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Abstract

Computing equilibria in high-dimensional continuous games requires learning and representing
rich, multi-modal strategy distributions, something conventional neural policies struggle to achieve.
Diffusion models offer a natural solution, but standard diffusion training requires direct samples
from a fixed target distribution, which are generally unavailable under iterative game-solving
updates. We propose a diffusion-based framework for equilibrium computation that enables
diffusion-based variants of Online Mirror Descent (OMD) and Fictitious Play (FP). Our approach
derives a reweighted score-matching objective that trains diffusion policies without requiring direct
samples from each updated policy. Our main method, DiffNash, combines the fast convergence
of OMD with the sample efficiency of FP by reusing past actions through a replay buffer. To
correct the resulting distribution shift from sample reuse, we derive an unbiased estimator of
the difference between current and past policies’ Evidence Lower Bounds, whose exponential
provides a tractable proxy for the corresponding importance weight without evaluating diffusion
likelihoods. We evaluate our approach on forest protection games and continuous Colonel Blotto
games, reducing the Nash gap over the strongest baseline by 35.6% and 24.7%, respectively,
with minimal hyperparameter tuning.

1 Introduction

In real-world decision making, many choices are strategic: a party’s outcome depends not only
on its own decisions, but also on those of adversaries with competing objectives. Game theory
provides a framework for modeling these interactions. In many applications, however, strategic
decisions are not naturally enumerable and instead lie in continuous action spaces [Stein et al., 2008,
Ganzfried, 2021, Kroer and Sandholm, 2015]. In spatial security games, for example, a defender
allocates resources while an adversary chooses where to attack [Kamra et al., 2018, Gan et al., 2017,
Alpern et al., 2022]; these decisions are naturally represented by locations or trajectories rather
than discrete actions. Continuous decisions also arise in economic competition, where firms choose
production quantities [Shi and Zhang, 2020], and in resource-allocation games, where players divide
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continuous budgets across competing objectives [Roberson, 2006]. Such settings are difficult to
capture with finite strategy spaces and require reasoning over distributions on large continuous
action spaces.

A Nash equilibrium is a strategy profile in which neither player can improve its outcome by
unilaterally changing its strategy. A mixed strategy is a probability distribution over a player’s
possible actions; in continuous games, this distribution may be defined over an infinite action space
[Glicksberg, 1952]. As the dimensionality and complexity of the action space grow, representing the
mixed strategy itself becomes challenging, since equilibrium play may require complex, multimodal
distributions over high-dimensional continuous actions [Perkins et al., 2015].

Continuous-action games, even in the more well-understood two player zero-sum (2p0s) setting,
present unique computation challenges. While efficient algorithms [Dantzig, 1951] and practical
solvers [Jain et al., 2011, Cerny et al., 2024] exists for 2p0s games with finite action set, they cannot
directly handle infinitely many actions in continuous-action games. Therefore, prior works [Kamra
et al., 2019, Martin and Sandholm, 2023] parameterize player strategies with neural networks and
optimizes them through iterative algorithms such as Fictitious Play (FP) or Online Mirror Descent
(OMD) to approximate Nash equilibria. However, these neural policies can suffer from mode collapse
in high-dimensional action spaces, failing to capture the multimodal distributions that naturally
arise in continuous-action games. Since diffusion model is capable of modeling multimodality in
continuous vectors [Ho et al., 2020, Wang et al., 2023, Li et al., 2024}, we ask

Can we parameterize player strategy with diffusion policies in iterative game-solving algorithms?

In this work we propose DiffNash, a method for introducing diffusion models into equilibrium
computation for games with continuous action. We parameterize each player’s mixed strategy with
a diffusion model and use Online Mirror Descent (OMD) Blair [1985] to iteratively update these
strategies towards equilibrium. At each iteration, we sample candidate actions from the player’s
current diffusion policy and evaluate how useful those actions would be against the opponent’s
current policy. Standard diffusion training assumes access to samples from the target distribution,
while the OMD update defines this distribution only implicitly. Hence, we adapt the reweighting
technique of Ma et al. [2025] to modify the diffusion training loss, provably recovering the correct
target update. To reduce the cost of repeatedly sampling news actions from diffusion and stabilize
training along OMD iterations, we reuse samples from past policies through a replay buffer. We
correct the resulting distribution shift with importance weighting and approximate the importance
weights using Evidence Lower Bounds (ELBOs).

Our main contributions are: (1) We develop a diffusion-policy framework for equilibrium
computation in continuous action games using utility-weighted score matching to represent complex,
potentially multimodal mixed strategies (Section 3.1) (2) We incorporate a diffusion update into
OMD, with an empirical comparison showing substantially faster convergence than a corresponding
diffusion-FP approach (Section 3.2) (3) We construct an ELBO-difference based importance weighting
that allows past actions to be reused for opponent evaluation (Section 3.3) and stabilizing training
(Section 3.4) (4) We evaluate our approach on two continuous-action games, reducing the Nash
gap over the strongest baseline by 35.6% and 24.7%, respectively, with minimal hyperparameter
tuning (Section 5).



2 Background

2.1 Problem Formulation

We consider a two-player normal-form game G = (A, A2, u!,u?), where A" C R is a non-empty
compact action space of player i and u’ : A' x A2 — R be its bounded and measurable utility
function '. We consider high-dimensional continuous action set, which may also subject to global
feasibility constraints, such as a fixed resource budget or a bounded spatial domain. A mixed
strategy 7 € A(A') is a probability distribution over A’. Given a strategy profile 7 = (7!, 72),

the expected payoff to player 1 is Ul(r!,72) = E 1.1 [ui(al, aQ)]. Our goal is to find the Nash
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equilibrium of the game, where neither player has the incentive to deviate from their chosen strategy.
Formally,

Definition 1 (Nash Equilibrium). 7* = (7!* 72*) is a Nash equilibrium if, for i € {1,2},
U(ri*, m=b*) > Ul(rt, m %) for all 7 € A(AY).

We focus primarily on two-player zero-sum (2p0s) games, where u!(al,a?) = —u?(al,a?). 2p0s
games with finite action can be solved by linear programming [Dantzig, 1951]. For games with large
combinatorial action spaces, such as network security games, practical methods exploit problem
structure and propose practical solvers [Jain et al., 2011, Cerny et al., 2024]. Continuous-action
games require representing and optimizing distributions over an infinite action space. Recent
approaches therefore use neural parameterizations of mixed strategies within iterative game-solving
algorithms [Kamra et al., 2019, Martin and Sandholm, 2023]. Our work follows this latter setting,
using diffusion models as expressive representations of continuous mixed strategies.

We primarily study the 2p0Os setting, where equilibrium objective and associated learning
dynamics are well understood. Methods with strong convergence guarantees in 2p0s games are also
commonly studied and applied in general-sum settings, although convergence to Nash equilibrium is
no longer guaranteed [Anagnostides et al., 2022]. We also include general-sum games, where player’s
objectives are not necessarily opposed and equilibrium computation is generally more challenging.
We measure solution quality using the Nash gap, defined as the total improvement available to
players through unilateral best responses [Lanctot et al., 2017]. It is non-negative and equals zero
at Nash equilibrium, measuring how exploitable the strategy profile is.

Definition 2 (Nash Gap). Gap(mi,m2) = maxyeaa,) U(m], m2) — ming eaa,) U7, 75).

A low Nash gap limits gains from opponent’s unilateral deviations. We seek such strategies in
high-dimensional action spaces, where conventional neural policies struggle [Kamra et al., 2019].

2.2 Diffusion Models

Denoising diffusion probabilistic models (DDPMs) [Sohl-Dickstein et al., 2015, Ho et al., 2020] is a
generative model consisting of two stochastic processes: one forward process which progressively
adds noise to the data, and a reverse (denoising) process which learns to gradually remove noise.
Formally, given a clean data from the target distribution zg ~ pg, the forward process gradually
perturbs the data by q(z; | z;—1) = N(zt | V1 — Bizi—1, ,BtI), where z; is the perturbed data at
time ¢t and B; is the noise variance at time step t = 1,--- ,T. The corresponding joint distribution
of forward trajectory is qo.7(zo.7) = po(20) Hthl @|t—1(2¢|Zt—1). Since each step adds independent

We use superscripts for game-theoretic notation, such as player and equilibrium-solver iteration indices, and
subscripts for diffusion model notation.



Gaussian noise, we can sample z; by z; ~ pi(z:) = [ po(2zo) @jo(2t | o) dzo, where g (2t | z0) :=
N(Zt; VO Zg, (1 - @t)1)7 Oy 1= H2:1 ag, ap =1 2
The backward process recovers the data distribution from a noise distribution pr with a iterative
process. When [; is small, one can approximate the denoising process by the score function
. 1—ay
s(z¢) := Vg, log p(z:). Specifically, q(z;—1|z¢) = N(z—_1; a%(act + Bis(my)), 021), where oy = &1

1—aq
Therefore, one can follow the following iterative procedure to draw samples from pg:
1 -
= — - - - 1
2= (z¢ + Bis(ze)) + 1 — o Bret (1)

for t from T to 1 and ¢ ~ N (0,1). However, we do not know s(z;) in closed form, so we train a
score network sg(z¢,t) to approximate it, with the following tractable loss function [Ho et al., 2020]:

L(0) = Erepry(1 = 6)Eagnpo.zimanoll150(25 1) = Va, log gyjo (24 |20)]|] (2)
Ma et al. [2025] shows that fix a time ¢, Equation (3) has the same global minimizer as Equation (2):
L(0;1) = Egyp,[l[50(26t) — Vi, log py(21)] (3)

Though Equation (3) is intractable because we do not know V,, log p;(z;), it’s important for the
reweighting technique used in Section 3.1.

2.3 Equilibrium Solvers: Online Mirror Descent and Fictitious Play

Let v'(al;n7%) := By i ,i[ui(a’,a™")] denote player i’s expected utility for action a’ against
opponent strategy 7~*. We introduce two major iterative algorithms used to compute Nash
equilibrium for continuous action in ML literature: Online Mirror Descent (OMD) and Fictitious
Play (FP).

