback–Leibler (KL) diver-
gence between generator and trainer per-token
log probabilities of the last 2048 generated to-
kens; lower is better. All generate with a max
sequence length of 16384 tokens, with a subset
passed to the trainer (2K, 4K, 8K, or all 16K). All
use Prefix Sliding with a window size of 2048.

Prefix Sliding with training Figure 7
shows that reinforcement learning with
Prefix Sliding allows for much longer
reasoning traces at near-equal memory
budgets, thereby leading to higher re-
wards. Figure 8 ablates the choice of to-
kens passed to the trainer as explained
in section 2. The runs with Prefix Sliding
backpropagate one final sliding window
(2K tokens). As sliding windows have
a limited receptive field (section 2), only
a limited number of tokens prior to this
final sliding window are necessary to en-
sure accurate log probabilities. Only pass-
ing the sliding window itself leads to a
high KL of above 0.1 as expected. Passing
2× as much (4K) significantly lowers the
mismatch. We go with 4× (8K) for most
runs as it appears to have a slightly lower
KL mismatch and is around on par with
8× (16K). Some remaining KL mismatch
is expected due to tiny numerical differ-
ences between our custom Flash Atten-
tion kernel in the generator and our Flex-
Attention (Dong et al., 2024) implementa-
tion in the trainer. We find the multiplier
of 4× the window size also works well
for larger windows. In Appendix E, we
train a 7B model with RL using a window
of 8,192 and a multiplier of 4, and find
performance comparable to full attention
when controlling for sequence length.

5



Step

n

Last k
Prompt: How to scale at test-time? Answer: Think longer via Prefix Sliding


...more reasoning text... 
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Summary
Prompt: How to scale at test-time?

Every n steps summarize 
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Continue with summary
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Step
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also one can use methods like last k 

but Prompt: How to scale at test-time? Summary: I studied Prefix Sliding, last k. 

Other

Step

n+2

Prompt: How to scale at test-time? also one can use methods like last k 
but they

Prompt: How to scale at test-time?Summary: I studied Prefix Sliding, last k. 
Other methods

Slow as extra summary stepWasteful as duplicate processing of tokens 

Sliding window

Step

n

Sliding
Prompt: How to scale at test-time? Answer: Think longer

SlidingStep

n+1

Prompt: How to scale at test-time? Answer: Think longer via

SlidingStep

n+2

Prompt: How to scale at test-time?  Answer: Think longer via Prefix Sliding

Loses key information about instructions 
given to the model

Figure 9: Prefix Sliding outperforms test-time scaling alternatives. See Figure 3 for visual
explanations of Prefix Sliding and full attention. For benchmarking on AIME25, we use a
maximum generation length of 262144 and a local window of 4096 for all methods except
full attention. Thus, after generating 4096 tokens, the window either slides or is restarted
with the last k tokens or summary. We set k and the maximum summary length to 256
tokens. See section 3 and Appendix G for additional hyperparameters.

5 Ablations

We compare Prefix Sliding with three key alternatives, as shown in Figure 9 and described
below. In Appendix G, we provide details on their hyperparameter selection and contrast
Prefix Sliding with an additional cache-eviction method.

Last k

• Explanation Text is generated until a threshold n is reached, when all text except
for the last k tokens is deleted. This way, the context never exceeds the length of the
prompt + n. As long as n is reasonably small, last k can use full attention without
generation inevitably becoming too expensive to continue.

• Pros and Cons Last k can be very fast in terms of tokens per second. However,
many of those tokens may be wasted. If k is large, the model has to reprocess a lot of
tokens. This is because the last k tokens are processed twice: first upon generation
and second when their context window changes due to the removal of prior tokens.
If k is small, some of the more recent useful tokens may be dropped, and the model
may need to regenerate parts of them (e.g., Figure 21). Last k also incurs volatile
memory usage; memory usage drops drastically whenever the context is cleared,
making it harder to use compute resources optimally.

• Examples Variants of last k are often used in agents: For example, after n turns,
earlier turns can be deleted, leaving only the most recent few turns (e.g., Wang
et al., 2025b). This approach has also been proposed as ”Markovian Thinking /
Delethink” in Aghajohari et al. (2025).
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Summary

• Explanation Text is generated until a threshold n is reached, when all text is
summarized, either by the model itself or an external summarizer. Together with
the prompt, this summary is then used to start a new context window to continue
reasoning. The procedure repeats when n is reached again.

