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Abstract

Reinforcement learning post-training drives reasoning and agentic capabilities in modern AI systems, yet
a growing body of work shows that it is most effective when used to fine-tune an already capable base model.
We question whether existing pipelines yield models that are most suitable for reinforcement learning.
Building on prior work highlighting the role of coverage and pass@K as predictors of post-RL performance,
we design a simple modification to supervised fine-tuning, TailSFT, which filters out already fit sequences
during training, thereby focusing learning on under-modeled regions, or the tail, of the data distribution.
We justify and validate the design choices in TailSFT, particularly the specific filtering criteria, through a
combination of controlled experiments and theoretical analysis. On OLMo-3 7B, TailSFT often improves
pass@16 performance on math and coding evaluations, with gains up to 17% absolute, while incurring mini-
mal computational overhead. These higher-coverage checkpoints consistently translate to up to 4% absolute
pass@1 gains in subsequent GRPO runs, demonstrating that TailSFT checkpoints serve as better initializa-
tions for RL. We further introduce a lightweight diagnostic for identifying settings where TailSFT is most
likely to help. More broadly, our results motivate a principled, stage-aware approach to model development,
in which intermediate checkpoints are judged by how effectively they support subsequent training.

Figure 1: TailSFT yields better coverage, possibly at the cost of worse cross-entropy, which
translates to stronger post-RL performance. Standard SFT achieves lower cross-entropy, while TailSFT
preserves higher pass@K at large K. Starting from this higher-coverage checkpoint, the same RL procedure
yields higher pass@1. Curves are illustrative.
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1 Introduction
Language models are commonly trained in multiple phases, each defined by a different dataset and objective. A
typical pipeline includes (1) next-token prediction on a general-purpose corpus, (2) supervised fine-tuning (SFT)
for instruction following and domain adaptation, and (3) reinforcement learning (RL) for complex reasoning
tasks. A tacit assumption in such pipelines is that improving the objective at one stage also produces a better
initialization for the next. Recent work suggests that this assumption need not hold: models that perform
better according to the local objective of one stage can nevertheless be worse starting points for subsequent
training (Zhang et al., 2026a; Wang et al., 2025; Springer et al., 2025; Chen et al., 2025). These findings
motivate a stage-aware view of model development, in which an intermediate model is judged not only by its
standalone performance, but also by how effectively it supports the training that follows.

This issue is particularly important at the transition from SFT to RL. RL has produced substantial gains
in mathematics, code, and other reasoning domains (Shao et al., 2024; Guo et al., 2025; MAI, 2025; Zhao
et al., 2026a; Kimi, 2026), but requires substantial computation to generate and evaluate on-policy responses.
In RL with verifiable rewards (RLVR), the usefulness of these rollouts depends strongly on the initialization.
If rewarding responses are difficult to sample from the SFT model, many rollout groups contain little direct
positive learning signal; conversely, if rewarding responses are reachable under repeated sampling, RL has
more useful behavior to reinforce. Thus, designing SFT for subsequent RL requires a criterion that captures
not merely single-sample accuracy, but whether useful responses remain accessible within the rollout budget
available to RL.

The coverage principle formalizes this desideratum by relating a model’s coverage profile to what repeated
sampling can recover (Chen et al., 2026a) (Definition 2.1). Empirically, pass@k provides a convenient measure of
this property, in that it quantifies how often k samples contain at least one reward-bearing response. At values
of k comparable to the sampling budget used during RL, large-k pass@k therefore measures how frequently the
initialization exposes RL to a useful response.

Standard SFT, however, is not explicitly designed to preserve or improve this form of coverage. Cross-entropy
continues to reward increases in the likelihood of every demonstration, including responses that the model can
readily produce already. Further fitting these responses can shift probability mass away from potentially useful
responses represented by the initial model. Consequently, cross-entropy and coverage need not be aligned. A
model with worse cross-entropy can have better coverage, and vice versa (Chen et al., 2026a, 2025). On the
other hand, directly optimizing the coverage profile is difficult, in part because the criterion is non-differentiable
and depends on information about the target response distribution that is generally unavailable (Definition 2.1).
This raises the question we study in this work:

Can we modify supervised fine-tuning so that it better preserves the useful response coverage needed for
subsequent reinforcement learning?

Contributions. To better prepare models for RL post-training, we propose TailSFT, an SFT algorithm
that prioritizes coverage (or high pass@k at large k) over low cross-entropy loss (Algorithm 1). TailSFT is a
sequence-level filtering method designed to direct training effort towards learning the under-modeled tail of the
response distribution. The algorithm is lightweight and serves as a straightforward drop-in objective for SFT.

1. We isolate the effect of filtering in a controlled graph navigation task (Section 3.2) and show that filtering
already-fit examples improves coverage, achieving higher pass@k at large k despite worse cross-entropy
and pass@1 (Figures 2 and 3).

2. We design TailSFT to filter relative to the initial policy and show that this criterion provably ensures
better coverage than standard cross-entropy or more naïve filtering (Theorem 3.1).

3. We apply TailSFT to OLMo-3 7B on standard math and coding tasks and obtain substantial gains in
coverage and post-RL performance. TailSFT improves pass@16, in absolute terms, by up to 16.8% on
coding and 3.1% on math (Table 1), and improves final pass@1 after GRPO by up to 3.9% (Table 2).

4. We introduce a lightweight coverage-ratio diagnostic (Definition 4.1), computed from the base model and
a standard SFT run, that provides a sufficient condition for TailSFT to improve coverage (Figure 4).
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Broader outlook. Our results illustrate a broader source of suboptimality in multi-stage model training,
where the objective that is appropriate for producing a strong model at one stage may not be the objective
that produces the best initialization for the next. For the SFT-to-RL transition studied here, this distinction
means that high large-k pass@k can be more valuable than lower cross-entropy, even when the two criteria are
in tension. Recent work has documented related forms of misalignment across pre-training, fine-tuning, and
RL (Zhang et al., 2026a; Wang et al., 2025; Springer et al., 2025; Chen et al., 2026a, 2025; Watts et al., 2026).
TailSFT complements these observations with a practical intervention: rather than only diagnosing whether
an intermediate model will support later training, it modifies SFT itself to produce a more useful initialization
for the RL stage. Based on our results, we believe there is significant potential in adopting a holistic approach
to language modeling.

2 Preliminaries on Coverage
We formalize coverage as a property of the SFT initialization that captures how readily reward-bearing responses
can be sampled. We then relate coverage to pass@K, which provides an empirical measure of the learning
signal available to RL at the start of post-training.

Notation and setting. Consider a prompt distribution µ over a prompt space X , a response space Y, and
a language model π(· | x) ∈ ∆(Y). We focus on verifiable tasks with binary reward R : X × Y → {0, 1},
where R(x, y) = 1 indicates that response y is correct for prompt x. In SFT, we observe (xi, yi) with xi ∼ µ
and yi ∼ πD(· | xi), where πD assigns probability to reward-bearing responses. Standard SFT minimizes the
sequence-level cross-entropy ℓπ(x, y) = − log π(y | x), and the resulting model πSFT initializes RL.

The coverage profile. Consider a single prompt x, and let pπ(x) := Pry∼π(·|x)[R(x, y) = 1]. A batch of
K independent rollouts contains at least one rewarding response with probability 1− (1− pπ(x))

K . If all K
rollouts receive zero reward, no gradient is received for their corresponding prompt. Thus, useful responses
must have sufficient probability under the initialization to have a chance of being produced during RL. Across
a dataset of many prompts, the model may benefit via positive transfer from easier to harder prompts, but the
initial probability of rewarding responses, pπ(x), determines the learning signal available before such transfer.

The coverage profile formalizes this property relative to the ground-truth, SFT-data policy (Chen et al., 2026a).
We assume that πD assigns non-negligible probability to reward-bearing responses, so coverage of πD is relevant
to downstream RL.

Definition 2.1 (Coverage Profile). Given a data-generating policy πD and model π, the coverage profile at
scale N is

CovN (πD∥π) := Prx∼µ, y∼πD(·|x)

[
πD(y | x)
π(y | x)

≥ N

]
.

The coverage profile measures the probability mass under πD that π underweights by a factor of at least N ;
smaller values indicate better coverage. The scale N determines the sampling budget needed to reach this mass.
Chen et al. (2026a) show that, if CovN (πD∥π) ≤ 1

2 , then K ≥ 2N log(1/ε) samples suffice for Best-of-K to
achieve expected reward within CovN (πD∥π) + ε of πD, with a corresponding worst-case necessity result with a
comparable relationship between N and K. Thus, coverage at scale N characterizes which useful responses are
accessible with a sampling budget on the order of N .

Since πD(y | x) is generally unknown, the coverage profile cannot be measured directly. However, for binary
rewards, pass@K(π) := Ex∼µ[1− (1− pπ(x))

K ] is exactly the expected reward of Best-of-K sampling (Brown
et al., 2024). We therefore use pass@K at large K as an empirical measure of coverage. At a K comparable to
the RL rollout budget, it also measures how often the policy exposes RL to reward-bearing responses.

3 TailSFT: Supervised Fine-Tuning for Coverage
In this section, we develop TailSFT, a sequence-level filtering method designed to direct SFT updates toward
improving coverage. The method combines two ideas: stopping updates on responses that are already sufficiently
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Algorithm 1 TailSFT
Require: Initial policy π0, SFT data D, filtering schedule {γt}
1: Record ℓ0i ← ℓi(π0) for every (xi, yi) ∈ D
2: for each training step t do
3: Sample a batch Bt
4: Compute ℓti ← ℓi(πt) for each (xi, yi) ∈ Bt
5: Let Ft ⊆ Bt be the γt fraction of sequences with the smallest ℓti − ℓ0i
6: Set πt+1 by taking a gradient step from πt on

Lt(π) =

∑
i∈Bt\Ft

− log π(yi | xi)∑
i∈Bt\Ft

|yi|

well modeled via filtering, and determining which responses to filter relative to the initial policy. We first
introduce the algorithm, then isolate the effect of filtering in a controlled graph-navigation task, and finally
analyze why the initial policy provides a useful reference for filtering.

3.1 The TailSFT Algorithm
Coverage at scale N depends on whether useful responses receive enough probability to be reached via repeated
sampling. Once a response is already well covered at that scale, increasing its likelihood further does not reduce
CovN . Improving coverage instead requires increasing the probability of responses that remain under-modeled.
Standard SFT makes no such distinction and continues to increase the likelihood of every training response.

TailSFT reduces training on responses that have already improved substantially and concentrates subsequent
updates on the remaining tail. Since πD(y | x) is unknown, we cannot determine directly which responses are
already covered. Instead, we compare each response’s current loss to its loss under the initial policy and filter
the responses whose losses have decreased the most.

As described in Algorithm 1, TailSFT redirects training away from responses whose losses have decreased
the most and toward responses that remain under-modeled. Filtering is applied at the sequence level. The
length-normalized loss is used only to determine which sequences are filtered; optimization uses the standard
token-averaged cross-entropy over target tokens in the retained sequences. The filtering fraction γt may be
fixed or vary over training.

Filtering itself does not require using the initial policy as a reference. We therefore consider two alternatives
alongside TailSFT: absolute filtering, which stops training on an example once its loss falls below a fixed
threshold, and quantile filtering, which filters the lowest-loss fraction of each batch. These alternatives allow us
to separate the benefit of filtering itself from the benefit of measuring progress relative to the initial policy π0.

3.2 Warm-Up: Graph Navigation
We study whether halting updates on an example once it is fit by the model can improve coverage, even at
the cost of the standard SFT objective and pass@1. To do so, this section considers a controlled setting in
which the distribution of rewarding responses is known exactly. Following Chen et al. (2026a), each prompt x
specifies a layered directed graph with source s, target t, and exactly eight valid s→ t paths. Pretraining pairs
each graph with a uniformly sampled valid path, while the SFT data deterministically selects and rewards
a single path (see Figure 2). Thus, pretraining teaches generic graph navigation, while SFT teaches the
task-specific path-selection rule. Since the target policy is deterministic, pass@K is exactly the probability
that the rewarded path is contained in K samples, yielding a finite-sample estimate of coverage. Full details of
the graph construction and data-generating process appear in Appendix C.

Using a GPT-2-style architecture and a shared pretraining setup, we vary only the SFT objective. We compare
standard SFT with absolute filtering, quantile filtering, and TailSFT, which uses offset quantile filtering (as
in Algorithm 1). For each filtering variant, we sweep its single filtering hyperparameter and report the setting
with the highest final pass@8; complete training details and sweeps appear in Appendix C.
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Figure 2: TailSFT trades single-sample accuracy for better coverage under repeated sampling.
The SFT distribution contains majority and minority shards with different rewarding paths. Standard SFT
over-anchors on the majority shard, achieving high pass@1 but no improvement as K grows. A filtered objective,
illustrated here by TailSFT, retains probability on both paths, yielding lower pass@1 but substantially better
pass@K scaling.
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Figure 3: Filtering improves pass@K at the expense of cross entropy and pass@1. Results on the
graph-navigation task. Standard SFT achieves the lowest cross-entropy and highest pass@1, while all three
filtering methods achieve substantially higher pass@8. See Appendix C for details.

The results in Figure 3 reveal a clear divergence between the standard SFT objective and coverage. Standard
SFT achieves the best cross-entropy and pass@1, yet all three filtering methods achieve substantially better
pass@8, which we use as a surrogate for coverage. Thus, improving cross-entropy and single-sample accuracy
can come at the expense of the probability that a rewarded response appears within a finite rollout budget.
Filtering mitigates this failure mode by reducing further updates on responses that are already well modeled.

The graph task therefore provides clean evidence for the first design choice underlying TailSFT: filtering
already-fit examples can improve coverage. It is, however, too simple a setting to determine whether the
filtering criterion should depend on the initial policy. In fact, TailSFT is slightly weaker than other filtering
variants in this setting, due to homogeneity across prompts. Under the ideal pretrained policy, every prompt
has the same possible loss reduction (i.e., log 8), so the reference loss provides no information for distinguishing
which examples have more room to improve. Imperfections in pretraining therefore introduce noise into the
offset score without providing useful signal. We discuss this effect further in Appendix C.

3.3 Theoretical Analysis
We next turn to a setting where the initial policy carries information about the response distribution, and ask
whether filtering rules can preserve it. To study this question, we turn to theoretical analysis. Let S denote
the set of rewarding responses, and suppose the target policy is obtained by discarding all responses outside S
and renormalizing the initial policy:

π⋆(y) ∝ π0(y)1{y ∈ S}.
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Thus, among rewarding responses, the target preserves the relative preferences already present in π0. The
initial model may place too much total probability on unrewarding responses, but it still contains information
about how probability should be distributed among the rewarding ones.

