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Abstract

Large Language Models (LLMs) often produce incorrect answers on multi-hop
question answering even when the reasoning trace already contains a correct in-
termediate conclusion. We attribute this gap to weak self-regulation rather than
insufficient reasoning capacity. Without explicit regulation, valid intermediate con-
clusions are overridden by continued exploration or left unrecognized as logically
sufficient. We propose Metacognitive Behavioral Tuning (MBT), a post-training
framework that injects a five-phase metacognitive structure into reasoning traces.
The five phases are understanding and filtering, planning, execution and monitoring,
self-correction, and verification. MBT has two formulations. MBT-S synthesizes
new metacognitive traces from scratch, while MBT-R rewrites the student’s own
traces into a metacognitive form. Across HotpotQA, MuSiQue, and 2WikiMulti-
HopQA, MBT attains the highest Accuracy-Efficiency Score (AES) across model
scales. MBT lifts task accuracy while keeping traces short and stable, with mean
response length on MuSiQue an order of magnitude shorter than baseline methods
and degeneration counts reduced by a similar margin. A matched-control study
further confirms that the gain stems from the five-phase structural prior itself. To
qualitatively assess the regulatory behavior of reasoning traces, we introduce two
new metrics, the Reach-Redundancy Profile (RRP) and the length-aware Metacog-
nitive Quality Index (MQI). RRP captures when the answer is reached and how
much of the trace is redundant, and MQI quantifies how richly the five phases
appear. Under both metrics, MBT achieves the earliest answer arrival, the lowest
redundancy, and the richest phase-level behavior across model scales.

1 Introduction

Large Language Models (LLMs) have recently evolved into Large Reasoning Models (LRMs). LRMs
extend chain-of-thought reasoning Wei et al. [2022] through explicit multi-step reasoning learned
via large-scale reinforcement learning Xu et al. [2025a], Zhang et al. [2025b]. This shift admits
test-time scaling, where accuracy improves as models allocate more computation to reasoning Snell
et al. [2024], Agarwal et al. [2025a]. It has also produced gains on complex tasks, particularly in
STEM domains Jaech et al. [2024], Guo et al. [2025], Yang et al. [2025], Bai et al. [2025b].
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Figure 1: Prevalence of answer-inclusive errors on MHQA benchmarks under Qwen3-8B. Incorrect
predictions split into Answer-Inclusive, where the gold answer was derived during reasoning but
discarded, and Answer-Exclusive, where it was never derived. A large Answer-Inclusive share
indicates that the gap to gold accuracy comes from failing to retain correct intermediate conclusions
rather than from missing knowledge.

With explicit reasoning traces, hallucination can be analyzed at the level of intermediate steps. The
standard definition of hallucination concerns fluent but factually incorrect content Ji et al. [2023].
LRMs expose chains of thought that make the underlying logic observable, which permits a process-
centric analysis of failures and an extension of the hallucination notion from the outcome level to
the process level. We find that many failures stem from weak logical control over the problem-
solving process rather than from insufficient reasoning capacity. When this control breaks down,
models produce invalid steps such as unsupported constraints or unwarranted derivations, which yield
incorrect conclusions.

Our Findings We analyze reasoning traces on Multi-Hop Question Answering (MHQA) bench-
marks and identify a recurring failure pattern. The model derives the correct answer mid-trace and
then overrides it after introducing an unverified self-imposed constraint. A representative Qwen3-4B
trace is shown in Figure A1 of Appendix A. The failure reflects absent metacognitive monitoring
rather than insufficient reasoning capacity. The model does not check the validity of the new constraint
before discarding a correct conclusion already present in the trace.

This pattern holds across MHQA benchmarks including MuSiQue Trivedi et al. [2022], Hot-
potQA Yang et al. [2018], and 2WikiMultiHopQA Ho et al. [2020]. We term such cases answer-
inclusive errors. The gold answer or a paraphrase appears in the trace as an evidence-supported
candidate, while the final output disagrees with it. An LLM-as-a-Judge filters incidental mentions
by requiring the candidate to be coupled to supporting evidence. The operational definition, judge
model, and prompts are in Appendix D and H.1. Figure 1 reports the prevalence of this pattern. A
non-trivial fraction of failures fit this pattern and align with the overthinking and underthinking
phenomena reported in mathematical reasoning Chen et al. [2024], Wang et al. [2025].

Existing post-training paradigms such as RLVR methods with outcome-based rewards Lambert et al.
[2024], Shao et al. [2024] do not address this instability. When answer-inclusive errors are common,
final-answer rewards penalize entire trajectories even when they contain valid intermediate steps Deng
et al. [2025b,a]. Such objectives offer no signal for improving the stability of the reasoning process
itself, leaving models exposed to the deviations described above.

We propose Metacognitive Behavioral Tuning (MBT), an automated post-training framework that
injects structured metacognitive behaviors into reasoning traces. MBT constructs such traces either
by synthesizing them from scratch or by rewriting the student’s existing traces. The model is
then fine-tuned on the resulting traces. By restricting the exploration space prior to reinforcement
learning, MBT integrates structured metacognitive transitions and reduces redundant continuation.
This keeps reasoning more stable under outcome-based optimization. Empirically, MBT matches
or exceeds the accuracy of post-training baselines, reduces degeneration, and yields the highest
accuracy-efficiency score in our evaluation. All code and data are released at https://github.
com/metacognitive-behavioral-tuning/MBT.

Our main contributions are as follows.

• We identify a reasoning bottleneck in LRMs where valid intermediate conclusions are overridden
under weak logical control, yielding answer-inclusive errors.
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• We propose Metacognitive Behavioral Tuning (MBT), a post-training framework that injects
structured metacognitive behaviors and constrains the exploration space prior to reinforcement
learning.

• We introduce two formulations for behavior injection. MBT-S synthesizes new traces and MBT-
R rewrites the student’s traces. Both improve the accuracy-efficiency trade-off across MHQA
benchmarks.

• We propose two judge-based trace metrics beyond outcome accuracy. The Reach-Redundancy
Profile (RRP) measures answer-arrival timing and trace-level redundancy. The Metacognitive
Quality Index (MQI) measures five-phase richness.

2 Related Works

Foundations of Metacognition The framework that motivates MBT has a long history outside
language modeling. Pólya’s four-stage account of mathematical problem solving [Pólya, 1945] and
Flavell’s work on metacognition [Flavell, 1979] distinguished knowledge of one’s own cognitive
process from the act of monitoring it. Nelson and Narens [Nelson and Narens, 1990] formalized
this as a meta-level and object-level loop. Brown’s analyses of executive control [Brown, 1987]
and the synthesis of Schraw and Moshman [Schraw and Moshman, 1995, Schraw and Dennison,
1994] consolidated the components of planning, monitoring, evaluation, and debugging. Schoen-
feld [Schoenfeld, 1985, 1992] and Veenman et al. [Veenman et al., 2006] reported that the deliberate
control of these components predicts problem-solving success beyond raw knowledge. Studies of
self-explanation [Chi et al., 1989] and productive failure [Kapur, 2008, 2014] report that explicit
intermediate monitoring and self-correction predict downstream transfer in human learners.

Metacognition in Language Models A line of work transfers these ideas into LLMs. Xiang
et al. [2025] model reasoning as an internalized search and propose metacognitive intervention
through inference-time guidance. Gandhi et al. [2025] identify discrete cognitive behaviors such as
verification and backtracking as seeds that enable RL-driven self-improvement. Didolkar et al. [2024]
and Kargupta et al. [2025] report that explicit metacognitive prompting improves LRM accuracy by
eliciting under-utilized control behaviors. Zelikman et al. [2024] train models to internalize latent
self-talk as part of next-token prediction. These works either intervene at inference time or target a
single behavior. MBT injects an explicit five-phase structural prior at post-training so that planning,
monitoring, self-correction, and verification are trained jointly into the student.

Cognitive Structures in Prompting A separate line of work imposes cognitive structure at in-
ference time. System 2 Attention [Weston and Sukhbaatar, 2023], Plan-and-Solve [Wang et al.,
2023a], Step-Back Prompting [Zheng et al., 2024], Skeleton-of-Thought [Ning et al., 2024], and Self-
Discover [Zhou et al., 2024] decouple high-level structuring from execution. Self-Refine [Madaan
et al., 2023], Reflexion [Shinn et al., 2023], and Chain-of-Verification [Dhuliawala et al., 2024]
introduce iterative self-correction. Tree of Thoughts [Yao et al., 2023] and Self-Consistency [Wang
et al., 2023b] treat reasoning as a search problem at decode time. These methods report accuracy
gains under enforced structure. They share a limitation in that they operate at every inference call and
so add test-time overhead. MBT moves the analogous structure into the model weights, removing the
inference-time prompt or controller.

Efficient Reasoning Several recent methods target reasoning efficiency. Inference-time methods
such as TokenSkip [Xia et al., 2025] compress traces by skipping low-information tokens. Data-
centric approaches such as LIMOPro [Xiao et al., 2025] prune functional steps deemed redundant.
RL-based approaches DLER [Liu et al., 2025] and ShorterBetter [Yi et al., 2025] include length
penalties in the reward. Length-aware methods of this kind work when the underlying reasoning is
already stable. Under multi-hop QA, however, our experiments in §4.4 show that aggressive pruning
can yield higher degeneration counts. We treat efficiency and stability as complementary rather than
substitutable goals. MBT obtains shorter traces as a byproduct of structured generation rather than
through post-hoc compression.

Extended discussion of process supervision, reasoning distillation, and reasoning SFT and data
curation appears in Appendix C.
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Figure 2: MBT framework. The pipeline runs in four stages. Stage 1 collects an initial student trace
for MBT-R only. Stage 2 conditions a teacher on the gold answer to either synthesize a five-phase
trace under MBT-S or restructure the student’s initial trace into the same form under MBT-R. Stage 3
uses SFT to internalize the five-phase structure into the student. Stage 4 uses GRPO to refine the
SFT-initialized policy.

3 Method

This section describes Metacognitive Behavioral Tuning (MBT), a post-training framework that
injects metacognitive structure into reasoning traces. MBT has two data-construction formulations.
MBT-S synthesizes traces from scratch with a teacher model. MBT-R rewrites the student’s initial
traces while preserving valid intermediate deductions. The pipeline runs in four stages. Stage 1
obtains an initial trace from the student (only for MBT-R). Stage 2 injects the metacognitive structure
via teacher-guided synthesis or rewriting. Stage 3 internalizes the resulting traces through supervised
fine-tuning. Stage 4 refines the SFT-initialized policy through Group Relative Policy Optimization
(GRPO). An overview is given in Figure 2, and pseudo-code is provided in Algorithm 1.

3.1 Initial Reasoning Trace Generation

Let
D = {(qi, ci, a∗i )}Ni=1 (1)

denote a MHQA dataset, where qi is a query, ci denotes the context, and a∗i is the gold answer. The
context ci is either retrieved or given. Given an input (q, c), a student reasoning model MS generates
a reasoning trace p and a predicted answer â,

(p, â)←MS(q, c). (2)

3.2 Metacognitive Reasoning Trace Construction

Five Phase Rationale Pólya’s four-stage model of mathematical problem solving [Pólya, 1945]
separates understanding the problem, devising a plan, carrying out the plan, and looking back.
Flavell [Flavell, 1979] introduced the parallel notions of metacognitive knowledge about goals, strate-
gies, and constraints, and metacognitive monitoring as the online assessment of progress. Nelson
and Narens [Nelson and Narens, 1990] proposed an explicit monitoring and control loop in which
an upper-level process supervises a lower-level reasoning process. Schraw and Moshman [Schraw
and Moshman, 1995] consolidated these accounts into planning, monitoring, and evaluation. Ex-
plicit debugging or self-correction is treated as a separable skill in the metacognitive awareness
inventory [Schraw and Dennison, 1994]. Schoenfeld’s analyses of mathematical problem solv-
ing [Schoenfeld, 1985] report that domain knowledge alone is not sufficient for performance. The
control component covering the allocation of effort and the willingness to abandon unproductive
lines is reported to separate successful from unsuccessful problem solvers. Work on student self-
explanation [Chi et al., 1989] and on productive failure [Kapur, 2008] also reports that explicit
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intermediate monitoring and self-correction predict downstream transfer. We take this as evidence
that explicit metacognitive behaviors are inducible and that they are tied to learning outcomes.

We translate this framework into five phases for a reasoning trace, denoted pmeta. (1) Understanding
and Filtering restates the goal and filters out irrelevant evidence, following Pólya’s understanding
the problem and Flavell’s metacognitive knowledge. (2) Planning outlines a high-level strategy and
decomposes the problem into sub-tasks, following Pólya’s devising a plan and Schoenfeld’s heuristics.
(3) Execution and Monitoring carries out steps while continuously assessing the soundness of
each transition, following Pólya’s carrying out and the Nelson and Narens monitoring loop. (4)
Self-Correction explicitly identifies and repairs logical errors, following Schraw and Moshman’s
debugging and Schoenfeld’s control component. (5) Verification examines the conclusion against
alternative scenarios before terminating, following Pólya’s looking back and Schraw and Moshman’s
evaluation.

3.2.1 Metacognitive Trace Synthesis (MBT-S)

In the synthesis-based formulation, MBT-S constructs reasoning traces from scratch using a teacher
model MT. Given a query qi, context ci, and gold answer a∗i , MT generates a structured reasoning
trace

pmeta
i ∼MT(qi, ci, a

∗
i ). (3)

MBT-S does not use the student’s initial traces. It produces trajectories that follow the five-phase
structure regardless of the student’s initial policy. This makes MBT-S a cold-start formulation, useful
when the student’s native distribution is unstable.

3.2.2 Metacognitive Trace Rewriting (MBT-R)

In the rewriting-based formulation, MBT-R restructures the student’s initial reasoning trace. Given
an initial trace pi produced by MS, the teacher rewrites the trace conditioned on the query, context,
and gold answer,

pmeta
i ∼MT(qi, ci, pi, a

∗
i ). (4)

Unlike MBT-S, MBT-R uses the initial trace pi to retain the student’s exploration patterns under the
five-phase structure.

We use a multi-turn prompting strategy. The teacher first receives (qi, ci, a∗i ) and produces a correct
solution to anchor the structured reasoning path. The teacher then rewrites pi on top of that solution.
When pi leads to an incorrect answer, the rewrite contains an explicit self-correction step that identifies
the flaw, rejects the erroneous logic, and proceeds toward a∗i . The output thus supplies supervision for
both structural shaping and intermediate error repair. Prompt templates for synthesis and rewriting
appear in Appendix H.2.

