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Abstract

Stochastic min-max optimization has attracted increasing attention due to its applications in modern
machine learning, while existing theoretical studies mainly rely on the bounded variance assumption
for stochastic gradients. Under heavy-tailed noise, where stochastic gradients only possess a finite p-
th moment for p ∈ (1, 2], gradient clipping or normalization is commonly believed to be necessary to
guarantee convergence. In this work, we revisit stochastic min-max optimization under heavy-tailed noise
and provide a comprehensive theoretical study of stochastic gradient descent ascent (SGDA). We first show
that vanilla SGDA, without any modification to its update rule, can converge under heavy-tailed noise in
both nonconvex-strongly-concave (NC-SC) and nonconvex-concave (NC-C) settings, establishing the first
convergence guarantees for SGDA in these regimes. Beyond unregularized problems, we further investigate
regularized stochastic min-max optimization, where directly incorporating gradient normalization into
proximal updates is nontrivial due to the incompatibility between normalization and proximal structures.
We overcome this difficulty by developing new clipping-free algorithms, i.e., Stoc-TRGDAM and Stoc-
TRGDmax, and they both can achieve the optimal dependence on the target accuracy without using
gradient clipping.

1 Introduction

This paper first focuses on the following min-max optimization problem:

min
x∈Rdx

max
y∈Rdy

f(x,y), (1.1)

where f : Rdx × Rdy 7→ R is a real-valued function that is differentiable w.r.t. 1 both x and y. The above
minimax problem can be associated with many important areas in machine learning, such as generative
adversarial networks (GANs) [GPAM+14], multi-agent reinforcement learning (MARL) [WSY+25, LWC+19],
and AUC maximization [LYYY20, YYSY21], among others. In most cases, it is difficult to guarantee that
the objective function f is convex w.r.t.x. If f w.r.t.x can be nonconvex, this paper refers to Problem (1.1)
as nonconvex min-max problems, which is also the problem setting considered in this paper.

One of the simplest and most widely adopted optimization framework for solving Problem (1.1) is the
stochastic gradient descent-ascent (SGDA) method. It extends the idea of stochastic gradient descent (SGD)
method by performing one SGD step on x and one stochastic gradient ascent (SGA) step on y simultaneously
in each iteration. {

xt+1 = xt − ηx∇xf(x,y, ξ)

yt+1 = yt + ηy∇yf(x,y, ξ)
(SGDA)

Here, ∇xf(x,y, ξ) and ∇yf(x,y, ξ) are the stochastic estimators of ∇xf(x,y) and ∇xf(x,y), respectively,
obtained by sampling the random variable ξ from an unknown distribution Dξ. The stochastic estimators
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1“w.r.t. ” is written as “with respect to ”.
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are usually unbiased, i.e., their expectations are true gradients. For nonconvex minimax problems, the con-
vergence of SGDA and its variants has already been extensively studied [LJJ25, XCH24, MDLM22, HWH21,
GXY+25, YOLH22, ZAG22, BB23, GXY+25, GHL26, LYH22]. Most previous work assumes that the gra-
dient noises are variance-bounded, i.e., there exists a positive real number σ, if for any ∀(x,y) ∈ Rdx ×Rdy ,
we have

E
[
∥∇xf(x,y, ξ) −∇xf(x,y)∥2

]
≤ σ2, E

[
∥∇yf(x,y, ξ) −∇yf(x,y)∥2

]
≤ σ2.

The above assumption also means that the stochastic gradients are light-tailed. Nevertheless, some recent
empirical studies, e.g., [ZKV+20, GZP+21, ACS+24, BWL24], have observed that, during model training,
the noise of stochastic gradients should be heavy-tailed. That is the following assumption:

E [∥∇xf(x,y, ξ) −∇xf(x,y)∥p] ≤ σp, E [∥∇yf(x,y, ξ) −∇yf(x,y)∥p] ≤ σp,

where p ∈ (1, 2]. Note that the above noise assumption rigorously extends the typical bounded variance
assumption because the variance may be infinite when p < 2.

The popularity of the heavy-tailed noise assumption began with the study of minimization problems. In
the smooth nonconvex setting, many previous works have show that the vanilla SGD with gradient clipping

(Clip-SGD), e.g., [ZKV+20, NNEN23, SDG+23], can achieve the lower bound Ω(ϵ−
3p−2
p−1 ) [ZKV+20, LZ25] that

is for general first-order algorithms under heavy-tailed noise.

xt+1 = xt − η∇f(xt, ξt) · min

{
λ

∥∇f(xt, ξt)∥
, 1

}
, λ > 0 (Clip-SGD)

The reason these works studied Clip-SGD rather than SGD itself is that they believed vanilla SGD could not
converge under heavy-tailed noise. For example, consider a specific objective f = x2/2 and a stochastic oracle
f ′(x, ξ) = x + ξ, where ξ can be any heavy-tailed random variable with zero mean but unbounded variance.
For the SGD with initial point x1 = 0 and a deterministic step-size η, we have x2 = x1 − ηf ′(x1, ξ) = −ηξ,
and obtain E[|f ′(x2)|2] = η2E[|ξ|2] = +∞, which seems to imply that SGD cannot achieve convergence under
heavy-tailed noise even for a simple quadratic function. However, we found that if we consider E[|f ′(x2)|p],
its value can still be finite. Until recently, [Liu26b, FHL25] proved that SGD can in fact converge under heavy-

tailed noise with the complexity O(ϵ−
2p

p−1 ) in the nonconvex smooth setting. To the best of our knowledge,
for minimax problems, although some recent works, such as [Ha26, ZZG25, LL25, ZG25, BGL26a], have
considered heavy-tailed noise, they all used gradient clipping or gradient normalization and no
work gives an answer of whether SGDA itself can converge. Therefore, we pose the first question
studied in this paper:

Q1: Can vanilla SGDA converge under heavy-tailed noise? If it can converge, then compared with methods
equipped with gradient clipping, is its complexity better or worse?

Regarding the second part of Q1, that is, whether the complexity of SGDA is better or worse than that of
the method using gradient clipping, readers may think the conclusion is obvious because, as we mentioned,

there is indeed a gap between the complexity O(ϵ
−2p
p−1 ) of SGD and the complexity O(ϵ−

3p−2
p−1 ) of Clip-SGD.

However, if we consider a broader class of functions, such as nonconvex, nonsmooth, weakly convex functions,
i.e., f(x) + ρ/2∥x∥2 is convex, under bounded constraints, [ZXWJ26] has shown that both SGD and Clip-SGD

can only achieve O(ϵ
−2p
p−1 ), and the complexity is difficult to improve for Clip-SGD. This indicates that,

in some cases, gradient clipping does not always improve complexity. It should be noted that
minx maxy f(x,y) can degenerate into minx f(x), but we do not assume that x must lie within a
bounded region. In fact, this paper studies SGDA under the following two common minimax problem
settings:

f(·, ·) is L-smooth and

{
f(x, ·) is µ-strongly concave, NC-SC setting

f(x, ·) is concave. NC-C setting

The formal statement of the NC-SC setting can be found in Assumption 2, and the formal statement of the
NC-C setting can be found in Assumption 3. Here we emphasize that, compared with works that
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study minimax problems in the NC-SC or NC-C settings under light-tailed noise, we do not
impose any nontrivial assumptions. Here, “nontrivial” refers to additional assumptions beyond those
required for the general Danskin theorem (Lemmas 3.1, 3.2 and 3.5) to hold.

Next, if the complexity of SGDA under heavy-tailed noise is indeed worse than that of methods equipped
with gradient clipping under certain settings, we hope to develop new methods without using clipped
gradients to achieve the same complexity as the methods using clipped gradients. The reason is that we
do not want to introduce hyperparameter λ that require fine-tuning in practice. Moreover, we
aim to address the following more general regularized minimax problem:

min
x∈Rdx

max
y∈Rdy

F (x,y), F (x,y)
∆
= f(x,y) − h(y) + r(x), (1.2)

where the regularizers r : Rdx 7→ (−∞,+∞] and h : Rdy 7→ (−∞,+∞] are both proper, closed and convex
on their domain. To illustrate our motivation, let us first consider the composite minimization problem,
i.e., minx{f(x) + r(x)}. For such a problem, we can adopt the stochastic proximal gradient descent (SPGD)

method, i.e., xt+1 = proxηr(xt − η∇f(xt, ξt)), where proxηr(·) ∆
= arg minx{r(x) + (1/2η)∥x − ·∥2}. For

the noncomposite minimization problem under heavy-tailed noise, normalized SGD (NSGD), compared with
Clip-SGD, can achieve the same complexity without introducing additional hyperparameters, and can also
guarantee convergence even when p is unknown [LZ25, HFH24]. Therefore, we hope to incorporate the
gradient normalization module into the SPGD method.

xt+1 = xt − η
∇f(xt, ξt)

∥∇f(xt, ξt)∥
(NSGD)

We have two natural ways of incorporation: the first is the proximal normalized gradient, i.e., xt+1 =

proxηr

(
xt − η ∇f(xt,ξt)

∥∇f(xt,ξt)∥

)
; the second is the normalized gradient mapping, i.e., xt+1 = xt − ηG(xt)/∥G(xt)∥,

where G(xt)
∆
= η−1

t (xt − x̃t+1), x̃t+1
∆
= proxηtr(xt − ηt∇f(xt, ξt)). However, through the discussion in Sec-

tion 4.1, we realize that even in the deterministic setting, both of these ways are naive. Therefore, we
believe that the barrier to incorporate exists even for composite minimization problems. Let us
review the existing literature on composite optimization under heavy-tailed noise, although [GSD+23, Liu26a,
YCZC25] have developed new methods that can achieve the same complexity as Clip-SGD for noncompos-
ite optimization, these methods all used gradient clipping. [HWXZ26] studied composite and compostional
stochastic minimization under heavy-tailed noises, i.e., minx{Eξ[f(g(x, ξ))] + r(x)}, which includes com-
posite stochastic minimization. Their method is xt+1 = ηtG(xt) · min{ρt/∥G(xt)∥, 1}2. We point out that
although they refer to such a update as “normalized stochastic proximal approximation,” we consider this
equivalent to clipping G(xt) by a hyperparameter ρt. [Cha26]’s method indeed reaches the lower bound for
nonconvex smooth optimization without using gradient clipping, but the Frank-Wolfe method they used,
i.e., xt+1 ∈ arg minx∈X {⟨∇f(xt, ξt),x⟩ + r(x)}, requires the constraint region X to be compact; otherwise,
the Frank-Wolfe update may not be well-defined3. For minimax problems, although [ZZG25, ZG25] have
used gradient normalization to design their methods to avoid using gradient clipping, they only consider
unregularized minimax problems, i.e., Problem (1.1). To the best of our knowledge, for regularized
min-max problems, there is currently no known work that has developed methods without
using gradient clipping that achieve the same complexity as the methods use gradient clipping.
Therefore, we pose the second question studied in this paper:

Q2: For the regularized min-max problem, i.e., Problem (1.2), can we develop provable (first-order)
algorithms without using gradient clipping, while achieving the same complexity as those algorithms that use

gradient clipping?

2Note that they actually use µ to represent the step-szie. We replace µ with ηt here to avoid confusion with the strong
concavity coefficient.

3Let r(x)
∆
= 1/x and X ∆

= [1,+∞), then for any k ≤ 0, the optimal solution set of minx∈X {1/x+ kx} is empty.
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1.1 Contributions

Around the two questions we raised for min-max stochastic optimization under heavy-tailed noise, let us
summarize the main results we obtained:

• In the NC-SC setting:

– We prove the convergence of vanilla min-batch SGDA for Problem (1.1) under heavy-tailed noise.

Theorem 3.3 shows that the complexity of min-batch SGDA is O
(
κ

3p
2(p−1)σ

p
p−1 ϵ

−2p
p−1

)
, with batch-size

B = O
(

max
{⌈

κ
4−p

2(p−1)σ
p

p−1 ϵ−
2

p−1

⌉
, 1
})

. Here, κ is denoted as L/µ. When p = 2, the complexity

reduces to the best known result for SGDA under the bounded variance assumption. When p < 2,
to the best of our knowledge, we show the fisrt upper bound result of vanilla SGDA

under heavy-tailed noise in the NC-SC setting.

– We realized that there is still a gap between the upper bound result we obtained for SGDA and the

lower bound Ω(ϵ−
3p−2
p−1 ) in Theorem 3.4 for the NC-SC setting. Therefore, we propose two novel al-

gorithms without using gradient clipping, Stoc-TRGDAM (Algorithm 2) and Stoc-TRGDAmax (Algo-
rithm 3), which not only achieve the optimal complexity on ϵ, but also both handle regularized
min-max problems, i.e., Problem (1.2). Specifically, as a single-loop method, Stoc-TRGDAM has a

complexity of O(σ
p

p−1κ
3p−2
p−1 ϵ−

3p−2
p−1 ), and the batch-size is O(1). Stoc-TRGDAmax is a nested loop

method and its total gradient complexity is O
(
σ

p
p−1κ

2p−1
p−1 ϵ−

3p−2
p−1

)
with O

(
max

{⌈
σ

p
p−1 ϵ

−p
p−1

⌉
, 1
})

batch-size. Although Stoc-TRGDAmax involves nested loops and requires a mini-batch, it improves
the dependence of the complexity on the condition number κ compared with Stoc-TRGDAM and
requires an smaller batch-size than SGDA when p < 2. Through Table 2, we compare the proposed
methods with some methods under similar settings from previous studies.

• In the NC-C setting, we considered a slightly broader Problem (1.2’) than Problem (1.1), i.e., replacing
r in Problem (1.2) with the indicator function δX : X 7→ (−∞,+∞] on a unbounded closed convex
set X , while h remains a general closed convex function. For Problem (1.2’), Theorem 3.6 shows the

complexity of SGDA under heavy-tailed noise is O(σ
3p−2
p−1 ϵ−

6p−4
p−1 ), which is the first upper bound

result of SGDA under heavy-tailed noise in NC-C setting. This complexity matches that of the
method proposed in [Ha26], which uses gradient clipping for the updates of xt and yt. Our results
show that, for NC-C min-max problems, gradient clipping neither improves the complexity
under heavy-tailed noise, but can instead converge under a stronger convergence measure
(a more careful comparison with [Ha26] can be found in Table 1).

1.2 Related Work

Stochastic min-max optimization under heavy-tailed noise For min-max problems under light-
tailed noise, the recent survey [ZH25] reviews state-of-the-art upper and lower bound results under various
settings. We focus on min-max problems under heavy-tailed noise. In the convex-concave (C-C) setting,
[BGL26b] develops a single-loop zeroth-order method using extra-gradients and gradient clipping, whose

complexity in terms of the duality gap, i.e., maxy′ f(x,y′) − minx′ f(x′,y), can achieve O(ϵ−
p

p−1 ). Under
the NC-SC setting, [LL25] designs a nested-loop method that uses gradient clipping to update yt, and

gradient normalization to update xt. The total gradient complexity of their method is O(κ
2p−1
p−1 ϵ−

3p−2
p−1 ) to

return a point x satisfying ∥∇Φ(x)∥ ≤ ϵ, where κ is the condition number, and Φ(x)
∆
= maxy f(x,y). Note

that their method requires a batch-size of O(ϵ−
p

p−1 ). In the NC-PL setting, i.e., f(x, ·) is not necessarily
µ-strongly concave w.r.t.y, but satisfies the Polyak– Lojasiewicz inequality, which relaxes strong concavity,
[ZG25] designs a single-loop method without gradient clipping. Their idea is to replace all gradients in SGDA

with normalized momentum. They proves an upper bound O(κ
2p

p−1 ϵ−
2p

p−1 ) for this method. Still in the NC-
PL setting, [Ha26] also proposes a single-loop method. Although their method uses clipped gradients to

update xt and yt, they proved that the method achieves a tighter bound O(κ
3p−2
p−1 ϵ−

3p−2
p−1 ), compared to the
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one presented in [ZG25], and their method can be extended to the high-probability convergence as well as

NC-C setting with the complexity O(ϵ−
6p−4
p−1 ). For Bilevel optimization problems which recover the min-max

problems, [ZZG25] proposes new method to handle heavy-tailed noise, but they did not provide the upper
bound result of their method for any specific min-max problem settings. We note also that [AK26] studies
nonconvex stochastic variational inequalities (SVI), which include stochastic min-max problems, without
assuming bounded variance. However, their assumptions on stochastic gradients are different from ours.
Specifically, they assume the existence of B, σ > 0 such that Eξ[∥∇f(z, ξ) −∇f(z)∥2] ≤ B2 ∥z− z0∥2 + σ2,
where z0 denotes the initial point of the algorithm. Overall, we find that existing studies on min-max problems
under heavy-tailed noise reveal two limitations: i) they do not consider the convergence of classical gradient
methods (such as SGDA) under heavy-tailed noise. ii) they only study unregularized min-max problems, rather
than Problem (1.2).

Classic stochastic gradient methods under heavy-tailed noise We also review the existing work
on vanilla gradient methods, e.g., SGD and stochastic mirror descent (SMD), for stochastic minimization
problems, i.e., minx f(x) under heavy-tailed noise. For convex optimization, [VYB+22, VYB+22, HL25,
FHL25, LZ26, Liu26c, YSI26, Liu26b] have considered the convergence of classical SGD or SMD or their
variants under heavy-tailed noise in certain settings, while this paper mainly focuses on progress in nonconvex

optimization. For nonconvex and smooth optimization, [FHL25] gave the first gradient complexity O(ϵ
−2p
p−1 ) of

mini-batch SGD for finding ϵ-stationary points of nonconvex and standard L-smooth functions, with batch-size

O(ϵ
−2
p−1 ) and stepsize η = 1/2L. In particular, they also considered Hölder smooth functions with curvature

exponent ν ∈ (0, 1]. Through a more refined analysis, [Liu26b] showed that, for L-smooth functions, both

SGD and SGD with momentumn (SGDM) can converge with the same complexity O(ϵ
−2p
p−1 ), but with batch-size

O(1). Note that although [YSI26] studied SGD and SGDM for nonconvex Hölder smooth functions under
heavy-tailed noise, a key step in their analysis [YSI26, Lemma 2.4] requires ν + 1 ≤ p, which means that
when ν = 1, corresponding to standard L-smooth optimization, p must be 2, reducing to the bounded-
variance assumption. For nonconvex and nonsmooth optimization, [Liu26c] studies nonconvex, nonsmooth,
but G-Lipshchitz continuous objectives through the online-to-non-convex-conversation framework (O2NC),
which was proposed by [CMO25]. [ZXWJ26] shows that, for nonsmooth, nonconvex, and weakly convex

optimization, SGD converges within a compact region with a complexity of O(ϵ
−2p
p−1 ). Interestingly, they also

shows that Clip-SGD converges over an unbounded region with the same complexity as SGD with bounded
region.

2 Preliminaries

Notations: We first introduce some standard notation in asymptotic analysis. Given two real numbers a
and b, if there exists a positive numerical constant c such that a ≤ cb or a ≥ cb holds, we will express the
inequality as a ≲ b or a ≳ b. If, in addtion, a ≲ b and a ≳ b are both hold, we say a≍b. If a satisfies a ≲ b,

a ≳ b, or a≍b, we also use O(b), Ω(b), or Θ(b) to represent a. Specifically, Õ(b) represents O(b) omitting
some polynomial logarithmic factors related to b. In this paper, we discuss the standard inner product ⟨·, ·⟩
in Euclidean space, and the norm ∥·∥ represents the Euclidean norm, i.e., ∥·∥ =

√
⟨·, ·⟩. We denote B(z, η) as

the closed ball {x | ∥x− z∥ ≤ η}. If we study a (Fréchet) differentiable function f(x,y), we denote ∇f(x,y),
∇xf(x,y), and ∇yf(x,y) as the full gradient, the partial gradient w.r.t.x, and the partial gradient w.r.t.y,
respectively. For a proper function r, we denote the (regular) subdifferential set of r at the point x as ∂r(x).
Given a closed convex set S, we denote ΠS(·) as the projection operator onto S. Additionally, the following
notations have been widely used in previous literature on min-max optimization:

• We define the primal function Φ(x) as maxy {f(x,y) − h(y)} and Ψ(x) as Φ(x) + r(x).

• Given a x, if arg miny {f(x,y) − h(y)} is unqiue, we let y⋆(x) be the maxmizer of f(x,y) − h(y). If
xt is the t-th iteration point of a certatin algorithm, we let y⋆

t be y⋆(xt).

• We let ∆t
∆
= Φ(xt) − minx Φ(xt), Λt

∆
= Ψ(xt) − minx Ψ(xt) and δt

∆
= ∥yt − y⋆

t ∥.
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Algorithm 1: Stochastic Gradient Descent Ascent (SGDA)

Input: Starting point (x1,y1) ∈ Rdx × Rdy , step-sizes ηx, ηy > 0 and batch-sizes B ∈ N+

. for t = 1, 2, . . . , T do
% Case I: r = h ≡ 0
Independently sample ξt,1, . . . , ξt,B ∼ Dξ to get the stochastic gradients {∇f(xt,yt, ξt,i)}Bi=1.

Compute gx,t = 1
B

∑B
i=1 ∇xf(xt,yt, ξt,i) and gy,t = 1

B

∑B
i=1 ∇yf(xt,yt, ξt,i).

Update xt+1 = xt − ηxgx,t, yt+1 = yt + ηygy,t.
% Case II: r(x) = δX and h(y) is a general proper, closed and convex function

Sample ξt ∼ Dξ to get the stochastic gradients ∇f(xt,yt, ξt).
Update xt+1 = ΠX (xt − ηx∇xf(xt,yt, ξt)), yt+1 = proxηyr(yt + ηy∇yf(xt,yt, ξt)).

end

Through out this paper, we assume that the primal function Φ(x) is lower bounded, i.e. infx Φ(x) > −∞.
Moreover, we make following assumption

Assumption 1. For function f : Rdx × Rdy 7→ R, we assume

(a) f(z) is L-smooth. That is, for any z1, z2 ∈ Rdx × Rdy , we have ∥∇f(z1) −∇f(z2)∥ ≤ L ∥z1 − z2∥,
whcih indicates the following inequality

|∇f(z1) −∇f(z2) − ⟨∇f(z2), z1 − z2⟩ | ≤
L

2
∥z1 − z2∥2 (2.1)

(b) We assume that the stochastic oracle can access an unbiased partial gradient estimators, i.e., Eξ[∇xf(x,y, ξ)] =
∇xf(x,y) and Eξ[∇xf(x,y, ξ)] = ∇xf(x,y).

(c) We assume that stochastic partial gradients have p-th bounded central moment (p-BCM) for p ∈ (1, 2],
which means Eξ[∥∇xf(x,y, ξ) −∇xf(x,y)∥p],Eξ[∥∇yf(x,y, ξ) −∇yf(x,y)∥p] ≤ σp, where 0 < σ <
+∞.

3 Convergence of SGDA under heavy-tailed noise

3.1 NC-SC min-max problems

To analyze the convergence of SGDA (Algorithm 1) under heavy-tailed noise, we begin with the case: the
non-regularized minimax problem, i.e. Problem 1.1, and we study such a problem in NC-SC setting. In
NC-SC setting, we assume that f(x, ·) is µ-strongly concave w.r.t.y. This is the following assumption.

Assumption 2. For any x ∈ Rdx , we assume that f(x, ·) is µ-strongly concave w.r.t.y, i.e.,

f(x,y1) − f(x,y2) ≤ ⟨∇yf(x,y2),y1 − y2⟩ −
µ

2
∥y1 − y2∥2 , ∀y1,y2 ∈ Rdy (3.1)

Going further, if we also assume that f is L-smooth and µ-strongly concave, then we define κ
∆
= L/µ

as the condition number of f . Note that κ ≥ 1. If f(x, ·) is µ-strongly concave w.r.t.y, then for any
x ∈ Rdx , the optimal solution set of maxy f(x,y) must be a singleton. If, in addition, the sub-level set
{x | Φ(x) ≤ α, α ∈ R} is compact, we have the following two key lemmas.

