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Abstract

Inferring continuous system evolution from sparse temporal snapshots is a key challenge
in generative modeling and single-cell omics. While Optimal Transport (OT) is popular,
existing frameworks are largely restricted to first-order dynamics, assuming memoryless
velocity fields. This limits expressiveness, as first-order systems fail to account for regulatory
momentum and time-delayed responses inherent in processes like cell differentiation. Here, we
introduce TracingFlow, a simulation-free Flow Matching framework generalizing to second-
order dynamics. By using neural networks to regress the acceleration field, TracingFlow
provides an exact, efficient solution to the Dynamical Optimal Acceleration Transport (DOAT)
problem. Unlike first-order methods yielding over-smoothed trajectories, our second-order
formulation captures high-curvature transitions and nonlinear evolutions by learning the
underlying force fields. Evaluated on complex synthetic and large-scale scRNA-seq datasets,
TracingFlow achieves superior accuracy in distributional reconstruction and trajectory
faithfulness. Moreover, by integrating lineage tracing priors, it recovers dynamical structures
that are both mathematically optimal and biologically plausible.

1 Introduction

Recovering underlying dynamics from discrete observations is a pivotal task in single-cell omics,
known as Trajectory Inference (TI) [9, 72]. To identify the least costly evolution between
distributions, Optimal Transport (OT) frameworks have emerged [7, 71]. These generally
categorize into Static OT methods [22, 28, 51], which learn direct mappings, and Dynamical OT
methods [24, 44, 57, 67], which capture continuous evolution via flow maps.

Early Dynamical OT frameworks relied on Neural ODEs [9], incurring high computational
costs due to numerical integration. To address this, Flow Matching [35, 36, 48] was proposed as
a simulation-free alternative, regressing velocity fields to push source distributions to targets.
By decomposing transport costs into single-particle trajectories, Flow Matching efficiently solves
Dynamical OT problems [27, 50, 58], including its various variants [8, 15, 45, 59] .

However, most TT frameworks assume first-order dynamics (& = v(x, t)), inherently restricting
v to be single-valued w.r.t . This limits expressiveness when modeling complex biological priors,
such as lineage tracing [30, 38], potentially yielding dynamics that contradict with additional
biological prior information. Furthermore, [19, 23, 34] pointed out that if more modalities
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Figure 1: An illustration figure for TracingFlow

such as chromatin accessibility or proteomics are considered, the biological kinetics may follow
higher-order dynamics or could be modelled in augmented space. While 3MSBM [56] recently
introduced a second-order Momentum Schrédinger Bridge for smoother trajectories, it relies
on iterative retraining the acceleration field similar to Rectified Flow [36] to determine optimal
couplings. Furthermore, it employs a heuristic method to estimate the initial velocity, rather
than incorporating this estimation as part of the optimal control problem.

To overcome these limitations, we introduce TracingFlow, a simulation-free framework
utilizing second-order dynamical systems. We propose the Dynamical Optimal Acceleration
Transport (DOAT) problem, which determines evolution by minimizing acceleration costs. Trac-
ingFlow directly regresses the acceleration field and initial velocity, avoiding ODE simulation.
Our experiments show that TracingFlow achieves competitive and often improved reconstruc-
tion accuracy relative to existing simulation-free frameworks [42, 58, 59, 69], while effectively
incorporating biological priors. Our contributions include:

e We propose TracingFlow, a simulation-free T1 framework based on second-order dynam-
ics. It solves the proposed DOAT problem by regressing acceleration fields, reducing
computational costs compared to ODE-based methods.

e We provide theoretical guarantees by decoupling the design of the optimal transport plan
and single-particle control. We further introduce an iterative strategy to transform the
real-world Velocity Missed-DOAT (VM-DOAT) problem into a standard DOAT problem,
enabling approximate solutions.

o We demonstrate TracingFlow’s effectiveness on multi-time-point real world datasets. Re-
sults indicate superior distribution reconstruction accuracy and enhanced capability in
preserving biological priors compared to state-of-the-art methods.

2 Related Works

Solving Optimal Transport via Flow Matching. Flow Matching [1, 35, 36, 48] transports
probability distributions via learned flow maps, offering scalable simulation-free training. As an
optimal control problem, Optimal Transport (OT) [47] decomposes into Optimal Coupling and
single-particle geodesics, facilitating solutions via Flow Matching [15, 27, 50, 58]. This approach



extends to various variants and generalizations [4, 8, 13, 15, 26, 45, 46, 59, 61, 68]. However,
these typically employ first-order dynamics. While second-order approaches have emerged [56],
they require iterative training of the acceleration field to achieve optimal coupling. Moreover,
they rely on heuristic methods for initial velocity estimation, rather than integrating it as a
component of the optimal control problem. TracingFlow addresses this by decomposing the
Dynamical Acceleration Optimal Transport (DOAT) problem into optimal coupling and single
particle optimal trajectory, achieving a truly simulation-free process for DOAT.

Overcoming Single-Valued Velocity Constraint in Flow Matching. In standard Flow
Matching, the velocity field is modeled as a function solely dependent on « and t. This single-
valued dependency prevents the model from representing intersecting trajectories with distinct
velocities, often resulting in curved inference paths and increased computational costs. To
decouple the velocity from the current position, the velocity network can incorporate additional
inputs like class labels [54, 73], initial positions [14], or hidden states [20]. Additionally, [69]
employs hierarchical generation to mitigate this issue. However, these methods do not extend
to second-order dynamics. While [42] utilized a second-order system, it is limited to constant-
acceleration paths. In contrast, TracingFlow offers a flexible second-order setting. By designing
minimal-cost paths, it effectively resolves the limitation of the single-valued velocity field.

Single-cell Trajectory Inference and Lineage Integration. Optimal Transport (OT) is
a robust framework for inferring cellular dynamics from scRNA-seq data [2, 6, 1012, 24, 25,
28, 29, 33, 37, 40, 41, 44, 51-53, 55, 57, 60, 65, 66, 70, 74]. However, transcriptomic similarity
alone often fails to resolve complex trajectories. To mitigate this, studies incorporate lineage
tracing priors such as clonal barcode information. Existing approaches integrate such info via
regularization [17, 49], structural alignment [32], velocity mapping [62], or sparse transition
modeling [18, 21, 63]. While improving accuracy, these generally focus on discrete couplings or
static matrices. TracingFlow advances this by embedding priors into a continuous OT-based
second-order flow matching framework, capturing complex dynamics consistent with lineage
information.

3 Mathematical Background

In this section, we provide the mathematical formulation of the problem addressed by Trac-
ingFlow.

Dynamical Optimal Acceleration Transport (DOAT) Problem Let X C R? and
VY C R? denote the position and velocity spaces, respectively. We define the augmented space as
S = X x V, so that the full system state is s = (¢, v) € S. Consider the second-order dynamic
system:

z=v ©v=a(x,vt), tEety,tx]. (1)

Modeling a large ensemble of such particles via a probability density p; in S, we follow [5, 11] to
formulate the following optimal control problem:

tr 1
minJoonr(a.p) = [ [ Sllale.v. 0l ple, ) dedvds @
a, to S
sit. O+ Vg (vp) + V- (ap) =0, (3)
pr,(x,v) = pi(x,v), i=0,..., K. (4)

Here, constraints are imposed at K + 1 timestamps t; with given densities p;. Equation (3)
represents the continuity equation in the augmented space. Analogous to standard Dynamical



Optimal Transport [47], we term this the Dynamical Optimal Acceleration Transport (DOAT)
problem. To facilitate the subsequent numerical solution via particle methods, we assume the
existence of an optimal flow map.

Velocity-Missed Dynamical Optimal Acceleration Transport (VM-DOAT) Problem
However, in practical applications such as single-cell datasets, only particle positions are observ-
able, rendering velocities as unknown quantities. This presents a discrepancy with the DOAT
formulation.

Consequently, TracingFlow addresses a relaxation of the problem:

. e
win Fopost(ar) = [ [ Sla(e.v.0Pu(e.v) dedvar 5)
5 to
sit. Op(x,v) + Vg - (vpr) + Vo - (apr) =0, (6)
/pti(m,v)dv:ugpos)(ac), 1=0,1,..., K. (7)

Here, the constraints are imposed only on the marginal distribution of positions, [ pt;(z, v) dv,
at each time point, with no constraints on the velocity distribution. We refer to this problem as
Velocity Missed-Dynamical Optimal Acceleration Transport (VM-DOAT).

4 Methodology of TracingFlow

In this section, we first introduce the key properties of the DOAT problem that are essential
for our algorithm design. Subsequently, drawing inspiration from Flow Matching approaches
for standard Dynamical OT, we devise an algorithm to exactly solve the DOAT problem by
combining Optimal Coupling with single-particle optimal trajectories. Finally, we introduce a
global path-based velocity completion scheme that effectively bridges the gap between VM-DOAT
and the standard DOAT framework. By inferring missing velocities through the lens of global
trajectory consistency, our approach enables the application of optimal transport theory to solve
the VM-DOAT problem in a principled manner.

4.1 Key Properties of DOAT Problem

Optimal Single Particle Trajectory The DOAT problem is an optimal control problem
over distributions. We begin by considering the corresponding single-particle optimal control
problem. Specifically, the optimal trajectory is a cubic interpolation determined by the boundary
states.

Proposition 4.1. Let v : [0,T] — R? be a twice continuously differentiable curve satisfying
the boundary conditions v(0) = xq, 7' (0) = vo, Y(T) = 1, and v/ (T) = vy. The variational
problem

min [ I3 ®
v Jo 2
admits a unique minimizer, which is a cubic polynomial of the form

Y(t) = 3t + cot® + 1t + co, (9)

where the coefficients are detailed in Section A.1.This result is got by Euler-Lagrange formula.
See a detailed proof in Section A.1.



Optimal Coupling By utilizing the single-particle optimal trajectory, we can immediately
obtain the minimum cost for transporting a particle from (zg,vg) to (xr,vr):

Corollary 4.2. Substitute Equation (9) to Equation (8), we get the minimum cost :
2
Com = T;),{(HUOHQ + (vo, vr) + [[vr|*)T? + 3(vo + vr, o — 1) T + 3|0 — fBTHZ} (10)

The minimum cost allows us to define an optimal transport problem between ¢t = 0 and
t="1T:
Tio,r] = Mmin /C[o,T][(iBO,Uo), (zr,vr)]dmo7) (11)

To,T]

where 7o 77[(x0, v0), (X1, v7)] is any coupling satisfying the constraints [ 7o rjdzodvo = pr(z, v)
and [ mp mderdor = po(x,v) , po(x,v) and pr(z, v) are two distributions in augmented space.
We term this formulation the Static Optimal Acceleration Transport (SOAT) problem.

