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ABSTRACT

Foundation models need to support diverse inference budgets, yet training a sepa-
rate model for each budget duplicates pretraining effort. Elastic models train sev-
eral nested sub-networks inside one weight-shared supernet, but existing recipes
face three obstacles: variable per-step workloads that hinder distributed scaling,
limited hyperparameter (HP) transfer across model sizes, and no guarantee that
all sub-networks are maximally updated at once. We present SHELLELASTIC,
an elastic transformer that organizes hidden dimensions into a dense core and
successive shells, so that every hidden matrix is block lower triangular. One full-
width forward pass contains every sub-network’s exact hidden states as prefixes,
so joint training keeps a fixed computation graph and costs about as much per
step as training the widest sub-network alone. We further introduce ;-ELASTIC,
an extension of maximal update parameterization (uP) to SHELLELASTIC and
other elastic architectures. Its scaling rules provably keep all sub-networks of a
supernet maximally updated simultaneously (u-Internal), and keep doing so when
the supernet is widened or given more shells; sweeps confirm that HPs tuned on
a small non-elastic proxy stay near-optimal for elastic families and larger super-
nets (u-Transfer). A single SHELLELASTIC run produces sub-networks that out-
perform MatFormer and fully elastic baselines at matched parameter counts, and
approach separately trained models that together take several times the steps.

1 INTRODUCTION

Foundation models need to support different compute budgets for different tasks and deployment
platforms. Elastic training answers this need by optimizing several nested sub-networks inside one
shared parameter set: slimmable networks and Once-for-All established the idea for vision mod-
els (Yu et al.} 2018;Cai et al., [2020), MatFormer nests the FEN width of a transformer and underlies
released on-device models (Devvrit et al., 2024; |Gemma Team), 2025)), and Flextron and Nemotron
Elastic make pretrained LLMs elastic by post-training (Cai et al.| |2024; Taghibakhshi et al., 2025)).

Three problems remain when the elastic training recipe is carried into foundation-model pretraining.

Scalability. Standard recipes sample one or a few sub-networks per step (Devvrit et al., 2024} [Yu &
Huang|, 2019), so the computation graph, the parameter access pattern and the workload change from
step to step; under parameter sharding this variability complicates activation memory, recomputation
and distributed scheduling, the very machinery that large-scale pretraining depends on. Training all
sub-networks at every step fixes the workload but needs a forward and backward pass per sub-
network, so the cost grows with the family size and erodes the saving that motivates elastic training.
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Transferability. Hyperparameters (HPs) tuned at one model size need not remain effective at another,
and repeating the search over learning rate, initialization scale and weight decay at every target
scale cancels the compute that elastic training saves. Maximal update parameterization transfers
HPs across widths for independently trained models (Yang et al., [2021)); elastic models add two
questions: can HPs tuned on a non-elastic proxy serve an entire elastic family, and can those tuned
on a smaller elastic family serve a larger one? We refer to these two forms of transfer as p-Transfer
for elastic models and seek one scaling rule that delivers both under parameter sharing.

Simultaneous maximal updates. Existing elastic training recipes do not generally ensure maximal
updates for all sub-networks simultaneously Without width-dependent scaling, HPs that yield
well-scaled feature updates in one sub-network make updates vanish or blow up in another, and
re-tuning one global value only trades one width against another, so some widths stay mis-scaled.
The requirement is therefore a shared parameterization that keeps every width maximally updated
simultaneously despite parameter sharing; we call this property p-Internal for elastic models.

We address the first problem with a new architecture, SHELLELASTIC, and the other two with -
ELASTIC. SHELLELASTIC (Figure [T) partitions the residual stream into a dense core followed
by ordered shells, each a multiple of a base width g, and each supported sub-network is the core
plus a prefix of the shells. Every hidden matrix is block lower triangular: a shell reads the core,
the earlier shells and itself, but never a later shell. Trunk normalization acts within each group,
attention heads align with the group boundaries, and every supported width has its own readout. One
full-width forward pass therefore contains the exact hidden states of every sub-network as prefixes
(Proposition [T), and the per-step compute stays close to that of a single full-width pass however
many sub-networks are trained, so every step has a fixed workload, as in non-elastic training.

p-ELASTIC (Figure[2) extends maximal update parameterization (1P) (Yang et all [2021) to elastic
models with two factors: a p-Transfer factor m = g/d, that carries HPs from a non-elastic proxy of
width dy to base width g, and a u-Internal factor for the different widths inside one shared model.
Every group reads the same input coordinates in every sub-network that contains it, so we set its
initialization, learning rate and weight decay from this fan-in, while each readout uses its own input
width (Table[I)). This keeps every group maximally updated in all sub-networks at once (Theorem[T)),
which uniform scaling across groups cannot do in general (Proposition [2). The same two factors
apply to MatFormer and to fully elastic models (Appendix [D).

Our main contributions are summarized as follows:

% Scalable elastic architecture. We propose SHELLELASTIC, an elastic transformer whose
single full-width forward pass yields the exact hidden states of every sub-network as pre-
fixes, so every step has a fixed workload rather than a varying one.

% -ELASTIC parameterization. We introduce ;-ELASTIC, which transfers HPs from a
non-elastic proxy to an elastic model and from smaller to larger elastic models (u-Transfer),
and keeps all sub-networks of a supernet maximally updated at once (u-Internal).

% Theoretical and empirical validation. We prove that ;i-ELASTIC keeps all sub-networks
maximally updated at both levels of transfer; sweeps confirm that transferred HPs stay near-
optimal and that ;-ELASTIC beats the standard parameterization on every elastic family.

% Comprehensive ablation studies. We search architectures at equal parameters and ablate
sub-network selection, loss weights, normalization scope, readout design, in-place distil-
lation, sub-network ensembles and stage-residual gradient scaling for elastic pretraining.

2 RELATED WORK

Elastic models. Elastic models train several nested sub-networks in one shared parameter set, so one
run serves many inference budgets (Yu et al., 2018} Cai et al., 2020; [Devvrit et al.,2024). Slimmable
networks train one convolutional network at several widths (Yu et al., 2018; |Yu & Huang, |2019),
Once-for-All also nests depth, kernel size and resolution (Cai et al., [2020), and the same idea has
been applied to the width and depth of BERT (Devlin et al., 2019; [Hou et al., 2020) and to output

'A parameter group is maximally updated when the pre-activations it produces are ©(1) at initialization
and move by O(no) after one optimizer step, with 7o the base learning rate before width scaling, so that its
contribution neither vanishes nor blows up as the width grows (Yang & Hul 2021} |Yang et al., [2021).
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Figure 1: Core and shells of SHELLELASTIC preserve supported prefixes. (a) Each colored
block row produces output group Gy, from the input prefix ending at spg. Group G; is the dense
core; subsequent groups are shells. (b) N normalizes group Gy, using its own statistics.

representations (Kusupati et al., [2022); these recipes train the sub-networks jointly or by sampling,
usually with distillation from the largest one (Hinton et al.l [2015)). For decoder-only transform-
ers (Vaswani et al., [2017), MatFormer (Devvrit et al., 2024) nests only the FFN hidden width and
underlies released on-device models (Gemma Team, [2025)), while Flextron and Nemotron Elastic
extract nested sub-networks from a pretrained model (Cai et al.l [2024; Taghibakhshi et al., [2025).
The concurrent StairFormer (Trost et al., 2026) nests every smaller model as a prefix of one forward
pass and instantiates this nesting with equal-width blocks; in its experiments, it trails dense mod-
els of the same size at every budget but supports a wider range of usable budgets than MatFormer.
SHELLELASTIC uses the same prefix structure but chooses the supported widths, which set the core
and shell sizes, and normalizes within groups instead of over cumulative prefixes. No existing work
derives how HPs should scale across nested widths or keeps every sub-network maximally updated.

HP transfer and p-parameterization. Tuning HPs such as the learning rate and initialization is
expensive at scale, and under the standard parameterization (Sohl-Dickstein et al.,2020) their optima
drift with width, so a small model cannot stand in for a large one (Yang et al., 2021). Scaling HPs
with model size removes this drift, so values tuned on a small proxy transfer zero-shot (Yang et al.,
2021} |Dey et al.,[2026)). Building on infinite-width theory (Jacot et al., 2018} Mei et al., 2018)),[Yang
& Hu(2021) identified 1P, a parameterization that gives every layer maximal ©(1) feature updates
as width grows, and |Yang et al.| (2021) turned it into a transfer rule for initialization, learning rate
and multipliers. CompleteP extends the rule across depth for pre-norm transformers (Yang et al.,
2024} Bordelon et al., 2024; Dey et al., 2026), and Mlodozeniec et al.| (2026) add batch size and
token budget. |[Everett et al.| (2024) derive per-layer learning-rate exponents across parameterizations
and optimizers, including Adam, and find that HP transfer is not limited to pP; Table E] follows
their scaling rules. These rules assume separately trained models, where each tensor has one fan-in;
1-ELASTIC extends them to the shared tensors of an elastic supernet.

3 METHOD

In the SHELLELASTIC architecture, all sub-networks reuse hidden-state prefixes from one full-width
trunk pass; ;-ELASTIC, a parameterization based on each weight’s active input width, enables reuse
of base optimization settings across model sizes.

3.1 THE SHELLELASTIC ARCHITECTURE

Core, shells, and supported widths. We organize hidden dimensions into a dense core followed
by successive shells (Figure[T). For base width g, choose supported sub-network width indices

S={s1<--<sg=M}C{l,....,M}, DY =59, Duoge=Mg. (1)

With sy = 0, these boundaries define contiguous groups Gy, = {sx—19+ 1,...,skg} of size (s —
sg—1)g. The core is Gy, and the shells are Go, . . ., G . Sub-network s contains the first & groups.
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Table 1: p-ELASTIC for SHELLELASTIC. Scaling rules set by the p-Transfer factor m, the p-
Internal factor s (Equation , and the FFN expansion e = Dy, /Dioder; s is the output group’s
supported boundary for hidden weights and the sub-network width index for readouts. Initialization
gives nominal weight standard deviations, or initial values for gains and scalars.

Parameter Active input width Initialization Learning rate Weight decay Multiplier
Token embedding E V (fixed) oo 70 Ao 1
Attention; FFN up/gate sg oo/v/ms N0/ (ms) Aoms 1
FFN down esg oove/y/ms  no/(ms) Aoms 1/e
Readout U, sg oo/\/ms N0/ (ms) Aoms Qs
Norm gains; readout scalar s 1 (elementwise) 1 Mo 0 1

Projections and normalization. Write a token’s hidden state as a row vector z, with .4 denoting
its first d dimensions. A square projection is y = xW T, where W € RPmodae1XDmoael - For output
group k, the block row W}, € RI9%1*x9 reads only the first s;g input dimensions:

YGr = IISA«QWJ' 2)
This makes W block lower triangular at the group boundaries (Figure[Th).

Group-local normalization uses a separate operator /N, and statistics within each group (Figure[Ip).
For RMSNorm (Zhang & Sennrichl 2019):

X

b
\/|gk|7 weg, T2 T en

Here a; is a learned gain and ey > 0 is a numerical stabilizer. The combined normalization sat-
isfies N(z)g, = Ni(zg,). Both operations preserve prefixes ending at the boundaries in S. Cuts
within a group generally change the retained outputs, so sub-networks can be extracted only at these
boundaries. Thus, S determines the block-triangular pattern of every projection, the normalization
groups, and the available sub-network widths.

[Nk J,‘gk .= aj j S gk. (3)

Attention and FFN. Both branches (Figure[7]in Appendix [A) use the group-local normalization
of Equation [3]as their pre-norm. Attention is elastic in its number of heads: sub-network s uses the
first DI(;()) de1/head = 59/dneaa heads, keeping the head dimension d,caq fixed. We require g to be
a multiple of dyeaq so that supported widths retain complete heads. The query, key, value, gate, and
output projections follow Equation[2} they constrain dependencies among hidden dimensions before
and after attention. Query/key normalization and rotary position transformations (Su et al., 2024)
act within each head. Each active head a performs causal self-attention:

Attn(z) = [concat (softmaX(QaK /V dhead + C) ) ® sigmoid (z W )} Wo, @

where C'is the causal mask, Q,, K, V, come from the corresponding projections of = and concate-
nation runs over the active heads. Adding heads leaves earlier heads’ attention outputs unchanged;
the structured output projection then preserves the supported hidden-state prefixes.

We use a SwiGLU FFN (Shazeer, 2020) with expansion ¢ = Dy, /Dinodel and integer base FEN

width eg, so sub-network s has Défsn) = eDI(jc)) de1- All three maps use the same group dependency

pattern. The up and gate weights have shape Dgy, X Dyyoqe1, With group boundaries sy g on the input
axis and esy g on the output axis. The down weight has shape D ,oqe1 X Dsm. The FEN computes

FFN(z) = [SiLU(=zW,") ® (W, )] W5 ©)

Elementwise operations and residual additions preserve the same prefixes.

Embedding and readout. Sub-network s uses sg-dimensional token embeddings and computes
its logits from the first sg dimensions of the L-layer trunk output z(%):
zszasN;’“t(x:(SLg))U;r, seS. (6)

Here o is a learned logit scale, N normalizes over all sg selected dimensions, and Uy € RV xsg
is the readout matrix for a vocabulary of size V. Figure[6]in Appendix [A]shows the complete model.
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Figure 2: Overview of ;i-ELASTIC. The ratio ¢ = m - s of Equation [/| scales the HPs of every
group and readout. (a) p-Transfer: the (og, 79, Ag) tuned on the proxy are reused (i) for an elastic
supernet and (ii) for a wider one with more shells (Corollary [I). (b) p-Internal: block row W}, has
fan-in s;g in every sub-network that contains it, so ¢ = msy keeps it maximally updated in all of
them (Theorem|[T). The bars show each group’s pre-activation size at initialization and update size:
with the proxy’s (oo, 7)), as under SP, all groups, even the core, exceed the proxy by /g and ¢, so
no shared value fixes them all (Proposition |2[); under p-ELASTIC, all match it.

Proposition 1 (Exact reuse at supported widths). For fixed model parameters, let E be the first sg
columns of the full-width embedding table, T the L-layer trunk restricted to width sg, and P; the
operator selecting the first sq hidden dimensions. For any token sequence u, evaluating sub-network
s directly gives the same hidden states as extracting its prefix from sub-network t:

T (Esu)) = Ps(Ty(E¢[u])) , s,teS, s<t.

Applying sub-network s’s normalization and readout (Equation [6) to either result gives identical
logits. Thus, one full-width trunk evaluation yields the same joint loss and parameter gradients as
separate evaluations of all supported sub-networks. Appendix [B] proves the result by composing the
prefix-preserving trunk operations across the L layers.

3.2 p-ELASTIC: PARAMETERIZING ELASTIC MODELS

We introduce /:-ELASTIC to address the two optimization requirements (Figure[2): transferring HPs
from a non-elastic proxy to an elastic family and between elastic model sizes (u-Transfer), and
maintaining maximal updates across sub-networks within each shared model (u-Internal).

Composing transfer and internal scaling. Let a non-elastic proxy of width dy supply the base
initialization scale oy, base learning rate 79, and weight decay \g. For base width g, define

9

p-Transfer  p-Internal

m q(s) =

For a hidden weight, s is the supported boundary of its output group, whose input width stays sg
(esg for an FFN down projection) in every sub-network that contains it, so one rule based on ¢(s)
serves all of them. The readout of sub-network s uses the same ratio.
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Parameterization and optimization rules. Table |lI| summarizes initialization, learning rate,
weight decay, and forward multipliers by active input width for AdamW (Kingma & Ba, 2014;
Loshchilov & Hutter], 2019)), following the per-layer scaling of [Everett et al.|(2024). Width is the
only elastic axis, since all sub-networks share the depth L, minibatches and number of training steps;
these shared quantities follow existing scaling rules for depth (Dey et al.,[2026), batch size and token
budget (Mlodozeniec et al.,[2026). The learning rate and weight decay scalings cancel, so AdamW
applies the same relative decay to every decayed parameter group. The embedding is a lookup over
a fixed vocabulary of size V, so it uses the base (0, 19, Ao ). For FEN down projections, the /e ini-
tialization factor and 1/e forward multiplier account for the expanded input width esg. The learned
scalars o in Equation [6]adjust logit coefficients beyond width scaling. Norm gains and « are ini-
tialized to one and use learning rate 19 with zero weight decay. The standard parameterization (SP)
sets m = s = e = 1 only in the scaling rules and fixes oy = 1, preserving the architecture.

Theoretical guarantees. The statements below are proved in Appendix |[C| under the standard
heuristic assumptions of uP (Yang et al.l 2021): before the scaling of Table [I]is applied, the pre-
activations of a group with active input width sg are @(\/@) at initialization and move by O(sg)
after one step, which is why the initialization and the learning rate carry different exponents.

Theorem 1 (yi-Internal: simultaneous maximal updates). Under the assumptions of Appendix|[Cland
the rule of Table[l| consider a hidden group with supported boundary s and any sub-network t € S
witht > s. In every layer, its pre-activations inside sub-network t (i) have ©(1) coordinates at ini-
tialization and (ii) move by ©(no) after one AdamW step on that group, with constants independent
of s, t, M, and m. The logits of every readout U have the same two properties.

Equation [/|is what makes this possible: a group with boundary s sums over exactly sg input coor-
dinates in every sub-network containing it, so one initialization scale and one learning rate satisfy
both conditions for all ¢ > s at once. Training several sub-networks jointly does not change this,
since they all feed a group the same input and Adam is invariant to the gradient scale.

Proposition 2 (A shared rule leaves groups mismatched). If all groups of a hidden matrix share
one initialization variance, learning rate and multiplier; the groups with boundaries s < s’ differ by

factors 6(\ /s’ s) in pre-activation size and ©(s'/s) in update size, whatever the shared values.

For unbounded M /sy, no shared rule thus keeps every group maximal in the sense of Theorem

Under SP, the groups of a hidden matrix share (o, 70), so by Propositionre-tuning only trades the
core against the outermost group, which stay /M /sy and M/s; apart in initialization and update;
the best HPs are compromises depending on m, M and S. Figure [3|and Table [3|show both effects:
the SP optimum departs from the proxy’s, and SP trails -ELASTIC even after re-tuning.

Corollary 1 (u-Transfer: two-level transfer). Theorem|[I] holds for every base width g = mdy and
every supported set S C {1,..., M}. Hence the values (co,m0, \o) tuned on the width-dy proxy
(i) keep every group and readout of a SHELLELASTIC supernet maximally updated, and (ii) keep
doing so when the supernet is widened (larger m) or given more shells (larger M ).