We compare two ways to decide when an example should stop contributing to the SFT objective. Let
ℓπ(x, y) = − log π(y | x) denote the sequence-level SFT loss. With an absolute filtering constant α, we use

ℓabs(π;x, y) =
[
ℓπ(x, y) + log(α)

]
+
.

An example stops contributing once π(y | x) ≥ α. Because the same threshold is applied to every response,
this criterion ignores how likely the response was under the initial policy.

TailSFT instead measures progress relative to the initial policy π0. The corresponding offset loss is

ℓoff(π;x, y) = [ℓπ(x, y)− ℓπ0
(x, y) + log β]+ ,

which stops updating a response once
π(y | x) ≥ βπ0(y | x).

The stopping point therefore adapts to the probability that π0 already assigns to each response rather than
imposing a common final threshold.

Theorem 3.1 (Informal). Let πERM, πABS,α, and πOFF,β denote the policies obtained using standard SFT,
absolute filtering, and offset filtering, respectively. For any initial policy, rewarding set, and SFT sample, offset
filtering can be tuned to achieve coverage no worse than standard SFT or the best absolute threshold:

inf
β

CovN (π⋆∥πOFF,β) ≤ min
{
CovN (π⋆∥πERM), inf

α
CovN (π⋆∥πABS,α)

}
.

The inequality can be strict, and absolute filtering can be worse than standard SFT.

The theorem formalizes the role of the initial policy as more than merely an initialization. In this setting, π0

contains useful information about how probability should be distributed among rewarding responses. Standard
SFT can overwrite this structure by fitting the empirical frequencies of a finite SFT sample, while absolute
filtering pushes observed responses toward a common probability threshold regardless of where they started.
Offset filtering instead uses each response’s initial probability to determine when further training is unnecessary.
By preserving more of the useful structure already present in π0, it can achieve strictly better coverage. The
full statement and proof appear in Appendix B.

Connections to prior work. TailSFT is most closely related to direct coverage optimization and loss-based
data filtering. Chen et al. (2025) introduce the direct coverage optimization loss

ℓDCO(π;x, y) = − log
(
1− (1− π(y | x))K

)
,

which directly optimizes pass@K when y is the final solution. For large K, its gradient becomes small once
π(y | x) is sufficiently large, making it a soft analogue for filtering without reference to the initial policy.
Theorem 3.1 shows that, in our stylized setting, offset filtering can achieve coverage no worse than the best
absolute threshold and can be strictly better. TailSFT is also related to RHO-LOSS and subsequent variants,
though these methods were designed and tested primarily to improve pretraining efficiency (Mindermann et al.,
2022; Thirukovalluru et al., 2024; Lin et al., 2024; Zhao et al., 2026b). These approaches prioritize examples or
tokens according to their potential loss reduction. TailSFT, by contrast, is designed to improve coverage for a
subsequent RL stage and applies filtering at the sequence level. See Appendix A for further discussion.

4 Language Model Experiments
The results in Section 3 suggest that TailSFT can preserve reward-bearing responses more effectively than
standard SFT. We now evaluate whether this behavior carries over to pretrained language models. We first
compare standard SFT and TailSFT on math and code tasks. The variation across these results then allows
us to study when preserving information from the base model is most useful. Finally, we follow matched
SFT checkpoints through GRPO to test whether higher coverage before RL translates into stronger post-RL
performance. Throughout, we use pass@16 as an empirical measure of coverage.
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pass@1 pass@16

SFT data Benchmark Standard TailSFT ∆ Standard TailSFT ∆

OMI AIME 2022–2025 (n=120) 3.65±0.37 4.03±0.02 +0.37 15.24±2.02 18.31±0.57 +3.07

MATH-500 Level 5 (n=134) 24.80±0.40 25.16±0.40 +0.36 66.42±0.00 69.15±0.86 +2.74

OMEGA-500 (n=500) 6.58±0.50 6.51±0.26 −0.06 32.80±2.25 32.60±1.56 −0.20

BigCode MBPP+ (n=378) 53.04±0.93 51.36±0.14 −1.68 74.69±1.10 78.84±1.06 +4.14

HumanEval+ (n=164) 45.06±0.57 46.33±1.07 +1.27 76.63±0.70 80.08±0.93 +3.46

CruxEval-I (n=800) 29.79±0.48 30.43±0.15 +0.64 61.71±2.27 65.79±0.26 +4.08

CruxEval-O (n=800) 4.16±0.44 13.18±0.30 +9.02 24.21±2.38 41.00±1.35 +16.79

LiveCodeBench (n=612) 10.74±0.46 11.49±0.38 +0.75 30.39±0.86 33.12±0.34 +2.72

Magicoder MBPP+ (n=378) 55.35±0.47 54.60±0.55 −0.75 75.31±0.93 78.66±1.25 +3.35

HumanEval+ (n=164) 48.49±0.58 47.69±0.19 −0.80 77.85±0.70 78.66±1.83 +0.81

CruxEval-I (n=800) 28.50±0.13 26.48±0.45 −2.02 59.75±0.62 68.08±0.94 +8.33

CruxEval-O (n=800) 12.86±0.19 16.16±0.53 +3.30 38.08±0.94 47.92±1.66 +9.83

LiveCodeBench (n=612) 14.84±0.11 14.32±0.38 −0.51 31.81±0.34 33.22±0.34 +1.42

OCI MBPP+ (n=378) 58.26±0.88 55.81±0.06 −2.44 81.22±0.75 82.36±0.81 +1.15

HumanEval+ (n=164) 54.76±1.16 51.94±1.83 −2.82 85.98±1.61 83.23±2.16 −2.74

CruxEval-I (n=800) 29.46±0.46 30.17±0.64 +0.71 68.08±1.77 71.58±1.91 +3.50

CruxEval-O (n=800) 9.30±0.49 10.84±0.37 +1.54 40.12±0.00 44.46±0.47 +4.33

LiveCodeBench (n=612) 12.24±0.36 11.49±0.84 −0.75 34.59±0.90 33.50±0.16 −1.09

Table 1: TailSFT improves coverage over standard SFT. Across 18 model–benchmark pairs, TailSFT
often improves pass@16, while changes in pass@1 are mixed. Values are percentages reported as mean ±
standard deviation over three seeds; ∆ denotes TailSFT minus Standard SFT in percentage points, shown in
green when positive, red when negative, and yellow when within one standard deviation. We later establish a
sufficient condition (Definition 4.1) that accurately predicts the failure modes of TailSFT exhibited in this
table (Figure 4). MATH-500 Level 5 refers to the subset of the benchmark with the highest difficulty.

4.1 SFT Results
Setup. We fine-tune the OLMo-3 7B base model (Olmo, 2026) separately on domain-specific math and
code instruction data, giving 18 dataset–benchmark pairs. For math, we train on a 350k-example subset of
OpenMathInstruct-2 (OMI, Toshniwal et al. (2024)), decontaminated against MATH-500. We evaluate with
the OLMES protocol (Gu et al., 2025) on the 2022–2025 AIME problems, the hardest level of MATH-500, and
OMEGA-500. For code, we train separately on Magicoder (Wei et al., 2024b), BigCode Self-OSS-Instruct (Wei
et al., 2024a), and OpenCodeInstruct (OCI, Ahmad et al. (2025)). We evaluate on MBPP+, HumanEval+,
CruxEval-I/O, and LiveCodeBench. We focus on benchmarks where performance is not saturated.

We report pass@16 using the task-specific OLMES sampling protocol and average results over three seed sets.
Results are reported in Table 1 and Appendix D.1 contains experimental details.

TailSFT improves coverage in most settings. Across the 18 dataset–benchmark pairs in Table 1,
TailSFT improves pass@16 in 15 cases, while changes in pass@1 are mixed. OMEGA-500 is essentially
unchanged, with an absolute difference of −0.20%. The largest gain occurs on CruxEval-O after SFT on
BigCode, where pass@16 increases by an absolute 16.79%. With Magicoder, pass@16 increases by 8.33% on
CruxEval-I and 9.83% on CruxEval-O. On AIME, it increases by 3.07%. On MBPP+, absolute gains are
4.14%, 3.35%, and 1.15% for BigCode, Magicoder, and OCI. Overall, improvements are substantially more
consistent at large K than at K = 1, in line with the coverage motivation for TailSFT.

4.2 Coverage Ratio Diagnostic
The variation across these settings motivates a closer look at when TailSFT should perform well. In the
graph-navigation task, standard SFT increased probability on the majority shard while reducing coverage of a
rewarded path that was already represented by the initial policy. Based on this, we ask whether SFT in the
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Figure 4: When standard SFT loses more coverage than it gains, TailSFT preserves or improves
coverage. The vertical line marks ρ16 = 1, where the estimated coverage lost and gained by standard SFT are
equal. Of the 11 evaluated settings with ρ16 > 1, 10 have positive coverage gains from TailSFT and one is
essentially unchanged. Several settings with ρ16 < 1 also improve. Coverage gain and ratio are computed on
the base-reachable set (Definition 4.1).

language model setting exhibits a measurable loss of coverage relative to the base model, and whether this
coverage loss is predictive of the benefit of TailSFT.

We measure how standard SFT changes coverage on problems that are already reachable from the base model.
Restricting attention to problems that are neither effectively unsolved nor already saturated under the base
model, we use pass@1 to estimate the pass@16 that would result from independent sampling. We then aggregate
the decreases and increases induced by standard SFT—their ratio measures whether standard SFT has lost
more base-reachable coverage than it has gained.

Definition 4.1 (Coverage ratio). For problem i, model π, and K ∈ {1, 16}, let Pi,K(π) denote the empirical
pass@K, averaged over seeds. We convert pass@1 to an estimated pass@16 value using f16(p) := 1− (1− p)16.
The base-reachable set is R0 := {i : 0.05 < Pi,16(π0) < 0.95}. The coverage lost and gained by standard SFT on
this set are

L :=
∑
i∈R0

[
f16
(
Pi,1(π0)

)
− f16

(
Pi,1(πSFT)

)]
+
,

G :=
∑
i∈R0

[
f16
(
Pi,1(πSFT)

)
− f16

(
Pi,1(π0)

)]
+
.

The coverage ratio is ρ16 := L/G. If G = 0, we set ρ16 :=∞.

Computing ρ16 requires only the base model and a single standard SFT run. A value ρ16 > 1 means that, on
the base-reachable set, the estimated coverage lost during standard SFT exceeds the estimated coverage gained.
This is the setting most directly targeted by TailSFT, which reduces training on responses that have already
improved and thereby limits probability shifting away from responses represented by the base model.

The coverage ratio identifies a regime where TailSFT consistently preserves or improves coverage.
In Figure 4, all 11 dataset–benchmark pairs satisfying ρ16 > 1 have nonnegative coverage gains (improvement
in pass@16 on the base-reachable set R0) from TailSFT. Ten improve and one is essentially unchanged, with
gains reaching an absolute 28.69% for BigCode evaluated on CruxEval-O. The condition is not necessary for
improvement: several settings with ρ16 < 1 also benefit from TailSFT. Thus, the coverage ratio provides a
conservative way to identify settings in which TailSFT preserves or improves coverage. Appendix D.3 contains
further details.
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pass@1 pass@16

SFT data Benchmark Standard TailSFT ∆ Standard TailSFT ∆

GRPO on MATH

OMI MATH-500 Level 5 (n=134) 57.70±0.44 60.26±1.02 +2.56 83.83±1.72 87.06±0.86 +3.23

AIME 2022–2025 (n=120) 14.40±0.26 15.61±0.44 +1.21 32.76±0.88 36.06±0.98 +3.30

GRPO on MBPP+

BigCode MBPP+ (n=378) 69.57±0.29 73.50±0.70 +3.93 75.93±0.00 78.66±0.15 +2.73

Magicoder MBPP+ (n=378) 70.52±0.25 73.24±0.09 +2.72 78.22±0.61 80.60±0.55 +2.38

OCI MBPP+ (n=378) 74.67±0.08 76.30±0.05 +1.62 84.22±0.40 84.04±0.15 −0.18

Table 2: Initializing from the TailSFT model improves post-GRPO performance across math
and code. GRPO is initialized from the Standard SFT and TailSFT checkpoints evaluated in Table 1, and
rows are grouped by the corpus used for GRPO training: the MATH train split, excluding MATH-500, for the
math rows, and the MBPP+ train split for the code rows. The SFT data column indicates the corpus used to
train the initialization for each GRPO run. Values are percentages reported as mean ± standard deviation
over three seeds, and ∆ is improvement from TailSFT. Experiment details are in Appendix D.2.

4.3 GRPO Results
The coverage principle predicts that a higher-coverage initialization should expose RL to rewarding responses
more often (Chen et al., 2026a). This section therefore tests whether the additional coverage resulting from
TailSFT translates into better post-RL performance.

Setup. We initialize GRPO from the standard SFT and TailSFT checkpoints evaluated in Table 1. For
math reasoning, we train on the MATH training split with MATH-500 held out and evaluate on MATH-500
Level 5 and AIME. For code, we train on the MBPP+ training split and evaluate on its test split. The GRPO
procedure and hyperparameters are held fixed within each comparison. The main comparisons use 4 rollouts
per prompt and an actor learning rate of 2× 10−5. Evaluation follows the OLMES protocol over three seed sets.

Improved coverage yields better post-RL performance. Initializing from TailSFT improves post-RL
pass@1 in every matched comparison in Table 2, with absolute improvements ranging between 1.21% and
3.93%. Our coding experiments make the role of initialization especially salient—each TailSFT checkpoint
has lower pass@1 than its standard SFT counterpart before RL, but has higher pass@1 afterward. Broader
initial coverage indeed results in higher single-sample accuracy after GRPO. These results are consistent with
the relationship between large-K performance and post-RL outcomes observed by Kang et al. (2026).

Improved coverage drives faster learning. Figure 8 shows that the difference between the two initializa-
tions appears early in training, with TailSFT runs beginning with lower reward but the gap quickly closing.
In some settings, early reward increases up to 2.5× faster than for the corresponding standard SFT run. After
RL, TailSFT retains higher pass@16 in four of the five matched comparisons, and is approximately tied in
the fifth. The coverage preserved during SFT is therefore available to RL early in training and ultimately
translates into higher pass@1.