Lemma 3.1. [CZXL21, Proposition 1.1] If Assumptions 1(a) and 2 hold, then for any x1, x2 ∈ Rdx , we
have ∥y⋆(x1) − y⋆(x2)∥ ≤ κ ∥x1 − x2∥.

Lemma 3.2. [CZXL21, Proposition 1.2] If Assumptions 1(a) and 2 hold, then Φ(x) is differentiable over
Rdx and ∇xf(x,y⋆(x)) = ∇Φ(x). Moreover, Φ(x) is a 2κL-smooth function.
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Lemmas 3.2 means that we can use the gradient of primal function Φ(x) to define ϵ-stationary point and
the stochastic gradient oracle complexity of algorithms.

Definition 3.1. For Problem (1.2), we assume that Assumptions 1(a) and 2 hold. Given ϵ > 0 (usually
required to be sufficiently small), we define #Grad(ϵ) as the minimum number of the algorithm’s stochastic

gradient oracle queries to achieve E[(1/T )
∑T

t=1 ∥∇Φ(xt)∥ ≤ ϵ], where T is the number of iterations, and xt

is the iteration points.

Our theoretical results of SGDA under heavy tailed noise in NC-SC setting can be presented by the
following theorem.

Theorem 3.3. Let Assumption 1 (L-smoothness + heavy-tailed noise) and 2 (NC-SC Setting) hold.
For SGDA (Algorithm 1) with Case I, if we set ηy≍1/L, ηx≍1/κ2L, and

T≍max

{
κ2∆1L

ϵ2
,

(Lκδ1)2

ϵ2

}
, B≍max

{⌈
κ

4−p
2(p−1) (

√
∆1L)

2−p
p−1σ

p
p−1

ϵ
2

p−1

⌉
,

⌈
κ

4−p
2(p−1) (Lδ1)

2−p
p−1σ

p
p−1

ϵ
2

p−1

⌉
, 1

}
with a given sufficiently small ϵ > 0, then we have

#Grad(ϵ) ≲ max

{
κ

3p
2(p−1) (σ · max

{√
∆1L, (Lδ1)

}
)

p
p−1

ϵ
2p

p−1

,
κ2∆1L

ϵ2
,

(Lκδ1)2

ϵ2

}
. (3.2)

The formal proof of Theorem 3.3 can be found in Appendix A.1. First, when p = 2, i.e., under the
bounded variance assumption, the gradient complexity in Theorem 3.3 degenerates to O(κ3(Lδ1σ)2∆1ϵ

−4),
which matches the best known upper bound of SGDA type methods under the bounded variance assumption
for NC-SC min-max optimization, e.g., [LJJ25, XCH24, MDLM22, HWH21, GXY+25]. Secondly, when
p < 2, Theorem 3.3 show the first complexity result for SGDA under heavy-tailed noise and
NC-SC setting. Theorem 3.3 shows that SGDA itself can converge under heavy-tailed noise without any
modification. Specially, we found that the step size ratio ηy/ηx is independent of the noise parameter p
and always keeps Θ(κ2) in p ∈ (1, 2], which indicates that heavy-tailed noise does not actually affect the
algorithm’s efficiency trade-off with respect to step sizes.

For the lower bound of the first-order algorithms under heavy-taild noise in min-max optimization, let’s

consider a specific objective f(x,y)
∆
= F (x)− µ

2 ∥y∥
2, where F (x) can be any standard smooth function with

F (x1) − minx F (x) ≤ ∆1, and we have Φ(x) = maxy

{
F (x) − (µ/2)∥y∥2

}
= F (x). Then, for any stochastic

oracle ∇xf(x,y, ξ) satisfying the assumptions 1(b) and 1(c), we have Eξ[∇xf(x,y, ξ)] = ∇xf(x,y) = ∇F (x),
which means that ∇xf(x,y, ξ) is also an unbiased and heavy-tailed stochastic gradient estimator of ∇F (x),
and vice versa. Therefore, any first-order algorithm4 for f can be seen as the first-order algorithm for F ,
regardless of the choices we make with ηy and ∇yf(x,y, ξ). Note that f satisfies the NC-SC setting, which

means that Ω(ϵ−
3p−2
p−1 ) in [LZ25] as the lower bound of the first-order algorithm for solving non-convex smooth

minimization problems can be used as a lower bound of the algorithm for solving the min-max problem under
the NC-SC setting. However, due to the instance we used, we cannot determine the dependence of the lower
bound of complexity on other parameters such as κ and σ. The following theorem extends the lower bound
of variance-bounded noise provided by [LTZJ21] to heavy-tailed noise.

Theorem 3.4. Consider a min-max problem minx∈X maxy∈Y f(x,y), for any p ∈ (1, 2], σ, ∆1, κ, L and
sufficiently small ϵ > 0, there always exist X , Y, f(x,y) and a stochastic oracle ∇f(x,y, ξ), where f(x,y)
satisfies the Assumption 1(a), 2, and ∇f(x,y, ξ) is unbiased and satisfies E[∥∇f(x,y, ξ)−∇f(x,y)∥p] ≤ σp.
Furthermore, Φ(0) − minx∈X Φ(x) ≤ ∆1. For any first-order, zero-respecting algorithm A (see definition 4
in [LTZJ21]) with initial point (0,0), let {xt}t≥1 be generated by A, then we have

inf
t

{
t | E

[
ℓΦ∥ΠX (xt − ℓ−1

Φ ∇Φ(xt)) − xt∥
]
< ϵ
}
≥ Ω

(
∆1Lκ

1
3σ

p
p−1 ε−

3p−2
p−1

)
, (3.3)

where ℓΦ = cL is the smoothness parameter of Φ, and ℓΦ differs from L by a numerical constant.
4The first-order algorithms here refer to the first-order zero-respecting algorithms, see Definition 4 in [LTZJ21].
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Remark 3.1. We notice that the lower bound depends on the condition number κ is Ω(κ1/3), and its order is
a fixed constant. This is because the proof in Appdenix A.3 follows the same framework based on zero-chain in-
stance in [ACD+22, LTZJ21]. Under such a framework, the lower bound of the first-order (zero-respecting) al-
gorithm is determined by “Effective length of the chain × Bound of p-th cenetral moment of the

constructed oracle”. However, κ will only affect the effective length, rather than the bound of the moment,
this causes the dependence on κ in lower bound we obtained cannot be unable to adapt to p. In fact, even for
light-tailed noise, the currently best known dependence on κ is O(κ) for SAPD+ in [ZAG22], which is still far
from the tightest known O(κ1/3) dependence provided by [LTZJ21]. We expect to be able to close this gap in
the future.

Now, let’s have some discussion about the tightness of complexity O
(
ϵ−2p/(p−1)

)
in Theorem 3.3. We

note that this complexity does not reach the lower bound Ω
(
ϵ−(3p−2)/(p−1)

)
for general first-order algorithms

when p < 2. However, this does not mean that the complexity O
(
ϵ−2p/(p−1)

)
is loose for SGDA. As we have

mentioned, regardless of the choice of ηy and ∇yf(x,y, ξ), the ϵ-complexity of SGDA with ηx for NC-SC min-
max problems cannot be lower than the ϵ-complexity of SGD with η = ηx for smooth minimization problems.
Recently, we note that [FHL25, ZXWJ26, Liu26b] have all studied the convergence of SGD under heavy-tailed
noise for non-convex stochastic minimization problems. [FHL25, Liu26b] focus on nonconvex smooth fuctions
while [ZXWJ26] focus on weakly-convex functions. Although these works consider different specific settings,
they all show that the ϵ-complexity of SGD under heavy-tailed noise can only reach O(ϵ−2p/(p−1)). Specifically,
[FHL25, Theorem 5.10] shows that the ϵ-complexity of SGD with η = 1/2L and B = O(ϵ−2/(p−1)) is upper
bounded by O(ϵ−2p/(p−1)) for L-smooth functions, and [FHL25, Theorem 5.5] shows that the ϵ-complexity
of SGD with η = 1/t1/p and B = 1 is lower bounded by Ω(ϵ−2p/(p−1)) for L-smooth functions5. Based on
these previous works on SGD, we believe our ϵ-complexity O(ϵ−2p/(p−1)) of SGDA in Theorem 3.3 is
unimprovable.

Remark 3.2. Here we point out that in the NC-SC setting, the need for mini-batch stochastic gradients
in SGDA, is not a “preferential treatment” for heavy-tailed noise. In fact, even for light-tailed noise , mini-
batch is commomly used for SGDA, or rather, achieving a complexity on the order of O(ϵ−4) is required,
e.g., [LJJ25, XCH24, MDLM22, HWH21]. [LJJ25] can prove the convergence of SGDA with O(1) batch-size
in the NC-SC setting, but could only obtain a complexity of O(ϵ−5). Although [YOLH22, ZAG22, BB23]
developed the algorithms that can have the complexity of O(ϵ−4) with O(1) batch-size under light-tailed noise,
Their algorithms differ from SGDA-type methods in that they do not compute partial gradients simultaneously,
but instead use an alternating update scheme. In more detail, [BB23] and [YOLH22] used ∇yf(xt+1,yt, ξt)
to update yt+1, while [ZAG22] used ∇xf(xt,yt+1, ξt) to update xt+1. To the best of our knowledge, no work
has proven the complexity O(ϵ−4) of SGDA with O(1) batch-size and nonadaptive step-sizes even under light-
tailed noise in the NC-SC setting; this problem has already been proposed by [LJJ25], and it still remains
open to our knowledge.

3.2 NC-C min-max problems

In this section, we study the following min-max problem

min
x∈Rdx

max
y∈Rdy

{f(x,y) − h(y) + δX (x)}, (1.2’)

in which r(x) in Problem 1.2 is replaced by the indicator function δX : X 7→ (−∞,+∞], where X is a
nonempty, closed and convex set, while h(y) can still be a general proper, closed and convex function. We
consider Problem (1.2’) under the NC-C setting, where f remains smooth w.r.t.x and y but is only required
to be concave w.r.t.y, rather than strongly concave. Concretely, we let following Assumption 3 holds.

Assumption 3. (a) We assume that dom (h) is bounded with diameter DY .

5Note that this lower bound does not apply to SGD with mini-batch, i.e., B is related to ϵ, because their oracle construction
is designed for the single gradient. However, to the best of our knowledge, this lower bound is currently the only one specifically
for SGD under heavy-tailed noise in nonconvex smooth optimization, rather than for general first-order algorithms.
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(b) f(x, ·) is concave w.r.t.y for any x ∈ X , i.e., f(x,y1) ≥ f(x,y2) + ⟨∇yf(x,y2),y1 − y2⟩, where
y1,y2 ∈ dom (h).

(c) We assume that f(·,y) is G-Lipschitz continious on X w.r.t.x for any y ∈ dom (h).

Remark 3.3. Assumption 3(a) guarantees that the optimal solution set of maxy {f(x,y) − h(y)} is non-

empty. otherwise. For example, let f(y)
∆
= −1/y + δ[1,+∞)(y), where δ[1,+∞)(y) = 0 iff y ∈ [0,+∞). We

have maxy f(y) = 0, while the optimal solution set is empty.

If we assume that f is L-smooth and sastisfies Assumption 3, we have following lemma:

Lemma 3.5. [BB23, Proposition 3.1] Suppose that Assumptions 1(a) and 3 hold. Then, Φ(x) is Fréchet
subdifferentialble and

{
∇xf(x,y⋆) | y⋆ ∈ arg maxy {f(x,y) − h(y)}

}
⊂ ∂Φ(x) for any x ∈ Rdx . Moreover,

Φ(x) is L-weakly convex on X , i.e., for any x ∈ X , Φ(x)+(L/2)∥x∥2 is convex, which is equivalent to saying
that Φ(x1) − Φ(x2) ≥ ⟨gΦ(x2),x1 − x2⟩ − (L/2)∥x1 − x2∥2 holds for any x1,x2 ∈ X and gΦ(x2) ∈ ∂Φ(x2).

For a weakly convex function, we can define its Moreau envelope as following:

Φρ(x)
∆
= Φ(x+), where x+ ∆

= arg min
x′∈X

{Φ(x′) + (ρ/2)∥x′ − x∥}, ∀ρ > L.

By [DD18, Section 1], Φρ(x) is smooth with gradient ∇Φρ(x) = ρ(x − x+). Moreover, let NX (x+) is the
normal cone of X defined on x+, ∥∇Φρ(x)∥ ≤ ϵ implies that dist(0,NX (x+) + ∂Φ(x+)) ≤ ϵ and ∥x+ − x∥ ≤
ϵ/ρ, which means we can use ∇Φρ(x) to define convergence. Specifically, we have following definition:

Definition 3.2. For Problem (1.2’), we assume that Assumptions 1(a) and 3 hold. Given ϵ > 0 (usually
required to be sufficiently small), we define #Grad(ϵ, ρ) as the minimum number of the algorithm’s stochastic

gradient oracle queries to achieve E[(1/T )
∑T

t=1 ∥∇Φρ(xt)∥ ≤ ϵ], where T is the number of iterations, and xt

is the iteration points.

Our theoretical results of SGDA under heavy tailed noise in NC-C setting can be presented by the following
theorem.

Theorem 3.6. Let Assumptions 1 (L-smoothness + heavy-tailed noise) and 3 (NC-C Setting) hold.
For SGDA (Algorithm 1) with Case II, if

ηx≍min

{
(∆1/TL)

2p−1
3p−2

(DYσ)
p

3p−2 (Gσ ∨G2)
p−1
3p−2

,

√
∆1/TL

(G2 ∨ σ2 ∨Gσ)

}
, ηy≍min

D
3p−4
3p−2

Y

σ
3p

3p−2

(
∆1(Gσ ∨G2)

TL

) 1
3p−2

,
1

2L

,

where a ∨ b represents max{a, b}, then we have

#Grad(ϵ, 2L) ≲
∆1(Gσ ∨ σ2)(DYσ)

p
p−1L

2p−1
p−1

ϵ
6p−4
p−1

+
L

7p−5
2p−1D

5p−4
2p−1

Y

σ
p

2p−1

(
∆1(G2 ∨Gσ)

ϵ
12p−8
2p−1

)
+
(σ
ϵ

) p
p−1

+
∆1L(G2 ∨ σ2 ∨Gσ)

ϵ4
+

Lδ̂1
ϵ2

, (3.4)

where δ̂1
∆
= Φ(x1) − f̂(x1,y1). If, in addition, we have σ ≥ G ∨ 1, L,DY ≥ 1 and ϵ ≤ 1, we can further get

#Grad(ϵ, 2L) ≲
∆1D

p
p−1

Y L
2p−1
p−1 (σ

3p−2
p−1 ∨G2σ

p
p−1 )

ϵ
6p−4
p−1

+
(σ
ϵ

) p
p−1

+
∆1L(G2 ∨ σ2)

ϵ4
+

Lδ̂1
ϵ2

. (3.5)

The proof of Theorem 3.6 can be found in Appdenix A.2. Here we point out that conditions σ ≥ G ∨ 1,
L,DY ≥ 1 and ϵ ≤ 1 in Theorem 3.6 is mild and is used only to simplify the upper bound. When p = 2,
the complexity O(∆1D

2
YL

3(σ4 ∨ G2σ2)ϵ−8) mathches [LJJ20]’s result for light-tailed noise; when p < 2,
Theorem 3.6 provides the first complexity upper bound for SGDA under heavy-tailed noise in
the NC-C setting.
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NC-C. Reg. Metric (E,P) #Grad(ϵ, 2L)

SGDAClip [Ha26] (Rd,δY)
1
T

∑T
t=1 ∥∇Φ1/2L(xt)∥2 (✓,✓) O

 (∆1+δ̂1)L
2p−1
p−1 D

p
p−1
Y (G2σ

p
p−1 +σ

p2

p−1 )

ϵ
6p−4
p−1


SGDA (Theorem 3.6) (δX ,h)

(
1
T

∑T
t=1 ∥∇Φ1/2L(xt)∥2

)p/2

(✓,✗) O

(
∆1L

2p−1
p−1 D

p
p−1
Y (G2σ

p
p−1 ∨σ

3p−2
p−1 )

ϵ
6p−4
p−1

+ Lδ̂1
ϵ2

)

Table 1: Comparison of the results of vanilla SGDA in this paper and SGDAClip in [Ha26] using gradient
clipping. “(a, b)” in the “Reg.” column denotes the regularizer a for x and the regularizer b for y. “Metric” denotes
the convergence metric, “E” denotes convergence in expectation, and “P” denotes convergence with high probability.
For the gradient complexity, We note that although the dependence on ϵ is the same for both methods, our dependence
on σ and δ̂1 is tighter.

Comparison with related work To the best of our knowledge, [Ha26] is currently the only work
that studies minimax optimization under heavy-tailed noise in the NC-C setting. The method they de-
veloped, SGDAClip , can be viewed as Stoc-AGDA [YOLH22] equipped with gradient clipping. That is,

xt+1 = xt − ∇̂xf(xt,yt, ξt),yt+1 = yt − ∇̂yf(xt+1,yt, ξt), where ∇̂xf(xt,yt, ξt) and ∇̂yf(xt+1,yt, ξt) are
both the clipped gradients. Note that this is somewhat different from SGDA’s strategy of simultaneously

updating partial gradients. They show that this method converges with an ϵ-complexity of O(ϵ−
6p−4
p−1 ). It

is worth noting that this complexity is the same as the ϵ-complexity we obtain for the vanilla
SGDA without using gradient clipping and gradient normalization. In particular, compared
with [Ha26], we do not introduce any additional assumptions. As can be seen from Table 1, for
min-max optimization under the NC-C setting, gradient clipping does not improve the complexity but in-
stead improves the convergence metric; that is, compared with SGDA, SGDAClip can achieve high-probability

convergence w.r.t. (1/T )
∑T

t=1 ∥∇Φ1/2L(xt)∥2. Note that [Ha26, Proposition 4.7] proved that even for SGDA

under the NC-SC setting, the dependence of the complexity on the failure probability δ under heavy-tailed
noise cannot be polylogarithmic.

3.3 Proof sketches of Theorem 3.3 and Theorem 3.6

Now let’s explain how we analyze the convergence of SGDA under heavy-tailed noise.

Weaker convergence metrics Inspired by [Liu26b] on stochastic minimization problems, we replaced

the convergence metric from (1/T )
∑T

t=1 E[∥∇Φ(xt)∥2] to a weaker one, E[((1/T )
∑T

t=1 ∥∇Φ(xt)∥2)p/2] (In
the NC-C setting, We will replace ∥∇Φ(xt)∥ with ∥∇Φ1/2L(xt)∥.). Note that, by the Jensen’s inequality, we

have
(

(1/T )
∑T

t=1 E[∥∇Φ(xt)∥]
)p

≤ (1/T )
∑T

t=1 E[∥∇Φ(xt)∥p] ≤ E[((1/T )
∑T

t=1 ∥∇Φ(xt)∥2)p/2]. Therefore,

if E[((1/T )
∑T

t=1 ∥∇Φ(xt)∥2)p/2] ≤ ϵp holds, it implies that (1/T )
∑T

t=1 E[∥∇Φ(xt)∥] ≤ ϵ also holds.

Our analysis also relies on such a lemma: for a given martingale difference sequence {Xk}Nk=1 w.r.t. filterations

{Ft}t≥0, if E [|Xi|p] < ∞, we have E
[∣∣∣∑N

k=1 Xk

∣∣∣p] ≲
∑N

k=1 E [|Xk|p]. (A more formal statement can be

found in Lemma C.4) We noticed that the vector version extended from this lemma, i.e., E
[
∥
∑n

i=1 Xi∥
p]

≲
∑n

i=1 E [∥Xi∥p],
has been proposed by [KSL+23, HFH24, LZ25], primarily used to analyze the upper bound of p-th central
moments of mini-batch stochastic gradients. Differently, in our analysis, we utilize Lemma C.4 to analyze
the upper bound of the sum of martingale sequences.

For convenience, we additionally introduce the following notation:

• For SGDA with Case I, we denote ζx,t and ζy,t as gx,t − ∇xf(xt,yt), gy,t − ∇yf(xt,yt) respectively,

and let σp ∆
= maxt∈{1,2,...,T} {E [∥ζx,t∥p] ,E [∥ζy,t∥p]}, and Ft

∆
= σ(ξ1, . . . , ξt), where ξt

∆
= ξt,1, . . . , ξt,B .

• For SGDA with Case II, we denote ζx,t and ζy,t as g∇xf(xt,yt, ξt) − ∇xf(xt,yt), ∇yf(xt,yt, ξt) −
∇yf(xt,yt) respectively. Moreover, we let f̂(x,y) be f(x,y) − h(y) and δ̂t be Φ(xt) − f̂(xt,yt). We
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let Ft
∆
= σ(ξ1, . . . , ξt).

Here, we rule F0
∆
= {∅}.

Proof sketch of Theorem 3.3 Since Φ is 2κL-smooth, starting from the qudratic upper bound of
the smooth function, we can then obtain

∑T
t=1 ηx∥∇Φ(xt)∥2 ≲

∑T
t=1 ηx(2κLηx − 1) ⟨∇Φ(xt), ζx,t⟩ + ∆1 +∑T

t=1 η
2
x∥ζx,t∥2 +

∑T
t=1 ηxδ

2
t . Here we ignore κ and L without affecting the convergence analysis. Note that

at this point we cannot absorb ⟨∇Φ(xt), ζx,t⟩ by taking the expectation, because E[∥ζx,t∥2] could be infinite.
We first raise both sides of the inequality to the power of p/2, and then take the expectation to obtain

E[(

T∑
t=1

ηx∥∇Φ(xt)∥2)p/2] ≲ E[(|
T∑

t=1

ηx(2κLηx − 1) ⟨∇Φ(xt), ζx,t⟩ |)p/2]︸ ︷︷ ︸
M

+∆
p/2
1 + ηpxTσ

p + E[(

T∑
t=1

ηxδ
2
t )p/2].

For M, note that {⟨∇Φ(xt), ζx,t⟩}t≥0 is indeed a martingale difference sequence w.r.t. {Ft}t≥0, using Lemma C.4
and Hölder’s inequality, we can get

M ≲ (1/4)E[(

T∑
t=1

ηx∥∇Φ(xt)∥2)p/2] + σpT (2−p)/pηp/2x

We now determine the upper bound of E[(
∑T

t=1 ηxδ
2
t )p/2] by analyzing a one-step stochastic gradient ascent

on f(xt, ·). We point out that the techniques used to analyze the convergence of SGDA under light-tailed noise
are difficult to extend to our setting. Specifically, they all first obtain E[δ2t ] ≲ γE[δ2t−1]+η2xE[∥∇Φ(xt−1)∥2]+
η2xσ

2 + σ2, where γ ≤ 1, and then obtain the upper bound of E[δ2t ] by recursively applying the above
inequality, thus obtaining the upper bound of its sum. However, we were unable to control E[∥ζx,t∥2] and
E[∥ζy,t∥2] from the beginning of the analysis due to the heavy-tailed noise. In fact, we first obtained the
inequality

ηxδ
2
t ≤ βηxδ

2
t−1 + Bt−1 + θXt + αYt−1,

where Xt−1
∆
= ⟨∇Φ(xt−1), ζx,t−1⟩, Yt−1

∆
= ⟨ζy,t−1,yt−1 − y⋆

t−1⟩ and the definition of β,Bt−1, α and θ can be
seen in (A.15). Then, We recursively apply the obtained inequality, and then raise both sides of the inequality
to the power of p/2, and take the expectation to get

E[(

T∑
t=1

ηxδ
2
t )p/2] ≲

(
δ21
ηy

)p/2

+ E[(

T∑
t=1

ηx∥∇Φ(xt)∥2)p/2] + Tηp/2x σp

+ E[|
T−1∑
t=1

(

T−1−t∑
s=0

βs)θXt|p/2] + E[|
T−1∑
t=1

(

T−1−t∑
s=0

βs)αYt|p/2].

