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Abstract

In a variety of multi-agent and physical environments, an element’s update depends strongly on a
few other elements and weakly on many, and both the identity and the number of the elements that
matter change with the state of the system. Such graded sparse mechanisms are common, for instance,
in flocks, crowds, learned particle simulators and the neighborhood aggregation of graph networks, yet
they have received little systematic study as a class of functions with the grading given. In this paper we
study the supervised learning of the mechanism when the grading is provided by the environment, as a
weight on every element. First, we define the class by axioms, where each element’s influence is capped
by its weight, the dependence on the weights is regular, and no element is distinguished, and prove a
representation theorem: the class is exactly the Lipschitz ball of a transport metric on weighted multisets,
and the metric is forced by the axioms. Next, the geometry of the representation gives generalization
bounds that depend on the data in two ways. One is via the sparsity profile of the data—the law of how
many elements matter and by how much—which bounds the rate over all designs with that profile, with
an exponent from the profile and no dependence on the number of elements. In a number of natural cases
we also show matching lower bounds, up to constants in the exponent. The other is empirical: due to the
representation result, classical empirical discrepancy bounds apply to the class as they stand, and the
resulting bound is the transport distance between the two halves of the sample in the class’s own metric,
computed exactly by a matching, with an additional concentration term. Finally, we study a simulated
Vicsek flock under four interaction rules at two noise levels, and show that the certificate is non-vacuous,
a small fraction of the trivial value on every rule.

1 Introduction
In models of complex systems, a property of an element depends on its own state and on the states of some
other elements. The dependence is often sparse and graded : a few elements have a strong influence, and the
rest a weaker and decreasing influence, or none at all. It is often changing : as the system evolves the grading
changes, so the sparse set varies, and varies in size. And it is often anonymous : the elements form a set, with
no enumeration that the mechanism reads. One mechanism is applied at every state of the system to the
elements the state selects, and we call the environment’s rule that assigns the weights from the state, which
elements count and by how much, the selector.

The examples of this paper come from multi-agent and physical systems, and in each of them the selector
is the environment’s, a rule with at most a few tuned parameters that reads distance, speed, visibility or rank.
The running example is the Vicsek flock (Vicsek et al., 1995). Its particles move at a common speed on a
periodic square, and at every step each particle turns toward the mean heading of the particles within a fixed
distance of itself, up to noise. The selector is the ball: the particles inside it count with equal weight and the
rest not at all, and how many are inside varies with the local crowding. Graded variants of the rule weight
the neighbors by a kernel of the distance instead, so that the influence fades rather than stops. The selectors
of the other examples are of the same kind: distance and speed thresholds in drone flocks (Vásárhelyi et al.,
2018), the visible neighbors in crowds (Wirth et al., 2023), the six or seven nearest in starling flocks (Ballerini
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et al., 2008) and fish schools (Gautrais et al., 2012), a view cone or a sensing radius in driving simulators
(Vinitsky et al., 2022; Kazemkhani et al., 2025) and navigation policies (Hüttenrauch et al., 2019; Nayak
et al., 2023; Zhang et al., 2025), and a cutoff in learned particle simulators (Sanchez-Gonzalez et al., 2020;
Musaelian et al., 2023).

The learning problem is this. A configuration is a pair (x, µ), the values x of the d elements and the
weights µ the selector gives them, a probability vector: the selector is the environment’s and is given, not
learned, so the weights are part of the input, and the unknown is the mechanism f(x, µ), a member of the
class GL of Section 3. A sample is n configurations drawn from the design, the law of (x, µ), with the labels
f(x, µ), under the absolute loss, and what we bound is the uniform deviation of the class on the design, the
generalization gap of every empirical risk minimizer.

While such systems are classical, the graded sparse mechanism as a class of functions, and the complexity
of learning one with the selector given, have received little study beyond hard sparsity at a fixed count
(Section 2), and this paper develops first results toward both. Taking the selector as given is the decision the
graph-network bounds make in taking the graph as given. It is also given in simulators, and in the animal
groups some aspects of it are inferred in some cases (Section 2).

Axioms and representation. We propose an axiomatic definition of the class. The alternative, a function
of a fixed number k0 of arguments fed a different selection of inputs at each configuration, is the form of
neighborhood aggregation in the generalization bounds for graph networks, stated under a maximum degree
k0 (Garg et al., 2020; Liao et al., 2021), a worst-case parameter that sees neither the average sparsity across
configurations nor a grading inside the k0. We define the class instead by three axioms on a mechanism, a
function of the elements’ values and of a weight on each element, so that the number of arguments changes
with the configuration, and changes gradually. An element’s influence is capped by its weight, none at weight
zero. The dependence on the weights is regular: shifting weight between elements changes the output by
no more than the same shift can change a weighted mean of the values, the simplest mechanism, which the
class must contain. And no element is distinguished, so elements of equal weight are interchangeable. The
axioms concern the mechanism alone: the selector enters only through the data distribution, and it may be
discontinuous, as a hard radius is.

The examples come in two semantics of influence, a mean, fixed in total and diluted by more participants,
and a sum, growing with their number, and the framework has a class for each, conservative and accumulative.
The main text works with the conservative class. The accumulative class has the same representation and
rates of the same exponents, at the price of a factor of the count (Section 3.1, Section B.7).

The axioms are a list of inequalities, and the structure of the class is not visible in them. We show that
the class is exactly the set of Lipschitz functions on a metric space of weighted configurations (Theorem 3.2):
all of the locality structure is in the metric, above it the class is a generic Lipschitz class, and this is what
makes the rest of the analysis possible. The metric is the class’s own, each of its terms from one axiom,
a transport distance between weighted configurations read as multisets of points on a cone over the value
space. We note that the permutation-invariant representation results, Deep Sets (Weyl, 1939; Macdonald,
1995; Zaheer et al., 2017; Wagstaff et al., 2022), have a similar structure: there the sum embedding encodes
the invariance, with a generic class above it. There is also an exact connection: permutation-invariant sum
networks as above, with a Lipschitz, bounded per-element map and our weights on the sum,

∑
i µiφ(xi), are

readouts of finitely many linear functionals of our embedding, thus constituting a strict subset of our class.

Complexity. Sparsity is a property of the data, and we prove generalization bounds for the class that are
data dependent in two ways, both resting on the representation. The first is through the sparsity profile of
the design, the law of the weight that a configuration leaves beyond its k heaviest elements: Figure 1(a) is
the profile of the flock, the mean weight beyond the k heaviest neighbors under the ball and under three
graded kernels at its scale. The bounds have an exponent set by the profile, the worst case over the designs
with that profile, and no dependence on the number of elements, and lower bounds in the profile show that
the dependence is the right one (Section 4). The second is through the sample itself. It gives no rate, but a
bound at the actual sample size, and often a better one. The bound is the classical maximum discrepancy of
Bartlett et al. (2002), the largest difference, over the class, between the averages of a function on the two
halves of the sample. For a Lipschitz class this is a transport distance (von Luxburg and Bousquet, 2004),
and here it is computed exactly by a matching. The result is an empirical generalization certificate, the value
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of the bound on the data with one concentration term, which on the flock is 0.034κ on the hard ball, with κ
the value at which the bound says nothing (Section 5.1).

To summarize, the contributions in this paper are as follows. (i) Axioms and representation. We define
the class of graded sparse mechanisms by axioms and prove that it is the Lipschitz ball of a specific metric
space, whose metric encodes the locality (Theorem 3.2). (ii) Rates from the profile. We define the sparsity
profile of the design and prove generalization bounds with exponent determined by the profile, with no
dependence on the number of elements (Theorems 4.3 to 4.5), and lower bounds matching up to constants in
the exponent in several cases (Theorems 4.4 to D.5). (iii) The certificate. We show that the generalization
gap of the class can be certified from the sample alone, by a matching between its two halves (Theorem 4.6).
(iv) The flock. We study the Vicsek flock under four interaction rules at two noise levels, measure their
sparsity profiles, compute the certificate for every rule, a thirtieth to a sixth of the trivial value, and read it
against a covering certificate and against the gap of a member with zero training risk (Section 5).

2 Literature
Graph networks. A message-passing layer is our object with a hard selector, the neighborhood of each
node, and it is of the Deep Sets form, a per-neighbor map summed and read out, one readout of finitely
many linear sums of our embedding (Section 1), at a fixed width, a bounded degree and no weighting by the
environment. Graph networks gain their expressivity from depth, where their sparsity lives: the receptive
field is set by the graph and the number of layers, and the bounds of Garg et al. (2020) and Liao et al. (2021)
pay for it with the maximum degree k0 per layer, compounded over the depth, Ju et al. (2023) with its
spectral relaxation. Here the sparsity is explicit, the weights of the selector, and the bound reads it as the
profile: the number of neighbors enters through its law, with rates where there is no nominal sparsity at all
and no dependence on the maximum count where there is one (Section 4.1, Theorem B.19). Whether any
finer statistic of the data than the maximum degree can be used was posed as a question in that literature
(Liao et al., 2021; Morris et al., 2023, 2024; Vasileiou et al., 2025b). The two kinds of bound also bound
different things: theirs hold over a parametric family at a norm budget and, like our rates, are statements
about scaling (Section E), and the class adds a bound of a different kind, the certificate, which holds for
the whole class at once and is computed from the sample by a matching (Section 4.2). A second line puts a
metric on the graphs under which message-passing networks are Lipschitz (Chuang and Jegelka, 2022; Levie,
2023; Böker et al., 2023; Rauchwerger et al., 2025; Amran et al., 2026), and covers the graph space at one
scale, or with the sample’s cell proportions at one radius (Carrasco et al., 2025), Covered Forest (Vasileiou
et al., 2025a) being its latest form. We differ in the object, a general weighted class whose metric the class
itself implies (Theorem 3.2) rather than one metric among several under which a model is Lipschitz, and in
the data dependence: rates through the profile (Section 4.1) and, on the data, the two-sample transport in
place of a cover (Section 4.2).

The matching distance. The metric of Theorem 3.2 is produced by the axioms, which determine it
in closed form, a matching on a cone: the identification is new, and the closed form is what makes the
rest computable. The metric space itself, a cone with a transport that may leave a point unmatched at a
price, is known: unbalanced transport (Chizat et al., 2018; Liero et al., 2018), the matching distances of
persistence diagrams (Cohen-Steiner et al., 2010; Turner et al., 2014), of multisets (Chuang and Jegelka, 2022;
Davidson and Dym, 2025; Nikolentzos and Skianis, 2026) and of point patterns (Schuhmacher and Xia, 2008;
Schuhmacher et al., 2008; Huang et al., 2026), none of them with the correspondence the theorem establishes,
between an element’s weight and the mechanism’s continuity in it.

Rates from a dimension. The dimensions of a law that bound the transport distance between an empirical
measure and its law, the upper Wasserstein dimension of Weed and Bach (2019) and the entropic dimension
of Chakraborty and Bartlett (2025), rest on one bulk covered at fixed dimension, the rest of the mass charged
at the diameter. Our bounds stratify the design by its weight tail, a device with earlier variants (Fournier
and Guillin, 2015; Lei, 2020; Huang et al., 2026), made to work on configurations that are never exactly
sparse. Quasi-polynomial rates of the shape of Theorem 4.5 appear before in two other settings, empirical
measures in a Hilbert space under an exponential-ellipsoid moment condition (Lei, 2020) and point processes

3



with a geometric count law (Huang et al., 2026). Ours is for the mean weight tail of a configuration, with
free weights and values, where the decay is inside each sample and there is no count to stratify by, and on
fixed, geometrically decaying weights the class’s metric resembles Lei’s ellipsoid (Section D.4).

Interaction kernels. The closest setting to the flock is the learning of interaction laws from trajectories
(Lu et al., 2019, 2021), where the mechanism is a mean-field sum with an unknown scalar kernel, a linear sum
in the terms of Section 3.1, learned at the one-dimensional rate with no profile in play (Section E). On real
and simulated flocks, attention networks learn the update with the weights learned and read off the neighbors
that matter (Heras et al., 2019; Ha and Jeong, 2021), and relational inference learns the interaction graph
(Kipf et al., 2018): the selector is the object learned there, and it is given here.

The nearest results in learning theory are on transformers: a target on a few tokens at given positions, a
hard selection at a fixed count in a parametric class (Mousavi-Hosseini et al., 2025; Edelman et al., 2022;
Sanford et al., 2023; Trauger and Tewari, 2024), an input-dependent importance of the coordinates (Takakura
and Suzuki, 2023) or a per-sample sensitivity cap (Nagler, 2023), and further remarks on the literature are in
Section E.

3 Locality Axioms and Representation
This section defines the class by its axioms and proves its representation.

3.1 Axioms
Mechanism and selector. Throughout, (V, ρ) is a compact metric space with at least two points, the
value space, and

R := 1
2 diamV

is the value scale, so that ρ ≤ 2R with equality attained. A configuration is a pair (x, µ) ∈ C := Vd ×∆d:
a value xi ∈ V on each of d coordinates and a weight vector µ in the simplex. A mechanism is a function
f : C → R. A selector produces the weights from the state of the system: each element carries a state ωi ∈ Ω,
of which its value xi = π(ωi) is the part the mechanism reads, for a fixed map π : Ω → V. The selector is a
map c : Ωd → ∆d. The object of the examples is the composite

g(ω) = f
(
π(ω), c(ω)

)
, π(ω) := (π(ω1), . . . , π(ωd)), (1)

one mechanism applied at every state to the coordinates the selector weights. In the flock the state of a
particle is its position and heading, the values are the headings, the selector is uniform on the particles
within the interaction radius, and the mechanism is the mean heading. The axioms concern f alone. The
selector enters only through the design, the law Q of (π(ω), c(ω)) under the law of the state ω, and nothing is
assumed about it: it may be discontinuous, as a hard radius is, and in the examples it usually is. Throughout,
the selector is given: the learner observes the configuration (x, µ), weights included, and learns f . Which
coordinates of the state are the values, and in which semantics the mechanism is read, are part of the
specification (Section C.1, Theorem A.15). Permutations σ of [d] act on both arguments, (σx)i = xσ−1(i) and
likewise for µ. Write suppµ = {i : µi > 0} and µmax = maxi µi.

Cap weights. The dependence allowed on a coordinate is a function of its weight, and the axioms are
stated for a generic such function. A cap weight is a continuous map w : ∆d → [0, 1]d that commutes with
permutations, is injective, and has wi(µ) = 0 exactly when µi = 0. The two instances of this paper are

wc(µ) = µ and wa(µ) = µ/µmax,

the weights themselves, the conservative cap of the mean semantics, and the weights relative to the largest
one, the shares, the accumulative cap of the sum semantics. On weights uniform over k coordinates the first
allots influence L/k to each selected coordinate and the second L, a fixed budget that more participants
dilute against a total that accumulates with the count. The conservative class GL := Gwc

L is the class of
the main text. The accumulative class G̃L := Gwa

L has the same representation, Theorem 3.2 below holding
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for every cap weight, and rates of the same exponents at the price of a factor of the count (Section A.4,
Sections B.7 and B.8). Table 1 in Section A.4 sorts the common aggregations between the two classes, with
their constants.

Definition 3.1 (The class GwL ). For a cap weight w and L ≥ 0, GwL is the set of mechanisms f : C → R such
that

(V) (value cap) if x, y ∈ Vd differ in coordinate i only, then for every µ, |f(x, µ)−f(y, µ)| ≤ Lwi(µ) ρ(xi, yi).

(W) (weight regularity) for every x ∈ Vd and all µ, ν ∈ ∆d, |f(x, µ)− f(x, ν)| ≤ LR ∥w(µ)− w(ν)∥1.

(A) (anonymity) f(σx, σµ) = f(x, µ) for every permutation σ.

(V) is the locality and (A) the anonymity of the introduction, and together they make f a function of the
multiset of pairs {(xi, µi) : µi > 0} (Theorem A.3). On an interval and for differentiable f the axioms are
bounds on partial derivatives (Theorem A.1). The weight axiom (W) is the one that needs a justification.

Where the weight axiom comes from. The class is meant to contain the weighted sums of a score,∑
i wi(µ)φ(xi) with φ 1-Lipschitz and bounded by R, the linear sums of Section A.1. (W) is exactly their

sensitivity to the weights: a move of weight from µ to ν changes a linear sum by at most R ∥w(µ)− w(ν)∥1,
and some score attains this (Theorem A.4), so (W) is the tightest weight axiom under which every linear sum
is still a member at constant 1. The axioms are chosen so that the simplest mechanisms have constant 1, and
what Theorem 3.2 adds is that the metric they induce is the matching distance at the same constant (the
coordinatewise form of the axiom and the readouts it excludes are in Section A.1). The modulus in (W) is
stated in the weights alone, and this is a choice: pricing a weight move by the values it moves between gives
the flat metric on the weighted value measure

∑
i µiδxi

, a smaller class in which the weights are mass rather
than individuals, that of distribution regression and the measure-input networks (Section E), which excludes
the selected maximum and the top weight, members here (Theorem A.6). A mechanism may also read a
distinguished input of its own, the state of the agent evaluating it, as in Section 5, and everything below then
holds fiberwise in it (Theorem A.2).

3.2 Representation
The cone and the lift. The cone over V is K := (V × [0, 1])/(V × {0}), the bottom edge collapsed to one
point, the apex o. A point other than the apex is a pair (x, u) of a value and a height u ∈ (0, 1], and the cone
cost is

ϱ
(
(x, u), (y, v)

)
:= min(u, v) ρ(x, y) +R |u− v|, ϱ

(
(x, u), o

)
:= Ru, (2)

a metric on K (Theorem A.7). The lift of a configuration is the counting measure on the cone

Φ(x, µ) :=
∑

i∈suppµ

δ(xi, wi(µ)), (3)

one atom per coordinate of positive weight, at its value and at the height of its cap weight. Write Md := Φ(C),
and nP for the number of atoms of P ∈ Md. Two configurations have the same lift exactly when their
multisets of (value, weight) pairs coincide, so Φ identifies C modulo permutations and modulo the values at
zero-weight coordinates. Every member of GwL factors through it (Theorem A.8).

