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EXPONENTIAL RANDOM GRAPH MODELS WITH
SOFT CLIQUE CONSTRAINTS

YASMIN TOUSINEJAD AND VERA KOPONEN

ABSTRACT. Let r > 3 be fixed, and let G,, be the set of all simple graphs with vertex
set [n] = {1,...,n}. We consider an exponential random graph model which gives
higher probability to G € G, than to H € G,, if G has fewer r-cliques than H. But
all graphs in G,, have positive probability. The degree to which graphs with fewer
r-cliques are given higher probability is determined by a positive weight w. We prove
that, asymptotically almost surely as n — oo, a random graph from G,, has a vertex
partition into r — 1 parts of roughly equal size, the density of edges between the parts
is close to 1/2, and for every € > 0 the density of edges within any part is less than
€. The asymptotic structural properties are independent of the weight w as long as it
is positive. We also extend the result to the context of several clique sizes, each one
with its own weight.

1. INTRODUCTION

Studies of large graphs, or other structures, subject to certain hard constraints have a
long history in the field of random structures. The classical result of Erdds, Kleitman
and Rothschild [12] states that the proportion of bipartite graphs among all triangle-free

graphs with vertices 1,...,n tends to 1 as n — oo. More generally, Kolaitis, Promel
and Rothschild [19] proved that, for every fixed r > 3, the proportion of (r — 1)-partite
graphs among all K,-free graphs with vertices 1,...,n tends to 1 as n — oco. We

can say that asymptotically almost surely (a.a.s.) a K,-free graph is (r — 1)-partite.
Later studies have considered the a.a.s. structure of H-free graphs for other “forbidden”
subgraphs H (e.g. [2, 3, 15]), and yet other investigations have considered forbidding
certain induced subgraphs (e.g. [4, [I'7, 24, 25]). Some studies have considered the a.a.s.
structure under constraints other than forbidding a finite number of subgraph or induced
subgraph configurations (e.g. [6, 5l 20, [31]), and some have considered structures other
than graphs (e.g. [18, 29]).

In all mentioned examples, the probability distribution on structures with vertex set
[n] :={1,...,n} that satisfy the given constraints is the uniform one. One can reformu-
late the problem by considering all graphs (or some other kind of structure) with vertex
set [n], assigning probability 0 to graphs that do not satisfy the constraints and equal
probability to the other graphs. An alternative is to not assign probability 0 to graphs
that violate the constraints, but to instead consider a probability distribution on graphs
with vertex set [n] with the following property: A graph with more violations of the
constraints is less likely than a graph with fewer violations of the constraints, but graphs
with violations can still have positive probability. Since the constraints may be violated
in this setting, it is more appropriate to call them soft constraints. This idea is present
in so-called exponential random graph models (ERGMs) [27, 9]. The same idea also
underlies probability distributions defined by so-called Markov logic networks (MLNs)
[26], which are formal specification models in the field of Statistical Relational Artificial
Intelligence (SRAI) |8, [11], 13]. MLNs can be defined for finite relational structures, not
just graphs, but when restricted to graphs, they are special cases of ERGMs. Not much
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is known about structural properties of large random structures defined by fixed-weight
MLNs. The investigations most directly related to this topic that we are aware of are
[211, 130].

Our main result concerns an ERGM, or equivalently an MLN, on random graphs
which “penalizes” (for any fixed r > 3) r-cliques, that is, copies of the complete graph on
r vertices, denoted K. In other words, a graph with more r-cliques will be less likely than
a graph with fewer r-cliques, but all graphs have positive probability. The strength of the
penalization is expressed by a positive weight w. The precise definition of the distribution
is given in Definition [2:2] Informally speaking, our main result, Theorem [2.7] shows that,
for every fixed positive weight w and every € > 0, with probability tending to 1 as the
number n of vertices tends to infinity, the following holds for a random graph:

(1) There is a partition of the vertex set into r — 1 parts, each of size close to 5.

(2) The density of edges between any two different parts is close to %
(3) For every ¢ > 0, if n is large enough then the density of edges within any part is
less than €.

Note that the asymptotic almost sure structure of a random graph does not depend on
the weight w (as long as w > 0).

We also prove (Corollary that if 7 > 4 then the probability that a random graph
is (r — 2)-partite tends to 0 exponentially fast as the number of vertices tends to infinity.

A further consequence of our results is a stochastic block model limit for fixed induced
subgraphs (Corollary . Informally speaking, for every fixed m, as n tends to infinity,
the subgraph induced by [m] converges in distribution to a stochastic block model with
r — 1 classes such that each of the m vertices is assigned independently and uniformly
to one of these classes. Given these assignments, there are no edges within a class, and
each possible edge between different classes is included independently with probability
%. The limiting distribution depends on r, but not on w.

We can refine the probability model considered so that we consider some integers
3 <r <...<rand for each r; we penalize an r;-clique with weight w; > 0. (The
larger w; is, the more strongly r;-cliques are penalized.) We show (Theorem that,
for all choices of weights wy,...,wg > 0, the asymptotic behaviour of random graphs
under this model is determined by r;. More precisely, with probability tending to 1 as
the number n of vertices tends to infinity, a random graph will satisfy conditions (1) —
(3) above if we let r := ry.

Our main results are proved by using graphons [7, 22] [16], which are analytic objects
used to represent limits of sequences of dense graphs. The article is organized as follows.
Just below we introduce the general notation and terminology that will be used. In
Section [2| we define the probability model and state the main results (in Theorem .
Section (3| defines the concept of graphon, as well as related concepts, and proves some
basic results that will be used later. In Section [4] we work with the concepts of entropy of
graphons, homomorphism density of K, in graphons, and the cut distance of a graphon
from a “balanced (r — 1)-partite graphon”, and show how they are related. In Section
we prove Theorem [2.7] Section [6] derives some consequences of Theorem which were
briefly described above.

General notation and terminology. By N we denote the set of positive integers. For
n €N, [n]:={1,...,n}. Forn € N, let G,, be the set of all undirected graphs without
loops (i.e. simple graphs) with vertex set [n]. For every finite graph G, let E(G) denote
its edge set and let x(G) denote its chromatic number.

IfneN, Ge Gy, and A C [n], set

eq(A) = [{{u,v} € B(G) : u,ve A}|.
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If in addition B C [n] is disjoint from A, define
ec(A,B) = [{{u,v} € E(G) : {u,v}nA|l=1, [{u,v}NB| =1}
For n € N and graphs G, H € G,,, define the n?-normalized edge-edit distance between
G and H by
dea(G, H) = 5 | E(G) AB(H)|.
Here A denotes symmetric difference. Thus degit (G, H) is the number of edge insertions

and deletions needed to turn G into H, normalized by n?.
For n € N and p € [0, 1], the notation

H, ~ G(n,p)

means that H,, is a random element of G,, sampled by including an unordered pair {i, j}
as an edge with probability p, independently of whether other pairs have been included

or not. In particular, H,, ~ G(n, %) means that every graph in G, has probability 2_(721),
so H,, is uniformly distributed on G,,.

For every integer s > 2, K, denotes a complete graph with s vertices. For every finite
graph G, let K,(G) denote the number of unordered copies of K in G, in other words,

the number of subgraphs of G that are isomorphic to K.

2. THE PROBABILITY MODEL AND THE MAIN RESULTS

Throughout this article » > 3 is a fixed integer and w > 0 is a fixed real number
interpreted as the “weight’ that will be associated to every r-tuple of vertices of a graph
that does not form an r-clique.

2.1. The probability distribution.
Definition 2.1. For every n € N and G € Gy, let
(2.1) N (G):=n" —r' K,.(G),

so N,(G) is the number of ordered r-tuples (v1,...,v,) € [n]" (with repetitions allowed)
that do not consist of r distinct vertices that form an r-clique in G.

Definition 2.2. For each n € N and G € G,,, we define its unnormalized mass by
Mn,r(G) = exp(w NT(G)) :
We then define the partition function (or normalizing constant) by
Zn7r = Z /"Lnyr(J)'
JeGn
Finally, we define the probability measure of the model by

1
P, (A) = 7 > iy (@) for all A C G,,.
" GeA
For a single graph G € G,,, we also set
fin,r(G)
Prr(G) =Pn,({G}) = 7

Since w is fixed in the model, we suppress the dependence on w in the notation i, ., Zy, r,
and P, ,. Note that if G, H € G,, and K,(G) < K,(H), then P, ,(G) > P, ,(H). The
distribution P, , is exactly the probability distribution on G,, obtained from a Markov
logic network [26] with one soft constraint of the form

\/ —E(x;,z;)  with weight w,
1<i<j<r
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where ~E(x;, ;) expresses that there is no edge between z; and z;.

Remark 2.3. (On counting only tuples without repetitions) In Definition we count
all ordered r-tuples (also those with repetitions)

(x1,...,z) € [n]".
Another natural convention is to count only those ordered tuples whose entries are pair-
wise distinct. Under that convention, the total number of allowed ordered tuples is
nn—1)---(n—r+1),

and the falsifying tuples are still exactly the r! orderings of the vertices of each copy of
K. So the number of satisfied groundings becomes

NEYG@) =nn—1)---(n—7r+1) —rl K.(G).
If we use the same weight w, then the corresponding unnormalized mass is
u,‘ii’it(G) = exp(w N;iiSt(G)) = exp (w [nn—=1)--(n—r+1)—r! KT(G)D
Compare this with our present convention,
tiny(G) = exp(w[n” — r! K,(G)]).
Subtracting the exponents gives
pnr(G) = exp (w [n’" —nn—-1)---(n—r+ 1)]) ugiﬁ,t(G).
The factor
exp(w[nr —nn—1)---(n—r+ 1)])
is deterministic in the sense that it depends only on n, r, and w, and not on the graph G.

Therefore this factor changes the partition function, but it disappears when we normalize
to obtain probabilities. Indeed, if
Zi = 30 i)
JeGy

then

Iny = exp(w [nr —nn—=-1)-(n—r+ 1)]) ngit,
and hence .
i (G)  aRH(G)
e
So, for the same clause weight w, the two counting conventions define exactly the same
probability measure on G,. Thus the choice between these two conventions does not
affect which graphs are more or less likely.

Py (G)

2.2. The equivalent exponential random graph model. The distribution P, , can
be defined in the setting of exponential random graph models [27].

Definition 2.4. Fix n,k € N. An Ezponential Random Graph Model (ERGM) on Gy,
is a probability distribution of the form

ex P9 TG
Po(G) = p%ﬂéM(m( )

where T1,..., T}, are real-valued functions on J,cy Gn, ¥ = (¥1,...,0%) € R* is a
parameter vector, and

for all G € G,

k

ZERM) = Y exp(D 0 Ti(J))

JeGy =1
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is the normalizing constant. All else being equal, a positive value of 1J; rewards larger
values of T;(G) in the exponent, while a negative value penalizes them.

Note that if £ = 1, Y1 = w, and T} (G) = N,.(G), then
Py, (G) = Poy(G) forall G € Gy,
Hence P, is an ERGM.

2.3. The reduced partition function. It will be convenient to work with the quanti-
ties defined below.

Definition 2.5. (a) For all n € N, let

ZL’T = Nn,,ﬂ(w) = Z exp(—r!wKr(J)) and
(2.2) JleGn

Foy = Fy,r(w) = 3 InZ,,.
We call ZL,T the reduced partition function and F,, ,(w) the reduced free energy.
(b) For a graph G € G,,, we call

exp(—rlw K, (G))
the reduced mass of G. Thus Zmﬂ is the sum of the reduced masses of all graphs in G,.

The partition function Z,, sums the unnormalized masses of all graphs in G,,. As
the next lemma shows, its logarithm contains the graph-independent term wn”. This
term changes the normalizing constant but not the probability measure, so we will often
remove it and work with the reduced partition function and reduced free energy.

Lemma 2.6. For every n € N and every G € Gy,
pinr(G) = exp(wn”) exp(—rlw K,(G)).

Moreover, N
Iny = exp(w nr) I
and
(2.3) P, (G) = exp(—rlw K, (G)) _ exp(—r!Nw K, (G)) .
’ ZJeGn exp(—r!wKT(J)) Znr

Proof. Insert (2.1 into the definition of p, »(G):
tiny(G) = exp(w [0 — 1 K, (G)]).

Now factor out the deterministic term e®™ . The formulas for Zny and P, follow
immediately. O

2.4. Main results. Recall that we have fixed an integer r > 3 and a real w > 0. The
notation
Gn ~ Pn,r

means that G, is a random graph from G,, under the distribution P, ,. (So if J € G,
then P(G,, = J) = P,,(J).) Recall also notation introduced in Section Some of
the notions appearing in the main result below are defined only later: A graphon is
defined in Definition [3.I} For a graph G € G, its empirical graphon W is defined in
Definition [3.2] The cut distance 5 between two graphons is defined in Definition [3.6]
and the cut distance from a graphon to a family is defined in Definition The family
By is defined in Definition informally, it consists of the balanced ¢-block graphons

that are equal to 0 on the diagonal blocks and equal to % on the off-diagonal blocks.
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Theorem 2.7. Fizr >3, set q=1r —1. Let G, ~ Py . Then the following hold.
(i) The reduced free energy satisfies

lim F,,(w) = In2 (1 - 1) .

n—o00 2 q

(ii) For every € > 0, there are constants ¢ = c¢(e,r) > 0 and N = N(e,r,w) such
that, for everyn > N,

P (65(We,, BY) > ¢) < e .

(iii) For every e > 0, there are constants ¢ = c(e,r) > 0 and ng = ng(e,r,w) such
that, for every n > ng, with probability at least 1 — e*mz, the graph G, has a
partition

nj=Viu---uV,
with the following properties:
(a) Each part is almost balanced:
[[Vil —=n/q| < en for every i € [q.
(b) Each between-part edge density is close to %

6. (Vi, V) ‘ <e  for all distinct i,j € |q].

