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Abstract

We introduce Solver Agent, an AI framework based on large language models for cal-

culations and proofs in mathematics and theoretical physics. The solution process is

tracked through a persistent ledger that records assumptions, derivations, and compu-

tations. A central agent delegates tasks to specialized sub-agents, while independent

agents verify both intermediate steps and the final result. This setup improves the

traceability, reproducibility, and verification of computer-assisted calculations.

Applying Solver Agent, we study global F-theory uplifts of Type IIB orientifolds and

their S-fold generalizations. We establish sufficient conditions for Weierstrass models

over projective threefolds with terminal Zk quotient singularities (k ∈ {2, 3, 4, 6}) to give
Q-factorial projective elliptically fibered Calabi–Yau fourfolds with isolated Gorenstein

terminal quotient singularities. These geometries realize O3-planes and S-folds, where

local D3-brane probes of the latter yield four-dimensional N = 3 superconformal field

theories. Using stringy invariants, we derive fixed-point contributions to Hodge data and

Euler characteristics, and show that these Euler corrections determine the localized

D3-brane charges required for tadpole cancellation. We illustrate these results using

toric hypersurface constructions, where a single three-dimensional polytope determines

both the Type IIB Calabi–Yau threefold and the F-theory base; here, the orientifold

double cover naturally forms a bisection of an alternative genus-one-fibered uplift with

discrete Z2 gauge symmetry. Finally, we provide methods for toric computations and

four-form flux analysis in four-dimensional N = 1 compactifications with non-abelian

gauge sectors.
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1 Introduction

Summary of the Results
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Figure 1: Schematic overview of Solver Agent architecture. A coordinating agent — main

solver — decomposes the problem and records its work in a persistent ledger; specialized sub-

agents run their code in an isolated sandbox and record the code and output in the ledger;

independent verification agents read the ledger, re-run computations in their own sandboxed

sessions, and append their assessments. The final answer is released to the researcher only

after the recorded solution has been reviewed as a whole.

In this work, we introduce Solver Agent, a large language model-based framework for

proofs and computations in mathematics and theoretical physics. The system automatically

splits the solution process, delegating tasks to agents — specialized language model instances

with access to external programs such as symbolic, numerical, and other domain-specific algo-

rithms or literature search engines — and allows for both automatic and human verification

of each individual step. Figure 1 presents the architecture of the framework.
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The full source code,1 including the core engine that orchestrates the agents — the back-

end — an interface for using the system, visualizing and verifying the proof process, as well as

exporting sessions for repeatability — the frontend — is open-source,2 along with a complete

installation guide and a user guide. For a detailed presentation of Solver Agent, we refer

the reader to Section 2.

Solver Agent has been used in this work to derive new results in string theory, and

more specifically in F-theory. It has proven to be a powerful tool to significantly accelerate

calculations, but more importantly, it was fundamental for the proof of Theorem 1, and

for the explicit constructions of the elliptically fibered Calabi–Yau fourfolds with terminal

singularities.

In fact, from the physical point of view, the main result of this paper is a controlled

global embedding of O3-planes and non-perturbative S-fold sectors in compact F-theory.

Noting that isolated fixed points of O3 orientifold involutions descend to terminal Z2 quo-

tient singularities of the threefold base, we generalize this structure to terminal Zk quotient

singularities to construct S-folds. Together with this geometric embedding, we provide a

prescription for computing the induced D3-brane charges from the stringy invariants of the

singular Calabi–Yau fourfold; in particular, the resulting correction to the Euler characteristic

of the fourfold is the one necessary to match the prediction from the tadpole, as we show in

explicit examples in Sections 5.3 and 5.4. We illustrate these properties through toric trilayer

constructions, wherein a three-dimensional reflexive polytope determines both the Type IIB

Calabi–Yau threefold and the F-theory base. In this framework, the orientifold double cover

is realized as a bisection of an auxiliary genus-one-fibered Calabi–Yau fourfold, yielding an

alternative F-theory uplift with a discrete Z2 gauge symmetry that holds independently of a

Sen limit. Finally, we develop accessible methods for detailed toric computations (including

the extraction of intersection data) and for the systematic analysis of four-form fluxes in

four-dimensional N = 1 compactifications with non-abelian gauge sectors.

Throughout the paper, the reader will encounter Prompt and Result boxes, as we sum-

marize in Table 1. These contain, respectively, inputs to and potentially lightly manipulated

or condensed outputs of Solver Agent. The exact sessions are available for reproducibility

here. Each is in a separate folder with the full ledger, generated files, system version, and

model used in different formats. The most human-readable format is report.html, the raw

data is in ledger.json, and for conversion to a printable document, report.tex. When we

specify that the Result boxes are “condensed,” we mean that we have trimmed the otherwise

verbose output given by Solver Agent. Analogously, a Result box is “manipulated” if we

have rephrased some of the content of Solver Agent to improve readability without chang-

1Public Git repository under AGPL-3.0 license: github.com/starrfree/solver-agent
2Solver Agent requires an external API subject to usage fees.

3

https://github.com/starrfree/solver-agent
https://github.com/starrfree/solver-agent#installation
https://github.com/starrfree/solver-agent#using-solver-agent
https://storage.googleapis.com/solver-agent-sessions/solver-agent-f-theory-uplifts/index.html
https://github.com/starrfree/solver-agent/blob/main/LICENSE
https://github.com/starrfree/solver-agent


ing its meaning. This was necessary because some prompts were divided into sub-prompts

while being reported all together in a single box.

Section Purpose Prompt Result

Section 4.1

Check terminal singularities 4.1 4.1

Count terminal singularities 4.2 4.2

Identify local groups 4.3 4.3

Section 4.2 Prove Theorem 1 4.4 4.4

Section 4.3

Stringy Euler definition 4.5 4.5

Compute stringy Euler 4.6 4.6

Evaluate stringy correction 4.7 4.7

Section 5.2 Analyze reflexive polytope 5.1 5.1

Section 5.5

Check non-Fano threefold 5.2 5.2

Construct toric fan 5.3 5.3

Find interior points 5.4 5.4

Find compatible FRST 5.5 5.5

Identify divisor basis 5.6 5.6

Compute Chern classes 5.7 5.7

Vertical flux constraints 5.8 5.8

Section 5.6

Project lattice points 5.9 5.9

Find boundary point 5.10 5.10

Compute singular locus 5.11 5.11

Identify interior points 5.12 5.12

Check compatible FRST 5.13 5.13

Determine singular locus 5.14 5.14

Table 1: Overview of prompts provided to Solver Agent and their corresponding results,

categorized by section and purpose.

Overview

Artificial intelligence has progressively evolved from data analysis to formal mathematical

problem-solving. Scaled reasoning architectures now directly tackle intractable problems in

mathematical physics. For example, large language models have been integrated with the

Lean proof assistant to formally verify precise finite-time singularity bounds for the general-

ized Korteweg–de Vries equation [1–4], to conjecture closed-form expressions for single-minus

gluon tree amplitudes [5], to formally construct the free bosonic quantum field theory in four-

dimensional Euclidean spacetime [6], and to tackle Millennium problems (see, e.g., the recent

solution to the Navier–Stokes existence and smoothness problem [7]).
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These results demonstrate that machine learning can be applied well beyond the big data

analysis and pattern recognition paradigms that have already proven useful in theoretical

physics. Early works successfully utilized neural networks and reinforcement learning to scan

the string landscape, from exploring intersecting D-brane configurations [8–12] to sampling

string vacua using generative models and genetic algorithms [13–15]. More recently, machine

learning algorithms have been utilized to compute numerical Calabi–Yau metrics and advance

string model building [16–26]. Parallel efforts have integrated interactive theorem provers,

such as Lean, with language agents to formalize high-energy physics workflows and automate

theorem proving [27–29]. Recently, researchers have also successfully trained transformers

to representatively generate fine, regular, and star triangulations3 (FRSTs) of 4D reflexive

polytopes that give rise to smooth Calabi–Yau (CY) threefolds in toric ambient space [14, 30]

or to explore heterotic line bundle standard models [31], confirming that sequence modeling

architectures can efficiently parse massive datasets within string phenomenology.

The introduction of large language models [32] has motivated the automation of sym-

bolic and code-assisted proofs. However, the application of standalone language models in

theoretical physics remains restricted, as open-ended physical problems require long-horizon,

multi-step derivations. Although current models are capable of executing formal tasks, they

typically fail on open-ended derivations by generating incorrect intermediate steps or reach-

ing correct conclusions via flawed logic. To address these limitations, recent methodologies

have incorporated reasoning distillation and process reward models to evaluate intermedi-

ate physical steps [33, 34], and specialized fine-tuning has been applied to reasoning models

in quantum field theory [35]. Furthermore, language agents have been utilized to evaluate

tree amplitudes, calculate loop integrals, and automate high-energy workflows [5, 36–41]. To

mitigate logical degradation, multi-agent architectures, verifier-gated language models, and

structured evaluation frameworks have been proposed to isolate interaction variables and

refine theoretical reasoning [42–45]. Nevertheless, these models currently lack the intrinsic

capacity for rigorous inspection. Applying neural architectures to complex, multi-stage physi-

cal theories necessitates a structured environment that enforces reproducibility and maintains

a persistent ledger of assumptions.

To overcome the reliability limitations of standalone language models in these tasks, it

is necessary to deploy an architecture that decomposes long derivations, formally verifies

intermediate algebraic steps, maintains a record of all underlying assumptions, and allows

inspection of all individual steps of the derivation: we introduce Solver Agent, an agentic

framework [46, 47] for automating and organizing computer-assisted calculations in mathe-

matics and theoretical physics. A coordinating language-model agent decomposes a problem

3The FRST conditions restrict the triangulation at the polytope level: “fine” demands that every integral

point in the dual polytope is a vertex of a simplex; “regular” requires the triangulation to follow from the

projection of a higher-dimensional convex hull; and “star” ensures that the origin is a vertex of all simplices.
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and delegates computational tasks to specialized sub-agents, while a persistent ledger records

everything happening during the calculation or proof: the assumptions, derivations, code, cor-

rections, verification verdicts, and conclusions.

Solver Agent is not intended to provide a formal certificate of correctness. Rather, it

supplies an automated, inspectable, and reproducible workflow in which errors can be local-

ized, computations can be rerun, assumptions can be revised explicitly, and the evidential

basis of each conclusion can be examined by the researcher. In this work, we present the

framework and use it as a computational tool underlying our results.

In particular, we use it to derive new results in F-theory. In the context of string phe-

nomenology, Type IIB string theory compactifications on Calabi–Yau orientifolds with D-

branes and fluxes yield four-dimensional effective field theories (EFTs) with minimal super-

symmetry [48–54]. In these setups, classical superpotentials fix complex structure moduli via

Calabi–Yau periods [50, 55–58], while Kähler moduli are stabilized via perturbative and non-

perturbative corrections [59–62]. However, constructing consistent vacua in this perturbative

Type IIB framework requires introducing specific configurations of D7-branes and worldvol-

ume fluxes by hand to cancel orientifold tadpoles [53, 63–68]. Furthermore, the resulting

geometry typically possesses quotient singularities at the orientifold fixed loci that remain

unresolved perturbatively [69–72]. We therefore turn to F-theory [73], which provides the

non-perturbative completion of this framework by compactifying on an elliptically fibered

Calabi–Yau fourfold [74–77]. By geometrizing the varying Type IIB axio-dilaton and the

monodromies of [p, q]-7-branes, F-theory inherently absorbs these physical consistency con-

ditions into the topology of the fourfold. In this way, the deformation moduli of D7-branes

become complex structure moduli of the fourfold, meaning the entire classical superpoten-

tial is captured by the fourfold periods and quantized 4-form fluxes [70, 73, 78–80]. This

geometric translation provides a natural foundation for constructing Standard Model-like

phenomenological models [81–97]. More recently, F-theory uplifts of Type IIB orientifolds

have been used to investigate how quantum corrections affect classical infinite-distance lim-

its [98, 99], with a complementary Type IIA/M-theory analysis providing further insight into

these obstructions [100].

Although this non-perturbative map is conceptually well-understood, explicitly construct-

ing the elliptically fibered Calabi–Yau fourfolds from general Type IIB orientifolds remains

difficult [76, 77, 87, 101–103]. However, a systematic algorithm to compute these fourfold

uplifts for Calabi–Yau threefold hypersurfaces in toric varieties was proposed in [104]. In this

work, we use Solver Agent to both prove mathematical statements and perform explicit

computations.
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Structure of the Paper

The paper is structured as follows. In Section 2, we introduce Solver Agent, schematically

described in Figure 1. There, we explain what an agentic framework is, how the Solver

Agent software system is designed, and its scope. Since our application of Solver Agent

is in the context of F-theory uplifts of Type IIB compactifications on CY threefolds with

orientifolds and fluxes, in Section 3 we set our conventions, reviewing how to construct

orientifolds and compute the D7- and D3-brane tadpoles that determine the topology of

the elliptically fibered Calabi–Yau fourfold. From Section 4, we start using Solver Agent

to prove geometrical statements that help us construct the uplift to F-theory of a given

compactification. There, we also discuss terminal quotient singularities and how they can

be described on the CY fourfold. Section 4.2 in particular contains the explicit construction

of such uplifts in the corresponding global Weierstrass model of the CY fourfold, and the

first theorem (Theorem 1) proven entirely by Solver Agent in Result 4.4. In Section 5,

we focus on F-theory uplifts for CY threefolds as toric hypersurfaces. We first review the

general procedure and then, in Section 5.2, we rephrase it as uplifts to genus-one-fibered

CY fourfolds. Many examples are provided, and intermediate results are solved by Solver

Agent, as summarized in Table 1. In Section 6, we conclude and discuss possible outlooks.

Finally, in Appendix A, we briefly review the construction of CY threefold orientifolds as

hypersurfaces in toric ambient space.

2 Solver Agent System

Solver Agent is a software system designed to support technically demanding calculations in

mathematical and theoretical physics. It organizes the work of a large language model around

an explicit persistent record of the solution process, and it delegates substantive computation

to external programs whose inputs and outputs are stored alongside the reasoning that moti-

vated them. The system has been used, in the work reported here, to carry out and document

computations arising in F-theory and type IIB compactifications, including the evaluation of

Chern classes, topological invariants, and intersection data on Calabi–Yau geometries.

The purpose of this section is to describe the system in detail: how it operates, what kinds

of problems it is intended to address, and how its outputs are meant to be read and checked.

We first recall what distinguishes an agent-based workflow from the ordinary conversational

use of a language model in Section 2.1, and then describe the architecture of the system in

Section 2.2. The three central components of this system are: a structured ledger that records

everything happening during the solving process, including problem statements, assumptions,

computations, verifications, and conclusions (Section 2.3); an explicit mechanism for stating

and revising assumptions to eliminate any ambiguity in the statements (Section 2.4); and

two complementary verification procedures that review individual steps and the complete
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candidate final solution (Section 2.5). We then describe the integration of both general-

purpose and domain-specific computational tools in Section 2.6, the way a researcher interacts

with the system and the artifacts it produces in Section 2.7, and discuss the intended scope

of the system and the design choices regarding traceability and reproducibility in Section 2.8.

Solver Agent should be understood as a methodology for organizing and automating

computer-assisted calculations. The system is intended to make the individual steps of a cal-

culation explicit, inspectable, and repeatable; it does not establish mathematical correctness,

and its outputs are subject to the same scrutiny as any other computer-assisted result.

2.1 Language Models and Agent-based Workflows

The most familiar mode of use of large language models (LLMs) [32] is through a conver-

sational interface: the user poses a question, the model answers in free-form prose, and the

exchange continues turn by turn. Modern chat interfaces sometimes allow the model to access

a limited selection of external tools, such as web search and code execution environments.

This mode is designed to be useful for answering any question across a broad range of fields.

For mathematics or theoretical physics domains, specific technical calculations may be im-

posed by the conversational format, which enforces a particular structure on the work. In

chat interfaces, the state of the calculation resides in the conversation transcript, which mixes

digressions, reasoning, and corrections. Intermediate derivations happen within the model’s

own generated text or usually inaccessible internal reasoning, rather than by dedicated soft-

ware; and there is no built-in notion of a step that can be individually referenced, revised,

or re-examined at a later time. One usually has to redo most of the steps in order to trust

the generated answer.

An agent-based workflow [46] arranges the same underlying capability differently. The

language model runs inside a loop in which it may repeatedly invoke external programs,

commonly called tools, and observe their results before deciding how to proceed. A tool

may be a deterministic program or a specialized LLM. These may include computer-algebra

routines, numerical solvers, literature-search interfaces, and any other program exposed to

the model through a declared calling convention. The state of the work, moreover, need not

reside in the conversation itself: it can be held in an external data structure that the model

reads from and writes to through the same tool mechanism, and that persists and can be

checked at any point.

The underlying model, and thus intrinsic knowledge, is the same in the two modes, as

they both rely on the same core LLM; the difference is in the workflow and structure. In

an agent-based system, each specific task is rooted in a different model instance, the agent

— specialized by its prompt, context, and available tools. One agent may be formulating

tasks, interpreting outputs, and organizing the argument while delegating code writing and
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verification to other agents. Because the record is explicit, separate review procedures can

be applied to it after the fact. None of this makes the outputs of the model reliable by

themselves; a tool can be invoked with the wrong input, and a well-organized record can

document a flawed argument, but it creates points of attachment for the bookkeeping and

review practices that long calculations ordinarily require.

Solver Agent is an implementation of such an agentic system specialized in mathematical

and theoretical physics. The remainder of this section describes its components in detail.

2.2 Overall Architecture and Workflow

The system consists of a small number of cooperating components, shown in Figure 1. The

workflow is as follows: a researcher submits a problem statement in ordinary mathematical

prose, together with optional configuration choices discussed below. The problem is handed

to a coordinating LLM instance, the main solver, which is responsible for organizing the solu-

tion: it decomposes the problem, records its interpretation and plan, requests computations,

and eventually proposes an answer. The main instance delegates substantive computations.

Algebraic manipulations, numerical evaluations, geometric analysis, and literature lookups

are handled by specialized agents [47], each of which executes code in an isolated environment

and returns its results along with the code that produced them.

All of this activity is recorded in a single persistent data structure, the ledger, described

in Section 2.3. The ledger is stored in a database, independently of the conversation, and

is the medium through which the components communicate: the main solver appends its

assumptions, derivation steps, and conclusions; the computational sub-agents append the

tasks they were given and the outputs they produced; and two separate verification processes

(see Section 2.5) read the ledger and append their assessments to it. The answer that the

main solver proposes is released to the researcher only after the second of these verification

processes has reviewed the recorded solution as a whole.

The architecture is LLM-agnostic. Each of the roles just described — the main solver,

the computational sub-agents, and the verifiers — is a language model invoked through a

uniform interface, and any model capable of structured tool calling can be used. Different

roles may use different models. However, the quality of the resulting work naturally depends

on the choice of models.

2.3 The Solution Ledger

The central data structure of the system is the ledger: an append-only, typed record of the

solution process. The ledger is a sequence of discrete entries, each with a declared type, a
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status, a short summary, a detailed body, and a list of references to the earlier entries on

which it depends. The ledger is intended to play the role of a research notebook: it states

what is being assumed, what has been computed, on what grounds each conclusion rests,

and which earlier material has been revised.

Entry type Written by Content

Assumption main solver
interpretive choices, definitions, notation, con-

ventions, domains of validity

Derivation main solver reasoning steps and plans, in mathematical prose

Result main solver
interpretation of a computation, with an explicit

dependence on it

Symbolic computation sub-agent computer-algebra task, code, and output

Numerical computation sub-agent numerical task, code, output, and generated files

Calabi–Yau analysis sub-agent
geometric quantities from domain-specific soft-

ware

Reference lookup sub-agent sourced statements retrieved from the literature

Verification verifier
verdict and justification for a step or for the

whole solution

Correction main solver
replacement for a step that was rejected or su-

perseded

Final answer main solver the proposed solution, pending full verification

Follow-up researcher
clarifications, amendments to the problem state-

ment, or subsequent problem

Table 2: Entry types of the solution ledger. Each entry carries a status (accepted, rejected, or

superseded), a summary, a detailed body, and references to the entries on which it depends.

Table 2 lists the entry types. Three of them carry the mathematical argument: assumption

entries record interpretive and technical hypotheses (see Section 2.4); derivation entries record

reasoning and plans in mathematical prose; and result entries record the interpretation of

a computation. Four types are written by the computational sub-agents rather than by the

main solver, and they preserve the exact task submitted, the code executed, and the output

produced. The remaining types support review and revision: verification entries record the

verdicts of the two review processes, correction entries record replacements for steps found to

be defective, final answer entries record the proposed solution, and follow-up entries record
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additional input supplied by the researcher after the initial problem statement.

e1 assumption
Work on the resolved threefold X̂; fix the normalization

of Chern classes and the divisor basis used throughout.

e2 derivation
Plan: obtain c2(TX̂) by adjunction from the ambient

toric variety, then contract with the chosen divisor basis.

e3 symbolic computation
Expansion of the total Chern class; code and raw output

recorded.

e4 result (superseded)
First reading of the intersection numbers c2 ·Di; a sign

convention was applied inconsistently.

e5 verification
An independent re-derivation disagrees with e4 in two of

the intersection numbers; verdict: rejected.

e6 correction
Corrected intersection numbers, with the convention of

e1 applied uniformly; replaces e4.

e7 final answer
Proposed values of the invariants, pending full-solution

verification.

Figure 2: Schematic example of a ledger. A rejected result (e4) remains in the record with its

verification verdict (e5), and its replacement (e6) declares its own dependencies. The proposed

answer (e7) depends on every entry except the superseded one (e4). Arrows indicate declared

dependencies; later entries point to the earlier entries they rely on.

When a step turns out to be wrong or is refined, its status is changed to rejected or

superseded, the replacement is appended as a new entry, and both remain visible in the

record. The history of a calculation, including unsuccessful attempts, is therefore preserved.

Furthermore, entries declare their dependencies explicitly. A result entry must reference the

computation it interprets; a derivation may reference the assumptions and results it uses; the

final answer references the entries that support it. The ledger can thus be seen as a directed

graph, in which one can trace any conclusion backward through the results, computations,

and assumptions that led to it. Figure 2 shows a small example of a ledger in schematic form.
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2.4 Explicit Treatment of Assumptions and Ambiguities

A problem submitted to Solver Agent may contain ambiguities in the sense that not every-

thing is fully specified, convention choices may be made tacitly, and edge cases may silently

be ignored. The assumption-entry mechanism is intended to lift such ambiguities. Before

deriving anything, the main solver is required to record its reading of the problem as a set

of assumption entries: the interpretation of the statement, the definitions and notation to be

used, the conventions adopted, and the domain in which the results are claimed to hold. When

the problem statement admits more than one reasonable reading, the system is instructed to

explicitly write an assumption, visible in the ledger from that point on. Later steps that rely

on an interpretive choice reference the corresponding assumption entry in their dependency

lists so that the consequences of each choice can be traced through the record. This allows, in

particular, the researcher to verify that the system solves the problem it is intended to solve.

The verification system is also instructed to check that no assumptions were overlooked or

strengthened without an explicit ledger entry.

The mechanism does not, of course, guarantee that every tacit choice is caught—an

assumption can only be scrutinized once it has been written down, and the system may still

fail to recognize that a choice was made. But it reduces the risk of such a tacit choice.

2.5 Verification Procedures

Two review processes operate on the ledger. Both are carried out by language models that

are separate from the main solver: each runs with its own instructions, sees only the material

it is given to review, and has access to its own computational tools so that it can re-derive

quantities without relying on the computations it is checking.

Step Verification. The first process reviews a single subset of entries. It is invoked se-

lectively, at the main solver initiative, for steps considered pivotal by the main solver. The

verifier receives the entry under review together with the full text of the entries it declares

as dependencies and nothing else. It is instructed to restate the claim in its own terms, to

examine whether the stated dependencies actually support it, and to attempt an indepen-

dent check: re-deriving the result by another route where feasible or testing it symbolically

or numerically on special cases and boundary cases. The outcome is a verification entry con-

taining a verdict, accepted or rejected, together with a justification and, if one was found,

an explicit counterexample. A rejection changes the reviewed entry status to rejected, and

the main solver is required to supersede it by appending a correction entry and redoing any

work that depended on it.
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Full-solution Verification. The second process reviews the recorded solution as a whole.

When the main solver considers the problem solved, it records its proposed solution as a

final-answer entry and submits the entire ledger — the problem statement, every entry in

order, and the candidate answer — for review. The full-solution verifier works through the

dependency graph from the answer back toward the problem statement. It checks that the

assumptions are recorded, that each derivation and result is supported by the entries it cites,

that no step of the argument is missing from the record, that superseded material is not

silently relied upon, and it repeats independent spot checks of key quantities with its own

tools. Its verdict is again recorded in the ledger: either the solution is verified, or it is rejected

together with a list of issues naming the entry concerned, and the correction required.

The independence of the verification systems from the main solver, favored by the sep-

aration of context, instructions, and tools, is intended to reduce the risk that the reviewer

simply reproduces the solver’s reasoning. But, of course, it is not perfect; review can fail to

notice a defect just as the original derivation did.

Final-answer entry
proposed solution

Full-solution review
entire ledger examined

Answer released
to the researcher

Corrections appended
itemized issues addressed

verified

rejected

revised solution re-submitted

Figure 3: Finalization of a solution. The proposed answer is withheld until the full-solution

review returns a favorable verdict; a rejection blocks release and returns a list of required

corrections. Any later change to the solution invalidates the verdict and requires a further

review.

2.6 Computational Tools and Domain-specific Extensions

Computation in the system is carried out through tools: programs exposed to the language

models through a declared calling convention. A tool is specified by a typed interface de-

scribing the arguments it accepts, together with a handler that performs the work; the model

requests an invocation by producing a structured call, and the handler’s response is returned

to it as data. Every invocation is persisted as a ledger entry of the corresponding type, record-

ing the task as it was posed, the code that was executed, the output that was produced, and

any files generated along the way.

Two general-purpose computational tools are always available. The symbolic tool carries

13



out computer-algebra tasks — series expansions, simplification, polynomial and tensor ma-

nipulations — in an isolated Python environment based on SymPy [105], with an optional

bridge to the Wolfram engine. The numerical tool provides floating-point evaluation, linear

algebra, integration, and plotting through the standard scientific Python libraries, with the

option of compiling C++ programs when a computation is too intensive for Python code.

Plots and data files it produces are stored as artifacts attached to the corresponding ledger

entry that the agents and the researcher can access.

Alongside these, the system allows for the addition of domain-specific tools, and the

applications reported in this paper rely on one: a Calabi–Yau analysis tool built on the

Calabi–Yau Tools package [106], which gives the system access to standard operations on

toric Calabi–Yau geometries: handling reflexive polytopes from the Kreuzer–Skarke list [107],

constructing triangulations, and computing Hodge numbers, intersection numbers, etc. These

quantities often recur in F-theory and type IIB compactification problems, and obtaining

them from an established package is useful in this context. Another optional tool is a reference-

retrieval tool that searches the literature on the web for stated results and returns sourced

excerpts.

