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Abstract

We study adversarial multiplayer bandits with K arms and 2 < m < K labeled players,
without collision information, shared randomness, or an external communication channel. We
design a constructive communication and synchronization protocol with a Monte Carlo public
constructor. With probability at least 1 — CN~32 over preprocessing, where N = 2Km(T + 1),
its fixed published output satisfies

Ry < CK’’NTlog? 2Km(T + 1))

simultaneously for every oblivious reward sequence chosen after preprocessing. Here Ry is
expected regret over the players’ private execution randomness. Positive reward observations
establish a common learning schedule and synchronize players before learning begins. The
cost of delayed communication is charged to the support of positive rewards, ensuring that
periods with little useful feedback incur only limited regret. A slow—fast learning procedure then
maintains valid reward estimates while assignments and scores are exchanged.
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1 Introduction

In a multiplayer bandit problem, several players choose arms at the same time and see only their own rewards.
If two players choose the same arm, both receive reward zero. A player who observes zero cannot tell whether
the arm had zero reward or a collision occurred. Thus the same observations must be used for learning and
coordination. We study the adversarial model in which the players have neither collision information nor
shared randomness.

We give a constructive strategy with regret O, x (VT log?(T + 1)) for fixed m, K. The players establish a
common learning schedule using only their private randomness and ordinary reward observations, then learn
while communicating assignment updates.

1.1 Model and result

Let2 <m < K and T > 1 be integers. Write [¢g] = {1,..., g} for a positive integer g. There are m players
with distinct labels in {0,...,m — 1} and K arms. The players know K, m,T and have a common clock.
Before any private random choices, an oblivious adversary fixes rewards r;(a) € [0, 1] for every ¢ € [T] and
a € [K]. Player i chooses A; ; € [K] and observes only

Yii =1 (A )I{A}; # A;; forevery j #i}. (1)

Here 1{E} equals one when E holds and zero otherwise. An action may depend on the player’s label, the
time, its previous actions and observations, and its private random variables. The private randomness of
different players is initially independent. There is no additional communication channel and no initially
common random seed. The constructive model also permits public preprocessing: a Monte Carlo constructor
samples finite tables depending only on K, m, T, then publishes all of them before the adversary chooses the
reward matrix. No preprocessing randomness remains secret. The execution randomness of the players is
independent of preprocessing and initially independent across players. Regret below is conditional on a fixed
published output. Fixing a successful output instead gives deterministic tables in the original model.

For x € RK and § C [K], put x(§) = Y csXa, and let S = {S C [K] : |S| = m}. Identify r, with its
vector of arm rewards. Expected regret is
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The expectation is over the players’ private randomness. Under the substitution ¢; (a) = 1 — r;(a), this is the
loss model without collision information studied by Bubeck, Li, Peres, and Sellke [BLPS20].

For the main bound, set
N =2Km(T + 1), A =1logN.

Here N is a convenient size parameter and A its logarithm. Constants denoted by ¢, C are positive and
universal, and their values may change between appearances. The notation x < y means x < Cy,and x < y
means both inequalities. In particular, no dependence on K, m, T is hidden in these constants.

Theorem 1 (Constructive regret bound). For every 2 <m < K and T > 1, there is a Monte Carlo public
constructor and a finite-arithmetic private-randomness strategy in model (1). With probability at least
1 — CN732 over preprocessing, its fixed published output satisfies, simultaneously for all oblivious reward
matrices,

Ry < K>PNTA2. (3)



The adversary may select its matrix after inspecting that output. The public description has O(N*logN)
bits and setup takes O(N*) bit operations. Total online bootstrap decoding uses O(N>/?) bit operations; the
remaining learner also has polynomial bit complexity.

For m = K, player i always choosing arm i + 1 gives zero regret. The case m = 1 is the ordinary adversarial
bandit problem and requires no communication.

Comparison with the previous bound. For oblivious adversarial multiplayer bandits with neither collision
information nor shared randomness, the only previously known general sublinear upper bound is that of
Bubeck et al. [BLPS20, Theorem 21]: 0 (mK 3/2p1-1/(2m) ). For fixed m, K, our bound improves the exponent
of T from 1 — 1/(2m) to 1/2, matching the standard Q(VT) adversarial-bandit lower bound up to logarithmic
factors. In particular, for m = 2 and fixed K > 3, we obtain O g (VT log?(T + 1)) = o(T?/). This disproves
the first conjecture in [BLPS20, Section 2.5] that the two-player regret in this setting is Q(7%/3). Theorem 1
has a successful public output for each K, m, T’; fixing it before rewards are chosen gives deterministic tables
visible to the adversary, while the players use only independent private randomness during execution.

1.2 Positive support and regret
A positive reward proves that the observed arm had no collision:
Yii>0 = A;,#Ai; (j#i). 4)

The communication protocol uses this implication to reject incorrect messages. Its duration may be large in
calendar time. To measure the relevant delay, define the support at time ¢ and its cumulative value by

K t
g = Zl Hr(a) >0},  G@)= Zlg (5)

Since r,(S) < g;, the comparator earns at most the positive support on any interval. We therefore charge
communication delay to increments of G. After rewards are rounded, the same notation refers to the rounded
rewards.

1.3 Why communication is possible in this model

There are two information problems. First, the receiver cannot identify a collision from a zero reward. The
usual binary protocol “collide for zero, avoid for one” is therefore not a reliable bit channel: the second action
also produces zero whenever the underlying reward is zero. In particular, an all-zero reward interval carries
no observable message. We assume neither a positive lower bound on rewards nor a bound on the length of
an all-zero interval.

Positive observations still give one-sided information. If a receiver plays arm a and receives a positive
reward, every candidate message that would have caused a collision on a is false. A zero observation rejects
no candidate. Repeated positive observations can therefore remove false messages. The arm arrays also
ensure that the actions of the other players do not remove all such observations.

Second, the players initially have no common random row for arm choices, codes, recording decisions,
or assignment updates. The protocol first communicates the root player’s private row index by means of
deterministic public arrays and independent private column choices. Only then does it use the selected
learning row.



1.4 Organization.

Section 3 outlines the protocol and analysis. Section 4 establishes a shared public row and bounds the cost of
initialization. Section 5 develops the slow—fast learner and proves its regret bound. Sections 6 and 7 specify
communication, local updates, and scheduling, and bound the cost of delayed messages and interruptions.
Section 8 combines these bounds and transfers the product-stream analysis to the published table. Section 9
gives finite samplers and computational bounds. Appendix A analyzes exceptional executions; Appendix B
constructs the public table and proves its uniform and bootstrap communication guarantees.

Acknowledgement of Al use. The author used OpenAl’s GPT-6-astra to assist in developing the public-table
construction and protocol design, and OpenAl’s GPT-6-sol to assist in drafting and revising proofs. The
author verified the correctness and originality of all content, including references.

2 Related work

Stochastic rewards. Anantharam, Varaiya, and Walrand [AVW87] studied the stochastic bandit problem
with multiple plays under centralized control. For decentralized players whose simultaneous choices can
collide, Liu and Zhao [LZ10] established logarithmic regret bounds; subsequent algorithms include the
musical-chairs approach of Rosenski, Shamir, and Szlak [RSS16]. Bubeck and Budzinski [BB20] gave an
O (/T logT) regret strategy for two players and three arms with shared randomness and no communication that
avoids collisions with high probability. Bubeck, Budzinski, and Sellke [BBS21] extended the high-probability
collision-free guarantee and o (VT) regret to arbitrary numbers of players and arms, again using shared
randomness. Bonnefoi et al. [BBM™ 18] introduced the setting in which players observe rewards but cannot
distinguish a collision from a zero reward, and Besson and Kaufmann [BK18] also studied this feedback
model. Lugosi and Mehrabian [LM22] gave the first regret guarantees without collision information or
shared randomness: an instance-dependent logarithmic bound and, when a positive lower bound on the
mean of the m-th best arm is known, a gap-free square-root-type bound. Boursier and Perchet [BP19]
obtained an instance-dependent bound in the no-collision-information setting by communicating through
deliberate collisions, assuming a known positive lower bound on every arm mean. Shi, Xiong, Shen, and
Yang [SXSY20] used error-correcting codes for this communication. Huang, Combes, and Trinh [HCT22]
gave an instance-dependent algorithm that does not require a lower bound on the smallest arm mean.

Adversarial rewards. Alatur, Levy, and Krause [ALK20] gave the first decentralized adversarial multiplayer
bandit algorithm with sublinear regret, obtaining a O(T?/?) bound with collision information. Bubeck,
Li, Peres, and Sellke [BLPS20] obtained a 5(\/T ) bound for two players with collision information.
Without collision information or shared randomness, they proved O(KT3%) regret for two players and
o (mK32T'=1/(2m) for m players, against an oblivious adversary. They also showed that an adaptive
adversary can force linear regret without shared randomness. Shi and Shen [SS21] studied the no-collision-
information model through an attackability parameter and proved sublinear regret under conditions on that
parameter using coded collision communication.

3 The algorithm in brief

The players must learn which arms reward them while keeping their choices collision-free. Following
the slow—fast approach of Bubeck et al. [BLPS20], one player acts as a coordinator and can change arms



frequently; the other m — 1 players keep assignments long enough to communicate observations. The rule for
choosing the coordinator’s arm is deliberately biased: choosing uniformly can make a promising arm hard to
observe once the other arms have been assigned. Section 5 gives the rule and its regret analysis.

Messages can take several rounds. The players therefore record a small sample of observations in a way
that has the same learning law during ordinary play, assignment delivery, and score collection. A player can
save an observation before learning its assignment and decide later whether it belongs in the sample. If a new
assignment is proposed while scores are being collected, the next assignment must account for that proposal;
simply restarting from the current learning weights would lose information about why collection began. The
recording and communication rules appear in Sections 6 and 7.

The delay costs regret only when positive rewards were available. This lets the proof charge communication
to the number of arms with positive rewards rather than to calendar time. The main theorem combines this
charge with the learner’s regret bound in Section 8.

The players begin without shared random bits. Before play, a constructor publishes a table of independent
control rows. The coordinator privately selects one row and communicates its index during initialization.
On a successful initialization all players use that row; failures are paid for in expected regret. The analysis
first studies an independent random row and then shows that a suitable fixed published table works for every
oblivious reward sequence chosen after publication. The initialization and public-table arguments are in
Section 4 and Appendix B. Figure 1 shows the physical workflow.



Once, before play. Algorithm 10 publishes the table. The
coordinator chooses a row; followers draw private keys.

Y

> Each round. Every player runs Algorithm 8.

Y
Before arm choice. The active coordinator calls STaARTRouND in Algo-
rithm 7. On a new assignment, Algorithm 9 samples the follower arms.

Y

\/
Inactive or reserved round. Active, nonreserved round.
Algorithm 12 uses a boot- Algorithm 5 chooses the arm;
strap arm to forward the row Algorithm 4 sends a message
index. Play and observe. when needed. Play and observe.

Y
After a learning-round observa-
tion. Algorithm 6 records DATA;
Algorithm 4 decodes when needed.
Algorithm 8 applies messages
and receipts; the coordinator calls
FintsauRounD in Algorithm 7.

Y Y

Only at a complete bootstrap-block boundary. Algorithm 12 calls
Algorithm 11 if row digits or keys are still missing. Algorithm 1
checks activation while inactive. On other rounds, skip this block.

Y

Advance to the next round; stop after round 7.

Figure 1: Physical workflow. The reference correction (Algorithm 2) and logical learner (Algorithm 3) are
only used for analysis, so they are not included.



4 Initialization

Initialization has two purposes: establish a common table row and ensure that every follower is active
before the first learning assignment. This section bounds its cost by positive reward support; the bootstrap
communication rules are in Appendix B. We use the per-round support g, and cumulative support G(t)
defined in (5).

The public table has M = N? rows. For row j, write C ;¢ for its reserved-round indicator at time 7 and R;
for its independent learning/control symbols. Let C4 be a sufficiently large universal constant, whose required
size is fixed in the proof of Lemma 29, and set Ayey := [C4N]. This is the authentication-key alphabet size.
After publication, each follower draws an independent key U; ~ Unif([Ayey]), and the root independently
draws J ~ Unif ([ M]). The selected learning/control row is R;.

The uniform draws in the algorithms below and in Appendix B specify the exact distributions used in the
proofs. Their finite implementation uses the following bounded sampler. Set

Acap = [4510g, NT. (6)

For a set S of size ¢ > 1, BUnif(S) makes at most ac,, independent attempts. In each attempt it draws
[log, g fair bits, interprets them as X € {0,..., 2Moz2a1 _ 1} and accepts the (X + 1)-th element of S if
X < g. For g = 1 it returns the sole element without drawing bits. If all attempts are rejected, it reports
exhaustion; a private call returns the first element of S, whereas the public constructor publishes the fixed-arm
fallback flag and stops. All calls use fresh independent bits. The root index and follower keys, as well as the
uniform choices during bootstrap, are implemented by these calls. Each call is coupled to its exact-uniform
counterpart by the same rejection stream; their outputs agree unless the cap is exhausted. The finite public
constructor obtains a Bernoulli variable with rational parameter /s by testing whether BUnif([s]) < r; it
generates permutations by bounded Fisher—Yates exchanges [Dur64].

4.1 Activation and launch
Let Cy be a sufficiently large universal constant, whose required size is fixed in the proof of Lemma 29. Set
n:= fCS VKT,
the number of rounds in one bootstrap block. For each complete block b, write
Iy ={(b-Dn+1,...,bn}. @)

Let L;, C Ip be player i’s listening positions, defined in Appendix B.3. When player i declares a row, write
J; for its index; the root has Jy = J.
Set
p :=min{1/4,1/[VT]}, ag =274,

Here p is the probability that a public row reserves a given round for bootstrap communication, while ag
is the probability that an array column listens at a given position. We call a player informed exactly when
Ji # L. An informed player’s local clock is

K
Ci(bn) = - >0 D Hre Liy)Cy 1Y, >0} )

b'<b tel

The sum includes observations made before J; was known.



Let
by :=[logy(N+1)],  V:i=K'2NTA%,  V:= K*[VKTb3,.

The quantity V is the target regret scale, and V = Visan integer-valued proxy convenient for parameter
choices. Define the follower activation threshold for the support-estimating clock

Oboor 1= C§ (V+ Kb /p) ©)

and fix an integer caet > 128e + 1. The root uses the larger threshold caciQpoot; the gap guarantees that the
followers activate before the root launches.

Algorithm 1 Activation and launch at player i
1: Initially inactive; only the root knows J.
2: for each bootstrap block in calendar order do

3: Choose its bootstrap message, then a fresh private array column, by Algorithm 12.

4: While inactive, play its array arm on every round.

5 While active, play its array arm on declared reserved rounds and use the learning protocol on other
rounds.

6 Store the bootstrap observations; when active, use the sparse DATA list of Section 7.3.
7: if the block is complete with endpoint 7 then
8 Decode the block, update digits and child lists, and compute C;(¢) if informed.

9: if t < T, informed, and inactive then
10: if i # 0 and C;(#) > Opoot then
11: Activate from round ¢ + 1.
12: else if i = 0 and Cy(¢) > cactQboot then
13: Activate from round ¢ + 1.
14: end if
15: end if
16: end if
17: end for

Lemma 2 (The root launches after every follower is active). Suppose every player knows J whenever any
player activates. For this lemma, define C;(t) by (8) with J in place of J;, even before player i is informed.
Assume that, at every complete-block boundary t, these counts satisfy

G(t) Qboot < C (l) < SG(t) 4+ = QbOOt (O <i< m) (10)
8e 2 2

If the root activates after boundary t, every follower is active from round t + 1. The support before root
activation, or throughout the horizon if it never activates, is at most

[Se(CaCt + 1/2) + 1]Qboot,

provided Kn < Qpoot-

Proof. The root’s threshold and the clock upper bound give

G(t) 2 CaCt / Qboot

> 16@Qb00t.



For every follower, the lower bound then gives

G(1) _ Oboot

3
Ci(t) = e > > EQboot-

Every follower is informed under the hypothesis on declarations, so the activation rule has activated it by the
next round.

For the support bound, let s be the first complete boundary with G(s) > 8e(cact + 1/2)Qpoot, if it exists.
At this boundary the root’s lower clock bound gives Co(s) > cactQpoot- If s < T, the root therefore activates
by s + 1. The first-crossing property and the bound of Kn on one block’s support give

G(s) < 8e(cact + 1/2)Qpoot + Kn.

This also bounds the full horizon when s = 7. If no such complete boundary exists, the support in complete
blocks is below the crossing level, and the final incomplete block adds at most Kn. In both cases Kn < Qpoot
proves the claim. O

Let
ky := min{m, K — m}.

Let Cj, be a sufficiently large universal branch constant, chosen last in the proof of Theorem 1. We call

kT > Cp,V (11)

the construction branch; on the complementary branch the players use a fixed assignment to m distinct arms.

The initialization guarantee also uses the following array parameters. Fix a rational constant 0 < c¢ < 1,
let Cs be a sufficiently large universal constant fixed in the proof of Lemma 29, and write d := m — 1. Define

L :=[CoKby], e, := [CoK*by1, Leor := [L/K].

Here L is the candidate-list scale, e, is the positive-observation quota required before raw bootstrap decoding,
and £ is the disjoint-column scale used in the array arguments. Set

312
e . KON
arr - € m3T 9
I''=Kn+mby + by, (12)
dtegI’ m*Kb
Scol = {CS maX{C—OI, m—N} .
€arr (o))

The quantity €, is the allowed exceptional-column fraction, I' is the input-count scale used in the uniform
union bounds, and S is the number of public array columns. Finally, the finite public control sampler uses

Lyit := [641og, N1

bits per sampler coordinate. Let
By := |T/n]

denote the number of complete bootstrap blocks. The exact-uniform private draws in Algorithm 12, including
the initial choices of J and Uj, are realized by the bounded sampler of (6).

10



Proposition 3 (Constructive initialization). Assume the construction branch (11), and fix public masks and
arm arrays satisfying Lemmas 33 and 29. The probability below is over the root index and players’ private
randomness. For every deterministic reward matrix, set

Avoot = Cm? Byik (€are + dlool/Scol + L/ Axey) + N2+ N™' + N7 + CmTe 0N, (13)

There is a reference initialization, coupled to the actual protocol by the same root index, private keys, and
bootstrap columns, and an event Epgor With Pr(Sthm) < Apoot, Such that:

(i) On Epoot, the two initializations have identical bootstrap states and activation times. If any player
activates, then every player has recovered J and every child-key list is initialized before that activation.
Every follower is active when the root launches.

(ii) On every reference path, each follower is active when the root launches, and the support before that
launch is at most [8e(cact + 1/2) + 1]1Qpoot- Conditional on the reward matrix, masks, and arrays, the
reference bootstrap states and activation times are independent of all learning/control rows. Every
control-row access in the reference execution uses R;.

Proof. Recovery before activation. Call a complete block informative when its support is at least 128Ke../@g.
Apply Proposition 32 with 0prop = N =2, and write its required number of informative blocks as

Tboot = 1 + [8L(2|_10g2 m| + 1og(mN2))] = O(KA?).

At any complete-block boundary preceding the r0¢th informative block, there are at most rpoor — 1 informative
blocks. Each such block contributes at most Kn support, and each other block contributes less than 128Ke.. /.

Therefore

128Ke,T
G(t) < Hpoor = a—on + (Fooot = 1)Kn < Qpoot/ 16. (14)

The definitions of e., L, and n give Hpoot = O(V); the choice of the universal constant Cy gives the strict
inequality and also Kn < Qpoot.

Reference construction. Let s¢ be the first complete boundary with G (sg) > 16eQpoot, and let s, be the first
complete boundary with G (s;) > 8e(caet + 1/2)Qvoot- Set either boundary to +co if it does not exist. Let
t, be the first boundary at which the actual activation rule activates a player, or +oo if none exists, and put
7 := min{sy, f,}. Since an activation takes effect only in the next round, all actions through 7 are bootstrap
actions. In particular, no learning/control row is read before the correction at 7. As in Appendix B.2, write
J—1=Jo+ AgeyJ1. Here j: k is player i’s estimate of digit Jx, H;; is player i’s stored key list for child j, and
1 marks an unknown digit or absent list. The following auxiliary procedure defines the reference on every
sample path, including paths on which bootstrap recovery fails.

11



Algorithm 2 True-row reference correction (proof only)
1: Copy actual bootstrap updates through 7.
2: if T < +co then
3: Before any control-row access, set Z,k = Jy forevery i and k € {0, 1}.

4 for each parent-child edge (i, j) do

5 if7—(ij=J_0rUj¢7—(,~jthen

6: Set?—(,-j :{Uj}.

7 end if

8 end for

9: Recompute every clock from saved observations with mask C;.
10: Preserve activation flags already set; continue the local activation rule using the corrected clocks.
11: Continue bootstrap forwarding with the corrected digits and child-key lists.
12: end if
13: if s¢ < T then
14: Activate any remaining inactive followers from s¢ + 1.
15: end if
16: if s, < T then
17: Activate the root from s; + 1 if still inactive, and launch as in Algorithm 1.
18: end if

19: Whenever the root activates, activate every remaining inactive follower from the same next round.

Let @iy be the set of bounded private sampler calls made during initialization and bootstrap, including the
root-index and authentication-key calls, and define

Ecap = ﬂ {call ¢ accepts within ac,, attempts}. (15)

ce (fprjv

Singleton calls satisfy this event automatically.

Probability of agreement. Couple each capped private draw to an uncapped uniform draw using the same
rejection stream. Define the events in the following probability estimates using these uncapped draws; their
states agree with the implemented protocol on Ecap. Let Epmask be the event that the uncapped root row J
satisfies (100) for the fixed reward support. Property (ii) of Lemma 33 and the uniform choice of J give
Pr(&S ) < 1/N. The reference uses its array action on every true reserved round, and each block’s message
is fixed before its fresh column is drawn. Thus Lemma 34 applies on Epask- Let E¢ix be the event that (10)
holds for every player and complete boundary in the uncapped reference. Then

Pr(&E, N Emask) < CmTe ©N,

Let & be the event of Proposition 32 for the all-bootstrap auxiliary execution, coupled to the actual and
reference executions by their common private choices. That proposition, with §prop = N =2, yields

Pr(gr%c) < szBblk(faIr + dfcol/Scol + L/Akey) + N_z'

To bound Pr(&,,), observe that a draw from a set of size g succeeds in one rejection attempt with probability
at least 1/2; this is also true for ¢ = 1, when no rejection is needed. Algorithm 12 makes at most four
private draws per player and block. Including the initial keys and root index, the number of draws is at most
4m|[T /n] + m < N. Therefore

Pr(&S,) < N2 %w < N~ < N740,

cap

12



Define
Eboot := Emask N Ecik N Erec N Scap-

The union bound gives Pr(&Eg ) < Apoor-

We prove pathwise agreement on Epoo. Through 7, the actual, reference, and all-bootstrap executions
have the same bootstrap actions and observations; induction over the completed blocks gives the same digit
estimates and child-key lists. Property (i) of Proposition 32 makes every declared row equal to J. Hence the
clock used at a first activation boundary ¢ equals its true-row clock. Since the smallest activation threshold is
Ohoot> the upper bound in (10) implies

Qboot < SG(I) + Qboot/Z, G(t) 2 Qboot/16-

By (14), t cannot precede the rpooth informative block. The same conclusion holds if 7 = s¢, because
G (sf) = 16eQpoot- Proposition 32 therefore implies that, whenever T < +co, every player knows J and every
child list contains the true key at 7. The corrections in Algorithm 2 then change no bootstrap field or clock on
Eboot-

At s¢ < T, the lower clock bound gives, for every follower,

16eQpoot _ Oboot

C; >
l(sf) = Re D)

3
= EQboot > Qboot-

At s, < T, it gives

Se(cact + 1/2)Qb00t _ Qboot
8e 2

Thus both forced activations coincide with decisions of the actual activation rule. If the root activates earlier,

the hypotheses of Lemma 2 hold, so its followers are already active from the next round. Induction over the

remaining block boundaries shows that the actual and reference bootstrap states and activation times coincide

on Epgot-

Co(sy) 2

= CactOboot-

Pathwise support and independence. Put H, = 8e(cycr + 1/2)Qpoot- At its first crossing boundary s;, if one
exists, the increase in support over the preceding complete boundary is at most Kn; hence G (s;) < H; + Kn.
If there is no such boundary, the complete blocks contribute less than H,, and the final incomplete block
contributes at most Kn. The reference root activates no later than s, + 1 when s; < 7. Consequently, on every
reference path, the support before root activation, or over the full horizon if it never activates, is at most
H; + Kn < [8e(cact + 1/2) + 1]Opoot- The final rule of Algorithm 2 activates every follower no later than the
root’s launch.