Online mirror descent. In OMD [Kivinen and Warmuth, 1997, Beck and Teboulle, 2003],
each player computes a KL-regularized best response to the opponent’s strategy from the previous

iteration. At iteration k, player i computes
R ) = 7 ) e (Tl ) ) 2 ()
n

where % is called temperature and ngv[D = Ju bk (a?) exp(% ui(ai;w_i’k)) da’ is an intractable
unknown constant. We define empirical average of OMD responses as IT"* = %Zi:l wg}f\/ID.
Under standard regularity conditions and an appropriate learning rate schedule, OMD is a no-regret
algorithm on continuous action space [Krichene et al., 2015]. When both players play such algorithms,
their empirical strategies converge asymptotically to the Nash equilibrium set [Balandat et al., 2016].

Fictitious play. While in OMD player computes a KL-regularized best response to the
opponent’s current strategy, in FP [Brown, 1951] player best responds to the empirical distribution
of the opponent’s past play [Brown, 1951]. FP is known to converge to Nash equilibrium with
continuous action space and continuous utility function [Danskin, 1954]. We consider a special
variant called Generalised Weakened Fictitious Play (GWFP) [Leslie and Collins, 2006]. Let Wék;NFP
denote player i’s best response at iteration k, and let II"* := % Zi:l WE%VFP denote the empirical
average of its past responses. Under GWFP, player ¢ computes

. 1 . . . .
rikL L~ exp (nkul(aan—%'ﬁ)) /7% (5)

2Both p and ¢ are density function. We use ¢ to denote tractable distributions like Gaussian corruption. When
there is no ambiguity, we use p and po interchangably.
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Figure 1: Overview of DiffNash. Each player samples actions from a diffusion policy into a replay
buffer. Both lanes pass through a shared replay weight, obtained from a single-call ELBO difference
(Proposition 2), and scored against the opponent’s buffered actions by importance sampling. The
OMD weight then reweights the denoising loss. Player —i is updated symmetrically.

where ¥ is called temperature and Z* = S i €XD (uz(aznir:ﬂk)
tion constant. Under vanishing temperature condition, (IT""* TI?*) converges to the set of Nash
equilibria asymptotically under GWFP [Leslie and Collins, 2006].

To represent multimodal mixed strategies, we represent player i’s latent action with a diffusion
model pyi. A game-specific map f9 will convert the latent sample to a feasible player action, i.e.,
a' = f9(z),z ~ pyi. The resulting mixed strategy is then 7y = fipei. We call 7y player i’s diffusion
policy following Ma et al. [2025]’s notation, abstracting away latent space details.

Understanding Convergence Dynamics. Computing the Nash gap requires solving an
intractable best response problem, and approximating it at every iteration is prohibitively expensive.
To study convergence dynamics, we use a multi-market Cournot game [Kamra et al., 2019] whose
unique Nash equilibrium is an analytically derivable singleton, which we denote as (a'*,a?*). In
Cournot game, two firms compete by choosing production level across d independent markets to
maximizes total profits. We defer Cournot game’s details to Appendix D.2. We define the distance
of a strategy profile II to the equilibrium by % S22 Eginil|a? — a¥*||2. Because this distance is easy
to calculate, we compute it at each iteration in the Cournot game to study convergence dynamics.

da’ is an intractable normaliza-

3 Proposed Method

3.1 Enabling Diffusion-based GWFP and OMD via Reweighted Score Matching

The game-solving updates in GWFP Equation (5) and OMD Equation (4) both involve unknown
normalization constants. Such unnormalized distributions can be viewed as energy-based models,
which are generally difficult to train and sample from [Song and Kingma, 2021]. Moreover, standard
diffusion training requires samples from the target distribution, which are not directly available for
the GWFP and OMD updates. Ma et al. [2025] show that, instead of integrating the squared score
loss in Equation (3) with respect to p;, the objective can be reweighted by any strictly positive
function g(a;) without changing its global minimizer:

L(0:t) = / o(as)|[so(ar; t) — Va, log pr(ar)|2day (6)



By choosing appropriate g(a;), they derive tractable loss to learn the score function of diffusion policy
i,k+1

t,solver
i wsolver ao) qro(as | ag) dag, where solver € {GWFP,OMD}. We adapt the reweighting technique

to our setting by setting p; = 772 fg{‘}er and choosing proper g(a;), so that the resulting objectives

can recover score functions of noise-corrupted updated in OMD and GWEFP.

(a;) to denote noise-corrupted target update at time ¢, i.e., pihtl (ag) ==

in online RL. We use 7 t,solver

Proposition 1 (OMD and GWFP Loss). By choosing an appropriate gomp(as) and substitute it
into Equation (6), we can equivalently write their loss functions as

1 ' 71'
Loun(0:1) = Eyy . [Eatwqt()(..aw [exp (nw(ao; . *)) 50(ae,2) — Var log e | ao>H§H .
7)

For every t € (0, T, the minimizer of Equation (7) over s is the score function of m; OJR/IlD (ar). In
Appendiz E.1, we show with a proper gawrp(at), we can recover the score function of 7Tz G—;&Fp(at)'

We defer Proposition 1’s proof to Appendix E.1. The intuition of choosing g(a;) is to ensure we
can sample from all distributions appear in the resulting loss. For example, at iteration k + 1, we
have sampling access to 7% and 4|0, While u’(ag; 7~ %) can be unbiasedly estimated with samples
from opponent’s current strategy m“*. Thus, the objectives in Proposition 1 are tractable, and
optimizing them recover the corresponding score function V,, log 71';5:1_ vler (ay). Recall we only need

the score function to perform the iterative diffusion sampling process specified in Equation (1).
Hence, these objectives suffice to implement diffusion-based OMD and GWFP updates.

3.2 Comparison Between FP and OMD

In this section, we examine the complementary
strengths of FP and OMD to guide the design of an Cournot gqistancetoNash -
algorithm that combines their advantages. [Perolat N I
et al., 2021, Lauriere et al., 2022] report faster con- I
vergence for OMD, partly because best responding to
stale historical strategies can slow FP’s convergence.
We confirm this finding in Figure 2: we run diffusion- ‘
based GWFP and OMD for 600 iterations on the ’ Outerstepk " Outerstepk
Cournot game. OMD converges substantially faster
in both dimensionalities. With action dimension
d = 30, GWFP’s distance to equilibrium decreases
only marginally, highlighting the difficulty of conver-
gence in high-dimensional action spaces. While prior
works are often based on FP Kamra et al. [2019],
Karthikeyan and Pant [2025], this result motivates using OMD as our equilibrium solver’s backbone.
Evaluating Lowmp (6;t) in Equation (7) requires estimating the expected utility against the current
opponent policy Using L freshly generated opponent actions, this expectation can be estimated as
' (ag; TR = T Ee LU (ag, a E;"k> ,a(_;)"k ~ 5% However, since diffusion generation involves an
iterative denoising process, repeatedly sampling fresh actions from the current opponent policy can
be computationally expensive. FP largely avoids this cost because each player best-responds to the
opponent’s historical mixture II-%*. Following Kamra et al. [2019], samples from this mixture can be
maintained in a replay buffer, making them cheap to reuse. To improve the sample efficiency of our
OMD solver, we similarly maintain a replay buffer for each player and use importance sampling (IS)

12.5
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Figure 2: We run diffusion-based GWFP and
OMD on the Cournot game for 600 iterations
across three random seeds and report their
mean distances to the Nash equilibrium.



to correct the distribution shift between the policy that generates a sample and 7—%*. Formally, let

. . . . —i kO ;
k® denote the iteration at which the ¢-th sampled action was generated, so that a zg’k ~ kO

We then have

1 L o ® ® To—ik (a&é,k(l))
~ifo o —iky —i,k, kO —i,k —i,k,k® '
u'(ag;m ") = T Zr u (ao,a(é) ) , where r = ey (8)
(=1 To—i,ky <a((g) > )
—i,k,k® —i,k,k©

is sample I’s importance weight®. However, computing my(-) in r exactly remains
expensive for diffusion models [Song et al., 2020], motivating us to develop a principled proxy.

r

3.3 Enable Importance Sampling
In this section, we fix a player and suppress the player index. Consider a diffusion sample ag.

k,k©O

Lemma 1. r = exp (log Tgr(a0)) — log 7 0) (a0)>.

Lemma 1 is proved by direct calculation. By Lemma 1, we only need to approximate log mp(ap)
to enable efficient importance sampling. We achieve this by using evidence lower bounds (ELBO).

q(ai:rlao)

Definition 3. The ELBO of a sample ay is ELBOy(a0) = Ey(a, ;jag) |108 Z22) .

ELBO lower bounds the log-likelihood, i.e., ELBOgy(ag) < logmy(ag) [Ho et al., 2020]. Since
log mg(ap) is intractable for diffusion, the ELBO is commonly used as a tractable surrogate for
training diffusion models. McAllister et al. [2026] also uses ELBO to approximate IS weight, though
their method is for flow matching policy. We develop new method for diffusion policy. Substituting
log likelihood with ELBO in Lemma 1, it remains to compute ELBOg:(ag) — ELBO ;) (ao) to
obtain IS weights. Although evaluating each ELBO is still expensive [Ho et al., 2020], Proposition 2
shows that their difference admits an unbiased estimator requiring only one score network evaluation.

Proposition 2. Suppose 79 and 7% share the same forward-noising schedule {ﬁt}thl. Denote

D(0;ap,t,e) = Cyl|sg(as,t) + ﬁ“%, where Cy a constant and a; = /ag + /1 — age.  If
t ~ Unif{l,...,T} and e ~ N(0,I), then ARKD T(D(Okm;ao,t,e) — D(6%;a9,t,¢€)) is ELBO
difference’s unbiased estimator: Etﬁ[ﬁk’k(o] = ELBO*(ag) — ELBO*"” (ag).

4
k(¢ ), we record

The proof is deferred to Section E.2. In iteration k¥, when we sample ag ~ 7
[ao,t,e,D(Hk(l);ao,t, 6):| in a buffer, so that we only need to compute D(6%;ag,t,¢) in future
iteration k to construct AF* Drawing sample from 7. requires 7" iterative score network calls by
Equation (1), while computing D(#*;ag, t,¢) only requires one. Hence, our method reduces much

sampling cost. We plug exp (ﬁk’ku)) back to Equation (8) to enable reusing opponent buffers IT~%F,

3.4 Self-Action Importance Sampling Stabilizes Training

—i,k,k®)

3In practice, we use min {r ,C } as the weight in Equation (8), where C' caps the weight to prevent excessively

large values [Schulman et al., 2017].