Because the source code of Solver Agent is publicly available, one can add custom tools

that use their own code or domain-specific packages to solve particular problems.

2.7 Interaction with the System

A calculation begins with a problem statement, the prompt, written in ordinary mathematical

prose, with formulas in LATEX where convenient. At this point, the researcher also makes the

tool choices mentioned earlier. While the system works, the ledger is displayed as a live

timeline: entries appear as they are appended. A complementary view renders the ledger

as its dependency graph, which is a quick way to see how a conclusion is supported. The

researcher may intervene at any point; a message sent mid-run is recorded as a follow-up

entry and treated as an amendment to the problem.

A completed calculation yields several artifacts. First, the ledger, which contains the

assumptions, the argument, every computation with its code and output, the verification

verdicts, and the answer; it can be read in the interface. Files produced along the way (plots,

tables, datasets) are stored with their generating entries and can be accessed individually.

Lastly, the system can generate, on request, a self-contained prose account of the solution,

composed from the ledger, with the computations summarized and cited. It provides a con-

venient and readable summary of the ledger.
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2.8 Traceability, Reproducibility, and Scope

Solver Agent is built to leverage the ever increasing knowledge, coding, and computation

capabilities of large language models for mathematics and theoretical physics while reducing

mistakes and ensuring all derivations are fully verifiable and reproducible.

Traceability is provided by the structure of the ledger, which keeps track of every as-

sumption, derivation, computation, verification, and conclusion. One should emphasize that

all reasoning components of the system are language models, which can inherently make

mistakes and hallucinate results. What the system offers is a framework for machine-assisted

calculation and proof in which a researcher can identify which assumption or reasoning step

supports a conclusion and check the relevant code. This is a stronger standard than a free-

form generated answer, but it is not a formal proof, the ledger does not assign formal logical

semantics to its entries, and an accepted verification verdict is not a machine-checked cer-

tificate of truth. Solver Agent has nevertheless proven to be more reliable than usual LLM

interfaces for both avoiding declaring a result it does not have and identifying errors or in-

consistencies in the prompts. The latter has turned out to be useful for grasping subtleties

in the results we obtained, especially when applying them to examples.

To ensure reproducibility, users of Solver Agent are advised to make all interactions

with the system publicly available, including the full ledger and version of the system, in the

format of their choice. The interface provides a way to easily export them in various formats.

All sessions used in this work are available here.

A recent complementary approach was presented in [6]. The authors construct the mas-

sive Gaussian free field in four-dimensional Euclidean spacetime in Lean [108] and prove

that it satisfies the Glimm–Jaffe/Osterwalder–Schrader axioms. In the current version, the

proof contains no unproven axioms and is checked using Lean and its mathematical library

Mathlib [109]. The language models used in that work assist in writing and organizing the

formal development.

This type of agentic use has a different goal from Solver Agent. A Lean formalization

translates definitions and proofs into a formal language with precise axiomatic logical se-

mantics and provides a very strong guarantee once the formal statement itself has been

accepted. Solver Agent , instead, works at the level of mathematical and physical calcu-

lations, sometimes in an exploratory way, as they are ordinarily carried out by researchers:

in prose, with symbolic and numerical computations, specialized software, literature results,

convention choices, and assumptions that may not have a completely rigorous formulation.

It therefore applies to a different class of tasks, including those in which some physical in-

puts are heuristic, effective, convention-dependent, or supported by numerical evidence. Its

verification agents can independently rederive and cross-check such steps, but they cannot

provide the logical guarantee of a Lean proof. The two approaches are complementary.
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We now turn to an application of Solver Agent to a set of string theory problems related

to F-theory uplift constructions and S-folds.

3 Review of Type IIB Compactifications on Calabi–

Yau Orientifolds

This section provides a brief summary of the construction of Calabi–Yau orientifolds for

Type IIB compactifications with fluxes. A comprehensive review of this topic is beyond the

scope of this work; instead, the reader is referred to the standard textbooks and reviews

[51–54, 63, 70, 96, 97, 110–112].

3.1 Orientifolding Calabi–Yau threefolds

The orientifold projection in Type II compactification is specified by an involution ι that acts

on the Kähler form J and the holomorphic top form Ω3 of the Calabi–Yau threefold [50, 53,

54, 75].4 In the case of Type IIB compactification, the involutions are{
ι∗J = J , ι∗Ω3 = −Ω3 for O3/O7-planes ,

ι∗J = J , ι∗Ω3 = Ω3 for O5/O9-planes .
(3.1)

This action splits the cohomology groups Hp,q(X3) into even and odd eigenspaces under the

pull-back of the involution, decomposing the Kähler and complex structure moduli spaces

into invariant and anti-invariant sectors (with dimensions h1,1± and h2,1± ). The dimensions of

the eigenspaces are determined by [68, 113–115]:

h2,1+ − h2,1− = 1− SO + (h1,1+ − h1,1− )− 1

2
χfix , (3.2)

where h1,1 = h1,1+ + h1,1− and h2,1 = h2,1+ + h2,1− by construction, so that we obtain

h2,1+ =
1

2

(
h2,1 + 1− SO + h1,1+ − h1,1− − 1

2
χfix

)
, h2,1− = h2,1 − h2,1+ . (3.3)

The parameter SO encodes the choice of the orientifold projection; setting SO = +1 cor-

responds to the O3/O7-plane configurations, while SO = −1 defines O5/O9-planes. The

total Euler characteristic of the fixed loci, χfix, decomposes into the sum of the Euler char-

acteristics χ(S) of the codimension-one fixed surfaces S and the number of isolated fixed

4The orientifold projection in Type IIB compactifications involves the world-sheet parity reversal Ωp

combined with a holomorphic involution ι of the Calabi–Yau threefold. Specifically, the orientifold generator

isOor = Ωp(−1)FLι for O3/O7-planes andOor = Ωpι for O5/O9-planes, where FL is the left-moving spacetime

fermion number.
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points NO3. These components are evaluated using the intersection data of the Calabi–Yau,

i.e. [63, 78, 79, 110]:

χfix =
∑
O7

(∫
X3

[S]3 +

∫
X3

c2(TX3) ∧ [S]

)
+
∑
O3

∫
X3

[Di1 ] ∧ [Di2 ] ∧ [Di3 ] . (3.4)

However, we must note that the above formulas assume that the Calabi–Yau X3 is smooth

everywhere. WhileX3 is smooth generically, the orientifold base B3 = X3/ι possesses quotient

singularities at the locations of the O3-planes. Furthermore, when the Calabi–Yau X3 itself

inherits singularities from the ambient toric space, the naive evaluation of χfix via the smooth

intersection formulas in (3.4) fails to capture the topological data. Since we rely on this

computation of χfix and the Lefschetz fixed point theorem to determine h2,1+ and h2,1− , an

incorrect (and often fractional) χfix leads to fractional values for h2,1+ and h2,1− . This does not

imply an inconsistent theory [116, 117]; rather, it serves as a signal that the formulas must be

corrected to properly account for the singularities [118]. Discovering the effects of quotient

singularities on the Calabi–Yau orientifold bases (and their F-theory uplifts) is precisely one

of the purposes of this work.

3.2 Comments on Divisor Cohomologies

In the literature, the divisors are classified based on their Hodge numbers. A divisor D is said

to be rigid if it cannot be continuously deformed within the Calabi–Yau X3; therefore, all

its normal bundle global sections vanish and h2,0(D) = 0 [119–121]. In the context of string

phenomenology, one also encounters a completely rigid divisor that additionally satisfies

h1,0(D) = 0, meaning it is free of any moduli, including Wilson lines [122]. The Hodge

numbers of a completely rigid divisor Drig ⊂ X3 are

h0,0(Drig) = 1, h1,0(Drig) = 0, h2,0(Drig) = 0, h1,1(Drig) > 0 . (3.5)

For this reason, rigid divisors that are not completely rigid, i.e., h1,0(D) > 0, are calledWilson

divisors [122]. Finally, divisors with h1,0(D) = 0 but h2,0(D) > 0 are non-rigid ; hence, they

are deformable, but they do not admit Wilson lines; such divisors are also classified as K3

divisors [122].

In moduli stabilization, generating a non-perturbative superpotential Wnp ⊃ APfe
−2πTi to

stabilize Kähler moduli [50, 59, 63, 123] requires the wrapped ED3-instanton to carry exactly

two neutral fermionic zero modes [119, 120, 124, 125] (see also [126] for a recent discussion on

zero-mode constraints in poly-instanton configurations). A completely rigid divisor automati-

cally satisfies this requirement, as it lacks any moduli that would otherwise generate extra zero

modes. While instantons wrapping rigid (Wilson) divisors can also contribute if these extra

zero modes are lifted by background fluxes [127–129] or the orientifold projection [130–133],
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complete rigidity remains the simplest prerequisite for instanton contributions. An identical

restriction applies when the non-perturbative superpotential is generated by gaugino conden-

sation on a stack of D7-branes [124, 134, 135]: any geometric deformations or Wilson lines

manifest as massless adjoint matter in the four-dimensional EFT, preventing condensation

unless the wrapped divisors are completely rigid geometrically [136, 137] or these modes are

rendered massive by background fluxes [138–140].

3.3 Tadpole Cancellation and Fluxes

In the following, we focus on O7/O3 orientifold configurations and review the mechanisms

for canceling the tadpole contributions induced by these O-planes [50, 141, 142].5 Specifically,

when an O7-plane wraps a divisor S (with local coordinate xS) of a Calabi–Yau X3, it carries

a local D7-brane charge of −8[S]. This tadpole is canceled locally by introducing D7-branes

on appropriate divisors. While various configurations can achieve this, we restrict our analysis

to the two most common geometric resolutions [64, 65, 74, 75].

If the divisor admits complex structure deformations (hence it is not rigid), one can

recombine the branes into a Whitney umbrella wrapping the homology class 8[S] defined by

the polynomial [64–66, 76, 101, 145]

η2 − x2Sψ = 0 , (3.6)

where xS is the local coordinate of the O7-plane locus S, and η and ψ are sections of O(4S)

and O(6S), respectively. This configuration does not support any non-abelian gauge group.

Alternatively, one can place four D7-branes and their four orientifold images on top of the

O7-plane locus x8S = 0. This configuration generates an SO(8) gauge group [65, 75, 130, 131],

and it is the typical configuration whenever the O7-plane wraps a rigid divisor.6 In this case,

the D7-branes cannot be recombined into a local Whitney umbrella, leaving them bound to

the O7-plane locus [136, 144, 146]. However, if the homology class 8[S] can be decomposed

into a linear combination of other effective divisors, one can, in principle, cancel the tadpole

by wrapping the D7-branes on these other divisors instead. In such cases, the realized gauge

groups depend on the specific action of the orientifold on these new divisors, allowing one to

realize other gauge group configurations.

Once the D7-branes are placed, they can support worldvolume gauge fluxes F2 = F2−B2,

where F2 is the field strength of the worldvolume gauge theory and B2 is the Neveu–Schwarz-

5For applications to global model building and comprehensive reviews of tadpole constraints in Type IIB

and F-theory compactifications, see e.g., [51, 53, 54, 63, 110, 143, 144].
6More precisely, for a rigid divisor S in a Calabi–Yau threefold, the normal bundle is typically negative,

which implies that h0(O(kS)) = 1 for all k ≥ 1. Consequently, there are no other effective representatives in

the homology class 8[S], making it impossible to wrap the D7-branes on any surface other than S itself to

cancel the local tadpole.
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Neveu–Schwarz (NSNS) 2-form potential restricted to the D7-brane worldvolume. It is known

that, by the Freed–Witten (FW) anomaly [147–149], the gauge flux requires

F2 +
1

2
c1(TSD7) ∈ H2(SD7,Z) ,

where SD7 is the divisor wrapped by the D7-brane. If the divisor is Spin (i.e., c1(TSD7) is an

even cohomology class), then F2 can be chosen to be integral and trivial. In such a scenario,

if B2 is also trivial on the worldvolume of the brane, the total worldvolume gauge flux F2

vanishes. On the other hand, if SD7 is non-Spin, the FW anomaly requires a half-integer flux

for F2, leading to a generally non-zero F2. For an SO(8) stack, while the D7-branes cannot

be separated from the O7-plane, turning on a non-trivial gauge flux F2 breaks the SO(8)

gauge group (e.g., to U(4)). Thus, preserving the full SO(8) symmetry requires F2 = 0.

Conversely, for a Whitney brane, the gauge flux F2 is constrained by the line bundles O(4S)

and O(6S) of the sections η and ψ defining the Whitney umbrella [64–66]. While one can

sometimes choose a B2 field to cancel this flux, B2 is a global closed string field whose pullback

generally cannot cancel local worldvolume fluxes across multiple branes simultaneously. Thus,

non-trivial fluxes F2 are generically necessary.

We can now consider the D3-tadpole condition, which receives contributions from the

localized O3-planes, the induced D3-brane charges of the D7/O7 configuration, the F3 and

H3 fluxes, and the D7-brane worldvolume fluxes. Because after the orientifold action, the

resulting quotient base B3 = X3/ι is singular at the orientifold fixed loci, we evaluate the

tadpole in terms of the intersection data of the original Calabi–Yau X3.
7 The total tadpole

condition is8

2nD3 +
1

2

∫
X3

F3 ∧H3 +
1

2

∫
SD7

tr(F2 ∧ F2)︸ ︷︷ ︸
Nflux

=
NO3

2
+
χ(S)

6
+
χ(SD7)

24︸ ︷︷ ︸
ND3

. (3.7)

Here, nD3 is the number of D3-branes in B3, so that 2nD3 is their contribution evaluated in

the double cover X3. Analogously to the D7-tadpole, the O3- and O7-planes carry negative

D3-brane charges. While the D7-branes also carry induced D3-brane charges that partially

compensate for the O7-planes, the net charge of the localized sources ND3 remains negative.

This net negative charge acts as a budget that must be canceled by introducing positive

contributions: the mobile D3-branes (2nD3) and the background fluxes (Nflux). Since both

of these contributions are non-negative in a supersymmetric vacuum, the tadpole constraint

effectively bounds the flux vacua via the inequality Nflux ≤ ND3 [150–155].

7The difference in convention is the reason why, in some string theory literature, the D3-tadpole is some-

times expressed in terms of B3, leading to a factor of 2 in (3.7).
8We assume a single O7-plane and its corresponding D7-brane configuration for simplicity. In the presence

of multiple O7-planes and D7-brane stacks, their contributions to the D3-tadpole sum over each component.
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Depending on the D7-brane configuration chosen to cancel the O7-tadpole, the contribu-

tions to ND3 and to Nflux coming from the D7-branes will vary. The geometric contribution

from the D7-branes depends on their Euler characteristic, which, for a generic smooth divisor

SD7, can be computed by integrating its top Chern class using the adjunction formula:

χ(SD7) =

∫
X3

(
[SD7]

3 + c2(TX3) ∧ [SD7]
)
. (3.8)

Since global D7-tadpole cancellation demands that the total D7-brane homology class satisfies

[SD7tot ] = 8[S], the distinct D7-brane configurations chosen to cancel the O7-tadpole will

substitute differently into (3.8).

For instance, for the SO(8) stack, four D7-branes and their four orientifold images wrap

the O7-plane locus S; thus, their contribution to the Euler characteristic is simply eight times

that of S:

χ(SD7SO(8)
) = 8χ(S) =

∫
X3

(
8[S]3 + 8c2(TX3) ∧ [S]

)
. (3.9)

Substituting this into (3.7), we recover the standard result [74, 75, 141]:

N
SO(8)
D3 =

NO3

2
+
χ(S)

6
+
χ(SD7SO(8)

)

24
=
NO3

2
+
χ(S)

2
. (3.10)

Correspondingly, the worldvolume flux on this stack adds 1
2

∫
S
tr(F2 ∧F2) to Nflux [147, 156,

157].9

A more complicated situation is that of the Whitney umbrella, which is defined alge-

braically by equation (3.6). The total homology class wrapped by the brane is thus 8[S].

To evaluate the D3-brane tadpole (3.7), we must first compute the geometric contribution

χ(SD7WU
). The Euler characteristic of a generic smooth divisor in the class 8[S] is given by

(3.8), i.e.

χsm(SD7WU
) =

∫
X3

(
(8[S])3 + c2(TX3) ∧ [8S]

)
=

∫
X3

(
512[S]3 + 8c2(TX3) ∧ [S]

)
. (3.11)

Unlike a generic divisor, the Whitney umbrella (3.6) contains a non-trivial singular locus: a

double curve at xS = η = 0 (of homology class 4[S]2) and pinch points at xS = η = ψ = 0 (of

homology class 24[S]3) [65, 145]. This alters the topology of the brane, and the actual Euler

characteristic of SD7WU
is corrected by ∆χ [65, 145], i.e.

χ(SD7WU
) = χsm(SD7WU

) + ∆χ . (3.12)

One way to compute χ(SD7WU
) is to consider the resolved surface ΣWU to be a smooth

complete intersection within a P1-bundle P = P(O⊕O(2S)) overX3 [65, 145]. The hyperplane

9Note that the trace over the fundamental representation of the gauge group accounts for the multiplicity

of the branes in the stack.
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class H of the bundle satisfies H2 = 2H[S], and ΣWU is the intersection of two divisors

D1 = 2H − 2[S] and D2 = 3H + [S], such that D1 ∧D2 = 6H2 − 4H[S]− 2[S]2 simplifies to

8H[S]− 2[S]2. Pushing this down to the base yields 8[S].

In this configuration, χ(ΣWU) ≡ χ(SD7WU
) is given by the integral of the top Chern

class of ΣWU. The total Chern class is obtained via the adjunction formula c(TΣWU) =

c(TP )/c(NΣWU
). Since c1(TX3) = 0, the tangent bundle of P has total Chern class

c(TP ) = (1 + c2(TX3))(1 + 2H − 2[S] +H2 − 2H[S]) = (1 + c2(TX3))(1 + 2H − 2[S]) ,

while the normal bundle NΣWU
= O(D1)⊕O(D2) has total Chern class

c(NΣWU
) = (1 + 2H − 2[S])(1 + 3H + [S]) .

The ratio leaves:

c(TΣWU) =
1 + c2(TX3)

1 + 3H + [S]
. (3.13)

Expanding and substituting H2 = 2H[S], the second Chern class evaluates to:

[c(TΣWU)]2 = c2(TX3) + 24H[S] + [S]2 . (3.14)

Integrating [c(TΣWU)]2 ∧D1 ∧D2 over the four-dimensional bundle P , we obtain the Euler

characteristic:

χ(ΣWU) =

∫
P

(8H[S]− 2[S]2) ∧ (c2(TX3) + 24H[S] + [S]2)

=

∫
X3

(
344[S]3 + 8c2(TX3) ∧ [S]

)
,

(3.15)

The geometric Euler characteristic for the Whitney umbrella is thus [65]:

χ(SD7WU
) ≡ χ(ΣWU) =

∫
X3

(
344[S]3 + 8c2(TX3) ∧ [S]

)
. (3.16)

Substituting this contribution into (3.7), the tadpole evaluated in the double cover becomes:

NWD7
D3 =

NO3

2
+
χ(S)

6
+
χ(SD7WU

)

24
=
NO3

2
+

29

2

∫
X3

[S]3 +
1

2

∫
X3

[S] ∧ c2(TX3) . (3.17)

The full D3-brane tadpole (3.7) also requires evaluating the worldvolume flux contribution

Nflux. For the Whitney umbrella, this contribution is necessarily non-trivial even when the

worldvolume fluxes (F2 = 0) vanish. Because the divisor wrapped by the brane is singular

at the pinch points (where the two local sheets of the D7-brane, defined by the branches

of (3.6), undergo a non-trivial monodromy), defining a consistent gauge bundle requires a

half-integral worldvolume flux. This flux is determined by the line bundles O(4S) and O(6S)
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of the sections defining the Whitney umbrella [65, 80]. The total flux contribution to the

tadpole in (3.7) combines this mandatory flux with any continuous flux F2:

NWD7
flux =

∫
X3

[S] ∧ (3[S]− 2F2 + 2B2) ∧ (3[S] + 2F2 − 2B2) . (3.18)

Expanding this expression yields 9
∫
X3
[S]3−4

∫
X3
[S]∧(F2−B2)

2. Both terms are non-negative

and contribute positively to Nflux; consequently, they consume part of NWD7
D3 .

3.4 F-theory Uplift

It is possible to translate the perturbative type IIB compactification on a Calabi–Yau ori-

entifold that we described in the previous sections into the F-theory language [63, 70, 73–

76, 78, 79, 87, 101, 102]. Such a configuration corresponds to F-theory compactified on a

Calabi–Yau fourfold Y4 given by the elliptic fibration over a base B3.

Sen Limit Motivation. In order to construct the Calabi–Yau Y4, we recall that, in the

F-theory framework [73], the axio-dilaton τ = C0 + ie−ϕ, where C0 is the Ramond–Ramond

(RR) zero-form and ϕ is the string dilaton, becomes the complex structure modulus of an

auxiliary elliptic curve fibered over the physical spacetime. The compactification space is an

elliptically fibered Calabi–Yau fourfold π : Y4 → B3, where the physical compactification

base B3 = X3/ι is the orientifold quotient of the Calabi–Yau threefold.

Sen’s weak coupling limit [74, 75] establishes the connection between the F-theory fourfold

Y4 and the Type IIB Calabi–Yau orientifold X3. The elliptic fibration is described by a

Weierstrass model

PW ≡ y2 − x3 − fxz4 − gz6 = 0 , (3.19)

where [x : y : z] are homogeneous coordinates of the ambient P[2,3,1] fiber. To ensure Y4 is

Calabi–Yau, the sections f and g must transform as sections of the line bundles O(−4KB3)

and O(−6KB3), respectively [78, 79]. The locations of the Type IIB seven-branes correspond

to the discriminant locus ∆W = 4f 3 + 27g2 = 0, where the elliptic fiber degenerates [158].

The sections f and g are parametrized by c as

f = −3h2 + cη , g = −2h3 + chη − c2

12
ψ . (3.20)

Here, h ∈ Γ(B3,O(−2KB3)), while η ∈ Γ(B3,O(−4KB3)) and ψ ∈ Γ(B3,O(−6KB3)). Sub-

stituting this parametrization into the discriminant yields

∆W = −9c2h2
(
η2 − hψ

)
+O(c3) . (3.21)

In the weak coupling limit c→ 0, the discriminant locus factorizes into two components. The

component h = 0 (appearing squared) corresponds to the location of the O7-plane in the
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base B3. The canonical class of the base must satisfy KB3 = −1
2
[h], ensuring that the double

cover branched over the O7-plane locus remains a Calabi–Yau threefold.

The Type IIB Calabi–Yau threefold X3 is defined algebraically over the base B3 by

introducing a local coordinate ξ and considering the hypersurface [75]

ξ2 = h . (3.22)

This space admits the orientifold involution σ : ξ → −ξ. The fixed-point locus of this

involution is ξ = 0, which identifies ξ as the local coordinate xS of the O7-plane divisor S

introduced in Section 3.3. This identification explicitly sets h = x2S. The second component

of the discriminant locus, η2−hψ = 0, corresponds to the D7-brane configuration in the base

B3. Uplifting this locus to the Calabi–Yau threefold X3 by substituting h = x2S yields the

recombined Whitney umbrella equation

η2 − x2Sψ = 0 , (3.23)

where η and ψ are now understood as sections of O(4S) and O(6S) on X3 [64–66]. This

matches the configuration described in Section 3.3 that globally cancels the O7-plane tadpole.

If the O7-plane wraps a rigid divisor, the sections η and ψ are forced to factorize as

η = η̃h2 and ψ = ψ̃h3 and the Whitney umbrella polynomial becomes η2 − hψ = h4(η̃2 − ψ̃).

This h4 component merges with the O7-plane locus h2, forcing the total discriminant to

vanish to degree six (∆ ∝ h6). This yields the I∗0 singularity characteristic of an SO(8) stack,

where four D7-branes and their four orientifold images sit on top of the O7-plane.

3.5 F-theory Tadpole Cancellation Conditions and Corrections

The D3-brane tadpole condition in F-theory takes the form [141, 159]:

nD3 +
1

2

∫
Y4

G4 ∧G4 =
χst(Y4)

24
≡ ND3

2
, (3.24)

where G4 is the four-form flux on the Calabi–Yau fourfold Y4, corresponding to the Nflux/2

contribution in (3.7), and χst(Y4) is the Euler characteristic of Y4. However, we note that in

defining ND3/2 = χst(Y4)/24, F-theory includes contributions coming from the presence of

O3-planes in the Type IIB description.

As we will see in Section 4, the base B3 contains terminal quotient singularities corre-

sponding to the orientifold quotient of O3-plane fixed points [69, 160, 161], which are inherited

by the uplifted Calabi–Yau fourfold Y4. If one naively ignores them and computes the Euler

characteristic from the top Chern class of the resulting Calabi–Yau fourfold, the result will

fail to match the value expected by the tadpole condition [48, 65, 101, 141, 162]. More pre-

cisely, the actual χst(Y4) that one should use to match the tadpole contribution should be
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what is known as the “stringy” Euler characteristic [163], which, in the case of singularities

arising only from O3-planes, is found to be

χst(Y4) =

∫
Y4

c4(TY4) + 6NO3 . (3.25)

In Section 4, we will actually prove (3.25) in full generality, obtaining the expression for

χst(Y4) also when other types of terminal singularities arise.

