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Abstract

Bubek and Selke [2] propose the connection between the law of robustness and robust
generalization error as a fantastic open problem. The Law of Robustness states that
overparameterization is necessary for models to interpolate robustly, i.e., the function is
required to be Lipschitz. Wu et al. [30] extend this law for arbitrary data distributions,
proving L = Ω(n1/d). Robust generalization, on the other hand, asks if small robust
training loss implies small robust test loss. This can be studied using statistical learning
techniques like Rademacher complexities. Accordingly, a bound on the Rademacher
complexitiy of the robust loss class implies a bound on the Lipschitzness of the function
class. We use this to explicitly connect the two for arbitrary data distributions. i) We
prove that the order of the Lipschitz bound remains the same when considering global
Rademacher complexity of robust loss classes. ii) At the local scale, that is, for subsets
of functions with small empirical error, the order of the Lipschitz bound changes with
the perturbation radius ρ and localized concentration term

√
r/n.

1 Introduction

Deep neural networks have demonstrated exceptional performance across different machine learning
applications [16]. One of the fundamental methodologies of deep learning involves overparameterized
models. These networks are highly expressive and are often easy to optimize to (near) zero training
error with SGD. [21] In many settings, making the model even larger can improve test performance
beyond the interpolation threshold, a phenomenon also known as double descent [22]. Bubek et
al. [3] provide a theoretical explanation for why overparameterization is necessary: they introduce a
sharp law of robustness for two layer neural networks showing that achieving robust interpolation
characterized by a small Lipschitz constant requires more parameters than interpolation alone. Bubek
and Selke [2] then prove a universal version under isoperimetric covariate distributions, showing
that smooth interpolation for O(1) Lipschitz requires p ≫ nd parameters. Furthermore, Wu et
al. [30] extend the theory beyond isoperimetry, providing robust-interpolation lower bounds for
arbitrary bounded-support distribution. Despite their remarkable success, deep networks remain
vulnerable to subtle perturbations, as revealed through the existence of adversarial samples [12]. The
most common mitigation strategy is adversarial training, where models are trained on adversarially
perturbed examples to improve robustness [26]. Other methods such as margin-based measures,
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flatness-based measures, and gradient-based measures have also been utilized to improve adverserial
robustness [24]. Another line of work pursues certified robustness by constraining the Lipschitz
constant of the model, which provides formal guarantees on the maximum possible perturbation
impact [14].

However, none of these methods explicitly connect these two different notions of robustness, i.e.,
the Law of Robustness to robust generalization. Bubek and Selke [2] refer to this connection as a
“fantastic open problem.” We study this problem through the lens of Rademacher complexity, which
provides distribution-dependent uniform bounds on the deviations of the induced loss class.

We first show that, under the assumption of overfitting, we can bound the robust generalization error.
We then apply global Rademacher bounds to obtain upper and lower bounds on the complexity of the
loss class. This allows us to derive a bound on the Lipschitz constant of the robust loss, which we
observe does not change its order and remains Ω(n1/d), consistent with the distribution-free setting
in [30].

However, global Rademacher complexity is too coarse for interpolation and low-error regimes,
because it measures the complexity over the entire loss class rather than the small-risk region selected
by the learning process [1, 15]. Local Rademacher complexity allows us to compute the complexity
of subclasses with small empirical risk, thus providing tighter bounds. Covering numbers can be used
to relate metric entropy estimates to local Rademacher complexity bounds [17]. Motivated by this,
we polynomially bound the metric entropy of Lipschitz function classes using covering numbers and
graph theory. We use this result to bound the metric entropy of the robust square loss, and then prove
that polynomial entropy implies a local bound on the Rademacher complexity.

We extend our previously obtained lower bounds on the Robust Generalization gap in the global
setting (where we showed that the order of the Lipschitz constant does not change), to the local
setting. We now find that the bound on the Lipschitz constant of the robust loss is dependent upon
the perturbation radius ρ and localized concentration term

√
r/n. So we answer the titular question,

does order matter? It turns out this depends on how closely one looks!

2 Related Work

2.1 Adversarial robustness, adversarial training, and Lipschitz

Modern neural networks are vulnerable to adversarial examples, a phenomenon first identified by
[27, 11]. The most widely used defense is adversarial training, which minimizes a worst-case
objective over bounded perturbations [20], with principled variants such as TRADES making explicit
the trade-off between standard and robust accuracy [35]. Furthermore, parameter-free evaluation
suites such as AutoAttack are commonly used for reliable comparison due to robustness being highly
sensitive to the threat model [8]. Another line of work deals certified robustness by controlling
(global or local) Lipschitz. Bounding a model’s Lipschitz constant yields worst-case guarantees
on output variation under input perturbations, motivating Lipschitz regularization and Lipschitz-
constrained architectures. Examples such as Parseval networks [7], Lipschitz-margin training for
scalable certification [28], and more recent work emphasizing expressive Lipschitz networks for
improved certified robustness [34]. However, computing tight global Lipschitz constants for deep
neural networks is difficult, so much work has focused on computable bounds and approximations.
CLEVER relates robustness evaluation to local Lipschitz estimation [29], while optimization-based
methods provide tighter upper bounds for neural networks [10]. Zuhlke and Kudenko [38] provide a
comprehensive survey unifying Lipschitz constants, adversarial attacks, robustness guarantees, and
estimation methods.

2.2 Overparameterization and laws of robustness

Recent theory connects model size and smooth interpolation through lower bounds on the Lipschitz
constant of interpolating predictors. Bubek et al. [3] formulate and prove a sharp trade-off for two-
layer networks, suggesting that overparameterization is necessary to achieve small Lipschitz constant
while fitting the data. Bubek and Selke [2] establish a universal version under isoperimetric-type
covariate distributions, showing that smooth interpolation can require substantially more parameters
than interpolation alone. Wu et al. [30] extend this direction beyond isoperimetry and derive
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distribution-free robust-interpolation lower bounds, including an Ω(n1/d) regime for general bounded-
support distributions. More recently, Das et al. [9] generalize universal-law-type results beyond
squared loss to a broad family of Bregman divergence losses (covering common classification losses),
and related work also studies robustness laws under weight-bounded classes [13].