Recall evaluating the OMD loss Equation (7) requires samples Player 1 Bser
from a player’s self action 7. Since we are maintaining replay
buffers for both players, we can also use replay samples for
a player’s own action, not just opponent action. Denote a
player’s self action batch Bges. Instead of always getting fresh
Wk we use [¢|Bse|] IS samples with the rest

samples from 7w

Principal Component 2
o

from 7%*. Similar to opponent buffer reuse, we use the IS . :

weight to correct distribution shift induced by replay samples. ) \“,‘V‘i’tﬁi;’?fc‘;”ofls

We defer the full algorithm details to Appendix C. . — :
We find that adding importance-weighted replay stabilizes Principal Component 1

training and prevents premature plateaus. The policy starts
concentrate on a narrow set of high-utility actions as it ap-
proaches equilibrium, limiting the coverage of fresh samples.
Replaying diverse past actions broadens the training distri-
bution and prevents the policy from overfitting to a narrow
region. We visualize the impact of replay mechanism in Figure 3, where self action IS significantly
improves coverage. We introduce an additional hyperparameter called trigger x, and we initialize
the self-action IS once standard deviation of Bggs falls below a fraction s of its initial value. We
analyze the impact of the self action IS mechanism in Section 5.3.

Figure 3: We use PCA to visualize
the self-action buffer at iteration
101 for Cournot d = 30.

4 Related Work

Equilibrium Computation. We provide a comprehensive review in Section B and focus here on
learning-based approaches for continuous action spaces. Prior work learns generative approximate
best responses [Kamra et al., 2019], trains randomized policy networks with zeroth-order equilibrium
dynamics [Martin and Sandholm, 2023], or minimizes exploitability using learned best responses
[Martin and Sandholm, 2025]. In contrast, we parameterize each player’s evolving mixed strategy
with a diffusion model to capture more expressive distributions.

Diffusion Models And Its Application in Online RL Diffusion models learn complex,
multimodal distributions through iterative denoising and score matching [Ho et al., 2020, Song et al.,
2021]. Their ability to model complex distributions motivated their use as policy parameterizations
in RL [Wang et al., 2024, Psenka et al., 2024, Ren et al., 2025]. Most closely related to ours, Ma et al.
[2025] show that exponential reweighting of samples from the current diffusion policy is sufficient
to implement a KL-regularized policy-improvement step. We adapt the reweighting technique and
address it in the equilibrium computation setting. We give a comprehensive review of the field in
Section B.

Diffusion Applications in Strategic Environment To our knowledge, the only direct
application of diffusion to our setting is Karthikeyan and Pant [2025], which we include as a baseline
and discuss in Section 5. We discuss diffusion model applications in other related strategic settings
in Section B.

5 Experiments

Beyond the Cournot game, we evaluate DiffNash on a forest security game and a continuous variant
of Colonel Blotto, two widely studied games that also admit intuitive visualizations.

Metrics and Baselines: We use Nash Gap (Definition 2) as our main evaluation metric. The
best response optimization required in Nash Gap cannot be computed exactly. Following Kamra



et al. [2019], we use an evolutionary search that repeatedly retains high-utility candidates and
perturbs them with Gaussian noise to approximate the Nash Gap. We defer computation details to
Section D.1.

We compare against three baselines. DeepFP [Kamra et al., 2019] represents each player’s
strategy in FP with a neural generator Ty(z), where z ~ N(0,I). Neural OMD adapts the mirror
descent policy optimization framework of Tomar et al. [2022] to equilibrium computation, using a
Gaussian neural policy for each player. Diff FP [Karthikeyan and Pant, 2025] parameterizes player
strategies with diffusion models within FP. Since FP updates do not directly provide samples from
the target strategy, DiffFP instead refines sampled actions a’ toward higher-utility regions using
Viu'(a’; TI7%F) and trains the diffusion policy on the refined actions. These baselines help isolate
the benefits of diffusion policy and principled policy updates. For fair comparison, we train each
player’s policy for 40K gradient updates across experiments. We use default hyperparameters for
baselines.

5.1 Forest Security Game

Forest security game [Johnson et al., 2012] originated from forest economics [Albers, 2010]. We
consider the continuous version studied by Kamra et al. [2018] and DeepFP [Kamra et al., 2019].
A defender selects M locations to patrol, while an attacker selects N locations to target in an
endangered circular forest. Each location is parameterized by its radial distance and radian angle.
Hence, defender and attacker’s action dimensionality are 2M and 2N, respectively. As M and
N increase, the resulting strategy space becomes high-dimensional, a setting where Kamra et al.
[2019] reports degraded performance. An attacker can collect trees within R4 of its location, and
a defender can stop any attacker within Rp of them. The attacker’s utility is the value of the
harvested trees but receives no value and incurs a penalty if caught by any defender. The defender’s
utility is the negative of the attacker’s utility. Across experiments, we keep the interaction and
payoff structure fixed and vary only the spatial distribution of trees along with the number of
defenders and attackers. Changing the geometry creates qualitatively different optimal strategies by
altering which attack locations are valuable, which regions can be protected together, and how many
spatially separated patches the strategy must cover. In this game, we aim to find a robust patrol
strategy for defender, so besides Nash gap, we also compute Exploitp, measured as the attacker’s
best-response reward against the learned average defender. We seek strategies profiles with low
Exploitp and Low Nash Gap GAP.

Experimental results. Table 1 shows that DiffNash achieves the best mean performance
across all six forests, reducing Nash gap by an average of 35.6% relative to the strongest baseline.
The gap is most pronounced in heterogeneous, multi-resource settings, where equilibrium strategies
must distribute probability mass across several strategically distinct regions. DiffNash also achieves
broader effective coverage. In F3 of Figure 4, for example, Diff Nash’s guards (blue) concentrate
around all four tree clusters (green), whereas DeepFP and DiffFP learn more diffuse patrol strategies
and Neural OMD places substantial mass in low-tree-density regions. Importantly, diffuse coverage
is not necessarily effective coverage: allocating guard probability to regions with few or no trees
provides little protection value. We analyze the failure modes of all baselines:

e DeepFP /NeuralOMD: Both exhibit mode collapse. In F2 of Figure 4, Neural OMD
concentrates on a single forest patch. For DeepFP, Figure 4 and additional Appendix F.1
visualizations show both players’ strategies forming narrow circular bands. Since actions are
represented in polar coordinates, this pattern indicates collapse along the radial dimension.

o DiffFP: In large forests, small changes in guard locations are unlikely to change whether



Table 1: Forest security game results. We report the attacker best-response reward Exploit
against the learned average defender and the two-sided Nash gap G as mean + 95% Student-¢
confidence intervals over 5 random seeds; lower is better for both. F1 and F2 are taken from Kamra
et al. [2019].

DeepFP Neural OMD DiffFP DiffNash (Ours)

Forest m=n Exploit Gap Exploit Gap Exploit Gap Exploit Gap

F1 1 244.5 £164.2 245.8 £160.6 212.6 +160.4 216.6+160.2 490.2+ 3.4 493.0 £ 3.6 96.7 +21.2 79.5 £ 28.8
F1 3 370.5£309.2 373.3+£297.8 307.8+287.6 314.5+290.0 735.8+40.8 741.3+£41.0 130.4+9.3 122.1+12.5
F2 1 338.6 £ 6.5 330.3£5.8 309.7 £+ 28.3 313.7 £ 28.4 354.9£0.9 357.8 £0.7 300.8 5.2 264.4 £ 95.5
F2 3 702.1 £84.3 687.4+£785 501.0+179.6 500.1+177.2 817.3+£101.5 821.6+101.3 322.5+110.1 300.7 +126.4
F3 5 578.8 £109.4 565.7+£119.7 767.1£278.4 T761.1+271.1 818.5+123.7 800.9+ 121.3 559.7+76.4 528.2+ 142.7
F4 5 804.4 £118.5 776.6£117.4 1145.9+£191.6 1140.9+£187.3 836.4+114.7 822.7+112.8 660.4+39.8 622.6+52.3

attackers are captured. Consequently, the defender utility gradient, i.e., Viu?(a’; II75F), is
nearly zero for most locations, causing DiffFP’s defender strategy to get stuck, as shown by
Figure 4’s F2. In contrast, DiffNash does not rely on local utility gradients. We update the
entire defender policy in a principled way, yielding substantially better performance.

Forest structure DeepFP Neural OMD DiffFP DiffNash

® Tree ® Guard ® Adversary

Figure 4: Empirical strategies in the forest security game Top: F2 (m = n = 3). Bottom:
F3 (m = n = 5). Green points denote trees. Each blue/red points denote a sample from
defender /attacker policy, respectively. For each method and environment, the displayed strategy is
taken from 5 random seeds whose Nash gap is the median. Quantitative results are in Table 1.

5.2 Continuous Colonel Blotto

We evaluate DiffNash on the continuous Colonel Blotto game [Adam et al., 2021] where two players
simultaneously allocate a fixed budget across n weighted battlefields. Player’s utility depends on how
much they and opponent invest in each battlefield. Because allocations are coupled by the budget
constraint, equilibrium play generally requires nontrivial randomization over a continuous action
space. We consider games with n = 6 and n = 10. Adam et al. [2021] provides a discrete algorithm
which approximates the target equilibrium well 4, visualized in the first column of Figure 5. We

4Such oracle-based methods do not directly extend to general continuous-action games without a tractable
best-response oracle; see Appendix D.4.2.
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vary player utilty function to get distinct target equilibrium, one with symmetric and another with
radial shape. Full game details are provided in Appendix D.4.