In [117], an analogous correction was proposed for the vertical divisor D in Y4, which

corresponds to the uplift of rigid toric divisors D̂ hosting ED3-instantons [119]. In order

to understand it, let us first compute the naive Euler characteristic of D by integrating its

third Chern class over the ambient fourfold. For the generic smooth Weierstrass model, D is

embedded in the projective bundle πP : P = P(O ⊕ O(2L) ⊕ O(3L)) → B3 over the base

B3, where L = c1(TB3). We denote by D̂B the divisor in the base B3 such that π∗
orD̂B = D̂,

where πor : X3 → B3 is the orientifold quotient map. Applying the adjunction formula yields

the total Chern class

c(TD) =
c(TB3)(1 +H)(1 +H + 2L)(1 +H + 3L)

(1 + 3H + 6L)(1 + D̂B)
, (3.26)

where H is the hyperplane class of the P2 fiber, and 3H + 6L is the class of the Weierstrass

divisor. Expanding this expression and pushing forward to the base B3 using the intersection

relations of the projective bundle (πP∗H
2 = 1, πP∗H

3 = −5L), we obtain the integrated

contribution evaluated on B3:

χWU
naive(D) =

∫
B3

(
−12D̂2

B · L− 60D̂B · L2
)
. (3.27)

To express this result in terms of the double cover Calabi–Yau threefold X3, we utilize πor :

X3 → B3, branched over the O7-plane locus SB (with class [SB] = 2L in B3). The canonical

bundle relation KX3 = π∗
orKB3 + S [164, Proposition 2.3] implies π∗

orL = S. Accounting for

the standard double cover pullback
∫
B3
α = 1

2

∫
X3
π∗
orα, (3.27) becomes

χWU
naive(D) = −6

∫
X3

(
D̂2 · S + 5D̂ · S2

)
. (3.28)

For the SO(8) configuration, the presence of the D7-branes on top of the O7-plane locus

SB = 2L induces an I∗0 singularity in the Weierstrass model. Resolving this singularity

requires a sequence of four crepant blowups along SB. To determine the Euler characteristic

of the resolved geometry, one needs to evaluate the pushforwards of the total Chern class of

the resolved threefold D down to the base surface D̂B, as studied in [165–172]. When applied

to the pushforward of Chern classes of blowups along complete intersections [173], one has

π̃∗(c(TD)) = 12
L+ 3SB · L− 2S2

B

(1 + SB)(1 + 6L− 4SB)
c(TD̂B) , (3.29)
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where π̃∗ denotes the composition of the successive blowdowns and the projective bundle

projection. Using (3.29), one can compute the Euler characteristic of D restricted to D̂B:

χ
SO(8)
naive (D) = 12

∫
D̂B

(
c1(TD̂B) · L− 6L2 + 6L · SB − 2S2

B

)
. (3.30)

By using that c1(TD̂B) = L− D̂B, SB = 2L, and by pulling back the integral to the double

cover Calabi–Yau threefold X3 via π∗
or(D̂B) = D̂ and π∗

or(L) = S, we obtain

χ
SO(8)
naive (D) = 12

∫
D̂B

(
−5L2 − D̂B · L+ 6L · (2L)− 2(2L)2

)
= −6

∫
X3

(
D̂2 · S + D̂ · S2

)
.

(3.31)

While the previous computations capture purely classical effects, these Euler characteristics

receive corrections due to stringy orbifold effects from the presence of terminal singularities,

in a manner similar to how they modify the Euler characteristic of the fourfold in (3.25). In

fact, the authors of [117] proposed

χ(D) = χnaive(D) + 2NO3(D̂) . (3.32)

This expression is valid for any type of terminal singularities, but the authors of [117] were

interested only in those arising from O3-planes. However, if we compute the “stringy” Euler

characteristic for the vertical divisors in the presence of O3-planes, as we will show in Section

4, the expression becomes

χst(D) = χnaive(D) + 6NO3(D̂) . (3.33)

4 F-theory Uplifts with Codimension-3 Singularities

In F-theory on elliptically fibered Calabi–Yau fourfolds, degenerations of the fiber over

codimension-one, -two, and -three loci encode gauge enhancements, charged matter, and

Yukawa points, and are usually handled by crepant resolutions. Q-factorial terminal singular-

ities admit no such resolution, yet still carry physical information. On the Jacobian of a genus

one fibration, they are the geometric manifestation of a discrete gauge symmetry [174, 175],

while isolated terminal cyclic quotient singularities in codimension-three have been proposed

to mark the location of perturbative O3-planes in the Sen limit, and more generally of S-

folds [69]. The latter are non-perturbative generalizations of O3-planes, whose worldvolume

theories realize four-dimensional N = 3 Superconformal Field Theories (SCFTs). Our aim

here is to give a geometric characterization of these singularities in F-theory uplift construc-

tions.
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In this section, we rely on Solver Agent for mathematical computations and proofs. We

begin in Section 4.1 by introducing the Reid–Tai criterion for identifying terminal quotient

singularities on a threefold base for F-theory. In Section 4.2, we present the general construc-

tion of global Weierstrass models over bases with terminal quotient singularities. Theorem 1

describes how these singularities lift to realize O3-planes and S-folds. This theorem is proved

by Solver Agent through Prompt 4.4, whose output is reformulated and presented in Re-

sult 4.4. Finally, in Section 4.3, we introduce stringy invariants, which incorporate corrections

to topological quantities such as Hodge numbers and the Euler characteristic. In the setting of

Theorem 1, we derive through Prompts 4.5, 4.6, and 4.7 the correction formulas presented in

Results 4.6 and 4.7, which we interpret in terms of localized D3-brane charges associated with

O3-planes and S-folds. Through Prompt 4.8, we also prove Jefferson–Kim’s conjecture [117]

in the general setting of Theorem 1 and present in Result 4.8 a refinement incorporating

stringy corrections from isolated terminal quotient singularities.

4.1 Terminal Cyclic Quotient Singularities on the Base

We now fix the geometric setting. Our starting point is a Q-factorial threefold B3 with

terminal cyclic quotient singularities, which serves as the base of the F-theory uplift to an

elliptically fibered Calabi–Yau fourfold [176, 177]. The Reid–Tai criterion provides the local

test that singles out precisely these singularities, and hence the candidate O3-plane and S-fold

loci [69–72].

To analyze these geometries, we apply the Reid–Tai criterion, which detects terminal

cyclic quotient singularities. Any cyclic action on Cn can be diagonalized, so we may take

U = Cn/G with G = ⟨g⟩ acting as

g : (x1, . . . , xn) 7−→ (ζa1x1, . . . , ζ
anxn) , (4.1)

where ζ = e2πi/k, k = |G| and 0 ≤ aj < k. Following the common shorthand, we denote the

corresponding quotient singularity by 1
k
(a1, . . . , an). The age of g is defined as

age(g) :=
1

k
(a1 + · · ·+ an) , (4.2)

and likewise for any other element h ∈ G, with its exponents again taken in the same range.

The Reid–Tai criterion then states that Cn/G is terminal if and only if age(h) > 1 for every

non-identity element h ∈ G [178, 179]. Assuming in addition that G contains no quasi-

reflections, the singularity at the image of the origin is isolated precisely when all eigenvalues

of g are primitive k-th roots of unity [179].

To illustrate how terminal cyclic quotient singularities arise in compact geometries, we

consider the simple base example discussed in [177]. The Solver Agent prompt below iden-

tifies the terminal singularities of a weighted projective space.
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Prompt 4.1

Consider the weighted projective space P3
[1,1,1,2]. Compute the number of Q-terminal singu-

larities this geometry possesses.

Result 4.1 (Condensed)

The unique singular point is [0 : 0 : 0 : 1], locally of terminal type 1
2(1, 1, 1). Hence the

number of Q-terminal singularities is 1.

Let us now discuss in detail the result obtained by Solver Agent in Result 4.1. The

weighted projective space P3
[1,1,1,2], which may be regarded as a Z2-quotient of P3, contains

a single isolated orbifold singularity located at the point [0 : 0 : 0 : 1] in homogeneous

coordinates [u0 : u1 : u2 : u3]. In the corresponding local chart U3, setting u3 = 1 leaves a

residual Z2 ⊂ C∗ acting on the affine coordinates as

g : (u0, u1, u2) 7−→ (−u0,−u1,−u2) . (4.3)

Hence U3
∼= C3/Z2, of type

1
2
(1, 1, 1), and since the origin is the unique fixed point of g, the

singularity is isolated. As g is the only non-identity element of the group and age(g) = 3
2
, the

Reid–Tai criterion is satisfied, and the origin is an isolated terminal quotient singularity. As

we will see in Section 5.3, this singular point corresponds to an O3-plane fixed point in the

corresponding Type IIB orientifold picture.

Similarly, we use Solver Agent to search for terminal cyclic quotient singularities in

the remaining simplest weighted projective threefolds arising as toric varieties from three-

dimensional reflexive polytopes [177, 180].

Prompt 4.2

Count the number ofQ-terminal singularities in the weighted projective spaces P3
[w1,w2,w3,w4]

,

for

(w1, w2, w3, w4) ∈{(1, 1, 2, 2), (1, 1, 1, 3), (1, 1, 2, 3), (1, 1, 2, 4),
(1, 1, 3, 4), (1, 1, 3, 5), (1, 1, 4, 6)} .

(4.4)
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Result 4.2 (Condensed)

We determine the number of isolated quotient singularities by examining the fixed loci of

the weighted projective group actions. Applying the Reid–Tai criterion to the corresponding

local coordinate charts evaluates the terminality of each isolated fixed point. For the given

sequence of weight vectors, the total counts of Q-factorial terminal singularities are exactly

(0, 0, 2, 0, 1, 1, 0).

Prompt 4.3

For each of the Q-terminal geometries in the list, write the local group corresponding to

the Q-terminal singularities.

Result 4.3 (Condensed)

We denote a local cyclic quotient action by σk : 1
k (a1, a2, a3) ≡ (k|a1, a2, a3). Evaluating

the residual group actions at the singular loci of the three geometries containing terminal

points yields:
w1, w2, w3, w4 Local groups

1, 1, 2, 3 (2|1, 1, 1); (3|1, 1, 2)
1, 1, 3, 4 (4|1, 1, 3)
1, 1, 3, 5 (3|1, 1, 2)

We asked Solver Agent in Prompt 4.2 to count terminal singularities for a set of weighted

projective spaces known to contain local quotient singularities of the form C3/Zk. It deter-

mined the local group action and applied the Reid–Tai criterion to each isolated fixed point.

It successfully proved that only P3
[1,1,2,3], P3

[1,1,3,4], and P3
[1,1,3,5] contain terminal quotient sin-

gularities, identifying their precise local structure in Prompt 4.3 and Results 4.2 and 4.3.

4.2 Global Weierstrass Model with Gorenstein Singularities

Having characterized the isolated terminal quotient singularities of the base geometry, we now

describe how they uplift in the corresponding global Weierstrass model. The upshot is that

we will be dealing with elliptically fibered Calabi–Yau fourfolds carrying Q-factorial terminal

quotient singularities over fixed points of cyclic groups Zk with k ∈ {2, 3, 4, 6}, the orders

compatible with an automorphism of the elliptic fiber. We further show how the presence of

these singularities corrects the standard formulae for certain topological invariants.

In the general uplift construction that follows, we assume that the terminal quotient
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singularities do not lie on divisors supporting Kodaira degenerations at codimension one.

This is motivated by the Type IIB orientifold picture, where O3-planes and O7-planes sit at

separate loci. While no such perturbative description is available in the presence of S-folds, we

consider its natural non-perturbative counterpart: locally on the base, the terminal quotient

singularities are taken to lie away from the discriminant locus. This is realized concretely in

the following Weierstrass model construction:

Theorem 1

Let B3 be a projective threefold with terminal quotient singularities that are analytically

of the form C3/Zk with k ∈ {2, 3, 4, 6}, and suppose that

hi(B3,OB3) = 0 , 0 < i ≤ 3 . (4.5)

Let π : Y4 → B3 be the Weierstrass model given by the hypersurface

Y4 :
{
y2 −

(
x3 + fxz4 + gz6

)
= 0
}
⊂ P2

[2,3,1] (E) , (4.6)

where E = OB3(−2KB3)⊕OB3(−3KB3)⊕OB3 ,

f ∈ Γ(B,OB3(−4KB3)) , g ∈ Γ(B3,OB3(−6KB3)) , (4.7)

and ∆W = 4f3 + 27g2 denotes the discriminant. Here we assume that −4KB3 and −6KB3

are globally generated. Then, the following holds:

1. Y4 is a normal projective Calabi–Yau fourfold that is elliptically fibered over B3. Here

we consider the Calabi–Yau criterion ωY4
∼= OY4 and hi(Y4,OY4) = 0 for 0 < i < 4.

2. For generic (f, g) one has

{∆W = 0} ∩ Sing(B3) = ∅. (4.8)

Thus, for every p ∈ Sing(B3) with local uniformizing cover q : C3 → Up
∼= C3/Zk, the

fiber Ep := π−1
0 (0) of the corresponding local Weierstrass model π0 : Y loc

4 → C3 is

a smooth elliptic curve carrying the induced order-k automorphism. Moreover, Y4 is

smooth over Bsm
3 := B3\ Sing(B3), and Sing(Y4) is therefore the finite set of images

of the points of Ep with non-trivial stabilizer

Zℓ ⊆ Zk , ℓ ∈ {2, 3, 4, 6} . (4.9)

At such a point, Y4 is analytically of the form C4/Zℓ, where the generator acts on

local coordinates by

za 7→ e2πiv
a
za , v =

1

ℓ
(1, 1,−1,−1) , (4.10)
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with z1, z2, z3 coordinates along the base directions and z4 along the elliptic fiber.

These singularities are isolated, Gorenstein and terminal. In particular, for generic

(f, g) the fourfold Y4 is Q-factorial. We call O3-plane points the singularities analyt-

ically of the form C4/Z2, and S-fold points those analytically of the form C4/Zℓ with

ℓ ∈ {3, 4, 6}.

3. Let Σ ⊂ Bsm
3 be a smooth divisor and suppose that the Weierstrass model has a fixed

split Kodaira type T /∈ {I0, I1, II} along Σ. Assume moreover that ∆W ∩ Sing(B3) =

∅. Then the isolated terminal quotient singularities lying over Sing(B3) are precisely

those described in 2. and are unaffected by the Kodaira degeneration along Σ. Over

Σ, the singular locus of Y4 contains a surface SΣ lying over Σ such that, at a general

point of SΣ, the singularity transverse to Σ is the ADE surface singularity associ-

ated with T. These singularities are canonical but not terminal. Assuming that all

higher-codimension enhancement loci remain minimal and introduce no non-canonical

singularities, Y4 has canonical singularities and is not terminal.

4. Suppose that the singularities supported over Σ admit a projective crepant partial

resolution ρ : Ŷ4 → Y4 which extracts the Cartan divisors associated with T and

resolves all non-terminal singularities over Σ, while remaining an isomorphism near

π−1(Sing(B3)). Then Ŷ4 is again a Q-factorial Calabi–Yau fourfold with terminal

singularities, and the isolated terminal quotient singularities described in 2. are left

unchanged.

Proving such a statement using Solver Agent requires converting it to aPrompt. Asking

Solver Agent directly to prove the theorem is generally not the best approach. Indeed, this

introduces a significant bias toward the theorem being true: the system might provide a

(flawed) proof even if the theorem is false. Instead, it is better to ask more neutrally about

the conditions under which the theorem holds—without stating them oneself; this allows

for a quick, retrospective check of whether these conditions match those identified by the

researcher or provide a refinement thereof.

Prompt 4.4

Let B3 be a complex projective threefold with Q-factorial terminal cyclic quotient singular-

ities in codimension 3. Let π : Y4 → B3 be the global Weierstrass model over B3. Assume

B3 contains a rigid divisor Σ ⊂ B3 that is a component of the discriminant ∆(π), so that

the fibration π develops a Kodaira degeneration in codimension one over Σ. Let ρ : Ŷ4 → Y4
be the partial resolution of Y4 that resolves precisely this codimension-one Kodaira degen-

eration, and set π̂ := π ◦ ρ : Ŷ4 → B3. Find the conditions on B3 such that the following

holds:
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1. π : Y4 → B3 is an elliptically fibered Calabi–Yau fourfold whose singular locus consists

of finitely many Q-factorial terminal cyclic quotient singularities, related to a cyclic

group Zk with k ∈ {2, 3, 4, 6}.

2. The same holds for π̂ : Ŷ4 → B3: it is again an elliptically fibered Calabi–Yau fourfold

with singularities of exactly the type described in part 1. In particular, ρ is crepant

and neither introduces new quotient singularities nor removes the existing ones.

The proofs below follow one principle: away from the quotient points, we use the ordinary

Weierstrass model, and near a quotient point, we compute on the smooth uniformizing cover,

track the character of the finite group, and descend with the resulting invariant geometric

data.

The Global Model and the Local Quotient Description. Notice that L = OB3(−KB3)

is a rank-one reflexive sheaf that is not invertible at the orbifold points, as −KB3 is Q-Cartier

but not Cartier there. Given that Bsm
3 is smooth, the restriction L|Bsm

3
is a line bundle, and

the weighted projective bundle above is therefore defined a priori only over Bsm
3 .

To extend this description over all of B3, we write

L[m] := OB3(−mKB3) (4.11)

for the reflexive powers of L, following the generalized Weierstrass construction of [181,

182]. Locally, one passes to a finite cover on which L becomes invertible, constructs the

ordinary Weierstrass model there, and then takes the corresponding finite quotient. These

local quotient models patch together to give a global Weierstrass model π : Y4 → B3. Since

the ordinary local Weierstrass models are projective and projectivity descends under finite

quotients, π is projective.

Over Bsm
3 , this construction reduces to the ordinary Weierstrass hypersurface in

P[2,3,1](L2 ⊕ L3 ⊕OB3) .

Near a point p ∈ Sing(B3), we then consider an analytic uniformizing quotient

q : C3 → Up
∼= C3/Zk . (4.12)

On the cover, the reflexive powers of L become equivariantly trivial line bundles, and the

corresponding local model is the ordinary equivariant Weierstrass model

π0 : Y
loc
4 → C3 , Y |Up

∼= Y loc
4 /Zk . (4.13)

We shall use this quotient description only to analyze the geometry at the orbifold points.
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Throughout, by an elliptic fibration we mean a projective morphism with a section whose

generic fiber is a smooth genus one curve. The induced quotient morphism need not be flat

at an orbifold point, and flatness will not be used in what follows.

Characters. Let σk generate Zk, acting on the local smooth cover of the base by

σk : (u1, u2, u3) 7−→ (ζa1u1, ζ
a2u2, ζ

a3u3) , ζ = e2πi/k , s ≡ a1 + a2 + a3 (mod k) . (4.14)

The holomorphic three-form Ω = du1 ∧ du2 ∧ du3 satisfies σ∗
kΩ = ζsΩ, so the local anti-

canonical generator Ω−1 has character −s. Fiber coordinates carry the character opposite to

that of the generator of the line bundle on which they are coordinates [183]. Since x and y

are the fiber coordinates of L2 and L3,

x 7→ ζ2sx , y 7→ ζ3sy , z 7→ z . (4.15)

Writing the pulled-back Weierstrass coefficients as q∗f = f̃ Ω−4 and q∗g = g̃Ω−6, with f̃ , g̃

holomorphic on C3, the pullback of a section downstairs is Zk-invariant, which in turn gives

f̃(σku) = ζ4sf̃(u) , g̃(σku) = ζ6sg̃(u) . (4.16)

Every monomial of the Weierstrass polynomial therefore has character 6s. Thus, the hyper-

surface equation is semi-invariant and its zero locus is Zk-invariant.

One piece of classification input is used in the following. After choosing a generator

and permuting coordinates, a three-dimensional terminal cyclic quotient singularity may be

written as
1

k
(1, a, k − a) , gcd(a, k) = 1 . (4.17)

For this choice,

s ≡ 1 + a+ (k − a) ≡ 1 (mod k) . (4.18)

For k ∈ {2, 3, 4, 6}, one has, moreover, a ≡ ±1 (mod k); thus, the quotient is equivalent,

after permuting coordinates, to 1
k
(1, 1,−1).

The Quotient Points Lie off the Discriminant. For a given fixed p ∈ Sing(B3), by

(4.18), the local lifts f̃ , g̃ have characters 4 and 6 modulo k, so a non-zero constant term is

allowed precisely when the corresponding character is trivial:

k trivial character consequence

2 f̃ and g̃ f(p), g(p) may both be non-zero

3 g̃ g(p) ̸= 0 suffices for ∆W (p) ̸= 0

4 f̃ f(p) ̸= 0 suffices for ∆W (p) ̸= 0

6 g̃ g(p) ̸= 0 suffices for ∆W (p) ̸= 0

32



When the character is trivial, the corresponding reflexive power is locally free at p, and global

generation allows one to choose a section whose local lift has a non-zero constant term. Thus,

for each p ∈ Sing(B3), the condition ∆W (p) ̸= 0 can be satisfied. Since Sing(B3) is finite, a

general pair (f, g) satisfies these non-vanishing conditions simultaneously, and hence

{∆W = 0} ∩ Sing(B3) = ∅ . (4.19)

The list {2, 3, 4, 6} is not accidental. Since σk fixes the zero section, whenever the fiber over

the local smooth cover is elliptic, it induces an automorphism fixing its origin, whose possible

orders are 1, 2, 3, 4 and 6. Equivalently, for any other k, both constant terms are forbidden

by equivariance, forcing ∆W (p) = 0.

Result 4.4 (Manipulated)

1.a. Normality and the Elliptic Generic Fiber.

We first recall a standard property of ordinary Weierstrass models over a smooth base. Let

W → V be an ordinary Weierstrass model with V a smooth and irreducible variety, and

suppose that its discriminant locus is a proper subset of V . By [182, Lemma 5.1.1], W → V

is a flat Gorenstein morphism, is smooth away from the discriminant locus, and every fiber

is an irreducible plane cubic, either smooth, nodal, or cuspidal. Since V is smooth, the total

space W is Gorenstein and hence Cohen–Macaulay.

If the discriminant locus is empty, then W is smooth. Otherwise, it is a divisor in V . Since

W → V is flat, a point at which the fiber is smooth is also a smooth point of the morphism,

and hence a smooth point of W . Therefore, Sing(W ) is contained in the locus of singular

points of the fibers. As every singular Weierstrass cubic has a unique singular point, this

locus is finite over the discriminant locus, and hence dimSing(W ) ≤ dimV −1 = dimW−2.

Thus, W is regular in codimension one, while the Cohen–Macaulay property implies Serre’s

condition S2 [184, Tag 0342]. Serre’s criterion [184, Tag 031S] therefore gives that W is

normal.

Applying this with V = Bsm
3 shows that Y4 is normal away from the orbifold points, while

applying it with V = C3 shows that the local model Y loc
4 is normal and Cohen–Macaulay.

Since

Y4|Up
∼= Y loc

4 /Zk (4.20)

and finite quotients of normal varieties are normal, Y4 is normal also at the orbifold points.

Setting z = 0 in the Weierstrass equation gives y2 = x3, which determines the unique point

[1:1:0] ∈ P2
[2,3,1]. This point is fixed by the induced Zk-action. Indeed, using the weighted

projective identification

[x:y:z] = [λ2x:λ3y:λz] , (4.21)

33



and choosing λ = ζ−s, one obtains

[ζ2s:ζ3s:0] = [1:1:0] . (4.22)

Hence, the zero section of the local model is equivariant and descends to

S0 = {z = 0} ∼= B3 . (4.23)

Finally, by assumption, the discriminant locus is a proper subset of B3. The generic point

of B3 therefore lies outside it, so the generic fiber is a smooth genus one curve. Thus

π : Y4 → B3 is an elliptic fibration in the sense fixed above.

1.b. ωY4
∼= OY4.

Over Bsm
3 , ordinary adjunction for the Weierstrass model gives

ωY4
∼= π∗(ωB ⊗ L) ∼= OY4 , (4.24)

since L = OB3(−KB3). It remains to check that this trivialization extends across the orbifold

points. Near a given p ∈ Sing(B3), we work on the local smooth cover, where the ordinary

Weierstrass model π0 : Y
loc
4 → C3 has a canonical generator

ΩY loc
4

= Ω ∧ dx

y
. (4.25)

Under the generator σk of Zk, we have

σ∗kΩ = ζsΩ , σ∗k

(
dx

y

)
= ζ2s−3sdx

y
= ζ−sdx

y
. (4.26)

Hence, the two characters cancel

σ∗kΩY loc
4

= ΩY loc
4
. (4.27)

Thus ΩY loc
4

is Zk-invariant and descends to a trivialization of the canonical sheaf on the

quotient away from the higher-codimension fixed locus. Since Y4 is normal and both ωY4

and OY4 are rank-one reflexive sheaves, this isomorphism extends uniquely across that [184,

Tag 0EBJ]. Therefore

ωY4
∼= OY4 . (4.28)

1.c. Vanishing of hi(Y4,OY4).

Let L0 denote the line bundle on the local smooth cover C3 corresponding to L. For the

ordinary Weierstrass model π0 : Y
loc
4 → C3, the standard direct image calculation gives

π0∗OY loc
4

∼= OC3 , R1π0∗OY loc
4

∼= L−1
0

∼= ωC3 . (4.29)
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Here, the first two identifications follow from cohomology and base change, together with

Grothendieck–Serre duality. See, for instance [185, Section 6.2]. Since the fibers of π0 are

one-dimensional [164, Chap. III, Cor. 11.2]

Riπ0∗OY loc
4

= 0 , i ≥ 2 . (4.30)

These identifications are compatible with the Zk-action. In particular, the generator Ω

of ωC3 has character +s. Fiber-wise, on a smooth elliptic fiber E, the differential dx/y

generates H0(E,ωE) and has character −s; thus, its Serre dual H1(E,OE) has character

+s, in agreement with ωC3 .

Let Q : Y loc
4 → Y4|Up be the finite quotient map near p ∈ Sing(B3). Since π ◦Q = q ◦π0, the

pushforwards along Q and q are exact, and taking Zk-invariants is exact over C. Therefore,

Riπ∗OY4

∣∣
Up

∼=
(
q∗R

iπ0∗OY loc
4

)Zk

. (4.31)

For i = 0, this gives

π∗OY4

∣∣
Up

∼= (q∗OC3)Zk ∼= OUp , (4.32)

while for i = 1 one obtains

R1π∗OY4

∣∣
Up

∼= (q∗ωC3)Zk ∼= ωUp , (4.33)

where the last isomorphism is the standard description of the dualizing sheaf of a finite

quotient. Together with the ordinary Weierstrass calculation over Bsm
3 [164, 185], these

local identifications give globally

π∗OY4
∼= OB3 , R1π∗OY4

∼= ωB3 , Riπ∗OY4 = 0 , where i ≥ 2 . (4.34)

We now apply the Leray spectral sequence, following the standard calculation for elliptically

fibered Calabi–Yau fourfolds. See, for example [186, Appendix A.1]. Quotient singularities

are Cohen–Macaulay, so ωB3 is a dualizing sheaf and Serre duality gives

Hp(B3, ωB3)
∼= H3−p(B3,OB3)

∨ , (4.35)

without requiring ωB3 to be invertible. The hypothesis on the cohomology of B3 therefore

yields

Hp(B3, ωB3) = 0 , 0 ≤ p < 3 , H3(B3, ωB3)
∼= C . (4.36)

By (4.34), the Leray spectral sequence has only the two rows

Ep,0
2 = Hp(B3,OB3) , Ep,1

2 = Hp(B3, ωB3) . (4.37)

Every term contributing to total degree 1, 2, or 3 already vanishes on the E2-page. Hence

hi(Y4,OY4) = 0 , 0 < i < 4 . (4.38)

Moreover E0,0
2

∼= C and E3,1
2

∼= C survive for degree reasons, giving h0(Y4,OY4) =

h4(Y4,OY4) = 1. This completes the proof of 1.
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2.a. Smoothness over Bsm
3 for General Coefficients.

Over Bsm
3 , the Weierstrass model is an ordinary Weierstrass fibration. Since L4 and L6 are

globally generated, a general pair (f, g) defines a generic Weierstrass model. Such a generic

Weierstrass model over a smooth base has smooth total space [70, Section 3.2]. Hence Y4|Bsm
3

is smooth for a general pair (f, g).

2.b. The Terminal Quotient Singularities above Sing(B3).

