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Abstract

We consider the problem of learning a mix-
ture of k Plackett-Luce models given multi-
way ranking responses from annotators that
may represent heterogeneous underlying pref-
erences. This problem has many applica-
tions in Al alignment and preference opti-
mization. Prior work has studied mixtures
of Bradley-Terry models from pairwise com-
parisons. However, uncovering mixture mod-
els is theoretically unidentifiable when k ex-
ceeds m/2, where m is the length of a ranking.
We propose an efficient implementation to ad-
dress this limitation, which involves first aug-
menting the rankings to a larger size by gen-
erating new responses from a base language
model, followed by a gradient-based estima-
tion to reduce inference cost in the input em-
bedding space. Based on this procedure, we
then design an expectation-maximization al-
gorithm with these two steps to fit a mixture of
Plackett-Luce models, called MOPLEX. Ex-
tensive experiments are conducted to verify
this approach. First, we show that the gradient-
based approximation estimates true probabili-
ties with less than 5% error on models with up
to 34 billion parameters. Second, we show that
MOoPLEX improves clustering and ranking ac-
curacy by an average of 43.7% and 15.2%
over baselines using single ranking and mix-
tures of Bradley—Terry models, on preference
optimization datasets. These results demon-
strate the effectiveness of MOPLEX for tack-
ling multi-way rankings from heterogeneous
preferences through measuring alignment be-
tween gradients.

1 Introduction

We study language model alignment given prefer-
ence data drawn from several heterogeneous sub-
populations. The central challenge is to identify
the clustering structures and learn a correspond-
ing mixture of ranking models (Zhao et al., 2016;
Awasthi et al., 2014). This problem arises in sce-
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narios when preferences are collected from diverse
annotator subpopulations or scored along several
evaluation criteria (Kirk et al., 2024; Castricato
et al., 2025). These different subgroups can rank
candidate responses differently, yielding a mixture
of rankings that a single ranking model cannot ac-
curately capture (Chakraborty et al., 2024). In this
paper, we tackle this problem by designing a new
algorithm to learn a mixture of ranking models us-
ing a gradient-based estimation procedure.

One natural approach is to extend the
Bradley-Terry (BT) model used in RLHF
and DPO (Rafailov et al.,, 2023) to a mixture
model. For example, recent work trains a mixture
of BT models by regularizing mixture weights to
a uniform prior (Shen et al., 2025), or by using an
expectation-maximization algorithm to alternate
between cluster assignment and model optimiza-
tion (Chakraborty et al., 2024). However, these
methods apply to rankings of two choices (i.e.,
pairwise comparisons), leaving learning mixtures
on longer rankings open. While BT models can
be generalized to Plackett-Luce (PL) models
(Rafailov et al., 2023), existing methods focus on
fitting single models rather than mixtures.

A key problem in this setting is identifiabil-
ity, where two distinct mixture models can pro-
duce the same ranking probability distributions,
making it hard to identify the true clusters. For
example, consider ranking four responses drawn
equally from two true clusters: A >~ B >~ C >~ D
and B >~ A > D » C. Observing only rankings
of length m < 3 yields the same marginal distri-
butions as another clustering (A = B >~ D = C
and B = A > C > D), as shown in Figure 3. We
then formulate a broader pattern that a mixture of
k models is unidentifiable when the ranking length
m is short. Our synthetic experiments show that a
mixture of BT models collapses to random guess-
ing when m > 2, whereas increasing the ranking
size beyond 2k recovers the true clusters.
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Figure 1: Left: Given n rankings over m candidate responses per prompt, we aim to learn a mixture of k& Plackett-
Luce models, which can be implemented via an ensemble of k adapters on a base language model. We identify
an unidentifiability problem: when the ranking length is small (specifically, when m < 2k — 1), there exist two
distinct mixture models that yield the same ranking distribution, making the true clusters unidentifiable. Right:
We propose an algorithm to address this problem. First, we augment the ranking length by generating additional
responses using the base model, outputting a larger partial ranking. Second, to reduce the computational cost, we
estimate the model outputs on responses via a first-order approximation in the input embedding space. This only
computes the outputs and gradients for a small number of a anchor responses, reducing the runtime and memory
cost from O(km) to O(ka). The computational cost of the full procedure is given in Table 2.

This work proposes an algorithm that over-
comes this limitation. First, to address insufficient
ranking lengths, we augment the ranking length m
by generating additional candidate responses us-
ing the base language model before training. Sec-
ond, training the k-mixture ranking models over m
candidates requires O(km) forward passes per it-
eration, which is computationally expensive. We
design a gradient-based estimation procedure to
reduce the cost to O(ka) with a typically three
times smaller than m in practice. Our idea is to
first compute exact outputs and gradients for the a
anchor responses. Then, we can estimate outputs
for the remaining responses using a first-order ap-
proximation in the input embedding space, with-
out performing full model computation. Taken to-
gether, we design an algorithm named MOPLEX
to efficiently scale the learning of mixtures of
Plackett-Luce models on top of any base model.
See Figure 1 for an illustration of our approach.

We extensively evaluate our approach across
a range of preference optimization datasets and
language models. First, our gradient estimation
method approximates full model outputs with un-
der 5% error on models with up to 34 billion pa-
rameters. Second, when applied to datasets in-
volving multiple evaluation criteria and annotator
subpopulations, our algorithm improves clustering

and ranking accuracy by 43.7% and 15.2%, re-
spectively, compared to baselines that use a sin-
gle ranking model or a mixture of BT models.
Furthermore, our method reduces GPU runtime
and memory costs by up to 3x compared to full
computation of Plackett-Luce models. By in-
creasing ranking lengths three times, our method
yields a 4.6% performance gain over full mod-
els on the original short rankings. The code for
replicating these empirical findings is available
at https://github.com/VirtuosoResearch/MoPLEXx-
implementation.

2 Preliminaries

We study learning a mixture of Plackett-Luce
models from a ranking dataset. In the context
of text data, we are given rankings over text re-
sponses for an input prompt. Our input is a dataset
D = {(;,Y;,04)},, where each instance com-
prises a prompt z, a set of m candidate responses
Y = {y1,...,ym}, and a multiway ranking o.
This ranking is a permutation over [m/] that defines
an order Y, (1) = Yo(2) = '+ = Yo(m)» Where o (t)
denotes the index of the response at rank ¢.

In practice, rankings are often gathered from
diverse annotator populations or evaluation crite-
ria. This can yield different rankings over the
same candidate responses where a single rank-
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Figure 2: We plot the helpfulness scores for the top
and bottom-ranked responses from the UltraFeedback
dataset. Left: Responses ranked by helpfulness exhibit
clear score separation. Right: Rankings based on truth-
fulness are nearly indistinguishable using helpfulness
scores. Thus, a single ranking model cannot capture
rankings given by various evaluation criteria.

ing model cannot adequately capture (Chakraborty
et al., 2024; Shen et al., 2025). We illustrate an ex-
ample in Figure 2. Thus, we model such ranking
datasets by a mixture of k£ Plackett-Luce ranking
models, each corresponding to a cluster, where k&
is treated as a hyperparameter. Our objective is
to identify the cluster assignment for each ranking
and to learn the corresponding ranking models.

Mixtures of Plackett-Luce models. Let z; €
{1,...,k} denote the cluster assignment for ex-
ample ¢, and let o be the prior probability of clus-
ter ¢, where Zle a. = 1. For a given cluster c,
the likelihood of observing a specific ranking o; is
given by a ranking model Py, (o; | z;,Yi, z; = c).
The objective is to learn the model parameters
{6.}%_, and mixing weights {a.}%_, by maximiz-
ing the log-likelihood:

n k
ZIOg <Zo‘c By (0 | i, Yi, 2 = c)) . (D)
=1 c=1

We train the mixture model via the expectation-
maximization algorithm. After training, each
ranking o; is assigned to the cluster that yields the
highest posterior probability.

The Plackett-Luce (PL) model is commonly
used to compute the probability of a ranking. Let
ro.(x,y) be the score assigned by the model for
cluster c. Py (0; | zi,Y;, z; = c) is defined as:

f el g
El 1 €XP (710 (xmyz 0'1()>)

Substituting (2) into Equation (1) yields the mix-
ture of PL. models. The mixture of BT models is
a special case when m = 2. Extensions to other
ranking models are discussed in Appendix A.S.