Experimental results. Overall Diff-
Nash reduces the Nash Gap by 24.7% rel- Table 2: Continuous Colonel Blotto results. Nash
ative to the strongest baseline. In the sym- gap G on symmetric and radial-band Blotto with n €
metric setting of Table 2, diffusion-based {6,10}. Values are mean 4 95% Student-¢ confidence
policies achieve substantially lower Nash intervals over five seeds; lower is better.
gaps than the neural baselines, highlighting
their ability to represent multimodal strate- » Fauilibrium DeepFP Neural OMD  DiffFP  DiffNash (Ours)
gies‘ In the radial_band Setting, DiﬂNaSh 6 Sym@etri(z 6.854 + 1.366 64897i1A832 0.919 + 0.065 0.942 +0.168

6 Radial band  0.688 £0.001 0.836 £ 0.236 1.038 £ 0.056 0.501 £0.139

ConSiStently OUtperformS DiﬁFP AS ln the 10 Symmetric 9.525+1.707 7.233+1.304 1.506 + 0.056 1.724 £ 0.346
forest game, when high-utility actions lie 10 Radialband 0.696+0.002 0.793+0.318 1.446+0.037  0.53140.116
within a narrow region (the radial band),
DiffFP can receive little local gradient signal from low-utility initializations. In Figure 5, this causes
its policy to remain concentrated near the center, outside the support of the target equilibrium,
whereas DiffNash recovers the correct equilibrium geometry. We visualize all settings in Appendix
Figure 8.

Target equilibrium DeepFP Neural OMD DiffFP DiffNash
[a]1
a]6 [a]2
[a]5 [als
[a]s
® Equilibrium Learned strategy

Figure 5: Continuous Colonel Blotto (radial-band variant,n = 6). Green denotes samples from the
target equilibrium, while purple denotes samples from the learned strategy. Each point represents
an allocation, where proximity to [a]; indicates a larger allocation to the j-th battlefield. The point
cloud visualizes the distribution of allocations induced by each strategy.

Robustness Across experiments in Section 5.1 and Sec-

tion 5.2 we perform minimal hyperparameter tuning: we fix self Distance to Nash
action ratio ¢ = 1% and only choose IS trigger x = {0,10%}. 20/ I ——
DiffNash shows strong robustness to hyperparameters. g‘;lie(';p‘:;"‘;'r‘]t'sls
§ 101 —— DiffNash
©
5.3 Ablation and Hyperparameter Study g 5]
Ablation We ablate the two importance-sampling components 3
of DiffNash on Cournot (d = 30). In Figure 6, the green and 20 100 200 300 400 500 600
blue curves almost overlap, indicating that opponent IS has Iteration Step k

little effect on convergence. Its primary benefit is computa-
tional: in this experiment, opponent IS reduces the number of
score-network calls to roughly 66% of that required without
opponent IS. Moreover, DiffNash (orange) achieves the low-
est Nash Gap, showing that self action IS prevents the early
plateau observed without self action IS and reduces variance
across runs. We observe a similar pattern in the forest abla-
tion in Appendix F.4. These results support using IS for both

Figure 6: Performance under dif-
ferent IS configurations. Solid lines
denote mean, and shades denote
the min to max range across runs.
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opponent and self-action replay.

We additionally show our method’s performance in a general sum version of the Forest game in
Section F.3.

Hyperparameter Study We provide hyperparameter study for self action IS ratio ¢, trigger x,
self action buffer size and opponent action buffer size in Appendix F.5.

6 Conclusion

We develop DiffNash, a framework that parameterizes player strategies with diffusion models
within OMD to compute Nash equilibria in high-dimensional continuous action spaces. We derive a
reweighted score-matching objective that trains the diffusion model to realize OMD updates. To
improve sample efficiency and training stability, we reuse past actions through a replay buffer and
correct the resulting distribution shift with an ELBO-based importance-sampling strategy. On forest
security and continuous Colonel Blotto games, DiffNash better recovers equilibrium distributions
and reduces Nash gap by 35.6% and 24.7% compared to strongest baselines, respectively.
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AT Usage Disclosure

In this work, we used generative AI tools (GPT-5.6 Sol, GPT-6 Sol, and Claude Opus 5) for
polishing and drafting sections of the manuscript, flowcharts, and assists with coding and proofs.
Generating synthetic data is not applicable to this work. Additionally, we used generative Al
tools for brainstorming research ideas and searching related work. At least one coauthor has
reviewed Al-assisted work. We manually check the generated code and proof. The main technical
contributions, including reweighted score matching objective and importance sampling strategy, are
the authors’ original ideas. We take responsibility for the final content of this work, including text,
claims, and artifacts produced with the aid of generative Al.

Ethics Statement

This work studies algorithms for computing Nash equilibria in simulated continuous-action games
and does not involve human subjects, personal or sensitive data, or real-world interventions. While
equilibrium-computation methods may be applicable to domains such as security and resource
allocation, all experiments in this work use synthetic benchmark environments and do not involve
deployed decision-making systems. We are not aware of additional ethical concerns arising from this
work.

Reproducibility Statement

We provide complete pseudocode for DiffNash and describe the training procedure, replay mechanism,
game definitions, environment parameters, reference solutions, hyperparameters, best-response and
Nash-gap evaluation procedures, ablations, and computing infrastructure in the appendix. These
details are intended to make our method and reported experiments reproducible from the paper.
Some baseline components and environment code, including the original Forest Security Game and
DeepFP implementations, were not publicly available and were obtained directly from the original
authors. Reported results are averaged over multiple random seeds with confidence intervals, and
proofs of all theoretical results are included.
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A Limitations

We focus on two-player normal-form games. Extending DiffNash to multiplayer or sequential settings,
is a natural direction for future work.

B Additional Related Work

Equilibrium Computation Finite two-player zero-sum games admit linear-programming formula-
tions [Dantzig, 1951], while equilibrium computation in finite general-sum games is PPAD-complete
[Chen et al., 2009]. Continuous action games remain challenging because mixed strategies are distri-
butions over infinite action spaces and best-response computation may require difficult continuous
optimizaition. Prior work establishes continuous-action variants of fictitious-play [Perkins and Leslie,
2014] and develops strategy-generaion methods for zero-sum and general-sum continuous games
[Adam et al., 2021, Kroupa and Votroubek, 2022]. Learning-based approaches include DeepFP,
which learns generative approximate best responses [Kamra et al., 2019], randomized policy networks
trained with zeroth-order equilibrium dynamics [Martin and Sandholm, 2023], and exploitability
minimization with learned best responses [Martin and Sandholm, 2025] . Our approach instead
parameterizes each player’s evolving mixed strategy with a diffusion model and trains it using FP
and OMD based equilibrium updates [Rakhlin and Sridharan, 2013].
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Diffusion and Flow-Based Models for Online RL Diffusion and flow-based policies have
been widely studied for RL [Wang et al., 2024, Psenka et al., 2024, Ma et al., 2025, Ren et al., 2025].
Most closely related to our policy update, Ma et al. [2025] show that exponential reweighting of
samples from the current diffusion policy implements a KL-regularized policy-improvement step,
yielding Diffusion Policy Mirror Descent.

Related work also applies expressive diffusion policies in cooperative multi-agent RL [Li et al.,
2026], while flow-matching policies have been developed for online continuous and combinatorial
control [Park et al., 2025, Zhang et al., 2025, McAllister et al., 2026, Kong et al., 2026a]. These
methods optimize return or coordination rather than equilibrium against strategic opponents. In our
setting, policy-improvement weights depend on utility against an evolving opponent. We additionally
use ELBO differences as approximate density ratios to reuse samples across strategic iterates.

Diffusion Applications in Strategic Environment Diffusion models and their variants, such as
flow matching [Lipman et al., 2023], have been applied to strategic settings adjacent to equilibrium
computation. For auction theory, Wang et al. [2026] uses flow matching to represent bundle
distributions in combinatorial auctions, achieving higher revenue while scaling to larger numbers of
items. For green security game, when opponent data is available, diffusion and flow-based models can
also be used to learn opponent behavior. Kong et al. [2025] uses diffusion models to learn poacher
behavior in green security games and design robust patrol strategies. Kong et al. [2026b] uses flow
matching to model poacher behavior from real-world data, and Kong et al. [2026¢] subsequently
uses reinforcement learning to plan patrol policies against the learned poacher behavioral model.
Unlike these works, we assume no prior knowledge of opponent behavior and instead seek a Nash
strategy, which provides a worst-case guarantee in 2p0s games.

C Training Algorithm

We provide the full pseudocode for DiffNash in Algorithm 3. Algorithm 1 constructs replay entries,
Algorithm 2 computes their ELBO-based importance weights, and Algorithm 3 gives the complete
OMD training procedure. Self-action replay is activated only if the specified trigger fires; otherwise,
training continues using fresh self-actions.

Algorithm 1 PREPARESAMPLE

Input: Action ag, behavior parameters GW)7 and diffusion schedule {ay, &, B, 02 }E;.
Output: Replay entry z = (ay, t, e,DW)).
1: Sample
(nUnit{L T) em N(OD)

2: Construct

a; +— vVoag + 1 — e
3: Compute
2
® B2 €
DFY o B s o (agt) + ———|| .
2020y || 0" (@) VI—ay|ly

4: return z < (ag,t,¢, DW)).
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Algorithm 2 COMPUTEWEIGHT

Input: Current parameters 6%, replay entry z = (ag, t, , DW)) generated at iteration k¥, diffusion schedule,
and maximum log-weight C' > 0.
Output: Clipped importance weight r

1: Reconstruct

(€]
k,k S BC.

a; +— vVagag + V1 — age.
2: Compute
k BtQ € ?
D" m sor(ag, t) + \/17_70% J
3: Compute
AkEY (D" — DRy,
4: return

® RO
rkok <—exp(mm{Ak”’C ,C}).

D Details about Experiment Setup

D.1 Nash Gap Computation

For a learned strategy profile 7 = (7!, 72), we measure the total gain available from unilateral
deviations. For player ¢, define

€'(r) = max u'(a’; 7 ") = U'(x', 7w 7"), (9)
ate A
and compute the Nash gap as
G(rl, 7% = el(n) + (n). (10)

Because expected utility is linear in the deviating strategy, it is sufficient to optimize over pure best
responses. In the two-player zero-sum setting, writing U for player 1’s payoff, this simplifies to
G(rl,n?) = Inax Ula', 7%) — alzréiﬁz U(rt,a?). (11)

For continuous action spaces, the best-response optimization is computed with a game-specific
evaluation oracle. For the forest game, following Kamra et al. [2019], we use evolutionary search
with a population of 50 candidates for 20 iterations. At each iteration, the top 10 candidates are
retained and four Gaussian-perturbed mutations are generated from each survivor. Candidate
utilities are estimated against 100 opponent samples during the search, and the resulting best
response is reevaluated against 1,000 samples. When estimating the individual unilateral gains in
(10), the utility of the learned profile is estimated from 2,000 sampled action pairs.