Let us fix p ∈ Sing(B3) and use the local quotient model introduced above. By (4.18), we

may choose Up sufficiently small such that Up ∩∆W = ∅. Hence π0 : Y loc
4 → C3 is smooth

near the elliptic fiber Ep := π−1
0 (0). The three base directions have weights (1, 1,−1), while

the character calculation above gives

σ∗k :
dx

y
7→ ζ−1dx

y
, (4.39)

so the tangent direction along Ep has weight −1.

Let w0 ∈ Ep have non-trivial stabilizer

Gw0 := Stab(w0) ∼= Zℓ , ℓ | k , (4.40)

and set w = [w0] ∈ Y4. The local quotient germ is

(Y4, w) ∼= (Y loc
4 , w0)/Gw0 . (4.41)

Since π0 is smooth at w0, its differential gives a Gw0-equivariant exact sequence

0 −→ Tw0Ep −→ Tw0Y
loc
4

dπ0−−→ T0C3 −→ 0 . (4.42)

Because Gw0 is finite, this sequence splits Gw0-equivariantly, and hence

Tw0Y
loc
4

∼= T0C3 ⊕ Tw0Ep . (4.43)

If σℓ denotes a generator of Gw0 , its four tangent weights are therefore (1, 1,−1,−1) modulo

ℓ. By analytic linearization of the finite group action, the germ (Y4, w) is thus analytically

isomorphic to C4/Zℓ, where the generator acts by

σℓ : za 7→ e2πiv
a
za , v =

1

ℓ
(1, 1,−1,−1) . (4.44)

After reordering the coordinates, this representation is the direct sum of two faithful

SL(2,C) representations. Hence [160, Theorem 2.4 (ii)] implies that the quotient singularity

is isolated, Gorenstein and terminal.

Finally, the fixed-point set of every non-trivial automorphism of Ep is finite. Since Sing(B3)

is finite and, by 2.a, Y4 is smooth over Bsm
3 for generic (f, g), these are all the singular

points of Y4.
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2.c. Q-factoriality.

Let w = [w0] ∈ Y4 be one of the quotient singularities described above, with stabilizer

Gw0
∼= Zℓ. We choose a sufficiently small Gw0-invariant neighborhood V ⊂ Y loc

4 of w0, so

that V/Gw0 is a neighborhood of w in Y4, and denote the quotient map by QGw0
: V →

V/Gw0 . Let D be a Weil divisor on V/Gw0 . Since V is smooth, its pullback is Cartier and

hence locally principal, i.e.

Q∗
Gw0

D = divV (h) , h ∈ K(V )× . (4.45)

Let us then form the norm

NGw0
(h) :=

∏
g∈Gw0

g∗h , (4.46)

which is Gw0-invariant and therefore descends to a rational function h ∈ K(V/Gw0)
×.

Moreover,

divV (NGw0
(h)) = |Gw0 |Q∗

Gw0
D = Q∗

Gw0
divV/Gw0

(h) . (4.47)

Comparing coefficients of prime divisors under the finite quotient map, the vanishing of the

pullback implies

divV/Gw0
(h) = |Gw0 |D . (4.48)

Since the left-hand side is a principal divisor, |Gw0 |D is Cartier. Thus every Weil divisor is

Q-Cartier, and hence V/Gw0 is Q-factorial. Since the remaining points of Y4 are smooth,

Y4 is Q-factorial.

3. Decoupled singularities.

Since Σ ⊂ Bsm
3 and {∆W = 0}∩Sing(B3) = ∅, the Kodaira degeneration along Σ is disjoint

from the orbifold points of the base. Hence the local quotient models above Sing(B3) are

exactly those analyzed in 2., and their isolated terminal quotient singularities are unchanged.

Now let b ∈ Σ be a general point and let (t, u, v) be local coordinates on Bsm
3 centered at b

such that Σ = {t = 0}. Restricting the Weierstrass model to a smooth curve transverse to

Σ, obtained by fixing u and v, gives a Weierstrass surface over the t-disc with Kodaira fiber

of type T. For T /∈ {I0, I1, II}, the corresponding Weierstrass surface has a rational double

point of the ADE type associated with T. Thus, as b varies in Σ, these singular points sweep

out a surface SΣ ⊂ Sing(Y4) lying over Σ, and the singularity transverse to SΣ at a general

point is the corresponding ADE surface singularity.

Rational double points are canonical, and their minimal resolutions are crepant. Conse-

quently, resolving the transverse ADE singularity produces exceptional divisors over SΣ
with discrepancy zero. Hence the singularities along SΣ are canonical but not terminal.

The singularities above Sing(B3) are terminal by 2., and therefore canonical. Assuming that

all higher-codimension enhancement loci remain minimal and introduce no non-canonical

37



singularities, every singularity of Y4 is canonical. Since Y4 is singular along SΣ with zero

discrepancy exceptional divisors, it is not terminal.

4. Crepant partial resolution and the Calabi–Yau property.

Since ρ is projective and Y4 is projective, Ŷ4 is projective. Moreover, ρ is crepant, so

KŶ4
= ρ∗KY4 . (4.49)

Since ωY4
∼= OY4 by 1., it follows that ωŶ4

∼= OŶ4
.

By assumption, ρ resolves all non-terminal singularities supported over Σ. Away from this

locus it is an isomorphism, except possibly near the isolated quotient singularities lying

over Sing(B3), where it is an isomorphism by hypothesis. These quotient singularities are

therefore unchanged and remain terminal by 2. Thus Ŷ4 has only terminal singularities.

It remains to check the cohomology. By 3., Y4 has canonical singularities, while Ŷ4 has ter-

minal singularities; in particular, both have rational singularities. For the proper birational

morphism ρ this gives

ρ∗OŶ4

∼= OY4 , Riρ∗OŶ4
= 0 , where i > 0 . (4.50)

The Leray spectral sequence therefore yields

H i(Ŷ4,OŶ4
) ∼= H i(Y,OY4) , (4.51)

and hence, by 1.,

hi(Ŷ4,OŶ4
) = 0 , 0 < i < 4 . (4.52)

Thus Ŷ4 is again a Calabi–Yau fourfold in the sense used above.

Finally, Q-factoriality is local. Over the resolved locus above Σ, Ŷ4 is smooth and hence

factorial. Near π−1(Sing(B3)), the morphism ρ is an isomorphism, so Ŷ4 has the same Q-

factorial quotient singularities as in 2. Away from these loci, Ŷ4 is isomorphic to the smooth

locus of Y4. Hence Ŷ4 is Q-factorial.

4.3 Stringy Corrections from O3-planes and S-folds Singularities

Having characterized the main properties of global F-theory uplift compactifications con-

taining O3-planes or S-folds, we now turn to the study of topological invariants of physical

interest for these geometries. We invoke Solver Agent to prove the Euler characteristic for-

mulae (3.25) and (3.32) discussed in Section 3.5, as well as their generalizations.

To describe the Euler characteristic of geometries with local orbifold singularities, one

must distinguish among several inequivalent notions appearing in the literature. For our
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purposes, the relevant invariant is the stringy Euler characteristic, or more generally the

stringy E-polynomial and its associated stringy Hodge numbers. These invariants incorporate

the additional contributions localized at the quotient singularities and provide the appropriate

framework for extending the Hodge-theoretic relations predicted by mirror symmetry to

singular Calabi–Yau varieties [163, 187]. In the following, we use this framework to determine

the stringy corrections associated with O3-plane and S-fold singularities in our setup, and

thereby compare the relevant topological data in the Type IIB orientifold and F-theory

descriptions.

We now recall the definition of the stringy E-function for a normal Q-Gorenstein complex

variety X with at worst log-terminal singularities. Let ρ : X̃ → X be a log resolution whose

exceptional locus is a simple-normal-crossing divisor D = ∪i∈IDi, where I = {1, . . . , r}.
Then, the canonical divisors are related by

KX̃ = ρ∗KX +
∑
i∈I

aiDi , (4.53)

where the ai are the discrepancies. Since X has at worst log-terminal singularities, they

satisfy ai > −1. For every subset J ⊆ I, define

DJ :=

{⋂
j∈J Dj if J ̸= ∅

X̃ if J = ∅
, and D◦

J := DJ \
⋃

i∈I\J

Di . (4.54)

The varieties D◦
J are the locally closed strata determined by the exceptional divisor D. The

stringy E-function is then defined by

Est(X;u, v) :=
∑
J⊆I

E(D◦
J ;u, v)

∏
j∈J

uv − 1

(uv)aj+1 − 1
, (4.55)

where E(D◦
J ;u, v) denotes the Hodge–Deligne polynomial computed using compactly sup-

ported cohomology, and the empty product is understood to be equal to one. This expression

is independent of the chosen log resolution [163].

In the setting considered here, where X is projective and has only Gorenstein quotient

singularities, the stringy E-function is a polynomial. Its coefficients define the stringy Hodge

numbers through

Est(X;u, v) =
∑
p,q

(−1)p+qhp,qst (X)upvq (4.56)

and the stringy Euler characteristic is given by

χst(X) := lim
u,v→1

Est(X;u, v) = Est(X; 1, 1) . (4.57)
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The final equality holds because Est(X;u, v) is a polynomial in the present setting [163, 187].

Finally, if X is smooth and projective, then

Est(X;u, v) = E(X;u, v) , hp,qst (X) = hp,q(X) , (4.58)

so the stringy invariants reduce to the ordinary Hodge-theoretic invariants.

We now specialize to our setting of a Q-factorial elliptically fibered Calabi–Yau fourfold

π : Ŷ4 → B3 with only isolated Gorenstein terminal singularities. Let Ŷ sm
4 := Ŷ4 \ Sing(Ŷ4)

and µ : Ỹ4 → Ŷ4 be a log resolution with exceptional divisors Di and discrepancies ai > 0,

indexed by i ∈ I. Using the strata defined above, we obtain

Est(Ŷ4;u, v) = E(Ŷ sm
4 ;u, v) +

∑
s∈Sing(Ŷ4)

∑
∅̸=J⊆I

E(D◦
J ∩ µ−1(s);u, v)

∏
j∈J

uv − 1

(uv)aj+1 − 1
. (4.59)

We are interested in the correction to the ordinary Hodge–Deligne polynomial contributed

by the singular points. By additivity and the identity E(s;u, v) = 1, this correction is

Est(Ŷ4;u, v)− E(Ŷ4;u, v) =
∑
s

( ∑
∅̸=J⊆I

E(D◦
J ∩ µ−1(s);u, v)

∏
j∈J

uv − 1

(uv)aj+1 − 1
− 1

)
. (4.60)

With this in mind, we now apply Solver Agent to derive the corrections to the tadpole

cancellation condition discussed in Section 3.5 that arise from the stringy invariants of the

singularities associated with O3-planes and S-fold points:

Prompt 4.5

Let Ŷ4 be a projective Q-factorial Calabi–Yau fourfold equipped with an elliptic fibration

π : Ŷ4 → B3. Assume that the only singularities of Ŷ4 are isolated Gorenstein terminal

quotient singularities of the form

s ∈ Sing(Ŷ4) , (Ŷ4, s) ∼= C4/Zℓs , ℓs ∈ {2, 3, 4, 6} .

A generator of Zℓs acts by

σℓs : za 7→ e2πiv
a
za , v =

1

ℓs
(1, 1,−1,−1) , a = 1, . . . , 4 .

Suppose that B3 is a projective threefold with isolated terminal quotient singularities of

order k ∈ {2, 3, 4, 6} and that every singular point of Ŷ4 lies over Sing(B3). For a point

b ∈ Sing(B3) of order k, assume that the multiset of stabilizer orders of the singular points
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lying over b is

{
ℓs

∣∣∣ s ∈ Sing(Ŷ4) , π(s) = b
}
mult

=


{2, 2, 2, 2} , k = 2 ,

{3, 3, 3} , k = 3 ,

{2, 4, 4} , k = 4 ,

{2, 3, 6} , k = 6 .

(4.61)

Compute the age of every non-identity element of Zℓs and hence determine the local con-

tribution of s to

Est(Ŷ4;u, v)− E(Ŷ4;u, v) . (4.62)

Here E(Ŷ4;u, v) is the ordinary Hodge–Deligne polynomial of the coarse space Ŷ4, while the

stringy E-function is, in the present setting, the polynomial

Est(Ŷ4;u, v) =
∑
p,q

(−1)p+qhp,qst (Ŷ4)u
pvq .

Identify the Hodge bidegree of the corresponding twisted-sector contributions.

Result 4.5 (Manipulated)

Although the individual exceptional strata depend on the resolution, their weighted sum

(4.60) does not. Thus (4.60) depends only on each singularity germ and can be evaluated

using

(Ŷ4, s) ∼=
(
C4/Gs, 0

)
, s ∈ Sing(Ŷ4) , Gs := Zℓs .

The Hodge realization of the local McKay correspondence gives [188, Theorem 5.1]

Fs(u, v) :=
∑

∅̸=J⊆I

E(D◦
J ∩ µ−1(s);u, v)

∏
j∈J

uv − 1

(uv)aj+1 − 1
=

∑
[g]∈Conj(Gs)

(uv)age(g), (4.63)

where the sum runs over conjugacy classes and age(g) is the sum of the fractional eigenvalue

weights of g. Let σ generate Gs, acting with weights 1
ℓs
(1, 1,−1,−1). For every nonidentity

element σj , 1 ≤ j ≤ ℓs − 1, the fractional weights are(
j

ℓs
,
j

ℓs
, 1− j

ℓs
, 1− j

ℓs

)
, (4.64)

and hence age(σj) = 2. None of these weights vanishes, so the fixed locus of each nonidentity

element is the origin. Since Gs is abelian, its conjugacy classes are its individual elements.

The identity has age zero, giving

Fs(u, v) = 1 + (ℓs − 1)(uv)2, ∆s(u, v) := Fs(u, v)− 1 = (ℓs − 1)u2v2. (4.65)
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Thus singularities of orders 2, 3, 4, 6 contribute respectively 1, 2, 3, 5 copies of u2v2. Each

corresponding point sector starts in Hodge bidegree (0, 0); its age-two shift places the con-

tribution in bidegree (2, 2), with positive sign. Finally, using the assumed stabilizer profiles

above a singular base point b ∈ Sing(B3), the total correction is

∆b(u, v) :=
∑
s∈S

π(s)=b

∆s(u, v) =


4u2v2, k = 2, {ℓs} = {2, 2, 2, 2},
6u2v2, k = 3, {ℓs} = {3, 3, 3},
7u2v2, k = 4, {ℓs} = {2, 4, 4},
8u2v2, k = 6, {ℓs} = {2, 3, 6}.

(4.66)

Therefore, if Nk denotes the number of order-k singular points of B3,

Est(Ŷ4;u, v)− E(Ŷ4;u, v) = (4N2 + 6N3 + 7N4 + 8N6)u
2v2. (4.67)

Prompt 4.6

Define the stringy Euler characteristic by

χst(Ŷ4) := Est(Ŷ4; 1, 1) =
∑
p,q

(−1)p+qhp,qst (Ŷ4) .

Compare it with the Euler–Satake characteristic

χES(Y4) :=

∫
Y4

c4(TY4) , (4.68)

where Y4 is the canonical smooth Deligne–Mumford stack associated with Ŷ4. Determine a

function ε(ℓ) such that

χst(Ŷ4) =

∫
Y4

c4(TY4) +
∑

s∈Sing(Ŷ4)

ε(ℓs) . (4.69)

Result 4.6 (Manipulated)

Setting u = v = 1 in the result of Prompt 4.5 gives χst(Ŷ4) = χ(Ŷ4) +
∑

s∈Sing(Ŷ4)
(ℓs − 1).

Since Ŷ4 is projective, its ordinary and compactly supported Euler characteristics agree.

Additivity of the compactly supported Euler characteristic therefore gives

χ(Ŷ4) = χc(Ŷ
sm
4 ) +

∑
s∈Sing(Ŷ4)

1 , (4.70)
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where χc(Ŷ
sm
4 ) denotes the compactly supported Euler characteristic of the smooth locus.

We now compare this with the canonical smooth Deligne–Mumford stack p : Y4 → Ŷ4. Over

Ŷ sm
4 , the map p is an isomorphism. Over each singular point s ∈ Sing(Ŷ4), the reduced

stacky stratum is the residual gerbe [189]

BGs = [pt /Gs] , Gs = Zℓs . (4.71)

The Euler–Satake characteristic is additive with respect to this finite stratification and

assigns to BGs the fractional weight χES(BGs) = 1/ℓs. This follows from the standard

normalization of proper pushforward in the rational Chow theory of Deligne–Mumford

stacks, which divides the fundamental class by the order of the generic stabilizer [190,

Section 2.1]. Hence

χES(Y4) = χc(Ŷ
sm
4 ) +

∑
s∈S

1

ℓs
. (4.72)

Because Y4 is a smooth proper complex Deligne–Mumford stack of complex dimension four,

the orbifold Gauss–Bonnet theorem identifies the preceding weighted Euler characteristic

with the Chern number [191, 192]:

χES(Y4) =

∫
Y4

c4(TY4). (4.73)

Comparing the stringy and Euler–Satake expressions, we obtain

χst(Ŷ4) =

∫
Y4

c4(TY4) +
∑

s∈Sing(Ŷ4)

(
ℓs −

1

ℓs

)
. (4.74)

Therefore,

ε(ℓ) = ℓ− 1

ℓ
. (4.75)

Prompt 4.7

Let b ∈ Sing(B3) be a point of order k. Using the stabilizer profiles in (4.61), determine the

total correction

δ(k) :=
∑

s∈Sing(Ŷ4)
π(s)=b

ε(ℓs) . (4.76)

Evaluate δ(k) for k ∈ {2, 3, 4, 6} and express the result as a uniform function of k.
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Result 4.7

From the result in Prompt 4.6, each isolated terminal quotient singularity s of order ℓs
contributes ε(ℓs) = ℓs − 1

ℓs
. The stabilizer profiles list, with multiplicity, the orders of the

singular points lying over a fixed base singularity b. Their contributions therefore add as

follows:

δ(2) = 4ε(2) = 4

(
2− 1

2

)
= 6 ,

δ(3) = 3ε(3) = 3

(
3− 1

3

)
= 8 ,

δ(4) = ε(2) + 2ε(4) =
3

2
+ 2

(
15

4

)
= 9 ,

δ(6) = ε(2) + ε(3) + ε(6) =
3

2
+

8

3
+

35

6
= 10 .

(4.77)

For the allowed orders k ∈ {2, 3, 4, 6}, these values admit the uniform expression

δ(k) = 12

(
1− 1

k

)
, k ∈ {2, 3, 4, 6} . (4.78)

Using the expression for δ(k), we may equivalently group the corrections according to the

singular points of the base:

χst(Ŷ4) =

∫
Y4

c4(TY4) + 12
∑

b∈Sing(B3)

(
1− 1

kb

)
. (4.79)

Here kb ∈ {2, 3, 4, 6} denotes the order of the local cyclic group defining the terminal

quotient singularity at b ∈ Sing(B3).

The physical meaning of the stringy correction becomes particularly transparent from the

M2/D3-brane tadpole cancellation condition. For the quotient singularities considered here,

the fixed-point contribution to the curvature induced tadpole is captured by the stringy Euler

characteristic. In the absence of additional discrete torsion, the tadpole condition therefore

takes the form

nD3 +
1

2

∫
Y4

G4 ∧G4 =
χst(Ŷ4)

24
=

1

24

∫
Y4

c4(TY4) +
1

24

∑
s∈Sing(Ŷ4)

(
ℓs −

1

ℓs

)
, (4.80)

where the flux integral is understood in the orbifold or stack sense [189]. Consequently, a

fourfold singularity located on C4/Zℓs carries the curvature induced M2-brane charge

QM2(s) = − 1

24

(
ℓs −

1

ℓs

)
, (4.81)
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in agreement with [193, Eq. (3.8)]. Summing over the singular points lying above b ∈ Sing(B3)

gives the geometric D3-brane charge of the corresponding O3-plane or S-fold point,

QD3(b) = −δ(kb)
24

= −1

2

(
1− 1

kb

)
, (4.82)

as in [71]. For kb = 2, this reproduces the charge −1/4 of an O3−-plane [194].

As an independent check for formula (4.78), we use the orbifold Euler characteristic [195].

Let b ∈ Sing(B3) have order k and local group Zk, and take b away from the discriminant

locus, so that Eb
∼= T 2 is smooth. The local model (C3 ×Eb)/Zk, with Zk acting diagonally,

is a chart to which the orbifold formula applies even though Ŷ4 need not be a global quotient.

Working with compactly supported Euler characteristics, χc(C3 × Eb) = 0 since χ(Eb) =

0, so the identity pair drops out and the local gap between the stringy and Euler–Satake

characteristics comes entirely from twisted sectors

δ(k) =
1

k

∑
g,h∈Gb

(g,h)̸=(1,1)

χc

(
(C3 × Eb)

g,h
)
. (4.83)

Any nontrivial ⟨g, h⟩ fixes only the origin of C3, leaving {0} × E
⟨g,h⟩
b . Since elliptic curve

automorphisms of order 2, 3, 4, 6 have 4, 3, 2, 1 fixed points, counting ordered pairs by the

subgroup they generate gives

δ(2) = 1
2
(3 · 4) = 6, δ(3) = 1

3
(8 · 3) = 8,

δ(4) = 1
4
(3 · 4 + 12 · 2) = 9, δ(6) = 1

6
(3 · 4 + 8 · 3 + 24 · 1) = 10.

(4.84)

This reproduces the stabilizer profiles in (4.61) and confirms δ(k) = 12(1 − 1/k) by fixed

points. Additivity over b ∈ Sing(B3) then recovers the global expression.

Using Solver Agent, we now prove the Jefferson–Kim conjecture [117, Eq. (1.3)] in a

broader setting that includes S-folds and establish an analogous result incorporating correc-

tions from stringy invariants:

Prompt 4.8

Let p : Y4 → Ŷ4 be the canonical smooth Deligne–Mumford stack associated with Ŷ4. Let

D ⊂ B3 be a divisor such that the vertical pullback D := π∗D is a reduced normal divisor

in Ŷ4, and assume that the induced stack divisor D := p−1(D) ⊂ Y4 is smooth. Since p is

an isomorphism over Ŷ sm
4 = Ŷ4 \Sing(Ŷ4), the divisor D is smooth away from D∩Sing(Ŷ4).

In each local quotient chart, the inverse image of D is a smooth invariant hypersurface.

Identify the induced three-dimensional quotient singularities of D at the points of D ∩
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Sing(Ŷ4) and verify that they are terminal, and hence klt, so that the stringy Euler charac-

teristic of D is defined. Consider

χES(D) :=

∫
D
c3(TD) , χ(D) := E(D; 1, 1) , χst(D) := lim

u,v→1
Est(D;u, v). (4.85)

Using the local quotient contributions and the stabilizer profiles in (4.61), determine the

corrections ηb(D) and θb(D) such that

χES(D) = χ(D) +
∑

b∈Sing(B3)

ηb(D), (4.86)

and

χES(D) = χst(D) +
∑

b∈Sing(B3)

θb(D) . (4.87)

Set ηb(D) = θb(D) = 0 when b /∈ D. For b ∈ D, evaluate these corrections for kb ∈ {2, 3, 4, 6}
and express the results uniformly in terms of kb.

Result 4.8

Let s ∈ D ∩ Sing(Ŷ4) be a singular point with stabilizer group Gs = Zℓs . In the local

smooth cover C4, the generator acts with weights 1
ℓs
(1, 1,−1,−1). Since the lift of D is a

smooth invariant hypersurface, its tangent space at the origin is an invariant hyperplane.

Restricting the ambient representation to this hyperplane gives

1

ℓs
(1, 1,−1) or

1

ℓs
(1,−1,−1). (4.88)

These two representations are equivalent after replacing the generator by its inverse and

permuting the coordinates. We may therefore write the induced quotient singularity as

(D, s) ∼= C3
/
Gs,

1

ℓs
(1, 1, ℓs − 1). (4.89)

For ℓs ∈ {2, 3, 4, 6}, the possible singularity types are thus

1

2
(1, 1, 1),

1

3
(1, 1, 2),

1

4
(1, 1, 3),

1

6
(1, 1, 5). (4.90)

For 1 ≤ j ≤ ℓs − 1, the fractional weights of the element σj are
(

j
ℓs
, j
ℓs
, 1− j

ℓs

)
, and hence

age(σj) = 1 +
j

ℓs
> 1. (4.91)

None of the fractional weights vanishes, so every nonidentity element fixes only the origin.

The induced quotient singularity is therefore isolated and terminal by the age criterion.
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In particular, it is log terminal, and the stringy Euler characteristic of D is well-defined.

Notice that these three-dimensional quotient singularities are Q-Gorenstein of index ℓs, but

non-Gorenstein, as reflected by their fractional ages.

We now compare the three Euler characteristics locally. The coarse singular point con-

tributes 1 to χ(D), whereas the corresponding residual gerbe contributes 1/ℓs to χES(D).

Therefore, ηloc(ℓs) =
1
ℓs
− 1, where ηloc denotes the local contribution of a quotient point of

order ℓs to χES − χ. On the other hand, the local McKay correspondence gives

(
Est(D;u, v)− E(D;u, v)

)
s
=

ℓs−1∑
j=1

(uv)1+j/ℓs . (4.92)

Setting u = v = 1 gives ℓs − 1. Thus the total local stringy Euler weight of the point is

1 + (ℓs − 1) = ℓs, and consequently θloc(ℓs) =
1
ℓs

− ℓs.

For b ∈ D, summing these local contributions over the stabilizer profiles in (4.61) gives

kb 2 3 4 6

ηb(D) −2 −2 −2 −2

θb(D) −6 −8 −9 −10

(4.93)

and therefore

ηb(D) = −2, θb(D) = −12

(
1− 1

kb

)
for b ∈ D. (4.94)

For b /∈ D, both corrections vanish. Equivalently,

ηb(D) =

{
−2, b ∈ D,

0, b /∈ D,
θb(D) =

−12

(
1− 1

kb

)
, b ∈ D,

0, b /∈ D.

(4.95)

5 F-theory Uplifts for Calabi–Yau Toric Hypersurfaces

In this section, we illustrate through explicit examples both how F-theory uplifts can be

realized as toric hypersurfaces and how Solver Agent integrates CYTools to perform phys-

ically relevant computations in a user-friendly manner. We construct orientifold uplifts as

well as toric Calabi–Yau fourfolds containing S-fold points with no perturbative global real-

ization. Together, these two classes of examples provide explicit realizations of the settings

described in Theorem 1, and we show that their respective tadpole cancellation conditions

receive corrections determined by stringy invariants described in Section 4.3.
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We begin in Section 5.1 by introducing our main method for constructing Calabi–Yau

threefolds admitting orientifold involutions, called trilayer polytope construction [104], which

takes a three-dimensional polytope as input. In Section 5.2, we show that such a polytope

defines a three-dimensional toric variety whose double cover is a Calabi–Yau threefold ad-

mitting an orientifold involution; this double cover can also be identified with a bisection of

an associated genus one fibered Calabi–Yau fourfold. The proof presented there is restricted

to cases without Kodaira degenerations giving rise to gauge enhancement. In Section 5.3, we

present the simplest trilayer constructions of Type IIB orientifold uplifts. Section 5.4 provides

an analogous compact Calabi–Yau fourfold containing both O3-planes and S-fold points, but

admitting no global Type IIB orientifold description. In Section 5.5, we study an orientifold

uplift that gives rise to a non-Higgsable cluster with gauge algebra so(8), for which our in-

terpretation in terms of the trilayer polytope construction remains valid. We then provide

a detailed implementation of our methods for computing the intersection data of a smooth

resolution of this geometry and use this data to study non-abelian gauge fluxes in F-theory.