In practice, we can fine-tune a language model
to parameterize the score r¢_(z,y). For example,
following DPO (Rafailov et al., 2023), we can de-
fine it as the scaled log-probability ratio:

7o.(y | )

ro.(T,y) = Teet(y | 7))

where 7r is a base reference model and S is a
hyperparameter controlling the KL-divergence.

Blog 3)

Problem statement. Given the ranking dataset
D and a base training method like DPO, we aim
to learn a mixture of PL models with the mixing
weights and the model parameters {a,0.}*_;.
This can be implemented as k£ low-rank adapters
on a base language model. We design algo-
rithms to efficiently learn the mixture of PL mod-
els through fine-tuning language models.

3 Unidentifiability of Mixture Models

This section presents a limitation that the mix-
ture of Plackett-Luce (PL) models is unidentifiable
when the ranking size m is small. Unidentifiability
occurs when two distinct sets of mixtures produce
the same ranking distributions, making it impos-
sible to recover the true clusters (See Definition
A.1). This limits the ability of mixture Bradley-
Terry models to identify multiple clusters.

Figure 3 illustrates this limitation using four
candidate responses (A, B, C, D). Suppose the
true distribution consists of two equal clusters:
A-B>~C»>=DadB >~ A>D > C. If
we only observe rankings of length m < 3, this
setup yields the same marginal distributions as an
alternative clustering (A > B > D > C and
B = A = C = D). Thus, it is difficult to dis-
tinguish the true clusters from alternative ones. In
contrast, learning from rankings of length m = 4
can identify the clusters correctly.

Building on the insights from Zhao et al. (2016),
we note that the unidentifiability of the mixture of
PL models depends on the cluster number %k and
the ranking size m.

Proposition 3.1 (Slightly adapted from Zhao et al.
(2016)). For a mixture of k PL models defined
over m-way rankings, when m < 2k — 1, the
model is non-identifiable. That is, there exist two
sets of distinct weights and parameters that induce
an identical distribution over the space of m-way
rankings.

The result suggests that, for a larger number of
clusters, more candidate responses are needed to
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Figure 3: We illustrate the unidentifiability limit of a mixture model with k = 2.
Left: If the given dataset contains rankings of length m = 3 (or m = 2), two
possible cases of underlying clusters can yield the same marginal distributions.
The mixture model is mathematically incapable of identifying the true clusters.
Right: If the given dataset contains rankings of length m = 4, the two sets
of clusters yield distinct distributions, and the mixture model can identify the

correct underlying clusters.

identify the underlying clusters. The proof is de-
ferred to Appendix A.3.

We now validate the above limitation of the
mixture models. We construct a synthetic dataset
to simulate various criteria. Each candidate re-
sponse is represented by a list of k integers, where
the c-th integer serves as the score for cluster ¢ €
{1,...,k}. We train a Qwen-3-0.6B model, vary-
ing the ranking size m from 2 to 8 and the clusters
k from 2 to 4. We then measure the clustering ac-
curacy on a held-out set between the inferred and
true cluster assignments. Details are described in
Section B.

As shown in Figure 4, the underlying clus-
ters cannot be fully recovered when m is small.
Notably, relying on pairwise comparisons (when
m = 2) collapses to random guessing for £ = 3
and k = 4. Conversely, increasing the ranking size
enables the model to identify the true clusters.

4 Our Approach

In this section, we present an efficient algorithm
for learning mixture models. Our algorithm in-
volves two components: First, we augment the
ranking by generating additional responses. Sec-
ond, we design an efficient gradient-based imple-
mentation for estimating Plackett-Luce mixtures
on the expanded rankings.

4.1 Augmenting the ranking

First, we propose to augment the ranking by gen-
erating additional responses. For an input prompt
x, we expand the response set to size m’ by gener-
ating m’ — m new responses with the base model.
Because no annotation is available for the gener-
ated responses, we treat them as ranked lower than

Figure 4: We validate the
unidentifiability of the mixture
of PL models in a synthetic ex-
periment, with varying numbers
of clusters k. We find that for a
small m, the underlying clusters
cannot be fully recovered.

existing responses as an approximation. These
new responses are appended as unranked candi-
dates at the bottom of the existing ranking, result-
ing in a partial m/-way ranking: Yo(1) > 0 =
Yo(m) >~ Wmt1s 5 Y}

Our motivation is that the augmented responses
are sampled from an unaligned base model, so
they are likely to be ranked below the original can-
didates that are curated by annotators. To vali-
date this, we score the generated responses using
a ranking model trained on each evaluation crite-
rion of the UltraFeedback dataset. Over 81% of
the generated responses score below existing re-
sponses, and none is ranked in the top two posi-
tions. On the other hand, considering all possible
cases of ranking all additional responses is com-
putationally expensive.

Denote Y =Y U {ym+1,-- -, Ym}. We com-
pute the probability Py_(o | z,Y’, z = ¢) as:

m

exp (T9C (l‘, Yo (t) ))
t=1 Z;it eXp (TG(; (Jj, yO’(l) )) + Z/(Tgc) 7

“)

where Z'(rg,) = Z;”:,mﬂ exp(rg.(z,y;)). The
scores of the augmented responses are included in
the denominator. Then, we learn the mixture of PL
models by substituting (4) into Equation (1).

Next, we show that with augmented responses,
the identifiability can be achieved.

Proposition 4.1. Let Y8 = {y,11,. .., Y } be
a set of additional responses, forming an expanded
set Y =Y UY™ of size m'. Let Sy, be the
space of partial rankings where each o € Sy,
orders m responses of Y' and leaves the other
m' — m at the end of the ranking:

Yo(1) = = 7 Yo(m) = {ya(m+1)7 s 7yo(m/)}7



so that |Syym| = m'l/(m' —m)\, and the prob-
ability of each 0 € Sy, is given by Equa-
tion (4). Assume that the augmented responses
have distinct scores in every cluster c, meaning
ro.(z,Y;) # ro,(x,y;) (in Equation 3) for all dis-
tinct y;, y; € Y8 Whenm/ —m > k and m > 2,
the mixture of k PL models over S, is identifi-
able in the sense of Definition A. 1.

The idea is that conditioned on the assumption
of distinct scores for the generated responses, a
matrix representing all possible ranking probabili-
ties under the mixture model has sufficiently many
independent rows to match its column dimension,
thus exhibiting full column rank. The proof is
given in Appendix A.4.

We empirically verify the assumption that gen-
erated responses have distinct scores. Recall that
the score is computed via model log-likelihoods
over the responses. Generating non-duplicate re-
sponses at a high sampling temperature can pro-
duce responses with distinct scores. We evaluate
the scores of the generated responses on the Ul-
traFeedback dataset. We find that using a sam-
pling temperature of 2 yields no responses with the
same scores under each evaluation criterion. Fur-
thermore, we compute the coefficient of variation
for their scores, computed as the standard devia-
tion of the scores divided by their mean. The co-
efficient of variation is over 73%, indicating sub-
stantial variance in the scores.

4.2 Learning mixtures of Plackett-Luce
models

Learning the mixture model on expanded rankings
is computationally expensive. Evaluating a mix-
ture of £k PL models over m responses involves
km full model forward passes at each iteration.
Next, we introduce a method to reduce the compu-
tational cost from O(km) to O(ka) with a much
smaller constant a than m.

We estimate 7¢(z,y) based on a first-order
approximation property that has been observed
widely on language models (Zhang et al., 2025¢).
The idea is to estimate the output of the model us-
ing a first-order approximation in the input embed-
ding space. Let h(z,y) be the input embedding of
the response y for prompt z, and let 7¢_(x,y) be
a function of h(z,y). Given an anchor example
(x,y0), we examine the first-order approximation

Table 1: Relative approximation error of ¢, ,, tested
with language models of up to 34 billion parameters.