It is worth noting that while DOAT permits crossings in the projected position space, it
prohibits trajectory crossing in the augmented space, which guarentees the neatness of trajectories.
The following remark provides the mathematical justification for this non-crossing property in
the augmented space, demonstrating that any such intersection implies a strictly higher transport
cost.

Remark 4.3. Consider two pairs of points in R??, (xg,v), (x1,vr) and (&0, Do), (7, ¥r) with
no points overlapping. Denote the cubic interpolation curves between each pair by ~(t), 5(¢)(t €
[0,TY), respectively. If the curves cross with each other at time point ¢y € (0,7'), then we have

Clo,r)(x0, vo, T, v1) + Clo, 1) (£0, B0, T, D) > Clo,77(T0, V0, T, BT) + Cio,77 (&0, DOy T, VT)-

See a detailed proof in Section A.2.

Equation (2) represents a multi-marginal optimal transport problem over the interval [to, tx].
To address this, we formulate sequential SOAT problems between adjacent time steps t; and
t;+1 by applying the substitutions g — x;, T — Tj41, Vo = Vi, V7 = Viy1, and T — 41 — &
to Equation (11). For simplicity, let C; ;11 denote the resulting pairwise cost and 7} ,; ; the
optimal plan. Due to the Markovian nature of the dynamics, the full multi-marginal plan
decomposes into the sequence of these local plans {7} ,; ;} fori=0,..., K — 1.

4.2 Conditional and Marginal Probability Path

Obtaining Marginal Probability Path via Mixing Conditional Probability Paths
Similar to the approach in standard Flow Matching [35, 58], directly constructing the Marginal
Probability Path is difficult. Therefore, we condition on z and define the Marginal Probability
Path as a mixture of Conditional Probability Paths:

pi(e.v) = [ pu(a.vlz)a(=)dz (12)

The condition z consists of K +1 points selected respectively from the snapshot data at K +1 time
points t =0, 1,--- , K. If p;(x,v|z) is generated by a conditional acceleration field a(x,v,t|z)
starting from the initial condition py(x,v|z), then the marginal acceleration field:

a(x,v,t\z)pt(m,vz)} (13)

will generate the marginal probability path p:(x,v).

Theorem 4.4. The marginal acceleration field in Eq. (13) generates the marginal probability
path. See the proof in Section A.S3.



Equivalence between Regressing Conditional Acceleration Fields and Marginal
Acceleration Fields Assuming the marginal acceleration field a(x,v,t) is known and we
can sample from the marginal probability path p;(x,v), we can directly regress a(x,v,t) using
a neural network. Let ag(-,-,-) : R x R x R — R? be a time-dependent acceleration field
parameterized by a neural network with parameters 6. The acceleration flow matching loss is

LarpMm = E(a:,v)Npt(m,v),twL{[to,tK} {H(lg - a(:c, v, t) ”2}

However, a(x,v,t) is generally intractable because it is defined via an expectation (integral),
and its denominator p;(x,v) also requires integration to compute. In contrast, the conditional
acceleration field a(x,v,t|z) and the conditional probability path p;(x,v|z) have simple forms.
Therefore, in actual training, we use the following Conditional Acceleration Flow Matching
(CAFM) objective:

Loarm = E (z,0)~pi(x,v]|2), [HG'H(ma v, t) - a’($7 v, t|Z)||2:|
t~Ulto,tx],2~q(z)

These two objectives are equivalent in training, as described by the following theorem:

Theorem 4.5. If pi(x,v) > 0 for any x € R, v € Rt € [to, tk], then Lapy and Loapy differ
only by a constant independent of 6. In other words, VoL ary = VoL coarr. The proof is left to
Section A.4.

Design of the Conditional Probability Path Consider the joint distributions pg(x,v),
(e, v), ..., ug(x,v) at K + 1 time points. The optimal transport plans calculated via
solving SOAT problem are my_,, 7 _,9, - ,Tj_1_x- Jaking the condition variable z =
[(xo,v0), -, (K, vK)], and similar to standard Flow Matching, we choose a path with time-
varying mean and invariant variance as the conditional probability path, i.e.:

pe(x,v|2) = N(x|my(t),o2I) - N (v|m,(t), 021) (14)
Here, m,, m, are given by the Minimum Cost Trajectory described in Proposition 4.1, where
for t € [ti,ti+1]:
m,(t) = c3(t — ;)% +ea(t —t:)* +er(t —t) +co my(t)3ea(t —t:)* + 2ca(t —t;) + 1

, the coefficients are identical to those given in Section A.1, with xg, vg replaced by x;, v;, 7, vr
replaced by @x;+1,v;+1, and T replaced by t;+1 — t;. Based on the optimal transport plans, we
define the optimal propagator (transition kernel) from time ¢; to ¢;11 as the probability of a
particle at (x;,v;) at time t; being transported to (x;11,v;+1) at time ¢;41:

T i1 [(®s, i), (Tig1, vig1)]

i@, i), (Tig1, vig1)] = (15)

iz, v;)
Then,
K-1
z ~ po(®o, vo) - [ Kisisa[(@i, 0), (®ig1, vig)]
=0

In the following, we demonstrate that the constructed marginal probability path recovers
the true distribution at every given time point.

Theorem 4.6. When o, — 0,0, — 0, the marginal probability density constructed by Equa-
tion (12) satisfies py, (x,v) — pi(x,v) at the K + 1 given time points. Therefore, the Marginal
Probability Path constructed by mizing Conditional Probability Paths can correctly reconstruct
the marginal distributions. See the proof in Section A.5.

Furthermore, we demonstrate that the design yields an exact solution to the DOAT problem.

Proposition 4.7. As 0, — 0 and o, — 0, the marginal probability path and the marginal
acceleration field will converge to the solution to the DOAT problem. See the proof in Section A.6.



4.3 Transform VM-DOAT to DOAT
Relations between DOAT and VM-DOAT The optimal transport cost of the DOAT

problem is a functional of the sequence of joint distributions p;(x,v) for i = 0,..., K. Formally,
we denote this dependency as Jpoar[{ui(x,v)}E]. In the VM-DOAT setting, we only have

access to the marginal spatial distributions ,ugpos)(a:) = [ pi(x,v)dv. Consequently, the cost
of VM-DOAT, denoted as JvM-DO AT[{ugpos)(w)}\fio], relates to Jpoat through the following

minimization:

Fusevoar {17 (@)}] = min Tooar {1 (@) - wi(v]z)}], (16)

w;(v]e

where w;(v|x) represents the conditional distribution of velocity, such that the joint distribution
factorizes as p;(x,v) = uz(»pos) (x) - wi(v|x). Thus, our objective is to determine the optimal
wi(v|x) that minimizes the expression above, thereby transforming the VM-DOAT problem into
a solvable DOAT instance.

This transformation rests on two key properties: 1) The SOAT problem can be solved
efficiently using the Sinkhorn method. Once the Transport Plan is computed, we can sample
a trajectory [(@o,vo), -, (K, vK)]; 2) Given the positions xg.x of a trajectory, consider the
following multi-marginal optimal control problem:

tK 1
min/ Sl @R, st y(t) = @i, i =0, K. (17)
to

The velocities of the optimal trajectory, denoted as V' = [v/(to), -+ ,~'(tx)], can be obtained by
solving a sparse linear system, as illustrated in the following proposition:

Proposition 4.8. The velocities V' defined above are the solution to the sparse linear system
VA = B, where A € RETDXEHD) 45 o tridiagonal matriz and B € R>*E+) 4 detailed
derivation and the explicit expressions for A and B are provided in Section A.7.

It is worth noting that solving this linear system requires O(K) time, ensuring high compu-
tational efficiency.

Iterative Scheme to Perform the Transformation Based on this decomposition, we
employ an iterative scheme to estimate the conditional velocity distributions across tg,...,tx.

(0)

We initialize w; ' (v|x) = 6(v — 0) and subsequently alternate between the following two steps:

e Solve SOAT Plans: Compute the K optimal SOAT plans between the distributions
ugpos) (m)-wgm) (v]x) for adjacent time points. This yields the plans 77:3711 [(xi, vi), (®it1, Vit1)]
for i =0,...,K — 1, where m denotes the iteration index. This step effectively provides

the multi-marginal optimal transport plan given the current wgm)(v\cc).
e Update Velocity Distributions: Update the conditional velocity distributions based on the
computed SOAT plans:
(m+1) [ @™ (2)6(0i[zo - - k] — v) day;
w; (v‘wl) = (m) ) (18)
[ q™(2) dz\z‘
where dzy; denotes the volume element dxodvy . ..dzxdvk excluding dz; (i.e., integrating
over all variables except ;). The term 9;[xo, ..., Zx] denotes the optimal velocity at time

t; derived from the sequence xy, ..., Tk via Proposition 4.8. Intuitively, wm )

(v]x;) is
(2

set to the distribution induced by the velocities of all optimal control trajectories passing
through «; at time ¢;. Since the total transport cost is the sum of costs along individual
trajectories, aligning v with the optimal velocity of each trajectory minimizes the global

objective.




In the update step above, the trajectory variable z = [(xg, vp),. .., (€K, vK)] follows the
joint distribution ¢ (z) defined as:

K—1
¢ (2) = uP (@) - w§™ (wolzo) x [ K;Uh (@i, v3), (@igr, vig)]s

i=0
where the propagator lC:(:ﬁrl is given by:
*#(m)
* T 1[($‘,U‘),($'+1,U'+1)]
K00, v), (g1, vi41)] = e

(@) wy (vils)

During the iteration process, the objective Lpoar [,ul(-pos) (x) -wi(m)(v|sc)] decreases mono-
tonically. Since the cost is bounded below by 0, the iterative algorithm is guaranteed to

converge.

5 TracingFlow Algorithm for Trajectory Inference

In the practical implementation of TracingFlow, we first perform an approximation of the condi-
tional velocity distribution to reduce the VM-DOAT problem to a DOAT problem. Subsequently,
we employ flow matching to solve for the acceleration field of the DOAT problem. Notably, for
lineage tracing data, we incorporate biological priors into this framework.

5.1 Approximation of Conditional Velocity Distribution

Determining the full conditional velocity distribution w;(v|x) to transform VM-DOAT to DOAT

(Section 4.3) is computationally prohibitive, potentially requiring an auxiliary generative model.

We therefore adopt a deterministic approximation, assigning a single velocity to each data point.