As with pP, the corollary fixes the scales of the initialization and the updates, not the optimal HP
values; Figure 3| verifies that the proxy’s tuned HP values remain near-optimal at both levels.

1-ELASTIC for other elastic architectures. ;-ELASTIC carries over to other elastic architec-
tures, but m and s are defined per architecture. MatFormer (Devvrit et al.| [2024)) keeps the model
width fixed and nests only the FFN hidden width, so only its FFN down projection has a fan-in that
varies with the sub-network. It uses m = Dy0de1/do, With s the sub-network’s FFN hidden width
in units of a base FFN width; the down projection takes the factor ms, and the other hidden matrices
and the readout take m (Table [6). Fully elastic models, a transformer adaptation of slimmable
networks (Yu et al.|[2018)), slice shared dense matrices along the residual, attention and FFN widths,
so every hidden matrix has a varying fan-in; their m and s follow Equation [/} and every hidden
matrix takes the factor ms (TableE]). StairFormer (Trost et al.|[2026), with equal-width groups, takes
Table E] with § = {1,..., M} in its hidden matrices. Theorem (I{and Corollary [I|extend to all three
(Appendix [C.5)), and Figure [§|compares MatFormer, fully elastic models and SHELLELASTIC.
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3.3 TRAINING AND INFERENCE

Recipe. (1) Tune (o, 79, Ag) on a non-elastic proxy of width dj. (2) Choose the base width g and
the supported set S. (3) Compute m = g/dy and instantiate the parameterization in Table|l] (4)
Train the supernet on the joint objective below.

Joint objective. At step 7, with selected widths A, C S and loss weights wg > 0,

ZSEAT ws L
ZSE.AT Ws
where z; are the logits of Equation[6] )\, is the z-loss coefficient, the expectation runs over the non-
padded target positions, and every ¢, backpropagates into the shared trunk. The narrower widths

may be selected by any rule, but every A, contains the full width M, so the trunk always runs at
width D,04e1 and every trunk parameter receives a gradient at every step.

L, = , ls = CE(zs,y) + Az E[(log >, ezs,v)z} ’ ®

Cost and scalability. Let Ciyuni(s) and Coyui(s) be the forward costs of the trunk and of one
terminal norm and readout at width sg. Training the family jointly and training each sub-network
separately cost

Cioint = Ctrunk(M) + Z C(out (8)7 Cseparate = Z [Ctrunk(s) + Cout(s) . (9)

seS seS

By Proposition E], one trunk term serves every width, whereas Cgcparate pays one per width, so
the gap grows with |S| and Cjeint Stays comparable to training the widest sub-network alone. The
same holds for memory: all readout gradients combine in one trunk backward pass, so the trunk’s
activations, parameters and optimizer state are those of the widest one. Training all sub-networks
at every step works best (Appendix J)) and gives every step the same computation graph, parameter
access pattern and workload. In MatFormer and fully elastic models, hidden states are not nested,
so each width needs its own trunk pass: sampling widths per step (Devvrit et al.,[2024; [Yu & Huang|
2019) varies the workload, while training all widths at every step (Yu et al.l|2018) pays Cseparate-

Inference. For a chosen width s € S, we retain the embedding prefix, the core and shells up to
s, and the matching terminal norm and readout, keeping the forward multipliers of Table [l By
Proposition [I] the extracted model reproduces its supernet logits exactly and runs as a standalone
transformer of width sg without further training.

4 EXPERIMENTS

After describing the setup (Section 1)), we evaluate the sub-networks of one SHELLELASTIC run
against parameter-matched MatFormer, fully elastic and separately trained models, and zi-ELASTIC
against SP on every elastic family (Section[d.2). We then compare SHELLELASTIC with StairFormer
and run an architecture search at equal parameters and width count (Section .3)); finally, we ablate
the training and design choices to derive practical guidance for elastic pretraining (Section [4.4).

4.1 EXPERIMENTAL DETAILS

Models. Our primary model is a SHELLELASTIC supernet with base width g = 128 and supported
set S = {4,5,6,7,8}: a 512-dimensional core followed by four 128-dimensional shells, giving five
sub-networks of widths 512 to 1024. We report main results at three scales, with sub-networks of
about 119M—-285M, 375M-906M and 675M-1.69B parameters (SHELLELASTIC widths 512-1024,
1024-2048 and 1024-2048, respectively). All models are 32-layer transformers with gated attention
and SwiGLU FFNs. Tables[7]and [8]in Appendix [E]list all configurations.

Datasets. All models are trained on DCLM-Baseline (L1 et al., [2024), a filtered Common Crawl
corpus, with the GPT-NeoX-20B tokenizer (Black et al., [2022) and a sequence length of 2,048.
By default, a run takes 25,000 steps of 128 sequences (6.55B tokens). This budget gives every sub-
network more than 22 tokens per parameter, above the compute-optimal ratio of about 20 (Hoffmann
et al |2022). We monitor the training and validation losses (per-token cross-entropy in nats) of ev-
ery sub-network, the latter on held-out C4 text (Raffel et al.l |2020; Dodge et al.l 2021)). Following
OLMOoE (Muennighoff et al.,2025) and DCLM, we also probe 5-shot accuracy on ARC-Easy (Clark
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Table 2: Final validation loss and mean 5-shot accuracy over 13 downstream tasks at three scales,
labeled by sub-network size. Entries at the 119M—-285M and 3756M-906M scales average three runs;
those at 675M—1.69B are single runs. TFive separately trained models, together taking 5x the steps
of any other row. Bold marks the best of the four methods that train all five sizes in one run.

Val. loss | 5-shot acc. (%) 1

Method Low Medium High Extra Max Avg. Low Medium High Extra Max Avg.
S Standalone’ 3.369 3.308 3.264 3.219 3.191 3.270 35.6 35.8 36.6 37.1 37.1 365
e}
% Sampled standalone 3.667 3.609 3.583 3.532 3.524 3.583 33.8 334 34.0 342 344 340
2' MatFormer 3.425 3.357 3.325 3312 3.314 3.347 35.1 352 358 359 359 35.6
S Fully elastic 3429 3.354 3.315 3.295 3.290 3.336 349 355 357 359 36.0 35.6
— SHELLELASTIC  3.409 3.338 3.294 3.264 3.240 3.309 35.5 36.6 36.6 36.9 36.9 36.5
S Standalone’ 3.007 2963 2.926 2.897 2.870 2.933 40.4 41.8 425 432 43.1 422
§ Sampled standalone 3.208 3.175 3.141 3.115 3.093 3.147 37.7 37.8 38.0 38.7 39.0 382
El MatFormer 3.072 3.005 2.975 2.963 2.963 2.996 39.7 403 404 412 41.3 40.6
2 Fully elastic 3.052 2.995 2.966 2.952 2.948 2.983 403 41.0 41.6 42.0 42.0 414
& SHELLELASTIC 3.055 3.000 2.967 2.943 2.925 2.978 40.8 414 42.0 42.6 43.0 41.9
/A Standalone' 2912 2.859 2.821 2.793 2.767 2.830 43.4 439 447 46.2 46.1 44.8
f Sampled standalone 3.037 2.998 2.970 2.956 2.924 2.977 40.2 40.8 41.6 41.0 432 414
El MatFormer 2914 2.872 2.849 2.839 2.838 2.862 42.8 433 434 44.0 436 434
io Fully elastic 2940 2.884 2.854 2.838 2.833 2.870 42.1 434 439 442 44.6 43.6
S SHELLELASTIC 2914 2.866 2.835 2.813 2.796 2.845 43.7 43.7 439 443 445 44.0

et al.|[2018), PIQA (Bisk et al.,[2020) and HellaSwag (Zellers et al., 2019) during training and eval-
uate the final sub-networks on 13 datasets spanning world knowledge, symbolic problem solving,
commonsense reasoning, language understanding and reading comprehension (Appendix [F).

Baselines. We compare SHELLELASTIC against five baselines, each providing networks of five
sizes: Low, Medium, High, Extra and Max. (i) MatFormer (Devvrit et al., [2024) nests only the
FFN hidden width. (ii) Fully elastic, a transformer adaptation of slimmable networks (Yu et al.,
2018)), nests the residual, attention and FFN widths by slicing shared dense matrices. (iii) Stair-
Former (Trost et al) 2026) shares the prefix structure of SHELLELASTIC but uses equal-width
groups and normalizes over cumulative prefixes. (iv) Standalone trains five separate models, each
on the full budget, and thus takes 5x the steps of one elastic run. (v) Sampled standalone, the stan-
dalone baseline of MatFormer, trains the five Standalone models within the steps of one elastic run.
MatFormer, the fully elastic model and sampled standalone sample one sub-network uniformly at
random per step, whereas StairFormer and SHELLELASTIC train all sub-networks in one full-width
pass at every step. In the main results, all baselines match the SHELLELASTIC sub-networks
in parameter count to within 3% (Table [10). Appendix [E| details the baselines’ architecture and
training, and Appendix [D] gives their parameterization.

Hyperparameters. All models are trained with AdamW. Unless otherwise specified, they use
the base learning rate 9 = 2 x 1072, initialization scale oy = 3.3 x 102 and weight decay
Ao = 0.01, with p-ELASTIC for the elastic models and P for the non-elastic ones, both with
dy = 128. SHELLELASTIC has m = 1 and trains all five widths at every step with loss weights
(1,1,1,1,4) (Equation . Main results at the 119M-285M and 3756M—-906M scales are averaged
over three runs with the same seed; compute limits the 675M-1.69B scale to one run. Ablations
vary only the setting under study; Table[9]in Appendix [E]lists the remaining HPs and the hardware.

4.2 MAIN RESULTS

Comparison with baselines across scales. Table 2| compares SHELLELASTIC with MatFormer,
the fully elastic model and the two standalone baselines at three scales (curves and per-task results
in Appendix [G)); all three elastic models use y-ELASTIC (Appendix [D). SHELLELASTIC is the
supernet of Section @ at 119M-285M, doubles its base width to g = 256 at 375M-906M, and
also raises the FFN expansion from e = 1 to 4 at 675M-1.69B; these two scales train for 50,000
and 100,000 steps of 256 sequences (Appendix [E). Among the methods that train all five sizes in
one run, SHELLELASTIC has the lowest mean validation loss (0.028, 0.005 and 0.018 nats below
the best baseline) and the highest mean 5-shot accuracy at every scale, and is best or tied-best at
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Figure 3: Sweeps of the learning rate 79 and initialization scale oy, the other at its base value, for
the proxy and each elastic model at both scales under ;-ELASTIC and SP. A val. loss is the mean
validation loss of the five sub-networks minus the minimum of the ;-ELASTIC line of the same
model and scale (for the proxy, its own line). Appendix [H{shows the sweeps for each sub-network.

Table 3: Effect of -ELASTIC on each elastic model at the 119M—285M and 375M-906M scales.
For each model, the first row is the best of the 12 (13 at 375M—906M) SP configurations of Figure[3]
at that scale (lowest mean validation loss), and the w/ ;i-ELASTIC row is its result in Table |Z[, with
the base values of Section[d.T|and no re-tuning. Table 28] gives the values with four decimals.
Train loss | Val. loss |
Method Low Medium High Extra Max Avg. Low Medium High Extra Max Avg.
MatFormer 3.261 3.184 3.157 3.140 3.139 3.176 3.434 3.360 3.327 3.314 3.311 3.349
w/ p-ELASTIC 3.254 3.182 3.156 3.141 3.144 3.175 3425 3.357 3.325 3.312 3.314 3.347
Fully elastic 3272 3.192 3.154 3.130 3.126 3.175 3.445 3.368 3.325 3.303 3.297 3.348
w/ pp-ELASTIC 3.257 3.178 3.145 3.123 3.120 3.165 3.429 3.354 3.315 3.295 3.290 3.336
SHELLELASTIC 3247 3.180 3.136 3.104 3.079 3.149 3.423 3.354 3.308 3.275 3.249 3.322
w/ p-ELASTIC 3.230 3.164 3.123 3.094 3.071 3.137 3.409 3.338 3.294 3.264 3.240 3.309

MatFormer 2914 2841 2815 2.796 2.793 2.832 3.089 3.019 2.988 2.974 2.970 3.008
w/ p-ELASTIC 2.899 2.828 2.803 2.786 2.787 2.821 3.072 3.005 2.975 2.963 2.963 2.996
Fully elastic 2906 2.842 2.813 2.790 2.786 2.827 3.081 3.020 2.987 2.969 2.963 3.004
w/ -ELASTIC 2.879 2.817 2.793 2.773 2.771 2.807 3.052 2.995 2.966 2.952 2.948 2.983
SHELLELASTIC 2.888 2.830 2.796 2.770 2.748 2.806 3.070 3.009 2.973 2.946 2.924 2.984
w/ p-ELASTIC 2.875 2.822 2.790 2.767 2.749 2.801 3.055 3.000 2.967 2.943 2.925 2.978

119M-285M

375M-906M

12 of the 15 tiers in validation loss and 14 in 5-shot accuracy. Its lead grows with size, from at
most 0.016 nats at Low to 0.023-0.050 at Max, likely because the Max-only parameters of the
elastic baselines receive a gradient on only one step in five on average, whereas every parameter
of SHELLELASTIC receives one at every step. At a fixed step budget, weight sharing also helps:
the fully elastic model beats sampled standalone, its unshared counterpart, by 0.11 to 0.25 nats on
average. With a fifth of their optimizer steps, SHELLELASTIC comes within 0.039, 0.045 and 0.014
nats of the standalone models in mean validation loss and within 0.8 points in mean 5-shot accuracy.
Appendix [E-4] analyzes the training and inference cost of all methods at 119M-285M.

Transferability of ;,-ELASTIC. Under -ELASTIC, the proxy’s optimum, 79 = 2 x 10~2 and
0o = 3.3x 1073 (the base values of Section , transfers to all three elastic models at both levels of
p-Transfer (Figure 3] Corollary[T). At the 119M-285M scale, both values are optimal or adjacent to
the optimum (7)9: exact for MatFormer and the fully elastic model, adjacent for SHELLELASTIC; gg:
exact for the fully elastic model and SHELLELASTIC, adjacent for MatFormer). At the 375M-906M
scale, which enlarges m, M or both and doubles the batch size and steps (Appendix [E), the same
holds, and o becomes exact for MatFormer too. The base values are thus within 0.003 nats of the
best point of every -ELASTIC sweep and within 0.005 nats for every sub-network (Appendix [H).
Under SP, the optimum departs from the proxy’s and shifts with scale, as Section [3.2] anticipates,
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Figure 4: Architecture comparison and search against parameters at step 25,000. (a, b) Comparison
with StairFormer: validation loss and average S-shot accuracy (%) over 13 tasks. (c) Architecture
search: validation loss of each supported width. Full results are in Appendices[[.T|and[[.2]

and at the base values SP is 0.03-0.11 nats worse. Weight decay transfers as well (Figure [T3]in
Appendix [H): under ;.-ELASTIC, the mean loss of SHELLELASTIC is flat over the same range as the
proxy’s, from Ao = 1073 to 10~ (within 0.003 nats), whereas SP is higher at every swept value.

Simultaneous maximal updates of ;.-ELASTIC. Without width-dependent scaling, re-tuning one
global value only trades one width against another (Proposition[2). Table[3]tests this limitation at the
119M-285M and 375M—-906M scales, giving SP the best of its 12 (13 at 375M-906M) configura-
tions in Figure[3]and ;.-ELASTIC only the base values. At the 119M-285M scale, for the fully elastic
model and SHELLELASTIC, pi-ELASTIC still gives lower training and validation losses at every tier,
by 0.011 and 0.013 nats in mean validation loss, as it keeps all widths maximally updated at once
(Theorem |ID At the 375M-906M scale, tuned SP remains 0.006—0.021 nats worse than zi-ELASTIC
for all three models (Appendix [H). Under tuned SP, SHELLELASTIC still beats both baselines by
0.026-0.027 and 0.020-0.024 nats at the two scales, so its lead is not due to ;-ELASTIC alone.

4.3 ARCHITECTURE COMPARISON AND SEARCH

Comparison with StairFormer. StairFormer (Trost et al., 2026 nests sub-networks as prefixes
of one forward pass; it uses equal-width groups, cumulative prefix normalization and one shared
readout. Here it has ¢ = 208 and S = {1, 2,3,4,5} in our notation, whereas SHELLELASTIC has
a 512-wide core and four 128-wide shells (S = {4, 5,6, 7, 8}), group-local normalization and per-
width readouts. Like SHELLELASTIC, it trains all sub-networks at every step; we give it the same
p-ELASTIC and HPs (Sectiond.T). Its narrower sub-networks are much smaller (32.6M to 200.4M);
only its Max matches SHELLELASTIC in size. At the parameter count of each SHELLELASTIC sub-
network, its validation loss is 0.055 to 0.083 nats higher (Figure Eh; curves in Figure |T_7|) and even
its Max, with 1.5x the parameters, is 0.001 nats above the High of SHELLELASTIC. At Max,
SHELLELASTIC also leads in average 5-shot accuracy, 36.9 against 35.7 (Figure b and Table [29).

Architecture search at equal parameters and width count. Since S fixes both the extractable
widths and the parameter count (a hidden matrix keeps B(S) = Y, (sx — sx—1)sy, of its M? blocks
of size g X g), we ask where extra width should go when B and the number of supported widths are
fixed. At B = 42 with five supported widths, each candidate set has four groups of width g and one
of width 4¢ and differs only in where this wide group sits (block masks in Figure [T8); at B = 39
with six, the wide group has width 3¢g (Appendix [[.2). We train every supported width at every step
and compare the sets at each width they share with equal parameter counts (Figure @). The core is
the best place for the wide group: the core placement has the lowest loss, or is within 0.006 nats of
it, at every shared width, whereas a shell placement makes the first width containing the wide group
0.025 to 0.052 nats worse. This motivates the wide core and thin shells of SHELLELASTIC.

4.4 ABLATION STUDIES

All ablations use the 119M-285M supernet of Section .T] and change one setting at a time; the
default results are those of Table@ Of the settings we ablate, sub-network selection, in-place dis-
tillation, ensembles of the sub-networks, stage-residual gradient scaling and the trunk gradient of
the narrower widths can change the mean validation loss by 0.010 to 0.20 nats, whereas the loss
weights, normalization, readouts, base width and head dimension, and optimization HPs change it
by at most 0.007 nats. We discuss the first four below (Table d)) and the others in Appendix [J]

10



Preprint.

