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Abstract

Formal theorem proving enables machine-verifiable evaluation of mathematical reasoning, yet exist-
ing benchmarks often emphasize aggregate proof accuracy, concentrate on a narrow range of mathemat-
ics, and provide limited evidence of robustness to equivalent reformulations. We introduce MathAdv,
a diagnostic benchmark spanning 13 domains across undergraduate- and graduate-level mathematics.
Alongside Lean 4 theorem proving, MathAdv provides up to three auxiliary tasks: multiple-choice ques-
tions that probe mathematical knowledge, fill-in-the-blank problems that isolate informal reasoning, and
expert-crafted transformations that test robustness to problem presentation. Our evaluation of contempo-
rary theorem provers yields four findings: formalization remains a major bottleneck; performance varies
substantially across mathematical domains; natural-language guidance helps general-purpose LLMs but
can hinder proof-specialized models; and mathematically equivalent reformulations expose substantial
robustness limitations. Together, these results show how component-wise evaluation can reveal model
capabilities and failure modes that aggregate theorem-proving accuracy obscures. The dataset and eval-
uation scripts are available at https://github.com/margotyjx/MathAdv.git.
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Figure 1: MathAdv at a glance.
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1 Introduction

Mathematical reasoning is a fundamental benchmark for assessing artificial intelligence because it requires
abstract understanding, logical deduction, and multi-step reasoning beyond memorization and surface-level
pattern matching Hendrycks et al. (2021); Mirzadeh et al. (2025). It is also central to scientific discovery
and other domains requiring reliable, verifiable conclusions, making its rigorous evaluation increasingly im-
portant Lewkowycz et al. (2022); Rı́os-Garcı́a et al. (2026). Early benchmarks primarily assessed informal
natural-language solutions by their final answers, providing limited guarantees about the validity of interme-
diate reasoning Lewkowycz et al. (2022); Luo et al. (2025). Formal theorem proving offers a more rigorous
alternative: models construct machine-verifiable proofs in assistants such as Lean Moura and Ullrich (2021),
Coq Bertot and Castéran (2004), and Isabelle Nipkow et al. (2002), enabling automatic verification and pre-
cise feedback on invalid proof attempts Li et al. (2024); Hubert et al. (2026). Recent advances in language
models have further strengthened proof-generation systems and intensified interest in formal reasoning Lin
et al. (2025b); Ren et al. (2025).

Despite recent progress, existing formal mathematics benchmarks provide only a partial account of mod-
ern models’ capabilities. Three limitations are particularly important. First, existing benchmarks offer
limited diagnostic resolution. Successful theorem proving requires mathematical background knowledge,
logical deduction, and formal proof construction, yet benchmarks typically report only aggregate proof ac-
curacy. It is therefore difficult to determine whether a failure stems from a knowledge gap, an error in
reasoning, or difficulty translating a valid argument into a formal proof. Second, existing benchmarks
cover a narrow range of mathematical domains. They have largely focused on competition-level prob-
lems drawn from high-school and undergraduate mathematics, with an emphasis on algebra and number
theory Liu et al. (2023); Tsoukalas et al. (2024). Consequently, model capabilities across a broader range of
advanced mathematical domains remain poorly understood. Third, existing evaluations provide limited
evidence of robustness and generalization. They generally assess models on a single, fixed formulation
of each problem, even though language-model reasoning can be sensitive to minor changes in problem for-
mulation Mirzadeh et al. (2025). Meanwhile, increasing model scale has intensified concerns about data
contamination and memorization Gardner et al. (2020); Kaushik et al. (2020); Sakaguchi et al. (2021). To-
gether, these issues make it increasingly important to determine whether successful proofs reflect robust
mathematical reasoning or reliance on familiar formulations and superficial cues.

In response, we introduce MathAdv, a diagnostic benchmark for formal mathematics designed to address
these three limitations directly. First, MathAdv provides greater diagnostic resolution. The original
theorem-proving task evaluates formal proof construction, multiple-choice questions probe mathematical
background knowledge, and fill-in-the-blank questions evaluate informal reasoning. This component-wise
evaluation helps distinguish among knowledge gaps, reasoning errors, and formalization difficulties. Sec-
ond, MathAdv broadens the range of mathematics being evaluated. It contains 321 problems span-
ning 13 undergraduate- and graduate-level domains, including areas rarely represented in existing theorem-
proving benchmarks, such as topology, Fourier analysis, and functional analysis. Of these problems, 298
have formalized Lean 4 statements Moura and Ullrich (2021); the remaining 23 are retained for auxiliary
evaluations and deferred for future formalization because the required Mathlib support is not yet available.
Third, MathAdv explicitly evaluates robustness to problem reformulation. Expert-crafted transformed
variants preserve the underlying mathematical content while substantially altering how each problem is pre-
sented, revealing whether model success transfers beyond the original formulation. Overall, each problem
is accompanied by up to three auxiliary evaluations, enabling MathAdv to assess mathematical knowledge,
informal reasoning, formal proof construction, and robustness within a unified framework.

Constructing MathAdv poses two main technical challenges: designing diagnostic tasks that isolate
distinct capabilities while preserving the underlying mathematics, and producing Lean statements that are
both type-correct and semantically faithful despite uneven Mathlib coverage. We address the first through

2



domain-expert curation and independent review: experts select nonredundant problems, construct the aux-
iliary tasks, and verify that transformed variants retain the reasoning required by the originals. We address
the second with an LLM-assisted, verifier-in-the-loop formalization pipeline. An LLM drafts each Lean
statement, compiler feedback guides iterative correction, an independent LLM and a domain expert check
semantic fidelity, and a second expert performs final review. For concepts lacking adequate Mathlib support,
experts assess viable encodings and defer formalization when a faithful translation would require prohibitive
library development.

Using this diagnostic framework, we systematically evaluate contemporary theorem provers and obtain
four key findings. First, formalization remains a major bottleneck. Models often identify a promis-
ing proof direction but fail to translate it into a valid Lean proof. Second, mathematical reasoning does
not transfer uniformly across domains. Performance varies substantially by subject, revealing uneven
competence across advanced mathematics. Third, natural-language guidance is not universally benefi-
cial. Reasoning hints improve general-purpose LLMs but can degrade proof-specialized theorem provers,
indicating that model families use informal guidance differently. Finally, current theorem provers are
brittle to equivalent reformulations. Most models solve original problems substantially more often than
their expert-crafted transformations, suggesting reliance on presentation-specific patterns rather than robust
mathematical understanding.

Our contributions are as follows:
1. A broad, expert-reviewed benchmark for advanced formal mathematics. We introduce MathAdv,

comprising 321 problems across 13 undergraduate- and graduate-level domains, including underrepre-
sented areas such as topology, Fourier analysis, and functional analysis. Among them, 298 have Lean 4
statements constructed through an LLM-assisted, verifier-in-the-loop pipeline with independent expert
review to ensure compilability and semantic fidelity.

2. A component-wise diagnostic framework for theorem proving. Beyond aggregate proof accuracy,
MathAdv evaluates four capabilities: mathematical knowledge, informal reasoning, formal proof con-
struction, and robustness to reformulation. The original Lean tasks are paired with up to three auxil-
iary evaluations—multiple-choice questions, fill-in-the-blank problems, and expert-crafted transformed
variants—to help identify the source of model successes and failures.

3. A systematic characterization of contemporary theorem provers. Our evaluation shows that formal-
ization remains a major bottleneck, performance varies substantially across mathematical domains, the
effectiveness of natural-language guidance depends on model specialization, and robustness to mathe-
matically equivalent reformulations remains limited.

2 Related work

Formal mathematics reasoning. Formal mathematics encodes statements and proofs within a logical sys-
tem implemented by a proof assistant such as Lean Moura and Ullrich (2021). Mathematical objects and
definitions must be built from concepts recognized by the system, and every derivation must follow its log-
ical rules. The proof assistant can therefore verify each step and certify that the conclusion follows from
the stated assumptions. For models, this requires translating mathematical ideas into precise definitions,
statements, and logically valid proof steps.

Existing Benchmark Datasets. Recent benchmarks evaluate formal mathematical reasoning in large
language models across competition mathematics, informal-to-formal translation, large formal theorem col-
lections, symbolic reasoning, and diagram-based geometry Zheng et al. (2021); Azerbayev et al. (2023a);
Liu et al. (2023); Tsoukalas et al. (2024); Yu et al. (2025); Liu et al. (2026); Biyani et al. (2025). However,
each primarily focuses on a particular problem source, domain, or capability; Appendix A.1 provides a de-
tailed review. In contrast, MathAdv spans 13 domains in undergraduate- and graduate-level mathematics
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and includes fill-in-the-blank, multiple-choice, and transformed questions, enabling deeper analysis beyond
theorem-proving accuracy alone.