For symmetric Colonel Blotto, we follow the discretized best-response procedure of Adam et al.
[2021]. Final Nash gaps use a simplex grid with spacing 1/1024 and an exact knapsack dynamic
program, with 20,000 samples from each learned policy. For the radial-band variant, we approximate
each best response from a pool of approximately 11,400 candidates, refine the best 64 candidates
for 400 gradient steps, and estimate final payoffs using 8,000 policy samples per player. The same
evaluation procedure is used for all methods within each game.

D.2 Experimental Details of Cournot Game

We consider a two-player multi-market Cournot competition game with d independent markets,
where A > 0 is the demand intercept and b > 0 controls the slope of inverse demand. Player
i € {1,2} chooses production quantities across d markets:
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a’ = ([a']1, ..., [a'q) € [0, gmax] -

In each market j, the inverse demand function is

py(al.a?) = A~ bal + o),

and both firms have constant marginal cost ¢. Player i’s total utility is

w(aa ) =Y <A —b(al+a;?) c) a’, (12)

7=1
Weuse A=10,b=1, c=1, and gmax = (A —¢)/b =9, with d € {1,30} in the experiments.
In the implementation, the policy produces a normalized action z’ € [—1, 1]¢, which is mapped
to the feasible Cournot action by

i zi+1
- 2 Qmax-

Q

During optimization, we use the scaled utility u’/d so that its magnitude does not grow with
the number of markets.

Analytical equilibrium. The separability and quadratic structure of the Cournot game allow its
Nash equilibrium to be characterized exactly.

1x 42,

Proposition 3. The Cournot game in (12) has a unique Nash equilibrium (a**,a**), and for every

market 7 =1,....,d,
A—c

3b

Under our parameters, [al*]; = [a®*]; = 3 for every market.

[a']; = [a®]; =

Proof. Consider an arbitrary mixed strategy 7~ of player —i, and let
i = Eactn 2]

denote its mean production in market j. Since the payoff is separable across markets and linear in
the opponent’s production, the expected utility from a action a’ is

Epoiors [ui(al,a™")] = i [(A —c—buyhal - b(a;l)Q] .

J=1

For b > 0, this expression is strictly concave in a’, so player i has a unique best response against
any mixed opponent strategy. In each market,

. . A—c—bu"
7 -1\ __ J
BRJ-(TF ) = —

Since
A—c
b )

this quantity lies in [0, gmax|, SO the action constraints do not alter the best response.

0< ,U/J_Z < Qmax =
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A player can randomize at a Nash equilibrium only over best responses. Since the best response
is unique, every Nash equilibrium must therefore be pure (all probability mass on a single action).
For each market j, the equilibrium quantities satisfy

2bla’*]; 4+ b[a®*]; = A — blal*]; + 2b[a**]; = A — c.

Subtracting the two equations gives [al*]; = [a®*];, and substitution yields

A—-c
LX) [a2%). — )
[a""]; = [a™7]; 3b
Because the markets are independent, this holds for every j = 1,...,d. With A =10, b =1,
and ¢ = 1, the equilibrium quantity is 3 in every market. 0

D.3 Experimental Details of Forest Protection Game
D.3.1 Environment Details

We use the continuous forest security game introduced by Kamra et al. [2018] and subsequently
adopted as the forest protection benchmark in DeepFP [Kamra et al., 2019]. Our environment and
parameter settings follow the latter. The game is played between a defender D and an adversary
A in a circular forest containing a fixed set of tree locations 7~ C R?. The adversary controls N
adversaries, while the defender controls M stationary guards.

Each adversary enters at the boundary of the forest, travels along a radial path toward the
center, stops at a chosen location, and exits along the same path. Its stopping location therefore
determines both its trajectory and its harvesting region. The adversary’s action is

as = ([aal1,...,[aaln) € FV,

where F is the unit disk and [a4]g is the stopping location of the k-th adversary. The defender
selects the guard locations

ap = ([aD]l, e [aD]M) S .7:M.

where [ap]; is the location of guard j. Locations are represented using normalized polar
coordinates (r,0), so the adversary and defender action dimensions are 2N and 2M, respectively.

An adversary is captured when its path passes within guard radius R, of at least one defender
resource. Let Py([aalx) denote the radial path followed by the adversary k. Its capture indicator is

Cr(ap,as) =1 min )HP— [aplilla < Rp| .

~ min
JE{1,...M} pePr([aalk

An uncaptured adversary harvests trees lying within chopping radius R4 of its stopping location.
Define

Hi([aale) = {t € T : ||t = [aa]kllo < Ra}.

Let Ngtolen(ap,a4) denote the number of trees successfully removed by the uncaptured adver-
saries, with overlapping harvest regions combined according to the game simulator. A captured
adversary loses its harvest and incurs a penalty rpen > 0. The adversary’s reward is

=z

UA(aD’ QA) = Nstolen(aDa CLA) — Tpen Z Ck((lD, aA)7
k=1
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and the defender receives the negative reward, up(ap,as) = —ua(ap,as). Following the
DeepFP experimental setup [Kamra et al., 2019], we use

Rp=0.1, Roi=004,  rpey =4.0.

The reward landscape is highly nonconvex and contains large flat regions. In particular, moving
a guard without changing which trajectories it intercepts does not change the defender’s reward.
Heterogeneous tree densities also create spatially separated high-value regions, so effective mixed
strategies may place probability mass on several distinct guard or adversary configurations. The
game therefore tests both the expressiveness of the learned strategy distribution and its ability to
improve when informative utility gradients are sparse.

Forest instances. We use four forest layouts, denoted F1-F4 throughout the paper. F1 and F2
contain 4,000 and 6,000 trees, respectively, and are evaluated with M = N € {1,3}. F3 and F4 are
denser layouts containing 6,200 and 7,100 trees and are evaluated with M = N = 5. Thus, the six
configurations reported in the main experiments are

(F1,1), (F1,3), (F2,1), (F2,3), (F3,5), (F4,5).

The interaction and payoff structure is held fixed across instances; only the spatial tree layout
and number of resources change. This changes which attack locations are valuable and how many
spatially separated regions must be represented by the equilibrium strategy.

Scaling the action space. Each guard and adversary is represented by a polar coordinate (r,6),
so the defender and attacker action spaces have dimensions 2M and 2N, respectively. Latent actions
in [—1, 1] are mapped to r € [0,1] and € € [0, 27]. Consequently, the headline experiments increase
each player’s action dimension from 2 at M = N =1,to6 at M = N =3, and 10 at M = N = 5.
Although resources of the same type are interchangeable in the payoff, we use the direct ordered
representation and do not explicitly enforce permutation symmetry.

D.3.2 Implementation Details

Compared methods. We compare DiffNash with DeepFP [Kamra et al., 2019], DiffFP [Karthikeyan
and Pant, 2025], and Neural OMD. DeepFP uses neural fictitious play with a learned attacker and
geometric defender best response. DiffFP replaces the neural policy with a diffusion best response
while retaining fictitious-play updates. Neural OMD uses the same OMD training loop as DiffNash
but represents the policy with a squashed diagonal Gaussian, isolating the contribution of the
diffusion policy. DiffNash combines a diffusion policy with OMD, opponent replay, and self-action
importance sampling.

Training details. All headline methods are trained for 40,000 gradient updates per player.
DiffNash and Neural OMD use 2,000 outer OMD iterations with 20 inner updates per iteration.
DiffFP uses 100 fictitious-play iterations with 400 best-response updates per iteration. Unless
otherwise noted, we run five seeds. OMD methods use batches of 256 player actions and 128
opponent replay samples. DiffNash maintains a FIFO opponent replay buffer of size 1,024 and
draws 1% of each player batch from its full self-action history.

DiffNash and Neural OMD use Adam Kingma and Ba [2014] with learning rate 3 x 1074, decayed
to 3 x 1075 during training. The diffusion policies use 7" = 20 denoising steps. All experiments are
run on CPU using 8 cores and 16 GB of memory.
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Evaluation. We report defender exploitability, defined as the best attacker reward against
the learned time-averaged defender, together with the two sided Nash gap. Best responses are
approximated using evolutionary search on the reference simulator. The search uses a population of
50 candidates for 20 iterations, retaining the top 10 and generating four mutations per survivor.
Each candidate is evaluated against 100 sampled opponent actions, followed by a final evaluation
against 1,000 samples. Self-play utility for the Nash gap is estimated from 2,000 sampled action
pairs.

We evaluate only the final checkpoint and use the complete time-averaged strategy accumulated
during training. Reported uncertainty is the 95% Student-¢ confidence interval across seeds.

Hyperparameters. DiffNash uses a DACER-style denoiser with three 256-unit hidden layers and
Mish activations. The diffusion-time embedding is a 16-dimensional sinusoidal encoding followed
by a two-layer MLP. We use OMD step size nn = 1, normalize utility-derived energies within each
batch, clip their logits to [—3, 3], and renormalize the resulting weights to mean one. Opponent
importance ratios are upper-clipped at 10. Self-action replay constitutes 1% of the training batch
and is activated once the standard deviation of the current action samples falls below 10% of its
initial value.

D.4 Experimental Details of Continuous Colonel Blotto
D.4.1 Environment Details

We follow the continuous Colonel Blotto formulation of Adam et al. [2021]. Two players simultane-
ously allocate a unit budget across N battlefields. Both players have the action space

N
Al=A=A={a=(ah,....[aly) ER}:> [a; =1}.
j=1

Let al,a? € A denote the allocations selected by players 1 and 2, respectively. The symmetric
case and radial band case of Table 2 differ in the utility function of the agent, which we detail below.

Symmetric To construct the symmetric case of Table 2, we define the following battlefield contest
function:

-1, z< —¢
le(2) =14 2/c, —c<z<egc
1, z > c,

, where wj is battlefield j’s positive weight and ¢ > 0 controls the allocation advantage required to
obtain the full value of a battlefield. Player 1’s utility is

n
ut(al,a?) = ij Ec(a} - ajz),
j=1

and player 2 receives
u?(al,a?) = —ul(al,a?).