2.3 Robust generalization and robust overfitting

A persistent challenge in adversarial robustness is robust generalization, where robust training error
can be low while test error remains high. It is known that robust learning can require significantly more
labeled data than standard learning, even in simple data models [25, 4, 33]. It has also been shown by
[31] that robust generalization bounds exhibit unavoidable dimension dependence unless additional
structure is imposed. A closely related phenomenon is robust overfitting: continued adversarial
training can improve robust training loss while degrading robust test performance [23]. Subsequent
work proposes mechanisms to mitigate robust overfitting via learned smoothing regularization [5]
or by analyzing which subsets of adversarial examples drive overfitting and modifying training
to counteract it [32]. Moreover, it has recently been shown why why robust generalization is
intrinsically challenging from an expressive power perspective [19]. Finally, several recent papers
develop stability-based and training-dynamics-based explanations for robust generalization behavior
[36, 6, 37]. Additionally, recent work further formalizes the clean-generalization vs. robust-overfitting
dichotomy through representation complexity and phase-transition analyses [18].

3 Law of Robustness and Robust Generalization

3.1 Notation

All random variables are defined on a common probability space. The data-generating distribution is
denoted by P , and a generic sample is written as Z = (X,Y ) ∼ P , where (X,Y ) takes values in
X ×Y ⊆ Rd × [−1, 1]. Let σ2 = E[Var(Y | X)] be the irreducible noise level. The training sample
is written as S = {Zi = (Xi, Yi)}ni=1 ∼ Pn. Pn denotes the empirical measure associated with S.
Thus, for any measurable function g : X × Y → R, we write

Pg = E[g(X,Y )] and Png =
1

n

n∑
i=1

g(Xi, Yi).

For ρ ≥ 0, let Bρ(x) = denote the closed Euclidean ball of radius ρ centered at x. We also define the
ρ-enlargement of the input space by Xρ = {x+ u : x ∈ X , ∥u∥2 ≤ ρ}. For L ≥ 0, let

FL = {f : Xρ → [−1, 1] : |f(x)− f(x′)| ≤ L∥x− x′∥2 for all x, x′ ∈ Xρ}
be the class of bounded L-Lipschitz functions. When the perturbation radius is clear from context,
we suppress the dependence of FL on Xρ.

For f ∈ FL, the clean squared loss and the adversarial squared loss at radius ρ are ℓ0,f (x, y) =
(f(x) − y)2 and ℓρ,f (x, y) = supx̃∈Bρ(x)(f(x̃) − y)2. When ρ = 0, this reduces to the clean loss.
The corresponding clean population and empirical risks are

R0(f) = Pℓ0,f and R̂0(f) = Pnℓ0,f , while the robust population risks and empirical risks
are Rρ(f) = Pℓρ,f and R̂ρ(f) = Pnℓρ,f . The robust generalization gap is denoted by
Gapρ(f) = Rρ(f)− R̂ρ(f).

The clean and robust loss classes induced by FL are

L0(FL) = {ℓ0,f : f ∈ FL}, Lρ(FL) = {ℓρ,f : f ∈ FL}.
When the underlying predictor class is clear, we abbreviate these by L0 and Lρ.

Finally, when (T, dT ) is a metric space and η > 0, the covering number N (η, T, dT ) is the smallest
integer N for which there exist t1, . . . , tN ∈ T such that T ⊆

⋃N
j=1{t ∈ T : dT (t, tj) ≤ η}. If no

such finite cover exists, we set N (η, T, dT ) = ∞.

For a class G of functions and a probability measure Q, we write ∥g − h∥L2(Q) =
(
Q(g − h)2

)1/2
.

Thus N (η,G, L2(Q)) denotes the covering number of G under the L2(Q)-metric.
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We first show that clean overfitting creates a robust train–test gap. Furthermore, we use Rademacher
generalization bounds to obtain a lower bound on the complexity of the robust loss class.

Lemma 1 (Robust generalization gap and overfitting). For any f ∈ FL, R̂ρ(f) ≤(√
R̂0(f) + Lρ

)2

, and hence Gapρ(f) ≥ σ2 −
(√

R̂0(f) + Lρ

)2

.

Proof. For each (Xi, Yi) ∈ S and every X̃i ∈ Bρ(Xi), |f(X̃i) − Yi| ≤ |f(Xi) − Yi| + |f(X̃i) −
f(Xi)| ≤ |f(Xi)−Yi|+Lρ. Taking the supremum over X̃i ∈ Bρ(Xi), squaring, and averaging gives

R̂ρ(f) ≤ 1
n

∑n
i=1 (|f(Xi)− Yi|+ Lρ)

2. By Cauchy–Schwarz, 1
n

∑n
i=1 |f(Xi)− Yi| ≤

√
R̂0(f).

Therefore

R̂ρ(f) ≤ R̂0(f) + 2Lρ

√
R̂0(f) + L2ρ2 =

(√
R̂0(f) + Lρ

)2

.

Finally, Rρ(f) ≥ R0(f) ≥ σ2, where the last inequality follows from the squared-loss variance
decomposition. This proves the claim.

Corollary 1 (Overfitting implies a robust gap). If 0 < ε < σ2 and R̂0(f) ≤ σ2 − ε, then

Gapρ(f) ≥ Γρ(ε, L)

where Γρ(ϵ, L) := σ2 −
(√

σ2 − ε+ Lρ
)2

= ε − 2Lρ
√
σ2 − ε − L2ρ2. In particular, the lower

bound is positive whenever Lρ < σ −
√
σ2 − ε.

Proof. The assumption gives
√
R̂0(f) ≤

√
σ2 − ε; substituting in Theorem 1 proves the result.

We now convert the robust gap into a lower bound on the complexity of the robust loss class. Since
Y ∈ [−1, 1], every robust squared loss satisfies 0 ≤ ℓρ,f ≤ 4.