3.3 Post-training with Metacognitive Samples

The metacognitive traces Pmeta = {pmeta
i } from the previous stage are used to train the student model

MS. Post-training (Stages 3 and 4) runs Supervised Fine-Tuning (SFT) to internalize the behavioral
structure, then Group Relative Policy Optimization (GRPO) for further outcome-level optimization.
Pseudo-code for the full pipeline appears as Algorithm 1 in Appendix B.

3.3.1 Supervised Fine-Tuning

We perform supervised fine-tuning on the metacognitive traces to install the five-phase reasoning
structure. Let πθ denote the student policy parameterized by θ. The SFT objective minimizes the
negative log-likelihood of the metacognitive traces pmeta,

LSFT(θ) = −E(q,pmeta)

[∑
t

log πθ(yt | q, y<t)

]
, (5)

where y = (y1, . . . , yT ) is the token sequence of pmeta. SFT shifts the student toward the regulated
trajectories, so that the initial policy for the subsequent reinforcement learning stage already follows
the five-phase structure.
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Table 1: Accuracy across MHQA benchmarks. We report Exact Match (EM), F1, and an LLM-
as-a-Judge score (LLM) computed with gemma-4-31b-it. Bold marks the best and underline the
second-best per size, dataset, and metric cell.

ID OOD
Method HotpotQA MuSiQue 2WikiMultiHopQA

EM↑ F1↑ LLM↑ EM↑ F1↑ LLM↑ EM↑ F1↑ LLM↑
Qwen3 0.6B

Base 34.83 49.10 65.37 13.36 21.80 25.86 33.99 43.90 51.59
Prompt 32.72 46.51 64.05 12.54 20.17 24.41 29.64 39.63 49.84
GRPO 53.69 67.71 77.79 25.78 36.25 39.10 54.61 62.93 69.25

RS 37.29 52.15 68.70 14.03 22.65 27.97 36.23 47.04 55.42
TokenSkip 39.42 54.06 69.64 12.25 20.57 24.33 33.95 44.50 52.81
LIMOPro 45.33 63.17 83.89 24.66 34.23 39.10 32.88 48.30 68.39

MBT-S (Ours) 62.71 76.89 86.28 35.75 44.56 47.33 57.78 67.05 73.32
MBT-R (Ours) 61.59 75.60 84.85 32.93 42.28 45.14 57.21 66.35 73.17

Qwen3 1.7B

Base 49.63 63.62 75.87 28.22 37.81 44.06 52.23 61.65 69.59
Prompt 41.36 56.10 80.12 25.28 34.36 44.19 42.46 55.63 74.19
GRPO 58.96 73.33 84.92 38.06 48.72 54.74 63.25 72.32 80.69

RS 53.83 68.63 81.66 30.99 41.66 48.86 58.06 68.26 76.75
TokenSkip 55.29 69.60 82.08 26.23 35.48 40.59 57.00 66.37 74.65
LIMOPro 47.66 65.85 88.05 28.13 38.07 46.59 39.15 54.70 76.43

MBT-S (Ours) 66.37 80.20 89.60 42.82 52.77 55.98 62.85 72.37 80.66
MBT-R (Ours) 64.89 78.75 88.22 39.59 50.24 53.99 62.24 72.22 80.62

Qwen3 4B

Base 50.38 65.45 90.11 37.65 48.37 62.60 50.70 62.07 86.43
Prompt 50.56 65.16 89.74 35.13 45.16 61.40 49.20 60.21 86.27
GRPO 64.67 79.56 90.33 47.79 59.12 65.37 69.30 77.73 87.53

RS 50.28 65.31 89.63 37.53 48.00 61.36 50.30 61.59 85.53
TokenSkip 49.84 64.76 88.21 27.27 35.41 44.64 49.36 59.87 83.42
LIMOPro 49.59 67.64 90.71 31.57 41.42 50.89 41.01 56.29 80.57

MBT-S (Ours) 68.66 82.26 91.84 52.34 61.96 66.61 67.52 77.32 86.67
MBT-R (Ours) 68.22 82.06 91.40 51.92 61.56 66.40 68.26 77.92 87.25

3.3.2 Group Relative Policy Optimization

After SFT, we apply Group Relative Policy Optimization (GRPO) Shao et al. [2024] on the SFT-
initialized checkpoint. GRPO removes the need for a separate value critic by estimating advantages
from a group of outputs sampled per query. The trajectory-level reward is the F1 score of the predicted
answer against the gold answer, and the trajectory-level advantage is the reward standardized within
its group by the group mean and standard deviation. Because the preceding SFT stage restricts the
rollout distribution to five-phase traces, GRPO operates within that region rather than re-exploring
from an unstructured prior. Full notation, clipped surrogate, and training hyperparameters are in
Appendix F.

4 Experiments

4.1 Experimental Setup

Datasets We evaluate MBT under both in-distribution (ID) and out-of-distribution (OOD) settings.
We train only on the HotpotQA training set and evaluate on the validation sets of HotpotQA (ID),
MuSiQue, and 2WikiMultiHopQA (OOD). The OOD sets have different reasoning structures and
evidence compositions from HotpotQA.
Baselines We compare MBT against the following baselines. Base is vanilla Qwen3. Prompt elicits
metacognitive behavior through a system prompt without parameter updates. RS is rejection-sampled
self-distillation on correct HotpotQA traces. GRPO is direct GRPO with the same F1 outcome
reward as MBT. TokenSkip Xia et al. [2025] and LIMOPro Xiao et al. [2025] are efficiency-oriented
baselines re-implemented for MHQA following the original publications. Implementation details are
in Appendix F. Decoding and training configurations are matched within each scale across methods.

4.2 Evaluation Metrics

We evaluate MBT along three axes. Task accuracy uses Exact Match (EM), F1, and an LLM-as-
a-Judge score (LLM) from gemma-4-31b-it. The judge is drawn from a different family than the
gpt-oss-120b teacher to avoid teacher-as-judge bias. Inference-time efficiency is measured by the
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Table 2: Efficiency and stability on MuSiQue. Degen counts traces that saturate the 32,768-token
decoding budget without producing a parseable answer, namely a repetitive-loop collapse. Len is
the mean response length, with degenerated outputs counted at the same 32,768-token cap. AES
denotes the Accuracy-Efficiency Score against the same-scale Base model. Bold marks the best and
underline the second-best per size and metric cell.

Qwen3-0.6B Qwen3-1.7B Qwen3-4BMethod Degen↓ Len↓ AES↑ Degen↓ Len↓ AES↑ Degen↓ Len↓ AES↑
Base 0 731 0.00 1 1186 0.00 2 1368 0.00

Prompt 0 697 -0.23 2 1134 0.05 5 1324 -0.06
GRPO 16 2167 -0.43 1 1379 0.56 73 2433 -0.65

RS 12 943 -0.04 19 1533 0.03 133 3097 -1.36
TokenSkip 174 3220 -3.70 471 7437 -5.66 651 9932 -7.69
LIMOPro 386 5697 -5.26 585 8393 -5.90 590 8478 -6.13

MBT-S (Ours) 6 561 2.72 2 521 1.37 0 471 0.85
MBT-R (Ours) 5 750 2.21 1 728 1.06 1 724 0.65

mean trace length (Len), the count of degeneration failures (Degen) where traces hit the 32,768-token
cap, and the Accuracy-Efficiency Score (AES) [Luo et al., 2025]. Regulatory quality of the trace is
measured by the two judge-based metrics defined below, replacing the length-only overthinking and
underthinking proxies of prior work [Wang et al., 2025, Chen et al., 2024]. Judge details and AES
weighting are in Appendix F.
Reach-Redundancy Profile (RRP) For each of the n evaluation samples (i = 1, . . . , n), the judge
labels every paragraph of the reasoning trace τi as PROGRESS, VERIFICATION, or REDUNDANT. The
judge returns the index ki of the first paragraph at which the gold answer is explicitly derived, or the
paragraph count Ni if the answer is never reached. The judge also returns the total sentence count ri
of paragraphs labeled REDUNDANT. With si,j the sentence count of paragraph j and Ti =

∑Ni

j=1 si,j ,
the arrival position and redundancy fraction are

ρi =
1

Ti

ki∑
j=1

si,j , δr,i =
ri
Ti

, (6)

both clamped to [0, 1]. The score Ri is the harmonic mean of 1 − ρi and 1 − δr,i, following Van
Rijsbergen’s E-measure [Van Rijsbergen, 1979]. Length-aware variants ρlai , δ

la
r,i used for cross-

method comparison are defined in Appendix H.3 as Eq. 11.

Metacognitive Quality Index (MQI) The judge returns a holistic rubric level Lobs
i ∈ {0, . . . , 5}

and the subset Si of the five phases (§3.2) it identifies in τi. Since a high rubric level over a much
longer trace trades phase richness for inference cost, we define MQI as a length-aware combination,

MQIi = Lobs
i ·

Tbase

Ti
, MQI =

1

n

n∑
i=1

MQIi, (7)

where Ti is sample i’s trace length and Tbase is the same-scale Qwen3 base model’s mean trace length
over valid non-degenerated outputs on the evaluation benchmark. MQIi is large only when the rubric
level is high and the trace is short. Per-phase presence ratios are reported in Appendix H.3.

4.3 Multi-Hop QA Reasoning Performance

Table 1 shows that MBT obtains the highest accuracy on HotpotQA and MuSiQue across the three
model scales. Each baseline trails on at least one axis. Prompt-based elicitation (Base+Prompt) often
degrades on OOD sets. Standard GRPO improves ID accuracy but transfers unevenly to MuSiQue.
Rejection Sampling produces small gains without consistent OOD improvement. Efficiency-oriented
methods such as TokenSkip and LIMOPro fall behind on OOD, where trace compression appears to
remove steps needed for multi-hop reasoning. The MuSiQue gain is of interest because no MuSiQue
example appears in training. At 4B, MBT’s LLM-as-a-Judge gain is larger on the harder OOD
MuSiQue than on the ID HotpotQA. We read this as evidence that MBT internalizes a regulatory
mechanism that transfers under distribution shift rather than only fitting the training set.

4.4 Reasoning Efficiency and Stability

Table 2 reports the limitations of each baseline. Rejection Sampling produces longer traces without
matching accuracy gains. The heuristic pruning of TokenSkip and LIMOPro yields incoherent traces
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Table 3: Controlled comparison on MuSiQue with Qwen3-4B. The top section shares the same
student-trace origin and varies only by whether 5-phase rewriting is applied. The bottom section
shares the same teacher-trace origin and varies only by whether the 5-phase scaffolding is applied.
Bold marks the best and underline the second-best per section and metric.

Method EM↑ F1↑ LLM↑ Degen↓ Len↓ AES↑
Student-trace origin, control is rejection-sampled self-distillation

RS (self-distill + SFT) 37.53 48.00 61.36 133 3097 -1.36
MBT-R + SFT 48.03 57.90 62.72 3 745 +0.46

Teacher-trace origin, control is naive teacher distillation

gpt-oss-distill + SFT 39.93 52.12 66.24 304 5383 -2.76
gpt-oss-distill + SFT + GRPO 53.58 63.02 69.18 285 5437 -2.66
MBT-S + SFT 49.65 59.54 64.54 0 478 +0.74
MBT-S + SFT + GRPO 52.34 61.96 66.61 0 471 +0.85

and high degeneration counts. Standard GRPO also suffers from degeneration, especially at the 4B
scale. MBT-S and MBT-R produce degeneration counts an order of magnitude below TokenSkip and
LIMOPro. By installing the metacognitive structure during training rather than imposing external
length constraints, MBT yields shorter traces without sacrificing accuracy. MBT also obtains the
highest AES at every model scale. Qualitative examples appear in Appendix G.

5 Discussion

We analyze MBT on Qwen3-4B with MuSiQue. §5.1 isolates the contribution of the five-phase
structural prior against matched controls without it. §5.2 asks whether MBT changes the shape of the
reasoning trajectory. §5.3 asks whether the framework induces identifiable phase-level behavior.

5.1 Controlled Comparison of Five Phase Contribution

To separate the contribution of the five-phase scaffolding, we run two matched controls in which the
pipeline and trace source are fixed and only the structural prior is removed.
Student Trace Control (RS) The matched control for MBT-R is rejection-sampled self-distillation
(RS). Both methods fine-tune the student on its own traces. RS retains only the subset of traces
with a correct answer. MBT-R rewrites every trace into the five-phase form and adds an explicit
self-correction step when the original trace was incorrect (§3.2). The training input distributions differ
only in the five-phase scaffolding and in MBT-R’s recovery from incorrect drafts. On Qwen3-4B
with MuSiQue (Table 3), MBT-R + SFT improves over RS by +10.50 EM, +9.90 F1, and +1.36 LLM
while reducing mean response length and degeneration count. Both methods fine-tune on the same
pool of student-generated traces, so the gap isolates the effect of the five-phase rewriting.
Teacher Trace Control (gpt-oss-distill) The matched control for MBT-S is naive teacher dis-
tillation. The teacher gpt-oss-120b and the SFT and GRPO pipeline are identical. gpt-oss-distill
rejection-samples the teacher’s unconditional rollouts on gold-EM, whereas MBT-S synthesizes
traces conditioned on the gold answer under the five-phase prompt and needs no such filter. Naive
teacher distillation has the highest raw accuracy but pays a stability cost of hundreds of degenerated
outputs and a negative AES. MBT-S + SFT + GRPO comes within a small margin of this accuracy
with zero degenerated outputs and an order of magnitude shorter response. It also obtains the highest
AES of the post-training methods we evaluate. The five-phase scaffolding trades a small accuracy
margin for a different operating point on the accuracy-efficiency frontier.

5.2 Reasoning Trajectory Reshaping

We examine when the answer appears in the trace and how much of the trace makes neither
progress nor verification, using the length-aware RRP of §4.2. Figure 3 (left) plots each method on
the RRP plane. Length-aware arrival position ρla is on one axis and redundancy fraction δlar on the
other, both anchored at the same-scale Qwen3 base model’s mean trace length. The methods separate
into three regions matching the failure modes of §1. Base, Prompt, GRPO, RS, and TokenSkip sit at
high ρla and high δlar , indicating late arrival followed by unstructured continuation. LIMOPro reaches
the lower-left through post-hoc step pruning rather than learned regulation. Its low ρla co-occurs
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Figure 3: Behavioral analysis on Qwen3-4B with MuSiQue. Left shows the RRP plane plotting
length-aware arrival ρla against redundancy δlar . MBT-S and MBT-R cluster at the lower-left, while
baselines sit at high-ρ or high-δr. Right shows length-aware MQI. MBT-S is highest, MBT-R is
second, and the baselines are below. Full 0.6B, 1.7B, and 4B variants for both panels appear in
Figures A3 and A4.

with near-absent Self-Correction in §5.3, so the position reflects compression rather than monitoring.
MBT-S and MBT-R also occupy the lower-left, with the lowest redundancy fractions and a phase
profile that retains Self-Correction and Verification. The same clustering holds at 0.6B and 1.7B
in Figure A3. MBT derives the answer earlier in absolute reasoning effort while keeping the trace
shorter and with less redundancy. This is the regulation pattern the framework is designed to produce.