Finally, in Section 5.6 we present a non-trivial example of Theorem 1 based on a threefold

base whose only singularities are terminal Z4 quotient singularities. As an uplift of this base,

we consider a tuned Weierstrass model with gauge algebra su(6) containing both O3-planes

and S-fold points.

5.1 F-theory Uplifts of Orientifolds from Trilayer Polytopes

Our aim is to uplift a given Calabi–Yau threefold X3 to an elliptically fibered Calabi–Yau

fourfold π : Y4 → B3 by constructing a Weierstrass model over the orientifold quotient base

B3 = X3/ι.

A simple class of Calabi–Yau orientifolds X3 can be obtained through the trilayer poly-

tope construction formalized in [104]. In this construction, X3 is realized as a Calabi–Yau

hypersurface in a four-dimensional ambient toric variety AHM, determined by a suitable tri-

angulation of the lattice polytope

∆HM = Conv
{
(v, 1), (0,−1) | v ∈ Vert(∆3)

}
, (5.1)

where ∆3 is a three-dimensional lattice polytope and ∆HM is required to be reflexive.

A simpler subclass is obtained by choosing ∆3 among the 4319 three-dimensional reflexive

polytopes classified by Kreuzer and Skarke [180]. For this subclass, the origin is the only

lattice point of ∆HM with coordinates of the form (v1, v2, v3, 0). Consequently, the orientifold

quotient B3 = X3/ι is itself a toric threefold, and the generic Weierstrass model over B3

has no associated non-Higgsable cluster [104, Section 2.6]. In these cases, the associated F-

theory uplift Y s
4 for the corresponding orientifold is realized as a complete intersection in the

ambient toric sixfold V s
6 , as defined in Section A.1. For these specific models, B3 has been
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shown to be isomorphic to a toric variety [104], P∆3 , related to the three-dimensional lattice

polytope ∆3 defining the trilayer structure. Thus, the resulting F-theory uplift can be realized

through a generic Weierstrass model π : Y4 → B3 as a toric hypersurface, which constitutes

a smooth Calabi–Yau fourfold. A large set of examples constructed in this manner can be

found in [196].

We now consider a more general class of trilayer polytopes for which the input three-

dimensional lattice polytope ∆3 need not be reflexive. An example is the non-reflexive base

polytope associated with P3
[1,1,1,2], discussed in [177]. The corresponding four-dimensional

polytope ∆HM is reflexive precisely when 0 ∈ int(∆3) and 2∆∗
3 are lattice polytopes. When

the origin is the only lattice point of ∆HM with vanishing fourth coordinate, the orientifold

quotient B3 = X3/ι is a toric threefold [104, Section 2.6]. Suitable non-reflexive choices of

∆3 can yield Q-factorial bases with isolated terminal Z2 quotient singularities. These types

of singularities lift to O3-planes fixed points on the corresponding Calabi–Yau double cover

X3.

Let ∆HM be a trilayer polytope determined by a three-dimensional polytope ∆3, and

assume that its associated toric base B3 has no non-Higgsable clusters. In the next section,

we show that the Calabi–Yau double cover X3 → B3 is isomorphic to a bisection of an

auxiliary genus one fibered Calabi–Yau fourfold over B3. Using this identification and the

intersection theory of B3, we express the topological invariants of the trilayer orientifold X3

in terms of data on B3. With this in mind, we construct the F-theory uplift of X3 directly as

a toric hypersurface defined by a generic Weierstrass model π : Y4 → B3. We illustrate this

construction with two examples in Section 5.3.

In Section 5.5, we treat an example with a non-Higgsable cluster. There, we consider a

Calabi–Yau orientifold X3 whose quotient B3 = X3/ι is a non-Fano toric threefold. We also

construct its corresponding Weierstrass model as a toric hypersurface.

5.2 Orientifolds as Bisections of Genus One Fibrations

We now express the intersection data of the Calabi–Yau orientifolds X3, their orientifold quo-

tients B3, and their elliptically fibered Calabi–Yau fourfold uplifts Y4 in terms of a single in-

put. In our setting, each orientifold trilayer construction is specified by the three-dimensional

reflexive polytope ∆3, or equivalently, by the associated toric variety P∆3 . We therefore seek

to determine the intersection data of both X3 and Y4 directly from that of P∆3 . For Y4, this is

achieved through adjunction formula computations applied to its Weierstrass model realiza-

tion [196]. An analogous computation for X3 can be performed by introducing an auxiliary

genus one fibration.

The key step is to engineer an auxiliary genus one fibered Calabi–Yau fourfold ϖ : Ỹ4 →
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B3 that admits no global section but possesses a bisection S0. This bisection defines a double

cover of the base and is identified with the Calabi–Yau orientifold S0
∼= X3. We construct

this geometry as a Calabi–Yau toric hypersurface in a toric projective bundle P2
[1,1,2](E) over

B3
∼= P∆3 , defining the vector bundle as

E = OB3(−KB3)⊕OB3(−KB3)⊕OB3(−KB3) , (5.2)

where KB3 denotes the canonical class of the base B3. Let [x : y : z] denote the homogeneous

coordinates of the P2
[1,1,2][4]-fiber, in which the genus one curve is realized as a quartic hyper-

surface. Under this bundle choice, the divisor classes of x and y coincide, [x] = [y], and the

bisection S0 = {x = 0} ∩ Ỹ4 has class [S0] = [x]|Ỹ4
[197]. Furthermore, the relevant Stanley–

Reisner relations, together with the hypersurface equation, imply that x and y cannot vanish

simultaneously on Ỹ4. Consequently, [S0]
2 = ([x] · [y])|Ỹ4

= 0 in the intersection ring of Ỹ4.

The intersection data computation obtained by Solver Agent is shown in Prompt 5.1

and Result 5.1. This example shows how to relate the data of a Calabi–Yau threefold X3

in the trilayer construction to the data of the base B3
∼= P∆3 and the auxiliary genus one

fibered Calabi–Yau fourfold Ỹ4. In particular, we show10∫
X3

ka ∧ kb ∧ kc =
∫
Ỹ4

J0 ∧ Ja ∧ Jb ∧ Jc = 2

∫
B3

ja ∧ jb ∧ jc = 2κabc ,∫
X3

c2(TX3) ∧ ka =
∫
Ỹ4

c2(T Ỹ4) ∧ J0 ∧ Ja = 2

∫
B3

ja(c
2
1(TB3) + c2(TB3)) ,

χ(X3) =

∫
Ỹ4

J0 ∧ c3(T Ỹ4) = 2

∫
B3

(
c3(TB3)− c1(TB3)c2(TB3)− 2c1(TB3)

3
)
,

(5.3)

where ka are the Kähler cone generators on X3 induced by its embedding into Ỹ4, and

B3 = P∆3 , with ja, a = 1, . . . , h1,1(B3), being its Kähler cone generators, and J0 is the Kähler

cone generator of [S0]. This has been shown using the adjunction formula, assuming that

X3 = Ỹ4∩{x = 0} and c1(TX3) = 0, with X3 being a Calabi–Yau manifold. To establish that

X3 is indeed the Calabi–Yau orientifold associated with the trilayer construction determined

by ∆3, we invoke C. T. C. Wall’s theorem and explicitly compare our formulas with the

corresponding intersection data, which may be obtained, for instance, from the Kreuzer–

Skarke database or CYTools. In this way, by embedding the Calabi–Yau orientifold X3 into

Ỹ4, we obtain an alternative F-theory uplift. In the conventional Weierstrass construction, the

zero section S0
∼= B3 is identified with the orientifold quotient and typically develops terminal

singularities in codimension-three at the orientifold projection images of the O3-planes. By

contrast, when X3 plays the role of bisection for Ỹ4, such singularities are not manifest in

10In the GitHub repository orientifold databases, the reader can find a script to verify (5.3) for all 3d

polytopes that give rise to a favorable trilayer Calabi–Yau as a toric hypersurface, together with other scripts

to classify orientifold planes for Calabi–Yau in toric ambient space.
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the geometry. Nevertheless, F-theory compactified on Ỹ4 describes a four-dimensional N =

1 supergravity theory with a discrete Z2 gauge symmetry [93, 198]. We leave a detailed

investigation of the physics of this alternative uplift to future work.

Prompt 5.1

Consider a three-dimensional lattice polytope ∆3 such that 0 ∈ int(∆3) and 2∆∗
3 is a lattice

polytope, where ∆∗
3 denotes the polar dual of ∆3, and let

B3 = P∆3

be the associated toric variety, with a smooth toric resolution understood when necessary.

Now consider the family of smooth genus one fibered Calabi–Yau fourfolds

ϖ : Ỹ4 → B3

with no section but with a bisection. Assume that ϖ has no codimension-one Kodaira fibers

giving rise to non-Abelian gauge enhancement. The fourfolds are realized as hypersurfaces

in a P[1,1,2][4]-fibered toric ambient space over B3, with fiber coordinates [x : y : z] of weights

(1, 1, 2). The fiber ambient space is to be understood as the toric fiber used in the P[1,1,2][4]

construction, with its toric Stanley–Reisner ideal and divisor linear equivalences.

The projective coordinates [x : y : z] descend to those of the torus fiber at the Calabi–Yau

locus, and the divisors associated with x and y are linearly equivalent. The divisor class of

x may be identified with the bisection divisor.

Let ja, a = 1, . . . , h1,1(B3), denote Kähler cone generators of the base B3, and let their

pullbacks to Ỹ4 be denoted by

Ja = ϖ−1(ja).

Determine the divisor structure, a basis of Kähler cone generators, the intersection ring,

the relevant Chern-class intersection data, and the Euler characteristic of Ỹ4, expressing all

results in terms of the topological and intersection data of the base B3.

Result 5.1

Let ci ≡ ci(TB3) denote the Chern classes of the base, where we omit explicit pullbacks to

Ỹ4 for notational clarity. We define the bisection divisor S0 as the restriction of the ambient

coordinates

S0 ≡ [x]|
Ỹ4

= [y]|
Ỹ4
, (5.4)

and we retain the notation Ja = ϖ∗ja for the vertical divisors.
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In the standard P[1,1,2][4] toric fibration, the fiber divisor relations are

[x] = [y] = S0 , [z] = 2S0 + c1 , (5.5)

and the Calabi–Yau hypersurface class is determined to be

[Ỹ4] = 4S0 + 2c1 = 2[z] . (5.6)

The toric Stanley–Reisner relation xyz = 0 yields the relation S2
0(2S0 + c1) = 0 in divisor

classes. Restricting this relation to Ỹ4 enforces the vanishing of all divisor intersections

containing S2
0 . We identify the generic divisor and Kähler basis as {S0, ϖ∗ja}, which leads

to

h1,1(Ỹ4) = h1,1(B3) + 1 . (5.7)

By defining the triple intersection numbers on the base as κabc ≡
∫
B3
ja∧jb∧jc, we evaluate

the nonzero quadruple intersections on the fourfold exactly:∫
Ỹ4

S0 ∧ Ja ∧ Jb ∧ Jc = 2κabc . (5.8)

All other combinations evaluate to zero, i.e.,∫
Ỹ4

Ja ∧ Jb ∧ Jc ∧ Jd = 0 ,

∫
Ỹ4

S2
0 ∧ Ja ∧ Jb =

∫
Ỹ4

S3
0 ∧ Ja =

∫
Ỹ4

S4
0 = 0 . (5.9)

This indicates that the numerical divisor intersection ring is generated by S0 and Ja with

the relations S2
0 = 0 and all products of four vertical base divisors equal to zero.

We apply the adjunction formula from the ambient space A to compute the Chern classes.

Given c(TA) = c(TB3)(1 + S0)
2(1 + 2S0 + c1) and [Ỹ4] = 4S0 + 2c1, we obtain

c2(T Ỹ4) = 6S0c1 + c21 + c2 ,

c3(T Ỹ4) = c3 − c1c2 − 2c31 − 14S0c
2
1 ,

c4(T Ỹ4) = 6S0(6c
3
1 + c1c2) .

(5.10)

The projection formula yields the useful Chern intersections:∫
Ỹ4

c2(T Ỹ4) ∧ Ja ∧ Jb = 12

∫
B3

c1 ∧ ja ∧ jb ,∫
Ỹ4

c2(T Ỹ4) ∧ S ∧ Ja = 2

∫
B3

(c21 + c2) ∧ ja , (5.11)∫
Ỹ4

c2(T Ỹ4) ∧ S2
0 = 0 ,
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as well as the third Chern class intersections∫
Ỹ4

c3(T Ỹ4) ∧ Ja = −28

∫
B3

c21 ∧ ja ,∫
Ỹ4

c3(T Ỹ4) ∧ S0 = 2

∫
B3

(c3 − c1c2 − 2c31) .

(5.12)

We also record the self-intersection of the second Chern class:∫
Ỹ4

c2(T Ỹ4)
2 = 24

∫
B3

(c31 + c1c2) . (5.13)

Finally, integrating the top Chern class provides the Euler characteristic of the fourfold:

χ(Ỹ4) =

∫
Ỹ4

c4(T Ỹ4) =

∫
B3

(
72c31 + 12c1c2

)
. (5.14)

We evaluate all base integrals on the chosen smooth toric resolution of B3 = P∆3 .

5.3 F-theory Uplift Tadpole Cancellation Conditions Examples

X3 B3 κ c2(TX3) · J χ(X3) nsing(B3)

X8 P3 2 44 −296 0

X10 P3
[1,1,1,2] 1 34 −288 1

Table 3: Here J is the Kähler class in X3, κ =
∫
X
J3, and nsing(B3) is the number of terminal

quotient singularities associated to the base B3 of a given F-theory uplift for X3.

Following the discussion in Sections 5.1 and 5.2, we consider two of the simplest trilayer

constructions, whose orientifold quotient bases are P3 and P3
[1,1,1,2]. The corresponding three-

dimensional polytopes are

∆3 = Conv{(1, 0, 0), (0, 1, 0), (0, 0, 1), (−1,−1,−1)},
∆′

3 = Conv{(1, 0, 0), (0, 1, 0), (0, 0, 1), (−1,−1,−2)},
(5.15)

respectively. Applying the trilayer construction gives the four-dimensional reflexive polytopes

∆HM = Conv
{
(v, 1), (0,−1) | v ∈ Vert(∆3)

}
, (5.16)

∆′
HM = Conv

{
(v, 1), (0,−1) | v ∈ Vert(∆′

3)
}
. (5.17)

The corresponding Calabi–Yau double covers are realized as anticanonical hypersurfaces

through the Batyrev construction. We denote them by X8 and X10, respectively, since their
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intersection data match those of the geometries with these labels in Table 1 of [199]. We dis-

play these data in Table 3; they also agree with our general formulas in (5.3). Moreover, the

base P3
[1,1,1,2] has an isolated terminal Z2 quotient singularity, whereas P3 is smooth. Corre-

spondingly, the orientifold of X10 contains an O3-plane, while that of X8 contains none [101].

We now describe the Type IIB orientifolds of these two threefolds in more detail.

Y4 B3 ND3 χ(SO7) χ(SD7WU
) NO3 χ(Y4)

Y24 P3 1944 304 45440 0 23328

Y30 P3
[1,1,1,2] 1898 295 44360 1 22776

Table 4: Relevant tadpole cancellation condition data.

Example: P[1,1,1,1,4][8] Let us consider the Calabi–Yau threefold X8 ≡ P[1,1,1,1,4][8]. The

toric rays of the ambient space are generated by the vertices

l1


v1 −1 −1 −1 1 1

v2 0 0 0 −1 4

v3 0 0 1 1 1

v4 0 1 0 1 1

v5 1 0 0 1 1

(5.18)

Here we follow the P |Q convention of [200, Section 7.4]. The rows of P are the primitive

generators vi of the one-dimensional cones of the toric fan, while the columns la of Q generate

the lattice Λ of integral relations among them, satisfying
∑

i l
a
i vi = 0. Each row also labels

a chiral field Φi in the GLSM, whose charge under the ath U(1) gauge factor is lai . In this

example, the single column l1 = (1, 4, 1, 1, 1)t gives the charges of the five fields.

This Calabi–Yau threefold has Hodge numbers h1,1 = 1 and h2,1 = 149. For this space,

x2 = 0 defines a divisor D2 with Hodge numbers h2,0(D2) = 35 and h1,1(D2) = 232. The

other prime toric divisors have h2,0 = 3 and h1,1 = 38.

We consider the orientifold involution leaving x2 = 0 fixed. The fixed locus D2 = {x2 = 0}
wraps an O7-plane with Euler characteristic χ(SO7) = 304. Since h2,0(D2) ̸= 0, the O7-plane

tadpole is canceled by a Whitney umbrella D7-brane configuration with Euler characteristic

χ(SD7WU
) = 45440. There are no O3-planes in this configuration, so NO3 = 0. The geometric

contribution to the D3-brane tadpole evaluates to

ND3 =
NO3

2
+
χ(SO7)

6
+
χ(SD7WU

)

24
= 0 +

304

6
+

45440

24
= 1944 . (5.19)
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This matches one-twelfth of the Euler characteristic of the corresponding F-theory uplift,

given by the smooth elliptically fibered Calabi–Yau fourfold π : Y24 → P3. This geometry

has been discussed in detail, for example, in [65, 196, 201, 202], where Y24 ≡ P[1,1,1,1,8,12][24].

Since there are no O3-planes, χst(Y4) receives no singular point corrections, yielding χst(Y4) =∫
c4(TY4) = 23328 [65, 196, 201, 202], which satisfies the relation χst(Y4)/12 = 1944.

Example: P[1,1,1,2,5][10] As another relevant example, let us consider the Calabi–Yau three-

fold X10 ≡ P[1,1,1,2,5][10]. with the toric rays generated by

l1


v1 −1 −1 −2 1 1

v2 0 0 0 −1 5

v3 0 0 1 1 2

v4 0 1 0 1 1

v5 1 0 0 1 1

(5.20)

The Hodge numbers are h1,1 = 1 and h2,1 = 145. The divisor D2 = {x2 = 0} has Hodge

numbers h2,0(D2) = 34 and h1,1(D2) = 225.

Under the orientifold involution leaving x2 = 0 fixed (defined by the trivial permutation

ρ = 1 and b2 = −1, following the notation of Appendix A.1), the fixed locus gives a single

O7-plane wrapping the divisor D2 and one O3-plane (NO3 = 1). Because D2 is not rigid,

its tadpole is canceled by a Whitney umbrella with χ(SD7WU
) = 44360. The total D3-brane

tadpole evaluates to

ND3 =
NO3

2
+
χ(SO7)

6
+
χ(SD7WU

)

24
=

1

2
+

295

6
+

44360

24
= 1898 . (5.21)

This tadpole must match χst(Y4)/12 for the F-theory fourfold Y4 built over B3 = P3
[1,1,1,2].

Uplift example: We now proceed to construct the F-theory uplift of X10, namely the

elliptic fibration π : Y30 → P[1,1,1,2], where Y30 is realized as a degree 30 hypersurface in the

weighted projective space P[1,1,1,2,10,15]. Following the methods of [202], this toric hypersurface
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can be obtained from the following polytope data:

l1 l2



vx 0 0 0 1 0 2 0

vy 0 0 0 0 1 3 0

vz 0 0 0 −2 −3 1 −5

v0 −1 −1 −2 −2 −3 0 1

v1 1 0 0 −2 −3 0 1

v2 0 1 0 −2 −3 0 1

v3 0 0 1 −2 −3 0 2

(5.22)

Here x, y, z, and ui are the homogeneous toric coordinates associated with their respective ray

generator points vx, vy, vz, and vi; in particular, we identify x, y, and z with the homogeneous

coordinates of the fiber of the Weierstrass model, and ui with the base coordinates.

Since P3
[1,1,1,2] has an isolated terminal quotient singularity, as obtained in Result 4.1, the

theorem in Prompt 4.4 implies that Y30 likewise has isolated terminal quotient singulari-

ties. We indeed encounter three isolated terminal quotient singularities upon intersecting the

Calabi–Yau locus on the toric patch Uσ = C5/Z2 with σ = ⟨v0, v1, v2, vx, vy⟩, where the Z2

generator acts on the affine coordinates as

σ2 : (u0, u1, u2, x, y) 7→ (−u0,−u1,−u2, x,−y) . (5.23)

Its fixed locus is therefore the x-line u0 = u1 = u2 = y = 0. Restricting the Weierstrass

equation to this locus gives

x3 + f0x+ g0 = 0 , (5.24)

where f0 and g0 denote the values of the Weierstrass coefficients f and g at u0 = u1 = u2 = 0.

For a smooth fiber over the singular point of the base, ∆W ̸= 0, this cubic has three distinct

roots. It follows that the hypersurface intersects the fixed locus of the ambient Z2 action in

three isolated points. Near each such point, x can be eliminated locally by the Weierstrass

equation, so that the residual Z2 action on the hypersurface is

(u0, u1, u2, y) 7→ (−u0,−u1,−u2,−y) . (5.25)

Consequently, each singularity is locally analytically of type 1
2
(1, 1, 1, 1) and is, therefore, an

isolated Gorenstein terminal quotient singularity.

The zero section contributes one further singular point over p = [0 : 0 : 0 : 1]. There the

Weierstrass equation reduces to y2 = x3, giving the point represented by x = y = u3 = 1.

The scalings encoded by l1, l2 preserve this representative when λ2 = λ3 = 1 and µ2 = 1.
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Thus, the nontrivial residual action has λ = 1 and µ = −1. Since u0, u1, u2 have µ-weight 1

and z has µ-weight −5, it acts on local coordinates of the hypersurface as

(u0, u1, u2, z) 7→ (−u0,−u1,−u2,−z) . (5.26)

Hence, this fourth point is an isolated Gorenstein terminal singularity of type 1
2
(1, 1, 1, 1).

Using CYTools and the adjunction formula, we obtain that the uncorrected fourth Chern

class intersection number is 22770. Each of the four isolated quotient singularities contributes

2 − 1
2
= 3

2
to the correction in (4.74), giving a total of 6. Equivalently, this is the correc-

tion associated with the single Z2 terminal quotient singularity of the base, as discussed

in the correction formula (3.25). We therefore find χst(Y30) = 22770 + 6 = 22776, which

perfectly matches the tadpole relation 1
12
χst(Y30) = 1898, in agreement with the tadpole

relation (5.21).

This accounts for the O3-plane contribution that is absent from the naive fourfold Euler

calculation discussed in [101].

5.4 F-theory Uplift with S-folds Example

Let us now discuss the construction of a global F-theory example containing both O3-

and S-fold point singularities. Concretely, we consider the base B3 = P3
[1,1,2,3], discussed in

Prompts 4.2 and 4.3, which contains both a Z2 and a Z3 terminal quotient singularity. The

corresponding Weierstrass model over this toric threefold is realized as a toric hypersurface

Calabi–Yau fourfold determined by the Batyrev construction associated with the polytope

given by the convex hull of the following set of lattice points:

l1 l2



vx 0 0 0 1 0 2 0

vy 0 0 0 0 1 3 0

vz 0 0 0 −2 −3 1 −7

v0 −1 −2 −3 −2 −3 0 1

v1 1 0 0 −2 −3 0 1

v2 0 1 0 −2 −3 0 2

v3 0 0 1 −2 −3 0 3

(5.27)

As in the previous example, we denote by x, y, z, and ui the homogeneous toric coordinates

associated with the respective ray generators vx, vy, vz, and vi. In particular, we identify x, y,

and z with the homogeneous coordinates of the Weierstrass fiber, while the ui are identified

with the coordinates of the base. The resulting geometry is therefore an elliptically fibered

Calabi–Yau fourfold π : Y42 → P3
[1,1,2,3], which can be realized as a degree 42 hypersurface
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in the ambient weighted projective space P[1,1,2,3,14,21]. By the theorem in Prompt 4.4, Y42

is Q-factorial and contains isolated Gorenstein terminal singularities. In what follows, we

describe these singular points more explicitly.

Following Prompts 4.2 and 4.3, the terminal singularities in P[1,1,2,3] are given by the

points

p2 = [0 : 0 : 1 : 0] , p3 = [0 : 0 : 0 : 1] (5.28)

and are of the type 1
2
(1, 1, 1) and 1

3
(1, 1, 2), respectively. An analysis analogous to that of

Section 5.3 for Y30 reveals three isolated Z2 terminal singularities located at the intersection

of Y42 with the patch Uσ = C5/Z2, where σ = ⟨v0, v1, v3, vx, vy⟩. In other words, these

singularities correspond to the F-theory uplift of O3-plane points. Let us now turn to the

singularities associated with the Z3 quotient.

For the base point p3, the relevant cone containing it is given by τ = ⟨v0, v1, v2, vx, vy⟩ with
the associated toric patch Uτ = C5/Z3, where the Z3 generator acts on the affine coordinates

as

σ3 : (u0, u1, u2, x, y) 7→ (ζu0, ζu1, ζ
2u2, ζ

2x, y) , ζ = e2πi/3 . (5.29)

Its fixed locus is therefore the y-line u0 = u1 = u2 = x = 0. Restricting the Weierstrass

equation to this locus gives

y2 = g0 , (5.30)

where g0 denotes the value of the Weierstrass coefficient g at u0 = u1 = u2 = 0. Thus, the

hypersurface intersects the fixed locus of the ambient Z3 action in two isolated points. Near

each such point, y can be eliminated locally by the Weierstrass equation, so that the residual

Z3 action on the hypersurface is

σ3 : (u0, u1, u2, x) 7→ (ζu0, ζu1, ζ
−1u2, ζ

−1x) . (5.31)

Thus, this gives rise to a pair of S-fold points that are locally analytically of type 1
3
(1, 1, 2, 2)

and therefore correspond to isolated Gorenstein terminal quotient singularities. To our knowl-

edge, this constitutes the first appearance in the literature of S-folds within a compact F-

theory geometry.