Definition 1 (Rademacher complexities). Let S = {Zi}ni=1 be a sample, and let ξ1, . . . , ξn be
independent Rademacher random variables, independent of S, with P(ξi = 1) = P(ξi = −1) = 1

2 .

For a class G of real-valued functions on X × Y , the empirical and expected Rademacher complexity
is

R̂S(G) = Eξ

[
sup
g∈G

1

n

n∑
i=1

ξig(Zi)

]
and Rn(G) = ESR̂S(G).

Lemma 2 (Complexity forced by a robust gap). With probability at least 1−δ over S, simultaneously
for all f ∈ FL,

Rn(Lρ) ≥
1

2

[
σ2 −

(√
R̂0(f) + Lρ

)2

− 4

√
log(1/δ)

2n

]
.

Consequently, if R̂0(f) ≤ σ2 − ε, then

Rn(Lρ) ≥
1

2

[
Γρ(ε, L)− 4

√
log(1/δ)

2n

]
.

Proof. By the standard Rademacher generalization bound for classes bounded in [0, 4], with proba-
bility at least 1− δ, every g ∈ Lρ satisfies

Pg − Png ≤ 2Rn(Lρ) + 4

√
log(1/δ)

2n
.

Applying this to g = ℓρ,f gives, uniformly over f ∈ FL,

Gapρ(f) ≤ 2Rn(Lρ) + 4

√
log(1/δ)

2n
.
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Combining this upper bound with Lemma 1 yields

σ2 −
(√

R̂0(f) + Lρ

)2

≤ 2Rn(Lρ) + 4

√
log(1/δ)

2n
.

Rearranging proves the first inequality. The below-noise version follows from Corollary 1.

We now compare robust and clean squared-loss classes.

Lemma 3 (Extremal envelopes). For f ∈ FL, define f+
ρ (x) = supx̃∈Bρ(x) f(x̃) and f−

ρ (x) =

inf x̃∈Bρ(x) f(x̃). Both f+
ρ and f−

ρ are bounded in [−1, 1] and L-Lipschitz on X . Moreover, for every
(x, y) ∈ X × [−1, 1], ℓρ,f (x, y) = max

{
(f+

ρ (x)− y)2, (f−
ρ (x)− y)2

}
. See Appendix A-8 for the

proof.

Corollary 2 (Squared-loss contraction). Let y1, . . . , yn ∈ [−1, 1], and let A ⊆ [−1, 1]n. Then

R̂
({(

(ai − yi)
2
)n
i=1

: a ∈ A
})

≤ 4 R̂(A).

Proof. Set ϕi(t) = (t− yi)
2 − y2i . Then ϕi(0) = 0, and ϕi is 4-Lipschitz on [−1, 1]. Extend ϕi to a

4-Lipschitz function on R. We use the local contraction Lemma 9 (Appendix A) gives

R̂
({(

(ai − yi)
2 − y2i

)n
i=1

: a ∈ A
})

≤ 4 R̂(A).

Adding the fixed vector (y2i )
n
i=1 does not change Rademacher complexity.

Lemma 4 (Coordinatewise maxima). Let A,B ⊆ Rn, and define A∨B = {(a1 ∨ b1, . . . , an ∨ bn) :

a ∈ A, b ∈ B}. Then R̂(A ∨B) ≤ R̂(A) + R̂(B).

Proof. Using u ∨ v = (u+ v + |u− v|)/2,

R̂(A ∨B) ≤ 1

2
R̂(A) +

1

2
R̂(B) +

1

2
Eξ

[
sup

a∈A,b∈B

1

n

n∑
i=1

ξi|ai − bi|

]
.

Apply Lemma 9 to the class {a− b : a ∈ A, b ∈ B} and to t 7→ |t|. The last expectation is at most

Eξ

[
sup

a∈A,b∈B

1

n

n∑
i=1

ξi(ai − bi)

]
≤ R̂(A) + R̂(−B).

Since R̂(−B) = R̂(B), the claim follows.

Theorem 1 (Local robust-to-clean reduction). Fix a sample S = {(Xi, Yi)}ni=1. Let

FL(X ) = {h : X → [−1, 1] : |h(x)− h(x′)| ≤ L∥x− x′∥2 for all x, x′ ∈ X}.

Then R̂S

(
Lρ(FL)

)
≤ 2 R̂S

(
L0(FL(X ))

)
≤ 8 R̂Xn

1

(
FL(X )

)
.

Proof. By Lemma 3, every robust-loss vector
(
ℓρ,f (Xi, Yi)

)n
i=1

is the coordinatewise maximum of
two clean squared-loss vectors induced by f+

ρ and f−
ρ . Since both envelopes belong to FL(X ), the

set of robust-loss vectors is contained in A ∨A, where

A =
{(

(h(Xi)− Yi)
2
)n
i=1

: h ∈ FL(X )
}
.

By monotonicity of Rademacher complexity and Lemma 4,

R̂S

(
Lρ(FL)

)
≤ R̂(A ∨A) ≤ 2 R̂(A) = 2 R̂S

(
L0(FL(X ))

)
.

The second inequality follows from Corollary 2, because h(Xi) ∈ [−1, 1] and Yi ∈ [−1, 1]:

R̂S

(
L0(FL(X ))

)
≤ 4 R̂Xn

1

(
FL(X )

)
.

Combining the two bounds proves the claim. Using Lemma 3.8 in [30], L = Ω(n1/d)
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4 Local Rademacher complexity and Robust Generalization

We now localize the robust loss class by its true L2(P )-radius. For r ≥ 0, define Lρ(r) ={
ℓρ,f : f ∈ FL, P ℓ2ρ,f ≤ r

}
.

Throughout this section, let X ⊂ Rd be nonempty, compact, and connected, with D := diam(X ) <
∞. Because the robust loss evaluates f on the enlarged set Xρ, while samples lie in X , we first record
a simple extension lemma. It shows that any Lipschitz function defined on X can be extended to Xρ

without increasing its Lipschitz constant or leaving the range [−1, 1]. This allows us to treat covers
of restrictions to X as covers induced by functions in the original class on Xρ.