Thus, player 1 receives w; when it allocates at least ¢ more than player 2 to battlefield j, receives
—wj when it allocates at least c less, and receives a payoff that varies linearly with the allocation

24



difference inside this margin. Our symmetric Blotto experiment uses the symmetric N-battlefield

setting
1

16
for N = {6,10}. As ¢ — 0, £. approaches the sign function used in the classical continuous Colonel
Blotto game.

The game is symmetric and zero-sum, so its equilibrium value is zero. Because the budget
constraint couples all six coordinates, increasing the allocation to one battlefield reduces the
allocation available to the others. Equilibrium play therefore requires coordinated allocations rather
than independent decisions at individual battlefields. This makes the game a useful test of whether
a policy class can represent a broad mixed strategy.

w; = 1 for all j, c

Radial-band instances. To construct the radial band case of Table 2, we first specify precisely
what the radial band is. Define the uniform allocation a which allocates % budget to each battlefield,
and define e; be the allocation which allocates all battles to the first battlefield. Now define:
Urad = €1 — @, center line Y;,4(7) = & + TV, and width wyaq(7) = min{0.06,0.20(1 — 7)}. The
radial interval iS [Tiin, Tmax|, With
{0.12, n =6,
Tmin =

0.15, n =10,

and Tmax = 0.995. Ypad(7) and wyaq(7) together define the shape of the radial band.

The next step we define how probability is distributed within the band. We put 60% of the
probability along the interior portion and 40% closer to the vertex. To achieve that we first sample
First sample

Unif[7imin, 0.80), with probability 0.6,
Unif[0.80, Tmax], with probability 0.4.

We also add some perpendicular displacement to make the distribution has width. Formally, given
7, draw the displacement £ uniformly from

{geR :1Te=0, vl4€=0, [¢lz2 < wralr), Apaa(r) +€ € AN

The first constraint make sure the resulting allocation does not exceed the budget, and the second
make sure the displacement is orthogonal to the radial band. Define the target distribution p,.q as
the law of ~paq + €.

Before we specify the payoff which makes p,.q the equilibrium strategy, we first define the
following notations. For any allocation, we first locate its clipped projection onto the centerline,
measure its perpendicular distance, and finally penalize the portion that exceeds the allowed width.
Define the projected radial coordinate 7(a) and penalty Vi.q(a) by

~ o . <a - 57 Urad)
7(a) = min 4 Timax, MAX § Tmin, W )
rad ||2

Viaa(a) = =15 [[|a = raa (F(2)) ||, = wraa (F(@))] , -
Here V;,q < 0, and every target sample does not receive penalty. We also define the following
Gaussian kernel K (-,-) which measure the similarity between allocations:

K(al CL2) =exp | — Hal — GQH%
’ 207 '
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, with bandwidth o = 0.08. We define a centered version of the Gaussian kernel where we subtract
each allocation’s average similarity to the target radial shape p;.q, then add back the target’s
average similarity to itself. Formally, for independent samples b, b’ ~ ji;.q, define

K(a',a?) = K(a',a%) - EpK(a',b) — E,K(b,a?) + Ep 1y K (b, b').

Set player 1’s utilities to ul(al,a?) = K.q(al,a?) + Viaga(al) — Viaa(a?) and set u?(al,a?) =
—ul(al,a?).

Proposition 4 (Radial Band is a Nash equilibrium). (fiyad, firaq) @ the Nash equilibrium of the
game we described above.

Proof. Observe that for every al,a? € AN71
EbN/”‘rad [K(a17 b)] = 0’ Eb'\’ﬂrad [K(b7 aQ)] = 07

by the definition of the centered kernel. Since pi;.q is supported inside the corridor, Viaq(b) = 0
almost surely for b ~ pi,,4, while Vi,q(a) < 0 for every feasible action.

Let U' denote the expected utility induced by u!. For any pure deviations a' and a2, we
therefore have

Ul(ala,urad) = ‘/rad(al) < 07 Ul(ﬂrad732) = - rad(aQ) > 0.

Moreover,
Ul(,uradv Nrad) =0.

Thus,
Ul (ala Mrad) S Ul(ﬂradv//frad) S Ul (Mrad:a2)

for all a',a? € A"~!. These inequalities extend to mixed deviations by linearity of expected utility.
Hence (frad, trad) is an exact Nash equilibrium with value zero for both N =6 and N = 10. ]

In implementation, we replace u,4 by a fixed empirical distribution and compute all kernel-
centering terms from the same bank. The same argument then applies exactly to the resulting finite
game.

Visualization. For visualization, six-dimensional allocations are projected onto a regular hexagon
using barycentric coordinates. Let [a]1,...,[a]y € RY denote the hexagon vertices. An allocation a
is plotted at

N
p(a) = [alje;. (13)

j=1
Under this projection, the uniform allocation appears at the hexagon center. Allocating the
entire budget to battlefield j would map directly to vertex e;. The same projection is used for both
the standard Blotto and radial-band games, which allows their learned strategy distributions to be

compared directly.
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D.4.2 Implementation Details

Reference solutions. For the symmetric Colonel Blotto instances, we compute reference equilibria
with the grid-based double-oracle (DO) solver proposed in Adam et al. [2021]. For both N = 6 and
N = 10, we discretize allocations with grid spacing 1/256 and run DO to tolerance 1079, using
an exact knapsack dynamic program to compute best responses over the discretized action space.
For N = 6, DO terminates after 21 iterations with a 42-action support and Nash gap 4.31 x 10714
for N = 10, it terminates after 12 iterations with a 50-action support and gap 1.33 x 10~. Both
instances use ¢ = 1/16. This solver relies on a game-specific best-response oracle: discretization
makes exact best responses tractable for these Blotto instances, but such an oracle is generally
unavailable in high-dimensional continuous-action games, where best-response optimization may
itself be difficult and uniform discretization scales poorly with dimension. We therefore use DO
only to construct reference equilibria for these structured symmetric instances, rather than as a
general-purpose baseline.

For the radial-band instances, the reference equilibrium is known by construction. We instantiate
it using a fixed empirical distribution u; with K = 1200 anchors, consisting of 720 samples from
the interior portion of the corridor and 480 from the near-extreme portion. The anchor bank is
sampled once for each game instance and then frozen, and all kernel-centering terms are computed
from the same bank. Thus, [ is an exact equilibrium of the implemented finite-anchor game.
We use rpin = 0.12 for N = 6 and rp;, = 0.15 for N = 10, with rgyi = 0.80 and 7max = 0.995.
The corresponding reference Nash gap is exactly zero. We additionally report the finite-sample
evaluation floors, 0.014213 for N = 6 and 0.024741 for N = 10.

Compared Methods. We compare DiffNash against DeepFP, DiffFP, and Neural OMD. For
DeepFP, we use the original implementation provided by the authors; their codebase is not publicly
released. For DiffFP, no implementation is available, so we reimplement the method from the
paper, using diffusion policies within the fictitious-play update and its QQ-guided action refinement
procedure.

We additionally introduce Neural OMD as a controlled baseline to separate the effect of the
OMD update from the expressive diffusion used by DiffNash. Neural OMD uses the same OMD
training structure and optimization budget as DiffNash, but replaces the diffusion policy with a
squashed diagonal-Gaussian policy parameterized by a two-layer MLP with hidden dimensions
(256,256) and tanh activations. Because this policy admits a tractable density, the mirror-descent
regularizer is implemented using the analytic KL divergence between consecutive policies, with
coefficient 1.0. Neural OMD is trained on-policy using fresh samples at each outer iteration and doe
not use a replay buffer for importance weighting.

For a given seed, all methods are evaluated on the same game instance and frozen anchor bank.
The target distribution, kernel centering terms, and payoff parameters are therefore identical across
methods.

Training details. All four experiments use five random seeds 0-4.

DiffNash and Neural OMD each use 2000 outer iterations with 20 gradient updates per iteration,
for a total of 40,000 updates per player. Both use Adam with a learning rate annealed from 3 x 10~*
to 3 x 1075, a policy batch size of 256, and 128 opponent samples. DiffNash parameterizes each
policy with a 20-step diffusion model with three hidden layers of width 256 and a linear noise
schedule scaled by 0.8. Its replay buffer if FIFO with capacity 1024, with 32 new samples added
per outer iteration. Opponent samples are corrected using importance weights capped at 10. For
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own-policy correction, 3 of the 256 samples in each batch are importance weighted, corresponding
to approximately 1.17% of the batch.

DiffFP uses a 20-step diffusion model with hidden dimensions (256, 256) and a 32-dimensional
time embedding. We train it for 100 fictitious-play iterations, with 400 best-response updates per
iteration, again giving 40,000 gradient updates. It uses Adam [Kingma and Ba, 2014] with learning
rate 3 x 1074, gradient-norm clipping at 2.0, training batches of 256, and rollout batches of 32.
Its replay buffer has capacity 200,000, with a pool of 100 historical policies, and the best-response
policy is reinitialized at each fictitious-play iteration. DiffFP does not use importance sampling.

DeepFP uses the authors’ TensorFlow 1 implementation, with a two-layer (128,128) policy
network followed by a softmax output. We use Adam with learning rate 10~ and train for 400,000
games, applying a policy update every 10 games.

Evaluation We measure convergence using the two-player zero-sum Nash gap
G(p,q) = maxU(w, ) — minU(p, y),

which is the sum of the two players’ unilateral improvement incentives and is zero at equilibrium.

For symmetric Blotto, we follow the double-oracle evaluation of Adam et al. [2021], computing
best responses exactly on a discretized simplex with a knapsack dynamic program. Reference
solutions use grid spacing 1/256, while final Nash gaps use a finer 1/1024 grid and 20,000 policy
samples per player. For the radial-band games, we approximate each best response using a pool
of approximately 11,400 candidates followed by 400 gradient-refinement steps on the best 64, and
estimate payoffs using 8,000 samples per player. We additionally report recovery of the known
radial equilibrium, including near-extreme mass (0.40 at equilibrium) and active versus inactive
radial mass. All metrics are aggregated over five seeds using the same evaluator for every method
within each game.
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Algorithm 3 Replay-Buffer Diffusion Online Mirror Descent (DiffNash)

Input: Outer iterations K, inner steps H, self-action batch size Bseif, opponent batch size M, initial buffer
size Ny, opponent-buffer capacity Ny, refresh size R, OMD parameter 7, self-action replay fraction (,
trigger threshold x, and maximum log-weight C.