We also encounter two further isolated terminal quotient singularities at the zero section,

arising from residual finite group actions on the patches containing z = 0. Consider first the

Z3 singular point of the base B3 = P3
[1,1,2,3] and the patch associated with ⟨vz, vx, v0, v1, v2⟩,

for which the complementary coordinates y and u3 are non-vanishing. The residual action

can be read directly from the Mori vectors l1 and l2 in (5.27), which define the (C∗)2 scaling

action

(x, y, z, u0, u1, u2, u3) ∼ (λ2x, λ3y, λµ−7z, µu0, µu1, µ
2u2, µ

3u3) , (5.32)
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where (λ, µ) ∈ (C∗)2. Fixing y = u3 = 1, the singular point p3 on the zero section is

represented by

z = 0 , x = 1 , u0 = u1 = u2 = 0 . (5.33)

Preserving these gauge choices requires λ3 = λ2 = 1, µ3 = 1, so that λ = 1 and µ = ζ = e2πi/3.

The resulting action on the local coordinates is therefore

(u0, u1, u2, z) 7→ (ζu0, ζu1, ζ
−1u2, ζ

−1z) . (5.34)

The residual Z3 action therefore acts on the four local coordinates as in (4.44), and the sin-

gularity is locally analytically of type 1
3
(1, 1, 2, 2), hence it is an isolated Gorenstein terminal

quotient singularity. Similarly, over the cone ⟨vz, vx, v0, v1, v3⟩, the zero section point above

the p2 singularity of the base is locally of type 1
2
(1, 1, 1, 1).

Although this example has no independent tadpole calculation, its polytope data provide

a check of the local stringy correction formula. The Batyrev formulas implemented in PALP

[203] give h1,1st (Y4) = 2, h2,1st (Y4) = 0, and h3,1st (Y4) = 3462. The Calabi–Yau fourfold identities

then yield

h2,2st (Y4) = 13900 , χst(Y4) = 6(8 + h1,1st − h2,1st + h3,1st ) = 20832. (5.35)

Independently, toric adjunction gives
∫
Y4
c4(TY4) = 20818 for the associated smooth orbifold

stack. The single Z2 singularity on the base lifts to four isolated terminal points on Y4, while

the single Z3 singularity lifts to three isolated terminal points. Our formula (4.74) therefore

gives

χst(Y4) = 20818 + 4

(
2− 1

2

)
+ 3

(
3− 1

3

)
= 20818 + 6 + 8 = 20832 , (5.36)

in agreement with the polytope computation.

5.5 F-theory Uplift to Non-Higgsable Cluster Example

As a concrete application, let us revisit the Calabi–Yau threefold X3 = P[1,1,1,6,9][18]. While

this geometry was previously studied in the literature (e.g., [204]), its orientifold was recently

analyzed from the Type IIB perspective in [117]. Here, we report its toric data and GLSM

following the conventions of our database, which differ from the presentation in [117] by a

permutation of the coordinates. The toric rays of the ambient space are generated by the
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vertices
l1 l2



v1 −1 −6 −8 1 1 0

v2 0 0 0 −1 9 3

v3 0 0 1 1 1 0

v4 0 1 1 1 6 2

v5 1 0 1 1 1 0

v6 0 −2 −2 1 0 1

(5.37)

This Calabi–Yau threefold has Hodge numbers h1,1 = 2 and h2,1 = 272. The Stanley–Reisner

ideal for this specific triangulation is SRI = ⟨x1x3x5, x2x4x6⟩. The prime toric divisors possess

the following Hodge numbers:

h0,0 h1,0 h2,0 h1,1

D1, D3, D5 1 0 2 30

D2 1 0 65 417

D4 1 0 28 218

D6 1 0 0 1

(5.38)

We consider the orientifold involution leaving x2 = 0 and x6 = 0 fixed. In the formalism

introduced in Appendix A.1, this corresponds to a coordinate reflection defined by a trivial

permutation ρ = 1 and b2 = −1 and b6 = −1. In this configuration, the fixed locus D2 =

{x2 = 0} wraps an O7-plane that is canceled by a recombined Whitney umbrella D7-brane

configuration. In contrast, the fixed locus D6 = {x6 = 0} is completely rigid (h2,0(D6) = 0

and h1,0(D6) = 0), so the associated O7-plane is canceled by an SO(8) stack of four D7-

branes and their four orientifold images on top of it. The total D7-brane Euler characteristic

contributing to the tadpole is exactly the sum of the Whitney umbrella and the SO(8) stack

contributions,

χ(SD7tot) = χ(SD7WU
) + χ(SD7SO(8)

) = 86040 + 24 = 86064 . (5.39)

The total O7-plane Euler characteristic evaluates to χ(SO7tot) = 552. Because there are

no O3-planes in this configuration (NO3 = 0), the geometric contribution to the D3-brane

tadpole evaluates to

ND3 =
NO3

2
+
χ(SO7tot)

6
+
χ(SD7tot)

24
= 3678 . (5.40)

This means that the resolved F-theory fourfold Y4 constructed as an elliptic fibration over

the orientifold base B3 = X3/Z2, must have χst(Y4) = 44136. As there are no O3-planes,

χst(Y4) receives no singular point corrections, thus χst(Y4) =
∫
c4(TY4) = 44136.
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As already pointed out in [104, 205], the F-theory uplift of this particular orientifold gives

rise to an elliptic fibration over a non-Higgsable cluster supporting an so(8) gauge algebra.

Such a base geometry was classified in [137] and corresponds to the non-Fano threefold

B3 = PP2 (O ⊕O(6)) , (5.41)

which is a P1-fibration over P2 with a non-trivial twist, analogous to the non-Higgsable cluster

in six dimensions associated with the Hirzebruch surface F4 [136]. Indeed, from the trilayer

construction in (5.37), we observe that the toric fan associated with the polytope

∆′
3 = Conv ((−1,−6,−8), (0, 0, 1), (0, 1, 1), (1, 0, 1), (0,−2,−2)) (5.42)

is related, by an appropriate GL(3,Z) transformation and upon passing to primitive genera-

tors of its one-dimensional cones, to the toric fan associated with

∆3 = Conv ((1, 0, 0), (0, 1, 0), (−1,−1,−6), (0, 0, 1), (0, 0,−1)) . (5.43)

The latter three-dimensional polytope realizes the toric projective bundle (5.41). Thus, the

corresponding F-theory uplift of the orientifold under consideration is given by the Weier-

strass model π : Y4 → B3 = PP2 (O ⊕O(6)). In the following, we proceed to explicitly con-

struct this elliptically fibered Calabi–Yau fourfold and its resolution with the aid of Solver

Agent. For completeness, we provide detailed documentation of the construction, including

the intermediate calculations, in a separate file available here.

We now follow the approach of [206] for the toric hypersurface construction of an ellip-

tically fibered Calabi–Yau fourfold whose base realizes a non-Higgsable cluster in F-theory.

To this end, let us introduce the lattice N ∼= Z5 and write a lattice point as

v = (a, b ; c, d, e) , (5.44)

such that NF = {c = d = e = 0} ⊂ N plays the role of the fiber lattice and

φ : N → NB
∼= Z3, (a, b ; c, d, e) 7→ (c, d, e) (5.45)

is the projection to the base lattice. We then consider the reflexive polytope ∆ ⊂ NR with

the following boundary lattice points:

vx = (1, 0 ; 0, 0, 0) , vy = (0, 1 ; 0, 0, 0) , vz = (−2,−3 ; 0, 0, 0) ,

u1 = (−2,−3 ; 1, 0, 0) , u2 = (−2,−3 ; 0, 1, 0) , u3 = (−2,−3 ;−1,−1,−6) ,

u4 = (−2,−3 ; 0, 0, 1) , u5 = (−2,−3 ; 0, 0,−1) .

With this toric data in place, we proceed to carry out the explicit construction of the elliptic

fibration π : Y4 → B3 and the corresponding computations through Solver Agent as follows:
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Prompt 5.2

Show that φmaps {u1, u2, u3, u4, u5} onto the rays of the fan of a smooth non-Fano threefold

B3 that is given by the projective bundle PP2(O ⊕O(6)).

Result 5.2

Under the projection φ : N → NB, the five rays ui are mapped to the ray generators

associated to ∆3 in (5.43). These rays generate a complete fan whose maximal cones are

⟨ri, rj , s±⟩ , 1 ≤ i < j ≤ 3 , (5.46)

where r1, r2, r3 denote the first three rays and s± the two vertical rays. Each maximal cone

is unimodular, and hence the associated toric threefold B3 is smooth. Modulo the vertical

direction, the rays r1, r2, r3 reduce to the standard fan of P2. Moreover, the ray relations

are

s+ + s− = 0, , r1 + r2 + r3 = 6s− , (5.47)

which identifies the corresponding Cox quotient with the projective bundle PP2(O⊕O(6)).

Finally, the second primitive relation in (5.47) has anticanonical degree 3−6 = −3. Equiva-

lently, the invariant curves associated with the walls ⟨ri, s−⟩ satisfy (−KB3) ·C = −3. Thus

−KB3 is not nef, and in particular not ample. We therefore conclude that the projection φ

realizes the base as the smooth, complete, non-Fano toric threefold

B3
∼= PP2

(
O ⊕O(6)

)
. (5.48)

Prompt 5.3

Using the eight rays {vx, vy, vz, u1, u2, u3, u4, u5}, write down the fan ΣW whose maximal

cones are of the form σF + σB3 , with σF a two-dimensional cone of the P2
[2,3,1] fan and σB3

the lift of a three-dimensional cone of the fan ΣB3 associated to B3. Let

mathbbPSigmaW be the toric variety associated to the toric fan

SigmaW . Show that

PΣW
∼= P

(
K−2

B3
⊕K−3

B3
⊕OB3

)
, (5.49)

and that the generic anticanonical hypersurface is the Weierstrass model π : Y4 → B3,

y2 = x3 + fxz4 + gz6. (5.50)

Determine ordS(f, g,∆W ), where ∆W = 4f3 + 27g2 is the discriminant of the Weierstrass

model, and identify the Kodaira fiber over a divisor S ⊂ B3. Also determine S in terms of

toric divisors of B3.
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Result 5.3

The fiber rays satisfy

2vx + 3vy + vz = 0 , (5.51)

and hence generate the fan of P2
[2,3,1]. Combining its three two-dimensional cones with the

six lifted maximal cones of ΣB3 gives the fan ΣW with maximal cones

Σ
(5)
W = {⟨va, vb, ui, uj , uk⟩ : ab ∈ {xy, yz, zx} , ijk ∈ {124, 125, 234, 235, 314, 315}} . (5.52)

The corresponding Cox grading shows that, if H denotes the relative weighted hyperplane

class,

[x] = 2H + 2c1(TB3), [y] = 3H + 3c1(TB3), [z] = H, (5.53)

so that

PΣW
∼= P[2,3,1]

(
K−2

B3
⊕K−3

B3
⊕O

)
.

Its generic anticanonical hypersurface is therefore the usual Tate model with coefficients

ai ∈ Γ(B3,K
−i
B3

), which can be brought to Weierstrass form

y2 = x3 + fxz4 + gz6,

where f ∈ Γ(B3,K
−4
B3

) and g ∈ Γ(B3,K
−6
B3

).

To identify the non-Higgsable divisor, let Dri and Ds± denote the toric divisors of B3

associated with the projected rays ri = φ(ui), s+ = φ(u4), and s− = φ(u5). We denote by

S := Ds− ⊂ B3 the toric divisor associated with s−. By a slight abuse of notation, from now

on, we use the same symbols for divisors and their divisor classes whenever no confusion

can arise. The divisor relations are then

L := Dr1 = Dr2 = Dr3 , Ds+ = S + 6L, −KB3 = 9L+ 2S. (5.54)

Since the rays s+ and s− do not span a cone of the fan of B3, one has Ds+Ds− = 0. It

follows that S ∼= P2 and NS/B3
∼= OP2(−6). The toric monomial structure of the sections of

−4KB3 and −6KB3 forces

ordS(f, g,∆W ) = (2, 3, 6) . (5.55)

Hence the generic fiber over S is of Kodaira type I∗0 . Since the leading coefficients of f and

g restrict to constants on S, the associated monodromy cubic has three distinct constant

roots for generic complex structure. The I∗0 fiber is therefore split, corresponding to the

non-Higgsable gauge algebra

g = so(8) . (5.56)
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Prompt 5.4

Show that, apart from the seven points listed above, ∆ contains further lattice points that

do not lie in the interior of a facet, and identify them. Express each as a positive integer

combination of ray points at ∂∆, and interpret the two corresponding star subdivisions

as successive weighted blow-ups over S. Read off the multiplicity of the associated fiber

components from φ.

Result 5.4

Besides the originally displayed boundary points, the polytope ∆ contains precisely two

further lattice points that do not lie in the relative interior of a facet,

pA = (−2,−3; 0, 0,−2), pB = (−1,−1; 0, 0,−1). (5.57)

The remaining boundary lattice points lie in the relative interiors of facets and are therefore

not relevant for the present identification of the additional non-facet-interior points. Both

pA and pB lie in the cone ⟨vx, vy, u5⟩ and satisfy

pA = 2vx + 3vy + 2u5, 2pB = pA + vy. (5.58)

The first star subdivision inserts pA in the interior of ⟨vx, vy, u5⟩ and corresponds to a

weighted blow-up of the toric locus V (x, y, u5) with weights (2, 3, 2). After this subdivision,

pB is the primitive midpoint of the edge ⟨pA, vy⟩, so that a second star subdivision inserts pB
along this edge and corresponds to a further index-two weighted blow-up. In the following,

we denote by Dv the toric divisor associated with a ray generator v of the corresponding

toric fan. Both refinements are supported over the toric divisor Du5 , which projects onto

the divisor S ⊂ B3. The multiplicities of the corresponding fiber components follow directly

from the projection,

φ(u5) = s−, φ(pA) = 2s−, φ(pB) = s−, (5.59)

and hence

φ∗S = Du5 + 2DpA +DpB + · · · . (5.60)

Thus, the exceptional divisors associated with pA and pB appear in the fiber over S with

multiplicities 2 and 1, respectively.
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Prompt 5.5

Determine a fine, regular, star triangulation T̂ of ∆ that is compatible with the fibration,

i.e. such that every cone of ΣT̂ is mapped by φ into a cone of ΣB3 . Verify that the resulting

hypersurface Ŷ4 is smooth and that ρ : Ŷ4 → Y4 is a crepant resolution. Show that the fiber

over a generic point of S has five components. Draw the resulting dual graph, identify the

affine Dynkin type, and read off the gauge algebra g.

Result 5.5

Including the additional boundary lattice points pA, pB, together with the four boundary

lattice points lying in the relative interiors of facets

q1 = (−1,−2; 0, 0,−1) , q2 = (−1,−2; 0, 0, 0) ,

q3 = (−1,−1; 0, 0, 0) , q4 = (0,−1; 0, 0, 0) ,
(5.61)

one finds a fine, regular, star triangulation T̂ of ∆ with 54 maximal cones. The triangulation

is compatible with the elliptic fibration in the sense that every cone of ΣT̂ is mapped by

φ into a cone of ΣB3 . Moreover, all maximal cones are unimodular, so that the associated

toric ambient space is smooth, and regularity of T̂ ensures that the induced birational toric

morphism is projective. The proper transform Ŷ4 of the generic anticanonical hypersurface

is smooth. For each exceptional ray, the vanishing order of the anticanonical hypersurface

precisely cancels the corresponding ambient discrepancy, and hence KŶ4
= ρ∗KY4 . Thus,

ρ : Ŷ4 → Y4 defines a projective crepant resolution.

Over a generic point ηS of the divisor S ⊂ B3, the intersections of Du5 and DpA with Ŷ4 are

irreducible, while DpB ∩ Ŷ4 splits into three irreducible fiber components Ci, with 1 ≤ i ≤ 3.

Denoting these components by

U := Du5 ∩ Ŷ4 , A := DpA ∩ Ŷ4 , DpB ∩ Ŷ4 = C1 + C2 + C3 , (5.62)

the generic fiber takes the form

π̂−1(ηS) = U + 2A+ C1 + C2 + C3 . (5.63)

The remaining divisor Dq1 appearing in the toric pullback of S does not intersect Ŷ4. The

only non-trivial intersections among the five fiber components are

U ·A = 1 , A · Ci = 1 , 1 ≤ i ≤ 3 , (5.64)

so that their dual graph is

A

UC1

C2 C3

(5.65)
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with multiplicities (1, 1, 2, 1, 1) corresponding to the nodes (C1, C2, A,C3, U). This is the

affine Dynkin diagram D̃4. Since the corresponding I∗0 fiber is split, the non-Higgsable

gauge algebra supported over S is indeed so(8).

Prompt 5.6

Identify a basis of divisor classes of Ŷ4 compatible with the Shioda–Tate decomposition,

H1,1(Ŷ4) = ⟨S0, D1, D2, E1, E2, E3, E4⟩ , (5.66)

where S0 is the zero section, D1 and D2 are pullback divisors of B3, respectively, and

E1, . . . , E4 are the Cartan divisors associated with the so(8) resolution. Using the toric

intersection ring of the resolved ambient space, compute the intersection numbers

κABCD =

∫
Ŷ4

DA ∧DB ∧DC ∧DD . (5.67)

Result 5.6

Let L and S denote the divisor classes on the base introduced above, with

L3 = 0 , L2 · S = 1 , L · S2 = −6 , S3 = 36 , (5.68)

and c1(TB3) = 9L+2S. A basis ofH1,1(Ŷ4) compatible with the Shioda–Tate decomposition

is given by

H1,1(Ŷ4) =
〈
Z,D1, D2, E1, E2, E3, E4

〉
, (5.69)

where

Z = Dvz

∣∣
Ŷ4
, D1 = π̂∗L , D2 = π̂∗S . (5.70)

Here E2 = DpA |Ŷ4
is the Cartan divisor associated with the central node of the D4 fiber,

while the divisor DpB |Ŷ4
splits into the three outer Cartan divisors as follows

DpB

∣∣
Ŷ4

= E1 + E3 + E4 . (5.71)

In particular, the pullback of the divisor S decomposes as

D2 = E0 + E1 + 2E2 + E3 + E4 , (5.72)

where E0 denotes the fibral divisor associated with the affine node of the resolved I∗0 fiber.

The complete quadruple intersection tensor can be encoded compactly by introducing the

Kähler parameters (z, ℓ, s, e1, e2, e3, e4) associated with the ordered basis (5.69) and Ak :=
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ek1 + ek3 + ek4. Then

I4 =

∫
Ŷ4

(
zZ + ℓD1 + sD2 +

4∑
i=1

eiEi

)4

= − 126z4 + 48z3ℓ+ 36z3s− 12z2ℓ2 + 36z2ℓs

− 108z2s2 + 12zℓ2s− 72zℓs2 + 144zs3

+ ℓ2
(
−12A2 + 12e2A1 − 12e22

)
+ ℓs

(
144A2 − 144e2A1 + 144e22

)
+ s2

(
−432A2 + 432e2A1 − 432e22

)
+ ℓ

(
48A3 + 48e32 − 36e22A1

)
+ s

(
−288A3 − 288e32 + 216e22A1

)
− 72A4 − 54e42 + 36e32A1 .

(5.73)

For a monomial

zn0ℓn1sn2en3
1 e

n4
2 e

n5
3 e

n6
4 ,

6∑
i=0

ni = 4 , (5.74)

the integers n0, . . . , n6 denote the corresponding powers of the variables in the monomial.

Its coefficient in I4 is related to the associated intersection number by

coeff(I4) =
4!

n0! · · ·n6!
κABCD , (5.75)

so that this polynomial determines all symmetric quadruple intersections.

As checks, the section and base intersections include [70]

Z ·D2
1 ·D2 = 1 , Z ·D1 ·D

2
2 = −6 , Z ·D3

2 = 36 , (5.76)

and obey the usual section relation Z2 = −π̂∗c1(TB3)Z. Moreover, in the ordering

(E1, E2, E3, E4), the Cartan intersections satisfy [70]

κEiEjDaDb
= −CD4

ij

∫
B3

S ∧Da ∧Db , (5.77)

confirming that the exceptional divisors reproduce the D4 Cartan matrix associated with

the so(8) resolution.

As a final sanity check, we asked Solver Agent to compute the Euler characteristic of Ŷ4 to

check that it agrees with the one needed by (5.40).

Prompt 5.7

Using adjunction and the quadruple intersection numbers obtained above, compute c4(T Ŷ4)
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and hence the Euler characteristic

χ(Ŷ4) =

∫
Ŷ4

c4(T Ŷ4) . (5.78)

Result 5.7

Let X = XT be the smooth toric fivefold associated with the 54-cone FRST, and write

SX = [Ŷ4] = −KX =
∑
r

Dr, c(TX) =
∏
r

(1 +Dr) = 1 + e1 + e2 + · · · . (5.79)

Since e1 = SX , adjunction gives

c4(T Ŷ4) =
(
e4 − SXe3 + S2

Xe2
) ∣∣

Ŷ4
. (5.80)

Reducing the resulting degree-five intersections using the linear and Stanley–Reisner rela-

tions of the resolved fan, we obtain

χ(Ŷ4) =

∫
X
SX
(
e4 − SXe3 + S2

Xe2
)
= 234− 5346 + 49248 = 44136. (5.81)

As an independent check, Batyrev’s formulas give (h1,1, h2,1, h3,1, h2,2) = (7, 0, 7341, 29436),

and hence

χ(Ŷ4) = 4 + 2h1,1 − 4h2,1 + 2h3,1 + h2,2 = 44136. (5.82)

Notice that Result 5.7 agrees with both the tadpole cancellation relation 1
12
χ(Ŷ4) = 3678

in (5.40) and the Euler characteristic previously reported in [196, Table 6.3].

Following the flux constraints reviewed in [70, Section 9] and using the results of our

previous computations, we now consider the following ansatz for a non-trivial non-abelian

four-form flux G4:

Prompt 5.8

Consider the most general vertical flux generated by quadratic divisor products,

G4 =
∑
A≤B

gABDADB ∈ H2,2
vert(Ŷ4) , DA ∈ {Z,D1, D2, E1, E2, E3, E4} . (5.83)

Use the intersection relations obtained above to reduce this ansatz to an independent basis.
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Impose the F-theory transversality conditions∫
Ŷ4

G4ZDα = 0 ,

∫
Ŷ4

G4DαDβ = 0 , (5.84)

and the cohomological conditions for preserving the full non-abelian gauge algebra so(8),∫
Ŷ4

G4EiDα = 0 , (5.85)

where α, β = 1, 2 and i = 1, . . . , 4.

Require in addition

G4 +
1

2
c2(T Ŷ4) ∈ H4(Ŷ4,Z) , J ∧G4 = 0 , nD3 +

1

2

∫
Ŷ4

G4 ∧G4 =
χ(Ŷ4)

24
, (5.86)

where J is the Kähler form of Ŷ4 and nD3 ∈ Z≥0. Determine whether there exists a non-zero

supersymmetric, properly quantized vertical flux satisfying all these conditions.

Result 5.8

Write L = D1 and S = D2. The intersection relations reduce the general vertical flux to

G4 = AZ2 +BZL+ CL2 +DLS + L
4∑

i=1

fiEi . (5.87)

The F-theory transversality conditions give

−2A = 0 , 3A+B = 0 , 12A− 2B +D = 0 , 9A+ 3B + C − 6D = 0 . (5.88)

Thus A = B = C = D = 0, leaving G4 = L
∑

i fiEi. The so(8)-preserving conditions

already force this remaining flux to vanish: using D1 = L, they read

0 =

∫
Ŷ4

G4EjL = −
4∑

i=1

(CD4)jifi , CD4 =


2 −1 0 0

−1 2 −1 −1

0 −1 2 0

0 −1 0 2

 . (5.89)

Since CD4 is invertible, all fi vanish.

In fact, dropping gauge preservation does not produce a nonzero supersymmetric flux. For

f = (f1, . . . , f4)
T, the remaining classes satisfy∫

Ŷ4

G4 ∧G4 = −fTCD4f < 0 if f ̸= 0 . (5.90)
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This contradicts the Hodge–Riemann bilinear relations, which require positive self-

intersection for a nonzero real (2, 2)-class satisfying J ∧ G4 = 0 on the smooth projective

fourfold Ŷ4. Hence there is no nonzero supersymmetric vertical flux within this ansatz, ir-

respective of shifted quantization and the D3-brane tadpole. The zero flux requires, then,

that the tadpole constraint is satisfied by

nD3 =
χ(Ŷ4)

24
=

44136

24
= 1839 . (5.91)

The absence of non-zero gauge-preserving vertical flux in our so(8) non-Higgsable model

raises questions about its geometric and physical significance. The absence of codimension-

two fiber enhancements along the gauge divisor suggests that there is no localized charged

matter [137], as in its six-dimensional counterpart [207]. Although this is consistent with

the absence of an associated chiral index, it does not, by itself, explain why the allowed

vertical flux vanishes. Relaxing gauge preservation to allow Cartan fluxes leaves only the

trivial class once primitivity is imposed in the Kähler chamber considered. We leave a deeper

understanding of this restriction, and whether it extends to other non-Higgsable models, for

future work.

5.6 Calabi–Yau Example with S-folds and Gauge Enhancement

In this final section, we focus on a Calabi–Yau fourfold geometry that simultaneously incorpo-

rates O3-plane and S-fold point singularities, together with additional Kodaira singularities

giving rise to a non-abelian gauge enhancement. This provides an explicit example of the

scenarios described in points 3. and 4. of Theorem 1.

Let us start by analyzing the interesting base geometry P3
[1,1,3,4], which possesses a Z4

terminal quotient singularity and, by Theorem 1, we expect terminal quotient singularities

in its Weierstrass model. However, this threefold also contains a canonical singularity at

p3 = [0 : 0 : 1 : 0]. Indeed, on the patch Uσ = C3/Z3, with σ = ⟨u0, u1, u3⟩, the generator g

of Z3 acts as

g : (u0, u1, u3) 7→ (ζu0, ζu1, ζ
4u3) = (ζu0, ζu1, ζu3) , ζ = e2πi/3 . (5.92)

Thus, age(g) = 1, while age(g2) = 2, and hence p3 is a canonical but non-terminal quotient

singularity. Since this singularity admits a crepant toric resolution whose exceptional divisor

is a P2, we consider the geometry

B3 = Blp3(P3
[1,1,3,4]) . (5.93)

The resulting threefold retains only the Z4 terminal quotient singularity at p4 = [0 : 0 : 0 :

1] ∈ P3
[1,1,3,4], and therefore provides a suitable working example for Theorem 1.
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Before proceeding with Solver Agent, let us summarize our main results and make a

few remarks.

We initially followed the approach to constructing an elliptic fibration over B3 described

in Section 5.5, but Solver Agent revealed that some of our assumptions required correction.

In particular, the generic Weierstrass model over B3 does not admit a toric realization. We

therefore chose a tuned Weierstrass model that gives a Calabi–Yau fourfold with a toric

realization. For its associated polytope, we could not find an FRST triangulation that is also

compatible with the elliptic fibration, as in some toric constructions discussed in [208]. We

instead decided to preserve the fibration structure and realize the Calabi–Yau hypersurface

using a non-FRST triangulation.

In this tuned Weierstrass model π : Y4 → B3, we find an I6 gauge enhancement along

the blowup divisor S ∼= P2. The divisor S does not intersect p4, and the discriminant does

not meet the singular locus of the base {∆W = 0} ∩ Sing(B3) = ∅. Moreover, Y4 has two

isolated Z4 terminal quotient singularities and one isolated Z2 terminal quotient singularity.