For purposes of bounding the empirical metric entropy on samples from X , it is enough to construct
covers of Lipschitz functions on X . Any such approximant may be extended back to Xρ while
remaining in BL. This can be proved using McShane’s Theorem (Appendix A).We next prove a
covering bound for bounded Lipschitz functions on X .

Theorem 2 (Metric entropy of bounded Lipschitz predictors). Let FL(X ) be as defined above. There
is a constant cd > 0, depending only on d, such that for every 0 < η ≤ 1,

logN (η,FL(X ), ∥ · ∥∞) ≤ cd

(
1 + LD

η

)d

.

Proof. The case L = 0 is immediate. Assume L > 0 and set δ = η/(8L). Let x1, . . . , xm be a
maximal δ-separated subset of X . Then it is a δ-net, and the standard packing bound gives

m ≤
(
1 +

2D

δ

)d

=

(
1 +

16LD

η

)d

.

Connect i and j if B(xi, δ) ∩B(xj , δ) ̸= ∅. This graph is connected; otherwise the corresponding
unions of δ-balls over two graph components would separate the connected set X . Fix a spanning
tree rooted at an arbitrary vertex.

Let h = η/4 and Gη = hZ∩[−1−h/2, 1+h/2]. Choose πη(t) ∈ Gη with |t−πη(t)| ≤ h/2 = η/8,
t ∈ [−1, 1]. Then |Gη| ≤ 2 + 8/η. For f ∈ FL(X ), define its quantized net-value vector by

q(f) = (q1(f), . . . , qm(f)), qj(f) = πη(f(xj)).

The root coordinate has at most 2 + 8/η choices. If p(j) is the parent of j in the spanning tree, then
∥xj − xp(j)∥2 ≤ 2δ, and hence |f(xj)− f(xp(j))| ≤ 2Lδ = η/4. Therefore |qj(f)− qp(j)(f)| ≤
η/8 + η/4 + η/8 = η/2. Since the grid spacing is η/4, each non-root coordinate has at most five
possible values once its parent value is fixed. Thus the number of admissible quantized net-value
vectors is at most

(
2 + 8

η

)
5m−1.

If f, g ∈ FL(X ) have the same quantized net-value vector, then for any x ∈ X , choosing xj with
∥x− xj∥2 ≤ δ gives |f(x)− g(x)| ≤ Lδ + η/8 + η/8 + Lδ = η/2. Hence each nonempty fiber of
the quantization map has ∥ · ∥∞-diameter at most η. Taking one representative from each nonempty
fiber yields an η-cover, so

logN (η,FL(X ), ∥ · ∥∞) ≤ log

(
2 +

8

η

)
+ (log 5)

(
1 +

16LD

η

)d

.

Let A = (1 + LD)/η. Since 0 < η ≤ 1, A ≥ 1, and

log

(
2 +

8

η

)
≤ 10

η
≤ 10Ad.

Also, 1 + 16LD
η ≤ 17A Hence logN (η,FL(X ), ∥ · ∥∞) ≤

(
10 + 17d log 5

)
Ad. Absorbing the

constant into cd gives

logN (η,FL(X ), ∥ · ∥∞) ≤ cd

(
1 + LD

η

)d

.
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Lemma 5 (Metric entropy of robust squared losses). There is a constant Cd > 0, depending only on
d, such that for every 0 < η ≤ 4,

logN (η,Lρ(FL), ∥ · ∥∞) ≤ Cd

(
1 + LD

η

)d

.

See Appendix A-12 for the proofs.

Lemma 6 (Polynomial entropy implies a local bound). Let G be a measurable class of functions
bounded in [0, b], where b > 0. Assume that for some p > 2 and A > 0,

sup
Q

logN (η,G, L2(Q)) ≤ Aη−p for all 0 < η ≤ b,

where the supremum is over all finitely supported probability measures Q. For r ≥ 0, define

G(r) = {g ∈ G : Pg2 ≤ r}.

Let Ā := 1 ∨A. Then there is a constant Cp,b > 0, depending only on p and b, such that

Rn(G(r)) ≤ Cp,b

(
Ā1/pn−1/p +

√
r

n

)
.

In particular, if A ≥ 1, then

Rn(G(r)) ≤ Cp,b

(
A1/pn−1/p +

√
r

n

)
.

See Appendix A-13 for the proofs.

Theorem 3 (Localized robust Rademacher upper bound). Assume d ≥ 3. There is a constant Cd > 0,
depending only on d, such that for every r ∈ [0, 16],

Rn

(
Lρ(r)

)
≤ Cd

(
(1 + LD)n−1/d +

√
r

n

)
.

Proof. Since f : Xρ → [−1, 1] and Y ∈ [−1, 1], every robust squared loss satisfies

0 ≤ ℓρ,f ≤ 4.

By Lemma 5, and since ∥ · ∥L2(Q) ≤ ∥ · ∥∞,

sup
Q

logN (η,Lρ(FL), L2(Q)) ≤ Cd

(
1 + LD

η

)d

.

Apply Lemma 6 with G = Lρ(FL), p = d, b = 4, and A = Cd(1 + LD)d. This gives

Rn

(
Lρ(r)

)
≤ Cd

(
(1 + LD)n−1/d +

√
r

n

)
,

after absorbing constants depending only on d.

Lemma 7 (Localized robust gap forces localized complexity). Fix r ∈ [0, 16] and δ ∈ (0, 1). With
probability at least 1− δ over S, every f ∈ FL satisfying

Pℓ2ρ,f ≤ r and R̂0(f) ≤ σ2 − ε

also satisfies

Rn

(
Lρ(r)

)
≥ 1

2

[
Γρ(ε, L)− 4

√
log(1/δ)

2n

]
.

This can be proved using standard McDiarmid’s inequality. The detailed proof is in Appendix A.
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Corollary 3 (Localized compatibility condition). Under the assumptions of Theorem 3, fix r ∈ [0, 16]
and δ ∈ (0, 1). With probability at least 1− δ, every f ∈ FL satisfying

Pℓ2ρ,f ≤ r and R̂0(f) ≤ σ2 − ε

must obey

Γρ(ε, L) ≤ 2Cd

(
(1 + LD)n−1/d +

√
r

n

)
+ 4

√
log(1/δ)

2n
.