Next, since that {Xt}t≥1 and {Yt}t≥1 are both martingale sequences w.r.t. {Ft}t≥0, by Lemma C.4 again,
we can get following inequality:

E[|
T−1∑
t=1

(

T−1−t∑
s=0

βs)θXt|p/2] + E[|
T−1∑
t=1

(

T−1−t∑
s=0

βs)αYt|p/2]

≲ E[(

T∑
t=1

ηx∥∇Φ(xt)∥2)p/2] + E[(

T∑
t=1

ηxδ
2
t )p/2] +

(θp + (α/L)p)σpT 1−p/2

((1 − β)
√
ηx)p

.

This leads to

E[(

T∑
t=1

ηxδ
2
t )p/2] ≲ E[(

T∑
t=1

ηx∥∇Φ(xt)∥2)p/2] +

(
δ21
ηy

)p/2

+ ηp/2x Tσp + T 1−p/2σpηp/2x .
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Putting these pieces together, we finally have

E[((1/T )

T∑
t=1

∥∇Φ(xt)∥2)p/2] ≲
1

(Tηx)p/2
+ ηp/2x T 1−p/2σp + T 1−p/2σp +

σp

T p−1
.

Note that if we set B = 1, i.e., σ = σ, the variance term T 1−p/2σp cannot be controlled, which is why we
use mini-batches because σ = σ/B(p−1)/p.

Proof sketch of Theorem 3.6 First, we attempt to derive a descent inequality for envelope Φ1/2L(xt)
of primal function Φ(xt) under heavy-tailed noise. This part of the analysis is similar to that of SGD under
heavy-tailed noise for weakly convex (stochastic) optimization. We note that [ZXWJ26] obtained the first
complexity upper bound for SGD in weakly convex optimization, but they considered optimization problems
with constraints given by a compact convex set. In our setting, however, we only require the constraint region
for x to be a general closed and convex set, without requiring it to be bounded. Therefore, [ZXWJ26]’s
technique cannot be used to the analysis of Theorem 3.6. Similar to the analysis of Theorem 3.3, we
first sum the descent inequality, then raise both sides to the power of p/2, and finally take the expectation
of the resulting inequality to obtain

E

( T∑
t=1

ηx∥∇Φ1/2L(xt)∥2
)p/2

 ≲ E

(∣∣∣∣∣
T∑

t=1

ηx
〈
∇Φ1/2L(xt), ζx,t

〉∣∣∣∣∣
)p/2


︸ ︷︷ ︸

M′

+ (Lηx)
p/2E

( T∑
t=1

δ̂t

)p/2
+ ∆

p/2
1 + +(TL)

p/2ηpx(Gp + σp),

where f̂(x,y)
∆
= f(x,y) − h(y) and δ̂t

∆
= Φ(xt) − f̂(xt,yt). For M′, note that {ηx

〈
∇Φ1/2L(xt), ζx,t

〉
}t≥1 is a

martingale difference sequence w.r.t. {Ft}t≥0, where Ft
∆
= σ(ξ1, . . . , ξt). Therefore, by applying Lemma C.4

and Hölder’s inequality, we obtain:

M′ ≲ E

( T∑
t=1

ηx∥∇Φ1/2L(xt)∥2
)p/2

+ σpT 1−p/2η
p/2
x

For the function value gap E
[
(
∑T

t=1 δ̂t)
p/2
]
, we first obtain the following inequality

E
[
δ̂t

]
≲ E

[
Φ(xt−1) − f̂(xt−1,y)

]
+

E
[
∥yt−1 − y∥2 − ∥yt − y∥2

]
ηy

+ E
[
f̂(xt,yt) − f̂(xt−1,yt−1)

]
+ D2−p

Y ηp−1
y σp + G(σ + G)ηx (3.6)

for any Ft−2-measurable y. Note that if we let y = y⋆
t−1, then we cannot bound

∑T
t=1 E[∥yt−1−y⋆

t−1∥2−∥yt−
y⋆
t−1∥2] by telescope summation. Inspired by [LJJ20], we partition the sequence {δ̂t}Tt=1 into N subsequences

{δ̂nM+j}Mj=1, where n = 0, . . . , N −1. For the n+1-th subsequence {δ̂nM+j}Mj=1, let y = y⋆
nM+1, then obtain:

T∑
t=1

E
[
δ̂t

]
=

N∑
n=1

M∑
j=1

δ̂nM+j ≤ δ̂1 + (M + 1)TG(σ + G)ηx + TD2−p
Y ηp−1

y σp +
TD2

Y
2Mηy

.

Here we can set M = ⌈DY/
√

2G(G+σ)ηxηy⌉ to further simplify the upper bound. Note that E[(
∑T

t=1 δ̂t)
p/2] ≤(∑T

t=1 E[δ̂t]
)p/2

for p ∈ (1, 2]. Finally, by combining all the pieces we obtained and choosing the appropriate

step sizes, we complete the proof of Theorem 3.6.
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4 (Stoc-)TRGDA for NC-SC regularized min-max problems

Since we have already shown that under heavy-tailed noise, SGDA can only achieve complexity O(ϵ−
2p

p−1 ) in

the NC-SC setting, there is clearly a gap compared with the lower bound Ω(ϵ−
3p−2
p−1 ). Therefore, the goal of

this section is to design algorithms that can converge with complexity O(ϵ−
3p−2
p−1 ) under heavy-tailed noise.

In particular, it can handle the regularized minimax problem, i.e. h and r in Problem 1.2 are both
generally proper, closed and convex functions. Additionally, we do not wish to use modules such as gradient
clipping that require introducing an additional hyperparameter.

4.1 How to incorporate normalized gradient into SPGD?

To better understand how we design the algorithm, we first consider the composite minimization, i.e.,
minx{f(x) + r(x)}. Furthermore, we hope to incorporate gradient normalization technique into stochas-
tic proximal gradient method (SPGD). We can do this in the following two ways:

• Proximal normalized gradient. A natural way is to consider xt+1 = proxηtr

(
xt − η∇f(xt,ξt)

∥∇f(xt,ξt)∥

)
. However,

this way is naive even for deterministic settings because it would violate the fixed-point property of the

proximal operator. That is, let x⋆ = arg minx{f(x) + r(x)}, we have x⋆ ̸= proxηtr

(
x⋆ − η∇f(x⋆)

∥∇f(x⋆)∥

)
,

which precludes the sequence of iteration points from becoming stationary around x⋆.

• Normalized gradient mapping. Another way of incorporation is to consider the normalized gradient map-

ping, i.e., xt+1 = xt−ηG(xt)/∥G(xt)∥, where G(xt)
∆
= η−1

t (xt−x̃t+1), x̃t+1
∆
= proxηtr(xt − ηt∇f(xt, ξt)).

We still first consider the deterministic setting, i.e., ∇f(xt, ξt) = ∇f(xt). Assuming that f is smooth
and nonconvex, we then have

f(xt+1) + r(xt+1) ≤ f(xt) + r(xt+1) − η

〈
∇f(xt),

G(xt)

∥G(xt)∥

〉
+

Lη2

2

= f(xt) − η∥G(xt)∥ + η

〈
gr(x̃t+1),

G(xt)

∥G(xt)∥

〉
+ r(xt+1) +

Lη2

2

≤ f(xt) + r(xt) − η∥G(xt)∥−η

〈
gr(xt+1) − gr(x̃t+1),

G(xt)

∥G(xt)∥

〉
+

Lη2

2
, (4.1)

where gr(xt+1) ∈ ∂r(xt+1) and gr(x̃t+1) ∈ ∂r(x̃t+1). The equality holds becasue G(xt) = ∇f(xt) +
gr(x̃t+1) by the optimality condition, and the last inequalty holds becasue r(xt+1)−r(xt) ≤ ⟨gr(x̃t+1),xt+1 − xt⟩+
⟨gr(xt+1) − gr(x̃t+1),xt+1 − xt⟩ by the convexity of r. We can regard −η∥G(xt)∥ as the descent term,
but for the blue term≤ η∥gr(xt+1)−gr(x̃t+1)∥ it is difficult to upper-bound it when r is merely convex.

Therefore, based on the above discussion, we did not adopt these two seemingly natural ways because they
have analytical limitations even in deterministic settings. In fact, we are considering the following update:

xt+1 ∈ arg min
x∈B(xt,ηt)

{r(x) + ⟨∇f(xt),x⟩}

It is easy to observe that the above update is equivalent to replacing the quadratic term ηt∥x − xt∥2/2
in the proximal operator with a explicit constraint, i.e., ∥x − xt∥ ≤ ηt, and it reduces to NGD when r is
constant. We point out that the above update has actually been proposed by [Kov25] for designing first-
order methods for stochastic composite minimization problems, which they call trust-region gradient methods
(TRGM). However, [Kov25] did not focus on heavy-tailed noise; their main motivation was to understand
orthogonal gradient methods serving matrix optimization, i.e., where xt is a 2D parameter6. Consequently,
they did not establish a connection between TRGM and NGD. For TRGM, its equivalence to NGD is obvious

6Clearly, if we only consider composite minimization in a vector space under light-tailed noise, the stochastic proximal
gradient method is already sufficient to solve the problem.
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when r is constant. Actually, both proximal normalized gradient and normalized gradient mapping can
reduce to NGD when r is constant. Here we emphasize that we are more interested in the case where r is a
general nondifferentiable convex function. More importantly, they did not discuss the case where the optimal
solution set for minx∈B(xt,ηt){r(x) + ⟨∇f(xt),x⟩} is a singleton. The following theorem answers these two
questions.

Theorem 4.1. Supposed that r : Rd 7→ (−∞,+∞] is a proper, closed and convex function. Given any

z ∈ dom (r), η > 0 and v ∈ Rd, then X †
⋆

∆
= arg minx∈B(z,η) {⟨v,x⟩ + r(x)} must be a nonempty, closed and

convex set. Furthermore, if 0 /∈ v + ∂r(x†), then

∥x† − z∥ = η and ∃gr(x†) ∈ ∂r(x†), x† = z− η
v + gr(x†)

∥v + gr(x†)∥
. (4.2)

If ∀x† ∈ X †
⋆ , we have 0 /∈ v + ∂r(x†), then X †

⋆ must be a singleton.

The proof of Theorem 4.1 can be found in Appendix B.1. Let v = ∇f(z), where f is L-smooth, if

∃x† ∈ X †
⋆ , such that 0 ∈ ∇f(z)+∂r(x†), then inequality dist

(
0,∇f(x†) + ∂r(x†)

)
≤ ∥∇f(x†)−∇f(z)∥ ≤ Lη

holds, which means that x† is a Lη-stationary point of f + r. Therefore, Theorem 4.1 tells us that TRGM can
basically be seen as a computable approximation of xt+1 = xt− ηt(∇f(xt)+gr(xt+1))/∥∇f(xt)+gr(xt+1)∥. Inspired
by TRGD, we can design a trust-region gradient descent ascent (TRGDA) method for regularized minimax
optimization, i.e., {

xt+1 ∈ arg minx∈B(xt,ηx){⟨∇xf(xt,yt),x⟩ + r(x)};

yt+1 ∈ arg miny∈B(yt,ηy){⟨−∇yf(xt,yt),y⟩ + h(y)}.

If we replace the partial gradients with the stochastic partial gradients, then TRGDA becomes stochastic trust-
region gradient descent ascent (Stoc-TRGDA). To the best of our knowledge, (Stoc-)TRGDA is novel. We
present Stoc-TRGDA as a basic stochastic optimization framework, while our actual analysis focuses on its
variants in the next section, such as replacing the stochastic gradient with Polyak momentum.

Remark 4.1. We note some recent work with ideas similar to (Stoc-)TRGD. [GLQR26, GLRR25, GR25] de-
veloped Broximal Point Methods (BPM) for noncomposite optimization. BPM updates xt+1 ∈ arg minx∈B(xt,ηt) f(x),
and (Stoc-)TRGD can be viewed as its linear (stochastic) approximation when r is constant. [LGR26] proposed
a Trust-Region Proximal Point Method (TRPPM): xt+1 = arg minx∈B(xt,ηt){f(x) + λt/2∥x− xt∥2}, which is
equivalent to adding an extra quadratic term to BPM to guarantee the uniqueness of xt+1 when f is convex.
It is worth noting that [GLRR25, Lemma 3.1] proves that when f is a differentiable convex function, BPM

reduces to xt+1 = xt − ηt∇f(xt+1)/∥∇f(xt+1)∥7.

4.2 Two variants of Stoc-TRGDA

In this section, we introduce our first algorithm: Algorithm 2, i.e., Stoc-TRGDAM. Compared to Stoc-

TRGDA, Stoc-TRGDAM simply replaces the stochastic gradient with Polyak momentum. Note that when
considering general closed convex regularizers r, h. The conclusions in Lemma 3.1, 3.2 still hold, that
is, y⋆(x) is a κ-smooth function w.r.t.x and the primal function Φ is a 2κL-smooth function w.r.t. x.
Here, we redefine #Grad(ϵ) as the minimum number of stochastic gradient queries required to reach

E
[
(1/T )

∑T
t=1 dist(0, ∂r(xt) + ∇Φ(xt)) ≤ ϵ

]
. The following theorem demonstrates the upper-bound of gra-

dient complexity of Stoc-TRGDAM .

Theorem 4.2. Let Assumption 1 (L-smoothness + heavy-tailed noise) and 2 (NC-SC Setting) hold.
We let ∂1 be dist(0,∇Φ(x1) + ∂r(x1)) + 5κdist(∇yf(x1,y1), ∂h(y1)). For Algorithm 2, we have following
results:

7Differently, TRGD reduces to xt+1 = xt − ηt∇f(xt)/∥∇f(xt)∥ when r = 0
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Algorithm 2: Stoc-TRGDA with Momentumn (Stoc-TRGDAM)

Input: Starting point (x1,y1) ∈ dom (r) × dom (h) , step-sizes ηx, ηy > 0 and momentumn
parameter β ∈ (0, 1)

for t = 1, 2, . . . , T do
Sample ξt ∼ Dξ to get the stochastic gradients ∇f(xt,yt, ξt). Compute[

mx,t

my,t

]
= β

[
mx,t−1

my,t−1

]
+ (1 − β)

[
∇xf(xt,yt, ξt)
∇yf(xt,yt, ξt)

]
(4.3)

Choose any solution of minx {⟨mx,t,x⟩ + r(x) | x ∈ B(xt, ηx)} as xt+1.
Choose any solution of miny {⟨−my,t,y⟩ + h(y) | y ∈ B(yt, ηy)} as yt+1.

end

Algorithm 3: Stochastic Trust-Region Gradient Descent and Ascent with Max-oracle (Stoc-
TRGDAmax )

Input: Starting point (x1,y1) ∈ dom (r) × dom (h) , step-sizes ηx, ηy > 0 and batch size B ∈ N+

We set y0 = y1

for t = 1, 2, . . . , T do
yt,1 = yt−1.
for k = 1, 2, . . . ,K do

Sample ξ̂t,k ∼ Dξ to get the stochastic gradients ∇yf(xt,yt,k, ξ̂t,k).

yt,k+1 = proxηyh

(
yt,k + ηy∇yf(xt,yt,k, ξ̂t,k)

)
end
yt = yt,K

Independently sample ξt,1, . . . , ξt,B ∼ Dξ to get the stochastic gradients {∇xf(xt,yt, ξt,i)}Bi=1.

Compute gx,t = 1
B

∑B
i=1 ∇xf(xt,yt, ξt,i).

Choose any solution of minx {⟨gx,t,x⟩ + r(x) | x ∈ B(xt, ηx)} as xt+1.
end

• If we konw Λ1, L, σ and p, we let

ηy
5κ

= ηx =

√
Λ1(1 − β)/L

κ
√
T

and β = 1 − min

{
1,max

{
1

T
p

2p−1

,

(
Λ1L

σ2T

) p
3p−2

}}
,

then we have

#Grad(ϵ) ≲
∂1
ϵ

+
κ2Λ1L

ϵ2
+

(κσ)
2p−1
p−1

ϵ
2p−1
p−1

+
κ

3p−2
p−1 Λ1Lσ

p
p−1

ϵ
3p−2
p−1

(4.4)

• If we don’t konw Λ1, L, σ and p, we let ηy/5κ = ηx = 1
κT 0.75 and β = 1 − 1√

T
, then we have

#Grad(ϵ) ≲
∂1
ϵ

+
(κΛ1 + κL)4

ϵ4
+
(κσ

ϵ

)2
+
(κσ

ϵ

) 2p
p−1

(4.5)

The formal proof of Theorem 4.2 can be found in Appendix B.2. Knowing Λ1, L, σ and p, the upper bound
of the complexity of Stoc-TRGDAM is O(ϵ−(3p−2)/(p−1)), which matches the lower bound Ω(ϵ−(3p−2)/(p−1))
for general first-order methods in Theorem 3.4. Not only that, the complexity is also compact with
respect to Λ1, L, and σ. To our knowledge, under smooth-strongly-concave setting setting, Stoc-TRGDAM

is the first single-loop method with optimal complexity for stochastic regularized min-max
optimization under heavy-tailed gradient noise in NC-SC setting. Specially, Stoc-TRGDAM does
not require any techniques that rely on clipping gradients. Since that we have proven that SGDA

can also converge under heavy-tailed noise, let’s compare the two.
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• Stoc-TRGDAM’s advantages over SGDA . First, from the perspective of ϵ-complexity, the advantage is
obvious, since O(ϵ−(3p−2)/(p−1)) is significantly smaller than O(ϵ−2p/(p−1)) when 1 < p < 2, and SGDA

requires a mini-batch to reach O(ϵ−2p/(p−1)). Secondly, we find that when the parameters Λ1, L, σ and
p are unknown, which is common in practice, Stoc-TRGDAM can reach O(ϵ−2p/(p−1)), consistent with
SGDA . However, Theorem 3.3 shows that SGDA needs to adjust the batch size through p to achieve
this complexity.

• Stoc-TRGDAM’s disadvantages over SGDA . Although Stoc-TRGDAM has advantages over SGDA , it is
not perfect. Regarding the dependence of the complexity on the condition number κ, O(κ−(3p−2)/(p−1))
of Stoc-TRGDAM is smaller than O(κ−3p/(2(p−1))) of SGDA when p ∈ (1, 4/3), whereas the opposite
relationship holds for p ∈ [4/3, 2]. We point out that this is because the trust region control on
y prevents us from fully exploiting the strong concavity of f(x, ·) w.r.t.y in our analysis. The key
challenge lies in establishing a contraction bound for the dual error ∥yt − y⋆

t ∥2, analogous to that
achieved in SGDA .

Next, to improve the gradient complexity w.r.t.κ, we developed Algorithm 3 (Stoc-TRGDAmax ), inspired
by the nested loop method SGDAmax. For updating the dual variable y, we use the stochastic proximal
gradient method to return an approximate solution yt of y⋆

t through K iterations like SGDAmax. Differently,
we use trust-region gradient descent for updating the primal variable x. The following theorem demonstrates
the upper bound of the gradient complexity of Stoc-TRGDAmax .

Theorem 4.3. Let Assumption 1 (L-smoothness + heavy-tailed noise) and 2 (NC-SC Setting) hold.

For Algorithm 3, we let ηx≍
√

∆1

(T−1)κL . Moreover, given a ϵ > 0, we let ηy≍min

{
ϵ

p
p−1

µ(κσ)
p

p−1
, 1

µκ
p

2(p−1)

}
and

B = max
{⌈(

4σ
ϵ

) p
p−1

⌉
, 1
}

.

• If ϵ < 2Lδ1, we let

K≍ ln

(
Lδ1
ϵ

)
· max

{
σ

p
p−1κ

p
p−1

ϵ
p

p−1

, κ
p

2(p−1)

}
, T≍max

{
∆1κL

ϵ2
,
Lδ1
ϵ

}
, (4.6)

then we have

#Grad(ϵ) ≲ L ln

(
Lδ1
ϵ

)
· max

{
δ1κ

p
2p−2

ϵ
,

∆1κ
3p−2
2p−2

ϵ2
,
δ1(κσ)

p
p−1

ϵ
2p−1
p−1

,
∆1κ

2p−1
p−1 σ

p
p−1

ϵ
3p−2
p−1

}
; (4.7)

• If ϵ ≥ 2Lδ1, we let

K≍max

{
σ

p
p−1κ

p
p−1

ϵ
p

p−1

, κ
p

2(p−1)

}
, T =

∆1κL

ϵ2
, (4.8)

then we have

#Grad(ϵ) ≲ max

{
∆1Lκ

3p−2
2p−2

ϵ2
,

∆1Lκ
2p−1
p−1 σ

p
p−1

ϵ
3p−2
p−1

}
. (4.9)

The formal proof of Theorem 4.3 can be found in Appendix B.3. For p = 2 and ϵ < 2Lδ1, our result
reduces to Õ(κ3ϵ−4), which matches the light-tailed result [LJJ20] for SGDAmax. However, the difference is
that [LJJ20] requires a batch size of O(κσ2ϵ−2) for updating xt and O(kσ2ϵ−2) for updating yt, whereas
Stoc-TRGDAmax only requires a batch size of O(σ2ϵ−2) for updating xt and O(1) for updating yt. Note
that O(σ2ϵ−2) is smaller than O(kσ2ϵ−2) since κ ≥ 1. When p ≤ 2, Stoc-TRGDAmax achieves a tighter
dependence on κ compared to Stoc-TRGDAM . However, this improvement comes at the cost of increased
space complexity. Specifically, a mini-batch is required for updating xt, and we can only obtain an upper
bound without logarithmic factors when the initial point y1 is sufficiently accurate such that ϵ ≥ 2Lδ1.
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Methods Settings Complexity Regularized Single loop No Clip

SGDAClip [Ha26] NC-PL O(κ
3p−2
p−1 ϵ

− 3p−2
p−1 ) ✗ ✓ (✗, ✗)

N2SBA [LL25] NC-SC Õ(κ
2p−1
p−1 ϵ

− 3p−2
p−1 ) ✗ ✗ (✓, ✗)

Fed-NSGDA-M [ZG25] NC-PL O(κ
2p

p−1 ϵ
− 2p

p−1 ) ✗ ✓ (✓, ✓)

Stoc-TRGDAM (Ours) NC-SC O(κ
3p−2
p−1 ϵ

− 3p−2
p−1 ) ✓ ✓ (✓, ✓)

Stoc-TRGDAmax (Ours) NC-SC Õ(κ
2p−1
p−1 ϵ

− 3p−2
p−1 ) ✓ ✗ (✓, ✓)

Table 2: Summary of our method and previous methods on stochastic minimax optimization under
heavy-tailed noise in NC-SC or NC-PL setting. The notation (·, ·) in the “No clip” column indicates whether
the corresponding method employs gradient clipping for x and y, respectively.

If we replace the update of xt in Stoc-TRGDAmax with the update of xt in Stoc-TRGDAM . we do not need

mini-batch to guarantee convergence. However, this increases the number of outer iterations T to O(ϵ
3p−2
p−1 ),

which is consistent with the iteration complexity of NSGD, while the number of inner iterations K remains
unchanged, resulting in a worse complexity.

Comparison with related work We compare our method and its corresponding results with several
recent methods for stochastic minimax problems under heavy-tailed noise, as summarized in Table 2. First,
and importantly, all these previous works focus on nonregularized min-max problems. Second, for the single-
loop methods SGDAClip [Ha26] and Fed-NSGDA-M [ZG25], although they do not require the objective function
to be strongly concave with respect to y and only assume the weaker PL condition, SGDAClip still relies on

gradient clipping for stochastic partial gradients. Moreover, the complexity O(κ
2p

p−1 ϵ−
2p

p−1 ) of Fed-NSGDA-M is

worse than the complexity O(κ
3p−2
p−1 ϵ−

3p−2
p−1 ) of Stoc-TRGDAmax in terms of both κ and ϵ. For the nested-loop

method N2SBA [LL25], its complexity Õ(κ
2p−1
p−1 ϵ−

3p−2
p−1 ) matches that of Stoc-TRGDAmax . Moreover, N2SBA

requires the same batch size O(σ
p

p−1 ϵ−
p

p−1 ) as Stoc-TRGDAmax . However, N2SBA still relies on clipping
∇yf(x,y, ξ). Furthermore, we have shown that Stoc-TRGDAmax can achieve an upper complexity bound
without the logarithmic factor when the initial point y1 is sufficiently accurate.