• Pros and Cons A benefit of this approach is the model can draw information
from anywhere in the current context window for its summary, which in theory
could allow it to retain important insights over many summary steps. In practice,
however, models struggle to retain important information over many turns (Wang
et al., 2026a). Summary adds complexity by introducing new hyperparameters,
such as n, the summary length, the summarizer prompt, the summarizer model,
and the placement of the summary in the new context. Further, the extra summary-
generation step adds overhead, especially if the summary model is large. Like last
k, the summary must be processed twice, first upon generation and second when
used in the new context window. Its memory usage is also volatile like last k.

• Examples This approach has been explored via prompting (Vajipey et al., 2025),
supervised finetuning (Yan et al., 2025; Kontonis et al., 2026), or reinforcement
learning (Wu et al., 2025b; Yan et al., 2026; Li et al., 2026). Wu et al. (2021) use a
hierarchical, rather than sequential, version of this approach to handle long inputs.
It is also referred to as compaction and used by models like Opus 4.6 (Anthropic,
2026), GPT 5.4 (OpenAI, 2025b), and Composer (Cursor Research et al., 2026).

Sliding window

• Explanation This is a baseline equivalent to Prefix Sliding without prefix.
• Pros and Cons The method is very simple. However, as the prefix contains key

information about the task, this method performs poorly on longer reasoning tasks.
The model forgets which problem it is solving or which tools it can use.

• Examples Sliding window attention (Beltagy et al., 2020) is common in many large
language models, such as gpt-neo (Black et al., 2021) and gpt-oss (OpenAI, 2025a).
To compensate for the lack of information about the prefix, they interleave it with
full attention layers that process the entire context.

Results Figure 9 shows Prefix Sliding provides the best performance efficiency trade-
off. Prefix Sliding also adds only one hyperparameter: the size of the sliding window.
Pure sliding window attention quickly flattens out due to a lack of information about the
task at long thinking times. As soon as the model reaches the sliding window size, it
starts losing tokens at the beginning that contain critical information. Last k and summary
approaches can reach good performance but are fundamentally constrained by their required
token reprocessing and extra summary step. They also add other complexity overhead by
requiring more hyperparameters and generation restarts.

6 Related Work

Test-time scaling Current methods to scale compute at test-time are either sequential
or parallel (Snell et al., 2024; Muennighoff et al., 2025). Parallel methods allow for infinite
test-time scaling by design, e.g., majority voting (Wang et al., 2023) simply requires launch-
ing more parallel processes to try to solve the same question. However, they face stark
diminishing returns (Brown et al., 2024; Ehrlich et al., 2025; Schaeffer et al., 2025). Sequential
scaling can scale better than parallel (Muennighoff et al., 2025). While there has been much
work on improving sequential scaling and reasoning models in general (Zhang et al., 2025a;
Aggarwal & Welleck, 2025; Yue et al., 2025; Yong et al., 2025; Lu et al., 2025b; Guha et al.,
2025), long-horizon scaling remains a fundamental limitation due to the quadratic complex-
ity of the transformer (Vaswani et al., 2017). We build a simple method that significantly
improves reasoning efficiency while enabling long-horizon scaling due to its constant cost,
as elaborated in the next paragraph.
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Figure 10: Prefix Sliding has constant cost
per new token in the limit. “L” is where the
sequence length reaches the size of the sliding
window + the prefix. Last k and summary
follow a sawtooth pattern with a cost spike at
each chunk end, as the last k tokens need to be
passed over or the entire chunk summarized.