Equivalently,

ε− 2Lρ
√
σ2 − ε− L2ρ2 ≤ 2Cd

(
(1 + LD)n−1/d +

√
r

n

)
+ 4

√
log(1/δ)

2n
.

Proof. Combine Corollary 11 with Theorem 3.

5 Local Lipschitz Scaling from Localized Robust Rademacher Bounds

We now rewrite the localized compatibility condition as a lower bound on the Lipschitz scale L.
Throughout this section, assume d ≥ 3, D = diam(X ) < ∞, 0 < ε < σ2, r ∈ [0, 16], δ ∈ (0, 1),
and ρ ≥ 0. Define sε :=

√
σ2 − ε. By Corollary 3, with probability at least 1 − δ, every f ∈ FL

satisfying Pℓ2ρ,f ≤ r and R̂0(f) ≤ σ2 − ε must obey

ε− 2Lρsε − L2ρ2 ≤ 2Cd

(
(1 + LD)n−1/d +

√
r

n

)
+ 4

√
log(1/δ)

2n
. (1)

Define the localized excess margin

∆n,r,δ := ε− 2Cdn
−1/d − 2Cd

√
r

n
− 4

√
log(1/δ)

2n
. (2)

Then (1) implies
∆n,r,δ ≤ ρ2L2 +

(
2ρsε + 2CdDn−1/d

)
L. (3)

Thus a nontrivial lower bound on L is obtained precisely in the regime

∆n,r,δ > 0.

Corollary 4 (Local Lipschitz scaling). On the event of probability at least 1− δ from Corollary 3,
suppose that ∆n,r,δ > 0. Then every f ∈ FL satisfying Pℓ2ρ,f ≤ r and R̂0(f) ≤ σ2 − ε must satisfy
the following lower bounds.

If ρ > 0, then

L ≥
−Bn,ρ,ε +

√
B2

n,ρ,ε + 4ρ2∆n,r,δ

2ρ2
, (4)

where
Bn,ρ,ε := 2ρ

√
σ2 − ε+ 2CdDn−1/d. (5)

Equivalently,

L ≥ 2∆n,r,δ

Bn,ρ,ε +
√
B2

n,ρ,ε + 4ρ2∆n,r,δ

. (6)

In particular,

L ≥ ∆n,r,δ

2ρ
√
σ2 − ε+ 2CdDn−1/d + ρ

√
∆n,r,δ

. (7)

Consequently, up to constants depending only on d,

L = Ω

(
∆n,r,δ

ρ
√
σ2 − ε+Dn−1/d + ρ

√
∆n,r,δ

)
. (8)
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See Appendix A-5 for the proofs.

Remark 1 (A weaker form using σ). Since
√
σ2 − ε ≤ σ, one may replace Bn,ρ,ε by the larger

quantity Bn,ρ := 2ρσ + 2CdDn−1/d. This gives the weaker but sometimes simpler valid lower
bound, for ρ > 0,

L ≥
−Bn,ρ +

√
B

2

n,ρ + 4ρ2∆n,r,δ

2ρ2
,

and hence

L = Ω

(
∆n,r,δ

ρσ +Dn−1/d + ρ
√
∆n,r,δ

)
,

whenever ∆n,r,δ > 0. This is a relaxation of the exact bound, not the exact compatibility condition.

Ignoring only constants depending on d, the confidence term, and the displayed lower-order localiza-
tion terms, the exact nonvacuous regime can be summarized as

L = Ω

 ε− n−1/d −
√
r/n

ρ
√
σ2 − ε+Dn−1/d + ρ

√
ε− n−1/d −

√
r/n

 ,

provided the numerator is positive.

Dependence on the number of parameters. The localized Rademacher argument above is geo-
metric: it applies to the bounded Lipschitz class on a d-dimensional domain and therefore depends
on n, d,D, r, ρ, σ, ε, and δ, but not directly on the number of network parameters p. A parameter-
count dependence enters only after imposing an additional assumptions on the distribuion like the
Isoperimteric distribution [2].

6 Discussion

This work takes a step towards unifying worst-case robustness and robust generalization, as posed by
[2]. In the global setting, our analysis connects robust generalization gaps to the global Rademacher
complexity of the induced robust loss class, finding that the Lipschitz constant remains of the order
Ω(n1/d). Interestingly, when using local notions of Rademacher complexity, we find a contrary
outcome: the order of the Lipschitz constant changes with ρ and the concentration term

√
r/n.

We surmise that this is because, in the global setting, the number of functions is huge: in this massive
ocean of functions, perturbations are imperceptible in terms of order. However, when we zoom in
and look at the functions which might actually be reached by the optimizing algorithm, the changes
suddenly become visible: the order of the Lipschitz constant is now directly affected!

There are several natural directions for future work. First, there needs to be experimental exploration
of the significance of this concentration term. Next, our theoretical results are stated for square-
loss, whereas Robust Generalization is usually in the classification setting using cross-entropy loss;
extending the analysis to Bregmann divergence losses would close this gap. Further, distributional
robustness may provide another route to connect robust generalization with worst-case robustness.
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A Technical appendices and supplementary material

Lemma 8 (Extremal envelopes). For f ∈ FL, define

f+
ρ (x) = sup

x̃∈Bρ(x)

f(x̃), f−
ρ (x) = inf

x̃∈Bρ(x)
f(x̃).

Both f+
ρ and f−

ρ are bounded in [−1, 1] and L-Lipschitz on X . Moreover, for every (x, y) ∈
X × [−1, 1],

ℓρ,f (x, y) = max
{
(f+

ρ (x)− y)2, (f−
ρ (x)− y)2

}
.

Proof. Since Bρ(x) ⊆ Xρ, the envelopes are well-defined and bounded in [−1, 1]. For x, x′ ∈ X
and ∥u∥2 ≤ ρ,

f(x+ u) ≤ f(x′ + u) + L∥x− x′∥2.
Taking the supremum over u gives

f+
ρ (x) ≤ f+

ρ (x′) + L∥x− x′∥2.