Fix the reward matrix, masks, and arrays. Let %00 be generated by J, the follower keys, and all private
bootstrap randomness; it is independent of the learning/control rows. Through 7, only bootstrap actions occur,
so 7 and the bootstrap history through 7 are Fyooc-measurable. The reference correction, when needed, and
subsequent bootstrap updates use only this information. Induction over blocks thus makes every reference
bootstrap state and activation time Fpooi-measurable. The correction precedes the first control-row access,
and every such access uses Rj. O

5 The slow—fast learner

We analyze the slow—fast learner in the product-stream execution of Section 3.

13



5.1 A set distribution with one fast arm

The coordinator is player 0, and the slow players are 1,...,m — 1. For positive arm weights w, define
Zw) =enw) = > | |wi
IS|=m ieS
[ies wi
0w(S) = “Z iy
0w (i) = D 0w(S).
S3i

Here e denotes the degree-k elementary symmetric sum.

At the start of an active episode, freeze the current weights as the anchor w. A later assignment does not
change w or the recording rates below.

After drawing an m-set S, choose its fast arm j with probability

W;l

The remaining set U = S\ {j} has m — 1 arms, assigned in increasing arm-label order to the slow players. Let

pw(U) = > 0w(U U {jHe;(U U {j}).
JjeU
Writing sy = X;ep W) !, the conditional law of the fast arm is
Wj/(] + SUW]-)

(/1) = Skev Wi/ (1 + sywi)

a7

Lemma 4 (Polynomial marginal bounds). Suppose w; < w; < 2w; for every i. Then, for every (m — 1)-set U
andi ¢ U, .
| U) > HW—(Z)’

2(K-m+1) (18)
0w (i) < 26y (7).

qw (i

Proof. Putv =w, fixi ¢ U, and write s = ),y v;l and gy (x) = x/(1 + sx). For any m-set B avoiding i,
retaining the products containing b in e, (v_;) gives

em(v_i) Z vl > Z em-1(V_{i,p})

beB beB
= > B[] w
VC[K]\{i} keV
|V|=m-1

> em-1(v_i).

The last inequality uses |B \ V| > 1. For j ¢ U with j # i,take B=U U {j} and set R = v;(s + v]‘.l). The
inclusion odds of i are at most R, so

R _ gu(v)
R~ 1+svi gu(v))

R
0, (i) < T+

14



For j = i, the last comparison follows from 6, (i) < 1. Summing 6, (i/)gu(v;) < gu(v;) overthe K —m + 1
outside arms gives

gu(vi) > 6, (i)
Yiev8u(vy))  K-m+ 1
In (17), replacing v by w multiplies each unnormalized massby w;/v; € [1,2]. Thus g, (i | U) > ¢, (i | U)/2,
which proves the first inequality in (18).

Finally, the inclusion odds of i are 6., (i)/(1 — 6,(i)) = wiepm—1(W—;)/em(w_;). Fix j # i and let
Ey = ex(w_¢;,jy). Holding all other weights fixed, these odds equal

qv(i | U) =

E,_1+ WjEm,g
E, + WjEm—l '

wi

Their derivative with respect to w; has the sign of E,;, »E,, — Ei_l < 0 by Newton’s inequalities for
elementary symmetric sums (Hardy, Littlewood, and Pélya [HLLP52]). Thus increasing another arm’s weight
cannot increase inclusion of i. Increasing w; by at most a factor two increases its inclusion probability by at
most two. Increase the other weights first and then w; to obtain 6,, (i) < 26y (7). O

5.2 A sparse estimate and infrequent refreshes

Recall N = 2Km(T + 1). Let Ly, = [log, (2K (T + 1)N®)] be the concentration scale that keeps weights
stable within an episode. Set A = 256 to be a fixed constant. Let n7 be the learning rate, subject to the cap
below; it determines 5 and H:
0 <7< (2AmK Lyap) ™',

B = 2nLsu,

H=1(16m)7"].
Here § is a lower bound on recording rates, and H bounds the episode length. An active episode ends at the
next multiple of H, clipped at T + 1. If collection is still unfinished, updates remain frozen until the next
commitment starts a new active episode. At each episode start, use the frozen anchor w to set

& = 2flogz maX{ﬁﬁw(i)/(AmK)H,
y = 24(K = m + 1)L, (19)
q” = (1 —vy)g +yUnif([K] \ U).

Here &; is the recording rate for arm 7, and 7y is the uniform-exploration probability. The law ¢ (- | U) mixes
qw (- | U) with the uniform law on arms outside U. If w < w < 2w, the rates satisfy

B<éi < K’
q"(i|U) =2 16¢; (i¢U),
)

1
Z 0w (i) _ 2AMK?

4

(20)

<2AmK,

i
To check these bounds, dyadic rounding gives the first line. Lemma4 andy < (K -m +1)/(8mK) < 1/16

give, fori ¢ U,
6 (i) O (i)

1 - | U) > 2L =32
(I =y)gw(i] )_SmK Ak’
Y
— L =328.
K-m+1 B
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The two terms of the mixture therefore give ¢”(i | U) > 16£;. The remaining bounds follow from
0w (i) <20y (i) and &; > 03 (7) /(AmK). Also Y; & < 2/(Am) < 1, as required for the sparse law below.

Recall the bit-length scale by = [log, (N + 1)] from Section 4.1. Use D = 22N as the reward quantization
denominator: round each reward down to a multiple of 1/D and denote the result by r,(i). This changes
regret by at most mT/D. Store integer scores z;, initially zero, and set w; = (1 + 1/D)%.

Fix the oblivious reward matrix and the reserved rounds. In the product-stream experiment, the prescribed
symbols at distinct rounds are independent, with the laws specified by the protocol. Each logical refresh
uses a uniform variable independent of the history through its current estimate. Let F; be the history
immediately before the current round’s symbols are exposed, including the scores, the current slow set U,, and
all preceding observations and decisions. In particular, the recording rates and whether learning is enabled
are F;-measurable. The current fast-arm draw is not included.

On an active nonreserved round with learning unfrozen, let /; be the arm selected for recording, or L if
none is selected. Its required conditional law is

Pr(l; =i|F) =& (i € [K]),
Pr(l =1 |F)=1-) & @20

The rates are frozen for the episode, so this law is the same for every slow set. If I; = i, its quantized estimate

is
Dnyr, (i) J
&i '
All other coordinates of 7; are zero. If no arm is selected, or the round is inactive, reserved, or frozen, then
7: = 0. When  is selected, add | Dnr, (i) /&;] to z;. Since n/&; < 1/(2Lgap), each increment is at most D and
every score lies in [0, TD].

_ 1
(i) = 7D { (22)

Write p; = p,,, for the slow-set distribution before round . Set &7 = 4AmKn as the probability of proposing
a new slow set after a score update. The learning-rate cap gives & < 1/4. The proposed set has distribution

pi+1(U) — (1 - h)p,(U)
- :

p:(U) = (23)
Lemma 5 below shows that p, is a probability distribution while the weights remain stable. After the
score update on each active nonreserved round with learning unfrozen, the logical learner uses a bit
B; ~ Bernoulli(4), independent of the history through that update; set B, = 0 on all other rounds. The event
B; = 1is aproposal. On an unfrozen round, the logical learner draws its next slow set from p; if B; = 1, and
retains the current set if B; = 0. During a live assignment this is the bit supplied by the public row. During
collection the logical learner uses independent auxiliary bits, while the corresponding public coordinates
remain unread. Section 7 integrates these logical refreshes into the distribution of the next assignment. No
proposal is used on a frozen round.

We call this the logical learner: its scores and slow set change at the prescribed update and proposal times,
without waiting for messages.
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Algorithm 3 Logical slow—fast learner
1: Initialize z; = 0 and w; = 1 for every arm i.
2: for each active episode of at most H rounds do
3: Freeze w = w; compute the rates &; and mixing probability 7.
4 Draw the slow set U ~ p,, and assign its arms to slow players in increasing order.
5 for each active nonreserved round ¢ with learning unfrozen do
6: Draw the coordinator’s fast arm j, ~ q;yvt (- | U).
7
8

Obtain a recorded arm I, with the conditional law (21).
: if I, =i € [K] then
0: Form 7; (i) by (22) and add | Dnr,(i)/&;] to z;.

10: Update w; = (1 + 1/D)%.

11: end if

12: Draw the proposal bit B; ~ Bernoulli(#).
13: if B; = 1 then

14: Draw the next slow set from p;,.

15: end if

16: end for

17: end for

For analysis on exceptional paths, use the following bounded continuation after the first weight-doubling
update. Keep the logical scores fixed, set all subsequent logical estimates to zero, and perform no further
logical refreshes. Whenever a later auxiliary reward is evaluated, use U; = {1,...,m — 1} and j; = m. This
convention affects only paths with a stability failure and keeps each auxiliary reward in [0, m]; a decoder
failure alone does not stop or alter the logical learner.

Lemma 5 (Stability and fixed refresh probability). Outside an event of probability at most N=3, every active
episode satisfies w < w; < 2w. On this event, each one-coordinate update obeys

Pi+1(U) 2 (1 = h)p, (V). (24)

Proof. For an episode starting at 7, let g be its next grid boundary and define the first weight-doubling round
by
7. = inf{t € [7,8) : max w41 ;/W; > 2},

with inf @ = +oco. Fix arm i and condition on the history immediately before the initial slow-set draw. Set
Xi () =UHr <t<g, t <t}log(Wis1,i/wei).

The indicator 1{t < 7.} means that no earlier update has doubled a weight, so it is F;-measurable. It
includes the update at ¢t = 7, and excludes every later update. On a learning round with ¢ < 7, (20) gives
& > B =2nLga and hence O < X, (i) < /& < 1/(2Lgp). The event I; = i has conditional probability &; by
(21). The oblivious reward r; (i) and frozen rate &; are ¥;-measurable. Therefore, on an enabled round with
1 < Ty,

E[X, (i) | ;] = & log(1 +1/D) {MJ

&i
<nr:(i) <.

On other rounds X; (i) = 0, so the same bounds hold. Convexity of the exponential gives

B¢t @ | 7] < 14 2(e = 1) LaapB[X, (i) | F7] < 27w,
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An episode contains at most H rounds. Iterating this bound, with zero increments after the episode ends, gives

Eexp (ZLstab Z Xt (l) < exp(2(€ - 1)LstabH77) < exp((e - 1)Lstab/g)-
t

If arm i doubles during this episode, then Y, X, (i) > log 2. Markov’s inequality bounds this probability by
eXp (_ [210g 2- (e - 1)/8] Lstab) < 2_Lmb.

By the definition of Ly, this is at most N~3/(2K (T + 1)). A union bound over at most KT arm—episode
pairs proves the stability claim.

For a one-arm update at 7, write x = log(w;4+1;/w; i) < nre(i)/& < 1. Since e* — 1 < 2x, (20) gives

Lvir1) =1+6,, () (e —1)<1+20,,@{)n/& < 1+h.
Z(wy)
For every j ¢ U, the weights only increase, so the preceding bound on Z(w;41)/Z(w;) gives
Ow,,(UU{j}) _ Z(wy) Witl,i
Ow, (UU{j}) Z(Wr1) ieUU{j} We,i
1
> .
1+h

The coefficients a; (U U {j}) depend only on the frozen anchor w and are nonnegative. Summing the last
inequality yields

piri(U) = ) @j(UU{j})0w,., (U U {j})

JeU
1
> mZQ’j(UU {]})QWZ(UU {J})
jeu
_ p:(U)
=157 2 (U=-np(0U).

O

By (24), every term of the proposed law (23) is nonnegative; its terms sum to one. Thus the refresh step in
Algorithm 3 is valid on the stability event.

5.3 Learning bound

For an episode starting at 7, let H; be the full history immediately before its initial slow-set draw. Its next
grid boundary ¢ = min{7T + 1, H(|v/H]| + 1)} and recording rates are fixed under this conditioning. Define
the smaller history

E =0 (He,Try o Tim1), T<t<g.

Thus &, records the episode’s initial history and subsequent estimates, and omits subsequent proposals and
communication observations. The scores and p, are &;,-measurable.

Lemma 6 (Conditional slow-set law). For each round t of the episode,
Pr(U;, =U | &) =p:(U) on{t <t}

The event that no previous weight doubling has occurred is E;-measurable. The identity therefore applies on
the weight-doubling round itself.
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Proof. The initial draw gives the identity at t = 7. Suppose it holds at ¢ and that no earlier update doubled a
weight. The law in (21), followed by the deterministic formula (22), defines a probability kernel K; for 7;.
This kernel depends only on the frozen rates, the fixed reward vector, and whether the round is enabled. All
these quantities are &;-measurable. In particular, for every set C of possible estimates,

Pr(r; € C | 1) = K/ (C).
For each slow set U, the tower property now gives

Pr(U, =U,r; € C | &) = E[I{U, = U}K,(C) | &]
= p(U)K,(C).

Consequently revealing the estimate leaves the conditional law of U, equal to p;. On an enabled nonreserved
round, the proposal bit is independent of the history through that estimate. Its refresh draw has law p, and is
independent of the preceding slow set. Therefore

Pr(Ups1 = U | Er41) = (1 = h)p:(U) + hp:(U)
= pr+1(U).

On a reserved round the estimate is zero and neither distribution changes. This proves the induction until the
first doubling. Whether an earlier update doubled a weight is determined by the estimates already included in
&;. Restricting to this event therefore does not add information about U, beyond &;, which proves the last
assertion. O

Let A be the rounds of the product-stream execution on which learning is active, the round is nonreserved,
and score updates are unfrozen. Before the first weight-doubling update, the logical learner’s U; changes
immediately at each proposal, as in Algorithm 3, and on ¢t € A its fast arm j; is drawn from quvt (- | Up).
Afterwards use the bounded continuation specified above. For a fixed comparator m-set S, define

Ru(S) =B D (ri(8) = 1 (Us) = 7:(ji)) .

teA

Proposition 7 (Auxiliary learning bound). For any fixed m-set S chosen independently of the players’
randomness,

2log (5)

T
Raux(S) < + (2AmK* + A(K = m + 1) Lyap)yT + m—D +CmTNS, 25)
n

In particular, S may maximize the original oblivious reward matrix; it is not chosen after seeing the random
active rounds.

Proof. In this proof, 7. denotes the first weight-doubling round in any episode, with 7. = +c0 if no weight
doubles. The event {¢ < 7.} is determined by the current episode’s initial history and its estimates before 7.

First relate the distribution of the played arms to Q,,.. For j ¢ U, (16) gives

1

a;(UU{j}) = m

Hence
[licow: wj

0u(U U (U ) = it e
J
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The factor before the last fraction does not depend on j. Summing over j ¢ U gives p,, (U), and normalizing
gives (17). Consequently,

pwU)gw(j 1 U) = Qw(U U{jHa;(UU{j}).
If the fast arm is drawn from g,,, without uniform mixing, then for every m-set S’,
Pr(U, U {ji} =8"18&) = Z Pw. (S \{jDaw. (G 1S\ {j}H)
jes’

= 0w, (8") > a;(8)

jes’
= th(S/)-

Its conditional expected reward is therefore

Blr(Up) + (o) | & = ) Qu, (S)r(S")
-

= Z O, (D)7 ().

The actual law quw mixes the fast arm with a uniform draw with probability y. This leaves U, unchanged and
can lower the expected reward by at most vy, because each arm’s reward lies in [0, 1]. Thus, under the actual
law,

Elr (Uy) +r:(ji) | &1 = Z Oy (D)1 (i) — 7.

For an m-set S, write 7, (S) = X;es 7+ (). Put A = Dlog(1 + 1/D)n € [n/2,n]. If arm i is recorded, its
log-weight increment is x = A7, (i) € [0, 1]. Hence

Z( t+l)

Z(Wt)

The same inequality is trivial when no arm is recorded. Since at most one coordinate of 7; is nonzero,
summing the one-step bound and telescoping the logarithms gives

log = log(1 + By, (i) (€™ = 1)) < Oy, (1) (x +x?).

Z(wr+1) _ Z(Wis1)
Zor) = 24 2oy

<A 0w, (T (D) + 22 ) 0, (DT ().

log

On the other hand, the weight product for S is one term of Z(wr41). Since Z(wy) = (5) and [[;cg wr+1.i =
exp(d X, 7¢(S)),

Z(Wr+1) [Ties wr+1.i
1 1
°8 Z(wr) =g (%)

=AZ'F,(S)—log(Z).

Combine the upper and lower bounds, subtract the linear term from both sides, and divide by A to obtain

MEOE Z Ou, (z)r,(o) oelu) , ) Z Z Ou, (1)7: (i),

t
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The weights persist across episodes, so this pays log (an ) only once. On an enabled round before a previous
weight doubling, the recording law and the floor in the update give

i {Dnrz(i)J

nD & ’

r(i) - SL <BFEGD) | B <),
nD

Ef[r: (i) | Fi] =

Likewise,

E[7 ()| ] =

& | Dor() |
(UD)z{ & J
rt(i)z

Since 6,,, (i) > 0 and the weights are ¥;-measurable, the first pair of bounds implies

r1(8) = D, B (72 (1)
<> [emo 17+ ) - 3 0w DRI ]

ieS
Z &i
+ ]7_[‘

ieS

<

=E

7(S) - Zew, )7 () | F

Here ) ;.5 & < m, since 0 < &; < 1. The second-moment bound and (20) give
. Ow, (D12 (0)?
E Z O, ()7 (i) 7—;‘ < Z %

<20w’—(i)<2AmK2
<LTg S .

To sum the conditional reward inequalities over random episode starts, condition first on H. If the episode
starts at 7, its rounds with enabled estimates, before a stability stop, are exactly

{te[T]:7<t<g, tisnonreserved}.

The displayed set is fixed under that conditioning; collection within the episode does not freeze estimates.
Multiply its round-z summand by 1{z < 7.}. This indicator is &,-measurable, so Lemma 6 still gives the
conditional reward inequality on each retained round. At a later episode’s random start, condition on its new
H and apply the same argument. Summing these conditional expectations accounts for every retained round
exactly once. No conditioning on successful decoding is used.

In the potential inequality, set all estimates after the first weight-doubling round to zero and keep the weights
fixed thereafter. The potential calculation remains valid for this stopped sequence. Take its expectation. Write
A, for the rounds of A up to and including that first doubling round. The conditional reward bound just
proved gives

E Z (re (S) = r (Uy) = r:(ji))

te A,

<B Y |r(s) - Zew,(z)rt(z) +9T.

te A,
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Here |A.| < T. Applying the conditional estimate comparison on each retained round and then the potential
inequality gives

E Y (rz(S) - Zew,a)rt(i))

teA,

<E) (m) = D Ow (D7)

teA.

log (K
<28 () +AE DY 64, ()7 (D)% + m—DT
A teA, 1 n

m
+_
nD

21log (X T
< 210 () + 2AmK T + 2=
1 nD
For the last line we used the conditional second-moment inequality, 4 < 5, and 1/1 < 2/n. Substituting
Y= %(K — m + 1)nLgyp into the conditional reward bound therefore yields

E Z (re(S) =r (Ur) = r: (i)
teA,
K
- 2log (m) N

mT
< ” .

(2AmK2 +AK-—m+ 1)Lstab) s

For the first doubling round, its pre-round weights still satisfy w; < w;; < 2w;. Thus both conditional
moment bounds and (20) apply to its update. Every omitted round belongs to an execution with a weight
doubling. Since each omitted regret summand is at most m,

R.ux(S) <E Z (re(S) = re(U;) — r¢(jr)) + mT Pr(some weight doubles).
teA.

Lemma 5 bounds the last probability by N~8. This completes the proof. O

6 Assignment and score communication

Use the history ¥; of Section 5 after any commitment at the start of round ¢ and before its physical arm
choices. It includes the resulting assignment and all previously used coordinates; it excludes the current slot,
pilots, arm tuple, hash, fast-arm draw, thinning coordinate, and all still-unread proposal coordinates. Thus
the local states and outgoing words are ;-measurable. In the product-stream execution the current physical
coordinates have their prescribed independent laws conditional on ;. Write Y; , for the quantized observation,
using the convention for r; in Section 5. The slot 7, on a nonreserved round has the following law.

Slot Probability Role

DATA 1/2 Play arms and possibly record one reward.
DOWN 1/4 Send an assignment and confirm that its recipient decoded it.
UP 1/4 Return a score, or certify that the coordinator received all assignment receipts.
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6.1 Message decoding and support cost

On each DOWN or UP round, the row selects k; € [d] uniformly and supplies an independent uniform
injective arm tuple (Ro, ..., Ra;) € [K] d+1 Conditional on k; = i, DOWN goes from the coordinator to
player i; UP goes from player i to the coordinator. Write R; when the round is clear.

Every integer field uses [log, (7D + 1)] bits, where D is the score quantization denominator of Section 5.
A DOWN record has four fields; an UP record has three fields followed by a zero field. Both have length
B = 4[log,(TD + 1)]. Section 7.2 gives the encoding and field bounds. For each round and each direction
and selected player, independently draw ¢, € ]Ff and b, € F,, and define

Ht(l/t) =C;-u® b[.

On DOWN the sender and receiver arms are Ry and R;; on UP they are R; and Ry. Hash zero forces a
collision, so a positive receiver observation supplies the equation

Ct-l/t:l@b,.

A zero observation supplies no equation.

Set § = N~8 as the communication-error budget. The decoder uses batches of

Qaec = B + [log, 2N"2/6)] (26)

positive observations. Each directed channel stores one initially empty batch.

Call a message M™ awaited on a directed channel while the receiver has not accepted it and, on every
selected active nonreserved round, the sender encodes M™ and the receiver runs DecodeStep.

Algorithm 4 One affine message channel
1: procedure SENDARM(u, Rsend, Rreceive)
2: if H,(u) = 0 then

3 return R .ccive.
4. else

5 return Rge,q.
6 end if

7: end procedure
8: procedure DEcopeSTEP(W,Y)

Require: An enabled receiver channel, its equation batch W, and the current observed reward Y.
9: if Y > O then

10: Appendc; -u=1® b, to W.

11: end if

12: if |[W| < Qgec then

13: return L.

14: end if

15: Solve the system W over Fg .

16: Let M be its unique solution if one exists, and L otherwise.

17: SetW «— @.
18: return M.
19: end procedure
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Lemma 8 (Message decoding). Consider the product-stream protocol with correct initialization, stopped
before a stability or feasibility failure. With probability at least 1 — 5] N*, no completed batch has a unique
solution different from the word currently encoded on its channel that passes (40), and no completed batch
formed entirely from one fixed awaited word has multiple solutions. On this event, an awaited word is accepted
within 2Q gec positive receiver observations after its sender fixes that word, provided service continues. Each
decoder decision takes O(QgecB?) = O(log® N) bit operations.

Appendix A.2 proves this lemma. A decoder failure is a wrong acceptance or a nonunique system in a
complete batch whose observations all come from the fixed awaited word. A decoder failure contributes at
most mT5/N* to expected regret.

The next lemma bounds the cumulative charge of parallel tasks when each pending task’s conditional
service probability is at least a fixed multiple of the round’s charge and each task has a service quota. It is
used for assignment delivery (Lemma 12), follower release (Lemma 13), and score collection (Lemma 21).