Consequently, Equation (18) is modified to:
(m+1)

wi™ T (v]@s) = 6(v — w{ D (=7)), vl (=) =

Jam™ () dzy; (1)

Intuitively, this assigns véxmpﬂ) (x;) as the mean velocity of all optimal control trajectories passing
through x; at time ;.

5.2 MiniBatch-OT

Solving SOAT repeatedly is computationally intensive for large-scale datasets. However, since
the conditional velocity distribution w;(v|x) is approximated as a Dirac delta, the joint empirical
distribution p;(x,v) effectively becomes a superposition of Dirac deltas. This allows us to employ

a minibatch strategy: we partition p; and p;y1 into B corresponding minibatches {,ul(-n)}le

and {/”Lz(i)l }B . By solving the local plans W:S;)Jrl independently and aggregating them as

T iyl = @lewjgzrl, we significantly enhance computational efficiency.

5.3 Incorporation of Biological Priors

In lineage tracing applications, let indices /; and l;41 denote individual samples at time points
t; and t; 41, respectively. Each data point (x;;,,v;;,) is associated with a barcode b;;, € NT.
We incorporate this prior by modifying the cost matrix C;—,;11. Specifically, when computing
the cost between the [-th sample at ¢; and the k-th sample at ¢;11, we compare their barcodes:
if b;y, # bit1,4,.,, the standard cost is multiplied by a penalty factor po(po > 1). This soft
constraint discourages transitions between distinct lineages, effectively embedding biological
knowledge into the dynamics learning process.



Table 1: Average W; and Wk distances between the generated and ground truth distributions
at various time points on the 2D Simulation , Cite 5D, and Cite 100D datasets for different
algorithms.

Method Dynamics 2D Simulation Cite 5D Cite 100D
W1 W2 Wl Wz Wl WZ

OT-CFM 1st Order 0.5270 + 0.0612  0.5922 +0.0813  0.8298 +0.0162  0.9155 + 0.0160  10.5498 + 0.0291  10.6220 + 0.0310
SF2M 0.9926 + 01857  1.1318 +0.173¢  0.7650 +0.0375  0.8956 + 0.0408 12.3426 + 0.0735 12.4757 + 0.0783
3MSBM 1.1855 +0.2636  1.2767 +0.2215  3.6369 + 0.3508  3.7703 +0.3178  15.7708 + 0.1473 15.8833 + 0.1832
MMFM 2.3689 +£0.1830  2.6466 +0.1769  2.5346 +0.1520  2.7576 £ 0.1877  12.5353 + 0.6268 12.7868 + 0.7061
HRF 2nd Order 1.5390 £ 01130 1.6631 +£0.1214  1.4016 +0.0437  1.5313 +0.0430 10.1532 +0.0643 10.2336 + 0.0707
CAF 1.6385 +0.2777  1.6431 +o0.2766  4.5589 +0.1073  4.7411 + 01620 16.7429 +0.4371  16.9837 + 0.4324
TF (Ours) 0.3748 +0.0505 0.5180 +0.0360 0.5861 +0.0688 0.6386 +0.0775 8.0700 +0.1537 8.2530 + 0.1889

5.4 Algorithm of TracingFlow

The TracingFlow algorithm comprises three main steps: First, we apply the iterative approxi-
mation from Section 5.1 to determine initial velocities, effectively transforming the VM-DOAT
problem into a DOAT problem. Second, we compute the Optimal Transport Plan for SOAT as
defined in Equation (11). Third, we sample conditional probability paths to train the acceleration
network ag(x,v,t) via regression. Additionally, to provide initial conditions for inference, we
parameterize the unique initial velocities derived in the first step using a neural network vg ¢ (),
trained similarly via regression. The algorithm’s pseudocode is provided in Section D.

Theoretically, TracingFlow recovers the exact distribution if the acceleration and initial
velocity are perfectly fitted. In practice, where losses are non-zero, we prove that the positional
Wy distance between the generated and true distributions is bounded by the sum of the velocity
and AFM losses, and the relevant theorem is detailed in Section A.S8.

6 Experiment Results

To evaluate the effectiveness of our algorithm, TracingFlow, we conducted three categories of
experiments: 1) verifying whether the acceleration field of TracingFlow can transport the initial

data distribution ,u(()pos)(m) = [ pi,(x,v)dv to the data distribution ,ugpos)(m) at other given
times t;; 2) verifying whether TracingFlow can effectively perform distribution interpolation and
extrapolation; and 3) verifying whether TracingFlow can more effectively infer the dynamical

laws in Lineage Tracing data given biological prior knowledge.

Distribution Transport We evaluated TracingFlow on a 2-dimensional synthetic dataset
and real single-cell omics datasets of varying dimensions. The evaluation metrics were the
1-Wasserstein (W) and 2-Wasserstein (Ws) distances, measuring the discrepancy between the
fitted and ground truth distributions. The second-order dynamics model of TracingFlow provides
stronger expressive power than first-order algorithms, yielding lower average W; and W, values
across all datasets (Table 1). We visualized the evolutionary trajectories learned by OT-CFM
and TracingFlow on the synthetic dataset in Figure 2. TracingFlow’s second-order model allows
it to learn trajectories that cross in the position space @1, €2, whereas OT-CFM is unable to do
so. In Section C.1, we present the distribution reconstruction accuracy at each time point, as
well as experimental results on additional datasets (such as the Mexico Gulf dataset).

Interpolation and Extrapolation To verify TracingFlow’s interpolation and extrapolation
capabilities, we conducted a Hold-One-Out experiment on the 5-dimensional EB dataset (time
points t = 0,...,4). In each iteration, we withheld one time point from the latter four for training
and calculated the W, and W, distances between the interpolated and true distributions. As



a) Traj. Generated by OT-CFM b) Traj. Generated by Tracing Flow
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Figure 2: On the Simulation 2D dataset: a) non-crossing paths learned by OT-CFM, and b)
crossing paths learned by TracingFlow.

Table 2: Average W; and W, dis- Table 3: Average lineage-weighted W; and W, distances
tances between the predicted and between the generated and ground truth distributions at
ground truth distributions at held- various time points on the 3D Simulation Lineage and
out time points on the EB 5D Hematopoiesis datasets for different algorithms.

dataset for different algorithms.

Method Dynamics 3D Sim-Lineage Hematopoiesis

4% W; 4% W;

Method Dynamics EB 5D ; . N - : -
OT-CFM Ist Ord 2.2383 £0.0205  2.3162 +£0.0216  14.9945 + 03442 15.3971 + 0.3180
Wi We SF2M SUOTEET ) 5955 L oos1s 15435 £ 0055 18.7170 £ 01121 18.9756 - 0.1168
OT-CEM 4 Order ?-}205 = 0:2400 56910 2 0.2061 3MSBM 23126 + 04756 2.4905 + 04582 18.3313 £ 0.9534  18.6427 + 0.0413
SFM 45602 £ 01011 4.9905 + 0.1262 MMEM 26098 < 03119 3.0309 = 03265 27.0830 £ 20200  20.5421 + 3.1420
3MSBM 7.1901 + 0.8667  7.4697 + 0.8588 HRF and Order 1.7934 + 04043 1.8085 £ 04022  15.4571 +0.1266  15.7138 + 0.1282
MMFM ond Order  9.7777 +0.9006  10.5980 + 0.9407 CAF ’ 2.6806 + 0.2777  2.7547 +0.3521  15.2165 + 0.0685  15.4974 + 0.0576
TF (Ours) 4.4974 + 00950 4.7859 + 0.1857 TF w/o Bio-Prior 1.5292 + 01714 1.5532 +0.2303  16.6166 +0.1220  17.0110 + 0.1456
TF (Ours) 0.4538 +£0.2039 0.5328 + 02066 14.0470 +0.1530 14.4589 +0.1815

shown in Table 2, TracingFlow achieved the highest accuracy, demonstrating that models based
on second-order dynamics are superior in capturing high-curvature and non-linear trajectories.

Lineage Tracing Data To verify whether TracingFlow better handles lineage tracing data
given biological priors, we experimented on a 3D Simulation Lineage Dataset and the Hematopoiesis
Dataset. Following Section 5.3, we introduced biological priors into TracingFlow by modifying
the transport cost matrix, other baselines also incorporates priors via conditional velocity fields.
We used lineage-weighted W; and W» distances to evaluate consistency with biological priors
while learning dynamics. Results in Table 3 show that incorporating priors enables TracingFlow
to outperform other algorithms. In Figure 3, we visualized dynamics on the simulation dataset
to demonstrate how TracingFlow learns trajectories conforming to priors. In Figure 4, we
plotted the PCA-reduced positions of two barcodes from the Hematopoiesis Dataset at t = 1;
the positions inferred by TracingFlow are significantly closer to the ground truth than those by
OT-CFM.

7 Conclusion and Limitation

In this work, we introduce TracingFlow, a Flow Matching framework for the Dynamical Accelera-
tion Optimal Transport (DOAT) problem. By pre-solving SOAT to learn acceleration and initial
velocity, it enables efficient, simulation-free solutions for large-scale DOAT problem. Experiments
on simulated and real world data demonstrate that second-order dynamics enhance expressivity,
yielding precise temporal distribution recovery. Additionally, incorporating biological priors
better preserves intercellular lineages.

A limitation is the computationally intensive SOAT pre-calculation, though this is mitigable
via minibatch-OT. Furthermore, explicitly modeling the theoretical conditional velocity distribu-
tion per data point is prohibitive, so we approximate it using its expectation. The objective
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a) Data points Generated by OT-CFM b) Data points Generated by Tracing Flow
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Figure 3: On the Sim-Lineage dataset: a)  Figure 4: Comparison of generated (circles)
paths learned by OT-CFM without consider-  and ground truth (’x’) positions at ¢ = 1 for
ing biological priors, and b) paths learned by ~ two barcodes on the hematopoiesis dataset [64].