Exchanging x, x′ proves that f+
ρ is L-Lipschitz. Since f−

ρ = −(−f)+ρ , the same holds for f−
ρ .

Fix (x, y). Let

Ax = {f(x̃) : x̃ ∈ Bρ(x)}, M = supAx, m = inf Ax.

Since Ax ⊆ [m,M ],
sup
z∈Ax

(z − y)2 ≤ max{(M − y)2, (m− y)2}.

The reverse inequality follows by approximating M and m with sequences in Ax. Hence

sup
z∈Ax

(z − y)2 = max{(M − y)2, (m− y)2},

which gives the claimed identity.

Lemma 9 (Local contraction). Let A ⊆ Rn. For each i, let ϕi : R → R be C-Lipschitz and satisfy
ϕi(0) = 0. Then

R̂ ({(ϕ1(a1), . . . , ϕn(an)) : a ∈ A}) ≤ C R̂(A).

Lemma 10 (Range-preserving Lipschitz extension). Let g : X → [−1, 1] be L-Lipschitz. Then there
exists an L-Lipschitz function g̃ : Xρ → [−1, 1] such that g̃ = g on X .

Proof. By the McShane extension theorem, the function

g̃0(z) := inf
x∈X

{g(x) + L ∥z − x∥}, z ∈ Xρ,

is an L-Lipschitz extension of g from X to Xρ. The metric projection Π[−1,1](t) :=
max{−1,min{t, 1}} is 1-Lipschitz on R, so g̃ := Π[−1,1] ◦ g̃0 is still L-Lipschitz, takes values
in [−1, 1], and agrees with g on X because g(X ) ⊂ [−1, 1].
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Lemma 11 (Localized robust gap forces localized complexity). Fix r ∈ [0, 16] and δ ∈ (0, 1). With
probability at least 1− δ over S, every f ∈ FL satisfying

Pℓ2ρ,f ≤ r and R̂0(f) ≤ σ2 − ε

also satisfies

Rn

(
Lρ(r)

)
≥ 1

2

[
Γρ(ε, L)− 4

√
log(1/δ)

2n

]
.

Proof. Let
Φ(S) := sup

g∈Lρ(r)

(Pg − Png).

Since 0 ≤ g ≤ 4 for all g ∈ Lρ(r), McDiarmid’s inequality gives, with probability at least 1− δ,

Φ(S) ≤ ESΦ(S) + 4

√
log(1/δ)

2n
.

By the usual ghost-sample symmetrization,

ESΦ(S) ≤ ES,S′ sup
g∈Lρ(r)

1

n

n∑
i=1

(
g(Z ′

i)− g(Zi)
)
≤ 2Rn

(
Lρ(r)

)
.

Hence, on the same event,

sup
g∈Lρ(r)

(Pg − Png) ≤ 2Rn

(
Lρ(r)

)
+ 4

√
log(1/δ)

2n
.

Now let f satisfy Pℓ2ρ,f ≤ r. Then ℓρ,f ∈ Lρ(r), so

Rρ(f)− R̂ρ(f) ≤ 2Rn

(
Lρ(r)

)
+ 4

√
log(1/δ)

2n
.

If also R̂0(f) ≤ σ2 − ε, then Corollary 1 gives

Rρ(f)− R̂ρ(f) ≥ Γρ(ε, L).

Combining the last two displays and rearranging proves the claim.

Lemma 12 (Metric entropy of robust squared losses). There is a constant Cd > 0, depending only
on d, such that for every 0 < η ≤ 4,

logN (η,Lρ(FL), ∥ · ∥∞) ≤ Cd

(
1 + LD

η

)d

.

Proof. By Lemma 3, for every f ∈ FL,

ℓρ,f (x, y) = max
{
(f+

ρ (x)− y)2, (f−
ρ (x)− y)2

}
,

where f+
ρ , f−

ρ ∈ FL(X ). Define the auxiliary class

Mρ :=
{
mh+,h− : (x, y) 7→ max

{
(h+(x)− y)2, (h−(x)− y)2

}
: h+, h− ∈ FL(X )

}
.

Then
Lρ(FL) ⊆ Mρ.

We first convert covers of the larger class Mρ into proper covers of the subclass Lρ(FL). Let α > 0,
and let m1, . . . ,mN ∈ Mρ be an α-cover of Mρ in ∥ · ∥∞, where

N = N (α,Mρ, ∥ · ∥∞) .

For each index j such that
B∞(mj , α) ∩ Lρ(FL) ̸= ∅,
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choose one element
gj ∈ B∞(mj , α) ∩ Lρ(FL).

Discard the remaining indices. We claim that the selected functions {gj} ⊆ Lρ(FL) form a 2α-cover
of Lρ(FL). Indeed, for any g ∈ Lρ(FL), since Lρ(FL) ⊆ Mρ, there exists j such that

∥g −mj∥∞ ≤ α.

For this index j, the ball B∞(mj , α) intersects Lρ(FL), so a corresponding gj was selected and
satisfies

∥gj −mj∥∞ ≤ α.
Therefore, by the triangle inequality,

∥g − gj∥∞ ≤ ∥g −mj∥∞ + ∥mj − gj∥∞ ≤ 2α.

Thus
N (2α,Lρ(FL), ∥ · ∥∞) ≤ N (α,Mρ, ∥ · ∥∞) .

Taking α = η/2, we obtain

N (η,Lρ(FL), ∥ · ∥∞) ≤ N
(η
2
,Mρ, ∥ · ∥∞

)
.

It remains to bound the covering number of Mρ. Set β := η
8 . Since 0 < η ≤ 4, we have 0 < β ≤ 1/2,

so Lemma 2 applies at scale β. Let h1, . . . , hM ∈ FL(X ) be a proper β-cover of FL(X ) in ∥ · ∥∞,
with

M = N (β,FL(X ), ∥ · ∥∞) .
For each pair 1 ≤ j, k ≤ M , define

mjk(x, y) := max
{
(hj(x)− y)2, (hk(x)− y)2

}
.