The matching distance. For P,Q ∈ Md, a partial matching is a bijection σ between a sub-multiset of the
atoms of P and a sub-multiset of the atoms of Q. Its cost is the cone cost summed over the matched pairs
plus R times the height of every unmatched atom on either side, and the matching distance is the least cost,

Mw(P,Q) := min
σ

[ ∑
p matched

ϱ
(
p, σ(p)

)
+

∑
p∈P unmatched

ϱ(p, o) +
∑

q∈Q unmatched

ϱ(q, o)
]
. (4)

It is a metric on Md, and it is a transport distance: padding each side with the other’s number of atoms at
the apex,

Mw(P,Q) = W ϱ
1

(
P + nQ δo, Q+ nP δo

)
, (5)
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the Kantorovich distance with ground cost ϱ between two measures of equal mass, whose optimal plans are
matchings because the masses are integers (Theorem A.9). We write D :=Mwc for the conservative instance,
heights equal to the weights, and D̃ :=Mwa for the accumulative one, heights equal to the shares.

Theorem 3.2 (Representation). Let w be a cap weight and L ≥ 0.

(i) A mechanism f belongs to GwL if and only if f = F ◦Φ for a function F : Md → R with |F (P )−F (Q)| ≤
LMw(P,Q) for all P,Q ∈ Md. The constant is 1 in both directions, for all configurations.

(ii) For all P,Q ∈ Md,

Mw(P,Q) = sup
{
f(z)− f(z′) : f ∈ Gw1 , Φ(z) = P, Φ(z′) = Q

}
.

Consequently, as for any metric and its Lipschitz ball, every metric on Md for which the unit ball Gw1
is 1-Lipschitz dominates Mw, and Mw is the unique metric whose Lipschitz balls, composed with Φ, are
the classes GwL .

Part (i) is the representation: the class is the Lipschitz ball of (Md,Mw) in the axioms’ own constant,
with nothing lost. Its proof is a routing: the axioms bound f along three moves, one value at fixed weights,
one weight at fixed values, a permutation, so f is Lipschitz for the path metric the moves generate, and the
theorem computes that metric in closed form as (4) by moving each matched value at the smaller of its two
heights, before the weight move where the height rises and after it where it falls, at exactly the matching’s
cost (Section A.3; compare Balan et al., 2022; Cahill et al., 2024). Part (ii) is a corollary of (i), a metric
being the supremum of the differences of its own 1-Lipschitz functions, and it is the sense in which the metric
is the class’s own, each of its ingredients one of the axioms (the price R of a unit of height is the modulus of
Theorem A.4). The class is convex, closed under Lipschitz readouts of finitely many members, and contains
the vector-valued linear sums, so attention pooling and the flocking resultant are members (Section A.3,
Theorem A.5). On a fixed hard selection of k coordinates the class is the symmetric Lipschitz functions of
the selected values with the constant L/k, the factor k attained by the selected maximum (Theorem A.15).

4 Complexity
A design is a Borel probability measure Q on C, the law of the configurations, in the composite (1) the law of
(π(ω), c(ω)), and its lifted design is Γ := Φ#Q, a probability measure on (Md, D). The data are Z1, . . . , Zn
i.i.d. ∼ Q, with lifts Pi = Φ(Zi) and empirical lifted design Γ̂n := n−1

∑
i≤n δPi

, and κ := 2R bounds the
diameter of (Md, D) (Theorem A.20). The unit ball G1 is the set of F ◦ Φ with F 1-Lipschitz on (Md, D)
(Theorem 3.2), so the generalization gap of the class on a sample is a transport,

∆S := sup
f∈G1

(
EQf − 1

n

n∑
i=1

f(Zi)
)

= W1(Γ̂n,Γ),

by Kantorovich–Rubinstein duality (Sriperumbudur et al., 2012). Every bound of this section bounds the
mean ∆n(Q) := E∆S or its value at the sample at hand, a statement about the design’s geometry: the class
itself is never covered.

4.1 Rates from the sparsity profile
Definition 4.1 (Tail mass and profile). For (x, µ) ∈ C let µ(1) ≥ µ(2) ≥ · · · be the weights in decreasing
order and, for 0 ≤ k ≤ d, Tk(x, µ) :=

∑
i>k µ(i) the weight beyond the k heaviest coordinates, a continuous

function of the lift alone (Theorem B.9). The profile of the design is Gk(t) := Q(Tk > t) for 0 ≤ k ≤ d and
t ∈ [0, 1), nonincreasing in k and in t.

Definition 4.2 (Sparsity profiles). A design is exactly k0-sparse if Q(Tk0 = 0) = 1, a selector that never
reads more than k0 coordinates. It has an exponential profile at rate β > 0 if EQ[Tk] ≤ Ae−βk for some
A ≥ 1 and all k ≥ 0, a statement about the mean tail (Figure 1(a)).
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The profile decays in t at fixed k, the weights of one configuration, and in k at fixed t, the law of how
many coordinates matter. The rates are stated through the stratum exponent e(k), the covering exponent of
the lifts carried by at most k atoms, for a value space of metric dimension dimV , N(ε,V, ρ) ≤ (CVR/ε)

dimV .
On interval values e(k) = 2k − 1, one value and one free weight per atom. On a selector design, one whose
cropped weights are, at every crop level, an Lc-Lipschitz function of the selected values or are uniform on the
support, the ball of Section 5.1 being one, e(k) = k dimV (Section A.5). No upper bound below depends on
d. The stratum of k atoms has covering count Nk(ε) ≤ (C1R/ε)

e(k) at resolution ε ≤ κ, by balls of radius
ε/2, with C1 depending on the covering constant of V, and on Lc on a selector design (Section A.5).

Theorem 4.3 (Generalization over the class). Fix K ≤ d and resolutions 0 < ε1 ≤ · · · ≤ εK with thresholds
θk := εk/(2κ) < 1, and let wk := Q(Tk ≤ θk, Tk−1 > θk−1), with θ0 := θ1, be the mass of the configurations
that k atoms resolve at εk and k − 1 do not at εk−1. Then for every design Q,

∆n(Q) ≤ 2

K∑
k=1

wk εk +
κ

2

K∑
k=1

√
wkNk(εk)

n
+ κGK(θK). (6)

The three terms are each shell’s resolution at its mass, its cell-frequency fluctuation at its count, and the
trim beyond the last shell at the diameter, or twice its own tail if cropped (Theorem B.14). The two theorems
below follow from it and a multiscale refinement of its coupling (Theorem B.18), each with its converse.

Theorem 4.4 (A single sparsity level). For every design and every K ≤ d with e(K) ≥ 3,

∆n(Q) ≤ 2κEQTK + CR n− 1
e(K) ,

with C depending on the covering constant of V only, and on Lc on a selector design, uniformly in K and
in d (the case e(K) ≤ 2 is in Section B.3): an exactly k0-sparse design learns at n−1/e(k0) once e(k0) ≥ 3,
which is n−1/(2k0−1) on interval values and n−1/(k0 dimV) on a selector design. Conversely, on interval values
there is an exactly k0-sparse design Qk0 , with weights bounded below, such that every n-atom measure νn has
W1(νn,Γk0) ≥ ck0 n

−1/(2k0−1), for a constant ck0 : on interval values the worst-case exponent of a sparsity
level k0 ≥ 2 is 1/(2k0 − 1) from both sides.

The first term is the mean tail paid as a bias, the cost of cropping every configuration to K atoms, and
the second is the rate of the exactly K-sparse design so obtained, by a multiscale coupling on the cropped
stratum (Theorem B.18), whose exponent on interval values is the converse’s (Section D.4), and on the
converse’s design no learner, from any number of noiseless labels, has risk below c n−1/(2k0−1) uniformly over
the class (Theorem D.5). The simplest members escape the rate: the conservative linear sums (7), the shape
of a sum network, learn at n−1/(dimV+2) whatever the count and the profile (Theorem B.20), and the class
pays the profile for everything beyond Lipschitz readouts of finitely many of them.

Theorem 4.5 (Exponential profiles). Let V = [−R,R] or a circle of diameter 2R. Under an exponential
profile at rate β, for every n ≥ 1,

∆n(Q) ≤ C e−
√
β lnn/2,

and ∆n(Q) ≤ C e−
√
β lnn on a selector design, with C depending on (β,A,R), and on Lc on a selector

design. Conversely there is a design Qβ with Tk ≤ e−βk at every configuration such that, for every n with
d ≥

√
2 ln(2n)/β + 1, every n-atom measure νn has W1(νn,Γ

β) ≥ c e−
√

2β ln(2n), with c depending on (β,R).

The rate is slower than every polynomial in n and faster than every power of lnn, and it is the problem’s
own, the constant in the exponent lying between 1/

√
2 and

√
2. The optimizing cutoff in Theorem 4.4 is

Kn ≍
√
lnn/β, so the dimension the rate sees grows without bound, until it reaches d, and the profile

costs nothing for being a statement about the mean tail, the crop paying each configuration its own tail
(Theorem B.25). The circle is the value space of the flock (Section C.1).

4.2 The certificate
Theorem 4.6 (The two-sample certificate). Let n be even and let S be split, by a rule fixed in advance, into
halves A and B of n/2 points each, with empirical lifted designs Γ̂A and Γ̂B. With probability at least 1− δ,

W1(Γ̂A,Γ) ≤ W1(Γ̂A, Γ̂B) + κ

√
ln(1/δ)

n
,
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and W1(Γ̂A, Γ̂B) = minπ
2
n

∑
i≤n/2D(Pi, P

′
π(i)), the minimum over the bijections π between the lifted points

of the two halves: an assignment problem on n/2 points, each of whose costs is itself an assignment between
the atoms of two lifts (Theorem B.3).

What is ours is the object: on the class the maximum discrepancy (Bartlett et al., 2002) is a transport by
duality (von Luxburg and Bousquet, 2004, eq. (11)), a matching computes it, and the symmetrization of
Vapnik and Chervonenkis (1971) carries it to the population with one term (Theorem B.1, Theorems B.2,
B.7 and B.8). The matching is the least of the certificates on the halves, every covering-type bound on them
being one feasible transport (Theorem B.5): on the flock the cell certificate is twenty times the matching on
the ball and trivial on every graded kernel (Section 5.1).

5 Experiments

5.1 Flocking
The Vicsek flock of the introduction (Vicsek et al., 1995) is the reference model of collective motion (Vicsek and
Zafeiris, 2012; Ginelli, 2016), and its update is a mechanism of the class on the ordered region (Section C.1):
the configuration is the set of headings, the selector the ball, uniform on the m+1 particles within distance r
of the focal one, itself included, and the update the direction of the mean heading vector, up to an angular
noise of amplitude η. We simulate the standard setting, 3200 particles at density 2 with r = 1, at noise
η = 1.2 in the ordered phase (Chaté et al., 2008). Alongside the ball rule we simulate three flocks whose rules
are graded, a bump, a Gaussian and a Cauchy kernel, each at the range at which its mean tail matches the
ball’s, at a finite cutoff, and each read through the selector of its own family with its lift cropped at a priced
tail (Section C.1). A sample is one focal particle of one replica at one instant, one sample per replica, so the
samples are independent: 64,000 replicas of each flock, each started at random and read once at step 3000,
after the flock has ordered, the view’s headings rotated by an independent uniform angle: the design is the
law of that view. The regime η = 2.4 and the kernels’ parameters are in Section C.1.

The profile. Figure 1(a) is the mean tail of each selector, and Figure 2 in Section C.1 the count law of the
ball flock. On the replicas the ball holds 11 particles on average and 67 at most, other than the self, from 2
to 23 between the 5% and 95% samples. Every sample is exactly sparse with uniform weights on its m+ 1
atoms, so the mean tail is a functional of the count law. It is geometric beyond the knee at the mean support
because the count law is, at a decay rate of 0.23 per atom. The graded kernels are the other case, a decay
inside each sample at a rate set by the local crowding, the Gaussian’s geometric, the average-exponential
profile of Theorem 4.5 on a design whose weights fade rather than stop, and the Cauchy’s polynomial. The
profile bounds give the rate and the certificate gives the number: the ball design’s support reaches 68 atoms
and a kernel’s is every particle within its cutoff, so a bound in the dimension of the support says nothing
at these n, where the certificate does. The rate the sample shows is the design’s own: over the last three
doublings the ball’s transport decays with the exponent of a three-dimensional sample and the graded kernels’
with that of thirteen to fifteen, rising by a dimension per doubling as the sample resolves more atoms of the
weight vector, both far below the profile’s worst-case exponent, eleven at the ball’s mean count (Section C.1):
the ordered flock’s headings are nearly collinear, and the profile bound is over every design with that profile.
That number bounds the gap of every Lipschitz function of the local configuration, on a design of strata of
dimension one to sixty-eight, twelve on average (Figure 2), the 3200 headings of the flock’s state nowhere in
it.

The certificate. Figure 1(b) is Theorem 4.6 computed on the split by replicas, half A the first half of the
replicas and half B the second, fixed in advance. The transport is one assignment on the halves (Theorem B.3),
32,000 samples per half at the largest n. At η = 1.2 the certificate is 0.034κ on the ball and 0.11 to 0.13κ on
the graded kernels, where the mean distance between two random samples is 0.61 to 0.68κ and κ = π: a
component of the local mean velocity, of range 2, deviates by at most 0.11. Every step here is a theorem on
the data: the samples are independent replicas, so the i.i.d. hypothesis of Theorem 4.6 holds as stated, and
the concentration term is its 0.007κ at n = 64,000.
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Figure 1: The flock at η = 1.2, 64,000 independent replicas per flock, one sample each. (a) The profile: the
mean tail Tk, the weight beyond the k heaviest atoms, under the four selectors, the dashed line the tail of
one sample at the mean count m̄+ 1. (b) The certificate of Theorem 4.6 for half A at δ = 0.05, in units of κ,
on samples after the burn-in of 3000 steps, by which the flock has ordered.

What the certificate bounds. The certificate is the exact uniform deviation of the class on the two
halves, W1(Γ̂A, Γ̂B) = maxf∈G1

(EAf − EBf), so no bound uniform over the class on these halves is smaller,
and by Theorem B.22 it bounds the generalization gap of every empirical risk minimizer of GL on every target
in GL by 2L times its value. On a member it is nearly attained: for the target LD(·, A), zero on half A, the
lower Lipschitz extension −LD(·, A) is a member of GL with zero training risk whose gap on half B is 2L
times the mean nearest-neighbor distance from B to A, 0.038κ against the certified 0.068κ at L = 1 on the
ball, and within a factor 1.13 of the certificate on every graded kernel (Section C.1). For one chosen learner
on one target a holdout estimate on half B is tighter by definition, and the certificate does not compete with
it: what it gives is uniformity at no labels, over every target on the design and every predictor in the class at
once, in hand before a learner is chosen or a label seen, so that a choice made after seeing the data costs
nothing (Theorem B.1(ii)). Against the covering certificates on the same halves it is the smaller by far: the
cell certificate of Theorem B.5, optimized on the data, is 0.68κ on the ball, twenty times the matching, and
at or above κ on every graded kernel at every n (Section C.1).

6 Conclusions and Future Work
We defined graded sparse mechanisms by axioms, showed that they are the Lipschitz ball of a transport metric
on weighted configurations, and used that geometry for rates from the design’s sparsity profile and for a
certificate computed from the sample by a matching, with non-vacuous bounds on the flock. So although the
class, the full Lipschitz ball of the lift, is prohibitively large for any data-independent bound, it is learnable,
and the design alone can bound its rate.

We pose two questions. The first is the learning of the selector. Although in some situations it is dictated
fully by the environment, and this is the setting we assume here, in other situations some aspects of it can be
learned (Heras et al., 2019; Ha and Jeong, 2021; Kipf et al., 2018). What makes the problem interesting is its
separation: the selector is the environment’s, one rule common to all agents, while the mechanisms of the
agents may differ. Second, empirically in this paper we concentrated on various rules on the flock, with the
conservative cap. We believe the next natural step would be to evaluate additional scenarios, in terms of the
caps, the observed sparsity profiles, and the implied empirical complexity.
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A Proofs for Section 3

A.1 Basic lemmas, and the weight axiom
Two remarks on Theorem 3.1 come first.

Remark A.1 (Differential form). On an interval V = [−R,R] and for f differentiable, (V) is the bound
|∂f/∂xi| ≤ Lwi(µ) at every configuration, and for the weight w = µ, (W) is the bound maxi ∂f/∂µi −
mini ∂f/∂µi ≤ 2LR along the simplex, since a tangent direction h of the simplex has

∑
i hi = 0 and

sup∥h∥1≤1⟨∇µf, h⟩ is half the spread of the partial derivatives.

Remark A.2 (Distinguished inputs). A mechanism may read, besides the anonymous coordinates, inputs
of its own that no permutation moves: the state of the agent that evaluates it, or of its environment, as in
Section 5. Such an input is one distinguished variable q in a metric space, and the class becomes the set of
f(q; x, µ) that lie in GwL for every q and are Lipschitz in q. Everything in the paper holds fiberwise in q, the
metric of Section 3.2 becomes a product metric, and the covering numbers of Section A.5 multiply by that of
the space of q: with the metric dq(q, q′) +Mw(P, P

′) the class is its L-Lipschitz ball, the covering number at ε
is at most the product of the two covering numbers at ε/2, and the diameter of Theorem 4.6 is the sum of the
two. We keep the notation without the slot.

Lemma A.3 (Blindness, factorization, telescope). Let f ∈ GwL .

(i) If µi = 0 then f(x, µ) does not depend on xi.

(ii) If the multisets {(xi, µi) : µi > 0} and {(yj , νj) : νj > 0} coincide, then f(x, µ) = f(y, ν).

(iii) For all x, y ∈ Vd and µ: |f(x, µ)− f(y, µ)| ≤ L
∑
i wi(µ) ρ(xi, yi).

Proof. (i) is (V) with wi(µ) = 0. (ii) Choose a permutation σ matching the positive-weight coordinates of
(y, ν) to those of (x, µ) pairwise. Then (σy, σν) and (x, µ) agree on every positive-weight coordinate and on
the weight vector, and differ at most in values at zero-weight coordinates, which are free by (i). Conclude by
(A). (iii) Change the coordinates one at a time at fixed µ. Each step is a (V) move and every intermediate
point is a configuration.

Where the weight axiom comes from. The principle, one mechanism applied to every weighted
coordinate, has a formula: a score φ : V → R applied to every value and summed with the cap weights. Let
S := {φ : V → R : Lip(φ) ≤ 1, |φ| ≤ R} be the score ball, which contains a translate of every 1-Lipschitz
score because R = 1

2diamV, and let

Lw :=
{
fφ(x, µ) =

d∑
i=1

wi(µ)φ(xi) : φ ∈ S
}

(7)

be the linear sums of the cap weight. They contain the weighted means and value aggregations
∑
i µiφ(xi)

at w = µ, the unnormalized sums
∑
i(µi/µmax)φ(xi) at w = µ/µmax and, with φ ≡ R, the count R/µmax.

