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ABSTRACT

This paper studies the problem of learning disentangled representations of ob-
jects and their attributes from raw, unstructured image data. Slot-based methods
have shown considerable success in unsupervised learning of object representa-
tions from images. Block-slot attention-based methods extend this framework to
attribute representations by assuming a uniform factorization of object representa-
tions into attributes, which may be suboptimal and consequently limit the quality
of the learned representations. We therefore investigate a framework for jointly
discovering object and attribute representations. Our key contribution is leverag-
ing the Linear Representation Hypothesis (LRH), which postulates that compos-
able concepts can be represented as linearly additive subspaces in slot representa-
tions. Based on this insight, we propose a probabilistic model connecting images,
slots (objects), and blocks (attributes). We present an architecture that leverages
block attention to connect attribute representations to slots and incorporates LRH
in both object and attribute representation spaces. This architecture effectively
optimizes the Evidence Lower Bound (ELBO) of the proposed graphical model.
Our experiments demonstrate (i) effective discovery of disentangled object and at-
tribute representations, (ii) empirical evidence for LRH in slot space, and (iii) the
ability to perform image editing owing to the disentangled and interpretable nature
of the learned representations. Our experiments on multiple datasets demonstrate
improvements in DCI scores over state-of-the-art methods.

1 INTRODUCTION

A core aspect of the human intelligence is its ability to form disentangled representations of the
world (Fodor & Pylyshyn, 1988; Whitehead, 1927; Dehaene et al., 2022), without having any ac-
cess to supervised data. Enabling deep learning models with such representations has been a long-
standing goal and is desirable for a number of reasons, i.e., having properties such as interpretability,
compositional generalization, and sample efficiency (Bengio et al., 2013; Greff et al., 2020; Lake
et al., 2017; Goyal & Bengio, 2022). In this work, we are specifically interested in the task of joint
disentanglement of objects and their attributes (such as color, shape, size etc.) in static images with-
out any supervision. Extracting such information automatically from images, in an unsupervised
manner, will go a long way in building models, that have above desired properties of generalizabil-
ity, sample efficiency and robustness to noise. Recently proposed slot attention based methods have
shown promising results on learning object-centric disentangled representation in images(Locatello
et al., 2020b; Akan & Yemez, 2025a; Didolkar et al., 2025), and these methods have been effectively
applied for downstream tasks such as image segmentation, compositional generation and VQA. Ex-
tending this work, block-slot attention (Singh et al., 2023; Stammer et al., 2024) based methods
partition the learned object representations (slots) into attributes (factors) (e.g., color, shape) yield-
ing a fine grained and interpretable understanding of the image generation process.

Despite this progress, a fundamental question remains yet to be answered: is there a theoretical
framework, in the form of a generative graphical model, which can guide the joint discovery of
objects and their attributes in images in an unsupervised manner and provide a guarantee on the
identifiability of latent factors under suitable assumptions? If so, what are these assumptions under
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which such identifiability of factors (up to a permutation) holds, and how can we design an encoder-
decoder architecture based on the assumptions of our model, to effectively discover the objects, and
their latent factors from a given set of images.

Our solution to this problem is motivated by the linear representation hypothesis which has been
used extensively for better understanding of latent factors in textual domains Park et al. (2024b).
There have been some recent attempts to extend this work to the visual domains (Gao et al., 2025;
Fel et al., 2026b), and that becomes our starting point. Specifically, we make an assumption that the
object can be represented as a stochastic linear combination of its attribute values sampled from a
given prior. Under this assumption, our graphical model defines a three-step sampling process: (1)
sampling a concept index (e.g., red, blue, or green) and its corresponding value (e.g., the degree of
redness) from a prior distribution; (2) constructing each object representation as a linear function of
the sampled factor values; and (3) generating the image through a learned function of the resulting
object representations. This graphical model enables derivation of an ELBO (evidence-lower-bound)
formulation for optimizing the likelihood.

Correspondingly, our architecture, for disentanglement, involves a two-step encoder, going from an
image to corresponding slots using existing slot-attention based methods (Locatello et al., 2020b)
in the outer loop, which formulates this as a problem of competing attention over image patches
(2) followed by block discovery module, which first projects the slot to a set of latent dimensions,
over which blocks attend via competing attention, for the discovery of latent factors. The factors are
poised to be linear combination of underlying (learnable) concepts, in line with earlier work (Singh
et al., 2023), albeit with strong justification arising from our graphical model, for using the linear
combination, as a way of imposing mixture of Gaussian prior. Decoding works in reverse, by first
constructing the slots from the discovered factors, followed by construction of the image from the
decoded slot. We experiment with two variants of our approach, one using a decoder working
directly on the slot representation, and the other one, where the internal structure of each slot, in
terms of its constituent blocks, is exposed to the decoder. Entire architecture is trained in an end to
end manner, with a curriculum, for the joint discovery of objects (slots) and their attributes (factors).

We first show experimentally the validation of the linear structure in the slot space across the slots
methods and datasets. We demonstrate the object manipulation via simple slot arithmetic of addition
and subtraction. We perform extensive evaluation over three benchmark datasets to evaluate the effi-
cacy of our approach both for object discovery as well as factor discovery. We find that our two stage
pipeline not only results in improved factor discovery, it also improves the object discovery, com-
pared to existing baselines, both in quantitative as well as qualitative evaluation. We also perform
ablations demonstrating the contribution of various components our two-stage pipeline towards the
efficacy of object and attribute discovery. We plan to release our code publicly on acceptance.

