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ABSTRACT

Reasoning models can benefit from test-time scaling, but continued reasoning may
become ineffective or harmful, a phenomenon termed overthinking. Evaluations
against full thinking compare accuracy and token usage but lack references for
overthinking severity and strategies’ theoretical mitigation potential. To charac-
terize overthinking at the model-task level, we first introduce Step-wise Trun-
cation Probing (STP), repeatedly generating answers from multiple retained pre-
fixes along each fixed sampled reasoning trajectory. Using each trajectory’s ear-
liest measured position attaining maximum empirical accuracy as a reference, we
define Overthinking Ratio and Accuracy Degradation as the fraction of thinking
tokens generated afterward and the accuracy decrease from this reference to full
thinking, respectively. Secondly, we then formulate dynamic routing, fixed bud-
gets, and dynamic early exit within a unified framework to quantify the theoreti-
cal mitigation potential of different termination strategies. Based on this unified
framework, we use the complete STP measurements to construct a token—accuracy
Pareto frontier for each strategy under a common normalized thinking-token bud-
get. We further develop OTBench, a reusable benchmark built from the STP pro-
cess, which produced 70.5B reasoning tokens and the corresponding probing mea-
surements across six models and four benchmark groups.

1 INTRODUCTION

Reasoning models can improve their performance on complex tasks through test-time scal-
ing (Muennighoff et al., [2025; Xu et all 2026). However, continued reasoning does not always
improve answer quality and can even degrade it (Chen et al.| 2024} Su et al., 2025} [Wu et al.| 2026
Gema et al.| 2025). Such ineffective or harmful continued reasoning is referred to as overthinking
(Zhou et al.| 2026} Duan et al., 2026)). To achieve a trade-off between performance and efficiency,
recent methods mitigate overthinking by controlling when reasoning ends. Based on when this
termination decision is made, these methods can be organized into three strategies. Dynamic rout-
ing (Ma et al., 2026} [Liu et al.l 2026) decides, before generation, whether a question should trigger
reasoning. Fixed budgets (Brown et al., 2026} [Lin et al., 2026) specify a thinking-token cap before
generation. Dynamic early exit (Guan et al., 2026} Yang et al., 2026) decides, during generation,
whether to terminate the current reasoning prefix.

Existing termination methods are typically evaluated against full thinking by comparing accuracy
and token usage (L1 et al.l [2025; |Aggarwal et al., 2026} Tan et al., 2025)). Such comparisons only
show the relative gain resulting from the termination points selected by a given method, i.e., whether
it outperforms full thinking and other comparable methods. However, they lack reference points for
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Figure 1: Step-wise truncation probing and overthinking metrics. (a) STP measures the corre-
sponding accuracy by terminating reasoning at different points along the same reasoning trajectory
and repeatedly generating answers from each retained prefix. (b) OR denotes the proportion of rea-
soning length after accuracy first reaches its maximum. AD denotes the decrease in accuracy under
full reasoning relative to the maximum accuracy.

both the degree of overthinking and the best token—accuracy trade-offs theoretically available to
a given termination strategy under idealized choices. Consequently, they cannot answer two key
questions for a model on a given task type: (1) how severe is its overthinking, and (2) how much
can different termination strategies theoretically mitigate overthinking. This lack of reference points
hinders the field’s ability to assess the potential of termination strategies and to determine whether
reported gains reflect substantial mitigation of overthinking.

In this paper, to answer the two questions above, we proceed in two steps. We first introduce Step-
wise Truncation Probing (STP) to measure the impact of continued reasoning and characterize
overthinking at the model-task level, as illustrated in Figure[I} Specifically, STP probes multiple
truncation positions along the same fixed sampled reasoning trajectory and repeatedly generates an-
swers conditioned on each retained prefix. This produces a token—accuracy response curve for each
trajectory while holding the generated reasoning path fixed, providing trajectory-level measurements
that can be aggregated across sampled trajectories. For each trajectory, the earliest measured position
attaining the highest empirical answer accuracy is used only as a trajectory-level reference point for
constructing OR and AD, not as a common stopping point across trajectories. From this reference
point, we define the Overthinking Ratio (OR) as the fraction of thinking tokens generated after the
reference point, and the Accuracy Degradation (AD) as the decrease in answer accuracy from the
reference point to full thinking. We aggregate these trajectory-level measurements across sampled
trajectories to characterize overthinking at the model-task level.

We then use the complete STP measurements to quantify the theoretical potential of the three
termination strategies. Specifically, under a common normalized thinking-token budget, we for-
mulate dynamic routing, fixed budgets, and dynamic early exit in a unified framework and construct
a token—accuracy Pareto frontier for each termination strategy. These frontiers represent the best
admissible token—accuracy trade-offs under the measured action space and each strategy’s decision
process, and serve as idealized theoretical references rather than deployable stopping algorithms.
To connect these references with practical methods, we further construct OTBench, a benchmark
for comparing termination methods with the corresponding strategy-specific token—accuracy Pareto
frontier. OTBench turns the STP measurements and strategy-specific frontiers into a common eval-
uation protocol with public data splits, a unified method interface, and a dedicated evaluator. Using
OTBench, we evaluate one publicly available method from each strategy against its corresponding
token—accuracy Pareto frontier, thereby assessing how much of each strategy’s theoretical potential
the selected methods realize.

Experimental results on six models spanning different sizes and families across four benchmarks
reveal three findings: (1) overthinking is substantial and varies across trajectories, with 64.3%



of thinking tokens generated after the highest measured accuracy is first attained and full think-
ing incurring a 9.03-percentage-point accuracy drop relative to the reference point. (2) under a
common normalized thinking-token budget, the three frontiers exhibit a clear hierarchy: the
dynamic-routing frontier lies no higher than the fixed-budget frontier, which lies no higher than the
dynamic-early-exit frontier. This ordering shows that the theoretical mitigation potential increases
with the flexibility of the strategy’s decision process. (3) the selected public baselines lie below their
corresponding frontiers, indicating substantial unrealized space relative to the theoretical potential
of their respective strategies.

The main contributions of this paper are as follows:

* We propose Step-wise Truncation Probing (STP), which provides a quantitative characteri-
zation of overthinking at the model—task level, revealing it to be substantial and trajectory-
dependent.

* We construct strategy-specific token—accuracy Pareto frontiers for the three termination
strategies under a common normalized thinking-token budget, providing idealized theoret-
ical references for their termination potential.

* We propose OTBench, a public, reusable benchmark for evaluating termination methods
against their corresponding strategy-specific token—accuracy Pareto frontiers.

2 RELATED WORKS

Research on overthinking has documented redundant computation, diminishing benefits, and per-
formance degradation under particular reasoning conditions. [Chen et al.| (2024)) analyze complete
responses and identify redundant reasoning after a solution or answer has appeared, particularly on
simpler problems. Comparing independently sampled trajectories ordered by length, |Su et al.|(2025))
observe a nonmonotonic relationship between reasoning length and correctness, while Wu et al.
(2026) study how accuracy varies with chain-of-thought length across task difficulties and model
capabilities. |(Gema et al.| (2025) and |Ghosal et al.| (2025)) likewise report performance degradation
under increased reasoning budgets on selected tasks and settings. Other studies examine internal
bias and missing premises as sources of reasoning failure (Dang et al., 2026} [Fan et al., 2025), as
well as underthinking and the possibility of answering without explicit thinking (Wang et al., 2025}
Ma et al., 2025).

Overthinking mitigation methods include approaches that modify reasoning generation and ap-
proaches that select when reasoning ends. ThinkPrune, for example, uses reinforcement learning
to encourage shorter reasoning chains (Hou et al., [2025). Related training-time approaches explic-
itly optimize reasoning efficiency or control the length of generated reasoning, thereby changing the
trajectories a model produces (Arora & Zanettel 2025} |Aggarwal & Welleck, [2025). In contrast,
termination approaches (Liang et al., [2025; [Fang et al., 2025) control how much of a generated
trajectory is retained before answering.

Within termination methods, we distinguish dynamic routing, fixed budgets, and dynamic early
exit according to when the termination decision is made. Dynamic routing uses question-level in-
formation before generation to decide whether to invoke reasoning or which reasoning mode to
use; ThinkSwitcher predicts the relative benefit of short and long chain-of-thought reasoning, while
other routing methods learn when to think or select a hybrid reasoning mode (Liang et al., 2025;
Fang et al.| 2025} Jiang et al.l [2025; [Lu et al., |2025). Fixed budgets specify a thinking-token cap
before generation. Predictive Scheduling predicts success under candidate reasoning budgets to
allocate computation across questions, while budget-aware reasoning and elastic chain-of-thought
methods make thinking computation an explicit control variable (Brown et al. [2026; Han et al.,
2025; Muennighoft et al., |2025; Xu et al. |2026). Dynamic early exit decides during generation
whether to terminate the current reasoning prefix. ThinkBrake uses token log-probabilities at per-
mitted stopping positions (Song et al., 2026)), while other methods use answer probes, confidence
or hidden-state signals, entropy, learned stopping rules, or reasoning-path deviation (Fu et al.,2024;
Yang et al.l 2026; Wang et al., [2026} [Sun et al., [2026} |Akgiil et al.| 2025} (Guan et al.| [2026)).