Fix one service phase. Let o be its first round and ¢ its first excluded round, where 1 <o < ¢ < T + 1 are
stopping times for the pre-round histories (7). Thus a phase terminated after round ¢ has ¢ = ¢ + 1. For
o <t <9, let P, C [d] be the F;,-measurable set of tasks still unresolved at the start of round ¢; assume
P;+1 € P, while the phase continues. A task may represent a fixed-message decoder, a receipt, or a release
certificate. Task i is pending at t precisely wheni € P,.

Define the predictable eligibility indicator
A; = 1{o <t <9, tnonreserved, P, # @}.

For task i, specify an event observable by the end of round ¢ and let X; ; € {0, 1} indicate its occurrence; set
X;; = 0 if the slot or selected player cannot serve i. One occurrence X; ; = 1 is a service observation, which
need not itself complete the task. Write

v
Ju=AMiePY,  Niv) =) JiiXis.

For ¢ outside the phase set P, = @. The phase’s support charge is

T
Gyait = Z A8,
t=1

where g; is defined in (5).

We impose a positive integer quota q through the condition J;; = 1 = N;(t — 1) < g: a task cannot be
pending on an eligible round after its g-th service observation.

Lemma 9 (Cost of parallel service). For a phase as above, fix an integer g > 1, a > 0, and F,-measurable
€ [0, K]. Suppose the quota q condition holds and, on {J;; = 1},

E[Xi,t | 1] = aw;

foreveryi € [d] andt < T. Then each task satisfies

T
q
E ) J; < -
Z i,tWr = 0
t=1
The total phase charge satisfies

q+10gd
EZAt(A)t = (l—e l)a (27)

In particular, w; = g; bounds EG ;. Both bounds also hold conditional on the phase-start history F .
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Proof. The variables J; ; and w, are F;-measurable. For i € [d] and v < T, set
v
Gi(v) = Z-Ii,zwz-
=1

The quota condition gives N;(T) < q: a g-th success can be counted, but no later eligible round can count
another. Therefore

T
aBG(T) < ) BlJi B[X;, | 1]
t=1

=EN;(T) <gq.
For the total charge, put k = 1 — ¢! and define
Z;(v) = exp(kaG;(v) = N;(v)) .
On {J; ; = 1}, since X; ; is Bernoulli,
Ele ™ | F] =1 - kE[X;, | F] < e 4“r.
On {J;; =0}, Z;(t) = Z;(t — 1). Hence
E[Z:(t) | ] < Zi(z - 1).

Thus (Z; (v))vT:0 is a nonnegative supermartingale for the post-round histories, with Z;(0) = 1.

Let G(v) = X/, A;w;. Monotonicity of the pending set gives the pathwise identity G(T) =
max;e[q4] Gi(T). Indeed, if a round is positively charged, a task pending at the last such round was pending at
every earlier charged round. Its total charge is therefore G (T'); the reverse inequality follows from J; ; < A;.
If no round is charged, both sides are zero.

Since N;(T) < g and EZ;(T) < 1,

EeKaG(T) = E max ekaG,—(T)
i€[d]

d
< ZEeKaGi(T) < de?.
i=1
Jensen’s inequality yields kaEG(T) < g + logd, which is (27). Before o, all J; ; vanish, so G;(o - 1) =

N;(o — 1) = 0. The same tower, supermartingale, and conditional Jensen arguments, started at ¥, prove the
conditional bounds. O

6.2 One assignment: delivery and play

At a nonreserved assignment time o, the coordinator chooses U = {a;| < - -- < ag4} and assigns a; to player
i. Write F = [K] \ U. Choose the auxiliary arm e € F to minimize w,, breaking ties by arm label. The
coordinator retains its score register z,, for each assigned arm and sends the fixed DOWN records

MPON = (0, a;,e,~10g, &4,). (28)

A follower accumulates only its score increments after o, starting from zero; it does not need the initial score.
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During an assignment, # C [d] contains the followers whose receipts are missing. A receipt for i is the
event
{r, = DOWN, k, =i, H,(MP°"N) =0, vo, > 0}.

For the action state state; € {0, 1,2} specified in Section 7.2, call follower i unoccupied if state; = 0, pending
if state; = 1, and released if state; = 2. It is occupied exactly when state; € {1,2}. These terms concern the
current live assignment; bootstrap row knowledge is defined separately in Section 4.

Follower i stores its last decoded start o;, increment sum S;, and last increment ¢;, initially zero. Their
update rules are in Section 7.2. On DATA, the row supplies independent uniform pilot arms Py, ..., Py € [K].
On DOWN or UP selecting i, define the receiver arm

R= R;, on DOWN,
" |Ry, onUP.

Algorithm 5 Choose the arms on one active nonreserved round
1: On DOWN or UP, let i be the selected follower and define R as above.

2: if the coordinator’s assignment is live and # = @ then
3: The coordinator draws and plays X; ~ g}, (- | U) using its independent sampler coordinate.
4: else if the slot is DATA then
5: The coordinator plays Py.
6: else if DOWN selects i € # then
7: The coordinator plays SENDARM(MPOVN, Ry, R;).
8: else
9: The coordinator plays Ry.

10: end if

11: for each follower j do

12: if j is unoccupied then

13: if the slot is DATA then

14: Player j plays P;.

15: else if UP selects j then

16: Player j plays SENDARM((07},S},0;), R}, Ro).

17: else

18: Player j plays R;.

19: end if

20: else if j is released or the slot is DATA then

21: Player j plays a;.

22: else if UP selects j and Ry = e then

23: Player j plays e.

24: elseif a; = R then

25: Player j plays e.

26: else

27: Player j plays a;.

28: end if

29: end for

The arm rule also applies during score collection. A pending follower i becomes released exactly on the
event
{Yiy >0}n ({T, =UP, k; =i, Ry = e} U {1; = DATA, Py = al-}).
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These are the UP and DATA certificates.

Lemma 10 (The auxiliary arm has bounded fast probability). Suppose w; < w; < 2w for every arm j, and
let e minimize wj over j € F = [K] \ U. Then

qw(e|U) <

W

Proof. Recall sy = X;cp w;‘ from (17). The function x/(1 + syx) is increasing on (0, c0). For every
j € F\ {e}, minimality of w, and the weight bounds give

Wj w; > We

— = _ = —
L+syw;  l+syw;  1+sywe
w 1 w
e > e

1+sywe — 51 + SyWe
Using the conditional fast-arm formula, we obtain

1 Wj/(1+Sij)

— =1+ -
QW(el U) jeF\{e} We/(1+SUWe)

|F|—1
>1+
- 2

Thus g,,(e | U) <2/(|F| +1). Since |F| =K -m+ 1 >2and 0 <y < 1, the mixture satisfies

gw(e|U) < (1-y)7m—+
O

Lemma 11 (Deterministic avoidance and receipts). Consider a reference execution during a live assignment.
While P # @, no follower is released. On DOWN selecting i € P, every pending follower j satisfies A ; # R;.
On such a round,

Yi, H,(MPOWN)r,(Rl-) if i is unoccupied,
Yo =11 (R;) if i is pending and Ht(MlDOWN) =0.

In particular, a receipt for i implies that i was occupied at the start of the round.

Proof. At commitment no follower has decoded the new assignment, so none is released. Suppose P # @ at
the start of round ¢. The two possible release events imply, respectively,

T = UP, kt = i, RO =e€ il AO,I = Ai,t =e,
7, =DATA, Pp=a; — AO,t = Ai,t =daj.

Both give Y; ; = 0. Thus neither event can change a pending follower into a released one. Induction over
rounds proves the first assertion.

Now fix a DOWN round selecting i € $. Every pending follower j obeys

A = aj, aj#+R;,
J.t =
e, aj:Ri.
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In the second case R; = a; € U whereas e ¢ U. Both cases therefore give A; ; # R;.

An unoccupied player i plays R; on DOWN. If the hash bit is zero, the coordinator also plays R;, making its
reward zero. Therefore Y; ; = Yy, = 0 in this case, and a positive receipt is impossible while i is unoccupied.

Suppose i is unoccupied and the hash bit is one. The coordinator plays Ry # R;. Each other unoccupied
player j plays R; # R; because the tuple is injective. Every pending player avoids R; by the first paragraph.
Hence player i is alone on R; and observes r;(R;).

If i is pending and the hash bit is zero, the coordinator plays R;. Pending players avoid that arm. Every
unoccupied player has a label different from i and uses its distinct tuple arm. Thus the coordinator is alone on
R; and observes r;(R;).

O

Lemma 12 (Assignment and receipt cost). Before a decoder failure, each unresolved DOWN message has
positive-test probability at least

Pr(Xi, =1]%) 2

SdK 29)

on every nonreserved round of its assignment. Once player i has decoded, its missing receipt has the same
conditional lower bound. Let o be a commitment time, and let Gpang be the support on nonreserved rounds
from o through the last receipt, stopped before the next cutoff or at the horizon, and including the round of a
decoder failure if one occurs first. Conditional on the pre-round history ¥,

8dK
E[Ghand | Forl £ 2K + ——— = (2Qdec +2logd + 3).

Proof. The slot is DOWN and selects i with probability 1/(4d). Conditional on ¥; and the arm tuple, the
fresh affine hash of the fixed message is a fair bit. Also R; is uniform in [K]. If i is unoccupied, Lemma 11
gives a positive receiver observation whenever the bit is one and r;(R;) > 0. Therefore

111 g &

PriXee =170 =932 % = 8k

If i has decoded and its receipt is missing, the same lemma gives a positive coordinator observation whenever
the bit is zero and r,(R;) > 0. Its receipt probability is again g,/(8dK). Every receipt is valid.

For the first phase, let P; contain the followers whose DOWN word has not been accepted before round #,
and set
Xi: = 1{r, = DOWN, k; =i, Y;; > 0}.
Stop this phase when P, = @, at an interruption, at a decoder failure, or at the horizon. Before a decoder

failure, Lemma 8 gives quota g = 2Qge. for each fixed DOWN word, and (29) gives a = 1/(8dK) with
wy = g;. Lemma 9 therefore bounds its expected support by

8dK

K+ = (2QdeC +logd +1).

If all DOWN words are accepted before truncation, start the second phase on the next round. Now
P; = {i : i’s receipt is missing before round ¢} and

X;, = 1{r, = DOWN, k, =i, H,(M?°"N) = 0, ¥,, > 0}.

Every such event removes i from P;, so ¢ = 1; the receipt hazard in (29) again gives a = 1/(8dK).
Conditioning on this phase’s start and applying Lemma 9 gives

dK
K+18 r(logd +2).
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Earlier receipts require no further service. The two phase bounds hold conditional on their respective start
histories because the later slot, tuple, and hash coordinates are fresh. Applying the tower property at the
second phase’s start gives the displayed bound conditional on ¥,-. Truncation only decreases the nonnegative
support sums. O

Write x; (/) = 1{r,(j) > 0}.

Lemma 13 (Local release and its cost). After the last assignment receipt, while player i remains pending and
the stability bounds hold, its UP-certificate probability is at least

X (e)
12dK° (30)
Its DATA-certificate probability is x:(a;)/(2K).

Use the coordinator’s draw X, as the logical fast arm. Let T consist of the nonreserved rounds after the
last receipt and before the next interruption, truncated at the horizon or just after a charged failure. Then

2dK
1-e!

d
ED |rU) +r(X) = > Vi, | <3dK + (logd +2). 31)

teT i=0

Proof. By Lemma 11, every follower is occupied when the last receipt arrives, and no follower has yet been
released. Thereafter the coordinator always plays X; € F.

Suppose UP selects a pending player i and Ry = e. Player i plays e. Every other pending player j plays a;,
since a; # e; released players also stay on their distinct assigned arms. Therefore, conditional on this slot and
tuple event, i receives a positive reward exactly when r;(e¢) > 0 and X; # e. The independent fast sampler
and Lemma 10 give

Pr(Tl = UP’ kt = iaRO = e’Yi,l > O | ?;)

B 1 X:(e)
= (l=al, (e | Uyl > T2

On DATA, every slow player stays on its assigned arm and the coordinator chooses from F. Thus player
i observes r;(a;). The independent event Py = a; has probability 1/K, and DATA has probability 1/2.
Therefore

Xt(ai).

Pr(t, = DATA, Py =a;,Yi; > 0| ) = K

Define the predictable charge
Wy = quv,(e | U)x:(e) € [0,1].
On the interval 77, take P, = {i : state; = 1 before round ¢} and

AtZI{IET,P,¢®}.

For this phase set
Xi’z = I{Tt = UP, k[ = i, RO =e, Yi,l > O}

The displayed event is an UP certificate, so it removes i from P, by the next round; no follower reenters P,
before the interruption. Thus ¢ = 1. On {J; ; = 1} the preceding hazard calculation gives

> x:(e) S Wy

ElXi 17 = 500 2 ok
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Lemma 9 with a = 1/(12dK) gives
2dK

— el

1
EZI{P, # ooy <K+ (logd +2). (32)

teT

The follower’s local certificate determines its removal; the coordinator need not observe that removal.

For the reward comparison, each pending follower satisfies A; ; € {a;, e} and every released follower
satisfies A; ; = a;. Since the a; are distinct and e € F, a released follower has Y; ; = r;(a;). A pending
follower has Y; ; > 0, so in either case

Yi: > ri(a;) — xi(a;)1{i is pending}.
The coordinator can collide with a follower only if X; = e and some follower is pending. Hence
Yo.r 2 1:(X;) —re(e)1{X; = e, some follower pending}.
Subtracting these inequalities from the logical reward gives
d
r(U) +r,(X;) — Z Yi; < Z Ye(ar) +r:(e)1{X, = e, some follower pending}. (33)
i=0 i pending

Membership in 7~ and the set P; are determined before round z. For each i € [d], the DATA-certificate
probability calculated above therefore gives

1
=B > 1iePly(a) =B ) 1{i € P,}{z, = DATA, Py = a;, Yi, > 0}
2K :
teT teT
<1

The last inequality is pathwise: that certificate changes state; from 1 to 2, so it cannot be counted again before
the interruption. Summing over i bounds the expected first term on the right of (33) by 2dK.

For the second term, the fast-arm draw has conditional law CIZV, (-1 U),and r;(e) < x;(e). Thus

E[{te T, P #@}ri(e)l{X; =e} | ] =l{t € T, P, # ®}rz(e)q3v,(e | U)
Sl{t eT, P; # @}U)t.

Taking expectations in (33), summing over ¢ € 7, and using (32) yields

d
12dK
E ) |re0) +ri(Xe) = ) Yi| < 2dK + K + ——(logd +2)
teT i=0
2dK
—e1

1
<3dK + 1 (logd +2),

where the last step uses d > 1. O

6.3 Recording rewards and delayed local sums

During an assignment, follower i owns arm a; and the coordinator owns F. During collection the coordinator
owns all arms. Ownership specifies whose observation can supply an arm’s increment.

On DATA the row independently selects the recorder source: the coordinator with probability so = 1/2, or
follower i with probability s; = 1/(2d). Write V; € [0, 1] for the independent coordinate used to thin the
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observation. For an owner i of arm j, let 71; (j) be the conditional probability that it plays j on DATA. The
other d players’ pilots avoid j with probability

{=(1-1/K)*> 1
Define the recording mask for player i observing arm j by
Mask; ;(j) := 1{P¢ # j for every € # i}. (34)

The test uses every other player’s public pilot coordinate, including dummy pilots of players whose DATA
action is an assigned or fast arm. These d coordinates are independent of the owner’s action, so the conditional
probability that the mask equals one is always . For the coordinator, score updates are frozen exactly when
o >0andt > g, using its registers after StartRound(¢); a new commitment resets g > ¢ and enables updates
again.

Algorithm 6 Record a DATA increment or one candidate observation
Require: One player’s local arm and observation; the output increment is initially zero.
1: On a non-DATA round, stop.
Let i be this player. If the public recorder source is not Z, stop.
Let j and Y; ; be its own arm and reward; read V;.
if i is an unoccupied follower then
if P, # j for every £ # i then
Append (2, j,Y; ;, V) to B;.
end if
Stop.
9: end if
10: if i =0, 0 > 0, and ¢ > g after StartRound(¢) then
11: Stop.
12: end if
13: if i does not own j or Mask; ;(j) = O then
14: Stop.
15: end if
16: if V; < &;/((1/2)sim; (7)) then
17: Set the output increment to A;(j) = [ DnY; ;/&;].
18: if i = O then
19: Outside collection, add A;(j) to z;; during collection, pass it to the cumulative update in
Algorithm 7.
20: else
21: Add A, (j) to follower i’s local sum S;.
22: end if
23: end if

PRI

For analysis, let I, = j when arm j’s owner passes the DATA source, recording-mask, and thinning tests of
Algorithm 6; otherwise let /; = L. For an unoccupied follower, these tests use its saved observation and the
true assignment, even if it has not decoded by the horizon. On an active nonreserved round with learning

unfrozen, define, for j € [K],
. | Pare())
A(j) = 1{I; = j} { ft_ :
J

Set A; = 0 on every other round. At most one coordinate of A; is nonzero.
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Lemma 14 (Physical recording law). In the reference product-stream execution, on every active nonreserved
round with learning unfrozen, the arm I, defined above satisfies (21). On I; = j, the owner’s observation is
r¢(J), so its increment is the one specified by (22).

Proof. First,d =m—1< K -2andlog(l —x) > —x/(1 —x) for0 <x < 1 give
=(1-1/K) >exp(-d/(K-1)) = e ' > %.

Fix arm j and its owner i conditional on #;. The owner’s DATA action is independent of all other pilot
coordinates. Thus the probability that DATA occurs, source i is selected, the owner plays j, and the mask
holds is
Lsimi()C.

On this event the owner is alone on j. An unoccupied nonowner uses its pilot, which the mask makes different
from j. An occupied slow nonowner uses its distinct assigned arm. A pilot coordinator avoids j by the mask;
a fast coordinator chooses from F, outside every slow assigned arm. During collection every physical player
uses its pilot. This covers every DATA state.

An unoccupied follower has 7; (j) = 1/K for its assigned arm, whereas an occupied follower has 7;(j) = 1.
The coordinator has 7p(j) = 1/K during collection and while assignment receipts are missing. After all
receipts it has 7o (j) = g}, (j | U) for j € F. Therefore

1/(16mK), pilot coordinator or slow owner,

1 .
58T 2
25imi (/)¢ {CJW,( | U)/16, fast owner.

The first lower bound is at least £}, since ¢; < 2/(AmK) < 1/(16mK). The second is at least £; by (20). In
particular, the thinning probability

§j
A (35)
(1/2)simi(j)¢
belongs to [0, 1]. Multiplication of the raw observation and thinning probabilities gives
Pr(l; = j | F0) = 38i m(J)(g—
(1/2)simi ()¢
=¢;.
The remaining probability is 1 -3 ; £;. The retained observation equals (), soits incrementis | Dnr: (j)/&;],
as required. O

For an unoccupied follower i assigned arm a;, we have s; = 1/(2d) and m;(a;) = 1/K. Thus the raw
DATA/source/action/mask event has probability £/(4dK), and its conditional thinning probability is

Ea;  AdK 27N
{/(4dK) ¢

This gives the threshold in ¥, of (41).

7 Scheduling and local implementation

For analysis, the reference execution uses the corrected initialization of Section 4 and rejects any decoded
word other than the word currently encoded on that channel. Such a rejection does not stop score updates.
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7.1 The cutoff and the collection state
For an assignment committed at round o, define
g(o) =min{T + 1,H(lo/H] + 1)}

as the next grid boundary, clipped at the end of the horizon. This clipping changes no action through round
T and keeps the stored counter in [T + 1]. Recall that B, is the proposal bit of Section 5 and equals zero
on reserved rounds. A public interruption occurs at the start of round u if u = g(o) or B,_; = 1. The
assignment’s cutoff is

u(o) =min({g(c)}U{s+1:0<s<T, By=1}U{T + 1}).

For the reference execution, define the calendar-round score by

Zj(r) =Y A, JelK].

s<r

Here A; is the increment of Section 6.3; an increment computed after decoding is attributed to its observation
round. Hence Z;(r + 1) = Z;(r) = A, (j).

After StartRound(¢), the coordinator’s score updates are frozen exactly when o > 0 and r > g. Thus
collection continues recording with the old rates before the old grid boundary, and records no increments
from that boundary until a new commitment. At that commitment the anchor and rates are renewed and the
new g exceeds ¢.

For a collection interval [u, t), define the cumulative increment vector

t—1
c(t)= Y A
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Algorithm 7 Coordinator updates before and after a round
Require: The coordinator is active; initially o0 = 0and g =T + 1.
1: procedure STARTROUND(?)

2: if o >0,u=T+1,andeithert = g or B,_; = 1 then
3: Setu « tand P « [d].
4: Set ¢ « 0 and preserve the known entries of z(u) and A,_1.
5: Setk « (1 —h)/hifu < g, and k < O otherwise.
6: end if
7: if 7 is nonreserved and either o = O or (# <t and P = @) then
8: if o = 0 then
9: Initialize every score to zero and every weight to one.
10: else
11: Recover z(u) and A,,_1; set z(¢) « z(u) + c.
12: end if
13: if o =0or¢ > g then
14: Renew the anchor and rates by (19); draw U ~ p,,, by Algorithm 9.
15: else
16: Recover w,,_1, w, by Lemma 15; draw U ~ v; by Algorithm 9.
17: end if
18: Write U = {a; < --- < aq} and choose e € arg min gy W, breaking ties by label.
19: Retain z,, (¢) as base scores and construct (¢, a;, e, —log, &,,) for each follower i.
20: Seto «—randu « T + 1.
21: Set g « g(¢t) and P « [d].
22: end if
23: end procedure
24: procedure FinisHRoUND(Z, A;) > Called once after a nonreserved round
25: if u <t then
26: Setc «— ¢ + A;.
27: if r < g then
28: Set k «— (1 = h)x.
29: end if
30: else
31: Read the live assignment’s proposal bit B;.
32: end if

33: end procedure

Lemma 15 (Recovery from accumulated increments). Suppose an assignment committed at o has cutoff
u, and its collection ends with a commitment at t. Assume the coordinator retained z(o") = Z(0) and, for
everyi € [d], obtains S;(u) = Z?;é. As(a;) and Ay—1(a;). These values and the coordinator’s increments
determine

Z(t) = Z(u) + c(1), Z(u—-1)=2Z(u) - A,_. (36)

At this commitment t, the coordinator’s reconstructed register vector satisfies z7(t) = Z(t). Consequently the
coordinator can compute w1, w,, w; without retaining the intermediate collection updates.

Proof. Ownership changes to the coordinator at u. It knows the old recording rates and every DATA
observation used for an increment from u onward. It can therefore compute A, even if some old slow-arm
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scores Z;(u) are missing. Starting from c(u) = 0, induction over the collection rounds gives

t—1
c(t)= D A = Z(1) - Z(u).

For each slow arm a;, the returned S; sums exactly its increments on [0, #). Adding the retained initial score
2a;(0) = Zy; (o) gives Z,, (u). The coordinator knows the other cutoff scores from its own observations, so
its reconstructed snapshot satisfies z(u) = Z(u).

The supplied data give A, (a;) for every slow arm; the coordinator knows the remaining coordinates from
its own observations. Subtracting this vector from Z(u) gives Z(u — 1), while z(¢) = z(u) + c(t) = Z(t) by
Algorithm 7. Thus (36) holds. Finally, w, ; = (1 +1/ D)% (") determines the three weight vectors. No other
collection score vector is needed. O

7.2 Local state, message words, and acceptance

For an assignment starting at o, the coordinator retains (o, (a;)ie[a], €» (Za; (07))ie[a])- Its structured DOWN
record is MPOVN = (o, a;, e, — log, &,,) from (28).

Follower i retains the last accepted DOWN record (o7, a;, €;, h;), its increment sum S;, its last increment
0;, and an action state with values
0, wunoccupied,
state; = ¢ 1, pending,
2, released.
Initially (o3, S;, 0;, state;) = (0,0, 0, 0); the other DOWN fields are unused until the first acceptance. At an
interruption, states 1 and 2 become 0, while (o7, S;, d;) is retained.