4.3 Proof sketches of Theorems 4.2 and 4.3

Proof sketch of Theorem 4.2. To prove Theorem 4.2, we did not actually use the two-stage analysis
used in proving Theorem 3.3, i.e., the convergence of SGDA under heavy-tailed noise, but instead utilized a
potential function that we constructed as follows:

Vt
∆
= 2Ψ(xt) − F (xt,yt) + ηxdist(0,∇Φ(xt) + ∂r(xt)) + ηydist(∇yf(xt,yt), ∂h(yt)) (4.10)

With such a potential function, we can have following descent inequality holds almost surely with ηy/ηx≍κ:

Vt+1 − Vt ≲ − ηxdist(0,∇Φ(xt+1) + ∂r(xt+1)) + κηx ∥ζy,t∥ + ηx ∥ζx,t∥ + κ2Lη2x + κLη2x, (4.11)

where ζx,t
∆
= mx,t −∇xf(xt,yt) and ζy,t

∆
= my,t −∇yf(xt,yt). Here we point out that the validity of (4.11)

does not actually require the estimator to be unbiased; ζx,t and ζy,t simply defines the deviation between
the true gradient and the gradient estimator (momentum in our case) we choose. Next, we sum the descent

inequality and take the expectation. Then we only need to control the summations
∑T

t=1 E[∥ζx,t∥] and∑T
t=1 E[∥ζy,t∥]. The analysis of this part is analogous to the analysis of NSGD in [LZ25, SLY25, HFH24].

Proof skectch of Theorem 4.3. If Assumptions 1 and 2 hold, we can get following inequality:

ηxE [dist(0,∇Φ(xt) + ∂r(xt))] ≲ E [Φ(xt−1) + r(xt−1)] − E [Φ(xt) + r(xt)]

+ LηxE
[∥∥yt−1 − y⋆

t−1

∥∥]+
ηxσ

B(p−1)/p
+ κLη2x. (4.12)
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Now, we only need to control
∥∥yt−1 − y⋆

t−1

∥∥. If Assumptions 1 and 2 hold and ηy = min

{
2

72p/(p−1)µ

(
ϵ
κσ

) p
p−1 , 2

1
p−1

µκ
p

2(p−1)

}
,

then we get following results:

• If ϵ < 2Lδ1, ηx ≲ δ1
κ , and K≍ ln

(
Lδ1
ϵ

)
· max

{
σ

p
p−1 κ

p
p−1

ϵ
p

p−1
, κ

p
2(p−1)

}
, then for any t = 2, . . . , T , we have

E[∥yt − y⋆
t ∥] ≲ ϵ/L.

• If δ1 ≤ ϵ/2L, ηx ≲ ϵ
κL , and K− 1≍max

{
(σκ)

p
p−1

ϵ
p

p−1
, κ

p
2(p−1)

}
, then for any t = 1, . . . , T , we have E[∥yt−

y⋆
t ∥] ≲ ϵ/L.

The formal formulation of the above conclusion is Lemma B.7.

5 Conclusion and Future work

In this work, we studied stochastic min-max optimization under heavy-tailed noise and characterized the
convergence and complexity of gradient-based methods in both the nonconvex-strongly-concave (NC-SC)
and nonconvex-concave (NC-C) settings. We established convergence guarantees for vanilla SGDA without
modifying stochastic gradients and showed that, in the NC-C setting, its complexity matches that of clipping-
based methods. In the NC-SC setting, however, vanilla SGDA is suboptimal, which motivates the development
of new algorithms. For regularized min-max problems, our proposed methods achieve the optimal dependence
on the target accuracy without introducing clipping thresholds, despite the nontrivial interaction between
gradient normalization and proximal structures. Finally, the work represented in this paper does have
limitations: although this paper does not primarily focus on lower-bound theory, because our proof technique
follows the techniques previously used for the bounded-variance setting, the dependence on κ in the lower
bound of Theorem 3.4 cannot match that of the upper bound, leaving us uncertain whether the resulting
complexity is loose with respect to κ. Moreover, this paper indeed does not provide a single-loop method

that does not require a batch size and can still achieve O(κ
2p−1
p−1 σ

p
p−1 ϵ−

3p−2
p−1 ) or sharper complexity under

heavy-tailed and NC-SC setting, leaving room for the subsequent development of more efficient methods.

For the future, an interesting direction is to investigate whether the techniques developed in this work
can be extended to stochastic bilevel optimization under heavy-tailed noise since stochastic min-max opti-
mization encompasses bilevel optimization as a special case. Another important direction is to incorporate
adaptive step-size strategies commonly used in deep learning, such as those based on moving averages of
stochastic gradients, and to understand their convergence and complexity under heavy-tailed noise. Finally,
relaxing the structural assumptions considered in this work, such as moving from NC-(S)C problems to more
general nonconvex-nonconcave settings, such as nonconvex-weakly-concave setting, may provide a broader
understanding of gradient-based methods for heavy-tailed stochastic optimization.
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A Missing proofs in section 3

A.1 Proof of Theorem 3.3

First, we prove the following key lemmas

Lemma A.1. Let Assumptions 1 and 2 hold. For SGDA with Case I, if ηx ≤ 1/(8κL), we have

E

( T∑
t=1

ηx ∥∇Φ(xt)∥2
) p

2

 ≤4E

( T∑
t=1

L2ηx ∥yt − y⋆
t ∥

2

)p/2


+ 3∆
p/2
1 + 8(κL)

p/2ηpxTσ
p + 6σpT 1− p

2 η
p
2
x (A.1)

where ∆1
∆
= Φ(x1) − minx Φ(x).

Proof. According to Lemma 3.2, we know that the dual function Φ(x)
∆
= maxy f(x,y) is a 2κL-smooth
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function. Therefore, the following inequality holds.

Φ(xt+1) − Φ(xt) ≤ ⟨∇Φ(xt),xt−1 − xt⟩ + κ ∥xt+1 − xt∥2 = −ηx ⟨∇Φ(xt), gx,t⟩ + κLη2x ∥gx,t∥
2

= −ηx ⟨∇Φ(xt), ζx,t⟩ − ηx ⟨∇Φ(xt),∇xf(xt,yt) −∇Φ(xt)⟩ − ηx ∥∇Φ(xt)∥2

+ κLη2x ∥∇xf(xt,yt)∥2 + 2κLη2x ⟨∇xf(xt,yt), ζx,t⟩ + κLη2x ∥ζx,t∥
2

= (−ηx + 2κLη2x) ∥∇Φ(xt)∥2 + (−ηx + 2κLη2x) ⟨∇Φ(xt), ζx,t⟩ + κLη2x ∥ζx,t∥
2

+ κLη2x ∥∇xf(xt,yt) −∇Φ(xt)∥2

+ (−ηx + 2κLη2x) ⟨∇Φ(xt),∇xf(xt,yt) −∇Φ(xt)⟩ + 2κLη2x ⟨∇Φ(xt),∇xf(xt,yt) −∇Φ(xt)⟩ (A.2)

Applying Cauchy-Schwarz inequality, the L-Lipschitz continuity of ∇xf(xt,yt) and Young’s inequality , we
can obtain

κLη2x ∥∇xf(xt,yt) −∇Φ(xt)∥2 +

(−ηx + 2κLη2x) ⟨∇Φ(xt),∇xf(xt,yt) −∇Φ(xt)⟩ + 2κLη2x ⟨∇Φ(xt),∇xf(xt,yt) −∇Φ(xt)⟩

≤ Lηx|2κLηx − 1| ∥∇Φ(xt)∥ ∥yt − y⋆
t ∥ + 2κη2xL

2 ∥yt − y⋆
t ∥ ∥ζx,t∥ + κL3η2x ∥yt − y⋆

t ∥
2

(a)

≤ ηx ∥∇Φ(xt)∥2

4
+ ηxL

2 ∥yt − y⋆
t ∥

2
+ 2κη2xL

2

(
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t ∥
2

4
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∥ζx,t∥2

L
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+ κL3η2x ∥yt − y⋆

t ∥
2
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ηx
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∥∇Φ(xt)∥2 +

(
3κL3η2x

2
+ L2ηx

)
∥yt − y⋆

t ∥
2

+ 2κLη2x ∥ζx,t∥
2
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≤ ηx
4

∥∇Φ(xt)∥2 +
19L2ηx ∥yt − y⋆

t ∥
2

16
+ 2κLη2x ∥ζx,t∥

2
, (A.3)

where (a) holds beacause 2κLηx ≤ 1, and (b) holds because 3κL3η2x/2 = 3L2ηx/2 · κLηx ≤ 3L2ηx/16. Then,
we can obtain

Φ(xt+1) − Φ(xt) ≤ηx(2κLηx − 3/4) ∥∇Φ(xt)∥2 + 2ηx(2κLηx − 1) ⟨∇Φ(xt), ζx,t⟩ + 3κLη2x ∥ζx,t∥
2

+ 3κLη2x ∥ζx,t∥
2

+
19L2ηx ∥yt − y⋆

t ∥
2

16
(c)

≤ − ηx ∥∇Φ(xt)∥2

2
+ ηx(2κLηx − 1) ⟨∇Φ(xt), ζx,t⟩ + 3κLη2x ∥ζx,t∥

2
+

19L2ηx ∥yt − y⋆
t ∥

2

16
,

(A.4)

where (c) holds due to the condition 2κLηx ≤ 1/4. Multiplying both sides of the above inequality by 2 and
summing the result from t = 1 to T , we get

T∑
t=1

ηx ∥∇Φ(xt)∥2 ≤

∣∣∣∣∣
T∑
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+
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2
, (A.5)

where ∆1
∆
= Φ(xi) − minx Φ(x). Taking both sides of the above inequality to the power of p/2 and then
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taking the expectation to get
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where (d) holds due to E[∥ζx,t∥p] = E[Et[∥ζx,t∥p]] ≤ σp. Furthermore, we have
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2


(g)

≤ 1

4
E

( T∑
t=1

ηx ∥∇Φ(xt)∥2
) p

2

+ 4σpT
2−p
2 η

p
2
x , (A.7)

where (c) holds due to the Jensen’s inequality, i.e., q1 = q2 = 2 and Y
∆
= 1 in (C.2); (d) holds due to the

condition |2κLηx − 1| ≤ 1; (e) holds true because we used Cauchy-Schwarz’s inequality and the law of total
expectation, i.e., E [∥∇Φ(xt)∥∥ζx,t∥] = E [∥∇Φ(xt)∥Et [∥ζx,t∥]] ≤ σpE [∥∇Φ(xt)∥]; (f) holds because we used

Hölder’s inequality (Lemma C.1), i.e., let at, bt, q1 and q2 in (C.1) be ∥∇Φ(xt)∥p, η
p/2
x , 2/p and 2/(2 − p).

Note that we can apply (C.11) in Lemma C.4 because {⟨∇Φ(xt), ζx,t⟩}Tt=1 is indeed a martingale difference

sequence related to filteration Ft−1
∆
= σ(x1,y1, . . . ,xt,yt).

Substituting (A.7) into (A.6), we get

E

( T∑
t=1

ηx ∥∇Φ(xt)∥2
) p

2

 ≤(8/3)∆
p/2
1 + 8(κL)

p/2ηpxTσ
p + (16/3)σpT

2−p
p η

p
2
x

+ 4E

( T∑
t=1

L2ηx ∥yt − y⋆
t ∥

2

)p/2
 (A.8)

By appropriately increasing the constants, we proved the lemma. ■
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Lemma A.2. Suppose that Assumptions 1(a) and 2 hold. For SGDA with Case I, if ηx ≤ min{1/(2κL), ηy/(12κ2)}
and ηy ≤ 1/(2L), then after one iteration of SGDA , we have

L2ηx ∥yt − y⋆
t ∥

2 ≤
(

1 − µηy
2

)
L2ηx

∥∥yt−1 − y⋆
t−1

∥∥2 + 2κLη2x ∥∇Φ(xt−1)∥2

+
3κLη2x ∥ζx,t−1∥2

2
+ 4L2ηxη

2
y ∥ζy,t−1∥2

+ 2L2ηxηy(1 + 2κLηx)
〈
ζy,t−1,yt−1 − y⋆

t−1

〉
+
(
2(κLηx)2ηx + κLη2x

)
⟨ζx,t−1,∇Φ(xt−1)⟩ (A.9)

Proof. First, we have

∥yt − y⋆
t−1∥2 =

∥∥yt − yt−1 + yt−1 − y⋆
t−1

∥∥2
= ∥yt − yt−1∥2 + 2

〈
yt − yt−1,yt−1 − y⋆

t−1

〉
+
∥∥yt−1 − y⋆

t−1

∥∥2
=
∥∥yt−1 − y⋆

t−1

∥∥2 + 2ηy
〈
gy,t−1,yt−1 − y⋆

t−1

〉
+ η2y ∥gy,t−1∥2

≤
∥∥yt−1 − y⋆

t−1

∥∥2 + 2ηy
〈
∇yf(xt−1,yt−1),yt−1 − y⋆

t−1

〉
+ 2η2y ∥∇yf(xt−1,yt−1)∥2

+ 2ηy
〈
ζy,t−1,yt−1 − y⋆

t−1

〉
+ 2η2y ∥ζy,t−1∥2

(a)

≤ (1 − µηy)
∥∥yt−1 − y⋆

t−1

∥∥2 + 2ηy
〈
ζy,t−1,yt−1 − y⋆

t−1

〉
+ 2η2y ∥ζy,t−1∥2

+ 2ηy(2Lηy − 1)
(
f(xt−1,y

⋆
t−1) − f(xt−1,yt−1)

)
(b)

≤ (1 − µηy)
∥∥yt−1 − y⋆

t−1

∥∥2 + 2ηy
〈
ζy,t−1,yt−1 − y⋆

t−1

〉
+ 2η2y ∥ζy,t−1∥2 , (A.10)

where (a) holds due to the µ-strognly convavity of f(x, ·) with respect to y, i.e., f(xt−1,y
⋆
t−1)−f(xt−1,yt−1) ≤〈

∇yf(xt−1,yt−1),y⋆
t−1 − yt−1

〉
− (µ/2)∥yt −y⋆

t ∥2, and Lemma C.3; (b) holds due to condition ηy ≤ 1/(2L).

Second, for ∥y⋆
t − y⋆

t−1∥2, we have

∥y⋆
t − y⋆

t−1∥2
Lemma 3.1

≤ κ2 ∥xt − xt−1∥2 = κ2η2x ∥gx,t−1∥2

= κ2η2x ∥∇xf(xt−1,yt−1)∥2 + 2κ2η2x ⟨ζx,t−1,∇xf(xt−1,yt−1)⟩ + κ2η2x ∥ζx,t−1∥2

≤ 2κ2η2x ∥∇Φ(xt−1)∥2 + 2κ2η2x ∥∇xf(xt−1,yt−1) −∇Φ(xt−1)∥2 + κ2η2x ∥ζx,t−1∥2

+ 2κ2η2x ⟨ζx,t−1,∇Φ(xt−1)⟩ + 2κ2η2x ⟨ζx,t−1,∇xf(xt−1,yt−1) −∇Φ(xt−1)⟩
(a)

≤ 4(κLηx)2
∥∥yt−1 − y⋆

t−1

∥∥2 + 2(κηx)2
(
∥∇Φ(xt−1)∥2 + ⟨ζx,t−1,∇Φ(xt−1)⟩

)
+

3(κηx)2 ∥ζx,t−1∥2

2
, (A.11)

where (a) holds because

⟨ζx,t−1,∇xf(xt−1,yt−1) −∇Φ(xt−1)⟩ ≤ ∥ζx,t−1∥ ∥∇xf(xt−1,yt−1) −∇Φ(xt−1)∥
≤L ∥ζx,t−1∥

∥∥yt−1 − y⋆
t−1

∥∥
≤L2

∥∥yt−1 − y⋆
t−1

∥∥2 +
∥ζx,t−1∥2

4
. (A.12)
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Then, by the Young’s inequality, we can obtain

∥yt − y⋆
t ∥

2 ≤ (1 + 2κLηx)
∥∥yt − y⋆

t−1

∥∥2 +

(
1 +

1

2κLηx

)∥∥y⋆
t − y⋆

t−1

∥∥2
(A.10,A.11)

≤
[
(1 − µηy)(1 + 2κLηx) + 4(κLηx)2 + 2κLηx

] ∥∥yt−1 − y⋆
t−1

∥∥2 + 2η2y(1 + 2κLηx) ∥ζy,t−1∥2

+

(
1 +

1

2κLηx

)(
2(κηx)2 ∥∇Φ(xt−1)∥2 +

3(κηx)2 ∥ζx,t−1∥2

2

)
+ 2ηy(1 + 2κLηx)

〈
ζy,t−1,yt−1 − y⋆

t−1

〉
+
(

2(κηx)2 +
κηx
L

)
⟨ζx,t−1,∇Φ(xt−1)⟩

(b)

≤
(

1 − µηy
2

)∥∥yt−1 − y⋆
t−1

∥∥2 +
2κηx ∥∇Φ(xt−1)∥2

L
+

3κηx ∥ζx,t−1∥2

2L
+ 4η2y ∥ζy,t−1∥2

+ 2ηy(1 + 2κLηx)
〈
ζy,t−1,yt−1 − y⋆

t−1

〉
+
(

2(κηx)2 +
κηx
L

)
⟨ζx,t−1,∇Φ(xt−1)⟩ , (A.13)

where (b) holds because

(1 − µηy)(1 + 2κLηx) + 4(κLηx)2 + 2κLηx ≤1 − µηy + 4κLηx + (2κLηx)2

≤1 − µηy + 6κLηx (ηx ≤ 1
2κL )

≤1 − µηy
2

, (ηx ≤ ηy

12κ2 )

and 
2(κηx)2 + κηx

L ≤ 2κηx

L ,
3(κηx)

2

2 + 3κηx

4L ≤ 3κηx

2L ,

2η2y(1 + 2κLηx) ≤ 4η2y.

(ηx ≤ 1
2κL )

We now finish the proof by multiplying both sides of (A.13) by L2ηx. ■

Lemma A.3. Let Assumptions 1 and 2 hold. For SGDA with Case I, if ηx ≤ min
{

1/(2κL), ηy/2(172/pκ2)
}

and ηy ≤ 1/(2L), we have

4E

( T∑
t=1

κL2ηx ∥yt − y⋆
t ∥

2

)p/2
 ≤1

2
E

( T∑
t=1

ηx ∥∇Φ(xt)∥2
)p/2


+ 9

(
δ21

2ηy

)p/2

+ 18(κηx)
p/2Tσp + 2405T 1−p/2(κσ)pη

p/2
x , (A.14)

where δ1
∆
= ∥y1 − y⋆

1∥.

Proof. To simplify the calculation, we first introduce the following notation

β
∆
= 1 − µηy/2, α

∆
= 2L2ηxηy(1 + 2κLηx), θ

∆
= 2(κLηx)2ηx + κLη2x

Dt
∆
= L2ηx ∥yt − y⋆

t ∥
2
, Bt−1

∆
= 2κLη2x ∥∇Φ(xt−1)∥2 +

3κLη2x ∥ζx,t−1∥2

2
+ 4L2ηxη

2
y ∥ζy,t−1∥2

Xt−1
∆
= ⟨∇Φ(xt−1), ζx,t−1⟩ , Yt−1

∆
=
〈
ζy,t−1,yt−1 − y⋆

t−1

〉
, (A.15)

then by Lemma A.2, we have

Dt ≤ βDt−1 + Bt−1 + θXt−1 + αYt−1. (A.16)

Note that since we are asking for ηy ≤ 1/2L, then we have 0 < β < 1 due to µηy/2 ≤ 1/4κ < 1. Continuing
recursively, we obtain the following:

Dt ≤βt−1D1 +

t−1∑
s=1

βt−1−s(Bs + θXs + αYs) (A.17)
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We sum both sides of above inequality from t = 1 to T to obtain

T∑
t=1

Dt =
D1

1 − β
+

T−1∑
t=1

t−1∑
s=1

βt−1−s(Bs + θXs + αYs)

=
D1

1 − β
+

T−1∑
t=1

(
T−1−t∑
s=0

βs

)
(Bt + θXt + αYt)

≤ D1

1 − β
+

T∑
t=1

(
T−1∑
s=0

βs

)
Bt +

∣∣∣∣∣
T−1∑
t=1

(
T−1−t∑
s=0

βs

)
θXt

∣∣∣∣∣+

∣∣∣∣∣
T−1∑
t=1

(
T−1−t∑
s=0

βs

)
αYt

∣∣∣∣∣
≤
D1 +

∑T
t=1 Bt

1 − β
+

∣∣∣∣∣
T−1∑
t=1

(
T−1−t∑
s=0

βs

)
θXt

∣∣∣∣∣+

∣∣∣∣∣
T−1∑
t=1

(
T−1−t∑
s=0

βs

)
αYt

∣∣∣∣∣. (A.18)

By raising both of the above inequalities to the power of p/2 and then taking the expectation, we obtain

E

( T∑
t=1

Dt

)p/2
 ≤

(
2D1

µηy

)p/2

+ E

(∑T
t=1 Bt

1 − β

)p/2


+ E

∣∣∣∣∣
T−1∑
t=1

(
T−1−t∑
s=0

βs

)
θXt

∣∣∣∣∣
p/2
+ E

∣∣∣∣∣
T−1∑
t=1

(
T−1−t∑
s=0

βs

)
αYt

∣∣∣∣∣
p/2


︸ ︷︷ ︸
A

(A.19)

Then for A, we have

A ≤

√√√√E

[∣∣∣∣∣
T−1∑
t=1

(
T−1−t∑
s=0

βs

)
θXt

∣∣∣∣∣
p]

+

√√√√E

[∣∣∣∣∣
T−1∑
t=1

(
T−1−t∑
s=0

βs

)
αYt

∣∣∣∣∣
p]

Lemma C.4

≤

√√√√22−p

T−1∑
t=1

∣∣∣∣∣
T−1−t∑
s=0

βs

∣∣∣∣∣
p

θpE [|Xt|p] +

√√√√22−p

T−1∑
t=1

∣∣∣∣∣
T−1−t∑
s=0

βs

∣∣∣∣∣
p

αpE [|Yt|p]

≤

√√√√22−pθ̂p
T∑

t=1

E [|Xt|p] +

√√√√22−pα̂p

T∑
t=1

E [|Yt|p]

≤

√√√√22−pθ̂p
T∑

t=1

E [∥∇Φ(xt)∥p ∥ζx,t∥p] +

√√√√22−pα̂p

T∑
t=1

E [∥yt − y⋆
t ∥

p ∥ζy,t∥p]

≤

√√√√22−pσpη
p/2
x E

[
T∑

t=1

(
θ̂

√
ηx

)p

∥∇Φ(xt)∥p
]

+

√√√√22−pσp(L2ηx)p/2E

[
T∑

t=1

(
α̂

L
√
ηx

)p

∥yt − y⋆
t ∥

p

]

Lemma C.1

≤

√√√√√√22−pσp

 T∑
t=1

(
θ̂

√
ηx

) 2p
2−p


2−p
2

E

( T∑
t=1

ηx ∥∇Φ(xt−1)∥2
)p/2



+

√√√√√22−pσp

(
T∑

t=1

(
α̂

L
√
ηx

) 2p
2−p

) 2−p
2

E

( T∑
t=1

Dt

)p/2


≤
E
[(∑T

t=1 ηx ∥∇Φ(xt)∥2
)p/2

]
17

+

E
[(∑T

t=1 Dt

)p/2
]

17
+

17
[(

θ̂/√ηx

)p
+ (α̂/L√

ηx)
p
]
σpT 1−p/2

2
(A.20)
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where θ̂
∆
= θ/(1 − β) and α̂