Models for Formal Mathematics. Recent work has developed a wide range of large language model
approaches for both informal mathematical reasoning and formal theorem proving. Formal theorem provers
range from direct proof generators to systems that use search, verifier feedback, large formal training cor-
pora, or multiple reasoning agents Polu and Sutskever (2020); Azerbayev et al. (2023b); Ying et al. (2024);
Lin et al. (2024); Shen et al. (2025); Lin et al. (2025a); Xin et al. (2024); Wang et al. (2024); Gao et al.
(2024); Wang et al. (2025). These approaches differ primarily in how they generate candidate proofs and
recover from errors; Appendix A.2 provides a detailed review.

3 MathAdv: Advanced benchmarking of formal mathematical reasoning

Section 3.1 introduces MathAdv and describes three complementary diagnostic question types that test
natural-language problem solving, knowledge of relevant theorems and proof strategies, and robustness to
equivalent reformulations. These diagnostic tasks allow us to disentangle these component abilities from
formal proof construction, which requires combining them to produce a precise, verifiable proof in Lean. In
Section 3.2, we present the human-in-the-loop pipeline used to translate problems into Lean 4.

3.1 MathAdv

MathAdv contains 321 problems drawn from undergraduate- and graduate-level mathematics textbooks or
contributed by domain experts. The problems span 13 domains—number theory, linear algebra, abstract al-
gebra, calculus, real analysis, complex analysis, Fourier analysis, functional analysis, probability, topology,
geometry, combinatorics, and logic—and are selected to maximize coverage while minimizing redundancy.
We formalize 298 problems in Lean 4; the remaining 23 are retained for auxiliary evaluations and deferred
for future formalization because of current gaps in Mathlib. For each suitable problem, we construct up to
three auxiliary tasks: a fill-in-the-blank problem, a multiple-choice reasoning question, and an expert-crafted
transformed problem. Figure 2 shows the domain distribution alongside an example of the diagnostic tasks.

Direct-answer problems. We recast suitable proof problems as direct-answer questions that ask the
model to compute a target quantity or expression without writing a Lean proof. These questions test whether
the model can solve the underlying mathematics in natural language, thereby helping separate informal
problem solving from formal proof construction. Their domain distribution is shown in Figure 8.

Multiple-choice problems. We ask models to identify the theorem, concept, or reasoning strategy most
relevant to the original problem from several plausible options. These questions probe whether a model has
the background knowledge needed to approach the proof in natural language. We construct MC questions
for 293 problems, excluding those whose solutions rely primarily on direct computation or basic facts rather
than a central theorem or proof strategy. Their domain distribution is shown in Figure 6. An example of
direct-answer and multiple-choice questions is shown in Example 1.

Transformed problems. Domain experts manually reformulate selected problems so that they appear
substantially different while preserving the same underlying mathematical reasoning. Comparing perfor-
mance across the original and transformed versions tests whether models reason consistently rather than
relying on familiar wording or memorized patterns Mirzadeh et al. (2025).

Example 2 illustrates such a transformation. Although the two formulations appear distinct, they rely
on the same mathematical ideas, and recognizing this connection requires a deep understanding of the un-
derlying concepts. In total, we construct transformed versions of 30 problems, with their distribution across
domains shown in Figure 7.
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A
B
C

D E F
G

H
I

J
KLM

Total = 321

A. Abstract Algebra: 28
B. Calculus: 26

C. Combinatorial: 23
D. Complex analysis: 15
E. Fourier Analysis: 31

F. Functional Analysis: 25
G. Geometry: 25

H. Linear Algebra: 20
I. Logic: 27

J. Number Theory: 10
K. Probabilities: 38
L. Real Analysis: 28

M. Topology: 25

Example 1: Diagnostic tasks for a probability problem.
Original problem. Let Sn = X1 + · · · + Xn be a random walk, where the Xi are independent
and identically distributed with P(Xi = 1) = p, P(Xi = −1) = 1 − p, and p ̸= 1

2 . For integers
a ≤ −1 and b ≥ 1, let

τ = min{n ≥ 1 : Sn = a or Sn = b}.

Show that

Eτ =
a(1 − rb) + b(ra − 1)

(ra − rb)(2p − 1)
, r =

1 − p

p
.

Direct-answer problem. Let Sn = X1 + · · · + Xn be a random walk, where the Xi are inde-
pendent and identically distributed with P(Xi = 1) = p, P(Xi = −1) = 1 − p, and p ̸= 1

2 . For
integers a ≤ −1 and b ≥ 1, let

τ = min{n ≥ 1 : Sn = a or Sn = b}.
Compute Eτ .

Multiple-choice reasoning question. Which result or concept is most useful for solving this prob-
lem?
(a) Doob decomposition

(b) Doob’s martingale convergence theorems

(c) Optional stopping theorem

(d) Limiting distribution of a Markov chain

(e) Distribution of arrival times for Poisson processes

Figure 2: Left: Distribution of the 321 problems across mathematical domains. Right: An original proba-
bility problem with its direct-answer and multiple-choice diagnostic tasks.

Example 2: Transformed questions in real analysis.
Natural language problem. Let S = {(0, 0), (2, 0), (0, 1)}. Prove that

{λ1(0, 0) + λ2(2, 0) + λ3(0, 1) : λ1, λ2, λ3 ≥ 0, λ1 + λ2 + λ3 = 1} = {(x, y) ∈ R2 : x ≥ 0, y ≥ 0,
x

2
+ y ≤ 1}.

Transformed problem. Let S = {(0, 0), (2, 0), (0, 1)}. Prove that the smallest convex set containing S is

{(x, y) ∈ R2 : x ≥ 0, y ≥ 0, x/2 + y ≤ 1}.

Data collection. To provide broad coverage while minimizing redundancy and exposing meaning-
ful model failure modes, we prioritize problems that emphasize distinct aspects of the underlying theory
when several candidates involve similar concepts. Contributors also interact with models such as ChatGPT,
Gemini, and DeepSeek to assess each problem’s diagnostic value. All contributors are PhD students who
have completed graduate coursework or conduct research in the relevant domain, and a second expert in-
dependently reviews every problem statement and its auxiliary questions. Because the distinction between
undergraduate- and graduate-level problems is subjective and varies across institutions and curricula, we do
not assign these labels. A complete list of sources is provided in Appendix C.

3.2 Human-in-the-loop autoformalization and challenges

To formalize the natural-language problems in MathAdv, we use the LLM-assisted, human-in-the-loop
pipeline illustrated in Figure 3. This design compensates for the inability of current LLMs to independently
ensure both valid Lean 4 code and semantic fidelity to the original problems.

Following an interactive, feedback-intensive workflow guided by human experts, the process comprises
four stages: Initial Autoformalization, Syntax Correction, Dual Semantic Verification, and Final Expert
Review. An LLM first generates a Lean 4 statement, and compiler errors are returned to the model for
iterative correction until the statement type-checks. The resulting formalization is then checked for semantic
fidelity by an independent LLM and a human expert, followed by a final review by a second expert. Further
details are provided in Appendix D. This design choice is motivated by two main considerations: the current
strengths and limitations of LLMs in mathematical formalization and the distinctive complexity of MathAdv.
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1 Query 2 Draft 3
Lean4 
statement

4 Syntax check 5 Semantic 
check

6 Final 
validation

Input Query

Prove P(N) is 
not enumerable

LLM 
Autoformalizer

Translate to Lean4

Lean4 Draft

theorem no_enum :
  forall f : Nat -> Set Nat,
  Not (Surjective f) := by
  sorry

candidate under 
compiler feedback

Syntax Gate

Lean4 compiler

Parser errors

Type errors

Semantic Gate

Faithful to original 
semantic expression

LLM & expert 

Final Expert

Second Lean4 
expert

Corrects residual 
issues

Verified Lean4
benchmark item

compile

compiler error feedback

semantic discrepancy 
feedback

You are an expert 
mathematician and Lean4 
formalizer. Your task is to 
translate the following 
informal mathematical 
statement and proof into 
standard Lean 4 code… 

Figure 3: Human-in-the-loop autoformalization process for MathAdv.

First, we observe that general-purpose LLMs can often explain the mathematical meaning of the code
and identify semantic issues, but still incorrectly predict that the code does not compile. However, without
actually running the Lean compiler, they are much less reliable at judging whether the code will be accepted
by the Lean type checker. Using James Hanson’s Lean 4 “junk theorems”, semantically misleading snippets
that nevertheless compile, we test whether models can predict compilation and explain the code’s mean-
ing Hanson. The results show that LLMs often misjudge what Lean accepts; full details are provided in
Appendix D.1.