3 CHARACTERIZING OVERTHINKING AT THE MODEL-TASK LEVEL

We introduce Step-wise Truncation Probing (STP) as a measurement procedure for characterizing
overthinking at the model-task level. STP measures answer accuracy at different retained thinking-
token counts along the same reasoning trajectory and identifies the shortest measured prefix attaining
the highest measured answer accuracy as a trajectory-level empirical reference. We quantify over-
thinking using Overthinking Ratio (OR) and Accuracy Degradation (AD), and evaluate six reasoning
models across four benchmark groups. Beyond its overall magnitude, we examine whether length
redundancy tracks accuracy loss, how local accuracy changes evolve, and how overthinking varies
across trajectories for the same model and question.

3.1 MEASURING OVERTHINKING WITH STEP-WISE TRUNCATION PROBING

Probing a fixed trajectory at multiple stopping positions. STP partitions a generated reasoning
trajectory into steps and repeatedly generates answers after truncating the trajectory at each step
boundary (Figure[T)). We form initial text blocks at blank-line boundaries and repeatedly merge the
adjacent pair with the smallest combined token count until reaching a target step count determined
by the trajectory length and target average step length b. For a trajectory with n steps, probing
position k € {0, ...,n} retains the first k steps; only the answer is resampled, while the reasoning
prefix remains fixed. Let L(k) be the retained thinking-token count and P (k) the fraction of correct
answers at that position. The pairs (L(k), P(k)) form the trajectory’s measured token—accuracy
curve, including no thinking at £ = 0 and the complete trajectory at k = n.

Quantifying length redundancy and accuracy degradation. We select the earliest measured po-
sition attaining the highest measured answer accuracy:

k= min{k . P(k) = max P(j)}. (1)

Relative to this reference, we measure the additional thinking-token count and the accuracy differ-
ence associated with continuing to the STP full-thinking endpoint:

_ . Lk
OR =1 () , )
AD = P(k*) — P(n). 3)

OR measures the fraction of thinking tokens generated beyond k*, while AD measures the accu-
racy difference between this reference and the STP full-thinking endpoint P(n); we report them in
percent and percentage points, respectively.

3.2 QUANTIFYING OVERTHINKING FOR SIX MODELS ACROSS FOUR BENCHMARK GROUPS

We use STP to quantify overthinking at the model-task level. Specifically, we evaluate the six
models listed in Table[T]on four reporting benchmark groups: AIME (AIME2024, AIME2025, and
AIME2026 combined) (MAA Committees) 2025), MATH500 (MATH) (Hendrycks et al.l [2021),
GPQA-Diamond (GPQA) (Rein et al.} 2024), and LiveCodeBench (LCB) (Jain et al., [2024). For
each model—-question pair, we sample 16 reasoning trajectories and set b = 256 with 16 answer
probes per position. We compute OR and AD per trajectory, average trajectories within each ques-
tion and questions within each benchmark, then weight the four benchmarks and six models equally.
The original full-thinking baseline accuracy (Table[3|in Appendix [A) uses the original final answers
and is distinct from the STP full-thinking endpoint accuracy P(n) estimated from repeated answer
probes at k = n. Appendices [A]and [B] provide protocol details and measurement-robustness analy-
ses, while Appendix|C|provides additional trajectory-level examples. The resulting model—task-level
measurements are summarized in Table[T] We summarize these results in four findings:

Substantial thinking continues beyond the measured accuracy maximum. The original full-
thinking baseline has an average answer accuracy of 71.78% and an average of 8,281 thinking tokens
(Table[3). The mean OR is 64.3%, indicating that a substantial fraction of thinking tokens extends
beyond the trajectory-level measured reference position, while the STP full-thinking endpoint P(n)



Table 1: STP-based overthinking measurements. AD is reported in percentage points (pp)
and OR in %. Avg. uses equal benchmark and model weights. Models: M1: GPT-OSS-20B;
M2: Qwen3-4B-Thinking-2507; M3: Qwen3-30B-A3B-Thinking-2507; M4: DeepSeek-R1-Distill-
Qwen-7B; M5: DeepSeek-R1-Distill-Qwen-14B; M6: DeepSeek-R1-Distill-Qwen-32B.

Model AIME MATH GPQA LCB Avg.

AD OR AD OR AD OR AD OR AD OR
M1 3.02 344 1.66 45.4 16.15 354 9.89 49.1 7.68 41.1
M2 252 63.4 1.24 89.3 14.23 71.6 18.28 57.6 9.07 70.5
M3 1.53 63.5 1.73 92.0 10.69 73.9 8.63 68.2 5.64 74.4
M4 9.76 62.9 2.82 82.4 25.64 58.8 15.37 62.8 13.40 66.7
M5 7.52 59.0 1.80 79.3 18.73 65.2 9.95 55.9 9.50 64.8
Mé6 4.96 59.9 1.75 84.6 16.42 63.6 12.40 66.2 8.88 68.6
Avg. 4.88 57.2 1.83 78.8 16.98 61.4 12.42 59.9 9.03 64.3

is 9.03 percentage points less accurate than that reference on average (Table[I). The benchmark-
averaged results show substantial overthinking for all six models: OR ranges from 41.1% to 74.4%,
while AD ranges from 5.64 to 13.40 percentage points.

Greater length redundancy does not imply greater accuracy degradation. Across benchmark
groups, after averaging over models, MATH has the highest mean OR (78.8%) but the lowest AD
(1.83 percentage points), whereas GPQA has a lower OR (61.4%) but the highest AD (16.98 per-
centage points; Table [T). Thus, a larger measured OR need not imply a larger endpoint accuracy
loss. Across the 24 model-benchmark means, the Spearman correlation between OR and AD is
—0.330, indicating a weak negative association at this aggregate level.

Later steps mostly leave accuracy unchanged, with relatively more negative changes. Fig-
ure 2 plots the proportions of positive, negative, and flat finite-probe accuracy changes, AP(k) =
P(k) — P(k — 1), together with the negative-to-positive ratio as a function of absolute thinking-
token progress L(k). At early measured positions, positive finite-probe accuracy changes are more
common than negative changes, and the flat fraction is relatively low. At later measured positions,
flat changes become more prevalent and the negative-to-positive ratio generally rises, exceeding one
in some later measured intervals. The dominant shift is therefore toward steps with no measured
accuracy change, rather than a growing overall fraction of negative changes. This increasingly flat
measured continuation is consistent with the token redundancy captured by OR. Among the remain-
ing non-flat measured changes, decreases become more common relative to improvements, a pattern
consistent with AD.

Overthinking varies across trajectories for the same model and question. For each model-
question pair, we compute the mean absolute difference in OR and AD over the 120 pairs of its
16 trajectories, then aggregate across questions, benchmarks, and models as above. The average
pairwise absolute difference is 20.23 percentage points for OR and 10.06 percentage points for AD.
Even with the model and question fixed, both the measured token redundancy and the endpoint
accuracy difference vary substantially across sampled trajectories.

4 PARETO FRONTIERS OF ORACLE REASONING-TERMINATION METHODS

Building on the STP measurements, we construct offline token—accuracy Pareto frontiers for ora-
cle methods under dynamic routing, fixed budgets, and dynamic early exit. To do so, we formulate
each termination strategy as a budget-constrained action-selection problem over the measured action
space. Because STP associates each measured action with a thinking-token cost and an answer accu-
racy, the oracle for each strategy can select the feasible actions with the highest measured accuracy
at each budget. The resulting frontier therefore represents the best token—accuracy trade-off avail-
able under that strategy’s measured action space. These frontiers provide the theoretical references
for comparing termination-strategy potential and budget requirements.
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Figure 2: Local measured accuracy changes between adjacent STP measurements. AP (k) =
P(k) — P(k — 1). Left: equal-weight macro-averaged proportions of positive, negative, and flat
changes. Right: the ratio of negative to positive changes. Both panels use the absolute number of
retained thinking tokens L(k) on the horizontal axis. Later positions include only trajectories long
enough to reach them. The signs reflect finite-probe accuracy differences, not the logical correctness
or causal contribution of individual reasoning steps.

Table 2: Termination strategies and corresponding actions of oracle methods in the unified
framework. Here ¢ indexes questions, s indexes sampled trajectories, and 7, is the number of
steps in a trajectory. Question-level actions apply to all sampled trajectories of the same question.

Strategy Decision unit Action and stopping position
Dynamic routing (DR) Question ¢ Endpoint a € {0, 1} (zero/full thinking): kqs(a) = angs
Fixed budgets (FB) Question ¢ Token cap 74: kqs(7q) = max{k : Lqs(k) < 74}

Dynamic early exit (DEE) Trajectory (g, s) Position k € {0, ...,nqgs}

4.1 A UNIFIED FRAMEWORK FOR ORACLE TERMINATION METHODS

To construct offline Pareto frontiers for oracle termination methods, we cast dynamic routing, fixed
budgets, and dynamic early exit as a unified budget-constrained action-selection problem. For one
model-benchmark pair and a termination strategy C' € {DR, FB, DEE}, let U be the set of deci-
sion units and .A¢ the available actions for unit u. Each action a has a retained thinking-token cost
cu(a) and answer accuracy 7, (a), both obtained from STP. An oracle method chooses one action
per unit to solve

1

Fo(B) = _—
cB)= B el

Z ru(ay), subjectto ﬁ Z cu(ay) < B. (4)

u€Uc u€Uc

To compare oracle termination methods, we cast dynamic routing, fixed budgets, and dynamic early
exit as a unified budget-constrained action-selection problem. The objective averages the accuracy
of the selected actions, while the constraint limits their average thinking cost to B tokens. Changing
the decision units and allowed actions instantiates each strategy without changing this objective.