Villvil 2
(¢) The total number of edges inside the parts satisfies
a en?
Vi) < —.
;eGn( 1) — 10(]

(d) The total density of edges inside the parts is at most &:
iec.(Vh)
q Vi -
i=1 (' 2 ‘)

In particular, if G, is obtained from Gy, by deleting all edges whose endpoints lie
in the same part, then Gl, is g-partite and
dedit(GnvG;l) < qu < %
2.5. Related work. In the introduction we mentioned several studies of graphs, or other
relational structures, subject to “hard” constraints. We also mentioned [21], 30] about
structures subject to “soft” constraints defined by Markov logic networks. As we use
graphons to prove our main results we like to mention [I] which considers Markov logic
networks and a multi-relational analogue of a graphon in the context when one considers
several different edge relations. However, the results in [I], which generalize the basic
theory of graphons, are not of help in the present context as far as we can see.
In [9] Chatterjee and Diaconis consider ERGM distributions on G, of the form

PT(G) = exp (n*T(G))
" > e, exp (n*T(J))
where T is a function from UnEN G, into the reals. If we rewrite the distribution P, , so

that, for an appropriate choice of 7" and all n, P, , = PT then, for all n and all G € G,
we must have

wN,(G)
Recall that N, (G) is the number of r-tuples of vertices of G that do not form an r-clique.
So if G € G,, does not have an r-clique (e.g. if G is (r — 1)-partite), then N,(G) = n"
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where 7 > 3. It follows that maxgeg, T(G) is unbounded as n — oo. But the results
of [9] assume that maxgeg, T(G) is bounded as n — oco. Therefore their results do not
apply to the present context.

3. GRAPHON PRELIMINARIES
3.1. Basic definitions.
Definition 3.1 (Graphon). A graphon is a measurable function
W :[0,1)* = [0,1]
such that W (z,y) = W (y,z) for almost every (z,y) € [0,1]2. Let W denote the family

of these measurable functions.

Let A denote Lebesgue measure on [0, 1]. For each integer m > 1, let A" denote the
product Lebesgue measure on [0, 1]™.

Graphons are the standard limit objects for dense graphs. They also define random
graph models. Let W be a graphon and let n € N. Choose X1,..., X, independently
and uniformly from [0,1]. Conditional on Xj, ..., X,, put each edge {i,j} with i < j
into the graph independently with probability

W (X, Xj).
Definition 3.2 (Empirical graphon). Let n € N, and let G be a graph with vertex set
[n] and adjacency matrix (ai;)i<i j<n, Where
aij = ajl- and Qi = 0.
Split [0, 1] into 7 intervals of equal length by setting
1—1 1

-1
[i:[ ,f) for 1 <i < n, In:|:n ,1]-
n 'n n

The empirical graphon of G is the graphon Wg : [0,1]?> — [0,1] defined as follows. If
x € I; and y € I;, then

Wg(w, y) = aij.
Thus W records the adjacency matrix of G on the n? rectangles I; x I ;. It is measurable,

symmetric, and takes only the values 0 and 1. Also, Wg = 0 on each rectangle I; x I;,
because a;; = 0.

Definition 3.3 (Homomorphism density). Let H be a finite simple graph with vertex
set V(H) ={1,...,k}. For a graphon W, the homomorphism density of H in W is
t(H,W) ::/ H W(xi, xj) dxy - - - day,.
O fijyem(a)
Remark 3.4. For H = K, this becomes
K, W) = / H W(zq,xp) dzy - - - da,.
[0,1]" 1<a<b<r

The integrand is nonnegative. So if ¢(K,, W) = 0, then the product inside the integral
must vanish almost everywhere.

From now on, a graphon W is called a graphon of zero K,.-density if
t(K'I‘v W) =0,

that is, if its K,-homomorphism density is zero.
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Definition 3.5 (Cut norm). For an integrable function U : [0,1]2> — R, the cut norm is

/ U(z,y) d:):dy’.
SxT

Definition 3.6 (Cut distance). A measurable map ¢ : [0,1] — [0,1] is measure-
preserving if

MoL(A)) = A(A) for every Lebesgue-measurable A C [0, 1].

U0 = sup
S,7C(0,1]
S,T measurable

A measure-preserving bijection is a bijection ¢ : [0,1] — [0, 1] such that both ¢ and
¢! are Lebesgue-measurable and ¢ is measure-preserving.
If W is a graphon and ¢ is a measure-preserving map, define

W(x,y) = W(d(x), d(y))-

Thus W? is obtained from W by applying ¢ to both variables. When ¢ is a measure-
preserving bijection, we call W? a relabeling of W.
For graphons W7 and Ws, their cut distance is

dn(Wi, Wy) = igf Wy — W;Hm

where the infimum is taken over all measure-preserving bijections ¢ : [0, 1] — [0, 1].

Relabeling by a measure-preserving bijection does not change the cut norm. Indeed,
let F':[0,1]> — R be a measurable function with

[, Feldedy <o

and let ¢ be a measure-preserving bijection. Define

F?(z,y) = F(¢(x), $(y)).
Then
17?0 = | Flio.

This follows by changing variables in the integral over S x T. Since ¢ is measure-
preserving and bijective, the sets ¢(S) and ¢(7) run through the same measurable subsets
of [0,1] as S and 7. Thus the supremum in the cut norm is unchanged.

Definition 3.7. Let W be a graphon, and let F be a nonempty family of graphons. The
cut distance from W to F is

oo(W, F) = inf og(W,V).

The cut distance dg is a pseudometric on W. Indeed, let U,V,W € W. To see
symmetry, let ¢ be a measure-preserving bijection. By invariance of the cut norm under
relabeling,

U=V o= 0" =V|p=IV-U¢|n.

Taking the infimum over ¢ gives do(U, V) = do(V,U). For the triangle inequality, if ¢
and v are measure-preserving bijections, then

U =W¥?o < |U = VOo+[IV? = (W¥)%||o
= U =V?o+ |V - W¥|o.

Taking the infimum over ¢ and 1 proves the triangle inequality. Nonnegativity and
oo(U,U) = 0 are immediate.
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Notation 3.8 (Reduced graphon space). Define
W~V = (W, V) =0,
and let
Wi=W/ ~, W oW

be the quotient space and quotient map. We use W= m(W) and, forn € Nand G € G,
We = m(Wg). For reduced graphons define

do(U, V) = 6a(U, V),

where U and V are arbitrary representatives. This definition does not depend on the
chosen representatives. Indeed, if U’ ~ U and V' ~ V, then

oo(U", V') < 6a(U',U) +6a(U,V) + 6a(V,V') = éo(U, V).
The same argument with (U, V) and (U’, V') interchanged gives
(U, V) < sp(U, V).
Hence
5o(U' V') = 65(U, V).

Thus dg is well defined on W. It is a metric because nonnegativity, symmetry, and the
triangle inequality are inherited from 0. Also,

do(U,V) =0
holds exactly when U ~ V| which means U = V. The metric space (W, dn) is compact;
see [22 Thm. 9.23]. For F C W, we use
m(F)={x(W): WeF}CW
for its quotient image.

Remark 3.9 (Zero cut distance). For graphons U and V, the condition
U, V)=0

means that U and V represent the same graph limit. Equivalently, there exist measure-
preserving maps ¢, : [0,1] — [0, 1] such that

U =vv almost everywhere;

see [22, Cor. 10.34 and Cor. 10.35(a)|.

The maps in this characterization need not be bijections. Consequently, the condition
0o(U, V') = 0 is weaker than almost-everywhere equality after a single measure-preserving
relabeling.

By Notation , graphons at zero cut distance represent the same point of W. This
quotient space is the reduced graphon space used in [10, Sec. 1.3].

Notation 3.10. For an integrable function U : [0,1]?> — R, the L'-norm is defined as

U]y = / U (e, y)| dz dy.
[0,1]2

)

Notation 3.11 (Indicator functions). For any set or event A, 14 denotes its indicator.
Thus 14(z) =1 when z € A and 14(2) = 0 otherwise.
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Lemma 3.12. We will use the following two forms of the Cauchy-Schwarz inequality.
(i) If S C [0,1)? is measurable and f : S — R is measurable with

/Sﬂ < o0,
(/Slf|>2§>\2(5)/sf2-

(ii) If m > 1 is an integer and x1,..., Ty € R, then

then

Equivalently,
2
st ()
a=1 a=1
Consequently, if ¢ € N, n € Zx>o, m1,...,mq € Z>p, and
q
S =,
a=1
then

> () =5 (k) =5 (5 -n)

a=1 a=1

Proof. For (i), apply [28, Thm. 11.35] to the functions |f| and 1 on S. We get

= (L) (1)
[1=2)
</S|f|>2§A2(S)/Sf2-

For (ii), apply [28, Thm. 1.35| to the two lists

Since

it follows that

TlyeeeyTm and 1,...,1.
This gives
m 2 m m m
() = () (0] -m3at
a=1 a=1 a=1 a=1

Dividing by m, we obtain

Now apply (ii) with m = ¢ and z, = m,. Since

q

E Mg =N,

a=1
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we have
4q 2
2 n
Somiz
a=1 q
Therefore
q q 2
Mg 1 1 9 1/n

0

Lemma 3.13. Let F : [0,1]? — R be bounded and measurable, and let f, g : [0,1] — [0, 1]
be measurable. Then

<|[I¥llo-.

/ F(z,y) f(z) g(y) dz dy
[0,1]2

Proof. By [16, Eq. (4.2) and Rem. 4.1,

[Fllo= sup
¢,:[0,1]—[0,1]
¢,1) measurable

Taking ¢ = f and 9 = g gives

| Pl o) dady
[0,1]2

F(z,y)f(z)g(y) dz dy
[0,1]2

<1 Fllo.

O

Lemma 3.14 (Clique density is Lipschitz in cut distance). Let r > 2. For all graphons
UandV,

16, 0) - (8 V) < (3) 10 - Vo
Consequently,
6Ky, U) — (K, V)| < (2> 5 (U, V).
In particular, the map W — t(K,, W) is continuous with respect to cut distance.

Proof. By [16, Rem. 2.1], every Lebesgue-measurable graphon on [0,1]? is equal almost
everywhere to a Borel-measurable one. Such a replacement changes neither homomor-
phism densities nor cut norms. We may therefore replace U and V' by Borel-measurable
representatives and continue to denote them by U and V. In particular, whenever all but
one of the variables are fixed below, the resulting one-variable function is measurable.

Let
m:—<;>, D=U-V.

Choose once and for all an ordering of the (g) edges of K,.. Equivalently, choose an
ordering of the pairs

(ilvjl)u-"v(imvjm)7 1§i€<j€§7n7
so that every pair appears exactly once.
Vertex s carries the single variable x5 € [0, 1].

The symbols iy and jy record which two vertices form the ¢-th edge in the chosen list.
For example, when r = 4, one possible ordering is

(il7j1) = (172)7 (i27j2) = (173)7 (i37j3) = (174)7
(1‘47]'4) = (273)7 (i57j5) = (274)7 (i67j6) = (374)'
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By Remark

t(K,, W) = / Hwa,xﬂ)dxl -dz,
[0,1]7

This means that we choose numbers
x1,..., 2 €[0,1],

one number for each vertex of the clique. For every edge {i,j} of the clique, we include
the factor W(x;, z;). Then we multiply all these factors together. Finally, we average
over all choices of (z1,...,z,) € [0,1]". Since the set [0,1]" has total measure 1, the
integral here is literally an average.

Applying this formula to U and to V', we obtain

(HU xle,x“ HV Tiyy T, ) dzy---dz,.
/=1

To compare the two products, it is helpful to change the edge factors one at a time.
For a fixed point (z1,...,2,) € [0,1]", use

Up:=Ul(xi,, zj4,), Vi = Vi(xi,, z;,).

HEK,,U) = (K, V) = /

[0,1]7

Now define

m
PO = HW7
/=1

= (1) (11 7)

Thus Py is the product built entirely from V', while P, is the product built entirely from
U.
Therefore

and for s =1,...,m define

m

HUrHVg Pp—Py=> (P.—Piy).

s=1
For each s, only the s- th factor changes when one passes from Ps_1 to Ps, so

Py— Py = (H Ug> (U = Va) (H w) :
{>s

I<s
Substituting back the definitions of U, and V4, we get

H U(xievxje HV J}w,x” Z (HU xlwxﬂ ) xzmmja (HV J}w,xﬂ ) :
{=1

I<s {>s
If s =1 or s = m, one of the products is empty; by convention, an empty product is
equal to 1.
Substituting this into the integral and using the triangle inequality, we obtain

LK, U) — (K, V)| < S L,

s=1
where
(3.1) / <HU Tiys T, ) (@i, xj,) <HV Ti,, Tj, ) dey---dx,|.
[0,1]" l<s {>s

We now estimate one such term.
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Fix s € {1,...,m} and use
(is,Js) = (a,b).

Let
E=@epfary,  dBi= [ da,
te[r\{a,b}
where the coordinates are taken in increasing order. Thus T denotes all variables except
r, and 5. When r = 2, [0,1]° is interpreted as a one-point probability space, so

integration with respect to dZ means evaluation at that point.

Because every graphon takes values in [0, 1], the integrand in is measurable and
bounded in absolute value by 1. Thus it is integrable on [0, 1]". We can therefore write
the integral by first averaging over the two variables x, and xp, and then averaging over
the remaining r — 2 variables, which we collect in .

The distinguished edge {a,b} contributes the factor

D(aca, xb).

Every other edge of K, falls into exactly one of the following three types.