∆
= α/(1 − β). We also can get

E

(∑T
t=1 Bt

1 − β

)p/2
 ≤E

( T∑
t=1

2κLη2x ∥∇Φ(xt)∥2

µηy

)p/2
+

[(
3κLη2x
µηy

)p/2

+

(
8L2ηxηy

µ

)p/2
]
Tσp

≤
(

2κ2ηx
ηy

)p/2

E

( T∑
t=1

ηx ∥∇Φ(xt)∥2
)p/2

+

[
2

(
2κ2ηx
ηy

)p/2

η
p/2
x + (8κLηxηy)

p/2

]
Tσp

(a)

≤
E
[(∑T

t=1 ηx ∥∇Φ(xt)∥2
)p/2

]
17

+

(
2η

p/2
x

17
+ 4(κηx)

p/2

)
Tσp

κ≥1

≤
E
[(∑T

t=1 ηx ∥∇Φ(xt)∥2
)p/2

]
17

+

(
2

17
+ 4

)
T (κηx)

p/2σp, (A.21)

where (a) holds due to (2κ2ηx/ηy)p/2 ≤ 1/17 and ηy ≤ 1/(2L). We now substitute (A.20) and (A.21)
into (A.19), then multiply both sides of the inequaity we obtained by 17/4 to get

4E

( T∑
t=1

Dt

)p/2
 ≤1

2
E

( T∑
t=1

ηx ∥∇Φ(xt)∥2
)p/2


+ 9

(
D1

µηy

)p/2

+ 18(κηx)
p/2Tσp + 37T 1−p/2σp

[(
θ̂

√
ηx

)p

+

(
α̂

L
√
ηx

)p
]

(b)

≤ 1

2
E

( T∑
t=1

ηx ∥∇Φ(xt)∥2
)p/2


+ 9

(
δ21

2ηy

)p/2

+ 18(κηx)
p/2Tσp + 2405T 1−p/2(κσ)pη

p/2
x , (A.22)

where (b) holds because

θ̂
√
ηx

=
2κ2ηx
ηy

(2Lηx + 1/2)
√
ηx ≤ (1/κ + 1/2)

172/p

√
ηx ≤ √

ηx (
(

2κ2ηx

ηy

)p/2

≤ 1/17, κLηx ≤ 1
2 )

α̂

L
√
ηx

= 4κ(1 + 2κLηx)
√
ηx ≤ 8κ

√
ηx,

D1

µηy
=

κLηx
ηy

∥y1 − y⋆
1∥

2 ≤ ∥y1 − y⋆
1∥

2

2ηy
(κLηx ≤ 1

2 )

Now, we finish the proof. ■

A.1.1 Prove the complexity

Proof. If we let ηx = 1/(1156κ2L) and ηy = 1/(2L), then we can easily verify that ηx ≤ min
{

1/(8κL), ηy/2(172/pκ2)
}

holds true. Therefore, we can substitute (A.14) into (A.1) to get

1

2
E

( T∑
t=1

ηx ∥∇Φ(xt)∥2
) p

2


≤ 3∆

p/2
1 + 8(κL)

p/2(ηxσ)pT + 6σpT 1−p/2η
p/2
x + 9

(
δ21

2ηy

)p/2

+ 18(κηx)
p/2Tσp + 2405T 1−p/2(κσ)pη

p/2
x

≤ 3∆
p/2
1 + 9L

p/2δp1 + 8(κL)
p/2(ηxσ)pT + 18(κηx)

p/2Tσp + 2411T 1−p/2(κσ)pη
p/2
x (A.23)
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By multiplying both sides of the above equation by (ηxT )−p/2, we get

1

2
E

( 1

T

T∑
t=1

∥∇Φ(xt)∥2
) p

2


≤ 3

(
∆1

Tηx

)p/2

+ 9

(
Lδ21
Tηx

)p/2

+ 8(κL)
p/2η

p/2
x σpT 1−p/2 + 18κ

p/2T 1−p/2σp +
2411(κσ)p

T p−1

≤ 3468

(
κ

√
∆1L

T

)p

+ 10404

(
Lκδ1√

T

)p

+ 19κ
p/2T 1−p/2σp +

2411(κσ)p

T p−1

≤ 3468

(
κ

√
∆1L

T

)p

+ 10404

(
Lκδ1√

T

)p

+
38κp/2σpT 1−p/2

Bp−1
+

4822(κσ)p

(BT )p−1
. (A.24)

Note that the last inequality holds because we have

Et [∥ζx,t∥p] =
Et

[∥∥∥∑B
s=1 ∇xf(xt,yt, ξt,s) −∇xf(xt,yt)

∥∥∥p]
Bp

Lemma C.5

≤ 2B−p
B∑

s=1

Et [∥∇xf(xt,yt, ξt,s) −∇xf(xt,yt)∥p] ≤ 2σp

Bp−1
(A.25)

From the law of total expectation, we get E [∥ζx,t∥p] = E [Et [∥ζx,t∥p]] ≤ 2σp
/Bp−1. The same analysis applies

to E [∥ζy,t∥p], and we can conclude that σp = 2σp
/Bp−1 holds.

Now, if we let

T≍max

{
κ2∆1L

ϵ2
,

(Lκδ1)2

ϵ2

}
,

B≍max

{⌈
κ

p
2(p−1)σ

p
p−1T

2−p
2(p−1)

ϵ
p

p−1

⌉
, 1

}
≍max

{⌈
κ

4−p
2(p−1) (

√
∆1L)

2−p
p−1σ

p
p−1

ϵ
2

p−1

⌉
,

⌈
κ

4−p
2(p−1) (Lδ1)

2−p
p−1σ

p
p−1

ϵ
2

p−1

⌉
, 1

}
,

(A.26)

then we can conlude that (
κ

√
∆1L

T

)p

+

(
Lκδ1√

T

)p

+
κp/2σpT 1−p/2

Bp−1
≲ ϵp (A.27)

If, in addition, ϵ is small enough that ϵ <
√
κmin

{√
∆1L,Lδ1

}
holds true, then we can obtain

(σκ)p

(BT )p−1
≳ (σκ)p ·

(
ϵ2

Tκσ2

)p/2

≍(σκ)p · min

{(
ϵ4

κ3∆1Lσ2

)p/2

,

(
ϵ4

κ3(Lδ1σ)2

)p/2
}

=

(
ϵ

√
κmin

{√
∆1L,Lδ1

})p

ϵp < ϵp (A.28)

Hence, to achieve
(
T−1E

[∑T
t=1 ∥∇Φ(xt)∥

])p
≤ E

[(
T−1

∑T
t=1 ∥∇Φ(xt)∥2

) p
2

]
≤ ϵp, the total gradient com-

plexity is upper bounded by

B · T ≲ max

{
κ

p
2(p−1)σ

p
p−1T

p
2(p−1)

ϵ
p

p−1

, T

}

≲ max

{
κ

3p
2(p−1) (σ · max

{√
∆1L, (Lδ1)

}
)

p
p−1

ϵ
2p

p−1

,
κ2∆1L

ϵ2
,

(Lκδ1)2

ϵ2

}
(A.29)

■
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A.2 Proof of Theorem 3.6

First, we prove the following key lemmas

Lemma A.4. Let Assumptions 1 (L-smoothness and heavy-tailed noise) and 3 (NC-C Setting) hold.
For SGDA with Case II, we have

1

8
E

( T∑
t=1

ηx∥∇Φ1/2L(xt)∥2
)p/2

 ≤2(Lηx)
p/2E

( T∑
t=1

(Φ(xt) − f̂(xt,yt))

)p/2


+ ∆
p/2
1 + 2(LT )

p/2ηpx(Gp + σp) + 4σpT 1−p/2η
p/2
x , (A.30)

where ∆1
∆
= Φ(x1) − minx Φ(x) and f̂(x,y)

∆
= f(x,y) − h(y).

Proof. By Lemma 3.5, we know Φ(x) is a L-weakly convex function on X . Let x+
t

∆
= arg minx∈X

{
Φ(x) + L∥x− xt∥2

}
,

and we have

Φ1/2L(xt+1) = Φ(x+
t+1) + L

∥∥x+
t+1 − xt+1

∥∥2
≤ Φ(x+

t ) + L
∥∥x+

t − xt+1

∥∥2
= Φ(x+

t ) + L
∥∥ΠX (x+

t ) − ΠX (xt − ηx∇xf(xt,yt, ξt))
∥∥2

≤ Φ(x+
t ) + L

∥∥x+
t − xt + ηx∇xf(xt,yt, ξt)

∥∥2
= Φ1/2L(xt) + 2Lηx

〈
x+
t − xt,∇xf(xt,yt)

〉
− ηx

〈
∇Φ1/2L(xt), ζx,t

〉
+ Lη2x ∥∇xf(xt,yt) + ζx,t∥2

≤ Φ1/2L(xt) + 2Lηx
〈
x+
t − xt,∇xf(xt,yt)

〉
− ηx

〈
∇Φ1/2L(xt), ζx,t

〉
+ 2Lη2xG

2 + 2Lη2x ∥ζx,t∥
2
, (A.31)

where we let ζx,t
∆
= ∇xf(xt,yt, ξt) −∇xf(xt,yt), and for the upper bound of 2Lηx

〈
x+
t − xt,∇xf(xt,yt)

〉
,

by the L-smoothness of f(·,yt) w.r.t.x, we can get〈
x+
t − xt,∇xf(xt,yt)

〉
≤f(x+

t ,yt) − f(xt,yt) +
L

2
∥x+

t − xt∥2

=f̂(x+
t ,yt) − f̂(xt,yt) +

L

2
∥x+

t − xt∥2

≤Φ(x+
t ) − f̂(xt,yt) +

L

2
∥x+

t − xt∥2

=Φ1/2L(x+
t ) − f̂(xt,yt) −

∥∇Φ1/2L(xt)∥2

8L

≤Φ(xt) − f̂(xt,yt) −
∥∇Φ1/2L(xt)∥2

8L
. (A.32)

Substitute (A.32) into (A.31), then sum both sides of the resulting inequality from t = 1 to T to obtain

T∑
t=1

ηx∥∇Φ1/2L(xt)∥2

4

≤ ∆1 + 2Lηx

T∑
t=1

(Φ(xt) − f̂(xt,yt)) +

∣∣∣∣∣
T∑

t=1

ηx
〈
∇Φ1/2L(xt), ζx,t

〉∣∣∣∣∣+ 2TLη2x(G2 + ∥ζx,t∥2).

Note that Φ1/2L(x1)−Φ1/2L(xT+1) ≤ Φ(x1)−minx Φ(x)
∆
= ∆1. Next, raise both sides of the above inequality

to the power of p/2 to obtain

1

4

(
T∑

t=1

ηx∥∇Φ1/2L(xt)∥2
)p/2

≤ ∆
p/2
1 + 2(Lηx)

p/2

(
T∑

t=1

(Φ(xt) − f̂(xt,yt))

)p/2

+

(∣∣∣∣∣
T∑

t=1

ηx
〈
∇Φ1/2L(xt), ζx,t

〉∣∣∣∣∣
)p/2

+ 2(TL)
p/2ηpx(Gp + ∥ζx,t∥p),
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where we used the fact that 1/4p/2 ≥ 1/4 and (a+b)p/2 ≤ ap/2 +bp/2 for a, b ≥ 0. Then, taking the expectation
on both sides of the above inequality yields

1

4
E

( T∑
t=1

ηx∥∇Φ1/2L(xt)∥2
)p/2


≤ ∆

p/2
1 + 2(Lηx)

p/2E

( T∑
t=1

(Φ(xt) − f̂(xt,yt))

)p/2
+ E

(∣∣∣∣∣
T∑

t=1

ηx
〈
∇Φ1/2L(xt), ζx,t

〉∣∣∣∣∣
)p/2


+ 2(TL)

p/2ηpx(Gp + σp) (A.33)

We can observe that {
〈
ηx∇Φ1/2L(xt), ζx,t

〉
}t≥1 is a martingale difference sequence w.r.t. {Ft}t≥0, where

Ft
∆
= σ(ξ1, . . . , ξt) and F0

∆
= {∅}. Therefore, we can get

E

(∣∣∣∣∣
T∑

t=1

ηx
〈
∇Φ1/2L(xt), ζx,t

〉∣∣∣∣∣
)p/2

 ≤

√√√√E

[(∣∣∣∣∣
T∑

t=1

ηx
〈
∇Φ1/2L(xt), ζx,t

〉∣∣∣∣∣
)p]

Lemma C.4
≤

√√√√22−p

T∑
t=1

E
[∣∣ηx 〈∇Φ1/2L(xt), ζx,t

〉∣∣p]

≤

√√√√22−pσp

T∑
t=1

E
[
ηpx∥∇Φ1/2L(xt)∥p

]

=

√√√√22−pσpE

[
T∑

t=1

η
p/2
x · ηp/2

x ∥∇Φ1/2L(xt)∥p
]

≤

√√√√√22−pσpE

( T∑
t=1

η
p

2−p
x

) 2−p
2

·

(
T∑

t=1

ηx∥∇Φ1/2L(xt)∥2
) p

2



=

√√√√√22−pσpT 1−p/2η
p
2
x E

( T∑
t=1

ηx∥∇Φ1/2L(xt)∥2
) p

2


≤1

8
E

( T∑
t=1

ηx∥∇Φ1/2L(xt)∥2
) p

2

+ 4σpT 1−p/2η
p
2
x (A.34)

After substituting (A.33) into (A.34), we finish the proof ■

Lemma A.5. Let Assumptions 1 (L-smoothness and heavy-tailed noise) and 3 (NC-C Setting) hold.
For SGDA with Case II, we have

T∑
t=1

E
[
Φ(xt) − f̂(xt,yt)

]
≤ δ̂1 + T

[
DY

√
2G(G + σ)ηx

ηy
+ 2G(σ + G)ηx + D2−p

Y ηp−1
y σp

]
, (A.35)

where δ̂1
∆
= Φ(x1) − f̂(x1,y1).

Proof. On the one hand, since yt = proxηyh(yt−1 + ηy∇yf(xt−1,yt−1, ξt−1)), we have

0 ∈ ∂h(yt) + η−1
y (yt − yt−1 − ηy∇yf(xt−1,yt−1, ξt−1))
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by the optimality condition; on the other hand, due to the convexity of h(y), for any y ∈ dom (h), we have

− h(y) ≤ −h(yt) +
⟨yt − yt−1 − ηy∇yf(xt−1,yt−1, ξt−1),y − yt⟩

ηy

= −h(yt) +
⟨yt − yt−1,y − yt⟩

ηy
− ⟨∇yf(xt−1,yt−1, ξt−1),y − yt−1⟩

+ ⟨∇yf(xt−1,yt−1),yt − yt−1⟩ + ⟨ζx,t,yt − yt−1⟩

= −h(yt) +
∥yt−1 − y∥2 − ∥yt − y∥2

2ηy
− ∥yt − yt−1∥2

2ηy
− ⟨∇yf(xt−1,yt−1, ξt−1),y − yt−1⟩

+ ⟨∇yf(xt−1,yt−1),yt − yt−1⟩ + ⟨ζx,t,yt − yt−1⟩

≤ −h(yt) +
∥yt−1 − y∥2 − ∥yt − y∥2

2ηy
+ f(xt−1,yt) − f(xt−1,yt−1) +

(
L

2
− 1

2ηy

)
∥yt − yt−1∥2

− ⟨∇yf(xt−1,yt−1, ξt−1),y − yt−1⟩ + ⟨ζx,t,yt − yt−1⟩ , (A.36)

where the last inequality holds becasue ⟨∇yf(xt−1,yt−1),yt − yt−1⟩ ≤ f(xt−1,yt)−f(xt−1,yt−1)+(L/2)∥yt−
yt−1∥2 due to the L-smoothness of f(xt, ·) w.r.t.y. In addtion, we notice that

⟨ζy,t−1,yt − yt−1⟩ ≤ ∥ζy,t−1∥ ∥yt − yt−1∥

= ∥ζy,t−1∥ ∥yt − yt−1∥1−
2
β ∥yt − yt−1∥

2
β

=

(
4ηy
β

) 1
β

∥ζy,t−1∥ ∥yt − yt−1∥1−
2
β

(
β ∥yt − yt−1∥2

4ηy

) 1
β

=

[(
4ηy
β

)p/β

∥ζy,t−1∥p ∥yt − yt−1∥p−
2p
β

] 1
p

(β ∥yt − yt−1∥2

4ηy

) p
β(p−1)


p−1
p

Young’s Inequality

≤ 1

p

(
4ηy
β

) p
β

∥ζy,t−1∥p ∥yt − yt−1∥p−
2p
β +

p− 1

p

(
β ∥yt − yt−1∥2

4ηy

) p
β(p−1)

We let β = (p−1)/p to get

⟨ζy,t−1,yt − yt−1⟩ ≤
(4p− 4)p−1

pp
∥yt − yt−1∥2−pηp−1

y ∥ζy,t−1∥p +
∥yt − yt−1∥2

4ηy

≤D2−p
Y ηp−1

y ∥ζy,t−1∥p +
∥yt − yt−1∥2

4ηy
, (A.37)

where the last inequality holds due to (4p−4)p−1
/pp ≤ 1 for p ∈ (1, 2] and {yt}t≥1 in the bounded dom (h).

Substitute (A.37) into (A.36), then taking the expectation8 on both sides of the resulting inequality, we can
get

E [f(xt−1,y) − f(xt−1,yt−1)]

≤ E [⟨∇yf(xt−1,yt−1),y − yt−1⟩]

≤ E
[
h(y) − h(yt) +

∥yt−1 − y∥2 − ∥yt − y∥2

2ηy
+ f(xt−1,yt) − f(xt−1,yt−1)

]
+ E

[(
L

2
− 1

4ηy

)
∥yt − yt−1∥2

]
+ D2−p

Y ηp−1
y σp

≤ E
[
h(y) − h(yt) +

∥yt−1 − y∥2 − ∥yt − y∥2

2ηy
+ f(xt−1,yt) − f(xt−1,yt−1)

]
+ D2−p

Y ηp−1
y σp,

8Suppose that y is σ(ξt−2, . . . , ξ1)-measurable, we first take the condtional expectation w.r.t.σ(ξt−2, . . . , ξ1), then we take
the full expectation.
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where the first inequality holds due to the concavity of f(xt−1, ·) w.r.t.y, and the last inequality holds because
we let ηy ≤ 1/2L. The above inequality is equivently to

E
[
f̂(xt−1,y) − f̂(xt−1,yt)

]
≤ E

[
∥yt−1 − y∥2 − ∥yt − y∥2

2ηy

]
+ D2−p

Y ηp−1
y σp. (A.38)

To upper bound E
[
Φ(xt−1) − f̂f(xt−1,yt−1)

]
, we consider folloiwng decomposition:

Φ(xt−1) − f̂(xt−1,yt−1) =Φ(xt−1) − f̂(xt−1,y) + f̂(xt−1,y) − f̂(xt−1,yt)

+f̂(xt−1,yt) − f̂(xt,yt) + f̂(xt,yt) − f̂(xt−1,yt−1).

By the G-Lipschitz continuity of f(·,yt) w.r.t.x, we have

f̂(xt−1,yt) − f̂(xt,yt) = f(xt−1,yt) − f(xt,yt) ≤ G∥xt−1 − xt∥ ≤ Gηx(∥ζx,t−1∥ + G).

Therefore, we can obtatin

E
[
Φ(xt−1) − f̂(xt−1,yt−1)

]
≤ E

[
Φ(xt−1) − f̂(xt−1,y)

]
+

E
[
∥yt−1 − y∥2 − ∥yt − y∥2

]
2ηy

+ E
[
f̂(xt,yt) − f̂(xt−1,yt−1)

]
+ D2−p

Y ηp−1
y σp + G(σ + G)ηx (A.39)

In the subsequent analysis, we will denote Φ(xt) − f̂(xt,yt) as δ̂t. Without loss of generality, we assume

that T is large enough to be divided into N windows of width M , then
∑T

t=1 δ̂t =
∑N

n=0

∑M
j=1 δ̂nM+j . For δ̂t in

the n+1-th block, i.e., t = nM+j, j = 1, . . . ,M , we substitute y = y⋆
nM+1

∆
= arg maxy {f(xnM+1,y) − h(y)}

into (A.39) to get

E
[
δ̂nM+j

]
≤ E

[
Φ(xnM+j) − f̂(xnM+j ,y

⋆
nM+1)

]
+

E
[
∥ynM+j − y⋆

nM+1∥2 − ∥ynM+j+1 − y⋆
nM+1∥2

]
2ηy

+ E
[
f̂(xnM+j+1,ynM+j+1) − f̂(xnM+j ,ynM+j)

]
+ D2−p

Y ηp−1
y σp + G(σ + G)ηx

We sum both sides of abonve inequality from j = 1 to M to obtain

M∑
j=1

E
[
δ̂nM+j

]
≤

M∑
j=1

E
[
Φ(xnM+j) − f̂(xnM+j ,y

⋆
nM+1)

]
+

E
[
δ2nM+1

]
2ηy

+ E
[
f̂(x(n+1)M+1,y(n+1)M+1) − f̂(xnM+1,ynM+1)

]
+ M

[
D2−p

Y ηp−1
y σp + G(σ + G)ηx

]
. (A.40)

Note that

E
[
Φ(xnM+j) − f̂(xnM+j ,y

⋆
nM+1)

]
= E

[
f̂(xnM+j ,y

⋆
nM+j) − f̂(xnM+j ,y

⋆
nM+1)

]
= E

[
f(xnM+j ,y

⋆
nM+j) − f(xnM+1,y

⋆
nM+j) + f̂(xnM+1,y

⋆
nM+j) − f̂(xnM+j ,y

⋆
nM+1)

]
≤ E

[
f(xnM+j ,y

⋆
nM+j) − f(xnM+1,y

⋆
nM+j) + f̂(xnM+1,y

⋆
nM+1) − f̂(xnM+j ,y

⋆
nM+1)

]
= E

[
f(xnM+j ,y

⋆
nM+j) − f(xnM+1,y

⋆
nM+j) + f(xnM+1,y

⋆
nM+1) − f(xnM+j ,y

⋆
nM+1)

]
≤ 2GE [∥xnM+j − xnM+1∥] = ηxE

[∥∥∥∥∥
j∑

s=2

∇xf(xnM+s−1,ynM+s−1, ξnM+s−1)

∥∥∥∥∥
]

≤ 2G(G + σ)(j − 1)ηx,
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which means
M∑
j=1

E
[
Φ(xnM+j) − f̂(xnM+j ,y

⋆
nM+1)

]
≤ 2G(G + σ)ηx

M∑
j=1

(j − 1) = M(M − 1)G(G + σ) (A.41)

Substitute (A.41) into (A.40) and sum both sides of the resulting inequality from n = 0 to N to get

T∑
t=1

E
[
δ̂t

]
≤ MTG(σ + G)ηx + TD2−p

Y ηp−1
y σp +

TD2
Y

2Mηy
+ E

[
f̂(xT+1,yT+1) − f̂(x1,y1)

]
. (A.42)

Note that δnM+1 ≤ DY because {y⋆
t }t≥1 also in the bounded dom (h). In addtion, we have

E
[
f̂(xT+1,yT+1) − f̂(x1,y1)

]
=E

[
f(xT+1,yT+1) − f(x1,yT+1) + f̂(x1,yT+1) − f̂(x1,y1)

]
≤GE [∥xT+1 − x1] + Φ(x1) − f̂(x1,y1) ≤ TG(G + σ)ηx + δ̂1. (A.43)

Now, we substitute (A.43) into (A.42) to get

T∑
t=1

E
[
δ̂t

]
≤ δ̂1 + (M + 1)TG(σ + G)ηx + TD2−p

Y ηp−1
y σp +

TD2
Y

2Mηy
.