Context extension We distinguish be-
tween methods that are bounded and
unbounded in their cost per new token.
Bounded methods are asymptotically con-
stant; in the limit, they cost at most a certain
amount per new token (Peng et al., 2022;
Munkhdalai et al., 2024; Yang et al., 2024).
Unbounded methods cost more for each
new token in the limit, even if they may ex-
hibit subquadratic complexity (Child et al.,
2019; Kitaev et al., 2020; Wang et al., 2020;
Jaegle et al., 2021; Xiong et al., 2021; Choro-
manski et al., 2022; Liu et al., 2023a; Ho et al.,
2024; DeepSeek-AI et al., 2025b; Shyam
et al., 2025). Full attention is unbounded:
Every generated token gets more expensive.
One can trade off space and time complex-
ity of full attention to make one bounded,
but the other stays unbounded (Rabe & Staats, 2022). Crucially, to enable infinite test-time
scaling, i.e., models that reason for weeks, cost must be bounded per new token. Figure 10
shows Prefix Sliding is bounded once the sequence length reaches the combined size of the
prefix and the sliding window. Other bounded methods include RNNs (e.g. RWKV (Peng
et al., 2023; 2024)), SSMs (e.g. Mamba (Gu & Dao, 2024; Dao & Gu, 2024; Gu et al., 2022;
Wang et al., 2024)), and transformer-based approaches (Dai et al., 2019; Rae et al., 2019;
Chevalier et al., 2023; Tandon et al., 2025). However, they do not work out of the box with
existing models but require training models to adapt them. Prefix Sliding works with exist-
ing pretrained models without further training and can optionally also be used for training.
Last k and summary approaches are also bounded and work out of the box, but exhibit
irregular cost as shown in Figure 10 due to deleting and refilling of the context window.
This makes full GPU utilization difficult. They also incur fundamental latency overhead
due to duplicate token processing, which Prefix Sliding bypasses, as detailed in section 5.
One way to view Prefix Sliding is as sliding window attention with global tokens (Beltagy
et al., 2020), but with many consecutive global tokens forming a prefix that preserves task
instructions and other necessary context for reasoning tasks. Another related approach is
StreamingLLM (Xiao et al., 2024c), which retains only a few fixed initial tokens, e.g., 4.

7 Conclusion

We propose Prefix Sliding to enable language models to reason for extremely long horizons.
Even at short reasoning horizons of only thousands of tokens, Prefix Sliding is more efficient
than the status quo of using full attention. Prefix Sliding is applicable to language models
without further training. It can also be used during training with reinforcement learning.
It outperforms alternatives that could also support infinite test-time scaling. We hope that
enabling language models to think longer via Prefix Sliding inspires future work on solving
ever harder problems with language models.

Limitations

Limited comparisons We restrict ourselves to empirical comparisons with alternatives
that fulfill two properties: (1) they work on existing pretrained transformers out of the
box and (2) they lead to a bounded cost per new token (see section 6). This excludes
many approaches, such as alternative architectures, subquadratic methods, or mixed sliding
window models (Tay et al., 2020; Bulatov et al., 2022; Hwang et al., 2024; He et al., 2025b;
Li et al., 2025c). Future work may consider relaxing the first criterion by comparing with
alternative architectures that still exhibit a bounded cost per new token, such as RNNs. We
consider it beyond the scope of this work, as it likely requires pretraining models from
scratch to control for computational resources and other hyperparameters.
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Figure 11: LiveCodeBench (LCB) re-
quires Prefix Sliding with a window
of at least 16384 to match full attention.
Max tokens are 262144.

Information loss While intermediate tokens can
lack importance for later reasoning, as we show
in section 2, sometimes this is not the case. Fig-
ure 11 shows this limitation on the example of
LiveCodeBench, where a larger window size is
necessary to match full attention. Inspecting sam-
ples reveals that the issue is likely that for Live-
CodeBench, the model starts a function imple-
mentation during reasoning and then thinks using
comments for potentially thousands of tokens (see
Figure 22 for an example). By the time it contin-
ues coding, the beginning of the code may have
moved outside its sliding window. This evalua-
tion is without any training. Training with Pre-
fix Sliding during reinforcement learning would
likely teach the model to simply adapt its com-
menting behavior, thus enabling a shorter window
size. Alternatively, a mechanism for the model to append sliding tokens to the prefix, or
another knowledge store, may avoid the need for larger window sizes.

Prefix Sliding
Full attention

Figure 12: Fast tasks benefit less from
Prefix Sliding. The sliding window size
is 2048 for Prefix Sliding.