An edge of the form {a, c} with ¢ ¢ {a, b} contributes a factor that depends on z, but
not on xyp.

An edge of the form {b, ¢} with ¢ ¢ {a,b} contributes a factor that depends on x; but
not on x,.

An edge of the form {c,d} with ¢,d ¢ {a,b} contributes a factor that depends on
neither x, nor xp; once 7 is fixed, it is constant.

Because K, is a simple graph, there is only one edge joining a and b. So the factor

D(Ia, Ib)

is the only factor that depends on both variables at the same time.
Figure 1] illustrates this factorization in the case Kj.

1 T2
1
@ (2)
2
3 4
5

Q/ @ thick edge: (U — V) (3, x4)

T4 0 zs3

FIGURE 1. In the integral defining ¢(K4, W), vertex i carries the vari-
able z;, and the edge {i,j} contributes the factor W(x;,x;). If the
distinguished edge is {3,4}, then that edge contributes the factor (U —
V)(z3,24). Once x; and xg are fixed, the remaining factors split into a
function of z3, a function of x4, and a constant.

Therefore, for each fixed choice of T, the whole integrand in (3.1) can be written in
the form

C(Z) D(wq, 2p) Az(Ta) Bz (),
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where Az, B; : [0,1] — [0,1] are measurable and C'(z) € [0,1]. More concretely, Az is
the product of all remaining factors coming from edges that touch a but not b, Bz is the
product of all remaining factors coming from edges that touch b but not a, and C(Z)
is the product of all remaining factors coming from edges that touch neither a nor b.
Empty products are interpreted as 1. These functions take values in [0, 1] because every
graphon factor does.

Using this factorization and averaging first in z, and x;, we get

I, =

/[0 =2 J[0,1]2 C(%) D(za, 2v) Az(za) Bz () dwq dzy d

<),
[071]7“—2

For each fixed 7, define

fz(xa) = C(@)Az(2a),  ga(xp) = Bz(xs).
Then fz, gz : [0,1] — [0, 1] are measurable, so Lemma applies and gives

(3.2)

D(zq,2p) (C(Z)Az(2a)) Bz(ws) dwg dy| dT.

[0,1]?

0.1]2 D(l'ay 1’(1) fﬁ(‘ra) gf(xb) dxq dxy,

Substituting this bound into (3.2)) yields

< | Dllo.

<[ IPlodi= Do

0,

because the set [0,1]"~2 has total measure 1.
This bound is the same for every s € [m]. Hence

m m
,
H0) (0 V) £ 31 < 3 1Dl = m 1Dl = (3) 10~ Vil

s=1 s=1
This proves the first inequality.
We now pass from cut norm to cut distance. Let ¢ be any measure-preserving bijection
of [0,1]. By Definition [3.6]
VO(x,y) = V(é(x), 6(y))-
Define
®:00,1]" = [0,1]",  (z1,...,3r) = (d(z1), ..., P(zr)).
Since ¢ preserves Lebesgue measure on [0, 1], the map ® preserves the product measure
on [0, 1]".
Therefore
t(K,, V) =t(K,, V).
Applying the inequality already proved to U and V?, we obtain

000~ 0 V)] = (0 0) = 5, V) < () 10 = V2o
Now take the infimum over all measure-preserving bijections ¢. By the definition of dg,
(K, U) — t(K,, V)| < (g) So(U, V).

Thus W +— ¢(K,, W) is Lipschitz with respect to cut distance, and in particular it is
continuous. OJ
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3.2. Entropy. Entropy tells us, on the logarithmic scale, how many ways there are to
choose edges and non-edges so that the edge density has a fixed value. The relevant
one-variable function is the binary entropy

h(p) = —plnp—(1-p)In(1 —p),  pe|0,1],

with the convention 0In0 = 0. If p/N is an integer, then the number of 0-1 strings of
length N with exactly p/N ones is (p]y\f)’ and for large N the logarithm of this number
has leading term Nh(p). Thus h(p) measures the entropy contribution per possible edge
when the edge density is p. In particular,

hO) = h(1) =0,  0<h(p)<In2, h(%) —n2.

So the entropy is zero when the presence or absence of an edge is completely determined,
and it is largest at p = %, where the two possibilities are most evenly balanced.

Definition 3.15 (Graphon entropy). For a graphon W, define

1

(3.3) Ent(W) := 3 /[0 . h(W (z,y)) dx dy.

The factor 3 is needed because the square [0, 1]? counts both (z,y) and (y,z), while
an edge is an unordered pair.

Lemma 3.16. For every p € [0,1],

(3.4) h(p) <In2-— 2(p - %)2
Proof. Set
2
w@y:mz—mm—z(—%)
For p € (0,1),
/ 1-p
h =Iln——
(p) P
SO .
/ o b
¢(p)_ln1—p_4( _§>
Also,
" o 1 _

because p(1 — p) < 1/4. Thus ¥ is convex on (0,1) and extends continuously to [0, 1].

Since

1 1

Den (D)

o(5)=0 v(5)=0
the point p = 1/2 is a global minimizer. Hence 1 (p) > 0 for every p € [0, 1], which gives
B9). o
Lemma 3.17. If U,V € W satisfy oo(U,V) =0, then
Ent(U) = Ent(V).

Consequently,

Ent(W) := Ent(W), W =m(W),

s a well-defined function on W.
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Proof. By Remark there are measure-preserving maps ¢, : [0, 1] — [0, 1] such that
U? = V¥ almost everywhere. The product maps ¢ x ¢ and ¥ x 1) preserve A2, hence

Ent(U) = Ent(U?) = Ent(V¥) = Ent(V).
O

Graphon entropy controls the number of finite graphs with prescribed large-scale struc-
ture. More precisely, for a cut-closed family F, the n?-scale upper bound is governed by
supyer Ent(WW), rather than by the entropy of an arbitrarily chosen member of . In
Section [0} Lemma [5.9] uses such an entropy supremum to bound the number of graphs
whose empirical graphons lie in a given family. We combine this result with Lemma [£.12]
in the proof of Theorem (ii) to show that the probability of staying a fixed cut distance
away from By decreases exponentially in n?. Lemma shows that, among graphons
with zero K,-density, entropy is maximized exactly by the graphons at zero cut distance
from By.

Lemma 3.18. For every n € N, every graph G with vertex set [n], and every integer
r>2,

r K,.(G)
t(Kr, WG) - TTT
Proof. Let (aij)1<ij<n be the adjacency matrix of G, and let I1,..., I, be the intervals

from Definition Splitting [0, 1]" into the boxes
Iy, x---x1I, vl,..., 0 € [n],

gives

(3.5) t(KT,WG):$ SOOI e

V1,00 €[N] 1<s<E<r

Since every entry of the adjacency matrix is either 0 or 1, the summand corresponding
to (v1,...,v,) is equal to 1 exactly when the vertices vy, ..., v, are pairwise distinct and
form a copy of K, in G. Indeed, if vy = v; for some s < ¢, then the product contains the
factor

af’US,’Ut = a”Us,'US = 07

because G has no loops.
Thus the sum in (3.5) counts the ordered r-tuples obtained by ordering the vertices
of copies of K. in G. Every unordered copy has exactly r! such orderings, and therefore

(3.6) > I e =rK(G).

V1,...,0r €[] 1<s<t<r
Combining (3.5) and ({3.6|) gives
'K, (G
1, W) = A,

as required. O

Remark 3.19. For n > r, Lemma [3.18| gives
nn—1)---(n—r+1) K, (G)
n’ ()
Thus the graphon homomorphism-density normalization differs from the usual clique
density based on unordered copies by the factor
nn—1)---(n—r+1)

tK,, Wg) =

nT‘
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For fixed r,
lim nn—1)---(n—r+1)

n—oo n’

=1.

4. ENTROPY MAXIMIZERS AND STABILITY

In this section we define a family of “balanced g¢-partite graphons” (recall ¢ := r — 1)
and prove results which relate the distance of a graphon W to a balanced g-partite
graphon to the homomorphism density of K, in W and the entropy of W. In particular,
we show that the balanced g-partite graphons are the graphons that maximize entropy
among the graphons with K,-homomorphism density 0. This will be used in the proof
of Theorem in Section Bl

4.1. The family B and the balanced Turan graphons.

Definition 4.1. Let ¢ > 2. The family B} consists of all graphons W : [0, 1]2 = [0,1]
for which there exists a measurable partition

0,1] =A;U---UA,, AM4;) = c_lz for every i € [q],

such that
W(z,y) =0 for almost every (z,y) € A; X A; for every 1,

and

W(z,y) =5 for almost every (z,y) € A; x A; for all distinct 4, j € [g].

Equivalently, the values of W on the ¢? block products are given by the following block-
value matrix:

1 1
vz g
3 0 2
g i
2 2 0

with blocks of equal size.

So By is the graphon analogue of the family of balanced complete g-partite graphs,
except that the off-diagonal blocks have value % instead of 1.

Notation 4.2 (Balanced complete g-partite graphons). Define

Ay, ..., A; C0,1] are measurable,
0,1] = Ay U--- U A,

ur=<1 :
a U A; X Aj AMA4;) = % for every i € [q]

1<i,j<q
1#]
These are the balanced complete g-partite {0, 1}-valued graphons. By construction,

1
B; = {W EW: W= 3 U almost everywhere for some U € Z/{;} .

Notation 4.3 (Canonical representative of Bj). We fix one balanced partition of [0, 1]
by setting

A, =

-1 -1
{a ,g) fora=1,...,q—1, Ay = {L,l}.
qa 9 q

Thus )
0,1] = A1 U---UA,, AMA,) =— for every a € [q].
q
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Define the canonical element W € By by

. 0, ifx,ye A, for some a € [q],
Wiz, y) =9, . .
5, ifz e A, y € Ay for some distinct a,b € [q].

Equivalently,

1
*
%—zlu Ag x Ay
1<a,b<q
a#b

Every graphon in By is equal almost everywhere to a relabeling of W Indeed, suppose
that V' € By corresponds to a balanced partition [0,1] = By U--- U By. For each i € [q],
both B; and A; are measurable subsets of [0, 1] with Lebesgue measure 1/q. Equip these
sets with their normalized restricted Lebesgue measures. By [16, Cor. A.11], there is a
measure-preserving bijection

Since the same normalization factor q is used on both sets, ¢; also preserves the original
Lebesgue measure. Pasting ¢1, ..., ¢, gives a measure-preserving bijection ¢ : [0,1] —

[0,1] such that
#(B;) = A; up to null sets for every i € [q].
Therefore
V= (W )? almost everywhere.
In particular,
oo(V,Wy5) =0 for every V € By.
Define

Wy = n(W;), By = m(By).

Then _ .
B; = {Wq* }.
Consequently, for every graphon W,
n(W, B;) = op(W, Wy).
Lemma 4.4. Fixr >3 and set g =r —1. Let U be a {0, 1}-valued graphon and assume
t(K,,U)=0.
Then )
/ U(z,y)dedy <1— —.
[0,1]2 q
Moreover, equality holds if and only if
(U, Z/{q*) =0.
Proof. This is the K,-free case of the graphon Turan theorem; see [22, Cor. 16.11]. In
the present notation, its equality case is exactly the condition
oo(U,Uy) = 0.
O

Lemma 4.5 (Entropy maximizers among graphons of zero K,-density). Fiz r > 3 and
set q=1r—1. Then

In2 1
sup{Ent(W) : ¢(K,, W) =0} = n7(1 - 5)
A graphon W with t(K,, W) = 0 attains this supremum if and only if
5(W, B) = 0.
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Equivalently, the reduced maximizer set is the singleton E; = {W; }.

Remark 4.6. Lemma can also be deduced from [9, Thm. 8.2|. In that theorem, take
H = K, and p = 1/2. Since x(K,) = r, the graphon g appearing there is the balanced
(r — 1)-partite {0, 1}-valued graphon. Hence pg = %g is a representative of the reduced
class WN/; ; equivalently,
m(pg) = Wy.
The off-diagonal support of g has measure 1 — 1/q. Therefore

1 In2 1
Ent (=g) = —=(1-=
n<29) 2 ( q)’

which also gives the value of the constrained maximum.
For p = 1/2, the Erdgs-Rényi rate function 11, defined in (5.9) below, satisfies
2

In2
Thus minimizing I1 under the constraint ¢(K,, W) = 0 is the same as maximizing
2
Ent(W) under the same constraint. We nevertheless give a direct proof below, using the
graphon Turan theorem, because it is short and makes the equality cases explicit.

Proof of Lemmal[{.5 Let W be a graphon satisfying
t(K,,W)=0.
Set
S = {(«T,y) S [07 1]2 W(xvy) >0}7 U= 1s.

Since W is measurable and symmetric almost everywhere, the function U is also mea-
surable and symmetric almost everywhere. Also, U only takes the values 0 and 1. Hence
U is a graphon.

We first show that U has zero K,-density. By Remark the integrand defining
t(K,, W) is nonnegative. Since t(K,, W) =0, we have

H W(zq,xp) =0

1<a<b<r

for almost every (z1,...,z,) € [0,1]". If
H U(zg,xp) =1,

1<a<b<r

then every factor U(z,,zp) is equal to 1. By the definition of U, this means that every
corresponding factor W (xg, xp) is strictly positive. Thus

H W(zq,zp) > 0.
1<a<b<lr
This can happen only on a null set. Therefore
t(K,,U)=0.
We now bound the entropy of W. Since W = 0 on S¢ and h(0) = 0, Definition
gives
1
Eni(W) = / W (2,1) da dy.
S

By Lemma we have h(p) < In2 for every p € [0, 1]. Hence

_ 2

In2
< 22 / U(z,y)dzdy.
2 [071]2

(4.1) Ent(W) < 5

N2(S)
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Since U is a {0, 1}-valued graphon and ¢(K,,U) = 0, Lemma [4.4] gives
1
(4.2) / U(z,y)dedy <1——.
[0,1]2 q

Combining (4.1) and (4.2)), we get

Therefore

sup{Ent(W) : t(K,, W) =0} < 11172 (1 - ;) .