Every linear sum satisfies (V) with L = 1 and (A) whatever the weight axiom (Theorem A.5), and the class
is meant to contain them at constant 1. The weight axiom is the tightest one that does.

Proposition A.4 (The modulus of the linear sums). For all µ, ν ∈ ∆d,

sup
x∈Vd, φ∈S

| fφ(x, µ)− fφ(x, ν) | = R ∥w(µ)− w(ν)∥1 .

So (W) says exactly that f is no more sensitive to a change of weights than the linear sums are, uniformly
over the values. Among weight axioms |f(x, µ)− f(x, ν)| ≤ Lc(µ, ν) with a modulus c that does not look at
x, it is the tightest one under which every linear sum keeps constant 1, because any such c dominates the
supremum above. In this sense GwL is the smallest class cut out by (V), (A) and a value-free weight axiom
that contains the linear sums in its unit ball. A modulus that does look at x is a transport distance between
the weighted value measures, and the class it cuts out is smaller and excludes the selection readouts of the

18



next subsection: two coordinates at the same value R with equal shares, and a share δ shifted from one to
the other, leave the weighted value measure unchanged while the selected maximum moves by δR, so no
constant serves, where (W) prices the move at 2Rδ (Theorem A.6). Weights are individuals and not mass,
and this is why the metric of Section 3.2 is a matching distance on multisets and not a distance between
measures. What (W) excludes is the rank readouts: the weighted median and quantiles, trimmed means and
top-k selections jump when a weight crosses a threshold, two atoms at ±R with weights 1

2 ± δ moving the
weighted median by 2R as δ changes sign, so no constant serves; the selected maximum, which is weighted
and not ranked, stays in.

Lemma A.5 (Linear sums are members). Every fφ ∈ Lw satisfies (V) with L = 1 and (A). More generally,
let φ : V → Rm satisfy |φ(s)− φ(t)|2 ≤ ρ(s, t) and |φ|2 ≤ R, and put fφ(x, µ) :=

∑
i wi(µ)φ(xi). Then for

all configurations
| fφ(x, µ)− fφ(y, ν) |2 ≤ Mw

(
Φ(x, µ),Φ(y, ν)

)
,

so every coordinate of fφ, and every 1-Lipschitz function of fφ, lies in Gw1 .

Proof. A change of xi alone changes fφ by wi(µ)|φ(xi) − φ(yi)| ≤ wi(µ)ρ(xi, yi), and anonymity is the
equivariance of w. For the joint bound write P = Φ(x, µ), Q = Φ(y, ν), so that fφ(x, µ) =

∑
(s,u)∈P uφ(s), and

let σ be any partial matching. A matched pair (s, u) 7→ (t, v) contributes |uφ(s)− vφ(t)|2 ≤ min(u, v)|φ(s)−
φ(t)|2 + |u− v| sup|φ|2 ≤ ϱ((s, u), (t, v)), and an unmatched atom contributes |uφ(s)|2 ≤ Ru = ϱ((s, u), o).
Summing gives the cost of σ, and minimizing over σ gives Mw(P,Q). The last claim is Theorem 3.2(i), or
directly: a coordinate of fφ satisfies (V) and (A) as above and (W) because |

∑
i(wi(µ)− wi(ν))φ(xi)|2 ≤

R ∥w(µ)− w(ν)∥1.

Proof of Theorem A.4. Upper bound: |
∑
i(wi(µ) − wi(ν))φ(xi)| ≤ ∥w(µ)− w(ν)∥1 sup|φ| ≤

R ∥w(µ)− w(ν)∥1. Lower bound: by compactness pick a, b ∈ V with ρ(a, b) = 2R, and let φ(z) := R−ρ(z, a),
which is 1-Lipschitz with φ(a) = R, φ(b) = −R and |φ| ≤ R, so φ ∈ S. Put xi = a where
wi(µ) > wi(ν) and xi = b where wi(µ) < wi(ν), anywhere else otherwise. Then

∑
i(wi(µ)− wi(ν))φ(xi) =

R
∑
i|wi(µ)− wi(ν)|.

Remark A.6 (The pointwise alternative). One could instead take the modulus at the given x, cx(µ, ν) :=
supφ∈S |fφ(x, µ)−fφ(x, ν)|, which by Kantorovich–Rubinstein duality on V is a transport distance between the
weighted value measures

∑
i wi(µ)δxi and

∑
i wi(ν)δxi : the balanced Kantorovich distance for the conservative

weight and the flat distance for the accumulative one. The resulting axiom is stronger and its class smaller,
and under it a reweighting among coordinates at equal values is free. That is the right axiom when the
members are functionals of the weighted value measure, averages and attention pooling, and the wrong one for
the selection readouts. Take V = [−R,R] and f = maxi sixi, with a leader at value 0 and share 1 and two
coordinates at value R with equal shares s, and shift a share δ from one of the two to the other. The weighted
value measure does not change at all, while f changes by δR, so no constant serves. Under (W) the move is
priced at 2Rδ and the maximum has constant 1 (Theorem A.14).

A.2 The cone and the matching distance
Lemma A.7 (The cone is a compact metric space). ϱ is a metric on K, (K, ϱ) is compact, and the distance
to the apex is R times the height.

Proof. ϱ is well defined on the quotient, since ϱ((x, u), (y, 0)) = Ru does not depend on y, it is symmetric, and
it vanishes only on the diagonal: for u, v > 0, ϱ = 0 forces u = v and then ρ(x, y) = 0. Triangle inequality: let
p = (x, u), q = (z, t), r = (y, v) with positive heights. We show ϱ(p, r) ≤ ϱ(p, q)+ϱ(q, r) by the position of t. If
t ≥ u∨v, the right side is uρ(x, z)+vρ(z, y)+R(2t−u−v) ≥ (u∧v)ρ(x, y)+R|u−v|, since 2t−u−v ≥ |u−v|.
If t ≤ u ∧ v, the right side is t(ρ(x, z) + ρ(z, y)) +R(u+ v − 2t) ≥ tρ(x, y) +R(u+ v − 2t), and subtracting
ϱ(p, r) = (u∧v)ρ(x, y)+R(u∨v−u∧v) leaves (u∧v− t)(2R−ρ(x, y)) ≥ 0 because ρ ≤ 2R. If u ≤ t ≤ v, the
other order being symmetric, the right side is uρ(x, z)+ tρ(z, y)+R(v−u) ≥ u(ρ(x, z)+ρ(z, y))+R(v−u) ≥
ϱ(p, r). With the apex in the middle, ϱ(p, o) + ϱ(o, r) = R(u + v) ≥ (u ∧ v)ρ(x, y) + R|u − v| because
(u ∧ v)ρ(x, y) ≤ 2R(u ∧ v), and with the apex as an endpoint ϱ(o, r) = Rv ≤ Rt+R|t− v| ≤ ϱ(o, q) + ϱ(q, r).
Compactness: ϱ((x, u), (y, v)) ≤ ρ(x, y) + R|u − v| and ϱ((x, u), o) = Ru, so the quotient map from the
compact V × [0, 1] is continuous into (K, ϱ) and onto.
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Lemma A.8 (Factorization). Φ(x, µ) = Φ(y, ν) if and only if the multisets {(xi, µi) : µi > 0} and {(yj , νj) :
νj > 0} coincide. Consequently every f ∈ GwL factors as f = F ◦ Φ for a unique F : Md → R, and Φ is a
bijection from the quotient of C by permutations and by values at zero-weight coordinates onto Md.

Proof. If the multisets of (xi, µi) coincide, so do those of (xi, wi(µ)), by equivariance. Conversely, if the
multisets of pairs (value, cap weight) coincide, there is a permutation π of [d] carrying suppν onto suppµ
with (yπ−1(i), wπ−1(i)(ν)) = (xi, wi(µ)) for i ∈ suppµ, so πy agrees with x on suppµ and w(πν) = w(µ) by
equivariance. Then πν = µ by injectivity. The factorization is Theorem A.3(ii).

Lemma A.9 (Metric, measure form, duality). (i) Mw is a metric on Md.

(ii) Mw(P,Q) =W ϱ
1

(
P + nQ δo, Q+ nP δo

)
, the Kantorovich distance with ground cost ϱ between the two

apex-padded measures, both of total mass nP + nQ.

(iii) With Lip0(K) := {ψ : K → R : Lipϱ(ψ) ≤ 1, ψ(o) = 0},

Mw(P,Q) = sup
ψ∈Lip0(K)

[ ∑
(x,u)∈P

ψ(x, u)−
∑

(y,v)∈Q

ψ(y, v)
]
,

and every ψ ∈ Lip0(K) satisfies |ψ(x, u)| ≤ Ru.

Proof. (i) Symmetry is clear. If Mw(P,Q) = 0 the optimal σ has zero cost, so no atom is unmatched, an
unmatched atom costing Ru > 0, and every matched pair coincides, hence P = Q. Triangle inequality:
given partial matchings σ1 from P to Q and σ2 from Q to S, define σ from P to S by σ(p) = σ2(σ1(p))
whenever both are defined, and leave every other atom unmatched. By the triangle inequality of ϱ with
the apex included (Theorem A.7): a p matched through q to s costs ϱ(p, s) ≤ ϱ(p, q) + ϱ(q, s), a p matched
to a q that σ2 leaves unmatched costs ϱ(p, o) ≤ ϱ(p, q) + ϱ(q, o), an s matched by σ2 to a q that σ1 leaves
unmatched costs ϱ(s, o) ≤ ϱ(q, s) + ϱ(q, o), and atoms unmatched in σ1 or σ2 keep their apex cost. Each
term of cost(σ1) + cost(σ2) is used at most once, so cost(σ) ≤ cost(σ1) + cost(σ2). (ii) The Kantorovich
problem between the padded measures is a transportation linear program between two counting measures
of the same mass, nP + nQ unit atoms on each side, so by Birkhoff’s theorem its polytope is the convex
hull of the permutation matrices (Peyré and Cuturi, 2019, Prop. 2.1) and an optimal integer plan exists,
a bijection between the atoms of the two sides. A bijection matches some atoms of P to atoms of Q, the
remaining atoms of each side to apex copies, and apex copies to each other at cost 0, and its cost is the
cost of the partial matching it induces. Conversely every partial matching extends to such a bijection, the
counts of unmatched atoms and spare apex copies agreeing on both sides. Hence the two minima coincide.
(iii) Kantorovich–Rubinstein duality on the compact metric space (K, ϱ), for two finite measures of equal
mass: W1(α, β) = sup{

∫
ψ d(α− β) : Lipϱψ ≤ 1}. Here α− β = P −Q+ (nQ − nP )δo has total mass 0, so

ψ 7→ ψ − ψ(o) does not change the integral and one may restrict to ψ(o) = 0, which kills the apex term. The
bound is |ψ(x, u)| = |ψ(x, u)− ψ(o)| ≤ ϱ((x, u), o) = Ru.

Remark A.10 (The dual ball). For φ ∈ S the function ψφ(x, u) := uφ(x) lies in Lip0(K) and
∫
ψφ dΦ(x, µ) =

fφ(x, µ), so the linear sums are the sub-ball of scores that read the height linearly. The dual ball is larger:
it contains scores that read the height nonlinearly, such as ψ(x, u) = R

2 u
2, whose functional is R

2

∑
i wi(µ)

2.
This is where the members beyond the linear sums live: the supremum over x in Theorem A.4 enlarged the
score ball from {uφ(x)} to all Lipschitz functions on the cone vanishing at the apex, and Mw is the dual of
the enlarged ball.

Lemma A.11 (Elementary moves). Let (x, µ) ∈ C.

(i) (value move, exact) If y differs from x in coordinate i only, then Mw

(
Φ(x, µ),Φ(y, µ)

)
= wi(µ) ρ(xi, yi).

(ii) (weight move) For every ν, Mw

(
Φ(x, µ),Φ(x, ν)

)
≤ R ∥w(µ)− w(ν)∥1, with strict inequality possible:

two atoms at the same value exchanging heights are at distance 0 while ∥w(µ)− w(ν)∥1 > 0.

(iii) (re-representation) Φ(σx, σµ) = Φ(x, µ), and changing xi with µi = 0 does not change Φ.
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Proof. (i) The identity matching gives ≤ ϱ((xi, wi), (yi, wi)) = wiρ(xi, yi). For ≥, take ψ(z, u) := u (R −
ρ(z, xi)), which is ψφ for φ = R − ρ(·, xi) ∈ S, hence in Lip0(K) by Theorem A.10. The two lifts differ in
one atom and ψ(xi, wi) − ψ(yi, wi) = wiρ(xi, yi), so Theorem A.9(iii) gives the lower bound. (ii) Match
coordinate i to itself where both weights are positive, at cost R|wi(µ)−wi(ν)| with no value motion, and send
an atom with a zero partner to the apex, at cost Rwi, again R|wi(µ)− wi(ν)|. The example: {(t, u), (t, v)}
and {(t, v), (t, u)} are the same multiset. (iii) is the definition of the lift.

Lemma A.12 (Continuity, compactness, diameter). (i) For all (x, µ), (y, ν) ∈ C,

Mw

(
Φ(x, µ),Φ(y, ν)

)
≤ |w(µ)| max

i
ρ(xi, yi) +R ∥w(µ)− w(ν)∥1 ,

where |w(µ)| :=
∑
i wi(µ). In particular Φ : C → (Md,Mw) is continuous.

(ii) (Md,Mw) is compact and Φ is a quotient map: a function on Md is continuous if and only if its
composition with Φ is. In particular the tail masses Tk(µ) =

∑
i>k µ(i), with the weights sorted

decreasingly, and µmax are continuous on (Md,Mw).

(iii) Mw(P,Q) ≤ R (|P | + |Q|) with |P | :=
∫
u dP (x, u) the total height, hence diam(Md,Mw) ≤

2R supµ|w(µ)|.

Proof. (i) Go through Φ(y, µ): the first leg costs at most
∑
i wi(µ)ρ(xi, yi) by the identity matching, the

second at most R ∥w(µ)− w(ν)∥1 by Theorem A.11(ii). Continuity follows with the continuity of w. (ii) C is
compact and Φ continuous and onto, so (Md,Mw) is compact. A continuous map from a compact space onto
a Hausdorff space is closed, hence a quotient map. Tk and µmax are continuous on C and constant on the
fibers of Φ. (iii) The empty matching sends every atom to the apex.

A.3 Proof of Theorem 3.2
Proof of Theorem 3.2(i), the easy direction. If |F (P )−F (Q)| ≤ LMw(P,Q) for all P,Q and f = F ◦Φ, then
(V), (W) and (A) are Theorem A.11(i), (ii), (iii) respectively, read through the Lipschitz bound.

Proof of Theorem 3.2(i), the routing direction. Let f ∈ GwL . By Theorem A.8, f = F ◦Φ for a unique F , and
it remains to show that for all (x, µ), (y, ν) ∈ C,

| f(x, µ)− f(y, ν) | ≤ L ·Mw

(
Φ(x, µ), Φ(y, ν)

)
.

Write P = Φ(x, µ), Q = Φ(y, ν), S = suppµ, T = suppν, and let σ be an optimal partial matching, viewed
at the level of coordinates as a bijection from S′ ⊆ S onto T ′ ⊆ T . We may take σ maximal : if i ∈ S and
j ∈ T were both unmatched, adding the pair (i, j) would change the cost by ϱ((xi, wi(µ)), (yj , wj(ν))) −
ϱ((xi, wi(µ)), o) − ϱ((yj , wj(ν)), o) ≤ 0, by the triangle inequality through the apex. So either S′ = S or
T ′ = T .

Relabeling. Define an injection t of T into [d] by t(σ(i)) := i for i ∈ S′, and, if T \ T ′ ̸= ∅ (so S′ = S), by
sending T \ T ′ injectively into [d] \ S, which has d− |S| ≥ |T | − |T ′| elements. Let π be a permutation of [d]
with π(j) = t(j) for j ∈ T , and put ν′ := πν, y′ := πy. Then ν′t(j) = νj , y′t(j) = yj , ν′ vanishes off t(T ), and
by equivariance wt(j)(ν′) = wj(ν). By (A), f(y′, ν′) = f(y, ν), and Φ(y′, ν′) = Q. Every coordinate i ∈ [d]
is now of one of four kinds: matched (i ∈ S′, hosting (xi, wi(µ)) and (y′i, wi(ν

′)) = (yσ(i), wσ(i)(ν))), leaving
(i ∈ S \ S′, weight wi(µ) > 0 = wi(ν

′)), arriving (i ∈ t(T \ T ′), weight 0 = wi(µ) < wi(ν
′)), or empty. By

maximality, leaving and arriving coordinates do not both occur.
The chain. Split the matched coordinates into I↑ := {i ∈ S′ : wi(µ) ≤ wi(ν

′)} and I↓ := S′ \ I↑. Define
z ∈ Vd by zi := y′i for i ∈ I↑ and for arriving i, and zi := xi otherwise. Then:

Step 1. (x, µ) → (z, µ): value moves at weights µ on I↑ and on the arriving coordinates. By Theorem A.3(iii),
|f(x, µ)−f(z, µ)| ≤ L

∑
i∈I↑ wi(µ) ρ(xi, y

′
i), the arriving coordinates having wi(µ) = 0 and contributing

nothing.

Step 2. (z, µ) → (z, ν′): one weight move. By (W), |f(z, µ)− f(z, ν′)| ≤ LR ∥w(µ)− w(ν′)∥1.
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Step 3. (z, ν′) → (y′, ν′): value moves at weights ν′ on I↓ (on the leaving coordinates y′ may be taken
equal to x, since their ν′-weight is zero and the lift does not see them). By Theorem A.3(iii),
|f(z, ν′)− f(y′, ν′)| ≤ L

∑
i∈I↓ wi(ν

′) ρ(xi, y
′
i).

On I↑ the weight in Step 1 is wi(µ) = min(wi(µ), wi(ν
′)), and on I↓ the weight in Step 3 is wi(ν′) =

min(wi(µ), wi(ν
′)), so the value costs of Steps 1 and 3 add up to

∑
i∈S′ min

(
wi(µ), wσ(i)(ν)

)
ρ(xi, yσ(i)), while

the ℓ1 sum in Step 2 is
∑
i∈S′ |wi(µ)− wσ(i)(ν)| plus the weights wi(µ) of the leaving coordinates plus the

weights wt−1(i)(ν) of the arriving ones. Adding the three steps,

|f(x, µ)− f(y, ν)| ≤ L
[∑
i∈S′

ϱ
(
(xi, wi(µ)), (yσ(i), wσ(i)(ν))

)
+

∑
unmatched

Rw
]

= L cost(σ),

which is LMw(P,Q) by the optimality of σ.