The partial crepant resolution ρ : Ŷ4 → Y4 resolves the I6 singularity while leaving these

isolated Gorenstein terminal singularities unchanged, as expected from Theorem 1.

Following a similar formulation introduced in Section 5.5, we use Solver Agent to con-

struct the corresponding F-theory uplift for (5.93):

Prompt 5.9

Let N ≃ Z5 and write a lattice point as

v = (a, b ; c, d, e), (5.94)

so that

NF = {c = d = e = 0} ⊂ N (5.95)

plays the role of the fiber lattice and

φ : N −→ NB ≃ Z3, (a, b ; c, d, e) 7−→ (c, d, e) (5.96)

is the projection to the base lattice. Let ∆ ⊂ NR be the reflexive polytope with the following

distinguished ray points on ∂∆:

vx = (1, 0 ; 0, 0, 0), vy = (0, 1 ; 0, 0, 0), vz = (−2,−3 ; 0, 0, 0),

u0 = (−2,−3 ;−1,−3,−4), u1 = (−2,−3 ; 1, 0, 0), u2 = (−2,−3 ; 0, 1, 0),

u3 = (−2,−3 ; 0, 0, 1), eb = (1, 0 ; 0,−1,−1).

71



Show that φ maps {u0, u1, u2, u3, eb} onto the rays of the fan of a projective threefold B3

obtained as the toric crepant blow-up

B3 = Blp3

(
P3
[1,1,3,4]

)
, p3 = [0 : 0 : 1 : 0] ∈ P3

[1,1,3,4]. (5.97)

Show that the Z3 canonical quotient singularity at p3 is resolved and identify the remaining

isolated singular point of B3. Identify the local group structure around the latter.

Result 5.9

Let ri = φ(ui) and q = φ(eb), so that

r0 = (−1,−3,−4), r1 = (1, 0, 0), r2 = (0, 1, 0),

r3 = (0, 0, 1), q = (0,−1,−1).
(5.98)

The four rays r0, r1, r2, r3 satisfy the primitive positive relation

r0 + r1 + 3r2 + 4r3 = 0, (5.99)

and therefore generate the fan of the weighted projective space P3
[1,1,3,4].

The maximal cone σ = ⟨r0, r1, r3⟩ corresponds to the coordinate point p3 = [0 : 0 : 1 : 0]. Its

lattice index is three, and the associated local quotient singularity is 1
3(1, 1, 1). In particular,

p3 is a canonical Gorenstein quotient singularity.

The additional ray q satisfies

q =
1

3
(r0 + r1 + r3) , (5.100)

and hence lies in the relative interior of σ. The corresponding star subdivision replaces σ

by the three cones ⟨q, r1, r3⟩, ⟨r0, q, r3⟩, and ⟨r0, r1, q⟩, while leaving the remaining maximal

cones unchanged. Each of the new cones is unimodular, so the singularity at p3 is completely

resolved.

The subdivision is moreover crepant. Indeed, the local canonical support covector m =

(1,−2, 1) satisfies

⟨m, r0⟩ = ⟨m, r1⟩ = ⟨m, r3⟩ = ⟨m, q⟩ = 1. (5.101)

The exceptional discrepancy is therefore ⟨m, q⟩ − 1 = 0. Since a toric star subdivision is

projective over the original toric variety, the resulting base is the projective crepant toric

blow-up

B3 = Blp3

(
P3
[1,1,3,4]

)
, (5.102)

where the blow-up is understood in the normalized toric sense.

After this subdivision, the only non-smooth maximal cone is τ = ⟨r0, r1, r2⟩, which corre-

sponds to p4 = [0 : 0 : 0 : 1]. This cone has lattice index four, with local analytic quotient
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type 1
4(1, 1, 3). Furthermore, all proper faces of τ are smooth, so the singularity at p4 is

isolated. Consequently,

Sing(B3) = {p4}, (B3, p4) ∼= C3/Z4 of type 1
4(1, 1, 3). (5.103)

Prompt 5.10

Show that the lattice point

ẽb = (−2,−3 ; 0,−1,−1) (5.104)

lies on ∂∆ and compute φ(ẽb). Using the eight rays {vx, vy, vz, u0, u1, u2, u3, ẽb}, write down
a fan ΣW compatible with φ, whose maximal cones are of the form σF + σ̃B, where σF is

a two-dimensional cone of the fan of P2
[2,3,1] and σ̃B is the lift of a three-dimensional cone

σB ∈ ΣB3 .

Let PΣW
be the toric variety associated to the fan ΣW . Show that

PΣW
∼= P2

[2,3,1]

(
OB3(−2KB3)⊕OB3(−3KB3)⊕OB3

)
, (5.105)

where OB3(−mKB3) is understood as the corresponding rank-one reflexive sheaf whenever

−mKB3 is not Cartier. Show furthermore that a generic anticanonical hypersurface in PΣW

gives the untuned Weierstrass model

y2 = x3 + fxz4 + gz6, (5.106)

and verify if Kodaira degeneration is generically forced along the exceptional divisor of B3.

Now consider the additional ray

eb = (1, 0 ; 0,−1,−1). (5.107)

Express eb in terms of vx, vy, vz, u0, u1, u2, u3, ẽb, so that adding eb defines a toric star subdi-

vision of the toric ambient space of the untuned Weierstrass model. Denote the correspond-

ing toric modification by PΣ′
W

→ PΣW
. Show that a generic anticanonical hypersurface in

PΣ′
W

is the proper transform of a tuned Weierstrass model π : Y4 → B3. Determine the

vanishing orders

ordS(a1, a2, a3, a4, a6) (5.108)

of the corresponding Tate coefficients along the divisor S ⊂ B3, and hence determine

ordS(f, g,∆W ), (5.109)

where (f, g,∆W ) are the Weierstrass coefficients and discriminant of the tuned Weierstrass

model. Identify the Kodaira fiber over S and determine S in terms of the toric divisors of

B3.
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Result 5.10

For the polytope ∆ = conv{vx, vy, vz, u0, u1, u2, u3, eb}, the lattice point

ẽb =
1

3
(u0 + u1 + u3) = (−2,−3 ; 0,−1,−1) (5.110)

lies on ∂∆. Indeed, the supporting functional ℓ(a, b ; c, d, e) = c − 2d + e satisfies ℓ ≤ 1 on

∆, with equality at u0, u1, u3 and ẽb. Moreover,

φ(ẽb) = φ(eb) = q = (0,−1,−1). (5.111)

To construct the untuned Weierstrass ambient space, lift the six maximal cones of ΣB3 by

replacing ri with ui and q with ẽb. Since 2vx + 3vy + vz = 0, the fiber fan is that of P2
[2,3,1],

with maximal cones ⟨vx, vy⟩, ⟨vy, vz⟩, and ⟨vz, vx⟩. Taking the sums of these fiber cones with

the lifted base cones gives a complete fan ΣW with eighteen maximal cones. Each such cone

satisfies φ(σF + σ̃B) = σB, so the resulting toric variety admits a morphism to B3.

Writing H = [Dz] and suppressing pullbacks of base divisor classes, the principal divisor

relations give

[Dx] = 2H − 2KB3 , [Dy] = 3H − 3KB3 . (5.112)

Consequently,

PΣW
∼= P2

[2,3,1]

(
OB3(−2KB3)⊕OB3(−3KB3)⊕OB3

)
, (5.113)

where the sheaves are understood as rank-one reflexive sheaves whenever the corresponding

divisors are not Cartier. The ambient anticanonical class is 6H − 6KB3 , and a generic

anticanonical hypersurface takes the Tate form

y2 + a1xyz + a3yz
3 = x3 + a2x

2z2 + a4xz
4 + a6z

6, ai ∈ Γ(B3,OB3(−iKB3)) . (5.114)

Over characteristic zero, this becomes

y2 = x3 + fxz4 + gz6, f ∈ Γ(B3,OB3(−4KB3)) , g ∈ Γ(B3,OB3(−6KB3)) . (5.115)

No degeneration is forced along the exceptional divisor Dq in this untuned model. Indeed,

for n = 4, 6, the character (−n, 2n,−n) gives a section of OB3(−nKB3) with vanishing order

zero along Dq. Thus, for generic coefficients,

ordDq(f, g,∆W ) = (0, 0, 0), (5.116)

and the generic fiber over Dq is smooth.

We now introduce the additional ray eb, which satisfies

eb = ẽb + 3vx + 3vy. (5.117)
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It lies in the relative interior of ⟨vx, vy, ẽb⟩ and defines a star subdivision µ : PΣ′
W

→ PΣW
.

The new ambient divisor has discrepancy 3+ 3+ 1− 1 = 6. Locally, with wold = 0 defining

Dq, the coordinate substitution is

xold = xe3, yold = ye3, wold = we, (5.118)

where e is the exceptional coordinate. After division by e6, an original monomial xnx
oldy

ny

oldw
nw
old

has exceptional exponent

3nx + 3ny + nw − 6. (5.119)

Requiring this exponent to be nonnegative imposes the Tate vanishing orders

ordS(a1, a2, a3, a4, a6) = (0, 0, 3, 3, 6), S = Dq. (5.120)

These bounds are attained by global toric monomials. Hence a generic anticanonical hyper-

surface in PΣ′
W

is the strict transform of a tuned Weierstrass model π : Y4 → B3, whose

local Tate coefficients have the form

a1 = α1 , a2 = α2 , a3 = w3α3 , a4 = w3α4 , a6 = w6α6 , (5.121)

where the αi are regular coefficient functions and S = {w = 0}.

Substitution into the Weierstrass formulas yields

ordS(f, g,∆W ) = (0, 0, 6), (5.122)

where ∆W now denotes the discriminant of the tuned model. Thus the generic fiber over S

has Kodaira type I6. The supporting divisor is the exceptional divisor of the base blow-up,

with class

[S] = [Dq] = [Dr2 ]− 3[Dr0 ] = [Dr3 ]− 4[Dr0 ]. (5.123)

The degeneration is therefore induced by the additional toric ray eb, rather than being

forced in the generic Weierstrass model over the same base.

Prompt 5.11

Compute {∆W = 0}∩Sing(B3). Determine also the singular locus Sing(Y4) of the contracted

Weierstrass model.
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Result 5.11

The unique singular point of B3 is p4 = [0 : 0 : 0 : 1], with local quotient type 1
4(1, 1, 3).

Since its maximal cone ⟨r0, r1, r2⟩ does not contain q, this point does not belong to the

divisor S = Dq supporting the I6 degeneration.

On the index-one cover of a neighborhood of p4, the group µ4 acts on the base coordinates

as

µ4 : (s0, s1, s2) 7→ (ζs0, ζs1, ζ
3s2) , ζ = e2πi/4 . (5.124)

A local representative of a section of OB3(−mKB3) has character m modulo four. Conse-

quently, at the origin of the cover,

a1 = a2 = a3 = a6 = 0 , A := a4(p4) ̸= 0 (5.125)

for generic coefficients. The Weierstrass formulas therefore give

f(p4) = A , g(p4) = 0 , ∆W (p4) = 4A3 ̸= 0 , (5.126)

where ∆W = 4f3 + 27g2. It follows that

{∆W = 0} ∩ Sing(B3) = ∅ . (5.127)

We next determine the singularities of the total space. In the affine Tate chart z = 1, with

S = {w = 0}, the tuned equation reads

F = y2 + α1xy + w3α3y − x3 − α2x
2 − w3α4x− w6α6 = 0 , (5.128)

where the αi are regular coefficient functions. The equation and all its first derivatives

vanish along

Γ = {w = x = y = 0} ∼= S . (5.129)

Conversely, restricting F = Fx = Fy = 0 to w = 0 forces x = y = 0. Hence, set-theoretically,

Sing(Y4) ∩ π−1(S) = Γ . (5.130)

At a generic point of Γ, the transverse analytic equation takes the form uv = λw6, where λ

is a local holomorphic unit. Thus Γ is a singular surface whose generic transverse singularity

is of Du Val type A5.

Although the discriminant is nonzero at p4, the total space has additional quotient singu-

larities above this point. On the cover, the fiber is the smooth elliptic curve

E4 : y2 = x3 +Axz4 , (5.131)

with induced action

[x : y : z] 7→ [ζ2x : ζ3y : z] . (5.132)
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The points

O = [1 : 1 : 0] , T0 = [0 : 0 : 1] (5.133)

are fixed by µ4, whereas

T± = [±α : 0 : 1] , α2 = −A , (5.134)

form a single µ4-orbit with stabilizer µ2.

At bothO and T0, the fiber tangent has weight three. Together with the base tangent weights

(1, 1, 3), this gives two quotient singularities of type 1
4(1, 1, 3, 3). At T±, the stabilizer µ2

acts by −1 on all four tangent directions, giving one quotient singularity of type 1
2(1, 1, 1, 1).

Denoting their images in Y4 by QO, QT , Q2, respectively, the local analytic types are

(Y4, QO) ∼= (Y4, QT ) ∼= C4/Z4 of type 1
4(1, 1, 3, 3) ,

(Y4, Q2) ∼= C4/Z2 of type 1
2(1, 1, 1, 1) .

(5.135)

These singularities are isolated, since no nonidentity stabilizer element has an invariant

tangent direction.

For generic coefficients, Bertini and Jacobian transversality exclude further singularities

away from S∪{p4}. Since p4 /∈ S, the three quotient points are disjoint from Γ. Consequently,

the singular locus of the tuned Weierstrass model is

Sing(Y4) = Γ ⊔ {QO, QT , Q2} , Γ ∼= S . (5.136)

Prompt 5.12

Show that, apart from the eight distinguished ray points listed above, ∆ contains further

lattice points that do not lie in the interior of a facet, including the point ẽb introduced

above, and identify all of them. For each such point, find a primitive positive integral

relation with the ray generators of ∆, and interpret the corresponding star subdivisions as

successive weighted blow-ups over S. Read off from φ the multiplicities of the associated

fiber components.

Result 5.12

For the polytope ∆ = conv{vx, vy, vz, u0, u1, u2, u3, eb}, exact lattice enumeration gives fif-

teen lattice points, with the origin as the unique interior point. Besides the eight distin-
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guished points, the remaining boundary points are

w1 = ẽb = (−2,−3 ; 0,−1,−1), s1 = (−1,−2 ; 0, 0, 0),

w2 = (−1,−2 ; 0,−1,−1), s2 = (−1,−1 ; 0, 0, 0),

w3 = (0,−1 ; 0,−1,−1), s3 = (0,−1 ; 0, 0, 0).

(5.137)

The points s1, s3 lie in the relative interior of the facet −a+ b+ 1 = 0, while s2 lies in the

relative interior of the facet 2a − b + 1 = 0. By contrast, the smallest faces containing w1

and w2, w3 have dimensions two and three, respectively. Thus w1, w2, w3 are precisely the

additional boundary lattice points outside facet interiors.

These points satisfy the primitive positive integral relations

3w1 = u0 + u1 + u3 ,

9w2 = 2u0 + 2u1 + 2u3 + 3eb ,

9w3 = u0 + u1 + u3 + 6eb .

(5.138)

After introducing w1, the latter two relations can be written in the form

3w2 = 2w1 + eb , 2w3 = w2 + eb . (5.139)

The coefficients in each relation have greatest common divisor one, and their positivity

places the new ray in the relative interior of the corresponding cone.

The relation for w1 describes a star subdivision of ⟨u0, u1, u3⟩, with center Du0 ∩Du1 ∩Du3 .

The transverse lattice index is three, and the local transverse quotient has type 1
3(1, 1, 1).

The subdivision is therefore induced by an ordinary weight-(1, 1, 1) blow-up on the covering

space. Its center maps to the original base point p3, whereas the new divisor Dw1 dominates

the exceptional base divisor S = Dq.

The next subdivision introduces w2 into ⟨w1, eb⟩. Its center is Dw1 ∩ Deb , with transverse

quotient type 1
3(2, 1), and it is induced by a weight-(2, 1) blow-up on the covering space.

Finally, introducing w3 into ⟨w2, eb⟩ gives a subdivision with centerDw2∩Deb and transverse

quotient type 1
2(1, 1), induced by an ordinary weight-(1, 1) blow-up. Both of these centers

lie over the generic orbit of S.

The multiplicities over S follow directly from the projection:

φ(eb) = φ(w1) = φ(w2) = φ(w3) = q = (0,−1,−1) . (5.140)

For a primitive vertical ray v satisfying φ(v) = mq, the associated generic toric fiber mul-

tiplicity is mv = [Zq : φ(Zv)] = m. Since all four rays map to the primitive base ray q,

one obtains meb = mw1 = mw2 = mw3 = 1. Thus the corresponding toric divisors occur

with multiplicity one over S. The integers 3, 3, 2 appearing in the subdivision relations are

transverse quotient indices, not fiber multiplicities.
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Prompt 5.13

Determine whether there exists a fine, regular, star triangulation T̂ of ∆ such that every

cone of ΣT̂ is mapped by φ into a cone of ΣB3 . If no such triangulation exists, identify a

combinatorial obstruction.

Independently, starting from the fibration-compatible fan Σ′
W constructed in Prompt 5.10,

consider projective simplicial refinements Σ̂W → Σ′
W obtained by toric star subdivisions us-

ing the boundary lattice points identified in Result 5.12. These refinements are not required

to arise from an FRST of ∆.

Let Ŷ4 ⊂ PΣ̂W
be the strict transform of the tuned Weierstrass model in the resulting toric

ambient space. Verify that its defining equation is a section of the anticanonical reflexive

sheaf

OPΣ̂W

(
−KPΣ̂W

)
(5.141)

and that its Newton polytope is ∆∗, where ∆∗ is the polar dual polytope of the reflexive

polytope ∆. Thus, Ŷ4 is an anticanonical toric hypersurface described by the Batyrev poly-

nomial data associated with the reflexive polytope ∆, although Σ̂W is not required to arise

from an FRST of ∆.

Determine whether the induced morphism ρ : Ŷ4 → Y4 is a crepant partial resolution and

whether Ŷ4 is Q-factorial with at most isolated terminal quotient singularities. If further

modifications are needed, identify the remaining singular loci.

Determine the irreducible components and multiplicities of the fiber over a generic point of

S, taking into account possible splitting of toric divisors upon restriction to the hypersurface.

Determine the monodromy cover, identify the geometric fiber graph and its affine Dynkin

type, and read off the gauge algebra g.

Result 5.13

Obstruction to a compatible FRST. The segment [eb, u2] is a one-dimensional face

of ∆, and its direction

eb − u2 = (3, 3 ; 0,−2,−1) (5.142)

is primitive. Hence this edge contains no further lattice point and occurs in every triangu-

lation of ∂∆. The corresponding star fan therefore necessarily contains the cone ⟨eb, u2⟩.
However,

φ(eb) = q , φ(u2) = r2 , (5.143)

and no cone of ΣB3 contains both q and r2. Consequently, no star triangulation of ∆ is

compatible with the prescribed base fan. In particular, a fibration-compatible FRST does

not exist.
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A separate toric refinement. Instead, starting from the fibration-compatible fan

Σ′
W , we perform the successive star subdivisions determined by

3w2 = 2w1 + eb , 2w3 = w2 + eb , w1 = ẽb . (5.144)

The resulting fan Σ̂W has thirty-six maximal cones and is complete, simplicial, and com-

patible with φ. It is also projective: the original fan ΣW admits a strictly convex integral

support function, and each subsequent star subdivision is projective over the preceding toric

variety.

The subdivisions introducing w2 and w3 are crepant on the ambient space, since their

discrepancies are

a(w2) =
2

3
+

1

3
− 1 = 0 , a(w3) =

1

2
+

1

2
− 1 = 0 . (5.145)

The earlier subdivision introducing eb has ambient discrepancy six, but the pullback of the

tuned hypersurface has multiplicity six along its exceptional divisor. These contributions

cancel by adjunction. Thus, denoting the strict transform by

Ŷ4 ⊂ X := PΣ̂W
, (5.146)

the induced morphism ρ : Ŷ4 → Y4 is projective, birational, and crepant.

Anticanonical equation and Newton polytope. For the primitive ray generators

vρ of Σ̂W , the anticanonical monomial polytope is

P−KX
= {m ∈MR | ⟨m, vρ⟩ ≥ −1 for every ρ} = ∆∗. (5.147)

Indeed, the inequalities associated with w1, w2, w3 are redundant, since these points are

convex combinations of the original distinguished rays. Consequently, the generic defining

polynomial P̂ satisfies

P̂ ∈ H0(X,OX(−KX)) , Newt(P̂ ) = ∆∗. (5.148)

The dual polytope contains 3920 lattice points, which label the anticanonical monomials.

Thus Ŷ4 retains the Batyrev polynomial data associated with ∆, although its ambient fan

does not arise from an FRST of ∆.

Residual singularities. The refinement resolves the positive-dimensional singular lo-

cus Γ ∼= S of the tuned Weierstrass model. For generic coefficients, Ŷ4 is smooth except at

three points above p4, with quotient types

2× 1

4
(1, 1, 3, 3), 1× 1

2
(1, 1, 1, 1). (5.149)

Their local divisor class groups are finite, respectively Z4 and Z2, so Ŷ4 is Q-factorial. More-

over, every nontrivial stabilizer element has age two. The Reid–Tai criterion therefore shows

that all three quotient singularities are terminal. Hence ρ is a crepant partial resolution with

only isolated terminal quotient singularities remaining.
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The resolved fiber and its monodromy. Over the function field K = C(S), the
divisorsDw1 andDeb each contribute one geometrically irreducible fiber component, denoted

C0 and C3. On both Dw2 and Dw3 , the hypersurface equation reduces to

Q = y2 + a1xyz − a2x
2z2 = 0 , ai = ai|S . (5.150)

The irreducibility of these intersections is therefore controlled by the monodromy cover

ψ2 + a1ψ − a2 = 0 . (5.151)

The actual monomial set of ∆∗ imposes

a1 = c1h , a2 = c2h
2 , h = t32 , (5.152)

where c1, c2 ∈ C are generic constants and t2 denotes the base Cox coordinate associated

with r2. In particular, h is nonzero at the generic point of S. Choosing γ ∈ C with γ2 =

c21 + 4c2 ̸= 0, we obtain

b2|S = a21 + 4a2 = (γh)2 . (5.153)

The change of variable ξ = 2ψ + a1 therefore puts the monodromy cover in the factorized

form

(ξ − γh)(ξ + γh) = 0 . (5.154)

Thus the cover splits and the monodromy is trivial.

Correspondingly,

Q = (y − r+xz)(y − r−xz) , r± =
h

2
(−c1 ± γ) . (5.155)

The intersections with Dw2 and Dw3 each split into two geometrically irreducible compo-

nents, denoted C1,± and C2,±, respectively. All components are already defined over K and

occur with multiplicity one. The generic fiber is therefore reduced, with

FK = C0 + C1,+ + C2,+ + C3 + C2,− + C1,− . (5.156)

Its components form the cycle

C0 − C1,+ − C2,+ − C3 − C2,− − C1,− − C0 . (5.157)

Adjacent components meet transversely at one point, while all other distinct pairs are

disjoint. The dual graph is consequently the affine Dynkin diagram A
(1)
5 . Since there is no

monodromy folding, the fiber is split Kodaira type Is6 , with gauge algebra

g = sl6, (5.158)

whose compact real form is su(6).
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Prompt 5.14

Determine Sing(Ŷ4).

Result 5.14

The subdivisions by w2 and w3 resolve the singular surface Γ ∼= S of the tuned Weierstrass

model. Since their centers lie over S and p4 /∈ S, the local quotient geometry above p4
remains unchanged. Consequently, for generic coefficients,

Sing(Ŷ4) = {QO, QT , Q2} , (5.159)

where all three points lie above p4, with local analytic types

(Ŷ4, QO) ∼= (Ŷ4, QT ) ∼= C4/Z4 of type 1
4(1, 1, 3, 3),

(Ŷ4, Q2) ∼= C4/Z2 of type 1
2(1, 1, 1, 1) .

(5.160)

These are isolated terminal cyclic quotient singularities. No positive-dimensional singular

locus remains.

6 Conclusions

In this work, we have introduced Solver Agent as an agentic framework for research in

mathematics and theoretical physics. The purpose of this system is to substantially acceler-

ate and facilitate proofs and computations, and we have applied it to the study of F-theory

uplifts of Type IIB orientifold compactifications, particularly in improving our understand-

ing of terminal singularities in Calabi–Yau fourfolds. Solver Agent was not only used to

perform and verify computations, but it was also directly involved in the proof of Theorem 1.

Noting that isolated fixed points of O3 orientifold involutions descend to terminal Z2 quotient

singularities, this theorem states that terminal quotient singularities in Type IIB Calabi–Yau

orientifold compactifications uplift to an elliptically fibered Calabi–Yau fourfold carrying Q-

factorial terminal quotient singularities over fixed points of groups Zk with k ∈ {2, 3, 4, 6}.
Moreover, Solver Agent computed the fixed-point contributions to the Hodge data and Eu-

ler characteristics, demonstrating that the resulting Euler characteristic correction explicitly

fixes the geometric contribution of these defects. We further employed the system to system-

atically analyze toric trilayer constructions, showing how a single three-dimensional reflexive

polytope dictates the geometry of both the Type IIB Calabi–Yau threefold and the F-theory

base. In this framework, the orientifold double cover is realized as a bisection of an alternative

genus-one-fibered uplift carrying a discrete Z2 gauge symmetry that holds independently of
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a Sen limit. Ultimately, the framework provided a practical approach to compute explicit

intersection data and systematically analyze four-form fluxes for four-dimensional N = 1

compactifications with non-abelian gauge sectors.

Solver Agent has proven to be a powerful framework for making concrete progress in

research and demonstrates how AI can be integrated into traditional research beyond the

out-of-the-box LLMs present in the market. In fact, developing these agentic frameworks for

specialized research may be the way to overcome the limitations of current AI models, whose

trustworthiness is sometimes in doubt. Nevertheless, human oversight remains essential for

guiding the development of the project, validating results, and carrying out independent

checks. In our experience, physical intuition ‘guided‘ the course of the work, while critical

thinking was indispensable for assessing the consistency and reliability of the results. In

fact, this is another positive outcome from using Solver Agent to assist us in the research

process, where we are able to delegate to it most of the ‘cumbersome and tedious tasks‘,

while human researchers can focus on the physical interpretation of the outcomes and the

broader trajectory of the projects.

Solver Agent is publicly available at the following GitHub repository,11 along with an

installation guide and a user guide. We advise anyone using this tool to export all sessions

and make them publicly available along with the publication of their work. All sessions used

to conduct the work presented in this paper are available here.12 We also encourage users

who develop new tools, integrations, or extensions that may be useful to the broader research

community to contribute them back to the public repository.