TracingFlow that preserve biological priors. (a) OT-CFM. (b) TracingFlow. Visualized via
2D PCA.
fOT % |a||?dt also lacks a clear physical interpretation, as standard classical actions exclude second

time derivatives (see Section E.2). Despite current sequencing measurements lacking velocity
data, priors suggest biological systems may follow higher-order dynamics due to the existence of
complex regulations. Future work will extend TracingFlow to further model these dynamics.
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A  Proofs of Main Theorems

A.1 Proof of Proposition 4.1

Proof. First, we show that the unique minimizer is a cubic polynomial. Consider the energy
functional defined on the interval [0, T]:

1

gbi=3 [ IOl (20

The integrand L(v,v,7") = 5|7 ||3 depends on derivatives up to the second order. The necessary
condition for optimality is given by the Euler-Lagrange equation:

oL d /0L d? /oL
afdt(w)%tz(w)—“ 1)

Since OL/0y =0, L/0~" = 0, and OL/0~" = +", the equation simplifies to:

d2

27 =21 =0 (22)

This implies that the optimal trajectory +(¢) is a cubic polynomial:

v(t) = 3t + eat® + 1t + cp. (23)
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Imposing the boundary conditions v(0) = x,~'(0) = vo and ¥(T') = 1, (T) = vr leads to
the linear system:

Co = o,
C1 = Yo, (24)
C3T3 + CQT2 + ClT +co =T,
3e3T? + 2¢9T + ¢1 = v
Solving for the coefficients yields the unique solution:
Co = o,
C1 = Yo,
oy — 3(:1:T — :120) — (2'00 + ’UT)T (25)
= 5 ,
~ (vo+vr)T —2(xT — x0)
C3 = T3 .
O

A.2 Proof of Remark 4.3

Proof. First we propose a lemma:

Lemma. Let Cjg (0, vo, ¢, v¢) be the least acceleration cost through [0,] ,(zo,v0), (T, vT) €
X x V are two different points. Then for arbitrary midpoint 7 € (0, 1) and state (x,v) € X x V,
the following inequality holds:

Clo,7)(o, vo, z,v) + Cpr (2, v, 27, v1) > Cpo/1)(T0, V0, T, VT) (26)

The "=" holds if and only if (z,v) = v*(7), where v*(¢)(¢t € [0,T]) is the cubic interpolation
trajectory connecting (xg,vo) and (xr,vr).

Proof. Fix T € (0,T). Define objective function F;(x,v) = Cjo -)(Z0, vo, T, v)+Cfr 11(T, v, TT, V7).
By Corollary 4.2 ; we can rewrite

2
Fr(@,v) = Z {(Joo]]* + (v0,0) + [0]*)7* +3(w0 + v, @0 — @)7 + 3w —[*| +
9 (27)
s {orlP + (or ) + 02T — 1) + Blor + v, — @r)T + 3|er - 2|2}
(T —7)
Which is a quadratic form of (x,v) up to a constant. F:(x,v) > 0 always holds, namely, the
quadratic form has a finite lower bound, so it is semi-quadratic. To minimize F:(x,v), we can
take differentiations:

VoFr(x,v) =3 <_(UO T U)TT"; 2(z — zo) i (v + UT)(JE;E)T;Q(CU - wT)) =0. (28)
Vo F(,v) = (vo + 2U)TT—; 3(xo — ) N (vr + 20)(?T—_T7)-)—f2— 3(x —xr) _o, (29)

Denote the cubic interpolation from (xg,ve) to (x,v) on [0,7] and (x,v) to (zr,vr) on
[7,T] by 70,71 (t) and 7(, 1(t), respectively.The coefficients are known according to Section A.1.
Then we have:

3(x —xo) — (2vg + V)T
2

3(xo — ) + (vo + 2v)T
2

" (vo +v)T — 2(x — x0)

'Y[O,T] (T_) =6- 2 =2

+2-

)

(30)

T T
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" (v+wvp)T — 2(xp — ) (e —x) — 2u+vp)(T —7)

) (71) = 6- - e =) (31)
_ 5. 3(x —zr) + (v+2v7)(T — 1)
N (T —71)?
’YEg,T} () =6 (vo +v)T 7;2(:/13 —xg) (32)
iy =6 O ”T)(IQT_ _7)7)32(” 2 (33)

" /

Then we can find that 28 and 29 appear to be ’yEg . (17) = Vir 1] (1), ’y[(/) . (t7) = ny/T 7] (7).
(i) (i)

Because the two curves are cubic, and vy, (r7) = Vir] (t7),i=0,1,2,3, so we know that in
the optimal case 7o ;] = 'y*|[0 40 WmT) = 'y*|[T 7 That is, the unique solution of 28 and 29 is

(v*(7),7* (7)), which completes the proof. O
Back to our target, assume 7 and 4 cross at (x,,v;), then we have
Cpo,r)(0, vo, T, v7) + Clo 77 (Z0, D0, TT, VT)
= {C[O’T](mo, V0, T7, V) + Cpr) (T, V7, T, 'vT)} + {C[07T}(:f30, Vo, Tr, V7)) + Cpry (T, V7, E, 'T;T)}
= {C[Oﬂ.](wo, Vo, X7, V) + Cprr) (X7, v7, B, f)T)} + {C[Oﬂ(izo, Vo, X7, Vr) + Cprr) (X7, 7, T, vT)}

>Cpo,1)(x0, v0, Z1, 1) + Cpo,77(Z0, DO, T, VT).
(34)
The equality holds if and only if v and %4 coincide. Consequently, the strict inequality holds
for distinct trajectories, which implies the non-crossing property. This completes the proof. [

A.3 Proof of Theorem 4.4
Proof. Consider the time derivative of the marginal distribution:
ol v) = 0, { [ gl ol2)a():
— [ o, vl2)a(2)az
=~ [ Va - (almol))a(2)dz — [ Vo (e, vl)az, v, 1)a()0
=—-V,- (/ pt(w,'v\z)vq(z)dz) -V, - (/ pt(w,v|z)a(sc,v,t|z)q(z)dz>
= —Va  (p(x,0)v) = Vy - (ar(z, v)pi (2, v)) (35)
Therefore, pi(z,v) satisfies the continuity equation:
Oopi(x,v) = =V - (pi(x, v)v) = Vy - (ar(z,v) (T, v)) (36)

This completes the proof. ]

A.4 Proof of Theorem 4.5
Proof. Consider the gradient of the AFM Loss and CAFM Loss:

v9£AFM = VGEpt(w,v)(Ha’e(ma v, 2(:)HQ - 2@5(%, v, t)a(:c, v, t)) (37)
VoLcarm = Vo, (z012)002) ([las(z, v,1)||* — 2af (z, v, t)a(z, v, t[2)) (38)
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For the first term of VgL apm:

By o a0(@. 0.0 = [ pil@,v)las(e,v,0)|*dedo
= /pt x,v|2)q(2)|ag(x, v, t)||>dedvdz
- Ept(m,v\z)q(z)HGG(ma v7t)|’2 (39)
For the second term:

Ept(%v)[ag’(w,v,t)a(w,v,t)} = /pt(m,v)ag(w,v,t)a(w,v,t)d:cdv

_ /pt(x,'u)ag(a:,v,t) </ q(z)a(:c,v,tlz)Pt(w,v\z)dz) dwdu

pt(.’D,’U)
= //‘19 xz,v,t)a(x,v,t|z)p(x,v|z)q(z)dedvdz
pelwvl2)a(=) (@6 (2, v, t)a(z, v,t|2)) (40)

d

A.5 Proof of Theorem 4.6

Proof. Consider a given time ¢;. Based on the expressions for mg, m,, at this moment we

exactly have:
pi.(z,v|2) = N (x|, 021) - N'(v|v;, 021) (41)

For simplicity, let ds; = dz;dv;Therefore, the Marginal Probability Path is:
pu(@,0) = [ pr,(@0]2)q(2)dz
K—1
= [ put@ vl v)o(@o,v) - [T Kl o), (@511, vp00))dso - dsie - (42)
§=0

Using the definition of the propagator, we know that:
/’CJ_UH (xj,v)), (Tjr1,vj41)]dxj1dvj =1 (43)

Thus, we can integrate out the future terms (j > ¢) first , and then iteratively collapse the
past terms (5 < 4):
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pr;(z,v) :/Pti(w,v|($z‘wi))ﬂo($o,Uo) H K iril(mg,v5), (241, vj41)]dso - - - dsk

i—1

= /pti(wvv|($ivvz’))uo($oaUo) K5 jaal(®,v5), (251, v541)]dso - - - ds;
§=0
1—1
— [ @ vl(@i o) m (@, v, (@ro)] [Tl ), (@01, 0501))dso - ds,
j=1
1—1
= [ pu@svl(@i v @ o) [T Kl o), (20,0001 - ds
j=1
= [ (@ vl@i vl v)ds,
—/ 33|:L'Z, (v\vz,a I)pi(x;,v;)ds;
(1 % 9) (@, v) (44)

where g(z,v) = (N (x|0,021) - N'(v|0,02I)). When (04,0,) — 0, we have py, (x,v) — u;i(x,v)
in distribution.

If pi(x,v) is absolutely continuous with respect to the Lebesgue measure and admits a
density in L'(R??), we can guarantee strong convergence in the L' norm: lim, ¢ || p¢, (€, v) —
wi(x,v)||pr =0foralli=0,1,.., K.

O

A.6 Proof of Proposition 4.7

First, we prove that the Marginal Probability Path constructed by TracingFlow converges to the
optimal solution of the DOAT problem when o, — 0,0, — 0.

We investigate directly in the augmented space. Let s = [z, v]T € X x V, and consider the
cost of the DOAT problem. The subsequent position of a particle starting from the initial point
so can be represented by the flow map ¢;(sp). Therefore, the cost can be written as:

tk 1
Looar(a, p) = / / Sllats, 01 pu(s)dadudr

/t0 /X><V lla(epi(s0),t)[|* det ( > B po(so) det <gi> dsodt

_ / po((50)ds0 /t EHa(qfwt(sw )2t

-/ (/ 5@t ) Pl (45)

where P is a probability measure in the path space, satisfying the constraint (e, ) xP = p;(x, v).
Here, e; is the evaluation map e;[y] = (), and (e, )xP denotes the push-forward of the
probability measure by the evaluation map. According to Proposition 4.1, the minimum cost
path connecting s; and s;41 is a cubic spline, and the minimum cost is C;_;+1[S;, Si+1]. Therefore,
for any path ~:

t1+ 1 9
/ H’Y O°dt = Cimyita[si, Si41] (46)

i
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Thus, the DOAT problem cost has a lower bound:

Looxt(p,a) /Z(/ 7' (9]t ) dPly

Z/QZCHHl[Si,Sz‘H]dP[’V]
i=0

K-1
Z/ZCz‘—>z‘+1[8z‘,Sz‘+1]d7r*(8z‘78z‘+1) (47)
i=0

where 7*(8;, 8441) is the Optimal Transport Plan for the SOAT problem between u(s;) and
p(Si+1)-

Consider the path constructed by TracingFlow. In the case where 04,0, — 0, we have
pe(x,v|z) = pi(s|z) = (s —~i(t)), where v; is the optimal single-particle trajectory connecting
z = [sg, 81, -, SKk]. We calculate the transport cost of the constructed path:

LS N 9
tre = [atzaz 3 [T 10 P
= / dZ Z Cz%erl Szysz+1]

=0 7=0

K-1 K-1
= /MO (s0) H Kisivilsi, sivl (Z CJ—>J+1{33733+1}) dz (48)

Here, using the definition of the propagator:

/ ro(so) [ Kisivalsissiva] (Ciojyilsy, sj]) dz

(49)
= /77;—>j+1[3j7 $j+1]Cjmj+1(85, 8j41]ds;ds
Therefore:
K-1
LTF — Z/ z_>z+1[szaSz+1]czﬁz+1[sza31+1]d31d31+1 (50)
i=0

This coincides exactly with the lower bound of the DOAT problem cost derived above. Thus,
the path constructed by TracingFlow is exactly the optimal solution to the DOAT problem in
the case where 04,0, — 0.