Distance ‘Qwen—O.GB Gemma-2B  CodeLlama-34B

0% — 5% 0.1+0.0% 0.1101% 0.1+0.0%
5% —10% | 0.6401% 0.5+0.1% 0.6£0.0%
10% — 15% | 1.7402% 1.5401% 1.440.1%
15% - 20% 2.910.1% 3.2:‘:(),3% 3.3:‘:0‘3%
20% — 25% | 4.3403% 4.8104% 4.0103%

of the model output ry(z, y) as:

T‘Q(l’,y) ~ Tg(l',y0)+
<Vh’r9($7y0)v h(:r:,y) - h(%l/o)) + €y (5)

where V), denotes the gradient of r¢ with respect
to the input embeddings h, and €, is the approx-
imation error. For responses of different lengths,
we apply the approximation up to the length of the
shorter response and ignore padding tokens.

We demonstrate empirically that the error €,
remains small across various models and datasets.
We evaluate €, ,, across three LMs from 0.6 to 34
billion parameters, on the UltraFeedback dataset
(Cui et al., 2024). For each example (z,Y,0),
we randomly select one anchor response and es-
timate the outputs of the remaining responses. We
compute the estimation errors over 50 randomly
selected examples. Table 1 reports the average
squared relative error, (e;,/r9(,y))?, grouped
by the relative distance in their input embeddings,
(e, ) — Az, yo)ll /I, o)l

We find that the estimation error remains less
than 5%. Additionally, the model with more pa-
rameters tends to yield a smaller error. These re-
sults suggest that Equation 5 can accurately ap-
proximate the model output for estimating rank-
ing probabilities. Similar results are observed on
other datasets and are described in detail in Table
5 of Appendix B.

We then leverage this approximation to effi-
ciently train the mixture of PL. models. Specifi-
cally, we apply the first-order approximation to es-
timate the output for each response in a PL model.
At each iteration, we randomly sample a subset of
a anchor responses, Y, C Y. For each anchor
y; € Y, we compute the exact output r(z,y;)
and its gradient g; = Vj7p(x, y;). For the remain-
ing m — a candidates, we estimate their outputs
7o(z,y;) by applying Equation 5 and averaging
the first-order approximations derived from all a



Algorithm 1 Gradient-based Estimation of Rank-
ing Probabilities

Algorithm 2 Learning a Mixture of Plackett-Luce
Models via Gradient Estimation (MOPLEX)

Input: Input prompt x, candidate responses ¥ =
{y1,...,Ym} ranking o, current model ry
Require: Number of anchors a
1: 'Y, + Sample a anchor responses from Y
for y; € Y, do > Exact evaluations
ro(x,y;) < Model output
gi = Vpre(x,y;) < Gradient over the in-
put embedding space
5: end for
6: fory; € Y\ Y, do
7: for y; € Y, do
8
9

Rl N

> Approximation

(57;73' — h(w,yj) —
: end for
10: Folw,y5) 4 5 Lyev, (ro(@,9) +9; 01 5)
11: end for
12: ch <+ Estimate ranking probability in Equa-
tion 4 using the estimated scores
13: Return ch

h($>yi)

anchors:

é Z (7“6'(56,%‘) +g; (h(z,y;) — h(x,yﬁ)) '

Yi EYa

The procedure is described in Algorithm 1.

Next, we train a mixture of PL models with the
expectation-maximization algorithm, which alter-
nates between two steps. First, given #() and (")
at step ¢, we compute the posterior probability that
the ranking o; was generated by cluster c:

’Yi,c — p@(t) (UZ ‘ Ti, }/Za zZi = C) (6)
Zl 1a[ P9<t)(UZ | *’L"Lv}/wzl _l)

Second, we update the parameters by maxi-

mizing the log-likelihood. The prior probabili-

ties are updated as: agtﬂ) = % >, Yie- Then,
we update model parameters by minimizing the
weighted negative log-likelihood as:

kK n

—ZZ’YZClog (t) Ul | "EhYtLaZl - C) (7)

c=1 i=1

We do not backpropagate gradients on the outputs
estimated by gradients.

Taken together, we summarize the complete
procedure in Algorithm 2. We provide a compar-
ison of our approach to related methods in Table
2. We also discuss extensions of our approach
to learning a mixture of Mallows models in Ap-
pendix A.S.

Input: n rankings D = {(z;,Y;, 0;)} ;. a base
language model 7t

Require: Number of clusters k, ranking size m/’,
number of anchors a, learning rate 77, number of
training epochs T’

1: for (z;,Y;,0;) € Ddo > Augmentation
2 Yig < Generate m’ — m responses by Tef
3: Y/ <Y U Yig
4

: end for
1: 0% « Initialize from e for ¢ € {1,...,k}
2 a0 —1/kforce {1,...,k}
3: fort—O,...7 —ldo
4: for (z;,Y/,0;) € D do > E-step
5: Py < Apply Algorithm 1 to esti-
mate rankicng probability for c € {1,..., k}
6: Vi, < Compute the posterior proba-
bility in Equation (6) for ¢ € {1,...,k}
end for
: for c € {1 ., k} do > M-step
9: t+l 1 22 1 77' c
10 P6(t> — Apply Algorithm 1 to esti-
mate rankicng probability
11: 0§t+1) <+ Update model parameters by
SGD on the loss in Equation (7)
12: end for
13: end for

14: Return {G(ET), agT)}’c“:l

S5 Experiments

We evaluate our algorithm by answering the fol-
lowing questions: How accurately does our al-
gorithm identify underlying clusters and rank re-
sponses, particularly compared to baselines using
mixtures of BT models? To what extent does
our algorithm reduce computational and memory
overhead? How does each component of our algo-
rithm affect downstream performance?

We extensively evaluate our methods across
datasets involving multiple evaluation criteria and
diverse user demographics. Our method outper-
forms baselines using single ranking models and
mixtures of BT models by 43.7% and 15.2% in
clustering and ranking accuracy, respectively. Fur-
thermore, it reduces computational and memory
costs by up to 3x, matching the performance of
training PL. models with full computation. Lastly,
our ablation studies show that every component of



Table 2: A summary of the runtime and memory usage
by MOPLEX. Here, k is the number of mixture com-
ponents, m is the number of responses in rankings, a
is the number of anchor responses. 7 is the runtime of
the base training method, and A is the memory of the
model on one response. In practice, the runtime and
memory overhead ( T and A,) in the gradient estima-
tion is much smaller than 7" and A. a is typically more
than three times smaller than m.

Method Runtime Memory
Single Ranking Model mT mA
Mixtures of Ranking Models kmT kmA
MOPLEX kaT +Ty, kaA+ Ay

our algorithm effectively contributes to modeling
rankings from heterogeneous subpopulations.

5.1 Experimental setup

Datasets and models. First, we consider settings
with multiple evaluation criteria, each as a distinct
cluster. We use the UltraFeedback dataset (Cui
et al., 2024), which ranks four candidate responses
(m = 4) per prompt across four criteria: helpful-
ness, honesty, instruction-following, and truthful-
ness (k = 4). We use a subset where these cri-
teria have different rankings, yielding 3,612 train-
ing, 448 validation, and 452 test rankings.
Second, we consider settings where rankings
originate from diverse user demographics, treat-
ing each as a cluster. We use the Persona dataset
(Castricato et al., 2025), which provides pairwise
comparisons (m = 2). We select a subset of
12 distinct profiles (kK = 12) spanning two age
ranges, two sexes, and four races, resulting in
1,905 training, 237 validation, and 258 test rank-
ings. We use Qwen-3-0.6B as the base language
model. On both datasets, there is no overlap of
the input prompts between the training and test
datasets, which avoids data leakage at test time.

Baselines. We compare against two types of rep-
resentative baselines: (1) single ranking mod-
els, DPO (Rafailov et al., 2023) and its exten-
sions; and (2) mixtures of BT models (MaxMin-
RLHF (Chakraborty et al., 2024), MiCRo (Shen
et al., 2025), and EM-DPO (Chidambaram et al.,
2025)). We train the same base language model
for all baselines.

Implementations. We use DPO as the base method
and fine-tune with LoRA adapters. We set k to 4
and 12 for the datasets, respectively. We set the
ranking sizes m’ between 4 and 32 and the num-

Table 3: We report the average clustering and rank-
ing accuracy (%) on the UltraFeedback and Persona
datasets. We compare MOPLEX against baselines that
train single ranking models and mixtures of BT mod-
els. We run each experiment with three random seeds
and report the average results with standard deviations.