Proof of Theorem 3.2(ii). The inequality ≤ is the routing direction. For ≥ take F := Mw(·, Q), which is
1-Lipschitz for Mw, so F ◦ Φ ∈ Gw1 by the easy direction, and F (P )− F (Q) = Mw(P,Q). If a metric d on
Md makes every F with F ◦ Φ ∈ Gw1 1-Lipschitz, then Mw(P,Q) = supf [f(z) − f(z′)] ≤ d(P,Q). And if
LipL(d) ◦ Φ = GwL for all L, the same argument with d in place of Mw gives d(P,Q) = supf [f(z)− f(z′)] =
Mw(P,Q).

In the language of persistence diagrams, part (ii) is the universality of the Wasserstein distance on the
metric pair (K, ϱ, {o}): Bubenik and Elchesen (2022a, Cor. 1.4 and §5.3) prove that on any metric space
with a distinguished subset the p-Wasserstein distance on finite multisets is the largest p-subadditive metric
compatible with the ground metric, and that at p = 1 it satisfies Kantorovich–Rubinstein duality, which is
Theorem A.9(iii), and Bubenik and Elchesen (2022b) carry the construction to signed measures and their
Banach spaces. What is specific here is the pair, the cone with its apex, and that the class comes first.

The closure properties named after Theorem 3.2 are those of a Lipschitz ball: the class is convex, and
if f1, . . . , fm are members with constants L1, . . . , Lm and h : Rm → R is Lipschitz then h(f1, . . . , fm) is a
member with constant supy

∑
a|∂ah(y)|La, since h(F1, . . . , Fm) is Lipschitz for Mw with that constant. The

linear sums extend to the vector-valued case,
∑
i wi(µ)φ(xi) with φ : V → Rm 1-Lipschitz and bounded by R

in norm, which is 1-Lipschitz from (Md,Mw) into Rm jointly (Theorem A.5), so that attention pooling and
the flocking resultant are members by post-composition.

A.4 The two instances
Three levels, and the sum embeddings. Three nested sets order the class: the linear sums (7), of which
a weighted Deep Sets network is a Lipschitz readout of finitely many (Theorem B.19), the functionals of the
lift, the dual ball of the matching distance (Theorem A.9, Theorem A.10), and the class of Theorem 3.2, every
Lipschitz function of the lift. The conservative linear sums learn at the rate of the value space alone, with no
count and no profile (Theorem B.20), while the class sees the law of the lift and pays the profile (Section 4).

The two classes of Section 3.1 are the following.

Definition A.13 (The two classes). The conservative class GL := Gwc

L is the class of Theorem 3.1 for the
cap weight wc(µ) = µ, the weights themselves, and the accumulative class G̃L := Gwa

L is the class for the cap
weight wa(µ) = µ/µmax, the vector of shares s(µ), the leader at share 1.

Table 1 sorts the common aggregations by what they do to influence. The same aggregations are debated
in graph networks on expressivity grounds, the sum separating multisets that the mean and the maximum
identify (Xu et al., 2019) and a degree-dependent scaler interpolating between the two (Corso et al., 2020).
In both classes the weight bound sums over all d coordinates, and ∥s(µ)− s(ν)∥1 can reach d− 1: that is the
count of Table 1, a member at constant 1, and the size is intended.

Proposition A.14 (Membership). Each mechanism of Table 1 belongs to the class shown with the constant
shown. Moreover GL ⊆ G̃2L.
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mechanism form class L

weighted mean h
(∑

i µixi

)
conservative ∥h′∥∞

value aggregation
∑

i µi φ(xi), φ ∈ S conservative 1
attention pooling h

(∑
i µi v(xi)

)
, Lipv ≤ 1, |v| ≤ R conservative Lip(h)

top weight Rµmax conservative 1

flocking update direction of
∑

i µi e
iθi conservative 1/ϖ0 at polarization ϖ ≥ ϖ0

count R/µmax = R
∑

i si accumulative 1
unnormalized sum

∑
i si φ(xi), φ ∈ S accumulative 1

force sum
∑

i si F (xi), LipF ≤ 1, |F | ≤ R accumulative 1
selected maximum maxi si xi accumulative 1
weighted mean∗ ∑

i µixi accumulative 2

Table 1: Common aggregations, the class they belong to and the constant. Values in [−R,R] where a value
bound is used. The starred row is the mechanism of the first row read against the share cap. The flocking row
is Section C.1, the rest is Theorem A.14. No constant depends on d or on the number of selected coordinates.

Proof of Theorem A.14. Each (V) line is the differential form of Theorem A.1 or a direct two-point estimate,
and each (W) line is the displayed one-line estimate. Conservative rows, on V = [−R,R]. Weighted means
h(⟨µ, x⟩): (V) |h′|µi|xi − yi|, (W) |h′| |⟨µ − ν, x⟩| ≤ ∥h′∥∞R ∥µ− ν∥1. Value aggregations: Theorem A.5.
Attention pooling: the vector-valued linear sum of Theorem A.5 followed by the Lipschitz map h. The top
weight Rµmax: (V) 0, (W) R|µmax − νmax| ≤ R ∥µ− ν∥∞. The flocking update is Section C.1. Accumulative
rows, on V = [−R,R], with s = s(µ), s′ = s(ν) and |s| := ∥s∥1. The count R

∑
i si: (V) 0, (W) R ||s| − |s′|| ≤

R ∥s− s′∥1. The sums and the force sums: Theorem A.5 with the share weight. The selected maximum
maxi sixi, on values in [0, R] so that the coordinates off the support, at sixi = 0, never attain it: (V)
|sixi− siyi| ≤ si|xi− yi|, (W) |maxi sixi−maxi s

′
ixi| ≤ maxi|si− s′i| |xi| ≤ R ∥s− s′∥∞. The weighted mean

⟨µ, x⟩ = ⟨s, x⟩/|s|: (V) µi ≤ si, and for (W), ⟨µ, x⟩−⟨ν, x⟩ = ⟨s−s′, x⟩/|s|+⟨s′, x⟩
(
1/|s|−1/|s′|

)
with |⟨s′, x⟩| ≤

R|s′| and |1/|s| − 1/|s′|| ≤ ∥s− s′∥1 /(|s||s′|), so the difference is at most 2R ∥s− s′∥1 /|s| ≤ 2R ∥s− s′∥1
because |s| ≥ 1. Containment. µi ≤ si gives the accumulative (V) from the conservative one, and for the weight
axioms ∥µ− ν∥1 ≤ 2µmax ∥s− s′∥1 ≤ 2 ∥s− s′∥1: indeed µ = s/|s|, so µ− ν = (s− s′)/|s|+ s′(1/|s|− 1/|s′|),
of ℓ1 norm at most (∥s− s′∥1 + ||s′| − |s||)/|s| ≤ 2 ∥s− s′∥1 /|s|, and 1/|s| = µmax. Hence GL ⊆ G̃2L, and by
Theorem 3.2(ii) also D ≤ 2 D̃ on Md.

The corollary read in Section 3.2 is the following. Reading a sum as conservative inflates its constant by
the count, the price of the semantics.

Corollary A.15 (Fibers: the two semantics made exact). Let µS be uniform on S ⊆ [d] with |S| = k. On the
fiber {µ = µS} the accumulative distance is the matching distance between the two k-point multisets of values,

D̃
(
Φ(x, µS),Φ(y, µS)

)
= min

τ

∑
i∈S

ρ
(
xi, yτ(i)

)
over the bijections τ of S, and the restriction of G̃L to the fiber is exactly the set of symmetric functions g
of xS with per-coordinate constant L, that is |g(xS) − g(xi→yi

S )| ≤ Lρ(xi, yi) with xi→yi the vector x with
coordinate i replaced by yi, every such g extending to a member of G̃L. The restriction of GL has per-coordinate
constant L/k, and the factor k is attained by the selected maximum.

Proof of Theorem A.15. On the fiber all shares equal 1, so a matched pair costs ϱ((xi, 1), (yj , 1)) = ρ(xi, yj) ≤
2R while an unmatched atom costs R. Leaving a pair unmatched on both sides costs 2R ≥ ρ, so a full
matching is optimal and the formula follows. A symmetric g with per-coordinate constant L satisfies
|g(xS)− g(yS)| ≤ L

∑
i ρ(xi, yτ(i)) for every τ , by symmetry and then the telescope of Theorem A.3(iii) with

all weights 1, hence is L-Lipschitz for D̃ on the fiber. Extend it to Md with the same constant by McShane’s
extension and apply the easy direction of Theorem 3.2(i). Conversely the accumulative (V) at si = 1 gives
the per-coordinate constant L, and the conservative (V) at µi = 1/k gives L/k. The selected maximum has
accumulative constant 1 (Theorem A.14) and, on the fiber, changes by |xi − yi| under a move of the leading
coordinate, so its conservative constant is at least k.
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A.5 Strata, coverings, and the crop cost
These are the inputs of Section 4: for each number of atoms, a covering of the lifts carried by that many
atoms, the cost of cropping a configuration to its heaviest atoms, and the diameter of the space.

Definition A.16 (Strata and cells). For k ≤ d, Ak := {P ∈ Md : nP ≤ k}, the lifts of configurations with at
most k participants. For the accumulative instance and m ≥ 0, A[m]

k := {P ∈ Ak : |P | ≤ 2m} = Ak ∩{µmax ≥
2−m}. Since |P | ≤ nP ≤ k on Ak, only 2m < k gives a proper subset. Covering numbers N(ε, S,Mw) use
the radius convention.

Theorem A.17 (Covering of the strata, conservative). For every k ≤ d and ε > 0,

N
(
ε,Ak, D

)
≤ N

(
ε
2 ,V, ρ

)k ·N( ε
2R ,∆k, ℓ

1
)

≤ N
(
ε
2 ,V, ρ

)k(
1 +

16R

ε

)k−1

.

On V = [−R,R] and ε ≤ R: logN(ε,Ak, D) ≤ (2k − 1) log(17R/ε).

Proof. Parametrize: for v ∈ Vk and a ∈ ∆k let Ψ(v, a) := Φ(z) where z carries values v and weights a on the
first k coordinates and weight 0 elsewhere. By (A) every P ∈ Ak is some Ψ(v, a). Matching coordinate j to
coordinate j, with the apex where one side has aj = 0,

D
(
Ψ(v, a),Ψ(v′, a′)

)
≤

k∑
j=1

[
min(aj , a

′
j) ρ(vj , v

′
j) +R|aj − a′j |

]
≤ max

j
ρ(vj , v

′
j) +R ∥a− a′∥1 ,

using
∑
j min(aj , a

′
j) ≤ 1. Take an ε/2-net of V in each value slot and an ε/(2R)-net of (∆k, ℓ

1). Each term
is then at most ε/2. For the simplex count: dropping the last coordinate maps ∆k into the unit ℓ1-ball of
Rk−1 with ∥a− a′∥1 ≤ 2 ∥b− b′∥1. A δ/4-net of that ball has at most (1 + 8/δ)k−1 points, a ball in its own
norm, and re-centering the net at points of the image gives a δ/2-net of the image and hence a δ-net of ∆k.
With δ = ε/(2R) this is (1 + 16R/ε)k−1. On the interval, N(ε/2, [−R,R]) ≤ 4R/ε + 1 ≤ 5R/ε for ε ≤ R,
and k log(5R/ε) + (k − 1) log(17R/ε) ≤ (2k − 1) log(17R/ε).

Theorem A.18 (Covering of the cells, accumulative). For every k ≤ d, m ≥ 0 and ε > 0,

N
(
ε,A[m]

k , D̃
)

≤ N
(
2−m−1ε,V, ρ

)k · k(1 + 2m+3R

ε

)k−1

,

with net points in Ak. Equivalently, at the cell’s own scale, N
(
2m−1ε,A[m]

k , D̃
)
≤ N(ε/4,V, ρ)k · k(1 +

16R/ε)k−1: the count of a cell resolved at 2m−1ε does not depend on m. On V = [−R,R] and ε ≤ R:
logN(ε,A[m]

k , D̃) ≤ (2k − 1) log(2m+5R/ε), and 2m ≤ 2k suffices on Ak.

Proof. Parametrize by the share vector: let Σk := {s ∈ [0, 1]k : maxj sj = 1} and, for v ∈ Vk, s ∈ Σk, let
Ψ̃(v, s) := Φ(z) with z carrying values v and weights s/ ∥s∥1 on the first k coordinates, so that z has share
vector s there. Every P ∈ A[m]

k is Ψ̃(v, s) with ∥s∥1 = |P | ≤ 2m. Matching coordinatewise,

D̃
(
Ψ̃(v, s), Ψ̃(v′, s′)

)
≤
∑
j

min(sj , s
′
j) ρ(vj , v

′
j) +R ∥s− s′∥1

≤ 2mmax
j
ρ(vj , v

′
j) +R ∥s− s′∥1 .

Take a 2−m−1ε-net of V in each value slot and an ε/(2R)-net of the share vectors of the cell in ℓ1. Each
term is then at most ε/2. For the share count: the share vectors of the cell lie in the union over j ≤ k
of the faces {sj = 1}, and on the face {sj = 1} the remaining coordinates form a nonnegative vector of
ℓ1-norm at most 2m − 1 < 2m, a point of the ℓ1-ball of radius 2m in Rk−1. A δ/2-net of that ball has at
most (1 + 2m+2/δ)k−1 points, and re-centering at points of the face gives a δ-net of the face inside the face.
With δ = ε/(2R) this is k(1 + 2m+3R/ε)k−1. The net points Ψ̃(v′, s′) are lifts in Ak. The second display is
the first with 2m−1ε in place of ε. On the interval, N(2−m−1ε, [−R,R]) ≤ 2m+2R/ε + 1 ≤ 2m+3R/ε, and
k log(2m+3R/ε) + log k+ (k− 1) log(2m+4R/ε) ≤ (2k− 1) log(2m+5R/ε), using log k ≤ (2k− 1) log 2. Finally
|P | ≤ k on Ak, so A[m]

k = Ak once 2m ≥ k.
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Both bounds have exponent k dimε(V) + (k − 1), which is 2k − 1 on intervals, with the ambient d absent
and the cell factor 2m inside the logarithms only, and not at all once the cell is resolved at its own scale.
On a selector design, the law of (π(ω), c(ω)) for a selector c, the weights are functions of the values and the
simplex directions are not there to cover. If the cropped weights depend on the k selected values xS through a
map that is Lc-Lipschitz from (VS ,maxi ρ) to (∆k, ℓ

1), or are uniform on the support, as for a hard selector,
then by Theorem A.12(i) the map xS 7→ Φ(xS , µ̂(xS)) is (1 +RLc)-Lipschitz into (Md, D), and the cropped
support of the stratum is covered by N(ε/(2(1 +RLc)),V, ρ)k points: exponent k dimε(V). Both counts are
used in Section 4.

Proposition A.19 (Crop cost). Let µ̂ be a k-crop of µ for k ≥ 1, k of its largest weights kept and renormalized,
by a fixed measurable rule where weights tie (the cost below is the same for every choice), and Tk = Tk(µ) the
weight beyond them. Then

D
(
Φ(x, µ),Φ(x, µ̂)

)
≤ 2RTk, D̃

(
Φ(x, µ),Φ(x, µ̂)

)
≤ RTk

µmax(µ)
.

Proof. Match each kept atom to itself and send the tail to the apex. Conservative: a kept atom moves in
height from µi to µi/(1− Tk), in total R

∑
kept µiTk/(1− Tk) = RTk, and the tail costs RTk. Accumulative:

µ̂max = µmax/(1− Tk), so the shares of kept atoms are unchanged and they cost nothing, and the tail costs
R
∑

tail si = RTk/µmax.

Proposition A.20 (Qualitative inputs). For both instances (Md,Mw) is compact, Tk and µmax are continuous
on it, the shells {Tk ≤ θ < Tk−1} and the cells {µmax ≥ 2−m} are Borel, and Kantorovich–Rubinstein duality
holds for W1(Mw) on probability measures on Md. Diameters: diam(Md, D) ≤ 2R, on {|P | ≤ 2m} one has
D̃(P,Q) ≤ 2m+1R, and globally diam(Md, D̃) ≤ 2Rd.

Proof. Theorem A.12, and duality on a compact metric space is standard (Peyré and Cuturi, 2019).

B Proofs for Section 4
Inputs: strata, crop and counts. The stratum Ak ⊆ Md of lifts carried by at most k atoms, the crop of
a configuration to its k heaviest coordinates and the covering numbers of the strata are the inputs, all from
Section A.5. A configuration with tail Tk lies within κTk of its crop, a point of Ak (Theorem A.19), and,
when the value space has metric dimension dimV, N(ε,V, ρ) ≤ (CVR/ε)

dimV , the strata are covered at

Nk(ε) := N
(
ε
2 ,Ak, D

)
≤
(C1R

ε

)e(k)
(ε ≤ κ),

with C1 depending on CV only and e(k) the stratum exponent, one copy of the value space per atom and one
simplex direction per free weight: e(k) = k dimV + k − 1 in general, which is 2k − 1 on interval values with
C1 = 34, and e(k) = k dimV on a selector design whose cropped weights are Lipschitz in the selected values
or constant given the support, since its weights are not there to cover (Theorem A.17, and the paragraph
after Theorem A.18 for selector designs). The ball of Section 5.1 is a selector design, its weights being uniform
on the support, and the graded kernels read there are not, since their weights are set by positions that the
mechanism does not read (Theorem C.4). Nothing in these counts depends on d.

B.1 The two-sample certificate
Theorem B.1 (The two-sample certificate, in full). Let n be even and let S be split, by a rule fixed in
advance, into halves A and B of n/2 points each, with empirical lifted designs Γ̂A and Γ̂B.

(i) EW1(Γ̂n,Γ) ≤ EW1(Γ̂A,Γ) ≤ EW1(Γ̂A, Γ̂B) ≤ 2EW1(Γ̂A,Γ).

(ii) With probability at least 1− δ,

W1(Γ̂A,Γ) ≤ W1(Γ̂A, Γ̂B) + κ

√
ln(1/δ)

n
,

25



and with probability at least 1− δ,

W1(Γ̂n,Γ) ≤ W1(Γ̂A, Γ̂B) + κ

√
ln(2/δ)

n
.