1: Initialize 7gsn = Unif(A%), i € {1,2}; initialize each player’s opponent replay buffer and self-action history
with Ny samples using PREPARESAMPLE with behavior parameters #*!, and record the initial self-action
spread.

2: for k=1,...,K do

: for i € {1,2} do
Sample opponent entries z—5(L) with behavior iterations k™M), ... k(F); let 561’(0 denote the
clean action in 274" and compute

~ i k kO ik ~—i kW) ~ Lr 7i’k’k<l)
7"« CoMPUTEWEIGHT ("%, 275" 7 C), T = €[]
Wy Z ~ ik k(O
l:l ’," vy
5: Set brg + [C Bself] 1f the current self-action spread is below x times its initial value, and big < 0
otherwise; set %0 « gk
6: forhfl, .,Hdo
T Sample
ag’(bISH:Bse”) R Tgik, 2B (1bis) | self-action history.
i p(m
8: For m € [brg], let ag’k be the clean action in 2" , with behavior iteration k(™). and
compute
) m ) . (m ) byg ik
ik k™ CoMpUTEWEIGHT(07F, 24K | 0), W) 287
E 1S ik, k(m)
j=1
9: For m € [Bseit], estimate
~i (i . — i EO
u* (azm), 7T9—7:,1c) L Zw(€§ ( (2) ) .
10: For m € [Bsei], sample ¢ ~ Unif{1,... ,T} and € ~ N(0, 1), and set
a;(m) — \ oy azm) ++1— Qi €.
11: Take one optimizer step from #%%"=1 on
bis i,k ) 2
. 1 : u'(a An) $To—ik) WD) €
LiFh Wy, exp 1—ay)||sg(a” t) + ——
( ) Bself m2=1 (m) n ( ) ( t,(m) ) /71 — )
Bselt ai(alt s mpin) 2
(m)’ 0% _ ik €
+ Z exp( (1—ay) se(ati(m),t) 4+ — ,
m=brs+1 " l 1—a 2
obtaining %%,
12: end for _
13: Set kT «— gik-H ‘
14: Draw R actions from 7y:.s+1 and apply PREPARESAMPLE with behavior parameters #>**1; append

the resulting entries to both buffers and retain the most recent Ny,,+ opponent entries.
15: end for
16: end for

K
» 1
17: return ITH% = e Zﬂgi,k, 1€ {1,2}.
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E Missing Proofs

E.1 Proof of Proposition 1

Proposition 1 (GWFP and OMD Loss). By choosing appropriate gomp(a:) and gawrp(ar) and
substituting them into Equation (6), we can equivalently write their loss functions as

1 - _i
Lomp(6i1) = Bayrsit [ Baveatian |50 ( 10/ ausn™)) sn(ar,t) = Vs log e | o)} |
(14)

1 N ~ 71: ~
and  Lowrp(0:) = E an, [exp (nku%ao;n ,k)> ||59<at,t>—vatlog¢0|t<ao\a»Hi], (15)

a~go|t

where hy is a density which is positive almost anywhere and ¢o(ao | a;) = N(éo; %, 1;?“ ) .

For every t € (0,T], the minimizers of Equations (14) and (15) over s are the score functions of
ik+1 i k1 :

T omp(@t) and 7 cwpp(ar), respectively.

Proof. Fix player i, equilibrium-solving iteration k, and diffusion time ¢ € (0,7]. Recall that
Qt|0(at |ag) =N (at; Vaag, (1 — @t)f) .
For either solver € {GWFP, OMDY}, define

k1 i k1
Wz,solver(at) = /ﬂ;olver(ao)qt()(at ’ aO) day.

We first recall the denoising score-matching identity. For any target density pg and its noised
marginal

pe(ar) = /po(ao)qto(at | a9) day,
differentiating under the integral gives
a a; | ag)Va, lo a; | ag) da,
., log pr(ar) = J po(a0)aso(ar | a0)Va, log gjo(as | ao) dag
pr(at)

= Ea0~p0|t(~|at) [vat log Qt\O(at | ao)] : (16)

For any nonnegative function wy(a;) for which the expectations are finite,
/wt(at)Pt(at) Isg(as, ) = Va, log pe(ay) |5 da
2
- / / wi(a0)po(@0) o (@ | 20) [[so(ar, £) — Va, log qup(ay | a0)| daoday +Cp,  (17)

where Cy does not depend on 6. This follows directly from Equation (16) by expanding the
squared norms.
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OMD. From Equation (4), the OMD update is

1 .
WS’KIS(ao) ZZTW”k(aO)eXp <uz(a0;7r Zk)) ) (18)
OMD N

In Equation (6), set p; = 7Tz E&D and choose

k k+1
gomp(a) = Zé)MD zoJﬂ/ID(at) (19)
Substituting both p; and gomp into Equation (6) gives
. 2
LI0MD (9: 1) = Zgi/m /772 éﬁD(af;) Hse(at,t) — Va, log 772 g(/[lD(at)‘L day.
Then apply Equation 17 with

ik+1 ikl ik
PO = TOMD> Pt = T OMD> wi(ay) = ZGyp-

Then

7 7 2
LI (0: 1) = Ziup, // Tonin (20)ago(ar | ao) ||so(ay, t) — Va, log qpo(ay | a0)||, dag day + CPMP,

where COMP does not depend on . Substituting the OMD update and cancelling ZSIK/[D yields

, 1 . »
L90MD (9 1) — / / 7% (ag)qupo (ar | o) exp (nw(aom J“))

X Hse(at,t) — Va, log ¢0(ay | aO)HZ dag da; +

1. )
= Eqynik [anqﬂopao) [eXp (77UZ(51057r ZJC)) |s6(a¢, t) — Va, log gyo(ay | aO)HgH +CPMP,

OMD
Gy

which is Equation (14) up to an additive constant independent of 6.

GWFP. From Equation (5), the GWFP target is

1 1 . A

k —

ﬂ'lGV;/FFIP(aO) T exp (Mul(ao, 11 Z,k;)) ’ (20)
GWFP

where ZE%VFP is the corresponding normalization constant. In Equation (6), set p; = 7r; ZJ{,&FP

and choose 0/
gawrp(a) = ay' / ZGWFPht(at)Wt GWFp(at) (21)

where d' is player i’s action dimension. Substituting both p; and ggwrp into Equation (6) and
applying Equation (17) gives

LIGWFP (1) = a2 // he(ay exp< (ao;H_i’k)> qro(as | ao)

x ||so(as,t) — Va, log qujo(ay | ao)Hi dag da, + CFWVEP. (22)

Now define
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Comparing the Gaussian densities gives

Pgo(a | ao), (23)

—d;
doje(ao | ar) = ay
and therefore

a; — /o a
Va, 10g dop (a0 | ar) = Vi log (e | ag) = — 2 VR0, (24)

1-— (677
Applying Equations (23) and (24) to Equation (22) yields
Lois ik
LIGWEP (9, t) =K at~hy exXp 7“ (aO; m )
ao~o:(*lat) n
- 2
X |[sg(ay,t) — Va, log dop (o | at)Hg] + CPWEP, (25)

which is the GWFP loss up to an additive constant independent of 6.
O

Finally, Gaussian corruption implies ﬂzzg\;&FP(at) > (0 and ﬂizgﬁD(at) > ( for ¢t > 0. Because h; is

strictly positive on its support, both ggwrp and gomp are positive almost everywhere. Equation (6)
is therefore globally minimized precisely when

sg(ag,t) = Va, log A, (ar)

t,solver

almost everywhere. This proves the result for both solver € {GWFP, OMD}.

E.2 Proof of Proposition 2

Proposition 2. Suppose ™9 and 7% share the same forward-noising schedule {8;}1_,. Denote

D(0;ap,t,e) = Cil|so(as,t) + \/1%7@”%’ where Cy a constant and a; = J/agag + /1 — age. If
t ~ Unif{l,...,T} and e ~ N(0,1), then ARED T(D(Hk(@;ao,t,e) — D(@k;ao,t,e)) is ELBO
difference’s unbiased estimator: Et76[£k’k(l)] = ELBO*(ag) — ELBO*" (ag).

Proof. Fix ag. By the ELBO decomposition in Ho et al. [2020],

ELBOg(ap) = Ey(a,a,) [10g ps(ao | a1)]

Ve
Reconstruction term
T

Y Eqarlao) [Pk (¢(ai—1 | ar,a0) || po(ar—1 | ay))]
t=2

DenoisingKL terms
— Dxu(q(ar | a0) || p(ar)) . (26)

Terminal prior KL term

Under the forward process,
at:\/(?tao—i-\/l—dte, ENN(O,I)

This implies
. — as — /0t ag
V1i—o '
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Proof Strategy We first express the reconstruction term and each denoising KL term as an
expectation of D(6;ap,t,€), with additive constants independent of §. We then subtract the two
ELBOs: the shared terminal prior KL term and additive constants cancel, leaving a difference of
expected D terms from which we construct an unbiased estimator.

Denoising KL Terms Our goal here is to prove that Dgr, <q(at_1 | as,a0) || po(ar—1 | at)> is

equivalent to D(6;ag,t,€) up to a constant that does not depend on 6.
For ¢ > 2, citing Equation 6 in Ho et al. [2020] we know that:

q(ay—1 | at,a9) = N<at—1§ﬂt(at73—0)78t[> , (28)
where 3, = 70“ I,Bt and fi;(as, a9) = at lﬁt o+ \ﬁgl aO:t 1)alt

Use Equatlon (27) and &y = oydy—1, We can rewrite this mean fi;(a;, ap) in terms of e:

o <a _ 5t€>
NN T
= \/10715 <at - Bt_ (at - \/C_Ttao)>
- -5 Biv/ay
= ol — @t)at +
_ Va1 - @tfl)a n Prvai-1
B 1— oy t 1— oy 0

= /lt(at, ao). (29)
To obtain the third equality above, we use the identity 1 — a; — B = (1 — q—1).