This observation motivates the design of our formalization pipeline. We use LLMs for the tasks where
they are relatively strong, such as checking whether a formal statement matches the intended mathematical
meaning. At the same time, we do not rely on them as syntax or type-checking judges. Instead, we place the
Lean verifier in the loop: Lean provides direct compiler feedback on whether the code type-checks, while
the LLMs help interpret and revise the formalization at the semantic level.

A second major obstacle to fully automated translation of MathAdv is the limited availability of prereq-
uisite definitions and lemmas in Mathlib at the time of writing. Because MathAdv includes problems from
advanced and specialized areas of mathematics, some of the basic objects needed to state these problems
have not yet been formalized in Lean by the open-source community. For example, some candidate prob-
lems in Riemannian geometry cannot yet be stated or proved in Lean because Mathlib lacks the required
specialized definitions and supporting results, such as the Bishop–Gromov inequality. This illustrates how
gaps in the current formal library constrain immediate formalization; Appendix D.3 provides a detailed
example.

To assess whether problems were immediately formalizable, we systematically surveyed Mathlib using
its official documentation and LeanSearch, supplemented by Loggle when the required types were known.
Expert judgment remains necessary to identify structural gaps and determine whether a translation is vi-
able. Problems requiring prohibitive upstream library development are retained for auxiliary evaluations
and deferred to future iterations of MathAdv as the Lean 4 ecosystem matures.

4 Diagnostic evaluation of theorem provers

We evaluate a diverse set of theorem-proving and general-purpose LLMs on MathAdv. Evaluated models
and protocols are described in Section 4.1. Section 4.2 measures end-to-end Lean 4 proof construction. Sec-
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tion 4.3 assesses natural-language problem solving and knowledge of relevant theorems and proof strategies.
Section 4.4 evaluates whether models remain robust under mathematically equivalent reformulations. To-
gether, these evaluations provide a fine-grained view of model capabilities, revealing whether failures arise
from mathematical reasoning, background knowledge, formal proof construction, or sensitivity to problem
formulation.

4.1 Settings

We evaluate two types of proof-generation approaches on MathAdv: proof-step generation models and
whole-proof generation models. Proof-step generation based models usually utilize verifier to obtain in-
formation on the current tactic state and often times construct valid proofs with tree-searching schemes.
For this category, we evaluate MathAdv on InternLM2-Math-Plus-7B Ying et al. (2024), InternLM2-Step-
ProverWu et al. (2024), DeepSeek-Prover-V1.5-RL + RMaxTS Xin et al. (2024), DeepSeek-Prover + MA-
LoT, Goedel-Prover + MA-LoT Wang et al. (2025), Goedel-Prover-V2-32B Lin et al. (2025b).

Whole-proof generation models in contrast produce an entire proof code given the prompts, without
involving communication between prover model and the verifier. The evaluation metrics used for whole-
proof generation models are usually pass@K by measuring the number of problems for which at least one
valid proof is found among the top K generated attempts. From this category, we evaluated on Goedel-
Prover-SFT, Goedel-Prover-DPO Lin et al. (2025a), DeepSeek-Prover-V1.5, DeepSeek-Prover-V1.5-SFT
and DeepSeek-Prover-V1.5-RLXin et al. (2024).

In addition to the open-sourced models, we also evaluate MathAdv on GPT5.4 Singh et al. (2025),
DeepSeek-V3.2DeepSeek-AI et al. (2025), DeepSeek-R1 Guo et al. (2025). For details on the computational
budget used for evaluation of each model, see Appendix E.

4.2 Formal theorem-proving performance

Table 1 presents the performance of theorem-proving LLMs on MathAdv in Lean 4. Overall, theorem-
proving-specific training and search improve Lean 4 proving performance, but the overall success rate re-
mains limited on MathAdv.

Model Accuracy (%)
DeepSeek-Prover-V1.5 Base 1.25
DeepSeek-Prover-V1.5 SFT 9.06
DeepSeek-Prover-V1.5 RL 11.25
DeepSeek-Prover-V1.5 RL + RMaxTS 16.56
InternLM2-Math-Plus-7B 13.12
InternLM2.5-StepProver 10.31
Goedel-Prover-SFT 10.62
Goedel-Prover-DPO 11.25
Goedel-Prover-V2 21.88
DeepSeek-Prover + MA-LoT 10.00
Goedel-Prover + MA-LoT 11.88
GPT-5.4 10.62
DeepSeek-R1 10.94
DeepSeek-V3.2 5.31

Table 1: Performance comparison of theorem prover
LLMs on MathAdv in Lean 4.

10
20

30
40

50
60

70

Abstract Algebra
Calculus

Combinatorics

Complex Analysis

Fourier Analysis

Functional Analysis

GeometryLinear Algebra

Logic

Number Theory

Probability

Real Analysis

Topology

DeepSeek-Prover-V1.5 RL + RMaxTS
InternLM2-Math-Plus-7B
Goedel-Prover-V2
DeepSeek-Prover + MA-LoT

Goedel-Prover + MA-LoT
GPT-5.4
DeepSeek-R1
DeepSeek-V3.2

Figure 4: Accuracy by domain in MathAdv for selected
models.

Among DeepSeek-Prover-V1.5 variants, accuracy increases from 1.25% for the base model to 11.25%
with reinforcement learning, and further to 16.56% with RMaxTS, suggesting the benefit of search-based
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inference in the sparse-reward setting of formal theorem proving. We also observe smaller gains from
the MA-LoT framework across both DeepSeek-Prover and Goedel-Prover. In contrast, general-purpose
LLMs such as GPT-5.4 and DeepSeek-R1 achieve only modest accuracy despite their larger scale and broad
mathematical knowledge, highlighting the gap between mathematical reasoning and producing successful
proofs in Lean 4.

Goedel-Prover-V2 achieves the best performance at 21.88%, followed by DeepSeek-Prover-V1.5 RL +
RMaxTS. Notably, both systems employ verifier-guided search, treating theorem proving as an interactive
process with Lean rather than a one-shot generation task. Their strong performance highlights the impor-
tance of effective interaction with the proof assistant for end-to-end theorem proving.

Unbalanced performance across different domains.
We also observe substantial variation across mathematical domains, as shown in Figure 4. Goedel-

Prover-V2 performs best in number theory and linear algebra, while all models score 0% on topology. This
disparity likely reflects two distinct sources of imbalance. First, the training corpora of Goedel-Prover Lin
et al. (2025a) and DeepSeek-Prover Xin et al. (2024) are concentrated in areas such as number theory
and linear algebra, partly because they are strongly influenced by competition mathematics, leaving other
domains with less training coverage. Second, advanced areas such as topology and functional analysis
remain underrepresented in Lean because their concepts and supporting infrastructure are more difficult
to formalize. Models therefore have fewer formal examples and library resources in these areas, further
limiting domain generalization. Similar domain-level disparities have also been reported in FormalMath Yu
et al. (2025). The performance of each model across all domains can be found in Tables 7-20 in Appendix G.

4.3 Direct-answer and Multiple-choice Mathematical Reasoning Performance

We evaluate models on direct-answer (DA) and multiple-choice (MC) problems to isolate natural-language
mathematical reasoning and background knowledge in our assessment. Table 2 reports the results. We
exclude systems such as MA-LoT that do not support DA or MC answer generation. Details of DA and MC
answer generation and evaluation are provided in Appendices F.1 and F.2.

Direct-answer problems. We observe that most models achieve higher accuracy on DA problems than
on the corresponding Lean 4 theorem-proving tasks. This gap indicates that models can often solve the
underlying mathematical problem, but still struggle to express the solution as a formal proof accepted by
Lean. Goedel-Prover is a notable exception: despite its strong theorem-proving performance, it performs
comparatively worse on DA tasks, suggesting that its strengths are more closely tied to Lean proof search
and theorem application than to general mathematical answer generation in natural language.

Multiple-choice problems. On MC problems, we also see that most models achieve substantially higher
accuracy than Lean 4 theorem-proving accuracy. Goedel-Prover remains an exception, consistent with its
stronger specialization toward Lean proof search than general answer selection. Together with the DA
results, these findings reinforce that formal proof construction involves challenges beyond mathematical
background knowledge, natural-language reasoning, and answer generation.

4.4 Robustness to Mathematically Equivalent Transformations

A distinctive feature of MathAdv is its transformed theorem-proving problems in both natural language and
Lean, which domain experts manually construct to preserve the underlying mathematical reasoning while
changing the problem formulation. Table 3 compares model performance on the original and transformed
versions. We use O✓/T× to denote cases where the original version is solved but the transformed version
is not, and O×/T✓ to denote the reverse.