We let M =

⌈
DY√

2G(G+σ)ηxηy

⌉
, then we can have

T∑
t=1

E
[
δ̂t

]
≤δ̂1 +

(
DY√

2G(G + σ)ηxηy
+ 2

)
TG(σ + G)ηx + TDY

√
G(G + σ)ηx

2ηy
+ TD2−p

Y ηp−1
y σp

=δ̂1 + TDY

√
2G(G + σ)ηx

ηy
+ 2TG(σ + G)ηx + TD2−p

Y ηp−1
y σp

■

A.2.1 Prove the complexity

Proof. We assume that that ηy ≤ 1/2L, then by Lemma A.4 and Lemma A.5, we can get

E

( T∑
t=1

ηx∥∇Φ1/2L(xt)∥2
)p/2


≲ (Lηx)

p/2E

( T∑
t=1

(Φ(xt) − f̂(xt,yt))

)p/2
+ ∆

p/2
1 + (LT )

p/2ηpx(Gp + σp) + σpT 1−p/2η
p/2
x

≲

(
LηxE

[
T∑

t=1

(Φ(xt) − f̂(xt,yt))

])p/2

+ ∆
p/2
1 + ηpx(LT (G2 ∨ σ2))

p/2 + σpT 1−p/2η
p/2
x

≲

(
Lηxδ̂1 + TLηx

(
DY

√
G(G ∨ σ)ηx

ηy
+ G(σ ∨G)ηx + D2−p

Y ηp−1
y σp

))p/2

+ ∆
p/2
1 + ηpx(LT (G2 ∨ σ2))

p/2 + σpT 1−p/2η
p/2
x

Next, we multiply both sides of the above inequality by (Tηx)−p/2 to obtain the right-hand side as

L.H.S. ≲

(
∆1

Tηx

)p/2

+
(
(G2 ∨ σ2)Lηx

)p/2
+ (LG(σ ∨G)ηx)

p/2

+

(
LDY

√
G(G ∨ σ)ηx

ηy
+ LD2−p

Y ηp−1
y σp

)p/2

+

(
Lδ̂1
T

)p/2

+
σp

T p−1
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We denote max{a, b} and min{a, b} as a ∨ b and a ∧ b, respectively. Let ηx = Cx,1T
− 2p−1

3p−2 ∧ Cx,2T
−1/2 and

ηy = 1/2L ∧ CyT
− 1

3p−2 , where Cx,1, Cx,2 and Cy are all positive constants, and substitute them into the
above equation to obtain the right hand side as

L.H.S.

≲

(
∆1

T

(
T

2p−1
3p−2

Cx,1
∨

√
T

Cx,2

))p/2

+

(
Cx,2(G2 ∨ σ2)L√

T

)p/2

+

(
Cx,2LG(σ ∨G)√

T

)p/2

+

(
Lδ̂1
T

)p/2

+
σp

T p−1

+

LDY

√√√√G(G ∨ σ)Cx,1

T
2p−1
3p−2

(
2L ∨ T

1
3p−1

Cy

)
+

Cp−1
y LD2−p

Y σp

T
p−1
3p−2

p/2

≲

(
∆1/Cx,1

T
p−1
3p−2

)p/2

+

(
∆1/Cx,2√

T

)p/2

+

(
LCx,2(G2 ∨ σ2 ∨Gσ)√

T

)p/2

+

(
Lδ̂1
T

)p/2

+
σp

T p−1

+

(
LDY

√
L(G2 ∨Gσ)Cx,1

T
2p−1
6p−4

)p/2

+

(
LDY

√
(G2 ∨Gσ)Cx,1/Cy

T
p−1
3p−2

+
Cp−1

y LD2−p
Y σp

T
p−1
3p−2

)p/2

(A.44)

If we let

Cx,1 =
(∆1/L)

2p−1
3p−2

(DYσ)
p

3p−2 (Gσ ∨G2)
p−1
3p−2

, Cx,2 =

√
∆1

L(G2 ∨ σ2 ∨Gσ)
,

Cy = Cy =
D

3p−4
3p−2

Y

σ
3p

3p−2

(
∆1(Gσ ∨G2)

L

) 1
3p−2

.

Then, we get

∆1/Cx,1 = LDY

√
(Gσ ∨G2)Cx,1/Cy = LD2−p

Y Cp−1
y σp = (∆1(Gσ ∨G2))

p−1
3p−2 (DYσ)

p
3p−2L

2p−1
3p−2

∆1/Cx,2 = LCx,2(G2 ∨ σ2 ∨Gσ) =
√

∆1L(G2 ∨ σ2 ∨Gσ)

LDY

√
L(G2 ∨Gσ)Cx,1 =

L
7p−5
6p−4D

5p−4
6p−4

Y (∆1(G2 ∨Gσ))
2p−1
6p−4

σ
p

6p−4

(A.45)

Now, we substitute (A.45) into (A.44) to get

E

( T∑
t=1

ηx∥∇Φ1/2L(xt)∥2
)p/2


≲

(
(∆1(Gσ ∨G2))

p−1
3p−2 (DYσ)

p
3p−2L

2p−1
3p−2

T
p−1
3p−2

)p/2

+

L
7p−5
6p−4D

5p−4
6p−4

Y

σ
p

6p−4

(
∆1(G2 ∨Gσ)

T

) 2p−1
6p−4

p/2

+

(√
∆1L(G2 ∨ σ2 ∨Gσ)

T

)p/2

+

(
Lδ̂1
T

)p/2

+
σp

T p−1
. (A.46)
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If, we have σ ≥ G9, then we can get

E

( T∑
t=1

ηx∥∇Φ1/2L(xt)∥2
)p/2


≲

∆
p−1
3p−2

1 σD
p

3p−2

Y L
2p−1
3p−2

T
p−1
3p−2

∨ (∆1G
2)

p−1
3p−2 (σDY)

p
3p−2L

2p−1
3p−2

T
p−1
3p−2

p/2

+

∆
2p−1
6p−4

1

√
σL

7p−5
6p−4D

5p−4
6p−4

Y

T
2p−1
6p−4

p/2

+

(√
∆1L(G2 ∨ σ2)

T

)p/2

+

(
Lδ̂1
T

)p/2

+
σp

T p−1
(A.47)

To achieve E
[(∑T

t=1 ηx∥∇Φ1/2L(xt)∥2
)p/2

]
≤ ϵp, the total gradient complexity is upper bounded by

O

∆1D
p

p−1

Y L
2p−1
p−1 (σ

3p−2
p−1 ∨G2σ

p
p−1 )

ϵ
6p−4
p−1

+
∆1σ

3p−2
2p−1L

7p−5
2p−1D

5p−4
2p−1

Y

ϵ
12p−8
2p−1

+
(σ
ϵ

) p
p−1

+
∆1L(G2 ∨ σ2)

ϵ4
+

Lδ̂1
ϵ2


If, in addition, we have σ, L,DY ≥ 1 and ϵ ≤ 1, then we can get σ

3p−2
p−1 ≥ σ

3p−2
2p−1 , D

p
p−1

Y ≥ D
5p−4
2p−1

Y , L
2p−1
p−1 ≥

L
7p−5
2p−1 and ϵ−

6p−4
p−1 ≥ ϵ−

12p−8
2p−1 , which means the total gradient complexity is upper bounded by

O

∆1D
p

p−1

Y L
2p−1
p−1 (σ

3p−2
p−1 ∨G2σ

p
p−1 )

ϵ
6p−4
p−1

+
(σ
ϵ

) p
p−1

+
∆1L(G2 ∨ σ2)

ϵ4
+

Lδ̂1
ϵ2

 (A.48)

■

9Note that we used σ ≥ G, which gives G2 ∨ σG ≤ G2 ∨ σ2. In fact, we retained the G2 term, so this does not cause the
degeneration of the dependence of the upper bound on G.
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A.3 Proof of Theorem 3.4

Additional notations For positive integers T, a, b, [T ] represents the set 1, . . . , T , and [a : b] represents the

set {a, a+ 1, . . . , b}. Given a real vector v, we denote v[i] as the i-th coordinate of v, supp(v)
∆
= {i | v[i] ̸= 0}.

∥v∥2 and ∥v∥∞ are the ℓ2 and ℓ∞ norm of v, respectively. For a differentiable function f , ∇if(v) represents
∇f(v)[i]. Given a matrix A, we let Ai,j be the i, j-th entry of A. In ∈ Rn×n represents the identity matrix,
and ei represents the standard unit vector with all zeros except for the i-th coordinate, which is 1.

Necessary definitions We introduce some definitions needed to prove the lower bound. They basically
come from [ACD+22] and [LTZJ21] extend them to constrained optimization. A differentiable function
f : V ⊂ Rd 7→ R is a (first-order) zero chain over V if for any v ∈ V and 1 ≤ i ≤ d, ∀j ∈ [i : d],v[j] = 0
implies that ∀k ∈ [i + 1 : d], ∇kf(v) = 0. Given a ojective f : X 7→ R and its associated first-
order stochastic oracle ∇f(x, ξ), if (t + 1)-th iterate xt+1 of a algorithm A with ∇f(x, ξ) awalys satisfies
xt+1 ∈ {ΠX (v) | supp(v) ⊂ ∪0≤i≤t(supp(xi) ∪ supp(∇f(xi, ξ)))}, we say A is a stochasitc first-order (zero-
respecting) algorithm. Moreover, if supp(x) ⊂ [1 : i− 1] implies that P(supp(∇f(x, ξ)) ⊈ [1 : i− 1]) ≤ q and
P(supp(∇f(x, ξ)) ⊂ [1 : i]) = 1 hold, we say f is a probability-q zero-chain with respect to the given oracle
∇f(x, ξ).

The hard instance The hard instance for min-max problems comes from [LTZJ21]. Specifically, we
decompose the minimization variable into x ∈ RT and z ∈ RT−1, and the maximization variable into

ȳ
∆
= [y(1), . . . ,y(T−1)], where y(i) ∈ Rn. The formal expression of the instance f̂ : RT ×RT−1×Rn(T−1) 7→ R

is following

f̂(x, z, ȳ)
∆
= − Ψ(1)Φ(x[1]) +

T∑
2

[Ψ(−z[i])Φ(−x[i]) − Ψ(z[i])Φ(x[i])]

+

T−1∑
i=1

h(x[i], z[i + 1], ȳ(i)) +

T−1∑
i=1

(
c1x[i]2 + c2z[i + 1]2

)
, (A.49)

where

Ψ(u)
∆
=

{
0, u ≤ 1/2

exp
(

1 − 1
(2u−1)

2
)
, u > 1/2

, Φ(u)
∆
=

√
e

∫ u

−∞
exp

(
− t2

2

)
dt,

h(x, z,y)
∆
=

C

n

[
−1

2
yT

(
1

n2
In + A

)
y + bT

x,zy

]
, bT

x,z
∆
= xe1 − 1

2
zen,

A
∆
=


A1,1 = An,n = 1

Ai,i = 2, ∀i ∈ [2 : n]

Ai,i+1 = Ai+1,i = −1 ∀i ∈ [1 : n− 1]

0, otherwise

.

Here we stipulate z[1] = 1. We arrange x, z, ȳ as follows

u
∆
=
(
x[1],y(1), z[2],x[2],y(2), z[3], . . . ,x[i],y(i), z[i + 1], . . . , z[T ],x[T ]

)
We let Bd

R
∆
=
{
x ∈ Rd | ∥x∥∞ ≤ R

}
. According to Lemma 11, 12 in [LTZJ21], f̂ has following key properties

for some numercial constants c1, c2, C,R1, R2 and engough large n:

1. f̂ is a zero-chain with respect to u

2. f̂ is ℓ-smooth w.r.t. (x, z, ȳ) and is 1/n3-strongly convcave w.r.t. ȳ. Moreover, ∀(x, z, ȳ) ∈ BT
R1

×BT−1
R1

×
Bn(T−1)
nR2

, ∥∇f̂(x, z, ȳ)∥∞ ≤ G.
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3. Define Φ̂(x, z)
∆
= max

ȳ∈Bn(T−1)
nR2

f̂(x, z, ȳ), then Φ̂(x, z) is ℓΦ̂-smooth for any (x, z) ∈ BT
R1

× BT−1
R1

, and

Φ̂(0,0) − inf(x,z)∈BT
R1

×BT−1
R1

Φ̂(x, z) ≤ 12T .

4. If |z[i]| < 1 for some i ∈ [2 : T ], then ℓΦ̂

∥∥∥ΠBT
R1

×BT−1
R1

((x, z) − ℓ−1

Φ̂
∇Φ(x, z)) − (x, z)

∥∥∥ > 1/3.

Here, we emphasize that ℓ, G, ℓΦ̂ are all numerical constants.

Proof. We state that the proof mostly follows the proof of Theorem 2 in [LTZJ21]. The difference is that
we need to modify the constructed stochastic oracle to make it match the heavy-tailed noise assumption.

The instance f : BT
λR1

×BT−1
λR1

×Bn(T−1)
λnR2

7→ R on which the lower bound is established is actually the rescaled

f̂ , that is:

f(x, z, ȳ)
∆
=

Lλ2

ℓ
f̂

(
x

λ
,
z

λ
,
ȳ

λ

)
, (A.50)

where λ is to be determined. By Property 1, f is still a zero-chain with respect to u after rescaling. Let

Φ(x, z)
∆
= max

ȳ∈Bn(T−1)
λnR2

f(x, z, ȳ), then the analysis in [LTZJ21] tells that Φ(x, z) = (Lλ2/ℓ)Φ̂(x/λ, z/λ),

which means the smoothness parameter of Φ is ℓΦ = ℓΦ̂L/ℓ by Property 3. Moreover, n =
⌊
(κ/ℓ)1/3

⌋
and T =

⌊
L∆1

432ℓϵ2

⌋
can guarantee that f is L-smooth w.r.t. (x, z, ȳ) and is µ-stongly concave w.r.t. ȳ, and

Φ(0,0) − inf(x,z)∈BT
λR1

×BT−1
λR1

Φ(x, z) ≤ ∆1. Therefore, f belongs to the objective functions that conforms

to the NC-SC setting with given parameters L, µ and ∆1. For convenience, we denote Gap(ℓ, f,x, z, C) as
ℓ
∥∥ΠC((x, z) − ℓ−1∇f(x, z)) − (x, z)

∥∥
2
. If z[T ] = 0 and λ = 6ℓϵ/L, we can get

Gap(ℓΦ, f,x, z,BT
λR1

× BT−1
λR1

) =
Lλ

ℓ
·Gap(ℓΦ̂, f̂ ,x/λ, z/λ,B

T
R1

× BT−1
R1

) >
Lλ

3ℓ
= 2ϵ, (A.51)

where the inequality holds due to the Property 4. The construction of the stochastic oracle is in the same
way as [ACD+22] and [LTZJ21]. Given q ∈ (0, 1], the oracle ∇f(u, ξ) is defined as

∇f(u, ξ)[i]
∆
=

{
ξ
q∇if(u), i = infi {i | ∇if(u) = 0}
∇if(u), otherwise

, (A.52)

where ξ ∼ Bernoulli(q). Note that ∥∇f(x, z, ȳ)∥∞ ≤ GLλ/ℓ since we have already know that ∥∇f̂(x, z, ȳ)∥∞ ≤
G by Property 2. Then, the p-the central moment of ∇f(u, ξ) is bounded by

Eξ [∥∇f(u, ξ) −∇f(u)∥p] = Eξ [|∇f(u, ξ)[i⋆] −∇i⋆f(u)|p]

= Eξ [|ξ/q − 1|p] · |∇i⋆f(u)|p

=

(
1 − q +

(1 − q)p

qp−1

)(
Lλ

ℓ

)∣∣∣∇i⋆ f̂(u/λ)
∣∣∣p

≤
(

1 − q +
(1 − q)p

qp−1

)(
Lλ

ℓ

)(
GLλ

ℓ

)p

≤ 1

qp

(
GLλ

ℓ

)p

Let q = min
{

1,
(
GLλ
σℓ

) p
p−1

}
to make the bound no greater than σp. Note that Lemma 3 in [ACD+22] implies

that f(u) with ∇f(u, ξ) is a probability-q zero-chain, then by Lemma 1 in [ACD+22], we have

∀t ≤ w1nT − log2(1/δ)

2q
⇒ P(zt[T ] = 0) ≥ 1 − δ ⇒ P

(
Gap(ℓΦ, f,xt, zt,BT

λR1
× BT−1

λR1
) > 2ϵ

)
≥ 1 − δ

where {xt, zt, ȳt}t≥1 is generated by a certatin first-order (zero-respecting) algorithm A with (x1, z1, ȳ) =
(0,0,0), and w1 is some constant. Furthermore, according to Markov’s inequality, we have

E
[
Gap(ℓΦ, f,xt, zt,BT

λR1
× BT−1

λR1
)
]
≥ (1 − δ) · 2ϵ
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Choosing δ = 1/2, then for any

t ≤ w2nT

q
= w2 ·

⌊(κ
ℓ

)1/3⌋
·
⌊
L∆1

ℓϵ2

⌋
· max

{
1,

(
σℓ

GLλ

) p
p−1

}
≥ w3 ·

∆1Lκ
1/3σ

p
p−1

ϵ
3p−2
p−1

,

where w2, w3 are some constants, xt, zt cannot be a ϵ-stationary point of Φ over BT
λR1

×BT−1
λR1

. Therefore, in

order to find a ϵ-stationary point, the total number of iterations of A is at least Ω(∆1Lκ
1/3σ

p
p−1 ϵ−

3p−2
p−1 ) ■

B Missing proofs in section 4

B.1 Proof of Theorem 4.1

Additional notations ri (S) and cl (S) represent the relative interior and closure of a given subset S,

respectively. For a function f : Rd 7→ (−∞,+∞], we let dom (f)
∆
= {x | f(x) < +∞}. If dom (f) ̸= ∅, we

say that f is proper. For the proper function f , we can define its nonempty epigraph epi(f)
∆
= {(x, t) | t ∈

R, f(x) ≤ t}.

The following lemmas in convex analysis are needed for our proof.

Lemma B.1. [GLRR25, Lemma C.5] Given a closed ball B(z, η)
∆
= {x | ∥x− z∥ ≤ η}, then the normal cone

NB(z,η) (x)
∆
= {v | ⟨v,y − x⟩ ≤ 0, ∀y ∈ B(z, η)} is

NB(z,η) (x) =


{v | λ(x− z), ∀λ ≥ 0} ∥x− z∥ = η,

{0} ∥x− z∥ < η,

∅ ∥x− z∥ > η.

(B.1)

Lemma B.2. Let f : Rd 7→ (−∞,+∞] is proper and convex. Given a nonempty convex set X, where
dom (f) ∩X ̸= ∅, then for x ∈ dom (f) ∩X, we have

ri (X) ∩ ri (dom (f)) ̸= ∅ and ∂(f + δX)(x) ̸= ∅ =⇒ ∂f(x) ̸= ∅, (B.2)

where δX is the indicator function about X.

Remark B.1. The relative interior condition ri (X) ∩ ri (dom (f)) ̸= ∅ is necessary. Assume that f(x) =
−
√
x for x ≥ 0 and f(x) ≡ +∞ for x < 0, then f is proper and convex. If X = {0}, then ∂(f + δX)(0) =

(−∞,+∞), while ∂f(0) = ∅.

Proof. First, we denote fδ as f + δX , then fδ is also a proper and convex function, and epi (fδ) = epi (f)∩
(X×R). Since ri (X)∩ ri (dom (f)) ̸= ∅, we know that ri (epi (f))∩ ri (X × R) ̸= ∅ also holds true. Then by
the noraml cone intersection rule [Roc97, Corollary 23.8.1], we get Nepi(fδ) ((x, f(x))) = Nepi(f) ((x, f(x))) +
NX×R ((x, f(x))). Since ∂(fδ)(x) ̸= ∅, then for any u ∈ ∂fδ(x), we have (u,−1) ∈ Nepi(fδ) ((x, f(x))), and
there exists (v, α) ∈ Nepi(f) ((x, f(x))) and (w, β) ∈ NX×R ((x, f(x))) such that (u,−1) = (v + w,α + β).
Let s > 0, then by the definition of normal cone, we know that ⟨(w, β), (x, f(x)) − (x, f(x) + s)⟩ ≤ 0 and
⟨(w, β), (x, f(x)) − (x, f(x) − s)⟩ ≤ 0 are both ture. Hence, β must be 0, which means α = −1 and v ∈ ∂f(x).
■

Lemma B.3. Let f : Rd 7→ (−∞,+∞] is proper, closed and convex. Given any z ∈ dom (f), then
arg minx∈B(z,η) f(x) (η > 0) is nonempty, closed and convex. Moreover, for any x† ∈ arg minx∈B(z,η) f(x),

∂f(x†) ̸= ∅ and ∂(f+δB(z,η))(x
†) = ∂f(x†)+NB(z,η)

(
x†), where NB(z,η)

(
x†) ∆

=
{
v |
〈
v,x− x†〉 ≤ 0, ∀x ∈ B(z, η)

}
.

Proof. Since f is a proper closed function, meaning f is lower semi-continuous, and because dom (f) ∩
B(z, η) ̸= ∅, then according to the Weierstrass extreme value theorem, arg minx∈B(z,η) f(x) ̸= ∅ and
arg minx∈B(z,η) f(x) ⊂ dom (f) ∩ B(z, η). Furthermore, since f is closed, we can conclude that for any
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γ, the level set Vγ
∆
= {x | f(x) ≤ γ} is also closed. Let γ⋆ = minx∈B(z,η) f(x), then arg minx∈B(z,η) f(x) =

Vγ⋆ ∩ B(z, η), so arg minx∈B(z,η) f(x) is closed. let x1,x2 ∈ arg minx∈B(z,η) f(x), then for any λ ∈ (0, 1),
(1 − λ)x1 + λx2 ∈ dom (f) ∩ B(z, η) also minimizes f on B(z, η) due to the convexity of f . Therefore,
arg minx∈B(z,η) f(x) must be nonempty, closed and convex.

Now, we prepare to show ri (dom (f)) ∩ ri (B(z, η)) ̸= ∅. If z ∈ ri (dom (f)), we surely have ri (dom (f)) ∩
ri (B(z, η)) ̸= ∅. If z /∈ ri (dom (f)), we still can get z ∈ cl (dom (f)) = cl (ri (dom (f))) by [Ber09, Proposition
1.3.5], which means there exists a sequence {xt}t∈N+

∈ ri (dom (f)) such that limt→+∞ ∥xt − z∥ = 0. There-

fore, there always exists a sufficiently large t such that ∥xt − z∥ < η, and thus ri (dom (f))∩ ri (B(z, η)) ̸= ∅.
Moreover, we know that 0 ∈ ∂(f + δB(z,η))(x

†) for any x† ∈ arg minx∈B(z,η) f(x) by the optimality condtion,

then we can conclude that ∂f(x†) ̸= ∅ by Lemma B.2. Furthermore, by [Roc97, Theorem 23.8], we have
∂
(
f + δB(z,η)

)
(x†) = ∂f(x†) +∂δB(z,η)(x

†) because ri (dom (f))∩ ri (B(z, η)) ̸= ∅, and it is easy to verify that

∂δB(z,η)(x
†) = NB(z,η)

(
x†) ■

Proof. First, since r(x) is a proper, closed and convex function, we know that r̂(x)
∆
= ⟨v,x⟩ + r(x) is

also a proper, closed and convex function for any v ∈ Rd, and dom (r̂) = dom (r). Then by Lemma B.3,
arg minx∈B(z,η) r̂(x) is a nonempty, closed and convex set, and for any x† ∈ arg minx∈B(z,η) r̂(x), we have

∂r̂(x†) ̸= ∅, which also means ∂r(x†) ̸= ∅. Moreover, we get 0 ∈ ∂(r̂+δB(z,η))(x
†) = v+∂r(x†)+NB(z,η)

(
x†)

by the optimality condition and Lemma B.3. If 0 /∈ v+∂r(x†) By Lemma B.1, we know that ∥x†−z∥ = η and
∃λ > 0, gr(x†) ∈ ∂r(x†) such that 0 = v+gr(x†)+λ(x†−z). That is to say ∥x†−z∥ = λ−1∥v+gr(x†)∥ = η,

which means x† = z− η v+gr(x
†)

∥v+gr(x†)∥ .