5 Discussion
We present TailSFT as a drop-in replacement for standard SFT that filters already-fit sequences to improve
coverage after the SFT stage, which produces improvements in post-RL performance. TailSFT is derived
using a combination of theoretical analysis and controlled empirics, and significantly outperforms standard
SFT in our language modeling experiments. More broadly, TailSFT uses the coverage principle to target
the interaction between the SFT and RL stages of language model training (Chen et al., 2026a). We believe
our results motivate a shift in how language models should be optimized, toward targeting the full training
trajectory rather than fitting each stage independently.
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A Additional Related Work
Data selection and diversity-preserving SFT. Importance sampling and dynamic pruning prioritize
high-gradient or low-information examples to accelerate optimization while preserving the full-data objective
(Katharopoulos and Fleuret, 2018; Qin et al., 2024); TailSFT instead changes the effective SFT objective
to improve coverage and post-RL performance. RHO-LOSS selects learnable, not-yet-learned examples and
Dataset Cartography diagnoses examples from training dynamics (Mindermann et al., 2022; Swayamdipta
et al., 2020); TailSFT uses only loss reduction relative to the initial policy and masks the most-improved
sequences online. Rho-1 and CoLoR use reference-relative losses in pre-training, Token Cleaning selects SFT
tokens, and GREATS and LESS estimate utility or influence (Lin et al., 2024; Brandfonbrener et al., 2024;
Pang et al., 2025; Wang et al., 2024; Xia et al., 2024); TailSFT operates at sequence or document granularity
without target examples or influence computation. Qin and Springenberg (2025) cast curated SFT as implicit
RL; TailSFT supplies a dynamic, coverage-motivated rule and evaluates an explicit later RL stage. Confidence
caps, entropy regularization, self-distillation, and token-level clipping preserve diversity during SFT (Chen
et al., 2025; Li et al., 2025; Zhao et al., 2026b; Wang et al., 2026; Chen et al., 2026b), while prefix-conditioned
SFT separates response modes (Fan et al., 2026); TailSFT instead masks already-improved examples relative
to the base policy, without auxiliary losses or mode labels.

Coupling supervised and reinforcement training. Bansal et al. (2026) apply RL at intermediate
pre-training checkpoints and blend SFT and RL updates, Fu et al. (2026) jointly weight demonstrations and
on-policy rollouts, Huang et al. (2026) continue expert prefixes on-policy, and Zhang et al. (2026b) retain expert
SFT as a dynamically weighted RL auxiliary objective. These methods change when or how the objectives
are coupled; TailSFT leaves the two-stage pipeline and RL algorithm unchanged and changes only which SFT
examples receive gradient. Yoshihara et al. (2025) use prolonged SFT to maximize mathematical accuracy and
then GRPO chiefly to improve token efficiency; TailSFT instead optimizes the SFT stage for the final post-RL
model, even when local SFT metrics worsen. Niu et al. (2026) derive interference between sequential SFT and
RL objectives under their assumptions; TailSFT keeps the stages sequential but reshapes SFT gradients to
better support the later RL objective.

Coverage and test-time compute. The coverage principle formalizes response-level likelihood-ratio coverage
as the condition governing Best-of-N recovery (Chen et al., 2026a); TailSFT operationalizes this criterion as an
online SFT rule and proves an advantage for relative clipping. Classical RL theory uses concentrability and
related coverage coefficients to control error propagation and offline or online learnability (Farahmand et al.,
2010; Chen and Jiang, 2019; Xie and Jiang, 2020; Jin et al., 2021; Foster et al., 2022; Jiang and Xie, 2025;
Xie et al., 2023); those works ask whether logged state-action data cover a target policy, whereas TailSFT
asks whether a language model covers expert responses at a finite sampling budget. Repeated sampling yields
predictable coverage gains (Brown et al., 2024), while compute allocation, Best-of-N analysis, inference-aware
fine-tuning, mode conditioning, and rollout-budget scaling improve how a fixed policy is sampled or trained for
sampling (Snell et al., 2025; Huang et al., 2025b; Chow et al., 2025; Wu et al., 2026; Cheng et al., 2026); TailSFT
instead improves the pre-RL policy without a verifier, test-time mode label, or altered rollout allocation.

RLVR, sharpening, and exploration. Sharpening theory formalizes post-training as reallocating mass
within covered behaviors, while sampling analyses show that capabilities can already be latent in the base policy
(Huang et al., 2025a; Karan and Du, 2026); TailSFT builds on this view by improving useful coverage before
RL. Empirically, RLVR can raise pass@1 without expanding large-k capacity, remain support-constrained, or
amplify earlier behaviors (Yue et al., 2025; Wu and Choi, 2025; Zhao et al., 2025), while Wen et al. (2026)
show that verifiable rewards can promote correct reasoning latent in the base model; TailSFT changes SFT so
more reward-bearing responses remain sampleable. RL-stage methods upweight unlikely correct trajectories,
optimize solution diversity, or add representation-based exploration (He et al., 2025; Yao et al., 2025; Tuyls
et al., 2026); these methods are complementary, whereas TailSFT uses supervised data alone. Liu et al. (2025)
show that prolonged, diverse RL can expand the reasoning boundary, and Foster et al. (2025) show that
base-policy coverage controls efficient exploration; TailSFT does not posit an absolute boundary, but supplies a
better foundation for standard on-policy RL.
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Stage-aware model development. Kang et al. (2026) show that high SFT scores need not predict post-RL
performance and identify held-out generalization loss and pass@large-k as stronger proxies; TailSFT goes
beyond diagnosis by modifying SFT to improve coverage and validating the resulting initialization through
matched RL runs. Models with the same pre-training loss can transfer differently because of optimization’s
implicit bias (Liu et al., 2023); pre-training perplexity can misrank fine-tuning outcomes (Zeng et al., 2025),
and downstream scaling laws can be unstable (Lourie et al., 2025). These works expose failures of local
metrics; TailSFT supplies an actionable SFT intervention and a coverage-based diagnostic for the SFT-to-RL
transition. Extended pre-training can reduce loss while harming adaptability, alternative schedules can improve
SFT despite weaker local metrics, and flatter pre-training solutions can reduce forgetting after post-training
(Springer et al., 2025; Yano et al., 2026; Watts et al., 2026); TailSFT makes the analogous intervention inside
SFT and targets response coverage rather than pre-training geometry. Zhang et al. (2026a) and Wang et al.
(2025) show that pre- or mid-training exposure controls later RL gains; TailSFT isolates a lightweight SFT
intervention and tests it through matched RL runs. Chu et al. (2025) separate SFT’s stabilizing role from
RL’s generalization, while Jin et al. (2025) find that OOD performance can peak early in SFT and be partly
restored by RL; TailSFT filters already-fit examples to prevent coverage loss before RL.

B Theoretical Analysis: TailSFT in the expert conditioning setting
We consider a stylized setup for supervised fine-tuning called expert conditioning where the SFT data distribution
and optimal policy for the downstream task are defined by conditioning the pretrained model output distribution
on some event. For theoretical analysis, we focus on a simplified setting where there is no context or prompt,
and so all policies are elementary distributions over responses y ∈ Y. Let πref ∈ ∆(Y) be the pretrained
model and let S ⊂ Y be some subset of responses. In expert conditioning, we define the expert policy as
π⋆(y) ∝ πref(y) · 1{y ∈ S}. Note that this setup is closely related to formulations of RLHF where the expert is
defined as πref(y) · exp(R⋆(y)/β) for some reward function R⋆; formally, expert conditioning is equivalent to
this formulation in the limit where β → 0.

We are given n samples y1, . . . , yn ∼ π⋆ and obtain a policy by solving a certain optimization problem defined
in terms of a loss function over the sample. The three loss functions are

ERM : LERM(π) :=
1

n

n∑
i=1

− log(π(yi))

ABS : LABS,α(π) :=
1

n

n∑
i=1

max(− log(π(yi)) + log(α), 0)

OFF : LOFF,β(π) :=
1

n

n∑
i=1

max(− log(π(yi)) + log(β · πref(yi)), 0)

The first objective is standard empirical risk minimization on the cross entropy loss. The second and third
are TailSFT variants with absolute and relative clipping respectively. Indeed for absolute clipping, we ignore
sample yi if π(yi) ≥ α and for relative clipping we ignore yi if π(yi) ≥ βπref(yi). The formal optimization
problem for a particular loss function is:

minimize
π∈∆(Y)

KL(π∥∥πref) subject to L(π) = min
π′

L(π′) (1)

Thus we minimize the forward Kullback-Leibler (KL) divergence between the optimization variable π and
the reference policy πref subject to π being among the minimizers of the loss L. We use forward KL as
simplification of the implicit bias of optimization, and use forward KL primarily due to its mode-covering
behavior, so that coverage is preserved to the extent possible subject to minimizing the loss. We take L to be
LERM, LABS,α, LOFF,β accordingly.

Formally, fixing the dataset, define πERM, πABS,α, πOFF,β to be the optimizers of Eq. (1) with loss functions
LERM, LABS,α, LOFF,β respectively. We are interested in qualitatively understanding how well these optimizers

17



cover the expert policy π⋆, where recall that we define coverage as:

CovN (π) := Pry∼π⋆

[
π⋆(y)

π(y)
≥ N

]

Our main result is as follows:

Theorem B.1. We have the following comparisons:

1. Offset clipping is always preferred: For all πref , S and datasets:

inf
β

CovN (πOFF,β) ≤ inf
β:minπ LOFF,β(π)=0

CovN (πOFF,β) ≤
(
inf
α

CovN (πABS,α)
)
∧ CovN (πERM)

2. Offset clipping can dominate: For |Y| sufficiently large, there exists a reference policy πref and expert
subset S such that with probability at least 1− poly(|Y|−1)

inf
β

CovN (πOFF,β) <
(
inf
α

CovN (πABS,α)
)
∧ CovN (πERM)

3. Absolute clipping can be worse than ERM: There exists a reference policy πref and expert subset S
such that with high probability

CovN (πERM) < inf
α:minπ LABS,α(π)=0

CovN (πABS,α)

That is, in the regime where zero loss is achievable for absolute clipping, we can have that empirical risk
minimization strictly dominates absolute loss clipping.

Note that the first claim implies that offset clipping—even when restricted to the parameter regime where zero
loss is achievable–is never worse than empirical risk minimization.

B.1 Proof of Theorem B.1
First we derive a structural characterization of the solutions of Eq. (1). Next, we use this characterization
to understand the coverage of the policies πERM, πABS,α, πOFF,β . Finally we establish the comparisons in the
theorem statement.

Lemma B.1 (Structure of KL projections). Let {fy : y ∈ Y} ⊂ [0, 1] satisfy
∑

y fy ≤ 1. Consider the
optimization problem

π̂ ← argmin
π∈∆(Y)

KL(π∥∥πref) subject to ∀y : π(y) ≥ fy.

Then the minimizer π̂ is unique and given by

π̂(y) = max(fy, λπref(y)) where
∑
y

max(fy, λπref(y)) = 1.

Proof of Lemma B.1. Observe that the optimization problem is strictly convex and feasible under the
condition that

∑
y fy ≤ 1. We write the Lagrangian of the optimization problem as

∑
y

π(y) log
π(y)

πref(y)
+ λ

(∑
y

π(y)− 1

)
+
∑
y

µy(f(y)− π(y)) µy ≥ 0.

The stationary conditions are

∀y : log
π(y)

πref(y)
+ 1 + λ− µy = 0.
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If π(y) > fy, so the constraint is inactive, then by complementary slackness we have µy = 0, so π(y) =
πref(y) · exp(−1−λ) and this must be larger than fy. Otherwise, we must have π(y) = fy solving the stationary
condition for µy gives

µy = log(π(y)/πref(y)) + 1 + λ = log
fy

πref(y) · exp(−1− λ)

The constraint that µy ≥ 0 thus implies that fy ≥ πref(y) · exp(−1 − λ). Taken together, this gives
π(y) = max(fy, πref(y) exp(−1− λ)) and λ is chosen to normalize the distribution.

Lemma B.2 (Structure of clipped minimizer). Let {fy : y ∈ Y} let p ∈ ∆(Y ) and let
∑

y 1{p(y) > 0}fy > 1.
Then the minimizer of ∑

y∈Y
p(y)max(− log π(y) + log(fy), 0)

is unique and given by

π̂(y) = min(fy, λp(y)) where
∑
y

min(fy, λp(y)) = 1.

Proof. First observe that for any y such that p(y) = 0 we will have π(y) = 0 as well, because the conditions
on fy imply that we cannot achieve an objective value of zero, and we can always shift mass from actions
with p(y) = 0 to those with p(y) ̸= 0 to reduce the loss. Thus, without loss of generality we can assume that
p(y) ̸= 0 which also implies π(y) ̸= 0. Next, we write the Lagrangian:

∑
y

p(y)max(− log π(y) + log(fy), 0) + λ

(∑
y

π(y)− 1

)

The stationary condition is that −p(y)
π(y) + λ = 0 if π(y) < fy. If π(y) = fy) the sub-differential for the loss

term is in [−p(y)/π(y), 0] and if π(y) > 0 we must have λ = 0 to satisfy stationarity. However, since at least
one y must have π(y) < fy we get that λ > 0. Therefore no action can have π(y) > fy and we have that
π(y) = min(fy, λp(y)).

Next we characterize the structure and the coverage of the πOFF,β .

Lemma B.3 (Coverage of πOFF,β). For any dataset, let Ŝ ⊆ S be the actions observed in the dataset. We have

inf
β≥0

CovN (πOFF,β) ≤ inf
β:minπ LOFF,β(π)=0

CovN (πOFF,β) =

{
0, N ≥ 1/πref(S)
πref (S\Ŝ)
πref (S) , 1 < N < 1/πref(S)

Proof of Lemma B.3. If N ≥ 1/πref(S) then take β = 1 so that πref itself is a minimizer of LOFF,β , i.e.,
LOFF,β(πref) = 0. With this choice of β, clearly πref is the solution to Eq. (1). To compute the coverage,
observe that for every action y, π⋆(y)/πref(y) = 1/πref(S) ≤ N . Thus, in this case Cov(πref) = 0 and with
optimally tuned β, the KL projection onto the set of offset-loss minimizers preserves this coverage.

If 1 < N < 1/πref(S) we first translate the offset loss optimization problem into the form in Lemma B.1 and
then compute the normalizing constant λ in the distribution. Observe that the offset loss only involves observed
actions y ∈ Ŝ. If β is such that 0 offset loss is feasible, then we have

LOFF,β(π) = 0⇔ ∀y ∈ Ŝ : π(y) ≥ βπref(y) and ∀y /∈ Ŝ : π(y) ≥ 0

Here the first condition arises from achieving zero loss, while the second condition arises because π must be a
distribution. Thus the offset loss version of Eq. (1) corresponds to taking fy = βπref(y) if y ∈ Ŝ and fy = 0
otherwise in Lemma B.1. Next, observing that every action in the minimizing distribution has mass at least
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λπref(y) we get that λ ≤ 1. Since fy = 0 for actions y /∈ Ŝ, we have that πOFF,β(y) = λπref(y) for all y /∈ Ŝ.
Such actions that are further supported by π⋆ are uncovered, since

π⋆(y)

πOFF,β(y)
≥ π⋆(y)

πref(y)
=

1

πref(S)
> N

The first inequality uses that λ ≤ 1 and the second inequality is by our assumed regime for N . Thus we obtain
for any feasible β we obtain a coverage lower bound

CovN (πOFF,β) ≥
πref(S \ Ŝ)
πref(S)

.