The results reveal a consistent robustness gap. For most models, O✓/T× is larger than O×/T✓, mean-
ing that models more often solve the original problem but fail on an equivalent transformed version than
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Model DA (%) MC (%)

DeepSeek-Prover-V1.5 Base 25.9 53.08
DeepSeek-Prover-V1.5 SFT 32.1 32.53
DeepSeek-Prover-V1.5 RL 37.0 33.90
DeepSeek-Prover-V1.5 RL + RMaxTS 42.0 38.70
InternLM2-Math-Plus-7B 39.5 64.04
Goedel-Prover-SFT 4.9 21.23
Goedel-Prover-DPO 4.9 19.52
DeepSeek-R1 58.0 51.71
DeepSeek-V3.2 66.7 75.00
GPT-5.4 64.2 82.88

Table 2: Overall accuracy on direct-answer and
multiple-choice reasoning questions.

Model O✓/T× O×/T✓
DeepSeek-Prover-V1.5 Base 0 0
DeepSeek-Prover-V1.5 SFT 2 2
DeepSeek-Prover-V1.5 RL 4 2
DeepSeek-Prover-V1.5 RL + RMaxTS 4 2
InternLM2-Math-Plus-7B 2 2
InternLM2.5-StepProver 3 2
DeepSeek-Prover + MA-LoT 4 2
Goedel-Prover + MA-LoT 4 2
Goedel-Prover-SFT 4 2
Goedel-Prover-DPO 4 2
Goedel-Prover-V2 6 0
GPT-5.4 2 1
DeepSeek-R1 4 0
DeepSeek-V3.2 3 1

Table 3: Original vs. transformed comparison on theo-
rem proving questions in Lean across models. Entries are
counts only.

vice versa. This effect is especially pronounced for Goedel-Prover-V2 and DeepSeek-R1, which show mul-
tiple O✓/T× cases but no O×/T✓ cases. Because the transformations preserve the underlying mathematics,
failures on reformulated versions show that current theorem provers depend on how a problem is presented.
Changes in wording or structure can disrupt learned proof patterns, theorem retrieval, or proof-search strate-
gies. Although the absolute counts are small, the same asymmetry appears across model families, motivating
training that rewards consistency across equivalent formulations rather than reliance on surface cues.

Overall, these evaluations show that current models are limited not only by mathematical knowledge, but
also by formal proof construction, uneven domain coverage, and sensitivity to equivalent problem formula-
tions. To identify actionable ways to address these limitations, the following section qualitatively examines
failure modes, successful proof patterns, and the effects of verifier feedback and natural language hints.

5 Failure Analysis and Improvement Strategies

In this section, we compare failed and successful proofs to identify what separates plausible attempts from
valid Lean proofs in Section 5.1. Section 5.2 evaluates how interactive feedback affects the error patterns of
general-purpose LLMs. Finally, Section 5.3 examines how natural-language reasoning hints affect formal
proof construction across model types.

5.1 Success Requires Precise Lean Execution

Comparing failed and successful attempts reveals a clear divide. Many failed proofs begin with a reasonable
mathematical idea and even resemble valid Lean code, but break because a necessary step is missing, an
unsuitable tactic or nonexistent lemma is used, or the proof repeats without progress. Successful proofs
avoid these failures by either retrieving the correct Mathlib result or building the argument explicitly, step
by step, while tracking the remaining goals. This suggests that improving formal theorem provers requires
not only strong mathematical reasoning, but also better control of the proof state, more reliable library
retrieval, and the ability to recognize whether each step makes progress. We describe these patterns in more
detail below.

Error pattern analysis. We identify four recurring ways in which proofs fail. First, an incomplete
proof may follow a reasonable approach but prove only a weaker statement, skip a required case, or treat a
difficult step as already finished; Lean therefore still has an unresolved claim at the end (see Appendix H.1).
Second, a model may choose a proof command that is valid Lean code but cannot establish the current
claim. For example, it may use a command intended for linear arithmetic when the proof actually requires

9



reasoning about divisibility (Appendix H.2). Third, models sometimes invent names for results that sound
as though they belong to Lean’s mathematical library but do not actually exist, preventing the proof from
being checked. Finally, some proofs repeat the same rewriting or command many times without changing
what remains to be proved (Appendix H.3). These failures show that a plausible overall idea is insufficient
unless the model also checks what each step proves and whether it moves the proof forward.

Successful proof patterns. We observe three common ways in which proofs succeed. First, some
successful proofs are short because they find an existing result in Lean’s mathematical library that closely
matches the statement and already captures most of the required argument (Appendix I.1). Second, some
proofs translate a step-by-step mathematical argument into Lean by introducing intermediate claims, sepa-
rating cases, and providing the required objects. Examples Q4 and Q5 illustrate this pattern in Appendix I.2.
Third, some problems that appear difficult in ordinary mathematical language become simple after their
formal definitions are unfolded; the proof then needs only a suitable example and a few basic checks (Ap-
pendix I.3). In contrast to failed attempts, successful proofs either find a result that completes the argument
or ensure that each explicit step brings the proof closer to completion.

5.2 Interactive Lean Feedback Improves Theorem Proving

We further evaluate verifier-guided interaction using DeepSeek-V3.2 and GPT-5.4. This experiment builds
on our error analysis and the benefits of interaction observed in Section 4.2. At each turn, we append Lean
error messages to the prompt for up to T turns, using a total budget of K = N×T , where N is the number of
independent attempts. Table 4 compares interactive and non-interactive performance under the same budget,
K = 16× 3.

DeepSeek-V3.2 GPT-5.4
Non-Interactive 5.00% 9.06%
Interactive 7.50% 13.75%
∆ +2.50 pp +4.69 pp

Table 4: Overall Lean 4 accuracy with and without in-
teraction.

Figure 5: Performance on Lean 4 formal proving with and
without hints from MC questions.

Table 4 shows that interactive feedback improves both models, confirming the value of direct feedback
from Lean. A closer analysis reveals that interaction changes rather than eliminates failures: models correct
many surface-level syntax errors, so the remaining errors more often involve constructing and applying
the formal argument. GPT-5.4’s interactive transcripts reveal two recurring behaviors: the model introduces
unnecessary intermediate claims and often replaces a rejected short proof with a much longer attempt. Thus,
feedback moves models beyond simple errors but does not consistently produce efficient or reliable proofs.
Representative examples are provided in Appendices J.1 and J.2.

5.3 Model-Dependent Effects of Natural-Language Hints

We conduct an ablation in which models receive natural-language reasoning hints during Lean 4 proof
construction. This experiment is motivated by the results in Section 4.3: most models can identify relevant
mathematical knowledge and proof strategies in multiple-choice questions, yet still struggle with end-to-
end theorem proving. We therefore test whether providing this knowledge as a hint can help bridge the
gap. We evaluate DeepSeek-V3.2, DeepSeek-R1, Goedel-Prover-SFT, and Goedel-Prover-DPO with hints
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derived from the corresponding multiple-choice questions. We use the same theorem-proving setup, adding
a standardized hint based on each question and its correct answer to the prompt.

Figure 5 reveals a clear split between general-purpose and proof-specialized models. Hints improve
the two DeepSeek models while substantially reducing the performance of Goedel-Prover-SFT and Goedel-
Prover-DPO. This divergence suggests that natural-language reasoning guidance is useful for general-purpose
models, but can interfere with proof-specialized models whose strengths are more closely tied to learned
formal proof patterns and Lean-specific theorem application. Therefore, prompting and training strategies
should be model-dependent: informal reasoning hints may be useful for general-purpose models, while
proof-specialized systems may benefit more from formal, Lean-aligned guidance.

6 Conclusion and Limitations

In this work, we introduced MathAdv, a comprehensive diagnostic benchmark for formal mathematical
reasoning in Lean 4 that spans 13 mathematical domains. By moving beyond aggregate theorem-proving
accuracy, it provides a fine-grained view of why models succeed or fail. In addition to formal theorem-
proving tasks, MathAdvincludes three auxiliary tasks that allow us to distinguish models’ abilities in math-
ematical problem solving, background knowledge, formal proof construction, and robustness to equivalent
reformulations.

MathAdv has two main limitations. First, it remains modest in size because creating and validating
high-quality problems across many mathematical domains requires substantial expert effort. Second, the
benchmark is constrained by the current coverage of Mathlib, so some advanced problems cannot yet be
formalized in Lean 4. We plan to formalize these deferred problems as Mathlib expands.
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A Related Work

A.1 Existing Formal Mathematics Benchmarks

miniF2F Zheng et al. (2021) evaluates formal proof generation on competition-level mathematics problems,
while ProofNet Azerbayev et al. (2023a) provides paired informal and formal statements to study translation
from natural language into a proof assistant. FIMO Liu et al. (2023) and PutnamBench Tsoukalas et al.
(2024) are also derived from mathematical competitions and concentrate largely on algebra, number theory,
and analysis. FIMO uses IMO Shortlisted Problems from 2006–2021, whereas PutnamBench draws from
the William Lowell Putnam Mathematical Competition.