On an active nonreserved round, the structured UP record offered by follower i at the arm-choice step is

i Si,01), =UP, k; =i, state; =0,
MIUIPZ{(O-I i»0i), T ¢ = 1, stalc; (37)

@, otherwise.

Before any DOWN acceptance, the UP record in (37), when offered, is (0,0,0). During a known live
assignment, state; € {1, 2}, so the follower encodes no UP record. While it is unoccupied, its triple remains
fixed until it accepts a newer DOWN record.

For an assignment (o, a;) with cutoff u, define its ENDPOINT record by

MEND =

u—1
o, ) Aa@), Ai(an) | (38)

Once the follower has formed this record, it offers it on its UP channel while state; = 0, according to (37).

Set L = [log,(TD + 1)] and B = 4L. Let bin, : {0,...,2% — 1} — F% be the binary decomposition.
Writing || for concatenation, encode the two record types by

Encpown(0, a, e, h) = bing (0)|| bing (a)]| bing (e) || bing (h),

39
Encup(c, S, 8) = binz (o) || binz (S) || binz (8)]|0%. S

Here 0L is the all-zero L-bit block.
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Define the sets of syntactically valid records by
Mpown = {(o,a,e,h) : o €[T], a,e€[K], a# e he{0,...,4bN}, B<27" < 2}

and
Mup = {(0,0,0)} U ([T] X {0,...,TD} x{0,...,D}).

For a decoded bit word w = wq||wz||lw3||ws with w, € FZL putx, = binzl(wr). The slot determines which
parser is applied:

(x1,x2,x3,%4), (x1,%2,%3,X1) € Mpown,

Parsepown (W) = .
1, otherwise,

(x1,%2,x3), wa = 0%, (x1,x2,x3) € Mup,
Parseyp(w) =

1, otherwise.
Set Parsepown (L) = Parseyp(L) = L. For a parsed record M, write M .o for its first field, and M.S, M.A
for the second and third fields of an UP record.

Lemma 16 (Message field bounds). On every locally valid prefix of Algorithms 7 and 8, the outgoing DOWN
records belong to Mpown, and the offered UP records belong to Muyp. Every field lies in [0,TD], so (39) is
valid.

Proof. An assignment start lies in [T'], and its distinct arms a;, e lie in [K] C [0, D]. By (19) and (20),
&4, = 27" is dyadic and satisfies 8 < &,, < 2/(AmK). The construction-branch tuning of Section 8 gives
n > N~* and therefore &,, > N~*. Since h; = —log, &q; 1s aninteger, 0 < h; < 4log, N < 4by < D. Thus

DOWN
M; € Mpown.

Initially the UP record is (0, 0, 0). Subsequently o; € [T]. For y € [0, 1] and an admissible exponent 4,
(41) and B < 27" give
0 <yn(y,v) <Dn2"y < Dn/B < D.
The recorder also returns increments in [0, D]. The sum S; contains at most one such integer per round by

(43), and ¢; is one increment; hence 0 < §; < TD, 0 < ¢; < D. Thus each offered UP record lies in Myp. As
T > 1, all four fields of either record lie in [0, T D]. O

At a full-batch decoder decision after round ¢, let M be the parsed DOWN or UP record, or L. The local
acceptance tests are

ACC?JOWN(M) =1 &< Me Mpown, 0;<M.o<t,

(40)
Acclf(M)=1 & MeMuyp, u<t, ieP, Mo=o.

Parsing checks the word’s format; acceptance checks its relation to the receiver’s state. Neither test alone
establishes that the decoded record was actually sent.
7.3 Delayed increments from a sparse observation list

In Algorithm 6, each follower maintains a log to record its observation. For each follower i € [d], let B; be
its initially empty, time-ordered list of candidate observation records. On a round s that i’s declared public
row marks nonreserved and DATA, it appends (s, P; s, Y; s, Vs) if and only if

i is active and unoccupied, source = i,
Pes#Pis (VC#1).
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The slot, source, pilot arms, and V; are read from that row; Y;  is the follower’s quantized observation. The
append rule does not test ¥; ¢ > 0 or apply thinning. It also runs before learning launch and during frozen
collection whenever the displayed conditions hold.

In the product experiment V is uniform in [0, 1]; the finite implementation uses the corresponding rational
coordinate of Section 9.1. On accepting a DOWN word, the follower filters the current list by (43) and then
empties it, as specified in Algorithm 8.

Recall £ = (1 — 1/K)? from Section 6.3. For a rate exponent %, define the contribution of one saved
observation by

4dK 27"
—} | Dn2"y|. 41)

Un(y,v) = 1{\/ <

This is the recorder’s thinning and increment rule for a pilot owner. In particular, a record with reward zero
contributes zero.

Afteraccepting M = (o, a, ¢, h) onround ¢, the follower computes the exclusive endpoint of the observations
it must process:

C=min({t+1} U {g(0) : g(0) <1} U{s+1:0 <s <1, By=1}). 42)

It uses the clipped boundary g (o) and the public row’s past proposal coordinates. To evaluate the minimum,
the follower scans By, o < s < t, stopping at the first B; = 1 or g(o); reserved rounds contribute B; = 0
without reading a coordinate. It has not read these bits before acceptance, and if £ < ¢, proposal coordinates
from collection rounds in [£, ) remain unread. The proposal B, acts only at the start of round 7 + 1. Thus
¢ =t + 1 means that the decoded assignment is still live through round #; € < ¢ is its first cutoff. Its recovered
sum and last increment are
Si = Z Un (y > V) P
(s,7,y,v)€B;
o<s<{l, j=a
0; = Z Uh (y > V) .

(s,7,y,v)€B;
s=C-1, j=a

(43)

The second sum contains at most one record. An empty sum is zero. Set state; = 1 if £ = ¢ + 1, and set
state; = 0 otherwise.

Lemma 17 (Exact recovery from sparse records). On a reference execution, the values in (43) equal
$(2) Ay(a) and Mg (a).

Proof. Fix a DOWN acceptance after round ¢, with decoded word (o, a, e, 1), and let u be this assignment’s
first cutoff. Equation (42) gives £ = min{u,t + 1}. For s € [0, {), player i is active, unoccupied, and owns a.
Define the round event

E, = {s is nonreserved DATA, source =i, Py =a, Pjs #a (j #1)}.

The mask and source tests in Algorithm 6 imply As(a) = 0 on ES. On Ej, the raw observation probability
and thinning threshold are, respectively,

111 Ie £a  4dK2™"

22dK° T K (K T <

Thus the recorder’s integer update is the pathwise identity

As(a) = HEyn(Yis,Vs) (0 <s<?). (44)
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The logging test is exactly Ey, and no record in [0, {) is erased before this DOWN acceptance: a newer
assignment cannot start before the current ENDPOINT is accepted. There is at most one record at each time.
Hence

-1
D, MHoss<Ounbnv) =) Aa).

(Ssj’yaV)EBi
Jj=a

Restricting the same equality to s = £ — 1 proves the assertion for ¢;. O
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7.4 One local event rule

Algorithm 8 One round of the local protocol at player i

1:

17:
18:
19:
20:
21:
22:
23:
24
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:

35:
36:
37:
38:
39:
40:
41:

RN O S

if i = 0, the coordinator is active, and its local state is not T then
Apply StartRound(¢#) of Algorithm 7.
else if / > 0, its state is not T, state; € {1, 2}, and the assignment is interrupted at ¢ then
Set state; «— 0 and keep S;, ¢; fixed.
end if
if the player is inactive or its declared row reserves ¢ then
Play its bootstrap-array arm and observe the reward.
If i > 0, its state is not T, and state; € {1,2}, set §; « O.
Apply any complete-block bootstrap update and activation; return.

: end if
. if the local state is | then

Play arm i + 1; apply any complete-block bootstrap update; return.

: end if

: Use Algorithm 5 to choose an arm; observe and quantize its reward.

: Apply Algorithm 6 once.

: If i > 0 was known and live at the arm-choice step, set ¢; to its returned increment, or zero if none was

returned.
if DOWN selects i > 0 and i was unoccupied at the arm-choice step then
Feed its observation to DecodeStep in Algorithm 4; parse its output as DOWN to obtain M.
if ACCP?WN(M ) = 1 then
Sto’re (0y,a;, e, /’l,) — M.
Compute ¢ by (42) and (S;, 6;) by (43).
Set state; «— 1{¢ =t + 1}; discard £ and empty B;.
end if
elseif i = 0, u < ¢, and UP selects j € £ then
Feed its observation to j’s DecodeStep; parse its output as UP to obtain M.
if Acc}{};(M ) = 1 then
Store z4; (u) < z4;(0) + M.S and Ay—1(a;) — M.A.
Remove j from P.
end if
end if
if i =0, t < u, P was nonempty at the arm-choice step, and DOWN selected j then
If H,(M ?OWN ) = 0 and its reward is positive, remove j from P.
else if i > 0 was pending at the arm-choice step then
Set state; «— 2 if UP selected i, Ry = e;, and its reward is positive, or if DATA has Py = a; and its
reward is positive.
end if
if i = 0 then
Apply FinishRound(z, A;) of Algorithm 7 to its returned increment.
else if state; € {1,2} then
Read B, after the update.
end if
Apply any complete-block bootstrap update and activation.
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Each player has an absorbing local error state . In this state it performs no learning or transport updates,
plays arm i + 1 on active nonreserved rounds, and follows its bootstrap-array rule on declared reserved
rounds. A player enters T if a local operation has an input or computed output outside its prescribed domain.
Appendix A defines the checked operations precisely.

Lemma 18 (Local state and sum invariants). Consider the reference execution immediately after round t. If
follower i has not applied a DOWN word, then state; = o; = S; = 6; = 0. Otherwise let o = o; be its last
applied assignment and let u be that assignment’s first cutoff, withu =T + 1 if no cutoff occurs in the horizon.
Then
min{u,t+1}—1
Si = Z As(a;),
S=0
0i = Aminfu,r+1)-1(ai),
state; =0 < u<r.

When t < u, the state is 2 if a release certificate has occurred since this DOWN acceptance, and is 1 otherwise.

Proof. Put L, = min{u, t + 1}. We induct over rounds, restarting at each DOWN acceptance. Before the first
acceptance, Algorithm 8 gives (state;, oy, S;, 6;) = (0,0,0,0).

At a DOWN acceptance after round ¢, the cutoff scan gives £ = L;, and Lemma 17 gives

L;—1
Si = Z As(ai), (5,‘ = ALt_l(a,-).
s=o

The follower was unoccupied at the arm-choice step, so no release test occurs on this round. The algorithm
sets state; = 1{L, = ¢ + 1}, proving the state assertion at acceptance.

Suppose the claim holds after round r — 1 and no DOWN word is accepted on round . If t < u, then
L; =t + 1. On a nonreserved round the recorder supplies A;(a;); on a reserved round both this increment
and the reset value of ¢; are zero. Hence

Si() = Si(t = 1) + Ay (ai), 0i(1) = A(ay).

The state stays in {1, 2} and changes from 1 to 2 precisely upon a release certificate. If # = u, the start-of-round
interruption sets the state to 0 and preserves S;, 0;; if # > u, these registers remain unchanged. In both cases
L; = u, so the formulas hold. This completes the induction. O

Lemma 19 (Assignment identities and fixed replies). In the reference execution, every follower applies each
assignment at most once. Each assignment has one cutoff and one ENDPOINT per follower. After its cutoff is
known, the derived UP word stays fixed until the next DOWN word is applied. During a known live assignment
no UP message is encoded. No later assignment is committed before all current ENDPOINTs have been
accepted. When a known live follower becomes unoccupied, its DOWN batch is empty. At each assignment’s
first cutoff, every coordinator UP batch is empty. An interruption that leaves a follower unoccupied preserves
its existing partial DOWN batch.

Proof. For successive DOWN acceptances by player i, the predicate (40) requires 0% > a'lf’ld. Hence an
assignment start is applied at most once.

Fix an assignment (o, a;) with first cutoff u. If its DOWN word is accepted before u, Lemma 18 at the end

of round u — 1 gives
u—1

(0i,8i,0:) = | o, Z As(ai), Ay-1(ai) | = MNP,
S=0
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If acceptance occurs after round ¢ > u, then £ = u in (42), and Lemma 17 gives the same triple. In either case
the state becomes 0 at the cutoff or acceptance. While it is 0, Algorithm 8 does not change S; or ¢; except at a
newer DOWN acceptance. Thus the ENDPOINT is unique and fixed. When the state is 1 or 2, Algorithm 5
does not encode an UP word.

At the cutoff, £ = [d]. An accepted UP word removes i only if i €  and its start field equals . In the
reference execution that word is M l.END. Algorithm 7 commits a successor only after = @, so every current
ENDPOINT is accepted before the next assignment.

Let WlD and WlU denote the DOWN and UP equation batches. Initially both are empty. At a DOWN
acceptance after round v, the full-batch decision gives WlD (v) = @. Forv < s < u, the known live follower’s
DOWN decoder is disabled, so WlD (s) = WlD (v) = @. Thus its batch is empty at the first cutoff. If the cutoff
precedes DOWN acceptance, the interruption performs no decoder step and leaves the existing partial Wlp
unchanged.

If ENDPOINT i is accepted after round v, then Wl.U(v) =@ andi ¢ P. The UP decoder is disabled while
i ¢ P and throughout the next live assignment. Hence Wl.U remains empty from v through that assignment’s
first cutoff. Every i is removed before the next commitment; induction over assignments proves the UP
assertion. O

7.5 Integrating the unobserved refreshes

Let 79 be the first commitment. Algorithm 7 initializes the coordinator’s scores, so z(tg) = 0 = Z(tg)
because all earlier increments vanish. Suppose z(0) = Z(o) at a commitment . Lemma 19 supplies the
correct ENDPOINTS, and Lemma 15 yields z(#) = Z(t) at the next commitment z. Hence, by induction, the
coordinator’s retained register satisfies z,, (t) = Z,, (¢) for each newly selected arm a; at every commitment ¢.

Lemma 20 (The assignment law after collection). Let (ﬁr,f(r)) be the slow set and score vector of
Algorithm 3. Let Z(r) be the calendar-round score defined above, and let UP™S(r) be its assigned slow set
on a live round. These executions admit a coupling that preserves the product-uniform law of the reference
sampler coordinates and, almost surely, satisfies

Z(r) =7z(r) from launch, before the first stability failure,

UP(r) = U,  on every live round before that failure.

Suppose the reference coordinator commits at round t after an assignment starting at o with cutoff u,
before stability failure. Let G, be generated by the physical states, actions, observations, and coordinates
read before the commitment sampler at t, together with (Ag)s<;; unread coordinates are excluded. Write
Dr = Dw,. Under the coupling, for every U € ([g]),

vi(U) == pi(U) + k¢ (pu(U) = pu=1(U)), t < g(0),

(45)
p:(U), 12g(0),

Pr(U, = U | G/ ) =m(U)= {

where k; is the coefficient of Algorithm 7.

Proof. We construct the coupling inductively over physical commitments.

Scores and live assignments. Initially both executions have zero scores. Suppose that at a physical
commitment the two score vectors agree and the physical slow set is coupled to the logical slow set.

On every subsequent round on which recording is enabled, Lemma 14 gives the physical recorded arm and
increment the same conditional law as the estimate step of Algorithm 3. We therefore use the same (7, A;)
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in both executions. On rounds on which recording is disabled, set A, = 0 in both. Hence, since both score
vectors receive the same increments,
Z(r) =7(r)

until the first stability failure.

While the assignment is live, use the same proposal bit in the two executions. When the physical coordinator
draws a fast arm, use that same draw for the logical learner; otherwise draw the logical fast arm independently
from its prescribed conditional law. Thus the two slow sets agree throughout the live assignment, up to their
common cutoff u.

The logical slow-set law during collection. Fix an assignment starting at o, with cutoff u, whose next
physical commitment is at r. During collection, the physical protocol does not use the logical slow set or
the auxiliary proposal/refresh coordinates of Algorithm 3. Moreover, the physical proposal coordinates of
collection rounds are not read. Hence the physical collection path, the commitment time ¢, and G, may be
generated first, and the independent logical refresh coordinates may be generated afterwards without changing
their joint law.

Let H; be G, enlarged by all earlier physical-row coordinates, including those not read by the protocol.
Foru <r <t, write N

ur(U) :=Pr(U, =U | H,).

First suppose that ¢ < g(o). Then the cutoff at u was caused by B,,—; = 1, so y,, = p,—1. On a nonreserved
collection round r, Algorithm 3 gives

pre1 = (L= h)py + hp,.

Using
hpr =Pr+1 — (1 - h)pr
from (23), we obtain
Hr+1 = Pret = (1 = h)(ur = pr)-

On reserved rounds both sides remain unchanged. If
Ny, = #{r € [u,t) : r is nonreserved},

iteration therefore gives
pe = pr = (1 =h)"" (py-1 = pu)
B (1 _ h)n”*’ﬂ
B h
Algorithm 7 initializes k = (1 — h)/h at the cutoff and multiplies it by 1 — 4 on each nonreserved collection
round. Thus

(Pu = Pu-1)-

(1 _ h)n”"ﬂ
Kt = —————,
' h
and consequently

i (U) = p(U) + k; (Pu(U) - Pu—l(U)) = (U).

If instead r > g(0), the old episode is frozen at g(o) and the commitment at ¢ starts a new episode. Hence
Algorithm 3 draws
(7 t ~ Dt
so u; = p;. In either case,
Pr(ﬁt =U|H,) = n (U).
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Since 71, is G, -measurable, the tower property also gives
Pr(Ur =U | G;) = m(U),

which proves (45).

Coupling the commitment sampler. It remains to make the physical commitment choose exactly U, without
changing the product law of its sampler coordinates. Fix a realization &, of the enlarged history H;. Let
Fy, (v) be the commitment sampler’s output when its K + 1 scalar coordinates are v € [0, 1)X*!, and let A be
product Lebesgue measure on that cube. By Lemma 24, the law of Fj,, (v) is 7;: it is v, within the episode and
Py at an initial or post-grid commitment. The logical slow set has the same conditional law even given H;.

Conditional on U, = U with 7, (U) > 0, sample the physical coordinate vector with distribution

1{F), (v) = UYA(dv)
i (U)

The two outputs agree. For every measurable set Dy in the cube, averaging over the logical set gives

Pr(v € Do | H, = hy) = ) (Do 0 F, ' (U)) = A(Do).
U

Zero-probability sets U require no conditional choice. Hence the physical vector remains product-uniform
and independent of all earlier physical-row coordinates, including unread ones. Subsequent coordinates are
drawn freshly. The coupling may correlate this vector with the auxiliary logical randomness, which imposes
no restriction on the physical protocol’s marginal law.

Induction over commitments now gives Z(r) = Z(r) before the first stability failure and UP™S(r) = U, on
every live round before that failure, completing the proof. O

7.6 Score collection and total cost of interruptions

In the product-stream reference execution, fix the rounded reward matrix and reserved mask. Fix a transfer
starting at a stopping time s: a cutoff starts score collection, while the first commitment starts the initial
transfer. Let C contain nonreserved rounds from the cutoff through the round before the next commitment.
Let H contain nonreserved rounds from that commitment through the last DOWN receipt, or through the
round before the next cutoff if a receipt remains missing. Let R contain the subsequent nonreserved rounds
before that cutoff. For the initial transfer C = @ and H begins at s; any later phase is empty if its start does
not occur. Include a round on which a failure is detected, and stop all phases thereafter or at the horizon.
Here a failure is a decoder failure of Lemma 8 or the first weight-doubling update.

Use the capped support envelope
g: = min{m, g }.
Both a comparator’s reward and the reward of any logical m-set are at most g,. This nonnegative envelope

permits comparison with the full auxiliary regret even when that regret is negative on selected communication
rounds.

Define the phase bounds
16dK
Beol :=2K + 1 — (2Qdec +logd + 1),
—e
8dK
Bhand =2K + ﬁ(szeC + 210gd + 3),
—e

12dK
B :=3dK + l—l(logd +2),
— e_
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and their sum
Cir 1= Beol + Bhand + Brel

46
= O(dK[Qgec +logd + 1]) = O(mKA). (46)
Lemma 21 (Conditional support-envelope cost of one transfer). Define the stopped transfer charge by
d
Joi= ) @+ ) |nU) +r(X) = > Y. (47)
teCUH teR i=0

Then conditional on the pre-round history ¥y,

E[Js | 5] < Cy.

Proof. By Lemma 19, an old DOWN message stays fixed while it remains undecoded. On DOWN selecting
its unoccupied recipient i, every other slow player uses a distinct tuple arm. Hash bit one makes the coordinator
use Ry # R;. While this DOWN decoder is pending, its conditional positive-test probability is

111
Pr(r; = DOWN, k; =i, Y;, >0 | F) =~ -~ - = - 8 _ &

This is the same lower bound as (29).

Once player i forms its UP score, the word stays fixed. On UP selecting i, the coordinator listens on Ry.
Every other slow player uses a distinct R;, and hash bit one makes player i use R; # Ro. While this UP
decoder is pending, its conditional positive-test probability is likewise

11 g g

Pr(Tl‘:UPa kt:i’YO,t>O|7—;):Z'E'§'E_8dK'

In the first phase, let P, contain exactly the followers whose old DOWN word remains unaccepted before
round 7, and take X; , = 1{r; = DOWN, &, =i, ¥;; > 0}. The phase ends when this set empties or collection
is truncated. Each old DOWN word is fixed; Lemma 8 gives ¢ = 2Qgec, and the DOWN hazard above gives
a =1/(8dK) for w, = g;.

If the first phase is not truncated, the second phase starts at # when all old DOWN words were accepted
before u; otherwise it starts on the round after their last acceptance. In that phase let P, be the followers
whose current ENDPOINT remains unaccepted, and set X; ; = 1{r; = UP, k; =i, Yo, > 0}. Lemma 19
makes each owed ENDPOINT fixed; the same decoder quota and the UP hazard above apply. Lemma 9,
conditional on the start of either phase, bounds that phase’s expected support by

8dK
1 —e!

K+

(2Qgec + logd + 1).

If C = o there is no charge. Otherwise the tower property at the second phase’s start gives

S

teC

8dK

E
—e-!

(2Qdec +logd + 1) | = Beg.

|2

K +
1

DOWN and UP channels may both operate during either phase; the partition only assigns each round’s g; to
one bound. Earlier accepted ENDPOINTs are omitted from the second P,. Repeated interruptions do not
change the fixed cutoff or either message, so they do not reset a batch.

If handover starts at a commitment oy, Lemma 12, applied conditional on %, gives

e

teH

E Fou

< Bhand-
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If release starts at round og, the DATA-certificate calculation and weighted service bound in the proof of
Lemma 13 apply conditional on . Thus (31) gives

2,

teR

E For

< Brel-

d
re(Up) +r:(Xp) — ZYi,t)

i=0

Fort € CU®H, g, < g;, so the collection and handover support bounds apply to the new charge. Empty
phases contribute zero. Applying the tower property at the starts of handover and release, and summing the
three phase bounds, gives

E[Js | 7_;] < Beol + Bhand + Brel = Cy.

O

Proposition 22 (Total stopped transport envelope). Consider the product-stream reference execution launched
with zero scores and a fixed reserved mask. Let Tpaq be the first decoder failure or first weight-doubling
update, with value T + 1 if neither occurs. Include its round in the phase charges and stop afterwards. Let
C., H., R, be the disjoint unions of these stopped collection, handover, and release phases. Define

d
Jstop = Z 8t + Z re(Up) +re(Xy) = ZYi,t .
teCLUH, teR, i=0
With Cy; from (46), 6§ = N=8, and A = 256,
EJgop < Cue|(4AmK +32)3T +2]. (48)

Moreover, Pr(tpq < T) < 26.

Proof. Number of transfers. For each round ¢, let L, indicate that the live assignment’s proposal coordinate
is read before the stopping event, and let P = Zthl L;B;. Immediately before that coordinate is read, L, is
determined and B; is Bernoulli with parameter & = 4AmKn. Hence

E[L.B; | F'""] = hL,, EP=h

t

EL; < hT,

T
=1

where F,”F is the history immediately before a possible proposal read. Let M count transfers started through
Toad. Apart from the initial transfer, a transfer begins only after a read proposal or at a grid boundary; a grid
boundary inside collection starts no additional transfer. Allowing one final incomplete transfer,

M <P+ |T/H]+2.