(iii) W1(Γ̂A, Γ̂B) = minπ
2
n

∑
i≤n/2D(Pi, P

′
π(i)), the minimum over the bijections π between the lifted points

Pi of A and P ′
j of B: an assignment problem on n/2 points, each of whose costs is itself an assignment

between the atoms of two lifts (Theorem B.3).

Proof of Theorem B.1, which contains Theorem 4.6. (i). Γ̂n = 1
2 (Γ̂A + Γ̂B) and W1(·,Γ) is convex, so

W1(Γ̂n,Γ) ≤ 1
2W1(Γ̂A,Γ) +

1
2W1(Γ̂B ,Γ), whose expectation is EW1(Γ̂A,Γ), the halves being exchange-

able. Next, by duality W1(µ, ν) = supF∈Lip1
(
∫
F dµ−

∫
F dν) is a supremum of functionals affine in ν, and∫

F dΓ = EB
∫
F dΓ̂B for every F , so W1(Γ̂A,Γ) = supF EB [

∫
F dΓ̂A−

∫
F dΓ̂B ] ≤ EB [W1(Γ̂A, Γ̂B) | A]; take

expectations over A. The last inequality is the triangle inequality through Γ and exchangeability. (ii). If ν
and ν′ are empirical measures on m points differing in one point then W1(ν, ν

′) ≤ κ/m, one atom of mass 1/m
moved by at most the diameter κ (Theorem A.20). So B 7→W1(Γ̂A, Γ̂B) has bounded differences 2κ/n over
the n/2 points of B, and McDiarmid’s inequality (Boucheron et al., 2013, Thm. 6.2) bounds its conditional
mean, which dominates W1(Γ̂A,Γ) by the argument of (i), by its value plus κ

√
ln(1/δ)/n with probability

1− δ: the first display. For the second, apply the first display at δ/2 to A and, with the roles of the halves
exchanged, to B: on the intersection, of probability at least 1 − δ, both W1(Γ̂A,Γ) and W1(Γ̂B ,Γ) are at
most W1(Γ̂A, Γ̂B) + κ

√
ln(2/δ)/n, and W1(Γ̂n,Γ) ≤ 1

2W1(Γ̂A,Γ) +
1
2W1(Γ̂B ,Γ) by the convexity used in (i).

(iii). Transport between two uniform measures on n/2 atoms each is a linear program over doubly stochastic
matrices, whose extreme points are the permutation matrices (Birkhoff), so the minimum is attained at a
bijection.

Remark B.2 (One split suffices, and averaging over splits). (a) The split must be a rule fixed in advance
or drawn independently of the data, and the second display of Theorem B.1(ii) certifies the learner on the
whole sample from the one observed split at the price of δ/2 in place of δ, a factor

√
ln(2/δ)/ ln(1/δ), 1.11

at δ = 0.05. (b) For a fixed sample, the average of W1(Γ̂A, Γ̂B) over splits drawn independently of the data
has, by exchangeability, the same expectation, and McDiarmid over all n points with differences 2κ/n puts
the expected deviation of a random half, EW1(Γ̂n/2,Γ), within κ

√
2 ln(1/δ)/n above it. It does not certify

the realized half A: conditionally on A the expectation of a mixed split need not dominate W1(Γ̂A,Γ), so the
argument of (ii) does not apply to it, and Section 5.1 uses the one observed split. (c) Section 5.1 reports the
certificate of the learner on half A and the supplementary material that of the learner on the whole sample.

Lemma B.3 (D between two lifts is a rectangular assignment). Let P carry atoms (xi, ui), i ≤ s, and P ′

atoms (yj , vj), j ≤ s′, with s ≤ s′. Then

D(P, P ′) = R
∑
j≤s′

vj + min
π

∑
i≤s

ciπ(i), cij := min(ui, vj) ρ(xi, yj) +R|ui − vj | −Rvj ,

the minimum over injections π : [s] → [s′]. With uniform weights ui = 1/s, vj = 1/s′, D(P, P ′) =
M/s′ + κ(1− s/s′) with M the cost of a minimum-cost injection of the s values into the s′ under ρ.

Proof. By (5), D(P, P ′) is the Kantorovich distance with the cone cost between the two apex-padded counting
measures, and a transport between counting measures of unit atoms is a bijection between the padded atom
sets (Birkhoff). An atom matched to an apex point costs R times its height, and a matched real pair costs
ϱ = min(u, v)ρ+R|u− v| ≤ R(u+ v) since ρ ≤ 2R. So if an atom of P and an atom of P ′ are both matched
to apex points, matching them to each other and the two apex points to each other, at cost 0, does not
increase the cost, and iterating, some optimal bijection matches every atom of the smaller lift to a real
atom. Its cost is

∑
matched ϱiπ(i) +R

∑
unmatched j vj =

∑
i(ϱiπ(i) −Rvπ(i)) +R

∑
j vj . With uniform weights

cij = ρij/s
′ +R/s− 2R/s′, and summing over the s matched atoms gives M/s′ +R− 2Rs/s′, which with

R
∑
j vj = R is M/s′ + 2R(1− s/s′).

The bound is stated for a resolution profile, a nondecreasing sequence 0 < ε1 ≤ · · · ≤ εK , K ≤ d, one
resolution per number of resolved atoms, with thresholds θk := εk/(2κ) < 1. It is nondecreasing so that the
sets of Theorem B.4 nest: a configuration that needs more atoms is resolved more coarsely, never more finely.
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Definition B.4 (Shells). For θ ∈ [0, 1) and 0 ≤ k ≤ d let Bk(θ) := {P ∈ Md : Tk(P ) ≤ θ}, the lifts within
κθ of the stratum Ak, closed sets that increase with k, with B0(θ) = ∅ and Bd(θ) = Md. For a resolution
profile the sets Bk(θk) are nested, since Tk ≤ Tk−1 and θk−1 ≤ θk, and the shells

Shk := Bk(θk) \Bk−1(θk−1), 1 ≤ k ≤ K, θ0 := θ1,

partition BK(θK). Their masses are increments of the profile,

wk := Γ(Shk) = Gk−1(θk−1)−Gk(θk) ≥ 0 (G0 ≡ 1),

and the mass beyond the last shell, Γ(BK(θK)c) = GK(θK), is the trim.

Shell k holds the configurations that k atoms resolve to within εk/2 and k − 1 atoms do not resolve
to within εk−1/2: the sparse configurations sit in the low shells and are resolved finely, the crowded ones
in the high shells and coarsely, each shell at its own mass. A celling of the shells partitions each Shk into
cells, each contained in a closed D-ball of radius εk (Theorem B.10). One celling is the theorem’s own: the
crop of a configuration of shell k to its k heaviest coordinates is a point of the stratum Ak within εk/2 of it
(Theorem A.19), so the pullback of an εk/2-net of Ak cells the shell into at most Nk(εk) cells (Theorem B.12).
Another, used in the computations, quantizes the crop on a grid and reads the cell off the point. Both are
determined by nothing random, and the shell and the cell of a sample point are computable since Tk is.

Proposition B.5 (The shells bound the transport). For every resolution profile and every celling of its
shells, both of which may be chosen after seeing the sample, write ŵAk , ŵBk for the fractions of the two halves
in shell k and µ̂Aj , µ̂Bj for their fractions in cell j, each point beyond the last shell a cell of its own. Then

W1(Γ̂A, Γ̂B) ≤
K∑
k=1

(
ŵAk + ŵBk

)
εk +

κ

2

∑
j

∣∣µ̂Aj − µ̂Bj
∣∣.

The inequality is deterministic, one feasible transport between the two halves: move each point to its
cell’s center, couple the common mass within each cell for free, and the residuals at the diameter. The second
term is the observed discrepancy of the two halves’ cell frequencies, the points beyond the last shell included
as cells of their own at 2/n each, a number of the sample, and its expectation under i.i.d. halves is what the
fluctuation term of the next theorem bounds. With Theorem 4.6 the right-hand side is a certificate, with the
profile and the celling free to optimize on the data.

Proof of Theorem B.5. Move each point of A to the center of its cell, at cost at most
∑
k ŵ

A
k εk in W1, and

likewise B; a point beyond the last shell is its own center and moves at no cost. Between the two measures
on the centers, couple mass min(µ̂Aj , µ̂

B
j ) within each center at cost 0 and the residuals arbitrarily at cost at

most κ, whose total mass is 1
2

∑
j |µ̂Aj − µ̂Bj |. The triangle inequality adds the three.

Proposition B.6 (The expectation of the sample bound). For every resolution profile, with the theorem’s
own celling of the shells, at most Nk(εk) cells of radius εk on shell k, fixed before sampling,

EW1(Γ̂A, Γ̂B) ≤ 2
∑
k

wkεk + κ
∑
k

√
wkNk(εk)

n
+ κGK(θK),

which is (8) with κ in place of κ/2. Hence, by Theorem B.1(i), ∆n(Q) obeys the same bound, and every
corollary of Theorem B.14 holds along the two-sample route with its constants at most doubled.

Proof. Take expectations in Theorem B.5. Floor: E(ŵAk + ŵBk ) = 2wk. Discrepancy: for a cell of mass µj ,
µ̂Aj − µ̂Bj has mean 0 and variance 2µj(1− µj)/(n/2) ≤ 4µj/n, so E|µ̂Aj − µ̂Bj | ≤ 2

√
µj/n, and over the at

most Nk cells of shell k, whose masses sum to wk, Cauchy–Schwarz gives
∑
j E|µ̂Aj − µ̂Bj | ≤ 2

√
wkNk/n;

times κ/2 this is κ
√
wkNk/n. Trim: a trimmed point is a singleton cell of discrepancy 2/n, so the trimmed

points contribute (κ/2)E(ŵAtrim + ŵBtrim) = κGK(θK). The last claim: a+ 2b+ c ≤ 2(a+ b+ c) for the three
nonnegative terms, so the bound is at most twice (8) at every profile, hence at most twice its infimum, which
is what the corollaries optimize.
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Remark B.7 (The Rademacher form). The empirical Rademacher complexity of the class on the sample,
R̂S := Eσ supF 1

n

∑
i σiF (Pi) over the 1-Lipschitz F bounded by b = κ/2 and independent uniform signs

σi, gives the classical certificate ∆S ≤ 2R̂S + 3κ
√
ln(2/δ)/(2n) with probability 1 − δ (Koltchinskii and

Panchenko, 2000; Bartlett and Mendelson, 2002): McDiarmid on ∆S, the symmetrization of Vapnik and
Chervonenkis (1971), McDiarmid on R̂S. For the Lipschitz ball, R̂S is at most the expected cost of an optimal
partial matching of the plus points to the minus points in D with every unmatched point sent to a reservoir
at cost b, by pairing the terms of

∑
i σiF (Pi) along the matching, and conditionally on the sizes of the sign

classes the plus and minus points are a random split of the sample, so the balanced part of R̂S is half the
two-sample distance of a random unbalanced split and the rest is the reservoir term, at most b/

√
n. Against

Theorem 4.6 the form pays the factor 2 and three concentration terms, and gains the whole sample in one
statement without a split. Its use for a Lipschitz class over the sample’s own geometry is the Rademacher
theorem of Gottlieb et al. (2013), in the entropy form through the doubling dimension of the sample, and the
cell bound of Theorem B.5 in the Rademacher form is Carrasco et al. (2025, Prop. 4).

Remark B.8 (The certificate, read in full). Of Theorem B.1, part (ii) is the certificate. The observed
distance between the halves, plus one concentration term, bounds the generalization gap of the class for the
learner trained on half A and for the learner trained on the whole sample, and by part (iii) it is computable:
on the flock it is evaluated at up to 32,000 samples per half in Section 5.1. Three remarks on the form. The
split must be fixed in advance or drawn independently of the data, and one split suffices: the observed distance
is within κ

√
2 ln(1/δ)/n of its mean by McDiarmid on the n points, and averaging over independent splits

certifies the expected deviation of a half, not the realized one (Theorem B.2). Any quantity computed from
the sample that dominates W1(Γ̂A, Γ̂B) is a certificate too, whatever was looked at to compute it, a partition
chosen on the sample or a profile optimized on it, since the event of (ii) does not depend on that choice:
this is what lets the shells of the profile enter, in Section B.2, as a bound on the transport rather than as a
hypothesis on the design. And the object is classical in its parts: the two-sample distance is the maximum
discrepancy of Bartlett et al. (2002) on a Lipschitz ball, where it is a transport by duality (von Luxburg
and Bousquet, 2004, eq. (11)) and a two-sample test statistic in its own right (Ramdas et al., 2017), and
the certificate is the symmetrization of Vapnik and Chervonenkis (1971) in that form, while the empirical
Rademacher complexity of the class (Koltchinskii and Panchenko, 2000; Bartlett and Mendelson, 2002) is the
same object with a random sign pattern in place of a balanced one, and gives a certificate with the constant 2
and three concentration terms (Theorem B.7). Across two domains the same transport, between the empirical
source and target samples, bounds the target risk of a Lipschitz class in domain adaptation (Redko et al.,
2017, Thm. 2), (Shen et al., 2018, Thm. 1), with the joint error of the two domains and a concentration
term per sample; here the halves share a law, and one term suffices by the convexity step of (ii). What is not
classical is that the class is exactly the Lipschitz ball of a metric the axioms determine, so that the transport
is the class’s own complexity and not an envelope of a model (Section 2).

B.2 The shells and the coupling
Lemma B.9 (The tails descend to the lift). For every 0 ≤ k ≤ d there is a unique function Tk : Md → [0, 1]

with Tk ◦Φ = Tk(·, ·), and it is continuous on (Md, D) and on (Md, D̃). In particular Tk is computable from
the lifted point alone.

Proof. Well defined: if Φ(x, µ) = Φ(y, ν) then by Theorem A.8 the multisets of positive (value, weight) pairs
coincide, hence so do the multisets of positive weights; padding by zeros does not change Tk for k ≥ 1, and
T0 ≡ 1. Continuous: Tk is continuous on C (Theorem 4.1), C is compact, and Φ is a continuous surjection
onto the metric, hence Hausdorff, space Md (Theorem A.12), so Φ is a closed map and therefore a quotient
map; a continuous function constant on fibers descends to a continuous function through a quotient map.

The sets Bk(θ) = {Tk ≤ θ} of Theorem B.4 are therefore closed, the shells are Borel, and their masses are
the profile increments stated there.

Definition B.10 (Celling). Let (X , ϱ) be a metric space and S ⊆ X Borel. An (r,N)-celling of S is a
partition of S into at most N Borel sets, each contained in a closed ϱ-ball of radius r about a point of X , its
center.
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Proposition B.11 (Single-partition coupling, grouped). Let (X , ϱ) be a metric space with diamX ≤ κX ,
Γ a Borel probability measure on X , and Γ̂n the empirical measure of n i.i.d. draws from Γ. Let B ⊆ X be
Borel, let B =

⊔
g Sg be a finite Borel partition, and suppose each group Sg admits an (rg, Ng)-celling. Then,

with wg := Γ(Sg) and W1 the Kantorovich distance with ground metric ϱ,

EW1(Γ̂n,Γ) ≤ 2
∑
g

rg wg +
κX
2

∑
g

√
Ng wg
n

+ κX Γ(Bc).

Proof. Let {Vc}c∈g be the celling of Sg; together the cells Vc, c ∈
⋃
g g, form a Borel partition of B, the cells

of group g having ϱ-diameter at most 2rg. Write ac = Γ(Vc), bc = Γ̂n(Vc), mc = ac ∧ bc, and M =
∑
cmc.

One coupling. Inside each cell pair mass mc of Γ with mass mc of Γ̂n, for instance the product of the
two normalized restrictions, at cost at most 2rg per unit; pair the two residual measures, each of total mass
1−M , arbitrarily, at cost at most κX per unit. From a∧ b = a+b

2 − |a−b|
2 and

∑
c ac = Γ(B),

∑
c bc = Γ̂n(B),

1−M = 1
2

∑
c

|ac − bc|+ 1
2

(
Γ(Bc) + Γ̂n(B

c)
)
,

hence, using mc ≤ ac and
∑
c∈g ac = wg,

W1(Γ̂n,Γ) ≤ 2
∑
g

rg wg + κX

[
1
2

∑
c

|ac − bc|+ 1
2

(
Γ(Bc) + Γ̂n(B

c)
)]
.

Binomial fluctuations, Cauchy–Schwarz per group. The cells are fixed before sampling, so nΓ̂n(Vc) ∼
Bin(n, ac) and E|ac − bc| ≤

√
E(ac − bc)2 ≤

√
ac/n. Summing over the at most Ng cells of group g,∑

c∈g E|ac−bc| ≤
√
Ng
∑
c∈g ac/n =

√
Ngwg/n, and EΓ̂n(Bc) = Γ(Bc). Take expectations in the display.

Lemma B.12 (Celling from a tube). Let S ⊆ X be Borel, A ⊆ X , and 0 ≤ s < r. If every point of S lies
within ϱ-distance s of A, and A has a net of N points at radius r− s, then S admits an (r,N)-celling centered
at the net points.

Proof. A point p of S is within s+ η of some point of A for every η > 0, which is within r − s of a net point,
so p is within r + η of one of the N net points, and one net point zj serves for a sequence η ↓ 0: ϱ(p, zj) ≤ r,
so the closed balls B(zj , r), j ≤ N , cover S. Disjointify: Vj := S ∩ B(zj , r) \

⋃
j′<j B(zj′ , r), Borel, a partition

of S, and Vj ⊆ B(zj , r).

Proposition B.13 (Single-partition coupling, reference-point form). Let (X , ϱ) be a metric space, Γ a Borel
probability measure on X and Γ̂n its empirical measure, and fix a reference point z0 ∈ X with ϱ0(·) := ϱ(·, z0).
Let B =

⊔
g Sg be a finite Borel partition of a Borel B ⊆ X , each Sg with an (rg, Ng)-celling and with ϱ0 ≤ ϱg

on Sg. Then, with wg := Γ(Sg),

EW1(Γ̂n,Γ) ≤ 2
∑
g

rg wg +
∑
g

ϱg

√
Ng wg
n

+ 2

∫
Bc

ϱ0 dΓ.

The point of the form is that it needs no bound on the diameter: residual mass is priced at its own distance to
the reference point.