Methods UltraFeedback Persona
Clustering Accuracy
MiCRo 26.6 £ 2.1 19.6 £ 0.4
MaxMin-RLHF 272+04 18.4 +£0.2
EM-DPO 269 £ 2.1 183 +0.5
MOPLEX (Alg. 2) 709 +2.3 571+0.5
Ranking Accuracy
DPO 582+ 1.5 577+£0.2
LiPO 63.3 4+ 0.6 57.1+£0.8
MiCRo 577+04 53.2+0.8
MaxMin-RLHF 60.6 £ 0.7 49.8 + 0.1
EM-DPO 59.3+0.9 496+1.5
MOPLEX (Alg. 2) 75.0 29 76.4 + 0.6
—8— Full training m
MoPLEx (a=6) || O 4ol GPU Memory Limit |
E 41 —m— I\Iol)Lh:X (a=14) gv 40
E 3 —8— MoPLEx (a =2) § 30
=
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Figure 5: We compare the number of GPU hours and
GPU memory between our method and fully training
the mixtures of PL models, evaluated on the Persona
dataset with k¥ = 12 clusters. Our method reduces the
runtime and memory cost by up to 3x, with compara-
ble performance. We evaluate the training by using a
batch size of 2 and a context length of 1024.

ber of anchors a between 1 and 8. The effects of
varying k, m/, and a are analyzed in ablation stud-
ies.

5.2 Experimental results

Evaluation metrics. We evaluate the mixture mod-
els on both clustering and ranking accuracy. For
clustering, we assign each ranking to the cluster
with the highest posterior probability. Due to per-
mutation, we align inferred labels with ground-
truth clusters via optimal matching for computing
the accuracy. For ranking, we measure how accu-
rately each model predicts the rankings of every
pair of responses within its assigned cluster, re-
porting the average across all clusters.

Table 3 summarizes the performance on the



Table 4: We report the ranking accuracies (%) on the UltraFeedback dataset across individual evaluation dimen-
sions and their average. Our approach is compared against baselines using a single ranking model and mixtures of
BT models. In addition, we report the ablation study results of leaving one component of our algorithm out on the
UltraFeedback dataset. Ranking accuracy is measured as the proportion of correctly predicted pairs out of the six
possible pairs per four-response ranking. All results report the mean and variance over three random seeds.

Ranking accuracy (%) Helpfulness Honesty Instruction-following  Truthfulness Average

DPO 564 +35 53.1+£02 60.0 £ 1.6 722+£00 582+1.5
LiPO 63.8+£09 58.8+0.9 56.2 +0.5 745+£04 63306
MiCRo 588+ 14 521429 572+39 708 £20 577104
MaxMin-RLHF 73.0£06 51.1£0.1 578 £ 1.6 486+£19 60.6+0.7
EM-DPO 65.7+83 542474 583+0.8 619+28 593+09
MOPLEX (Alg. 2) 794+39 73.0+13 769 £2.6 705£13  750%+29
w/o Plackett-Luce models ~ 75.7+2.1 71.3+3.7 70.4£2.3 69.24+23 T71.6+27
w/o generated responses 75.0£29 67.2+22 72.2+2.6 68.3+£27 70.7£26
w/o mixture models 71.24+28 63.8+14 66.4 + 0.8 60.6 2.1 65.5+1.8
w/o gradient estimation 80.4+2.7 T72241.7 76.8 £ 2.8 72.8+2.7 T75.6+£23

UltraFeedback and Persona datasets. MOPLEX  model instead of a mixture of PL models (w/o

yields a 43.7% improvement in clustering accu-
racy over mixture-of-BT baselines (including Mi-
CRo, MaxMin-RLHF, and EM-DPO). Further-
more, MOPLEX achieves a 15.2% relative im-
provement in ranking accuracy over these base-
lines on average. Results for each cluster on the
UltraFeedback dataset are described in Table 4,
and the rest is described in Appendix B.

We further evaluate the efficiency by measuring
the training runtime in GPU hours and GPU mem-
ory usage in GB. Figure 5 compares our method
against a mixture of PL models with full compu-
tation on the Persona dataset, varying the ranking
size m from 2 to 32 and the number of anchors a
between 2,4, and 6. Notably, fully training the PL.
model exceeds the 48GB memory limit whenever
m > 20. By using a = 2 anchors, our method
maintains comparable performance while reduc-
ing runtime and memory overhead by 2x and 3x,
respectively. Furthermore, with a = 6 anchors,
our approach scales to rankings of m = 32 and
outperforms the best fully trained PL models (at
m = 20) by 4.6%, while using 1.6 less runtime
and 1.9x less memory.

5.3 Ablation studies

Effect of each component in MOPLEX. First, we
conduct an ablation study to isolate the effect of
each component in our algorithm. We compare
our approach against four variants: (1) replacing
Plackett-Luce models with Bradley-Terry models
by transforming multi-way rankings into pairwise
comparisons (w/o PL models); (2) training the PL
mixture model without generating new responses
(w/o generated response); (3) training a single PL

mixture models); and (4) using exact computation
for all responses instead of gradient estimation
(w/o gradient estimation). We report the results
in Table 4 on the UltraFeedback dataset. The re-
sults show that our algorithm outperforms the first
three variants. Furthermore, it matches the rank-
ing accuracy of training a mixture of PL. models
with full computation while reducing GPU mem-
ory costs by half.

Effect of generated responses diversity. Next, we
evaluate how the diversity of generated responses
affects the performance of our algorithm. To con-
trol the diversity, we train our algorithm on the
UltraFeedback dataset, varying the sampling tem-
perature during generation between 0.5, 1.0, 2.0,
and 4.0. The higher temperature tends to yield
more diverse responses. We show the ranking ac-
curacy for the four criteria and their average in Ta-
ble 8 of Appendix B. The results show that a high
sampling temperature (around 2.0) yields diverse
responses and benefits ranking accuracy. Higher
temperatures degrade the quality of the generated
responses and reduce accuracy.

Choice of hyperparameters. We conduct ablation
studies to analyze hyperparameters on the Persona
dataset. Increasing k& beyond 12 yields no sig-
nificant gains in clustering or ranking accuracy.
Second, expanding the augmented ranking size m/
from 2 to 32 improves performance. These gains
plateau after v’ = 26. Finally, although more
anchors improve approximation, increasing a be-
yond 6 provides no obvious gain to overall perfor-
mance. We report the full results in Appendix B.



6 Related Work

Efficient learning from ranking data is an impor-
tant problem in areas like social choice and lan-
guage model alignment (Conitzer et al., 2024).
To capture more complex rankings, prior works
have modeled intransitive rankings (Makhijani
and Ugander, 2019), partial rankings (Awadelka-
rim and Ugander, 2024), and ranking distribu-
tions centered around multiple orderings (Seshadri
et al., 2020). Most relevant to our study is learn-
ing mixture models for ranking. Prior work has
established identifiability conditions for Plackett-
Luce (PL) models and designed a generalized
method of moments to learn two-component PL
models (Zhao et al., 2016). Polynomial-time al-
gorithms are developed to provably learn mix-
tures of two Mallows models via tensor decom-
position (Awasthi et al., 2014) and learn mixtures
with any constant number of components (Liu and
Moitra, 2018). While prior works focus on learn-
ing from rankings such as voting data, our work
studies learning mixtures of ranking models on
text datasets and designs efficient algorithms for
language models.

Several studies have designed ranking models
beyond BT models in preference optimization.
GPO (Zhang et al., 2025a) embeds responses into
a latent space to capture intransitive pairwise rank-
ings. Recent work has proposed learning a single
multiway ranking model with surrogate losses to
approximate ranking metrics (Zhao et al., 2025).
For datasets with multiple evaluation criteria, prior
works have trained regression models on evalu-
ation scores (Wang et al., 2024b,a). EM-DPO
(Chidambaram et al., 2025) learns mixtures of BT
models from partial rankings. In contrast, our
work focuses on learning mixtures of multiway
ranking models. While another line of research
optimizes a single language model across subpop-
ulations of rankings via group distributional opti-
mization (Yao et al., 2025), we learn a mixture of
multiple ranking models.