To show that this is achievable take β = (πref(S)N)−1 > 1 and observe that

βπref(S) = 1/N < 1.

Thus if we set π(y) = βπref(y) for y ∈ S we achieve 0 loss and have
∑

y π(y) < 1; we can allocate the remaining
mass arbitrarily to preserve 0 offset loss and obtain a distribution.

Since zero-loss is achievable, the KL projection ensures that πOFF,β(y) ≥ βπref(y) for all y ∈ Ŝ as this is
required to achieve zero loss. By the choice of β this actions are covered. On the other hand, all other actions
have πOFF,β(y) = λπref(y) ≤ πref(y) using the argument above that λ ≤ 1. These actions are all not covered
under the condition that 1/πref(S) > N . Thus this choice of β achieves coverage exactly πref(S \ Ŝ)/πref(S).

Proof of Claim 1 of Theorem B.1. We first argue about πERM. Note that the ERM is unique and is
exactly the empirical distribution over the sample. In particular, we have πERM(S \ Ŝ) = 0, and therefore these
actions are always uncovered, so CovN (πERM) ≥ πref(S \ Ŝ)/πref(S).

Next we turn to πABS,α. Here we consider two cases. First consider the case that α is large enough such that
zero loss is not achievable. In this case, if we have a policy π that allocates mass to unobserved actions, we can
always strictly improve the loss by moving that mass onto some observed action that is not already saturated,
and such an action must exist if zero loss is not achievable. Thus the loss minimizer must allocate no mass on
unobserved actions. In this case the same reasoning as we applied to analyze the ERM holds.

Next, consider that α is small enough such that zero loss is achievable. As with the offset loss, we can translate
the optimization problem to the form in Lemma B.1 and take fy = α1{y ∈ Ŝ}. However, as in the proof
of Lemma B.3, we still require that λ ≤ 1. As before when 1 < N < 1/πref(S), this implies that all unobserved
actions in S are uncovered, establishing a lower bound of πref(S \ Ŝ)/πref(S) in this regime.

Proof of Claim 2 in Theorem B.1. We construct an instance with three types of arms with |Y| = 1+n/4+3n
for some n ∈ N such that Y = {o} ∪H ∪ L where |H| = n/4 and L = 3n. Define

πref(o) =
1

2
, πref(h) =

1

n
, h ∈ H, πref(ℓ) =

1

12n
, ℓ ∈ L.

Set S = H ∪ L such that

π⋆(h) =
2

n
, h ∈ H, π⋆(ℓ) =

1

6n
, ℓ ∈ L

Recall that Ŝ is the set of actions observed in the sample. The high probability event is the intersection of two
events: (1) |Ŝ| is sufficiently large and (2) |Ĥ(1)| is sufficiently large, where Ĥ(1) is the set of actions in H that
are observed exactly once.

To control |Ŝ|, we first calculate:

E|Ŝ ∩H| =
∑
h∈H

Pr[h ∈ Ŝ] =
n

4
(1− (1− 2/n)n) ≥ n

4
(1− e−2)

E|Ŝ ∩ L| =
∑
ℓ∈L

Pr[ℓ ∈ Ŝ] = 3n(1− (1− 1/(6n))n) ≥ 3n(1− e−1/6)
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Observe that |Ŝ| = |Ŝ ∩H|+ |Ŝ ∩ L| and that the random variable |Ŝ| satisfies the conditions of McDiarmid’s
inequality with constant 1. Thus with probability at least 1− δ/2 we have

|Ŝ| ≥ E|Ŝ| −
√

n log(2/δ)

2
≥ n

4
(1− e−2) + 3n(1− e−1/6)−

√
n log(2/δ)

2
.

The constant on the Θ(n) term is at least 0.676, and for δ = poly(1/n) the Θ(n) term dominates, and so we
have that for n sufficiently large, |Ŝ| ≥ 2n/3.

We control |Ĥ(1)| similarly:

E|Ĥ(1)| =
∑
h∈H

Pr[Bh = 1] =
n

4

(
n · 2

n
· (1− 2/n)n−1

)
≥ n

2
· (1− 2/n)n−1

Here Bh is a Binomially distributed random variable with parameters (n, 2/n). Again we apply McDiarmid’s
inequality, here |Ĥ(1)| satisfies the conditions with a constant of 2, so that with probability at least 1− δ/2 we
have

|Ĥ(1)| ≥ E|Ĥ(1)| −
√
2n log(2/δ) ≥ n

2
· (1− 2/n)n−1 −

√
2n log(2/δ)

Observe that the first term asymptotically approaches n · e−2/2 while the second term is lower order in n.
Therefore for n sufficiently large, we can see that |Ĥ(1)| ≥ e−2/3 with high probability.

Next we turn to the coverage calculations. Since N = 4/3 satisfies 1 < N < 1/πref(S) = 2 we know that
infβ≥0 Cov(πOFF,β) = πref(S \ Ŝ)/πref(S) = π⋆(S \ Ŝ). This is exactly the expert mass of the unobserved
set. On the other hand πERM matches exactly the empirical frequencies in the data. In particular, we have
πERM(h) = 1/n for h ∈ Ĥ(1). This implies

Cov(πERM) ≥
∑

y∈S\Ŝ

π⋆(y) +
∑

y∈Ĥ(1)

2

n
1

{
2/n

1/n
≥ N

}
= π⋆(S \ Ŝ) + π⋆(Ĥ(1))

Finally for πABS,α we need to show that no absolute clipping threshold improves on this value. To cover any
h ∈ Ĥ(1) we need πABS,α(h) ≥ 3/(2n). Recall that we only see |Ŝ| actions in the dataset. If we set α ≤ 1/|Ŝ|
then we can achieve zero loss but from Lemma B.1 we have

πABS,α(h) = max(α, λπref(h)) ≤ max(1/|Ŝ|, 1/n) < 3/(2n).

Here recall that λ ≤ 1 (otherwise πABS,α(h) will not be a distribution) and that we have |Ŝ| > 2n
3 with high

probability. In this regime, unobserved actions get mass λπref(h) but this is insufficient to cover π⋆ (since
2 = π⋆(y)/πref(y) = 2 ≥ N = 4/3).

On the other hand, if α > 1/|Ŝ| then, by Lemma B.2 the unique minimizer of the absolute clipped loss is

πABS,α(y) = min(α, λµ̂(y))

where µ̂(y) is the empirical distribution. The normalizing condition gives,

1 ≥
∑
y∈Ŝ

min(α, λµ̂(y)) ≥ |Ŝ|min(α, λ/n),

which follows because every observed action is observed at least once, so it has empirical mass at least 1/n.
Since α > 1/|Ŝ| we must have λ/n ≤ 1/|Ŝ| and therefore actions h ∈ Ĥ(1) have πABS,α(h) ≤ 1/|Ŝ| ≤ 3

2n (while
unobserved actions have πABS,α(y) = 0).

Thus in both cases we have

Cov(πABS,α) ≥ π⋆(S \ Ŝ) + π⋆(Ĥ(1))

21



The high probability event implies that |Ĥ(1)| > 0 and so π⋆(Ĥ(1)) > 0, establishing strict separation.

Proof of Claim 3 in Theorem B.1. We use the same construction as in the proof of Claim 2. Recall
that in that construction, zero absolute clipped loss is achievable only if α ≤ 1/|Ŝ|. Let Ĥ(>1) denote the set
of actions in H that are observed at least twice in the sample Ŝ. Since α ≤ 1/|Ŝ| ≤ 3/(2n) (since with high
probability we have |Ŝ| ≥ 2n/3), via Lemma B.1, the absolute clipped loss solution satisfies

πABS,α(h) = max(α, λπref(h)) ≤ max(1/|Ŝ|, 1/n) < 3/(2n) = π⋆(h)/N,

if we take N = 4/3 as above. Thus all actions in Ĥ(<1) violate coverage. We already saw that all actions in
Ĥ(1) violate coverage as well as all unobserved actions in L. Thus the coverage is

inf
α:minπ LABS,α(π)=0

Cov(πABS,α) =
1

2
+ π⋆(L \ Ŝ).

On the other hand, ERM covers actions in Ĥ(>1), because for any h ∈ Ĥ(>1), we have πERM(h) ≥ 2/n while
π⋆(h) = 2/n. Thus ERM strictly dominates absolute clipping whenever |Ĥ(>1)| > 0. Since

E|Ĥ(>1)| =
∑
h∈H

Pr[Bh > 1] =
n

4
· (1− (1− 2/n)n − 2(1− 2/n)n−1)

where Bh ∼ Binomial(n, 2/n), and since |Ĥ(>1)| satisfies the conditions of McDiarmid’s inequality with constant
1, we have that with probability at least 1− δ

|Ĥ(>1)| ≥ n

4
· (1− (1− 2/n)n − 2(1− 2/n)n−1)−

√
n

2
log(1/δ).

For sufficiently large n the first term is larger than (1− 3e−2)n/5 and the second term is lower order, so for
sufficiently large n we get that |H(>1)| > 1 with high probability.

C Details for Graph Navigation Experiments
In this section, we describe the task, training details, and results for the graph navigation experiments presented
in Figure 3. The setting is closely related to that of Chen et al. (2026a); we present all details for completeness
but highlight where our experiments diverge from theirs.

C.1 Graph Reasoning Task and Data
Following Chen et al. (2026a), we use a path-following task in a directed acyclic graph (DAG) as an abstraction
for reasoning problems. The setup builds on a long line of work using synthetic tasks to understand phenomena
in language modeling and serves as a minimal, expressive, yet flexible setting to develop interventions like
TailSFT.

The task is path-following a directed acyclic graph. Each prompt x ∈ X encodes a graph G along with a source
node s and a target node t, such that x = (G, s, t), and each response y ∈ Y ideally encodes an s→ t path via
a sequence of vertices (s, v1, . . . , vn, t). In our experiments we fix a single prompt distribution µ ∈ ∆(X ) for
both pre-training and SFT stages, however we use different data-collection policies πpre, πSFT : Y → ∆(X ),
both of which map prompts to (distributions over) s→ t paths.

All graphs G are directed layered graphs with 10 total layers and with edges only between consecutive layers.
The source vertex s is the only vertex in layer L = 1 and the target vertex t is the only vertex in layer 10. The
subsequent 8 layers have 4 vertices each. For each of layers L ∈ {1, . . . , 9}, a subset of the vertices in that layer
are called passable. The edge structure is such that every passable node in layer ℓ has directed edges to all
nodes in layer ℓ+ 1. Nodes that are not passable have no out-going edges. Thus a valid s→ t path consists of
10 total nodes (s, v1, . . . , v8, t) where vℓ is in layer ℓ and each vℓ must be passable.
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Graphs are parameterized by a number k ∈ {0, . . . , 8} denoting the number of layers with two passable nodes;
the remaining layers have exactly one passable node. Given k we choose the layers with two passable nodes at
random. Choosing the passable nodes is more intricate. We identify every vertex with a number ∈ {0, . . . , 99},
such that in each of the intermediate layers, at least one vertex is odd and at least one vertex is even. When
there is just one passable vertex in a layer, it is chosen uniformly at random. When there are two passable
vertices, they are chosen at random such that one is odd and one is even. Thus, there are 2k valid s→ t paths
in each graph. We use k = 3 for all experiments.

As described above, pre-training and SFT share the same prompt distribution. These are graphs of the above
structure with vertex names assigned randomly (subject to the aforementioned even/odd restrictions in each
layer), with passable nodes assigned randomly, and with layers with two passable nodes selected randomly. For
pre-training, the data-collection policy πpre selects an s→ t path uniformly at random from all 2k valid paths.

For SFT, the data-collection policy is more complex. First the policy computes a certain “cryptographic” function
of the input graph to determine if the graph belongs to shard0 or shard1 (specifically, the cryptographic
function is the and of the parity of the vertices layers 1-5 and the parity of the vertices in layers 6-10). The
shard determines a certain rule for how the policy chooses vertices in the layers where there are two passable
nodes. Specifically in shard0 the policy alternates between agreeing with the parity of the target vertex t and
disagreeing with the parity of target node t, such that it agrees with the target vertex parity in the first layer
with two passable nodes, disagrees in the second, and so on. In shard1 the policy does exactly the opposite, it
disagrees with the target vertex parity in the first layer with two passable nodes, agrees in the second, and so
on.

Intuitively, learning the pre-training policy’s response distribution is relatively easy as it only requires local
rules such as identifying all passable nodes in the subsequent layer and choosing one at random. Pre-training on
this distribution teaches the model to understand the input format and the high-level task. On the other hand,
learning the SFT policy’s response distribution is very challenging, as it requires identifying global structure
both to determine the shard and to determine which passable vertex to select in each layer.

To measure the performance of the trained model, we observe that the SFT policy is deterministic (for any
input graph x, there is a single path in the support of the SFT policy’s distribution πSFT(· | x)) and set the
reward to be 1 if and only if the path chosen by the trained model matches the path selected by the SFT policy.
Since learning the SFT policy’s response distribution is challenging, it is corresponding quite challenging to
achieve high reward in this task.

Inputs and outputs are represented as follows. First, all vertices, including the source and target, are assigned
a number in {0, . . . , 99}. Then, the input prompt is represented as an edge list followed by the source and
target nodes, formatted as:

x : u_1 v_1 | u_2 v_2 | . . . | u_k v_k / s t =

where ui, vi are the numerical values assigned to the vertices in the ith edge. We use the delimiter characters |,
/, and = to separate edges from each other, the edge list from the source and target vertices, and the input
from the response, respectively. Responses y are formatted as:

y : v_1 v_2 v_2 v_3 . . . v_9 v_10.

C.2 Training Details
We use the same numerical tokenizer and transformer architecture as Chen et al. (2026a). For tokenization,
each node is v is tokenized as its numerical value and the special characters are tokenized as 100, 101, 102. The
architecture is a GPT2-style transformer model with 4 heads, 6 transformer blocks and a 384 dimensional
embeddings. We used absolute positional encodings. We always use the Adam optimizer with a fixed
learning(1× 10−4 during pre-training and 5× 10−6 during SFT) and a batch size of 128. Pre-training operates
in an offline training setting with a fixed pool of 256,000 graphs while SFT operates in an online training
setting with new graphs generated on-the-fly for each batch. We pre-train for 200k training steps and SFT for
50k training steps with evaluation every 200 steps.
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Figure 5: Detailed results of hyperparameter sweep for TailSFT with absolute clipping in the synthetic graph
navigation experiment.
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Figure 6: Detailed results of hyperparameter sweep for TailSFT with quantile clipping in the synthetic graph
navigation experiment.