2 RELATED WORK

Object-Centric Learning: Unsupervised object discovery methods aim at learning disentangled
object representations for scenes without supervision. Earlier methods used generative modeling of
the scene and imposed the object level structure in the latents (Eslami et al., 2016; Kosiorek et al.,
2018; Jiang* et al., 2020; Lin et al., 2020; Kossen et al., 2020; Stanic & Schmidhuber, 2019; Stelzner
et al., 2019). These spatial attention methods struggle to find occluded and non-local objects. Scene
mixture methods models scenes as composition of object images Greff et al. (2017; 2019); Burgess
et al. (2019); Engelcke et al. (2020; 2021) - however inference is computationally challenging. Slot
attention Locatello et al. (2020b) leverages competitive spatial attention over the image to allow
slots to bind to objects in an image. Others (Kipf et al., 2022; Elsayed et al., 2022; Wu et al., 2023a)
model temporal dynamics and discover objects from images. Recent efforts extend the approach
to realistic scenes by incorporating more expressive decoders Singh et al. (2022a;b); Jiang et al.
(2023); Wu et al. (2023b) as well as using pre-trained image features (Caron et al., 2021) combined
with a diffusion decoder Seitzer et al. (2023); Zadaianchuk et al. (2023); Singh et al. (2025); Akan
& Yemez (2025b); Liu et al. (2025); Nguyen et al. (2026).

Disentangled representation learning: Attribute discovery aims at learning independent factored
representations such as colour, shape, texture etc. that explain generation of objects observed in
images. Earliest approaches train an VAE (Kingma & Welling, 2014) based methods (Higgins et al.,
2017; Kim & Mnih, 2018; Chen et al., 2018) but suffer from identifiability issues (Locatello et al.,
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2018; Khemakhem et al., 2019) necessitating the need for inductive biases to aid disentanglement.
However with weak supervision it is guaranteed to recover attributes (Shu et al., 2020; Ahuja et al.,
2022; Locatello et al., 2020a). Recently diffusion and transformer based methods were also proposed
Yang et al. (2022; 2023). Enabling compositionality of representations also enabled disentanglement
Jung et al. (2025).

Linear Representation Hypothesis: Presence of the linear structure in the textual domain well
established (Mikolov et al., 2013; Park et al., 2024a; 2025; Jiang et al., 2024) even in LLMs. In
vision domain Trager et al. (2023); Wang et al. (2023). However recovering such representations
without supervision is difficult Locatello et al. (2018). Existing work uses Sparse Autoencoders
(SAEs) for recovering the concepts from latent representation which is additive in concepts(Gao
et al., 2025; Fel et al., 2026b). However block have to identify all the values of the specific factor
and SAE atoms fail to capture such representations (Bhalla et al., 2026). One option is to enable
grouping of SAE atoms (Fel et al., 2026a) but it assumes the presence of the attributes is sparse
which is not true for our proposed generative model.

3 BACKGROUND: SLOT ATTENTION

Mathematically, given an input image X ∈ RH×W×3 it is first passed through an encoder typically
implemented as CNN to get the latent representation of the image, as a vector as E ∈ RNe×dinput ,
where Ne represents the number of spatial features, and dinput represents their dimension. Follow-
ing this, the each element in the slots set S ∈ RNs×dslot is initialized by sampling from a normal
distribution N (µ,Σ) with learnable parameters. These slots then attend to the input image features
with learnable k, q and v projection functions (matrices) to get the attention matrix A as:

A = Softmax

(
q(S)k(E)T√

dslot
,axis=’slots’

)
(1)

Additionally, the attention matrix A is further weight normalized along the ’axis’ dimension to en-
sure competitive nature of the attention. The update vector U = A ∗ v(E), resulting from the
attention mechanism, is then fed to a recurrent neural network as input and previous slots as states.
The output of the recurrent neural network is passed through an MLP to get the updated slot repre-
sentation. This process is repeated for fixed number of iterations to get the final slot representation.
Refer to Algorithm 1 in Locatello et al. (2020b) for a detailed pseudocode.

4 LINSLOT

In this section, we present our framework LinSlot for unsupervised factor representation learning
from slots. We first formulate a generative model of images that exploits the linearity of the slot
representation space (Section 4.1). We then establish identifiability of the proposed generative for-
mulation under weak assumptions (Section 4.2). Next, we describe a deterministic inference pro-
cedure motivated by this formulation, which first discovers object slots using Slot Attention and
then infers attribute representations using our Block Attention mechanism (Section 4.3). Finally, we
describe the training objectives motivated by the resulting ELBO and our curriculum-based training
procedure (Section 4.4).

4.1 GENERATIVE MODEL

In this section, we describe the generative model of the images considered in our work. We assume
that each image consists of a set of objects, where each object is characterized by a set of factors
of variation, such as color, shape, and size. Each factor is characterized by a fixed set of concepts,
and each factor is associated with a particular concept from this set. For example, red, blue, and
green are concepts for the color factor. The generative process proceeds in three steps: (1) for each
factor of each object, a concept index is first sampled, after which the corresponding concept is
sampled from its own prior and assigned to that factor. We assume the concept prior to be a normal
distribution, which results in a GMM for the distribution of each factor; (2) the representation of
each object is sampled conditioned on its factor values, and specifically, is given by the linear sum
of the factor representations; and (3) the image is generated conditioned on the representations of all
objects. Fig. 1a illustrates this generative process.
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(a) Generative model.

Color
subspace

Shape subspace

(b) Linear representation of slots.

Figure 1: Overview of the proposed representation and generative model.

Our problem statement then is: given a set of training images, a family of prior distribution p over
concepts, an unknown function f mapping the sampled concept values to the corresponding object
representation, and another function g mapping the set of object representations to the image repre-
sentation, under what conditions, can we uniquely discover the (a) parameters of the concept prior
(b) values of the underlying concepts upto a permutation, (c) inverse of the functions f , given fixed
g? This leads to the following formulation and the corresponding identifiability result.