Next, we prove that under the construction of TracingFlow, the acceleration field a(s,t)
is single-valued with respect to s and . By Remark 4.3, under the Optimal Transport Plan,
the trajectories of flow maps starting from different points must not intersect. This implies
that for a given time ¢, any point s in the augmented space is traversed by at most one flow
map trajectory. Therefore, the acceleration field a(s,t) possesses single-valuedness. In other
words, the solution constructed by TracingFlow can indeed be expressed by a single optimal
acceleration field a(s,1).

A.7 Proof of Proposition 4.8

Proof. Let « : [0,T] — R? be a path that is C' on [0,7] and piecewise C? on each interval

[tj-1,t5]-
The optimal solution is given by a piecewise cubic polynomial:
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(vj—1 +v;)At; —2(z; — wj—l)Tg
(At;)3

(e, —xiq) — (2ui_1 +v;)AL;
( J J 1)(At<-)2] ! ]) ]7’2+’Uj—17-|-(13j—17
J

Y1+ 1) =

_l’_

for 7 € [0, At]‘], where Atj = tj — tj_l,
According to Corollary 4.2, it suffices to minimize

Koo
J(vo,v1,...,0K) =2 ——— {(ij1||2 + (vj_1,v5) + [lv;]|*) (At;)?
j=1 (At])

+3(vj—1 t vy, z1 — x) Aty + 3|2 %‘HQ} (52)

J > 0 always holds, so the the formula above is a semi-positive quadratic form.
Take differentiation, we have

vi—1 +2v;  2v; 4+ vi41 Ti_1—XT; Tj— Tjq1 .
Vo.J =2 -2 /R +6 (=2 LA/ , forj=1,..., K —1,
g ( At; At; 1 (A2 (Atj4)? J

(53)
2(2vo +v1) | 6(xo — 1)
Aty (At1)2

2(wg-1+2vk)  6(xx_1— TK)
Atk (Atg)?

Vvoj — )V’UKJ = (54)

Set the gradients to zero and rearranging the terms to separate the velocities v and positions
x, we obtain:
For j =0:
2 1 3(.’131 - w())

AT AT T e (55)

Forj=1,..., K —1:

1 1 1 1 Ti—Xi_] Xip] — T,
V1 +2 |+ |Vt v =3 2+ L. (56
Aty (Atj A75]'+1> 7T At T ( (At;)? (Atj1)? (%6)

For j = K:
3(:12[( — mel)

A 57
Aty UE1 T A VK (At)? (57)
Denote V = [vg,v1,...,vg] € R”EHD) and writing this system in matrix form VA = B,
where
-y ) ;
An AL 0
1 1 1 1
An 2 (H + E) At
1 1 1 - : :
a—| Y A 2 (ATQ + m) : - | e RUSHDX (KD
Atg_q
1 1 1 1
0 0 Atg_1 2 (AtK,1 AtK) Aty
0 0 0 At Aty
L K K |
(58)
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B_ [3(331—%0)’3(231—%+$2—$1)7m,

(At1)2 (At1)2 (At2)2
(59)
3 <iL‘K—1 “THo2  PH -'BK2—1) 3w — 1‘1;—1) c RAX(K+1)
(Atg-1) (Atg) (Atg)
The solution satisfies 7/(t;) = v; for all j = 0,1, ... K.
Since A is strictly diagonally dominant, the solution V' is unique. O

A.8 Proof of Theorem A.1

Theorem A.1. Let ag(x,v,t) be Lg-Lipschitz continuous of (x,v). The Wasserstein-2 distance
~(pos) (pos)

between the generated distribution py.  (x) = [ pt,(x,v)dv and the true distribution ;" () in
the position space is bounded by
W3 (52, i) < 2e5=00) (Lo + (t — to) Larul o) (60)

where the cumulative AFM loss and the initial velocity loss are defined as:
Larmlito ] = Bt @v)mpllao (@ v,8) — a(@,v,0)[7, Loy = Ezy vo)mp, 100, (0) — vol*.

and Kk is a constant only depending on Lyg.

Proof. We address the problem directly within the augmented space X’ x V. Let the system state
be denoted by s = [z, ], and let y;(s) represent the data distribution in this space. We define
a flow map ¢ : [to,tx] X X x V — X x V, which is governed by the exact marginal acceleration
field a(s,t) defined in Equation (13).

Using (¢¢)4 to denote the push-forward operator, the time-dependent density evolves as
pt = (P1)4pr,, Where py, = po. Similarly, let ¢¢ be the flow map induced by the learned
acceleration field ag(s,t). The generated distribution p; then evolves according to p; = (¢¢)4pt,-
It is important to note that py, # pt,, as the conditional distribution of the initial velocity is
approximated via a neural network.

We introduce a bridging measure vy = ((,z’)f)#pto, then the Wasserstein-2 distance between
joint distributions can be decomposed as

W3 (pi, ) < Walpr, ve) + Walwr, pr)* < 2 (WQZ(Pu ve) + W%(Vtyﬁt)) (61)
Estimation of Term 1: Define Q; = [ 110(s0)||®¢(s0) — ¢:(s0)||>dso,here g = py, according
0 I

to definition. Noting that ()¢, = 0 since the starting points are identical. Define A = 0 ol

Taking the time derivative, we have:

0 s (s
% = 2/#0(80)(4)?(30) _ ¢t(50))T <d¢f:1(t 0) . d¢d(t 0)) dSO

0 0
=2 [ poloo) (@ (s0) ~ du(o0))" <A¢f<sO> — Adi(s0) + [ae<¢?<so>, t)] B la(ast(so), t)D oo

= Q/HO(SO) [(fth(SO) — ¢1(s0)) A7 (s0) — pt(s0))

; 0
+ (@ (s0) = ¢u(s0))" [ae(@?(&)),t) - a9<¢t<so>,t>]

0
+ (¢?(30) - ¢t(30))T [06(¢t(30),t) _ a(¢t(80),t)] ]dso (62)
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We bound the three terms inside the integral separately. Let A¢y(so) = ¢ (s0) — di(s0).
1. Since ||A]| < 1, we have Agy(s0)T AA@i(s0) < |[Adi(s0)]|?.

2. Using the Lipschitz continuity of the network ag with constant Ly:

0

A¢t(50)T [a9(¢?(30>7t) _ a9(¢t(80),t) < ||A¢t(30>|| ’ Ha9(¢?(30)¢t) - a9(¢t(30)vt)”

< L[| Agu(s0) > (63)

3. Using Cauchy-Schwarz and the inequality 2zy < x2 + y?:

A

Agi(so)" lae(@,(So),t)O— a(@(SO),t)] < [[Agi(s0)l - [laa(t(s0),t) — al(@e(s0), 1)

< 1Al + 5 llan(@i(s0). 1) — aldu(so). 1)
(64
Substituting these bounds back into the derivative:
d
T2 <2 [ pls0) [ (1 Lo+ ) 18n(s0) [P+ 5 lan(@r(s).1) — al(s0). 1) dso
= (2Lp +3)Q: + /uo(so)Hae(qbt(so),t) — a(¢u(s0),1)[|*dso (65)

By Gronwall’s inequality, since Qy, = 0:

t
Q< 290 ([ ofs)an(r(s0):7) ~ al o). 7)|Pdso ) ar - (66)
to
By the definition of Wasserstein-2 distance, we have:
toWs (pg, vt) = m#n/ |81 — s2*dn s.t./ﬂdsl = ,Ot,/ﬂ'dSQ =1y

< / 10(50)11 (50) — 4 (s0)|2dso

t

=@ < €(2L9+3)(t7t0)/ ESNMTHGG(&T) - a(syT)szT (67)
to

= 6(2L6+3)(t_t0)(t — t0)LarM|jro.1- (68)

Estimation of Term 2:Take 7(so, sg) as the optimal coupling that attains W2 (v, pr,) =
I llso — sg||2d7r0(30, sg). Note that vy, = po (the true data distribution).

From a pair of starting points (sg, sg) ~ T, define the square distance between trajectories
under the same approximate flow as A(t) = ||¢Y(s¢) — ¢f(sg)H2. Taking the time derivative, we
have:

(% s 0 85
W0 _ 5 (s0) — ()" (d‘i’gﬁf o) Al 0))

= 2(¢¥(s0) — ¢l (s5))" <A<¢§<30> — $Y(s5)) +

0
ag(¢f(s0),t) — ag(¢!(s}), t)}
< 2(||A] - 1¢](s0) — & (s§)1* + |7 (s0) — S{ (5l - lla (@ (s0), ) — aa (] (s5), 1)I])
< 2(1+ Lg)A(t). (69)
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Again by Gronwall’s inequality, we have:

A(t) < 62(1+L9)(t_t0)A(t0) _ 62(1+L0)(t_t0)||80 o Sg||2- (70)

Since vy = (¢))uvy, and py, = (@Y)upr,, the push-forward of the optimal coupling m =
(¢!, ¢f)#7r0 is a valid coupling for (v, pt). Integrate the squared distance over all starting pairs
with respect to mg, we obtain:

Wi, ) < [ 1160(s0) — ${(s5) P dmo(so. 55)
< /62(1+L9)(t—to)”50 — 85| 2dmo(s0, 83)
= 2WHLIE—IW2 (1 piy) =

Let 7(so, sg) be the coupling between 1y and pg induced by the identity mapping on the position
space, i.e., pairing sg = (xg, vg) with sg = (@, 'vg). We can bound Wasserstein distance by Lo
loss:

W3 (t1g: o) < [ lls0 = s *d7(s0. 55)
— [ (1o = @ + lloo — v *) A (o, vo, o, of)
= [ o0  wf?d7 (o, w0, @, v6) = Lo, (72
Thus W3 (v4, pr) < e>(IHLo)t=to) g -

Combining the bounds above, we have

Wg(ﬁtwpti) <2 [WQQ(:atm Vti) + WQQ(Vtwpti)}
<2 |:e(2L0+3)(ti—t0) (t — tO)EAFM‘[tO,ti] + e(2L0+2)(ti—to)£vo} _ (73)

Define k = (2Ly + 3),then the final bound is obtained by:
WG, o2 = ) = muin [ @1 — @l Pdma(@r @) st [ mades = oY, [ modar = P
< m}n/ lz1 — m2|]2d7r(31,32) s.t./wdsz = P, /wdsl = D,
< m}n/ Is1 — sal|%dm(s1, 52) (74)
= W3(pri, i) < 2e50710) (8 = to) Larnjeg + Lo ) - (75)

This completes the proof. Note that our derivation holds even for multi-valued or stochastic
cases, since the upper bound on the Wasserstein distance is established via a valid coupling,

which remains well-defined regardless of whether the mapping is deterministic.
O

B Datasets and Evaluation Metric

B.1 Experiment Setup

The experiments were conducted on a shared high-performance computing (HPC) cluster.
All experimental runs utilized GPUs equipped with 80GB of memory. Both the network
ag(x,v,t), employed to approximate acceleration, and the network vy(x,v,t), employed to
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approximate velocity, utilize residual architectures. Specifically, ag(x,v,t) consists of 4 hidden
layers, while vy (x,v,t) comprises 2 hidden layers. The Optimal Transport (OT) calculations
were implemented using the Python Optimal Transport (POT) library [16], and the training
process of neural networks were implemented using Pytorch [43].