Next we show that this upper bound is attained. Consider the canonical graphon W

from Notation The graphon W, has value 0 on the diagonal blocks and value 1/2

on the off-diagonal blocks. Since ¢ = r — 1, any choice of r points in [0, 1] contains

two points in the same canonical block. For that pair, the corresponding factor in the
K, -integrand is 0. Hence

(4.3) H(K,, W) = 0.

The diagonal blocks have total measure 1/¢, and the off-diagonal blocks have total
measure 1 — 1/q. Using Definition [3.15| together with

h(0) =0 and h <;> =1In2,

we obtain
1 1 1\ In2 1
Thus

In2 1
sup{Ent(W) : t(K,,W) =0} = B3 <1 - ) .
q
It remains to identify the graphons that attain this value.
Suppose first that W is an entropy maximizer under the constraint

t(K,,W)=0.
Use the same notation as above,
S:{(‘T’y) € [07 1]2 W(%,y) >O}7 U:]-S

Since W attains the value in (4.4), both inequalities (4.1]) and (4.2]) must be equalities.
Equality in (4.2)), by the equality case in Lemma gives

oo(U,Uy) = 0.
Equality in (4.1]) gives
h(W(z,y)) =In2  for almost every (z,y) € S.
By Lemma equality h(p) = In2 is possible only when p = 1/2. Hence
1
W(z,y) = 5 for almost every (z,y) € S.

Also, by the definition of S, we have W = 0 almost everywhere on S¢. Therefore
1
W = 3 U almost everywhere.

By Notation the family Bj consists exactly of the graphons %V with V € Uy, up
to almost-everywhere equality. Since

So(U,U2) =0,
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1
Indeed, for every n > 0, choose V;; € Uy such that
oa(U, V) < 2n.
Then %Vn € By, and by homogeneity of the cut norm,

we get

1.1 1
U SV, ) <2 .
oo (2U, 2Vn> <3 (U, V) <n

Since W = %U almost everywhere, it follows that

oo(W, By) = 0.
Conversely, suppose that
oo(W, By) = 0.
By Notation this is equivalent to
do(W,Wy) =0.

Using Lemma and (4.3)), we get
t(K,, W) = t(K,,W;) = 0.

Using Lemma and (4.4), we get
In2 1

Ent(W) = Ent(Wy) = - ( — q) .
Thus W satisfies the constraint ¢(K,, W) = 0 and attains the maximum entropy.
We have shown that the entropy maximizers are exactly the graphons W satisfying
6(W, B}) = 0.
Finally, Notation [4.3| gives N .
By ={Wg},
so the reduced maximizer set is the singleton {W; }. O

Remark 4.7. By Lemma the reduced mass of G € G,, is
exp(—r! w KT(G)) = exp (—nQLn t(K,, Wg)) , L, = wn 2.
The corresponding graphon functional is therefore
T,(W)=—L,t(K,,W).
For fixed L > 0, let
Fi=m <arg max {Ent(W) — Lt(K,, W)}) .
wew

For the ERGM with zero edge coefficient and clique coefficient —L, [9, Thm. 3.2] gives

exponential concentration around ]?z The concentration rate is not given uniformly in
L. Moreover, [9, Thm. 7.1] gives

lim sup dno (W,W;) =0.

L—oo Wefi
These results describe an iterated limit in which one first lets n — oo with L fixed and
then lets L — oo. In the fixed-weight MLN considered here,

L, =wn" 2, lim L, = +o0.
n—oo
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Thus n and L,, grow together. Since the concentration rate for fixed L is not uniform
in L, the fixed-coefficient theorem does not directly give a bound of the form e~ with
¢ > 0 independent of n along this sequence.

4.2. Entropy gap away from the maximizers. The next two lemmas show that once
we stay a fixed cut distance away from the reduced maximizer class represented by By,
the entropy drops.

Lemma 4.8. Fizr > 3 and set g =r — 1. For every e > 0 there exists v,() > 0 such
that the following holds.
If U is a {0,1}-valued graphon and satisfies

t(KTv U) = 07 5|:I(Ua U;) > g,

then
1

U< (1-2) =)

[0,1]2 q

Proof. Fix € > 0 and define

U is a {0, 1}-valued graphon,

Mg = sup / U: t(K,,U)=0,
[0,1]2 oo(U,Uy) > ¢

If the set inside the supremum is empty, take

%(5)—;(1—;)

The conclusion then holds automatically. Hence assume that the set is nonempty.
By Lemma |4.4

1
me <1 ——.
q

We claim that the inequality is strict.
Assume instead that )
me=1——.
q

By the definition of the supremum, there exists a sequence (U,,) of {0, 1}-valued graphons
such that

1
t(KnUn) =0,  0(Up,Ul)>e,  lim Uy=1--.

n—oo [071]2 q

Let [7” € W be the equivalence class of U,. By Notation the metric space (W, dn)
is compact; see [22, Thm. 9.23]. Hence, after passing to a subsequence, we may assume
that L

lim do(U,,U) =0

n—oo

for some U € W. Choose any representative U € U. Since the metric on W is induced
by ég, this means exactly that

ILm oo(Un,U) =0.
By Lemma the map t(K,, -) is continuous with respect to cut distance. Therefore
lim #(K,,Uy) = t(K,,U) = 0.
n—o0
Also, the limit still stays at least € away from U;. Indeed,
5D(U7u(;) > 5D(Un7u(;) - 5D(Un7 U)7

and letting n — oo gives
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(4.5) (U U > e.

We also need the edge density to pass to the limit. For graphons W and V, and for
any measure-preserving bijection ¢,

/ V= Ve
[0,1]2 [0,1]2

by a change of variables. Therefore

W V) / (W —V?)
[0,1)2 [0,1)2

By Definition we may choose S =T = [0, 1] in the supremum defining the cut norm,

SO
/ W —v?)
[0,1]2

Taking the infimum over all measure-preserving bijections ¢ gives

/[0 L)

Apply this to (W, V) = (U,,U) and let n — oc:

< W = Vo

<og(W, V).

(4.6) / U=tim [ Up=1-2.
0.2

n—oo [071]2 q
Now define the positivity set of U by
S = {(z,y) €0, 1]2 2 Uz,y) > 0}, Vi=1g.

The function V' is measurable, {0,1}-valued, and symmetric almost everywhere; hence
it is a graphon. Moreover,
0<U<V<I

We show first that V' is a graphon of zero K,-density. If
H V(za,xp) =1,
1<a<b<r
then each factor U(x,,xyp) is strictly positive, so
H U(zg,xp) > 0.
1<a<b<r

But the integrand defining ¢( K, U) is nonnegative and has integral 0. So this can happen
only on a set of measure 0. Hence

t(K,,V)=0.
Because U < V, equation (4.6) gives

/ V> / v-1-1
[0,1]2 [0,1]2 q

On the other hand, V is a {0, 1}-valued graphon of zero K,-density, so Lemma gives

/ V<1- }
[0,1]2 q
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Thus .
Vo1--.
[0.1]2 q
By the equality case in Lemma [£.4] this implies
S (V.U?) =0,
Finally,
V-U2=>0

pointwise and

/ (V—U):/ v-/ U=o.
0172 o1z Joap

A nonnegative integrable function with integral 0 is zero almost everywhere. So
U=V almost everywhere.

Therefore
oo(U,Uy) = 0,
contradicting the earlier bound dp(U,U;) > € in (4.5).

This contradiction shows that 1
me < 1——.
q

Now define

Yr(e) = (1 — 1) —mg > 0.
This is exactly the desired gap. ! 0
Lemma 4.9 (Entropy gap away from B;). Fizr >3 and set q=r—1. For everye >0
there exists ¢, . > 0 such that every graphon W satisfying
t(K,, W) =0, oo(W, B;) >e
also satisfies

In2 1
Ent(W) § 7(1 - 5) — Cre-

Proof. Fix € > (0 and let W be a graphon with
t(K,,W)=0, oo(W,By) > «.
As before, set
S = {(z,y) € 0,1)*: W(z,y) > 0}, U:=1g.
The function U is measurable, {0, 1}-valued, and symmetric almost everywhere; hence

it is a graphon.
Since t(K,, W) = 0, Remark implies that
I W@az) =0
1<a<b<r
for almost every (z1,...,z,) € [0,1]". If
H Ul(za,xp) =1,
1<a<b<r
then every factor W (xg,xp) is strictly positive, and therefore
H W (xq,xp) > 0.
1<a<b<r
This can happen only on a null set. Hence

tH(K,,U) = 0.
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Moreover, W = 0 on S¢, while h(u) < In2 for every u € [0, 1]. Therefore

Ent(W) = ;/Sh(W(x,y))dxdy < I%QAQ(S) = 1%2 /[O . U.

We now split into two cases.

Case 1: on(U,U;) > ¢/2.
Then Lemma [4.§] gives

/[071]2 v<(1- ;) —7(e/2).

In2 1 In2
Ent <7(1—7)—— (2/2).
we() < 52 (1-2) - B2 ae/2)
Thus, in Case 1, the claimed bound holds with entropy loss 22+, (¢/2).
Case 2: og(U,U;) <e/2.
Choose U* € Uy such that

Hence

5D(U, U*) <

| ™

Set .

25

By Notation , the family By consists exactly of graphons that are equal almost every-
where to %U for some U € Uy. Since U* € Uy and V* = %U*, it follows that V* € By.

Since do(W, By) > €, we have

(55(VV, V*) > €.
Also, by homogeneity of the cut distance,
1 . o1,y 1 . €
5D<§U,V ) - 5g<§U,§U ) = 3 00(U,U) < 2.

So the triangle inequality gives
1 1 3¢
- > *\ - * b
5D(W,2U>_5D(W,V) 5D<2U,V> > 1

Since . ) )
- < _ = < _ =
5D(W’ 2U> = HW QUHD = HW 2UH1’
it follows that ) 5
€
HWﬁ EUH1 > 4

Because U = 1g and W = 0 on S¢, this means
3e
> —.

/ 1
S 4

W — =
2
Since U is {0, 1}-valued and is a graphon of zero K,-density, Lemma gives

)\Z(S):/ v<1- L.
[0,1]2 q
By Lemma [3.12(1),
12 1\?
W——-|) <X\S / (W—)
(/S 2 ) ®) s 2
Therefore
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For every (z,y) € S, we also have W (x,y) € [0,1]. Hence Lemma gives

132
h(W(z,y)) <In2— Q(W(x,y) - 5) for every (z,y) € S.

Using this inequality in the entropy identity above, we obtain

Ent(W) < ;/ <ln2 - 2(W(a:,y) - ;)2> dx dy

S

2 12
=5 S) - [ (W - 5) dedy
g 2
In 2 1 9 &2
<5 (- wi
q (1=1)
Here the last inequality uses the two estimates already proved above:

1 142 9 g2
A(S)<1—= d — ) dxdy > ——.
() sl=2 an /S<W(x’y) ) do YTlea-)

Combine the two cases and define

. In2 9 g2
Cre = min {2%(5/2), 6 T } > 0.

Then o )
n
Ent(W) < 7 (1 - 6) — Cre-
U

The graphon removal lemma in |14, Lem. 2.3| is stated with the strict assumption
t(K,,W) < 6. We will use the following non-strict version, obtained by applying that
lemma with a smaller threshold.

Lemma 4.10 (Graphon K, removal). Fiz r > 3. For every n > 0 there exists § =
0r, (n) > 0 such that whenever a graphon W satisfies

HK,, W) < 6,
there exists a graphon W' with
tEK, W) =0, [[W—-WlL<n
Proof. Apply [14, Lem. 2.3] with F' = K, and error 7. This gives a number dy > 0 such
that, whenever
t(K, W) < do,
there is a graphon W' satisfying
tK,, W) =0 and W — W' <n.
Now define
Ok, () = —
If t(K,, W) < 0k, (n), then
t(K,, W) < 5—20 < dp.

Thus W satisfies the strict hypothesis of [14, Lem. 2.3|, applied with F' = K, and error
n. Hence there exists a graphon W' such that

tHK,, W) =0 and W — W' <n.
This is the required graphon. O
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Lemma 4.11 (Entropy is continuous in L'). For graphons U and V, and for every
a >0,

(4.7) | Bnt(U) — Bnt(V)] < = w(a) + 22 1=V
2 2 «
where
w(a) = sup{|h(z) — h(y)| : z,y €[0,1], |z —y| < a}.
In particular, Ent is uniformly continuous on W with respect to || - ||1. For every T > 0
there exists 7 > 0 such that, for all graphons U and V,

WU —-V]:i<n == | Ent(U) — Ent(V)| < 7.
Proof. Fix a > 0 and define the two sets
A=A{(z.y) €[0,1]: [U(,y) - V(z,y)| < o},
B = {(z,y) € [0,1*: |U(z,y) = V(z,y)| > a}.
Then

| Ent(U) — Ent(V)| = %

/[ (V) — h(V))

0,1]2
<5 [ @) =11+ [ 10w -rv)l

On the set A we have
|h(U) = h(V)| < w(a),
SO

/ WD) — h(V)| < w(a).
A

On the set B we use only the bound 0 < h < In2, and since B C [0,1]2, we get

[ @) = 1) < (n2) 22().