Specifically, assume that the image X ∈ RH×W×3 is generated by set of N latent object represen-
tations referred as slots decoded by S = {s1, ..., sN}. Each slot si ∈ Rdslot itself is independently
generated by M latent factor (attribute) representations referred as blocks denoted by the ordered set
ci = {c1,i, .., cM,i}. Each jth block cj,i ∈ Rdblock is sampled independently from it’s own specific
prior which is shared across all the objects. Let C = {c1, .., cN}. The generative process can be
expressed by following joint distribution:

pθ(X,S,C) = pθX (X|S)
N∏
i=1

pθS (si|ci)
M∏
j=1

pθCj
(cj,i)

 (2)

Where θ = {θX , θS , {θCj
}Mj=1} are the parameters of the distribution. We further assume the prior

on the blocks to be a Gaussian mixture model (GMM) which are specific to the blocks.

cj,i ∼ pθCj
(Cj) :=

Kj∑
k=1

πk,jN (µk,j ,Σk,j) (3)

Linear Structure of Slots: We also restrict the slot representations to be linearly additive in terms
of some transformed block representations. That is

si ∼ pθS (S|ci) := N (µ(ci),ΣS) where µ(ci) =
M∑
j=1

fj(cj,i) + b (4)

Such additive structure implies the presence of the global delta directions in slots space which rep-
resents a direction from one factor value to another value. For example in Fig. 1b the delta direction
of the blue to red color and cube to cylinder shape denoted as δcolor[red → blue]. These delta
directions can be used to manipulate factors in the slot representation by simply vector addition.
For example adding the delta direction δcolor[red → blue] to any red object slot should change the
object color to blue.

4.2 IDENTIFIABILITY

Informal Theorem 1 (Identifiability of the Blocks ). Under the proposed generative model and the
assumptions that {fj}Mj=1 are piecewise affine, Mdblock ≤ dslot and Ki ̸= KuKw for any triplets
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i, u, w ∈ 1, ..,M , then the blocks are identifiable upto translation and permutation given slots are
fixed.

The proof is provided in the A.1 which follows from the Kivva et al. (2022) where we first show that
the concatenated blocks are also from GMM. Then the number of

4.3 INFERENCE

We approximate the true posterior pθ(S,C|X) with variational approximation qϕ(S,C|X) due to
intractability of the former. We further factorize the variational posterior distribution as

qϕ(S,C|X) = qϕS
(S|X)

N∏
i=1

qϕC
(ci|si) (5)

One benefit of having such inference modeling is that the slot posterior qϕ(S|X) can be implemented
as any slot based method and could also be pretrained. The block discovery method is not tied to the
slot discovery as done in the block-slot attention which makes the optimization simpler. However
inferring the blocks from slots is not trivial and we discuss it in following section.

The factorization in Eq. 5 suggests a sequential inference procedure: given an image X , we first infer
the object slots S using a slot-based object discovery method, and then infer the attribute blocks C
conditioned on the inferred slots. In our implementation, we use Slot Attention for the first stage
and introduce Block Attention for the second stage:

X
Slot Attention−−−−−−−→ S

Block Attention−−−−−−−−→ C. (6)

The block inference module should therefore infer the blocks using the slots as input. Note that the
slot representation is additive in terms of transformed block representations.

4.3.1 BLOCK INFERENCE USING BLOCK ATTENTION

Figure 2: Block Attention

1: Input: si
2: Initialize c̄i ∼ N (µC ,ΣC)
3: cj,i = c̄j,i ∀j ∈ {1, . . . ,M}
4: vk,i = (s⊤i uk)uk ∀k ∈ {1, . . . , Np}
5: for t = 1 to Tb do
6: cj,i = LN(cj,i) ∀j ∈ {1, . . . ,M}

7: Ai = Softmax

(
k(Vi)q(ci)

⊤√
dblock

)
8: Ai = Ai/Ai.sum(d=’input’)
9: Ui = AT

i v(Vi)
10: for j ∈ {1, . . . ,M} do
11: uj,i = GRUj(st = cj,i,in = uj,i)
12: uj,i = uj,i + MLPj(uj,i)

13: cj,i = Softmax

(
uj,iM⊤

j√
dblock

)
Mj

14: end for
15: end for
16: return ci

We propose a iterative refinement based infer-
ence algorithm for inferring blocks from slots.
Blocks are refined with the attention between
projections of the slots along fixed learnable di-
rections and the blocks inferred so far. The at-
tention is normalized such that the blocks com-
pete to attend for a particular projection of the
slot.

Specifically, let u1, , ..uNp
denote the Np learn-

able vectors representing the latent space of
projections where each uk ∈ Rdslot . Let the
projections of the slot si onto this space be de-
noted as VT

i = [v1,i, ..., vNp,i] where vk,i =

(sTi uk)uk. Given these projection vectors rep-
resented in the latent space, we infer the blocks
corresponding to a slot si by iteratively refining
initial block set c̄i with the attention on to these
projection vectors. The attention is made com-
petitive by normalizing along block axis (Line
7, Algorithm 2). In line 8, we normalize the
attention matrix again along input (project vector) axis, normalization across ’input’ (projection
vectors) dimension. Ui (line 9) denotes the update vector computed as a result of the attention
mechanism.

The updates corresponding to particular blocks cj,i denotes as uj,i ∈ Rdblock are used to refine the
blocks from previous iterations with the GRU and MLP shown in the algorithm. Finally at the end
of each refinement step, the blocks are also replaced as linear sum of the prototypes similar to block
slot attention Singh et al. (2023) (line 13).
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Figure 3: Overview of the inference: The image is encoded into spatial features E, from which slots
S are inferred via slot attention. For each slot, projected features v are used to iteratively refine M
attribute blocks through competitive attention, with each block constrained to a linear combination
of shared concept vectors. The resulting blocks serve as disentangled attribute representations.