We then prove that in the assumption that ∀x† ∈ X †
⋆ ,0 /∈ v + ∂r(x†), x† must be unique. If x†

1,x
†
2 ∈ X †

⋆

and x†
1 ̸= x†

2, we define x†
λ

∆
= λx†

1 + (1−λ)x†
2, where λ ∈ (0, 1). Note that ∥x†

λ− z∥ < η because ∥x†
1− z∥ = η

and ∥x†
2 − z∥ = η. Due to the convexity of ⟨∇f(z),x⟩ + r(x), we get x†

λ ∈ X †
⋆ . Consequently, we must have

0 /∈ v + ∂r(x†
λ). However, 0 ∈ ∇f(z) + ∂r(x†

λ) +NB(z,η)

(
x†
λ

)
= ∇f(z) + ∂r(x†

λ) by the optimality condition

and Lemma B.1. Such a contradiction indicates that X †
⋆ must be a singleton ■
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B.2 Proof of Theorem 4.2

First, we prove the following lemmas

Lemma B.4. [Kov25, Lemma 3] Suppose that r : Rd 7→ (−∞,+∞] is a proper, closed and convex function.

Given any z ∈ dom (r), η > 0 and v ∈ Rd, we let X †
⋆ be the solution set of minx∈B(z,η) {⟨v,x⟩ + r(x)}. Then

∀x† ∈ X †
⋆ , there always exists gr(x†) ∈ ∂r(x†), such that

r(z) +
〈
v, z− x†〉 ≥ r(x†) + η

∥∥v + gr(x†)
∥∥ (B.3)

holds true.

Proof. First, we have r(z) +
〈
v, z− x†〉 ≥ r(x†) +

〈
gr(x†) + v, z− x†〉 holds due to the convexity of r(x).

If 0 ∈ v + ∂r(x†), i.e., ∃gr(x†) ∈ ∂r(x†),v = −gr(x†), then (B.3) is obviously holds. If 0 /∈ v + ∂r(x†), then

accroding to the Theorem 4.1, we know that ∃gr(x†) ∈ ∂r(x†), x† = z − η v+gr(x
†)

∥v+gr(x†)∥ , then we immediately

obtained (B.3). ■

Remark B.2. Although Lemma B.4 has been proposed by [Kov25], their proof is more complex than ours.
Once we understand through Theorem 4.1 that the trust-region gradient method is actually a generalization
of gradient normalization to composite optimization problems, then the validity of (B.3) is intuitive.

Lemma B.5. Suppose that Assumption 1(a) and Assumption 2 hold. After one iteration of TR-SGDAM, we
have

Ψ(xt+1) − Ψ(xt)

≤ −ηxdist(0,∇Φ(xt+1) + ∂r(xt+1)) + 2κηxdist(∇yf(xt,yt), ∂h(yt)) + 2ηx ∥ζx,t∥ + 3κLη2x, (B.4)

where Φ(x)
∆
= maxy f(x,y) − h(y), Ψ(x)

∆
= Φ(x) + r(x) and ζx,t

∆
= mx,t −∇xf(xt,yt).

Proof. Based on the 2κL-smoothness of Φ(·), we have

Φ(xt+1) + r(xt+1) ≤Φ(xt) + r(xt+1) + ⟨∇xf(xt,y
⋆
t ),xt+1 − xt⟩ + Lκη2x

=Φ(xt) + r(xt+1) + ⟨mx,t,xt+1 − xt⟩ + ⟨∇xf(xt,y
⋆
t ) −∇xf(xt,yt),xt+1 − xt⟩

+ ⟨∇xf(xt,yt) −mx,t,xt+1 − xt⟩ + Lκη2x

≤Φ(xt) + r(xt+1) + ⟨mx,t,xt+1 − xt⟩ + Lηx ∥yt − y⋆
t ∥ + ηx ∥ζx,t∥ + Lκη2x (B.5)

holds for any xt+1 ∈ arg minx∈B(xt,ηx) {⟨mx,t,x⟩ + r(x)}, then by Lemma B.4, there exists gr(xt) ∈ ∂r(xt),
such that

r(xt) − r(xt+1) + ⟨mx,t,xt − xt+1⟩ ≥ ηx ∥mx,t + gr(xt+1)∥
= ηx ∥∇Φ(xt+1) + gr(xt+1) + ∇Φ(xt) −∇Φ(xt+1) + mx,t −∇xf(xt,yt) + ∇xf(xt,yt) −∇Φ(xt)∥
≥ ηx(∥∇Φ(xt+1) + gr(xt+1)∥ − ∥∇Φ(xt) −∇Φ(xt+1)∥ − ∥ζx,t∥ − ∥∇xf(xt,yt) −∇xf(xt,y

⋆
t )∥)

≥ ηx(dist(0,∇Φ(xt+1) + ∂r(xt+1)) − 2κLηx − ∥ζx,t∥ − L ∥yt − y⋆
t ∥) (B.6)

Substituting (B.6) into (B.5), we get

[Φ(xt+1) + r(xt+1)] − [Φ(xt) + r(xt)]

≤ −ηxdist(0,∇Φ(xt+1) + ∂r(xt+1)) + 2Lηx ∥yt − y⋆
t ∥ + 2ηx ∥ζx,t∥ + 3κLη2x. (B.7)

By our assumption, f(xt, ·) is µ-strongly concave with respect to y, then f(xt, ·) − h(·) is also µ-strongly
concave since h(·) is convex. We also konw −∇yf(xt,y) + ∂h(y) = ∂(−f(xt, ·) + h)(y) for any y ∈ dom (h).
Since y⋆

t = arg miny {−f(xt,y) + h(y)}, we have 0 ∈ −∇yf(xt,y) + ∂h(y), and

−f(xt,yt) + h(yt) + f(xt,y
⋆
t ) − h(y⋆

t ) ≥ µ

2
∥yt − y⋆

t ∥
2
. (B.8)
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Note that ∂h(yt) ̸= ∅ by Theorem 4.1. Hence, ∀gh(yt) ∈ ∂h(yt), such that

−f(xt,y
⋆
t ) + h(y⋆

t ) + f(xt,yt) − h(yt) ≥ ⟨gh(yt) −∇yf(xt,yt),y
⋆
t − yt⟩ +

µ

2
∥y⋆

t − yt∥2 , (B.9)

then we can obtain

∥gh(yt) −∇yf(xt,yt)∥ ∥y⋆
t − yt∥ ≥ ⟨gh(yt) −∇yf(xt,yt),y

⋆
t − yt⟩ + µ ∥y⋆

t − yt∥2 , (B.10)

which implies that

µ ∥y⋆
t − yt∥ ≤ dist(∇yf(xt,yt), ∂h(yt)). (B.11)

Now, by substituting (B.11) into (B.7), we have completed the proof. ■

Lemma B.6. Suppose that Assumption 1(a) and Assumption 2 hold. After one iteration of TR-SGDAM, we
have

F (xt−1,yt−1) − F (xt,yt) ≤ηxdist(0,∇Φ(xt−1) + ∂r(xt−1)) + ηxκdist(∇yf(xt−1,yt−1), ∂h(yt−1))

− ηydist(∇yf(xt,yt), ∂h(yt)) + 2ηy ∥ζy,t−1∥ + 3Lη2y + 2Lηxηy, (B.12)

where F (xt,yt)
∆
= f(xt,yt) − h(yt) + r(xt) and ζy,t−1

∆
= my,t−1 −∇yf(xt−1,yt−1).

Proof. On the one hand, based on the L-smothness of f(xt, ·) with respect to y, we have f(xt,yt) −
f(xt,yt−1) − ⟨∇yf(xt,yt−1),yt − yt−1⟩ ≥ −L/2∥yt − yt−1∥, which means

f(xt,yt−1) − h(yt−1) ≤ f(xt,yt) − h(yt−1) + ⟨∇yf(xt,yt−1),yt−1 − yt⟩ +
Lη2y

2
= f(xt,yt) − h(yt−1) + ⟨my,t−1,yt−1 − yt⟩ + ⟨∇yf(xt,yt−1) −∇yf(xt−1,yt−1),yt−1 − yt⟩

+ ⟨∇yf(xt−1,yt−1) −my,t−1,yt−1 − yt⟩ +
Lη2y

2

≤ f(xt,yt) − h(yt−1) + ⟨my,t−1,yt−1 − yt⟩ + Lηxηy + ηy ∥ζy,t−1∥ +
Lη2y

2
; (B.13)

on the other hand, by Lemma B.4, there exists gh(yt) ∈ h(yt), such that

h(yt−1) − h(yt) − ⟨my,t−1,yt−1 − yt⟩ ≥ ηy ∥−my,t−1 + gh(yt)∥
= ηy ∥∇yf(xt,yt) −∇yf(xt−1,yt−1) + ∇yf(xt−1,yt−1) −my,t−1 + gh(yt) −∇yf(xt,yt)∥
≥ ηy(∥gh(yt) −∇yf(xt,yt)∥ − ∥∇yf(xt,yt) −∇yf(xt−1,yt−1)∥ − ∥ζy,t−1∥)

≥ ηydist(∇yf(xt,yt), ∂h(yt)) − Lηy(ηx + ηy) − ηy ∥ζy,t−1∥ . (B.14)

Therefore, we get

[f(xt,yt−1) − h(yt−1)] − [f(xt,yt) − h(yt)]

≤ −ηydist(∇yf(xt,yt), ∂h(yt)) + 2ηy ∥ζy,t−1∥ + 2Lηxηy +
3Lη2y

2
(B.15)

Now, we consider the upper bound f(xt−1,yt−1) + r(xt−1) − f(xt,yt−1) − r(xt). By the L-smoothness
of f(·,yt−1) with respect to x and the convexity of r, ∀gr(xt−1) ∈ r(xt−1) we have

f(xt−1,yt−1) + r(xt−1) − f(xt,yt−1) − r(xt) ≤ ⟨∇xf(xt,yt−1) + gr(xt−1),xt−1 − xt⟩ +
Lη2x

2
= ⟨∇Φ(xt−1) + gr(xt−1),xt−1 − xt⟩ + ⟨∇xf(xt,yt−1) −∇xf(xt−1,yt−1),xt−1 − xt⟩

+
〈
∇xf(xt−1,yt−1) −∇xf(xt−1,y

⋆
t−1),xt−1 − xt

〉
+

Lη2x
2

≤ ηx ∥∇Φ(xt−1) + gr(xt−1)∥ + Lηx
∥∥yt−1 − y⋆

t−1

∥∥+
3Lη2x

2

≤ ηx ∥∇Φ(xt−1) + gr(xt−1)∥ + ηxκdist(∇yf(xt−1,yt−1), ∂h(yt−1)) +
3Lη2x

2
, (B.16)
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where the last inequality holds because we have already obtained (B.11).

We get the following by adding inequalities (B.15) and (B.16):

F (xt−1,yt−1) − F (xt,yt) ≤ηxdist(0,∇Φ(xt−1) + ∂r(xt−1)) + ηxκdist(∇yf(xt−1,yt−1), ∂h(yt−1))

− ηydist(∇yf(xt,yt), ∂h(yt)) + 2ηy ∥ζy,t−1∥ + 3Lη2y + 2Lηxηy (B.17)

Note that we have replaced the term ∥∇Φ(xt−1) + gr(xt−1)∥ with dist(∇Φ(xt−1) + ∂r(xt−1)) on R.H.S. of
the above inequality, because (B.16) holds for any gr(xt−1) ∈ ∂r(xt−1). ■

B.2.1 Prove the complexity

Proof. By Lemma B.5 and Lemma B.6, we can get the following inequality

Ψ(xt+1) − F (xt+1,yt+1) + ηxdist(0,∇Φ(xt+1) + ∂r(xt+1)) + ηydist(∇yf(xt+1,yt+1), ∂h(yt+1))

− [Ψ(xt) − F (xt,yt) + ηxdist(0,∇Φ(xt) + ∂r(xt)) + ηydist(∇yf(xt,yt), ∂h(yt))]

≤ (3κηx − ηy)dist(∇yf(xt,yt), ∂h(yt)) + 2ηy ∥ζy,t∥ + 2ηx ∥ζx,t∥ + 3Lη2y + 3κLη2x + 2Lηxηy (B.18)

Then, we add (B.18) to (B.4) to get

Vt+1 − Vt ≤− ηxdist(0,∇Φ(xt+1) + ∂r(xt+1)) + (5κηx − ηy)dist(∇yf(xt,yt), ∂h(yt))

+ 2ηy ∥ζy,t∥ + 4ηx ∥ζx,t∥ + 3Lη2y + 6κLη2x + 2Lηxηy

= − ηxdist(0,∇Φ(xt+1) + ∂r(xt+1)) + 10κηx ∥ζy,t∥ + 4ηx ∥ζx,t∥ + 75κ2Lη2x + 16κLη2x, (B.19)

where Vt
∆
= 2Ψ(xt) − F (xt,yt) + ηxdist(0,∇Φ(xt) + ∂r(xt)) + ηydist(∇yf(xt,yt), ∂h(yt)), and the last

equality holds beacuse we let 5κηx = ηy. We rule V0 = V1, ζy,1 = ζy,0 and ζy,1 = ζy,0, then we sum both
sides of the above inequality from t = 0 to T − 1 and multiply by (Tηx)−1 to get

1

T

T∑
t=1

dist(0,∇Φ(xt) + ∂r(xt)) ≤
V1 − VT

Tηx
+

1

T

T∑
t=1

(10κ ∥ζy,t∥ + 4 ∥ζx,t∥) + 75κ2Lηx + 16κLηx (B.20)

Note that

V1 − VT ≤Ψ(x1) − Ψ(xT ) + Ψ(x1) − F (x1,y1) − [Ψ(xT ) − F (xT ,yT )]

+ ηxdist(0,∇Φ(x1) + ∂r(x1)) + ηydist(∇yf(x1,y1), ∂h(y1))

≤Ψ(x1) − min
x

Ψ(x) + Ψ(x1) − F (x1,y1)︸ ︷︷ ︸
∆
=Λ1

+ ηx (dist(0,∇Φ(x1) + ∂r(x1)) + 5κdist(∇yf(x1,y1), ∂h(y1)))︸ ︷︷ ︸
∆
=∂1

, (B.21)

where the last inequality holds because Ψ(xT ) − F (xT ,yT ) = Φ(xT ) − (f(xT ,yT ) − h(xT )) ≥ 0. Substitut-
ing (B.21) into (B.20) and taking expectation E[·] on both sides of the inequality, we get

1

T

T∑
t=1

dist(0,∇Φ(xt) + ∂r(xt)) ≤
∂1
T

+
Λ1

Tηx
+ 75κ2Lηx + 16κLηx +

1

T

T∑
t=1

(10κE [∥ζy,t∥] + 4E [∥ζx,t∥])

(B.22)

Now, we need to upper bound E [∥ζy,t∥] and E [∥ζx,t∥]. The analysis of this part is analogous to the analysis
of [LZ25, SLY25, HFH24] for NSGD with momentum. Concretetly, we first introduce following notations

Dx,t
∆
= ∇xf(xt−1,yt−1) −∇xf(xt,yt), εx,t

∆
= ∇xf(xt,yt, ξt) −∇xf(xt,yt) (B.23)
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Then, we can decompose ζx,t into following

ζx,t = mx,t −∇xf(xt,yt)

= βmx,t−1 + (1 − β)∇xf(xt,yt, ξt) −∇xf(xt,yt) = βζx,t−1 + βDx,t + (1 − β)εx,t (B.24)

By recursion, we have

ζx,t = βtζx,1 + (1 − β)

t∑
s=1

βt−sεx,s +

t∑
s=1

βt−s+1Dx,s (B.25)

Thus, we have

∥ζx,t∥ ≤ βt ∥ζx,1∥ + (1 − β)

∥∥∥∥∥
t∑

s=1

βt−sεx,s

∥∥∥∥∥+

t∑
s=1

βt−s+1 ∥Dx,s∥ (B.26)

Note by the L-smoothness of f , we have

t∑
s=1

βt−s+1 ∥Dx,s∥ ≤
t∑

s=1

βt−s+1L(∥xs−1 − xs∥ + ∥ys−1 − ys∥)

≤
t∑

s=1

βt−s+1L(ηx + ηy) ≤ βL(ηx + ηy)

1 − β
≤ 6κLηxβ

1 − β
(B.27)

By the filtration Ft
∆
= σ(ξ1, . . . , ξt) we defined. We know that βt−sεx,s is Fs-measurable and E [βt−sεx,s|Fs−1] =

0 due to the unbiased estimator ∇xf(xs,ys, ξs). Moreover, by the Assumptions 1(c), we have E [∥βt−sεx,s∥] <
∞. Thus, we can get

E

[∥∥∥∥∥
t∑

s=1

βt−sεx,s

∥∥∥∥∥
]

=E

(∥∥∥∥∥
t∑

s=1

βt−sεx,s

∥∥∥∥∥
p) 1

p

 Jensen’s Ineq

≤

(
E

[∥∥∥∥∥
t∑

s=1

βt−sεx,s

∥∥∥∥∥
p]) 1

p

Lemma C.5

≤

(
2

t∑
s=1

βp(t−s)E [∥εx,s∥p]

) 1
p

≤

(
2

t∑
s=1

βp(t−s)σp

) 1
p

≤ 2σ

(
t∑

s=1

βp(t−s)

) 1
p

(B.28)

Then, we get

(1 − β)E

[∥∥∥∥∥
t∑

s=1

βt−sεx,s

∥∥∥∥∥
]
≤2(1 − β)σ

(
t∑

s=1

βp(t−s)

) 1
p

= 2(1 − β)σ

(
t−1∑
s=0

βps

) 1
p

≤ 2(1 − β)σ

(1 − βp)
1
p

βp ≤ β

≤ 2σ(1 − β)1−
1
p (B.29)

Finally, we get

E [∥ζx,t∥] ≤
(
βt + 2(1 − β)1−

1
p

)
σ +

6κLβηx
1 − β

(B.30)

Based on the exact same analysis, we also have E [∥ζy,t∥] ≤
(
βt + 2(1 − β)1−

1
p

)
σ + 6κLβηx

1−β holds true.

Futhermore, we can get

1

T

T∑
t=1

E [∥ζx,t∥] ,
1

T

T∑
t=1

E [∥ζy,t∥] ≤ σ

T (1 − β)
+ 2(1 − β)1−

1
pσ +

6κLβηx
1 − β

(B.31)
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Now, we substitute (B.31) into (B.22) to get

1

T

T∑
t=1

dist(0,∇Φ(xt) + ∂r(xt)) ≤
∂1
T

+
Λ1

Tηx
+ 75κ2Lηx + 16κLηx +

84κ2Lβηx
1 − β

+
14κσ

T (1 − β)
+ 28κ(1 − β)1−

1
pσ

≤∂1
T

+
Λ1

Tηx
+

91κ2Lηx
1 − β

+
14κσ

T (1 − β)
+ 28κ(1 − β)1−

1
pσ (B.32)

Case 1. If we can know Λ1, L, σ and p Since we let

ηx =

√
Λ(1 − β)/L

κ
√
T

and β = 1 − min

{
1,max

{
1

T
p

2p−1

,

(
Λ1L

σ2T

) p
3p−2

}}
, (B.33)

we can obtain

1

T

T∑
t=1

dist(0,∇Φ(xt) + ∂r(xt)) ≤
∂1
T

+ 92κ

√
ΛL

T (1 − β)
+

14κσ

T (1 − β)
+ 28κ(1 − β)1−

1
pσ

≤∂1
T

+ 92κ · max

{√
Λ1L

T
,

(
Λ1L

T

) p−1
3p−2

· σ
p

3p−2

}
+

14κσ

T
p−1
2p−1

+ 28κmax

{
σ

T
p−1
2p−1

,

(
Λ1L

T

) p−1
3p−2

· σ
p

3p−2

}

≤∂1
T

+ 92κ

√
Λ1L

T
+ 120κ

(
Λ1L

T

) p−1
3p−2

· σ
p

3p−2 +
42κσ

T
p−1
2p−1

(B.34)

Hence, to achive (1/T )
∑T

t=1 dist(0,∇Φ(xt) + ∂r(xt)) ≤ ϵ, the total gradient complexity is upper bounded
by

O

(
∂1
ϵ

+
κ2Λ1L

ϵ2
+

(κσ)
2p−1
p−1

ϵ
2p−1
p−1

+
κ

3p−2
p−1 Λ1Lσ

p
p−1

ϵ
3p−2
p−1

)
(B.35)

Case 2. If we don’t konw Λ1, L, σ and p We let ηx = 1
κT 0.75 and β = 1 − 1√

T
, then we obtain

1

T

T∑
t=1

dist(0,∇Φ(xt) + ∂r(xt)) ≤
∂1
T

+
κΛ1 + 91κL

T 1/4
+

14κσ√
T

+
28κσ

T
p−1
2p

(B.36)

Hence, in such a case, to achive (1/T )
∑T

t=1 dist(0,∇Φ(xt) + ∂r(xt)) ≤ ϵ, the total gradient complexity is
upper bounded by

O
(
∂1
ϵ

+
(κΛ1 + κL)4

ϵ4
+
(κσ

ϵ

)2
+
(κσ

ϵ

) 2p
p−1

)
(B.37)
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B.3 Proof of Theorem 4.3

First, we prove the following lemma.

Lemma B.7. Suppose that Assumption 1 and 2 hold. Let {xt,yt}Tt=1 be the output of Stoc-TRGDAmax,

y⋆
t be defined as the maxmizer of f(xt,y) − h(y) and δ1

∆
= ∥y1 − y⋆

1∥. Given any ϵ > 0, we let ηy =

min

{
2

72p/(p−1)µ

(
ϵ
κσ

) p
p−1 , 2

1
p−1

µκ
p

2(p−1)

}
.

• If ϵ < 2Lδ1, ηx ≤ 2δ1
3κ , and

K − 1 = p ln

(
6Lδ1
ϵ

)
· max

{
72

p
p−1σ

p
p−1κ

p
p−1

ϵ
p

p−1

,
κ

p
2(p−1)

2
2−p
p−1

}
, (B.38)

then for any t = 2, . . . , T , we have E[∥yt − y⋆
t ∥] ≤ ϵ/2L.

• If δ1 ≤ ϵ/2L, ηx ≤ ϵ
3κL , and

K − 1 = (p ln 3) · max

{
72

p
p−1 (σκ)

p
p−1

ϵ
p

p−1

,
κ

p
2(p−1)

2
2−p
p−1

}
, (B.39)

then for any t = 1, . . . , T , we have E[∥yt − y⋆
t ∥] ≤ ϵ/2L.