Another line of work involves computing the
influence of training data on model predictions.
A commonly used technique is influence func-
tions, shown effective for tracking the impact of
training segments in sequence tagging (Jain et al.,
2022). Prior work proposed function vectors to
represent input-output functions using a set of at-
tention heads in language models (Todd et al.,
2024). To model task relationships, existing meth-

ods compute higher-order task affinity aggregated
from multitask training outcomes across task sub-
sets (Li et al., 2023a) or fit linear surrogate models
to approximate these outcomes (Li et al., 2023b).
Gradients have been used as features for efficiently
computing model influence functions for model-
ing task relationships (Li et al., 2024a,b; Yang
et al., 2025). Recent methods leverage these gra-
dient features to group tasks and train weighted
ensembles of low-rank adapters (Li et al., 2025b).
Such gradient-based approaches have also been
extended to model task relationships in multi-
objective reinforcement learning (Zhang et al.,
2025b) and multitask algorithmic reasoning (Li
et al., 2025a).

There is a vast body of work on learning from
a mixture of data distributions. For example,
previous studies have applied kernel methods to
learn predictors for a test distribution using la-
beled samples from several related distributions
(Blanchard et al., 2011). In a multitask learn-
ing setting for predicting rewards across multiple
arms in contextual bandits, kernel mean embed-
dings have been used to measure task similari-
ties by characterizing each arm based on its con-
textual probability distribution (Deshmukh et al.,
2017). While traditional semantic class learn-
ing and label propagation rely on graph struc-
tural linkages (Kozareva et al., 2011), our algo-
rithm resolves structural unidentifiability in rank
aggregation through generative ranking augmen-
tation. Mixture proportion estimation has been
studied to estimate the proportion in a mixture
of clean and corrupted data, for training classi-
fiers from noisy labels (Scott, 2015). Expectation-
maximization algorithms are designed to jointly
fit truncated multivariate Gaussian distributions to
truncated and censored data (Lee and Scott, 2012).
In comparison, our work designs an algorithm to
learn a mixture of Plackett-Luce models from a
text dataset with multiple preference criteria.

7 Conclusion

This paper investigates learning from datasets with
multiple distinct ranking distributions. We iden-
tify the unidentifiability limit of mixture ranking
models. To address this, we propose an efficient
algorithm that resolves unidentifiability and scales
to large models. Extensive evaluations demon-
strate our method’s performance and efficiency ad-
vantages over existing approaches.



Limitations and Future Works

First, our algorithm treats generated responses
ranked lower than existing responses in the dataset
as an approximation. While empirical evidence
supports this approximation, exceptions where
generated responses rank higher can occur in prac-
tice. One alternative is to compute the proba-
bility of all possible rankings for new responses.
While computing all possible cases is computa-
tionally expensive, designing an efficient algo-
rithm to estimate these rankings is an interesting
direction for future work. Second, while our cur-
rent approach learns mixtures of ranking models
with a fixed number of components, dynamically
adapting this number in continual learning set-
tings remains a promising open problem. Addi-
tionally, our method evaluates single-turn conver-
sational data. Extending this approach to multi-
turn conversations where user preferences dynam-
ically evolve presents another valuable direction
for future research. Our method provides a foun-
dation to scale up the learning of ranking models
for such extensions.

Potential Risks

We discuss a few potential risks in our work. Our
work focuses on learning a mixture of Plackett-
Luce models to identify clusters of rankings. Be-
cause the algorithm groups preferences into dis-
tinct clusters, there is a chance it might learn spuri-
ous correlations between the preferences and cer-
tain specific demographics. One future direction
is to examine the misclassification errors in each
group and design group distributionally robust op-
timization methods into the training.
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A  Omitted Technical Materials

A.1 Notations

We describe the notation used throughout the pa-
per. The dataset D = {(z;,Y;, 04)}!"; consists
of n ranking instances. Each instance pairs an in-
put prompt z; with aset Y; = {y1,...,ym} of m
candidate responses and a ranking o;, a permuta-
tion of the candidate indices recording the order in
which the responses are preferred. m’ denotes the
ranking length once the generated responses have
been appended. a denotes how many responses are
evaluated exactly as anchors for gradient-based es-
timation. h(x,y) is the input embedding of re-
sponse y under prompt .

k is the number of clusters, each correspond-
ing to one ranking distribution. z; is the unob-
served cluster assignment of instance ¢. The mix-
ing weight «.. is the prior probability of cluster c,
and 7; . is the corresponding posterior, that is, the
responsibility of cluster ¢ for instance ¢. For a clus-
ter ¢, the ranking probability is written as Py, and
is determined by a scalar score 7¢_(x,y) assigned
to each response. The score is given by a language
model 7, and a reference model 7er, with 3 con-
trolling the strength of the KL-divergence penalty
between them.

A.2 Preliminaries

To precisely describe the concepts used in this pa-
per, we first define the identifiability of a mixture
of k£ Plackett-Luce models, following the termi-
nology from Zhao et al. (2016).

A Plackett-Luce (PL) model defines the proba-
bility distribution over rankings of m alternatives.
In our context, these alternatives are candidate re-
sponses {y1, ..., Ym} to a prompt x. A ranking o
specifies the order y, (1) > Ys2) > *** > Yo(m)>
where o(t) denotes the response index at rank
t. Given a score vector r in a space {0|6; €
0,1),fori =1,...,m,and Y ;" 0; = 1}, witha
score assigned to each alternative, the probability
of observing ranking o is:

Hz

Recall that we compute these scores using a
language model parameterized by 6, denoted as
ro(x,y), using DPO. In this section, we focus on
analyzing the identifiability of PL models in terms
of the score vector r following Zhao et al. (2016).

JZ‘T(]

We do not discuss the identifiability of the network
parameters 6, while recognizing that distinct net-
work weights could yield identical scores for the
same input.

For a PL model with score vectors r,v € R™,
the model is strictly identifiable if P(:|r) = P(-|v)
implies 7 = v. For mixture models, we state the
definition to account for label switching, where
permuting the indices of the mixture components
does not change the marginal distribution.

Definition A.1 (Identifiability of k-PL). A mix-
ture of k£ Plackett-Luce models (k-PL) over m
alternatives is identifiable if there do not exist
two distinct mixture formulations that produce the
same distribution over all rankings. Specifically,
the model is identifiable if there do not exist:

1. Two integers k1, ko < k,

2. A set of pairwise different score vectors
r o r®) and oML 0®2) (o two

vectors are exactly the same),

3. Strictly positive mixing weights o) =
(agl),.. (1)) and a? = (« (2),...,a,(€22))
Wherezr 1ar = 1andz7, 1()47«) =1,

such that for every possible ranking o, the follow-
ing equality holds:

ko
ZO‘ P(o]r') =Y " aP P(op@). (8
c=1

To prove the identifiability of k-PL models, we
analyze the rank of a probability matrix involving
the probabilities over m! possible rankings over m
alternatives. For a PL. model with a score vector 7,
we represent a distribution over all m/! rankings as
an m! x 1 column vector, denoted as f,,(r), where
each entry is the probability of a specific ranking
o. For example, when m = 3, we have:

riT2

Pr(y1 = y2 = y3lr) jp—
Pr(y1 = y3 = yo|r) T
fg(r): Pr( 2>'y1>'y3| ) — %
Pr(ys = ys = yir) S
Pr( Yys > Y1 > y2|r) %
Pr(ys = y2 = y1|r) oy

Then, we define a probability matrix F' as
an m! x 2k matrix formed by concatenating the



column vectors of these 2k PL models. Given

r L r2R) ) we define

Fn (P D), frn (PP,

The entry F}; . corresponds to the probability of a
ranking o in the c-th PL model. Note that F'is a
function of the 2k score vectors.

We prove the identifiability or non-
identifiability of k-PL by analyzing the rank
of F. If the rank of F' is 2k for all pairwise
different vectors (7"(1), Cy r(%)), then the k-PL
model is identifiable. Conversely, if the rank of F
is less than 2k, the k-PL model is non-identifiable.

fm (N 9)

A.3 Proof for Proposition 3.1

Now we present the proof of Proposition 3.1 for
the non-identifiability of mixture ranking models.
The key idea is to show that the row space of the
probability matrix F' can exhibit a reduced dimen-
sionality under a construction. Under this con-
struction, the row space of the probabilities m)!
possible rankings can be represented by m row
vectors, thus proving that the rank F' is less than
2k. We then prove that this dimensionality col-
lapse leads to two k-PL models that yield the same
distributions.