Also, since |U — V| > a on B,

-V

|U = V|1 > a(B), SO M(B) -

Putting these estimates together yields (4.7)).
Finally, A is uniformly continuous on the compact interval [0, 1], and therefore

li = 0.
algbw(a) 0

Fix 7 > 0. Choose a > 0 such that

IN
Do

5 w(@)

and then choose n > 0 such that
In2

2

IN

LI
N3

I£ |~ V]ls <, then (E7) gives
| Ent(U) — Ent(V)| < 7.

This proves the uniform continuity statement. O
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Lemma 4.12. Fiz r > 3 and set ¢ = r — 1. For every € > 0 there exist 6, > 0 and
c%s > 0 such that every graphon W satisfying

(K, W) <6 and oo(W,B}) > ¢,

also satisfies
In2 1
<

Ent(W) < - (1= ) = d/..
nt(W) < 5 . c
Proof. Fix € > 0. Apply Lemmawith g/2. This gives a constant ¢, ./, > 0 such that
every V that is a graphon of zero K,-density and satisfies
€

satisfies

Ent(V) <

Choose 1 > 0 so small that

and
uvew
IU=Vl1<n
This is possible by Lemma
Now apply Lemma [£.10] with this 7. We obtain §,. > 0 such that every graphon W
with
t(IG, W) < b
admits a graphon W' of zero K, -density satisfying
W =W <n.
Suppose that
t(K,, W) <6re and oo(W,By) > e
Choose a corresponding graphon W’ such that ||W — W’||; < 7. Since
(W, W') < |[W = Wlo < [[W - W'y <,

the triangle inequality gives

ba(W', B;) > 5u(W. By) = Su(W.W') = e = > =
So Lemma [4.9] implies
In2 1
Ent(W,) é 7(1 — 5) - CT,E/Q‘
Also,
1
[ Ent(10) — Bns(W)| < 5 o
by our choice of 1. Therefore
1 In2 1 1
Ent(W) < Eat(W) + 3 o2 < o (1 - 5) 5 Crepa
Thus the lemma holds with .
C;,a = ) Cre/2 > 0.
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5. PROOF OF THEOREM

Recall that we have fixed » > 3 and w > 0 and we continue to let ¢ := r — 1. We first
prove some technical results in sections [5.1|— Then we prove parts (i), (ii), and (iii)
of Theorem [2.7] in this order, in sections [5.4] - 5.7

Notation 5.1 (Balanced g-partite entropy level). We write

(5.1) Sq = 11122 (1 - ;)

Corollary shows that the graph-independent factor e*™ disappears after normal-
ization. Thus the probability measure P, ;- is determined by the reduced masses

exp(—rlw K, (G)), G € Gy.
By Lemma |3.18

|
HEK,, Wg) = L(G)
n
Consequently,
(5.2) exp(—rlw K. (G)) = exp(—wt(K,, We)n').

This identity connects the finite-graph penalty with the graphon arguments in this sec-
tion.

5.1. A general vanishing lemma. The next lemma records the counting estimate
that the graphon K,-homomorphism density ¢(K,, Wg,,) = r! K,(G,)/n" goes to zero in
probability for every fixed » > 3 and every fixed w > 0, where G,, ~ P, ..

Lemma 5.2. Fixr >3 and w > 0. For every € > 0 and every n € N, define
T) L ={GeG,: K, (G)>en"}.
Then
P, (.Agfg) < |Gy e rtwen” — exp((Z) In2 — 7! wz—:nr).
In particular, for every e > 0,
lim Pnr(A(T)E) =0.
Equivalently, if G, ~ Py, ., then for every d > 0,
lim P(t(KT,WGn) >0) =

because this event is {G,, € A(T(s/ - Thus t(K,, Wg,) converges to 0 in probability.
Proof. By (Z3),

e Tw K- (G)
@) =7

The denominator is at least 1, because a graph with no edges has no copy of K, and
contributes 1. So for every event A C G,,,

.A) _ Z Pn,r(G) < Z e—r!wK,n(G’)

GeA GeA
Apply this with A = A(r). On this event we have K, (G) > en', hence
Pnr( ) < |./4 | —rlwen” < |G ‘ —rlwen”
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Since |G, | = 2(2), we have
—rl n
|Gp|e M wen” = exp<<2> In2—r! wsn'r).

Because 7 > 3, the term —rlwen’ is of strictly higher order than (})In2 = O(n?), so
the exponent has limit —oo. O
5.2. Graphs with a fixed positive clique density. A fixed positive lower bound on

t(K;, W) gives a negative term of order n” in the exponent. The total number of labeled
graphs is only exp(O(n?)). Since r > 3, the penalty is stronger than this counting term.

Lemma 5.3 (Fixed positive clique density is negligible). Fiz 0 < § < 1. For every
M >0, there exists N = N(M,d,r,w) such that, for everyn > N,

(5.3) Z exp(—rlw K, (G)) < exp(—Mn?).

GEGy
t(K, Wg)>6

Proof. If t(K,,Wg) > §, then (5.2]) gives
exp(—rlw K, (G)) < exp(—wdn”).

Since |G, | = 2(3), the total contribution of graphs satisfying ¢(K,, W) > § is bounded
by

(5.4) Z exp(—rlw K, (G)) < exp(Ey),
GeGy
t(KT>WG)Z6
where
(5.5) B, = <Z> In2 — won’.
We now compare E, with the n? scale. By (5.5)),
E n
—; = (LQ) In2 — wén" 2.
n n
Since
() nn-1 1 1
nZ  2m2 2 2n’
we get,
E In2 In2
(5.6) Zn B2 RS wen2.

Because r > 3 and wd > 0,
In2 In2
lim (n _e w6nr2> = —00.

Therefore, by (5.6]), there is N = N(M, J, r, w) such that, for every n > N,
By
n
Equivalently,
E, < —Mn?.

Combining this with (5.4), we obtain, for every n > N,

Z exp(—rlw K, (G)) < exp(E,) < exp(—Mn?).

GeGy
t(K"WWG)Zé

This proves the lemma. 0
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Thus graphs with ¢(K,., W) > § have negligible total reduced mass on the n? scale,
for every fixed § > 0. The main contribution must come from graphs with small empirical
K,-density. Lemmal4.5]identifies the largest entropy at zero K,-density, and Lemma[4.12]
gives a strict entropy loss away from Bj when the K, -density is sufficiently small.

5.3. Counting cut-closed families. We next convert entropy bounds for graphons into
counting bounds for labeled graphs.

Definition 5.4 (Cut-closed family of graphons). A family F C W is called cut-closed
if, whenever W,,, € F for every m and

lim 6o(Wy, W) =0,

m—r0o0

then W € F.

Lemma 5.5. Let F C W be cut-closed, and let F be its 1mage in W. Then the following
statements hold.

(1) fWeF, VeW, and So(W,V) =0, then V € F.
(2) For every n € N and every G € Gy,

WgeF <« WgelF.
(3) The set F is closed in the metric dq.
Proof. For the first statement, take the constant sequence W,,, = W. Then
n}i_{noo oW, V) =0,
so cut-closedness gives V € F.

The forward implication in the second statement follows from the definition of F.

Conversely, suppose that W € F. Then some V € F satisfies n(Wg, V) = 0. The first
statement gives Wg € F. -
For the third statement, let W,,, € F and suppose that

lim do(W,, W) = 0.
m—00

Choose a representative W of W. For each m, choose a representative V,,, € F of Wm
By the definition of dg,

6 (Vin, W) = dy(Wi, W).
Hence
77}i_r)noo 0 (Vim, W) = 0.
Cut-closedness gives W € F, and therefore WeF. O

Notation 5.6 (Uniform measure on labeled graphs). For each n € N, let P2f be the
uniform probability measure on G,,. Since G,, contains 2(3) graphs, we have

(5.7) punif(4) = 2-()|4], A C G,

We consider G, as a probability space equipped with IP";me, and let R,, be the canonical
random graph on this space; thus

R.(G) =G for every G € Gy,.
Equivalently, each possible edge is present independently with probability % Hence

1
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For every AC W, the event WRn € A consists exactly of the graphs whose empirical
graphon class belongs to A. Hence

(5.8) P (Wg, € A) = P ({G € G, : We € A}).

Theorem 5.7. For a graphon W € W, define

(5.9) (W) = ;/ (WIn(2W) + (1 = W)In(2(1 — W))] da dy,
[0,1]2

where 0In0 = 0.

The functional I is constant on zero-cut-distance classes. Thus, zfﬁ =n(W), then
2

I%(W) = I%(W)
is well-defined. Moreover,
— In2 —
(5.10) L(W) = % — Ent(W)
Iff CW is closed, then
(5.11) limsupilnIP’;llnif ({G €G,:Wge f}) < — inf I;(W).
n—oo N2 Wer 2
Here inf @ = 400, sup@ = —o0, and In0 = —co.

Proof. Recall that the binary entropy function is defined by
h(u) = —ulnu — (1 — ) In(1 — u), u € [0,1],
with the convention 0In0 = 0. For 0 < u < 1, we have
uln(2u) + (1 —u)In(2(1 —u)) =u(In2+Inu) 4+ (1 — w)(In2 + In(1 — u))
=(u+(1-w)m2+ulnu+ (1 —u)n(l —u)
=1n2 — h(u).
The same identity holds for u = 0 and v = 1 under the convention 01n0 = 0. Hence it
holds for every u € [0, 1]. Integrating this identity gives
I%(W) = IDTQ — Ent(W).
By Lemma @ entropy is unchanged under zero cut distance. Hence [ 1 is also un-
changed under zero cut distance, so I 1 (W) is well-defined and follows.
Under the measure P from Notation , the random graph R,, has distribution

G(n, %) We may therefore apply [10, Thm. 2.3| with p = % The graphon associated

with a finite graph in [10, Eq. (4)] agrees almost everywhere with the empirical graphon
from Definition [3.2] By Remark [3.9] the reduced graphon space used here is the same
reduced cut-metric space as the one used in [10]. Finally, for p = %, the rate function
in |10, Eq. (7)] is exactly (5.9). The closed-set upper bound in [I0, Thm. 2.3|, together
with , therefore gives. O

Lemma 5.8. Let F C W be closed. For every n € N,
(5.12)  puni ({G €G,:Wee f}) —2-(3) {G €G,:We e JEH .

Consequently,

1 ~ - —
(5.13) limsup—anHG €G,:Wge ]-"H < sup Ent(W).

n—oo N WeF
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If]? #+ &, then for every ~v > 0 there is N = N(]?, ) such that, for everyn > N,
(5.14) HGGGn:WGEf}‘ Sexp([sup Ent(W) + n2> :
WeF

Proof. Equation (j5.12)) follows immediately from the definition (5.7)).
Set

Np(F) = HGE G, Wg E}:H

Using (5.12), with In0 = —oo when N, (F) = 0, we obtain

%lnNn(]?) = (52)1112+ %lnﬁ”%mf ({G € G i Wg € “‘E}) ‘

Taking the upper limit and applying (5.11)) gives

1 ~ In?2 —
limsup — In N, (F) < hs inf T (W).
n—oo M 2 Wer 2
By (.10), the right-hand side equals
sup Ent(W).

WeF
This proves (5.13)).
Finally, suppose that F # & and fix v > 0. By (5.13)), for all sufficiently large n,

1 - —
— In Ny, (F) < sup Ent(W) + 7.
n — ~

WeF

Exponentiating proves (5.14]). O

Lemma 5.9. Let F C W be a nonempty cut-closed family. For every v > 0, there exists
N = N(F,~) such that, for every n > N,

(5.15) HG € G, : Wg e F}| <exp (L?/lngnt(W) —1—7] n2> )

Equivalently, there is a nonnegative sequence o, (F) satisfying
g, OnlF) =0
such that
(5.16) HG € G, : Wge F}H <exp <[sup Ent(W) + an(}')} n2>
WeF

for every sufficiently large n.
Proof. Let F be the image of F in W. Lemma shows that F is closed and that
WeeF <= WgedF.

Therefore . _
HG € Gp: WgeF)| = {GeGn: WGe}"H.

Entropy is constant on every zero-cut-distance class by Lemma [3.17], so

sup Ent(W) = sup Ent(WW).
WeF wer

Now apply (5.14)) to F. This proves (5.15)).
For the second form, set
Sy = sup Ent(W)
WeF
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and
No(F) =G e G, : Wg e F}.
If No(F) =0, set b, =0. If N,(F) > 0, set

by, == max {0, izlnNn(]:) - S]-‘} .
n

We now show that lim, o b, = 0. Fix v > 0. By (b.15)), for all sufficiently large n,
N (F) < exp ((Sr +7)n?) .
If N,,(F) =0, then b, = 0. If N,,(F) > 0, the last inequality gives
1
ﬁlnNn(]‘—) — S]—" < Y,
and therefore
0<b, <.
Since v > 0 was arbitrary, it follows that
lim b, = 0.

n—oo

Set .
n(F) =b, + —.
an(F) =bot -

Then

lim oy, (F) =0.

n—oo

If N,,(F) > 0, the definition of b,, gives
1
ﬁlnNn(]:) < Sg+ by < Sr+ an(F).
Exponentiating gives (5.16)). If N, (F) = 0, then (5.16|) is trivial. Thus (5.16) holds for

every sufficiently large n. 0

Lemma 5.10. Fiz r > 3 and set ¢ =r — 1. The following subsets of W are cut-closed.
(1) For every 6 € [0,1],
FI = (W eW: (K, W) <6}
(2) For every e >0,
D.g={W eW: oo(W,B}) > &}.
(3) For every 6 € [0,1] and € > 0,
FO = FD 0D,y

o,

Proof. (1) Fix 0 € [0,1]. We show that
F = (W ew: (K, W) <5}

is cut-closed.

Let (Wp,)m>1 be a sequence of graphons in ]:ér), and suppose that

mli_I)noo (W, W) =0

for some graphon W € W.