Index questions by ¢ and their R = 16 sampled trajectories by s, with nys steps, retained length
Lygs(k), and probe accuracy Py, (k). Table 2] specifies the decision unit, action, and resulting stop-
ping position for each strategy. Dynamic routing shares a zero-or-full endpoint choice across a ques-
tion’s trajectories, fixed budgets share a question-level token cap, and dynamic early exit chooses a
measured position independently for each trajectory. For fixed budgets, candidate caps are the union
of measured token counts for that question and different questions can receive different caps.



For a question-level action a, we average its retained lengths and probe accuracies over that ques-
tion’s trajectories:

1 R
cqla) =5 Lqs(kqs(a)), )]
) R; (Kqs(a)
1 R
rg(a) = 5 D Pys (Kga(a). (6)

Here ks (a) maps the shared action to each trajectory’s stopping position, so that a shared cap can
retain different token counts on different trajectories. For a trajectory-level action k, the cost and
accuracy are simply cqs(k) = Lgs(k) and rqs(k) = Pys(k). Because every question has the same
R, both decision-unit choices yield the same per-trajectory accuracy and cost scale.

We solve Equation 4| exactly over deterministic combinations of measured actions, retaining
accuracy—cost pairs (Appendix[A.3). This gives an offline optimum within each strategy’s measured
action space and stopping constraints. To compare the same six models and four benchmark groups,
let g index their 24 combinations and T}; denote the mean full-thinking token count in combination
g. The macro-average frontier at relative budget 5 € [0, 1] is

24
Fe(p) = 53 > F&(8T,). ™
g=1

Each combination thus receives the same fraction of its own full-thinking budget before accuracies
are averaged with equal model and benchmark weights. The horizontal coordinate is an allowed
budget cap. The selected actions may use fewer tokens.

4.2 FRONTIER HIERARCHY ACROSS TERMINATION STRATEGIES

Building on the unified formulation and macro-average frontiers above, we now compare the three
strategies through their feasible stopping assignments and budget requirements. Let S¢ denote the
feasible assignments of stopping positions to all sampled trajectories under strategy C. A zero or
sufficiently large shared cap reproduces either routing endpoint, and independent trajectory-level
choices can reproduce any shared-cap assignment. Consequently,

Spr € SrB € SpEE, ®)
Fpr(B) < Fpp(B) < Fpgg(B). )

An expanded feasible set preserves every previous solution and may admit a more accurate one at the
same cost. The same ordering therefore holds for the macro-averaged frontiers shown in Figure [3]
The DR-to-FB gap reflects the additional potential from allowing question-level intermediate token
caps, whereas the FB-to-DEE gap reflects the additional potential from choosing stopping positions
separately for sampled trajectories.

Let Agn = 72.33% be the macro-average STP endpoint accuracy P(n), distinct from the original-
answer baseline in Table [3] We define the smallest relative budget that matches or exceeds this
reference as o

et = min{f : Fc(B) > A} (10)
This is where a frontier first reaches the STP full-thinking reference line, marked by a diamond in
Figure 3] The relative budget cap needed to match the STP endpoint reference falls from 71.4% for
dynamic routing to 35.0% for fixed budgets and 14.2% for dynamic early exit.

We pair each strategy’s maximum accuracy with the first budget that attains it:
A =Fo(1), (1)
St =min{B: Fo(B) = Ag™}. (12)

The full-thinking budget accommodates every allowed stopping assignment, so F'¢(1) is the mea-
sured accuracy ceiling within the strategy’s allowed stopping assignments; 38" identifies how early
that ceiling is reached. The corresponding macro-averaged measured ceilings are approximately
73%, 76%, and 81% for dynamic routing, fixed budgets, and dynamic early exit, reached at relative



Qwen3-4B- Qwen3-30B-A3B-
GPT-0SS5-208B Thinking-2507 Thinking-2507

a10%

All six models
Macro-average
90% 0% T S0 aan

58.6% won | 20k

767%
58~ 838

0% 202%

O T
8% 684% 70%

80%

14.2%

70% 714% 94.2% o

N
o
32

on  wx son 7en doo% on an s 7s% 100w on  aw s 7% 100%
DeepSeek-R1-Distill- DeepSeek-R1-Distill- DeepSeek-R1 - Distill-
Qwen-7B Qwen-14B Qwen-32B

387%

»
o
32

465%  19%

a0 a10%

expected accuracy
o
o
2

75

839%

w
o
32

n
o
32

0% 25% 50% 75% 100%
relative thinking-token budget cap o 20 200
— Dynamic early exit — = Full thinking Dynamic routing % =% on 7o won o an  sw 7% 100w on e s 7 100

o Full-thinking point o First maximum =~ Fixed budget

Figure 3: Pareto frontiers for oracle reasoning termination. Left: averages over six models and
four benchmark groups; right: per-model benchmark averages, with equal weights throughout. The
x-axis shows budget caps normalized by full-thinking cost, not realized costs. Dashed lines mark
the macro-average STP full-thinking endpoint accuracy P(n). Diamonds and circles mark the first

budgets reaching P(n) (3%2%°1) and the frontier maximum (3§*), respectively.

budget caps of 94.2%, 87.2%, and 58.6%, respectively. Thus, within the measured action space
and under the macro-averaged frontier construction, trajectory-specific stopping both reaches the
STP full-thinking endpoint reference at a lower relative budget cap and attains the highest measured
accuracy ceiling at the smallest saturation cap. These strategy-specific frontiers provide reference
curves for evaluating selected public termination methods.

5 EVALUATING REASONING-TERMINATION METHODS WITH OTBENCH

The preceding section constructs Pareto frontiers for oracle methods under the stopping constraints
of three termination strategies To evaluate practical termination methods against these strategy-
specific references, we construct OTBench, which provides a shared action interface and a dedi-
cated evaluator. We instantiate OTBench with one publicly available method from each strategy and
compare each method’s measured token—accuracy curve with the corresponding frontier.

5.1 A COMMON EVALUATION PROTOCOL FOR TERMINATION METHODS

For a method 7 operating under strategy C' with control parameter 6, let U~ denote the decision units
and let a, o(u) € AS be the action selected for unit u. The action is evaluated using the retained
token cost ¢,, and answer accuracy 7, supplied by the STP measurements. This representation allows
methods with different predictors or stopping signals to be evaluated through the same strategy-
specific action space.

The average thinking-token cost of method 7 at parameter setting 6 is

1

B (0) = ol

AT (13)

u€EUc

and its corresponding answer accuracy is

A:0) = —— 3 rulamo(w)). (14)

|MC| ueEUc

Here B, (0) records the mean retained thinking-token cost, while A, (@) records the mean accu-
racy of the same selected actions. The evaluator obtains both quantities from the measured token
positions and probe accuracies associated with the selected stopping actions.
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malized by the corresponding full-thinking token count. Horizontal dashed lines mark the macro-
average STP full-thinking endpoint accuracy P(n).

For a parameter set ©, the measured Pareto curve of method 7 is the set of nondominated operating
points:
Pr =ND {(Bx(0), A (0)) : 0 € ©}, (15)

where ND retains points that are not dominated in both token cost and answer accuracy. Thus, P,
describes the operating points produced by a concrete method and its scanned control parameter.

OTBench instantiates this evaluation protocol using reasoning trajectories and STP measurements
from the above six models across four benchmark groups. Questions are partitioned into training,
validation, and test sets, with all sampled trajectories from the same question assigned to the same
partition. Training measurements supervise learned method components, validation measurements
support model selection and parameter calibration, and test measurements are reserved for final
evaluation. On the test set, each method is compared with the frontier induced by its corresponding
oracle method using the same questions, aggregation protocol, and token-cost normalization. The
frontiers serve only as evaluation references. The token-cost metric counts retained thinking tokens
and excludes feature-extraction and signal-computation overhead.

5.2 COMPARING PUBLIC METHODS WITH STRATEGY-SPECIFIC PARETO FRONTIERS

We adapt one publicly available method from each strategy to the common OTBench interface and
evaluate these adaptations on the frozen test measurements. The adapted ThinkSwitcher (Liang
et al.| 2025) maps question-level routing to the dynamic-routing endpoints of zero thinking and full
thinking. Predictive Scheduling (Brown et al.,2026) outputs a question-level thinking budget that is
applied as a shared cap across that question’s sampled trajectories. ThinkBrake (Song et al., [2026)
evaluates a signal on the current prefix at permitted step boundaries and maps its stop or continue
decision to dynamic early exit. Detailed adaptation and training configurations are provided in

Appendix [A.4]

We sweep the routing threshold, multiplicative budget scale, and early-exit threshold for
ThinkSwitcher, Predictive Scheduling, and ThinkBrake, respectively. Each parameter setting pro-
duces one measured operating point through Equations [I3] and [I4] The nondominated operating
points form the corresponding method curve. The three curves therefore differ in their learned sig-
nals and parameterizations while remaining comparable through the common evaluator.

Figure [] places the three method curves and the frontiers induced by their corresponding oracle
methods in a common normalized token—accuracy coordinate system. Each measured operating
point is compared with the corresponding strategy-specific frontier at the same normalized cost,
without interpolating additional stopping actions. This comparison identifies unrealized space rela-



tive to the strategy-specific offline references under the evaluated adaptations and frozen STP mea-
surements.

6 CONCLUSION

First, we introduce Step-wise Truncation Probing (STP) as a measurement procedure for charac-
terizing overthinking at the model—task level and show that overthinking is substantial and varies
considerably across sampled trajectories. Then, we formulate dynamic routing, fixed budgets, and
dynamic early exit in a unified budget-constrained framework and construct strategy-specific token—
accuracy Pareto frontiers as idealized references for their termination potential. Finally, we develop
OTBench, a reusable benchmark built from STP measurements across six models and four bench-
mark groups. It contains 70.5B reasoning tokens and provides a common protocol for evaluating
practical termination methods against their corresponding strategy-specific frontiers. Overall, this
framework provides a unified way to measure overthinking, quantify termination-strategy potential,
and evaluate the performance of practical methods.