FormalMath Yu et al. (2025) expands the scale and domain coverage of formally verified theorems. For-
malNumina Liu et al. (2026) instead emphasizes structured symbolic and numerical reasoning, focusing on
precise formal manipulation. IndiMathBench Biyani et al. (2025) extends evaluation to geometry problems
involving diagrams and therefore requires both spatial and logical reasoning. Together, these benchmarks
provide valuable tests of individual aspects of formal mathematics, but do not jointly diagnose mathematical
knowledge, natural-language reasoning, formal proof construction, and robustness to equivalent reformula-
tions.

A.2 Models for Formal Mathematics

One class of methods generates a complete solution or proof in a single pass. GPT-f Polu and Sutskever
(2020) was an early application of language models to formal proof generation, while Llemma Azerbayev
et al. (2023b) and InternLM Ying et al. (2024) build on stronger pretrained models and mathematical training
data. These methods are simple and scalable, but cannot easily recover when an intermediate proof step is
incorrect.

Search-based systems instead explore multiple proof paths and use intermediate feedback to revise their
choices. Lean-STAR Lin et al. (2024), Real-Prover Shen et al. (2025), and Goedel-Prover Lin et al. (2025a)
employ tree search, best-first search, or structured sampling to find valid proofs. This improves their ability
to recover from errors, although it requires greater computation.

Other systems combine large formal training corpora, proof-assistant feedback, or collaborative reason-
ing. DeepSeek-Prover Xin et al. (2024) and TheoremLlama Wang et al. (2024) train on extensive formal
data; Herald Gao et al. (2024) treats proof construction as a sequence of decisions over changing proof
states; and MA-LoT Wang et al. (2025) uses multiple agents or iterative decomposition to address complex
problems.

B Data statistics

Additional data statsitics are shown in Figures 6, 7 and 8

C Data sources

The following is a complete list of sources MathAdvdraws from:

• Probability: Gamarnik (2013); Grinstead and Snell (2006); Lehman et al. (2017)

• Geometry / Topology: Hatcher (2002); Lee (2013); Petersen (2006)

• Abstract Algebra: Gallian (2021); Coya (2014)
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A
B

C
D

E F
G

H
I

J
KLM

A. Abstract Algebra: 12
B. Calculus: 26
C. Combinatorial: 23
D. Complex analysis: 15
E. Fourier Analysis: 31
F. Functional Analysis: 25
G. Geometry: 25

H. Linear Algebra: 20
I. Logic: 26
J. Number Theory: 10
K. Probabilities: 36
L. Real Analysis: 19
M. Topology: 25

Figure 6: Multiple-choice Reasoning Problems by Category (Total = 293).

A
B
D
GI

K

LM

A. Abstract Algebra: 2
B. Calculus: 1
D. Complex analysis: 1
G. Geometry: 1

I. Logic: 1
K. Probabilities: 16
L. Real Analysis: 5
M. Topology: 3

Figure 7: Transformed Problems by Category (Total = 30).
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D

E
G
H

J

KM

A. Abstract Algebra: 2
B. Calculus: 25
C. Combinatorial: 9
D. Complex analysis: 5
E. Fourier Analysis: 3

G. Geometry: 6
H. Linear Algebra: 3
J. Number Theory: 4
K. Probabilities: 16
M. Topology: 8

Figure 8: Fill-in-the-blank Problems by Category (Total = 81).

• Logic: Enderton (2001); Marker (2006); Leary and Kristiansen (2015)

• Real Analysis: Lebl (2024a); Royden and Fitzpatrick (2010)

• Number Theory: Stein (2009); Milne (2020); Poonen (2015)

• Complex Analysis: Cain (2007); Lebl (2024b); Brown and Churchill (2013)

• Linear Algebra: MIT OpenCourseWare (2010); University of California, Berkeley (2024); Hoell

• Fourier Analysis: Brown and Churchill (2011); Stein and Shakarchi (2003); Kammler (2007)

• Functional Analysis: Rudin (1991); Reed and Simon (1980); Bühler and Salamon (2018)

• Combinatorics: Bóna (2015); Lovász (1979)

• Calculus: Dawkins (2022); Strang (2023)

D Autoformalization

Initial Autoformalization: For each problem, we employ an LLM-based autoformalizer to translate the nat-
ural language problem statement into Lean 4. The prompt configuration utilized for this step is the following:
You are an expert mathematician and Lean 4 formalizer. Your task is to translate the following

informal mathematical statement and proof into standard Lean 4 code. 1. Ensure all syntax,

imports, and tactics are strictly Lean 4. Do not output any Lean3 syntax. 2. Prioritize

existing definitions, classes, and theorems from Mathlib. Do not define new terms or structures

unless it is strictly necessary because the concept genuinely does not exist in the current
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library. 3. Before writing the code, explicitly state which specific Mathlib namespaces

or files you are drawing from (e.g., Mathlib.ModelTheory.Basic, Mathlib.Combinatorics.SimpleGraph.Basic,

or Mathlib.CategoryTheory.Logic). 4. Do not formalize the proof. Leave the proof blank

except for a ‘‘sorry’’ statement. 5. Format your answer as a valid Lean 4 file ready to

be compiled. The Problem: [INSERT THEOREM OR DEFINITION HERE]

Syntax Correction: Standalone LLM formalizations remain highly unreliable for generating compilable
Lean 4 theorems. To resolve initial syntax errors, the draft code is parsed by the Lean 4 compiler. If
compilation fails, the resulting error messages are fed back into the autoformalizer in an iterative loop until
the code compiles without syntax errors. The process is monitored by a human expert.

Dual Semantic Verification: To ensure the Lean 4 theorem statement accurately reflects the mathematical
intent of the original natural language problem, we conduct semantic checking via a dual mechanism: an
independent, secondary LLM evaluator and a human expert. Any semantic discrepancies feedback is routed
back to the autoformalizer for correction.

Final Expert Review: Once a statement passes both syntactic and initial semantic filters, an exhaustive
final check will be conducted by another human expert before approving the formalization.

D.1 Evaluating LLMs on Lean 4 Junk Theorems

In independent zero-shot conversations, models from multiple providers were presented with these snippets
and asked two distinct questions:

1. Compilation: Does this self-contained Lean 4 code compile?

2. Semantics: What does this code mean, and what theorem is it proving?

A total of 360 calls (180 for compilation, 180 for semantics) were executed across four models: gpt-5.5,
gpt-4o, deepseek-v4-pro, and deepseek-chat.

D.2 Results and Analysis

Table 5 summarizes the performance of the models across both tasks.

Table 5: Model performance on the Lean 4 Junk Theorems testbed.

Model Compilation Accuracy (%) Semantic Understanding (0–2)

gpt-5.5 58% 2.00
deepseek-v4-pro 4% 1.91
deepseek-chat 4% 1.51
gpt-4o 18% 0.89

Compilation Prediction: By construction, every snippet in the test corpus successfully compiles in Lean
4. However, the models heavily tended to predict the opposite. The misleading, “nonsense” mathematical
reading of the junk theorems consistently overrode the models’ ability to trace the actual type-checking
logic. Accuracy ranged from a high of 58% for gpt-5.5 down to just 4% for the DeepSeek models.
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Semantic Meaning: The models’ explanations of the theorems were hand-graded on a 0–2 scale based
on whether the model could effectively “see through” the junk and explain the underlying formal trick (e.g.,
successfully recognizing the exploitation of junk values like [].head! = 0 in empty lists).

Here, the model rankings differed drastically from the compilation task. Most notably, deepseek-v4-pro
demonstrated exceptional semantic understanding (scoring 1.91/2.00) while predicting compilation failures
96% of the time.

The experimental results highlight that understanding the trick of a junk theorem and trusting that it
type-checks are fundamentally separate skills for current LLMs. Even when models accurately deduce the
formal trick behind a statement, they frequently misjudge the boundary between plausible-looking Lean
code and code that actually compiles. This finding motivates our design choice to use a verifier-in-the-
loop framework, relying on both LLMs and human experts for semantic alignment while strictly delegating
type-checking judgments to the Lean 4 compiler.

D.3 Limitations of Current Mathlib Coverage

Consider the following candidate problem from our dataset, taken from Petersen (2006):

Let (M, g) be a complete Riemannian manifold of dimension n ≥ 2. Let vol denote the canonical Riemannian
volume measure, and let B(p,R) denote the open geodesic ball of radius R centered at p ∈ M . Let v(n, k,R)
denote the volume of a geodesic ball of radius R in the n-dimensional simply connected space form of constant
sectional curvature k. Assume the Ricci curvature of M satisfies the uniform lower bound Ric ≥ (n− 1)k. If there
exists a point p ∈ M and a radius R > 0 (with R ≤ π/

√
k if k > 0) such that vol(B(p,R)) = v(n, k,R), then

the metric g has constant sectional curvature k restricted to the ball B(p,R).