Proof of Proposition 3.1. Our proof is based on
analyzing the m! x 2k probability matrix F. To
demonstrate unidentifiability, we aim to prove that
a non-zero coefficient vector 5 € R2?¥ exists such
that /'3 = 0.

To prove the unidentifiability, we construct a
specific symmetric structure for (¢, and show
that under such a construction, the mixture of
the ranking models is unidentifiable. We con-
struct a combined pool of 2k distinct latent clus-
ters. Let 7(°) denote the score vector for cluster
c € {1,...,2k}. For a given set of m alternatives
Y = {y1,92,...,Ym}, we assign the following
scores under each cluster c:

» We assign a distinct score e, € (0, 1) to alter-
native y;. We ensure e; # e; for all ¢ 75 j.

* We assign an identical score b, = ;¢ to all

remaining alternatives yo, . . . ,ym

Now, we evaluate the entries of I . under this
specific construction. Let ¢t € {1,...,m} denote
the rank position of alternative y; in the permuta-
tion o. In the Plackett-Luce model, the probability
of selecting the alternatives in the order specified

by o is computed as a sequence of m — 1 choices.
This sequential product simplifies by grouping the
choices into three cases:

* First, before rank ¢ (steps 1 to ¢t — 1), an al-
ternative with score b, is chosen. Assum-
ing the scores sum to 1 (e, + (m — 1)b, =
1), the remaining sum of scores at step j is
1-— ( ] — l)b The probability for these steps

is TTjoh =g

* Second, at rank t, alternative y; with score
ec is chosen. The remaining sum of scores is
* Third, after rank ¢ (steps t + 1 to m), all re-
maining m — t alternatives have the identical
score b.. By symmetry, the probability of any
specific ordering of these remaining identical

alternatives is simply ﬁ

Therefore, the likelihood entry simplifies to a
function that depends strictly on y;’s rank posi-
tion ¢ and the cluster c. Let us denote this unique
probability value as vy .:

1 ecbi !
Ut,c = ; | —1 - .
(m — )'Hj:()(l*]bc)

Because the probability F,, . evaluates exactly
to v . for any ranking o where y is at rank ¢, the
m! rows of the likelihood matrix F’ consist of only
m unique types of rows. We can formally express
this by factorizing the m! x 2k matrix F' into the
product of two smaller matrices, M and V:

(10)

F =MV, (11)

where we explicitly construct M and V' as follows:

e Vis an m x 2k matrix capturing the unique
probability values across all clusters. Its
(t,c)-th entry is exactly Vi . = v, repre-
senting the sequence probability in cluster ¢
when y; is chosen at step .

* M is an m! X m binary indicator matrix. Its
rows represent the m! possible rankings o,
and its columns represent the m possible rank
positions ¢. The entry M, ; = 1 if alternative
1 1s exactly at position ¢ in ranking o, and 0
otherwise.

Since y; can occupy exactly one position in any
given ranking, each row of M contains exactly one



1 and m — 1 zeros. Multiplying row o of M by
column c of V' simply selects the correct value vy .
to form Fy ..

Since the inner dimension of both matrices is m,
we establish the exact dimensionality bound for F:

rank(F') = min{m, 2k}.

Thus, the dimension of the null space of F' is
larger than 1, under the proposition’s condition
m < 2k — 1. Therefore, the null space of F' is
strictly non-trivial, guaranteeing the existence of a
non-zero vector 3 such that F'5 = 0.

Furthermore, because the rows of F' represent
probabilities over an exhaustive sample space,
Zo Fy. = 1 for all c. Summing the rows of
Fj3 = 0 yields:

ZZFUCﬁC_O

2k
:Z/BC <ZFJ,C> = Zﬁc = 0.
c=1 o c=1

Since (3 is a non-zero vector whose elements sum
to zero, it must contain both strictly positive and
strictly negative elements. Let I, = {c | 8. > 0}
and I_ = {c | B, < 0}. We define a normalization
constant W =3 o/ Be =3 c; —Be

We now construct the two mixtures. We de-
fine two disjoint subsets of cluster parameters r =
{r@}eer, and v = {r@}.; . We construct
their corresponding mixing weights as o, = %
forc e I, and o, = % force I_.

Because F'3 = 0, we have:

Z acFy. = Z aLF,. forallo.

cely cel_

This confirms that the mixture model defined by
(r, ) and the disjoint mixture model defined by
(r', &) produce the same marginal probability dis-
tribution over the m-way rankings, proving the
model is non-identifiable.

A.4 Proof for Proposition 4.1

Next, we present the proof for analyzing the rank
of the probability matrix of partial rankings over
the augmented set of responses. We assume that
the generated responses exhibit distinct scores. We
show that, under this assumption, a probability

matrix (representing all possible ranking proba-
bilities under the mixture model) has sufficiently
many independent rows to match its column di-
mension, thus exhibiting a full column rank.

Proof of Proposition 4.1. Recall that we augment
the original m responses with additional generated
responses and expand the candidate set to Y’ with
a size of m/. In this proof, we examine the prob-
ability over the space of partial rankings over m/
alternatives, formed by selecting a ranked list of m
items and leaving the remaining m’ — m items un-
ranked at the bottom. The total number of partial
rankings in the expanded space is (Tnil:n)'

For an augmented set of m/ alternatives, we de-
note such a partial ranking o as Y, (1) > Yy(2) =

e Yo (m) - {ya(m—i-l)a s 7y0'(m’)}‘ Given a
score vector r of dimension m/, the probability of
observing the partial ranking o in a PL. model is:

HZ] T z>+Z( o)’

where Z(0) = Zt " 41 To(t) TEpresents the sum
of scores of alternatives ranked at the bottom.

Given 2k score vectors r(V ... r(%) we then
define the probability matrix over the augmented
set of alternatives as F'*"¢, which is a (m m), x 2k
matrix, where each row corresponds to one of the
possible partial rankings and each column corre-
sponds to one of the 2k PL components.

In the conditions of this proposition, we assume
that the newly generated augmented responses ex-
hibit distinct scores within each PL. model. For
any distinct additional alternatives i ,j € {m+

1,...,m'}, we assume r 7é r ) for each PL
model c. As these scores are dlstmct the denom-
inator term Z (o) depends on the specific combi-
natorial subset of items left unselected in the bot-
tom o. Consequently, for distinct partial rankings
01 # 09 that leave different subsets of items un-
ranked, the denominators differ: Z(o1) # Z(02).
This makes it impossible to factor F®'¢ into the
rank-deficient form.

We now show the identifiability of F"¢ by ex-
amining its rank. We will show that for all pos-
sible pairwise different vectors, the rank of F'2"&
is equal to 2k. We first obtain a 2k x 2k ma-
trix F' = T x Faue by linearly combining some
row vectors of F'*"¢ via a linear transformation 7.
Then, we show that rank(F) = 2k, which implies
that rank (F2'¢) = 2k.



Under the conditions of the proposition, we
have at least k alternatives in the additional aug-
mented set (m’ — m > k). Without loss of gen-
erality, we select exactly k items from the aug-
mented set, denoted as y1,y2, . . ., yi. Let rj(c) de-
note the score of item y; in the c-th Plackett-Luce
model, which is also the marginal probability that
item y; is ranked at the top. Denote a row vec-

(1 .2 (2k)

tor wl) = [rj NORITRRN | as these marginal
probabilities across all 2k components.

We obtain the 2k x 2k matrix F by summing
over the corresponding rows in F'?“¢ to obtain the
following probabilities. Here, the matrix 7"is a 0-1

matrix indicating the selection of rows:

e The sum of all rows in F'?€, yielding the vec-
torl=1[1,1,...,1].