5.3 Phase Level Metacognitive Behavior

We ask whether the regulation pattern is tied to identifiable five-phase behavior, using the length-aware
MQI of §4.2. MQI rates each trace on the presence and integration of the five phases Understanding
and Filtering, Planning, Execution and Monitoring, Self-Correction, and Verification. The metric
is length-aware, so longer traces are not credited for accumulating more phase mentions. Figure 3
(right) reports MQI on Qwen3-4B, and the same ordering holds at 0.6B and 1.7B in Figure A4.
MQI separates the methods, with MBT leading at every scale. The other methods including the
efficiency-oriented baseline LIMOPro sit below. The per-phase breakdown in Table A8 localizes the
gap. Baseline traces include Understanding and Filtering but contain Self-Correction and Verification
only sporadically. The phases MBT supplies are the regulatory ones, so the MQI gain reflects
phase-level behavior rather than a surface-level byproduct of SFT on structured traces.

6 Conclusion

Failure analysis of LRMs on multi-hop QA shows that errors arise less from limited capacity than
from weak monitoring of the trajectory. In the absence of explicit regulation, valid intermediate
conclusions are overridden by continued exploration. We propose Metacognitive Behavioral Tuning
(MBT), a post-training framework with two formulations, MBT-S and MBT-R, that impose a five-
phase structure based on accounts of self-regulated problem solving from cognitive psychology.
Across HotpotQA, MuSiQue, and 2WikiMultiHopQA, MBT obtains the highest accuracy-efficiency
score and reduces degeneration. A matched distillation control together with the RRP and MQI
analysis attributes the gain to the structural prior. MBT also produces measurable phase-level changes
in reasoning behavior.

Limitations Our evaluation is scoped to retrieval-grounded multi-hop QA. Transferring the five-
phase decomposition to mathematics or programming would require domain-adapted phase defini-
tions [Pólya, 1945, Schoenfeld, 1985]. Whether a model can discover an equivalent decomposition
through self-supervised search is open. Accuracy and behavioral metrics rely on a single judge
family gemma-4-31b-it from a different lineage than the gpt-oss-120b teacher. This avoids the
self-preference effect that arises when judge and teacher share a family, but a single judge can still
introduce idiosyncratic scoring bias in absolute terms. We therefore draw conclusions from relative
rankings between methods rather than from raw scores. MBT-S and MBT-R currently use a strong
teacher for trace construction. Two follow-ups remain. The first is constructing metacognitive traces
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without such a teacher, for example through student-self-generated or bootstrapped traces. The
second is testing whether MBT continues to give gains on base models larger than the 0.6B to 4B
Qwen3 backbones studied here.
Societal Impacts By enforcing planning, monitoring, and verification, MBT produces traces that
are more auditable and reduces inference-time token cost. MBT does not address safety alignment,
so deployment should pair MBT with alignment training and human oversight.
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Appendix

User Query
Who is the child of Caroline LeRoy’s spouse?

Model Reasoning Trace

Fletcher Webster
Gold Answer

Problem
Decomposition 

Fact Retrieval
(Success)

Okay, let’s try to figure out the answer to this question.
The question answering: “Who is the child of Caroline
LeRoy’s spouse?” First, I need to identify who Caroline
LeRoy’s spouse is.
 

Document [10] says: Caroline LeRoy Webster was the 
second wife of 19th Century statesman Daniel Webster. 
So her spouse is Daniel Webster. ... ...
Now looking at Document [0], it mentions Daniel 
Fletcher Webster, who was the son of Daniel Webster 
and Grace Fletcher Webster. ... ...

Wait, but Caroline LeRoy was Daniel Webster’s second
wife. So, Daniel Webster’s children with Caroline 
LeRoy would be his children from that marriage. 
However, Daniel Fletcher Webster was the son of Daniel 
Webster and Grace Fletcher Webster. This suggests that 
Daniel Fletcher was from his first marriage, perhaps? 
Wait no. The Document [0] says that ... ...

 
                              

Logical 
Rejection Error 

Analysis Label

Final Incorrect Answer
<answer> There is no information provided in the documents about children
from Daniel Webster’s marriage to Caroline LeRoy. </answer>

Figure A1: Qwen3-4B trace where the model derives the correct answer mid-trace and discards it
under an unverified self-imposed constraint. The failure is at the level of metacognitive monitoring
rather than reasoning capacity.

A Representative Failure Example

Figure A1 shows the answer-inclusive failure discussed in Section 1. In this example, the model
identifies the relevant spouse and retrieves the corresponding child during intermediate reasoning.
It later rejects the correct candidate after introducing an unsupported constraint about the specific
marriage. The trace illustrates the type of metacognitive monitoring failure analyzed in this paper.
The correct answer is already present in the trace but is not retained through verification.

B MBT Pipeline Pseudo-Code

Algorithm 1 gives the four stages of the MBT pipeline as pseudo-code, with branches for the synthesis
(MBT-S) and rewriting (MBT-R) formulations. The notation matches §3.2 and §3.3. Π5-phase

S and
Π5-phase

R are the teacher prompts for synthesis and rewriting respectively. The GRPO objective in
Stage 4 is the clipped surrogate of Equation (9).

C Extended Related Works

Process Supervision Outcome-based reward models supervise only the final answer, leaving
the path to that answer unconstrained. Process Reward Models (PRMs) score each intermediate
step. Lightman et al. [2024] report that step-level supervision improves mathematical reasoning
over outcome-only rewards. Uesato et al. [2022] train per-step verifiers to score chain-of-thought
reasoning. Wang et al. [2024] introduce Math-Shepherd, a PRM trained without step annotations
through Monte Carlo rollouts. Luo et al. [2024] reduce annotation cost with OmegaPRM, an MCTS-
based binary search that locates the first-error step at roughly 75× lower annotation cost. Yuan et al.
[2024] derive implicit per-step rewards directly from outcome labels. Zhang et al. [2025c] reframe
verification as next-token prediction so the verifier can produce its own chain-of-thought before
scoring. Zheng et al. [2025] provide a benchmark for evaluating PRMs across multi-step reasoning
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Algorithm 1 Metacognitive Behavioral Tuning (MBT)

Require: Student model MS, teacher MT, dataset D = {(qi, ci, a∗i )}Ni=1, formulation F ∈ {S,R},
group size G, clip ϵ, KL coefficient βKL

Ensure: Tuned policy πθ

Stage 1. Initial trace generation (only for MBT-R).
1: if F = R then
2: for i = 1, . . . , N do
3: (pi, âi)←MS(qi, ci) ▷ native student trace
4: end for
5: end if

Stage 2. Metacognitive trace construction.
6: for i = 1, . . . , N do
7: if F = S then
8: pmeta

i ∼MT( · |qi, ci, a∗i ; Π
5-phase
S )

9: else if F = R then
10: pmeta

i ∼MT( · |qi, ci, pi, a∗i ; Π
5-phase
R )

11: end if
12: end for

Stage 3. Supervised fine-tuning.
13: θ ← argminθ −

∑N
i=1 log πθ(p

meta
i | qi, ci)

14: Set reference policy πref ← πθ

Stage 4. GRPO refinement.
15: for each training step do
16: Sample batch {q} from D
17: for each q in batch do
18: Sample {o1, . . . , oG}

i.i.d.∼ πθold(· | q, c)
19: ri ← F1

(
EXTRACTANSWER(oi), a

∗)
20: Âi ← ri − 1

G

∑G
j=1 rj

21: end for
22: Update θ by maximizing the clipped GRPO surrogate (Eq. 9) with KL regularization against

πref

23: end for
24: return πθ

tasks, and verifier-based variants [Hosseini et al., 2024] use the verifier to filter or re-rank generations
at inference. Wan et al. [2026] extend this to test-time rubric verification, training a verifier that
consults problem-specific rubrics rather than scalar correctness alone. These methods require either
per-step annotations or a separate verifier deployed alongside the policy at inference. MBT differs
along both axes. The teacher rewrites the entire trace into the five-phase form rather than attaching
a scalar reward to each step. The student is trained on this form directly. No verifier is needed at
inference and no per-step reward signal is constructed.

Reasoning Distillation A separate line distills the reasoning rationale itself rather than only the
final answer. Hsieh et al. [2023] introduce Distilling Step-by-Step, where teacher rationales serve as
multi-task supervision and improve smaller students beyond what answer-only distillation achieves.
Orca [Mukherjee et al., 2023] extends this with progressive learning from explanation traces of
stronger teachers. STaR-style self-distillation [Zelikman et al., 2022] bootstraps the student’s own
correct rationales as new training data, removing the external teacher. A second line targets the
distillation objective. MiniLLM [Gu et al., 2024] replaces forward KL with reverse KL to discourage
mode-covering on long traces. GKD [Agarwal et al., 2024] aligns the teacher’s feedback with
sequences sampled from the student. DistiLLM [Ko et al., 2024] introduces a skew KL that is more
stable when teacher and student diverge. Busbridge et al. [2025] characterize distillation scaling laws
so that compute can be allocated jointly between teacher quality and student size. Tian et al. [2025]
and the multi-teacher Merge-of-Thought line [Shen et al., 2025] report that a single strong teacher is
not always the best supervisor. Matching teacher style to student capacity matters more [Li et al.,
2025c, Chen et al., 2025c]. Shen et al. [2026] and Zhang et al. [2026] carry this into the RL phase.
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The student decides when teacher imitation is helpful via a generative judge or a selective imitation
gate, rather than imitating a fixed teacher trace. These works share the premise that the value of
distillation lies in the teacher’s specific reasoning content. MBT differs. The value transferred is the
regulatory structure of the trace, namely the five-phase scaffold, rather than the teacher’s specific
conclusions. The controlled comparison in §5.1 reports this trade-off. Naive teacher distillation
copies trace content and reaches comparable raw accuracy at the cost of stability. MBT-S and MBT-R
copy the structural prior alone and operate at a different point on the accuracy-efficiency frontier.

Reasoning SFT and Data Curation A separate body of work asks what supervision data is enough
to teach reasoning. LIMA [Zhou et al., 2023], LIMO [Ye et al., 2025], s1 [Muennighoff et al., 2025],
and OpenThoughts [Guha et al., 2025] report that small curated datasets can produce strong reasoners.
The Phi-4 series [Abdin et al., 2025, Xu et al., 2025b] reports that data quality matters more than
scale. Gandhi et al. [2025] report that the presence of cognitive behaviors in the training traces, more
than their accuracy, predicts gains. Li et al. [2025a] reach a similar conclusion from the structural
side. The long-CoT structure, rather than factual correctness, accounts for transfer to a student.
Sun et al. [2025] and Guha et al. [2025] qualify this in a difficulty-tier analysis where the hard tier
instead favors raw quantity in the form of multiple trajectories per question. Li et al. [2025b] and
Wen et al. [2025] build curricula that mix difficulty and trace style. Zhao et al. [2025] report that
interpretable formatting and stronger-teacher distillation typically outweigh further volume scaling.
Just et al. [2025] provide a step-level signal for this curation, scoring local moves within a trace to
identify which segments carry the supervisory signal. Bhambri et al. [2026] note that trace correctness
does not reliably predict final-answer correctness, and that more interpretable decompositions can
underperform verbose traces. Zhang et al. [2025a] report that benchmark contamination is a risk for
reasoning distillation pipelines and propose a logit-based detector for distilled samples. MBT aligns
with the structure-over-content view. Rather than scaling supervision, MBT constructs each trace to
contain all five metacognitive phases, while remaining agnostic to the teacher’s specific solution path.

Reasoning Trace Structure and Faithfulness Recent work treats the reasoning trace itself as an
object of analysis rather than as a black-box log. Tan et al. [2025] apply topological data analysis
to reasoning traces and report that higher-dimensional geometric features predict reasoning quality
more reliably than standard graph metrics or surface markers. Wei et al. [2025] and Wu et al. [2025]
document an inverted-U between trace length and accuracy where the back half of long-CoT is often
dominated by oscillation and repetition. Zhao et al. [2026] separate low-entropy structural tokens that
scaffold the trace from higher-entropy organic tokens that carry problem-specific content, and only the
structural fraction is reliably compressible. Ding et al. [2025] and Chen et al. [2025b] examine what
happens when self-talk and back-half content are removed. The front 50% of the teacher trace retains
roughly 91% of the supervisory value, and reformulations that keep only the conclusions degrade
reasoning. Shmidman et al. [2025] report a head-to-head between a divergent-style DeepSeek-R1
teacher and a convergent-style gpt-oss teacher under matched students. They report a token-efficiency
gap of roughly 4× at parity accuracy in favor of the convergent style. Li et al. [2026] and Qin et al.
[2025], Cai et al. [2025] report consistent conclusions about explicit backtracking under SFT. Lu
et al. [2025] apply the same argument at trace-construction time, rewriting teacher traces to remove
unnecessary divergence and recover shorter paths to the same answer. These analyses are consistent
with the design choice in MBT to train on a convergent, phase-structured trace rather than to reward
raw length or surface marker count.

Cognitive Behaviors as a Generalization Signal A recent thread treats cognitive behavior density
as a measurable property of reasoning traces and asks how it relates to generalization. Didolkar
et al. [2024, 2025] report that prompting models to declare which skill a problem invokes, and to
reuse recurring reasoning patterns as named behaviors, cuts tokens by up to 46% while preserving
or improving accuracy. Kargupta et al. [2025] build a 28-element taxonomy of cognitive primitives.
They report that meta-cognitive controls such as self-awareness and evaluation appear in only 8% to
16% of analyzed traces, despite correlating most strongly with success. Their test-time scaffolding
raises accuracy by up to 66.7%. Bai et al. [2025a] decompose reasoning into atomic skills and report
that RL-tuned models keep stable behavioural profiles across distribution shift while supervised
models drift toward surface patterns. This characterizes the failure mode that MBT-R targets. Alderete
et al. [2026] report on causal-reasoning agents that explicit architectural scaffolding through typed
context graphs and dynamic monitoring behaviors produces orthogonal contributions. This parallels
the decomposition of MBT’s five phases into structuring through Understanding and Planning and
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monitoring through Self-Correction and Verification. Xiang et al. [2025] and Wang and Zhao [2024]
provide cognitive-architecture-style framings of these effects. Kim et al. [2025], Dong et al. [2025],
Elenjical et al. [2026], Chen et al. [2025a] are recent attempts to embed metacognitive control into the
model itself. MBT shares the premise of this thread and operationalizes it as a single fixed five-phase
trace contract. The controlled comparison against a behaviorally-rich but structurally-free distillation
baseline in §5.1 is included for this reason.