By construction, mjk ∈ Mρ.

We claim that the functions {mjk : 1 ≤ j, k ≤ M} form an η/2-cover of Mρ. Fix mh+,h− ∈ Mρ.
Choose j, k such that

∥h+ − hj∥∞ ≤ β, ∥h− − hk∥∞ ≤ β.
For all (x, y) ∈ X × Y ,∣∣(h+(x)− y)2 − (hj(x)− y)2

∣∣ = |h+(x)− hj(x)| |h+(x) + hj(x)− 2y|
≤ 4∥h+ − hj∥∞ ≤ 4β.

Here we used h+(x), hj(x), y ∈ [−1, 1]. Similarly,∣∣(h−(x)− y)2 − (hk(x)− y)2
∣∣ ≤ 4β.

Since the maximum map is 1-Lipschitz with respect to the sup norm on R2, we have∣∣mh+,h−(x, y)−mjk(x, y)
∣∣ ≤ max

{∣∣(h+(x)− y)2 − (hj(x)− y)2
∣∣ , ∣∣(h−(x)− y)2 − (hk(x)− y)2

∣∣}
≤ 4β =

η

2
.

Taking the supremum over (x, y) gives ∥mh+,h− −mjk∥∞ ≤ η
2 . Therefore

N
(η
2
,Mρ, ∥ · ∥∞

)
≤ N

(η
8
,FL(X ), ∥ · ∥∞

)2
.

Combining the preceding bounds yields

N (η,Lρ(FL), ∥ · ∥∞) ≤ N
(η
8
,FL(X ), ∥ · ∥∞

)2
.

Taking logarithms and applying Lemma 2,

logN (η,Lρ(FL), ∥ · ∥∞) ≤ 2 logN
(η
8
,FL(X ), ∥ · ∥∞

)
≤ 2cd

(
1 + LD

η/8

)d

= 2 · 8dcd
(
1 + LD

η

)d

.

Thus the claim holds with
Cd := 2 · 8dcd.
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Lemma 13 (Polynomial entropy implies a local bound). Let G be a measurable class of functions
bounded in [0, b], where b > 0. Assume that for some p > 2 and A > 0,

sup
Q

logN (η,G, L2(Q)) ≤ Aη−p for all 0 < η ≤ b,

where the supremum is over all finitely supported probability measures Q. For r ≥ 0, define

G(r) = {g ∈ G : Pg2 ≤ r}.
Let

Ā := 1 ∨A.

Then there is a constant Cp,b > 0, depending only on p and b, such that

Rn(G(r)) ≤ Cp,b

(
Ā1/pn−1/p +

√
r

n

)
.

In particular, if A ≥ 1, then

Rn(G(r)) ≤ Cp,b

(
A1/pn−1/p +

√
r

n

)
.

Proof. If G(r) = ∅, the claim is trivial. We therefore assume G(r) ̸= ∅. Define

HG(η) := sup
Q

logN (η,G, L2(Q)) ,

where the supremum is over finitely supported probability measures Q.

Since every function in G takes values in [0, b], the L2(Q)-diameter of G is at most b. Hence, for
η ≥ b,

N (η,G, L2(Q)) ≤ 1 for every finitely supported Q.

Consequently,
HG(η) ≤ Aη−p for every η > 0.

Indeed, for 0 < η ≤ b this is the entropy assumption, while for η > b the left-hand side is zero.

Let
G̃ := {g − g′ : g, g′ ∈ G}.

We first bound the entropy of G̃. Fix a finitely supported probability measure Q. If {g1, . . . , gN} is
an (η/2)-cover of G in L2(Q), then the functions

gj − gk, 1 ≤ j, k ≤ N,

belong to G̃ and form an η-cover of G̃ in L2(Q). Therefore

N
(
η, G̃, L2(Q)

)
≤ N

(η
2
,G, L2(Q)

)2
.

Taking logarithms and the supremum over Q gives

HG̃(η) := sup
Q

logN
(
η, G̃, L2(Q)

)
≤ 2HG(η/2) ≤ 2p+1Aη−p for all η > 0.

For a sample S = (Z1, . . . , Zn), write Pn for the empirical measure and define

Ψ(ε) := ESR̂S

({
h ∈ G̃ : Pnh

2 ≤ ε2
})

.

We use Theorem 2 of Lei et al. [17], which gives

Rn(G(r)) ≤ inf
ε>0

[
2Ψ(ε) +

8bHG(ε/2)

n
+

√
2r HG(ε/2)

n

]
.

It remains to bound Ψ(ε). Fix a sample S and set

dn(h, h
′) :=

(
Pn(h− h′)2

)1/2
.
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For a fixed ε > 0, define the empirical localized difference class

G̃n,ε :=
{
h ∈ G̃ : Pnh

2 ≤ ε2
}
.

We need to be careful because covering numbers are proper in our convention. We claim that for
every α > 0,

N
(
2α, G̃n,ε, dn

)
≤ N

(
α, G̃, dn

)
.

Indeed, let u1, . . . , uM ∈ G̃ be an α-cover of G̃ in dn. For each j such that

Bdn
(uj , α) ∩ G̃n,ε ̸= ∅,

choose one element
vj ∈ Bdn(uj , α) ∩ G̃n,ε.

Discard the remaining indices. Then the selected vj’s lie inside G̃n,ε. Moreover, for every h ∈ G̃n,ε,
there exists j such that dn(h, uj) ≤ α, and for that same j, dn(vj , uj) ≤ α. Hence

dn(h, vj) ≤ dn(h, uj) + dn(uj , vj) ≤ 2α.

Thus the selected elements form a proper 2α-cover of G̃n,ε.