C.3 Additional Experimental Results
In Figure 3 we show the cross entropy, pass@1, and pass@8 for each of four methods: vanilla SFT, TailSFT
with absolute clipping, TailSFT with quantile clipping, and TailSFT with offset quantile clipping using the
pre-trained model as the reference. For the TailSFT variants we sweep over clipping hyperparameter and select
the best hyperparameter based on pass@8 performance at the end of training. The specific hyperparameter
selected are 0.05 for absolute, 0.4 for quantile, and 0.35 for offset quantile.

In Figs. 5 to 7, we show detailed results of the hyperparameter sweep for the three TailSFT variants. In all
cases, we sweep the clipping hyperparameter in the range 0.05× {1 . . . , 19}. For all variants clipping at value 0
corresponds to vanilla SFT as no sequences are dropped. We highlight two observations. First, absolute clipping
is much more sensitive to the clipping hyperparameter than quantile or offset quantile variants. This is rather
intuitive, as setting an absolute threshold for the cross-entropy loss requires understanding how the distribution
of per-example cross-entropy losses evolves during training. On the other hand, setting the threshold as a
per-batch quantile (either on the loss or on the offset loss) is much easier and these methods are much more
robust. Indeed, the second observation is that for quantile-variants of TailSFT, setting the threshold too small
recovers baseline SFT performance and setting the threshold too large does not impact pass@8 performance,
but rather slows training convergence. This is also intuitive, as a large clipping parameter still focuses training
on the harder examples but sacrifices computational efficiency as fewer per-sample gradients are utilized.
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Figure 7: Detailed results of hyperparameter sweep for TailSFT with offset quantile clipping in the synthetic
graph navigation experiment.

D Details for Language Modeling Experiments

D.1 SFT
The language modeling experiments use the same TailSFT algorithm (Algorithm 1) for both math and code
but differ in data, prompt format, hyperparameter grid, and evaluation. We describe the shared procedure
here; the code (Appendix D.1.1) and math (Appendix D.1.2) subsections give the domain-specific details.

Supervised fine-tuning. Every run starts from the OLMo-3 7B base model and minimizes the standard
supervised cross-entropy loss on chat-formatted instruction/response pairs. We apply the OLMo-3 chat template
and mask every prompt token, so only the final assistant turn and its terminating end-of-turn token count
toward the loss. All runs use AdamW with (β1, β2) = (0.9, 0.95) and ϵ = 10−8, gradient-norm clipping at 1.0,
8-way data parallelism, and a learning rate held constant after a linear warmup over the first 3% of steps.
Sequence length, weight decay, microbatch size, effective batch, epoch count, and the learning-rate grid are set
per domain and given in each subsection. The per-step loss is length-normalized as in OLMo-3: we sum the
target-token cross-entropy over the batch and divide by the number of unmasked target tokens, so every target
token is weighted equally rather than every sequence.

Example filtering (TailSFT). TailSFT drops a fraction of the already-fit examples from the loss at each
step. Before training we score every example x once with the base model, using the same tokenization and
assistant-only mask as SFT, to get its initialization loss ℓ0(x), the mean cross-entropy over the target tokens.
During training we compare the current per-example loss ℓt(x) against this baseline through the signed margin

mt(x) = ℓt(x)− ℓ0(x).

A very negative margin means the loss on x has already dropped well below its starting value. We filter out the
examples with the smallest (most negative) margins and train on the rest. Both ℓ0 and ℓt are length-normalized
per example—the mean cross-entropy over that example’s target tokens—so the filtering decision does not
favor longer or shorter responses.

The filtering decision runs on the selection batch, the W × b examples in a single forward pass across the
W = 8 data-parallel ranks with per-rank microbatch b. The per-example losses are all-gathered so every rank
computes the same mask. We do not filter over the full gradient-accumulated optimizer batch or over one
rank’s local microbatch; each accumulation step is filtered on its own selection batch. Within a selection batch
we rank the examples by mt and zero out the ⌊Wbf⌉ with the smallest margins, then train the survivors with
the usual token-averaged cross-entropy. The code runs use b = 1 (an 8-example selection batch) and the math
runs use b = 2 (a 16-example selection batch). Reproducing the method needs only the base-model losses ℓ0,
the filter fraction f , and its schedule; everything else is ordinary distributed SFT.

Filtering notation. A run is specified by its filter fraction f ∈ [0, 1], the fraction of each selection batch
that is dropped (⌊Wbf⌉ examples), and a schedule for how f moves over training. A static schedule holds f
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Table 3: Per-benchmark pass@1 for the OLMo-3 7B base model (no SFT), Standard SFT (f=0), and TailSFT,
at the settings used in the main results table. ∆Std−Base is Standard SFT minus base; ∆Tail−Base is TailSFT
minus base. Emdashes indicate missing evaluations.

SFT data Benchmark Base Standard SFT TailSFT ∆Std−Base ∆Tail−Base

OMI AIME 5.16 3.65±0.37 4.03±0.02 −1.51 −1.13
MATH-500 L5 — 24.80±0.40 25.16±0.40 — —
OMEGA-500 3.54±0.30 6.58±0.50 6.51±0.26 +3.04 +2.97

BigCode MBPP+ 36.82±0.56 53.04±0.93 51.36±0.14 +16.22 +14.54
HumanEval+ 32.94±1.11 45.06±0.57 46.33±1.07 +12.12 +13.39
CruxEval-I 25.67±0.62 29.79±0.48 30.43±0.15 +4.12 +4.76
CruxEval-O 4.22±0.74 4.16±0.44 13.18±0.30 −0.06 +8.96
LiveCodeBench 5.50±0.42 10.74±0.46 11.49±0.38 +5.24 +5.99

Magicoder MBPP+ 36.82±0.56 55.35±0.47 54.60±0.55 +18.53 +17.78
HumanEval+ 32.94±1.11 48.49±0.58 47.69±0.19 +15.55 +14.75
CruxEval-I 25.67±0.62 28.50±0.13 26.48±0.45 +2.83 +0.81
CruxEval-O 4.22±0.74 12.86±0.19 16.16±0.53 +8.64 +11.94
LiveCodeBench 5.50±0.42 14.84±0.11 14.32±0.38 +9.34 +8.82

OCI MBPP+ 36.82±0.56 58.26±0.88 55.81±0.06 +21.44 +18.99
HumanEval+ 32.94±1.11 54.76±1.16 51.94±1.83 +21.82 +19.00
CruxEval-I 25.67±0.62 29.46±0.46 30.17±0.64 +3.79 +4.50
CruxEval-O 4.22±0.74 9.30±0.49 10.84±0.37 +5.08 +6.62
LiveCodeBench 5.50±0.42 12.24±0.36 11.49±0.84 +6.74 +5.99

fixed. A ramp schedule written 0→f raises the fraction linearly from 0 at the first step to f at the last, using
every example early and filtering hardest late. Standard SFT is f = 0. We describe every run by its filter
fraction f and schedule in the below results.

Filtering rarely hurts. The consistent finding across both domains is that filtering preserves pass@16
coverage. At matched settings it almost always matches or improves the no-filter pass@16, the gains are
sometimes large, and the only cost is a small pass@1 decrease from deprioritizing examples the model already
fits. Each subsection reports the full per-benchmark grids and tallies how rarely filtering regresses coverage.
Tables 3 and 4 collect the base model, Standard SFT, and TailSFT side by side at the main-table settings for
pass@1 and pass@16. In several cases where standard SFT marginally lowers pass@16 below the base model,
TailSFT rescues the coverage, recovering it back above the base level. If we instead select the best pass@16
checkpoint for each of Standard SFT and TailSFT, TailSFT still matches or improves coverage on most
benchmarks.

The gains are broad, not concentrated. Table 5 decomposes each pass@16 gain into per-problem paired
changes, showing that the improvements are spread across many problems rather than driven by a handful.

D.1.1 Code

Model and optimization. Code SFT trains at sequence length 2048, which effectively never truncates
training targets. Runs use no weight decay and a per-rank microbatch of 1 with 4 gradient-accumulation steps,
for an effective batch of 32 and an 8-example selection batch. The learning rate is searched over {1, 2, 3}× 10−5.
Each dataset uses a fixed epoch count.

Magicoder. We keep the Python subset of ise-uiuc/Magicoder-OSS-Instruct-75K (38,284 of 75,197 rows).
We drop non-Python rows, rows without extractable code, rows matching an MBPP+ or HumanEval+ signature,
and rows containing unit tests, and discard solutions that fail to parse as an abstract syntax tree. The assistant
target starts with the prefix Here is the completed function:\n\n“‘python\n, followed by the extracted
code and a closing fence, matching the MBPP+ and HumanEval+ answer format. One further row is removed
because it does not fit the 2048-token training tokenization, leaving 33,817 train rows.
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Table 4: Per-benchmark pass@16 (coverage) for the OLMo-3 7B base model (no SFT), Standard SFT (f=0),
and TailSFT, at the settings used in the main results table. Columns as in Table 3.

SFT data Benchmark Base Standard SFT TailSFT ∆Std−Base ∆Tail−Base

OMI AIME 20.91 15.24±2.02 18.31±0.57 −5.67 −2.60
MATH-500 L5 — 66.42±0.00 69.15±0.86 — —
OMEGA-500 26.13±1.42 32.80±2.25 32.60±1.56 +6.67 +6.47

BigCode MBPP+ 75.93±1.06 74.69±1.10 78.84±1.06 −1.24 +2.91
HumanEval+ 79.27±0.61 76.63±0.70 80.08±0.93 −2.64 +0.81
CruxEval-I 70.50±1.54 61.71±2.27 65.79±0.26 −8.79 −4.71
CruxEval-O 32.08±1.98 24.21±2.38 41.00±1.35 −7.87 +8.92
LiveCodeBench 32.30±0.93 30.39±0.86 33.12±0.34 −1.91 +0.82

Magicoder MBPP+ 75.93±1.06 75.31±0.93 78.66±1.25 −0.62 +2.73
HumanEval+ 79.27±0.61 77.85±0.70 78.66±1.83 −1.42 −0.61
CruxEval-I 70.50±1.54 59.75±0.62 68.08±0.94 −10.75 −2.42
CruxEval-O 32.08±1.98 38.08±0.94 47.92±1.66 +6.00 +15.84
LiveCodeBench 32.30±0.93 31.81±0.34 33.22±0.34 −0.49 +0.92

OCI MBPP+ 75.93±1.06 81.22±0.75 82.36±0.81 +5.29 +6.43
HumanEval+ 79.27±0.61 85.98±1.61 83.23±2.16 +6.71 +3.96
CruxEval-I 70.50±1.54 68.08±1.77 71.58±1.91 −2.42 +1.08
CruxEval-O 32.08±1.98 40.12±0.00 44.46±0.47 +8.04 +12.38
LiveCodeBench 32.30±0.93 34.59±0.90 33.50±0.16 +2.29 +1.20

BigCode. For bigcode/self-oss-instruct-sc2-exec-filter-50k (50,661 raw rows) the user message is the
instruction and the target uses the same evalplus-aligned prefix and fenced Python format as Magicoder. We
remove exact and near MBPP+ and HumanEval+ contamination, benchmark-signature contamination, rows
containing tests, and non-Python rows, leaving 49,260 train rows.

OCI. For nvidia/OpenCodeInstruct we load five evenly spaced shards and keep rows with average_test_score=
1.0. We remove MBPP+ contamination by exact prompt match, by test-assertion substring match against
inputs, outputs, and unit tests, and by MBPP+ function-name definitions appearing in outputs, then shuffle
with seed 42 and hold out a 0.5% validation split. OCI keeps its native format, with the user message the OCI
input and the target the OCI output, both verbatim.

Hyperparameter configurations. We vary the learning rate and filtering configuration as summarized in
Table 7. The configurations used in Table 1 and the additional evaluated configurations are reported across
several tables. Tables 8 and 9 give MBPP+ pass@1 and pass@16 for every completed BigCode and Magicoder
configuration, with the change against the no-filter run at the same learning rate.

For OCI, Table 10 reports the no-filter Standard configuration and the TailSFT ramp configuration used in
Table 1. MBPP+ coverage improves under filtering (+1.15 pp), while HumanEval+ loses coverage (−2.74 pp).
Accordingly, OCI HumanEval+ has ρ16 = 0.23, outside the ρ16 > 1 regime identified by the coverage-ratio
diagnostic.

Coverage holds across benchmarks and can repair coverage collapse. Tables 11–14 report every
filtered configuration we evaluated on HumanEval+, CruxEval-I, CruxEval-O, and LiveCodeBench, against the
no-filter run for the same dataset. The largest coverage gains land where standard SFT had driven coverage
below the base model: on CruxEval-I standard SFT falls 8–11 pp under the base (70.5→61.7 for BigCode,
59.8 for Magicoder), so much of TailSFT’s advantage is repairing a coverage collapse that ordinary SFT
introduced.

Evaluation protocol. We evaluate with the OLMES (Gu et al., 2025) EvalPlus configuration used across
the OLMo-3 code suite, so the appendix numbers are directly comparable to that standard. Every code result
is sampled at temperature 1.0, top-p = 1.0, with 16 generations per problem for each of three independent
evaluation seed sets; throughout the appendix, reported means and standard deviations are computed over
these three seed sets, which we refer to simply as three seeds. MBPP+ uses the 378-problem EvalPlus test

27



SFT data Benchmark #gained #lost #unchanged median ∆ (pp) mean ∆ (pp) 95% CI

OMI AIME 31 14 75 +0.00 +3.07 [+0.77, +5.59]
OMI MATH-500 L5 25 15 94 +0.00 +2.74 [-1.24, +6.47]
OMI OMEGA-500 75 77 348 +0.00 -0.20 [-2.33, +1.80]
BigCode MBPP+ 39 19 320 +0.00 +4.14 [+2.12, +6.35]
BigCode HumanEval+ 21 11 132 +0.00 +3.46 [+0.00, +6.91]
BigCode CruxEval-I 157 89 554 +0.00 +4.08 [+2.12, +6.12]
BigCode CruxEval-O 274 44 482 +0.00 +16.79 [+14.54, +19.04]
BigCode LiveCodeBench 72 41 499 +0.00 +2.72 [+1.09, +4.41]
Magicoder MBPP+ 42 19 317 +0.00 +3.35 [+1.06, +5.73]
Magicoder HumanEval+ 13 10 141 +0.00 +0.81 [-2.03, +3.86]
Magicoder CruxEval-I 196 82 522 +0.00 +8.33 [+6.17, +10.46]
Magicoder CruxEval-O 183 48 569 +0.00 +9.83 [+7.92, +11.83]
Magicoder LiveCodeBench 56 41 515 +0.00 +1.42 [-0.22, +3.05]
OCI MBPP+ 22 15 341 +0.00 +1.15 [-0.35, +2.60]
OCI HumanEval+ 8 17 139 +0.00 -2.74 [-5.18, -0.51]
OCI CruxEval-I 134 69 597 +0.00 +3.50 [+2.04, +4.92]
OCI CruxEval-O 132 57 611 +0.00 +4.33 [+2.83, +5.79]
OCI LiveCodeBench 45 65 502 +0.00 -1.09 [-2.61, +0.44]

Table 5: Per-problem paired changes in pass@16 for TailSFT versus Standard SFT at the main-table settings.
A problem counts as gained or lost only when its paired pass@16 strictly changes; unchanged includes ceiling
and floor ties. The final column is a paired bootstrap 95% interval for the mean per-problem change.