Proof. Couple within cells as in the proof of Theorem B.11, at cost at most 2rg per unit. The two residual
measures, Γ’s, consisting of the mass ac−mc in each cell c and of Γ|Bc , and Γ̂n’s, consisting of bc−mc in each
cell and of Γ̂n|Bc , have equal total mass, and any coupling π of them costs

∫
ϱ dπ ≤

∫
(ϱ0(P )+ϱ0(Q)) dπ(P,Q)

by the triangle inequality through z0, that is at most
∫
ϱ0 against each residual. A residual unit in a cell of

group g costs at most ϱg, and the two residuals of a cell together have mass (ac −mc) + (bc −mc) = |ac − bc|;
the residual mass on Bc costs

∫
Bc ϱ0 dΓ +

∫
Bc ϱ0 dΓ̂n. Hence

W1(Γ̂n,Γ) ≤ 2
∑
g

rgwg +
∑
g

ϱg
∑
c∈g

|ac − bc|+
∫
Bc

ϱ0 d(Γ + Γ̂n),

and taking expectations with
∑
c∈g E|ac − bc| ≤

√
Ngwg/n as in that proof and E

∫
Bc ϱ0 dΓ̂n =

∫
Bc ϱ0 dΓ

gives the display.
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Theorem B.14 (Generalization over the class). For every design Q and every resolution profile,

∆n(Q) ≤ 2

K∑
k=1

wk εk +
κ

2

K∑
k=1

√
wkNk(εk)

n
+ κGK(θK). (8)

The count Nk(εk) may be replaced by the covering number at radius εk/2 of any set within εk/2 of Shk, in
particular of the crop of the shell’s support, whose exponent on a selector design is k dimV. The same bound
with κ in place of κ/2 is the expectation of Theorem B.5 with the theorem’s own celling (Theorem B.6). The
trim may be traded for a crop: cropping every configuration beyond the last shell to its K heaviest atoms,
which lands it in some shell, (8) holds with κGK(θK) replaced by 2κEQ[TK ; TK > θK ] and each wk by
wk + gk, where gk is the mass of the cropped configurations whose crop lies in Shk,

∑
k gk = GK(θK).

Remark B.15 (Shells by the first threshold met). The monotonicity of the profile serves only to make
the shells a partition. Defining instead Sh′k := {Tk ≤ θk, Tj > θj for j < k}, the configurations whose first
threshold met is the kth, gives a partition of the configurations that meet some threshold, for every sequence
ε1, . . . , εK , with Sh′k ⊆ Bk(θk) still, and Theorem B.14 and Theorem B.5 hold verbatim with wk := Γ(Sh′k)
and the trim the mass that meets no threshold (Section B.2). For a nondecreasing profile the two definitions
agree. The nested form is the one computed in Section 5.1.

Proof of Theorem B.14. By Kantorovich–Rubinstein duality on the compact space (Md, D) (Theorem A.20),
W1(Γ̂n,Γ) = sup{

∫
F d(Γ̂n − Γ) : LipD(F ) ≤ 1}, and by Theorem 3.2 the functions F ◦ Φ with LipD(F ) ≤ 1

are exactly the members of G1, so that
∫
F dΓ̂n = n−1

∑
i f(Zi) and

∫
F dΓ = EQf for f = F ◦ Φ. The

class is symmetric under f 7→ −f , so the supremum of the signed deviation is the supremum of its absolute
value, and ∆n(Q) = EW1(Γ̂n,Γ). Apply Theorem B.11 on (X , ϱ) = (Md, D) with κX = κ (Theorem A.20),
B = BK(θK), and the groups Sk = Shk, k ≤ K, Borel by Theorem B.9, of masses wk, with Γ(Bc) = GK(θK).
Each group admits an (εk, Nk(εk))-celling by Theorem B.12: a point of Shk ⊆ Bk(θk) has Tk ≤ θk, hence lies
within κθk = εk/2 of its crop, a point of Ak (Theorem A.19), and Ak has a net of Nk(εk) = N(εk/2,Ak, D)
points at radius εk/2, finite since Ak is compact (Theorem A.12). So rk = εk, and the proposition’s three
terms are the display. For the replacement of the count: Theorem B.12 takes any set A within εk/2 of the
shell, in particular the image of Shk ∩ suppΓ under the k-crop, which lies in Ak and within εk/2 of the shell
by the same crop cost; on a selector design its covering number has exponent k dimV by the paragraph after
Theorem A.18. For Theorem B.15: the sets Sh′k = {Tk ≤ θk} ∩

⋂
j<k{Tj > θj} are Borel by Theorem B.9,

they partition
⋃
k≤K Bk(θk) for every sequence of thresholds, and Sh′k ⊆ Bk(θk), so the same cellings apply

and Theorem B.11 gives the display with wk = Γ(Sh′k) and the trim Γ(
⋂
k≤K{Tk > θk}); Theorem B.5 needs

only a partition into cells of the stated radii.
The crop clause. Let φ be the identity on BK(θK) and the K-crop crK on its complement, a measurable

map into BK(θK) since TK(crKP ) = 0, with D(P,φ(P )) ≤ κTK(P )1{TK(P ) > θK} by Theorem A.19.
Then φ#Γ̂n is the empirical measure of n i.i.d. draws from Γ′ := φ#Γ, and coupling along φ on both sides,

W1(Γ̂n,Γ) ≤ κ

n

∑
i≤n

TK(Pi)1{TK(Pi) > θK}+W1(φ#Γ̂n,Γ
′) + κEQ[TK ; TK > θK ],

whose expectation is 2κEQ[TK ;TK > θK ] + EW1(φ#Γ̂n,Γ
′). Apply Theorem B.11 to Γ′ with the same

B and the same groups: the cellings are properties of the sets, Γ′(Bc) = 0, and Γ′(Shk) = wk + gk with
gk = Γ({TK > θK} ∩ cr−1

K (Shk)).

Remark B.16 (The three terms of Theorem B.14, read in full). The three terms are a resolution floor, a
fluctuation and a trim, and the profile enters each. The floor is mass weighted: shell k pays its own resolution
at its own mass, so a coarsely resolved high shell does not tax the finely resolved bulk. The fluctuation is the
design’s mixture of local coverings: shell k pays the count of the k-atom stratum, of exponent e(k) and not
e(d), weighted by the mass the design puts there, and the term is the binomial fluctuation of the sample’s cell
counts, which is where the measure enters, with no function class in sight. The trim is the mass beyond the
last shell, paid at the diameter. The crop distance κθk is absorbed into the radius of the cells and paid once,
in the floor, never as a bias and never in the counts. Under the crop clause a crowded configuration pays
its own tail in place of the diameter, and Theorem 4.4 below is the constant-profile case, with the multiscale

30



coupling of Theorem B.18 on the cropped stratum in place of the single scale. The constant profile εk ≡ ε is
the single-scale form, one resolution and one trim, the shape of the trimmed empirical-measure bounds of
Weed and Bach (2019); the stratified form, one resolution per shell, is what a profile needs. The stratified form
is not the single-scale bound with more indices: the scales index disjoint parts of the design, not refinements
of one set, and the mass per shell is what lets each part pay its own count, the per-shell step of Theorem B.11.
Every profile gives a valid bound and the left side does not depend on the profile, so the bound is the infimum
over K and over profiles. The shells are observable: Tk(Pi) is computable from the sample, so an estimator
can bin by shell (Theorem B.23). The profile is an assumption on one part of the design, its sparsity across
and within configurations, and on nothing else: within a shell the distribution is arbitrary and the bound
charges the stratum at its worst, which is where the certificate, which sees the sample’s own configurations,
improves on it (Section 5.1).

B.3 Proof of Theorem 4.4
The upper bound is proved here, from a multiscale coupling on the cropped stratum (Theorem B.18),
with C = 51C1 for the constant C1 of the stratum count, 1734 on interval values. The lower bound of
Theorem 4.4 is Theorem D.4 in Section D: its bound is the smaller of ck0n−1/(2k0−1) and εmax(k0)/2, and
since n−1/(2k0−1) ≤ 1 the statement holds with the smaller of the two constants ck0 and εmax(k0)/2 in place
of ck0 .

Lemma B.17 (Nested cellings from covers). Let (X , ϱ) be a metric space and S ⊆ X Borel with diamS ≤ ε0
and finite covering numbers, and put εj := 3−jε0. For every J ≥ 0 there are Borel partitions Q0 =
{S},Q1, . . . ,QJ of S, each cell of Qj of diameter at most εj and contained in a cell of Qj−1, with |Qj | ≤
N(εj+1/2, S, ϱ).

Proof. This is the construction of Boissard and Le Gouic (2014, Lemma 2.1) and Weed and Bach (2019,
Prop. 3). For 1 ≤ j ≤ J let Bj1, . . . , B

j
Nj

be closed balls of radius εj+1/2 covering S, Nj := N(εj+1/2, S, ϱ).
Disjointify the finest cover: QJℓ := S ∩BJℓ \

⋃
ℓ′<ℓB

J
ℓ′ gives a Borel partition QJ of S into at most NJ cells of

diameter at most εJ+1 ≤ εJ . Given Qj+1, let Qjℓ be the union of the cells of Qj+1 that meet Bjℓ and were
not assigned to Qjℓ′ for some ℓ′ < ℓ. Every cell of Qj+1 meets some Bjℓ , so the Qjℓ form a Borel partition of S
into at most Nj cells, each a union of cells of Qj+1; and two points of Qjℓ lie in cells of Qj+1, of diameter at
most εj+1, that both meet the ball Bjℓ , of diameter εj+1, so their distance is at most 3εj+1 = εj . Finally
Q0 := {S}.

Proposition B.18 (Multiscale coupling). Let (X , ϱ), S and εj be as in Theorem B.17, Γ a Borel probability
measure on S and Γ̂n the empirical measure of n i.i.d. draws from Γ. If N(εj+1/2, S, ϱ) ≤ (A/εj)

e for every
j ≥ 0, with A ≥ ε0 and e > 0, then

EW1(Γ̂n,Γ) ≤ 17An−1/e if e ≥ 3, EW1(Γ̂n,Γ) ≤ 4A (1 + lnn)n−1/2 if e ≤ 2.

For 2 < e < 3 the first bound holds with a constant depending on e in place of 17, by the same proof. The
exponents used below are integers.

Proof. The coupling. Fix J ≥ 0 and the partitions of Theorem B.17, and for two probability measures µ, ν on
S write aC := µ(C), bC := ν(C) for a cell C. We claim

W1(µ, ν) ≤ 2εJ +

J∑
j=1

εj−1 · 1
2

∑
C∈Qj

|aC − bC |. (9)

Pick a point xC in each cell C ∈ QJ and let µJ :=
∑
C aC δxC

, νJ :=
∑
C bC δxC

: moving every point to its
cell’s representative costs at most εJ , so W1(µ, ν) ≤ 2εJ +W1(µJ , νJ). Couple µJ with νJ from the finest
level up. First pair, at each xC , the mass aC ∧ bC of the two, at cost 0; what remains in a cell C ∈ QJ is
(aC − bC)+ of µJ and (bC − aC)+ of νJ . Then, for j = J, J − 1, . . . , 1 in turn, inside each cell P ∈ Qj−1 pair
as much as possible of the remaining µJ -mass of the cells C ∈ Qj , C ⊆ P , with the remaining νJ -mass of
those cells, at cost at most diamP ≤ εj−1 per unit. By induction on the level, before the step at level j the
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mass remaining in a cell C ∈ Qj is (aC − bC)+ of µJ and (bC − aC)+ of νJ : the two sums
∑
C⊆P (aC − bC)+

and
∑
C⊆P (bC − aC)+ differ by aP − bP and add to

∑
C⊆P |aC − bC |, so the step at level j inside P pairs

1
2

∑
C⊆P |aC − bC | − 1

2 |aP − bP | units and leaves (aP − bP )+ of µJ and (bP − aP )+ of νJ in P . At the top,
P = S has aS = bS = 1 and nothing remains, so the pairing is a coupling of µJ and νJ , of cost at most∑J
j=1 εj−1

∑
P∈Qj−1

1
2

∑
C⊆P |aC − bC |, which is (9).

The fluctuations. Take µ = Γ̂n and ν = Γ. The cells are fixed before sampling, so as in the proof of
Theorem B.11 E

∑
C∈Qj

|aC − bC | ≤
√
|Qj |/n ≤ (A/εj)

e/2n−1/2, and with εj−1 = 3εj ,

EW1(Γ̂n,Γ) ≤ 2εJ + 3
2 A

e/2 n−1/2
J∑
j=1

ε
1−e/2
j .

The rate. Let e ≥ 3, so that ε1−e/2j = ε
1−e/2
J 3−(J−j)(e/2−1) ≤ ε

1−e/2
J 3−(J−j)/2 and the sum is at most

ε
1−e/2
J /(1−3−1/2) ≤ 2.37 ε

1−e/2
J : the bound reads 2εJ+3.56 εJ (A/εJ )

e/2n−1/2. Put ε∗ := An−1/e. If ε∗ ≥ ε0
the claim holds since W1 ≤ diamS ≤ ε0. Otherwise take J := ⌊log3(ε0/ε∗)⌋ ≥ 0, so that ε∗ ≤ εJ < 3ε∗; then
(A/εJ)

e/2n−1/2 ≤ (A/ε∗)e/2n−1/2 = 1 and the bound is at most 5.56 εJ < 16.7 ε∗ ≤ 17An−1/e. For e ≤ 2

take J := ⌈ 1
2 log3 n⌉, so that εJ ≤ ε0n

−1/2; each summand is at most ε1−e/20 ≤ A1−e/2, so the bound is at
most 2ε0n

−1/2 + 3
2AJ n

−1/2 ≤ A ( 72 + 3
4 log3 n)n

−1/2 ≤ 4A (1 + lnn)n−1/2.

Proof of Theorem 4.4. A single level. Let crK : Md → AK be the K-crop, which keeps the K heaviest atoms
of a lift and renormalizes their weights, a measurable map with D(P, crKP ) ≤ κTK(P ) (Theorem A.19). The
lifted design ΓK := (crK)#Γ is that of an exactly K-sparse design, the empirical lifted design of the cropped
sample is (crK)#Γ̂n, and by the triangle inequality

W1(Γ̂n,Γ) ≤ W1

(
Γ̂n, (crK)#Γ̂n

)
+W1

(
(crK)#Γ̂n,Γ

K
)
+W1(Γ

K ,Γ),

where the first term is at most κn−1
∑
i TK(Pi) and the third at most κEQTK , by the coupling along the

crop; take expectations and apply the exactly sparse case, proved next, to the middle term.
Exact sparsity. ΓK is a probability measure on AK , of diameter at most κ (Theorem A.20), and

N(ε/2,AK , D) ≤ (C1R/ε)
e for ε ≤ κ with e := e(K) (Theorem A.17; on a selector design the cropped support

of the stratum replaces AK , with the count of the paragraph after Theorem A.18). Apply Theorem B.18
on S = AK with ε0 := κ: at the scales εj = 3−jκ, N(εj+1/2,AK , D) ≤ (C1R/εj+1)

e = (3C1R/εj)
e, so

A := 3C1R ≥ κ serves, and the middle term is at most 51C1Rn
−1/e for e ≥ 3 and 12C1R (1 + lnn)n−1/2 for

e ≤ 2. So C := 51C1 serves in both cases, C = 1734 on interval values.

Remark B.19 (Graph-network bounds in this currency). The generalization bounds for graph networks
bound a different quantity: the gap between the training and the test loss of one trained network, of fixed width
and norm budget, over m i.i.d. graphs. The rate in m is m−1/2 whatever the graphs, and the graph enters
the constant: the maximum degree d as d l−1 for an l-step message-passing network, through the Lipschitz
constant of the sum over neighbors, and the width h and the stable ranks of the weights as, in effect, the square
root of the parameter count (Liao et al., 2021, Theorems 3.2 and 3.4), with the spectral norm of the diffusion
matrix in place of d in Ju et al. (2023, Theorem 3.1). The class behind these bounds is a per-neighbor map
shared across the neighbors, summed and read out, the weighted Deep Sets form of Section 1: parameter
sharing makes its entropy independent of how many neighbors there are, and the sum makes the count a
scale, so nothing in these bounds is a rate in the count, and at one layer with a mean the degree is absent
altogether. To learn a member of G with such a network the width cannot stay fixed: a sum decomposition that
represents every symmetric function of k elements needs latent dimension k (Wagstaff et al., 2022, Theorem
20), and the readout is then a function of that many coordinates. What no parametrization changes is the
lower bound: on the stratum design of Section D at k atoms the generalization gap of the class is at least
n−1/(2k−1) (Theorem 4.4), and so is the risk of any learner (Theorem D.5), so the count is in the exponent.
In shape, asked to learn the whole class, the graph-network route, one architecture serving every configuration
with a readout of kmax coordinates, sees the design through its maximum count, Theorem 4.4 at k0 = kmax,
where for its own parametric class the degree is a constant in front of the parametric rate. On the flock, where
kmax = 68, that bound is trivial (Section B.3). Where the count is a scale on both sides, in the accumulative
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class, ours is the mean effective count ζ̄ of Theorem B.28, 12 on the flock, against the maximum degree of the
sample, 68. The conservative linear sums, the members a sum network with a linear readout learns without
the count, are count-free at the rate of Theorem B.20, and the profile is the price of the rest.

The graph-network bounds, and Theorem 4.4 at the maximum count. The PAC-Bayes bound of
Liao et al. (2021, Theorem 3.2) for an l-layer graph convolutional network of width h trained on m graphs
has the form

LD(fw) ≤ LS,γ(fw) +O

(√
B2d l−1l2h log(lh)

∏
i ∥Wi∥22

∑
i ∥Wi∥2F / ∥Wi∥22 + log(ml/δ)

γ2m

)
,

with d−1 the maximum degree of the training graphs, and their Theorem 3.4 for the message-passing network
carries the geometric series ((dC)l−1 − 1)/(dC − 1) through a different weight term. Ju et al. (2023, Theorem
3.1) replace the degree by the spectral norm of the diffusion matrix, ∥PG∥2(l−1), at most d2(l−1) for a sum
and at most one for a normalized mean, under a root that carries the width di of each layer and the stable
ranks r2i

∏
j s

2
j explicitly, summed over the layers. Three features are common to the line. The rate is m−1/2.

The count enters as a scale, a power of the degree per layer that comes from the norm of a sum of d bounded
vectors, and it is absent at one layer with a mean. And the width enters as roughly the square root of the
parameter count, h times the stable rank, so that at a fixed architecture the bound is a constant over

√
m.

These are bounds on the gap of one network, not on the risk of learning a class, and the class they are bounds
for reads one neighbor at a time through a shared map and sums. Its entropy does not see the count because
the parameters do not, which is the mechanism that makes the node count drop out (Section 2), and the
same mechanism keeps the count out of the exponent.