Since H = | (16n)~'| > (32n)71,
EM < (4AmK + 32)5T + 2. (49)

Conditional envelope charges. For k € [T + 1], let o be the start of the k-th counted transfer, or T + 1 if
it does not occur. Set Ji = J,, for an existing transfer, using Lemma 21’s stopped phases, and set J; = 0
otherwise. Each summand is in [—m, m], so these charges are integrable. That lemma gives

ElJk | For ]l £ Coul{ow <T}.
Since M = }; 1{o < T}, the tower property yields

E Z Ji < CL.EM. (50)
k
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Collection ends before the next commitment round; handover includes its last receipt round; release starts
on the following round and ends before the next cutoff. Thus the phase sets of distinct transfers are disjoint
and cover every nonreserved round from launch through min{rypaq, T'}. In particular, };; Ji = Jsop, Which
proves (48).

Failure probability. The decoder bound applies before a weight doubling, and the stability bound controls
the first weight doubling. Consequently,

5 _
Pr(tpaq < T) < it 8 <26.

The failure round is included because its actions and rewards occur before the decoder decision or weight
update detecting the failure. No learning-regret estimate has been conditioned on this event or truncated at a
decoder failure; the full auxiliary sum is used in Section 8. O

8 Proof of the main theorem

Proof of Theorem 1. Use the array constants chosen in the proof of Lemma 29 and the message quota (26).
The transport proofs give an absolute constant in Cy; = O(mKA). Choose Cy large enough to dominate it and
all learning coefficients, and then enlarge the branch constant C;, one final time if necessary.

Rational tuning. Let J = [logz((ﬁ) +1)] and W = C;m?K?by. Use the largest power of two 7 satisfying
n<(AmKLgw)™',  7p*WT < J.
Here Lygp = [logy (2K (T + 1)N®)] = O(A). The quantity 4.7 /(WT) satisfies the first constraint whenever

4A2m2K?L%: .  4A%L%. T
T > _ stab )

stab

- w Cibn

The right side is at most C J A. Since (2) < 2K we have J < K + 1. On the construction branch, k, < K
gives
KT > kT > CpV > CoK>>NTA?,
T > CIK*A*.

Choosing C, sufficiently large therefore ensures the rate cap. The largest-dyadic rule yields

1 [T | I

Also J = log (ﬁ) The lower bound above gives 7 > ¢/(mKVTA) > ¢/N? for a universal ¢ > 0. Increasing
Cp, ensures N > ¢~'/2, and hence > N~*, as required by the finite-arithmetic bounds in Section 9.

Whole-row concentration. Let Gy be the event that Algorithm 10 publishes a complete table whose masks
and arm arrays satisfy Lemma 29 and Lemma 33. Their failure bounds give Pr(Gy) > 1 — CN~*°. Fix masks
and arrays in Gy, and let Ry, . .., Ry be the independent finite control rows sampled by the constructor.

For a denominator-D reward matrix  and j € [M], let F; ,(R;) € [-mT,mT] be the conditional expected
regret under reference execution, where the expectation is taken over private bootstrap randomness conditional
onJ = j and on the realized row R;. Put

& = Efage U Eamp U Egap, Ej,r(Rj) =Pr(&|J = j,Rj) € [0, 1],
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where Epje and E,mp are the decoder events of Appendix A.2, and Egyp is the weight-stability failure of
Lemma 5. The reference uses the corrected bootstrap state and rejects a decoded word other than the current
encoded word. Its correction precedes every control access, so F , and E; . depend on R; alone as j varies.

Write
1 < 1 <
ur(r) = - > BF (R, up(r) = o > BE;,(R)),

j=1 j=1

and | |
Fr = MZF]'J(R]'), Er = MZE]'J(RJ').
J J

For fixed r, independence across j and Hoeffding’s inequality [Hoe63] yield

Pr {Fr > wp(r) +V} < e—Mvz/(Zszz)’

Pr {Er > pe(r) + L} < e 2MV[(mT?)
mT

There are (D + 1)XT denominator-D matrices, and

MV?
337 2 2K'TA* > KT log(D + 1) + 40A + log 2.
m

Let Gow be the event that the following inequalities hold simultaneously

F.<up(r)+V, (52)
E, < pp(r) + . (53)
mT

Thus a union bound, conditional on Gy, gives an event G, With Pr( | Go) < CN ~40_ Hence

Gpub := Go N Grow has probability at least 1 — CN -32,

Regret decomposition. Fix a public output in Gy, and a rounded reward matrix . On Epgor N E,
Proposition 3 couples initialization, the decoder rule couples subsequent messages, and Lemma 27 excludes a
local domain error. If R and ER?c are the two complete realized regrets, then

C
row

IR — REN < 2mT{EE, U E}.

boot

Taking expectations conditional on the published output gives

R7(r) < Fr +2mT (Apoot + E,). 54)

Recall the two product-stream estimates needed for the reference. Write the auxiliary-learning bound and
the stopped transport bound, with the failure-tail allowance established below, as

2log (X
n = —Og (m) +
n
Ty := Cu[(4AmK + 32)nT + 2| + 4mT5.

A T
(2Aml<2 + Z(K = m + 1) Laao | T + m—D +CmTN3,
n

Let 1, € [T + 1] be the reference launch round, with 7p = T + 1 if no launch occurs. For every comparator
S eS8, r(S) < g, so Proposition 3(ii) gives

D ri(8) < Gl = 1) < COuour.

<t
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Lemma 33(i) bounds the reserved-round charge by m(2pT + CpA).

Here is the pathwise accounting that connects the two estimates. Fix S € S and put ¢, = r,(S),
ty =r.(U;) +r:(j;), and y; = 3; ¥; ; on enabled rounds. Let 7,9 and Jop be as in Proposition 22. On an
enabled collection or handover round through Tp,q,

cr =y =(ci =)+ (& —y:) < (cr =) + &1,

because {; < g; = min{m, g,} and y, > 0. On a frozen collection round, the auxiliary learner has no
summand and ¢; — y; < g;. On a release round, the coupling of Lemma 20 identifies j, = X;, so its remaining
discrepancy €; — y, is included in Jyp.

Retain the full auxiliary sum over A defined in Section 5. Its tail after 7,4 is at least —mT 1{7paq < T}, and
the actual-regret tail is at most mT1{ty,q < T}. Consequently,

m;ef(s) < CQoot + m(sz + COA) + Z (Ct - gt) + Jstop
teA (55)
+ 2mT1{1paq < T}.

The failure round itself is included in the valid comparison since its rewards precede the failure-detecting
update. Taking expectations uses the full auxiliary bound of Proposition 7, the stopped envelope bound, and
Pr(thag < T) < 26. In particular, it does not condition the learner on successful decoding or stop its estimate
filtration at a decoder failure.

Lemma 25 transfers both complete-reference regret and the event probability from ideal product rows to
finite product rows with allowance €gmp. The accounting above and the decoder and stability bounds give

uF (1) £ CQOuoot + m(2pT + CoA) + Ly + Ty + 2mT €, (56)
pE(r) < 5/N* + N78 + eqmp. (57)

Combining (52)—(57) with (54) gives

R7(r) < CQpoot + m(2pT + CoA) + L, + T, + CV

‘ (58)

+ CmT (Apoot + 0 + N™° + €amp).

The choice of C; makes W = Cym?K?%bx dominate the coefficients of nT in L, +7,. Indeed, Cy; =
O(mKA), Lgap, = O(A), and by < A. Since log (ﬁ ) < (log2).J, the combined inequality becomes

T
Rr(r) < C[Qbom +mpT + mKA +V + J + WnT + m_D

n n (39)
+mT (Apoot + 6 + N2 + esamp)].

Bounds for the terms. Appendix B.9 gives dlco/Scol < €arr and L/ Ayey < €4/ (8e). Using By < T'/n
in (13), then €, = cEK3b%V/(m3T), gives

372

T K3Tb?
MTApoot < C—" L 0(1) = 0
n

N

+0(1) = O(V).

The remaining terms of (13) contribute O (1) because mT/N = O(1) and m>T?e~ <A = O(1). Also
Lyit > 641og, N and 6 = N~8 imply

mT(6 + N7 + €amp) < CmT (N7 + (K* + by)TN™%) = 0(1).
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The dyadic choice of i in (51) gives

/ K
Z+W77T§C\/\7'WTSCmK TAlog( ) <CV.
n m

mT 2mT wTr C
\/ _\/J'T =0W.

Finally, pT < VT and 1/p < 4 + 2x/T yield Qpoor = O(V) and mpT + mKA = O (V).
Substitution in (59) proves Ry (r) = O(V) for every rounded matrix on the fixed public output.

Since D > N2,

For an arbitrary original reward matrix r°"¢, rounding down changes each comparator reward by at most
m/D per round, whereas the actual unrounded reward is at least the rounded reward. Consequently,

RT(rorig) < RT(I‘) + %T = O(V)

All bounds hold simultaneously for every rounded matrix on the same output in Gy, and the rounding
comparison is pathwise. This proves the required quantifier over all oblivious reward matrices.

On the complementary parameter branch use a fixed assignment to m distinct arms. For two m-sets S, S’,
S\ S| < ky, 8071 (S) —ri(§) < ky. The resulting regret is at most k7' < CpV = O(V). This proves (3) for
every horizon. The computational bounds follow from Section 9 below. O

9 Finite computation and sampling

We bound the computations performed by the preceding protocol. At each commitment, Algorithm 7 draws
an assignment using Algorithm 9 below: the initial and post-grid draws use one product distribution, and a
within-episode draw after collection uses three signed product terms. The two-term refresh in Algorithm 3
belongs to the logical execution; the physical coordinator implements its accumulated effect at commitment.
Algorithm 10 constructs the finite public rows used for these draws and for control. During play, Algorithm 12
calls the bootstrap decoder Algorithm 11 at complete block boundaries, whereas Algorithm 8 calls the control
decoder Algorithm 4 on enabled DOWN and UP channels.

Arithmetic model. We use a random-access bit-cost model with numerical inputs K, m, T. For a reward
observation Y € [0, 1], the feedback interface supplies | DY ], including D when Y = 1. Thus processing
an arbitrary real reward requires only its prescribed quantization. All subsequent operations use integers,
rational numbers, and random bits.

9.1 A direct sampler for the assignment law

For1 <r <3, letvD ... v e QX be weight vectors and let ¢y, ...,c, € Q be coefficients. The
coeflicients may have either sign. Define the mass of an m-set by

f(8) = Z AN (60)

t=1 ieS
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For each component, define suffix sums

pan= 3 [
Ac{i,...,K} jeA
|A|=k

An empty product is one; an impossible subset size gives zero. In particular, E,(K + 1,0) = 1 and
E¢ (K + 1,k) =0 for k # 0. The recurrence is

Ee(i,k) = E¢(i+ 1,k) + vV E(i + 1,k - 1). 1)

Algorithm 9 Direct subset sampling and orientation

Require: Weight vectors and coefficients in (60), with f(S) > 0 and }s|=p, f(S) = 1; anchor w.
1: Compute E¢(i, k) by (61) fori =K,...,land k =0,...,m.

2: SetS «— @,k —m,andap «—cefor{=1,...,r.

3: fori=1,...,Kdo

4 Compute W = 37, acE¢(i, k) and Wi, = 33, agvf[)Eg(i +1,k-1).

5: if W <0or W, ¢ [0, W] then
6.
7
8

Enter the local error state of Appendix A.1 and stop.

end if
if an independent uniform coordinate is less than Wj,/W then
9: Set S «— SU{i}and k «— k — 1.
10: Set ap «— agvl{[) for every €.
11: end if
12: end for

13: Draw j € S with probabilities «; () from (16).
14: Return U = S\ {j}.

Lemma 23 (Sampling nonnegative sums of products). Under its stated hypotheses, Algorithm 9 samples S
with law f. Its output satisfies

Pr(U) = ) fF(UU{jDe;(UU{j}).

Jjeu

It uses O (rKm) rational operations and at most K + 1 uniform coordinates. Every reached prefix has W > 0,
so the local error test never fires under exact sampling.

Proof. Fixi € [K] and a prefix A C {1,...,i — 1} reached before arm i is processed. With k = m — |A]|, its
compatible completions are

C(A,i)={AUB:BC{i,...,K}, |B| = k}.

The algorithm has a¢ = c¢ []jea vg.g). Expanding the suffix sums in (61) gives

w= 3 f(S),
SeC(A,i)
Win = Z f(S)
SeC(A,i)
ieS
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In particular, 0 < Wi, < W.

We prove by induction on i that the probability of reaching a prefix A equals its completion mass W. At
i = 1 this mass is 25|, f(S) = 1. If a reached prefix has mass W > 0, the two branches in Algorithm 9
have probabilities

W.
Pr(reach AU {i}) =W Wlln = Wi,
and
W.
Pr(reach A after rejecting i) = W (1 - V[I/n) =W — Wi,.

Both equal the completion masses of their respective prefixes. A zero-mass branch is reached with probability
zero, so every evaluated denominator is positive. Ati = K + 1, the completion mass of a reached m-set S is
f($).

Conditional on S, the independent orientation coordinate removes j € S with probability a;(S). Summing
over j proves the stated law of U.

There are (K + 1)(m + 1) suffix entries, each using at most one addition and one multiplication. The
loop uses O (rK) further operations and at most K coordinates; orientation uses O (m) operations and one
coordinate. The totals are O (rKm) exact rational operations and at most K + 1 coordinates. O

Lemma 24 (Direct sampling after collection). Suppose an assignment ends at cutoff u, and collection finishes
at commitment t before the next grid boundary and before stability failure. Let n, ; count the nonreserved

rounds in [u,t), set k = (1 — h)™+*1/h, and define

ft(S) = Qw;(S) + K(Qwu (S) - Qwu_l (S)) (62)

Then f; is a probability distribution. Algorithm 9 with the three components

1 K —K
[N ) (V(Z)ac2) = (W ’—)’ (V(3),C3) = (W —1$—)

! Z(Wt)) T Z(wa) U Z(wun)

returns the within-episode commitment law v; used by Algorithm 7. With one component (w, 1/ Z(wy)), its

output law is p,,, the initial and post-grid commitment law in that algorithm. For comparison, the logical

refresh law pg in (23) is sampled using the two components

1 1-nh
(1) _ - - (2) = I a—
v ’Cl)_(wm’hZ(wm))’ v (WS’ hZ(ws))'

(v(l),cl) = (W

Proof. For every permitted update before stability failure, Lemma 5 gives

Ow, (S)
1+h

In particular, the update on round u — 1 satisfies Q,,,(S) > (1 — h)Q,y, ,(S). Scores do not change on
reserved rounds, so iteration over the n,, ; nonreserved rounds of [u, t) gives

Qu, (8) = (1= )" Qu, (5).
Substitute x = (1 — h)™*!/h into (62). The preceding two inequalities imply
fi(8) = 0w, (8) + k(Qu, (8) = Q. (5)
. %(Q%m = (1= 10w, (9))
> 0.

Ow,n (S) 2

2 (1= h)Qw, (S).
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Since each Q has total mass one, ¥ s\ f;(S) = 1. Thus f; is a probability distribution.

The anchor w is fixed during the episode, so the orientation probabilities o (S) are identical in all three
terms of f;. Applying (16) term by term gives

Z [(UU{jNe;(UU{j}) = pw, (U) + k(pw,(U) = py, , (1))

Jjeu
= Vt(U).

The last equality is (45), and Lemma 23 now gives the three-component sampler. With one component the
same lemma samples Q,,, and then p,,, after orientation.

For the two-component logical refresh at round s, the set mass is

Qws+1(S) - (1 - h)Qws (S) >0
A = L.

Its total mass is (1 — (1 — h))/h = 1. The orientation identity and (23) give the law pj. O

The point of Lemmas 23, 24 and Algorithm 9 is computational. Directly tabulating the commitment law
over all m-subsets would require & ( (5 )) probabilities, which is exponential in general. Lemma 24 represents
the required law using three product components, and Lemma 23 samples from this representation in O (Km)
rational operations without enumerating the state space.

Lemma 25 (Finite sampler coupling). For every fixed reward matrix and reserved row, we can couple the
finite and ideal reference executions as follows. Define their projected behavioral trace to contain actions,
observations, comparison and decoder outcomes, encoded and accepted words, and all score, clock, and
local-state registers. Exclude raw sampler coordinates. In a saved record (s, j, y,v), replace the raw field v
by its vector of all admissible future contributions

(‘rl/k (¥ V))keZﬁ[0,4bN r

where Y is defined in (41). This projection is for analysis only; the implementation still stores v. Let Trigeal
and Tranite denote these projected traces. Then

Pr(Trigeal # Trfinite) < C(K2 + bN)Tz_Lbil = Esamp-

For any functional of Tr with range in [-mT,mT], the two expectations differ by at most 2mT €y, for any
event determined by Tr, the two probabilities differ by at most €samp.

Proof. Put & = 271t and C := Cow, the fixed coordinate namespace defined in Subsection B.4. For
the selected row J, abbreviate Vs . := Vj .. For (s,c) € [T] x C, couple V5. ~ Unif([0,1)) to
Vflg = ¢|V;./€]. Couple the masks, certified code, bootstrap arrays, and affine-hash bits identically in the
two executions. Their bounded-sampler exhaustion is accounted for separately in the public-construction
analysis. The row is sampled before play, but its coordinates are exposed in the order the protocol reads them.
If the same threshold @ € [0, 1] is applied to a paired coordinate, then unequal Boolean results imply

Vs.c € la,a +¢). (63)

A draw with g outcomes has at most ¢ — 1 cumulative thresholds.

Algorithm 10 reserves independent coordinates for each potential call site in a control row, even when its
branch is not taken. The injective tuple (Ry, ..., Rg) of Section 6 can be generated by successive uniform
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draws from sets of sizes K, K —1,...,K—m+ 1. Its rthdraw, O < r < m, has K —r — 1 cumulative boundaries.
On DATA, Algorithm 5 uses the m independent pilot arms Py, ..., P4, each with K — 1 boundaries; its
coordinator fast-arm draw has |[K] \ U| — 1 = K — m boundaries.

The row’s three-way slot choice has two boundaries. Its selected follower and DATA recorder-source
choices have d — 1 and m — 1; the proposal bit of Algorithm 3 and the immediate thinning test of Algorithm 6
have one each. In Algorithm 9, the loop over i € [K] makes at most K binary inclusion comparisons, and the
final orientation among m arms has at most m — 1 boundaries. Therefore, with By, denoting the boundary
budget for comparisons made at that round and for its fixed proposal bit,

m—1

Biow 1= Z(K—r—1)+m(K—1)+(K—m)
r=0
+[2+@-D+m-D+1+1]+K+(m-1)

— 2mK + 2K — (’;) <2K? + 2K = O(K?).

There are at most 2m + K + 7 = O(K) coordinate call sites in this allocation.

For each potential call (s, c), let JZ; . be the sigma-field generated by the masks, code, bootstrap arrays,
affine-hash bits, J, private bootstrap randomness, and the protocol history and scalar row coordinates exposed
before this call, but not Vi .. This is an exposure sigma-field: the protocol has not used the remaining
published coordinates to determine the current threshold. Let A . be the set of cumulative thresholds
determined by J% ., with A . = @ if the call is skipped. The independence of J and the control rows
(Proposition 3) gives

Vs,c iR jfiv,c-

Thus the other construction randomness may affect A . but does not affect the following conditional estimate.

Define ,
Eon = U U U {Vs,c € [a,a + 8)}

s=1 ceC acAg

Conditioning before each coordinate and using (63) gives

Pr(Eon) < Y B[Pr{Vi o€ | ] [a,a+e)|Hcp| <& ElAscl < TBrows < CK'Te.  (64)

s,C a€Ag ¢ s,C

A thinning coordinate saved by an unoccupied follower is tested only after a DOWN acceptance. Its
namespace is cpin = thin, distinct from the independent recorder-source coordinate rec. Write V := V ...
and VS(L) =V Ifthe parsed rate exponent is k, its thinning threshold in (41) is ax = 4dK27%/¢, where

§,Cthin

k € ZN [0,4bx] by the DOWN parsing range. Define the fixed set and event

D :={ax:k€Zn[0,4bN]} N[O, 1],
T
Eeei=| ) (JVs gay # VY < a}).
s=1 aeD

The event includes every recorder position, whether or not it is eventually saved. Since |D| < 4by + 1, (63)
and a union bound give
Pr(Erec) < T(4bn + 1)e. (65)
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This bound is uniform over the exponent selected by any later parsed DOWN word, including an incorrectly
accepted one. If a; > 1, both thinning indicators equal one, so it needs no entry in . Consequently, by (41),

c
on Ef,. we have

(3, Vs) = (0, V) forall s € [T], k € ZN[0,4bN], y € [0,1]. (66)

On (Eoy U Erec)€, induction over local operations gives identical projected traces. Online comparisons
agree until the first possible difference, and (66) makes every admissible later use of paired saved records agree.
The raw fields V, and VS(L) need not be numerically equal and are not part of the projection. Equations (64)
and (65) yield the claimed probability bound.

Let F, Fr € [-mT,mT] be the values of the same functional of Trigear, Trfinite- They agree when the traces
agree, SO
|EF —EFL| < E|F - Fr| <2mT Pr(F # Fr) < 2mT €gamp.

Applying the same inequality to event indicators gives the event bound. O

The complete reference regret and the decoder and stability events are determined by this projected trace.
Thus replacing the ideal coordinates by their Ly;-bit implementations changes those expectations by at most
2mT €gmp and those event probabilities by at most €gamp, as required in the main proof.

9.2 Storage and bit complexity

Proposition 26 (Finite implementation complexity). On the construction branch, the public description
has O(N*log N) bits and can be constructed using 0 (N*) bit operations. The total bootstrap-decoding
costis O (N°2), and the total post-initialization communication-decoding cost is O(mT log®> N) on every
execution. The latter improves to O (T log® N) when all active players use the same row. All remaining online
computations have polynomial bit complexity in K,m,T.

Moreover, the bounded integer-sampling implementation is total, and the probability that any capped
constructor or private-bootstrap draw reaches its cap is at most N —40,

Proof. We use the parameter estimates established in the proof of Lemma 29:
mB. =O0(VN),  Sc1 =O(N?),  Qur = O(N?),

together with
mT <N, KT <N?,

and the fact that every arm, message, column, and sampler coordinate has O (log N) bits.

Public construction. The raw arm arrays contain
O(mT Scor)
entries, while the stored message permutations contain
O(mB4Sco1Qarr) = O(N*)

labels. The reserved masks use MT < N3 bits. By Lemma 25, the finite learning/control rows contain O (K?)
O (log N)-bit coordinates per row and time, and hence use

O(MTK?1log N) = O(N*1log N)
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bits. The certified code is only polylogarithmic in N. Thus the entire published description has O (N*1og N)
bits.

The same counts show that the constructor performs at most O(N*) finite sampling, permutation, and
table-entry operations. Each such operation involves O (log N)-bit quantities and bounded rejection sampling
with O(log N) attempts. Hence the total construction cost is O (N*) bit operations.

Decoding. At a complete bootstrap block boundary, checking one sender column requires a pass over at
most 7 positions and Gaussian elimination in O (log N) binary unknowns. Its cost is therefore

O(nlog*>N).

Each receiver has at most three neighboring senders, so the number of sender-column checks over all blocks
is O(mB,Sco)). Since Byn < 2T,
O (mB,Scqnlog? N) = O(mTSeq 10g> N)
= O(N?).

For the post-initialization affine channels,
B’ Qdec = 0(10g N)

A full decoder decision solves at most Q4. €quations in B binary unknowns and hence costs 0(log3 N) bit
operations. Each player makes at most one channel decision on a calendar round, so the unconditional total
cost is

O(mT log> N).

When all active players use the same row, its common slot and selected follower enable at most one receiver
channel per round. This gives O (T log®> N) for synchronized executions, including the reference.