With the tools currently available to the agent, several directions can be pursued imme-

diately, including the following:

• A deeper understanding of the enumerative geometry of Donaldson–Thomas invariants

for Calabi–Yau fourfolds, their relation to four-form fluxes, and their physical interpre-

tation would be highly desirable [209]. Topological string theory on elliptically fibered

Calabi–Yau fourfolds with multiple Kähler moduli remains largely unexplored, despite

its close connection to the study of gauge fluxes in F-theory [202, 210–212].

• A natural candidate for a BPS index associated with S-folds is provided by the gen-

eralized Donaldson–Thomas partition function of the quotient stack [C4/Zk], extended

to terminal quotient singularities with k ∈ {2, 3, 4, 6} [213]. It would be interesting to

make this connection more precise and understand its physical interpretation.

• Our computations capture stringy orbifold corrections arising from terminal quotient

singularities that modify the results of classical intersection computations [163, 187].

11Public Git repository under AGPL-3.0 license: github.com/starrfree/solver-agent
12storage.googleapis.com/solver-agent-sessions/solver-agent-f-theory-uplifts/index.html
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More broadly, it would be interesting to investigate how such singularities affect

Gromov–Witten theory [201] and to deepen our understanding of topological string

theory on Calabi–Yau geometries with terminal singularities [214, 215].

• The methods developed here could also facilitate computationally demanding tasks,

including determining topological string partition functions on compact Calabi–Yau

threefolds [216–218], proving related conjectures [219–224], and extending such com-

putations to multi-parameter compact Calabi–Yau geometries [225–227] and to non-

perturbative regimes [228–230].

• A further application resides in the systematic study and classification of Calabi–Yau

geometries and their fibration structures. While substantial progress has been made in

mapping the allowed bases for F-theory compactifications, identifying generic fibers,

and locating non-Higgsable clusters (see, e.g., [136, 231–233]), fully characterizing the

geometry requires an exact determination of the singularity structure. Building on

the algebraic computations and geometric proofs utilized in this work, Solver Agent

can be employed to systematically construct explicit global Weierstrass models across

Calabi–Yau datasets.

• A further application for Solver Agent is the Swampland program [234]. The verifi-

cation of Swampland conjectures typically requires the determination of the geometric

properties of string compactifications. For instance, evaluating the Swampland Distance

Conjecture [235] and identifying geometrical obstructions to infinite distance limits

in Calabi–Yau moduli spaces entail analysis of singularity structures and asymptotic

Hodge theory (see, e.g., [236–239]). Furthermore, completing the proof of the Mini-

mal Weak Gravity Conjecture [240, 241] or extending the Weak Gravity Conjecture

to AdS space [242, 243] requires explicit computations of massive string spectra and

black hole extremality bounds in specific geometries. Following the methodology used

to prove Theorem 1, Solver Agent can be employed to automate the underlying al-

gebraic derivations, allowing for a systematic verification of Swampland criteria across

broad classes of Calabi–Yau fourfolds.

However, the flexibility of the Solver Agent resides precisely in the choice of tools that the

user can decide to provide to it. For our purposes, Solver Agent has made use of CYTools

[106] as a tool for the computations, but we see interesting and possible applications in other

fields, should different tools be provided. For instance,

• In the context of Seiberg dualities [244] applied to quiver gauge theories, it would be

interesting to check how Solver Agent performs when compared to recent applications

of ML to determine if two SCFTs are dual [245].

• In the context of 6d N = (1, 0) SCFTs, there is much evidence that their compactifi-
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cations lead to large classes of known 4d N = 2 SCFTs [246–249]. In particular, the

so-called A-type orbi-instanton theories [250–253], i.e., 6d N = (1, 0) theories realized

on M5-branes probing an M9-brane [254] on a C2/Zk singularity, were recently shown

to provide the origin of class S [255, 256] theories of type A with both regular and ir-

regular untwisted punctures [247, 248]. It would be nice to use Solver Agent either to

extend the statement to other kinds of 6d theories or to formally prove these relations.

• Another application in SCFTs is in the context of 3d mirror symmetry [257] of Argyres–

Douglas (AD) theories [258]. AD theories are N = 2 4d SCFTs for mutually nonlocal

dyons that are massless, and one cannot go to a duality frame in which these dyons

carry only electric charge, leading to intrinsically non-Lagrangian theories.13 However,

a lot of effort has been put in over the past years to propose Lagrangian 3d magnetic

quivers corresponding to such AD theories [261–265]. It would be interesting if Solver

Agent could be used to find the missing 3d magnetic quivers or, related to the previous

point, provide a general proof of principles that relate the various theories.

The use of LLMs has become an undeniable part of everyday life. This work demon-

strates how agentic frameworks can support research by increasing efficiency and enabling

access to computations that would otherwise be too cumbersome to perform. We believe that

embracing this technological innovation should become part of future research practices. Im-

portantly, this new way of working is not incompatible with — and should not replace — the

traditional aspects that remain essential to research, namely exploration, curiosity, patience,

understanding, and experimentation. In particular, LLMs should be incorporated into re-

search by researchers themselves, in accordance with the scientific principles of transparency,

reproducibility, and openness, notably through the use and development of open-source soft-

ware; while remaining closely aligned with the established practices, norms, and workflows

of the respective research communities.

AI Disclosure: The code produced for this work was written with the help of GPT 5.6

Sol (OpenAI), Gemini 3.1 Pro (Google), Claude 5 Opus (Anthropic), and Claude Fable

5 (Anthropic). The authors have used LLMs to improve the language and grammar of the

paper.
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A Calabi–Yau Hypersurfaces in Toric Ambient Spaces

A toric ambient space A of dimension d is a complex algebraic variety that contains an

algebraic torus T ≃ (C∗)d as a subset [266–268]. Geometrically, one constructs this space by

considering k homogeneous coordinates xi as

A ≃
(
Ck \ Z

)
/(C∗)r , (A.1)

where r = k − d is the rank of the toric variety, giving the dimension of the Picard

group. The torus T defines a lattice N = Hom(C∗, T ) ≃ Zd and a dual character lattice

M = Hom(T,C∗) ≃ Zd, alongside their real vector spaces NR = N ⊗Z R and MR =M ⊗Z R.
The topological data of the toric variety is captured by a fan ΣF ⊂ NR, defined as a collection

of strongly convex rational polyhedral cones σ intersecting along shared faces τ . The homoge-

neous coordinates xi are in one-to-one correspondence with the rays νi ∈ ΣF . Consequently,

the exclusion set Z is the zero locus of the Stanley–Reisner (SR) ideal

SR =

〈∏
νi /∈σ

xi | σ ∈ ΣF

〉
, (A.2)

eliminating the coordinate combinations that do not share a common cone in the fan.

The construction of a Calabi–Yau threefold hypersurface X3 in toric ambient space uses

precisely this correspondence between the algebraic torus T defining the toric variety and the

lattices N and M to associate each Calabi–Yau with a polytope ∆ ⊂MR and its dual ∆◦ ⊂
NR [107, 269]. The geometry is captured by the normal fan Σ∆, constructed by considering

the cones σ over the proper faces τ of ∆◦ with their apexes at the origin [270]. This normal fan

Σ∆ defines a toric fourfold AΣ∆
containing a potentially singular Calabi–Yau hypersurface

[267, 268, 271].

The Calabi–Yau hypersurface can be made smooth via crepant resolutions, which trans-

lates to refining the normal fan Σ∆ into a simplicial fan ΣF (T ) through a FRST T of ∆◦

[270, 272]. Such triangulation leads to a smooth ambient toric fourfold A ≡ A∆◦,T where a

generic hypersurface is the zero locus of a polynomial formed by associating a monomial to

every point m ∈ ∆ [269]:

x[m] =

ndiv∏
i=1

x
⟨m,νi⟩+1
i , (A.3)
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where νi are the edge vectors of the refined fan ΣF (T ), and xi are the corresponding ho-

mogeneous coordinates [266]. By choosing this defining polynomial to be a section of the

anticanonical line bundle OA(−K), where K = −
∑ndiv

i=1 Di is the canonical bundle of A and

Di ≡ {xi = 0} are the prime toric divisors, the resulting hypersurface is Calabi–Yau with

normal bundle NX3 = OA(−K).

The non-trivial Hodge numbers of Xn are extracted from the data of the polytope [269]:

h1,1(X3) = ℓ(∆◦)− (n+ 2)−
∑
Γ◦

ℓ∗(Γ◦) +
∑
Θ◦

ℓ∗(Θ◦)ℓ∗(Θ̂◦) ,

hn−1,1(X3) = ℓ(∆)− (n+ 2)−
∑
Γ

ℓ∗(Γ) +
∑
Θ

ℓ∗(Θ)ℓ∗(Θ̂) ,
(A.4)

where ℓ(α) and ℓ∗(α) are the number of lattice points and interior lattice points of a face α,

respectively. The sets Γ (Γ◦) and Θ (Θ◦) represent codimension-1 and codimension-2 faces of

∆ (∆◦), while Θ̂ (Θ̂◦) is the dual face. For favorable Calabi–Yau manifolds, h1,1(X3) coincides

with h1,1(A), and one can directly expand the Kähler form J of the Calabi–Yau in terms

of the toric divisors of the ambient space. The linear equivalence relations among the prime

toric divisors, i.e.
∑

i⟨m, νi⟩Di = 0, correspond to the linear relations among the fan rays,∑
iQ

a
i νi = 0. This defines the gauged linear sigma model (GLSM) [273, 274] charge matrix

Qa
i , which identifies a basis of divisors for H1,1(A) that descends to X3. The intersection

numbers κabc of the Calabi–Yau threefold are then evaluated within the ambient fourfold A
by uplifting the integral via the first Chern class of the normal bundle, c1(NX3) =

∑ndiv

i=1 Di:

κabc =

∫
X3

Da ∧Db ∧Dc =

∫
A
Da ∧Db ∧Dc ∧ c1(NX3) . (A.5)

A.1 Orientifolding Kreuzer–Skarke

The values of h1,1+ and h1,1− can be extracted independently by projecting the orientifold

involution onto the Picard lattice of the Calabi–Yau [68, 104, 117], as we will explain below.

In practice, constructing an orientifold requires finding the locations that are left invariant

under the involution, meaning we must identify the fixed loci in the Calabi–Yau manifold. To

do this, for a Calabi–Yau hypersurface in toric ambient space, one can use the formalism intro-

duced in Section A and translate the involutions to actions on the homogeneous coordinates

of the ambient space. A general geometric involution ι takes the form xi 7→ bixρ(i) [104, 275],

combining a coordinate permutation ρ with a diagonal sign shift characterized by bi. The

components of these actions can be of three main types: coordinate reflections xi 7→ −xi
(see, e.g., [68, 117]), coordinate permutations xi 7→ xρ(i) (see, e.g., [102, 122, 153, 276, 277]),

and generalized diagonal shifts [104, 275, 278].

The permutation ρ ∈ Sndiv
, with Sndiv

being the symmetric group of the ndiv homogeneous

coordinates, is described as the action of a matrix Pρ ∈ GL(4,Z) on the lattice N such that

87



the normal fan ΣF (T ) is preserved, i.e., Pρνi = νρ(i). On the other hand, bi ∈ {−1, 1} defines

the Z2 lattice shifts, which are characterized by half-lattice torsion points ξ ∈ 1
2
M/M on

the dual lattice. Any vector ξ can be represented as a four-dimensional vector with entries

being {0, 1
2
}. For each of these 16 distinct vectors, we can compute the scalar product with

the rays νi of the normal fan ΣF (T ), and the sign vector on the corresponding homogeneous

coordinate is given by [104, 275]

bi = (−1)2⟨ξ,νi⟩ . (A.6)

With the involution action on the coordinates defined, the fixed loci determine the location

of the orientifold planes. If the coordinates are mapped to minus themselves, the fixed locus

requires setting them to zero. On the other hand, for coordinates that are exchanged by a

permutation, one instead defines the invariant and anti-invariant combinations [276, 277].

If the vanishing of these coordinates is forbidden by the SR ideal, that locus cannot admit

O-planes [68]. All allowed fixed loci are then classified by their complex codimension with

respect to the Calabi–Yau threefold [131]: codimension-one loci correspond to O7-planes,

and isolated points correspond to O3-planes [69]. Similarly, codimension-two loci lead to

O5-planes, and space-filling fixed loci (codimension-zero) correspond to O9-planes.14

Finally, we can use the involution action to determine the splitting of the Kähler moduli.

The splitting depends on the permutation ρ and is computed by projecting its matrix rep-

resentation P = {Pij} with Pij = δi,ρ(j) onto the Picard lattice. By considering the GLSM

charge matrix Q = {Qa
i }, one defines Λ = QPQ+,15 and

h1,1± =
1

2
(h1,1 ± Tr(Λ)) . (A.7)

As established in Section 3.3, rigid divisors intersecting the O7-plane prevent the D7-

branes from recombining into a smooth Whitney umbrella [64–66]. Because of this geometric

rigidity, the sections η and ψ cannot deform away from zero, forcing every section of f and g

to vanish to degrees 2 and 3 along the divisor. This forms a non-Higgsable cluster [136, 137,

231, 279–281]. The polynomial ∆ vanishes to degree six, and the elliptic fiber is forced into

an I∗0 degeneration [74, 75], rendering Y s
4 singular along the rigid divisor.

A crepant Kähler resolution of these I∗0 singularities smooths the Calabi–Yau fourfold.

Physically, this geometric resolution corresponds to moving onto the Coulomb branch of the

effective field theory, breaking the non-abelian gauge symmetry to its Cartan subgroup [282,

14Depending on the choice of discrete torsion, the orientifold planes can appear as either O−- or O+-planes,

which carry opposite RR charges and tensions [130]. In this work, we will restrict our attention entirely to

the standard case of O−-planes, which carry negative D-brane charges and thus require the introduction of

D-branes and fluxes for tadpole cancellation.
15Because Q is a rectangular h1,1×ndiv matrix, it does not possess a standard inverse. The pseudo-inverse

Q+ = QT (QQT )−1 allows us to map the coordinate permutations back down to the Kähler moduli.
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283]. The resolution is achievable via toric blowups in the ambient space. For every prime

toric divisor Di hosting an NHC, we refine the fan ΣV s
6
of the ambient space by introducing

two exceptional rays:

νe1 = νi + νx + 2νy , νe2 = 2νi + 2νx + 3νy , (A.8)

where νx and νy correspond to the homogeneous coordinates x and y of the fiber.16 These

rays correspond to the exceptional divisors that blow up the singular strata. The smooth

toric sixfold V6 allows the resolved Calabi–Yau fourfold Y4 ⊂ V6 to be expressed in terms

of the blown-up homogeneous coordinates, exposing the exceptional divisors of the Cartan

algebra. The resulting Y4 is smooth away from point-like terminal Z2 orbifold singularities

inherited from the base Ã.

Example: A Two-Parameter Toric Hypersurface The toric rays of the ambient space

are generated by the vertices

l1 l2



v1 −1 −1 0 0 1 0

v2 −1 −1 0 1 0 1

v3 −1 −1 1 0 0 1

v4 −1 7 −1 −1 0 1

v5 1 −1 0 0 1 3

v6 0 −1 0 0 −2 2

(A.9)

This Calabi–Yau threefold has Hodge numbers h1,1 = 2 and h2,1 = 106. The Stanley–Reisner

ideal for this triangulation is SRI = ⟨x1x5, x2x3x4x6⟩. The prime toric divisors possess the

following Hodge numbers:

h0,0 h1,0 h2,0 h1,1

D1 1 0 0 1

D2, D3, D4 1 0 2 29

D5 1 0 13 104

D6 1 21 0 2

(A.10)

The orientifold involution is defined by a trivial permutation ρ = 1 and b3 = −1 (i.e.,

x3 7→ −x3). This implies that the Kähler moduli do not split (h1,1− = 0). This involution

generates one O7-plane and one O3-plane. The fixed locus D5 = {x5 = 0} wraps an O7-plane

with χ(SO7) = 132. Because h2,0(D5) = 13 ̸= 0, the generic D7-brane configuration canceling

16This specific refinement resolves the I∗0 singularity by performing a local star subdivision on the cones

containing (νi, νx, νy).
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its tadpole is a recombined Whitney umbrella with Euler characteristic χ(SD7WU
) = 13152.

The O7-plane at the fixed locus D1 = {x1 = 0} wraps a completely rigid divisor (h2,0(D1) = 0

and h1,0(D1) = 0) with χ(SO7) = 3, which an SO(8) stack of four D7-branes and their four

orientifold images cancels, contributing χ(SD7SO(8)
) = 24. The invariant locus {x2 = x3 =

x4 = 0} defines NO3 = 1 O3-plane.

The total D7-brane Euler characteristic contributing to the tadpole is the sum of the

Whitney umbrella and the SO(8) stack contributions:

χ(SD7tot) = χ(SD7WU
) + χ(SD7SO(8)

) = 13152 + 24 = 13176 . (A.11)

The total O7-plane Euler characteristic evaluates to χ(SO7tot) = 132+3 = 135. The geometric

contribution to the D3-brane tadpole evaluates to

ND3 =
NO3

2
+
χ(SO7tot)

6
+
χ(SD7tot)

24
=

1

2
+

135

6
+

13176

24
= 572 . (A.12)

This tadpole, then, predicts χst(Y4) = 6864.

Example: P[1,1,1,6,9][18] – 2 We now consider another involution of the examples considered

in Section 5.5. All the toric data are the same, but the orientifold involution leaves x5 = 0 fixed

(x5 7→ −x5). This involution is defined by a trivial permutation ρ = 1 and b5 = −1, meaning

that the Kähler moduli do not split and h1,1− = 0. However, unlike the previous example,

this involution gives rise to both O7-planes and O3-planes. The fixed locus of codimension

one is D5 = {x5 = 0}, which wraps an O7-plane with Hodge numbers h2,0(D5) = 2 and

h1,1(D5) = 30, and an Euler characteristic χ(D5) = 36. The fixed loci of codimension three

give rise to O3-planes. Specifically, the invariant locus {x1 = x2 = x3 = 0} represents the

intersection of three divisors in the four-dimensional ambient toric space, defining a curve.

When intersected with the Calabi–Yau hypersurface, this curve punctures the geometry at

exactly
∫
X3
[D1] ∧ [D2] ∧ [D3] = 3 distinct, physically separated points. Consequently, this

single algebraic locus corresponds to three distinct O3-planes. Similarly, the locus {x1 = x3 =

x6 = 0} evaluates to an intersection number of 1, corresponding to a single isolated O3-plane.

Together, they yield a total of NO3 = 4 O3-planes.

Because D5 is not rigid, the generic D7-brane configuration canceling its tadpole is a

recombined Whitney umbrella rather than a coincident SO(8) stack. However, because the

self-intersection of D5 vanishes (D3
5 = 0), the Whitney umbrella has no self-intersection

points. Consequently, both configurations would degenerate to the same topology and yield

the same D7-brane Euler characteristic:

χ(SD7tot) = 288 . (A.13)
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The total O7-plane Euler characteristic is χ(SO7tot) = 36. The geometric contribution to the

D3-brane tadpole evaluates to

ND3 =
NO3

2
+
χ(SO7tot)

6
+
χ(SD7tot)

24
=

4

2
+

36

6
+

288

24
= 2 + 6 + 12 = 20 . (A.14)

The stringy Euler characteristic for the Calabi–Yau fourfold that corresponds to the F-theory

uplift of this orientifold configuration is then χst(Y4) = 240, where
∫
c4(TY4) = 216, with the

4 O3-planes giving the correction of +24 needed to match the tadpole.
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[69] I.n. Garćıa-Etxebarria and D. Regalado, N = 3 four dimensional field theories, JHEP

03 (2016) 083 [1512.06434].

[70] T. Weigand, F-theory, PoS TASI2017 (2018) 016 [1806.01854].

95

https://arxiv.org/abs/hep-th/9111025
https://doi.org/10.1103/PhysRevLett.124.211603
https://arxiv.org/abs/1912.10047
https://doi.org/10.1007/JHEP01(2024)184
https://arxiv.org/abs/2303.00757
https://doi.org/10.1103/PhysRevD.68.046005
https://arxiv.org/abs/hep-th/0301240
https://doi.org/10.1088/1126-6708/2005/03/007
https://arxiv.org/abs/hep-th/0502058
https://doi.org/10.1007/JHEP08(2021)109
https://arxiv.org/abs/2106.11964
https://arxiv.org/abs/2310.20559
https://arxiv.org/abs/0803.1194
https://doi.org/10.1016/j.nuclphysb.2008.03.021
https://arxiv.org/abs/0801.2163
https://doi.org/10.1088/1126-6708/2009/02/005
https://arxiv.org/abs/0805.1573
https://doi.org/10.1088/1126-6708/2009/07/074
https://arxiv.org/abs/0811.4599
https://doi.org/10.1103/PhysRevD.84.066001
https://arxiv.org/abs/1105.3193
https://doi.org/10.1007/JHEP08(2022)050
https://arxiv.org/abs/2204.13115
https://doi.org/10.1007/JHEP03(2016)083
https://doi.org/10.1007/JHEP03(2016)083
https://arxiv.org/abs/1512.06434
https://arxiv.org/abs/1806.01854


[71] F. Apruzzi, S. Giacomelli and S. Schäfer-Nameki, 4d N = 2 S-folds, Phys. Rev. D

101 (2020) 106008 [2001.00533].

[72] J.J. Heckman, C. Lawrie, T.B. Rochais, H.Y. Zhang and G. Zoccarato, S-folds, string

junctions, and N = 2 SCFTs, Phys. Rev. D 103 (2021) 086013 [2009.10090].

[73] C. Vafa, Evidence for F theory, Nucl. Phys. B 469 (1996) 403 [hep-th/9602022].

[74] A. Sen, F theory and orientifolds, Nucl. Phys. B 475 (1996) 562 [hep-th/9605150].

[75] A. Sen, Orientifold limit of F theory vacua, Phys. Rev. D 55 (1997) R7345

[hep-th/9702165].

[76] P. Aluffi and M. Esole, New Orientifold Weak Coupling Limits in F-theory, JHEP 02

(2010) 020 [0908.1572].

[77] M. Esole and R. Savelli, Tate Form and Weak Coupling Limits in F-theory, JHEP 06

(2013) 027 [1209.1633].

[78] D.R. Morrison and C. Vafa, Compactifications of F theory on Calabi-Yau threefolds.

1, Nucl. Phys. B 473 (1996) 74 [hep-th/9602114].

[79] D.R. Morrison and C. Vafa, Compactifications of F theory on Calabi-Yau threefolds.

2., Nucl. Phys. B 476 (1996) 437 [hep-th/9603161].

[80] A.P. Braun, A. Collinucci and R. Valandro, G-flux in F-theory and algebraic cycles,

Nucl. Phys. B 856 (2012) 129 [1107.5337].

[81] M. Cvetic, G. Shiu and A.M. Uranga, Chiral four-dimensional N=1 supersymmetric

type 2A orientifolds from intersecting D6 branes, Nucl. Phys. B 615 (2001) 3

[hep-th/0107166].

[82] M. Cvetic, G. Shiu and A.M. Uranga, Three family supersymmetric standard - like

models from intersecting brane worlds, Phys. Rev. Lett. 87 (2001) 201801

[hep-th/0107143].

[83] L.E. Ibanez, F. Marchesano and R. Rabadan, Getting just the standard model at

intersecting branes, JHEP 11 (2001) 002 [hep-th/0105155].

[84] F. Marchesano and G. Shiu, Building MSSM flux vacua, JHEP 11 (2004) 041

[hep-th/0409132].

[85] R. Blumenhagen, M. Cvetic, P. Langacker and G. Shiu, Toward realistic intersecting

D-brane models, Ann. Rev. Nucl. Part. Sci. 55 (2005) 71 [hep-th/0502005].

[86] L.E. Ibanez and A.M. Uranga, Neutrino Majorana Masses from String Theory

Instanton Effects, JHEP 03 (2007) 052 [hep-th/0609213].

96

https://doi.org/10.1103/PhysRevD.101.106008
https://doi.org/10.1103/PhysRevD.101.106008
https://arxiv.org/abs/2001.00533
https://doi.org/10.1103/PhysRevD.103.086013
https://arxiv.org/abs/2009.10090
https://doi.org/10.1016/0550-3213(96)00172-1
https://arxiv.org/abs/hep-th/9602022
https://doi.org/10.1016/0550-3213(96)00347-1
https://arxiv.org/abs/hep-th/9605150
https://doi.org/10.1103/PhysRevD.55.R7345
https://arxiv.org/abs/hep-th/9702165
https://doi.org/10.1007/JHEP02(2010)020
https://doi.org/10.1007/JHEP02(2010)020
https://arxiv.org/abs/0908.1572
https://doi.org/10.1007/JHEP06(2013)027
https://doi.org/10.1007/JHEP06(2013)027
https://arxiv.org/abs/1209.1633
https://doi.org/10.1016/0550-3213(96)00242-8
https://arxiv.org/abs/hep-th/9602114
https://doi.org/10.1016/0550-3213(96)00369-0
https://arxiv.org/abs/hep-th/9603161
https://doi.org/10.1016/j.nuclphysb.2011.10.034
https://arxiv.org/abs/1107.5337
https://doi.org/10.1016/S0550-3213(01)00427-8
https://arxiv.org/abs/hep-th/0107166
https://doi.org/10.1103/PhysRevLett.87.201801
https://arxiv.org/abs/hep-th/0107143
https://doi.org/10.1088/1126-6708/2001/11/002
https://arxiv.org/abs/hep-th/0105155
https://doi.org/10.1088/1126-6708/2004/11/041
https://arxiv.org/abs/hep-th/0409132
https://doi.org/10.1146/annurev.nucl.55.090704.151541
https://arxiv.org/abs/hep-th/0502005
https://doi.org/10.1088/1126-6708/2007/03/052
https://arxiv.org/abs/hep-th/0609213


[87] R. Blumenhagen, T.W. Grimm, B. Jurke and T. Weigand, F-theory uplifts and

GUTs, JHEP 09 (2009) 053 [0906.0013].

[88] C. Beasley, J.J. Heckman and C. Vafa, GUTs and Exceptional Branes in F-theory - I,

JHEP 01 (2009) 058 [0802.3391].

[89] C. Beasley, J.J. Heckman and C. Vafa, GUTs and Exceptional Branes in F-theory -

II: Experimental Predictions, JHEP 01 (2009) 059 [0806.0102].

[90] J. Marsano, N. Saulina and S. Schafer-Nameki, Monodromies, Fluxes, and Compact

Three-Generation F-theory GUTs, JHEP 08 (2009) 046 [0906.4672].

[91] T.W. Grimm, S. Krause and T. Weigand, F-Theory GUT Vacua on Compact

Calabi-Yau Fourfolds, JHEP 07 (2010) 037 [0912.3524].

[92] R. Donagi and M. Wijnholt, Model Building with F-Theory, Adv. Theor. Math. Phys.

15 (2011) 1237 [0802.2969].

[93] C. Mayrhofer, E. Palti, O. Till and T. Weigand, On Discrete Symmetries and Torsion

Homology in F-Theory, JHEP 06 (2015) 029 [1410.7814].
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