Since each W, belongs to F éT), we have

tKy, W) <96 for every m.
By Lemma the map
W — t(K,., W)
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is continuous in cut distance. Hence

lim t(K,, W) = t(K,, W).

m—0o0
Taking the limit in
(K, W) <6
gives
t(K,, W) <.
Therefore
we F.

So F (gr) is cut-closed.
Fix € > 0. We prove that

Dy ={WeW: 6a(W,B:) > e}

is cut-closed.
If ‘H is a nonempty family of graphons, then the function

W — 5D(W, H)

35

is continuous in cut distance. Indeed, let U,V € W. For every H € H, the

triangle inequality gives
5D<U7 H) < 5D(U7 V) + 5D(Vv H)
Taking the infimum over all H € H gives
(5[](U,H) < (5[](U, V) + 5D(V,H).
So
5D(U7 H) - 5D(V7 H) < 5D(Ua V)
Now if we switch the roles of U and V', we get
(V. H) — (U, H) < og(U, V).
Therefore
100(U,H) — éa(V, H)| < oa(U, V).
Thus W — 0g(W, H) is continuous.
Now apply this with
H=Bj.
This family is nonempty, because Wy € By by Notation Hence
W 6o(W, By)
is continuous in cut distance.
Now let (W,,)m>1 be a sequence of graphons in D, 4, and suppose that
lim 6g(Wy,, W) =0
m—0oQ
for some graphon W € W.
Since each W, belongs to D; 4, we have
oo(Wi, By) > ¢ for every m.
By the continuity established above, we have
n}i_r)rloo o0(Wi, By) = oo(W, BY).
Taking the limit in
6D(Wm7 B();) Z 3

gives

oo(W, B;) > €.
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Therefore
W €D,
So D, 4 is cut-closed.
(3) Fix § € [0,1] and € > 0. We show that
]:é,zq) - éT) ND:y

is cut-closed.
Let (Wpm,)m>1 be a sequence of graphons in F, 5(1;,(1)7 and suppose that

lim 0g(Wp, W) =0

m—0o0

for some graphon W € W.
Since

W € Fi2V = FD 0D,
we have
WneF"” and W, eD.,
for every m.
By item (1), ér) is cut-closed. Hence

wer".
By item (2), D. 4 is cut-closed. Hence
W eD,,.

Therefore
W e F ND.q=F7.

So F (gra’q) is cut-closed.

5.4. The reduced free-energy limit.

Lemma 5.11 (Balanced multipartite lower bound). Let n € N, and use

n =qm + a, m,a € Zx>o, 0<a<gq.
Then, with s, as in Notation [5.1]
~ In2 In2
(5.17) Zny > €xp <sqn2 — nTa <1 — a>> > exp (sqn2 _9 ;l > .
q

Proof. Write [n] as the disjoint union of ¢ possibly empty sets
[n=ViU---uV,

whose sizes differ by at most one. Thus a sets have size m 4+ 1, and the remaining ¢ — a
sets have size m. Put

nz:“/;‘a 121,,(]
Let M be the number of unordered pairs of vertices lying in different parts. Then
M = Z nmj.
1<i<j<q
Since

q 2 q
<an> :an+2 Z n;n;,
i=1

i=1 1<i<j<q
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we have

(5.18) = % (n2 — Eq:rﬂ) .

We now compute the sum of the squared part sizes. By the choice of the partition,
q
> nl=(q—a)m®+a(m+1)
i=1

= qm2 + 2am + a.

On the other hand, since n = gm + a,

2 2
n :qm2+2am+a—.
q q
Therefore

(5.19) Zn§:f+a<1—3).

i=1

Substituting (5.19) into ((5.18]) gives
1 1 1 a
2 M=-(1-=)n?—Za1-=).
(>:20) 2 < q) ! 2a< q)

Now choose an arbitrary subset of these M possible between-part edges, and put no
edges inside the parts. This gives exactly 2™ labeled graphs on [n].

Every graph constructed in this way is ¢g-partite. Hence every clique in such a graph
uses at most one vertex from each part, so every clique has size at most ¢. Since ¢ = r—1,
none of these graphs contains a copy of K,.. Therefore each of these graphs has reduced
mass

exp(—rlw K,(G)) = 1.

Thus all these graphs contribute 1 each to Zn,r, and so
T > 2M.
Multiplying (5.20|) by In2 and then using (5.1f), we obtain

(1n2)M:h172 <1—1>n2—h122a<1—“>

q

In2
zsan—na<1—a>.
2 q

In2 a
M 2
2 :eXp(sqn —2a<1—q>>.

Together with Zmﬂ > 2M this proves the first inequality in (5.17)).
Finally, the function
T
“(-3)
q

is maximized on [0, ¢] at x = ¢/2, where its value is ¢/4. Since 0 < a < ¢, we have

a q
0<al1-2) <2,
_CL( Q>_4

Consequently,

Hence




38 YASMIN TOUSINEJAD AND VERA KOPONEN

This gives the second inequality in (5.17]). O
We now prove Theorem i). We first fix an auxiliary clique coefficient L, then let

n — 0o, and only afterward let L — oo.
Proof of Theorem [2.7(1). We prove the upper and lower bounds separately.
Upper bound. Fix L > 0 and define
Z(lﬁ? = Z exp (—L?’LQt(Kr,Wg)).

GeGy,
This is an auxiliary partition function in which the clique penalty L remains fixed as n
grows.

For every graphon W,
0 <tK,W)<l1.

Moreover, t(K,, W) is continuous in cut distance by Lemma Hence the functional

W— —Lt(K,, W)

is bounded and continuous. We may therefore apply [9, Thm. 3.1], which gives

(5.21) lim %ln Z(J“) = sup {Ent(W)— Lt(K,, W)}.

n—oo 1N r Wew

We next determine what happens to the right-hand side when L becomes large. In
the notation of [9, Thm. 7.1], take

H = Krv 61 = 07 /82 = —L.

The rate functional I used there satisfies

I(W) = 1/ (WInW + (1 —W)In(1 — W)] dody = — Ent(W),
[0,1]2

2
with the usual convention at 0 and 1. Thus, at 5o = —L, their variational value is exactly
sup {Ent(W) — Lt(K,,W)}.
wew
Moreover,
A 1

X(KT) =T and p = m = 5

Theorem 7.1 of that paper therefore gives the limiting value

9 In2 1
rln2:n<1—>28q,

2(r—1) 2 q
where we used ¢ = r — 1. It follows that
(5.22) lim sup {Ent(W)— Lt(K,, W)} =s,.
L—oco wwew

We now compare the auxiliary model with the model in the theorem. Write

L, = wn 2.

By (5.2), the reduced mass of a graph G is
exp(—rlw K,(G)) = exp (—nQLn HK, Wg)) .
Since r > 3 and w > 0, we have

lim L, = +oo.
n—oo

Thus, for every fixed L > 0, we have L,, > L for all sufficiently large n. Since t(K,, Wg) >
0, this gives
exp (—nQLn t(Ky, Wa)) < exp (—nzL (K, Wa)) .
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Summing this inequality over all G € G, yields
Doy < 235

for all sufficiently large n. Taking logarithms, dividing by n?, and using ((5.21]), we obtain

1. =
limsup Fy, »(w) < lim — In Z(5)

n—o00 ~ n—oon? o
= sup {Ent(W)— Lt(K,,W)}.
wew

This holds for every fixed L > 0. We may therefore let L. — co. Equation then
gives
limsup F), »(w) < sq4.
n—oo
Lower bound. A graph whose edges lie only between the parts of a g-partite partition
contains no copy of K., because ¢ = r — 1. Such a graph therefore has reduced mass 1.
Lemma [5.11| counts these graphs and gives

In2
&Amz%—%ﬁ.

Taking the lower limit gives

linrr_ggf For(w) > sq.

The upper and lower bounds now agree. Therefore
. In2 1
i Fnr(w) = sq = == (1 - q) -

g

5.5. Exponential concentration in cut distance. We now prove Theorem (ii).
Fix € > 0. The event we need to estimate is

(5D(Wgn, B;) > €.

After choosing a small number § > 0, we separate this event according to the empirical
clique density ¢(K,, Wg, ). The part with

t(Kr, WGn) >4
has very small total reduced mass by Lemma [5.3] The remaining part has
t(KT, WGn) <9 and 6D(WGn) BZ;) > E.

For this part, Lemma [£.12] gives an entropy loss, and the counting bound in Lemma [5.9]
turns that entropy loss into an exponential probability bound.

As explained in Remark [9, Thm. 3.2] gives concentration for each fixed clique
coefficient L, but it does not provide concentration constants uniform in L. Since the
present model follows the diagonal sequence L,, = wn" 2, for which lim,_,e0 Ly = 400,
the proof below establishes the required uniform diagonal estimate directly.

Proof of Theorem (ii). Fix ¢ > 0, and let G,, ~ P, . Choose

dp = 0re >0 and d = c;’e >0

from Lemma [£.12] and set
d = min{dp, 1}.
The conclusion of Lemma still holds under the stronger condition ¢(K,, W) < 4.
Define
Ap e = {G cGy,: 5D(W0,B;) > 5}.
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By (2.3),

=

€

P(G, € A, c) =

)

N

where 7
Ry = Z exp(—rlw K. (G)).
GeAy e

Using (5.2)), set

__ plarge small
Rnﬁ - Rn,sg + Rn,e )

where
RS e Vo)
GE.An,E
(K, Wa)>8
and
Rf’br’réall — Z exp(—w t(Km WG)’I?,T).
GEAn,e
tH(Kr,Wa)<d
For every M > 0, Lemma [5.3] gives, for all sufficiently large n,
(5.23) RyE° < exp(—Mn?).

Every summand in R%rgall is at most 1, and every graph in this sum satisfies
Wg € F ézq).
Hence
rrt < |G e G woe 70}
If F éra’q) is empty, this upper bound is 0. If it is nonempty, then it is cut-closed by
Lemma [5.10] and Lemma |4.12| gives
sup Ent(W) <s,—¢.
wer?

Lemma , with counting error ¢’ /4, now gives, for every sufficiently large n,

small _376/ 2
(5.24) Ry <exp | | 84 ")

Set 2
qln

C, = .
? 8

Lemma [5.11] gives
Znr > exp(sgn® — Cy).
Choose M =1+ /. Combining this estimate with (5.23)) and (5.24]) gives

P(Gy, € Ap.) < exp(—(M + sg)n* + Cy) + exp (—34an + Cq> .
For every sufficiently large n, both terms on the right are at most exp(—c'n?/2). Increas-
ing the threshold for n once more gives
2exp(—c'n?/2) < exp(—c'n?/4).
Therefore, for every sufficiently large n,
P(6o(We,,Bp) > €) < exp(—c'n®/4).

The theorem follows with ¢ = ¢//4. The constant ¢ depends only on £ and r. The
threshold for n may also depend on w, through Lemma [5.3 ]



EXPONENTIAL RANDOM GRAPH MODELS WITH SOFT CLIQUE CONSTRAINTS 41

5.6. Probability bounds needed for the rounding argument.

Lemma 5.12. The following probability bounds hold:

(i) Markov’s inequality. If Y > 0 almost surely and t > 0, then

P(Y >t) < E[ty].

(ii) Hoeffding’s inequality. Let m > 1, and let Y1,...,Y,, be independent random

(iii)

variables. Suppose that, for each i € [m], there are real numbers a; < b; such that
a; <Y; < b;

almost surely. Set
m

V= Z(b’ —a;)?.

_— .
- = p ‘7

If V > 0, then, for everyt >0,
m m
> Yi=) EN]
i=1 i=1

P <
almost surely. Consequently, for every t > 0,

> Vi) Ev
=1 =1
If V. =0, then
P ( > t> ~o.

> Yi— > E[Y]
=1 =1

In particular, if 0 <Y; <1 almost surely for every i € [m], and if

then, for everyt > 0,

2t2
P(|S—E[S]| > t) <2exp|——).

m
McDiarmid’s inequality. Let m > 1, let Sy,...,Sy, be finite sets, and let
Xi,...,Xm be independent random variables such that

X; € Si
almost surely for every i € [m]. Let
f:Sx--x8,—>R

be a function. Assume that there is a number L > 0 such that changing only one
coordinate can change the value of f by at most L. More precisely,

!f(xl,...,mi,...,xm)—f(xl,...,:n;-,...,:rm)} <L

for everyi € [m], every x;, x; € S;, and every fized choice of the other coordinates.
Then, for everyt > 0,

2
P(f(X1,..., Xm) —E[f(X1,..., Xn)]| >t) < 2exp <—th) .
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Proof. Item (i) is Markov’s inequality; see [23, Thm. 3.1], with the notation there re-
named as X =Y and a =t.

For item (ii), first assume that V' > 0.

If ¢t > 0, Hoeffding’s inequality [23, Thm. 4.14| gives

m 2
]P’( 2t> < 2exp (—2t>
i=1 4

> Y=Y E

If t = 0, the same bound is also true, because the probability on the left is at most 1,
while the right-hand side is 2.
Now assume that

V =0.

Z(bl - ai)z = 0.
i=1

Each term in this sum is nonnegative, so

Then

bi—a; =0 for every i € [m].
Thus a; = b; for every 7. Since
a; <Y; < b
almost surely, each Y; is almost surely constant. Hence
Y; = E[Y]] almost surely for every i € [m].