Limited benefit for short generations As is clear
from Figure 6, the benefits of Prefix Sliding are
larger the longer the generation of the model. For
short generations, a larger proportion of the gen-
eration still uses full attention while the sliding
window size has not yet been reached. We call this
the sliding window warm-up phase. Only after
this phase is complete does the window slide and
evict old tokens, thereby offering major speed-ups
over full attention. In Figure 12, we benchmark
Prefix Sliding on a task that requires only 2086 to-
kens on average: HealthBench (Arora et al., 2025).
As we use a sliding window of 2048 for Prefix Slid-
ing, the model slides very rarely. It is equivalent
to full attention for the many samples that require
fewer than 2048 tokens. Thus, there is little room
for any speed-up.

System outputs and multi-turn In agentic tasks, a model may read the contents of a
website or read files, which could flood the entire context window. This could be problematic
because if the sliding window is smaller than the content the model is trying to read, then
it strictly cannot read the entire content. Even worse, it may lose important content, as its
sliding window is flooded with this new output. A second related issue is what to do with
future user instructions in a multi-turn setup. Append them to the prefix? Let the sliding
window remove them eventually? These two problems also exist with summarization or
last k techniques, assuming the same window size. Extensive reinforcement learning would
likely teach the model to be extra careful to avoid this behavior. Another approach could be
to let the model learn to read content step by step rather than in one go (e.g., using “head”
rather than “cat” commands in Unix). One can also add automatic guardrails that prevent
excessive outputs in the model’s context by quickly checking such outputs before and not
providing them to the model beyond a prespecified threshold.

Scale In this work, we scale up Prefix Sliding to hundreds of thousands of thinking tokens
and 7 billion parameter models across training-free and reinforcement learning training
setups. Future work is necessary to scale up Prefix Sliding further and study its trends.
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A Extended Related Work

Key-Value (KV) Cache The KV cache in transformers stores information from the past
context, which eventually grows prohibitively expensive as generation continues. Thus,
many context extensions focus specifically on handling the KV cache footprint. Methods ei-
ther target the KV-cache from pre-fill, post-fill, or both (Bhaskar et al., 2025). Pre-fill methods
seek to reduce the cost of the KV-cache from the prompt (Jiang et al., 2024; Eyuboglu et al.,
2025), while post-fill methods deal with the KV cache after processing the prompt (Zhang
et al., 2023; Liu et al., 2023c; Li et al., 2024b; Ge et al., 2024; Chen et al., 2024; Wang et al.,
2025a; Cai et al., 2025; Hu et al., 2025; Cai et al., 2026; Metel et al., 2026; Ramachandran et al.,
2026; Wang et al., 2026b; Chang et al., 2026; Zweiger et al., 2026). Many post-fill methods
use recency eviction methods to discard older parts of the KV cache (Xiao et al., 2024c;b; Fu
et al., 2025a; Han et al., 2026; Yu et al., 2026). Other approaches across pre-fill and post-fill
optimize the KV cache and memory usage by taking hardware into consideration (Tang
et al., 2024; Lu et al., 2025a; Akhauri et al., 2025; Yuan et al., 2025) or using quantization
techniques (Lin et al., 2024; Xiao et al., 2024a; Frantar et al., 2023). Importantly, Prefix Sliding
does not reduce the pre-fill cost of the KV cache, which may lead to high memory usage
with extremely long prefixes. One solution could be to discard information from the prompt
that is not needed for the prefix, or to introduce context management techniques (Zhang
et al., 2026). Long inputs, such as a relevant book to solve the problem, are likely better
suited in a file whose path is provided to the model so it can read it step by step.

Efficient thinking Several works have explored improving the thinking efficiency of
reasoning language models. They seek to do so at train-time, test-time, or both. Train-time
methods often target the RL algorithm or infrastructure-related issues (Liu et al., 2025;
Luo et al., 2025; Dai et al., 2025; Zhao et al., 2025; Shen et al., 2026; Li et al., 2025a; Hou
et al., 2025; Xiang et al., 2025; Zheng et al., 2025; Zhou et al., 2026; Wu et al., 2026), while
test-time methods seek to work with existing models out-of-the-box that have already been
trained (Damani et al., 2024; Li et al., 2025b; Wu et al., 2025a; Liang et al., 2026; Dong et al.,
2026; Muennighoff et al., 2025). Prefix Sliding is both a train-time and test-time method:
It can be used during RL and can be applied to already-trained models to achieve better
efficiency and performance.