Table 4: Ablations at the 119M—-285M scale: final validation loss and mean 5-shot accuracy over 13
downstream tasks and the five tiers. Each block ends with the default, and bold marks the best value
of each column within a block. Appendix [J] gives all ablations.

Val. loss | 5-shot acc. T
Setting Low Medium High Extra Max  Avg. Avg.
Selected sub-networks per step A
Sandwich: Low, Max and one other 3.4019 3.3617 3.3183 3.2816 3.2395 3.3206 36.1
Random: one of the five sub-networks 34311 3.3786 3.3542 3.3410 3.3356 3.3681 34.8
Max + random: Max and one other 3.4944 3.4079 3.3447 3.2956 3.2397 3.3564 355
All: all five sub-networks (default) 34086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5
In-place distillation from Max
Forward KL, weight 0.1 3.4047 3.3355 3.2937 3.2641 3.2410 3.3078 36.4
Forward KL, weight 0.5 3.3920 3.3287 3.2931 3.2675 3.2482 3.3059 36.6
Forward KL, weight 1 3.3748 3.3184 3.2873 3.2653 3.2483 3.2988 36.1
Reverse KL, weight 0.5 3.3868 3.3261 3.2887 3.2632 3.2437 3.3017 359
Symmetric KL, weight 0.5 3.3875 3.3256 3.2901 3.2629 3.2435 3.3019 36.0
None (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5
Ensembles of the five sub-networks
Learned per-token width router 3.7735 3.5611 3.4137 3.3055 3.2269 3.4562 35.1
Distillation from loss-weighted ensemble 3.3902 3.3275 3.2926 3.2673 3.2471 3.3049 37.0
Distillation from soft oracle 3.3982 3.3350 3.2980 3.2709 3.2501 3.3105 36.3
None (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5
Stage-residual gradient scaling
vy=0 3.4053 3.3740 3.3530 3.3348 3.3115 3.3557 36.1
v=10.3 3.3806 3.3317 3.2991 3.2762 3.2485 3.3072 36.6
v=0.5 3.3939 3.3360 3.2967 3.2700 3.2447 3.3083 36.0
v=0.8 3.4030 3.3365 3.2946 3.2658 3.2419 3.3084 37.0
~v = 1 (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5

Selected sub-networks per step. Besides training all five sub-networks at every step (All, the
default), we test three rules for A, in Equation@ Sandwich (Low and Max plus one other), Max +
random (Max plus one other) and Random (one sub-network, as in MatFormer), drawing the random
ones uniformly at random. The loss of each sub-network follows how often it is trained: Sandwich
and Max + random match All at Max but are up to 0.024 and 0.086 nats worse at those they select
less often, and Random is worse at every sub-network, by 0.095 nats at Max. All gives the lowest
mean loss, 0.012 to 0.059 nats below the others, and the highest mean 5-shot accuracy.

In-place distillation. Elastic recipes often distill the narrower sub-networks from the widest
one (Yu & Huang| 2019). We add to the losses of Low to Extra a KL divergence toward the output
distribution of Max (forward KL with weights 0.1 to 1; reverse and symmetric KL with weight 0.5).
This lowers the loss of Low by up to 0.034 nats and the mean loss by up to 0.010 nats, the largest
gain of any ablation, but raises that of Max by up to 0.008 nats, improves the mean 5-shot accuracy
by at most 0.1 points and makes a step 2.2 to 2.6 times as long, so we do not use it.

Ensembles of the sub-networks. One trunk pass yields the output distributions p, of all five sub-
networks, which may err on different tokens, so a per-token ensemble Zs Tsps could beat Max as a
predictor at little extra cost, or replace it as a stronger teacher (details in Appendix[J).

» Ensemble as predictors. We evaluate four ensembles of a trained supernet: uniform weights, con-
fidence weights (75 o< max, ps(v)), the most confident readout per token, and the best fixed en-
semble, whose weights minimize the loss. We also train a router, an MLP that maps the last-layer
hidden state of Max to per-token weights 4, together with its own supernet on the m-weighted
sum of the five losses. None of the ensemble methods beat Max alone (Figure [5] Table[33): the
best fixed ensemble only matches it, the other three are 0.03 to 0.065 nats worse in train loss, and
the router puts all weight on Max within the first 50 steps (Figure[5p), so Max improves by 0.013
nats while the other sub-networks, now barely trained, lose up to 0.365 nats (Figure [Sk).

* Oracle. An oracle that picks per token the readout with the highest target probability is 0.19 nats
below Max (Table 34), as a narrower sub-network is better on 71% of tokens (Figure [5k). Two
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Figure 5: Ensembles of the sub-networks. (a) Train loss minus that of Max during training for the
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the default when distilling toward Max, the loss-weighted ensemble or the soft oracle. (e) Share of
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of the three SHELLELASTIC runs of Table 2]

supernets trained separately with the same settings differ far more: averaging their Max lowers
the loss by 0.056 nats at twice the cost, and their oracle gains 0.23 nats against 0.19 for the five
sub-networks on held-out text. Our ensembles show that finding the better sub-network per token
without the target is hard, but we believe a better ensemble could close part of this gap, a promising
way to substantially improve SHELLELASTIC at almost no extra cost.

* Ensemble as teachers. Every sub-network, including Max, distills (forward KL, weight 0.5) to-
ward the loss-weighted ensemble (75 o wy), which predicts 0.012 nats worse than Max, or the
soft oracle (7 oc ps(y)?), a smoothed oracle that predicts 0.14 nats better (Table[33). Yet neither
teacher helps Max, not even the soft oracle: like in-place distillation with the same KL (Figure[5{),
they improve Low by up to 0.018 nats and worsen Max by up to 0.010 nats.

Stage-residual gradient scaling. Since the readout is linear (Equation [6)), the logits of width sy,
are a sum of k terms, one from the last-layer coordinates of each of its groups, so the supernet can be
viewed as a sequence of stages: the core gives a base prediction and each shell adds a correction, as
in residual learning 2016). To make each shell learn this correction, we keep the forward
pass but, in the backward pass, scale by ~ the gradient that each sub-network’s loss sends to the
trunk through the narrower sub-network it contains; the gradient through its own shell is unchanged
(details in Appendix [J). Thus v = 1 is the usual joint training of Equation [8] while with v = 0
each loss reaches the trunk only through its own shell, which therefore learns only to correct the
prediction of the narrower sub-network. A ~ of 0.3 to 0.8 lowers the loss of Low by up to 0.028
nats but raises those of Extra and Max by up to 0.012 nats, leaving the mean loss within 0.002
nats, whereas v = 0 raises the mean loss by 0.047 nats, as the last-layer features of the narrower
groups no longer adapt to the wider losses; we keep v = 1. The stage view still points to a property
that MatFormer and fully elastic models lack: since no group reads a later one and every group is
normalized on its own, a new shell can be appended to a trained supernet and trained as a new stage
with all trained weights frozen, so every trained sub-network keeps its exact outputs.

5 CONCLUSION

In SHELLELASTIC, one full-width pass gives the exact hidden states of every sub-network, so joint
training costs about as much as the widest one alone. With ;-ELASTIC and proxy-tuned HPs, one
run yields maximally updated sub-networks that beat MatFormer and fully elastic models at matched
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sizes and approach standalone models that together take five times the steps. Our experiments favor
training all sub-networks at every step and a wide core, and suggest two directions: better sub-
network ensembles, whose oracle is 0.19 nats below Max, and appending shells to a trained supernet.

Al USE STATEMENT

In this work, we used generative Al tools to provide critical ingredients for proving our mathematical
claims, to assist in writing the proofs (Appendices [B]and [C)), and to implement parts of our method.
Additionally, we used generative Al tools to draft parts of the paper, edit it for readability, generate
and check the code for the result figures and tables, and cross-check the statements of the paper
against the training code. We have reviewed all Al-assisted work. We take responsibility for the
final content of this work, including text, claims, or artifacts produced with the aid of generative Al.

ETHICS STATEMENT

This work studies training methods for language models on publicly available web text and does not
involve human subjects. Elastic models reduce the cost of serving several model sizes, which lowers
the energy cost of deployment; they inherit the biases of their training data like any language model.

REPRODUCIBILITY STATEMENT

Section and Appendices [E] and [F list every architectural, optimization and evaluation setting;
Table[T]and Appendix [D] give the complete parameterization rules; Appendices [B]and [C| contain the
proofs, and Appendix [B.3] verifies Proposition [I] numerically; Appendices [G] [H] [I] and [J] give the
complete main, transfer, architecture-search and ablation results. The training code, configurations
and run logs used for all tables will be released.
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Figure 6: The complete SHELLELASTIC model. Embedding, one attention—FFN layer repeated L
times, and the terminal norm and readout of the selected width. Group-local branch normalization
and structured projections preserve every supported prefix through the trunk.

A ARCHITECTURE DETAILS

Figure [6] shows the complete SHELLELASTIC model, Figure [7] details its attention and FEN sub-
layers, and Figure [§] places the three elastic families side by side. Weight matrices are drawn with
output rows and input columns and colored only where a connection is allowed; white lines mark
the supported widths, and black lines delimit the slices of a dense matrix that the narrower sub-
networks use. All three families are drawn with S = {4,5,6,7, 8}, the default supported set of
SHELLELASTIC, so that their matrices are directly comparable; Table [7) lists the dimensions of
the trained models. The forward multipliers of Table [I] are omitted throughout, and the per-head
query/key normalization and rotary position transformations appear only in Figure[7]

Comparison with other elastic architectures. MatFormer keeps the model width, attention, nor-
malization, embedding and readout at full width and nests only the FFN hidden width. A fully elastic
model slices dense matrices along both axes and normalizes over the active width. In both cases,
channel mixing is dense, so the hidden states of a narrow sub-network are not contained in those of
a wide one, and each width needs its own trunk pass. SHELLELASTIC replaces the dense matrices
with block-lower-triangular ones and the full-width normalization with group-local normalization,
which is exactly what lets the supported prefixes share a single trunk pass (Proposition [IJ).
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. Group-local 1 .
(a) Attention fo- e I:' Wokyv — Causal attention
normalization 5g/dhead heads
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Figure 7: Prefix-preserving attention and FFN. Sub-network s uses the first sg/dpeaq attention
heads. The FFN’s up, gate, and down projections expand and contract the same groups.
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Figure 8: Complete architecture comparison. MatFormer varies the FFN hidden dimension; fully
elastic models vary the model dimension and the FFN hidden dimension together by slicing dense
matrices; SHELLELASTIC also varies both, but through block-lower-triangular projections in which
each output group reads only a prefix of the input. Each layer frame repeats L times. Proportions

are illustrative.
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B EXACT COMPUTATION REUSE

This appendix proves Proposition [T} Appendix [B.T| defines prefix-preserving maps and shows that
the structured projections are prefix-preserving at the supported widths, Appendix [B.2]composes the
operations of the trunk, and Appendix [B.3|checks the result numerically and delimits what it does
and does not claim.

B.1 PREFIX-PRESERVING MAPS

Throughout this appendix, s < t are supported widths in S, and P keeps the first sg coordinates
of every token’s hidden state (the first esg coordinates on the FFN hidden axis), as in Proposition [T}
For a map F' that the trunk applies at every supported width, F; denotes its restriction to width sg,
that is, the map that sub-network s applies.

Definition 1 (Prefix-preserving map). A map F is prefix-preserving if

P,oF;, = F,0 P, foralls,t € S, s <t. (10)

We first show that the structured projections of Section[3.T|have this property. The lemma allows dif-
ferent base granularities on the two axes, since the output groups of the FFN up and gate projections
are e times as wide as their input groups, and those of the down projection e times as narrow.

Lemma 1 (Structured linear maps). Consider a linear map with base input and output granularities
Gin and gout, in which output group k has (s, — Sg—1)gout rows and reads the first sigi, input
coordinates. Let Pi™ and P2 keep the first sgi, inputs and the first sgou outputs, and let W be
the top-left sgout X Sgin block of the weight matrix. Then, with the row-vector convention,

PO (aW) = PR@) W, steS, s<t. (1

Proof. Let s = s;. The first sgoyt outputs are those of the groups & < j, and output coordinate 4 of
group k is
SkJin
(‘rWtT)Z' = Z (Wt)ic Te. (12)
c=1
Since k < j gives s < s; = s, this sum reads only the first sg;,, inputs, and all of its weights lie in
the top-left block W,. Hence it equals (P (z) W, ) O

i

Unsupported widths. At anindex u ¢ S, there is a group with s;_1 < u < si. A cut at u keeps
part of that group but removes inputs it is allowed to read (Equation[I2)), so Equation[IT|does not hold
in general, and the architecture guarantees no reusable sub-network there. For S = {4,5,6,7, 8},
the indices 1, 2, 3 lie inside the dense core and are not supported.

B.2 PROOF OF PROPOSITION(]

Proof. We show that every operation of a layer is prefix-preserving (Steps 1-4) and then compose
the operations over the L layers (Step 5).

Step 1: projections. The query, key, value, gate and output projections of attention and the up, gate
and down projections of the FFN are structured linear maps. Lemma [T] therefore applies to each of
them, with gi, = gout = g for the attention projections, (gin, gout) = (g, €g) for the FFN up and
gate projections, and (eg, g) for the FFN down projection.

Step 2: group-local normalization. By Equation[3| N(z)g, = Nji(xg,) uses only the coordinates
and gains of Gy, so the first sg outputs depend only on the first sg inputs, and P;o N; = Ngo Ps. The
same holds for any finer partition and for a cumulative prefix norm, whose statistics for a coordinate
use all coordinates up to the end of its group or of its block of g coordinates (Equation [23)); for any
of the first sg coordinates, that end is at most sg. A norm over the full active width does not preserve
prefixes, because adding a group changes the statistics of the earlier coordinates.

Step 3: attention. Since g is a multiple of dyeaq, every head lies inside one group, and sub-network
s uses the first sg/dpeaq heads. By Step 1, their queries, keys and values depend only on the first
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sg inputs. Query—key normalization, the rotary transformation and the softmax act within a head,
so the heads that sub-network ¢ adds leave the outputs of these heads unchanged. The sigmoid gate
and the output projection of Equation[dare covered by Steps 1 and 4.

Step 4: elementwise operations, residuals and embedding. The SwiGLU product and the other
elementwise operations act coordinatewise, so they commute with Ps. A residual branch x —
x+F () with a prefix-preserving F is prefix-preserving, since Py (z+F;(z)) = Py(2)+F, (Ps(z)).
The embedding satisfies Ps(FE;[u]) = Fq[u] by construction.

Step 5: composition over layers. If F' and G are prefix-preserving, then so is G o F:
P,oGioF; =GgoPs0F, =G 0F,0P,. (13)

Each layer is a composition of the operations of Steps 1-4 and is therefore prefix-preserving, and by
induction over the L layers, as in Proposition 2.3 of StairFormer (Trost et al., 2026)), so is the trunk:
P, 0T, =T, o Ps. Applying this identity to the embedded sequence and using Step 4,

Py (Ty(Ey[u])) = Ts (Ps(Ey[u])) = T (Es[ul), (14)

which is the claim. O

Consequence for the joint objective. The terminal norm NoU* and the readout U need not com-
mute with Ps, since N2"* normalizes over all sg selected coordinates. They are applied affer the
prefix has been selected (Equation[6)), so each sub-network’s terminal map receives exactly the input
it would receive in a separate evaluation. Hence each /;, and the gradient of the joint objective of
Equation [§] is the same function of the shared parameters as in separate evaluations, up to floating-
point summation order.

B.3 NUMERICAL VERIFICATION AND SCOPE

Numerical verification. We instantiated the full trained configuration on the meta device to check
module selection and shapes, and ran a reduced two-layer model on CPU with the same architecture
switches, comparing one shared trunk pass against five separate evaluations of the same nested
weights. The logits and the weighted cross-entropy agreed exactly; the largest absolute difference
between the two sets of parameter gradients was 1.68 x 10~%, and every trainable parameter received
a gradient. The check replaces the fused SwiGLU and cross-entropy kernels of the GPU path with
reference expressions, so it supports the implementation of Proposition |1} not its throughput.

Scope of the statement. The proposition assumes the dense-FFN graph of Section a fixed
supported set S and prefix-preserving normalization. Beyond these assumptions:

* dropout needs matched masks for an equality test;
* data-dependent routing or width-specific trunk modules need a separate argument;

* Equation [2| fixes the logical dependencies and not a storage layout or a kernel: every im-
plementation of that map has the prefix property.

C PROOFS OF THE [-ELASTIC RESULTS

This appendix proves Theorem [I] Proposition [2] and Corollary [I] Appendix states the assump-
tions and fixes the notation, Appendices [C.2HC.4] give the three proofs, and Appendix [C.5] extends
Theorem [I]and Corollary [I]to the other elastic architectures of Section

C.1 ASSUMPTIONS AND NOTATION

Assumption 1 (Heuristic scaling). We use the heuristic framework of Appendix J of the pTransfer
paper (Yang et al.l|2021):

(Al) Inputs. The input to every hidden matrix has ©(1) coordinates with bounded second moments
and is independent of that matrix at initialization.
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(A2) Central limit. If wy,...,w, are i.i.d. with mean zero and standard deviation b and indepen-
dentof x1, ...z, = O(1), then Y_._ wex. = O(y/nb).

(A3) Law of large numbers. After a gradient step, the update AW of a hidden matrix is aligned
with the activations it multiplies, so Y ._, AW,c x. = O(nd) when |[AW,.| = ©(6).

(A4) Adam. With learning rate p and a non-degenerate second-moment estimate, every coordinate
of an Adam update has magnitude O(p), independently of the gradient scale.

Notation. Consider a hidden matrix and the block row W}, € RI9%1%59 of Equationthat produces
output group Gy, whose supported boundary is s = si. Inside a sub-network ¢t € S with t > s, let
x be the input of the matrix, and let
59
vi=> Wi)jexe,  J€ G, (15)
c=1
be the pre-activation of coordinate j. After one optimizer step, the update AW}, moves it by Ay; =
329 (AWy)je . Read widths are measured in base widths: the block row of Gy, reads sj, = s of

them, and the readout of sub-network s reads s. The proxy width dy and the base values (o, 170, Ao)
are fixed, and the constants hidden in ©(-) do not depend on g, s, t, M, m or e.

C.2 PROOF OF THEOREM[I]

Proof. Step 1: the fan-in does not depend on the sub-network. The sum in Equation |15] has
exactly sg terms in every sub-network ¢ > s: the block row reads no coordinate beyond sg (Equa-
tion [2), and sub-network ¢ contains all of them because tg > sg. One initialization scale and one
learning rate, set by g(s) = ms = sg/dy (Equation , therefore serve every sub-network that
contains the group.