Proof. Let’s temporarily ignore the outer loop, and for simplicity, we denote ỹk
∆
= yt,k, ξ̃k

∆
= ξt,k and

ζ̃y,k
∆
= ∇yf(xt, ỹk, ξ̃k) −∇yf(xt, ỹk). We still denote y⋆

t as the maxmizer of f(xt,y) − h(y). First, by the
fixed-point property of the proximal operator, we have

∥ỹk+1 − y⋆
t ∥

p
=
∥∥∥proxηyh

(
ỹk + ηy∇yf(xt, ỹk, ξ̃k)

)
− proxηyh(y⋆

t + ηy∇yf(xt,y
⋆
t ))
∥∥∥p

(a)

≤
∥∥∥ỹk − y⋆

t + ηy

(
∇yf(xt, ỹk, ξ̃k) −∇yf(xt,y

⋆
t )
)∥∥∥p

Lemma C.2

≤ ∥ỹk − y⋆
t ∥

p
+

pηy

∥ỹk − y⋆
t ∥

2−p

〈
ỹk − y⋆

t ,∇yf(xt, ỹk, ξ̃k) −∇yf(xt,y
⋆
t )
〉

+ 22−pηpy

∥∥∥∇yf(xt, ỹk, ξ̃k) −∇yf(xt,y
⋆
t )
∥∥∥p

≤∥ỹk − y⋆
t ∥

p
+

pηy

∥ỹk − y⋆
t ∥

2−p

〈
ỹk − y⋆

t , ζ̃y,k

〉
+ 2ηpy∥ζ̃y,k∥p

+
pηy

∥ỹk − y⋆
t ∥

2−p ⟨ỹk − y⋆
t ,∇yf(xt, ỹk) −∇yf(xt,y

⋆
t )⟩

+ 2ηpy ∥∇yf(xt, ỹk) −∇yf(xt,y
⋆
t )∥p

(b)

≤
(

1 − µpηy
2

)
∥ỹk − y⋆

t ∥
p

+
pηy

∥ỹk − y⋆
t ∥

2−p

〈
ỹk − y⋆

t , ζ̃y,k

〉
+ 2ηpy∥ζ̃y,k∥p

+

(
2ηpyL

p/2 − pηyµ
2−p
2

2

)
⟨y⋆

t − ỹk,∇yf(xt, ỹk) −∇yf(xt,y
⋆
t )⟩

p
2

(c)

≤
(

1 − µηy
2

)
∥ỹk − y⋆

t ∥
p

+
2ηy

∥ỹk − y⋆
t ∥

2−p

〈
ỹk − y⋆

t , ζ̃y,k

〉
+ 2ηpy∥ζ̃y,k∥p, (B.40)

where (a) holds due to the nonexpensiveness of proximal operator, and (c) holds because we let ηy be smaller

than 21/(p−1)

µκp/2(p−1) . Here we explain why (b) holds. First, because f(xt, ·) is L-smooth and µ-strongly concave

with respct to y , we have following two well-known inequalities:

µ ∥ỹk − yt∥2 ≤ ⟨y⋆
t − ỹk,∇yf(xt, ỹk) −∇yf(xt,y

⋆
t )⟩ (Ineq.1)

⟨y⋆
t − ỹk,∇yf(xt, ỹk) −∇yf(xt,y

⋆
t )⟩ ≥ ∥∇yf(xt, ỹk) −∇yf(xt,y

⋆
t )∥2

L
(Ineq.2)
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Then, we have

1

2 ∥ỹk − y⋆
t ∥

2−p ⟨ỹk − y⋆
t ,∇yf(xt, ỹk) −∇yf(xt,y

⋆
t )⟩

=
1

−2 ∥ỹk − y⋆
t ∥

2−p ⟨y⋆
t − ỹk,∇yf(xt, ỹk) −∇yf(xt,y

⋆
t )⟩

Ineq.1

≤ −
(

µ

⟨y⋆
t − ỹk,∇yf(xt, ỹk) −∇yf(xt,y⋆

t )⟩

) 2−p
2

· ⟨y
⋆
t − ỹk,∇yf(xt, ỹk) −∇yf(xt,y

⋆
t )⟩

2

= −µ
2−p
2

2
⟨y⋆

t − ỹk,∇yf(xt, ỹk) −∇yf(xt,y
⋆
t )⟩

p
2 , (B.41)

and

1

2 ∥ỹk − y⋆
t ∥

2−p ⟨ỹk − y⋆
t ,∇yf(xt, ỹk) −∇yf(xt,y

⋆
t )⟩

Ineq.2

≤ − µ ∥ỹk − y⋆
t ∥

2

2 ∥ỹk − y⋆
t ∥

2−p = −µ

2
∥ỹk − y⋆

t ∥
p
. (B.42)

Hence, (b) holds true. Before we take the expectation on both sides of the inequality, note that

E

[
2ηy

∥ỹk − y⋆
t ∥

2−p

〈
ỹk − y⋆

t , ζ̃y,k

〉
| xt,yt−1, ξ̂t,1, . . . , ξ̂t,k−1

]
= 0,

E
[
∥ζ̃y,k∥p | xt,yt−1, ξ̂t,1, . . . , ξ̂t,k−1

]
≤ σp. (B.43)

Therefore, we can get

E
[
∥ỹk+1 − y⋆

t ∥
p | xt,yt−1, ξ̂t,1, . . . , ξ̂t,k−1

]
≤
(

1 − µηy
2

)1/p
∥ỹk − y⋆

t ∥ + 2ηpyσ (B.44)

After taking the conditional expectation E [· | xt,yt−1] on both sides of above inequality, we get

E [∥ỹk+1 − y⋆
t ∥

p | xt,yt−1] ≤
(

1 − µηy
2

)
E [∥ỹk − y⋆

t ∥
p | xt,yt−1] + 2ηpyσ

p, (B.45)

which means

E [∥yt − y⋆
t ∥

p | xt,yt−1] ≤
(

1 − µηy
2

)K−1

∥yt−1 − y⋆
t ∥

p
+

4ηp−1
y σp

µ

≤ρ ∥yt−1 − y⋆
t ∥

p
+

8σp lnp−1(1/ρ)

µp(K − 1)p−1
(B.46)

Here, we use
µηy

2 ≤ 2(2−p)/(p−1)

κp/2(p−1) ≤ 1
κp/2(p−1) ≤ 1 since κ ≥ 1. The last inequality holds because we let

ηy = 2 ln(1/ρ)
µ(K−1) ⇔ K − 1 = 2 ln(1/ρ)

µηy
, where ρ is to be determined later and 0 < ρ < 1.

E [∥yt − y⋆
t ∥ | xt,yt−1]

Jensen’s Ineq

≤ (E [∥yt − y⋆
t ∥

p | xt,yt−1])
1
p ≤ ρ1/p ∥yt−1 − y⋆

t ∥ +
8σ ln

p−1
p (1/ρ)

µ(K − 1)
p−1
p

(B.47)

Now, take full expectation on the both sides of above inequality, we can get

E [∥yt − y⋆
t ∥] ≤ ρ1/pE [∥yt−1 − y⋆

t ∥] +
8σ ln

p−1
p (1/ρ)

µ(K − 1)
p−1
p

≤ ρ1/pE
[∥∥yt−1 − y⋆

t−1

∥∥]+ ρ1/pE
[∥∥y⋆

t − y⋆
t−1

∥∥]+
8σ ln

p−1
p (1/ρ)

µ(K − 1)
p−1
p

≤ ρ1/pE
[∥∥yt−1 − y⋆

t−1

∥∥]+ ρ1/pκηx +
8σ ln

p−1
p (1/ρ)

µ(K − 1)
p−1
p

, (B.48)
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where we used
∥∥y⋆

t − y⋆
t−1

∥∥ ≤ κ ∥xt − xt−1∥ ≤ κηx. Still through recursion, we can obtain

E [∥yt − y⋆
t ∥] ≤ ρ

t−1
p ∥y1 − y⋆

1∥ +
ρ1/pκηx
1 − ρ1/p

+
8σ ln

p−1
p (1/ρ)

(1 − ρ1/p)µ(K − 1)
p−1
p

(B.49)

In the following discussion, we let r
∆
= ϵ/2Lδ1, where δ1

∆
= ∥y1 − y1∥ and ϵ can be any positive constant,

representing the numerical precision we want ∥yt − y⋆
t ∥ to achieve.

• If 0 < r < 1, we let ρ = (r/3)1/p. Then, we have 0 < ρ < 1 obviously, and ρ(t−1)/p ≤ ρ1/p = r/3, which

means ρ
t−1
p ∥y1 − y⋆

1∥ ≤ ϵ/6L holds true for any t = 2, . . . , T . Moreover, we have

ρ1/pκηx
1 − ρ1/p

=
rκηx
3 − r

≤ ϵ

6L
⇔ ηx ≤ δ1(3 − r)

3κ
⇐ ηx ≤ 2δ1

3κ
, (B.50)

and

8σ ln
p−1
p (1/ρ)

(1 − ρ1/p)µ(K − 1)
p−1
p

=
8σ(p ln(3/r))

p−1
p

(1 − r/3)µ(K − 1)
p−1
p

≤ 12σ(p ln(3/r))
p−1
p

µ(K − 1)
p−1
p

≤ ϵ

6L

⇔ K − 1 ≥ 72
p

p−1σ
p

p−1 p ln(3/r)κ
p

p−1

ϵ
p

p−1

=
72

p
p−1σ

p
p−1 p ln(6Lδ1/ϵ)κ

p
p−1

ϵ
p

p−1

. (B.51)

In addition, we let K−1 ≥ 2
p−2
p−1 p ln(6Lδ1/ϵ)κ

p
2(p−1) = 2

p−2
p−1 ln(1/ρ)κ

p
2(p−1) to make sure ηy = 2 ln(1/ρ)

µ(K−1) ≤
21/(p−1)

µκ
p

2(p−1)
. Therefore, we require K − 1 to be

max

{
72

p
p−1σ

p
p−1 p ln(6Lδ1/ϵ)κ

p
p−1

ϵ
p

p−1

,
p ln(6Lδ1/ϵ)κ

p
2(p−1)

2
2−p
p−1

}
, (B.52)

which means

ηy =
2 ln(1/ρ)

µ(K − 1)
= min

{
2

72p/(p−1)µ

( ϵ

κσ

) p
p−1

,
2

1
p−1

µκ
p

2(p−1)

}
. (B.53)

Hence, we can conlude that for any t = 2, . . . , T , we have E[∥yt − y⋆
t ∥] ≤ ϵ/2L if

ηx ≤ 2δ1
3κ ,

ηy = min

{
2

72p/(p−1)µ

(
ϵ
κσ

) p
p−1 , 2

1
p−1

µκ
p

2(p−1)

}
,

K − 1 = p ln
(
6Lδ1
ϵ

)
· max

{
72

p
p−1 σ

p
p−1 κ

p
p−1

ϵ
p

p−1
, κ

p
2(p−1)

2
2−p
p−1

}
,

(B.54)

and ϵ < 2Lδ1.

• If r ≥ 1, which means ∥y1−y⋆
1∥ ≤ ϵ/2L. In such a case, we let ρ = 1/3p, then ρ(t−1)/p∥y1−y⋆

1∥ ≤ ϵ/6L.
Moreover, we have

ρ1/pκηx
1 − ρ1/p

=
κηx
2

≤ ϵ

6L
⇔ ηx ≤ ϵ

3κL
, (B.55)

and

8σ ln
p−1
p (1/ρ)

(1 − ρ1/p)µ(K − 1)
p−1
p

=
12σ(p ln 3)

p−1
p

µ(K − 1)
p−1
p

≤ ϵ

6L
⇔ K − 1 ≥ 72

p
p−1 p ln 3(σκ)

p
p−1

ϵ
p

p−1

. (B.56)
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In addition, we let K − 1 ≥ 2
p−2
p−1 (p ln 3)κ

p
2(p−1) to make sure ηy ≤ 21/(p−1)

µκp/2(p−1) . Therefore, we require

K − 1 to be

(p ln 3) · max

{
72

p
p−1 (σκ)

p
p−1

ϵ
p

p−1

,
κ

p
2(p−1)

2
2−p
p−1

}
, (B.57)

which means

ηy =
2 ln(1/ρ)

µ(K − 1)
= min

{
2

72p/(p−1)µ

( ϵ

κσ

) p
p−1

,
2

1
p−1

µκ
p

2(p−1)

}
(B.58)

Hence, we can conlude that for any t = 1, . . . , T , we have E[∥yt − y⋆
t ∥] ≤ ϵ/2L if

ηx ≤ ϵ
3κL ,

ηy = min

{
2

72p/(p−1)µ

(
ϵ
κσ

) p
p−1 , 2

1
p−1

µκ
p

2(p−1)

}
,

K − 1 = (p ln 3) · max

{
72

p
p−1 (σκ)

p
p−1

ϵ
p

p−1
, κ

p
2(p−1)

2
2−p
p−1

}
,

(B.59)

and ϵ ≥ 2Lδ1.

■

Lemma B.8. Suppose that Assumption 1 and 2 hold. Let {xt,yt}Tt=1 be the output of TR-SGDAmax, and y⋆
t

be defined as the maxmizer of f(xt,y) − h(y). Then, for any t = 2, . . . , T , we have following inequality:

ηxE [dist(0,∇Φ(xt) + ∂r(xt))]

≤ E [Φ(xt−1) + r(xt−1)] − E [Φ(xt) + r(xt)] + 2LηxE
[∥∥yt−1 − y⋆

t−1

∥∥]+
4ηxσ

B(p−1)/p
+ 3κLη2x. (B.60)

Proof. See proof of Lemma B.5, from (B.5) to (B.7). Note that the validity of (B.60) does not require any
additional conditions for ηx. ■
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B.3.1 Prove the complexity

Proof. We start with (B.60) in Lemma B.8, summing both sides of (B.60) from t = 2 to T , then we get

T∑
t=2

ηxE [dist(0,∇Φ(xt) + ∂r(xt))]

≤ ∆1 +

T−1∑
t=1

2LηxE [∥yt − y⋆
t ∥] +

4(T − 1)ηxσ

B(p−1)/p
+ 3(T − 1)κLη2x (B.61)

Multiplying both sides of the above inequality by (ηx(T − 1))−1, we get

1

T − 1

T∑
t=2

E [dist(0,∇Φ(xt) + ∂r(xt))]

≤ ∆1

(T − 1)ηx
+

1

T − 1

T−1∑
t=1

2LE [∥yt − y⋆
t ∥] +

4σ

B(p−1)/p
+ 3κLηx. (B.62)

We first let ηx =
√

∆1

3(T−1)κL , T − 1 ≥ 3∆1κL
ϵ2 and B = max

{⌈(
4σ
ϵ

) p
p−1

⌉
, 1
}

to make sure that

1

T − 1

T∑
t=2

E [dist(0,∇Φ(xt) + ∂r(xt))] ≤
1

T − 1

T−1∑
t=1

2LE [∥yt − y⋆
t ∥] + 3ϵ (B.63)

• If ϵ < 2Lδ1, then T − 1 ≥ 3∆1κL
ϵ2 ≥ 3∆1κ

4Lδ21
, which means ηx ≤ 2δ1/3κ. By Lemma B.7, we set

K − 1 = p ln
(
6Lδ1
ϵ

)
· max

{
72

p
p−1 σ

p
p−1 κ

p
p−1

ϵ
p

p−1
, κ

p
2(p−1)

2
2−p
p−1

}
to make sure that for any t = 2, . . . , T , we have

E[∥yt − y⋆
t ∥] ≤ ϵ/2L, which means

1

T − 1

T∑
t=2

E [dist(0,∇Φ(xt) + ∂r(xt))] ≤
2Lδ1
T − 1

+
(T − 2)ϵ

T − 1
+ 3ϵ ≤ 2Lδ1

T − 1
+ 4ϵ. (B.64)

Therefore, If T−1 = max
{

3∆1κL
ϵ2 , 2Lδ1

ϵ

}
, then we can have (1/(T−1))

∑T
t=2 E [dist(0,∇Φ(xt) + ∂r(xt))] ≤

5ϵ, and the total gradient complexity is upper bounded by

(TB + TK) ≲ max

{
∆1κL

ϵ2
,
Lδ1
ϵ

}
×

[
ln

(
Lδ1
ϵ

)
· max

{
σ

p
p−1κ

p
p−1

ϵ
p

p−1

, κ
p

2(p−1)

}
+ max

{(σ
ϵ

) p
p−1

, 1

}]

≲ L ln

(
Lδ1
ϵ

)
· max

{
δ1κ

p
2p−2

ϵ
,

∆1κ
3p−2
2p−2

ϵ2
,
δ1(κσ)

p
p−1

ϵ
2p−1
p−1

,
∆1κ

2p−1
p−1 σ

p
p−1

ϵ
3p−2
p−1

}
(B.65)

• If ϵ ≥ 2Lδ1. We let T − 1 = 3∆1κL
ϵ2 , then ηx = ϵ/3κL. By Lemma B.7, we set K − 1 = p ln 3 ·

max

{
72

p
p−1 σ

p
p−1 κ

p
p−1

ϵ
p

p−1
, κ

p
2(p−1)

2
2−p
p−1

}
to make sure that for any t = 1, . . . , T , we have E[∥yt − y⋆

t ∥] ≤ ϵ/2L,

which means 1
T−1

∑T
t=2 E [dist(0,∇Φ(xt) + ∂r(xt))] ≤ 4ϵ holds. Therefore, the total gradient complex-

ity is upper bounded by

TK + TB ≲
∆1κL

ϵ2
×

[
max

{
σ

p
p−1κ

p
p−1

ϵ
p

p−1

, κ
p

2(p−1)

}
+ max

{(σ
ϵ

) p
p−1

, 1

}]

≲ max

{
∆1Lκ

3p−2
2p−2

ϵ2
,

∆1Lκ
2p−1
p−1 σ

p
p−1

ϵ
3p−2
p−1

}
(B.66)

■
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C Supplementary Lemmas

Lemma C.1 (Hölder’s inequality). Let q1, q2 > 1 and 1/q1 + 1/q2 = 1 (or q1 = q2 = 1), then for any
sequences {at}Tt=1 and {bt}Tt=1 we have

T∑
t=1

|atbt| ≤

(
T∑

t=1

|at|q1
) 1

q1
(

T∑
t=1

|bt|q2
) 1

q2

(C.1)

Moreover, for the probability space (Ω,F ,P), let X and Y are random variables defined on Ω. Hölder’s
inequality also means

E [|XY |] ≤ (E [|X|]q1)
1
q1 (E [|Y |]q2)

1
q2 , (C.2)

Lemma C.2. Given two real vectors v, w ∈ Rd. Suppose that p ∈ [1, 2] and v ̸= 0, then we have

∥v + w∥p ≤ ∥v∥p +
p ⟨v, w⟩
∥v∥2−p + 22−p ∥w∥p (C.3)

Proof. The above lemma can be regarded as a corollary of [RN20, Theorem 6.3]. Concretely, inequalty
(29) in the proof of [RN20, Theorem 6.3] tells us that for any x1, x2 ̸= 0, ν ∈ [0, 1], and any unit vector
h ∈ Sd−1, |(1 + ν)(⟨x2,h⟩/∥x2∥ν−1 − ⟨x1,h⟩/∥x1∥ν−1)| ≤ 21−ν(1 + ν)∥x1 − x2∥ν holds. Moreover, we have∣∣∣∣(1 + ν)

〈
x2

∥x2∥ν−1
− x1

∥x1∥ν−1
, h

〉∣∣∣∣ ≤ 21−ν(1 + ν)∥x1 − x2∥ν

⇒ sup
h∈Sd−1

(1 + ν)

〈
x2

∥x2∥ν−1
− x1

∥x1∥ν−1
, h

〉
≤ 21−ν(1 + ν)∥x1 − x2∥ν

(a)⇔ (1 + ν)

∥∥∥∥ x2

∥x2∥ν−1
− x1

∥x1∥ν−1

∥∥∥∥ ≤ 21−ν(1 + ν)∥x1 − x2∥ν

⇔
∥∥∇(∥x2∥ν+1) −∇(∥x1∥ν+1)

∥∥ ≤ 21−ν(1 + ν)∥x1 − x2∥ν , (C.4)

Here, (a) holds true because the dual norm of the ℓ2 norm on Rd is still the ℓ2 norm. We let ∥x∥ν+1 be
denoted as f(x). Assuming x ̸= 0 and given any y ∈ Rd, then there is at most one t such that x+t(y−x) = 0.
Let’s first assume that there exists a t′ ∈ (0, 1) such that x + t′(y − x) = 0. For sufficiently small ϵ, we have
0 < t′ − ϵ < t′ + ϵ < 1, and by the fundamental theorem of calculus

f(y) − f(x) =

∫ 1

t′+ϵ

⟨∇f(x + t(y − x)), y − x⟩ dt +

∫ t′−ϵ

0

⟨∇f(x + t(y − x)), y − x⟩ dt

+ f(x + (t′ + ϵ)(y + x)) − f(x + (t′ − ϵ)(y − x)), (C.5)

then subtracting ⟨∇f(x), y − x⟩ = ([1 − (t′ + ϵ)] + (t′ − ϵ) + 2ϵ) ⟨∇f(x), y − x⟩ from both sides yields

f(y) − f(x) − ⟨∇f(x), y − x⟩ =

∫ 1

t′+ϵ

⟨∇f(x + t(y − x)) −∇f(x), y − x⟩ dt

+

∫ t′−ϵ

0

⟨∇f(x + t(y − x)) −∇f(x), y − x⟩ dt

− 2ϵ ⟨∇f(x), y − x⟩ + f(x + (t′ + ϵ)(y + x)) − f(x + (t′ − ϵ)(y − x)). (C.6)
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Meanwhile, we have∫ 1

t′+ϵ

⟨∇f(x + t(y − x)) −∇f(x), y − x⟩ dt +

∫ t′−ϵ

0

⟨∇f(x + t(y − x)) −∇f(x), y − x⟩ dt

≤ ∥y − x∥

(∫ 1

t′+ϵ

∥∇f(x + t(y − x)) −∇f(x)∥ dt +

∫ t′−ϵ

0

∥∇f(x + t(y − x)) −∇f(x)∥ dt

)

≤ 21−ν(1 + ν) ∥y − x∥ν+1

(∫ 1

t′+ϵ

tνdt +

∫ t′−ϵ

0

tνdt

)
= 21−ν ∥y − x∥ν+1 (

1 − (t + ϵ)ν+1 + (t− ϵ)ν+1
)
. (C.7)

Finally we can get

f(y) − f(x) − ⟨∇f(x), y − x⟩ ≤21−ν ∥y − x∥ν+1 (
1 − (t + ϵ)ν+1 + (t− ϵ)ν+1

)
− 2ϵ ⟨∇f(x), y − x⟩

+ f(x + (t′ + ϵ)(y + x)) − f(x + (t′ − ϵ)(y − x)). (C.8)

Taking limϵ→0 on both sides of the above inequality, we obtain inequality ∥y∥ν+1−∥x∥ν+1−
〈

(ν+1)x
∥x∥1−ν , y − x

〉
≤

21−ν ∥y − x∥ν+1
. If t′ = 1 such that x + t′(y − x) = 0, i.e., y = 0. The inequality still holds. Let ν = p− 1,

x = v (v ̸= 0) and y = v + w, then the lemma is proved. ■

Lemma C.3. Given a differentiable function f : Rd 7→ R, suppose f is L-smooth, and let f⋆ = supx f(x) <
+∞, for any x ∈ Rd, we have

∥∇f(x)∥ ≤
√

2L(f⋆ − f(x)) (C.9)

Proof. The above inequality is well known for L-smooth functions; here we provide a proof for completeness.
Based on the quadratic lower bounds of L-smooth functions, we can obtain

f⋆ − f(x) ≥ f(x + (1/L)∇f(x)) − f(x) − ∥∇f(x)∥2

L
≥ −∥∇f(x)∥2

2L
, (C.10)

then we immediately proved the lemma.

Lemma C.4. ([Pin15, Theorem 2], [vBE65, Proposition 1.8]) Given a sequence of filterations {Ft}t≥0. Let
p ∈ [1, 2], and the random variables X1, X2, . . . , Xn be a martingale sequence with respect to {Ft}t≥0, i.e.,
Xi is Fi-measurable and E [Xi|Fi−1] = 0 a.s. If E [|Xi|p] < ∞ for all i = 1, . . . , n, then we have

E

[∣∣∣∣∣
n∑

i=1

Xi

∣∣∣∣∣
p]

≤ 22−p
n∑

i=1

E [|Xi|p] (C.11)

Lemma C.5. ([HFH24, Lemma 7]) Given a sequence of filterations {Ft}t≥1. Let p ∈ [1, 2], and the ran-
dom vectors X1, X2, . . . , Xn be a martingale sequence with respect to {Ft}t≥1, i.e., Xi is Fi-measurable and
E [Xi|Fi−1] = 0 a.s. If E [∥Xi∥p] < ∞ for all i = 1, . . . , n, then we have

E

[∥∥∥∥∥
n∑

i=1

Xi

∥∥∥∥∥
n]

≤ 2

n∑
i=1

E [∥Xi∥p] (C.12)
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