B Other sliding window sizes

Prefix Sliding
Full attention

Figure 13: Figure 1 with sliding window size 8192 (top) and 16384 (bottom).
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C Tabular results

Window AIME25 GPQA MATH500 Tok/s at
size avg@64 avglen avg@64 avglen avg@64 avglen 32K 128K

2048 27.7 47643 35.9 30107 89.8 9310 8973 8737
4096 33.9 29943 37.0 16707 91.5 7069 5479 5224
8192 35.8 19373 38.0 13605 91.4 6229 3291 2788
16384 35.3 19872 38.2 14378 91.5 6160 2441 1420
Full 34.2 19158 37.6 11403 91.7 6056 1477 448

Table 1: Prefix Sliding achieves performance comparable to full attention at significantly
higher speeds. These performance numbers are used for figures throughout the paper.
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Figure 14: Continue PE performs similarly to reset PE. The benchmark is AIME25 and the
shaded area represents the standard error. The sliding window size is 2048.

E Truncated backpropagation validation
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Figure 15: Prefix Sliding with truncated backpropagation can match full attention.

Figure 15 depicts a short experiment with DeepSeek-R1-Distill-Qwen-7B (DeepSeek-AI et al.,
2025a) using the prime-rl codebase for asynchronous reinforcement learning (Intellect, 2025).
For both models, 32768 tokens are passed to the trainer, but for Prefix Sliding only 8,192 of
them are backpropagated using truncated backpropagation (section 2) with a multiplier of
4. The window size for Prefix Sliding is 8,192. We find that performance is comparable, but
highlight that more experiments at even larger scales are necessary in the future. Therefore,
we stick with truncated backpropagation for our experiments (e.g., Figure 7), but larger-scale
runs with significantly longer chains may require chunked backpropagation (section 2).
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F Training Dataset

For our dataset for reinforcement learning training we combine public sources, specifically
SkyWork (He et al., 2025a) and s1 (Muennighoff et al., 2025) (s1 further sources from Numi-
naMATH (Li et al., 2024a), MATH (Hendrycks et al., 2021), OlympicArena (Huang et al.,
2024), OmniMath (Gao et al., 2024), AGIEval (Zhong et al., 2023; Ling et al., 2017; Hendrycks
et al., 2021; Liu et al., 2020; Zhong et al., 2019; Wang et al., 2021), OlympiadBench (He et al.,
2024), TheoremQA (Chen et al., 2023), JEEBench (Arora et al., 2023), GPQA (Rein et al.,
2023), SciEval (Sun et al., 2024)). We also decontaminate against test data using the s1 setup.

To filter problems, we rely on three criteria: guessability, verifiability, and difficulty. For
guessability, we remove samples where small models write the correct solution on any of
8 tries without thinking (Kimi et al., 2025). For verifiability, we remove any samples that
contain a set of words such as “How”, “Explain”, as such questions may have answers that
cannot be easily objectively verified. For difficulty, we score models on all samples multiple
times. We then remove those always solved by weak models, as well as those never solved
by strong models, as they may be impossible to solve.

G Other methods

G.1 Last k hyperparameters

k tokens MATH500 AIME25

64 58.2 3.2
128 59.7 3.5
256 60.8 4.2
512 60.3 4.2
1024 54.6 2.4

Table 2: Ablating last k. Results are
avg@64 with a 2048-token context and
one pass. We select k = 256, which
performs best while keeping the carried
context small.

We select k = 256 for our runs in Figure 9 based on
a sweep in Table 2. This means that whenever the
model runs out of context, exactly 256 tokens from
the end of the generation are taken and prepended
to the thinking in the next generation of the model.
We do not consider proper sentence endings; thus,
the tokens are likely to be cut off; see Figure 21
for an example. To keep the total thinking tokens
the same after the model has received the last k
tokens of the first turn, it generates k fewer tokens
from the second turn onward. The optimal value
of last k likely depends on the context window
and the number of allowed passes, so the setup
in Figure 9 may have a different optimum. How-
ever, in practice one cannot predict the number of
passes ahead of time, but generally needs to use
the same last k value across setups.