Adding over i = 1,...,m gives

=1 =1

almost surely. Therefore, for every ¢ > 0,
> t) o

m
I[D <
i=1
0<Y; <1 almost surely for every i € [m],

> Yi— ) El]

For the last part of item (ii), assume that

and set
m
s=3%
i=1

Taking
a; = 0 and bl =1

for every i gives
m

V= Zb—az :Z

The bound already proved therefore gives, for every t>0,

2
P (|5~ E[S]| > t) < 2exp (—i) |

For item (iii), the bounded-difference condition is exactly the hypothesis of McDi-
armid’s inequality in |23} Sec. 13.5.1, Thm. 13.7]. Applying that theorem with n = m
c¢= L, and \ =t gives the stated bound for ¢ > 0. The theorem applies here because
the random variables take values in finite sets. For ¢ = 0, the bound is immediate, since
the right-hand side is 2. O
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5.7. Transforming cut-distance closeness to a vertex partition. The next lemma
turns cut-distance closeness to By into a partition of the finite vertex set. It controls the
part sizes, the edge density between every pair of parts, and the total number of edges
inside the parts.

Lemma 5.13. Let ¢ > 2 and 0 < e < 1, and set
€
p = 10042
There exists Ngety = Nget(€,q) such that the following holds for every n > Nyet. If G is
a graph on [n] and
o(We, By) < p,
then there is a partition
] =ViL---UV,
with
[Val—nfq) <en  for every a € [g),
each V,, has size at least 2,
eg(Va, Vﬁ) B 1
VallVsl 2

‘ <e for all distinct o, 5 € [q],

2

q

EN
§ eG(Va) < 10 )
a=1 q

and
Zgzl ec(Va) <
L ()
a=1 2

Moreover, if G' is obtained from G by deleting all edges whose endpoints lie in the same
part, then G’ is q-partite and

&
degit (G, G") < —.
dit )_qu

Proof. We use a random coloring argument and color the vertices independently using
probabilities obtained from the graphon relabeling. We then show that the desired

properties hold with positive probability and fix one coloring for which they hold.
Let (a;;)7;—; be the adjacency matrix of G. Thus

aij = aji, a;; = 0.
Let Wy and its canonical blocks Ay, ..., A be as in Notation By that notation,
5D(WG7 B;) = 5D(WG7 W;) <p-.

Since the infimum in the definition of cut distance is strictly smaller than p, there is a
measure-preserving bijection ¢ : [0,1] — [0, 1] such that

IWe — (Wg)¥lla < p.
Set

o=y

Since the cut norm is invariant under measure-preserving relabelings, we get

W —Wella = |[(We — (W) [|n

(5.25) = [We - (W)¥ o
< p.
Let Iy, ..., I, be the intervals from Definition [3.2] These intervals form a measurable

partition of [0, 1].
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Define
J; = (bil(fi), 1€ [n]
Then Jp,...,J, form a measurable partition of [0, 1], and
1
AJ;) = - for every i € [n].

For i € [n] and « € [q], set
Dia = nA(J; N Aq).

For each fixed ¢, these numbers can be used as probabilities:
q
0<pin<1l and zpm =1.

Also, for each fixed «a,

Zpi,a = n)\(Aa) = -
=1

We now define an auxiliary random coloring of the vertices. Let

Y= (517"‘ 7§n)
be an [g]"-valued random vector whose coordinates are independent and satisfy
]P)col(é.i = 04) = Di,as 1€ [n], o€ [q]
Equivalently, for every C' = (C1,...,Cy) € [¢]",

]Pcol Y= C H Di,C;-

Here P,y and E¢, denote probability and expectatlon with respect to this product prob-
ability measure on [q]".
For a coloring C' = (C,...,Cy) € [g]|", define its color classes by

Vo(C) ={i€n]:C; =a}, a € [q].

The parts are almost balanced. For every a € [q] and i € [n], set
7" = Ly

@

For each fixed «, the random variables Z; . ZT(LQ) are independent and satisfy

0< Zi(a) <1 almost surely.

Moreover,
n
D=3z
i=1
and

col |V ZECOI a sza = -

Applying Lemma (ii) to Zfa), el Z7(l ), with m = n and
_o
~ 10q’

gives

]P)col <‘|Va(2)‘ - % >
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Define

QbM5::{C7€ MY‘:ML@(CO]_.Z

< i
—— for every a € .
~ 10g 1

By the union bound,

Cc 62
(5.26) Peo1(Q25,1) < 2gexp <_50q2 n> .
If C € Qpa, then for every a € [g],
n En
_ Ol <= <en
Va©)l - 2| < T <en
Moreover, since € < 1,
n o en In
Vo (O)>——— > —.

Thus, if n > 2¢, then |V, (C)| > 9/5. Since |V, (C)| is an integer, every part has at least
two vertices.

After relabeling by ¢, the empirical graphon Wg is equal to a;; on J; x J;, except possibly
on a null set. Hence, for all a, 5 € [q],

/A W) dedy = Y AN ADA 0 49)
aX B

,j=1

1 n
(5.27) = D_ GijPiabip
ij=1

Edges inside the parts. Fix a € [q]. Then

2e6(Va(D)) = D aijlig—a}Lig;=a)-
Q=1

The diagonal terms vanish because a; = 0. For ¢ # j, independence gives
Ecol |:1{£i:a}1{§j:a}] = Pi,aPj,a-
Using (5.27)), we obtain
2
SEaleaVa®) = [ WE.
n AaxAq

The graphon W; is 0 on A, x A,. Therefore

o< [ wi= [ wh-wy<|WE-Wla<p
AaXAa AaXa

Hence 9
Ecallec(Va(2))] < 5.
Summing over all « € [g], we get
RS gpn®
col ;eG(Va(Z)) < 9

For C € [q]", set

Y(C) = ea(ValC)).
a=1
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Define
2

Qi = {C €lg":Y(C) < igq}
By Lemma [5.12(i),
ECOI[Y(E)]
en?/(10q)
qpn*/2
(5.28) - 57”L22/(1f)f1)
5q°p

]P)col(Qicn) <

20°
Here the last equality uses p = £/(100¢?).
Lemma ii) gives

q q

2 : |Va(0)| 1 2 1
= — — > —

q 2

> (M) 5 22

2 4q

Thus every C' € §y, satisfies
q

If n > 2q, then
1y ea(Va(C) _ en?/(10g) _ 2
1 (%) T wfag) T 5 ST

Edges between distinct parts. For 1 < a < < g and C € [¢]", define
Fo5(0) = eq(Va(C), V3(C)).
Fix 1 < a < 8 < q. Since V,(X) and V3(X) are disjoint,

Fap(B) =Y aijlig,—aylie,—s)-
ij—1

Each edge between the two color classes is counted exactly once. The diagonal terms
vanish because a;; = 0. For i # j, independence gives

Ecor [1{&:@1{@:5}} = Pi,aPj 8-
Therefore

n
Ecol[Fa,5(2)] = Z ijPi,aPj,3-

ij=1
Using (5.27)), we obtain
1
EalFas®) = [ Wy dedy
n AaxAp
On A, x Ag, the graphon W equals 1/2. Since
1

)\2(Aa X A@) = q2,

we have

1
Wi(z,y)drdy = —.
/AQXAB q( ) 2q2
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By Definition applied with S = A, and T' = Ag, and by ([5.25)),

¢
AR
AQXAg AQXAg

[ wg-wy
Aa ><A5

< |WE - Weln
< p.

Consequently,

2
n
(5.29) Eeol[Fa,5(2)] — %2 < pn?.

Thus n?/(2¢?) is the deterministic target value; in general it is not the exact value of
Ecol [Faﬂ(z)]-

Changing one coordinate of C' can change the counted status only of edges incident
to the corresponding vertex. There are at most n — 1 such edges, and each contributes
at most 1 to the change. Hence F,, g changes by at most n — 1, and therefore by at most

n. By Lemma [5.12(iii), with

2

_en
108
we obtain
en? 2
Pcol <|Faﬂ(2) - Ecol[Fa,,B(E)” > 40(]2> < 2€Xp <_800q4n> .
Define
en?
Qeross = 4 C € [q]” : ’FO(7B(C) - Ecol[Fa”g(E)” < TqQ

forevery 1 <a < f<gq
By the union bound,
(& 62*
(5.30) Peotl(Q2ross) < (g — 1) exp <_ 800q* n) )

If C € Qcross, then for every o < 3, the definition of Qcross, (5.29), and the triangle
inequality give

n?

Ecol[Fa,B(E)] ~ 52

< |Fa,,6’(c) - Ecol[Fa,ﬂ(E)” + 2q

2

(5.31) < :(%2 + pn?
_ Ten?
= W
en?
= W
Assume also that C' € Q,). Let

n n
\VQ(C)\:ngAa, |VB(C)’:a+AB'
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Then
en
Ayl |Agl < —.

Hence

n?

n
[Va(O)[VB(C)] = 2= 5(|Aa| +1Ag[) + [AaAg|

en?  &2p?

5¢2 10042
21en?

10042

6n2

4¢%

<
<

<

Therefore

n2

1 en
.32 Z _ -n
(532 SVACNVHON - 5| < 2

Combining (5.31]) and (5.32)), and using the triangle inequality, gives

2

“G(ValC).VH(C) = 5Vl OV IVHLC)|

2 2

n n 1
< _ R
< |e6(Val0). V3(C)) = 55| + |53 = 5 ValOIIVH(O)]
en? en?  Ten?
~ 20g%2  8¢%Z  40¢2
The balance event also gives
81 n? _ 4n?
Vo (O)||V5(C — > -
ValONVAO) 2 5555 > 57

Thus
eo(Va(C), Vo(C) 1| _ Ten?/(404?)

Va(OIVE(C) 2|~ (4/5)n%/¢?
G
32
< €.

By symmetry, the same estimate holds for every ordered pair of distinct parts.

Fizing a coloring with the desired properties. Choose Nget(,q) so large that, for every
n Z Ndet7

2 e V<L
(5.33) TP\ Th0g2" ) = 407
2

It follows from ([5.26)), (5.28)), (5.30)), and (5.33) that

1 1 1
C < _ C < _ C —
IPJCol(Qbal) = 407 Pcol(Qm) >~ 207 PCOI(Q
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Therefore
P I(Qb linancross) > 1_i_i_i
comTha - 40 20 40
9
=—>0
10 >

So there exists a coloring
Ce Qbal N Qin N choss~

Set
Va = Va(o)v (OAS [Q]

The estimates above show that this partition has the required part sizes, the required
between-part edge densities, and the required bound on the number of edges inside the
parts.

Finally, let G’ be obtained from G by deleting all edges inside the parts Vi,..., V.
Then G’ is g-partite, and

€n2

B(G) & B(@)] =Y ealVa) <[5

a=1

By the definition of deg;; in Section

deait(G, G") = <

g

We now use the cut-distance concentration theorem to prove the finite-graph structure
theorem.

Proof of Theorem (iii). Fix e > 0. Since Lemmais stated for parameters at most
1, set
n
100¢2°
Let G, ~ P, ,. Applying Theorem (ii) with the parameter p, we get constants

7 = min{e, 1}, p =

co = co(p, ) >0 and No = No(p,r,w)
such that, for every n > Ny,
P (60(We,,B}) > p) < exp(—con?).
Let

Ndet = Ndet (777 Q)
be the threshold from Lemma [5.13] and define

no = max{No, Nget }-
Then, for every n > ng, with probability at least 1 — exp(—con?), we have
oo(Ws,, By) < p.
On this event, Lemma [5.13] applied with 5 in place of €, gives a partition
ml =AU U,
satisfying all the conclusions of that lemma with parameter 7. Since
n=<e,
the same partition satisfies the required bounds in Theorem [2.7](iii) with parameter .
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In particular, if G/, is obtained from G,, by deleting all edges whose endpoints lie in
the same part, then G, is ¢g-partite and

n e €
Aogit (Gp, G ) < — < — < =
edlt( [ n) > 10(] ay 10(] ay 27
because ¢ > 2.
Thus the theorem holds with
c = cp.

Since p = 1/(100¢?), and since ¢ = r — 1, the constant ¢ depends only on ¢ and r. The
threshold ng may also depend on w. O

6. EXAMPLES AND CONSEQUENCES

We first discuss the boundary case r = 2 and the first case covered by Theorem [2.7]
namely » = 3. We then show that the induced subgraph on any fixed number of labeled
vertices converges in distribution to a stochastic block model, derive the limiting clique
densities, and give an exponential bound for colorability with fewer than r — 1 colors.
Finally, we extend the model to several fixed clique penalties.

6.1. The case r = 2. The notions defined in Section [2] are straightforwardly extended
to the case r = 2, and we get

No(G) = n? = 2| E(G)];
and
Zno = (1+e20) )
The possible edges are therefore independent, and each is present with probability
e 2w 1
T+e 20 1+e2w

Thus P, 5 is exactly the G (n,1/(1 + ")) distribution. In particular, the (r — 1)-partite
behavior in Theorem [2.7] begins at r = 3.

6.2. The case r = 3. Here ¢ = r — 1 = 2. By Corollary [2.6] the reduced mass of a
graph G is

—6wK3(G)

e :
Thus triangles are penalized. By Theorem (ii), the empirical graphon converges in

probability, in cut distance, to the class represented by W3. The canonical representative
W3 has two equal blocks and takes value 0 within each block and 1/2 between the blocks.

6.3. A stochastic block model limit. For m € N and probability measures o and (8
on G,,, their total variation distance is

drv(o,8) =5 3 la(/) ~ B

JeGnm

Definition 6.1. For m € N, J € Gy, and a graphon W, define the induced density of
J in W by

tind(Ja W) = / H W(:ci, :L'j) H (1 — W(JJ,‘, 1’])) dl’l te da:m.
O™ 4 jyer() 1<i<j<m
{i.3}¢E(T)
This is the induced-density formula in [22 Sec. 7.2, Eq. (7.3)]. Under the graphon
sampling construction from Section [3] it equals the probability of obtaining the labeled
graph J; see [22, Sec. 10.1, immediately before Eq. (10.3)].
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Corollary 6.2 (Stochastic block model limit for fixed induced subgraphs). Fiz an integer
r>3,setq=r—1, and let w > 0 and m € N. For every n > m, let G, ~ P, ., and let
Hpm be the subgraph of Gy, induced by [m].