REFERENCES

Pranjal Aggarwal and Sean Welleck. L1: Controlling how long a reasoning model thinks with
reinforcement learning. In Conference on Language Modeling, 2025. URL https://arxiv.
org/abs/2503.04697.

Pranjal Aggarwal, Seungone Kim, Jack Lanchantin, Sean Welleck, Jason E Weston, Ilia Kulikov,
and Swarnadeep Saha. OptimalThinkingBench: Evaluating over and underthinking in LLMs.
In International Conference on Learning Representations, volume 2026, pp. 8886-8918, 2026.
URLhttps://arxiv.org/abs/2508.13141.

Omer Faruk Akgiil, Yusuf Hakan Kalayci, Rajgopal Kannan, Willie Neiswanger, and Viktor
Prasanna. LYNX: Learning dynamic exits for confidence-controlled reasoning. arXiv preprint
arXiv:2512.05325,2025. URL https://arxiv.org/abs/2512.05325.

Daman Arora and Andrea Zanette. Training language models to reason efficiently. arXiv preprint
arXiv:2502.04463, 2025. URL https://arxiv.org/abs/2502.04463.

Katrina Brown, Aneesh Muppidi, and Rana Shahout. Predictive scheduling for efficient inference-
time reasoning in large language models. arXiv preprint arXiv:2602.01237,2026. URL https:
//arxiv.org/abs/2602.01237.

Xingyu Chen, Jiahao Xu, Tian Liang, Zhiwei He, Jianhui Pang, Dian Yu, Linfeng Song, Qiuzhi
Liu, Mengfei Zhou, Zhuosheng Zhang, Rui Wang, Zhaopeng Tu, Haitao Mi, and Dong Yu.
Do NOT Think That Much for 2+3=? on the overthinking of ol-like LLMs. arXiv preprint
arXiv:2412.21187,2024. URL https://arxiv.org/abs/2412.21187.

Renfei Dang, Zhening Li, Shujian Huang, and Jiajun Chen. The first impression problem: Internal
bias triggers overthinking in reasoning models. In International Conference on Learning Rep-
resentations, volume 2026, pp. 141366-141404, 2026. URL https://arxiv.org/abs/
2505.16448.

Zenghao Duan, Liang Pang, Zihao Wei, Wenbin Duan, Yuxin Tian, Shicheng Xu, Jingcheng Deng,
Zhiyi Yin, and Xueqi Cheng. Circular reasoning: Understanding self-reinforcing loops in large
reasoning models, 2026. URL https://arxiv.org/abs/2601.05693.

Chenrui Fan, Ming Li, Lichao Sun, and Tianyi Zhou. Missing premise exacerbates overthinking:
Are reasoning models losing critical thinking skill? arXiv preprint arXiv:2504.06514, 2025. URL
https://arxiv.org/abs/2504.06514.

Gongfan Fang, Xinyin Ma, and Xinchao Wang. Thinkless: LLM learns when to think. arXiv
preprint arXiv:2505.13379, 2025. URL https://arxiv.org/abs/2505.13379,

10


https://arxiv.org/abs/2503.04697
https://arxiv.org/abs/2503.04697
https://arxiv.org/abs/2508.13141
https://arxiv.org/abs/2512.05325
https://arxiv.org/abs/2502.04463
https://arxiv.org/abs/2602.01237
https://arxiv.org/abs/2602.01237
https://arxiv.org/abs/2412.21187
https://arxiv.org/abs/2505.16448
https://arxiv.org/abs/2505.16448
https://arxiv.org/abs/2601.05693
https://arxiv.org/abs/2504.06514
https://arxiv.org/abs/2505.13379

Yichao Fu, Junda Chen, Siqi Zhu, Zheyu Fu, Zhongdongming Dai, Yonghao Zhuang, Yian Ma,
Aurick Qiao, Tajana Rosing, Ion Stoica, and Hao Zhang. Efficiently scaling LLM reasoning
with Certaindex. arXiv preprint arXiv:2412.20993, 2024. URL https://arxiv.org/abs/
2412.20993.

Aryo Pradipta Gema, Alexander Hiégele, Runjin Chen, Andy Arditi, Jacob Goldman-Wetzler, Kit
Fraser-Taliente, Henry Sleight, Linda Petrini, Julian Michael, Beatrice Alex, Pasquale Minervini,
Yanda Chen, Joe Benton, and Ethan Perez. Inverse scaling in test-time compute. arXiv preprint
arXiv:2507.14417,2025. URL https://arxiv.org/abs/2507.14417.

Soumya Suvra Ghosal, Souradip Chakraborty, Avinash Reddy, Yifu Li, Mengdi Wang, Dinesh
Manocha, Furong Huang, Mohammad Ghavamzadeh, and Amrit Singh Bedi. Does thinking
more always help? mirage of test-time scaling in reasoning models. In Advances in Neu-
ral Information Processing Systems, volume 38, pp. 172664-172691, 2025. URL |https:
//arxiv.orqg/abs/2506.04210.

Weixin Guan, Liang Li, Jiapeng Liu, Bing Li, Peng Fu, Chengyang Fang, Xiaoshuai Hao, Can Ma,
and Weiping Wang. Mitigating overthinking in large reasoning language models via reasoning
path deviation monitoring. arXiv preprint arXiv:2603.14251, 2026. URL https://arxiv.
org/abs/2603.14251.

Tingxu Han, Zhenting Wang, Chunrong Fang, Shiyu Zhao, Shiging Ma, and Zhenyu Chen. Token-
budget-aware LLM reasoning. In Findings of the Association for Computational Linguistics: ACL
2025, pp. 24842-24855. Association for Computational Linguistics, 2025. doi: 10.18653/v1/
2025.findings-acl.1274. URL https://aclanthology.org/2025.findings—acl.
1274/l

Dan Hendrycks, Collin Burns, Saurav Kadavath, Akul Arora, Steven Basart, Eric Tang, Dawn Song,
and Jacob Steinhardt. Measuring mathematical problem solving with the math dataset. arXiv
preprint arXiv:2103.03874, 2021.

Bairu Hou, Yang Zhang, Jiabao Ji, Yujian Liu, Kaizhi Qian, Jacob Andreas, and Shiyu Chang.
ThinkPrune: Pruning long chain-of-thought of LLMs via reinforcement learning. arXiv preprint
arXiv:2504.01296, 2025. URL https://arxiv.org/abs/2504.01296.

Naman Jain, King Han, Alex Gu, Wen-Ding Li, Fanjia Yan, Tianjun Zhang, Sida Wang, Armando
Solar-Lezama, Koushik Sen, and Ion Stoica. Livecodebench: Holistic and contamination free
evaluation of large language models for code, 2024. URL https://arxiv.org/abs/
2403.07974.

Lingjie Jiang, Xun Wu, Shaohan Huang, Qingxiu Dong, Zewen Chi, Li Dong, Xingxing Zhang,
Tengchao Lv, Lei Cui, and Furu Wei. Think only when you need with large hybrid-reasoning
models. arXiv preprint arXiv:2505.14631, 2025. URL https://arxiv.org/abs/2505.
14631.

Zhiyuan Li, Yi Chang, and Yuan Wu. THINK-Bench: Evaluating thinking efficiency and chain-
of-thought quality of large reasoning models. arXiv preprint arXiv:2505.22113, 2025. URL
https://arxiv.org/abs/2505.22113\

Guosheng Liang, Longguang Zhong, Ziyi Yang, and Xiaojun Quan. ThinkSwitcher: When to think
hard, when to think fast. In Findings of the Association for Computational Linguistics: EMNLP
2025, pp. 5185-5201, 2025. URL https://arxiv.org/abs/2505.14183.

Junhong Lin, Xinyue Zeng, Jie Zhu, Song Wang, Julian Shun, Jun Wu, and Dawei Zhou. Plan and
budget: Effective and efficient test-time scaling on reasoning large language models, 2026. URL
https://arxiv.org/abs/2505.16122.

Xiang Liu, Xuming Hu, Xiaowen Chu, and Eunsol Choi. Diffadapt: Difficulty-adaptive reasoning
for token-efficient 1lm inference, 2026. URL https://arxiv.org/abs/2510.196609.

Jinghui Lu, Haiyang Yu, Siliang Xu, Shiwei Ran, Guozhi Tang, Siqi Wang, Bin Shan, Teng Fu,
Hao Feng, Jingqun Tang, Han Wang, and Can Huang. Prolonged reasoning is not all you
need: Certainty-based adaptive routing for efficient LLM/MLLM reasoning. arXiv preprint
arXiv:2505.15154,2025. URL https://arxiv.org/abs/2505.15154.