Step 2: initialization. Table 1| draws the entries of W, i.i.d. with standard deviation o(/y/ms =

o0v/do/(sg). By (Al) and (A2),

2d
Efy}] = sg- 707

” -O(1) = O(0ddo) - (16)

Step 3: one AdamW step. The learning rate of Wy, is 19/(ms) = nodo/(sg), so by (A4) every
coordinate of its update satisfies |(AW}) .| = ©(nodo/(sg)), and by (A3)
S nodo
Ay; = AWi)jexe = 0O - —— ) = O(nodyp) - 17
Yj ;( k)je Te <59 59 > (10do) a7
The decoupled weight decay of AdamW, which is scaled by the learning rate, multiplies each coor-

dinate by

1— 1% Noms =1 —noXo (18)
ms

per step, the same factor for every decayed parameter group and every width.

Step 4: FFN down projection. In the FFN down projection, the block row of G, reads esg coor-
dinates, and its output carries the forward multiplier 1/e (Table . With initialization og+/€/+/ms
and learning rate 1 /(ms), the computations of Steps 2 and 3 become
2d
E[y?] = % esg- S0 . 9(1) = O(02dy) , (19)
s9

d
Ay; = @(e‘l - esg - 77290) = O(nodo) , (20)

so both scales are also free of e.

Step 5: readouts and embedding. The readout U; reads the sg coordinates of No" (x(SLg) ) (Equa-
tion [6), which is exactly the fan-in of the group with boundary s, and Table [T] gives it the same
initialization and learning rate, following the per-layer scaling of |[Everett et al.|(2024)). Steps 2 and 3
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therefore give the same two bounds for its logits at initialization and for their change under the up-
date of Us, and the learned scalar a; rescales them only by ©(1). The embedding is a lookup over a
fixed vocabulary of size V', which does not change with width, and reading its first sg columns does
not change the scale of any coordinate.

Step 6: joint training. Under the joint objective of Equation [8] the gradient of W} sums the
contributions of the selected sub-networks ¢ > s. By Proposition|[I] all of them feed W, the same
input z, so every contribution is an outer product with x, and the summed gradient, whatever its
scale, keeps each row aligned with x; (A3) therefore applies, and by (A4) the Adam update has
coordinates of size ©(1o/(ms)). The group receives a gradient whenever some selected ¢t > s has
w; > 0, which holds for t = M when wjy; > 0, and the readout U, whenever s € A, and w, > 0.
Steps 2-5 therefore hold for the jointly trained supernet.

The constants @(agdo) and O(nody) of Equations and depend on neither s, ¢, M nor m,
which proves (i) and (ii) for every hidden group and every readout. O

C.3 PROOF OF PROPOSITION[Z]

Proof. Consider a hidden matrix whose input satisfies (A1), such as a projection that reads a group-
local norm, and let all of its groups share the initialization standard deviation b, the learning rate p
and the forward multiplier, which we absorb into b and p.

Fixed ratios. The group with boundary s sums over sg coordinates (Step 1 of Appendix|C.2), so by

(A2)-(A4)

yi =O(/sgb),  Ay; =O(sgp). 1)
For boundaries s < s, the pre-activations and updates of the two groups therefore differ by the
factors © <M) and ©(s’/s), which do not depend on (b, p): changing the shared pair rescales
all groups together and leaves these factors unchanged.

Calibrations. Calibrating the shared pair for the group with boundary » € S means taking the

values of Tablefor that group, b = og+/do/(rg) and p = nody/(rg). By Equation the group
with boundary s then has

13 =0(o0v/do V/5r). Dy =Oluady /7). @)

s0 it deviates from the scales © (c0+/dy) and ©(nodo) of Theoremby the factors y/s/r and s/r.
For r = M, the group with boundary s has pre-activations of size © (\ /s/M ) and updates of size

O(no s/M), up to the constants og+/dy and dy. For r = sy, it is inflated by y/s/s1 and s/s1, and
the outermost group by /M /s1 and M /s;.

No shared pair is uniformly maximal. Let the core and the outermost group deviate from the
scales of Theorem |1| by the factors a; and ak at initialization. By the fixed ratios, ax/a; =

@(\/M/sl), so max(ay,a;’,ax,ay) grows at least as (M/s;)'/4; the same argument for the

updates gives (M /s;)/2. Over supernets with unbounded M /s1, no shared pair keeps both factors
within constants independent of M, so none is maximal in the sense of Theorem [I] for every group.
When M/s; is bounded, the mismatch is a bounded factor: for S = {4,5,6,7,8}, M/s; = 2, and
any shared pair leaves the core and the outermost group /2 apart at initialization and 2 apart in the
update. O

C.4 PROOF OF COROLLARYI]

S C {1,...,M}. Tts constants, ©(c3dy) in Equation (16| ©(nodo) in Equation [17|and the decay
factor 1 — 19 in Equation[I8] depend only on the proxy width dj and on the tuned values: m and
M enter only through the active input widths, which the rule of Table |I{ cancels. The proxy is the
special case M = 1, g = dy (so m = s = 1) of the same computation, so the values tuned on it set
the same constants in every group and readout of every target. This gives (i) for any SHELLELASTIC
supernet and (ii) under any increase of m or M. [

Proof. The proof of Theorem |[I| holds for every base width ¢ = mdy and evi supported set
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C.5 EXTENSION TO OTHER ELASTIC ARCHITECTURES

The proofs above use the block structure of SHELLELASTIC only in Step 1 of Appendix |C.2] to
show that a group has the same fan-in and the same input in every sub-network that contains it. For
the other elastic architectures of Section[3.2] under their rules in Appendix [D] Theorem|[I]holds with
sub-network s in place of the group with boundary s: the hidden matrices of every sub-network
satisfy (i), and (ii) at each step that trains that sub-network. The readouts are treated per architecture
below.

StairFormer. Its hidden matrices have the connectivity of SHELLELASTIC with S = {1,..., M}
and follow Table[I] and all sub-networks are trained at every step, so the proof of Theorem [I]applies
verbatim. Its single readout, of which sub-network s reads the first sg columns, takes the split of
Equation 23| which gives these columns the initialization o /+/ms and the learning rate 1 /(ms)
of Us in Table since every sub-network feeds them the prefix azz(s,Lg) up to its terminal norm, Steps 5
and 6 apply.

Fully elastic models. Sub-network s reads the top-left slice W of every hidden matrix, whose
fan-in sg (esg for the FFN down projection) varies with s. By Equation 23] W has the initial-
ization standard deviation o /+/ms (og+/e/+/ms with the output multiplier 1/e for the FFN down
projection), and since A moves by © (1 /m) per coordinate under (A4), W, moves by ©(ng/(ms))
per coordinate. These are the values of Table [T] at fan-in sg, so Steps 2—4 give the pre-activations
of sub-network s the scales @(00 \/%) at initialization and ©(nody) after one step. At a step that
trains sub-network s, the update of A is computed from the input of sub-network s, so (A3) applies
to the update of Wy; (ii) does not need the steps that train other sub-networks. The shared readout
takes the same split with the multiplier s (Appendix [D)), so the columns that sub-network s reads
have the initialization o /+/ms and the learning rate 1y /(ms) of Uy in Table and Step 5 gives its
logits the same two scales.

MatFormer. Only the FFN down projection has a fan-in that varies with the sub-network,
shy = e$Dmodel = esmdy. With the split and the output multiplier 1/e, its slice has the effec-
tive initialization oo/+/ems and the effective learning rate 7y/(ems), so Step 4 gives the same
constants with sDy,q4e1 in place of sg. Every other hidden matrix and the shared readout have the
fixed fan-in D,,0qe1 = mdy and take the factor m, which is the rule of Tablewith s = 1 and gives
the same constants by Steps 2, 3 and 5. As for fully elastic models, (A3) applies at each step to the
sub-network trained at that step.

Transfer. In all three architectures, m and s enter only through fan-ins that the rules cancel, so the
constants © (ao \/%) and O(nody) and the decay factor 1 — 79 \g, which A obtains from its learning
rate 19 /m and weight decay A\gm, depend only on dj and the base values. The proof of Corollary E]
therefore carries over to every m and every supported set.

D p-ELASTIC FOR OTHER ELASTIC ARCHITECTURES

All three elastic baselines use the proxy width dy = 128 and the base values (o, 19, Ag) of
SHELLELASTIC, and their m and s follow Section Tables [5] and [f] list the complete rules of
the fully elastic model and MatFormer.

Fully elastic models. A fully elastic model stores every hidden matrix as one dense tensor at
the full width, and sub-network s reads its top-left slice, whose fan-in sg (esg for the FFN down
projection) varies with s. i-ELASTIC gives this slice the factor ms: initialization o //ms, learning
rate 1o /(ms) and weight decay Agms. One stored tensor cannot follow this rule for every s, because
the initialization and the update scale with different powers of s. We therefore split each hidden
tensor into a frozen initialization W™t drawn at oq /+/m, and a trainable delta A, initialized to
zero and trained with learning rate 7o /m and weight decay A\gm. Sub-network s uses

W, = s~V/2Wihit[slice] + s~ Alslice]. (23)

At initialization, W, has standard deviation s~1/2¢ /v/m = op/+/ms; under Adam, A moves by
©(no/m) per coordinate, so W, moves by ©(1o/(ms)). Both match Table [I] for every s, while
weight decay, which acts on A only, pulls W, toward its initialization. The main results use one
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Table 5: p-ELASTIC for the fully elastic baseline. s is the sub-network width in units of g;
multipliers act on the sliced tensor in the forward pass (Equation [23)), and the FEFN down projection
multiplies its output, from both terms, by 1/e.

Parameter Initialization Learning rate Weight decay Forward multiplier
Token embedding (first sg columns) ) Mo Ao 1

Wit of attention and FFN up/gate ao//m frozen - s1/2

Wit of FEN down aove//m frozen - s1/2

A of every hidden matrix 0 mo/m Aom st

W Rt of the readout (first sg columns) oo/ \/m frozen — ozssfl/ 2

A of the readout (first sg columns) 0 m0/m Aom ass™!
Norm gains, readout scalars o, 1 1o 0 -

Table 6: ;-ELASTIC for MatFormer. s = DY) /hg is the FFN hidden width in units of the base
FFN width hg; the hidden matrices other than the FFN down projection and the readout have a fixed
fan-in and take the non-elastic uP factor m = Dyyoqe1/do, and the embedding and gains keep the
base values. The FEN down projection multiplies its output, from both terms, by 1/e.

Parameter Initialization Learning rate Weight decay Forward multiplier
Token embedding (full width) oo Mo Ao 1

Wit of attention and FEN up/gate oo/v/m frozen - 1

A of attention and FFN up/gate 0 no/m Aom 1

Wi of FFN down (first DS columns)  o0+/e//m frozen - s71/2

A of FFN down 0 n0/m Aom st

Shared readout (fan-in Dyode1) oo/\/m no/m Aom o (one scalar)
Norm gains, readout scalar « 1 Mo 0 -

shared sliced readout, of which sub-network s reads the first sg columns; it takes the same split
with the multiplier o; (Table , which gives these columns the initialization ¢g/y/ms and the
learning rate 79/ (ms) of the per-width readout U, of Table[1} Our baseline has g = 64 (m = 1/2),
S ={6,7,8,9,10} and e = 4; attention nests by heads at dycaq = 64, the norms act over the active
width, the embedding is sliced, and one sub-network is sampled uniformly at random per step.

MatFormer. MatFormer keeps Di,odel fixed, so m = Diodel/do, and nests only the FFN hidden
width, DY) = sho with a base FEN width ho; here ¢ = ho/Duode takes the place of the FEN

expansion,nso that the down projection of sub-network s reads es Dy oqe1 coordinates. Only the FFN
down projection has a fan-in that varies across sub-networks; it takes the factor ms through the split
of Equation @ and the other hidden matrices and the readout, whose fan-in D,,.q¢ s fixed, take
the non-elastic P factor m, the attention and FFN up/gate matrices through the same split with
multiplier 1; the embedding and gains keep the base values (Table @ Our baseline has D,04c1 =
512 (m = 4), hg = 128 (¢ = 1/4) and S = {4,9,15,22,30}; attention, normalization, the
embedding and a single readout are shared at full width, and one sub-network is sampled uniformly
at random per step, as in the original MatFormer recipe.

StairFormer. With equal-width nested blocks, StairFormer has the connectivity of
SHELLELASTIC with § = {1,...,M}, so its hidden matrices follow Table [I| without a
split. Its single readout, of which sub-network s reads the first sg columns, has a fan-in that varies
with s and takes the factor ms through the split of Equation 23] Our StairFormer baseline has five
208-wide groups with dye,q = 104, so that each group holds two complete heads.

E TRAINING DETAILS

This appendix gives the model configurations of the three scales (Appendix [E.), the optimization
settings (Appendix [E.2)), the parameter counts (Appendix [E.3)), and the training and inference cost

(Appendix [E.4).
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E.1 MODEL CONFIGURATIONS

Table [7] lists the base width, supported set and size of every model, and Table [§] the remaining
architecture settings; Figure[7)shows one layer of SHELLELASTIC and Figure[6]the complete model.
Ablations vary only the setting under study relative to the defaults of the 119M—-285M scale.

119M-285M scale. The main results at this scale use the models of the first block of Table
trained on 6.55B DCLM-Baseline tokens with the HPs of Table[0] SHELLELASTIC has g = 128
with one head per base width (dheaqa = 128), M = 8 and S = {4, 5, 6, 7,8}, so each hidden matrix
keeps 42 of its 64 blocks of size 128 x 128, and the FFN expansion is e = 1. The two branch norms
of every layer are group-local over G1, Go, Gs, G4, G5 of widths (512,128,128, 128, 128), queries
and keys are normalized per head, and each supported width has its own terminal norm N2"* over
all sg coordinates, readout U, and learned scalar o; all five widths are selected at every step with
loss weights (1,1,1,1,4). The proxy is the non-elastic special case M = 1 at width dy = 128,
and each standalone model is a separately trained model of width 384 to 640 with FFN expansion 4
and dpe,q = 64; the sampled standalone baseline trains these five models in one run of the default
length, updating one model sampled uniformly at random per step. Since each of these models takes
one step in five on average, the sampled standalone baseline rescales their optimizer HPs to this five
times shorter horizon with the token-budget rule of [Mlodozeniec et al.| (2026), consistent with the
scaling rules of Section[3.2]

375M-906M scale. The main results at this scale use the models of the second block of Table [7l
SHELLELASTIC has g = 256 with two heads per base width (dneaq = 128, m = 2) and other-
wise the settings above: M = 8, S = {4,5,6,7,8}, e = 1, groups G1, G2, 33, G4, G5 of widths
(1024, 256, 256, 256, 256) and loss weights (1,1, 1, 1,4). MatFormer has D,y,o401 = 1024 (m = 8),
ho =128 (e =1/8)and S = {8, 17,27, 38,51}, and the fully elastic model has g = 64 (m = 1/2),
S = {13,15,17,19,21} and e = 2.75. The standalone models have widths 832 to 1344 (g = 64,
M = 13,15,17,19,21) with FFN expansion 2.75 and dp.,q = 64, and the sampled standalone
baseline trains these five models in one run. Every run at this scale takes 50,000 steps of 256 se-
quences (26.2B tokens), decays the learning rate linearly from step 40,000 to O at step 50,000 and
reports the validation loss at step 50,000; all other settings are those of the 119M—-285M scale.

675M-1.69B scale. The main results at this scale use the models of the third block of Table [7l
SHELLELASTIC is the supernet of the 375M-906M scale with FFN expansion e = 4. MatFormer
has Dyyodel = 1024 (m = 8), hg = 256 (e = 1/4) and S = {16, 24, 34,45, 57}, and the fully elastic
model and the standalone models keep the widths of the 375M—-906M scale with FFN expansion
7.25. Every run at this scale takes 100,000 steps of 256 sequences (52.4B tokens), decays the
learning rate linearly from step 85,000 to 0 at step 100,000 and reports the validation loss at step
100,000. For the doubled horizon, the optimizer HPs are rescaled to g = 1.41 x 1073, Ay =
7.07x 1073, B; = B2 = 0.975 and € = 1.41 x 10~ !4, and the sampled standalone baseline rescales
its own values in the same way; each model is fully sharded over the 8 GPUs, and all other settings
are those of the 375M—-906M scale.

E.2 OPTIMIZATION

Table[9]lists the optimization settings used unless otherwise specified: the proxy sweeps, the elastic
models, the baselines and the standalone models differ only in their architecture and in the per-group
multipliers of their parameterization. The training objective includes the z-loss of Equation [§] with
A, = 107%; all reported losses, both training and validation, are the cross-entropy alone, averaged
over non-padded tokens.

E.3 PARAMETER COUNTS

The parameters of a sub-network count the non-zero weights it reads, its embedding columns, and
its own terminal norm and readout; the two tensors of a frozen-plus-delta split (Equation 23] count
once. The baselines were sized to these counts (Table E]), and Table @] lists them for every sub-
network of the main results at the three scales.
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Table 7: Model configurations. Each model is defined by its base width g and supported set S
(Section : its sub-networks have widths sg for s € S, and a non-elastic model has S = {M}.
MatFormer nests only the FFN hidden width, so its g and S refer to that width at a fixed Dyodel
(512, and 1024 at the two larger scales). All models have 32 layers and a 50,432-token vocabulary;
parameters count the non-zero weights of each sub-network (Appendix [E.3).

Model g S Sub-network widths dpeaq D Parameters (M)
Proxy 128 {1} 128 128 128 17.1
119M-285M scale

Standalone 64 {M}, M =6,7,8,9,10 384-640 64  4Dmodel 119.0-287.5
MatFormer 128 {4,9,15,22,30} FFN 512-3840 128 3840 118.8-282.4
Fully elastic 64 {6,7,8,9,10} 384-640 64 2560 119.0-287.5
SHELLELASTIC 128 {4,5,6,7,8} 512-1024 128 1024 118.8-279.6
375M-906M scale

Standalone 64 {M}, M =13,15,17,19,21 832-1344 64 2.75Dmodqer 377.5-901.6
MatFormer 128 {8,17,27,38,51} FFN 1024-6528 128 6528 371.9-912.9
Fully elastic 64 {13,15,17,19,21} 832-1344 64 3696 377.5-901.6
SHELLELASTIC 256 4,5,6,7,8} 1024-2048 128 2048 371.9-911.5
675M-1.69B scale

Standalone 64 {M}, M =13,15,17,19,21 832-1344 64 7.25Dmode1 676.6-1682.0
MatFormer 256 {16, 24, 34, 45,57} FFN 4096-14592 128 14592 673.8-1705.6
Fully elastic 64 {13,15,17,19,21} 832-1344 64 9744 676.6-1682.0
SHELLELASTIC 256 {4,5,6,7,8} 1024-2048 128 8192 673.8-1704.2

Table 8: Architecture settings at the 119M-285M scale. The upper block is shared by all models,
and the lower block lists the settings that differ between them (base widths, supported sets and sizes
of all three scales in Table[7).