4.4 LEARNING AND IMPLEMENTATION

The parameters θ and ϕ can be learned by maximizing the evidence lower bound (ELBO) of the data
log-likelihood. For the proposed generative model, the ELBO is given by: For the full derivation,
please refer to Appendix A.2.

log pθ(X) ≥ EqϕS
(S|X) [log pθX (X|S)]︸ ︷︷ ︸

Reconstruction

−DKL(qϕS
(S|X)∥pθS (S|C))︸ ︷︷ ︸

Slot regularizer

−
N∑
i=1

EqϕS
(S|X) [DKL(qϕC

(ci|si)∥pθC (ci))]︸ ︷︷ ︸
Block regularizer

.
(7)

The first term corresponds to the reconstruction objective, which measures the reconstruction error
between the input images and the images reconstructed from the inferred slots. The second term
is the slot regularizer, which encourages the inferred slots to be close to the linear combination of
the transformed blocks. The third term is the block regularizer, which penalizes deviations of the
inferred block distributions from their GMM priors.

In our implementation, we optimize the image reconstruction loss and the slot regularization loss
explicitly, while the block regularizer is enforced implicitly through the prototype memory. Fur-
thermore, when the mixture assignment probabilities are inferred using cosine similarity, the block
projection in the prototype space (Line 13, Algorithm 2) is equivalent to explicitly setting the block
regularization loss to zero. See Appendix A.3 for the proof. Thus, we optimize the following loss:

Ltotal = Limg−recon + λLslot−reg. (8)

We implement the slot-specific inference network qϕS
using Slot Attention and the block-specific

inference network qϕC
using Block Attention (Section 4.3.1). The first loss is the image reconstruc-

tion loss. Depending on the decoder architecture, this loss can be implemented as an MSE loss for
CNN-based decoders, a dVAE prediction loss for transformer-based decoders, a denoising loss for
diffusion-based decoders, or a feature reconstruction loss. The second loss is the slot regularization
loss, defined as Lslot−reg =

∑N
i=1 ∥si − ŝi∥ where si denotes the slots inferred by Slot Attention

and ŝi denotes the slots generated from the inferred blocks, given by ŝi =
∑M

j=1 fj(cj,i) + b.

We train the model in two phases. In the first phase, we train only the Slot Attention module using
the image reconstruction loss. In the second phase, we introduce the block-specific modules and
train the full model using the losses described above. For the slot-specific reconstruction loss, we
found it useful to also use slots generated from the inferred blocks. Specifically, in each mini-batch,
we use half of the slots inferred by Slot Attention and half of the slots generated from the inferred
blocks. In 2nd phase, instead of sampling the initial slots from a normal distribution, we initialize
them using linear combination of the transformed initial blocks. Specifically, the slot si in Slot
Attention is initialized as si =

∑m
j=1 fj(c̄j,i). Line 2 of Alg. 2 for block initialization procedure.
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Table 1: Cosine similarity between two estimations of the same delta direction.
CLEVR Easy CLEVR Hard CLEVR-Tex MOVi-C

Method Slot Attn. SLATE+ Slot Attn. SLATE+ SLATE+ Slot Diff. CODA

Same δ 0.6610 0.7465 0.6024 0.6511 0.5618 0.6356 0.2230
Different δ 0.2232 0.1647 0.1898 0.1493 0.1498 0.1719 0.1020

5 EXPERIMENTS

Our experiments try to answer the following questions: (1) Are slot representations linear in terms
of the object factors? (2) Is the proposed attention-based inference method capable of recovering
objects and factors of objects? (3) How much is the model robust to its training pipeline and its
architecture decisions?

5.1 SETUP

Methods: We evaluated various slot based methods for the validating the linearity in their represen-
tations. This includes the 1. Slot attention Locatello et al. (2020b) which uses SBD decoder Watters
et al. (2019). 2. SLATE Singh et al. (2022a) which uses the transformer based decoder. We found
that modifying SLATE with difference slot initialization mechanism and a small module before de-
coder improves the SLATE performance. Please refer to Appendix C.1. We name this baseline as
SLATE+. 3. Slot-Diffusion Wu et al. (2023b) which uses the diffusion decoder. 4. CODA-base
Nguyen et al. (2026) which uses the denoising diffusion loss from pretrained diffusion. We do not
include the contrastive alignment loss from the original work.

For evaluating the unsupervised object and attribute discovery we use Slot attention, SLATE+ and a
block-slot attention based baseline SysBinder Singh et al. (2023). For our proposed attention based
method LinSlot we use SLATE+ as slot base which we train in the first phase. To see the effect of
the attention based inference method alone we also include our attention based sequential inference
method with block decoder instead of slot decoder. We name it as LinSlotB. LinSlotB is trained end
to end without slot regularizer.

Datasets: We use three image benchmarks derived from Johnson et al. (2016); Karazija et al. (2021),
provided by Singh et al. (2023) for unsupervised object and attribute discovery. These datasets con-
sist of the multi object images with 128×128 resolution. The objects in these datasets are character-
ized by set of categorical and continuous attributes. CLEVR-Easy, CLEVR-Hard and CLEVR-Tex.
Additionally for slot linearity validation we further use MOVi-C Greff et al. (2022) which The
frames from video as used as images. We generate the paired version of the datasets where each
datapoint is 4 images. The first two images are same except one object is different which have a
single attribute different . The remaining two images are also same have all objects same except one
object which are different in single attribute same as the attribute in first pair and the values of the
changed attribute matches that from the first pair. For further details please refer to B.2

Metrics: We evaluate the linearity of slot representation by cosine similarity between the two es-
timations of the delta directions 4.1. That is subtraction of slot pair differing in only one attribute
should be similar to the subtraction of different slot pair differing in same one attribute with sim-
ilar values. We evaluate the attribute disentanglement quality of representation using the standard
DCI metric Eastwood & Williams (2018), which measures Disentanglement, Completeness, and
Informativeness. Additionally, we report the Foreground Adjusted Rand Index (FG-ARI) to quantify
object discovery. FG-ARI measures the clustering agreement between predicted slots and ground-
truth masks exclusively on foreground objects, providing as assessment of segmentation quality.