In all experiments, TracingFlow employs a completely consistent set of hyperparameters.
When solving for OT using the Sinkhorn algorithm, the regularization coefficient is set to
€ = 1x1073. When incorporating biological priors, the penalty coefficient for barcode mismatches
is set to pp = 25. Since the number of cells at each time point in the datasets processed in
this paper is on the order of 103, we do not utilize mini-batch OT; instead, we compute the
Transport Plan on the full dataset.

B.2 Evaluation Metrics

We employ the 1-Wasserstein Distance (W) and the 2-Wasserstein Distance (Ws) to quantify
the discrepancy between the predicted distribution and the ground truth distribution. These
metrics are defined as follows:

Wiv) = _min [ &~ yldr(e.y) (76)

ell(p,v

1/2
wzm,u):( min [ |z~ yl3dr(e, y>) (77

For the evaluation of datasets containing lineage information, we utilize the lineage-weighted W,
and W, distances. These are defined based on the decomposition of the distributions. Consider
the distribution generated by the model, denoted as p(x), and the reference distribution provided
by the dataset, denoted as v(x). Both consist of L lineages and can be decomposed as:

L ‘ L .
=S win@), vw) = wa) (78)
i=1 i=1

where ;) (z) and v() (x) represent the distributions of the i-th lineage within p(x) and v(z),
respectively, satisfying [ 4 (z)dez = 1 and [ (z)dx = 1. The terms w; and v; denote the
weights of the i-th lineage in u(x) and v(x), respectively, subject to the constraint Y% | w; =
Zle v; = 1. The lineage-weighted W; and W, distances are defined as:

D) (ul|v) Zuzwl v D), WP (ulv) szwz V) (79)

In essence, we first calculate the W; and W, distances between the distributions of corresponding
lineages in the two datasets. Subsequently, we compute a weighted average of these distances
using the proportions of each lineage given by the reference distribution v(x). It is important
to note that the lineage-weighted W; and Ws metrics serve solely as indicators of the model’s
ability to preserve lineage prior information while learning the dynamics. They are not true
distance metrics in the mathematical sense, as they are evidently asymmetric with respect to u
and v.

B.3 Datasets

3D Simulation Lineage Data. Consider the following dynamics with three lineage barcodes
and a twist structure:
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dx0 =vdt +0,dBY (dxM =vdt + 0,dB¥ dx® = vdt + o,dBX
av,0 = o aBY av\V = —pzWat + 0,dBY  { dv\® = uz® at + o, dBY
iz® — 5.dB? dzi) =Vt +o.aB?  dz? = -y, dt + 0.dBf
(80)
We take v = 3.0, = 3.14,0, = 0y = 0, = 0.1 and time points ¢ = 0,1,2. Initialize
(3" Y5, 24) ~ N([0,0,00,050), (X5, YV, Z8V) ~ M ([0, =2,0),051), (x5, %5, 27)~A'([0, 2,0, 0.51)

and sample 500 particles for each.

a)

b) C
Sampled 2D Simulation Data ) Sampled 3D Simulation Data ) XY Projection of 3D Simulation Data

>

Figure 5: Dynamics of simulation datasets. (a)2D simulation data, (b)3D simulation data and
(c¢)3D simulation data projected to XY plane.

Cite Data. We utilized the Cite-seq dataset introduced in [31], which comprises 31,240 cells
collected across 4 distinct time points. To evaluate the performance of TracingFlow on real-world
biological data, we applied Principal Component Analysis (PCA) to reduce the dimensionality
of the gene expression profiles to 100 and 5 dimensions, respectively.

Embryoid Bodies Data. We employed the Embryoid Bodies (EB) dataset from [39], consisting
of 16,819 cells sampled at 5 time points. We utilized PCA to reduce the dimensionality of the
gene expression data to 5 dimensions.

Hematopoiesis Data. We employed the Hematopoiesis dataset from [64], consisting of 130,887
cells sampled at 3 time points. Part of the cells are recorded with barcodes. We selected 22,329
cells with barcodes from the dataset and utilized PCA to reduce the dimensionality of gene
expression data to 50 dimensions. When processing this dataset, we filtered for data where
barcodes were present at all three time points. The barcodes for the remaining data were set to
undefined, incurring no additional transport cost during the incorporation of biological priors
(Section 5.3).

Mexico Gulf Data To assess the capability and robustness of Tracing Flow in capturing long-
term system dynamics, we utilize the Mexico Gulf dataset, following [56]. This two-dimensional
dataset comprises 9 time points.

C Experiment Details

C.1 Experiment Details across various datasets

Simulation 2D Data Table 4 presents the performance of TracingFlow and other algorithms
on the 2D Simulation dataset. On average, TracingFlow reconstructs the data distribution at
each time point with higher accuracy.

Cite 5D & Cite 100D Data We present the distribution reconstruction performance of each
algorithm on the Cite 5D and Cite 100D datasets in Table 5 and Table 6, respectively. On these
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Table 4: W and W» distances between the generated and ground-truth distributions at each
time point on the 2D Simulation dataset.

Method Dynamics t=1 t=2 t=3 t=1
Wi Wo Wi Wo Wi Wa Wi Wa

OT-CFM 1st Ordo 0.1215 +0.0164 0.1441 +o0.0164 0.3644 £ 01177 0.4143 = 01168 0.5863 +£0.2615  0.6238 + 02657  1.0356 +0.2325  1.1867 =+ 0.2890
SF2M SUMIEOE 02389 £ 01217 0.2668 £ 0.1305  0.5700 +02574  0.6108 0265 1.0630 =02760 13557 0270 2.0986 + 13198 2.2938 + 13103
3MSBM 1.4029 +o0.6892  1.4459 + 06596  0.9318 +0.2553  1.0181 +0.2050  1.8079 +0.7761  1.9162 + 0.7529  0.5993 + 0.6176 0.7265 + 0.6935
MMFM 1.3226 £ 01774 1.9287 £ 03002  1.8387 £ 05624  1.1779 £ 05114 1.8158 01794 1.8740 £ 01701 4.4984 +0.2937  4.6059 + 0.2977
HRF 2nd Order 1.2036 +0.0425  1.2096 +0.0244  0.9955 £ 0.0921  1.0009 +0.0873  1.9829 +0.1311  2.0040 £ 0.1582  1.9740 + 0.1873  2.4379 + 0.2157
CAF 0.4051 + 01712 0.5117 £ 01738 0.8857 £ 0.3630  0.8996 + 0.3689  1.3274 +£0.1194  1.3731 £ 01107 3.9358 + 04572 3.7880 =+ 0.4530
TF(Ours) 0.1609 +0.0232  0.1787 £ 0.0258 0.1753 £0.0209 0.2045 +0.0277 0.4091 +0.0523 0.4821 +0.0698 0.6404 + 02661  1.1436 + 0.1577

datasets TracingFlow achieves superior reconstruction accuracy at all time steps except for ¢t = 3.
The trajectories learned by TracingFlow on these two datasets are illustrated in Figure 6.

Table 5: W, and W» distances between the generated and ground-truth distributions at each
time point on the Cite 5D dataset

Method Dynamics t=1 t=2 t=3
Wl W2 W1 W2 Wl W2

OT-CFM Lst Order 0.5615 + 0.0156  0.6484 +0.0268 0.8472 +0.0463 0.9416 +0.0443  1.0536 + 0.0534  1.1566 + 0.0573
SF2M 0.5932 £ 0.0249  0.6797 £0.0424 0.7768 £ 0.0451  0.8670 +0.0480  0.9251 + 0.0279  1.0221 + 0.0352
3MSBM 5.3735 £0.3961  5.4244 +0.3582  4.3118 £ 04589  4.5458 + 04141 1.2254 +0.2998  1.3427 + 0.3307
MMFM 0.5335 £0.0134  0.5911 £ 0.0057  2.2290 +0.2151  2.4557 +0.1613  4.8413 +0.2538  5.2261 + 0.4061
HRF 2nd Order 0.4225 £ 0.0152  0.4622 +0.0185 0.6227 +0.0421  0.6814 +0.0392 0.7638 + 0.0738 0.8394 + 0.0713
CAF 5.1724+ 0.0452 5.6242+ 0.0763  5.4333 £ 0.0014  5.4637 +o0.1425  3.0710 +0.1853  3.1354 + 0.2672
TF (Ours) 0.2682 +0.0241 0.2916+0.0312 0.6094 +0.0615 0.6516 +0.0684 0.8808 +£0.1208  0.9725 + 0.1329

Table 6: W and W» distances between the generated and ground-truth distributions at each
time point on the Cite 100D dataset

Method Dynamics t=1 t=2 t=3
Wi Wo Wi Wo Wi Wa

OT-CFM 1st Order 10.1136 + 0.0104 10.1873 +0.0135 10.2504 + 0.0209 10.3145 4+ 0.0201  11.2682 + 0.09038  11.3642 + 0.0997
SF2M ) 10.3598 + 0.0051  10.4448 +0.0053 11.4647 +0.0384 11.5456 +0.0402 15.2032 £ 0.1813  15.4367 + 0.1949
3MSBM 19.9677+ 01373 20.1015 + 0.1105  15.3218 +0.1232  15.4089 + 0.1343  12.0229 + 0.2895  12.1395 + 0.3621
MMFM 9.8726 £0.0383  9.9305 £ 0.0361 12.1374 £ 02422 12.3076 + 0.2495 15.5960 + 1.4972  16.1222 + 2.0195
HRF 2nd Order 9.9660 + 0.0215  10.0580 +0.0341  9.9451 +0.0632  9.9986 + 0.1526 10.5485 + 0.1082 10.6442 + 0.1254
CAF 18.1182 + 0.3214  18.1971 + 0.2845 17.4947 + 0.4267 17.5767 +0.4912  14.6158 + 0.5632 15.1773 + 0.5215
TF (Ours) 2.8955 £0.1429 3.2763 £ 0.1776  9.8235 £ 0.1489  9.8773+ 01827  11.4910 £0.1693  11.6054+ 0.2064

EB 5D Data Table 7 displays the interpolation accuracy on the EB 5D dataset, evaluated
by holding out one time point during training. TracingFlow outperformed other methods in
reconstruction accuracy for all time points except t = 1. Figure 7 illustrates the interpolated
distributions generated by TracingFlow across the four time points.