Table A1: Answer inclusion on MuSiQue. Substring Match and LLM_judge columns report the
proportion of correct and incorrect samples in which the gold answer appears in the trace under each
criterion in Figure 1. The LLM_judge column uses gpt-oss-120b-high specifically for answer-hit
detection as an evidence-grounded match task, whereas Tables 1 and A5 use gemma-4-31b-it for
end-task accuracy judging.

Substring Match Substring Match LLM_judge LLM_judgeModel Accuracy (correct) (incorrect) (correct) (incorrect)

Qwen3-0.6B 22.18 87.87 24.72 94.59 14.78
Qwen3-1.7B 40.46 93.15 42.67 97.34 29.60
Qwen3-4B 57.67 95.05 46.92 98.57 28.54
Qwen3-8B 63.88 95.01 52.69 98.70 34.25

Table A2: Answer inclusion on HotpotQA. Metrics defined as in Table A1.
Substring Match Substring Match LLM_judge LLM_judgeModel Accuracy (correct) (incorrect) (correct) (incorrect)

Qwen3-0.6B 61.74 85.78 47.41 98.82 32.69
Qwen3-1.7B 73.21 89.08 64.36 99.28 54.49
Qwen3-4B 87.39 89.86 65.95 99.40 49.57
Qwen3-8B 88.21 89.18 68.73 99.54 50.17

Table A3: Answer inclusion on 2WikiMultiHopQA. Metrics defined as in Table A1.
Substring Match Substring Match LLM_judge LLM_judgeModel Accuracy (correct) (incorrect) (correct) (incorrect)

Qwen3-0.6B 49.20 95.30 44.98 98.64 15.50
Qwen3-1.7B 67.82 96.53 63.06 99.54 38.89
Qwen3-4B 83.64 97.87 60.23 99.62 33.64
Qwen3-8B 85.82 97.86 60.68 99.45 33.60

D Answer Inclusion Analysis

We define an answer-inclusive error as an outcome with two properties. First, the gold answer
or a paraphrase verified by an LLM-as-a-Judge appears within the reasoning trace as a candidate
supported by the retrieved evidence. Second, the final output disagrees with it. Standard evaluation
metrics do not capture this step-level dynamic. We complement Figure 1 by quantifying answer
inclusion under two methods, namely strict string-based matching and an LLM-as-a-Judge evaluation.
Tables A1 to A3 report results on MuSiQue Trivedi et al. [2022], HotpotQA Yang et al. [2018], and
2WikiMultiHopQA Ho et al. [2020]. We split predictions into correct and incorrect cases by the final
output. For each reasoning trace, we check whether the gold answer was derived at any intermediate
step regardless of the final outcome.

Substring Match checks whether the gold answer string appears in the trace. The method is sim-
ple but brittle in that it misses paraphrased answers and matches contextually irrelevant mentions.
We therefore add an LLM-as-a-Judge evaluation, executed by gpt-oss-120b at high reasoning ef-
fort Agarwal et al. [2025b]. This judge differs from the gemma-4-31b-it judge used for end-task
accuracy and for the RRP and MQI behavioral metrics because answer-hit detection is a separate
evidence-grounded matching task rather than open-ended scoring. The LLM_judge follows a more
permissive criterion aligned with Figure 1. The judge outputs answer-inclusive if the trace identifies
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Table A4: Extended reasoning stability and efficiency across ID and OOD benchmarks. Degen counts
repetitive-loop collapses where decoding hits the 32,768-token cap without producing a parseable
answer. Overall is the mean output token count across all samples, with degenerated outputs counted
at the 32,768-token cap. Correct and Incorrect condition the mean on final-answer correctness,
where Incorrect counts degenerated outputs at the same cap and correct outputs are by construction
non-degenerated. Valid excludes degenerated samples. Lower is better throughout.

ID OOD
HotpotQA MuSiQue 2WikiMultiHopQA

Length ↓ Length ↓ Length ↓Method
Degen ↓ Overall Correct Incorrect Valid Degen ↓ Overall Correct Incorrect Valid Degen ↓ Overall Correct Incorrect Valid

Qwen3 0.6B
Base 0 477 402 619 477 0 731 575 785 731 1 569 427 719 566

Prompt 0 472 404 594 472 0 697 551 744 697 1 555 426 681 552
GRPO 28 1187 878 1991 1067 16 2167 1488 2544 1963 59 1409 920 2359 1261

RS 18 561 399 792 483 12 943 578 1049 784 50 703 430 957 575
gpt-oss-distill 227 1759 715 3841 778 584 9465 1555 14329 2040 768 2849 748 5824 903

TokenSkip 131 1058 407 1619 487 174 3220 688 3619 928 602 2182 451 3196 644
LIMOPro 176 1071 288 1778 299 386 5697 479 7430 552 458 1509 298 2157 328

MBT-S (ours) 3 472 453 531 459 6 561 451 633 481 14 505 454 595 469
MBT-R (ours) 1 616 606 651 612 5 750 658 804 684 13 682 635 764 649

Qwen3 1.7B
Base 1 605 478 994 601 1 1186 849 1447 1173 2 560 397 927 555

Prompt 4 623 508 1030 606 2 1134 801 1386 1108 0 544 418 907 544
GRPO 1 683 565 1327 679 1 1379 1024 1801 1366 1 637 473 1314 634

RS 32 747 485 1464 608 19 1533 934 1981 1286 33 683 408 1432 599
gpt-oss-distill 248 1805 663 4403 732 585 9322 1454 16290 1835 664 2557 760 6499 873

TokenSkip 324 1959 476 4102 549 471 7437 942 9889 1306 1034 3221 425 7257 574
LIMOPro 222 1270 288 2236 297 585 8393 516 11539 610 629 1953 307 3090 331

MBT-S (ours) 0 451 446 491 451 2 521 462 582 494 4 469 450 526 459
MBT-R (ours) 1 643 633 694 639 1 728 686 771 715 8 684 655 757 664

Qwen3 4B
Base 12 551 432 1217 499 2 1368 1015 1933 1342 4 501 394 1128 491

Prompt 10 556 453 1120 512 5 1324 990 1789 1259 12 535 418 1114 504
GRPO 52 722 433 1747 495 73 2433 1126 4004 1488 121 836 426 2274 526

RS 109 956 425 1983 481 133 3097 1048 4675 1369 121 815 397 1798 505
gpt-oss-distill 67 979 622 2387 689 285 5437 1443 10489 1784 193 1271 670 3450 780

TokenSkip 196 1335 419 2747 480 651 9932 1040 13556 1514 426 1601 390 3361 508
LIMOPro 139 913 295 1624 304 590 8478 560 12193 634 810 2434 317 4050 346

MBT-S (ours) 0 448 445 489 448 0 471 449 514 471 0 460 456 491 460
MBT-R (ours) 0 627 623 672 627 1 724 688 784 711 0 649 643 692 649

the correct answer or a semantically equivalent one as a valid candidate with any supporting fact,
context, or logical connection, even if the model later rejects it. It returns answer-exclusive only
when the gold answer is never mentioned, appears solely as part of an unfocused enumeration, or is
explicitly framed as a random guess without supporting context. The judge is configured to detect
the presence of the correct answer during reasoning, without evaluating reasoning quality. The full
prompt and decision criteria appear in Figure A8.

Two patterns emerge from this analysis. First, string matching underestimates intermediate inclusion
in correct samples. Even when the final prediction is correct, the gold answer string is absent from
the trace in roughly 2% to 15% of cases across Tables A1 to A3. The LLM judge recovers these
cases at inclusion rates of 94% to 99%. The lower end is driven by Qwen3-0.6B and Qwen3-1.7B on
MuSiQue, with every other model and dataset pair at ≥ 98.5%. The gap shows that models often
answer through paraphrase or implicit reference that string matching does not capture.

Second, incorrect samples often contain the correct answer in context, and string matching is noisy
here. In incorrect samples, Substring Match often yields higher inclusion rates than the LLM
judge. For instance, in Table A1 the rates are 24.72% against 14.78%. String matching produces
false positives by flagging unrelated mentions of the answer entity. Under the LLM judge, when
models do raise the correct answer, it is typically tied to supporting context rather than appearing in
passing. Together these results align with the motivation for MBT. Verified answer-inclusive errors
are common, which is consistent with models having the necessary information available without
retaining it through to the final answer because of insufficient metacognitive monitoring.
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E Additional Experimental Results

E.1 Reasoning Efficiency Analysis

E.1.1 Extended Degeneration and Length Analysis

Table A4 reports reasoning efficiency and stability across model scales and benchmarks. Where
Table 1 reports final-task accuracy, Table A4 reports how different post-training strategies affect the
reasoning process itself.

Reasoning Stability and Degeneration Across model sizes from 0.6B to 4B and across datasets,
MBT-S and MBT-R have near-zero degeneration counts. Efficiency-oriented methods such as
TokenSkip Xia et al. [2025] and LIMOPro Xiao et al. [2025] produce repetitive loops and reasoning
collapse, particularly on the OOD benchmark MuSiQue. The high degeneration rate raises mean
inference cost and limits the use of these methods on multi-hop reasoning. MBT reduces this
uncontrolled continuation by training the model on the five-phase structure, so traces terminate even
on hard inputs.

Efficiency on Correct Samples and the Metacognitive Overhead Output lengths on correct
samples show a trade-off. On the in-distribution HotpotQA benchmark, pruning-based baselines
sometimes produce shorter traces than MBT. This shortness coincides with degeneration on harder
inputs. MBT variants produce slightly longer traces on the easier tasks because they execute the
planning, monitoring, and verification phases. We treat this small increase as the cost of the structured
form rather than as inefficiency.

Robustness on OOD and Incorrect Samples The structured form helps on the OOD benchmarks.
On MuSiQue, baselines show length inflation due to reasoning collapse. For example, incorrect
samples from gpt-oss-distill enter long unproductive loops. MBT reduces this failure mode. Even
when the final answer is incorrect, MBT keeps trace length bounded. The metacognitive form leads
the model to terminate generation earlier on hard inputs.

MBT trades off accuracy and efficiency by changing the reasoning process itself. Where heuristic
pruning can compromise stability, MBT structures the reasoning trace. This reduces the degeneration
observed under standard distillation and pruning methods. The structure adds a small length overhead
on simpler tasks but yields higher accuracy in Table 1. The same structure improves robustness on
harder benchmarks. The efficiency gains of MBT therefore come from the structure of the trace rather
than from surface-level shortening.

E.1.2 Extended Accuracy-Efficiency-Score Analysis

Table A5 reports the Accuracy-Efficiency Score across three model scales Qwen3-0.6B, 1.7B, 4B
and three benchmarks HotpotQA, MuSiQue, and 2Wiki. As defined in Section 4.2, AES serves as a
composite metric capturing the trade-off between the relative change in output length ∆Length and
the relative change in accuracy ∆Acc.

Metric-Specific AES Calculation The columns labeled “EM”, “F1”, and “LLM” in Table A5
do not represent raw accuracy scores. Instead, they denote the AES values calculated using the
respective metric, namely Exact Match, F1 score, or LLM-as-a-Judge, as the ∆Acc term. Since AES
is normalized against the Base model, the Base model attains an AES of zero across all configurations
by definition.

AES Behavior of MBT and Baselines Across most scale, dataset, and metric settings, MBT-S
and MBT-R have positive AES values. MBT-S is positive in every cell. MBT-R is mildly negative
in two LLM-judge cells at the 4B scale on HotpotQA and 2WikiMultiHopQA, where the Base
model is already close to the judge’s ceiling. MBT therefore improves reasoning accuracy while
controlling token cost in most cases. Efficiency-oriented baselines such as TokenSkip and LIMOPro
have negative AES in most configurations. The pruning-driven length reduction co-occurs with
accuracy degradation or degeneration. Naive reasoning distillation under gpt-oss-distill also has
highly negative AES, since copying long teacher traces without the structural prior raises length faster
than accuracy.
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Table A5: Extended AES across ID and OOD benchmarks. EM, F1, and LLM denote AES values
computed with each accuracy metric for ∆Acc, normalized against the Base model at AES = 0.
Positive entries indicate improvement and negative entries indicate degradation. The LLM column
uses the gemma-4-31b-it judge consistent with Table 1. Bold marks the best and underline the
second-best per size, dataset, and metric cell, restricted to positive AES. Negative AES corresponds
to degradation against the normalized Base and is left unmarked.

ID OOD
Model Method HotpotQA MuSiQue 2WikiMultiHopQA

EM↑ F1↑ LLM↑ EM↑ F1↑ LLM↑ EM↑ F1↑ LLM↑

Qwen3
0.6B

Base 0 0 0 0 0 0 0 0 0
Prompt -0.29 -0.25 -0.09 -0.26 -0.33 -0.23 -0.62 -0.46 -0.14
GRPO 0.14 -0.35 -0.92 0.82 0.02 -0.43 0.34 -0.18 -0.45

RS 0.03 0.01 -0.02 -0.14 -0.17 -0.04 -0.04 -0.02 -0.01
gpt-oss-distill -0.34 -0.99 -1.67 -6.61 -8.59 -9.11 -2.01 -2.52 -2.77

TokenSkip -0.82 -0.92 -1.02 -3.82 -3.69 -3.70 -2.84 -2.80 -2.77
LIMOPro -0.34 -0.39 -0.39 -4.26 -5.08 -5.26 -1.82 -1.35 -0.68

MBT-S (ours) 2.41 1.71 0.97 5.26 3.36 2.72 2.21 1.69 1.38
MBT-R (ours) 2.01 1.33 0.60 4.37 2.79 2.21 1.85 1.33 1.06

Qwen3
1.7B

Base 0 0 0 0 0 0 0 0 0
Prompt -0.86 -0.62 0.14 -0.48 -0.41 0.05 -0.91 -0.46 0.23
GRPO 0.44 0.33 0.23 0.88 0.70 0.56 0.50 0.38 0.34

RS 0.02 0.00 -0.01 0.00 0.01 0.03 0.11 0.10 0.09
gpt-oss-distill -1.09 -1.26 -1.44 -4.94 -5.48 -5.76 -2.75 -2.90 -2.94

TokenSkip -1.89 -1.95 -1.99 -5.62 -5.58 -5.66 -4.48 -4.52 -4.53
LIMOPro -1.30 -0.99 -0.62 -6.09 -6.06 -5.90 -3.74 -3.05 -2.19

MBT-S (ours) 1.27 1.04 0.80 2.11 1.75 1.37 0.77 0.68 0.64
MBT-R (ours) 0.86 0.65 0.43 1.59 1.37 1.06 0.35 0.29 0.25

Qwen3
4B

Base 0 0 0 0 0 0 0 0 0
Prompt 0.00 -0.03 -0.03 -0.30 -0.30 -0.06 -0.21 -0.22 -0.08
GRPO 0.54 0.34 -0.30 0.03 -0.11 -0.65 0.43 0.09 -0.63

RS -0.74 -0.75 -0.76 -1.28 -1.30 -1.36 -0.67 -0.67 -0.68
gpt-oss-distill 0.21 -0.04 -0.71 -1.71 -2.07 -2.66 -0.32 -0.67 -1.44

TokenSkip -1.47 -1.47 -1.53 -7.64 -7.60 -7.69 -2.33 -2.37 -2.37
LIMOPro -0.74 -0.56 -0.64 -6.00 -5.92 -6.13 -4.81 -4.32 -4.20

MBT-S (ours) 1.28 0.96 0.24 1.83 1.50 0.85 1.08 0.82 0.09
MBT-R (ours) 0.92 0.62 -0.09 1.61 1.29 0.65 0.74 0.47 -0.27

Scalability and Generalization Absolute AES improvements on the simpler HotpotQA benchmark
decrease with model scale, but MBT keeps clearly positive AES on MuSiQue at the 4B scale. The
metacognitive structure helps most when reasoning complexity is high and uncontrolled exploration
is a bottleneck. The efficiency gains hold across the evaluation protocols we tested.