5.2 LINEARITY IN SLOTS

As mentioned above, the presence of linear structure in the slot space implies the existence of global
delta directions 4.1. We test this by measuring the cosine similarity between two estimates of the
same delta direction obtained from different object slots in two different images. For example, for
the color factor, we compare δcolor[red → blue] estimated from two different object slots belonging
to two different images. As a baseline, we measure the cosine similarity between delta directions

7
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CLEVR-Easy (Slot Attention)

c

CLEVR-Hard (SLATE)

c

CLEVR-Tex (Slot Diffusion)

MOVi-C (CODA-Base)
c

Figure 4: Object Manipulation via delta directions: Delta direction is estimated by subtracting
slot of object indicated from first image from slot of the object indicated in second image. This delta
direction is then added to the object indicated in the third image. The fourth image is decoded by
slots manipulated slots from third image. First three images are reconstruction.
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Figure 5: Quantitative Results: Comparison of DCI and FG-ARI scores for our model and base-
lines across all datasets.

corresponding to different factors. Table 1 shows the results across four datasets and four different
methods. The cosine similarity between two estimates of the same delta direction (first row) is
consistently higher than that between delta directions from different factors. This trend holds across
all slot methods, including those using pretrained diffusion decoders, and across all datasets. These
results suggest the existence of global delta directions and, consequently, linearity in the slot space,
which is inherent to slot attention rather than specific to a particular dataset or model. On MOVi-C,
CODA exhibits lower absolute values, which we attribute to errors in slot inference due to over- or
under-segmentation.

We also manipulate slots using these delta directions, analogous to word-embedding arithmetic,
where r(king) − r(boy) + r(girl) ∼ r(queen). Specifically, we modify a slot by adding a delta
direction and decode it using the slot decoder to generate the manipulated image. Figure 4 shows
the results. Changing a slot by adding a delta direction consistently changes the corresponding
object factor in a predictable manner. This behavior holds from the weaker SBD slot decoder to the
strongest diffusion-based decoder, suggesting that linearity is fundamental to slot representations.
Please refer to Appendix C.2 for additional results showing tracing along the principal axes of delta
directions.

5.3 OBJECT AND FACTOR DISCOVERY

Fig. 5 shows the DCI and FG-ARI scores for all the methods across all the datasets. Our attention-
based methods with the slot decoder, LinSlot, and the block decoder, LinSlotB, perform better on
the CLEVR-Easy and CLEVR-Hard datasets than all the baselines on the D, C, and FG-ARI scores.
On CLEVR-Tex, LinSlot is on par with the best method on the D and C scores, whereas its FG-ARI
score is comparable to the best number, which is achieved by LinSlotB. This highlights the effective-
ness of our approach, which does not require specialized decoders or the extensive hyperparameter
tuning required by block-slot attention. The I score is lower than the best-performing method on the
CLEVR-Hard and CLEVR-Tex datasets. However, when changing the decoder to the block decoder,
as in LinSlotB, the I scores match the best-performing values, suggesting the role of the decoder in
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Figure 6: Qualitative Results: Comparison of attribute swapping results between our model and
SysBinder. Blue arrows indicate the objects participating in the swaps. Recon. denotes the image
reconstructed by the model.

Table 2: Effect of Training Choices
2-PHASE BOTH D C I FG-ARI

✓ ✓ 0.9686 0.7322 0.9621 0.9122
× ✓ 0.8466 0.5994 0.9487 0.9055
✓ × —– —– —– —–
× × 0.7592 0.6104 0.9368 0.9307

Table 3: GRU-MLP Sensitivity
GRU MLP D C I FG-ARI

✓ ✓ 0.9686 0.7322 0.9621 0.9122
× ✓ 0.9807 0.7322 0.9634 0.9113
✓ × 0.9710 0.7356 0.9619 0.9158
× × 0.9767 0.7468 0.9656 0.9189

the I score. The variance of both our methods is lower than that of the other baselines, suggesting
lower sensitivity to the random seed. This suggests that our identifiability analysis is effective.

Additionally, we perform a swapping experiment in which we swap the blocks between two objects
from the same image and decode the swapped representations to see whether the factors change in
the intended way. Fig. 6 shows the results of both our methods along with SysBinder on all three
datasets using their best seeds. We observe that on CLEVR-Easy, all methods perform the swapping
faithfully. On CLEVR-Hard, we observe that even the best seed of SysBinder struggles with the size
factor. On CLEVR-Tex, however, we observe that all the methods perform the swapping faithfully.

5.4 ABLATIONS

Effect of Training Choices: Our method, LinSlot, is trained in two phases and uses both the slots
generated from the inferred blocks and the slots inferred directly from the images for decoding. We
ablate the impact of these training choices, as they are not trivial consequences of the generative
model. The results are shown in Table 2. Removing either choice substantially affects the D and C
scores, whereas removing the two-phase training and using slots inferred directly from the images
leads to training collapse.

GRU-MLP Sensitivity: We use a GRU and MLP combination in the refinement loop of the
blocks. This choice was inspired by Block-Slot Attention Singh et al. (2023). We ablate these
design choices; the results are shown in Table 3. We note that LinSlot is not sensitive to the choice
of GRU and MLP, unlike Block-Slot Attention, highlighting robustness of our model.