Table 7: W; and W, distances between predicted and ground-truth distributions at held-out
time points on the EB 5D dataset.

Method Dynamics t=1 t=2 t=3 t=4

Wi Wy Wi Wy Wi Wy Wy Wy
OT-CFM 1st Order 3.4335 £ 01465  3.8462 +0.1449  4.8404 £0.1496  5.5792 + 01358  5.0713 £ 0.2839  5.6448 £ 02861  7.1368 £0.3799  7.6938 + 0.4574
SF2M s ¢ 3.4204 + 00637 3.6713 £00589 3.5511 +£0.0394 3.9441 £ 00418  4.3175 £ 02517  4.8738 £ 03247  6.9516 +0.0616  7.4727 + 0.0795
3MSBM 6.1086 + 11215  6.5434 +1.2227  7.3626 £ 08043  8.0596 +1.0252  7.5862 + 1.1170  8.1734 £ 07900  7.7029 + 04241 7.1022 + 0.3971
MMFM 2nd Order  10.7803 06718  11.8376 +0.7823  5.7932 02162  6.2242 £ 01828  9.3326 £ 05617  9.9837 +0.4994  13.2046 + 2.1528  14.3464 + 2.2982
TF (Ours) 3.5611 £ 0.0362  3.8930 +0.0243  3.5002 +0.0983 3.8035 +0.1086 3.5643 +0.1140 3.7947 04123 7.3639 +0.1316  7.6523 + 0.1976

3D Simulation Lineage Dataset Table 8 demonstrates the ability of various algorithms to
preserve biological priors on the 3D Simulation Lineage dataset. Since the trajectories learned
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b) CITE 100D

Time Steps

@ 10

X Ground Truth
Q Predicted
— Trajectory
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O Predicted o
— Trajectory

Figure 6: Trajectories learned by TracingFlow on the (a) Cite 5D and (b) Cite 100D datasets,
projected to 2D using PCA.

a) EB5D w/o t=1 b) EB5D w/o t=2 c) EB5D w/o t=3 d) EB5D w/o t=4

Figure 7: Predicted distributions by TracingFlow at four held-out time points, projected to 2D
using PCA.

by TracingFlow align with biological priors (see Figure 3), it achieves lower lineage-weighted W1
and W2 scores on average.

Table 8: lineage-weighted W; and W-, distances between the generated and ground-truth
distributions at each time point on the 3D Simulation Lineage dataset

Method Dynamics t=1 t=2
Wy Wy Wy Wo

OT-CFM 1st Ord 2.6080 + 0.0029  2.6869 +0.0030 1.8686 + 0.0382 1.9456 + 0.0403
SF2M st rder 2.8262 + 0.0409  2.8373 £ 0.0462 0.2247 + 0.0617 0.2533 + 0.0568
3MSBM 4.0141 + 08788 4.2262 +0.8596 0.7548 +0.0726 0.6751 + 0.0573
MMFM 1.8585 +0.0350  2.1618 + 0.0496  3.5695 + 0.5692 4.1028 =+ 0.6037
HRF 9nd Order 2.9150 + 0.2595  2.9265 +0.3901  0.6717 +0.5491  0.6905 + 0.4143
CAF 1.6284 +0.2249  1.6623 + 0.3726  3.7328 +0.3305 3.8471 + 0.3316
TF w/o Bio. Prior 2.8267 +0.2896  2.8376 +0.3714  0.2317 £ 0.0512 0.2687 =+ 0.0892
TF(Ours) 0.4282 +0.1606 0.4989 +0.1585 0.4795 +0.2680 0.5667 =+ 0.2654

Hematopoiesis Dataset Table 9 presents the performance of different algorithms in retaining
biological priors on real-world datasets, measured by the lineage-weighted W1, W2 distance.
TracingFlow surpassed other algorithms at all time points. We also evaluated the algorithms
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without introducing biological priors by Vanilla W;, W, distance, and as shown in Table 10,
TracingFlow maintained superior performance. Figure 8 visualizes the data points generated
by TracingFlow on the real-world dataset under both conditions (with and without biological
priors).

Table 9: lineage-weighted W; and W-, distances between the generated and ground-truth
distributions at each time point on the Hematopoiesis dataset

Method Dynamics t=1 t=2
Wi Wy Wi Wo

OT-CFM 1st Ord 13.2972 + 0.0804  13.7134 +0.0831  16.6918 +0.1973  17.0807 =+ 0.2025
SF2M st rder 14.1427 + 0.0341 14.4199 + 0.0303  23.2913 +0.2590  23.5314 + 0.2640
3MSBM 17.6487 + 05250  17.8710 + 0.5204  19.0139 + 1.4418  19.4144 + 1.3622
MMFM 18.4040 +2.8129  19.8538 +2.8906  36.0412 + 3.0429  40.2282 + 3.3934
HRF 9nd Ord 14.1007 + 0.0804 14.3122 + 0.0831 16.8135 + 0.1973 17.1154 + 0.2025
CAF NAPTAC 131008 + 00628 13.3263 £ 00742 17.3232 = 0.0580  17.6685 + 0.0572

TF w/o Bio. Prior

TF

14.1260 + 0.0526
11.5203 + 0.0695

14.5958 + 0.0537
12.0151 + 0.0809

19.1073 + 0.1932
16.5736 =+ 0.2603

19.4262 + 0.2375
16.9027 + 0.2999

Table 10: W1 and W2 distances between the generated and ground-truth distributions at each
time point on the Hematopoiesis dataset

Method Dynamics t=1 t=2 Average
Wy Ws Wi Wa Wi Wa

OT-CFM Firstoorder 98780 10.6132 107621 114466 103201 110209
SF2M st-orde 10.2352 10.8017 13.2507 13.6879 11.7430 12.2428
3MSBM 12.8214 13.2501 20.0262 20.6374 16.4238 16.9438
MMFM 10.4305 10.8695 22.3269 23.5322 16.3787 17.2008
HRF Second-order 10.6233 11.4510 10.9570 11.6201 10.7902 11.5356
CAF 21.8716 22.3309 17.1251  18.3914 19.4984 20.3612
TF w/o Bio. Prior 7.0139 7.4140 10.1642 10.5925 8.5891 9.0032

a)
e Seps
T

X n

Figure 8: Original data (a), and data points generated by TracingFlow on the Hematopoiesis
dataset without biological priors (b) and with biological priors (c), projected to 2D using UMAP.

Mexico Gulf Dataset Table 11 presents the performance of various algorithms on the Mexico
Gulf dataset. Tracing Flow achieves the best distribution reconstruction accuracy at all time
points, yielding smooth trajectories.
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Table 11: W; and W, distances between the generated and ground-truth distributions at each
time point on the Mexico Gulf dataset

Method Dynamics t=1 t=2 t=3 t=4
Wi Wo Wi Wo Wi Wo Wi Wo

OT-CFM First-order 0.0336 0.0375 0.0791 0.0887 0.1367 0.1415 0.1409 0.1474
SF2M 0.0768 0.0917 0.0802 0.0964 0.0819 0.0968 0.0809 0.0987
3MSBM 0.4407 0.6305 0.5565 0.7617  0.5887 0.9113 0.5231 1.0714
MMFM 0.0346 0.0364 0.2961 0.3008 1.0538 1.0571 1.8755 1.8766
HRF Second-order  0.6205 0.6217 1.2004 1.2011 1.5334 1.5337 1.4986 1.5013
CAF 1.7659 1.7663 2.4713 2.4714 2.0742 2.0755 1.3040 1.3071
TF 0.0128 0.0145 0.0301 0.0339 0.0407 0.0458 0.0348 0.0456
Method Dynamics t=5 t=6 t="7 t=8 Average

W1 W2 W1 W2 Wl WQ Wl W2 Wl WQ
OT-CFM . 01318 0.1370 0.1364 0.1425 0.1610 0.1799 0.1871 0.2236 0.1258 0.1373
SF2M WSEOTET 1030 0.1191  0.0851  0.0956  0.1401  0.1494 0.1965 0.2068 0.1056 0.1193
3MSBM 0.2185 1.2783  0.5362 2.0436  0.8474 4.5953 1.3606 13.2434 0.6340  3.0669
MMFM 2.3926 23928 27214 2.7215  2.9191  2.9199 2.9930 2.9945 1.7857  1.7875
HRF Second-order 1.3022  1.3075  0.9476  0.9518  0.6480 0.6535 0.3296 0.3341 1.0101  1.0131
CAF 0.7086  0.7124  0.4669 04751  0.6672 0.6914 0.9641 0.9914 1.3028 1.3113
TF 0.0545 0.0657 0.0778 0.0824 0.1039 0.1133 0.1206 0.1309 0.0594 0.0665

C.2 Training time and scalability of TracingFlow

To evaluate the scalability of TracingFlow, we report the training time required by each method
across various datasets, as presented in Table 12. Experimental results indicate that Flow
Matching algorithms based on second-order dynamics (e.g., 3 MSBM and our TracingFlow)
generally require more training time compared to first-order dynamics algorithms (e.g., OT-CFM
and SF2M). Notably, the training time of TracingFlow is slightly lower than that of 3 MSBM,
demonstrating that our method does not introduce additional computational overhead.

Table 12: Training time comparison (in seconds) of different methods across various datasets.