Remaining online computation. It remains only to check that exact learner and scheduling arithmetic uses
polynomial-size operands and polynomially many operations.

The quantization denominator satisfies D = O (N?) and every score lies in [0, 7D]. Hence an exact weight

(D + l)z"
Wi:
D

has numerator and denominator of polynomial bit length. Products, elementary-symmetric-sum dynamic
programs, and the at most three rational components used by the commitment sampler therefore also have
polynomial bit length. The proposal probability # has O (log N) bits, while

1=h ny+1

has polynomial bit length as well. All message fields have O (log N) bits.

There are at most 7 commitments and O (mT) local round updates. The loops appearing in the learner,
recorder, scheduler, and direct sampler have lengths polynomial in K and m, and the sparse observation lists
contain at most 7" records per follower. Consequently all remaining online computations use polynomially
many arithmetic, comparison, hashing, and list operations on polynomial-bit operands. Their total bit
complexity is therefore polynomial in K, m, T.
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Finally, the constructor and private bootstrap together make O (N*) bounded uniform-integer draws, and
hence at most N* such draws after enlarging the fixed branch constant if necessary. A single rejection attempt
succeeds with probability at least 1/2, so with

Aeap = [45 log, N
a particular call reaches its cap with probability at most 27 % . Therefore
Pr{some bounded sampler reaches its cap} < N 2 %w» < N~40,

The prescribed fallback rules define the execution even on this event, so the finite implementation is total. O

56



A Exceptional executions

The decoder estimates apply through the first weight doubling. A decoder failure does not terminate or
condition the logical learner in the reference execution.

A.1 A total local algorithm

The following convention defines every action even after an erroneous declaration or decode. It uses one
absorbing error state, denoted T, for each player. Before performing a local operation, check that its inputs
belong to their stated finite domains. In particular, arm labels must belong to [K], scores to Z N [0, T D],
increments to Z N [0, D], and time fields to [0, 7T + 1]. Every required denominator must be positive. Each
Bernoulli parameter, including a thinning or mixture parameter, must belong to [0, 1]. For the slow-set
sampler, apply these checks to the scalar probabilities and normalizers that its successive sampling steps
actually evaluate (Section 9.1). The local record must specify exactly one applicable action branch. A
computed value is checked before it is stored or used in another operation.

Let ® be one specified local operation, with input domain dom(®) and allowed output set Dg. Apply its
total extension

(67)

_ {CD(x), x £, x € dom(®), ®(x) € Do,
@ (x) = .
T, otherwise.

The first branch evaluates the operation only after its input-domain checks. Once the state is {, no learning or
transport update is performed.

A decoder rejection is an ordinary operation and does not enter f. In the error state the player plays arm
i + 1 on active nonreserved rounds and continues its bootstrap-array action on declared reserved rounds. Since
0<i<d=m-1 <K, this arm always exists. Bootstrap updates and activation retain their own specified
finite-domain convention.

Lemma 27 (The error state is unused on valid executions). Use the construction-branch rate choice of
Section 8 and suppose the public constructor has published a table. If the bootstrap states and activation
times agree with the reference execution, every accepted message is the message currently sent, and the
feasibility and stability bounds of Section 5 hold through round t. Then no learning or transport operation
enters T by round t.

Proof. Order the learning and transport operations through round ¢ by round, within-round step, and player
label, and write them as oy, ..., 0. We prove by induction on g that after oy, ..., 04 no player is in T, the
physical and reference local registers agree, and the registers and calendar-round scores satisfy the following
bounds. For 1 <s<r,0<v<t+1,j€[K],andi € [d], they are

A() €Z010.D]. Z;(v) = ) A(j) €20 [0.7D],

r<v
Sic; €ZN[0.TD], 6 €Zn0,D], (68)
state; € {0, 1,2}, P C [d].

The assertion holds for g = 0: bootstrap states and activation times agree by hypothesis, z = § = § = 0, the
UP placeholder is (0, 0, 0), and the published table supplies symbols in their prescribed alphabets. Assume
the assertion holds through o, for some g < L. Since every accepted word is the currently encoded word,
Lemmas 17, 18, and 19 apply to this common prefix.
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Increments and score registers. For each selected owner i and arm j, feasibility gives N™* < ¢ ;7 and
n <& <2/(AmK). Since Y; s € [0, 1], the recorder’s increment satisfies

A = {LD”Y""‘/@J’ LS ocad) <.

0’ IS i j’
Every score and collection sum contains at most 7 such increments, so it lies in [0, 7D]. Lemma 17 gives the

same bound for a follower’s sum after delayed DOWN acceptance.

At a commitment, either o = 0 or £ = @ by Algorithm 7. In the first case the coordinator sets
z(¢) = 0 = Z(¢). In the second, Lemma 15 gives

Za[(u) = Zai(o—) + Si = Za[ (u)’
z(t) = z(u) + (1) = Z(1),
Z(u—1) = Z(u) = Ay_1.

Lemma 18 supplies the asserted value of S;; the induction hypothesis supplies z(o) = Z(o"). Hence the
reconstructed scores lie in [0, TD].

Sampling operations and probabilities. The parameter and stability bounds yield
wi=(1+1/D)% >0,
0<h=4AmKn< 1, 0<y<l.

Lemma 5 gives py > 0 and Y ;; ps(U) = 1. For its direct sampler, the underlying m-set mass is

Qws+1 (S) - (1 - h)Qws(S) >0
7 Z Y,

HOE DL FE) =1

|S]=m

Lemmas 20 and 24 give the same properties for the within-episode mass f;; at an initial or grid commitment
the mass is Oy, .

Write f for any of these nonnegative m-set laws. At a sampler prefix (A, i), its total and inclusion masses

are
w= ). [,
SeC(A,i)
W= >, f(S), 0<Wn<W.
SeC(A,i)
i€eS

Initially W = 1. If W > 0 and the coordinate v € [0, 1), the chosen branch has mass

W, — Win’ v < ‘/Vin/W’ S O
W =W, v=Wy/W

Indeed, the first branch requires Wi, > vW > 0; the second requires Wi, < vW < W. Thus W > 0 at every
reached prefix, also for finite coordinates. At termination |S| = m and ;g w,:‘ > 0, so orientation chooses
j€S.ForU =S\ {j}, the fast-arm denominator satisfies

w
Z l—k_ > 0.
P + Sywg

Moreover [U| =d and |[K]\U|=K-m+1 > 2.
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For each selected owner i and arm j, feasibility and (35) also give

&j
O Wsmine ="

The denominator is positive because s;7;(j) > 0 on the owner event and ¢ > 0. The arm rule chooses an
element of [K], and the recorder chooses at most one Iy € [K] U {L}.

Message fields and local transitions. At a commitment the DOWN word and, at a cutoff, the ENDPOINT
word are
MPOWN = (o,ai,e,—1og, &4,), MLEND = (o, S, 6;).

The bounds above and Lemma 16 put these words in their parsing alphabets. The decoder output belongs to
{1} U {0, 1}5; a nonparsing word is rejected, while an accepted word is current by hypothesis. Lemmas 18
and 19 give state; € {0, 1,2} and P C [d]. At the first cutoff, ¢ = 0 and P = [d]. The cutoff lies in [T + 1],
and the coeflicient remains defined since

1-h
KE{O,T(l—h)qIQE{O,...,T}}, h>0.

The local record, published row, and current observation determine exactly one action branch. Thus o, has
a valid input, produces an allowed output, and makes the same update in the physical and reference executions.
It does not enter T and preserves (68), proving the induction step.

Taking g = L proves the claim through round ¢. O

A.2 Decoder error bound

Proof of Lemma 8. Work in the product-stream reference execution, through the first round of a stability or
feasibility failure; stop each batch thereafter or at the horizon. Put Q = Qg4ec. For one completed batch on a
directed channel, let r; < --- < rg be its positive-test rounds, and let M, € }Ff U {_L} be the word encoded on
that channel at round r.

An admissible wrong word was not sent in its batch. Suppose a candidate M passes the acceptance test at a
decision time ¢ but M # M,. Then
My, #M  (q€l[Q]. (69)

Indeed, suppose M, = M for some g. On a DOWN channel, M is a fixed assignment record with start field
o = M.o. Let P/ be the value of P at the arm-choice step of round ¢, and let o;(¢~) be follower i’s last
accepted DOWN start before its decoder decision at .

Suppose first that the coordinator still retains the assignment starting at o-. On a DOWN round selecting i, it
encodes M whenever i € P, by Algorithm 5. Hence M, # M impliesi ¢ P, . If ¢ precedes this assignment’s
cutoff, i was removed from £ by a DOWN receipt in an earlier round. Lemma 11 implies that i was occupied
when that receipt occurred. At the start of this assignment i was unoccupied, and in the reference execution it
can become occupied only by accepting M; thus i accepted M before round ¢. If ¢ is at or after the cutoff,
was reset to [d] there, so i ¢ P, implies that the coordinator accepted i’s ENDPOINT before round ¢. By
Lemma 19, that ENDPOINT is offered only after i accepts M.

Suppose instead that a successor assignment has been committed by round 7. By Lemma 19, the coordinator
accepted i’s ENDPOINT for the o-assignment before that commitment. Hence i accepted M in both cases.
Since accepted DOWN start fields strictly increase, every case gives 0;(t~) = M.o, contradicting the DOWN
acceptance condition o;(¢7) < M.o in (40).
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On an UP channel, acceptance requires M.o- = o > 0 and i € P, so M is not the initial placeholder. By
Lemma 19, this assignment’s ENDPOINT remains fixed until a newer DOWN record is applied. A successor
assignment cannot be committed before this ENDPOINT is accepted. Hence, if M; # M, eitheri ¢ P or the
current assignment has start time greater than M.c. Both contradict UP acceptance. This proves (69).

One-batch estimate. Fix a channel (UP or DOWN), a batch start , and a deterministic candidate M € Ff .
Recall from Section 6.1 that this channel’s round-r hash is H, (x) = ¢, - x ® b,., with a fresh pair (c,, b,-). Let
7, be the round of the g-th positive test in this batch before stopping, with 7, = oo if that test does not occur.
Set

Dy :={ry <o, My; # M, H;,(M) = 1forall j < g}.

Conditional on the history H,, at the batch start, we claim
Pr(Do | Ha) <279, (70)

To prove this, let H,~ contain the information available before (c,, b,) is read. Let A, indicate that round r
adds a positive test to this batch. If M, ¢ {M, 1}, the affine hash values (H, (M,), H,(M)) are independent
fair bits conditional on H,~. If M, = L, the channel action and A, do not use this hash, including before
activation. Consequently,

_ 1 _
E[A,1{M, # M, H.(M) = 1} | H | = EE[Arl{M, M} | H,]. (71)
Write N,_; for the number of tests already in the batch before round r, and let I, , indicate that the batch is

active, N,_; = g — 1, and D,_; holds. This indicator is " -measurable. Summing (71) over the possible
round of the g-th positive test gives

T
1 1
Pr(Dy | Ha) = 5E Z I, A (M, #+ M} ‘m] < 5 Pr(Dy-i | Ha).
r=a
The inequality holds because the g-th test can occur only once. Iteration for g = 1, ..., Q proves (70).

Union bound and decoding time. Let Epys. be the event that a completed batch has a unique solution
M # M, passing the acceptance test. Such an M solves every retained equation, so H,, (M) = 1; (69) supplies
M,, # M. There are at most 2d channels (UP or DOWN for each follower), and each has (T + 1) possible
batch-start rounds « € [T + 1]. Thus there are at most 2d(T + 1) batches and 28 candidate words per batch.
Since N = 2Km(T + 1), (26) and (70) give

0
Pr(Eqise) < 2d(T + 1)2872 < N¥92BC < —
I'( false) ( ) IN4

Let E,mp be the event that a batch consisting of positive tests of one fixed awaited word M* has more than
one solution. The transmitted M* solves every equation. Any other solution M satisfies M,, = M* # M and
H,, (M) = 1 for all g. The same conditional estimate and union bound yield

)
Pr(E < —.
( amb) 2N4

The bound is uniform when M* is chosen from the batch-start history. The union bound gives
Pr(Efalse U Eamb) < (5/N4.

On (Efyse Y Eamp)©, no completed batch has a unique solution different from the word currently encoded
on its channel that passes (40), and no completed batch formed entirely from one fixed awaited word has
multiple solutions.
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Suppose M* becomes awaited when its receiver’s batch contains n € {0,...,Q — 1} equations. After
QO — n further positive receiver observations, the decoder decides that batch and clears it. The batch may
contain equations from a preceding word. If M* is still awaited, the next Q positive observations form a new
batch whose transmitted word is M* throughout. Hence M* solves every equation in the new batch; on E_
it is the unique solution and passes (40). Thus, if service continues for (Q — n) + Q < 2Q further positive
observations, M* is accepted.

Finally, solving Q binary equations in B unknowns costs O(QB?) = O (log® N) bit operations by Gaussian
elimination; parsing costs O(B). This proves all assertions. O

B Public construction and bootstrap communication

This appendix specifies the public table and proves its simultaneous guarantees. The mask and arm-array
properties hold for all reward supports and actual bootstrap messages; the finite-row bound holds for all
rounded reward matrices. The constructor samples once and does not test these universal properties of its
output. As throughout the paper, ¢, C > 0 denote universal constants whose values may change between
appearances. All probability arguments in this appendix use the exact sampling laws displayed in the
algorithms. The bounded implementation is compared to those laws by the rejection-stream coupling of
Section 4, with cap exhaustion charged separately.

B.1 Public construction and reserved masks

Recall from Section 4 that M = N? is the number of published learning/control rows. Recall also the
construction branch (11), the fixed concentration constant Cy, the reserved-round probability p, the bootstrap
block length 7, and the finite-coordinate precision Ly = [641og, N]. These are precisely the parameters
needed by the public constructor below.

Algorithm 10 samples the masks, certified code, bootstrap arrays, and finite learning/control rows in that
order, using fresh randomness at each stage.

Algorithm 10 Construct and publish the public table
Require: K,m,T.

1: if £k, T < CbV then

2 Publish the fixed-arm fallback flag; stop.

3: end if
4: Sample C;; ~ Bernoulli(p) independently for j € [M] and ¢ € [T].
5: Using randomness independent of the masks, construct the certified code G of Subsection B.3.
6: if code certification fails then
7.
8
9
0

: Publish the fixed-arm fallback flag; stop.
: end if
: Sample the label permutations and raw arm-array coordinates of Subsections B.2 and B.3.
: Independently sample M finite learning/control rows as defined in Subsection B.4, using Ly bits per
scalar coordinate and independent fair affine-hash bits.
11: Publish all masks, the certified code G, every label permutation rs  ,,, all raw arm-array coordinates,
and all learning/control rows.

1

On successful construction, the published table has the following components. The index ranges and
sampling laws for the bootstrap columns are specified in the cited subsections.
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Component Stored data Detailed construction

Masks C =(Cq.1)germ], te[T)> With Cy ; € {0,1}.  Algorithm 10.
Code G € Fga“XB ar_ shared by all bootstrap Subsection B.3 and Lemma 28.
columns.

Bootstrap arrays  For each player s, block b, and column w, Subsections B.2 and B.3; Figure 2.
the published permutation ns  ,,; for each
position ¢, the variables As p.v.r5 Ds.p.w (1),
(aO,s,h,w,tv al,s,b,w,t)’ Js.bow,t>a0d Zg b vy 1,
determining the arm maps c; p.w (v) and
ds,b,w,l (V)
Control rows (Rg4)ge[m1» With the finite coordinate and ~ Subsection B.4.
hash namespaces specified in Subsec-
tion B.4.

Table 1: Components of the public table on the construction branch.

The decoder uses the published rows of G in (84). The maps cg p w,r and ds p, ¢ are determined by
G and the published raw coordinates and need not be sampled separately. The code constructor does not
inspect C. Thus G is independent of C, and the primitive bootstrap-column draws have their stated laws
conditional on every fixed mask realization. The fixed-mask condition in Lemma 29 is used when proving its
reserved-position property A7.

Algorithm 10 specifies exact sampling laws. Its finite realization replaces each finite-set uniform draw by
the bounded sampler of (6) and publishes the fixed-arm fallback flag immediately if a public call exhausts its
cap. On the event of no public exhaustion, its output agrees with the exact-sampling construction under the
rejection-stream coupling.

For the rest of this appendix abbreviate A := Ayey, the authentication-key alphabet size defined in Section 4.
Use the player labels O, ..., m — 1 of Section 5, with root 0. Each nonroot i has parent | (i — 1) /2] and ordered
children 2i + 1, 2i + 2 whenever these labels are below m. Write d; < 2 for its number of children.

B.2 Scalar messages

Independently of the root’s uniform J € [M], each nonroot player draws a uniform authentication key
U; € [A]. The root has no parent and, since m > 2, is an informed internal node; its rule never uses a key.
Encode J — 1 = Jy + AJy, with Jy,J; € {0,...,A —1}. Let L denote the distinguished absent/unknown
symbol, which is not an element of [A]. Foru € [A]and 0 < ¢ < d;, k € {0,1}, 0 < v < A, and
e € [A] U{Ll}, define

DISC(u) :=u — 1,

and

0, e=1,
ROOT(c,k,v,e) :=A+ ((2c+k)A+Vv)(A+1) + ¢
e, ec€[A].

As these arguments range over their stated domains, the DISC and ROOT labels give a bijection onto
{0,...,A+2d;A(A + 1) — 1}. Denote this native alphabet by .#;; thus |.#;| = A + 2d;A(A + 1) = O(A?).
Set By = [log, max; |.#;|], the raw-address width, and pad all alphabets to Q;; = 25+ labels; unused labels
are invalid.
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Recall S¢o from (12) and abbreviate Sg := S¢o1. To index both complete blocks and the possible final

incomplete block, set

T + .

B, :=|—], Iy ={(b-1n+1,...,min{bn,T}}, b€ [B,].

n
For every player s € {0,...,m — 1}, block b € [B.], and column w € [Sp], store an independent uniform
permutation 75 5\, Of the O, labels and its inverse. Raw addresses are v € Ff **, To send a native label u
in sender-block pair (s, b), first fix the complete message, then choose a fresh uniform column w and use
address ns‘}? (). When s and b are fixed, we suppress them and write simply 7,,.

B.3 Certified code and raw arm arrays

Lemma 28 supplies a short binary linear code with this separation property and an exact polynomial-time
certificate.

Lemma 28 (Certified binary code). For every integer B > 1, there is a randomized algorithm which, on
success, outputs an integer H' and a matrix G € Ff "*B \which satisfies,
, . H'
H' <1024B, rankg, (G) = B, min ||Gx||; = —. (72)
xeFB\(0} 8

Moreover, each trial uses poly(B) bit operations and has success probability at least 3 /4. Consequently,
after [801log, N independent trials, the probability that no code is produced is at most N~'%,

Proof. Set

r = [log,(4(B + 1))], g=2", k = {ﬂ . (73)
Then

4B+1)<qg<8(B+1), 2k <2(B+1)<q. (74)

We first construct an inner binary code of dimension r. Sample a matrix
A ~ Unif (F}7),

meaning that all 1287 entries of A are independent fair bits. For a fixed u € I \ {0}, the coordinates of Au
are independent fair bits, and therefore

lAull; ~ Bin(128r,1/2),  EllAull; = 64r.

The lower-tail Chernoff bound [BLM13, Chapter 2] gives

1/2)?
Pr{||Au||; < 32r} < exp(—( /2 ) 64r) =e %, (75)
Hence, by a union bound over the 2" — 1 nonzero inputs,
1
Pr{min||Au||1 < 32r} < (2 =1)e® < ¢ Bloedr o _ (76)
u#0 4

The trial accepts A precisely when

|Aul|; = 32r for every u € F; \ {0}. a7
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Because 2" = ¢ = O(B) by (74), this condition is checked exactly by enumerating all nonzero u, using
polynomially many bit operations.

Next construct the outer evaluation code. Enumerate monic binary polynomials of degree r until an
irreducible polynomial # is found, and identify

F, = FalZ1/(h(2)).

There are 2" = O(B) monic degree-r candidates, and irreducibility is checked by exact polynomial arithmetic,
so this step also takes poly(B) bit operations. Let

¢:F; —F,
be the coordinate isomorphism in the polynomial basis 1, Z, .. ., 7"~ and define the certified inner encoder
E(a) = A¢(a) € Fygr.

Choose 2k distinct elements S, . . ., Box € F,, which is possible by (74).
Forx € Fg , append kr — B zero bits and split the resulting kr-bit vector into k consecutive blocks in F.

Via ¢~1, denote the corresponding field elements by ag(x), .. .,ax-1(x) € Fy, and set
k-1
pr(X) = ) as(x)X* € Fy[X]. (78)
s=0
Define
C(x) = (E(px(B1)), ... E(px(Bax))) € Fy", H' =2k(128r) = 256kr. (719)

Every map appearing in (79) is F,-linear, so there is a binary matrix G € ]Ff "*B guch that C(x) = Gx.

If x # 0, then p is a nonzero polynomial of degree at most k — 1. It therefore has at most k — 1 roots in F,.
Among the 2k distinct evaluation points,

#{j € [2k] : px(B;) #0} = 2k — (k= 1) =k + 1. (80)
For every such j, ¢(px(B;)) # 0, so the exact inner certificate (77) implies

IE (B, = 32r.

Summing the £; norm of the 2k disjoint blocks in (79) gives

4

H
IGx|ly = |IC(x)|l1 =32r(k+1) > 32rk = < (81)

Thus Gx # 0 for every x # 0, so rankg, (G) = B as well.

It remains to bound the length and the failure probability. Since k = [B/r], then kr < B+ r. For B > 1,
4(B + 1) < 238 hence r < 3B and therefore

H' =256kr < 256(B +r) < 1024B. (82)

The matrix G can be materialized by evaluating C on the B standard basis vectors, again in poly(B) bit
operations. Finally, by (76), one trial fails with probability at most 1/4, and therefore

(1/4)[8010g2N] < 2—16Olog2N — N—16O < N—IOO.

This proves the lemma. O
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arr X Barr

Apply Lemma 28 with B = By, and denote its returned matrix by G € ]F;I
G; e FP, j € [Hyl.

We now define one raw arm array formally. Recall that a is the listening probability. For every player
s €{0,...,m—1},block b € [B4], column w € [Sy], and position ¢ € I, independently sample

. Write its rows as

As,pw,e ~ Bernoulli(ag),  bypw(2) ~ Unif([K]),

(a0,5,b,w,1+ A1,5,b,w,e) ~ Unif{(ao, a1) € [K]* : ag # a1},
js,b,w,t ~ Unlf( [Harr])s Zs,b,w,t ~ Unlf(F2)

Thus js . w.; is the sampled code-row index and z5 p v ; € {0, 1} is the fair binary offset. Define the listening
set of column (s, b, w) by
~£s,b,w = {t € IZ; . /ls,b,w,t = 1}

When the player s and block b are fixed, we suppress those indices and write L,,, b, (), (ao, a1), jw.:, and
Zw,t- Set
Cyw(t) = AGj, 1 V®zw.s>
b(t), teL,, (83)
dy (= {700 L
Cv,w(t)’ ré ~£w-

With all indices restored, the address-dependent arm maps in Table 1 are

Cs,b,w,t(v) = Cv,w(t)a ds,b,w,t(v) = dv,w(t) (V € Ffma re I;)

The fresh offset makes any fixed candidate’s arm uniform independently of its row index. Symbols are
independent across positions and columns; addresses in the same column are correlated. The permutations
are therefore retained explicitly and are not replaced by identity labels.

[Player s, block b: S¢ public columns w € [SO]J
v

”—)l
Ey € My —— VGF?‘“}
7
position ‘ listen arm pair row  offset
n /lw,tl by (tl) (aO,w,tl > Al,w,n ) jw,t] 2w,
Iy /lW,tr bw([r) (aO,w,tr, al,w,tr) jw,tr Zw,ty

S r——
;

byw(t), Aws=1,

Crw(t), Awys =0.

dv,w(t) = {

Figure 2: One public arm-array column, where I = {t; < --- <t,}. The code matrix G is shared across
columns; ag, a; in the candidate formula are the pair stored at position ¢. Player and block indices are
suppressed inside the column.