6 CONCLUSION AND LIMITATION

In this work, we presented a generative framework for unsupervised object and factor discovery that
exploits the linear additive structure of factors in slot representations. To the best of our knowl-
edge, we are the first to demonstrate the Linear Representation Hypothesis (LRH) in slot space. We
further proposed a sequential inference framework and derived its learning objectives from ELBO
optimization. Experiments across datasets and slot-based methods provide consistent evidence for
linear structure in slot representations, while our attention-based block inference effectively discov-
ers both objects and their factors. Our model does not explicitly represent background or global
properties such as lighting and style, which are treated as sources of uncertainty. Future work in-
cludes end-to-end identifiability, extension to video, and explicit modeling of global properties and
object interactions.
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7 AI USE STATEMENT

In this work, we used generative AI tools for grammar and punctuation refining of text. We have
not used generative AI tools for creating ideas, writing core code of the model, writing proofs.
Additionally, we used generative AI tools for creating plot code. We have reviewed all AI-assisted
work. We verified the grammar and graph generated. We take responsibility for the final content of
this work, including text, claims or artifacts produced with the aid of generative AI.
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A THEORETICAL PROOFS

A.1 PROOF OF IDENTIFIABILITY THEOREM

Dropping the slot index for simplicity, and letting c denote the concatenated factor vector, the gen-
erative model for a slot can be written as:

s = f(c) + ϵ where ϵ ∼ N (0,ΣS) (9)

Where f(c) =
∑M

i=1 fi(ci) is also a piecewise affine function. The distribution of the concatenated
vector c is a joint GMM:

c ∼
K∑

k=1

π̄kN (µ̄k, Σ̄k) (10)

where the total number of components is K =
∏M

i=1 Ki. Here, µ̄k and Σ̄k are formed by con-
catenating the corresponding component means µk,i and block-diagonalizing the covariances Σk,i

across all factors i, and π̄k is the product of the relevant mixing weights πi,k.

According to the theorem established by Kivva et al. (2022), the latent variable c in this linear
Gaussian model is identifiable up to permutation, scaling, and translation. Suppose we have two
trained models that yield the identical marginal distribution for s:

s ∼ N (f(c),Σ) where c ∼
K∑

k=1

π̄kN (µ̄k, Σ̄k) (11)

s ∼ N (f ′(c’),Σ′) where c′ ∼
K∑

k=1

π̄′
kN (µ̄′

k, Σ̄
′
k) (12)

Identifiability implies that the latent variables from the two models are related by:

c = ΠDc′ + b (13)

where Π is a permutation matrix, D is a diagonal scaling matrix, and b is a translation vector.

We now argue that Π must be a block-permutation matrix; that is, it cannot distribute the dimensions
of a single factor vector c′u from the second model across two different factors ci and cv in the first
model.

Assume, for the sake of contradiction, that Π does split an factor. Without loss of generality, suppose
a subset of dimensions from c′u is assigned to ci, and the remaining dimensions of c′u are assigned
to a different factor cv .

Conversely, this means the factor ci in the first model is composed of scaled, permuted, and trans-
lated dimensions sourced from at least two independent factors in the second model (e.g., c′u and
c′w). Let these source factors have Ku and Kw mixture components, respectively.

Intuitively, combining dimensions from different independent factors necessitates a multiplicative
expansion in the number of mixture components to properly model the new joint space (i.e., it
requires Ku × Kw components). However, our target factor ci is strictly defined as a sum over
only Ki components. Thus, mixing these dimensions would demand significantly more underlying
components than the model’s structural capacity allows.
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Formally, because the source factors are independent, concatenating them forms a joint GMM with
KuKw components:

ci ∼
KuKw∑
l=1

π′′
l N (µ′′

l ,Σ
′′
l ) (14)

However, by our initial definition, ci itself is drawn from a GMM with exactly Ki components:

ci ∼
Ki∑
l=1

πi,lN (µi,l,Σi,l) (15)

Equating these two distributions yields:

Ki∑
l=1

πi,lN (µi,l,Σi,l) ≡
KuKw∑
l=1

π′′
l N (µ′′

l ,Σ
′′
l ) (16)

This equivalence requires Ki = KuKw. However, we explicitly assumed that Ki ̸= KuKw for any
triplet of distinct indices (i, u, w). This is a contradiction. Therefore, Π cannot split factors across
different blocks, proving that Π must be block-diagonal.

A.2 DERIVATION OF THE ELBO

Note that the generative process of the data is:

pθ(X,S,C) = pθX (X|S)
N∏
i=1

pθS (si|ci)
M∏
j=1

pθCj
(cj,i)

 (17)

We further define following joint two distributions

pθS (S|C) =

N∏
i=1

pθS (si|ci) and pθC (C) =

N∏
i=1

 M∏
j=1

pθCj
(cj,i)

 (18)

Further we also define the following joint distributions from variational posterior as:

qϕC
(C|S) =

N∏
i=1

qϕC
(ci|si) (19)

The log likelihood of the data can be written as:

log pθ(X) = log

(∫
S

∫
C
pθX (X|S)pθS (S|C)pθC (C)dSdC

)
(20)

≥ Eqϕ(S,C|X)

[
log

(
pθX (X|S)pθS (S|C)pθC (C)

qϕS
(S|X)qϕC

(C|S)

)]
(21)

= EqϕS
(S|X) [log pθX (X|S)]−DKL (qϕS

(S|X) ∥ pθS (S|C))︸ ︷︷ ︸
slot regularizer

(22)

− EqϕS
(S|X) [DKL (qϕC

(C|S) ∥ pθC (C))]︸ ︷︷ ︸
block regularizer

. (23)