G.2 Summary hyperparameters

We set a maximum summary length of k = 256 based on subsection G.1. We treat the
summary as a tool call and use summary forcing: If k tokens are left in the context window,
and the summary tool has not yet been invoked, we force-insert the tool call into the
reasoning of the model so it generates a summary. We use the model itself as the summary
model. We ablate prompts in Table 3. Adding an example of how to use the tool and
context (prompt 2) raises performance; possibly it leads to better summaries and their usage.
Explaining the context further (prompt 3) did not help. Figure 20 shows an issue with the
summary approach where the model seemingly ignores its summary, or maybe it uses it
without mentioning it in its thinking (Lanham et al., 2023; Chen et al., 2025). Thus, we stick
with prompt 2 for Figure 9. For summary, we do not subtract the summary length from
the tokens the model may generate in its second turn onward; thus, it keeps slightly more
tokens in memory than Prefix Sliding or last k. This may give the summary approach a
slight advantage in Figure 9. We also tried inserting the summary in the model’s thinking,
which led to worse performance; possibly it was very out-of-distribution for the model.
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Prompt AIME25
Accuracy Coverage

1: Tool only (Figure 16, Figure 17) 23.2 33.3
2: Tool/context examples (Figure 18, Figure 17) 26.4 53.3
3: Tool/context examples with info (Figure 18, Figure 19) 25.8 46.7

Table 3: Summary prompt ablations. The first figure in the brackets is the system prompt;
the second is the user prompt after a summary is produced (the first turn is unmodified).
cov@64 is coverage across 64 samples, i.e., if any of the 64 are correct, it is counted as correct.

# Tools

You may call one or more functions to assist with the user query.

You are provided with function signatures within <tools></tools> XML tags:
<tools>
{"type": "function", "function": {"name": "pass", "description": "Passes the
task to the next model to solve the problem from where you left off. Useful
when thinking gets too long.", "parameters": {"type": "object", "properties":
{"context": {"type": "string", "description": "Information to pass to the next
model. E.g., ideas already tried, key results, next steps to perform..."}},
"required": ["context"]}}}
</tools>
For each function call, return a json object with function name and arguments
within <tool call></tool call> XML tags:
<tool call>
{"name": <function-name>, "arguments": <args-json-object>}
</tool call>

Figure 16: System prompt framing summary as a tool.

<|im start|>user
{problem}

Context:
{context}<|im end|>
<|im start|>assistant

Figure 17: User prompt inserting context simply.
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{Figure 16}

Below is an example of using the pass tool:
<|im start|>user
There exist real numbers x and y, both greater than 1, such that logx (y

x) =

logy
(

x4y) = 10. Find xy.<|im end|>

<|im start|>assistant
<think>
Okay, so I need to solve this problem where there are real numbers x and y, both
greater than 1, such that log base x of (yx) equals log base y of (x4y) equals 10.
And I need to find the product xy. Hmm, let me think.

First, let me recall some logarithm properties. The equation says that two different
logarithms are equal to 10. So, logx(y

x) = 10 and logy(x4y) = 10. Maybe I can convert

these logarithmic equations into exponential form to make them easier to handle.

Starting with the first one: logx(y
x) = 10. Using the logarithm power rule, which

says that logb(ac) = c ∗ logb(a). So, applying that here, logx(y
x) = x ∗ logx(y) = 10.

So, x * logx(y) = 10.

But logx(y) is the same as 1/ logy(x), by the change of base formula. Wait, but

maybe I can express logx(y) in terms of something else. Let me
<tool call>
{"name": "pass", "arguments": {"context": "Maybe convert logarithmic equations
into exponential form to make them easier to handle. Via logarithm power rule
logx(y

x) = x ∗ logx(y) = 10. Noting that logx(y) is the same as 1/ logy(x). Maybe try

express logx(y) in terms of something else."}}
</tool call>

When context is passed to you, evaluate its correctness first and then use it if
correct.
<|im start|>user
There exist real numbers x and y, both greater than 1, such that logx (y

x) =

logy
(

x4y) = 10. Find xy.<|im end|>

<|im start|>assistant
<context>
Maybe convert logarithmic equations into exponential form to make them easier to
handle. Via logarithm power rule logx(y

x) = x ∗ logx(y) = 10. Noting that logx(y) is
the same as 1/ logy(x). Maybe try express logx(y) in terms of something else.

</context>
<think>
Okay, so I need to first evaluate whether the context is correct and then use it
to solve the problem.

The context suggests converting logarithmic equations into exponential form and
using the logarithm power rule, which is a valid approach. It also notes that logx(y)
can be expressed in terms of logy(x), which is correct. It suggests expressing

logx(y) in terms of something else.