Thus a column stores 7y, and (¢, by (1), (A0 .15 A1w.1)s Jwots Zw,z)telg- The functions ¢, ,, and d, ,,
are computed from these data and the shared matrix G.
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B.4 Finite learning/control rows

Let B = 4[log, (T D + 1)] be the message width from Section 6. The fixed scalar-coordinate namespace is

Crow = {slot, sel, rec, fast, thin, prop}
U {tuple,, pilot, : 0 <r <m} U {commit, : 1 <r <K + 1}.

It has 2m + K + 7 elements. For each (q,1,c) € [M] X [T] X Cow, independently draw an integer Z ; .
uniformly from {0, . .., 25 — 1} using Ly fair bits, and publish
v = 2_Lbi‘Zq,t’c.

q.t,c

pL

For analysis, the coupled ideal row instead uses independent V,,. ~ Unif([0,1)), with V. =

2~ Lvie| 2oy, . |. The continuous coordinates are not published.

The names slot, sel, rec choose the slot, selected follower, and DATA recorder source. The tuple, and
pilot,. coordinates choose the injective arm tuple and DATA pilots; fast chooses the fast arm, while thin and
prop supply their binary tests. The K + 1 commitment coordinates supply Algorithm 9.

For every (q,t,0,i) € [M] X [T] x {DOWN, UP} X [d], independently sample
(¢qu.cris bga.cri) ~ Unif (B X Fa),
independently of all scalar coordinates. The published finite row is

L
Rq = ((V(;,z?c)t,c’ (Cq,t,O',ia bq,t,a,i)t,a,i)-

Rows are independent across ¢ and independent of the masks and bootstrap arrays. On a selected DOWN or
UP channel, the affine hashis u = cg s oi U ® byt 0 i-

B.5 Bootstrap decoding and outward protocol

Fix a block b and a receiver i. Let w; be the column chosen by i for this block, and abbreviate £; := L; , w,
and b;(t) 1= bipw,(1). Let A;p C IZ be the positions at which i follows its bootstrap array action. Its
positive listening set is

Pip = {l‘ e L;N Ai,b Y > 0},

where Y; ; is its observed reward. Before activation, A; ;, = I;}; after activation, it consists of the declared
reserved positions. Write P = P; ;, when i, b are fixed, and call |P| > e, the positive-observation quota.

The receiver knows the labels of its parent and children from the fixed tree, but a positive observation
carries no sender label. To test one neighbor j, the receiver compares the same set P with every public
column (j, b,w), w € [So]. Here j is a candidate sender: it selects an array family and the native alphabet
M ;5 it is not inferred from an observation.

For this test abbreviate L, := L; b w, Gk, w,t = Ak, jb,w,i> 'w(t) == Jjbwe>and 2 := 2j p . The
index ry, (¢) € [Hy] selects arow of G, whereas j labels the candidate sender. If 1 € P\ L, and b;(t) = ak
for k € {0, 1}, a candidate address v can explain the positive observation only if its candidate arm avoids
b;(t). By (83), this condition is the exclusion equation

Gr,iy v=00-k)®zy,. (84)

The two stored arms are distinct, so k is unique whenever such an equation exists. Coverage requires that
each row h € [H,] occurs in at least
[1P/(64K Hyrr) ] (85)
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exclusion equations. A solution v also has to pass

D Hejpwi(v) = bi)} < (64a0/K)|PI. (86)

tePNL,,

Algorithm 11 performs this test separately for each possible column of the specified candidate sender. Its
output may contain several pairs and does not assert which player caused any individual positive observation.

Algorithm 11 Decode the public columns of candidate sender j

Require: Complete block b, receiver i, candidate neighbor j, P; j,, and receiver listening arms (b;(2));ep, ,,-
1: Di<—j,b — 0.

2: if |P; p| < e, then
3: return D; ;.
4: end if
5: for each public column w € [Sy] of player j in block b do
6: Foreacht € P;; \ L; p,w with b;(t) = ai , for some k € {0, 1}, add equation (84).
7: if each row h € [Hyy] occurs at least [|P; p|/ (64K Hyyr) ] times then
8: Solve the equations over F,.
9: if they have a unique solution v and v satisfies (86) then
10: T paw (V).
11: if 4 € .Z; then
12: Append (w, i) to D p.
13: end if
14: end if
15: end if
16: end for

17: return D;.; ; in increasing column order.

Define the set of retained native labels by
Retijp:={ue.#;:(w,u) € Dijyp for somew € [Sp]}.

The actual message of player j in block b is denoted u; . The decoder does not receive u; p; its possible
retention is analyzed below.

Player i stores two digits j:o Z,l and, for each child j, a key list H;;. The root starts with digits (Jo, J1);
every other digit and every child list starts at L. Each is filled at most once. The row declared by i is

&7

i .
1, otherwise.

7 {1 +Jio+ AT, Tiodin £ L, 1+ Ti0+ AJi € [M],
Thus i is informed exactly when Ji# LIt parses a completed block if J; = L or some child list is L. Since
dp > 1 and Jy = J, the root never sends DISC.

Algorithm 12 constructs one message per block. At its end, the receiver calls Algorithm 11 once for each
neighbor whose message is needed, always using its own P; ;. The child’s DISC field supplies a possible key;
a parent’s ROOT label supplies a digit only when its destination and echo equal the receiver’s child index and
private key.
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Algorithm 12 Outward bootstrap at player i
1: for eacil block b in calendar order do
2: if J; = L or d; = 0 then

3 u « DISC(U;).
4 else
5: Draw ¢ ~ Unif ({0, ...,d; — 1}) and k ~ Unif ({0, 1}) independently; set j < 2i + 1 + c.
6: Set e « L if H;; = L; otherwise draw e ~ Unif (H;;).
7 u «— ROOT(c, k,fi,k, e).
8 end if
9 Draw a fresh w; ~ Unif ([Sp]) independently; set v «— ni‘,ll”wi (u).
10: At each position ¢ € I}, play d; p, .. (v) while inactive and on declared reserved rounds while active;
otherwise use the learning protocol.
11: Form P; ;, from positive observations at positions t € L; 5 ,,, where the bootstrap arm was played.
12: if block b is complete and parsing is required then
13: for each child j with H;; = 1 do
14: Run Algorithm 11 for (i, j, b) and set H < {u € [A] : DISC(u) € Ret;; 5}.
15: if H # ( then
16: H;j — H.
17: end if
18: end for
19: if i # 0 and some j;,k = 1 then
20: Set p; « [(i—1)/2] and ¢; < i — (2p; + 1); run the decoder for (i, p;, b).
21: for k € {0, 1} with J; x = L do
22: Vik —{ve{0,...,A-1} : ROOT(c;, k,v,U;) € Retip, p}.
23: if V; 1 # 0 then
24: Jix — minV; .
25: end if
26: end for
27: end if
28: end if
29: At a complete boundary, apply Algorithm 1 after these updates.
30: end for

B.6 Uniform array properties

Set
e,

128Kkar K

The constant «,;; separates the two classes of raw candidates below, while /¢y is the allowed number of
exceptional positions in the uniform array properties. Recall that €, from (12) is the allowed exceptional-
column fraction. For a complete block I, fix a support y € {0, 1}2*[K] and set Gy = Yiel, Zacik] Xi(a).
Fix arbitrary receiver listening choices (£;, b;), with £; C I}, and b; : I, — [K], and put

E={reLi: x;(bi(t)) =1},  s:=|E|

. nl8 .
Karr 1= 277, hexe =

Call a pair y = (v,w) a raw entry and abbreviate c,(t) := ¢, (?) and dy(t) := d, ,,(t). For a tuple
x = (x;) jz of other players’ raw entries, let dy; (t) = dj p,w;..(v;) whenx; = (v;,w;), and define

Py:={t € E :dy,(t) # b;(1) forall j #i}. (88)
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Forarawentry y = (v,w)putly, :={t € E\ L, 1 c,(t) =b;(t)} and Jy :={t € EN L, : cy(t) = b;(1)}.
An entry is class 1 if max{|/,|, |[/y|} < s/(karK), and class 2 otherwise. These classes depend on raw arrays
and receiver choices, not on transmitted labels or private history. Recall that, for the positive listening set Py,
quota means |P| > e.. Recall also that a native label is retained when it is returned by Algorithm 11; its
class is the class of the raw entry that produced it.

Before stating the uniform properties, recall the array-scale parameters introduced in Section 4:
d=m-1, L=[CoKbN],  e.=[CiK’by1,  le =T[L/K],

372
K°by,
m3T
Here L is the candidate-list scale, e, is the required number of positive listening observations before raw
decoding, €. is the disjoint-column scale used in the array arguments, €, is the allowed exceptional-column

fraction, and Sy is the number of public array columns. Recall also that ag = 27 is the listening probability
and that 7 is the bootstrap block length from (7).

s SO = Scol~

€arr = Ce

For a complete block b and a positive set P C I, write D, 5 (P) for the output of Algorithm 11 when
receiver i tests player j using P. For (AS) and (AS8), fix a complete block b, players i # j, a support y,
receiver choices (L;, b;), and a message u; € .#;. For each target column w, put

Y = (nj_.’z’w(,uj),w), Py (x_;_j):= Py withx; =y,,
where x_; _; = (xx)kg(i,j} consists of fixed raw entries. Write Cov; ; 5., (P) if the exclusion equations for
column (j, b, w) satisfy (85).

Lemma 29 (Uniform sampled arm arrays). On the construction branch (11), fix any reserved mask matrix
(Cq.,1), with probability at least 1 — Cart N =40 the code is certified and the following hold simultaneously for
every complete block and all specified inputs. Here Cyy, is universal; the probability is over the remaining
public-construction randomness.

(Al) For any L raw entries from distinct columns of one player, outside at most hex. positions every arm
occurs among their c(t) at least L/(2K) times. We call this property AI’.

(A2) Fix a receiver and (.o tuples, each containing one raw entry of every other player. If each player’s
columns are distinct across the tuples, then outside one set of at most hexe positions, for every arm a at
least €.01/ 16 tuples have all their played arms different from a.

(A3) For every player s, native label u € M, set E’ C I, with |E’| > e, and map B : I, — [K],

_ 2ap0|E’
welsl: 3 Uepmilryh, () = B0} > 20 < s,

IGE’ﬂLs,b,W

(A4) For every support x € {0, 1}12XIK] yith G, = 2Ke./ag and every receiver i,
a’oG
welSol: > xi(biw(D) < =2t < ewSo.
te-Ci,b,w

(A5) Fix the common data above with dj > 1, messages (Ui )ke{i, }» @ child destination cqest € {0, ..., d;—1},

and an echou € [A]. Conditional on the public table, if every nonreceiver player chooses an independent
uniform column and transmits its fixed message, the probability that quota holds and the decoder retains
an incorrect class-2 ROOT label with destination c et and echo u is at most €.
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(A6) For every player, position, and arm a, the fraction of columns listening on a lies in [ag/(2K), 2a0/K].
For each native message, the fraction whose played arm is a is at most (1 + 1/m) /K.

(A7) For every mask row q € [M], player s, and column w € [So], set Rgp :={t € I, : Cy; = 1}. Then

| Ls.b,w N Ry.pl < 2a0|Rg,b| + CoA.

(A8) Fix the common data above and x_; _j. At most € So target columns w satisfy | Py, (x_; _j)| > e, but
fail Cov; j pw (Pyw(x-i,-})).

B.7 List bounds, authentication and recovery

The results of this subsection are stated for the all-bootstrap auxiliary execution with exact-uniform private
draws. In Proposition 3 we couple this execution to the physical initialization. Since the two executions agree
until the first activation, and the support bound below implies that recovery occurs before any activation on
the good event, the recovery guarantees transfer to the physical initialization.

Recall that Ay is the allowed exceptional-position count and €, is the exceptional-column fraction. For
the fixed support and receiver listening choices used above, recall

E={teLi: x:(bi(t)) =1},  s=]IE]

and, for a tuple x of the other senders’ raw entries, P, C E is the resulting positive listening set defined
in (88).

Lemma 30 (Candidate retention). For a fixed sender, receiver, and block, let C be the set of raw entries
(v, w) that pass the coverage, unique-solution, and overlap tests of Algorithm 11. Then |C| < L.

Let (u*, w*) be the sender’s actual native message and column, and let v* = =L (u*), y* = (v*, w*).
., . . . . w
Conditional on the precolumn history, private keys, receiver column, and current messages,

dgcol
So

Pr(|Px| > e.and y* ¢ C) < 2€ur +

Proof. Suppose L candidates survive for positive set P, and denote them by yy, ..., yr. The decoder gives
at most one candidate per column. Property A1’ therefore applies, and gives

L L
DD Hey () = b} > 7 (Pl = hexe)

k=1tePy
L|P
_ LI
4K
The second inequality uses |Py| > e. and hexe < e./2. Each surviving candidate satisfies the exclusion
equations, so every counted match lies in its own listening set. Summing (86) consequently gives

Z Z Hcy, (1) = bi(1)} < Mao—w

k=1tePy K

™~

This contradicts 64aq < 1/4, and proves the list bound.

Fix the conditioning in the statement. Then E, s, and each sender’s native message are fixed, while the d
sender columns remain independent and uniform. If s < e, then |Py| < 5 < e, so the event {|Py| > e.}
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is impossible. Assume s > e, and call a column tuple deficient when |P,| < s/32. If £, deficient tuples

x(M, ..., x(o) ysed distinct columns within each sender, A2 would imply

fco]

Leol
Z |Px(k)| 2 ﬂ(S - hexc)

16
k=1

leols

32°

contrary to their deficiency. Choose a maximal family disjoint in every sender’s column. It has fewer than €,
members, and every deficient tuple shares some sender-column pair with this family. There are at most d{.o
such pairs; each has probability 1/Sy. The union bound proves

Pr{|Py| < 5/32} < dlco1/So. (89)

The true address always satisfies the exclusion equations. Property A3 fails for its column with probability
at most €,r. Outside that event and deficiency, its overlap count satisfies

2aps
D Hepi (@ =bi(1)} < e
teP.NL,,
< 640/()|Px| ‘
K

For coverage, first fix the other senders’ actual columns. A8 bounds by €, the conditional probability that
|Px| > e, while coverage fails for the target’s independent uniform column. Averaging over the fixed columns
preserves this bound. Under coverage, injectivity makes the true address the unique solution. Hence the event

{IPx] > e} N {y* ¢ C}

is contained in the union of the A3 exception, deficiency, and the A8 exception, whose total probability is at
most 2€,; + dtco1/So. O

For a nonroot player i, put

i-1
2

p(i)::{ J ¢ =i - (2p(i) + 1) € {0,1},

so that p (i) is the parent of i and ci.oc is the local child index used in a ROOT label sent from p(i) to i. Define
the false authenticated-ROOT event

Jke{0,1}, ve{0,...,A—1}:
Fib =14 ROOT(c!®, k,v,U;) € Reticp(iyps |- (90)

ROOT(c, &, v, Uy) # ftp(iy o
Lemma 31 (Authentication of a root digit). Fix a complete block b and a nonroot player i. Then

dfcol L

Pr(Fip) < €gr + — + —.

( 1,b) arr SO A

Proof. Fix b and i, and suppress these indices in the notation for the fixed receiver. Thus F is its potential

positive listening set, s = |E|, and P = P; p, is its actual positive listening set. If s < e, then |P| < s < e, sO
Algorithm 11 returns the empty list and F; j is impossible. Assume henceforth that s > e..
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We first record two deterministic consequences of A1’ and the code distance. There are fewer than L
columns containing a class-1 raw address. Indeed, if yy, ..., yr were class-1 addresses in distinct columns,
then their class definition and A1’ would give

L
2Ls L(s — hexe) . Ls
> E (Iy, | +1J el s
Karr K - | Ya | | Ya 2K 4K

g=1

contradicting kur > 8.

Next consider a column w for which there exists a set P’ C E with |P’| > s/32 such that the exclusion
equations generated by P’ satisfy the coverage condition (85). Call such a P’ a witness for w. A witness
column contains at most one class-1 raw address. To prove this, suppose that y = (v,w) and y’ = (v/,w)
were distinct class-1 addresses in the same witness column. Lemma 28 gives at least Hy/8 code rows on
which Gv and GV’ differ. For each such row, coverage supplies at least [|P’|/(64K Hq)] usable occurrences.
At every such occurrence exactly one of ¢y (#) and ¢y (¢) equals the receiver arm b; (). Hence

1]+ 11, > Dha L N S
8 | 64KH,, |~ 16384K

On the other hand, since both addresses are class 1,

2s B Ky
koK 131072K°

|Iy| + |Iy’| <

a contradiction.

For each witness column w that contains a class-1 raw address, let (v,,, w) denote that unique address and
put py, = 7wy, (vy). Define

Dip={ee[A]: 3w, ke{0,1}, ve{0,..., A~ 1} with u,, = ROOT(c\*, k,v,e)}.

Because fewer than L columns contain a class-1 address, |D; ;| < L. Moreover, D; 5 is determined by the
public arrays, the fixed reward support, and player i’s fresh receiver column in block b; that fresh column is
independent of the private key U;. Consequently

| D p

L
Pr{U; € D} =E [ <+ 1)

Let
Dip :=A{|Pipl < s/32}

be the deficiency event. By (89),

dfcol

Pr(D; ;) < 92)

Suppose that D; ;, does not occur and that a false retained ROOT label contributing to F; j is produced by a
class-1 raw address. Since the label is retained, its column satisfies coverage for the actual set P; p; since
|P;.p| > s/32, the set P; 5, is a witness for that column. The retained label has echo U;, so by the definition of
D;.p» we must have U; € D; . Thus the class-1 part of F; , is contained in

Dip U{U; € Dip}.

Equations (91)—(92) therefore bound its probability by d¢co1/So + L/ A.
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It remains to control false retained ROOT labels produced by class-2 raw addresses. For each fixed value
u € [A], apply AS with destination cl"C and echo u. A retained label can occur only when |P; 5| > e., so A5
gives probability at most €, that an incorrect class-2 ROOT label with that destination and echo is retained.
Averaging this bound over the uniform key U; yields

Pr{F; » occurs through a class-2 raw address} < €.
Combining the class-1 and class-2 cases proves the lemma. O
Let hyee = [log, m] be the tree height. Let
T ={,j):jef{2i+1,2i+2}, j <m}
be the set of parent-child edges, with the parent written first. For a complete block b € [ By ], write y(?) for

its support matrix and
b
Gy =) x"(a).
t,a

Define the set of informative block indices by

128Ke.,
Izz{be[Bblk]:sz e}.

Qo

Write R := |7|, and when R > g let b, denote the gth smallest element of 7. Recall from Subsection B.5
that J; i is player i’s stored estimate of digit Jx and H;; is the child-key list stored by player i for child ;.

Forb =0,1,..., By, write f[b] f.[b and H. [1 I for the corresponding stored values immediately after the
decoding/list updates of complete block b, with b = 0 denoting their initial values.

Proposition 32 (Outward recovery). Fix dprop € (0, 1) and set

Fooot := 1 + [8L (2hyee +10g(m [Sprop)) | -
There is an event G such that

d¢, L
PI'(QI%C) < szBblk (Earr + S—(:)Ol + Z) + 6pr0p’ 93)

and on Grec the following statements hold simultaneously:
(i) Forevery b € {0,..., By}, every playeri, and k € {0, 1},

MWar — -y,

(ii) Forevery b € {0, ..., By} and every (i, j) € T,
HT 21 = vjeH!? ana 1HD <L
(iii) If R > 1, then every child list is initialized after the first informative block:
W[b‘] #1  forevery(i,j) €T.

(iv) If R = rpoot, then every player is informed after the rvoorth informative block:

b boot ]

J; =J foreveryi € {0,...,m—1}.
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Moreover, if R < rpoot, then the support in complete blocks obeys

Byik
128Ke. T
> G < = 4 (oot — DK (94)
aon
b=1
Proof. Let
H
T :={(r,s): (r,s) e T or(s,r) €T},

where the first coordinate is the receiver and the second is the sender. Define

m—1
Bquota = U U{lpi,bl <e.},

bel i=0
Bk

Brej = U U ({IPip] = e} N {ujp ¢ Reticj p}),
b=l (; eT

Bpx m—1

Bralse = U U Fi,ba
i=1

b=1
B = Bquota U Brej U Base-

These three events are, respectively, failure to obtain the positive quota in an informative block, rejection of
an actual neighboring message despite meeting the quota, and retention of a false authenticated ROOT label.

Fix b € 1 and areceiver i. A4 gives

aoGp

Si,b > > 64@*

outside a set of receiver columns of probability at most €,;. Conditional on such a receiver column, (89) gives
|Pip| = 5i5/32 > 2e,

except with probability at most d€..;/So. Hence

dt
Pr{|Piy| < e} < €ur + S°°1.
0

For each directed neighboring pair (i, j) and block b, Lemma 30 gives

de¢
Pr(|Pip| = €ur tijp & Retic jp) < 2eur + Sc(:)ol.

Lemma 31 gives, for every nonroot i and block b,

d€c01 + £
So A

Pr(Fi,b) < €ar +

There are at most mBpx quota tests, m? By directed-neighbor rejection tests, and (m — 1)By false-
authentication tests. A union bound therefore gives

dgcol L ) (95)

PY(B) < CmZBblk (ea_rr + S_O + Z .
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We next prove the first three conclusions on B¢. For b =0, 1,.. ., By let Inv(») be the conjunction of

Tl e 1 =g - g, (0<i<m, kel{01}), (96)

?{ig.b] 1 =U;¢ ?{i_[,.b], |7{l.5.b]| <L ((0,)) eT). o7

Initially, the root stores Jy, J1, every nonroot digit is L, and every child list is L, so Inv(0) holds.

Assume Inv(b — 1) and consider the updates at the end of complete block b. First fix a nonroot player i and
a digit k € {0, 1} that is L before the update. If the digit remains L, there is nothing to prove. Otherwise
Algorithm 12 stores a value v from a retained label

ROOT(c*, k, v, U;) € Reticp(iy b -

i
Since Byyise does not occur, this retained label equals the actual parent message i, (;),». Hence the parent was
informed when the block message was chosen and sent

1 b-1
Hp(i.o = ROOT(c[ k. 1 Ui,

By (96), j;[le_)l,]( = Ji, so the newly stored value is v = Ji. Thus (96) is preserved.
Now fix a parent-child edge (i,j) € 7. If 7_{i[jb_1] # 1, the list is immutable and (97) is preserved.

Suppose instead that 7{1.[].1’_1] = 1. Since child lists are immutable, this list was L in every earlier block. We

claim that ﬂjb_l] = 1. Otherwise player j must previously have stored at least one digit from a retained

label ROOT(cljf’C, k,v,U;). But while H;; = L, every actual message of parent i addressed to j has echo L;
messages not addressed to j have a different local-child field, and an uninformed parent sends a DISC label.
Thus such a retained authenticated ROOT label could not equal the actual parent message, so some event
F;.»» would have occurred in an earlier block 5" < b, contradicting B¢, . Hence JA[jb_l] = 1, and player j
sends u; ;, = DISC(U;) in block b.

If H;; remains L after decoding block b, then (97) is vacuous. If it is initialized, the child-decoder output
used by player i is nonempty, so Algorithm 11 necessarily has |P; ;| > e.. Since B, does not occur, the
actual child message DISC(U) belongs to Ret;; ;. Therefore the newly stored list contains U;. Lemma 30
gives fewer than L raw candidates and hence fewer than L retained native labels, so the stored DISC-key list
has size below L. This proves (97) and completes the induction.

If R > 1, consider the first informative block b,. For any edge (i, j) whose child list is still L at the start of
this block, the preceding argument shows that j sends DISC(U;). Since Byoa does not occur, |P; 5, | > e.,
and since By.j does not occur, this actual DISC label is retained. Thus every such list is initialized in block b.
This proves conclusions (i)—(iii) on B€.