11


https://arxiv.org/abs/2412.20993
https://arxiv.org/abs/2412.20993
https://arxiv.org/abs/2507.14417
https://arxiv.org/abs/2506.04210
https://arxiv.org/abs/2506.04210
https://arxiv.org/abs/2603.14251
https://arxiv.org/abs/2603.14251
https://aclanthology.org/2025.findings-acl.1274/
https://aclanthology.org/2025.findings-acl.1274/
https://arxiv.org/abs/2504.01296
https://arxiv.org/abs/2403.07974
https://arxiv.org/abs/2403.07974
https://arxiv.org/abs/2505.14631
https://arxiv.org/abs/2505.14631
https://arxiv.org/abs/2505.22113
https://arxiv.org/abs/2505.14183
https://arxiv.org/abs/2505.16122
https://arxiv.org/abs/2510.19669
https://arxiv.org/abs/2505.15154

Siyuan Ma, Bo Gao, Xiaojun Jia, Simeng Qin, Tianlin Li, Ke Ma, Xiaoshuang Jia, Wenqi Ren, and
Yang Liu. Odar: Principled adaptive routing for llm reasoning via active inference, 2026. URL
https://arxiv.org/abs/2602.23681.

Wenjie Ma, Jingxuan He, Charlie Snell, Tyler Griggs, Sewon Min, and Matei Zaharia. Reasoning
models can be effective without thinking. arXiv preprint arXiv:2504.09858, 2025. URL https:
//arxiv.org/abs/2504.09858.

MAA Committees. Aime problems and solutions. https://artofproblemsolving.com/
wiki/index.php/AIME_Problems_and_Solutions, 2025.

Niklas Muennighoff, Zitong Yang, Weijia Shi, Xiang Lisa Li, Li Fei-Fei, Hannaneh Hajishirzi, Luke
Zettlemoyer, Percy Liang, Emmanuel Candes, and Tatsunori B Hashimoto. s1: Simple test-time
scaling. In Proceedings of the 2025 Conference on Empirical Methods in Natural Language
Processing, pp. 20275-20321, 2025. URL |https://arxiv.org/abs/2501.19393.

David Rein, Betty Li Hou, Asa Cooper Stickland, Jackson Petty, Richard Yuanzhe Pang, Julien Di-
rani, Julian Michael, and Samuel R Bowman. Gpqa: A graduate-level google-proof q&a bench-
mark. In First Conference on Language Modeling, 2024.

Sangjun Song, Minjae Oh, Seungkyu Lee, Sungmin Jo, and Yohan Jo. ThinkBrake: Efficient reason-
ing via log-probability margin guided decoding. In Findings of the Association for Computational
Linguistics: ACL 2026, pp. 21765-21790, 2026. URL https://arxiv.org/abs/2510.
00546.

Jinyan Su, Jennifer Healey, Preslav Nakov, and Claire Cardie. Between underthinking and over-
thinking: An empirical study of reasoning length and correctness in LLMs. arXiv preprint
arXiv:2505.00127,2025. URL https://arxiv.org/abs/2505.00127.

Renliang Sun, Wei Cheng, Dawei Li, Haifeng Chen, and Wei Wang. Stop when enough: Adaptive
early-stopping for chain-of-thought reasoning. In Proceedings of the 64th Annual Meeting of the
Association for Computational Linguistics (Volume 1: Long Papers), pp. 27250-27268, 2026.
URL https://arxiv.org/abs/2510.10103.

Yugqiao Tan, Shizhu He, Kang Liu, and Jun Zhao. The Zero-Step Thinking: An empirical study of
mode selection as harder early exit in reasoning models. arXiv preprint arXiv:2510.19176, 2025.
URLhttps://arxiv.org/abs/2510.19176.

Xi Wang, James Mclnerney, Lequn Wang, and Nathan Kallus. EAT: Entropy after </Think>
for reasoning model early exiting. arXiv preprint arXiv:2509.26522v3, 2026. URL https:
//arxiv.orqg/abs/2509.26522v3.

Yue Wang, Qiuzhi Liu, Jiahao Xu, Tian Liang, Xingyu Chen, Zhiwei He, Linfeng Song, Dian Yu,
Juntao Li, Zhuosheng Zhang, Rui Wang, Zhaopeng Tu, Haitao Mi, and Dong Yu. Thoughts are all
over the place: On the underthinking of ol-like LLMs. arXiv preprint arXiv:2501.18585, 2025.
URL https://arxiv.org/abs/2501.18585.

Yuyang Wu, Yifei Wang, Ziyu Ye, Tianqi Du, Stefanie Jegelka, and Yisen Wang. When more is
less: Understanding chain-of-thought length in LLMs. In International Conference on Learning
Representations, volume 2026, pp. 127108-127138,2026. URL https://arxiv.org/abs/
2502.07266.

Yuhui Xu, Hanze Dong, Lei Wang, Doyen Sahoo, Junnan Li, and Caiming Xiong. Scalable chain of
thoughts via elastic reasoning. In International Conference on Learning Representations, volume
2026, pp. 145390-145412, 2026. URL https://arxiv.org/abs/2505.05315.

Chenxu Yang, Qingyi Si, Yongjie Duan, Zheliang Zhu, Chenyu Zhu, Qiaowei Li, Minghui Chen,
Zheng Lin, and Weiping Wang. Dynamic early exit in reasoning models. In International Con-
ference on Learning Representations, volume 2026, pp. 88170-88210, 2026. URL https:
//arxiv.org/abs/2504.15895.

Shu Zhou, Rui Ling, Junan Chen, Xin Wang, Tao Fan, and Hao Wang. When more thinking
hurts: Overthinking in 1lm test-time compute scaling, 2026. URL https://arxiv.org/
abs/2604.107309.

12


https://arxiv.org/abs/2602.23681
https://arxiv.org/abs/2504.09858
https://arxiv.org/abs/2504.09858
https://artofproblemsolving.com/wiki/index.php/AIME_Problems_and_Solutions
https://artofproblemsolving.com/wiki/index.php/AIME_Problems_and_Solutions
https://arxiv.org/abs/2501.19393
https://arxiv.org/abs/2510.00546
https://arxiv.org/abs/2510.00546
https://arxiv.org/abs/2505.00127
https://arxiv.org/abs/2510.10103
https://arxiv.org/abs/2510.19176
https://arxiv.org/abs/2509.26522v3
https://arxiv.org/abs/2509.26522v3
https://arxiv.org/abs/2501.18585
https://arxiv.org/abs/2502.07266
https://arxiv.org/abs/2502.07266
https://arxiv.org/abs/2505.05315
https://arxiv.org/abs/2504.15895
https://arxiv.org/abs/2504.15895
https://arxiv.org/abs/2604.10739
https://arxiv.org/abs/2604.10739

A EXPERIMENTAL PROTOCOL AND ANALYSIS PROCEDURES

This appendix specifies the experimental and computational procedures underlying the three main
analyses. We first describe trajectory generation, STP, and answer evaluation, then detail the con-
struction of the oracle frontiers and the adaptations of the public methods. We conclude with the
resampling protocol used for the uncertainty estimates in Appendix [B]

A.1 MODELS, TASKS, AND GENERATION

We use six fixed model checkpoints: GPT-OSS-20B, Qwen3-4B-Thinking-2507, Qwen3-30B-A3B-
Thinking-2507, DeepSeek-R1-Distill-Qwen-7B, DeepSeek-R1-Distill-Qwen-14B, and DeepSeek-
R1-Distill-Qwen-32B. GPT-OSS-20B has approximately 21B total and 3.6B active parameters,
while Qwen3-30B-A3B-Thinking-2507 has 30B total and 3B active parameters; the other check-
points are dense models. The frozen configurations identify the corresponding checkpoint reposito-
ries and model-specific prompt and channel formats.

The evaluation includes 30 questions from each of AIME2024, AIME2025, and AIME2026, 500
from MATHS500, 198 from GPQA-Diamond, and 175 from LiveCodeBench. The three AIME sets
form one 90-question reporting group; the other datasets each form a separate group. For each of
the 963 questions, each model supplies 16 trajectories, giving 92,448 trajectories in total. Unless
otherwise stated, we average trajectories within a question and questions within a benchmark, then
give equal weight to the four benchmark groups and six models. All sampled trajectories enter these
summaries.

Generation uses a thinking-token limit of 32,768 and a context limit of 65,536 tokens. For GPT-OSS-
20B, temperature and top-p are both 1.0, top-k filtering is disabled, and the presence penalty is zero.
For Qwen3-4B-Thinking-2507 and Qwen3-30B-A3B-Thinking-2507, temperature is 0.6, top-p is
0.95, top-k is 20, and the presence penalty is 1.5. For DeepSeek-R1-Distill-Qwen-7B, DeepSeek-
R1-Distill-Qwen-14B, and DeepSeek-R1-Distill-Qwen-32B, temperature is 0.6, top-p is 0.95, top-k
filtering is disabled, and the presence penalty is zero. Answer probes use the same model-specific
sampling parameters, with a maximum of 4,096 newly generated answer tokens and 16 samples per
position. The inference configuration uses bfloat16, prefix caching, and a GPU-memory-utilization
setting of 0.9.

The mathematics instruction requests step-by-step reasoning and a final answer inside \boxed{}.
For GPQA-Diamond, the instruction requests step-by-step reasoning followed by the choice let-
ter in an answer field; LiveCodeBench uses the step-by-step reasoning instruction. These in-
structions occupy the system role for GPT-OSS-20B, Qwen3-4B-Thinking-2507, and Qwen3-
30B-A3B-Thinking-2507 and are prepended to the user message for DeepSeek-R1-Distill-Qwen-
7B, DeepSeek-R1-Distill-Qwen-14B, and DeepSeek-R1-Distill-Qwen-32B. Per-sample generation
seeds are derived deterministically from the model, benchmark, question, trajectory, and generation
phase; STP seeds additionally include the probing position.