Wait, do we really need to express logx(y) in terms of something else? Maybe we can
instead first use the logarithm power rule for the second equation as well. Let
me do that...

Figure 18: System prompt with tool-usage and context-usage examples.
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<|im start|>user
{problem}

Context from your prior reasoning attempt that may be useful but could also be
wrong:
{context}<|im end|>
<|im start|>assistant

Figure 19: User prompt inserting context with extra info.

G.3 H2O

H2O (Zhang et al., 2023) retains recent tokens and “heavy hitters” that accumulate high atten-
tion scores, while evicting less influential tokens from the KV cache. Thus, prefix tokens that
have not received sufficiently high attention can be discarded once they leave the recency
window. H2O is not integrated with FlashAttention/vLLM (https://github.com/vllm-
project/vllm/issues/3532), making a fair efficiency comparison difficult.

However, we think combining H2O with Prefix Sliding could be promising. Both retain
recent tokens, but they differ in that Prefix Sliding is “forward-looking” while H2O is
“backward-looking”. Prefix Sliding preserves prefix tokens, which we know may become
important later. For example, a tool definition may get little attention for thousands of
tokens but must be available when the model eventually uses that tool. In contrast, H2O
retains tokens based on their importance thus far. Preserving the prefix, heavy-hitting
intermediate tokens, and a recency window may outperform Prefix Sliding alone. However,
it may be challenging to make such a method work for reinforcement learning.

H Analyzing outputs

<|im start|>user
An isosceles trapezoid has an inscribed circle tangent to each of its four sides.
The radius of the circle is 3, and the area of the trapezoid is 72. Let the parallel
sides of the trapezoid have lengths r and s, with r ̸= s. Find r2 + s2

Context from your prior reasoning attempt that may be useful but could also be
wrong:
I need to compute r² + s² where r = 12 + 6

√
3 and s = 12 − 6

√
3.<|im end|>

<|im start|>assistant
<think>
Okay, so I need to find r² + s² where r and s are the lengths of the two bases of
an isosceles trapezoid that has an inscribed circle with radius 3 and an area of
72. Hmm, let me recall what I know about trapezoids with inscribed circles.
First, I remember that for a trapezoid to have an inscribed circle (be tangential),
the sum of the lengths of the two bases must equal the sum of the lengths of the
two legs. Since it’s an isosceles trapezoid, the legs are equal in length. Let me
note that down:
Let the two bases be r and s, with r ̸= s. Then, the legs (which are equal) must
satisfy:
r + s = 2 * leg length.
But I also know that the area of a trapezoid is given by the formula:

Figure 20: Summary duplicate processing problem on AIME sample. The model ignores
its prior derivations and starts the task anew.

26

https://github.com/vllm-project/vllm/issues/3532
https://github.com/vllm-project/vllm/issues/3532


<|im start|>user
An isosceles trapezoid has an inscribed circle tangent to each of its four sides.
The radius of the circle is 3, and the area of the trapezoid is 72. Let the parallel
sides of the trapezoid have lengths r and s, with r ̸= s. Find r2 + s2<|im end|>
<|im start|>assistant
<think>
+s)/2 ∗ h = 24/2 ∗ 6 = 12 ∗ 6 = 72. Correct. The radius is 3, which is h/2 = 6/2 = 3.
Correct.

Then, r² + s²: (12 − 6
√

3)2 + (12 + 6
√

3)2.

Let me compute (a − b)2 + (a + b)2 where a = 12, b = 6
√

3.

Which is (a² - 2ab + b²) + (a² + 2ab + b²) = 2a² + 2 b² = 2(a² + b²).
So 2 ∗ (122 + (6

√
3)2) = 2 ∗ (144 + 36 ∗ 3) = 2 ∗ (144 + 108) = 2 ∗ (252) = 504.