Shared by all models
Layers 32 pre-norm layers with residual-branch multiplier 1
Normalization RMSNorm with learnable gains and ex = 10~ 5; query—key RMSNorm per head
Attention rotary embeddings with base 10,000, logit scale d;ela/(f, elementwise sigmoid gate
FFN and biases SwiGLU; no biases
Embeddings untied, over the 50,432-token GPT-NeoX vocabulary
Initialization truncated normal at +3 standard deviations
Setting Proxy Standalone =~ MatFormer Fully elastic SHELLELASTIC
Elastic dimensions - - FFN hidden residual, heads, residual, heads,
width FFN hidden FFN hidden width,
width, embedding, embedding,
readout terminal norm,
readout
Trunk normalization =~ RMSNorm RMSNorm  RMSNorm over the active group-local over
width G1,G2,G3,G4,Gs
Terminal norm and single single shared, one shared and sliced, per width: IV, out,
readout learned o learned o Us, learned o
Sub-networks per step — - one, uniformly one, uniformly at all five,
at random random ws = (1,1,1,1,4)
Parameterization uP,m =1 pP,m= u-ELASTIC, p-ELASTIC, u-ELASTIC,
width/128 m =14 m=1/2 m = 1 (Table[T)
(Table |§[) (Table E[)
Parameters (M) 17.1 119.0-287.5 118.8-282.4 119.0-287.5 118.8-279.6

E.4 TRAINING AND INFERENCE COST

Compute. By Equation[J] a step of SHELLELASTIC runs one trunk pass at the full width and adds
only one terminal norm and readout per supported width. Updating every width once takes one trunk
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Table 9: Training HPs used unless otherwise specified (Appendix lists the changes at the two
larger scales). The base values 7, o¢ and A are scaled per parameter group by ;.-ELASTIC (Table[I]
and Appendix D)) or by P; SP runs use them verbatim.

HP Value

Sequence length 2,048

Batch size 128 sequences (262,144 tokens)
Training steps 25,000 (6.55B tokens)

Learning-rate schedule warmup-stable-decay

Learning-rate warmup linear, first 1,000 steps

Learning-rate decay linear to 0, from step 20,000 to step 25,000

Base learning rate 70~ 2 x 1073

Base initialization oo~ 3.3 x 1073, truncated normal at 4-3 standard deviations

Optimizer AdamW with decoupled weight decay

Base weight decay Ao 0.01; none on norm gains and o

B, B2 0.95,0.95

AdamW e 10"

Gradient clipping global norm 4

Step skipping after step 5,000, a step is skipped if its gradient norm exceeds 20 the clip value
z-loss coefficient A\, 10~*

Precision bf16 mixed precision with fp32 master weights and fp32 gradient reduction
Parallelism hybrid-sharded data parallelism (4-GPU shards, two replicas)

Hardware one node of 8§ A100, H100 or H200 GPUs

Seeds 95 (model), 1 (data)

Validation C4 validation loss every 2,500 steps, reported at step 25,000

Table 10: Parameters (M) of the sub-networks of Table 2] at each scale and tier, counted as in
Appendix Avg. averages the five tiers. Standalone, sampled standalone and the fully elastic
model share the same five dense architectures.

Method Low Medium High Extra Max Avg.
S Standalone 119.0 154.4 1943 2387 2875 198.8
% Sampled standalone  119.0 154.4 1943  238.7 2875 198.8
9" MatFormer 118.8 150.3 188.0  232.1 2824 1943
E Fully elastic 119.0 154.4 1943 2387 2875 198.8
= SHELLELASTIC 118.8 152.7 190.8  233.1 279.6 195.0
S Standalone 3775 4877 611.8 7498 901.6 625.7
& Sampled standalone  377.5 487.7 611.8 7498 901.6  625.7
T MatFormer 3719  485.1 6109 7493 9129  626.0
% Fully elastic 3775 4877 611.8 7498 901.6  625.7
LS SHELLELASTIC 371.9 481.6 608.1 751.4 911.5 624.9
& Standalone 676.6  885.8 11232 1388.5 1682.0 1151.2
© Sampled standalone 676.6 885.8 1123.2  1388.5 1682.0 1151.2
I MatFormer 673.8 875.2 1126.8 1403.7 1705.6 1157.0
% Fully elastic 676.6  885.8 11232 1388.5 1682.0 1151.2
5 SHELLELASTIC 673.8 878.0 1117.7 1393.1 17042 11534

pass per width with MatFormer, the fully elastic model and the standalone models, and sampling
one width per step instead makes the cost vary from step to step.

Measurement protocol. For Table [IT] each tier runs as its own sub-network on A100-40GB
GPUs, with the model sharded as in training. Latency is the mean of three passes after two warm-up
passes (forward and backward for training, forward only for inference), and peak training memory is
PyTorch’s peak allocated memory per GPU during a training step, which for SHELLELASTIC trains
all five tiers.
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Table 11: Latency and peak training memory at the 119M-285M scale on A100-40GB GPUs,
for one GPU’s batch of 16 sequences of 2,048 tokens, with each tier run as its own sub-network
(protocol in Appendix . Entries are means over runs, with the standard deviation as a subscript;
Avg. averages the tiers. 'Five separately trained models.

Tier 1 Tier 2 Tier3 Tier4 Tier5

Method Low Medium High  Extra  Max Avg.
Train latency (ms, forward + backward)

Standalone* 570i2 644i3 723i6 834i5 91 7i10 737i3
Sampled standalone as Standalone

MatFormer 641:|:1 677i2 722:t4 776:|:5 834:t6 730;‘;4
Fully elastic 59714 67143 748+s 85817 933.9 76lig

SHELLELASTIC 437417 527413 60345 6904, 74743 60144

Inference latency (ms, forward)

Standalone' 151, 1754, 1994, 2284, 2544, 2014,

Sampled standalone as Standalone

MatFormer 17541 18641 2004y 2164, 2354, 2024,

Fully elastic 1604, 1834, 207 44 2364 2604 2094,

SHELLELASTIC 14149 167415 178412 2054, 2184 18243

Peak training memory (GB per GPU)

StandaloneT 15'0i.0 17'5i.0 Zo.li,o 22.6i‘0 25'2i.0 Zo.li,o
Sampled standalone as Standalone

MatFormer 15.8:‘:.0 17.9:|:.0 20.3:|:_0 23~2:t.0 26.5:|:.0 20.7:|:_()
Fully elastic 16019 18519 20919 234, 258+ 2094
SHELLELASTIC 21.61 ¢ (a step that trains all five tiers) -

Activation checkpointing. The runs of Table[IT]|train with activation checkpointing on every other
transformer block (16 of 32), whose forward pass is recomputed during the backward pass. Training
latency therefore includes this recomputation (on H100 GPUs, the Standalone models train 14—
19% faster without it), and peak training memory keeps only the inputs of the checkpointed blocks
(without checkpointing, Standalone needs 1.9x the memory); inference latency is a plain forward
pass and is unaffected.

Sampled standalone. Sampled standalone trains the same five models as Standalone, one per step,
so its per-tier latency and memory are those of Standalone: in its training runs, the logged latencies
agree within 2%, and the 2.2-2.6 GB of extra memory it logged comes from our implementation
keeping the four inactive models’ weights and optimizer states on the GPU, which offloading them
would remove.

Observations. Two observations emerge:

* The shared trunk is the saving of the architecture. One training step of SHELLELASTIC
updates all five tiers, whereas updating every tier once takes five steps with MatFormer and
the fully elastic model (one per tier) and one step of each model with Standalone.

* Fused kernels lower the per-tier cost. At equal parameters, all methods need about the
same effective FLOPs per tier, so the lower per-tier latency and memory of SHELLELASTIC
in Table [TT)come from our fused implementation: Triton kernels compute the RMSNorms
of every transformer block, including the query and key normalizations, and read the
queries and keys directly from the output of the QKV projection without copying them.

F EVALUATION DETAILS

Validation loss. The validation loss is the next-token cross-entropy on held-out C4 text, averaged
over non-padded tokens, computed every 2,500 steps and reported at the final step. Each supported
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sub-network is extracted from the supernet as in Section [3.3]and evaluated on its own, on the same
validation batches as every other model, so losses are comparable across widths, families and the
standalone models.

Downstream tasks. During pretraining, we also probe 5-shot accuracy on ARC-Easy, PIQA and
HellaSwag at the same interval. After pretraining, we evaluate every sub-network on 13 datasets
spanning five skill areas, following the protocol of DCLM and OLMOE, in a 5-shot setting on the
standard community splits (Table[12). Multiple-choice tasks are scored by accuracy, with a random
baseline of 25% for four-choice and 50% for two-choice items; WinoGrande uses its cloze formu-
lation, LAMBADA is scored by exact match of the final word, and SVAMP by exact match of the
generated numerical answer. For elastic models, we report the accuracy of every sub-network and
their mean. The datasets of each skill area are described below.

Table 12: Downstream evaluation suite. All tasks are evaluated 5-shot; ARC-Easy, PIQA and
HellaSwag are also probed during pretraining. MC: multiple-choice accuracy; EM: exact match.

Field Dataset Split  #Items Metric Random
MMLU test 14,042 MC accuracy 25%
World knowledge ARC-Easy test 2,376 MC accuracy 25%
ARC-Challenge test 1,172 MC accuracy 25%
Symbolic problem solving SVAMP test 300 EM 0%
Commonsense reasonin COPA val 100 MC accuracy 50%
€ PIQA val 1,838 MC accuracy 50%
HellaSwag val 10,042 MC accuracy 25%
Language understanding ~ WinoGrande val 1,267 cloze accuracy  50%
LAMBADA test 5,153 final-word EM 0%
BoolQ val 3,270 MC accuracy 50%

AGIEval LSAT-RC test 268 MC accuracy 25%
AGIEval LSAT-LR test 510 MC accuracy 25%
AGIEval SAT-EN  test 206 MC accuracy 25%

Reading comprehension

World knowledge. Exam-style and science questions that probe academic knowledge.

* MMLU (Hendrycks et al., 2020) (14,042 items, four-choice): exam-style questions from
57 subjects across the sciences, humanities and social sciences.

* ARC-Easy and ARC-Challenge (Clark et al., 2018)) (2,376 and 1,172 items, four-choice):
grade-school science questions; the Challenge subset holds the questions that retrieval and
co-occurrence methods answer incorrectly.

Symbolic problem solving. Arithmetic reasoning with a generated answer.

* SVAMP (Patel et al., 2021)) (300 problems, free-response): short arithmetic word problems
with numerical answers; the model generates a derivation followed by the answer, which is
scored by exact match.

Commonsense reasoning. Everyday causal and physical knowledge.

* COPA (Gordon et al.| 2012) (100 items, two-choice): choose the more plausible cause or
effect of a premise.

¢ PIQA (Bisk et al.,2020) (1,838 items, two-choice): choose the more sensible solution to a
physical task.

Language understanding. Narrative coherence, coreference and the use of broad context.

* HellaSwag (Zellers et al., 2019) (10,042 items, four-choice): choose the most plausible
continuation of a partial narrative.
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* WinoGrande (Sakaguchi et al., 2021) (1,267 items, two-choice): fill a blank with one of
two candidates so that the sentence is coherent.

* LAMBADA (Paperno et al., 2016) (5,153 passages): predict the final word of a passage
that requires broad discourse context.

Reading comprehension. Questions answered from a given passage or argument.

* BoolQ (Clark et al., 2019) (3,270 items, yes/no): answer a binary question about a short
passage.

* AGIEval LSAT-RC, LSAT-LR and SAT-EN (Zhong et al ,[2024])) (268, 510 and 206 items,
four-choice): LSAT reading-comprehension and logical-reasoning questions and SAT En-
glish questions.

G COMPLETE MAIN RESULTS

Tables give every metric of every sub-network in Table [2 one table per scale and tier, and
Figures [OH11|show the training curves of each scale:

* 119M-285M scale (25,000 steps, three runs): Figure[9]and Tables
* 375M-906M scale (50,000 steps, three runs): Figure [I0]and Tables [I8H22}
* 675M-1.69B scale (100,000 steps, single runs): Figure[TT]and Tables 23]

Tables. Each table gives the parameter count, the train loss (cross-entropy without the z-loss, mean
over the last 500 steps), the validation loss at the last step, and the 5-shot accuracy (%) on each of the
13 downstream tasks of Appendix [F] grouped by field as there (LSAT-RC, LSAT-LR and SAT-EN
are from AGIEval), with their average (the accuracy of Table . At the 119M-285M and 375M—
906M scales, entries are the mean over three runs of the same configuration and seed, with the
standard deviation as a subscript; at the 675M—1.69B scale, every entry is a single run. Standalone’
is five separately trained models, each trained for the full number of steps, which together take 5x
the optimizer steps of any other column. Bold marks the best entry among the four methods that
train all five sizes within one run.

Curves. Each figure has one column per tier and plots, against the global training step, the train
loss (the logged means over 50-step intervals), the validation loss, and 5-shot accuracy on ARC-
Easy, HellaSwag and PIQA, the three benchmarks evaluated during training. Sampled standalone,
MatFormer and the fully elastic model sample one sub-network uniformly at random per step,
SHELLELASTIC updates all sizes at every step, and Standalone trains each size separately for the
full number of steps (5x the steps). Values are plotted as logged, without smoothing or clipping,
and y-axes are shared within each row.
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Figure 9: Training curves at the 119M-285M scale (Table [2). Columns are the five tiers, from
Tier 1 (Low, about 119M parameters) to Tier 5 (Max, about 285M); rows are the train loss, the
validation loss and 5-shot accuracy on ARC-Easy, HellaSwag and PIQA. Lines are means over
three runs, with shaded bands of +1 standard deviation; conventions in Appendix [G}



Preprint.

Table 13: Per-task results at the 119M-285M scale, Tier 1 (Low, about 119M parameters).
Sub-network width 384 for Standalone, sampled standalone and the fully elastic model, FFN hidden
width 512 at D041 = 512 for MatFormer, and 512 for SHELLELASTIC. Mean over three runs,
with the standard deviation as a subscript.

Tier 1- Low Standalone! Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 119.0 119.0 118.8 119.0 118.8
Train loss l, 3. 1951:|:,0()35 3.491 1:|:10235 3.2536:‘:_()032 3.2572:|:,()()91 3.2305:‘:,0015
Val. loss \L 3.3695:|:_0034 3.6674:&‘0242 3.4248:‘:.0036 3.4291:|:_0097 3.4086:‘:.0009
S-shot accuracy (%) T

MMLU 24513 244, , 24.8. 5 2471 7 2474 6
ARC-Easy 44.84 5 392110 43,54 5 44,049 45.04 »
ARC-Challenge 23-3i1.7 22'7i.5 23-9i‘7 23-311.2 23'3i.5
SVAMP 5745 6349 6845 6443 5743
COPA 61.049 54.0457 577+ 587415 59.71 6
PIQA 63.813 60.141, 63.6 ¢ 6291, 62115
HellaSwag 32244 27744 31.14, 31.645 324, ,
WinoGrande 52.54, 5214, 50.7+¢ 49.0413 50. 748
LAMBADA 257414 174417 2474 4 23.6410 25.9, 5
BoolQ 51147, 549176 5044535 53.016 551475
LSAT-RC 252413 25.2, ;5 243117 251418 248113
LSAT-LR 2691 28.8. 3 27946 254413 262110
SAT-EN 26.54117 26.9. 3 26. 7413 26.1417 25.64 3
Average 35.649 33.845 35143 3494, 35.5. 4

Table 14: Per-task results at the 119M-285M scale, Tier 2 (Medium, about 153M parame-
ters). Sub-network width 448 for Standalone, sampled standalone and the fully elastic model, FFN
hidden width 1152 at D,,,q.1 = 512 for MatFormer, and 640 for SHELLELASTIC. Mean over three
runs, with the standard deviation as a subscript.

Tier 2 - Medium Standalone! Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 154.4 154.4 150.3 154.4 152.7
Train loss J, 3.1344:|:_0019 3-4301:|:.0095 3.1821:‘:.0034 3.1783:|:_0083 3.1641:&‘0031
Val. loss J, 3-3081i.0016 3.6091i_0104 3.3566i.0037 3-3536i.0083 3-3375i.0027
5-shot accuracy (%) 1

MMLU 25.014 249 3 249, , 2474 3 23.817
ARC—Easy 46.7i'1 39-1i1.1 45'2il.0 46-1i.8 45.8i,1
ARC-Challenge  24.44 4 23.047 23.649 240 4 23.54 4
SVAMP 6.8:‘:42 5-8:|:_7 6.7:|:1.5 7.2:|:1.4 6.3:|:_g
COPA 59.0414 58.0+14 60.0417 603415 61.71,
PIQA 64.81 9 59345 64.3 4 63.513 63.74+6
HellaSwag 33.94, 28.54 3244, 32913 33245
WinoGrande 51-7j:2.2 51-5i2.7 SO-Sj:.6 50.1 +3 49.3i1.g
LAMBADA 28.44 5 18.9, 5 2644 6 26441, 291 5
BOOIQ 49-9i4.8 48.1i6,2 50.3i()‘] 50~7i.6 57-2i3.4
LSAT-RC 24.644, 24.8459 22.0433 24.64 4 25.6414
LSAT-LR 249,46 263119 25945 26.3130 292, 9
SAT-EN 25719 255417 252139 248113 272139
Average 358110 33444, 35245 35544 36.6.1 ¢
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Table 15: Per-task results at the 119M-285M scale, Tier 3 (High, about 192M parameters).
Sub-network width 512 for Standalone, sampled standalone and the fully elastic model, FFN hidden
width 1920 at D,,oqe1 = 512 for MatFormer, and 768 for SHELLELASTIC. Mean over three runs,
with the standard deviation as a subscript.