Now we focus on the the reverse transition which has fixed covariance pyp(a;—1 | a;) =
N(at_l; to(ag, t), atQI) with score-parameterized mean pg(az, t) = \/% (a; + Bisg(ag, t)) . Subtracting

the two means gives

fit(ag, ag) — po(ag,t) = \/:laj |:at - \/lﬁ—tiat

- & (satanet) + =), (30)

€ —ay — Pise(ay, t)]

Consequently,

2 2

~ 2 €
1A — polly = —

VI—ayly
Recall d is the dimension of a;. Now we can focus on the denoising KL terms. Note the KL between
these two Gaussians is

so(ag, t) + (31)

2
Dk (q(ar1 | ae, a0) || po(ar—1 | ar)) = [Bt d+ dlog W]

/Bt 0y
Plug in the expression of mean difference in Equation (31) we obtain

B of 87
Dxu(qllpe) = 2<Ut 1+log 2t | + 5

p f 2070
——

2
=c+ D(Q, ap, t, E).
2

€

V1—aoy

sg(ag,t) +

Ch
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2
We denote C; = L , a constant that does not depend on #. This finishes our goal that the

20?0@
denoising KL term is equivalent to D(6;ao,t,€).

Reconstruction Term We next consider the reconstruction term at ¢ = 1. Since a; = o and

1—aq = (1, the forward sample satisfies a; = /a1ag++/51€ Therefore, we can rewrite ag = L\/\O%EE

Subtracting the reverse-model mean pg(ag, 1) gives

ag— pg(ag, 1) = a; — \/EE —\2/1271— B1se(ay, 1)
B

== (se(al, 1)+ jﬁ?) : (32)

For the Gaussian decoder py(ag | a1) = N (ap; ug(ar, 1), 011) with fixed o7 > 0, by plugging in
Equation (32), we obtain

lag — po(ar, 1)]|3

d
logpg(ag | a1) = —3 10g(27m%) —

207
d 32 € 2
= " log(2no?) — L 1PN =
5 og( 7101) 207 sg(ai, )+m ,
——
C1
= —glog(%mf) — D(0;ap,1,¢). (33)

The coefficient C; has the same form as C; = 2 /(20%cy) for t > 2.

Combining the Reconstruction Term and the denoising KL term Because the two policy
iterates share the same forward schedule, reverse-variance schedule, and terminal prior, the same
const(ag) applies to both. Consequently, the constant terms get cancelled and we obtain

T
ELBO*(ag) — ELBO*” (ap) = Y E. [D(GW) rag,t,€) — D(0%; ag, ¢, e)} . (34)
t=1

Finally, because t ~ Unif{1,...,T},
B, JAR] = TE,, [D(ek(“ cap,t,€) — D(6%; ag, ¢, e)}
) 4
= ZEE [D(6k< ); ao, t, E) - D(ekv ao, 1, 6):|
t=1
= ELBO*” (ag) — ELBO¥(ay).

Thus, AR i an unbiased estimator of the ELBO difference. O
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F Additional Experimental Results

F.1 Additional Forest Game Visualizations

Figure 7 provides the complete strategy visualization for all six forest configurations reported
in Table 1. Although the payoff rule is unchanged, each tree layout induces a different spatial
equilibrium.

F.2 10-dimensional Continuous Colonel Blotto

Figure 8 shows the learned strategy distributions for the n = 6 and n = 10 Blotto experiments
reported in Table 2.

F.3 General-Sum Forest Protection

We also consider a general-sum variant of the F2 forest protection game found in Kamra et al.
[2019]. We retain the original F2 geometry and interaction mechanics, but assign each tree separate
ecological and economic values. This creates different objectives for the defender and poacher
without changing the continuous action space.

Let v and v} denote the ecological and economic values of tree ¢, respectively. For each
adversary logger [, let a; = 1 indicate that it is captured by at least one guard and let s;; denote its
share of tree t when multiple adversary target the same tree. The payoffs are

; (35)

uP = Z [—(1 —ay) Z st,lvtD + 4a;
t

l

uf = Z [(1 —ap) Zst,lvf — 4al] . (36)

l t

where ¢; indicates whether adversary [ is captured and s(;; is its share of tree ¢. The original
zero-sum game is recovered when v = v/ = 1.

We construct the two value fields to favor different parts of the forest. For a tree ¢, let r; denote
its radial distance from the center and let k; be the number of other trees within Euclidean distance

0.05. We define

_ exp(—7¢/0.3) ~ 1—r
’UtD = Ttkt, Uf =exp | — 03 ¢ (1 + kt) (37)

and independently rescale and clip each field to [0.25,4] while preserving mean 1, so that the
overall payoff scale is comparable to the original game. Thus, the defender places greater value on
isolated interior trees, while the poacher focuses more on dense patches near the boundary. On F2,
the two value fields have correlation —0.52.

Figure 9 compares DeepFP, Neural OMD, DiffFP, and DiffNash for m = n € {1, 3}. DiffNash
attains the lowest mean Nash gap, while DeepFP and DiffFP remain more exploitable. Neural
OMD performs better than the FP-based methods, but exhibits higher variance than DiffNash. The
visualized seed also shows qualitatively different spatial strategies across methods.
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F.4 Importance-sampling Forest ablation

We use F2, where m = n = 3, to isolate the roles of the two importance-sampling corrections in
DiffNash. In particular, we separate the correction applied to replayed samples from the player’s
own past policies (own IS) from the correction used when evaluating samples from past opponent
policies (opponent IS). Figure 10 shows that the two corrections have different effects. Removing
own IS substantially degrades performance, increasing the Nash gap from 300.7 + 126.4 for the full
DiffNash method to 797.0 & 153.4 with opponent IS alone. In contrast, opponent IS has little effect
on convergence when own IS is omitted: the Nash gap is 787.1 4+ 134.6 without either correction
and 797.0 + 153.4 with opponent IS alone. This is consistent with the Cournot ablation in the
main paper (Figure 6, where opponent IS likewise has little effect on convergence performance, but
reduces score-network calls to roughly 66% of those required without opponent IS. Together, these
results suggest that own IS provides the primary optimization benefit by correcting the distribution
shift induced by reusing the player’s historical diffusion samples, while opponent IS mainly improves
computational efficiency.

F.5 Forest Game Hyperparameter Sweep

We fix other hyperparamters and change self action rate ¢ in Figure 11. Figure 11 shows that
lower self-action IS rates generally yield smaller mean Nash gaps. Because importance weights are
clipped, including too many samples from past iterations may bias the OMD loss in Equation (7).
Empirically, a 1% self-action IS rate suffices to stabilize training.

In Table 3, we study sensitivity to the own-action batch size, opponent batch size, and trigger
threshold x on F2 and F3 over five seeds.

Trigger « : The default k = 10% achieves a slightly lower Nash gap on F2 than the other
trigger values; otherwise, no trigger value consistently outperforms the others, demonstrating that
DiffNash is relatively robust to this hyperparameter.

Own Buffer Size : Increasing the own-action batch size to 512 degrades exploitability by 25.9%
and the Nash gap by 28.2% relative to the default, suggesting that a moderate own-action batch
size combined with self action importance sampling is more robust. In F2, the default batch size
modestly outperforms a batch size of 128.

Opponent Buffer Size : The default opponent batch size wins in all but one setting in terms of
defender exploitability and Nash gap.
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Table 3: Hyperparameter sensitivity on F2 (m=n=3) and F3 (m=n=5). Each row changes
one parameter from the default DiffNash configuration (own batch 256, opponent batch 128, ¢ = 1%,
k = 10%). We report defender exploitability Exploitp and Nash gap G; lower is better. We add
95% confidence interval to each value.

F2 F3
Setting Value Exploitp Gap Exploitp Gap
Default — 322.5 £ 110.1 300.7 £ 126.4 559.7 + 76.4 528.2 + 142.7
Own batch 128 388.9 £ 62.0 358.7 + 88.2 553.5 + 250.5 510.5 4+ 271.8

512 441.5 £ 53.0 431.5 £66.7 669.2 £87.8 631.4 + 75.8

Opponent batch 64 442.0 £ 179.8 419.5 + 200.5 679.8 £ 289.7 667.2 £+ 292.1
256 3979 £ 129.4 385.5 + 141.3 576.7 & 209.6 485.0 £ 246.6

Trigger k 5% 372.2 £39.9 3619 £51.6 576.7 £94.7 531.8 £ 126.4
15% 373.0 £93.5 366.2 £ 81.2 570.3 £ 189.1 502.0 £ 245.7

G Computing Infrastructure

Experiments were run entirely on CPU hardware, using Intel Xeon Platinum 8268 nodes (48 cores,
192 GB RAM) and 32-vCPU cloud instances.
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Forest structure DeepFP Neural OMD DiffFP (others) DiffNash

® Tree ® Guard ® Adversary

Figure 7: Learned strategies across all forest security games. Green points denote trees, blue
points defender actions, and red points attacker actions. Rows vary both the forest geometry and
the number of resources m = n. DiffNash obtains the lowest mean Nash gap in all six configurations;
Figure 4 highlights two representative multi-resource cases in the main text.
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Figure 8: Continuous Colonel Blotto strategy distributions. Representative learned strategies
projected into the polygonal action-space visualization. Columns show the oracle reference and each
method; rows correspond to symmetric and radial-band Blotto for n = 6 and n = 10, respectively.
Green denotes equilibrium samples and purple the learned strategy.
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F2 General Sum
Forest structure DeepFP Neural OMD DiffFP (others) DiffNash

G=617.8 = 28.5 G=678.5 + 8.2 G=321.1 +480.3

G=963.6 =+ 96.4 G=511.2 * 222.6 G =1019.5 + 61.4 G=374.4 £ 239.2
® Tree ® Guard ® Adversary

Figure 9: General-sum Forest Game. Learned strategies on the general-sum F2 forest game for
m =n € {1,3}. Metrics are mean £+ 95% confidence intervals over three seeds.

Diffusion OMD Diffusion OMD DiffNash
no IS opponent IS only opponent + 1% own IS

Nash gap G =787.1+134.6 Nash gap G =797.0+153.4 Nash gap G =300.7 +126.4
Trees e Guards e Adversary

Figure 10: Importance-sampling ablation on F2. Removing own-policy importance sampling
substantially degrades DiffNash, whereas opponent IS has little effect on convergence when own IS
is omitted.
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Figure 11: Self-action IS ratio sensitivity. Nash gap on F2 (m=n=3) as the self-action IS ratio
varies. Lower is better.
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