* The sum of all rows that rank y; at the top for
j €{2,..., k}, yielding the row vector w(),

* The sum of all rows that rank y; at the top and

y1 as the second, for j € {2,...,k}. The c-th
<c) r(©)
element of this row vector is 1 (C)

Then, the matrix ' takes the following form:

M1 1 .. 1
(1) (2) (Zk’)
Ty Ty Ty
T'9 T'9 T'9
~ 1 2 2k
F= T/(ﬁ) r( ) TIE; )
(W, 2),2) (2K, (26)
l—rél) 1—7"52) e 1—7’5%)
Tl(cl)Tgl) TI(CQ)T;Z) T’(fk)TEQk)
1—7"<1) 1—7’(2) e 1—7“(%)

L k _

Because the parameters are non-degenerate, at
least one vector in {w®), ... w®} is linearly in-
dependent of 1. Without loss of generality, sup-
pose w) is linearly independent of 1.

Next, we prove the proposition by examining
the following two cases.

Case 1. w®, ...

tions of 1 and w(®,
can rewrite r i
Py, 4q;-
functions of 7,

. . . C
mented items are distinct, r

(c)

=Di"

(c)

,w®) are all linear combina-
Forall j € {2,...

k), we

+ q; for some constants

In this case, the entries of F are rational

(c)

. Because the scores of the aug-

takes on pairwise

different values across the 2k components.

Then, we prove that the rank of F2"¢ is equal
to 2k by contradiction. Suppose that rank(F) <
2k. Then, there exists a non-zero vector ¢ =
[t1,...,t2] " spanning the null space, such that
t"F = 0. For the dot product of ¢ with the c-th
column of £ yields:

) + Z tia (i) +
7A(C)ng
Z tk;+] c) — 0

t1 + to(r

By substituting rj(-c) = pjr§c) + g; into the above
()

equation and letting the variable x = r;”’, we can
define a function f(x) such that f(z) = 0 for ev-
ery component c.

Then, we can convert this function into a poly-
nomial g(x) by the product of all its denominators.
The highest degree terms in g(x) have a maximum
possible degree of k. Thus, g(z) is a polynomial
of degree at most k. Because g(x) = 0 must hold
across 2k PL-models, the polynomial = must have
2k distinct roots. However, a non-zero polynomial
of degree k can have at most k roots. Because
k < 2k, this creates a contradiction. Therefore,
rank(F') must equal 2k.

Case 2. There exists an w® (where i €
{2,...,k}) that is linearly independent of 1 and
w®. Because w® cannot be expressed as a lin-
ear combination of 1 and w), inserting it into F
introduces an additional orthogonal row. Follow-
ing the similar logic of Case 1, we can prove that
rank(F) equals 2k.

Since the rank of F) is equal to 2k and F =
T F*¢, thus the rank of F'®¢ is larger than 2k. As
the column dimension of F'"¢ is 2k, thus, we have
the rank of F#"¢ is 2k.

A.5 Extensions

We present our method using the Mallows model
that defines the probability of a ranking based on
its distance from an ideal ranking o.. Let d.(-, )
be a distance metric and ¢.(x;) € (0,1) be a
dispersion parameter dictating annotator variance.
The probability of the ranking is:

¢C($i)dc(ai’ac)

(12)
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(a) Varying the number of training rankings n between 1,000 and 100,000. Using rankings of m = 2 cannot recover the

clusters, even for a large n.
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(b) Varying the ranking size m between 2, 3,4, 5 and 6, at n = 100,000 rankings. Larger m converges to higher accuracy.

Figure 6: Validation accuracy of the inferred cluster assignments on the synthetic data, for £k = 2, 3,4 clusters
from left to right in each row. The two rows vary the two quantities that govern recovery: the amount of data in a,

and the length of each ranking in b.

We use the Reverse Major Index (RMJ) as
the distance metric, which penalizes adja-
cent inversions, weighted by their rank posi-
tion, where d.(0y,0.) = i m o~ t) -
1 {rg, (x;, Yios(t)) < To.(Ti, yz‘,ai(t+1))}- The
(m — t) weighting imposes a larger penalty for
misrankings at the top of the list. Substituting this
probability into Equation (1) forms the Mixture of

Mallows models.

B Omitted Experiments
B.1 Synthetic data

We now describe the details of the synthetic exper-
iment to show the unidentifiability of the mixture
of ranking models. We construct the dataset as fol-
lows: each response y is represented as a list of k
integers, where k is the total number of clusters.
The ground-truth utility of y for an annotator in
cluster ¢ € {1, ..., k} is the c-th integer in the list.
In other words, cluster c ranks responses by its c-
th integer. For example, consider three responses:
“[1, 2, 317, “[2, 3, 1717, “[3, 1, 2], the rankings
from clusters 1 and 2 are given as:

Cluster 1: [3,1,2] = [2,3, 1] = [1, 2, 3]
Cluster 2: [2,3,1] = [1,2,3] = [3, 1, 2]

We generate a dataset with n annotators and k
clusters. We conduct experiments in three settings
with k between 2, 3, and 4. We vary the slate size
m € {2,3,4,5,6,7,8}. We train a Qwen-3-0.6B
using the EM algorithm and evaluate the cluster
assignment accuracy on a held-out validation set.

We show the validation accuracy of the cluster
assignments when applying the algorithm to iden-
tify the underlying clusters with a ranking of dif-
ferent sizes m. In Figure 6a, we vary the num-
ber of rankings for training n between 1, 000 and
100, 000. We found that when using ranking over
m = 2 items, the algorithm cannot fully recover
the clusters, even when increasing the rankings
n. For three (or four) underlying clusters, using
m = 2 achieves nearly the accuracy of random as-
signment (i.e., 1/k). In contrast, a larger value of
m leads to a higher accuracy.

We further show the convergence of the algo-
rithm in Figure 6b. In addition, when compar-
ing the number of samples n across settings with



Table 5: Relative approximation error of €, ,, tested with five language models of up to 34 billion parameters on

the HelpSteer2 dataset.

Distance ‘Qwen-0.6B Gemma-2B  DeepSeek-7B  Llama-13B  CodeLlama-34B

0% —5% | 0.1:100%  0.1:00%
5% —10% | 0.7403%  0.640.3%
10% — 15% | 1.6401% 1.510.2%
15% — 20% 3.040.3% 3.1401%
20% — 25% 5.440.4% 5.4401%

0.140.0% 0.140.0% 0.140.0%
0.640.0% 0.540.2% 0.540.0%
1.740.1% 1.640.3% 1.540.4%
3.4403% 3.0405% 3.140.9%
5.040.3% 51407% 5.340.2%

different numbers of clusters, we found that it re-
quires more training samples with a large number
of underlying clusters.

B.2 Evaluation of approximation errors

Table 5 shows the relative approximation error of
the gradient estimation method across five differ-
ent language models when tested on the Help-
Steer2 dataset. The models evaluated range from
0.6 billion up to 34 billion parameters, specifically
including Qwen-0.6B, Gemma-2B, DeepSeek-7B,
Llama-13B, and Codel.lama-34B. The error re-
mains low across all model sizes, starting at 0.1%
for the closest distances and remaining between
5.0% and 5.4% for the largest distance bucket.

B.3 Comparing fine-tuned model generation

We evaluate the generation of our fine-tuned mod-
els on the UltraFeedback dataset. We compute
a win rate against the given response ranked at
the top, given a reference response in the dataset.
For each test prompt, we generate responses from
both models and score them using a reward model
trained solely on the ground-truth rankings of that
corresponding cluster. The win rate is the per-
centage of times the fine-tuned model’s response
achieves a higher reward score than the baseline’s
response.

We find that our method achieves an average
win rate of 58%, outperforming baselines using
single ranking models by 7% and mixture-of-BT
baselines by 4.3% across all evaluated clusters.
This indicates that our method aligns the language
model’s generations with the distinct ranking dis-
tributions of each cluster. In contrast, because
pairwise mixture models struggle to accurately
identify the clusters, they fail to tailor their gen-
erations to the specific target cluster.

B.4 Additional computation and parameters

Our algorithm generates additional responses prior
to training, accounting for only a small fraction of

the total runtime. Evaluated on a single A6000
GPU, response generation takes 1.1 GPU hours
for the UltraFeedback dataset and 1.3 GPU hours
for the Persona dataset, whereas model training re-
quires 7.3 and 7.2 GPU hours, respectively. Over-
all, response generation consumes roughly 16% of
the total runtime.