Tier 3 - High Standalone! Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 194.3 194.3 188.0 194.3 190.8
Train loss l, 3-0916:|:.0086 3.4087:|:.0336 3-1561:t.0036 3.1447:|:'0()77 3-1229:t.0018
Val. loss \L 3.2635:|:_0092 3.5826:&‘0344 33250:&.0036 3-3145:|:.0076 3-2944:t.0016
S-shot accuracy (%) T

MMLU 24.64 4 2503 24.64 4 24.64 5 24.04 5
ARC—Easy 47~9i.2 4O-Oi46 45-9j:.7 46.6i1‘0 47.1i.g
ARC-Challenge 2394 g 2234 g 243,43 24.5 5 23.64 3
SVAMP T 7419 63410 6.6415 6.8.33 6.3110
COPA 60.545 55.0414 60.3473 60.3434 61.743,
PIQA 65.14 60.84+ 7 643419 63.943 64.6 4
HellaSwag 35345 289410 3314, 3396 3393
WinoGrande 52016 50.9. ¢ 505+ 50215 50.0421
LAMBADA 29.64 4 19.3410 27.64 4 28.0414 299,
BoolQ 54.14, 53943 51.1476 50.1435 553414
LSAT-RC 25.64 3 26.3154 23.6413 24.0416 26.041 5
LSAT-LR 2494 ¢ 2714117 2714, 257122 26.8116
SAT-EN 24847 26.5+10 26.513 252415 262417
Average 36.64 > 34.04 7 35845 35744 36.64 4

Table 16: Per-task results at the 119M-285M scale, Tier 4 (Extra, about 236M parameters).
Sub-network width 576 for Standalone, sampled standalone and the fully elastic model, FFN hidden
width 2816 at D,,oqe1 = 512 for MatFormer, and 896 for SHELLELASTIC. Mean over three runs,
with the standard deviation as a subscript.

Tier 4-Extra  Standalone’ Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 238.7 238.7 232.1 238.7 233.1
Train loss i 3-0474:|:.0006 3.3561:&‘0056 3-1407:t.0036 3.1233:|:_0071 3.0941:‘:.0015
Val. loss \l, 3.21 86i,0012 3.531 9i.0056 33 123i.0037 3-2954i.0072 3.2641i,0017
5-shot accuracy (%) 1

MMLU 24.64 5 24.74 4 2454 4 24.64 5 24.44 4
ARC-Easy 50~7i1.0 42'0i.7 46‘3i.2 47-2i.9 47'6i.6
ARC-Challenge  25.24;, 23214 24.04 5 24.8.1 24.04 5
SVAMP 8.049 6.517 7.01 6 6247, 6.7115
COPA 61.0423 57547 60.7+ ¢ 61.04+ 9 63.0,¢
PIQA 65.81 62.34 64.9_ 3 64.34, 64.84 3
HellaSwag 36.515 2971, 3343 342 ¢ 34.6.4 4
WinoGrande 50.74 4 48.64 4 50.143 50.2. ¢ 498114
LAMBADA 31.7+9 2044 4 28.04 4 29249 30.24 9
BOOIQ 50-711.6 51~3i5.0 50'4i7.7 49.212_7 54-5i2‘4
LSAT-RC 257116 25213 23449 241415 2641
LSAT-LR 26.5136 278411 28.045 252414 27.6495
SAT-EN 248134 25.04 3 26.2456 26.51 7 26.54 >
Average 37143 3424 359456 359,35 36.9.»
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Table 17: Per-task results at the 119M-285M scale, Tier 5 (Max, about 285M parameters).
Sub-network width 640 for Standalone, sampled standalone and the fully elastic model, FFN hidden
width 3840 at D,,04e1 = 512 for MatFormer, and 1024 for SHELLELASTIC. Mean over three runs,
with the standard deviation as a subscript.

Tier 5 - Max Standalone! Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 287.5 287.5 282.4 287.5 279.6
Train loss l, 3.0203:|:.0017 3.3505:|:.0321 3.1436i_0035 3.1 196:|:,()()7() 3.0713:‘:,0014
Val. loss \L 3.1908:|:_0014 3.5239:&‘0340 33139:&.0036 3.2899:|:_0071 3-2403:t.0016
S-shot accuracy (%) T

MMLU 24819 2451, 24.8. 4 243, 2424 4
ARC-Easy 50.545 41.14 4 46.24 5 47149 48.04 7
ARC-Challenge 25444 23211, 2424 4 25141, 2434 g
SVAMP 5847 63414 72410 57424 64412
COPA 61.04 58.0423 60.0+19 60.7412 63359
PIQA 66.41 ¢ 6154, 64.8413 64.04 65.24 5
HellaSwag 37.64 299, ¢ 33.44 34.24 7 35143
WinoGrande 50.74 4 49.8417 504, 499111 498414
LAMBADA 33.0419 20.04 4 27.844 293413 304, 4
BoolQ 49.7 142 558154 50.7473 50.6134 52343
LSAT-RC 25.64 3 23.94 5 25146 25.046 2561
LSAT-LR 257422 2724, 27.0430 254453 27.64 ¢
SAT-EN 262414 26.5104 252410 26.9. ; 2691,
Average 37147 3444 5 35947 36.04 5 36.9 5

Table 18: Per-task results at the 375M-906M scale, Tier 1 (Low, about 375M parameters).
Sub-network width 832 for Standalone, sampled standalone and the fully elastic model, FFN hidden
width 1024 at Dy,oqe1 = 1024 for MatFormer, and 1024 for SHELLELASTIC. Mean over three runs,
with the standard deviation as a subscript.

Tier 1- Low Standalone® Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 377.5 377.5 371.9 377.5 371.9
Train loss i 2.8302:|:_0016 3.0381:&‘0070 2.8993:‘:.0014 2.8791:|:_0()19 2.8746:‘:.0035
Val. loss \l, 3-0069i.0016 3.2085i_0079 3'0724i.0015 3-0519i.0023 3.0546i,0039
5-shot accuracy (%) 1

MMLU 2494 5 25144 2514, 23947 24.84 ¢
ARC-Easy 573438 50345 549 ¢ 56.11 4 55848
ARC-Challenge  29.2.3 26145 28.6. ¢ 2754, 284414
SVAMP 6.04115 7313 5644 64,13 6.64 5
COPA 67.0:|:A0 62.3:|:4_() 67.7:|:lA2 67.011.7 67.3:|:2_5
PIQA 69.4, 5 66.21 ¢ 68.24 5 68.74+ 3 69.0, ;
HellaSwag 46.51 3 3731, 4314, 44,74 4 4554,
WinoGrande 54.011.8 51 .Si_z 52~7i1.1 53-9i.7 53-9i1.5
LAMBADA 43546 33748 4144 7 424, 9 43445
BOOIQ 50.811.0 54'1i.6 52.5i4,g 58.7i,3 57-3i2‘4
LSAT-RC 26.1427 23. 141, 240404 215432 250437
LSAT-LR 238134 28.0 9 263455 253417 273491
SAT-EN 26.9470 24349 26.7434 28.0,7 26.1435
Average 40444 37741 39.7+9 40.34 3 40.8. 7
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Figure 10: Training curves at the 375M-906M scale (Table [2). Columns are the five tiers, from
Tier 1 (Low, about 375M parameters) to Tier 5 (Max, about 906M); rows are the train loss, the
validation loss and 5-shot accuracy on ARC-Easy, HellaSwag and PIQA. Lines are means over
three runs, with shaded bands of +1 standard deviation; conventions in Appendix [G}
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Table 19: Per-task results at the 375M-906M scale, Tier 2 (Medium, about 486M parame-
ters). Sub-network width 960 for Standalone, sampled standalone and the fully elastic model, FFN
hidden width 2176 at Dy 0qe1 = 1024 for MatFormer, and 1280 for SHELLELASTIC. Mean over
three runs, with the standard deviation as a subscript.

Tier 2 - Medium Standalone! Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 487.7 487.7 485.1 487.7 481.6
Train loss J, 2.7862:|:'0()10 3.0000:|:'0032 2.8283:‘:.0015 2.8172:|:'0013 2.8222:|:.0()11
Val. loss \I, 2.9632:|:_0010 3.1750:&.0039 3.0050:‘:.0014 2.9948:|:_0015 2.9998:&‘0012
S-shot accuracy (%) T

MMLU 25245 25214 2474 5 25.24 24.84 5
ARC—Easy 59.6i1_1 SO.SiA SS.Oi.g 58.2i_9 57~4i1.1
ARC-Challenge  30.5.7 26.5110 294, 294, ;3 28.847
SVAMP 6.7+6 64,5 62113 6.0110 5441,
COPA 66.315 62.0110 65.04 9 68.3. ¢ 68.0136
PIQA 70.54+ 6 66.41 4 70.0 5 70.04 3 70.0+ 3
HellaSwag 49.24 4 38.5+3 46.44 472, , 47143
WinoGrande 557415 5104138 53243 544110 54.6.11 5
LAMBADA 46.1411 34,744 44.14 4511, 449414
BoolQ 544, 529410 534444 558411 57.0.
LSAT-RC 277418 252437 243456 21.5494 26.4.,3
LSAT-LR 269450 252450 244 56 2431 9 26.7 153
SAT-EN 249410 259410 24.64 3 272456 26.5491
Average 41.84 4 37.843 40343 41.04 3 41.4.4 ;

Table 20: Per-task results at the 375M-906M scale, Tier 3 (High, about 611M parameters).
Sub-network width 1088 for Standalone, sampled standalone and the fully elastic model, FFN hid-
den width 3456 at D, 91 = 1024 for MatFormer, and 1536 for SHELLELASTIC. Mean over three
runs, with the standard deviation as a subscript.

Tier 3 - High Standalone® Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 611.8 611.8 610.9 611.8 608.1
Train loss i 2.7496:|:_0013 2.9719:&‘0037 2.8035:‘:.0016 2.7933:|:_0011 2.7901:‘:.0013
Val. loss \l, 2.9262i,0017 3. 1414i.0040 2'9750i.0015 2.9662&,001(, 2~9670i,0016
5-shot accuracy (%) 1

MMLU 2414 5 24.64 249, 25.0 ¢ 24.8, 5
ARC-Easy 60.64 5 52446 58.843 59.8. 4 58.51¢
ARC-Challenge  30.64¢ 26. 7415 30.042 30319 29.14 3
SVAMP 5049 6.0+ ¢ 5947 5943 6.6113
COPA 68.3:|:1,5 61.3:|:4_() 66.3:|:_f, 68-011,7 68.3:|:2_5
PIQA 7124, 66.74 3 70.64 ¢ 70.24 4 709, 4
HellaSwag 5114, 39.84 1 48.14, 48.7 1 » 48.44 4
WinoGrande 55.811_3 52.6i_7 53-1j:.4 54“011.6 54-4i1.2
LAMBADA 48.3 14 36.0112 4524 4 46.8.1 > 45549
BOOIQ 56.514.4 53.0i2,2 52'1i4.9 55.613_3 58.2i|‘9
LSAT-RC 28.0423 248133 2384115 244159 26.6. g
LSAT-LR 251412 24.6493 242455 250415 26.3155
SAT-EN 27.8429 252413 223410 277+5 28.2155
Average 42513 38.044 4044 41.64 4 42.04 4
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Table 21: Per-task results at the 375M-906M scale, Tier 4 (Extra, about 750M parameters).
Sub-network width 1216 for Standalone, sampled standalone and the fully elastic model, FFN hid-
den width 4864 at D,,,0qe1 = 1024 for MatFormer, and 1792 for SHELLELASTIC. Mean over three
runs, with the standard deviation as a subscript.

Tier 4- Extra  Standalone’ Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 749.8 749.8 749.3 749.8 7514
Train loss l, 2-7201:|:.0016 2.9403:|:.0057 2.7857i_0015 2.7735:|:'0()11 2.7671:‘:.0010
Val. loss \L 2.8972:|:_0016 3.1 146:&‘0057 2.9628:‘:.0016 2.9520:|:_0014 2-9435:t.0016
S-shot accuracy (%) T

MMLU 25115 2391, 24.6 5 244 5 24.54 4
ARC-Easy 62.4.41, 52246 59.94 4 60.4 58949
ARC-Challenge  32.114 26.24 3 30.54+ 5 30.541 29.64 3
SVAMP 5.047 63415 6.0415 6243 5.8+
COPA 68.7412 647433 66.04 ¢ 68.3412 70.040
PIQA 71943 67.7+7 70.7+ 1 7034, 71.54 7
HellaSwag 53143 41.24 3 48.9 494, 4, 494,
WinoGrande 58.042,0 52.847 54143 5424116 55.04 ¢
LAMBADA 49.54 5 39.543 45.7 16 47.041 > 46.2411
BoolQ 59.0404 53. 7421 541444 56.8455 579, 4
LSAT-RC 252418 229495 24.0417 235404 27.611¢
LSAT-LR 24541, 258112 247113 25.6417 28.04:5
SAT-EN 277410 26.2439 262419 29.1410 294414
Average 43245 38.7+5 41.24 3 42.04 5 42.64 3

Table 22: Per-task results at the 375M-906M scale, Tier 5 (Max, about 906M parameters).
Sub-network width 1344 for Standalone, sampled standalone and the fully elastic model, FFN hid-
den width 6528 at D,,,qe1 = 1024 for MatFormer, and 2048 for SHELLELASTIC. Mean over three
runs, with the standard deviation as a subscript.

Tier § - Max Standalone® Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 901.6 901.6 912.9 901.6 911.5
Train loss i 2.6922:|:_0012 2.9196:&‘0026 2.7871:‘:.0015 2.7710:|:_0009 2.7488:‘:.0008
Val. loss \l, 2.8696i,0010 3~0931i.0032 2~9631i.0016 2.9481i,0015 2-9250i.0012
5-shot accuracy (%) 1

MMLU 2494 5 2484, 2484 ¢ 249, 5 24.84 4
ARC-Easy 634, ¢ 54211, 60.04+ 7 60.5, 59.91 4
ARC-Challenge  33.0+¢ 26.81 30.61 ¢ 30417 31.04 ¢
SVAMP 5.647 49, g 5843 6.4 5 6.0113
COPA 70.0:|:2,0 61-7:|:2_1 66.3:|:_6 67.711.2 72-0:|:2.6
PIQA 722410 67.813 7094 1 7044 5 719, ¢
HellaSwag 54.64, 4194, 49.04 49.64 5 50.24 5
WinoGrande 57.611_4 53'2i.7 54-2i1.0 54~3i.9 54°9i.9
LAMBADA 51444 39.044 454 ¢ 47.04 g 46.3412
BoolQ 54.8454 572417 55.7 44, 5794456 59.8. 7
LSAT-RC 245106 24.64 4 24.6110 2414, 27445,
LSAT-LR 24147 26.343, 250116 25213 27145
SAT-EN 2484338 248113 2441, 28.04 ¢ 27.5417
Average 43143 39.04 5 41346 42.04 4 43.04 3
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Figure 11: Training curves at the 675M-1.69B scale (Table[2). Columns are the five tiers, from
Tier 1 (Low, about 675M parameters) to Tier 5 (Max, about 1.69B); rows are the train loss, the
validation loss and 5-shot accuracy on ARC-Easy, HellaSwag and PIQA. Each line is a single run;
conventions in Appendix [G|
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Table 23: Per-task results at the 675M-1.69B scale, Tier 1 (Low, about 675M parameters).
Sub-network width 832 for Standalone, sampled standalone and the fully elastic model, FFN hidden
width 4096 at D o401 = 1024 for MatFormer, and 1024 for SHELLELASTIC. Single runs.

Tier 1- Low Standalone” Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 676.6 676.6 673.8 676.6 673.8
Train loss | 2.7335 2.8643 2.7365 2.7638 2.7347
Val. loss | 29118 3.0370 2.9140 2.9403 2.9135
5-shot accuracy (%) 1

MMLU 25.2 23.6 24.1 233 24.1
ARC-Easy 61.8 57.7 60.9 60.3 624
ARC-Challenge 31.4 29.6 323 30.2 32.2
SVAMP 6.3 6.3 6.7 4.7 4.7
COPA 70.0 64.0 67.0 71.0 70.0
PIQA 71.7 69.2 72.6 70.4 72.4
HellaSwag 52.6 44.8 52.5 51.7 54.7
WinoGrande 57.1 50.8 56.7 56.9 58.2
LAMBADA 47.1 43.0 49.7 44.0 51.6
BoolQ 57.3 52.4 60.6 55.7 61.9
LSAT-RC 29.1 29.5 23.9 26.9 26.1
LSAT-LR 24.9 28.4 27.5 29.0 24.9
SAT-EN 29.1 23.8 22.3 22.8 25.2
Average 43.4 40.2 42.8 42.1 43.7

Table 24: Per-task results at the 675M-1.69B scale, Tier 2 (Medium, about 882M parame-
ters). Sub-network width 960 for Standalone, sampled standalone and the fully elastic model, FFN
hidden width 6144 at D41 = 1024 for MatFormer, and 1280 for SHELLELASTIC. Single runs.

Tier 2 - Medium Standalone’ Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 885.8 885.8 875.2 885.8 878.0
Train loss | 2.6791 2.8253 2.6938 2.7067 2.6865
Val. loss | 2.8587 2.9980 2.8720 2.8840 2.8657
5-shot accuracy (%) T

MMLU 23.8 24.0 24.6 24.1 23.6
ARC-Easy 64.3 58.3 62.7 62.5 62.4
ARC-Challenge 33.8 28.2 334 31.6 32.9
SVAMP 6.0 7.0 7.0 5.0 6.0
COPA 73.0 63.0 69.0 73.0 65.0
PIQA 72.6 70.6 72.9 71.9 72.6
HellaSwag 55.9 47.4 55.3 54.2 55.8
WinoGrande 59.0 52.7 57.5 58.2 58.8
LAMBADA 52.0 43.8 51.2 48.2 524
BoolQ 55.0 59.0 62.6 55.8 62.8
LSAT-RC 26.1 23.1 20.9 27.6 23.5
LSAT-LR 25.3 27.8 25.5 27.5 27.3
SAT-EN 23.8 24.8 20.9 24.8 24.8
Average 43.9 40.8 43.3 434 43.7
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Table 25: Per-task results at the 675M—-1.69B scale, Tier 3 (High, about 1.12B parameters).
Sub-network width 1088 for Standalone, sampled standalone and the fully elastic model, FEN hid-
den width 8704 at Dy,,04e1 = 1024 for MatFormer, and 1536 for SHELLELASTIC. Single runs.