SFT data Source Train / val

Magicoder ise-uiuc/Magicoder-OSS-Instruct-75K 33,817 / 342
BigCode bigcode/self-oss-instruct-sc2-exec-filter-50k 49,260 / 498
OCI nvidia/OpenCodeInstruct 72,635 / 365

Table 6: Code SFT datasets. Row counts are after decontamination, format conversion, and initialization-loss
annotation.

split with the assistant prefix Here is the completed function:\n\n“‘python\n, maximum generation length
2048, context length 4096, and stop strings “‘, newline-triple-quote, newline-assert, and newline-comment.
HumanEval+ uses the 164-problem EvalPlus split with the same prefix, generation length 1024, and context
4096. CruxEval-I and CruxEval-O use 800 instances each with OLMo-3 multiturn few-shot prompts (two
shots for input prediction, one for output), generation length 512, and context 4096. LiveCodeBench uses 612
code-generation problems with an expert-Python system prompt, generation length 8192, and context 32768.
We report pass@k with the standard unbiased estimator implemented in OLMES, pass@k = 1−

(
n−c
k

)/(
n
k

)
for

a document with c correct completions out of n samples, averaged over documents rather than as a best-of-k
maximum. With n=16 samples this makes pass@1 the mean per-document pass rate and pass@16 the fraction
of documents with at least one correct completion. Each generation length sits above the lengths these tasks
actually decode to, so completions are not cut off.

The coverage advantage tends to widen with k. Table 16 reports the TailSFT minus Standard SFT
pass@k gap at k ∈ {1, 2, 4, 8, 16} for every benchmark. On most cells the gap starts near zero (or slightly
negative) at k=1 and tends to increase with k—most strikingly CruxEval-O, where BigCode grows from +9.02
to +16.79—so the advantage is a coverage effect rather than a pass@1 shift. The two OCI transfer benchmarks
(HumanEval+ and LiveCodeBench) are the main exception, where TailSFT trails at every k.

D.1.2 Math

Model and optimization. Math SFT trains at sequence length 4096 with weight decay 0.1, a per-rank
microbatch of 2 with 4 gradient-accumulation steps, for an effective batch of 64 and a 16-example selection
batch. The learning rate is fixed at 3× 10−5. We train for 2 epochs and evaluate the final checkpoint. Two
passes fit the ∼ 350k-example subset without the overfitting seen at higher counts, and the count is held
identical across every arm so differences come only from filtering. Each supervised example is a two-turn
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Hyperparameter Values

Base model OLMo-3 7B base
Learning rate {1, 2, 3} × 10−5

Filter schedule none; static; ramp 0→·
Filter fraction f 0 (none); static {0.125, 0.25, 0.5}; ramp 0→0.5
Epochs fixed per dataset (4 / 5 / 3 for BigCode / Magicoder / OCI)
Sequence length 2048
Effective batch 32 (8× 1× 4)
Warmup / schedule 3% linear warmup, then constant
Optimizer AdamW (0.9, 0.95), wd 0, clip 1.0

Table 7: Code SFT hyperparameter grid over learning rates and filtering configurations.

Filter LR pass@1 ∆ pass@16 ∆

base (no SFT) — 36.82 ± 0.56 — 75.93 ± 1.06 —
no filter 1× 10−5 47.45 ± 0.82 — 79.45 ± 0.81 —
static f=0.125 1× 10−5 47.00 ± 0.60 −0.45 79.81 ± 0.81 +0.36
ramp 0→0.5 1× 10−5 45.62 ± 0.57 −1.83 79.72 ± 0.85 +0.27

no filter 2× 10−5 52.58 ± 0.11 — 76.72 ± 1.06 —
static f=0.125 2× 10−5 52.07 ± 0.70 −0.51 77.51 ± 0.46 +0.79
static f=0.25 2× 10−5 51.36 ± 0.14 −1.22 78.84 ± 1.06 +2.12
static f=0.5 2× 10−5 47.22 ± 0.54 −5.36 77.95 ± 0.76 +1.23
ramp 0→0.5 2× 10−5 51.65 ± 0.18 −0.93 78.66 ± 0.40 +1.94

no filter 3× 10−5 53.04 ± 0.93 — 74.69 ± 1.10 —
static f=0.125 3× 10−5 51.90 ± 0.59 −1.14 75.40 ± 1.06 +0.71
ramp 0→0.5 3× 10−5 50.67 ± 0.26 −2.37 75.93 ± 0.46 +1.24

Table 8: BigCode MBPP+ (n=378) SFT filtering grid, 4 epochs. Values are percent, mean ± sample standard
deviation over three seeds; ∆ is the change against the no-filter run at the same learning rate. The base (no
SFT) row is the untuned OLMo-3 7B base under the same MBPP+ protocol (format-robust EvalPlus stops).

chat. The user message is the problem followed by the instruction “Present the answer in LaTex format:
\boxed{Your answer}”, and the assistant target is the provided chain-of-thought solution.

Data. The OpenMathInstruct-2 (OMI) subset is built from the OMI train_1M shards by keeping problem_source
in {math, augmented_math}, exact-match decontaminating against MATH-500 problem strings, dropping rows
whose problem plus solution exceeds 2048 tokens under the OLMo-3 tokenizer, and sampling a 350k-example
stratified subset with a 95/5 train/validation split. No MATH-500 rows were found during decontamination.
Since rows over 2048 tokens were removed during data construction, the 4096-token training sequence length
does not truncate supervised targets. The final SFT parquets add init_ce, the base-model per-example
cross-entropy used by the filtering rule.

Hyperparameter search and selection. For math we fixed the learning rate at 3× 10−5 and swept the
filtering configuration over no filtering, static f ∈ {0.0625, 0.125, 0.1875, 0.25, 0.5}, and the linear ramps 0→f
for the same endpoints. The optimizer, sequence length, batch size, and 2-epoch schedule are held fixed as
shown in Table 18. Table 1 then reports the no-filter Standard checkpoint against the selected TailSFT
checkpoint. We use the ramp 0→0.5 arm.

Per-benchmark grids. Tables 19–22 report every completed math SFT filtering evaluation in-domain math
benchmarks. The broadest grid is MATH-500. Its 500-problem aggregate (Table 19) sits near ceiling, so
Tables 20 and 21 break the same sweep out by the five MATH difficulty levels. No-filter pass@16 is 100%
at Level 1 and stays above 96% through Level 3, so the easy levels dominate the aggregate and hide where
filtering acts. The unreached coverage, and the gains from filtering, concentrate at the hardest levels: at
Level 5 filtering matches or improves no-filter pass@16 in 8 of 10 arms and strictly improves it in 7, while the
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Filter LR pass@1 ∆ pass@16 ∆

base (no SFT) — 36.82 ± 0.56 — 75.93 ± 1.06 —
no filter 1× 10−5 53.14 ± 0.52 — 80.69 ± 0.26 —
static f=0.125 1× 10−5 52.19 ± 0.25 −0.95 79.98 ± 0.61 −0.71
static f=0.25 1× 10−5 51.51 ± 0.04 −1.63 80.42 ± 1.40 −0.27
static f=0.5 1× 10−5 50.00 ± 0.59 −3.14 79.45 ± 1.55 −1.24

no filter 2× 10−5 55.01 ± 0.36 — 75.13 ± 1.15 —
static f=0.125 2× 10−5 54.83 ± 0.52 −0.18 77.51 ± 0.53 +2.38
static f=0.25 2× 10−5 54.60 ± 0.55 −0.41 78.66 ± 1.25 +3.53
static f=0.5 2× 10−5 51.92 ± 0.41 −3.09 79.72 ± 0.31 +4.59
ramp 0→0.5 2× 10−5 54.73 ± 0.73 −0.28 78.31 ± 1.47 +3.18

no filter 3× 10−5 55.35 ± 0.47 — 75.31 ± 0.93 —
static f=0.125 3× 10−5 54.75 ± 0.58 −0.60 76.54 ± 0.15 +1.23
static f=0.25 3× 10−5 52.94 ± 0.67 −2.41 75.93 ± 1.06 +0.62
static f=0.5 3× 10−5 51.14 ± 0.47 −4.21 77.95 ± 1.36 +2.64

Table 9: Magicoder MBPP+ (n=378) SFT filtering grid, 5 epochs. Values are percent, mean ± sample standard
deviation over three seeds; ∆ is the change against the no-filter run at the same learning rate. The base (no
SFT) row is the same untuned base as in Table 8.

Benchmark Filter pass@1 ∆ pass@16 ∆

MBPP+ (n=378) base (no SFT) 36.82 ± 0.56 — 75.93 ± 1.06 —
MBPP+ (n=378) no filter 58.26 ± 0.88 — 81.22 ± 0.75 —
MBPP+ (n=378) ramp 0→0.5 55.81 ± 0.06 −2.44 82.36 ± 0.81 +1.15

HumanEval+ (n=164) base (no SFT) 32.94 ± 1.11 — 79.27 ± 0.61 —
HumanEval+ (n=164) no filter 54.76 ± 1.16 — 85.98 ± 1.61 —
HumanEval+ (n=164) ramp 0→0.5 51.94 ± 1.83 −2.82 83.23 ± 2.16 −2.74

Table 10: OCI MBPP+ and HumanEval+ SFT grid, 3 epochs, learning rate 2× 10−5; Standard is no filtering
and TailSFT is the ramp 0→0.5. Values are percent, mean ± sample standard deviation; ∆ is the change
against no filtering. The base (no SFT) rows are the untuned base under the same per-benchmark protocol.

near-saturated levels move little in either direction. No MATH-500 pass@16 cell drops by more than 1.8 pp,
inside the seed noise. The completed AIME rows all improve pass@16, while the frozen OMEGA-500 arm is
essentially tied with no filtering.

Reading the Level-4 numbers. Level 4 is the one subset where filtering neither clearly helps nor hurts, and
this is an estimator artifact rather than a real regression. pass@16 is scored as a binary hit per seed and averaged
over three seeds, so every per-problem value is quantized to {0, 1

3 ,
2
3 , 1} and a problem’s filtered-minus-no-filter

difference can only be a multiple of 33 pp. The Level-4 mean is then set by a few knife’s-edge problems that
the base model already solves on two of three seeds, where a single seed flip moves the subset mean by a point
or two. Two such problems account for the whole gap: under the arms that most help Level 5, the Level-4
pass@16 change moves from +0.0 pp on the full subset to about +0.8 pp once those two problems are excluded,
in the same direction as Level 5. Level 5 shows a larger and steadier gain because it contains many more
genuinely contested problems, so this per-problem quantization averages out.

Evaluation protocol. We evaluate with the standard OLMES (Gu et al., 2025) math configuration used
across the OLMo-3 math suite. AIME contains 30 problems from each year 2022–2025 (n = 120), chat
prompting with the boxed-answer instruction, temperature 0.6, top-p = 0.95, maximum generation length and
model context 8192, and 32 generations per problem for each of three seeds. MATH-500 uses the 500-problem
test split; the main table reports the Level-5 subset (n = 134), since the full benchmark is near ceiling, with
temperature 1.0, top-p = 1.0, maximum generation length 8192, model context 16384, and 16 generations per
problem for each of three seeds. OMEGA-500 (the saumyamalik/omega-500 500-problem set) uses temperature
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Filter LR pass@1 ∆ pass@16 ∆

base (no SFT) — 32.94 ± 1.11 — 79.27 ± 0.61 —
BigCode
no filter 3× 10−5 45.06 ± 0.57 — 76.63 ± 0.70 —
static f=0.125 2× 10−5 48.08 ± 0.12 +3.02 79.47 ± 1.76 +2.85
static f=0.25 2× 10−5 46.33 ± 1.07 +1.27 80.08 ± 0.93 +3.46
static f=0.5 2× 10−5 44.08 ± 0.48 −0.98 80.69 ± 1.27 +4.07

Magicoder
no filter 3× 10−5 48.49 ± 0.58 — 77.85 ± 0.70 —
static f=0.25 2× 10−5 47.69 ± 0.19 −0.80 78.66 ± 1.83 +0.81
static f=0.5 2× 10−5 46.60 ± 0.66 −1.89 80.49 ± 1.61 +2.64

Table 11: HumanEval+ (n=164) SFT filtering grid. Epochs are 4 (BigCode) and 5 (Magicoder); OCI
HumanEval+ appears in Table 10. Values are percent, mean ± sample standard deviation over three seeds; ∆
is the change against the no-filter run for the same dataset; the base (no SFT) row is the untuned OLMo-3 7B
base under the same protocol.

Filter LR pass@1 ∆ pass@16 ∆

base (no SFT) — 25.67 ± 0.62 — 70.50 ± 1.54 —
BigCode
no filter 3× 10−5 29.79 ± 0.48 — 61.71 ± 2.27 —
static f=0.125 2× 10−5 30.65 ± 0.26 +0.86 63.54 ± 0.76 +1.83
static f=0.25 2× 10−5 30.43 ± 0.15 +0.64 65.79 ± 0.26 +4.08
static f=0.5 2× 10−5 29.76 ± 0.35 −0.03 69.29 ± 1.92 +7.58

Magicoder
no filter 3× 10−5 28.50 ± 0.13 — 59.75 ± 0.62 —
static f=0.25 2× 10−5 26.48 ± 0.45 −2.02 68.08 ± 0.94 +8.33
static f=0.5 2× 10−5 25.63 ± 0.56 −2.88 69.79 ± 0.38 +10.04

OCI
no filter 2× 10−5 29.46 ± 0.46 — 68.08 ± 1.77 —
ramp 0→0.5 2× 10−5 30.17 ± 0.64 +0.71 71.58 ± 1.91 +3.50

Table 12: CruxEval-I (n=800) SFT filtering grid. Epochs are 4 / 5 / 3 for BigCode / Magicoder / OCI. Values
are percent, mean ± sample standard deviation over three seeds; ∆ is the change against the no-filter run for
the same dataset; the base (no SFT) row is the untuned OLMo-3 7B base under the same protocol.