Table [3| reports the original full-thinking answer accuracy and mean thinking-token count for each
model-benchmark pair. These accuracies use the original final answers rather than the repeated
answer probes used to estimate the STP full-thinking endpoint P(n); corresponding confidence
intervals appear in Table 6]

A.2 PROBING AND ANSWER EVALUATION

We construct initial boundaries from tokens containing a double newline and operate on the orig-
inal thinking-token sequence. For a trajectory of length L(n), the target number of steps is
max(1, | L(n)/b+ 1/2]), capped by the number of initial blocks, with b = 256 in the main exper-
iment. When the initial partition has more steps than this target, we repeatedly merge the adjacent
pair with the smallest combined token count, breaking ties in favor of the leftmost pair. The proce-
dure merges existing blocks without creating new boundaries inside them, so b controls the target
resolution rather than imposing a minimum or an exact length on every step. Appendix [D]examines
the boundary vocabulary and the resulting step-length distributions.

At each position k = 0,...,n, STP retains the same trajectory prefix and supplies the configured
thinking-end marker and answer-channel format. Qwen3-4B-Thinking-2507, Qwen3-30B-A3B-
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Table 3: Original full-thinking baselines. Acc. is the original full-thinking answer accuracy (%);
Tokens is the mean number of thinking tokens retained by the original full-thinking generations.
These accuracies use the original final answers, not the repeated answer probes used to estimate
the STP endpoint P(n). Avg. uses equal benchmark and model weights. Benchmarks: AIME
combines AIME2024, AIME2025, and AIME2026; MATH: MATH500; GPQA: GPQA-Diamond;
LCB: LiveCodeBench. Models: M1: GPT-OSS-20B; M2: Qwen3-4B-Thinking-2507; M3: Qwen3-
30B-A3B-Thinking-2507; M4: DeepSeek-R1-Distill-Qwen-7B; M5: DeepSeek-R1-Distill-Qwen-
14B; M6: DeepSeek-R1-Distill-Qwen-32B.

Model AIME MATH GPQA LCB Avg,

Acc. Tokens Acc.  Tokens Acc.  Tokens Acc. Tokens Acc.  Tokens
M1 75.07 8,210 93.64 1,400 65.37 3,167 72.36 7,075  76.61 4,963
M2 75.62 19,064  95.89 5,793  67.08 7,203 5743 11,819  74.00 10,970
M3 85.28 15,649  96.04 4,716  72.66 6,756  78.04 13,004  83.00 10,031
M4 48.33 12,902 93.09 3,652  51.77 6,280 42.29 11,359  58.87 8,548
M5 55.83 11,849  94.33 3,362  58.78 5,196  59.71 9,898 67.16 7,576
Mo 62.85 11,049 94.84 3,142  63.51 5,404  63.00 10,799  71.05 7,598

Avg. 67.16 13,121 94.64 3,678  63.19 5,668 62.14 10,659 71.78 8,281

Thinking-2507, DeepSeek-R1-Distill-Qwen-7B, DeepSeek-R1-Distill-Qwen-14B, and DeepSeek-
R1-Distill-Qwen-32B use the </think> delimiter, while GPT-OSS-20B uses its analysis-to-final
channel format. Prompt construction copies the retained token IDs rather than decoding and re-
encoding the entire prefix. At a boundary, the final boundary token is replaced using a precomputed
content-token mapping before the thinking-end marker is appended. The 16 completions at each
position are answer generations conditioned on the retained prefix; they are not independently gen-
erated reasoning trajectories. The proportion judged correct defines P(k), including the zero-step
and complete-trajectory positions.

The evaluator extracts mathematics answers and checks them against the reference, resolves GPQA
choice answers against the reference option, and evaluates extracted code against the supplied Live-
CodeBench tests. An answer for which extraction fails is counted as incorrect, and every probing
position retains its denominator of 16 answers. Correctness is determined by the evaluator rather
than by whether a completion reaches its token limit. The appendix analyses reuse the frozen cor-
rectness labels and do not rerun answer generation or relabel the experiments.

The reference position is the earliest maximizer of the measured curve, including ties. OR uses the
fraction of thinking tokens after this trajectory-level measured reference position, while AD uses
the difference between its measured accuracy and the STP full-thinking endpoint accuracy P(n).
We distinguish the original full-thinking answer accuracy, represented by one correctness label per
trajectory, from the STP full-thinking endpoint P(n), which averages 16 answers generated at the
complete-trajectory position. The full-thinking accuracy interval matrix reports the former; the
oracle plots use the latter as their common full-thinking reference.

A.3 EXACT CONSTRUCTION OF STRATEGY-SPECIFIC ORACLE FRONTIERS

We construct a separate frontier for each model-benchmark cell using the same STP positions, costs,
and correctness counts for all three termination strategies. Dynamic routing assigns one zero-or-full
endpoint choice to each question and applies it to all 16 associated trajectories. Fixed budgets also
act at the question level, but enumerate shared absolute token caps from the union of measured
token counts across that question’s trajectories. For each cap, every trajectory selects its latest
measured position whose retained token count does not exceed the cap. The cost is the actual
retained thinking-token count rather than the nominal cap, and caps selecting the same combination
of measured positions produce the same action. Dynamic early exit instead chooses a measured
stopping position separately for each trajectory.
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For exact optimization, we represent each action’s reward by its integer number of correct probes and
its cost by the sum of retained thinking tokens. Question-level action rewards and costs sum over
the question’s 16 trajectories, whereas trajectory-level actions contain one trajectory. We remove
dominated actions and combine decision units with a dynamic program that retains the minimum
total cost for each attainable total reward. After combining the units, removing dominated reward—
cost states yields the deterministic Pareto frontier. For any allowed budget, the reported accuracy
is the highest attainable reward within that budget divided by the total number of probes, and the
selected cost may be strictly smaller than the cap.

Within each cell, the allowed budget cap is normalized by the total token count of the corresponding
full-thinking trajectory set. We evaluate the exact frontiers on a common relative-budget grid and
macro-average their accuracies over the four benchmark groups and six models. This grid is a
reporting device and does not determine the admissible actions or replace the exact optimization.
The construction uses neither randomized mixtures of actions nor interpolation between measured
stopping positions. The appendix uncertainty plot displays the original frontier on a 1,001-point grid
and its bootstrap intervals on the 101-point grid on which the resampled frontiers were evaluated.
The full-thinking reference is the macro-average of the same cells’ P(n) values. For comparison
with public methods, the construction must use only the corresponding test questions and the same
test-set reference.

A.4 PUBLIC METHODS AND THEIR ADAPTATIONS

The main text describes the interface-level mapping of the three public methods. This section records
the adaptation choices needed to implement that mapping and reproduce the corresponding method
curves. The adaptations retain the decision interfaces described in the main text and use question-
level partitions, keeping all trajectories of a question together. ThinkSwitcher (Liang et al.| [2025)
uses question features to predict the two endpoint accuracies and varies a threshold on their differ-
ence. Its supervision consists of question-level means of the training-set endpoint STP accuracies.
Predictive Scheduling (Brown et al.,[2026) is adapted to predict a question-level thinking budget and
varies a multiplicative scale factor applied to that prediction. Its specified training target is the mean
retained token count at the individual trajectories’ k* positions; this target differs from the oracle’s
optimal shared-budget action. ThinkBrake (Song et al., 2026)) evaluates the log-probability margin
between the most likely non-ending token and the thinking-end token at permitted step boundaries,
stopping when the margin is at or below its threshold.

Each parameter setting yields a measured accuracy—cost point, and nondominated points define the
method’s reported Pareto curve. Comparisons use measured operating points and the corresponding
strategy-specific frontier at a matching allowed cost, without interpolating new operating points.
The cost counts retained thinking tokens, consistent with the main analysis, and does not include
predictor training, feature extraction, or signal-computation overhead.

A.5 RESAMPLING AND UNCERTAINTY ESTIMATION

For the main statistical intervals, we use 10,000 paired two-stage bootstrap replicates with seed
20260721. Within each reporting benchmark, each replicate samples as many questions as the
original group, with replacement, using the same question draw across the six models. Within
each selected model-question occurrence, it then draws 16 of that group’s observed trajectories with
replacement. AIME is resampled as one pool of 90 questions. We recompute the cell summaries
and their equal-weight benchmark and model macro-averages within each replicate, and take the
2.5th and 97.5th percentiles as the 95% interval. Paired metrics use the same sampled questions and
trajectories.

The original correctness label supplies full-thinking accuracy, while the fixed STP curves and to-
ken positions supply OR and AD. The 16-probe curves are held fixed during this bootstrap, so it
quantifies question and trajectory resampling uncertainty rather than additional answer-probe uncer-
tainty. For the frontier intervals, all three deterministic optimization problems are solved again in
every replicate on the sampled questions and trajectories, with budgets normalized by the replicate’s
full-thinking cost. Percentiles are computed separately at each reported budget; the shaded regions
are pointwise intervals rather than simultaneous confidence bands. The six model identities and four
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reporting benchmarks are fixed, so these intervals do not describe sampling a broader population of
model families or task domains.

Finite-probe and finite-trajectory analyses instead subsample without replacement from the already
observed samples, as specified in Appendix [B.2] Their conditional variation is distinct from the
two-stage bootstrap intervals.

B UNCERTAINTY AND MEASUREMENT ROBUSTNESS

This section separates uncertainty in the sampled questions and trajectories from sensitivity to the
amount of measurement available for each question. We first report interval matrices for the principal
scalar measurements and pointwise intervals for the oracle frontiers. We then examine smaller probe
and trajectory pools while holding the underlying recorded experiment fixed.