A.3 CONCEPT MEMORY PROJECTION AS EXPLICIT BLOCK REGULARIZER

The block regularizer encourages the inferred block distribution to match the GMM prior. This
regularizer can be factored at the object level and further decomposed into a sum of regularizers
over individual blocks. We then use the result from Dilokthanakul et al. (2016); Jiang et al. (2016)
for the KL divergence between a normal distribution and a GMM:
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DKL (qϕC
(C|S) ∥ pθC (C)) =

N∑
i=1

DKL (qϕC
(ci|si) ∥ pθC (ci)) (24)

=

N∑
i=1

M∑
j=1

DKL

(
qϕC

(cj,i|si) ∥ pθCj
(cj,i)

)
(25)

Assuming that qϕC
(cj,i|si) is a normal distribution, each term in the above sum corresponds to the

KL divergence between a normal distribution and a GMM. Using Jensen’s inequality, this KL diver-
gence can be upper-bounded by a weighted sum of KL divergences between the inferred distribution
and the individual Gaussian components of the GMM.

DKL

(
qϕC

(cj,i|si) ∥ pθCj
(cj,i)

)
= −EqϕC

(cj,i|si)

[
log

(
pθCj

(cj,i)

qϕC
(cj,i|si)

)]
(26)

= −EqϕC
(cj,i|si)

[
log

(∑Kj

k=1 πk,jN (cj,i;µk,j ,Σk,j)

qϕC
(cj,i|si)

)]
(27)

(28)

Introducing an auxiliary assignment distribution γk,j(si) satisfying
∑

k γk,j(si) = 1, the above
expression can be upper-bounded as:

DKL

(
qϕC

(cj,i|si) ∥ pθCj
(cj,i)

)
= −EqϕC

(cj,i|si)

[
log

(∑Kj

k=1 πk,jN (cj,i;µk,j ,Σk,j)γk,j(si)

γk,j(si)qϕC
(cj,i|si)

)]
(29)

≤ γk,j(si)DKL(qϕC
(cj,i|si)||N (µk,j ,Σk,j)) (30)

+

Kj∑
k

DKL(γk,j(si)||πk,j) (31)

Using the assumption that the qϕC
(cj,i|si) is normal distribution with mean cj,i and additionally that

it have identity covariance matrix. Also assuming all the Σk,j are also identity. Also ignoring the
last term then the the best c̃j,i will be when the KL divergence is minimized.

c∗j,i = min
cj,i

Kj∑
k=1

γk,j(si)||cj,i − µk,j ||22 (32)

Which have the solution that

c∗j,i =

Kj∑
k=1

γk,j(si)µk,j (33)

Thus, the optimal block representation is a weighted combination of the GMM prototype vectors.
In particular, if the assignment weights are given by γk,j(si) =

exp(cosine-sim(cj,i,µk,j))∑
k exp(cosine-sim(cj,i,µk,j))

and the

prototype matrix is defined as MT
j =

[
µ1,j .. µKj ,j

]
then the resulting representation corresponds

to a projection of the block onto the prototype space.

This establishes the connection between the concept memory projection and the explicit block reg-
ularizer.

B EXPERIMENT DETAILS

B.1 TWO PHASE TRAINING

Please refer to fig 7 where we show our two phase training pipeline. In phase one we train the
slot attention and decoder on the slot method specific loss. In phase two we add the block specific
modules and keep the decoder frozen.
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Table 4: Hyperparameters of training for CLEVR-Easy, CLEVR-Hard, and CLEVR-Tex datasets.

Module Hyperparameter Dataset
CLEVR CLEVR CLEVR

Easy Hard Tex
General Batch Size 64 64 64

Image Size 128 128 128
Training Steps 200K 260K 315K
Encoder Learning Rate 0.0001 0.0001 0.0001
Decoder Learning Rate (only used in phase 1) 0.0003 0.0003 0.0003

Block Block Size (dblock) 192 192 192
Refinement # Blocks (M ) 8 16 8

# Concepts (Kj same across all j) 64 64 64
# Refinement Steps (Tb) 3 3 3
# Projections (Np) 192 192 192

Slot Slot Size (dslot) 192 192 192
Attention # Slots (N ) 4 4 6

# Refinement steps (Ts) 3 3 3

Slot Attention Slot Decoder

Training Phase 1

Slot Attention Slot Decoder

Training Phase 2

Block Module Linear
AggragatorShared init

Figure 7: Training phases of the model.

B.2 ADDITIONAL DETAILS OF THE DATASETS

We use three image benchmarks derived from Johnson et al. (2016); Karazija et al. (2021), provided
by Singh et al. (2023). These datasets consist of the multi object images with 128× 128 resolution.
The objects in these datasets are characterized by set of categorical and continuous attributes with
details as below. Additionally for slot linearity validation we further use MOVi-C Greff et al. (2022)

CLEVR-Easy dataset features scenes with 2-3 objects. Each object have 3 attributes: color with 8
possible choices, shape with 3 possible choices and position which is continuous.

CLEVR-Hard, a more challenging dataset with images consisting of 2-3 objects. Each object has 5
attributes: color with 137, shape with 3 and material with 2 possible choices; size comes from fixed
range and the position is continuous.

CLEVR-Tex dataset consists of textured images where the objects and background both have re-
alistic textures increasing the visual complexity. The images consist of 2-3 objects with each object
having 3 attributes. Texture/Material have 57 possible choices, shapes have 4 possible choices and
position is continuous.

MOVi-C is the originally video dataset of objects rendered on the natural background. The frames
from video as used as images.
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Table 5: SLATE vs SLATE+ Results on CLEVR-Easy

METHOD FG-ARI

SLATE 0.8166
SLATE+ 0.9369

Table 6: Stable rank and participation ratio of the delta-direction subspace of each factor (mean ±
std over seeds).