E.2 Extended Comparison between Naive Reasoning Distillation and MBT

Section 5.1 asked whether naive reasoning distillation from a stronger teacher model can serve as an
alternative to explicit metacognitive structuring. On MuSiQue at the 4B scale, distillation preserved
accuracy but raised degeneration counts and output length, with negative AES. MBT keeps generation
bounded. This section extends the analysis to all model scales and benchmarks in Table A6.

Limitations of Naive Distillation Table A6 shows that naive reasoning distillation has structural
instability. The EM, F1, and LLM scores are competitive, but degeneration counts are high and traces
are long, so AES is negative. The instability is most pronounced on the OOD benchmark MuSiQue,
where distilled models do not terminate effectively.

Effect of Metacognitive Structuring MBT-S and MBT-R reduce degeneration and length across
all settings while preserving accuracy. MBT therefore has positive AES in most cells of Table A5.
The exceptions are two mildly negative LLM-judge cells for MBT-R on 4B HotpotQA and 2Wiki-
MultiHopQA, where Base is already close to the judge’s ceiling. On MuSiQue, MBT keeps positive
AES at the 4B scale. The structure helps most when reasoning complexity is high and uncontrolled
exploration is otherwise common. These results are consistent with the claim that distilling trace
content is not sufficient and that explicit five-phase structuring shapes when and how the model
reasons.
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Table A6: Naive reasoning distillation under gpt-oss-distill compared with MBT across scales and
benchmarks. Distillation matches accuracy but inflates Degen and Len, yielding negative AES, while
MBT preserves accuracy with bounded and stable traces. AES uses the LLM-judge metric relative
to Base. Accuracy uses the gemma-4-31b-it judge consistent with Table 1. Bold marks the best per
size, dataset, and metric cell and underline the second-best. In the AES columns the highlights are
restricted to positive values, since negative AES corresponds to degradation against the normalized
Base.

Model Method EM ↑ F1 ↑ LLM ↑ Degen ↓ Len ↓ AES ↑
ID: HotpotQA

Qwen3-0.6B
gpt-oss-distill 62.05 76.81 87.47 227 1759 -1.67
MBT-S (ours) 62.71 76.89 86.28 3 472 0.97
MBT-R (ours) 61.59 75.60 84.85 1 616 0.60

Qwen3-1.7B
gpt-oss-distill 64.42 78.94 89.56 248 1805 -1.44
MBT-S (ours) 66.37 80.20 89.60 0 451 0.80
MBT-R (ours) 64.89 78.75 88.22 1 643 0.43

Qwen3-4B
gpt-oss-distill 66.86 81.58 92.03 67 979 -0.71
MBT-S (ours) 68.66 82.26 91.84 0 448 0.24
MBT-R (ours) 68.22 82.06 91.40 0 627 -0.09

OOD: MuSiQue

Qwen3-0.6B
gpt-oss-distill 37.11 46.19 50.31 584 9465 -9.11
MBT-S (ours) 35.75 44.56 47.33 6 561 2.72
MBT-R (ours) 32.93 42.28 45.14 5 750 2.21

Qwen3-1.7B
gpt-oss-distill 46.26 55.21 60.20 585 9322 -5.76
MBT-S (ours) 42.82 52.77 55.98 2 521 1.37
MBT-R (ours) 39.59 50.24 53.99 1 728 1.06

Qwen3-4B
gpt-oss-distill 53.58 63.02 69.18 285 5437 -2.66
MBT-S (ours) 52.34 61.96 66.61 0 471 0.85
MBT-R (ours) 51.92 61.56 66.40 1 724 0.65

OOD: 2WikiMultiHopQA

Qwen3-0.6B
gpt-oss-distill 56.64 65.67 72.87 768 2849 -2.77
MBT-S (ours) 57.78 67.05 73.32 14 505 1.38
MBT-R (ours) 57.21 66.35 73.17 13 682 1.06

Qwen3-1.7B
gpt-oss-distill 66.44 75.29 84.04 664 2557 -2.94
MBT-S (ours) 62.85 72.37 80.66 4 469 0.64
MBT-R (ours) 62.24 72.22 80.62 8 684 0.25

Qwen3-4B
gpt-oss-distill 71.19 79.93 89.09 193 1271 -1.44
MBT-S (ours) 67.52 77.32 86.67 0 460 0.09
MBT-R (ours) 68.26 77.92 87.25 0 649 -0.27

Table A7: Hyperparameter sensitivity of naive reasoning distillation under gpt-oss-distill across LR
and BS. On MuSiQue, Degen exceeds 300 in nearly every configuration, indicating that the instability
is structural rather than tuning-driven. We omit the LLM-judge column here because gemma-4-31b-it
evaluations were generated only for the standard configuration LR= 1× 10−4 and BS= 128. EM,
F1, Degen, and Len are judge-independent and are reported for every configuration.

MuSiQue 2WikiMultiHopQA HotpotQAMethod LR BS EM ↑ F1 ↑ Degen ↓ Len ↓ EM ↑ F1 ↑ Degen ↓ Len ↓ EM ↑ F1 ↑ Degen ↓ Len ↓
Base N/A N/A 37.65 48.37 2 1368 50.70 62.07 4 501 50.38 65.45 12 551

gpt-oss
distill

1e-5 128 38.39 51.67 312 5306 47.49 63.08 185 1042 49.93 68.40 113 983
3e-5 128 40.50 53.77 256 4733 48.23 63.17 159 976 49.49 67.91 82 859
1e-4 128 39.93 52.12 304 5401 47.75 62.89 240 1175 49.91 68.32 81 854
3e-4 128 27.51 37.65 556 8764 40.87 57.02 390 1565 47.85 66.15 143 1129
1e-4 64 38.23 50.89 302 5580 47.78 62.97 210 1117 49.87 68.03 88 891
1e-4 256 40.34 52.39 313 5430 47.70 62.86 194 1051 50.38 68.18 78 838

E.3 Hyperparameter Sensitivity of Reasoning Distillation

Table A7 reports naive reasoning distillation under gpt-oss-distill across learning rates and batch sizes.
Hyperparameter changes produce small fluctuations in accuracy and do not remove the instability.

Persistent Instability of Raw Distillation The instability is clearest on MuSiQue. The degeneration
count exceeds 300 across nearly all configurations. The model enters repetitive loops hundreds of
times in each setting. The inefficiency is not a tuning artefact. Reasoning distillation under this
baseline lacks a structural prior on the trace, so exploration is unbounded across training settings.
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Figure A2: AES across behavior-injection strategies on MuSiQue. MBT-S and MBT-R have higher
AES than Prompting and the rewriting-based baselines Direct-R and Distill-R, which operate on
external teacher traces.

Final Configuration Selection We adopt LR = 1× 10−4 and BS = 128 as the standard distillation
setting in this paper. This configuration is at near-peak accuracy among the tested variants and does
not show the degradation seen at the highest learning rates. The same parameters are used for the
MBT training configuration, so the comparison across methods is matched.

E.4 Impact of Behavior Injection Strategies

This section analyzes how different sources of reasoning traces affect behavior injection. We compare
MBT against the following baselines. Metacognitive Prompting adds the metacognitive instructions
in a system prompt at inference time with no parameter updates. Direct-R rewrites reasoning traces
generated by the teacher model. Distill-R rewrites reasoning traces produced by the distilled model,
which was trained on the teacher model’s raw traces. The rewritten traces are then used to fine-tune
the base model.

Analysis of Accuracy-Efficiency Score (AES) Figure A2 reports the AES across these meth-
ods. The Metacognitive Prompting baseline produces small improvements and a negative AES, so
inference-time intervention alone is not enough to install stable control. The rewriting-based baselines
Direct-R and Distill-R improve over prompting but stay below MBT-S and MBT-R.

Interpreting the Gap The gap aligns with the source of the training data. MBT-S synthesizes
structured traces directly. MBT-R rewrites the student’s own traces. Direct-R and Distill-R rely on
external traces from teacher or distilled models, which can introduce a distribution mismatch and may
not match the student’s specific failure modes. Constructing structured synthetic data or rewriting the
student’s own traces therefore matches the student’s distribution more closely than rewriting external
traces.

E.5 Detailed Phase-Level Analysis of Metacognitive Behavior

This section provides a per-phase analysis of the reasoning trace alongside Figure 3, using the
metacognitive quality index (MQI) defined in §4.2. Figures A3 and A4 extend the main-text 4B
panels to all three Qwen3 scales. The lower-left RRP clustering and the MBT-S and MBT-R MQI
lead both hold at 0.6B and 1.7B. The full judge prompts for RRP and MQI are in §H.3.

The MQI Rubric For each MuSiQue validation trace, the judge returns two values. The first is
a holistic level Lobs ∈ {0, 1, 2, 3, 4, 5} on the rubric of §4.2, ranging from direct answers with no
visible reasoning at Lobs = 0 to integrated five-phase reasoning at Lobs = 5. The second is the
subset of phases present in the trace, drawn from Understanding and Filtering, Planning, Execution
and Monitoring, Self-Correction, and Verification. We summarize per-method behavior with Lobs,
the mean over samples, and the phase presence ratios. Higher values correspond to traces that contain
more of the five phases.

Where Baselines Miss the Target Phases Table A8 reports Lobs together with Phase 4 Self-
Correction and Phase 5 Verification presence ratios across model scales. Two patterns hold across
scales. First, baselines without behavioral supervision such as Base, Prompt, GRPO, RS, and
TokenSkip include Phase 4 in roughly 37% to 52% of samples, with Qwen3-0.6B GRPO an outlier
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step pruning rather than learned regulation. MBT-S and MBT-R reach the answer mid-trace at the
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Figure A4: Length-aware MQI on MuSiQue at three Qwen3 scales 0.6B, 1.7B, and 4B. MBT-S is
highest at every scale, MBT-R is second, and the baselines are below. The 4B panel also appears in
the main text as the right panel of Figure 3.

at 67%. These baselines include Phase 5 in only 19% to 33% of samples. Their Lobs values sit
between 2.36 and 2.99, consistent with mostly linear chains of thought, intermittent monitoring, and
no systematic verification. Second, LIMOPro has an unusual profile. Phase 4 falls below 5%, in line
with its post-hoc step-pruning that removes self-correction segments. Phase 5 lands between 77%
and 80% across the three scales 0.6B, 1.7B, and 4B, a length-side artefact of its compression. Lobs

is the lowest among all methods because the rubric scores integrated phase use rather than phase
presence alone.

Phase Profiles of MBT-S and MBT-R MBT-S inserts Phase 5 with a Verification ratio of 96%
to 98% across scales and reaches Lobs ≈ 4.0. Its Phase 4 ratio of 36% to 37% is in line with the
baselines. The pattern follows from how MBT-S synthesizes traces from the gold answer. When
the synthesis is correct on the first attempt, the teacher does not need an explicit error-recovery
cycle. Self-Correction therefore appears only when the structure requires it. MBT-R reaches the
top of the rubric, with Lobs ∈ {4.89, 4.89, 4.95} and both Phase 4 at ≥ 91% and Phase 5 at ≥ 99%.
MBT-R rewrites the student’s initial trace into the five-phase form, so Self-Correction is made explicit
whenever the original trace needed adjustment. This per-phase gap is why MBT-R has higher raw
Lobs than MBT-S in Table A8. Figure 3 on the right shows the length-aware MQI = Lobs · Tbase/Ti

instead. The shorter traces of MBT-S flip the ordering there, with MBT-S ahead of MBT-R.

The results show that MBT raises the presence of the targeted metacognitive phases, namely monitor-
ing, error correction, and termination behaviors.
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Table A8: Per-phase analysis on the MuSiQue validation set across scales. The per-sample rubric
level Lobs

i ∈ {0, . . . , 5} is defined in §4.2. We report its sample mean Lobs =
1
n

∑
i L

obs
i , the length-

aware MQI = 1
n

∑
i L

obs
i · Tbase/Ti from Eq. 7, and presence ratios for Phase 4 Self-Correction

and Phase 5 Verification. Tbase ∈ {731, 1173, 1342} for {0.6B, 1.7B, 4B} is the same-scale Qwen3
base model’s mean trace length on MuSiQue over valid non-degenerated outputs. The judge is
gemma-4-31b-it.