It remains to prove the finite informative-block recovery time. Fix a root-to-node path
v0:0,v1,...,vh, hShtree-

Assume R > rpoor. The first informative block b has already initialized all child lists. For g = 1, ..., rpoot — 1,
regard b, as trial g, and let F,_; contain all private choices revealed before the message choices of that
block.

On a history on which no event in 8 has yet occurred and the path is not yet fully informed, let v¢, be the
first uninformed vertex on the path and choose deterministically one missing digit k, € {0, 1} of that vertex.
Its parent v¢, 1 is informed. By conclusions (i)—(iii), its list for child v, 3 contains Uwq and has size below L.
Let Z, be the indicator that in block b4 this parent chooses that child, digit £, and echo UW,q . Conditional

on Fy-1,

I 1 1 1

75



If a bad event in B has already occurred or the path has already become fully informed, extend the probability
space by defining Z, to be an independent Bernoulli(pg) variable. With this extension, for every ¢,

Ele™ | Fg1] < 1= (1-e Npo,
and iteration gives
-
Eexp|— Y Zg|<exp{-r(1-epo}  (r=1). (98)
g=1

On B¢, whenever Z, = 1, the actual parent message is

ROOT(cy* , kg, i, - Uy,,)-

ng ’

Because block b1 is informative, Bguom gives quota at the child, and Bfe ensures that the actual message

is retained. Finally B¢ = ensures that no different retained ROOT label with the same destination and
authentication key can be chosen instead. Hence player v, stores the previously missing digit Jx,,. Thus each
success Z, = 1 delivers one new digit on the path. Since at most two digits are needed on each of the & edges,
the event that B¢ holds and the path is still unfinished after r trials implies

r
Zy < 2h < 2hyree.
q=1

By Markov’s inequality and (98),
Pr{8B¢ and the path is unfinished after r trials}
<Pr {6_ 251:1 Za > €_2h‘m} < exp{zhtree - r(l - e_l)pO}-
For r = rypoot — 1,

m

r(1—e NHpo>2(1—-eh) (three + log ) > 2Nhyree + log m ,

prop prop

because 2(1 — e~ ') > 1. Hence the preceding probability is at most Oprop/ M. A union bound over the at most
m root-to-node paths gives

~b

Pr (B" AR 2 rooo} N (i 1 T 2 J}) < Sprop- (99)

Combining (95) and (99), and letting G, be the event on which conclusions (i)—(iv) hold, proves (93).

Finally suppose R < rpoot- Each informative complete block has support at most Kn, so their total support
is at most (7,00t — 1) Kn. Every noninformative complete block satisfies G, < 128Ke./ag, and there are at
most Byix < T /n such blocks. Therefore

Buik
128Ke,. T
Z Gb < (rboot - I)Kn +t
bl aon
which is (94). O
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B.8 Reserved masks and bootstrap clocks

For a support matrix y € {0, 1}7*K write g, = Y, x/(a) and G(t) = ¥,,<; &u-

Lemma 33 (Uniform reserved masks). With probability at least 1 — CN~%°, the sampled masks satisfy both
properties below.

(i) Every row has at most 2pT + Co reserved positions, and every complete block in every row has at
most 2pn + CoA.

(ii) For every support matrix y, all but at most M /N rows satisfy, at every complete-block boundary t,

1
PG (1) = KCo < D" Ciugu <2pG (1) + KCoA. (100)
u<t
Proof. Fix y, arow j, and a complete-block boundary ¢. Put X = 3}, ., C; ,8./K and yu = pG(t)/K. For
a € [0, 1], convexity gives e — 1 < (e — 1)a and e™¢ — 1 < —(1 — e~")a. Independence implies

EeX = 1_[(1 +p(esu/K 1)) < ele"Dr,
us<t
Ee X = 1_[(1 +ple s/ _ 1)) < e~(=e™Dn,

u<t
Since e — 1 <2and 1 — e~ > 1/2, Markov’s inequality yields
Pr{X > 2u + CoA} < e~ €N,
Pr{X < pu/2 — CoA} < e” M,

Let a row be bad for y if either inequality fails at some complete-block boundary. There are at most 7' such
boundaries, so its probability is at most 2Te~* < N30, The bad-row indicators are independent across ;.
As M = N?,

Pr{more than M /N rows fail} < (eN~>°)N.

There are 2X7 support matrices and KT < N /4. Consequently the probability that (ii) fails is at most
exp{KTlog2 + N(1 —291log N)} < N~

For (i), apply the upper exponential-moment bound with every weight equal to one, first on [7T] and then on
each complete block. Each count exceeds twice its mean plus CoA with probability at most e =<0, The union
over at most M (T + 1) counts is at most N~#° after increasing Cy. This proves both claims. O

Lemma 34 (Bootstrap clock concentration). Fix a deterministic reward matrix, the players’ private keys,
and the root index J. Assume that row J satisfies both reserved-mask properties of Lemma 33 for the reward
support in (5), and use the public arrays of Lemma 29. In each block, choose the bootstrap messages before
drawing fresh columns independently and uniformly from [Sco], conditional on the preceding history. All
players use the corresponding communication sequences on reserved rounds; their actions on other rounds
may be arbitrary.

Let L; , € I}, be player i’s listening positions in block b, expressed in calendar time. Write C; = Cy ;4 for
the selected row’s reserved indicator and G ¢ (t) = ), <; Cugu for its cumulative reserved support. Define the
true-row counts

Xip = Y Ut € Lip}Cil{Y, > 0},
telp
K

Ci(t) = — Z Xip.
AP o<
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These counts are defined mathematically even before a player recovers the true table row. Recall the activation
threshold Qoo from (9). With probability at least 1 — CmTe~ 7, simultaneously for every player and
complete-block boundary t,
m _ Qboot
8e 2

< Ci(t) <8G(1) + QZ""‘. (101)

Here C is universal.

Proof. Let F;,_1 contain the public arrays, fixed private keys, root index, and all choices before block b’s
fresh columns. In particular, each player’s block message is #5,—1-measurable. For ¢ € I, and a € [K] with
C; = 1 and r;(a) > 0O, property (A6) gives probability between a/(2K) and 2a(/K that player i listens
on arm a. For each other player, the probability of playing that arm is at most (1 + 1/m)/K < 1/m, since
K >m + 1. Let L; ; 4 be the event that player i listens on arm a at ¢, and let A ; denote player j’s chosen
arm. Conditional independence of columns across players gives the exact factorization

Pr{L;; a0 m{Aj,t #a} | Fo-1|=Pr(Lisa | Fo-1) HPY(Aj,t #a|Fp-1).
J#L J#L

Moreover,
1

Pr{all other players avoid a | Fp_1} > (1 — 1/m)" ' > 7.
The last inequality follows from log(1—x) > —x/(1—x) atx = 1/m. The event in the factorization is precisely
a positive listening observation on arm a. Put G¢,, = ,¢j, C18;. Summing over supported reserved pairs
gives
(o)) 20!()

G <E[X; 1] £ —Gcp. 102
g CCb < [(Xip | Fo-1] < x G (102)

Property (A7) and Lemma 33(i) give the pathwise increment bound
0<Xip <2a0(2pn + CoA) + CoA < dagpn + 3CoA =: b..

For each player and complete-block prefix, the exponential-supermartingale Chernoff bound of Howard,
Ramdas, McAuliffe, and Sekhon [HRMS20], applied with (102) and 0 < X; , < b., gives, with failure
probability at most 2¢~C0A,

Q) dag
——Gc(t) = b.CoA < Xip £ —Gc(1) + b.CoA.
TogGc() = b.Co th b < =2 Ge(n) +b.Co

A union bound over at most mT player—boundary pairs makes these inequalities simultaneous. Multiply by
K/(app) and use (100). The resulting slopes are 1/(8¢) and 8. Each additive error is bounded by

4CoKA 3CIKA?
O+ 4CoKnA + —0
p aop

To compare with the threshold, use n < 2C3VKT, A < by, and V > K3/>VTA2. Then the preceding error is
at most
3C?
4C() + —
@0

2
Kb,

8CIV +
p

Choose the fixed universal Cy so that 8C* < Cg /2 and 4Cj + 3C§ Jag < Cg /2. The error is then at most
Oboot/2, which proves (101). 0
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B.9 Proof of the public-array lemma

Proof of Lemma 29. Condition first on an arbitrary certified output G of Lemma 28. All estimates below are
uniform in these choices. At the end we add the code-certification failure probability.

Parameter bounds. On the construction branch, enlarging Cj, gives
T>CIKN',  n<T,
0< ey <1, I' < Kn.
Moreover n < ZCS\/E and L < 2CyKby. By the definitions of A and €, choosing C4 > 32¢Cyp/c ¢ yields

.\ . ceCaAK3bNT +1

> 4KA.
2eL ~ 2eCy m? T
‘We shall also use L
€ c

€arrSo = Csdfcoll—‘.
The first term in (12) dominates the second on this branch, so Sy = O (N3/?). The definitions give A = O(N)
and Q,; = O(N?); hence every alphabet and column-count logarithm is O (A).

Al’ and A2. Fix one family of entries and one position ¢. For Al’, distinct columns give independent
uniform candidate arms. For A2, the tuples are independent at ¢, and within each tuple the d played arms are
independent and uniform. Since d < K — 2,

(1-1/K)? > e~ /(=D > =1,

Chernoft’s inequality [BLM13], followed by a union over a € [K], bounds the respective probabilities that ¢
is bad by
g1 := Ke—L/(SK)’ ga = Ko~ leotl (8¢)

For either property these bad-position indicators are independent over z. Since L/K, {01 > Cobn, a sufficiently
large Cp makes ¢ := max(q1, g2) < hexe/(ne?). If hexe < n, the binomial upper tail gives

- hexc

Pr{more than /ey bad positions} < (eng/hexe)™ < e

For hexe > n both properties are automatic. The logarithm of the number of players, blocks, and admissible
families is
O(L10g(QarrSo) + Leom 10g(QarrSo) + A) = O(COKA2)-

Because fiexe > Cg K A?/(128K4r), the union bound makes the failure probability for A1’—A2 at most N 40,

A3 and A4. For fixed (u, E’, 8), the count in A3 has law Bin(|E’|, ap/K), even when the actual address of
w is fixed. Its upper-tail probability is at most e~®¢/K For A4, the count in one receiver column is a sum
of independent indicators with mean a¢G , /K > 2e,; its lower-tail probability is at most e~ “**. Both bounds
are at most N =3 for large Cj.

For either fixed input, columns are independent. If X counts their failures, binomial domination and
€ur = Ce /N give

< e CErSoh (103)

— EarrS
eN 30) arr20

€arr

Pr{X > €,:So} < (

The A3 inputs number at most poly(N)2"K" Q. and the A4 inputs at most poly(N)2X". Their logarithms
are O(T). Thus €Sy > Csdleo " makes their combined failure at most CN 4.
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A5: raw candidates. Work on A1’—A2. Fix the data in A5, all nontarget permutations, and the target’s actual
address ”}j,,w (p7) in each column w. For a tuple w = (w'/k)kii € [So], put xk(.w) = (?r];’lb,Wk (ur), wk).for
k ¢ {i,j}and Py := Py, ((xx(W))ke(i,j})- Let Cy contain the target’s raw entries passing quota, exclusion,
coverage, uniqueness, and overlap for Py,. These tests do not use the target’s remaining permutation labels.

Each column contributes at most one entry to Cy,. If it contained L entries yi,...,yr, then A1’ and

hexe < €./2 < |Pw|/2 would give

L|Py|
4K

3 L
D D Hen () =bi0) 2 5 (1Pul ~ hev) 2

k=1tePy

Exclusion places each match in the corresponding listening set, while overlap bounds the sum by
64agL|Pyw|/K < L|Py|/(4K). Thus |Cy| < L.

For a class-2 raw entry y, set
Wy = {w:y € Cy}l, Dy := dfcong_l.

We claim that
0 < W, < D, Z W, < LS. (104)
y

The sum counts pairs (w, y) with y € Cy. To bound Wy, suppose £, counted tuples have distinct columns
within each sender, and denote them by wD o wllea), Quota implies s > e, and hence hexe < 5/(128k4:K).

If |Iy| > s/(karK), A2 gives

{col

4
Z |Pw(r) N Iyl 2 lc_;l(“yl - hexc) >0,

r=1

contrary to exclusion for y. Otherwise class 2 gives |Jy| > s/(karK), and A2 gives

KCO
2|P AT > LeolS . 64aoleo1s
LS Bk K K

This contradicts overlap, since |Py)| < s and ap < 1/(2048kar). Therefore a maximal family of counted
tuples with disjoint columns in every sender has fewer than £, members. Every counted tuple shares one of
fewer than d{,, sender-column pairs with that family; each pair lies in S g ! tuples. This proves (104).

A5: permutation labels. Condition further on the raw arrays. The weights W, are fixed. Actual target
addresses cannot produce an incorrect label; conditional on their locations, the remaining labels are uniformly
permuted within each column, independently between columns. At most 24 ROOT labels have the specified
destination and echo. Since d; > 1, Qay — 1 2 A2, so for k distinct remaining addresses in one column,

2A
Pr{all k labels qualify} < COI < ¢, ¢ :=2/A.
(Qarr - l)k

Independence between columns gives the bound ¢!P! for any set D of remaining addresses.

Let H be the sigma-field generated by the fixed A5 input, the nontarget permutations, the target actual-
message locations, and all raw arm-array coordinates. Let ¢, indicate that a remaining class-2 address carries
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such a label, and put Z = >, Wyt,. Every tuple counted as bad in A5 contributes at least one to Z. Expanding
the product below and using (104) gives, for 4 > 0,

E[e'? | H] =E

[ J41+ @™ = 1)y} |74]

y

<[ [+ o™ -1}
y

Lsd
< exp{¢D 0 (etPo — 1)}.
0

Here e —1 < w(e*Po—1)/Dqyfor0 < w < Dy. Taking A = D(;l log(é€arr/(#L)) > 0 and applying Markov’s
inequality gives

(105)

S A
PY{Z>6aIrSg|7‘{}Sexp{—Earr 0 g Sar }

dlcol o8 2el
The A5 probability is the number of bad tuples divided by S¢; thus (105) bounds its failure. The number of

external input choices is at most poly(N)2X"(2K)"Q™ A, whose logarithm is O(T"). The parameter bounds
above and a union bound make the probability of A5 failure together with A1’—A2 success at most N =40

A6 and A7. For fixed player, block, position, and arm, the number of columns listening on that arm
is Bin(Sy, @g/K). For a fixed native message, the number whose played arm is that arm is Bin(Sp, 1/K).
Chernoff bounds for the two failures in A6 are, respectively,

2e—ca/050/K and e—cSO/(mzK).

The second term of (12) makes their exponents arbitrarily large multiples of A by increasing Cs. There are
O(mTKQqy) = O(N?) index choices, so A6 fails with probability at most CN =40,

For A7, the masks are fixed. For each player, block, column, and mask row, let X = |L,, N R, ;| and
u1 = ap|Ry, »|. Then X is binomial and

EeX <e®™VH Pr{X > 2u+ CoA} < e 07,

There are at most mBpxSoM = O(N 9/ 2) choices. Increasing Cy makes their union probability at most N —40,

AS8. Fix its common data and x_; _;. Condition on the nontarget raw arrays and entries and on the target
permutations. Then the target’s address y,, is fixed in each column, whereas its raw arm coordinates remain
independent over w. Put

F:={teE :dy/ (t) # bi(t) forevery k ¢ {i,j}}.

For every target column w, P, (x_; _;) C F. If |F| < e., A8 is immediate. Otherwise let fy = |F|. For
w € [So] and code row h € [ Hy], count the positions ¢ € F where the target does not listen, uses row 4, and
leaves b;(?) as its unplayed pair endpoint; call this count X,, ;. The fair offset and independent pair give

. 1 —ap
X ~ Bin | fo, .
o (f ’ KHarr)

Each counted position belongs to P,, (x_; —;) and supplies an exclusion equation in row /. For large Co,
e, > 128K Hy; thus fy > e, implies

fo L a - o) fo
64KH, |~ 2KHgy )
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Chernoff’s inequality and a union over h give

mi Jo —ce./(KH, -
P X < < H Ce*/( arr) < N 30
r{ e {64KH3H = Harr€ =

Since |Py,| < fo, the complementary event implies Cov; ; 5w (P ). Target columns are independent under
the stated conditioning. Apply (103), then union over the external inputs, whose number has logarithm
O(Kn + nlog(2K) + m10g(QarSo) + A) = O(T). The failure probability is at most N ~#°, uniformly under
the conditioning. This argument does not condition on P,,,.

Finally, union the failures of A1’—A4 and A6-AS, the A5 failure on A1’—A2 success, and code-certification
failure. Their probability is at most Cpe N —40, O

82



References

[ALK20]

[AVWET]

[BB20]

[BBM*18]

[BBS21]

[BK18]

[BLM13]

[BLPS20]

[BP19]

[Dur64]

[HCT22]

Pragnya Alatur, Kfir Y. Levy, and Andreas Krause. Multi-player bandits: The adversarial case.
Journal of Machine Learning Research, 21(77):1-23, 2020. https://www. jmlr.org/papers/
v21/19-912 .html.

V. Anantharam, P. Varaiya, and J. Walrand. Asymptotically efficient allocation rules for the
multiarmed bandit problem with multiple plays—part i: L.i.d. rewards. IEEE Transactions on
Automatic Control, 32(11):968-976, 1987. https://doi.org/10.1109/TAC.1987.1104491.

Sébastien Bubeck and Thomas Budzinski. Coordination without communication: Optimal
regret in two players multi-armed bandits. In Proceedings of the 33rd Conference on Learning
Theory, volume 125 of Proceedings of Machine Learning Research, pages 916-939, 2020.
https://proceedings.mlr.press/v125/bubeck20a.html.

Rémi Bonnefoi, Lilian Besson, Christophe Moy, Emilie Kaufmann, and Jacques Palicot. Multi-
armed bandit learning in IoT networks: Learning helps even in non-stationary settings. In
Cognitive Radio Oriented Wireless Networks, pages 173—185. Springer International Publishing,
2018. https://doi.org/10.1007/978-3-319-76207-4_15.

Sébastien Bubeck, Thomas Budzinski, and Mark Sellke. Cooperative and stochastic multi-
player multi-armed bandit: Optimal regret with neither communication nor collisions. In
Proceedings of the 34th Conference on Learning Theory, volume 134 of Proceedings of
Machine Learning Research, pages 821-822, 2021. https://proceedings.mlr.press/
v134/bubeck21b.html.

Lilian Besson and Emilie Kaufmann. Multi-player bandits revisited. In Proceedings of Algorithmic
Learning Theory, volume 83 of Proceedings of Machine Learning Research, pages 56-92, 2018.
https://proceedings.mlr.press/v83/bessonl8a.html.

Stéphane Boucheron, Gabor Lugosi, and Pascal Massart. Concentration Inequalities: A
Nonasymptotic Theory of Independence. Oxford University Press, 2013. https://doi.org/
10.1093/acprof:0s0/9780199535255.001.0001.

Sébastien Bubeck, Yuanzhi Li, Yuval Peres, and Mark Sellke. Non-stochastic multi-player multi-
armed bandits: Optimal rate with collision information, sublinear without. In Proceedings of the
33rd Conference on Learning Theory, volume 125 of Proceedings of Machine Learning Research,
pages 961-987, 2020. https://proceedings.mlr.press/v125/bubeck20c.html.

Etienne Boursier and Vianney Perchet. SIC-MMAB: Synchronisation involves communication
in multiplayer multi-armed bandits. In Advances in Neural Information Processing Systems
32, pages 12071-12080, 2019. https://proceedings.neurips.cc/paper_files/paper/
2019/hash/c4127b9194£fe8562c64dc®f5bf2c93bc-Abstract.html.

Richard Durstenfeld. Algorithm 235: Random permutation. Communications of the ACM,
7(7):420, 1964.

Wei Huang, Richard Combes, and Cindy Trinh. Towards optimal algorithms for multi-player
bandits without collision sensing information. In Proceedings of the 35th Conference on Learning
Theory, volume 178 of Proceedings of Machine Learning Research, pages 1990-2012, 2022.
https://proceedings.mlr.press/v178/huang22a.html.

83


https://www.jmlr.org/papers/v21/19-912.html
https://www.jmlr.org/papers/v21/19-912.html
https://doi.org/10.1109/TAC.1987.1104491
https://proceedings.mlr.press/v125/bubeck20a.html
https://doi.org/10.1007/978-3-319-76207-4_15
https://proceedings.mlr.press/v134/bubeck21b.html
https://proceedings.mlr.press/v134/bubeck21b.html
https://proceedings.mlr.press/v83/besson18a.html
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
https://proceedings.mlr.press/v125/bubeck20c.html
https://proceedings.neurips.cc/paper_files/paper/2019/hash/c4127b9194fe8562c64dc0f5bf2c93bc-Abstract.html
https://proceedings.neurips.cc/paper_files/paper/2019/hash/c4127b9194fe8562c64dc0f5bf2c93bc-Abstract.html
https://proceedings.mlr.press/v178/huang22a.html

[HLP52]

[Hoe63]

[HRMS20]

[LM22]

[LZ10]

[RSS16]

[SS21]

[SXSY20]

G. H. Hardy, J. E. Littlewood, and G. Pélya. Inequalities. Cambridge University Press, 2 edition,
1952.

Wassily Hoeffding. Probability inequalities for sums of bounded random variables. Journal
of the American Statistical Association, 58(301):13-30, 1963. https://doi.org/10.1080/
01621459.1963.10500830.

Steven R. Howard, Aaditya Ramdas, Jon McAuliffe, and Jasjeet Sekhon. Time-uniform
chernoff bounds via nonnegative supermartingales. Probability Surveys, 17, 2020. https:
//doi.org/10.1214/18-PS321.

Gabor Lugosi and Abbas Mehrabian. Multiplayer bandits without observing collision information.
Mathematics of Operations Research, 47(2):1247-1265, 2022. https://doi.org/10.1287/
moor.2021.1168.

Keqin Liu and Qing Zhao. Distributed learning in multi-armed bandit with multiple players.
IEEE Transactions on Signal Processing, 58(11):5667-5681, 2010. https://doi.org/10.
1109/TSP.2010.2062509.

Jonathan Rosenski, Ohad Shamir, and Liran Szlak. Multi-player bandits—a musical chairs
approach. In Proceedings of the 33rd International Conference on Machine Learning, volume 48
of Proceedings of Machine Learning Research, pages 155-163, 2016. https://proceedings.
mlr.press/v48/rosenskil6.html.

Chengshuai Shi and Cong Shen. On no-sensing adversarial multi-player multi-armed bandits with
collision communications. IEEE Journal on Selected Areas in Information Theory, 2(2):515-533,
2021. https://doi.org/10.1109/JSAIT.2021.3076027.

Chengshuai Shi, Wei Xiong, Cong Shen, and Jing Yang. Decentralized multi-player multi-armed
bandits with no collision information. In Proceedings of the 23rd International Conference on
Artificial Intelligence and Statistics, volume 108 of Proceedings of Machine Learning Research,
pages 1519-1528, 2020. https://proceedings.mlr.press/v108/shi20a.html.

84


https://doi.org/10.1080/01621459.1963.10500830
https://doi.org/10.1080/01621459.1963.10500830
https://doi.org/10.1214/18-PS321
https://doi.org/10.1214/18-PS321
https://doi.org/10.1287/moor.2021.1168
https://doi.org/10.1287/moor.2021.1168
https://doi.org/10.1109/TSP.2010.2062509
https://doi.org/10.1109/TSP.2010.2062509
https://proceedings.mlr.press/v48/rosenski16.html
https://proceedings.mlr.press/v48/rosenski16.html
https://doi.org/10.1109/JSAIT.2021.3076027
https://proceedings.mlr.press/v108/shi20a.html

	Introduction
	Related work
	The algorithm in brief
	Initialization
	The slow–fast learner
	Assignment and score communication
	Scheduling and local implementation
	Proof of the main theorem
	Finite computation and sampling
	Exceptional executions
	Public construction and bootstrap communication