B.1 INTERVAL MATRICES AND ORACLE FRONTIERS

Tables [AH6| report intervals only, preserving the model-benchmark matrix layout without repeating
point estimates. Point estimates for OR and AD appear in Table (I} original full-thinking accuracy
and token counts appear in Table [3] OR is expressed as a percentage of thinking tokens, AD in
percentage points, and original full-thinking answer accuracy in percent. The Avg. column gives
equal weight to the four benchmark groups, and the Avg. row gives equal weight to the six mod-
els. Figure [5] shows the corresponding pointwise uncertainty for the three strategy-specific oracle
frontiers. Its full-thinking line uses the complete-trajectory STP endpoint, rather than the original-
answer accuracy in Table

Table 4: Confidence intervals for OR (%) reported in Table 1} Cells report 95% percentile
intervals from 10,000 paired bootstrap replicates of questions and trajectories, with probe labels
fixed.

Model AIME MATH500 GPQA-DiamondLiveCodeBench Avg.

GPT-0SS-20B [30.06, 38.96][42.81, 47.91] [31.65,39.21] [45.66, 52.58] [39.24, 42.87]
Qwen3-4B-Thinking-2507 [58.85, 68.10][88.03, 90.49] [68.58,74.56] [54.01, 61.17] [68.81,72.17]
Qwen3-30B-A3B-Thinking-2507[58.98, 68.32][90.89, 93.03] [70.64,77.09] [64.49,71.77] [72.69, 76.12]
DeepSeek-R1-Distill-Qwen-7B  [58.17, 67.59][80.42, 84.20] [56.01, 61.54] [59.30, 66.24] [65.05, 68.38]
[
[

DeepSeek-R1-Distill-Qwen-14B [53.88, 64.05][77.37, 81.07] [62.37, 68.06] [52.15, 59.89] [63.03, 66.67]
DeepSeek-R1-Distill-Qwen-32B [54.78, 65.00][82.77, 86.25] [60.63, 66.56] [62.75, 69.65] [66.78, 70.38]

Avg. [53.58, 60.82][77.46, 80.08] [59.43,63.41] [57.58, 62.40] [63.10, 65.60]

Table 5: Confidence intervals for AD (percentage points) reported in Table[I} Cells report 95%
percentile intervals from 10,000 paired bootstrap replicates of questions and trajectories, with probe
labels fixed.

Model AIME MATHS500 GPQA-Diamond LiveCodeBench Avg.
GPT-OSS-20B [2.15,3.96] [1.28,2.08] [13.44,18.88] [8.34,11.54] [6.86, 8.51]
Qwen3-4B-Thinking-2507 [1.46,3.76] [0.68,1.89] [11.53,17.09] [15.66,21.09] [8.05,10.11]

Qwen3-30B-A3B-Thinking-2507 [0.78,2.42] [0.98,2.59] [8.23,13.38]  [6.64, 10.80]  [4.81, 6.54]
DeepSeek-R1-Distill-Qwen-7B  [7.53, 12.14] [2.15,3.54] [22.57,28.76] [12.86, 17.97] [12.24, 14.59]
DeepSeek-R1-Distill-Qwen-14B  [5.76, 9.35] [1.26,2.41] [15.79,21.81]  [8.09, 11.98] [8.51, 10.53]
DeepSeek-R1-Distill-Qwen-32B  [3.60, 6.42] [1.15,2.43] [13.71,19.23] [10.14, 14.83] [7.92,9.89]

Avg. [4.08,5.70] [1.44,2.28] [14.84,19.11] [10.98,13.92] [8.36,9.72]

B.2 SENSITIVITY TO PROBE AND TRAJECTORY COUNTS

We compare 4, 8, 12, and 16 answer probes per stopping position by subsampling the recorded 16
correctness labels without replacement, independently across positions. For every reduced probe
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Table 6: Confidence intervals for original full-thinking answer accuracy (%) in Table[3] These
intervals refer to the original final answers, not STP P(n). Cells contain only ordinary 95% per-
centile confidence intervals from 10,000 paired question-and-trajectory bootstrap replicates; probe
labels are fixed. AIME pools 2024-2026. The Avg. column weights the four benchmark groups
equally; the Avg. row weights models equally. Aggregate intervals use replicate-level macro-
averages, not averages of interval endpoints.

Model AIME MATH500 GPQA-DiamondLiveCodeBench Avg.
GPT-OSS-20B [68.40, 81.39][91.89, 95.24] [60.01, 70.74] [67.50, 77.00] [74.17, 79.05]
Qwen3-4B-Thinking-2507 [67.78, 82.92][94.25, 97.35] [61.43,72.66] [52.25,62.54] [71.21, 76.68]

Qwen3-30B-A3B-Thinking-2507[78.89, 91.25][94.42, 97.50] [67.11,78.03] [73.32, 82.68] [80.55, 85.37]
DeepSeek-R1-Distill-Qwen-7B  [40.14, 56.53][91.21, 94.80] [46.69, 57.01] [36.43, 48.43] [55.97, 61.73]
DeepSeek-R1-Distill-Qwen-14B [47.43, 64.10][92.53,95.91] [53.19, 64.46] [53.82, 65.68] [64.20, 70.10]
DeepSeek-R1-Distill-Qwen-32B [54.24, 71.11][93.12, 96.36] [57.92, 68.94] [57.18, 68.68] [68.07, 73.94]

Avg. [60.29, 73.72][93.17, 95.92] [58.45, 67.93] [57.50, 66.70] [69.37,74.13]
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Figure 5: Exact deterministic oracle frontiers with pointwise 95% two-stage bootstrap inter-
vals. The analysis uses all six models and four reporting benchmark groups, including the combined
AIME set, with equal model and benchmark weights. The horizontal axis is the allowed budget cap
relative to full-thinking cost; shaded regions summarize 10,000 reoptimized bootstrap frontiers at
101 reporting budgets. The horizontal reference is the macro-average STP full-thinking endpoint
accuracy P(n). Shading does not provide simultaneous coverage of the whole frontier or interpo-
late new stopping actions.



budget, the measured curve and its earliest maximizing position are recomputed before obtaining
token-based OR and AD. We also track whether this maximizing position agrees with the full 16-
probe reference, without treating the reference as an infinite-sample optimum. Separately, we ex-
amine 2, 4, 8, and 16 trajectories per model—question by subsampling the recorded trajectory pool
without replacement while keeping the questions and probe curves fixed. All summaries retain flat
curves and use the same benchmark and model weights as the main results. For probe thinning, we
integrate the hypergeometric subsampling distribution exactly, including the earliest-maximum tie
rule, rather than estimating it with additional generated answers. At 4, 8, 12, and 16 probes, the
expected macro-average OR is 74.69%, 69.09%, 66.22%, and 64.34%, respectively; expected AD is
11.07,9.87, 9.34, and 9.03 percentage points. The corresponding probability of retaining the full-16
earliest maximizer is 51.83%, 69.94%, 84.88%, and 100%. Thus reducing probe counts changes
the measured reference position and increases the expected reported metrics under this conditional
experiment; it does not establish that 16 probes recover an infinite-probe optimum.

For trajectory thinning, we use 2,000 draws with seed 20260721 and report their conditional 2.5th—
97.5th percentile ranges. Uniformly selecting fewer recorded trajectories leaves the conditional
expectation of the OR and AD averages unchanged, while widening their conditional sampling
variation. With two trajectories per question, the macro-average ranges are [63.88, 64.82]% for OR
and [8.68, 9.41] percentage points for AD; with eight trajectories, they narrow to [64.16, 64.52]%
and [8.89, 9.17] percentage points. The full pool of 16 trajectories has no thinning uncertainty
because all recorded trajectories are retained.

(a) Probe thinning (b) Trajectory thinning
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Figure 6: Conditional sensitivity to probe and trajectory counts in the frozen experiment.
Left: OR and AD after reducing the number of probes at each measured position, with the earliest
maximum recomputed. Right: deviations from the full-16 OR and AD means under reduced trajec-
tory pools per model-question, with conditional percentile ranges from 2,000 draws. Left-panel OR
is in percent and AD in percentage points; right-panel deviations are in percentage points. These
conditional analyses keep the observed questions fixed and are distinct from the bootstrap in Ap-

pendix [A.5]

B.3 ZERO-STEP AND DIRECT-ANSWER COMPARISONS

The zero-step reference retains no thinking prefix and evaluates answer probes at £ = 0 under the
same frozen STP records used elsewhere in the paper. The resulting artifact contains 5,778 model—
question records, corresponding to 963 questions, six models, 16 sampled trajectories per question,
and 16 answer probes per trajectory. For comparison, we also report a separately provided direct-
answer condition whose prompt requests an answer without a reasoning trace. The two conditions
are related but not identical: zero-step retains the STP prompt and probe protocol, whereas direct
answer uses the separately specified no-thinking prompt.
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Table [/|reports the descriptive comparison using the same four benchmark groups and equal model
and benchmark weights as the main analysis. The zero-step entries are derived from the frozen STP
value P(0), while the direct-answer entries are the returned two-decimal aggregate results. The
overall means are similar descriptively in this model-task set, but this comparison does not establish
question-level agreement, statistical equivalence, or the validity of zero-step at every intermediate
stopping position.

Table 7: Zero-step and direct-answer accuracies (%). Zero-step retains no thinking prefix and
uses the frozen STP answer-probe protocol at £ = 0. Direct-answer uses a separately reported
prompt that requests an answer without a reasoning trace. Zero-step values are reported to two
decimals from the frozen P(0) records; direct-answer values are the returned two-decimal aggregate
results. Models M1-M6 follow Table [I] The Avg. column averages the four benchmark groups
equally, and the Avg. row averages the six models equally.