We use LoRA adapters to implement the mix-
ture of PL models. Each PL model corresponds
to a distinct set of LoRA adapters. Thus, a mix-
ture of £ models requires k sets of adapters on
top of the base model. In our experiments, setting
k = 4 for the UltraFeedback dataset introduces
13.5% additional parameters relative to the base
model. For the Persona dataset, setting k = 12
results in 40.5% additional parameters.

B.5 Complete comparison

We provide the complete results corresponding to
the experiments and ablation studies discussed in
the main text. Table 6 presents the clustering
and ranking accuracies broken down by individual
evaluation dimensions and their averages.

Table 7 reports the clustering and ranking ac-
curacies across all twelve demographic profiles on
the Persona dataset.

Table 8 reports the impact of varying the re-
sponse generation sampling temperature on rank-
ing accuracy across the evaluation criteria.

Table 9 reports the results of our hyperparame-
ter ablation study of varying the number of clus-
ters, the augmented ranking size, and the number
of anchors.

B.6 Discussions

Datasets, model sizes, and compute cost. We
evaluate our approach across several datasets that
exhibit multi-dimensional evaluations and diverse
user demographics. The details of the datasets,
including their categories, ranking properties, and
sources, are summarized in Table 10.



Table 6: We report the clustering accuracies (%) on the UltraFeedback dataset for each evaluation dimension and
their average. Our approach is compared against baselines utilizing a single ranking model and mixtures of BT
models. During evaluation, we infer the cluster membership of each test instance via the learned mixture model
and apply the corresponding cluster-specific head to predict the final ranking. All results report the mean and
variance over three random seeds.

Clustering accuracy (%) Helpfulness Honesty Instruction following  Truthfulness ‘ Average

MiCRo 334+£78 28.7+45 22.8+0.3 21.7+£59 | 266 £2.1
MaxMin-RLHF 275+43 144+28 353+£5.6 27.1 £0.5 272+04
EM-DPO 251+£19 227+27 3324+54 2324+£29 | 269+21
MOPLEX (Alg. 2) 684 +23 73.8+04 684+ 1.3 729 +£3.1 | 709+£23

Table 7: We report the clustering and ranking accuracies (%) on the Persona dataset across each cluster. Our
approach is compared against baselines utilizing a single ranking model and mixtures of BT models. During
evaluation, we infer the cluster membership of each test instance via the learned mixture model and apply the
corresponding cluster-specific head to predict the final ranking. Ranking accuracy is measured as the proportion
of correctly predicted pairs over all pairs. All results report the mean and variance over three random seeds.

Persona 1 Persona 2 Persona 3 Persona 4 Persona 5 Persona 6
Clustering accuracy (%)
MiCRo 11.7+ 0.6 1054+03 21.7+04 166+17 15000 478+1.3
MaxMin-RLHF 352419 157409 8.0+0.7 834+03 2.0+ 0.0 3044+1.3
EM-DPO 588+02 263+12 87400 834+03 250400 39.1+1.3
MOPLEX (Alg. 2) 61.1+1.1 600+£04 5834+03 500£00 60.0+05 583+1.3
Ranking accuracy (%)
DPO 529424 537408 5334+£06 571+£04 542430 533+£1.6
LiPO 4444+04 60.0+00 5414+06 583+13 650+£0.1 583403
MiCRo 647+11 526+£03 652+12 500£00 30000 565+1.2
MaxMin-RLHF 529404 631416 5654+12 583+13 350+10 565+2.0
EM-DPO 70.5+09 5264+13 39.1+23 5834+23 400+£20 565+2.0
MOPLEX (Alg. 2) 8334+13 833423 800420 583+03 80.0+10 70.8+0.3

Persona 7 Persona 8 Persona9  Persona 10 Persona 11  Persona 12
Clustering accuracy (%)
MiCRo 333402 142409 83403 2504+£00 13.6+£04 166+1.7
MaxMin-RLHF 11.1 £ 0.1 95+02 208+03 1004+£00 227+03 333+13
EM-DPO 1424+ 0.6 24+04 29.1+07 2004£00 13.6+£04 27.7+1.8
MOPLEX (Alg. 2) 5004+£00 5454+04 5764+19 636+£03 66.6+17 61.1=£1.1
Ranking accuracy (%)
DPO 533436 5294+04 546+12 546+£02 563+20 575+£0.6
LiPO 555405 500£0.7 423400 454+05 66.6+16 77.7+£0.7
MiCRo 3884+09 7144+13 625420 350£06 4544+05 50.0+£2.0
MaxMin-RLHF 500+1.0 523418 5834+03 400+£20 363+16 388+09
EM-DPO 61.1+1.1 428416 458413 350£05 363+16 500+£2.0
MOPLEX (Alg. 2) 1000+ 0.0 636+13 807+16 636+13 79.14+16 666+1.6

Table 8: We report the ablation study results of varying the sampling temperature during response generation on the
UltraFeedback dataset. We compare the ranking accuracy across four criteria and their average across temperatures
of 0.5, 1.0, 2.0, and 4.0. Ranking accuracy is measured as the proportion of correctly predicted pairs out of the six
possible pairs per four-response ranking. All results report the mean and variance over three random seeds.

Sampling Temperature  Helpfulness Honesty Instruction-following  Truthfulness Average

0.5 76.6 £2.5 69.7+1.6 71.5+1.7 75.8+1.8 T709+19
1.0 772+£1.8 72.8+29 73.2+£2.5 689+1.3 728+21
2.0 79.4£39 73.0+1.3 76.9 £+ 2.6 70.5+1.3 T75.0x29

4.0 79.5+19 729421 76.0 £ 2.7 71.7+£1.8 747+23




Table 9: We report the average ranking accuracy on the Persona dataset across 12 demographic profiles when
varying key hyperparameters: the number of clusters (k), the augmented ranking size (m'), and the number of
anchors (a). We vary one parameter at a time while keeping the others fixed at their default values (k = 12, m’ =
26, a = 6). All results report the mean and variance over three random seeds.

Varying Number of Clusters (Fixed: m’ = 26, a = 6)

Parameter k=4 k=28 k=12 k=16
Accuracy 65.2+1.6 69.6+09 7644+06 76.7+£04

Varying Augmented Ranking Size (Fixed: k = 12,a = 6)

Parameter m' =12 m’ =20 m’ =26 m’ =32
Accuracy 59.6+2.6 65.1+12 7644+06 76.8£0.8

Varying Number of Anchors (Fixed: k = 12, m’ = 26)

Parameter a=2 a=4 a=206 a=3~8
Accuracy 63.8+16 7244+18 7644+0.6 76.4+0.9

Table 10: Datasets used in our experiments. Table 11: Base language models used in our experiments.
Recall that m is the number of options and k
is the number of groups. Models Sources
Qwen-3-0.6B Qwen/Qwen3-0.6B
Dataset m  k  Sources Gemma-2B google/gemma-2-2b-it
UltraFeedback 4 4  openbmb/UltraFeedback DeepSeek-7B deepseek-ai/deepseck-1lm-7b-base
Llama-13B meta-llama/Llama-2-13b-chat-hf
Persona 2 12 SynthLabsAI/PERSONA CodeLl 34 llama/CodeL1 34b hf
HelpSteer2 2 5 nvidia/HelpSteer2 odelLlama-34B  meta-llama/Codellama-34b-Instruct-

We conduct experiments using a range of base
language models with varying parameter sizes to
validate our gradient estimation approach. The
models and their parameter counts are detailed in
Table 10.

The total computational cost is described in
Section 5 of this paper. We evaluate the runtime
and memory cost on a machine with a single RTX-
A6000 GPU and 48 CPUs.


https://huggingface.co/datasets/openbmb/UltraFeedback
https://huggingface.co/datasets/SynthLabsAI/PERSONA
https://huggingface.co/datasets/nvidia/HelpSteer2
https://huggingface.co/Qwen/Qwen3-0.6B
https://huggingface.co/google/gemma-2-2b-it
https://huggingface.co/deepseek-ai/deepseek-llm-7b-base
https://huggingface.co/meta-llama/Llama-2-13b-chat-hf
https://huggingface.co/meta-llama/CodeLlama-34b-Instruct-hf
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