1.0, top-p = 1.0, maximum generation length 4096, model context 8192, and 16 generations per problem for each
of three seeds. For AIME and MATH-500 we use the stored per-document pass@k metrics. For OMEGA-500,
whose aggregate files do not store pass@k, we recompute pass@1 and pass@16 from the 16 completions using
the extracted flexible boxed answer, falling back to the standard extracted answer, and match it against the
label. In every case pass@k is the same unbiased estimator implemented in OLMES (pass@k = 1−

(
n−c
k

)/(
n
k

)
for c correct of n samples), so AIME’s 32 samples are combined at k=16 rather than by best-of-k. The sweep
of Table 19 uses MATH-500 full (n = 500) with 4096-token generations.

The coverage advantage tends to widen with k. Table 24 reports the TailSFT minus Standard SFT
pass@k gap at k ∈ {1, 2, 4, 8, 16}. On AIME and MATH-500 the gap is small at k=1 and tends to grow with k
(AIME +0.37→+3.07; MATH-500 Level 5 +0.36→+2.74), while OMEGA-500, where the two models are
already matched, stays flat. The math gains therefore come from broader coverage that surfaces at larger k
rather than from a shift in greedy accuracy.

D.2 GRPO
The in-domain math and code GRPO runs share one training procedure and differ only in data, reward,
hyperparameter grid, and evaluation. We describe the shared procedure here; the math (Appendix D.2.1)
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Filter LR pass@1 ∆ pass@16 ∆

base (no SFT) — 4.22 ± 0.74 — 32.08 ± 1.98 —
BigCode
no filter 3× 10−5 4.16 ± 0.44 — 24.21 ± 2.38 —
static f=0.125 2× 10−5 12.02 ± 0.11 +7.86 39.75 ± 0.76 +15.54
static f=0.25 2× 10−5 13.18 ± 0.30 +9.02 41.00 ± 1.35 +16.79
static f=0.5 2× 10−5 7.35 ± 0.37 +3.20 36.54 ± 0.14 +12.33

Magicoder
no filter 3× 10−5 12.86 ± 0.19 — 38.08 ± 0.94 —
static f=0.25 2× 10−5 16.16 ± 0.53 +3.30 47.92 ± 1.66 +9.83
static f=0.5 2× 10−5 10.12 ± 0.37 −2.74 41.67 ± 0.63 +3.58

OCI
no filter 2× 10−5 9.30 ± 0.49 — 40.12 ± 0.00 —
ramp 0→0.5 2× 10−5 10.84 ± 0.37 +1.54 44.46 ± 0.47 +4.33

Table 13: CruxEval-O (n=800) SFT filtering grid. Epochs are 4 / 5 / 3 for BigCode / Magicoder / OCI.
Values are percent, mean ± sample standard deviation over three seeds; ∆ is the change against the no-filter
run for the same dataset; the base (no SFT) row is the untuned OLMo-3 7B base under the same protocol.

Filter LR pass@1 ∆ pass@16 ∆

base (no SFT) — 5.50 ± 0.42 — 32.30 ± 0.93 —
BigCode
no filter 3× 10−5 10.74 ± 0.46 — 30.39 ± 0.86 —
static f=0.125 2× 10−5 11.77 ± 0.44 +1.03 31.54 ± 0.71 +1.14
static f=0.25 2× 10−5 11.49 ± 0.38 +0.75 33.12 ± 0.34 +2.72
static f=0.5 2× 10−5 11.45 ± 0.42 +0.71 33.39 ± 0.25 +3.00

Magicoder
no filter 3× 10−5 14.84 ± 0.11 — 31.81 ± 0.34 —
static f=0.25 2× 10−5 14.32 ± 0.38 −0.51 33.22 ± 0.34 +1.42
static f=0.5 2× 10−5 14.81 ± 0.22 −0.02 34.48 ± 1.28 +2.67

OCI
no filter 2× 10−5 12.24 ± 0.36 — 34.59 ± 0.90 —
ramp 0→0.5 2× 10−5 11.49 ± 0.84 −0.75 33.50 ± 0.16 −1.09

Table 14: LiveCodeBench (n=612) SFT filtering grid. Epochs are 4 / 5 / 3 for BigCode / Magicoder / OCI.
Values are percent, mean ± sample standard deviation over three seeds; ∆ is the change against the no-filter
run for the same dataset; the base (no SFT) row is the untuned OLMo-3 7B base under the same protocol.

and code (Appendix D.2.2) subsections give the domain-specific details. Every run is initialized from one of
the matched SFT checkpoints evaluated in Table 1: the Standard-SFT run supplies the no-filter start and
the paired TailSFT run supplies the filtered start, so the two policies differ only in how their initialization
was trained. Table 2 reports a single tuned configuration per domain; the per-domain grids below give the
tuned-configuration results in full.

Reinforcement learning with GRPO. Each run optimizes the initialized policy against a verifiable reward
with GRPO (Shao et al., 2024). For every prompt we sample a group of n responses at temperature 1.0, score
each response with the domain reward, and use the group-relative advantage—each response’s reward centered
and scaled within its group—as the policy-gradient signal. We use no KL regularization and no learned reward
model. Optimization uses a batch of 128 prompts, a mini-batch of 128, and 8-way data parallelism, with the
rollout group size n and the actor learning rate searched per domain and all other settings held fixed within a
domain. Checkpoints are exported periodically during training and the reported checkpoint is chosen on a
held-out validation split, as described per domain. Post-GRPO evaluation uses OLMES (Gu et al., 2025) and
reuses the same per-benchmark coverage protocols as Appendix D.1, with pass@k estimated over three seeds;
the exact per-benchmark sampling settings are given below.
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SFT data Benchmark Standard p@1 TailSFT p@1 Standard p@16 TailSFT p@16

BigCode MBPP+ (n = 378) 53.04±0.93 51.36±0.14 74.69±1.10 78.84±1.06

BigCode HumanEval+ (n = 164) 45.06±0.57 46.33±1.07 76.63±0.70 80.08±0.93

BigCode CruxEval-I (n = 800) 29.79±0.48 30.43±0.15 61.71±2.27 65.79±0.26

BigCode CruxEval-O (n = 800) 4.16±0.44 13.18±0.30 24.21±2.38 41.00±1.35

BigCode LiveCodeBench (n = 612) 10.74±0.46 11.49±0.38 30.39±0.86 33.12±0.34

Magicoder MBPP+ (n = 378) 55.35±0.47 54.60±0.55 75.31±0.93 78.66±1.25

Magicoder HumanEval+ (n = 164) 48.49±0.58 47.69±0.19 77.85±0.70 78.66±1.83

Magicoder CruxEval-I (n = 800) 28.50±0.13 26.48±0.45 59.75±0.62 68.08±0.94

Magicoder CruxEval-O (n = 800) 12.86±0.19 16.16±0.53 38.08±0.94 47.92±1.66

Magicoder LiveCodeBench (n = 612) 14.84±0.11 14.32±0.38 31.81±0.34 33.22±0.34

OCI CruxEval-I (n = 800) 29.46±0.46 30.17±0.64 68.08±1.77 71.58±1.91

OCI CruxEval-O (n = 800) 9.30±0.49 10.84±0.37 40.12±0.00 44.46±0.47

OCI LiveCodeBench (n = 612) 12.24±0.36 11.49±0.84 34.59±0.90 33.50±0.16

Table 15: Post-SFT code results, matching Table 1. Values are percentages, mean ± sample standard deviation
over three seeds.

Table 16: SFT pass@k deltas for code benchmarks, reported as TailSFT minus Standard SFT in percentage
points at the main-table settings. Deltas are computed with the unbiased OLMES (Gu et al., 2025) pass@k
estimator.

SFT data Benchmark ∆p@1 ∆p@2 ∆p@4 ∆p@8 ∆p@16

BigCode MBPP+ (n=378) −1.68 +0.64 +2.19 +3.19 +4.14
HumanEval+ (n=164) +1.27 +3.37 +4.34 +4.44 +3.46
CruxEval-I (n=800) +0.64 +1.61 +2.57 +3.25 +4.08
CruxEval-O (n=800) +9.02 +12.58 +15.45 +16.95 +16.79
LiveCodeBench (n=612) +0.75 +1.39 +1.86 +2.21 +2.72

Magicoder MBPP+ (n=378) −0.75 +1.73 +2.95 +3.25 +3.35
HumanEval+ (n=164) −0.80 +0.81 +1.55 +1.64 +0.81
CruxEval-I (n=800) −2.02 −0.10 +2.36 +5.28 +8.33
CruxEval-O (n=800) +3.30 +4.97 +6.70 +8.38 +9.83
LiveCodeBench (n=612) −0.51 +0.30 +0.80 +1.08 +1.42

OCI MBPP+ (n=378) −2.44 −1.21 −0.17 +0.65 +1.15
HumanEval+ (n=164) −2.82 −2.38 −1.89 −2.02 −2.74
CruxEval-I (n=800) +0.71 +1.54 +2.46 +3.19 +3.50
CruxEval-O (n=800) +1.54 +2.33 +3.14 +3.86 +4.33
LiveCodeBench (n=612) −0.75 −0.86 −0.91 −0.91 −1.09

D.2.1 Math

Initialization. The Standard start is the no-filter OMI SFT checkpoint and the TailSFT start is the
matched ramp 0→0.5 checkpoint (Appendix D.1.2); these are the two OMI checkpoints reported in Table 1.

Data and reward. GRPO trains on the MATH training split (the MATH-lighteval release) with the
MATH-500 test problems removed by exact-match decontamination, leaving 11,396 training and 600 validation
prompts, so the evaluation set is never seen during RL. Each prompt uses the same boxed-answer instruction as
math SFT, and the reward is 1 when a response’s boxed final answer matches the reference under the verifiable
math grader and 0 otherwise.

Optimization. We use a maximum prompt length of 512, a maximum response length of 4096, and train for
3 epochs. At rollout group size n=4 we search the actor learning rate; Table 26 reports the tuned configuration
(actor learning rate 2 × 10−5). Doubling the rollout group size to n=8 leaves the ordering unchanged—the
TailSFT initialization retains a post-GRPO pass@1 advantage of about +2 points on MATH-500 Level 5—so
the gain is not an artifact of the group size. Table 25 summarizes the configuration.

Checkpoint selection and evaluation. We select the mean-best checkpoint—the one with the highest
mean validation reward over the sampled group—which averages over the small held-out validation split to
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Dataset Source/filter Train rows Validation rows

OMI math subset OpenMathInstruct-2 math/augmented_math, MATH-500 decontaminated 332,500 17,500

Table 17: In-domain math SFT data. The annotated training split contains 326,725 augmented_math and 5,775
math rows; the validation split contains 17,192 and 308, respectively.

Hyperparameter Values

Base model OLMo-3 7B base
Learning rate fixed at 3× 10−5

Filter schedule none; static; ramp 0→·
Filter fraction f 0 (none); static {0.0625, 0.125, 0.1875, 0.25, 0.5}; ramp 0 →

{0.0625, 0.125, 0.1875, 0.25, 0.5}
Epochs 2
Sequence length 4096
Effective batch 64 (8× 2× 4)
Warmup schedule 3% linear warmup, then constant
Optimizer AdamW (0.9, 0.95), wd 0.1, clip 1.0

Table 18: Math SFT hyperparameter grid.

reduce selection noise. We evaluate on the MATH-500 Level-5 subset (n=134) and AIME 2022–2025 (n=120).
Because these are long-form reasoning tasks we use a generation budget of 8192 tokens and report only these
long-generation evaluations, since shorter budgets truncate reasoning traces and understate pass rates; at 8192
tokens truncation is not a concern, as no AIME generation and fewer than 4% of MATH-500 generations reach
the limit. Matching the math SFT protocol (Appendix D.1.2), MATH-500 Level 5 is sampled at temperature
1.0, top-p=1.0 with 16 samples per problem, and AIME at temperature 0.6, top-p=0.95 with 32 samples per
problem, each over three seeds. At the tuned configuration the TailSFT initialization improves both pass@1
and pass@16 on both benchmarks (Table 26).

D.2.2 Code

Initialization. For each dataset the Standard start is the no-filter SFT checkpoint and the TailSFT start is
the matched filtered checkpoint from Appendix D.1.1 (static f=0.25 for BigCode and Magicoder, the ramp
0→0.5 for OCI); these are the checkpoints reported in Table 1.

Data and reward. GRPO trains on the MBPP+ training split with a held-out 100-problem validation
subset. The reward is 1 when a sampled program passes the full MBPP+ unit-test suite for its problem and 0
otherwise.

Optimization. We use a maximum prompt and response length of 1024 each and train for 10 epochs. We
search the rollout group size n ∈ {2, 4} and the actor learning rate ∈ {5× 10−6, 1× 10−5, 2× 10−5}; Table 28
reports the tuned configuration for each dataset. Table 27 summarizes the configuration.

Checkpoint selection and evaluation. We select the checkpoint with the highest validation pass rate
over the small 100-problem held-out split, applying the same rule to both initializations. Evaluation uses
EvalPlus MBPP+ (378-problem test split) at temperature 1.0, top-p=1.0, with 16 samples per problem over
three seeds and a 2048-token generation budget; MBPP+ solutions are short relative to this budget, so
generations terminate well within the limit and truncation does not affect the reported rates. At the tuned
configurations the TailSFT initialization improves post-GRPO pass@1 while generally retaining its pass@16
coverage advantage (Table 28).

Training efficiency. Figure 8 tracks the mean training reward per GRPO step for the Standard and TailSFT
initializations. The TailSFT reward rises at least as fast as Standard early in training, and in some settings the
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Filter pass@1 ∆ pass@16 ∆

no filter 53.55 ± 0.49 — 86.27 ± 0.61 —
static f=0.0625 53.66 ± 0.28 +0.11 87.00 ± 0.87 +0.73
static f=0.125 53.60 ± 0.39 +0.05 87.20 ± 0.40 +0.93
static f=0.1875 53.15 ± 0.33 −0.41 86.20 ± 0.69 −0.07
static f=0.25 53.51 ± 0.41 −0.04 86.33 ± 1.29 +0.07
static f=0.5 52.02 ± 0.13 −1.54 85.60 ± 0.72 −0.67
ramp 0→0.0625 53.80 ± 0.29 +0.25 85.87 ± 0.31 −0.40
ramp 0→0.125 53.37 ± 0.73 −0.19 86.47 ± 0.50 +0.20
ramp 0→0.1875 54.13 ± 0.50 +0.57 87.27 ± 0.95 +1.00
ramp 0→0.25 53.91 ± 0.19 +0.35 86.13 ± 0.46 −0.13
ramp 0→0.5 53.59 ± 0.41 +0.03 86.27 ± 1.01 +0.00

Table 19: MATH-500 full (n=500) SFT filtering grid, 4096-token generations. Values are percent, mean ±
sample standard deviation over three generation seeds; ∆ is the change against no filtering.