Qwen3-0.6B Qwen3-1.7B Qwen3-4B
Method

Lobs ↑ MQI ↑ P4%↑ P5%↑ Lobs ↑ MQI ↑ P4%↑ P5%↑ Lobs ↑ MQI ↑ P4%↑ P5%↑
Base 2.65 2.65 47.8 19.0 2.67 2.67 46.6 26.7 2.88 2.88 45.4 27.7

Prompt 2.45 2.57 50.4 28.3 2.72 2.88 51.8 24.0 2.99 3.18 49.4 27.5
GRPO 2.77 1.03 66.9 24.9 2.79 2.40 43.5 22.0 2.92 2.64 49.3 33.0

RS 2.41 2.25 49.4 28.9 2.64 2.41 46.2 24.9 2.85 2.79 42.6 28.0
TokenSkip 2.36 1.86 47.0 30.1 2.54 2.28 38.9 26.6 2.72 2.41 37.7 29.8
LIMOPro 2.05 2.71 1.6 76.8 2.24 4.31 2.5 80.1 2.33 4.93 3.5 77.6

MBT-S (Ours) 3.94 5.99 37.3 97.9 3.96 9.41 36.7 96.2 4.02 11.45 36.1 98.1
MBT-R (Ours) 4.89 5.23 91.6 99.9 4.89 8.02 92.0 99.8 4.95 9.34 96.5 100.0

Table A9: Ablation across SFT and GRPO. SFT internalizes the five-phase structure and GRPO
refines on top. The full SFT+GRPO pipeline gives the best accuracy-stability trade-off across scales.
Accuracy uses the gemma-4-31b-it judge consistent with Table 1.

MuSiQue 2WikiMultiHopQA HotpotQAMethod SFT GRPO EM↑ F1↑ LLM↑ Degen↓ Len↓ EM↑ F1↑ LLM↑ Degen↓ Len↓ EM↑ F1↑ LLM↑ Degen↓ Len↓
Qwen3-0.6B

Base 13.36 21.80 25.86 0 731 33.99 43.90 51.59 1 569 34.83 49.10 65.37 0 477
Base ✓ 25.78 36.25 39.10 16 2167 54.61 62.93 69.25 59 1409 53.69 67.71 77.79 28 1187

MBT-S ✓ 27.89 37.07 39.64 2 510 55.14 64.24 70.70 7 487 60.08 74.23 83.66 1 466
MBT-R ✓ 26.93 35.47 37.94 3 743 53.56 62.92 69.82 10 694 58.23 72.22 81.35 2 650
MBT-S ✓ ✓ 35.75 44.56 47.33 6 561 57.78 67.05 73.32 14 505 62.71 76.89 86.28 3 472
MBT-R ✓ ✓ 32.93 42.28 45.14 5 750 57.21 66.35 73.17 13 682 61.59 75.60 84.85 1 616

Qwen3-1.7B
Base 28.22 37.81 44.06 1 1186 52.23 61.65 69.59 2 560 49.63 63.62 75.87 1 605
Base ✓ 38.06 48.72 54.74 1 1379 63.25 72.32 80.69 1 637 58.96 73.33 84.92 1 683

MBT-S ✓ 39.30 49.32 52.42 2 525 61.20 70.97 79.04 0 467 63.88 77.89 87.64 0 463
MBT-R ✓ 34.88 45.05 48.03 1 730 59.80 69.84 78.36 0 669 63.04 76.94 86.52 2 653
MBT-S ✓ ✓ 42.82 52.77 55.98 2 521 62.85 72.37 80.66 4 469 66.37 80.20 89.60 0 451
MBT-R ✓ ✓ 39.59 50.24 53.99 1 728 62.24 72.22 80.62 8 684 64.89 78.75 88.22 1 643

Qwen3-4B
Base 37.65 48.37 62.60 2 1368 50.70 62.07 86.43 4 501 50.38 65.45 90.11 12 551
Base ✓ 47.79 59.12 65.37 73 2433 69.30 77.73 87.53 121 836 64.67 79.56 90.33 52 722

MBT-S ✓ 49.65 59.54 64.54 0 478 66.64 76.31 85.88 0 463 67.66 81.61 91.44 0 457
MBT-R ✓ 48.03 57.90 62.72 3 745 66.83 76.64 85.94 1 660 66.86 80.80 90.93 0 635
MBT-S ✓ ✓ 52.34 61.96 66.61 0 471 67.52 77.32 86.67 0 460 68.66 82.26 91.84 0 448
MBT-R ✓ ✓ 51.92 61.56 66.40 1 724 68.26 77.92 87.25 0 649 68.22 82.06 91.40 0 627

E.6 Ablation Study Disentangling SFT and GRPO

This section ablates the contributions of Supervised Fine-Tuning (SFT) and Group Relative Policy
Optimization (GRPO) within MBT. Table A9 reports four configurations, namely Base, GRPO-only,
SFT-only with MBT-S and MBT-R, and the full MBT pipeline that combines SFT and GRPO.

Unstructured Reinforcement (GRPO-only) Applying GRPO directly to the base model improves
EM and F1 across scales. The gains come with longer outputs and higher degeneration rates. GRPO
without a structural prior expands the rollout distribution, which produces longer and less stable
traces.

SFT as a Structural Prior (SFT-only) SFT on MBT-generated traces improves accuracy and
reduces degeneration and length relative to GRPO-only. Even without reinforcement learning, SFT
installs the structured form and removes redundant steps. MBT-S produces shorter traces because it
is synthesized, while MBT-R retains more intermediate steps from the student’s distribution.

SFT + GRPO The most consistent results are obtained by combining SFT and GRPO. GRPO
operates on an SFT-initialized policy that already follows the five-phase structure, so it can improve
outcome accuracy without reintroducing degeneration. Across all scales, the two-stage configuration
is the best operating point on accuracy, efficiency, and stability. SFT installs the structural prior, and
GRPO optimizes against the outcome reward. GRPO without the structural prior raises degeneration,
while the combined pipeline keeps it bounded.
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F Experimental Details

F.1 Post-training via Group Relative Policy Optimization

GRPO Objective For each query q we sample a group of G output trajectories {o1, . . . , oG}
from the rollout policy πθold conditioned on (q, c). Here oi = (oi,1, . . . , oi,|oi|) denotes the token
sequence of trajectory i. The per-token importance ratio is wi,t(θ) = πθ(oi,t | q, c, oi,<t)/πθold(oi,t |
q, c, oi,<t). The outcome reward ri = F1(EXTRACTANSWER(oi), a

∗) depends only on the final
answer extracted from oi. The trajectory-level advantage standardizes ri within its group, with

µg = 1
G

∑G
j=1 rj and σg =

√
1
G

∑G
j=1(rj − µg)2:

Âi =
ri − µg

σg + ϵσ
, (8)

where ϵσ is a small constant for numerical stability when the group rewards collapse to a single
value. Writing ℓi,t(θ) := min

(
wi,t(θ) Âi, clip(wi,t(θ), 1−ϵ, 1+ϵ) Âi

)
for the per-token clipped

contribution, the GRPO objective is

LGRPO(θ) = Eq∼D

 1

G

G∑
i=1

1

|oi|

|oi|∑
t=1

ℓi,t(θ)

 − βKL DKL

(
πθ ∥πref

)
, (9)

with clip range ϵ = 0.2 and KL coefficient βKL = 0.04. The reference policy πref is the SFT-
initialized checkpoint. We use G = 8 samples per group throughout. The trajectory-level advantage
Âi is uniform across all tokens of oi because the reward is outcome-based. Per-token credit assignment
within oi is then driven entirely by the per-token ratio wi,t(θ). The symbol wi,t(θ) used here for the
per-token importance ratio is distinct from the arrival position ρi introduced for the RRP in §4.2.

GRPO Training Setup We implement all GRPO experiments using the verl framework [Sheng
et al., 2025]. The Qwen3 student is trained on the HotpotQA training set for 60 steps with batch size
512 and maximum response length 4096 tokens. We use a learning rate of 1× 10−6, weight decay
0.1, and KL coefficient βKL = 1× 10−3. All GRPO runs are conducted on 4 H100 GPUs.

F.2 Decoding, Judges, and the Accuracy-Efficiency Score

Decoding At inference we use a sampling temperature of 0.6 and top-p of 0.95 matching the setup
used for the DeepSeek-R1 evaluation [Guo et al., 2025], and a maximum decoding length of 32,768
tokens applies to all methods and scales.

Accuracy and Efficiency Metrics For task accuracy we report Exact Match (EM) and token-level
F1 against the gold answer string, together with an LLM-as-a-Judge score produced by gemma-
4-31b-it. The Gemma judge is from a different family than the gpt-oss-120b teacher used during
MBT trace construction so as to avoid closed-loop bias when the same model both generates traces
and grades them. The Gemma judge is used both for end-task accuracy and for the RRP and MQI
judgments of §4.2. For efficiency we record the mean output length (Len) of the reasoning trace
as a proxy for inference-time compute, together with the count of degeneration failures (Degen).
Degenerated outputs are those whose length saturates the 32,768-token decoding limit. In practice
this corresponds to the model entering a repetitive loop and failing to terminate.

Accuracy-Efficiency Score (AES) We use the Accuracy-Efficiency Score of Luo et al. [2025] to
combine the length and accuracy axes in a single scalar. For a method M compared against a base
model B on the same benchmark, with mean response lengths LM , LB and accuracies AM , AB ,
define ∆L = (LB − LM )/LB , which is positive when M is shorter, and ∆A = (AM −AB)/AB ,
which is positive when M is more accurate. The AES is

AES =

{
α∆L+ β |∆A|, ∆A ≥ 0

α∆L− γ |∆A|, ∆A < 0,
(10)

with weights α = 1, β = 3, and γ = 5 following Luo et al. [2025]. Accuracy degradation is penalized
more heavily than equivalent efficiency gains. The Base model is normalized to AES = 0 on every
benchmark and metric.
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Table A10: Per-method differences in the SFT data source. All entries use the training configuration
in the surrounding paragraph at 1 epoch, AdamW, lr = 10−4, batch = 128, cosine warmup 0.1, and
gradient norm clip 0.3.

Method Trace generator Filter or Selection Modification before SFT

RS (Self-Distill) Qwen3 student Reject incorrect (gold-EM) None
gpt-oss-distill (sft / grpo) gpt-oss-120b teacher Reject incorrect (gold-EM) None (raw teacher trace)
TokenSkip Qwen3 student Reject incorrect (gold-EM) Token-level pruning at ratio γ ∼ Unif{0.5, . . . , 1.0}
LIMOPro gpt-oss-120b teacher Reject incorrect (gold-EM) Step-level pruning at ratio 0.5, perplexity-scored
MBT-S (Ours) gpt-oss-120b teacher N/A (synthesized conditioned on gold) Five-phase prompt Π5-phase

S
MBT-R (Ours) gpt-oss-120b teacher N/A (rewriting, both correct and incorrect drafts) Five-phase rewrite prompt Π5-phase

R

F.3 Baseline Methods

In the main paper, we compare MBT against the efficient-reasoning baselines TokenSkip Xia et al.
[2025] and LIMOPro Xiao et al. [2025]. Both approaches construct compact reasoning traces by
retaining the components considered important from model-generated reasoning. The reduced traces
then fine-tune a target model via supervised fine-tuning (SFT) for shorter outputs. Unlike MBT, these
approaches compress or prune existing reasoning traces rather than installing a structural prior.

TokenSkip TokenSkip first obtains full reasoning traces from a target model. It then estimates
token-level importance scores using a bidirectional BERT-based model Xia et al. [2025], Pan et al.
[2024]. Based on these scores, unimportant tokens are pruned to construct compact reasoning traces,
which are subsequently used as SFT data. Following the TokenSkip, we generate reasoning traces on
the HotpotQA training set using the target model Qwen3 Yang et al. [2025]. We filter samples based
on answer correctness and randomly sample a compression ratio γ for each training instance from
the set {0.5,0.6,0.7,0.8,0.9,1.0}. We prune tokens based on the sampled compression ratio and use
the resulting compressed reasoning traces as the SFT dataset for training.

LIMOPro LIMOPro uses reasoning traces generated by a model larger than the target model. It fo-
cuses on pruning functional reasoning components that do not contribute to logical progression, using
a perplexity-based importance score. LIMOPro first segments the reasoning trace into intermediate
steps using an LLM. It then classifies each step as either logical progression or functional, for example
validation or error correction. For steps in the functional group, LIMOPro computes importance
scores based on the change in perplexity when removing each step. Based on these scores, it prunes
steps with lower importance and uses the resulting compressed reasoning traces as SFT data. In our
experiments, we generate reasoning traces on the HotpotQA training set using gpt-oss-120b Agarwal
et al. [2025b]. We use the same model for step segmentation and step classification. Following the
official LIMOPro implementation, we filter samples based on answer correctness, apply a pruning
ratio of 0.5, and use the pruned reasoning traces to construct the SFT dataset for training.

Consolidated Training Configuration For all SFT experiments including RS, gpt-oss-distill, MBT-
S, MBT-R, TokenSkip, and LIMOPro, we train the target model Qwen3 for 1 epoch with a learning
rate of 1 × 10−4 and an effective batch size of 128. We employ a cosine learning rate scheduler
with a warmup ratio of 0.1, AdamW with (β1, β2) = (0.9, 0.999), weight decay 0.0, and gradient
norm clip 0.3. The maximum sequence length is 32,768 tokens. All experiments use mixed-precision
bfloat16 on 4×L40 or 4×H100 GPUs. Per-baseline differences are confined to the source of the SFT
dataset, summarized in Table A10.

Teacher Model Access and Reasoning-Effort Setting The teacher model used to construct the
metacognitively structured traces is gpt-oss-120b, an open-weights reasoning model released by
OpenAI [Agarwal et al., 2025b]. The Hugging Face card is at https://huggingface.co/
openai/gpt-oss-120b and is distributed under the Apache-2.0 license. Reasoning-effort is
controlled by a system-prompt suffix that selects low, medium, or high from the Harmony chat
template. We use reasoning_effort=high throughout this paper. This setting yields longer internal
deliberation in the analysis channel before the final answer. We serve the model with vLLM, with
max_model_len = 32,768, tensor_parallel_size = 4, and gpu_memory_utilization = 0.9. The model
card and license permit research and commercial use. Reproducing trace generation on hardware-
limited environments is a follow-up listed in §6.
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G Qualitative Analysis of Metacognitive Reasoning Traces

This section gives qualitative examples of how metacognitive behaviors appear in reasoning traces
before and after MBT. We present three cases in sequence, namely an initial reasoning trace without
metacognitive control, a structured trace synthesized by MBT-S, and a rewritten trace by MBT-R.
The progression shows how the structural form changes the trace and how it makes the detection and
repair of logical errors explicit.

G.1 Initial Reasoning Trace

Figure A5 shows an initial reasoning trace from the base Qwen3 model. The trace shows a failure
pattern that occurs when no metacognitive structure is applied. The document set contains the
evidence needed to answer the question. The model introduces an unverified assumption early in the
process and commits to it without subsequent monitoring. The model does not revise the hypothesis
and terminates on an incorrect conclusion.