Even stating this theorem in Lean would require formal definitions of sectional curvature, Ricci curva-
ture, geodesic balls, Riemannian volume, and model space forms. While Mathlib contains some foundations
for smooth manifolds and Riemannian manifolds, many of the more specialized components of Riemannian
geometry needed here are not yet available. Moreover, a standard proof of this result relies on the Bishop–
Gromov inequality, a central theorem in comparison geometry that is also not formalized in Mathlib at the
time of writing.

E Computational budgets

The computational budget for proof-step generation based models is usually computed with K = N×S×T
where N is the number of independent attempts; S is the number of tactics generated each time a node is
expanded; and T is the number of the expansion rounds (iterations) per run. InternLM2-Math-Plus and
InternLM2.5-Step-Prover both use the same search-style cap (K = 1×32×100)—one run per problem, 32
sampled continuations per expansion step, 100 expansion iterations, with early stop on first success. Gödel-
Prover SFT and Gödel-Prover DPO each use pass@32. DeepSeek-Prover-V1.5 Base, SFT, and RL each use
pass@128 parallel whole-proof sampling; DeepSeek-Prover-V1.5-RL with RMaxTS uses tree search with
a default 128 LLM rollouts per problem plus upstream data repeat=16 for scheduling.

The computational budget for whole-proof generation models is represented as pass@K by measuring
the number of problems for which at least one valid proof is found among the top K generated attempts.
DeepSeek-R1-Distill each use pass@32 on Lean 4. MA-LoT’s two backbones share the same paper preset:
16 root proofs, 8 correction samples per proof, search depth 2 (documented as 16 + 8×2). Gödel-Prover-V2-
32B uses pass@32 on the initial round plus self-correction: 2 correction rounds with 2 samples each after
the initial 32 whole-proof draws. DeepSeek-V3.2 uses pass@32 by default, DeepSeek-R1 uses pass@16.
GPT-5.4 uses pass@32. If applicable, the maximum token allowed per attempt is set to be 8192.
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Table 6: Lean 4 accuracy by domain with and without interaction.
Domain N DS Non-Int. DS Int. DS ∆ GPT Non-Int. GPT Int. GPT ∆

Abstract Algebra 30 10.0% 10.0% +0.0% 16.7% 23.3% +6.7%
Calculus 26 3.9% 3.9% +0.0% 7.7% 7.7% +0.0%
Combinatorial 23 4.3% 4.3% +0.0% 8.7% 8.7% +0.0%
Complex Analysis 15 0.0% 0.0% +0.0% 0.0% 0.0% +0.0%
Fourier Analysis 31 9.7% 9.7% +0.0% 9.7% 12.9% +3.2%
Functional Analysis 25 4.0% 4.0% +0.0% 4.0% 4.0% +0.0%
Geometry 24 0.0% 8.3% +8.3% 0.0% 8.3% +8.3%
Linear Algebra 20 10.0% 20.0% +10.0% 35.0% 35.0% +0.0%
Logic 23 0.0% 8.7% +8.7% 4.3% 17.4% +13.0%
Number Theory 10 20.0% 30.0% +10.0% 30.0% 40.0% +10.0%
Probabilities 54 3.7% 3.7% +0.0% 3.7% 9.3% +5.6%
Real Analysis 31 3.2% 6.5% +3.2% 9.7% 19.4% +9.7%
Topology 8 0.0% 0.0% +0.0% 0.0% 0.0% +0.0%

F Evaluation process

F.1 Fill-in-the-blank questions

For answer generation, all models receive the same prompt, which instructs them to solve the problem and
provide exactly one final answer enclosed in boxed.... Each problem is attempted up to five times using
stochastic decoding with T = 0.7 and p = 0.95, with a maximum of 4096 generated tokens per attempt.
Answer extraction and grading follow a two-stage procedure. We first extract the expression enclosed in
boxed... and check its equivalence to the reference answer using a procedure similar to that of Hendrycks
et al. Hendrycks et al. (2021). If this stage fails but a boxed answer is successfully extracted, an LLM judge
is used to determine whether the predicted answer is mathematically equivalent to the reference answer.

F.2 Multiple-choice reasoning questions

For answer generation, the system prompt instructs the model to answer only the multiple-choice question,
using the theorem-proving problem as context, and to return a single option letter enclosed in parentheses
(e.g., (a)). The theorem-proving problem and the corresponding MC question are concatenated into a
single prompt. Each attempt is limited to 2048 generated tokens. Predictions are compared against the
reference answers and evaluated using exact-match accuracy.

G Additional results

In this section, we present additional results on model performance on MathAdv.

H Representative Error Examples

This appendix provides representative examples of the most common error categories observed during the-
orem proving. For each category, we include the original problem, a snippet of the generated Lean proof,
the verifier feedback, and a brief analysis of the failure.
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Table 7: Accuracy by domain for DeepSeek V1.5 Base.
Domain Lean 4 Acc. (%) MC Acc. (%)
Abstract Algebra 0.0 58.3
Calculus 0.0 48.1
Combinatorial 0.0 65.2
Complex Analysis 0.0 43.8
Fourier Analysis 3.2 54.8
Functional Analysis 0.0 48.0
Geometry 0.0 69.2
Linear Algebra 10.0 45.0
Logic 0.0 44.4
Number Theory 0.0 50.0
Probabilities 0.0 51.9
Real Analysis 3.2 70.0
Topology 0.0 57.1
Overall 1.2 54.3

Table 8: Accuracy by domain for DeepSeek V1.5 SFT.
Domain Lean 4 Acc. (%) MC Acc. (%)
Abstract Algebra 16.7 16.7
Calculus 0.0 37.0
Combinatorial 4.3 43.5
Complex Analysis 0.0 37.5
Fourier Analysis 9.7 29.0
Functional Analysis 4.0 32.0
Geometry 8.3 38.5
Linear Algebra 20.0 30.0
Logic 13.0 29.6
Number Theory 30.0 50.0
Probabilities 9.3 32.7
Real Analysis 6.5 35.0
Topology 0.0 21.4
Overall 9.1 32.8

Table 9: Accuracy by domain for DeepSeek V1.5 RL.
Domain Lean 4 Acc. (%) MC Acc. (%)
Abstract Algebra 16.7 41.7
Calculus 7.7 18.5
Combinatorial 4.3 52.2
Complex Analysis 0.0 25.0
Fourier Analysis 9.7 22.6
Functional Analysis 4.0 44.0
Geometry 8.3 50.0
Linear Algebra 30.0 50.0
Logic 17.4 33.3
Number Theory 50.0 30.0
Probabilities 11.1 23.1
Real Analysis 3.2 35.0
Topology 0.0 35.7
Overall 11.2 34.1

25



Table 10: Accuracy by domain for RMaxTS.
Domain Lean 4 Acc. (%) MC Acc. (%)
Abstract Algebra 20.0 41.7
Calculus 15.4 29.6
Combinatorial 4.3 30.4
Complex Analysis 0.0 37.5
Fourier Analysis 12.9 48.4
Functional Analysis 4.0 44.0
Geometry 12.5 30.8
Linear Algebra 50.0 40.0
Logic 26.1 33.3
Number Theory 60.0 80.0
Probabilities 13.0 34.6
Real Analysis 16.1 40.0
Topology 0.0 39.3
Overall 16.6 38.5

Table 11: Accuracy by domain for InternLM2-Math.
Domain Lean 4 Acc. (%) MC Acc. (%)
Abstract Algebra 23.3 75.0
Calculus 19.2 70.4
Combinatorial 4.3 73.9
Complex Analysis 0.0 68.8
Fourier Analysis 9.7 54.8
Functional Analysis 4.0 60.0
Geometry 8.3 88.5
Linear Algebra 30.0 60.0
Logic 13.0 55.6
Number Theory 40.0 40.0
Probabilities 9.3 42.3
Real Analysis 16.1 90.0
Topology 0.0 64.3
Overall 13.1 63.1

Table 12: Accuracy by domain for InternLM2.5 Step Prover.
Domain Solved Total Lean 4 Acc. (%)
Abstract Algebra 5 30 16.7
Calculus 4 26 15.4
Combinatorial 0 23 0.0
Complex Analysis 0 15 0.0
Fourier Analysis 3 31 9.7
Functional Analysis 1 25 4.0
Geometry 2 24 8.3
Linear Algebra 4 20 20.0
Logic 2 23 8.7
Number Theory 3 10 30.0
Probabilities 6 54 11.1
Real Analysis 3 31 9.7
Topology 0 28 0.0
Overall 33 320 10.3
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Table 13: Accuracy by domain for Goedel SFT.
Domain Lean 4 Acc. (%) MC Acc. (%)
Abstract Algebra 16.7 16.7
Calculus 11.5 22.2
Combinatorial 4.3 26.1
Complex Analysis 0.0 18.8
Fourier Analysis 9.7 12.9
Functional Analysis 4.0 28.0
Geometry 4.2 26.9
Linear Algebra 30.0 5.0
Logic 13.0 18.5
Number Theory 40.0 10.0
Probabilities 11.1 25.0
Real Analysis 3.2 15.0
Topology 0.0 39.3
Overall 10.6 21.8