Tier 3-High  Standalone! Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 1123.2 1123.2 1126.8 1123.2 1117.7
Train loss | 2.6424 2.7994 2.6730 2.6788 2.6550
Val. loss | 2.8212 2.9696 2.8487 2.8539 2.8351
5-shot accuracy (%) 1

MMLU 25.3 22.9 24.3 24.3 24.2
ARC-Easy 64.6 58.8 62.9 63.6 63.6
ARC-Challenge 34.3 30.1 334 32.8 33.8
SVAMP 6.3 5.3 7.0 5.0 7.0
COPA 72.0 68.0 69.0 71.0 67.0
PIQA 73.8 70.9 73.2 72.1 72.5
HellaSwag 58.0 49.3 56.7 56.1 56.8
WinoGrande 59.7 54.9 59.4 58.7 58.6
LAMBADA 52.7 45.8 52.7 50.2 524
BoolQ 61.8 54.2 61.3 57.9 62.1
LSAT-RC 22.4 26.1 23.5 254 22.8
LSAT-LR 24.5 28.0 23.3 28.8 24.7
SAT-EN 25.7 25.7 18.0 25.2 25.7
Average 44.7 41.6 434 43.9 43.9

Table 26: Per-task results at the 675M-1.69B scale, Tier 4 (Extra, about 1.39B parameters).
Sub-network width 1216 for Standalone, sampled standalone and the fully elastic model, FFN hid-
den width 11520 at Dy,04e1 = 1024 for MatFormer, and 1792 for SHELLELASTIC. Single runs.

Tier 4- Extra  Standalone! Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 1388.5 1388.5 1403.7 1388.5 1393.1
Train loss | 2.6122 2.7838 2.6617 2.6621 2.6323
Val. loss | 2.7933 2.9557 2.8385 2.8384 2.8131
5-shot accuracy (%) T

MMLU 23.7 24.6 24.2 24.8 24.2
ARC-Easy 66.2 59.7 63.0 64.3 65.3
ARC-Challenge 35.1 30.0 32.8 33.6 329
SVAMP 6.7 2.7 8.0 3.7 6.0
COPA 73.0 64.0 72.0 73.0 68.0
PIQA 74.3 71.2 73.3 73.2 72.8
HellaSwag 59.9 49.3 57.4 56.8 57.8
WinoGrande 59.7 54.2 59.3 58.8 59.2
LAMBADA 55.2 46.6 53.3 51.6 52.5
BoolQ 64.6 56.3 61.3 59.2 62.4
LSAT-RC 24.6 25.0 23.1 26.1 24.3
LSAT-LR 28.4 22.7 25.9 29.2 25.1
SAT-EN 29.1 27.2 18.0 20.9 25.7
Average 46.2 41.0 44.0 44.2 44.3
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Table 27: Per-task results at the 675M—-1.69B scale, Tier 5 (Max, about 1.69B parameters).
Sub-network width 1344 for Standalone, sampled standalone and the fully elastic model, FFN hid-
den width 14592 at D o401 = 1024 for MatFormer, and 2048 for SHELLELASTIC. Single runs.

Tier 5§ - Max Standalone® Sampled standalone MatFormer Fully elastic SHELLELASTIC

Params (M) 1682.0 1682.0 1705.6 1682.0 1704.2
Train loss | 2.5859 2.7509 2.6585 2.6549 2.6152
Val. loss | 2.7674 2.9242 2.8378 2.8334 2.7959
5-shot accuracy (%) 1

MMLU 25.2 24.7 24.2 24.3 24.6
ARC-Easy 67.3 61.7 62.8 64.6 65.9
ARC-Challenge 36.6 32.4 32.6 34.1 33.9
SVAMP 5.0 4.7 6.3 5.3 6.0
COPA 73.0 66.0 72.0 72.0 66.0
PIQA 75.4 71.5 72.9 73.4 73.9
HellaSwag 62.0 51.8 57.5 57.0 58.4
WinoGrande 60.5 55.0 59.2 60.2 59.2
LAMBADA 56.9 47.6 53.5 52.2 52.4
BoolQ 63.0 61.4 60.6 59.3 62.5
LSAT-RC 25.0 27.2 20.1 27.2 224
LSAT-LR 22.7 28.6 24.1 28.0 27.8
SAT-EN 26.7 29.1 20.4 21.4 25.2
Average 46.1 432 43.6 44.6 44.5
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H ADDITIONAL TRANSFER RESULTS

Figures [T2HI4] repeat the sweeps of Figure [3| for each of the five sub-networks of MatFormer, the
fully elastic model and SHELLELASTIC. Lines, stars and A val. loss are as in Figure[3] with the loss
of each sub-network in place of the mean over the five; the proxy line is repeated in every column,
and the five panels of a row share one y-range. Two observations emerge:

* u-ELASTIC transfers to every sub-network. Under ;.-ELASTIC, the optimal 7y of every
sub-network lies between 10~2 and 3.3 x 10~2 and the optimal o at 3.3 x 1073 or 1072,
and the base values of Section [4.1] are within 0.005 nats of the optimum of every sub-
network at the 119M-285M and 375M-906M scales.

* The gap between SP and ;.-ELASTIC is largest at the narrow widths. The gap is larger
at the smaller sub-networks at both scales, for example 0.022 nats at Low and 0.007 at Max
for SHELLELASTIC in the 79 sweep at the 119M-285M scale, as in Table[3] and 0.015 at
Low and 0.003 at Max at the 375M-906M scale.

- Proxy (width 128) —#~ 119M-285M —- 375M-906M =-O- SP —@— p-Elastic % Optimum
Low Medium High Extra Max

0.30 1

0.201

0.10

A val. loss

0.154

A val. loss
o o
o =
w o
1 1

0.00

Figure 12: Per-sub-network sweeps for MatFormer. The sweeps of Figure3|for each sub-network,
from the smallest (Low) to the largest (Max; widths in Table m), with the loss of each sub-network
in place of the mean over the five.

Weight decay. Figure [I3] sweeps the weight decay Ao over seven values for the proxy and for
SHELLELASTIC at the 119M—-285M scale, with 7y and o at the base values of Section@ and
Figure[T6]shows each sub-network. Two observations emerge:

» Weight decay transfers under ;,-ELASTIC. From \g = 1073 to 10~!, the mean loss of
SHELLELASTIC under ;1-ELASTIC varies by at most 0.003 nats, the same flat range as the
proxy’s, and both rise from 3.3 x 10! on; the base value is within 0.001 nats of the best
1-ELASTIC value.

» ;-ELASTIC is lower than SP at every swept value. From 3.3 x 1073 to 10~!, where SP
is also flat (within 0.009 nats), the gap is 0.018—0.028 nats in the mean and again largest at
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Figure 13: Per-sub-network sweeps for the fully elastic model, as in Figure 12}
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Figure 14: Per-sub-network sweeps for SHELLELASTIC, as in Figure[12]
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the narrow widths, 0.023-0.032 nats at Low against 0.010-0.020 at Max. SP also degrades
at 1073, where the gap grows to 0.039 nats, and the gap shrinks to 0.010 and 0.005 nats at

3.3 x 107! and 1, where both degrade.

-®- Proxy (width 128) -~ 119M-285M =-O- SP —@- u-Elastic
ShellElastic (ours)

0.101

0.051

A val. loss

0.001

Weight decay Ag

Figure 15: Weight-decay sweeps. Sweeps of )\ for the proxy under ©P and for SHELLELASTIC at
the 119M-285M scale under ;.-ELASTIC (solid) and SP (dashed, open markers); A val. loss is as in

Figure[3]

=@- Proxy (width 128) -~ 119M-285M =O- SP —@- u-Elastic
Low Medium High Extra Max

0.10

0.051

A val. loss

Figure 16: Per-sub-network weight-decay sweeps. The sweeps of Figure[I3]for each sub-network
of SHELLELASTIC, from the smallest (Low) to the largest (Max); lines and A val. loss as there, with
the loss of each sub-network in place of the mean over the five, and one y-range for all panels.
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Table 28: Effect of ;.-ELASTIC on each elastic model at the 119M-285M and 375M-906M
scales, the values of Table 3] with four decimals.

Method Low Medium  High Extra Max Avg.

119M-285M, train loss |

MatFormer 32614  3.1841  3.1566 3.1405 3.1393 3.1764
w/ u-ELASTIC  3.2536 3.1821  3.1561 3.1407 3.1436 3.1752

Fully elastic 32717  3.1917  3.1544 3.1304 3.1263 3.1749

w/ p-ELASTIC  3.2572 3.1783  3.1447 3.1233 3.1196 3.1646

SHELLELASTIC  3.2472 3.1801 3.1356 3.1040 3.0794 3.1493
w/ p-ELASTIC  3.2305  3.1641  3.1229 3.0941 3.0713 3.1366

119M-285M, val. loss |

MatFormer 3.4341 33598 33271 3.3138 33110 3.3492
w/ p-ELASTIC  3.4248  3.3566  3.3250 3.3123 33139  3.3465
Fully elastic 3.4451 33681  3.3251 3.3030 3.2969  3.3477

w/ -ELASTIC ~ 3.4291  3.3536  3.3145 3.2954 3.2899 3.3365

SHELLELASTIC 34232  3.3538 33077 3.2749 3.2491 3.3217
w/ p-ELASTIC  3.4086  3.3375  3.2944 3.2641 3.2403 3.3090

375M-906M, train loss |

MatFormer 29140 28413 28152 2.7958 2.77929 2.8318
w/ p-ELASTIC  2.8993  2.8283  2.8035 2.7857 2.7871 2.8208
Fully elastic 29061  2.8418  2.8133 2.7900 2.7856 2.8274

w/ p-ELASTIC  2.8791  2.8172  2.7933 2.7735 2.7710 2.8068

SHELLELASTIC  2.8877 2.8303 27963 2.7696 2.7481 2.8064
w/ p-ELASTIC  2.8746  2.8222  2.7901 2.7671 2.7488 2.8006

375M-906M, val. loss |

MatFormer 3.0889  3.0194 29881 29741 29700 3.0081
w/ p-ELASTIC  3.0724  3.0050  2.9750 2.9628 2.9631 2.9957
Fully elastic 3.0808  3.0202 29867 2.9690 29633 3.0040

w/ -ELASTIC ~ 3.0519  2.9948  2.9662 2.9520 2.9481 2.9826

SHELLELASTIC  3.0697  3.0087 29732 29461 2.9243 29844
w/ p-ELASTIC ~ 3.0546  2.9998  2.9670 2.9435 29250 2.9780
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I ARCHITECTURE COMPARISON AND SEARCH

This appendix complements Section[4.3} Appendix [L.T| gives the per-task results and training curves
of StairFormer, and Appendix[[.2]details the architecture search at equal parameters and width count.

1.1 COMPARISON WITH STAIRFORMER

StairFormer (Trost et al.,[2026) nests sub-networks as prefixes of one forward pass with equal-width
groups, S = {1,..., M} in our notation; it normalizes over cumulative prefixes (Equation
and shares one terminal-norm gain and one readout across sub-networks. Our StairFormer base-
line has five 208-wide groups (¢ = 208, S = {1,2,3,4,5}) with dpeaqa = 104, so that each
group holds two complete heads, and an FFN hidden width of 236 per group (e ~ 1.13, against
e = 1 for SHELLELASTIC), so that its Max matches that of SHELLELASTIC in parameters. Like
SHELLELASTIC, it trains all sub-networks at every step; we give it the data, steps, HPs and loss
weights of Section[d.1] and ;-ELASTIC with m = 208/128 = 1.625 (Appendix D). Table gives
its per-task results at every tier, and Figure|1'/|its training curves next to the methods of Table[2|other
than sampled standalone. Two observations emerge:

¢ Only Max is parameter-matched. StairFormer’s Max and that of SHELLELASTIC both
have 279.6M parameters, but at Tiers 1-4, StairFormer’s sub-networks are 14-73% smaller
(32.6-200.4M against 118.8-233.1M), so these pairs compare sub-networks of different
sizes; Figure [d] compares the validation loss and average 5-shot accuracy against parameter
count.

¢ At Max, SHELLELASTIC is better on most tasks. At the matched size, SHELLELASTIC
is better on 9 of the 13 tasks and worse on 4 (MMLU, SVAMP, WinoGrande and LSAT-
RO).

1.2 ARCHITECTURE SEARCH AT EQUAL PARAMETERS AND WIDTH COUNT

The runs of Figures 4 and [I9]train every supported width at every step with the default recipe and
change only S. A supported set fixes how many of the M? blocks of size g x g a hidden matrix
keeps: group Gy has s — sx—1 block rows, each reading s, input blocks, so

K

B(S) = Z(sk — Sk—1) Sk- (24)

k=1

We compare two families of supported sets (Figure[I8): five supported widths at B = 42, the block
count of the default S = {4,5,6,7,8}, and six supported widths at B = 39. Every set contains
exactly one group wider than g, and the sets of a family differ only in where this group sits, from the
last shell to the core. A width at or above the wide group has the same number of blocks wherever
the group sits, so its parameter count is the same in every set of the family; a width below it keeps
only the lower-triangle blocks and has fewer parameters (63.9M at 384, 93.7M at 512, 127.6M at
640; marked T in Table . The average in Table [30|is taken over the supported widths of each
set, so it covers different widths in different rows, and the core placements have no width below the
core.

48



Preprint.

Table 29: Per-task results of StairFormer and SHELLELASTIC at every tier of the 119M-285M
scale, with the rows of Appendix |G} Stair.: StairFormer. Ours: SHELLELASTIC. Bold marks the
better entry of each pair (ties both bold). Only Tier 5 is parameter-matched.

Tier 1 -Low Tier 2-Medium Tier 3-High Tier4-Extra  Tier 5-Max

Stair. Ours Stair. Ours  Stair. Ours Stair. Ours Stair. Ours

Params (M) 326 118.8 769 1527 132.8 190.8 200.4 233.1 279.6 279.6
Train loss | 3.6874 3.2305 3.4224 3.1641 3.2764 3.1229 3.1871 3.0941 3.1258 3.0713
Val. loss | 3.8836 3.4086 3.6004 3.3375 3.4519 3.2944 3.3588 3.2641 3.2949 3.2403
5-shot accuracy (%) 1

MMLU 251 247 251 238 251 240 255 244 253 242
ARC-Easy 357 45.0 413 458 41.8 471 440 47.6 457 48.0
ARC-Challenge 21.5 233 224 235 223 236 225 24.0 232 243
SVAMP 6.0 5.7 5.3 6.3 7.3 6.3 7.0 6.7 8.3 6.4
COPA 55.0 59.7 57.0 61.7 60.0 617 560 63.0 590 633
PIQA 578 621 60.2  63.7 61.8 64.6 63.1 648 640 652
HellaSwag 27.0 324 297 332 31,1 339 322 346 336 351

WinoGrande 52.6 507 519 493 518 500 522 498 504 498
LAMBADA 15.0 259 233 291 253 299 268 302 274 304

BoolQ 470 551 484 572 532 553 511 545 517 523
LSAT-RC 254 248 23.1 25.6 224 260 254 264 280 256
LSAT-LR 25.7 262 265 29.2 241 268 245 276 241 27.6
SAT-EN 25.7 256 272 272 243 262 243 265 238 269
Average 323 355 340 36.6 347 366 350 369 357 369

Table 30: Validation loss of every supported width in the architecture search, at step 25,000, as
the one group wider than g moves from the last shell (first row of each block) to the core (last row,
bold). Params: non-zero parameters (M) of each width; Ta width below the wide group, which has
fewer parameters. Avg.: mean over the supported widths of each set. Bold marks the lowest value
in each column.

S 128 256 384 512 640 768 896 1024  Avg.
B = 42, 5 supported widths

Params 17.1 384 639 1188 1527 190.8 233.1 279.6
{1,2,3,4,8} 4.1178 3.8183 3.6738 3.6023F - - - 3.2698 3.6964
{1,2,3,7,8} 4.1037 3.8310 3.7224 - - - 3.2910 3.2503 3.6397
{1,2,6,7,8} 4.0895 3.8832 - - - 33193 3.2721 3.2400 3.5608
{1,5,6,7,8} 41154 - - - 3.3657 3.3068 3.2687 3.2409 3.4595
{4,5,6,7,8} - - — 34086 3.3375 3.2944 3.2641 3.2403 3.3090
B = 39, 6 supported widths

Params 17.1 384 765 1062 140.1 1782 2205 267.0
{1,2,3,4,5,8}  4.1310 3.8646 3.6689" 3.5601" 3.4983"  — - 3.3314 3.6757
{1,2,3,4,7,8} 41371 3.8356 3.6898" 3.6098"  — - 3.3460 3.3035 3.6537
{1,2,3,6,7,8} 41112 3.8520 3.7369"  — - 3.3659 3.3134 3.2775 3.6095
{1,2,5,6,7,8} 41022 3.8981 - —  3.4082 3.3456 3.3047 3.2734 3.5554
{1,4,5,6,7,8} 4.1499 - — 34746 3.3919 3.3419 3.3057 3.2778 3.4903
{3,4,5,6,7,8} - — 35445 3.4391 3.3818 3.3371 3.3050 3.2798 3.3812
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<~ Standalone (5x steps) ~& MatFormer ~¥ Fully elastic
—#— StairFormer ~o- ShellElastic (ours)

Tier 1 - Low Tier 2 - Medium Tier 3 - High Tier 4 - Extra Tier 5 - Max
ShellElastic 118.8M ShellElastic 152.7M ShellElastic 190.8M ShellElastic 233.1M ShellElastic 279.6M
StairFormer 32.6M StairFormer 76.9M StairFormer 132.8M StairFormer 200.4M StairFormer 279.6M
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Figure 17: Training curves of StairFormer and the methods of Table 2] at the 119M-285M

scale, except sampled standalone, in the format of Figure [9} column titles give the parameters of
SHELLELASTIC and StairFormer.
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B=42

5$={1,2,3,4,8} s$=4{1,2,3,7,8} $={1,2,6,7,8} $={1,5,6,7,8} s=1{4,5,6,7,8}
(default)

EEDEDE

$={1,2,3,4,5,8y 5={1,2,3,4,7,8y $={1,2,3,6,7,8} 5={1,2,5,6,7,8% S={1,4,5,6,7,8} S=1{3,4,5,6,7,8}

39

B =

Figure 18: Block masks of the supported sets in Figuresdc and[19) (M = 8, g = 128). Cell (4, j)
is the g x g block of every hidden matrix from input block j to output block ¢. Gray: lower-triangle
blocks kept by every set; colored: blocks above the diagonal, all inside the one group wider than g
(outlined). Each row has the same B and moves the wide group from the last shell (left) to the core

(right).

B = 39, six supported widths

A Supported set S (x128)
B +:{1,2,3,4,5,8}
0 -¢-{1,2,3,4,7,8}
% 3.8 1
o
= 36
3.4 A
20 50 100 200

Params (M)

Figure 19: As Figure, at B = 39 with six supported widths (core placement S = {3,4,5,6, 7,8},
black).
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J ABLATION STUDIES

All ablations use the supernet of Section(g = 128,85 = {4,5,6,7,8}) at the 119M-285M scale
and change one setting of its recipe at a time. Tables [31] and [32] list all results, numbered as the
paragraphs below; each block of rows ends with the default.