Wait, but the answer is 504? But let me check again.
Wait, the problem says the trapezoid has an inscribed circle. For a trapezoid to
have an inscribed circle (be tangential), the sum of the lengths of the two bases
must equal the sum of the lengths of the two legs. So, in this case, since it’s an
isosceles trapezoid, the legs are equal. So, let me check if that’s the case.
Let me recall that for a trapezoid to be tangential, the sum of the lengths of the
two bases equals the sum of the lengths of the two legs. So, if the bases are r
and s, and the legs are both of length l, then r + s = 2l.
Also, the area is given by the average of the bases times the height. So, (r + s)/2
* h = 72. And the radius of the inscribed circle is h/2 = 3, so h = 6. Therefore,
(r + s)/2 * 6 = 72 => (r + s)/2 = 12 => r + s = 24.
So, we have that r + s = 24 and that r + s = 2l => l = 12. So, the legs are 12
each.
Now, the trapezoid is isosceles, so the legs are equal, and the height is 6.
Now, we need to find r² + s². But how can we find r and s? We know that r + s =
24, and we need another equation. Let’s think about the geometry.
In an isosceles trapezoid with bases r and s, and legs of length l = 12, and height
h = 6.
The difference between the bases is r - s, and when you drop the perpendiculars
from the ends of the shorter base to the longer base, you form two right triangles
on either side. The base of each triangle is (r - s)/2, and the height is 6, and
the hypotenuse is l = 12.
So, (r - s)/2 = sqrt(l² - h²) = sqrt(144 - 36) = sqrt(108) = 6*sqrt(3).
Therefore, (r − s)/2 = 6

√
3 => r − s = 12

√
3.

So now we have:
r + s = 24
r − s = 12

√
3

Adding these equations: 2r = 24 + 12
√

3 => r = 12 + 6
√

3
Subtracting the second equation from the first:
2s = 24 − 12

√
3 => s = 12 − 6

√
3

Therefore, r² + s² = (12 + 6
√

3)2 + (12 − 6
√

3)2

Let me compute each term:

First term: (12 + 6
√

3)2 = 122 + 2 ∗ 12 ∗ 6
√

3 + (6
√

3)2 = 144 + 144
√

3 + 36 ∗ 3 = 144 +

144
√

3 + 108 = 252 + 144
√

3
Second term: (12 − 6

√
3)2 = 122 − 2 ∗ 12 ∗ 6

√
3 + (6

√
3)2 = 144 − 144

√
3 + 108 = 252 −

144
√

3
Adding them together: (252 + 144

√
3) + (252 − 144

√
3) = 252 + 252 = 504

So the answer is 504. Therefore, the value of r² + s² is 504.

Figure 21: Last k duplicate processing issue on AIME sample. We mark the repetition

and where the carried-over 256 tokens end .
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...
Let me think of the following code:
def can remove k(targetIndices, source, pattern, k):

removed = []
for i in range(len(targetIndices)):

if len(removed) >= k:
break

# Check if removing this index allows the pattern to be a subsequence
# Simulate the pattern as a subsequence, skipping this index
# So, we need to check if the pattern is a subsequence after removing this

index
# To do this, we can simulate the pattern as a subsequence, but skipping

this index
# Let’s create a list of indices in source that are not removed
# But since the targetIndices are in order, and we are checking for each

index in order, we can simulate this
# So, we can simulate the pattern as a subsequence, with the current index

being removed
# So, we can create a list of the source’s characters, and for each

character, if it’s not the current index, we check
# But this is O(n) per check
# So, the code would be:
# simulate the pattern as a subsequence, with the current index removed
# if the pattern is a subsequence, then we can remove it
# So, we need to check if the pattern is a subsequence of source, with the

current index removed
# Let’s implement this
# We can create a list of the source’s characters, and for each character,

if it’s not the current index, we check
# But how to do this efficiently
# Let’s create a copy of the source, and remove the current index
# But this is O(n) for each check
# However, for large n, this is not feasible
# So, we need a more efficient way to check this
# Here’s a way to do it:
# We can simulate the pattern as a subsequence, but with the current index

removed
# So, we can have a pointer for the pattern, and iterate through the source,

skipping the current index
# So, the code would be:
# current pattern pointer
p = 0
for idx in range(len(source)):

if idx == targetIndices[i]:
continue

if p < len(pattern) and source[idx] == pattern[p]:
p += 1

if p == len(pattern):
removed.append(targetIndices[i])

return len(removed) >= k
Wait, but this code is not correct. Because for each check, we are trying to remove
the current index, but in the code above, we are checking whether the pattern is
a subsequence after removing the current index.
...

Figure 22: Reasoning in comments issue on LiveCodeBench sample.
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