Define a random graph 57(73) on [m] as follows. Choose C1,...,Cy, independently and
uniformly from [q]. Given these labels, include the possible edges independently, with
probability

.. 07 Cl :O'a
Pspum ({7, 7} € E(S') | Ci,...,COn) = {1 ’

2

1<i<i<m.
Ci # Cj,

Here IP’SBM(S,%)) denotes probability of getting S,(ff) under this construction. Define prob-

ability measures vy, ., and vl on Gy, by
Unn(J) =P(Hpm = J), VD) :=Psgm(S'9 =)  for Je Gp.

Then

Tim dry (vim, v) = 0.

The limiting measure y,(,? depends on ¢ = r — 1 but not on w.

Proof. Fix J € G,,. For the induced density from Definition [6.1] inclusion-exclusion
gives [22], Sec. 7.2, Eq. (7.4)]

tina(J, W) = Z (= DIEENEDI(F W),
FeGm
E(J)CE(F)
By [7, Thm. 3.7(a)|, each homomorphism density in this sum is continuous in cut dis-

tance. Therefore t;,q(J,+) is also continuous in cut distance.
Theorem (ii) and the final identity in Notation give, for every € > 0,

Tim P ([tina(J, We,) = tina(J,Wy)| > €) = 0.

Since the absolute difference is bounded by 1, for every € > 0, its expectation is at most
€ plus the probability that it is at least €. Hence,

(6.1) nh_{goE [|tina(J, W) — tina(J, Wq*)H =0
Define a probability measure vy, ,, on G, by
Unm(J) = E[tina(J, Wa,)].

By (22.3), the probability assigned to a graph G depends only on K, (G), which is invariant
under vertex relabeling. Hence the distribution of G,, is invariant under vertex relabeling.
Consequently, if ¢ : [m] — [n] is an independent uniformly chosen injection, then H,, .,
has the same distribution as the graph on [m] in which {7, j} is an edge exactly when
{0(2),0(4)} € E(Gn).

On the other hand, sampling from W corresponds to choosing vertices of G indepen-
dently, so the same vertex may be chosen more than once. The probability of choosing
the same vertex more than once is at most (")) /n. Therefore, by [22, Eq. (10.1)],

. (3)
dTV(Vn,ma Vn,m) < T

By Notation graphon sampling from W is exactly the construction of ng), there-

fore

tind(*]a W(;) = y’r<7(11)(‘])
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It follows that

()

drv (Vnm, vaff)) < 7 drv (Vnm, V#f))
(3) 1 .
S T + 5 Z E Htind(J7 WGn) - tind(J7 Wq)H .
JeGm
The sum is finite, and each term tends to zero by (6.1). This proves the result. ]

Remark 6.3 (The limiting model is not Erdgs-Reényi). Let ¢ > 2 and m > 2, and consider
the model Sgg) defined above. For 1 <1i < j < m, let

Xij =1 reps@y

For each edge,
1 ¢g—-1 1 gqg-—1
P Xij=1)=P Ci#C))==—F.—="——.
seM(Xyy = 1) = Pspm(Ci # C5) 5 7 27 g
Any two distinct edge indicators are independent. This is immediate for vertex-disjoint

edges because they use different labels and different edge choices. If the edges share a
vertex, say {i,j} and {7, k}, then

2 2
qg—1 1 qg—1
SBM( i ik ) ( q ) A ( 2(] ) ’

which is the product of their individual probabilities.
However, if m > 3, the three indicators associated with the triangle on {1,2,3} are
not independent as a triple, since

(¢—1)(¢—2)

Pepum(Xi2 = X13 = Xo3 = 1) = 80 ;

(=

a1\ _(@=D@-2) _g¢-1_,
2q 8¢? 8¢3 '

Thus any two edge indicators are independent, but the three triangle indicators are not

whereas independence would give

Indeed,

independent as a triple. In particular, ngi) is not an FErdés-Rényi graph when m > 3.

6.4. Limiting clique densities. For any fixed integer » > 3 we now determine the
limiting density, with respect to P, ., of K, for all s > 2.

Corollary 6.4. Fiz an integer v > 3 and let w > 0. Let G, ~ Py, ., and set ¢ = r — 1.
For every fized integer s > 2,
qg—=1)---(g=s+1)
(6.2) HK, W) = ¢+2(5) ’
0, s >q.

Moreover, for every n > 0, there are constants ¢ = ¢(n,r,s) >0 and N = N(n,r,s,w) >
s such that, for everyn > N,
s

(6.3) P, ({G cq, : [2E(C)

nS

— (K, W)
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Consequently, for every n > 0,
K (Gp)

® § ”) -

Thus every fized clique Kg with 2 < s <r—1 has a positive limiting density, while every
fized clique Ks with s > r has limiting density zero.

— (K, W)

n—oo

(6.4) lim P (

Proof. Suppose first that 2 < s < ¢. By Definition 3.3
t(KS,W;) = H Wq*(a:i,xj) dzy---dzs.
[0,1]° 1<icj<s

Equivalently, choose z1,...,zs independently and uniformly at random from [0,1]. By
Notation the index of the canonical block containing each z; is uniform on [g], and
these block indices are independent. Since W is zero within each block, the integrand is

nonzero only when x1,...,x lie in distinct blocks. The set of such points has measure
gg=1)---(g=s+1)
q° '

On this set, every factor in the integrand is equal to 1/2. Since K has (;) edges, it
follows that

— 1) (g—s+1
iy = 0D gt 1)
q32(2)
If s > g, then among any s points z1,...,zs, at least two lie in the same canonical
block. The corresponding factor in the defining integral is zero. Hence
t(Ks, W7) =0.
This proves (6.2)).
By Lemma [3.18] with s in place of r, every graph G € G,, satisfies
'K (G
t(Ky, Wg) = 575()
nS

Lemma [3:14] and Notation [£.3] therefore give
sl K4(G)
nS

Thus, if the left-hand side is at least 7, then

— (K, W)

< (;) 62(We, BY).

60 (Wa, BY) > 7%
(5)
Applying Theorem (ii) with n/ (;) in place of € proves (6.3)).
Finally, for n > s, set
sl Ks(Gp) nn—1)---(n—s+1)

n — T, Ay — s .

Then
Ks(Gn) . Xn

0 e

Equation (6.3) says that X, converges in probability to t(Ks, W7). Since a,, > 0 and

lim a, =1,
n—oo

the quotient X, /a,, converges in probability to the same limit. This is exactly (6.4)). O
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Example 6.5. For example, let r = 4, so that ¢ = 3, and let G,, ~ P, 4. Then
3-2-1 1

T 3323 T 367
lim IP’( K3iG”) B PN n) -0, limP (K“ELG”) > n) = 0.
n—00 (3) 36 n—00 (4)

Thus a positive proportion of triples still form triangles, even though the proportion of
four-element sets that form a copy of K4 tends to zero.

t(Ks3, W3) t(K4,W3) =0.

Hence, for every n > 0,

6.5. Colorability with fewer than r — 1 colors.

Corollary 6.6. Fiz an integer r > 3 and let w > 0. Set ¢ =r — 1, and let G, ~ Py, ;.
Recall that x(G,) denotes the chromatic number of G,. For every n € N and every
integer k with 1 < k < q,

—k)In2 In2
(6.5) P(x(Gn) < k) < exp <_((12:21nn2 tnlnk+ 2 ;1 ) .

Consequently, there are constants ¢ = ¢(r,k) >0 and N = N(r, k) € N such that
P(X(Gn) < k:) < e’ for every n > N.

In particular, when r > 4, the probability that G,, is (r — 2)-partite tends to zero expo-

nentially in n?.

Proof. Fix a map from [n] to a set of k colors, and let my, ..., my be the sizes of its color
classes. A graph for which this map is a proper coloring can have edges only between
different classes. The number of pairs in different classes is

(- 2mt) <5 (1- 1)

i=1

where the inequality follows from Lemma [3.12ii). Hence at most
o(1=1/k)n?/2

graphs have this fixed proper coloring. Since there are k™ such maps,

(6.6) {G € G, : X(G) < kY| < kn20-1/Rn?/2,

A k-colorable graph has no clique with more than k vertices. Since k < ¢ < r, every

graph counted in is K,-free and has reduced mass 1. Hence and (5.17) give

In2 1 no
P(x(Gn) < k) < exp <n <1—> n2+n1nk’—3qn2+qg )

2 k
Using (5.1) gives (6.5). Since ¢ — k > 0, the coefficient of n? is negative, which proves
the final estimate. 0

6.6. Several fixed clique penalties. We now consider a set-up with soft constraints
for several clique sizes. Fix an integer ¢ > 3. For each k € {3,...,¢} let a weight wy > 0
be fixed. Assume that at least one of these wy, is positive and set

r:=min{k € {3,...,¢} : wg > 0}, qg=r—1.
Thus wy =0 for k <r. For all k € {3,...,¢} and every G € G,,, define
Ni(G) == nF — B Ki(G).
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Hence Ni(G) is the number of k-tuples of vertices of G that do not form a k-clique in
G. We now define the “unnormalized mass’ of G € G,, as the number

V4 14 V4
exp (Z wka(G)> = exp (Z wknk> exp ( Zk!wk Kk(G')> .
k=r k=r

k=3
The first factor is independent of G and cancels after normalization. We therefore define
the “reduced mass’ of G € G,, by

V4
M(G) == exp <— Z k! wy, Kk(G)> ,
k=r

and then the corresponding reduced partition function, probability measure, and reduced
free energy are defined by

Zie= Y M)
GeGy,

(6.7) PMC(A) == P > MY(G), for AC Gy, and

n  GeA

1 =~
Er = o In Z7¢.

Theorem 6.7 (The smallest positively weighted clique determines the limit structure).
Let G ~ P¢) that is, Gy, is a random graph from Gy, under the probability distribution
P¢. Then the following statements hold:

(i> hmn—mo Franc = IHTQ (1 - rfll)

(ii) For every e > 0, there are constants

c=c(e,r)>0 and N = N(e,r,w,)
such that, for everyn > N,

2

P (0o (Weme, By) > ) <e™.
(iii) For every e > 0, there are constants

c=c(e,r) >0 and N = N(e,r,w,)

(&

such that, for everyn > N, with probability at least 1 —e™ "2, there is a partition

) =Viu---uv,

with the following properties:
(a) For every i € [q],
HVZ\ — n/q‘ < en.
(b) For all distinct 1, j € [q],
€Gg6(‘/i7vvj) o 1‘ <e.
VillVil 2

(¢) The total number of edges inside parts is

erc (‘/Z) S —.
i=1 10g
(d) The total density of edges inside the parts is at most €:

g:l eG;{lC(Vi)

L) T



56 YASMIN TOUSINEJAD AND VERA KOPONEN

If G, is obtained by deleting all edges whose endpoints lie in the same part, then
G), is q-partite and
€ €
dedit (GqTC7G;L) < 170(] < 5
In particular, the reduced free-energy limit and the cut-distance limit depend on the weight

vector (ws, . ..,wy) only through r. Once r and w, are fized, the constants in parts (ii)
and (iii) can be chosen independently of ¢ and of the weights wyy1,. .., ws.

Proof. Let an, F, ,(w,), and Py, , denote the reduced partition function, reduced free
energy, and probability measure of the single- K, model with weight w,, and set

qIn2
Cy = .
I 8
Since the higher weights are nonnegative, every G € G,, satisfies
(6.8) 0< MPG) < exp(—r! erT(G)) <1

Every graph in the balanced g-partite family used in the proof of Lemma is K, -free
and hence Kj-free for every k > r. Its multi-clique reduced mass is therefore 1. Let

In2 1
Sq _I;<1—q>

The same lower-bound construction, together with , gives
(6.9) exp(sqn® — Cy) < Z7 < Zp

This comparison explains the role of the smallest positively weighted clique; the lower
bound is unaffected by any clique penalty, while the upper bound retains only the K,
penalty.

For part (i), taking logarithms in and dividing by n? gives

C
Sq — n—g < F¢ < Fyp(wy).
The conclusion follows from Theorem [2.7(i).

For parts (ii) and (iii), set

Zn,r

mc )
ZTL

R, :

By , every event A C G, satisfies
(6.10) Pre(A) < Ry Py (A).
Moreover, implies

1 C
0< EIHR” < For(wy) —sq+ n—g,

and hence, by Theorem [2.7(i),

1
(6.11) lim —InRk, =0.

n—o0 N2
The upper bound depends only on n, r, and w,, and it tends to 0. Since the same
bound holds simultaneously for every ¢ > r and every choice of wy11,...,wy > 0, the
convergence is uniform in those parameters.
Consequently, suppose that a sequence of events (A,,) satisfies

]P)n,r (-An) < €_an2
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for some a > 0 and all sufficiently large n. After increasing the threshold if necessary,
gives R, < ean?/ 2 and gives
PR(A,) < e /2,
For part (ii), apply this observation to
A, = {G e G, : 5D(Wg,B;) > 5}

and use Theorem [2.7](ii).

For part (iii), let B, . be the set of graphs that admit no partition satisfying the five
properties stated there. Theorem [2.7(iii) gives an exponential bound for Py ,(By.c), so
the same observation gives the required bound under P;*°. The edit-distance conclusion
follows from any partition satisfying those five properties, exactly as in Theorem (iii).

For each of parts (ii) and (iii), one may choose ¢ = ¢(e,7) > 0 and N = N (e, r, w;).
Neither choice depends on ¢ or on the higher weights w,41, ..., wy. O
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