G.2 Synthesized Trace (MBT-S)

Figure A6 shows a metacognitively structured MBT-S reasoning trace synthesized by gpt-oss-120b.
The MBT-S trace follows the five-phase form. The trace separates task clarification, planning,
controlled evidence integration, self-correction, and verification. Under this structure the model does
not commit to unverified assumptions and derives the correct solution.

G.3 Rewritten Trace (MBT-R)

Figure A7 shows the MBT-R trace, generated by rewriting the flawed initial trace in Figure A5.
The teacher revisits the student’s intermediate assumptions and re-checks them against the provided
documents. The rewrite does not discard the original trace. It keeps the factual observations that are
consistent with the documents and revises the steps that rely on unsupported inferences. The output
is a trace in which intermediate conclusions are checked against the evidence and the final answer is
reached through explicit self-correction and verification.

H Evaluation Prompts

This section lists the prompts used throughout the paper, grouped by the model that executes them.
The judge prompts are run by external evaluators and include the answer-inclusion judge executed
by gpt-oss-120b at high reasoning effort Agarwal et al. [2025b] for evidence-grounded answer-hit
detection in §H.1, and the behavioral judges for the Reach-Redundancy Profile and the Metacognitive
Quality Index, both executed by gemma-4-31b-it in §H.3. The teacher prompts are run by gpt-oss-
120b to construct MBT-S and MBT-R training traces in §H.2. The student inference prompts are
provided to the target model Qwen3 Yang et al. [2025] for the Base and Metacognitive Prompting
baselines in §H.4 and H.5. Each dimension of reasoning behavior is defined by a dedicated prompt
rather than by a single correctness criterion.

H.1 Answer Inclusion Evaluation Prompt

The answer inclusion prompt in Figure A8 determines whether a reasoning trace is answer-inclusive.
A trace is answer-inclusive when the correct answer is derived, inferred, or identified at any point
with supporting context. The evaluation does not check final-answer correctness or reasoning quality.
The criterion is lenient and counts a correct intermediate conclusion as answer-inclusive even if the
model later rejects it. The judge excludes cases where the correct answer appears only as part of
an unfocused enumeration or as a random guess. The prompt is used in the answer-inclusive error
analysis in Figure 1 and Tables A1 to A3.
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H.2 Metacognitively Grounded Reasoning Trace Prompt

H.2.1 Metacognitive Trace Synthesis (MBT-S)

The synthesis prompt used for MBT-S in Figure A9 instructs the teacher gpt-oss-120b to generate
reasoning traces from scratch. Given a query, contextual documents, and the gold answer, the
prompt applies a five-phase process spanning goal clarification, planning, execution monitoring,
self-correction, and verification. The gold answer is provided as input, but the model is instructed to
write the trace as an independent derivation without referencing the answer. The resulting traces are
used as supervision for MBT-S.

H.2.2 Metacognitive Trace Rewriting (MBT-R)

The rewriting prompt in Figure A10 instructs the teacher gpt-oss-120b to rewrite a reasoning trace
produced by the student. The prompt is for restructuring rather than synthesis from scratch. The
teacher retains valid intermediate deductions and adds the missing phases of monitoring, self-
correction, and verification. When the original trace contains errors, the prompt includes an error-
detection step. The teacher identifies the flaw and redirects the trajectory toward the correct solution.
The design produces traces that retain the student’s intermediate steps under the five-phase form.

H.3 Behavioral Evaluation Prompts for RRP and MQI

H.3.1 Reach-Redundancy Profile (RRP)

The RRP prompt asks the judge to perform a paragraph-level annotation of the trace. The trace is
split into paragraphs and each paragraph end is tagged with a sentinel marker [[M1]], [[M2]], . . . The
judge then identifies three values. The first is the first paragraph [[Mk]] at which the gold answer
is explicitly derived from the retrieved evidence, or the special marker [[M00]] if the answer never
appears as a justified candidate. The second is, for every paragraph in the trace both before and after
the answer-deriving paragraph, the label PROGRESS, VERIFICATION, or REDUNDANT. The third is a
self-reported confidence in the overall judgment. This per-paragraph annotation produces both the
arrival position ρi and the redundancy fraction δr,i used in the score Ri of §4.2. The full prompt
template is shown in Figure A11.

Length-Aware Variants The within-trace normaliser Ti used in ρi and δr,i allows long traces to
disguise late arrival as a moderate ρi value, since both numerator and denominator grow together.
For cross-method comparisons we therefore additionally report length-aware variants ρlai , δ

la
r,i. These

variants anchor the denominator at the mean trace length T
(m)
base of the same-scale Qwen3 base model

over valid non-degenerated outputs on the evaluation benchmark,

ρlai = min

1, 1

T
(m)
base

ki∑
j=1

si,j

 , δlar,i = min

(
1,

ri

T
(m)
base

)
. (11)

These variants put all methods on a common length scale. For example, a method which arrives at
the gold answer in twice as many sentences as the base model receives a ρla at least twice as large,
rather than being rescaled by its own also-doubled trace length. The length-aware RRP plane in §5
uses these variants as its axes.

H.3.2 MQI Prompt

The MQI prompt presents the five-phase rubric of Understanding and Filtering, Planning, Execution
and Monitoring, Self-Correction, and Verification. The judge returns three values. The first is a
holistic level Lobs ∈ {0, 1, 2, 3, 4, 5} on the rubric scale, ranging from a direct answer with no
visible reasoning to fully integrated five-phase reasoning. The second is the explicit subset of phases
identifiable in the trace. The third is a self-reported confidence in the final answer on [0, 1]. The
per-sample MQI is then computed offline as MQIi = Lobs,i · Tbase/Ti in Eq. 7, with Ti the token
count of the trace and Tbase the same-scale base-model average. Aggregate MQI values per method
and scale are reported in Table A8. The same Gemma judge is used for RRP and MQI throughout the
paper. The full prompt template is shown in Figure A12.
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User Query
What nationality was James Henry Miller’s wife?

Model (Initial) Reasoning Trace

American
Gold Answer

Entity 
Misidentification

Uncontrolled
Reasoning Progression

Self-doubt w.o.
Self-correction

Analysis Label

Premature
Termination

Okay, let's see. The question is asking about the nationality of James Henry Miller's wife. I need to look through the 
provided documents to find the answer. First, I'll scan each document for mentions of James Henry Miller and his 
wife.

Looking at Document [7], it says "June Miller (January 7 or 28, 1902 – February 1, 1979) was the much-written 
about second wife of Henry Miller." So here, June Miller is the wife of James Henry Miller.

Now, I need to determine her nationality. The documents don't mention any other details about her nationality 
except maybe in Document [2] or [4]. Wait, Document [2] talks about Anaïs Nin's relationships, but that's not 
relevant here. 

Looking at Document [7], the only mention is her birthdate and death date, but there's no information about her 
nationality. The other documents mention different people, like Ewan MacColl, Peggy Seeger, etc.

Since the question is about the nationality of her, and there's no other data provided in the documents, I have to 
infer based on the information given. However, the documents don't state her nationality. Therefore, the answer 
might be that there's no information provided, or perhaps it's implied. But wait, maybe I missed something. Let me 
check again.

Wait, Document [7] explicitly says she was the second wife, but the nationality isn't mentioned. The other 
documents mention different people. So unless there's a hidden detail, the answer would be that there's no 
information provided. However, the question asks for the nationality, implying that it exists. But according to the
given documents, there's no mention of her nationality. So the correct answer would be that the documents don't 
provide information about her nationality. But since the user expects an answer in the <answer> tags, maybe the 
answer is that the documents don't mention it. But perhaps the answer is that it's not specified, so the answer 
would be based on the given documents. Wait, but maybe there's an error in my analysis. Let me check again.

No, the only information about her is in Document [7]. There's no mention of her nationality. Therefore, the answer 
should state that there is no information provided about her nationality in the given documents. However, the user 
might expect a different approach. Alternatively, perhaps I'm missing a document. Let me check all documents 
again.

Looking through all the documents again:
Document [0] talks about Henry Miller's life and his wife June Miller.
Document [1] is about a by-election.
... ...
Document [9] is about Jim Miller.

So yes, only Document [7] mentions June Miller as the wife of James Henry Miller. There's no other information 
about her nationality. Therefore, the answer is that the documents do not provide information about her nationality.

Figure A5: Initial Qwen3 trace without metacognitive control. The model commits to an unverified
assumption early, does not invoke self-correction, and terminates on an incorrect conclusion. Best
viewed in color.

H.4 Base Prompt

For the Base model evaluation we use a minimal multi-hop QA prompt in Figure A13 that requests
only the final answer given the retrieved documents. The prompt imposes no structural constraints,
so the model relies on its internal biases. This unconstrained setting is the control for measuring the
model’s native reasoning behavior.

H.5 Metacognitive Prompting Prompt

The Metacognitive Prompting baseline adds explicit metacognitive instructions at inference time
without any additional post-training, as shown in Figure A14. Where MBT installs the five-phase
structure through parameter updates, this setting relies on a system prompt alone. The system prompt
contains instructions for goal clarification, planning, and self-correction. The comparison separates
the effect of external prompt guidance from that of post-training and tests whether prompt-level
instructions are enough to obtain the same trace shape as MBT.
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User Query
What nationality was James Henry Miller’s wife?

Metacognitively Structured Reasoning Trace (MBT-S)

American
Gold Answer

Understanding
& Filtering

Planning

Self-Correction

Analysis Label

Execution
& Monitoring

We begin by clarifying exactly what the question asks: we need the nationality of the wife of James Henry Miller. 
The name James Henry Miller appears in the set of documents, so we must locate the passage that tells us who 
he was and who his spouse was, then determine that spouse’s nationality.

Scanning the documents, we notice that Document [4] is titled “Ewan MacColl” and opens with “James Henry 
Miller (25 January 1915 – 22 October 1989), better known by his stage name Ewan MacColl…”. This tells us that 
James Henry Miller is the birth name of the English folk singer known as Ewan MacColl. The rest of that entry 
focuses on his career, not his personal life, so we keep it in mind but look for a mention of a spouse elsewhere.

Document [5] is about “Peggy Seeger”. Reading it, we see: “Margaret ‘Peggy’ Seeger (born June 17 1935) is an 
American folksinger… and was married to the singer and songwriter Ewan MacColl until his death in 1989.” 
This directly links Peggy Seeger to Ewan MacColl, who we have already identified as James Henry Miller. 
The phrasing “was married to” confirms that she was his wife.

Now we must extract Peggy Seeger’s nationality. The same sentence describes her as “an American folksinger.” 
That is a clear statement of her nationality. No other documents mention a different spouse for James Henry 
Miller, nor do they suggest a change of nationality. Therefore, the information we have is consistent and complete.

Before finalizing, let us double-check that we have not missed any alternative spouse or contradictory detail. 
The other documents discuss unrelated individuals (e.g., James Henry Deakin, Henry Miller, June Miller) and do 
not refer to James Henry Miller’s personal life. Hence there is no conflict.

Having verified the chain of facts—James Henry Miller = Ewan MacColl, his wife = Peggy Seeger, Peggy Seeger 
is described as American—we can confidently answer the question.

The nationality of James Henry Miller’s wife was American.

Verification
(Termination Decision)

Figure A6: MBT-S synthesized trace. The five-phase structure constrains the trace away from
premature commitment to unverified assumptions and yields the correct answer. Best viewed in color.

User Query
What nationality was James Henry Miller’s wife?

Metacognitively Structured Reasoning Trace (MBT-R)

American
Gold Answer

Understanding
& Filtering

Planning

Self-Correction

Analysis Label

Execution
& Monitoring

Verification
(Termination Decision)

Initial Reasoning Trace
“Okay, let’s see ...

We begin by restating the precise goal: we must determine the nationality of the wife of the person named James 
Henry Miller, using only the information supplied in the ten documents. Before we dive in, we remind ourselves to 
ignore any material that does not mention either James Henry Miller or a spouse connected to that name, because 
such content would only distract from the question.

Having clarified the target, we outline a plan. First, we will locate every occurrence of the exact name “James 
Henry Miller” among the documents. Second, for the identified individual, we will search for any mention of a 
spouse. Third, once we have the spouse’s name, we will look for a statement of her nationality. If any step yields 
multiple possibilities, we will compare them and select the one that fits all constraints.

We scan the documents systematically. Document 4 introduces a person whose full name is James Henry Miller 
(born 25 January 1915, died 22 October 1989) and tells us he is better known by the stage name Ewan MacColl, 
an English folk singer. No other document contains the exact string “James Henry Miller.” Thus we conclude that 
the James Henry Miller of interest is the individual whose birth name is given in Document 4.

Next we look for a spouse of this James Henry Miller/Ewan MacColl. Document 5 mentions that Margaret “Peggy” 
Seeger “was married to the singer and songwriter Ewan MacColl until his death in 1989.” Because Ewan 
MacColl’s birth name is James Henry Miller, Peggy Seeger is the wife we need. At this point we pause to verify that 
we have not confused this with any other marriage: no other document links Peggy Seeger to a different person, 
and no other spouse is mentioned for James Henry Miller, so the connection appears unambiguous.

Now we must extract Peggy Seeger’s nationality. Document 5 describes her as “an American folksinger.” The 
phrase directly states her national identity, leaving no room for alternative interpretation. Although the same 
document notes her long residence and popularity in Britain, the explicit label “American” is the decisive piece 
of information.

At this juncture we notice a potential source of error: earlier we might have mistakenly associated James Henry 
Miller with the novelist Henry Miller, whose wife June Miller appears in Document 7. That would have led us to 
search for June’s nationality, which is not provided. Recognizing this mismatch, we double-check the names: the 
question asks for James Henry Miller, not Henry Miller. The documents confirm that James Henry Miller is the birth 
name of Ewan MacColl, not the novelist Henry Miller. Therefore the correct spouse is Peggy Seeger, not June Miller. 

Finally, we verify the whole chain: James Henry Miller = Ewan MacColl (Document 4); his wife = Peggy Seeger 
(Document 5); Peggy Seeger’s nationality = American (Document 5). All steps are supported by explicit 
statements, and no contradictory information appears elsewhere. The answer satisfies the original requirement 
without invoking any external knowledge.

Thus, the nationality of James Henry Miller’s wife is American.

Figure A7: MBT-R rewritten trace from the flawed initial trace in Figure A5. The model identifies
the unsupported inference and corrects the path while retaining valid intermediate steps. Best viewed
in color.
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LLM-as-a-Judge Prompt for Answer Inclusion Evaluation

{
“role”: “user”,
“content”: “““

You are an expert evaluator. Your task is to check if the draft solution contains any instance where the
correct answer is derived, inferred, or identified with some supporting context.

Please apply a lenient standard for reasoning. You should prioritize detecting the correct answer over
critiquing the quality of the logic.