Method Simulation Cite 5D Cite 100D SimLineage-3D RealLineage

OT-CFM 12's 175 s 218 s 13s 196 s
SF?M 26 s 79 s 84 s 34 s 61 s
MMFEFM 42 s 96 s 179 s 68 s 201 s
3 MSBM 220 s 495 s 910 s 244 s 855 s
CAF 94 s 274 s 382's 256 s 264 s
HRF 247 s 271 s 359 s 289 s 347 s
TF 225 s 319 s 806 s 269 s 742 s

C.3 Sensitivity Analysis on Minibatch-OT

In all experiments presented in this paper, the full dataset was utilized to compute the OT plan.
However, as the scale of the data increases, the computational cost of the OT plan grows rapidly,
making the adoption of the minibatch computation method described in Section 5.2 inevitable.
We conducted a sensitivity analysis on the Cite-5D dataset to evaluate the impact of batch size
in minibatch-OT computation on the accuracy of distribution reconstruction. The results are
presented in Table 13. Experimental results demonstrate that TracingFlow consistently and
accurately reconstructs the distributions at each time point when the batch size is adjusted
within a certain range ( batch size ~ 10%).
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Table 13: Sensitivity analysis of batch size for Minibatch-OT on the Cite-5D dataset.

t=1 t=2 t=3 Average

Wi Wo Wy Wa Wy Wa Wi W

0.4344 0.4798 0.6522 0.7183 0.7658 0.8479 0.6175 0.6820
0.4196 0.4624 0.5640 0.6251 0.7972 0.8820 0.5936 0.6565
0.2868 0.3185 0.5487 0.5997 0.7689 0.8499 0.5348 0.5894

Batch Size

1000
2000
Full Dataset
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D Pseudocode for Algorithm

The pseudocode for the training process of Tracing Flow is provided in Algorithm 1.

Algorithm 1 Tracing-Flow Matching Training

Require: Snapshot datasets D), = {w,iz)}f-vz’“l at times tg < t7 < -+ < tg;
Acceleration Network ag; Velocity Network vg;
Hyperparameters: batch size Biaj, learning rates nq, 7.
1: Initialize: Estimated velocity sets Vy, = {v,gl)}f-v:kl « {0} for all k.
2: while Velocity Estimates Not Converged do
3 Stage 1: Velocity Assignment (Iterative SOAT)
4:  Initialize velocity accumulators f}lgl) < 0 for all k1.
5. // Step 1.1: Solve Optimal Transport
6: fork=0to K—1do
7 Compute cost matrix C;_; 41 with / w.o. biological prior.
8

Compute optimal coupling 7j_,, ,; between (xy,vx) and (Zx41,vr41) by solving the

SOAT Problem.
9: Compute propagator (transition) matrix Kj_,, ., by normalizing 7;_,,
ﬂltalﬂ»l(i’j)

10: Kior1(3,7) = 5
11:  end for
12:  // Step 1.2: Trajectory Sampling € Velocity Update

3’ 77]24,]@+1(7:7j/)

13:  Sample By, discrete trajectories T, = {(w,ism’k),v,gsm’k)) f:o for m =1... Baj.

14: - Initial indices s, 0 are sampled uniformly.

15: - Subsequent indices s, k41 ~ Ki 1t (Smks ).

16:  for m =1 to Bi,j do

17: Compute optimal path velocities {f),(:m’k)}fzo for trajectory T), using Proposition 4.8.
18: Accumulate: f),ism’k) — f},gsm’k) U {@,E:Sm’k)} fork=0...K.

19:  end for

20:  // Step 1.3: Average Accumulated Velocities
21: for k=0to K,i=1to N; do

22: if ]A/,il) # () then

23: 'U]E;Z) — m(%)l Zvef/,ii) v
24: end if

25:  end for

26: end while

27: Stage 2: Final Transport Plan Computation

28: Compute optimal couplings 7* and propagators * using the converged velocities Vy.
29: Stage 3: Neural Network Training

30: while Not Converged do

31:  Sample random time ¢ ~ U[to, tx| and coupling z ~ ¢(z).

32:  Compute Acceleration Matching Loss:

33: LearM = Bz v)mpi (2),2~a(2) i~ U[to,t 5] {Hae(ma v,t) —a(z,v, t’Z)HZ]
34:  Compute Initial Velocity Loss:

35: £v0 = E(az,v)wpo [va(w) - 7)”2}

36:  Update parameters (Gradient Descent):

37: 0 — 0 —ngVoLcarm

38: £ — é - qufﬁvo
39: end while
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E Discussion

E.1 Relation to other Algorithms
Relation to 3 MSBM 3 MSBM considers the following stochastic optimal control problem:

minE,, [ [|la|]dt (81)

dm; = Am,dt + wdt + gdWy,  x, ~ g = /ﬂn(x, v)dwv, (82)

0
0
version of the VM-DOAT problem proposed in this paper. 3 MSBM also provides a simulation-
free training method to regress the acceleration field. However, 3 MSBM does not explicitly
solve this stochastic optimal control problem using the form of optimal coupling plus optimal
single-particle trajectories. Its optimal coupling requires iterative solutions similar to Rectified
Flow [36] : a process of repeatedly selecting the coupling and training ay. Furthermore, it relies
on a heuristic method to estimate the initial velocity (via normal initialization and iteratively
solving forward and backward SDEs), rather than incorporating this estimation as part of the
optimal control problem. Experiments show that Tracing Flow achieves better distribution
reconstruction accuracy than 3MSBM.

)

0 . . .
ol This problem can be viewed as a “stochastic’

where m; = [z, v4]T, A = [8 (1]] ,and g = [

Relation to MMFM In MMFM, the single-particle path is similarly specified by:

[ @ikas ac=nw) (53)

which corresponds to a natural spline. However, MMFM does not solve an optimal control
problem over distributions. Furthermore, the velocity field in MMFM remains single-valued
with respect to @, which prevents it from learning trajectories that cross in the position space.

Relation to OAT-FM OAT-FM introduces a DOAT problem formulation consistent with
this paper; however, the objective of OAT-FM is not to genuinely solve the DOAT problem
within the augmented space X' x V), but rather to fine-tune a pre-trained FM model. It employs
the loss:
Ty — Xy Vot Vg
af -
t 2

I+ (1 — a)|lvr — vo (e, 1)||°] (84)

I+ (1 = a)||vg(a:, ) — ol

Loarm = EW*[(:co,vo),(ﬁhvl)] [
Tl — X VgtV
1—t 2

+ af|

to enforce the velocity field along the line segment connecting any two samples to be as parallel
to that line as possible. As a fine-tuning approach, it effectively still addresses a distribution
transport problem involving only two time points within the position space X, rather than
tackling a multi-marginal optimal control problem. Furthermore, OAT-FM does not establish a

1
connection between its loss function and the cost along each trajectory 5 fol 1%1>d¢, nor does it

explicitly learn the acceleration field a(x, v, t).

E.2 Is S§=4X x)V a Phase Space?

In the Conclusion and Limitation section, we noted that if x is regarded as the generalized
coordinate and v as its time derivative, the term [ %|la/|?d¢ cannot be interpreted as a physical
action, as the action in classical mechanics typically does not involve second-order time derivatives.
Here, we offer an alternative physical interpretation of this control objective.
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Proposition E.1. Consider a d-dimensional second-order dynamical system governed by the
equations:

T=v (85)
v=a (86)

where x,v,a € RE. The optimal control objective is given by:

1T
mlnf/ |al|2dt (87)
2 Jo

The evolution of this system under the optimal control law is equivalent to a Hamiltonian
system in 4d-dimensional phase space with the following Hamiltonian:

1
H = pi g+ 5 |lp2l? (88)

where q1,q2 € R% are the canonical coordinates, and p1,ps € R are the canonical momenta
(note that q1 does not appear in the Hamiltonian). Here, q1 and qa correspond to  and v in
the optimal control problem, respectively, while ps corresponds to a.

Proof. We derive the equations of motion directly using Hamilton’s canonical equations:

. OH . OH . 3H_O . OH (89)
q = op1 92, Qg2 = Ops =P2;, P11+ g b2 = g b1
This implies that p; is constant. Solving these equations sequentially yields:
pa(t) = ch — pit (90)
1
q2(t) = | + cht — §p1t2 (91)
1 1
q(t) =c,+ch+ ic’ZtQ — éplt?’ (92)

Comparing this with the results in Equation (9), we observe that q;(t) and g2(t) satisfy the
same equations as x(t) and v(t), with the undetermined constants determined by the boundary
conditions. This completes the proof. O

Consequently, we observe that although the augmented space S = X x V concatenates
position & and velocity (momentum) v, it cannot be interpreted as a phase space. Instead, it
should be viewed as the configuration space of the classical mechanical system described by
the Hamiltonian above. We can attempt to recover the Lagrangian from this Hamiltonian. The
canonical equations established that ¢; = g and g2 = p2. Applying the Legendre transformation:

L=plq +plgo— H
. 1. .
=pl(q — q2) + §\|q2\|2 (93)

We find that the term p! cannot be eliminated; the Lagrangian cannot be expressed solely as
a function of the canonical coordinates and their first derivatives. This is a characteristic of
constrained systems (in Dirac’s theory of constraints, a constrained system is typically defined as
one where the Hessian matrix of the Lagrangian is singular. To see this intuitively, if we regard
p1 in the Lagrangian as d new canonical coordinates, their corresponding canonical momenta
are zero, implying the motion is confined to a submanifold of the phase space).

In Equation (10), we derived the minimum cost for the system to transition from (x1,v;)
to (x2,v2). While this cost is a symmetric positive-definite quadratic form with respect to x
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and v, it does not constitute a metric on the augmented space S = X x V. (If it were a metric,
the augmented space would be flat, and the optimal control trajectories—geodesics—would be
linear functions of t). Maupertuis’ principle suggests a close relationship between the metric in
the configuration space and the system’s Lagrangian [3]: if the Lagrangian takes the form:

1

L(q,q) = imij(Q)qiqj —Vi(q) (94)

then the configuration space possesses the metric:

9ij(q) = 2(E = V(q))mij(q) (95)

where F is the total energy of the particle. For the optimal control problem discussed herein, we
have seen that the Lagrangian cannot be written in such a form; therefore, it is fundamentally
impossible to equip the configuration space S = X x V with such a metric.

E.3 Broader Impacts

This paper presents work whose goal is to advance the field of machine learning. There are
many potential societal consequences of our work, none of which we feel must be specifically
highlighted here. However, as our algorithm is applied to single-cell data analysis, the fidelity of
the generated trajectories is heavily dependent on the quality of the input data. Consequently,
when utilizing our method for biological or medical research purposes, it is critical to employ
high-quality datasets, incorporate established and accurate biological priors, and ensure that the
algorithmic outputs are rigorously validated by domain experts.
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