Model AIME MATH500 GPQA LCB Avg.
(a) Zero-step
M1 9.95 67.02 37.27 40.67 38.73
M2 0.60 51.74 20.08 13.88 21.57
M3 1.78 59.21 32.26 22.14 28.85
M4 21.45 81.56 39.29 23.85 41.54
M5 20.42 74.98 46.63 28.36 42.60
M6 24.21 80.15 46.74 25.86 44.24
Avg. 13.07 69.11 37.04 25.79 36.25

(b) Direct answer

M1 8.75 67.45 41.07 42.11 39.85
M2 0.35 51.80 22.79 16.64 22.90
M3 3.13 60.46 37.15 22.79 30.88
M4 19.93 79.99 39.77 20.21 39.98
M5 24.03 74.01 47.19 27.29 43.13
M6 30.42 82.58 51.13 27.17 47.83
Avg. 14.44 69.38 39.85 26.04 37.43

C ACCURACY CURVES AND TRAJECTORY DIVERSITY

Aggregate OR and AD describe complementary aspects of the measured trajectories, but do not
show how accuracy changes along an individual prefix sequence. This section provides two kinds of
examples: distinct observed curve shapes and differences among trajectories generated for the same
model and question. The examples illustrate the measurements without estimating the population
frequency of a curve taxonomy.

C.1 REPRESENTATIVE STP ACCURACY CURVES

Figure [/| presents recorded STP curves, marking each curve’s earliest maximum and reporting its
token-based OR and AD. The curves show how a similar suffix length can coexist with different
changes in answer accuracy, and how an early maximum can be followed by a plateau or further
fluctuations. Flat curves follow the same earliest-maximum convention. All values are empirical
proportions from 16 answer probes at each measured position, and a plotted accuracy change need
not indicate a change in the model’s internal reasoning state.

C.2 TRAIJECTORY DIVERSITY WITHIN A QUESTION

Figure [§] holds the model and question fixed and shows the sampled trajectories in separate panels
with shared axis ranges. This layout permits comparison of accuracy evolution and maximizing
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Tllustrative accuracy-curve shapes
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Figure 7: Representative measured accuracy curves, shown separately rather than overlaid.
Each panel identifies its model and benchmark and reports token-based OR and AD; markers locate
k*. The horizontal coordinate is the retained fraction of the trajectory’s full thinking-token count,
and the vertical coordinate is P(k). Line segments connect measured positions for readability and

are not additional probe measurements. The examples illustrate possible shapes and do not estimate
their prevalence.



positions without obscuring individual curves through overplotting. The displayed group is GPT-
0OSS-20B on GPQA-Diamond question recI j81R4tuDgrHou, selected by a documented deter-
ministic rule for a representative level of within-question variation rather than by maximizing the
observed effect. The example supplements the full-sample pairwise analysis in the main text; it does
not establish a frequency or a universal trajectory pattern.
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Figure 8: Trajectory diversity for one fixed model-question pair. Each panel shows one of its
16 sampled trajectories, with the same accuracy and relative thinking-token axes and a marker at its
earliest measured maximum. All trajectories of the selected question are displayed, including any
flat curves; no subset is chosen to enlarge the visual contrast. The displayed model is GPT-OSS-20B
and the question is GPQA-Diamond question recI j81R4tuDgrHou.

D STEP CONSTRUCTION AND MEASUREMENT RESOLUTION

STP uses operational steps to place probes at controllable resolution. This section examines the
token-level boundary rule and the distribution of resulting step lengths under different measurement
resolutions. The analyses concern the construction and resolution of the measurement used by the
main-text local-change analysis.

D.1 BOUNDARY IDENTIFICATION AND RESULTING STEP LENGTHS

For each tokenizer, we construct a vocabulary-level set containing every token ID whose individual
decoded form contains two consecutive newline characters. This includes a bare double newline and
compound forms in which punctuation, spaces, or other characters accompany it. After constructing
this set, splitting scans the original thinking-token IDs and tests set membership, rather than finding
boundaries in a decoded trajectory and mapping them back to tokens. Thus vocabulary inspection
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uses decoded token forms, while trajectory segmentation itself operates in token space. The per-
model audit distinguishes boundary occurrences contained inside a token from newline sequences
spanning adjacent tokens. Across all 92,448 trajectories and 576,688,123 stored thinking tokens, the
byte-level audit agrees with full-sequence decoding and finds no double-newline pair spanning token
boundaries. The boundary set contains 671 vocabulary IDs for GPT-OSS-20B and 565 for each of
the other five models; Table 8|reports the observed forms separately for each model. Reconstructing
the main b = 256 partition reproduces every recorded step position, with zero trajectory-level mis-
matches. These checks establish compatibility on the recorded experiment rather than a guarantee
about arbitrary future model outputs.

Table 8: Token-boundary audit and decoded forms. Vocabulary construction decodes each
ID; runtime splitting tests ID membership in B only. Seen counts observed boundary IDs; Events
counts their occurrences. Cross counts overlapping literal LF-LF pairs crossing token payloads;
Unmarked counts those whose right token is outside B. An asterisk denotes incomplete byte/decode
verification; unavailable entries are not zeros. Below, P/W/S/I are vocabulary counts: pure double
LF, other whitespace-only, compound double-LF suffix, and compound infix. The top three observed
literal forms are escaped, with occurrence counts; complete forms and reconstruction checks remain
in the accompanying CSV/protocol.

Model |B| Seen Events Cross Unmarked
GPT-OSS-20B 671 176 789,761
Qwen3-4B-Thinking-2507 565 182 3,393,687 0 0
Qwen3-30B-A3B-Thinking-2507 565 189 2,304,662 0 0
DeepSeek-R1-Distill-Qwen-7B 565 167 3,449,932 0 0
DeepSeek-R1-Distill-Qwen-14B 565 155 3,078,850 0 0
DeepSeek-R1-Distill-Qwen-32B 565 155 3,103,862 0 0
Model Vocabulary categories and top three observed forms
GPT-OSS-20B P/W/S/T: 1/48/552/70.

" An\n" (671,962); ":\n\n" (50,814); "\n\n" (20,366).
Qwen3-4B-Thinking-2507 P/W/S/T: 1/36/528/0.

" A\n\n" (1,862,578); "\n\n" (412,111); " : \n\n" (377.341).
Qwen3-30B-A3B-Thinking-2507 P/W/S/I: 1/36/528/0.

".A\n\n" (1,368,115); "\n\n" (245,952); " : \n\n" (225,673).
DeepSeek-R1-Distill-Qwen-7B  P/W/S/I: 1/36/528/0.

".A\n\n" (2,275,688); " : \n\n" (361,627); "\n\n" (309,895).
DeepSeek-R1-Distill-Qwen-14B  P/W/S/I: 1/36/528/0.

" \n\n" (2,028,756); *
DeepSeek-R1-Distill-Qwen-32B  P/W/S/I: 1/36/528/0.

" A\n\n" (2,073,340); *

:\n\n" (344,263); "\n\n" (261,462).

:\n\n" (346,149); "\n\n" (258,028).

To examine the control supplied by b, we repartition the same recorded thinking-token sequences
using b = 128, 256, and 512 and leave their generated content unchanged. Figure [9] shows the
empirical distributions of resulting step lengths separately for each model. Each distribution pools
the resulting steps of that model, giving each step equal weight. The distributions describe realized
step lengths, not a lower-bound guarantee or exact per-step length. Across models, the mean realized
step length ranges from 128.18 to 129.92 tokens for b = 128, from 255.16 to 256.84 for b = 256,
and from 499.80 to 513.01 for b = 512. The shift in these distributions makes the role of b as
a resolution parameter visible while retaining the variability of natural boundary spacing. This
experiment performs no new answer probing and therefore makes no claim about changes in OR,
AD, or oracle frontiers under the alternative partitions.
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Step-length probability distributions
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Figure 9: Empirical distributions of step-token lengths after repartitioning the same trajecto-
ries with b = 128, 256, and 512. Panels separate the six models, and b = 256 denotes the main
measurement setting. The horizontal axis counts tokens per resulting step. The analysis changes
only the partition and does not generate answers at the alternative positions.
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E LIMITATIONS AND FURTHER DIRECTIONS

Offline frontiers are evaluation references rather than deployable stopping policies. The fron-
tiers of oracle methods are constructed offline from complete STP curves and optimize measured
stopping actions under the structural constraints of each termination strategy. They therefore quan-
tify the potential available in the measured action space, but do not specify an online policy that can
access the same information before the trajectory is complete.

STP measurements depend on probing resolution and repeated answer generation. The mea-
sured accuracy curves depend on the constructed step boundaries, the target average step length, and
the number of answer probes at each position. Probing also requires repeated answer generation at
multiple prefixes, while the main token-cost metric counts retained thinking tokens rather than this
evaluation overhead. These choices determine the resolution and measurement uncertainty of OR,
AD, and the oracle frontiers.

The empirical evaluation covers a fixed set of models, tasks, and method adaptations. The
main experiments use six models, four benchmark groups, and one adapted public method from
each termination strategy. The reported curves therefore characterize the evaluated settings and do
not determine how the same patterns will extend to other model families, task domains, or imple-
mentations.

Finer-grained and trajectory-aware termination remains an open direction. Future work can
study policies that use richer information from the generated prefix, support finer-grained stopping
decisions, and evaluate a broader range of models and tasks. Such studies can also incorporate de-
ployment overheads and examine how closely online decisions can approach the offline references.
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