Filter Level 1 (n=43) Level 2 (n=90) Level 3 (n=105) Level 4 (n=128) Level 5 (n=134)

no filter 100.00 ± 0.00 97.78 ± 1.11 96.51 ± 1.98 85.68 ± 1.63 66.67 ± 1.88
static f=0.0625 100.00 ± 0.00 98.15 ± 0.64 96.19 ± 0.95 85.68 ± 0.90 69.40 ± 3.25
static f=0.125 100.00 ± 0.00 97.41 ± 0.64 96.83 ± 1.10 85.68 ± 2.51 70.15 ± 1.29
static f=0.1875 100.00 ± 0.00 97.78 ± 0.00 95.56 ± 1.46 84.38 ± 0.78 68.41 ± 1.88
static f=0.25 100.00 ± 0.00 97.41 ± 0.64 96.51 ± 0.55 85.94 ± 3.40 66.92 ± 2.62
static f=0.5 100.00 ± 0.00 96.30 ± 1.70 95.56 ± 1.98 85.68 ± 3.25 65.92 ± 4.24
ramp 0→0.0625 99.22 ± 1.34 97.04 ± 0.64 97.14 ± 0.95 84.38 ± 0.78 66.67 ± 1.55
ramp 0→0.125 100.00 ± 0.00 97.04 ± 1.70 96.83 ± 1.46 83.85 ± 1.19 69.40 ± 2.69
ramp 0→0.1875 100.00 ± 0.00 97.41 ± 0.64 96.51 ± 0.55 85.68 ± 1.63 70.65 ± 4.97
ramp 0→0.25 100.00 ± 0.00 97.78 ± 1.11 97.78 ± 1.46 84.90 ± 0.45 65.92 ± 1.14
ramp 0→0.5 100.00 ± 0.00 96.67 ± 0.00 97.14 ± 0.00 85.42 ± 1.97 67.16 ± 1.97

Table 20: MATH-500 SFT pass@16 by difficulty level, from the same 4096-token SFT filtering sweep as
Table 19. Columns are the five MATH difficulty levels, with the number of problems in each header. Values
are percent, mean ± sample standard deviation over three seeds. pass@16 is at or near ceiling through Level 3,
so the aggregate is dominated by the easy levels; the gains from filtering concentrate at Levels 4–5. The frozen
main table reports the selected ramp arm on Level 5, re-evaluated with 8192-token generations.

early reward increases up to roughly 2.5× faster.

D.3 Coverage ratio diagnostic: computation
This subsection records exactly how each point in Figure 4 was produced from the evaluation runs, filling
in the aggregation and run-selection choices that Definition 4.1 leaves implicit. The generation settings
(temperature, top-p, generation length, and sample count) for each benchmark are exactly those documented
in Appendices D.1.1 and D.1.2; we do not re-specify them here.

Per-problem scoring and seed aggregation. For each problem i and model π we draw at least 16
samples per evaluation seed, compute the empirical pass@1 and pass@16 within each seed, and average those
per-problem values across the available seeds to form Pi,1(π) and Pi,16(π); this is the Pi,K(π) of Definition 4.1.
Every run uses three seeds for base, standard, and TailSFT on every benchmark.

Horizontal axis (ρ16). The coverage ratio is computed exactly as in Definition 4.1 from π0 and πSFT: the
base-reachable set R0 = {i : 0.05 < Pi,16(π0) < 0.95} uses the empirical base pass@16, while L and G use the
plug-in f16

(
Pi,1(·)

)
of the empirical pass@1. Standard SFT is the no-filter (f=0) run. The size |R0| of the

base-reachable set varies from 16 (AIME) to 237 (CruxEval-O) and is listed per point in Table 29.
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Filter Level 1 (n=43) Level 2 (n=90) Level 3 (n=105) Level 4 (n=128) Level 5 (n=134)

no filter 85.27 ± 1.46 76.25 ± 0.43 65.95 ± 1.59 47.02 ± 0.65 24.66 ± 0.63
static f=0.0625 85.66 ± 1.05 76.44 ± 1.15 64.98 ± 1.93 46.92 ± 0.21 25.67 ± 0.72
static f=0.125 84.98 ± 0.89 76.69 ± 0.70 64.46 ± 0.77 47.28 ± 0.47 25.56 ± 0.73
static f=0.1875 84.79 ± 0.75 75.83 ± 1.05 65.06 ± 0.51 46.14 ± 1.65 25.11 ± 0.66
static f=0.25 85.08 ± 0.69 75.62 ± 0.77 65.08 ± 0.34 47.18 ± 0.86 25.51 ± 0.33
static f=0.5 83.58 ± 0.58 74.31 ± 0.90 62.38 ± 1.11 46.48 ± 0.13 24.08 ± 0.03
ramp 0→0.0625 85.61 ± 1.54 76.06 ± 0.51 66.03 ± 0.72 47.27 ± 0.30 25.30 ± 0.56
ramp 0→0.125 84.20 ± 0.67 76.41 ± 1.28 65.24 ± 1.17 47.20 ± 1.10 24.58 ± 0.82
ramp 0→0.1875 85.90 ± 0.52 76.39 ± 0.84 65.85 ± 0.30 48.00 ± 0.09 25.65 ± 1.10
ramp 0→0.25 85.85 ± 1.24 76.44 ± 0.26 65.66 ± 0.53 47.58 ± 0.31 25.37 ± 0.69
ramp 0→0.5 85.27 ± 0.22 75.93 ± 0.54 65.28 ± 0.61 47.84 ± 0.79 24.75 ± 1.02

Table 21: MATH-500 SFT pass@1 by difficulty level, from the same sweep as Table 20. Values are percent,
mean ± sample standard deviation over three seeds.

Eval family Filter pass@1 ∆ pass@16 ∆

base (no SFT)† 5.16 — 20.91 —
ramp sweep no filter 3.65 ± 0.37 — 15.24 ± 2.02 —
ramp sweep ramp 0→0.1875 3.82 ± 0.20 +0.16 16.06 ± 1.42 +0.82
ramp sweep ramp 0→0.25 3.78 ± 0.20 +0.13 15.37 ± 0.23 +0.13
ramp sweep ramp 0→0.5 4.03 ± 0.02 +0.37 18.31 ± 0.57 +3.07

static no filter 3.65 ± 0.34 — 15.52 ± 2.00 —
static static f=0.125 3.75 ± 0.18 +0.10 16.14 ± 1.73 +0.63

Table 22: AIME 2022–2025 (n=120) completed SFT filtering evaluations. The ramp sweep and the static pair
were evaluated in separate runs, each against its own matched no-filter baseline. Values are percent, mean ±
sample standard deviation over three seeds; ∆ is the change against the matching no-filter row. †The base (no
SFT) row is the untuned OLMo-3 7B base under the same AIME protocol.

Vertical axis (coverage gain ∆). The plotted gain is the mean over R0 of the empirical pass@16 difference
Pi,16(πTail)− Pi,16(πSFT), in percentage points. The TailSFT and standard runs use the same clip settings
surfaced in Table 1: static f=0.25 for BigCode and Magicoder, ramp 0→0.5 for OCI, ramp 0→0.5 for AIME,
OMEGA-500, and MATH-500 Level 5.

Special cases. Two points require extra care. For MATH-500 Level 5, the base model was only evaluated at
a 4096-token generation length, so to keep π0 and πSFT length-matched inside ρ16 we compute R0, L, and G
from a 4096-token base run and a 4096-token no-filter run, restricted to the 134 Level-5 problems; the plotted
gain ∆ still uses the 8192-token standard and TailSFT runs of Table 1. Recomputing ρ16 from the 8192-token
no-filter run instead leaves it essentially unchanged (2.28 vs. 2.04, both > 1), so the point’s placement is robust
to this choice. For OMEGA-500, per-problem pass@1 and pass@16 are recomputed from the stored generations
with the same exact-match (flexible) grader used for Table 1, rather than read from cached metric files, so the
diagnostic and the main table score the runs identically. Each point is thus a triple (ρ16,∆, |R0|); Table 29
lists all eighteen.
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SFT data Benchmark Standard p@1 TailSFT p@1 Standard p@16 TailSFT p@16

OMI AIME 2022–2025 (n = 120) 3.65±0.37 4.03±0.02 15.24±2.02 18.31±0.57

OMI MATH-500 Level 5 (n = 134) 24.80±0.40 25.16±0.40 66.42±0.00 69.15±0.86

OMI OMEGA-500 (n = 500) 6.58±0.50 6.51±0.26 32.80±2.25 32.60±1.56

Table 23: Post-SFT math results, matching Table 1. Values are percentages, mean ± sample standard deviation
over three seeds.

Table 24: SFT pass@k deltas for math benchmarks, reported as TailSFT minus Standard SFT in percentage
points at the main-table settings. Deltas are computed with the unbiased OLMES (Gu et al., 2025) pass@k
estimator.

Benchmark ∆p@1 ∆p@2 ∆p@4 ∆p@8 ∆p@16

AIME 2022–2025 (n=120) +0.37 +0.72 +1.20 +1.93 +3.07
MATH-500 Level 5 (n=134) +0.36 +0.71 +0.83 +0.87 +2.74
OMEGA-500 (n=500) −0.06 −0.09 −0.12 −0.23 −0.20

Setting Value

Initialization matched Standard / TailSFT OMI SFT checkpoints (Table 1)
Algorithm GRPO, group-relative advantage, no KL
Training prompts MATH-lighteval train, MATH-500 removed (11,396 train / 600

val)
Reward verifiable boxed-answer exact match (1/0)
Rollout group size n 4
Actor learning rate searched {1, 2} × 10−5; reported 2× 10−5

Max prompt / response length 512 / 4096
Epochs 3
Prompt batch / mini-batch 128 / 128
Checkpoint selection mean-best (highest mean validation reward)
Evaluation MATH-500 L5 (temp 1.0, 16 samples) & AIME (temp 0.6, 32

samples); 8192-token, 3 seeds

Table 25: Math GRPO configuration. All runs share the fixed settings; only the actor learning rate is searched,
and Table 26 reports the tuned configuration.

pass@1 pass@16

Benchmark Standard TailSFT ∆ Standard TailSFT ∆

MATH-500 Level 5 (n=134) 57.70 ± 0.44 60.26 ± 1.02 +2.56 83.83 ± 1.72 87.06 ± 0.86 +3.23
AIME 2022–2025 (n=120) 14.40 ± 0.26 15.61 ± 0.44 +1.21 32.76 ± 0.88 36.06 ± 0.98 +3.30

Table 26: Math GRPO at the tuned configuration (rollout n=4, actor learning rate 2 × 10−5, mean-best
checkpoint, 8192-token generation), evaluated from the matched Standard and TailSFT initializations of
Table 1. Values are percent, mean ± standard deviation over three seeds; ∆ is the TailSFT improvement.
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Setting Value

Initialization matched Standard / TailSFT SFT checkpoints per dataset (Ta-
ble 1)

Algorithm GRPO, group-relative advantage, no KL
Training prompts MBPP+ train (100-problem held-out validation)
Reward full MBPP+ unit-test pass (1/0)
Rollout group size n searched {2, 4}; reported 4
Actor learning rate searched {5× 10−6, 1× 10−5, 2× 10−5}; reported 2× 10−5

Max prompt / response length 1024 / 1024
Epochs 10
Prompt batch / mini-batch 128 / 128
Checkpoint selection highest validation pass rate
Evaluation EvalPlus MBPP+ (n=378); 2048-token, temp 1.0, top-p 1.0, 16

samples × 3 seeds

Table 27: Code GRPO configuration. All runs share the fixed settings; the rollout group size and actor learning
rate are searched, and Table 28 reports the tuned configuration for each dataset.

pass@1 pass@16

SFT data (TailSFT filter) n LR Standard TailSFT ∆ Standard TailSFT ∆

BigCode (static f=0.25) 4 2× 10−5 69.57 ± 0.29 73.50 ± 0.70 +3.93 75.93 ± 0.00 78.66 ± 0.15 +2.73
Magicoder (static f=0.25) 2 1× 10−5 64.08 ± 0.32 66.02 ± 0.55 +1.94 75.84 ± 0.31 79.28 ± 0.55 +3.44
Magicoder (static f=0.25) 4 2× 10−5 70.52 ± 0.25 73.24 ± 0.09 +2.72 78.22 ± 0.61 80.60 ± 0.55 +2.38
OCI (ramp 0→0.5) 4 2× 10−5 74.67 ± 0.08 76.30 ± 0.05 +1.62 84.22 ± 0.40 84.04 ± 0.15 −0.18

Table 28: Code GRPO (MBPP+, n=378, 2048-token generation) from the matched Standard and TailSFT
initializations of Table 1, at tuned configurations. n is the GRPO rollout group size and LR the actor learning
rate. Values are percent, mean ± standard deviation over three seeds; ∆ is the TailSFT improvement, with
yellow marking a change within one standard deviation.

SFT dataset Benchmark |R0| ρ16 ∆ (pp)

OMI AIME 16 7.60 +9.92
MATH-500 L5 31 2.28 +3.23
OMEGA-500 140 0.90 −0.95

BigCode CruxEval-I 199 1.63 +3.02
CruxEval-O 237 2.87 +28.69
HumanEval+ 29 1.39 +9.20
LiveCodeBench 105 1.37 +3.81
MBPP+ 50 1.30 +14.00

Magicoder CruxEval-I 199 2.26 +12.40
CruxEval-O 237 0.73 +18.42
HumanEval+ 29 1.04 −0.00
LiveCodeBench 105 1.22 +1.59
MBPP+ 50 0.77 +11.33

OCI CruxEval-I 199 1.35 +6.37
CruxEval-O 237 0.55 +9.00
HumanEval+ 29 0.23 −6.32
LiveCodeBench 105 0.97 −1.27
MBPP+ 50 0.54 +2.00

Table 29: Exact values plotted in Figure 4: the base-reachable set size |R0|, the coverage ratio ρ16 (Definition 4.1),
and the coverage gain ∆ (mean empirical pass@16 difference of TailSFT over standard SFT onR0, in percentage
points), for each (SFT dataset, benchmark) pair.
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Figure 8: GRPO training reward from Standard and TailSFT initializations. Mean training reward
(critic/rewards/mean) versus GRPO step for the four main-table settings. The horizontal dashed line marks
the Standard initialization’s first-step reward. TailSFT begins below Standard but recovers Standard’s starting
reward within a small fraction of training and rises at least as fast thereafter.
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