To learn a member of G with such a network on a design of maximum count k, the width has to grow
with the accuracy. By Wagstaff et al. (2022, Theorem 20) a continuous sum decomposition ρ(

∑
i φ(xi)) that

approximates every continuous symmetric function of k scalar elements needs latent dimension at least k,
and below it there is a Lipschitz symmetric function, affine in the sorted vector, that no decomposition
approximates better than a constant does. So the readout ρ is a function of p ≥ k coordinates, k dimV for
vector elements. What the count costs does not depend on the parametrization: on the stratum design of
Section D at k atoms the generalization gap of the class is at least n−1/(2k−1) (Theorem 4.4, Theorem D.4),
and the risk of learning likewise (Theorem D.5), so for the class the count is in the exponent whatever the
architecture, while the conservative linear sums are count-free, at the rate of Theorem B.20. One architecture
serves every configuration, so the count in the exponent is the maximum over the design, where Theorem 4.4
charges the count of the shell and Theorem B.14 the profile. On the flock the maximum support is 68, and
the bound at k0 = 68 is the trivial value κ on the flock, under either exponent convention.

B.4 Proof of Theorem B.20
Proposition B.20 (The linear sums are count-free). Let w = µ, and let ∆lin

n (Q) := E supφ∈S
(
EQfφ −

n−1
∑
i≤n fφ(Zi)

)
be the generalization process of the linear sums (7). Write νz :=

∑
i µi δxi

for the weighted
value measure of a configuration z = (x, µ), a probability measure on V. Then

∆lin
n (Q) = EW ρ

1

( 1
n

∑
i≤n

νZi
, EQ νZ

)
≤ inf

ε>0

[
2ε+R

√
N(ε,V, ρ)

n

]
≤ CV Rn

− 1
dimV+2 ,

with dimV the covering dimension of the value space and CV a constant of its covering numbers alone. Neither
d, nor the count, nor the profile enters. In one dimension, V an interval or the circle, ∆lin

n (Q) ≤ 2R/
√
n.

Remark B.21 (The two regimes: the count-free members and the rest). The gap of the linear sums is a
transport on the value space, between the mean of n weighted value measures and its expectation, one level
below the transport on the lifted space of Section 4, and the count is absent because a weighted mean of k
atoms is one point of P(V) whatever k: crowding lowers the variance of the cell masses and helps. On the
flock dimV = 1 and the rate is n−1/2 at every crowding, the one-dimensional case being exact (Section B.4).
This is the mechanism by which the parameter sharing of a sum network keeps the count out of its entropy
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(Theorem B.19); a Lipschitz readout of p linear sums sees the law of a p-dimensional feature of the mean lift
and stays count-free at the price of p, the bottleneck. The class pays the profile for everything beyond, the
members that are nonlinear across atoms: the selected maximum, the count, and every functional whose score
reads the height nonlinearly (Theorem A.10). The proof follows.

Proof of Theorem B.20. For z = (x, µ) and φ ∈ S, fφ(z) =
∫
φdνz, so EQfφ−n−1

∑
i fφ(Zi) =

∫
φd(ν̄− ν̄n)

with ν̄ := EQ νZ and ν̄n := n−1
∑
i νZi , both probability measures on V . The score ball S contains a translate

of every 1-Lipschitz function on V and ν̄ − ν̄n has mass zero, so the supremum over S is the supremum over
the 1-Lipschitz functions, which is W ρ

1 (ν̄n, ν̄) by Kantorovich–Rubinstein duality on the compact space (V, ρ);
this is the identity. For the bound let c1, . . . , cN be an ε-net of V , N = N(ε,V, ρ), and A1, . . . , AN its Voronoi
cells, every point within ε of its center. Moving a measure to the centers of its cells costs at most ε in W1,
and between two measures on the centers W1 ≤ diamV · 1

2

∑
j |ν̄n(Aj)− ν̄(Aj)|, so by the triangle inequality

W ρ
1 (ν̄n, ν̄) ≤ 2ε+R

∑
j≤N

|ν̄n(Aj)− ν̄(Aj)|.

The cell masses νZi
(Aj), i ≤ n, are i.i.d. in [0, 1] with mean ν̄(Aj), so E|ν̄n(Aj)− ν̄(Aj)| ≤

√
Var νZ(Aj)/n ≤√

ν̄(Aj)/n, using νZ(Aj)2 ≤ νZ(Aj), and by Cauchy–Schwarz
∑
j

√
ν̄(Aj)/n ≤

√
N/n. Taking expectations

gives the first bound. With N(ε,V, ρ) ≤ (CR/ε)dimV , the choice ε = RCdimV/(dimV+2) n−1/(dimV+2) balances
the two terms and gives the rate, with a constant depending on C and dimV alone. Nothing in the argument
looks at how many atoms carry νz, which is where the count and the profile would enter.

In one dimension the net is not needed. On an interval I of length ℓ with its length metric, W1(ν̄n, ν̄) =∫
I
|F̄n(t)− F̄ (t)| dt with F̄n(t) = n−1

∑
i νZi((−∞, t]) an average of n i.i.d. variables in [0, 1] of mean F̄ (t), so

E|F̄n(t)− F̄ (t)| ≤ 1/(2
√
n) and EW1 ≤ ℓ/(2

√
n) = R/

√
n. On the circle cut at a point, the geodesic distance

is at most the distance on the cut interval, of length 2π = 4R, so WS1

1 ≤W I
1 and EW1 ≤ 2R/

√
n. On the

flock this is the rate of the linear sums at every crowding.

B.5 Regression
Remark B.22 (Regression with the absolute loss). The two-sample distance is the maximum discrepancy
of the unit ball on the halves, W1(Γ̂A, Γ̂B) = supf∈G1

|EAf − EBf | (Section 4.2), which Theorem 4.6 carries
to the population with one concentration term. For regression with the absolute loss on a target f∗ ∈ G1,
the loss |f − f∗| of a predictor f ∈ G1 is itself a member, of G2, so with RA and RB the empirical risks on
the halves, supf∈G1

|RA(f)−RB(f)| ≤ 2W1(Γ̂A, Γ̂B): the certificate bounds the generalization gap of every
predictor at once, at twice its value, and of the empirical risk minimizer in particular. For a target with m
components that is 1-Lipschitz into ℓ2, under the Euclidean loss, a predictor whose components are each in G1

is
√
m-Lipschitz into ℓ2, so the loss |f −f∗|2 has constant

√
m+1 and the factor is 1+

√
m in place of 2 (and

2
√
m for a target that is only componentwise in G1), which is 1 +

√
2 for the flock’s update direction, jointly

Lipschitz by Theorem C.7 (Section C.1). For labels in a range of length b the loss |f(z)− y| is 1-Lipschitz in
the pair (z, y) under D + |y − y′|, so the same holds with the transport between the labelled halves in that
metric, the same matching with the label distance added to each pair’s cost, and the concentration term at the
diameter κ+ b. A loss that is ℓ1-Lipschitz in the prediction costs the factor ℓ1 in place of 1, by Talagrand’s
contraction lemma (Mohri et al., 2018).

Remark B.23 (The square loss). For the square loss the rate is a different one: least squares has excess
risk at the square of a rate, and what governs it is the entropy of the class under the design rather than the
transport. The same shells give that entropy and the same fibers give the matching lower bounds, so we sketch
the route and omit the statements, the regression that the paper’s number concerns being the absolute-loss
one (Theorem B.22). Entropy. Cover each shell of Theorem B.4 by the celling of Theorem B.14 at its own
resolution εk, assign to every cell a value from a grid of step εk on [−b, b], and the value 0 beyond the cutoff
shell: this is a cover of the members of G1 bounded by b in L2(Γ), of log-cardinality

∑
k≤K Nk(εk) ln(3b/εk)

at a radius η with η2 ≤ 9
4

∑
k≤K wkε

2
k + b2GK(θK), on interval values the entropy of a Lipschitz class

(Kolmogorov and Tikhomirov, 1959) in the dimension 2K − 1 of the cutoff shell, with the mass beyond
it charged at b and no dependence on d. Upper bound. Least squares over the cover is the shell-binning
regressogram, on each cell the grid value nearest the cell’s sample mean of Y , the cells being observable since
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Tk of a sample is computable from the sample. Bernstein’s inequality with a union bound over the cover gives
an excess risk of order η2 + b2 lnN/n over the best member, and the resolution that balances the two terms
gives (lnn/n)2/(2k0+1) at exact sparsity, the nonparametric rate of a Lipschitz class in the dimension 2k0 − 1

of the cutoff shell, and e−2
√
β lnn/7 on an exponential profile, the shape of Theorem 4.5’s rate with another

constant in the exponent. Lower bound. On a fiber of fixed weights the metric is bi-Lipschitz to a weighted
supremum distance with the weights as semi-axes (Theorem D.1), so bumps of height h with disjoint supports
in the cells of the stratum design of Theorem D.2 or of the fiber design of Theorem D.6 are 1-Lipschitz for
D, and Assouad’s hypercube (Tsybakov, 2009, §2.7) on Gaussian regression over them gives a minimax risk
of n−2/(2k+1) on the stratum design, n−2/(k+2) on a selector design at count k and e−

√
8β lnn on the fiber

design, with constants polynomial in k; on a mixture of separated populations the hypercubes combine, and the
bound is the mass-weighted sum of the populations’ risks at their effective sample sizes npj. By this sketch
the square loss learns at the nonparametric rate of the cutoff shell’s dimension, matched from below in the
exponent at exact sparsity and in shape on an exponential profile.

B.6 Exponential profiles: proof of Theorem 4.5
The upper bound is proved here, with its constant 2e3β/2Λ, Λ := CR∨2κA for the constant C of Theorem 4.4
(1734 on interval values), and 2e3βΛ with the selector count’s constant in place of C1 on a selector design.
The lower bound of Theorem 4.5 is Theorem D.6 in Section D, with the constant γ2R/16, γ := 1− e−β .

Proof. Let n ≥ 2 and d ≥ 2: the bound at n = 1 exceeds the diameter κ, and at d = 1 the lift is the
interval, where ∆n(Q) ≤ 2R/

√
n ≤ 2Reβ/4e−

√
β lnn/2 by the one-dimensional bound of Theorem B.20. Put

x :=
√
2 lnn/β and K := d ∧ (⌈x/2⌉ ∨ 2), so that e(K) = 2K − 1 ≥ 3, that βK ≥

√
β lnn/2 unless K = d,

and that 2K − 1 ≤ x+ 3 in every case. Theorem 4.4 at this K, with its constant C, gives

∆n(Q) ≤ 2κEQTK + CRn−1/(2K−1) ≤ 2κAe−βK + CRe− lnn/(x+3),

where the first term vanishes at K = d and is at most 2κAe−
√
β lnn/2 otherwise, and lnn/(x + 3) ≥

lnn/x− 3 lnn/x2 =
√
β lnn/2− 3β/2. So ∆n(Q) ≤ (2κA+CRe3β/2) e−

√
β lnn/2 ≤ 2e3β/2Λ e−

√
β lnn/2. On

a selector design, e(K) = K: take x :=
√
lnn/β and K := d ∧ (⌈x⌉ ∨ 3), so that e(K) ≥ 3 once d ≥ 3,

K ≤ x+ 3 and lnn/(x+ 3) ≥
√
β lnn− 3β; for d ≤ 2 the design is exactly d-sparse and the clause e ≤ 2 of

Theorem 4.4 at K = d, CR(1 + lnn)n−1/2, is below the claimed rate at a constant depending on β.

The shells route. The same rate with the constant 1
3 , at n ≥ n0, follows from Theorem B.14 at a constant

profile with the trim at the diameter, and the computation serves the accumulative class (Theorem B.30),
whose theorem has no crop clause. Write L := lnn, let n0 := exp(48β ∨ 9 ln2 Λ′/β), and let C1 := 136, the
constant of the accumulative count in Section B.7, which dominates the 34 of Theorem A.17 and lets one
Λ′ serve both classes, so that Nk(ε) ≤ (C1R/ε)

2k−1 for ε ≤ κ (Theorem A.17) and Λ′ := C1R ∨ 2κA ∨ e, a
different constant from the crop route’s Λ. Apply Theorem B.14 with the constant profile at

ε := Λ′e−u, θ := ε/(2κ), u := 1
3

√
βL,

so that ln(Λ′/ε) = u and Nk(ε) ≤ e(2k−1)u. Three consequences of n ≥ n0, that is 48β ≤ L and 9 ln2 Λ′ ≤ βL,
are used repeatedly:

(a) u ≤ L/20, from β ≤ L/48;

(b) β ≤ u and 1 ≤ ln Λ′ ≤ u, from u ≥
√
β · 48β/3 ≥ 2β and u ≥

√
9 ln2 Λ′/3 = lnΛ′;

(c) κ ≤ Λ′, since C1 ≥ 2, and L ≥
√
48 · 9 lnΛ′ ≥ 20.

In particular ε = Λ′e−u ≤ 1 ≤ κ, using R ≥ 1
2 (so κ = 2R ≥ 1), so the count bound applies and θ ≤ 1

2 .
Markov’s inequality at the working threshold converts the moment profile into the quantile the theorem

consumes:

Gk(θ) ≤ 1 ∧ Ae−βk

θ
= 1 ∧ e−β(k−h), h := β−1 ln(2κA/ε) ∈ [0, u/β].
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Set m := ⌈h⌉+1 ≤ u/β+2 and apply the theorem with K := (⌈3u/β⌉∨1)∧d. Trim: either K = d, or βK ≥ 3u
and κGK(θ) ≤ κ e−β(K−h) ≤ κ e−2u ≤ Λ′e−u. Shells: wk ≤ Gk−1(θ) ≤ e−β(k−m)+ , as k − 1− h ≥ k −m, so
the k-th shell term is at most n−1/2eψ(k) with ψ(k) := (2k− 1)u2 − β

2 (k−m)+. Split the sum at m: below m

it is geometric with ratio eu ≥ e; above m, geometric with ratio eu−β/2 ≥ eu/2 ≥ e1/2 by (b), and we extend
it upward to K̃ := ⌈3u/β⌉ ≥ K. Hence

K∑
k=1

√
wkNk
n

≤ 2 eψ(m) + 3 eψ(K̃)

√
n

,

ψ(m) ≤ u2

β + 3u
2 = L

9 + 3u
2 , ψ(K̃) ≤ 3u2

β + u
2 −

(
u− β

)
= L

3 − u
2 + β,

using m ≤ u/β + 2, K̃ ≤ 3u/β + 1, and K̃ −m ≥ 2u/β − 2 ≥ 0 by (b). The middle term of the theorem is
thus at most Λ′(eψ(m) + 3

2e
ψ(K̃)

)
/
√
n, and each piece is at most e−u:

ψ(m)− L
2 ≤ L

9 + 3u
2 − L

2 ≤ −L
4 ≤ −u,

ln 3
2 + ψ(K̃)− L

2 ≤ L
48 + L

3 + L
48 − u

2 − L
2 = −L

8 − u
2 ≤ −u,

using 3u
2 ≤ 3L

40 , β ≤ L/48, ln 3
2 ≤ L/48, and u ≤ L/4, all from (a)–(c). So the middle term is at most 2Λ′e−u,

and the total is 2Λ′e−u + 2Λ′e−u + Λ′e−u = 5Λ′e−u.

Remark B.24 (The exponential rate, read in full). The rate e−c
√
β lnn is slower than every polynomial

in n and faster than every power of lnn. The optimizing cutoff is Kn ≍
√
lnn/β, so the dimension the

rate sees at sample size n grows without bound, like
√
lnn, and no fixed dimension explains the answer. In

sample-complexity form, accuracy ε costs n(ε) = exp
(
c′ ln2(1/ε)/β

)
, quasi-polynomial in 1/ε, between every

finite-dimensional class and generic nonparametrics, and free of d. The profile is a statement about the mean
tail and costs nothing for being one: the crop pays each configuration its own tail and the bound takes the
mean (Theorem B.25). Since every design is exactly d-sparse, Theorem 4.4 at K = d holds unconditionally
and the bound is the minimum of the two branches, which cross at lnn = β(2d − 1)2/2; on the measured
flock, with d in the thousands, the crossover is unreachable at any rate the profiles of Section 5.1 show. Two
qualifiers. The content of these bounds is the exponent and the absence of d, and the number at hand is the
certificate’s. And the rate is a single level’s, Theorem 4.4 at its best K with the mean tail as bias: what the
shells add is the across-configuration axis, where each shell pays its own rate at its own mass.

Remark B.25 (The constants in the exponent). The constant 1/
√
2 is the crop’s. A trim at the diameter,

whether Theorem B.14 without its crop clause at a constant profile or the finite-sample dimension of Weed
and Bach (2019, Prop. 10) on the trimmed coverings of Section A.5, needs the tail to fall below the working
threshold on all but the trimmed mass, which a mean tail gives only through Markov’s inequality, at twice the
cutoff: that route returns 1

2 at best, and 1
3 as computed (the shells route of Section B.6, at n ≥ n0 and R ≥ 1

2),
and the factor is the trim’s price, not the profile’s; a pointwise bound Tk ≤ Ae−βk at every configuration
would hand the trim its 1/

√
2 back, and nothing here needs one. The lower bound of Theorem D.6 has

√
2.

B.7 The accumulative class
The theorems above are instances of Theorem B.11, and everything specific to the metric entered through
four inputs: the stratum covering, the crop cost, the diameter of (Md, D), and the qualitative facts behind
Theorem B.9. This subsection instantiates the argument for the accumulative class G̃L, the Lipschitz ball
of D̃, the matching distance with the shares si = µi/µmax as heights. The lifts of the two instances are
bijections from the same quotient of C, so we regard D̃ as a second metric on the same set Md, with Tk, µmax

and the shells the same functions and sets, and write |P | :=
∑
i si = 1/µmax(P ) for the total height of P ,

the effective count, with the leader at height 1. Three inputs are imported from Section A.5. The crop cost:
for µ̂ the k-crop, D̃(Φ(x, µ),Φ(x, µ̂)) ≤ RTk/µmax = κTk/(2µmax), and µmax(µ̂) = µmax/(1 − Tk) ≥ µmax,
the crop does not decrease the top weight (Theorem A.19 and its proof). The qualitative facts: (Md, D̃) is
compact, Tk and µmax are continuous on it, and duality holds for W̃1, the Kantorovich distance on measures
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on Md with ground metric D̃ (Theorem A.20); moreover D̃(P,Q) ≤ R(|P |+ |Q|), by sending every atom of
both to the apex, so for a fixed one-atom lift P0,

ϱ0(P ) := D̃(P, P0) ≤ R
( 1

µmax(P )
+ 1
)

≤ κ

µmax(P )
,

while diam(Md, D̃) ≤ 2Rd and no better in general, the count being 1-Lipschitz for D̃ and ranging over
[R,Rd]. The celled covering: for m ≥ 0 let A[m]

k := {P ∈ Ak : µmax(P ) ≥ 2−m} = {P ∈ Ak : |P | ≤ 2m};
then for every k ≤ d, m ≥ 0 and ε > 0, by the second display of Theorem A.18,

N
(
2m−1ε, A[m]

k , D̃
)

≤ Ñk(ε) := N
(
ε
4 ,V, ρ

)k · k(1 + 16R

ε

)k−1

,

with net points in Ak: resolving the cell {|P | ≤ 2m} at scale 2m−1ε costs the conservative count up to the
factor k and a constant, independently of m. On interval values and ε ≤ κ, Ñk(ε) ≤ (68R/ε)2k−1.