Table 14: Accuracy by domain for Goedel DPO.
Domain Lean 4 Acc. (%) MC Acc. (%)
Abstract Algebra 10.0 16.7
Calculus 15.4 22.2
Combinatorial 4.3 26.1
Complex Analysis 0.0 12.5
Fourier Analysis 9.7 16.1
Functional Analysis 8.0 28.0
Geometry 8.3 30.8
Linear Algebra 30.0 15.0
Logic 13.0 14.8
Number Theory 40.0 30.0
Probabilities 11.1 11.5
Real Analysis 6.5 15.0
Topology 0.0 17.9
Overall 11.2 18.9

Table 15: Goedel v2 union outcomes aggregated by domain.
Domain Solved Total Lean 4 Acc. (%)
Abstract Algebra 7 30 23.3
Calculus 5 26 19.2
Combinatorial 2 23 8.7
Complex Analysis 1 15 6.7
Fourier Analysis 4 31 12.9
Functional Analysis 1 25 4.0
Geometry 3 24 12.5
Linear Algebra 13 20 65.0
Logic 5 23 21.7
Number Theory 7 10 70.0
Probabilities 11 54 20.4
Real Analysis 11 31 35.5
Topology 0 8 0.0
Overall 70 320 21.9
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Table 16: Accuracy by domain for MA-LoT + DeepSeek V1.5.
Domain Solved Total Lean 4 Acc. (%)
Abstract Algebra 4 30 13.3
Calculus 3 26 11.5
Combinatorial 1 23 4.3
Complex Analysis 3 15 20.0
Fourier Analysis 3 31 9.7
Functional Analysis 1 25 4.0
Geometry 8 24 33.3
Linear Algebra 4 20 20.0
Logic 4 23 17.4
Number Theory 5 10 50.0
Probabilities 5 54 9.3
Real Analysis 2 31 6.5
Topology 0 28 0.0
Overall 43 320 13.4

Table 17: Accuracy by domain for MA-LoT + Goedel.
Domain Solved Total Lean 4 Acc. (%)
Abstract Algebra 3 30 10.0
Calculus 4 26 15.4
Combinatorial 1 23 4.3
Complex Analysis 2 15 13.3
Fourier Analysis 4 31 12.9
Functional Analysis 1 25 4.0
Geometry 8 24 33.3
Linear Algebra 7 20 35.0
Logic 3 23 13.0
Number Theory 5 10 50.0
Probabilities 6 54 11.1
Real Analysis 2 31 6.5
Topology 0 28 0.0
Overall 46 320 14.4

Table 18: Accuracy by domain for GPT-5.4.
Domain Pass@16 (%) Pass@32 (%) MC Acc. (%)
Abstract Algebra 16.7 16.7 83.3
Calculus 7.7 7.7 77.8
Combinatorial 8.7 8.7 87.0
Complex Analysis 0.0 0.0 87.5
Fourier Analysis 9.7 9.7 71.0
Functional Analysis 4.0 4.0 84.0
Geometry 0.0 4.2 100.0
Linear Algebra 35.0 35.0 70.0
Logic 4.3 13.0 92.6
Number Theory 30.0 30.0 70.0
Probabilities 3.7 7.4 73.1
Real Analysis 9.7 9.7 90.0
Topology 0.0 0.0 85.7
Overall 9.1 10.6 82.0
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Table 19: Accuracy by domain for DeepSeek-R1.
Domain Lean 4 Pass@16 (%) MC Acc. (%)
Abstract Algebra 10.0 75.0
Calculus 7.7 55.6
Combinatorial 4.3 65.2
Complex Analysis 26.7 62.5
Fourier Analysis 12.9 45.2
Functional Analysis 4.0 64.0
Geometry 33.3 73.1
Linear Algebra 35.0 20.0
Logic 26.1 55.6
Number Theory 40.0 50.0
Probabilities 11.1 40.4
Real Analysis 0.0 75.0
Topology 0.0 21.4
Overall 14.4 51.7

Table 20: Accuracy by domain for DeepSeek-V3.2.
Domain Pass@16 (%) Pass@32 (%) MC Acc. (%)
Abstract Algebra 10.0 10.0 66.7
Calculus 3.9 3.9 66.7
Combinatorial 4.3 4.3 87.0
Complex Analysis 0.0 0.0 75.0
Fourier Analysis 9.7 9.7 58.1
Functional Analysis 4.0 4.0 80.0
Geometry 0.0 0.0 88.5
Linear Algebra 10.0 10.0 80.0
Logic 0.0 0.0 70.4
Number Theory 20.0 20.0 70.0
Probabilities 3.7 5.6 59.6
Real Analysis 3.2 3.2 95.0
Topology 0.0 0.0 85.7
Overall 5.0 5.3 74.1
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Table 21: Representative error categories.

Category Typical Cause

Incorrect theorem application Goal state mismatch
Incorrect tactic selection Appropriate strategy, wrong tactic
Hallucinated Mathlib declarations Non-existent theorem/library names
Parser and syntax errors Invalid Lean syntax or proof context
Repeated-tactic loops No progress despite continued generation

H.1 Incorrect Theorem Application

Problem. Q1: Let x be an element of a cyclic group of order 15. If exactly two of x3, x5, and x9 are equal,
prove that order of x13 = 3.

Model: GPT-5.4
Generated proof snippet:

have h15 : x ˆ 15 = 1 := by
rw [← hG]
exact pow_card_eq_one x

have hx3 : x ˆ 3 = 1 := by
rcases h with h | h | h
·rcases h with ⟨h35, _⟩
have := congrArg (fun y => y * (x ˆ (-3 : Z))) h35
simp [zpow_natCast, mul_assoc] at this
exact this

...
have horder_dvd : orderOf x |3 := by
exact orderOf_dvd_of_pow_eq_one hx3

have horder_ne_one : orderOf x ̸=1 := by
intro ho
apply hx_ne_one
exact orderOf_eq_one_iff.mp ho

have horder_eq : orderOf x = 3 := by
omega

simpa [horder_eq]

Verifier feedback:
line 18, column 12-29:
function expected at
pow_card_eq_one

term has type
?m.10070 ˆ Fintype.card ?m.10067 = 1

line 15, column 28 to line 18, column 29:
unsolved goals
...
h15 : x ˆ 15 = 1
|- orderOf (x ˆ 13) = 3

line 19, column 4-8:
unexpected token ’have’; expected command

Analysis. The model correctly identifies the high-level strategy of proving x3 = 1 and rewriting x13 =
x. However, in the branch x3 = x5, it incorrectly derives x2 = 1 rather than the required x3 = 1. The
resulting proof state no longer matches the intended argument, leaving the final goal unsolved.
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H.2 Incorrect Tactic Selection

Problem. Q1: Let x be an element of a cyclic group of order 15. If exactly two of x3, x5, and x9 are equal,
prove that order of x13 = 3.

Model. GPT-5.4

have horder_dvd : orderOf x |3 := by
exact orderOf_dvd_of_pow_eq_one hx3

have horder_ne_one : orderOf x ̸=1 := by
intro ho
apply hx_ne_one
exact orderOf_eq_one_iff.mp ho

have horder_eq : orderOf x = 3 := by
omega

Analysis. The model selects a tactic that is inappropriate for the current goal: the tactic omega in the
final step. The remaining goal involves divisibility rather than linear arithmetic. Although the overall proof
direction is reasonable, the chosen tactic cannot establish the required divisibility property.

H.3 Repeated-Tactic Loops

Problem. Q1: Let x be an element of a cyclic group of order 15. If exactly two of x3, x5, and x9 are equal,
prove that order of x13 = 3.

Model. DeepSeek-Prover-V1.5-RL
Generated proof snippet.

have h3 : x ˆ 5 = x ˆ 9 := by
apply Eq.symm
apply Eq.symm
apply Eq.symm
apply h2

have h4 : orderOf (x ˆ 13) = 3 := by
apply Eq.symm
apply Eq.symm
apply Eq.symm
apply h3

Analysis. The model repeatedly applies the same tactic without making progress toward the goal. Such
loops often consume the token budget while leaving the proof state essentially unchanged.