Criteria for outputting YES:

- Output YES if the draft solution identifies the correct answer (or a semantically equivalent answer)
as a valid

candidate at any point.

- Output YES if the correct answer appears along with a supporting fact, context, or logical
connection.

- Output YES even if the model later rejects this answer.

Criteria for outputting NO:

- Output NO only if the correct answer is never mentioned at all.

- Output NO only if the correct answer is mentioned solely as part of listing multiple choices (e.g.,
A, B, C, D)

without focusing on it.

- Output NO only if the correct answer is explicitly stated to be a random guess without any
supporting

information.

Based on the criteria above, output only YES or NO. Do not provide any explanation.

<question>
{question}
</question>

<correct_answer>
{answer}
</correct_answer>

<draft_solution>
{reasoning_trace}
</draft_solution>

”””.strip(),
}

Figure A8: LLM-as-a-Judge prompt for answer inclusion as used in Figure 1 and Appendix D. The
judge outputs YES if the gold answer or a paraphrase appears as a supported candidate in the trace,
regardless of the final prediction.
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Metacognitively Grounded Reasoning Trace Synthesis Prompt (MBT-S)

{
“role”: “user”,
“content”: “““

You are an advanced AI reasoner capable of simulating human-like metacognition. Your task is to solve
a given question by generating a coherent, deeply reasoned, and accurate internal monologue.

Your primary goal is to derive the solution from scratch while employing metacognitive strategies to
ensure high-quality reasoning. You will be provided with the question and the correct answer. You must
ensure your reasoning process logically arrives at this correct answer, but you must simulate an authentic,
independent discovery process. If there are common pitfalls or complexities, you should simulate a
realization of potential error and self-correction, rather than simply stating the result immediately.

Please follow these specific instructions for the generating process:

1. Perspective and Tone: Write in the first-person plural (We). The tone should be introspective,
analytical, and deliberate, mimicking a stream of consciousness.

2. Structure and Metacognitive Flow:
- Phase 1: Understanding and Filtering (System 2 Attention). Start by explicitly re-stating the core

goal of the
problem and filtering out any irrelevant information or distractions. Ensure we fully grasp

the
requirements before moving forward.

- Phase 2: Planning (Plan-and-Solve). Before calculating or deducing, outline a high-level strategy
or roadmap.

Break the problem into manageable sub-tasks.
- Phase 3: Execution and Monitoring. Proceed through the steps. At each transition, engage in active

monitoring.
Ask internal questions like “Is this step logically sound?” or “Does this align with our

previous
findings?” Perform necessary calculations or deductions carefully.

- Phase 4: Self-Correction (Reflexion). If the reasoning encounters a complex area or a potential
ambiguity,

simulate a moment of doubt. Use phrases like “Wait, let us double-check that,” or
“Something feels off

here.” Identify any potential logical gaps, explain why a hasty conclusion might be wrong,
and strictly

ensure the path aligns with the correct answer provided.
- Phase 5: Verification (Chain-of-Verification). Before concluding, review the final result against the

initial
constraints to ensure meaningful consistency and high confidence.

3. Formatting Constraints:
- Do not use any Markdown formatting. Do not use bold, italics, headers, or bullet points.
- Use clear paragraph breaks to indicate shifts in thought or new steps in the reasoning process.
- Do not mention the existence of the provided “correct answer” or that you were given the answer

beforehand.
The output must read as a single, authentic, independent thought process.

4. Output Objective: The final result should be a rich, error-free, and logically robust solution that
demonstrates not just the answer, but the careful, self-correcting journey of getting there.

<question>
Answer the following question based on the given documents.

Documents: {context}

Question: {question}
</question>

<correct_answer>
{answer}
</correct_answer>

”””.strip(),
}

Figure A9: MBT-S synthesis prompt. The teacher generates a five-phase reasoning trace from scratch,
written as an independent derivation despite being given the gold answer.
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Metacognitively Grounded Reasoning Trace Rewriting Prompt (MBT-R)

{
“role”: “user”,
“content”: “““

You are an advanced AI reasoner capable of simulating human-like metacognition. Your task is to
rewrite a given draft solution into a coherent, deeply reasoned, and accurate internal monologue.

Your primary goal is to integrate the valid explorations from the draft solution while employing
metacognitive strategies to enhance the reasoning quality. If the draft solution contains errors or leads
to an incorrect conclusion, you must naturally steer the reasoning process toward the correct answer by
simulating a realization of error and self-correction, rather than simply stating the right answer.

Please follow these specific instructions for the rewriting process:

1. Perspective and Tone: Write in the first-person plural (We). The tone should be introspective,
analytical, and deliberate, mimicking a stream of consciousness.

2. Structure and Metacognitive Flow:
- Phase 1: Understanding and Filtering (System 2 Attention). Start by explicitly re-stating the core

goal of the
problem and filtering out any irrelevant information or distractions. Ensure we fully grasp

the
requirements before moving forward.

- Phase 2: Planning (Plan-and-Solve). Before calculating or deducing, outline a high-level strategy
or roadmap.

Break the problem into manageable sub-tasks.
- Phase 3: Execution and Monitoring. Proceed through the steps while incorporating the thinking

steps from the
draft solution. At each transition, engage in active monitoring and question whether the

inherited
reasoning is logically sound. If necessary, pause and critique illogical or unsupported

steps.
- Phase 4: Self-Correction (Reflexion). If the draft solution deviates from the correct answer, simulate

a
moment of doubt. Use phrases like “Wait, let us double-check that,” or “Something feels

off here.”
Identify the logical gap, explain why the previous reasoning was incorrect, and adjust the

path toward
a correct conclusion.

- Phase 5: Verification (Chain-of-Verification). Before concluding, review the final result against the
initial constraints to ensure meaningful consistency and high confidence.

3. Formatting Constraints:
- Do not use any Markdown formatting. Do not use bold, italics, headers, or bullet points.
- Use clear paragraph breaks to indicate shifts in thought or new steps in the reasoning process.
- Do not mention the existence of the “draft solution” or the “correct answer.” The output must read

as a single, authentic, independent thought process.

4. Output Objective: The final result should be a rich, error-free, and logically robust solution that
demonstrates not just the answer, but the careful, self-correcting journey of getting there.

<draft_solution>
{reasoning_trace}
</draft_solution>

”””.strip(),
}

Figure A10: MBT-R rewriting prompt. The teacher restructures a student draft into the five-phase
form, retains valid intermediate steps, and inserts explicit self-correction when needed.
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LLM-as-a-Judge Prompt for Reach-Redundancy Profile (RRP)

{
“role”: “user”,
“content”: “““

You are an expert evaluator of LLM reasoning trajectories. The reasoning trace below has been
segmented into paragraphs separated by markers of the form [[M01]], [[M02]], ... Each marker [[Mk]]
appears IMMEDIATELY AFTER paragraph k. The very last paragraph has no trailing marker.

You must perform three tasks and output exactly four lines (no other text).

TASK 1 : Answer-deriving paragraph.
Find the FIRST paragraph in which the model has explicitly derived a candidate answer that is
semantically equivalent to the gold answer, supported by at least one piece of evidence drawn from the
question or context. Mere mention of the entity in passing, or as part of an enumeration of distractors,
does not count.

Output the marker that immediately FOLLOWS that paragraph: - If derivation is in paragraph k (and
k is not the last), output [[Mk]].

- If derivation is in the LAST paragraph (no trailing marker), output [[M_END]].
- If no paragraph derives the gold answer at all, output [[M00]].

TASK 2 : Redundant paragraphs (whole-trace classification).
Classify EVERY paragraph in the trace (paragraphs 1..N, both before and after the answer-deriving
paragraph) into one of three labels:

- PROGRESS : introduces new evidence, executes a planned step, decomposes the question, or
makes substantive forward motion toward the answer (including the trace’s first explicit emission of the
final answer).

- VERIFICATION : explicitly audits an already-established candidate by appealing to CONCRETE
EXTERNAL EVIDENCE OR AN ALTERNATIVE PATH. Must contain at least one of (a) a specific
document/source reference + consistency check, (b) explicit comparison with a NAMED alternative the
model considered, (c) identification of a specific potential error followed by an evidence-based resolution,
or (d) explicit re-derivation from primary inputs / re-application of the question’s constraint. Generic
wrap-up (“in conclusion”, “we synthesize the answer”), phase-listing (“after planning, executing,
monitoring, ...”), and bare consistency assertions are NOT sufficient.

- REDUNDANT : repetitive restatement of an already-established conclusion, baseless self-doubt
that does not identify a specific issue, circular looping, or generic wrap-up paragraphs that only declare
completion without a concrete audit action.
Critical rule: a paragraph qualifies as VERIFICATION ONLY when it performs a CONCRETE
auditing action under (a)–(d) above. The phrase “Phase 5: Verification” appearing in the trace is NOT
itself sufficient — only the CONTENT of the paragraph matters. A paragraph is REDUNDANT iff
strictly more than half of its sentences satisfy the REDUNDANT rule. Output the comma-separated list
of trailing markers of all REDUNDANT paragraphs (use [[Mk]] for paragraphs 1..N-1 and [[M_END]]
for paragraph N). If none, output NONE.

TASK 3 : Confidence.
A single float in [0,1] reflecting how confident you are in your TASK 1 answer.

Output format (strict, exactly four lines, no other text):
ANSWER_PARAGRAPH_MARKER: <[[Mk]] or [[M_END]] or [[M00]]>
REDUNDANT_PARAGRAPH_MARKERS: <comma-separated [[Mk]] list, or NONE>
CONFIDENCE: <float in [0,1]>
NOTES: <one short sentence; optional but always emit the line>

<question>
{question}
</question>

<gold_answer>
{answer}
</gold_answer>

<reasoning_trace>
{marked_reasoning_trace}
</reasoning_trace>

”””.strip(),
}

Figure A11: LLM-as-a-Judge prompt for the Reach-Redundancy Profile defined in §4.2. The
judge marks where the gold answer is first derived and labels each paragraph as PROGRESS,
VERIFICATION, or REDUNDANT, yielding the arrival position ρ and redundancy fraction δr of (6).
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LLM-as-a-Judge Prompt for Metacognitive Quality Index (MQI)

{
“role”: “user”,
“content”: “““

You are an expert evaluator of AI reasoning capabilities, specifically focusing on metacognitive strategies.
Given a question, its difficulty tier, the gold answer, and a model’s reasoning trace, perform three tasks.

PHASE LIST:
1. Understanding and Filtering : explicitly restating the goal and filtering noise.
2. Planning : outlining a high-level strategy before execution.
3. Execution and Monitoring : checking each step’s logical validity during execution.
4. Self-Correction : simulating doubt or detecting an error and explicitly correcting the path.
5. Verification : final review of the result against the constraints.

TASK A : Phase presence (0–5 rubric).
Score 0: Direct answer with no visible reasoning.
Score 1: Linear chain-of-thought with no planning, no monitoring, no verification.
Score 2: Either a plan or a verification, but middle execution is linear.
Score 3: Plan + execution monitoring; may miss filtering or self-correction.
Score 4: 4 of 5 phases clearly demonstrated.
Score 5: All 5 phases integrated.

Note: a higher score is NOT automatically better. The appropriate level depends on question difficulty.
Score the trace strictly by the rubric without considering whether the level is appropriate.

TASK B : Distinct phase set.
List the indices of the phases that are distinctly present in the trace (i.e. recognisable as a phase, not
just one passing remark). Output a comma-separated list of integers in {1,2,3,4,5}, or NONE.

TASK C : Final-answer confidence.
Locate the model’s final answer. If the trace ends with an explicit confidence statement (a number in
[0,1] or a percentage), output it as a float in [0,1]. Otherwise, judge from the language of the final
answer alone (hedged “I think...”, “probably” → 0.4–0.6; categorical “the answer is X” → 0.8–0.95)
and output a single float in [0,1].

Difficulty tier of the question: {difficulty_tier}.

Output format (strict, three lines, no other text):
L_OBS: <integer 0..5>
PHASES: <comma-separated integers, or NONE>
CONFIDENCE: <float in [0,1]>

<question>
{question}
</question>

<gold_answer>
{answer}
</gold_answer>

<reasoning_trace>
{reasoning_trace}
</reasoning_trace>

”””.strip(),
}

Figure A12: LLM-as-a-Judge prompt for the Metacognitive Quality Index defined in §4.2. The judge
returns a holistic level Lobs ∈ {0, . . . , 5}, the explicit phase subset S ⊆ Φ, and a confidence in [0, 1],
which together yield MQI and per-phase presence ratios via (7).
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Base Prompt for Multi-Hop Question Answering

{
“role”: “user”,
“content”: “““

Answer the following question based on the given documents. Provide your final answer between
<answer> and </answer> tags.

Documents: {context}

Question: {question}

”””.strip(),
}

Figure A13: Base prompt. A minimal multi-hop QA prompt that requests only the final answer
without imposing any reasoning structure.
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Metacognitive Prompt Used in Base+Prompt

{
“role”: “system”,
“content”: “““

You are an advanced AI assistant designed to solve problems using a structured metacognitive process.
For every user query, you must strictly adhere to the following five-phase flow to ensure accuracy and
depth:

1. Understanding and Filtering (System 2 Attention). Start by explicitly re-stating the core goal of
the problem and filtering

out any irrelevant information or distractions. Ensure you fully grasp the requirements before
moving forward.

2. Planning (Plan-and-Solve). Before calculating or deducing, outline a high-level strategy or
roadmap. Break the problem

into manageable sub-tasks.

3. Execution and Monitoring. Proceed through the steps. At each transition, engage in active
monitoring. Ask internal

questions like “Is this step logically sound?” or “Does this align with our previous findings?”
Incorporate thinking steps, but

if they appear illogical, pause and critique them.

4. Self-Correction (Reflexion). During execution, remain critical of your own logic. If a derived
conclusion contradicts

previous steps, physical intuition, or the problem constraints, trigger a pause. Use phrases like
“Wait, let me re-evaluate

this,” or “This outcome seems inconsistent.” Explicitly identify the potential flaw or oversight in
the reasoning process and

pivot to a corrected logical path.

5. Verification (Chain-of-Verification). Before concluding, review the final result against the initial
constraints to ensure

meaningful consistency and high confidence.

”””.strip(),
},
{

“role”: “user”,
“content”: “““

Answer the following question based on the given documents. Provide your final answer between
<answer> and </answer> tags.

Documents: {context}

Question: {question}

”””.strip(),
}

Figure A14: Metacognitive Prompting baseline. A system prompt that adds the five-phase structure
at inference time without parameter updates, separating prompt-only guidance from the post-training
procedure of MBT.
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