* Default and run-to-run variation. The default rows average the three SHELLELASTIC
runs of Table[2] whose standard deviation is at most 0.003 nats in the validation loss of any
tier, 0.002 nats in the mean validation loss and 0.32 points in the mean 5-shot accuracy;
every other row is a single run. A further run of the default on H100 GPUs is within
0.003 nats of this mean at every tier, so we treat differences below 0.003 nats as run-to-run
variation.

* Hardware and cost. The default runs used A100 GPUs with activation checkpointing
on every other block, as did ablations (11) and (12), whereas ablations (1) to (10) used
H100 GPUs without it. Step times and peak memory are compared between runs on the
same GPUs with the same activation checkpointing; on H100 GPUs, the reference is the
loss-weight runs of (2) (37.1 GB peak memory).

Table 31: Ablations (1)-(6) of SHELLELASTIC at the 119M-285M scale. Each block changes
one setting of the default recipe and ends with the default. Val. loss is taken at step 25,000 for each
tier (Low to Max: widths 512 to 1024), and 5-shot acc. averages the 13 downstream tasks over the
five tiers. Bold marks the best value of each column within a block.

Val. loss | 5-shot acc. 1

Setting Low Medium High Extra Max  Avg. Avg.

(1) Selected sub-networks per step A~

Sandwich: Low, Max and one other ~ 3.4019 3.3617 3.3183 3.2816 3.2395 3.3206 36.1
Random: one of the five sub-networks 3.4311 3.3786 3.3542 3.3410 3.3356 3.3681 34.8
Max + random: Max and one other 34944 34079 3.3447 3.2956 3.2397 3.3564 35.5
All: all five sub-networks (default) 34086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5

(2) Loss weights ws (Low to Max)

(1,1,1,1,1) 3.3888 3.3279 3.2923 3.2677 3.2518 3.3057 36.5
(1,0.5,0.3,0.2,2) 3.3801 3.3312 3.2978 3.2690 3.2412 3.3039 36.6
(1,1,1,1,2) 3.3959 3.3317 3.2934 3.2673 3.2486 3.3074 36.3
(1,1,1,1,6) 3.4236 3.3437 3.2977 3.2638 3.2365 3.3130 36.2
(1,1,1,1,4) (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5
(3) Trunk normalization

Cumulative prefix 3.4060 3.3376 3.2952 3.2645 3.2410 3.3088 36.1
Block-local over every g coordinates  3.4093  3.3368 3.2955 3.2652 3.2411 3.3096 36.7
Group-local over Gy, (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5
(4) Terminal norm No™*

Group-local, as the trunk 3.4122 33414 3.2975 3.2656 3.2417 3.3117 354
Over all sg coordinates (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5
(5) Readout

Shared U 3.4152 3.3446 3.3000 3.2696 3.2450 3.3149 35.6
Separate U, (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5
(6) In-place distillation from Max

Forward KL, weight 0.1 3.4047 3.3355 3.2937 3.2641 3.2410 3.3078 36.4
Forward KL, weight 0.5 3.3920 3.3287 3.2931 3.2675 3.2482 3.3059 36.6
Forward KL, weight 1 3.3748 3.3184 3.2873 3.2653 3.2483 3.2988 36.1
Reverse KL, weight 0.5 3.3868 3.3261 3.2887 3.2632 3.2437 3.3017 359
Symmetric KL, weight 0.5 3.3875 3.3256 3.2901 3.2629 3.2435 3.3019 36.0
None (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5

(1) Selected sub-networks per step. Besides the default (All), which selects all five sub-networks
at every step, we test three rules for the selected set A, of Equation [}

» Sandwich: Low and Max at every step and one of the other three uniformly at random,;
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Table 32: Ablations (7)-(12) of SHELLELASTIC at the 119M-285M scale, in the format of
Table[31]

Val. loss | 5-shot acc. 1
Setting Low Medium High Extra Max  Avg. Avg.
(7) Normalization type
LayerNorm 3.4037 3.3379 3.2955 3.2655 3.2424 3.3090 35.8
RMSNorm (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5
(8) Ensembles of the five sub-networks
Learned per-token width router 37735 3.5611 3.4137 3.3055 3.2269 3.4562 35.1
Distillation from loss-weighted ensemble 3.3902 3.3275 3.2926 3.2673 3.2471 3.3049 37.0
Distillation from soft oracle 3.3982 3.3350 3.2980 3.2709 3.2501 3.3105 36.3
None (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5
(9) Stage-residual gradient scaling
v=0 3.4053 3.3740 3.3530 3.3348 3.3115 3.3557 36.1
v=0.3 3.3806 3.3317 3.2991 3.2762 3.2485 3.3072 36.6
v=0.5 3.3939 3.3360 3.2967 3.2700 3.2447 3.3083 36.0
v=0.8 3.4030 3.3365 3.2946 3.2658 3.2419 3.3084 37.0
~v = 1 (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5
(10) Trunk gradient of Low to Extra
Detached 3.9289 3.6481 3.4489 3.3134 3.2259 3.5130 352
Kept (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5
(11) Base width g and head dimension dpeaa
g = 64, dheaa = 64 3.3999 3.3336 3.2919 3.2619 3.2383 3.3051 36.2
g = 128, dheaa = 64 3.4021 3.3334 3.2929 3.2636 3.2400 3.3064 36.3
g = 128, dheaa = 128 (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5
(12a) Gradient clipping (global norm)
0.5 3.4088 3.3392 3.2962 3.2655 3.2420 3.3104 36.3
1 3.4150 3.3431 3.2988 3.2679 3.2437 3.3137 35.9
2 3.4037 3.3342 3.2927 3.2633 3.2406 3.3069 36.6
4 (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5
(12b) AdamW e
1076 3.4097 3.3411 3.3011 3.2737 3.2552 3.3162 35.7
1078 3.4055 3.3348 3.2920 3.2628 3.2398 3.3070 36.0
1071 3.4057 3.3373 3.2956 3.2660 3.2428 3.3095 36.4
107 (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5
(12c¢) z-loss coefficient A,
1072 3.4096 3.3393 3.2970 3.2664 3.2414 3.3107 359
1072 3.4074 3.3363 3.2938 3.2640 3.2403 3.3084 36.5
10™* (default) 3.4086 3.3375 3.2944 3.2641 3.2403 3.3090 36.5

e Max + random: Max and one of the other four;

* Random: one of the five sub-networks uniformly at random, as MatFormer and the fully
elastic model do.

Observation: The loss of each sub-network follows how often it is trained, and All gives the lowest
mean loss. Sandwich and Max + random keep the loss of Max but raise those of the sub-networks
they select less often, by up to 0.024 and 0.086 nats, respectively, and Random raises every tier, Max
by 0.095 nats.

(2) Loss weights. With all widths selected at every step, we vary the loss weights ws of Equa-
tion [§f the weight of Max rises from 1 to 2, 4 (the default) and 6, and the decaying weights
(1,0.5,0.3,0.2, 2) keep the relative weight of Max at 1/2 and double that of Low.

Observation: The loss weight of a width moves its loss in the same way as how often it is trained.
Raising the weight of Max from 1 to 6 lowers its loss monotonically, by 0.015 nats, and raises the
mean loss from 3.306 to 3.313, mostly through Low and Medium. The decaying weights match the
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default at Max and lower the mean loss by 0.005 nats, mostly through Low. Training all widths at
every step with weights (1, 1,1, 1,4) is thus within 0.005 nats of the best trade-off we found.

(3) Trunk normalization. We compare three trunk normalizations that all preserve the sup-
ported prefixes (Appendix [B.2): group-local normalization over each G, (the default), block-local
normalization over every g coordinates, and a cumulative prefix norm, which normalizes each
block of g coordinates with the statistics of all coordinates up to the end of that block. With
By, = {(b—1)g +1,...,bg} the b-th block of g coordinates, all three apply Equation [3| with
the statistics of a coordinate j € G N By, taken over

Gy (group-local), By (block-local), {1,...,bg} (cumulative prefix). (25)

Observation: The three are within 0.001 nats of each other in mean loss and within 0.003 nats at
every tier. They differ only in cost: the prefix norm, which needs cumulative statistics for every
prefix of blocks, takes 6% more time per step and 23% more memory in our implementation, while
block-local normalization costs the same as group-local normalization.

(4) Terminal norm. We compare normalizing all sg coordinates of sub-network s before its read-
out (the default, Equation [6) with normalizing each group separately, as in the trunk.

Observation: The default is better: 0.003 nats lower in mean loss, mostly at Low to High, and about
1 point higher in mean 5-shot accuracy.

(5) Readout. We compare separate readouts U, for every width (the default) with one readout U
shared by all widths, of which width s uses the first sg columns (with the split of Equation [23).

Observation: Separate readouts are better at every tier, by 0.006 nats in mean loss and 0.9 points in
mean 5-shot accuracy.

(6) In-place distillation. We distill Low to Extra from Max by adding to the loss of each a
weighted KL divergence between its output distribution and that of Max over the full vocabulary:
forward KL with weights 0.1, 0.5 and 1, and reverse and symmetric KL with weight 0.5.

Observation: Distillation lowers the loss of Low to High, by up to 0.034 nats at Low, but raises that
of Max, by up to 0.008 nats. The mean loss falls by up to 0.010 nats, but the mean 5-shot accuracy
stays within 0.6 points of the default and a step takes 2.2 to 2.6 times as long, so we do not use it.

(7) Normalization type. We compare RMSNorm (the default) with LayerNorm with a gain and
no bias.

Observation: Both give the same mean loss (3.309) and differ by at most 0.005 nats at any tier, so
we keep RMSNorm.

(8) Ensembles of the sub-networks. One trunk pass yields the output distributions ps; =
softmax(zs) of all five sub-networks, so ensembling them costs little beyond the readouts, and
nested sub-networks may still err on different tokens. We use per-token ensembles ) 7,p,, whose
weights 7, are non-negative and sum to one, in three ways:

* Four ensembles of a trained supernet: uniform weights, m; = 1/5; confidence weights,
s X max, ps(v); the most confident readout, which puts all weight on the sub-network
with the largest max,, ps(v); and the best fixed ensemble, whose weights minimize the loss
of the tokens it is evaluated on. As an upper bound, an oracle puts all weight on the readout
that assigns the target the highest probability.

* Learned router: a two-layer MLP (1024 — 256 — 5, SiLU) maps the last-layer hidden
state of Max, after its terminal norm, to one logit per sub-network, and a softmax turns the
five logits into the per-token weights 7; its output layer is initialized to zero, so the weights
start uniform. It is trained jointly with the supernet, whose loss becomes the m-weighted
sum of the five losses at every token plus 0.01 times their unweighted mean, which keeps
every sub-network trained.
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* Distillation from ensembles: every sub-network, including Max, adds a forward KL diver-
gence with weight 0.5 toward one of two teacher ensembles, detached from the gradient:
the loss-weighted ensemble, whose weights are the loss weights w, of Equation [§] nor-
malized to sum to one (1/2 on Max, 1/8 on each other sub-network), or the soft oracle,
7, o< ps(y)? for target y, a smooth version of the oracle that favors the sub-networks
assigning y a high probability, with S set at every step so that the weights have a mean
normalized entropy of 0.7.

Observation: No ensemble beats Max alone (Table @]) The best fixed ensemble matches it, uni-
form and confidence weights are 0.03 nats worse, and the most confident readout is 0.068 nats worse;
only the oracle is better, but it needs the target. The router collapses onto Max, which improves by
0.013 nats, while the other sub-networks, trained only through the 0.01 term, lose 0.041 to 0.365
nats. As predictors, the loss-weighted ensemble is 0.012 nats worse than Max and the soft oracle
0.143 nats better, as it uses the target; yet distillation toward them raises the loss of Max by 0.007
and 0.010 nats and lowers that of Low by 0.018 and 0.010 nats, as in-place distillation does in (6),
and a step takes about 2.6 and 3.0 times as long.

Nested sub-networks versus separately trained models (Table [34] bottom):

*» Separately trained models ensemble well. Averaging the Max of two supernets trained with
the same settings lowers the loss by 0.056 nats, and that of three by 0.077 nats; uniform
weights are already the best fixed weights, as the members are equally strong. The oracle
over two such Max sub-networks also gains more than that over the five sub-networks, 0.23
against 0.19 nats. For the five sub-networks of one supernet, no fixed weights improve on
Max: they share the trunk and are much more alike, and the narrower ones are weaker, so
averaging only dilutes Max.

* Low gives the largest share of the gain. With Low and Max alone, the oracle is already
0.12 nats below Max, about two thirds of its gain with all five tiers.

* Cost. Each separate model needs its own training run and trunk pass, whereas one trunk
pass yields all five sub-networks.

Outlook: Ensembling the sub-networks remains promising for elastic models: the oracle is 0.19
nats below Max alone and picks a narrower sub-network for 71% of held-out tokens (Table[34)), and
a label-free selection better than confidence could turn part of it into a gain at almost no extra cost.

Table 33: Ensembles of the five sub-networks as predictors and as teachers. Train and valida-
tion loss minus those of Max. The row labeled Router is the ensemble weighted per token by the
learned router, which is trained together with its own supernet, so this row subtracts the losses of
that supernet’s Max. The loss-weighted ensemble and the soft oracle are the two ensembles used as
distillation teachers in ablation (8).

Loss — Max loss

Ensemble Train loss  Val. loss
Predictors

Uniform weights +0.0313  +0.0316
Confidence weights 4+0.0295  +0.0296
Most confident readout +0.0648  +0.0678
Best fixed ensemble 0.0000 —0.0003
Router 0.0000 0.0000
Teachers

Loss-weighted ensemble - +0.0116
Soft oracle (uses the target) - —0.1433
Oracle (uses the target) —0.1731 —0.1851

(9) Stage-residual gradient scaling. The logits of width sy, are a sum of one term per group,

te =0 D NG (Us) g Y = N (al)), (26)

Skg
i<k
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Table 34: The oracle on held-out C4 text (final checkpoints). Top: share of tokens on which
each tier assigns the target the highest probability (the oracle’s pick), its contribution to the oracle’s
mean gain over Max (the four sum to 0.185), and the share of tokens on which it beats Max. Bottom:
validation loss minus that of Max when the models in each row are ensembled with uniform weights,
the best fixed weights or the oracle.

Tier Low Medium  High Extra  Max
Picked by the oracle (%) 22.7 16.3 15.1 16.4 29.4
Contribution to the gain (nats)  0.0878 0.0454  0.0309 0.0210 -
Beats Max (%) 39.0 42.7 44.9 46.7 -

Members Uniform  Best fixed Oracle

Five tiers of one supernet +0.0316  —0.0003  —0.1851

Low and Max of one supernet +0.0355 —0.0002 —0.1187

Max of two supernets —0.0564 —0.0564 —0.2306

Max of three supernets —-0.0767 —0.0767 —0.3401

so the supernet can be viewed as a sequence of stages: the core gives a base prediction, and each
shell adds a correction to the terms of the groups before it, as in residual learning (He et al., |2016).
To train the shells toward this role, we scale by ~ the gradient that the loss of each width sends into
the terms of the narrower groups, through the coordinates of the next narrower sub-network:

oL,  n ols,
L) ont) g

k=2,..., K. Q27)

Every width has its own readout and terminal norm, which only its own loss trains, so for v > 0
Adam, being invariant to the gradient scale, still trains them in full; the scaling only reduces the
gradient that these coordinates pass on to the trunk. The forward pass is unchanged, and v = 1 is
the joint objective of Equation[§] With v = 0, the loss of each width reaches the last-layer features
of its own shell only, which then fit what the narrower groups leave unexplained, while the wider
losses still train the narrower groups inside the trunk.

Observation: A ~ between 0.3 and 0.8 lowers the loss of Low by up to 0.028 nats but raises those
of Extra and Max by up to 0.012 nats and leaves the mean loss within 0.002 nats. With v = 0, Low
is 0.003 nats lower, but the wider widths lose more, from 0.036 nats at Medium to 0.071 at Extra
and Max, and the mean loss rises by 0.047 nats, as the last-layer features of the narrower groups no
longer adapt to the losses of the wider widths. We therefore keep v = 1.

Outlook: Although v < 1 does not lower the mean loss here, the stage view matches a property that
SHELLELASTIC has but MatFormer and fully elastic models lack: it can grow after training. Since
no group reads a later one (Equation [2) and every group is normalized on its own (Equation 3)), a
new shell G 11 can be appended to a trained supernet and trained as a new stage, for example on
downstream data, while all trained weights stay frozen, so every trained sub-network keeps its exact
outputs. MatFormer and fully elastic models cannot grow this way: new FEN units of MatFormer
write into the hidden states that its trained layers read, and new channels of a fully elastic model
change the inputs of every trained weight in the wider sub-network, so their trained weights would
operate on inputs they were not trained on.

(10) Trunk gradient of the narrower widths. We detach the trunk from the losses of Low to
Extra, which then train only their terminal norms and readouts on a trunk trained by Max alone.

Observation: Detaching lowers the loss of Max by 0.014 nats but raises those of Low to Extra by
0.049 to 0.520 nats, so keeping their trunk gradients is much better overall.

(11) Base width and head dimension. At the same supported widths 512 to 1024 and the same
parameter counts, halving the base width to g = 64 (M = 16, S = {8,10,12,14,16}) keeps the
512-wide core and every shell 128 wide, so the groups, their normalization and the ;-ELASTIC
factors ms are unchanged. We also halve the head dimension to dye,q = 64, which g = 64 requires.
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Observation: With dp.,q = 64 in both, g = 64 and g = 128 define the same model, and their mean
losses differ by 0.001 nats. Halving the head dimension lowers the mean loss by 0.003 to 0.004
nats, mostly at Low. The head dimension thus has a small effect near run-to-run variation, and the
base width none; we keep g = dpeaq = 128.

(12) Optimization HPs. We vary the gradient clipping (global norm 0.5, 1 and 2), the AdamW
€ (107°, 1078 and 107'%) and the z-loss coefficient A, (10~3 and 10~2) around the defaults of
Table [0} global norm 4, ¢ = 10~ 4 and A\, = 10~

Observation: The defaults are within 0.002 nats in mean loss of clipping at 0.5 or 2, € = 108 or
1071, and A\, = 1072 or 10~2. Clipping at 1 is 0.005 nats worse and € = 10~ is 0.007 nats worse,
so the recipe is robust to these settings except for a large e.
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