I Representative Success Pattern

I.1 Exact-lemma proofs

Problem. Q2: A Dedekind algebra is a triple (N, s : N → N, o ∈ N) s.t. o /∈ range(s), s is injective, and
N = clos(o) := ∩{X : o ∈ X and (∀x ∈ X)s(x) ∈ X} (i.e. closure of all sets that are closed under s).
Prove that for any Dedekind algebra (N, s, o) and any formula ϕ(x) (possibly with parameters in N), one
has that if φ(o) and (∀n ∈ N)(φ(n) → φ(s(n))), then (∀n ∈ N)φ(n)

Model. DeepSeek-R1
Generated proof snippet.
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intro n
have hclosure_set : sClosed A.s A.o {x | phi x} := by
exact ⟨h0, λx hx => hstep x hx⟩

exact (Set.mem_sInter.mp (A.carrier_is_closure n)) {x | phi x} hclosure_set

Analysis. The model discharges its goal with Set.mem sInter.mp applied to the closure axiom.
Problem. Q3: Prove that for any Von Neumann ordinals α, β, it holds that α ∈ β ∨ β ∈ α ∨ α = β
Model. DeepSeek-R1
Generated proof snippet.

intro h
rcases h with ⟨f, hsurj⟩
let D : Set N:= {n | n /∈f n}
have hD : ∃m, f m = D := hsurj D
rcases hD with ⟨m, hm⟩
have hmem : m ∈D ↔m /∈f m := by
simp [D]

have hmem’ : m ∈D ↔m /∈D := by
rw [hm] at hmem
exact hmem

by_cases h : m ∈D
·exact (hmem’.mp h) h
·exact h (hmem’.mpr h)

Analysis. The model reduces ordinal trichotomy to a single call of lt trichotomy followed by a
case split.

I.2 have-heavy proofs

Problem. Q4: Prove that P(N), the power set of N, is not enumerable
Model. DeepSeek-R1
Generated proof snippet.

intro h
rcases h with ⟨U, hUcomp, hU⟩
have hNone : Nat.Partrec (fun x : N=> Part.none) := Nat.Partrec.none
rcases hEnum.2 (fun x : N=> Part.none) hNone with ⟨i, hi⟩
have htot : ∀x, phi i x = Part.some (U i x) := by
intro x; exact hU i x

have hnone : ∀x, phi i x = Part.none := by
intro x; simpa [hi]

have hcontra : Part.some (U i 0) = Part.none := by
calc
Part.some (U i 0) = phi i 0 := by symm; exact htot 0
_ = Part.none := hnone 0

exact (Part.some_ne_none (U i 0)) hcontra

Problem. Q5: Assume the set of partial recursive unary functions is enumerable; that is, there is an
enumeration {φi(x)}i∈ω of partial recursive unary functions. Prove that there is no universal computable
function; that is, the universal function U : N×N → N, U(k, x) := ϕk(x) is not both total and computable

Model. DeepSeek-R1
Generated proof snippet.

intro n
have hclosure_set : sClosed A.s A.o {x | phi x} := by
exact ⟨h0, λx hx => hstep x hx⟩

exact (Set.mem_sInter.mp (A.carrier_is_closure n)) {x | phi x} hclosure_set
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I.3 have-heavy proofs

Problem. Q6: Let L = {c, f, A} be a first order language with constant symbol c, a one-place (i.e. unary)
function symbol f , and a two-place predicate (i.e. binary relation) symbol A. Let the structure M be defined
by:

• |M| = {1, 2, 3}

• cM = 3

• fM(1) = 2, fM(2) = 3, fM(3) = 3

• AM = {(1, 2), (2, 3), (3, 3)}

Let s(v) = 1 for all variables v. For arbitrary variable v, a v-variant of s is an assignment s[m/v] that
disagrees with s at most by assigning a different value m to v. Show that M, s |= ∃x

(
A(f(z), c) →

∀y
(
A(y, x) ∨A(f(y), x)

))
Model. DeepSeek-R1
Generated proof snippet.

refine ⟨M.three, λh => ?_⟩
intro y
cases y
·right; exact True.intro
·left; exact True.intro
·left; exact True.intro

J Multi-turn prompt results example

J.1 More have proofs

Problem. Q7: Suppose 120 students take a final exam and the mean of their scores is 90. You have no other
information about the students and the exam, that is, you should not assume that the highest possible score
is 100. You may, however, assume that exam scores are nonnegative. Show that the best possible upper
bound on the number of students who scored at least 180 is 60.

Model. GPT-5.4
Successful proof snippet under interaction.

theorem problem_16
(scores : Fin 120 →R)
(h_nonneg : ∀i, 0 ≤scores i)
(h_mean : (

∑
i, scores i) / 120 = 90) :

(Finset.univ.filter (fun i => 180 ≤scores i)).card ≤60 := by
let S : Finset (Fin 120) := Finset.univ.filter (fun i => 180 ≤scores i)
have hsum :

∑
i, scores i = 10800 := by

have h := h_mean
norm_num at h
linarith

have hS_le_sum : (S.card : R) * 180 ≤
∑
i in S, scores i := by

calc
(S.card : R) * 180 =

∑
i in S, 180 := by rw [Finset.sum_const, nsmul_eq_mul]

_ ≤
∑
i in S, scores i := by

refine Finset.sum_le_sum ?_
intro i hi
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exact Finset.mem_filter.mp hi |>.2
have hsub_le_total :

∑
i in S, scores i ≤

∑
i, scores i := by

exact Finset.sum_le_univ_sum_of_nonneg (s := S) (f := scores) (by intro i; exact
h_nonneg i)

have hcard_le : (S.card : R) * 180 ≤10800 := by
linarith

have hcard_real : (S.card : R) ≤60 := by
linarith

exact_mod_cast hcard_real

Failed proof snippet without interaction.
theorem problem_16
(scores : Fin 120 →R)
(h_nonneg : ∀i, 0 ≤scores i)
(h_mean : (

∑
i, scores i) / 120 = 90) :

(Finset.univ.filter (fun i => 180 ≤scores i)).card ≤60 := by
let S : Finset (Fin 120) := Finset.univ.filter (fun i => 180 ≤scores i)
have hsum :

∑
i, scores i = 10800 := by

have h := h_mean
norm_num at h ⊢
linarith

have h_le_sumS : 180 * S.card ≤
∑
i in S, scores i := by

calc
180 * S.card =

∑
i in S, 180 := by rw [Finset.sum_const, nsmul_eq_mul]

_ ≤
∑
i in S, scores i := by

refine Finset.sum_le_sum ?_
intro i hi
exact le_of_lt?

Analysis. The model introduces intermediate have statements that are never used in the final proof, a
pattern observed less frequently in the non-interactive setting.

J.2 Manual longer proofs

Problem. Q8: Let {Xi}i≥1 be i.i.d. and EX1 > 0. Given a > 0, show that Eτ < ∞ for τ = inf{k ≥
1 : Sk > a}, where Sk =

∑k
i=1Xi.

Model. GPT-5.4
Successful proof snippet under interaction.

theorem bona_1(n : N) :
Fintype.card { f : Fin n →Fin n // Function.Bijective f } = Nat.factorial n := by

classical
let e :

{ f : Fin n →Fin n // Function.Bijective f } ≃Equiv.Perm (Fin n) :=
{ toFun := fun f =>

Equiv.ofBijective f.1 f.2
invFun := fun σ=>
⟨σ, σ.bijective⟩

left_inv := by
intro f
apply Subtype.ext
funext x
rfl

right_inv := by
intro σ
ext x
rfl }

calc
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Fintype.card { f : Fin n →Fin n // Function.Bijective f }
= Fintype.card (Equiv.Perm (Fin n)) := Fintype.card_congr e

_ = Nat.factorial (Fintype.card (Fin n)) := Fintype.card_perm
_ = Nat.factorial n := by simp

Failed proof snippet without interaction.
theorem bona_1(n : N) :

Fintype.card { f : Fin n →Fin n // Function.Bijective f } = Nat.factorial n := by
simpa using Fintype.card_perm n

Analysis. The proof under interactive mode transitions from simpa using Fintype.card perm
n to an explicit Equiv.Perm construction through a calc chain.

Problem. Q9: Prove that for any Von Neumann ordinals α, β, it holds that α ∈ β∨
Model. GPT-5.4
Successful proof snippet under interaction.

theorem open_logic_9 (α β: Ordinal) :
α< β∨β< α∨α= β:= by
by_cases h : α= β
·exact Or.inr <| Or.inr h
·have hne : α ̸=β:= h
rcases lt_or_gt_of_ne hne with hlt | hgt
·exact Or.inl hlt
·exact Or.inr <| Or.inl hgt

Failed proof snippet without interaction.
theorem open_logic_9 (α β: Ordinal) :
α< β∨β< α∨α= β:= by
simpa [lt_or_gt_of_ne, eq_comm] using lt_trichotomy αβ

Analysis. Under the interactive mode, the model replaces a simpa-with-lt trichotomy strategy
with an explicit by cases argument using lt or gt of ne.
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