Now apply Lemma A.5 of Lei et al. [17] to G̃n,ε. Let εk := 2−kε, k ≥ 0. For every integer N ≥ 1,

R̂S

(
G̃n,ε

)
≤ 4

∑N
k=1 εk−1

√
logN(εk,G̃n,ε,dn)

n + εN . By the proper-subclass covering argument

above, logN
(
εk, G̃n,ε, dn

)
≤ logN

(
εk
2 , G̃, dn

)
. Since Pn is finitely supported, the entropy bound

for G̃ applies with Q = Pn. Therefore logN
(

εk
2 , G̃, dn

)
≤ HG̃(εk/2) ≤ 22p+1Aε−p

k . Thus, for a
constant Cp > 0 depending only on p,

R̂S

(
G̃n,ε

)
≤ Cp

√
A

n

N∑
k=1

εk−1ε
−p/2
k + εN .

Since εk−1 = 2εk, εk−1ε
−p/2
k = 2ε

1−p/2
k = 2ε1−p/22k(p/2−1). Hence

R̂S

(
G̃n,ε

)
≤ Cp

√
A

n
ε1−p/2

N∑
k=1

2k(p/2−1) + 2−Nε.

Taking expectation over S, the same bound holds for Ψ(ε):

Ψ(ε) ≤ Cp

√
A

n
ε1−p/2

N∑
k=1

2k(p/2−1) + 2−Nε.

Now choose ε0 := Ā1/p,N := max
{
1,
⌈
log2 n

p

⌉}
. Since p > 2,

∑N
k=1 2

k(p/2−1) ≤
Cpn

1/2−1/p,2−N ≤ n−1/p. Therefore

Ψ(ε0) ≤ Cp

√
Aε

1−p/2
0 n−1/p + ε0n

−1/p.

Because εp0 = Ā = 1 ∨A, we have
√
Aε

1−p/2
0 ≤ ε0. Indeed, if A ≥ 1, then

√
Aε

1−p/2
0 = A1/2A(1−p/2)/p = A1/p = ε0,

while if A < 1, then ε0 = 1 and
√
Aε

1−p/2
0 =

√
A ≤ 1 = ε0.

Thus
Ψ(ε0) ≤ CpĀ

1/pn−1/p.
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We next bound the entropy terms in Theorem 2 of Lei et al. [17] at ε0. Since the entropy bound has
been extended above to all positive scales,

HG(ε0/2) ≤ A(ε0/2)
−p = 2pAε−p

0 = 2p
A

Ā
≤ 2p.

Substituting ε = ε0 into the local Rademacher bound gives

Rn(G(r)) ≤ CpĀ
1/pn−1/p +

Cp,b

n
+ Cp

√
r

n
.

Since n ≥ 1, p > 2, and Ā1/p ≥ 1,
1

n
≤ Ā1/pn−1/p.

Absorbing constants depending only on p and b, we obtain

Rn(G(r)) ≤ Cp,b

(
Ā1/pn−1/p +

√
r

n

)
.

This proves the claim.

Corollary 5 (Local Lipschitz scaling). On the event of probability at least 1− δ from Corollary 3,
suppose that

∆n,r,δ > 0.

Then every f ∈ FL satisfying

Pℓ2ρ,f ≤ r and R̂0(f) ≤ σ2 − ε

must satisfy the following lower bounds.

If ρ > 0, then

L ≥
−Bn,ρ,ε +

√
B2

n,ρ,ε + 4ρ2∆n,r,δ

2ρ2
, (9)

where
Bn,ρ,ε := 2ρ

√
σ2 − ε+ 2CdDn−1/d. (10)

Equivalently,

L ≥ 2∆n,r,δ

Bn,ρ,ε +
√
B2

n,ρ,ε + 4ρ2∆n,r,δ

. (11)

In particular,

L ≥ ∆n,r,δ

2ρ
√
σ2 − ε+ 2CdDn−1/d + ρ

√
∆n,r,δ

. (12)

Consequently, up to constants depending only on d,

L = Ω

(
∆n,r,δ

ρ
√
σ2 − ε+Dn−1/d + ρ

√
∆n,r,δ

)
. (13)

If ρ = 0 and D > 0, then

L ≥ ∆n,r,δ

2CdDn−1/d
= Ω

(
∆n,r,δn

1/d

D

)
. (14)

If ρ = 0, D = 0, and ∆n,r,δ > 0, then no such f can satisfy the two assumptions above on the event
of Corollary 3.

Proof. Starting from (3), set

Bn,ρ,ε = 2ρ
√
σ2 − ε+ 2CdDn−1/d.

Then every admissible f must satisfy

ρ2L2 +Bn,ρ,εL−∆n,r,δ ≥ 0.

17



First suppose ρ > 0. The quadratic

q(L) := ρ2L2 +Bn,ρ,εL−∆n,r,δ

has one negative root and one positive root because ∆n,r,δ > 0 and Bn,ρ,ε ≥ 0. Since L ≥ 0, the
condition q(L) ≥ 0 forces L to be at least the positive root. Therefore

L ≥
−Bn,ρ,ε +

√
B2

n,ρ,ε + 4ρ2∆n,r,δ

2ρ2
,

which proves (4). Rationalizing the numerator gives

−Bn,ρ,ε +
√

B2
n,ρ,ε + 4ρ2∆n,r,δ

2ρ2
=

2∆n,r,δ

Bn,ρ,ε +
√
B2

n,ρ,ε + 4ρ2∆n,r,δ

,

which proves (6).

Moreover, √
B2

n,ρ,ε + 4ρ2∆n,r,δ ≤ Bn,ρ,ε + 2ρ
√
∆n,r,δ.

Hence
L ≥ 2∆n,r,δ

2Bn,ρ,ε + 2ρ
√

∆n,r,δ

=
∆n,r,δ

Bn,ρ,ε + ρ
√
∆n,r,δ

.

Substituting the definition of Bn,ρ,ε gives (7), and the order form (8) follows immediately.

Now suppose ρ = 0. Then (3) reduces to

∆n,r,δ ≤ 2CdDLn−1/d.

If D > 0, rearranging gives

L ≥ ∆n,r,δ

2CdDn−1/d
,

which proves (14). If D = 0, the right-hand side of the reduced compatibility condition is zero,
contradicting ∆n,r,δ > 0. Hence no admissible f can exist in that case.
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