Dataset (model) Factor #Values Stable rank Part. ratio

CLEVR-Easy
(Slot Attention, dslot=64)

Position cont. 3.21± 0.38 5.58± 0.53
Color 8 2.93± 0.62 4.91± 1.46
Shape 3 2.06± 0.16 3.70± 0.48

CLEVR-Hard
(SLATE+, dslot=192)

Position cont. 3.89± 0.05 8.08± 0.04
Color 137 3.82± 0.11 7.24± 0.34
Shape 3 2.79± 0.19 5.37± 0.52
Material 2 1.83± 0.07 3.18± 0.21
Size cont. 1.82± 0.12 3.12± 0.34

CLEVR-Tex
(Slot Diffusion, dslot=192)

Position cont. 3.71± 0.17 6.60± 0.54
Material 57 5.43± 0.37 11.12± 0.21
Shape 4 2.81± 0.17 6.46± 0.59

B.3 CREATION OF THE PAIRED DATASET

Each datapoint of the paired dataset is a tuple t(l) = (X(l,1), X(l,2), X(l,3), X(l,4)) of four images.
The images X(l,1) and X(l,2) contain the same objects except one; without loss of generality, let it
be the first object generated in both images. These two objects differ in exactly one attribute j⋆ ∈
{1, . . . ,M}, i.e. c(l,1)j,1 = c

(l,2)
j,1 for all j ∈ {1, . . . ,M} \ {j⋆}. Similarly, X(l,3) and X(l,4) contain

the same objects except the first one, and these first objects differ only in attribute j⋆: c(l,3)j,1 = c
(l,4)
j,1

for all j ∈ {1, . . . ,M} \ {j⋆}. Moreover, both pairs undergo the same change of attribute j⋆:
c
(l,1)
j⋆,1 = c

(l,3)
j⋆,1 and c

(l,2)
j⋆,1 = c

(l,4)
j⋆,1 , while the first objects of the two pairs differ in at least one other

attribute, ∃ j ̸= j⋆ : c
(l,1)
j,1 ̸= c

(l,3)
j,1 .

C ADDITIONAL RESULTS

C.1 SLATE MODIFICATIONS

We modified the original SLATE Singh et al. (2022a) with initializing the slots as linear transfor-
mation of 2048 dimensional random vector sampled from learned gaussian rather than from just the
learned normal distribution. Additionally we add a learnable linear projector on the slots before
passing them to transformer slot decoder which makes 8 different projections of slots. The trans-
former decoder then uses this 8N tokens for decoding same as block decoder does. Refer table 5
which shows comparison on the CLEVR-Easy dataset.

C.2 LINEARITY IN SLOTS

The presence of the delta directions in the slot space supports the linearity of the slot space. How-
ever, it does not reveal the structure of the factor manifold. One hypothesis is that the factor manifold
is a linear subspace of the slot space itself. The question is then what the inherent dimension of this
subspace is and how to find its basis.

Assuming the factor manifold is a linear subspace, the delta directions of a specific factor span
this subspace. Finding the principal axes of the delta directions then naturally gives a basis for it.
Specifically, we estimate the delta directions from all slot pairs in the paired data where factor j is
changed. We then center the directions by subtracting the mean delta direction and arrange them
as the rows of a matrix ∆j . Next, we compute the singular value decomposition ∆j = UΣV T .
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Figure 8: Steering slots along principal axes of the delta space: We steer slots by adding a scaled
multiple α of a principal axis computed from the delta directions associated with a particular factor.
The slots corresponding to the objects highlighted by red boxes in the first column are steered, with
α increasing from left to right. The resulting images exhibit meaningful and smooth changes along
the corresponding factor, consistently across different objects, datasets, and methods, including Slot
Attention, SLATE+, and Slot Diffusion.
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We choose the top lj right singular vectors (the columns of V ) as the principal axes, denoted as
{pj,1, . . . , pj,lj}. Here, lj is the floor of the participation ratio PRj =

(∑
i σ

2
i

)2
/
∑

i σ
4
i , where σi

are the singular values of ∆j . We then steer the slot s of an object in an image as s′ = s+αpj,i for
each principal axis pj,i. We visualize the resulting changes by decoding the steered slot together with
the remaining, unmodified slots. The range of α is set by the minimum and maximum projections
of all slots in the dataset onto pj,i.

Table 6 reports the stable rank and participation ratio of the delta spaces across different slot methods
and datasets. The delta spaces consistently have substantially lower effective dimensionality than the
full slot space, indicating that changes associated with individual factors occupy low-dimensional
directions within the slot representation. We also observe a relationship between the number of pos-
sible values of a factor and the dimensionality of its delta space, as measured by both stable rank
and participation ratio, with material on CLEVR-Tex being a notable exception. We further exam-
ine whether these low-dimensional directions correspond to semantically meaningful variations by
steering slots along the principal axes. Figure 8 shows representative results across datasets and
methods. Steering along the principal axes consistently changes the corresponding factor while pre-
serving the other properties of the object, and produces smooth transitions across different objects
and datasets. This behavior is also consistent across random seeds. Moreover, individual principal
axes often correspond to interpretable variations within a factor. For example, the first color princi-
pal axis on CLEVR-Hard primarily changes the brightness or darkness of the object color, while the
two principal axes associated with position on CLEVR-Tex correspond approximately to horizontal
and vertical image position. These results suggest that factor-specific variations are concentrated
in low-dimensional, approximately linear subspaces of the slot space, and that the principal axes of
these subspaces capture semantically coherent directions. Together, these findings provide empirical
support for our hypothesis that factor manifolds are approximately linear in the learned slot space.
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