Definition B.26 (Concentration index, cells, concentration weights). For P ∈ Md let m(P ) :=
⌈log2(1/µmax(P ))⌉ ∈ {0, 1, . . . }, so that 1/µmax(P ) ≤ 2m(P ) < 2/µmax(P ); m(P ) = 0 exactly on point
masses. For the stratified shells Shk of Theorem B.4 set

Shk,m := Shk ∩ {m(P ) = m}, wk,m := Γ(Shk,m),

the first and second concentration weights of shell k,

ζk :=
∑
m≥0

2m wk,m =

∫
Shk

2m(P ) dΓ, ξk :=
∑
m≥0

4m wk,m,

and the count-weighted trim

HK :=

∫
BK(θK)c

dΓ

µmax
∈
[
GK(θK), dGK(θK)

]
.

Since µmax ≥ (1−θk)/k on Shk, only indices m < log2(2k/(1−θk)) occur there, at most Mk := ⌈log2(2k/(1−
θk))⌉ cells per shell, and, from 1/µmax ≤ 2m(P ) < 2/µmax,

wk ≤ ζk ≤ 2

∫
Shk

dΓ

µmax
≤ 2k

1− θk
wk, ξk ≤ 4

∫
Shk

dΓ

µ2
max

≤
( 2k

1− θk

)2
wk.

The design’s concentration moments are ζ̄ := EQ[µ−1
max] and ξ̄ := EQ[µ−2

max].

Theorem B.27 (Generalization over the accumulative class). For every design Q and every resolution profile,
with the shells and masses of Theorem B.4 and the cells, weights and trim of Theorem B.26,

∆̃n(Q) = E W̃1(Γ̂n,Γ) ≤ 2

K∑
k=1

ζk εk + κ

K∑
k=1

∑
m<Mk

2m

√
wk,m Ñk(εk)

n
+ 2κHK .

Supplementary bounds: the floor is at most 4
∑
k εk

∫
Shk

µ−1
max dΓ, hence at most 4εζ̄ for the constant profile;

the inner sum is at most
√
Mk ξk; and HK ≤

√
ξ̄ GK(θK).

Proof. The identity is duality for W̃1 and Theorem 3.2 for the accumulative instance, as in the proof of
Theorem B.14. Apply Theorem B.13 on (X , ϱ) = (Md, D̃) with reference point P0 a point mass, B = BK(θK),
and the groups Sk,m = Shk,m, k ≤ K, m < Mk, Borel, of masses wk,m. Reference costs: on Sk,m,
1/µmax ≤ 2m, so ϱ0 ≤ κ/µmax ≤ 2mκ =: ϱk,m; on Bc, ϱ0 ≤ κ/µmax, so

∫
Bc ϱ0 dΓ ≤ κHK . Cellings: a point

P ∈ Shk,m has Tk(P ) ≤ θk, so its k-crop P̂ satisfies D̃(P, P̂ ) ≤ κθk/(2µmax(P )) ≤ 2m−1κθk = 2m−2εk, with
P̂ ∈ Ak and µmax(P̂ ) ≥ µmax(P ) ≥ 2−m, that is P̂ ∈ A[m]

k ; and A[m]
k has a net of Ñk(εk) points at radius

2m−1εk ≤ 2mεk − 2m−2εk, so Theorem B.12 gives a (2mεk, Ñk(εk))-celling of Sk,m. With rk,m = 2mεk,
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Nk,m = Ñk(εk) and ϱk,m = 2mκ the proposition’s three terms are the display: 2
∑
k,m 2mεk wk,m = 2

∑
k ζkεk,

then
∑
k,m 2mκ

√
wk,mÑk/n, then 2κHK . The supplementary bounds: 2m(P ) < 2/µmax(P ) for the floor;

Cauchy–Schwarz over m for the inner sum,
∑
m 2m

√
wk,m ≤

√
Mk

∑
m 4mwk,m; and Cauchy–Schwarz for

HK ≤
√∫

µ−2
max dΓ

√
Γ(BcK).

Against Theorem B.14 on the same design and the same shells, the profile, the shells and the masses
are identical: the accumulative class does not induce a different partition, it is the same partition with cell
(k,m) resolved at scale 2mεk instead of εk. The counts are identical in shape. The price of the semantics is
a count-weighting of all three terms, the floor by the mean inverse top weight on the bulk, the fluctuation
by the second concentration moment, the trim by the count of the trimmed configurations. This is forced,
not slack: the count R/µmax is a member of G̃1 (Theorem A.14), so two configurations of counts c and c′

are at D̃-distance at least R|c− c′|, and mass misplaced across counts must pay for the difference. In the
conservative class the total height is 1 everywhere and all three weights are 1.

Corollary B.28 (Exact sparsity, accumulative class, the single-partition route). If Q(Tk0 = 0) = 1 then
1/µmax ≤ k0 Q-a.s., ζ̄ ≤ k0, and with K = k0 and the constant profile, for every ε > 0,

∆̃n(Q) ≤ 4ε ζ̄ + 2k0κ

√
k0M Ñk0(ε)

n
, M := ⌈log2(2k0)⌉.

On interval values, optimizing ε, for n ≥ 682k0+1k30, so that the optimizing ε is at most κ,

∆̃n(Q) ≤ C R ζ̄ n−
1

2k0+1 ≤ C Rk0 n
− 1

2k0+1

with C absolute.

Proof. Gk0(θ) ≤ Gk0(0) = 0 kills the trim, Hk0 = 0. On the support of Q at most k0 weights are positive, so
1/µmax ≤ k0 there, 2m < 2k0 on every occupied cell, at most M values of m occur, and the fluctuation term is

at most 2k0κ
∑
k,m

√
wk,mÑk/n ≤ 2k0κ

√
k0M Ñk0(ε)/n, by Cauchy–Schwarz over the at most k0M occupied

cells,
∑
k,m wk,m = 1, and monotonicity of the counts in k. For the rate insert M Ñk0(ε) ≤ (C1R/ε)

2k0−1

with C1 = 136, from Ñk0(ε) ≤ (68R/ε)2k0−1 and M ≤ 2k0 ≤ 22k0−1, and choose

ε := C1R
( k30
ζ̄2n

) 1
2k0+1 ≤ κ;

both terms are then at most 4(C1 + 1)R (k30)
1/(2k0+1) ζ̄(2k0−1)/(2k0+1) n−1/(2k0+1), using κ = 2R; conclude

with ζ̄ ≥ 1 and supk≥1(k
3)1/(2k+1) ≤ 2.

Lemma B.29 (Concentration moments from the profile). Let A ≥ 1, β > 0, and k1 := ⌈β−1 ln(2A)⌉ ∨ 1.

(i) If EQ[Tk] ≤ Ae−βk for all k, then ζ̄ ≤ 2k1 + 2 + 2/β, and more generally ζ̄ ≤ 2k + 4Ae−βk/(1− e−β)
for every k ≥ 1.

(ii) Under the same hypothesis, ξ̄ ≤ 4k21 +4(2k1 +1)(1+ 1/β)+ 8/β2, so
√
ξ̄ ≤ 4k1 +2+4/β; and for every

K ≥ 1 and θ, ∫
BK(θ)c

dΓ

µmax
≤ 2KGK(θ) +

4Ae−βK

1− e−β
.

The concentration moments are constants of order β−1(1+ ln 2A), the effective neighbor count, and its square,
independent of d and of n.

Proof. For any k ≥ 1, µmax ≥ (1 − Tk)/k, so {1/µmax > 2k} ⊆ {Tk > 1
2}, and Markov gives Γ(1/µmax >

2k) ≤ 2Ae−βk. (i) Layer cake: E[µ−1
max] ≤ 2k +

∑
j≥k 2Pr(µ

−1
max > 2j) ≤ 2k + 4A

∑
j≥k e

−βj . At k = k1,
4Ae−βk1 ≤ 2 and (1 − e−β)−1 ≤ 1 + 1/β. (ii) For t := 1/µmax and any integer j0 ≥ 1, pointwise t ≤
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2j0 +2
∑
j≥j0 1{t > 2j} and t2 ≤ 4j20 +

∑
j≥j0(8j +4)1{t > 2j}. Integrating the second against Γ at j0 = k1:

ξ̄ ≤ 4k21 + 8A
∑
j≥k1(2j + 1)e−βj ≤ 4k21 + 8Ae−βk1

[
(2k1 + 1)(1 + 1/β) + 2/β2

]
, using

∑
i≥0 e

−βi ≤ 1 + 1/β

and
∑
i≥0 ie

−βi = e−β/(1− e−β)2 ≤ 1/β2, and 8Ae−βk1 ≤ 4; the square root by 2
√
ab ≤ a+ b. Integrating

the first against Γ restricted to BK(θ)c at j0 = K gives the last display.

Corollary B.30 (Exponential profiles, accumulative class, the single-partition route). Let V = [−R,R] with
R ≥ 1

2 , let A and β be as in Theorem 4.5, Λ′ := 136R ∨ 2κA ∨ e as in the shells route of Section B.6, k1 as
in Theorem B.29, and let n0 := exp(48β ∨ 9 ln2 Λ′/β). Then for n ≥ n0, under an exponential profile at rate
β, ∆̃n(Q) ≤ 32 (k1 + 1 + 1/β) Λ′ e−

1
3

√
β lnn.

Proof. Run the shells route of Section B.6 on Theorem B.27 with the constant profile: ε := Λ′e−u, θ :=
ε/(2κ) ≤ 1

2 (as ε ≤ 1 ≤ κ), u = 1
3

√
βL, L = lnn; the consequences (a)–(c) hold verbatim, and Mk Ñk(ε) ≤

(C1R/ε)
2k−1 ≤ e(2k−1)u with C1 = 136, since Mk ≤ ⌈log2 4k⌉ ≤ 2k for θ ≤ 1

2 .
Take K := (⌈3u/β⌉ ∨ 1) ∧ d as there, so that either K = d or βK ≥ 3u and GK(θ) ≤ e−2u. Floor: at

most 4εζ̄ = 4Λ′ζ̄e−u. Fluctuation: by the supplementary bound of the theorem and ξk ≤ 4ξ̄ it is at most

2κ
√
ξ̄
∑
k≤K

√
MkÑk(ε)/n ≤ 2κ

√
ξ̄ n−1/2

∑
k≤K e

(k− 1
2 )u ≤ 4κ

√
ξ̄ e(K− 1

2 )u−L/2, a geometric sum with ratio
eu ≥ e, and (K− 1

2 )u ≤ 3u2/β+u/2 = L/3+u/2, so the exponent is at most −L/6+u/2 ≤ −u as u ≤ L/20: the
term is at most 4Λ′

√
ξ̄ e−u. Trim: if K < d, Theorem B.29(ii) gives 2κHK ≤ 4κKe−2u+8κA(1+1/β)e−βK ≤

4Λ′(3u/β+1)e−2u+4Λ′(1+1/β)e−3u, using κ ≤ Λ′, 2κA ≤ Λ′, K ≤ 3u/β+1 and βK ≥ 3u; since ue−u ≤ e−1

and e−u ≤ e−1, this is at most 4Λ′e−u
[
(3e−1 + e−2)/β + 2e−1

]
≤ 8Λ′(1 + 1/β)e−u. If K = d the trim is zero.

Total: at most 4Λ′e−u [ζ̄ +
√
ξ̄ + 2 + 2/β], and Theorem B.29(i)–(ii) give ζ̄ +

√
ξ̄ ≤ 6k1 + 4 + 6/β, so the

bracket is at most 8(k1 + 1 + 1/β).

Corollary B.31 (Exact sparsity, accumulative class, the multiscale route). Let V = [−R,R]. If Q(Tk0 =
0) = 1 with k0 ≥ 2, then

∆̃n(Q) ≤ C Rk0 n
− 1

2k0−1 , C := 17 · 408 = 6936.

Conversely ∆̃n(Q) ≥ 1
2∆n(Q) on every design, since G1 ⊆ G̃2 (Theorem A.14), so on the stratum design Qk0

of Theorem D.4 the exponent 1/(2k0 − 1) holds from both sides.

Proof. On the support of Q at most k0 weights are positive, so 1/µmax ≤ k0 there and every lift lies in
S := A[M ]

k0
with M := ⌈log2 k0⌉, so that k0 ≤ 2M < 2k0. Its diameter: D̃(P, P ′) ≤ R(|P |+ |P ′|) ≤ 2Rk0 =: ε0.

Its covering: at a radius ϱ ≤ 2M−1κ put ε := ϱ/2M−1 ≤ κ, so that N(ϱ, S, D̃) ≤ Ñk0(ε) ≤ (68R/ε)2k0−1 =
(68R 2M−1/ϱ)2k0−1 ≤ (68Rk0/ϱ)

2k0−1. Apply Theorem B.18 on S with εj := 3−jε0: the radii εj+1/2 =

εj/6 ≤ ε0/6 = Rk0/3 ≤ 2M−1κ are admissible, and N(εj+1/2, S, D̃) ≤ (6 · 68Rk0/εj)2k0−1 = (A/εj)
e with

A := 408Rk0 ≥ ε0 and e := 2k0 − 1 ≥ 3. The proposition gives E W̃1(Γ̂n,Γ) ≤ 17An−1/e. The converse: a
member of G1 is a member of G̃2, so supG̃1

(EQf − Enf) ≥ 1
2 supG1

(EQf − Enf) pointwise in the sample, and
Theorem D.4 bounds the expectation of the right side from below on Qk0 .

Corollary B.32 (Exponential profiles, accumulative class, the crop route). Let V = [−R,R] and let Q have
an exponential profile at rate β with constant A ≥ 1. Then for every n ≥ 2 and d ≥ 2,

∆̃n(Q) ≤ C R
[
A(1 + 1/β) + e3β/2

](√
lnn
2β + 3

)
e−

√
β lnn/2, C = 6936 :

the exponent of Theorem 4.5, with the effective count at the cutoff, Kn ≍
√
lnn/β, as a factor.

Proof. The crop. For K ≤ d let crK be the K-crop, with D̃(P, crKP ) ≤ RTK(P )/µmax(P ) (Theorem A.19),
and ΓK := (crK)#Γ, the lift of an exactly K-sparse design. As in the proof of Theorem 4.4, coupling along
the crop on both sides,

∆̃n(Q) ≤ 2REQ
[ TK
µmax

]
+ E W̃1

(
(crK)#Γ̂n,Γ

K
)
,

and once K ≥ 2 the second term is at most 6936RK n−1/(2K−1) by Theorem B.31, the cropped lifts having
K atoms of share at most 1. The crop cost. On {TK ≤ 1

2}, µmax ≥ (1 − TK)/K ≥ 1/(2K), so pointwise
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TK/µmax ≤ 2K TK + µ−1
max1{TK > 1

2}, and Theorem B.29(ii) at θ = 1
2 , with GK( 12 ) ≤ 2EQTK ≤ 2Ae−βK by

Markov, gives

EQ
[ TK
µmax

]
≤ 2KAe−βK + 4KAe−βK +

4Ae−βK

1− e−β
≤ Ae−βK (6K + 4 + 4/β),

and 6K + 4 + 4/β ≤ 6(1 + 1/β)(K + 1). The cutoff. As in the proof of Theorem 4.5, put x :=
√
2 lnn/β

and K := d ∧ (⌈x/2⌉ ∨ 2), so that βK ≥
√
β lnn/2 unless K = d, where Td = 0 and the crop costs nothing,

that 2K − 1 ≤ x + 3, whence n−1/(2K−1) ≤ e− lnn/(x+3) ≤ e3β/2e−
√
β lnn/2, and that K + 1 ≤ x/2 + 3.

The two terms are then at most 12RA(1 + 1/β)(K + 1) e−
√
β lnn/2 and 6936Re3β/2(K + 1) e−

√
β lnn/2, and

12 ≤ 6936.

B.8 The two caps compared, and the accumulative certificate
Against Theorem 4.4 and Theorem 4.5, the multiscale and crop routes give the accumulative class the same
exponents (Theorems B.31 and B.32), and the accumulative price is a factor of the count, paid once: the
maximal count k0 at exact sparsity, and the effective count at the cutoff,

√
lnn/(2β) + 3, on exponential

profiles. The single-partition route of Theorem B.27 gives the weaker exponents 1/(2k0 + 1) and 1/3
(Theorems B.28 and B.30), with the mean count ζ̄ and a constant of order β−1(1 + ln 2A) in place of the
maximal count, the profile bounding the concentration moments (Theorem B.29). This is the two semantics
of Section 3.1 as arithmetic. On a hard selection of k coordinates the accumulative class is the conservative
class at scale kL (Theorem A.15), and the design pays that scale.

Remark B.33 (The accumulative certificate at a truncated diameter). Theorem 4.6 needs a diameter for
its concentration step, and (Md, D̃) has 2Rd and no better, the count being a member of the class. Let
h(P ) :=

∑
i si = 1/µmax(P ) be the total height, so that D̃(P, P ′) ≤ R(h(P ) + h(P ′)) through the reservoir.

Fix ζ > 0, let τ := Q(h > ζ) and Γζ := Γ(· | h ≤ ζ). On the event that all n sample points have h ≤ ζ,
of probability at least 1− nτ , the points are i.i.d. from Γζ , whose support has D̃-diameter at most 2Rζ, so
Theorem 4.6 applies with κζ := 2Rζ in place of κ and Γζ in place of Γ; and W̃1(Γζ ,Γ) ≤ Rτ (ζ+E[h | h > ζ]),
by coupling the heavy mass to light points through the reservoir. Hence, with probability at least 1− δ − nτ ,

W̃1(Γ̂A,Γ) ≤ W̃1(Γ̂A, Γ̂B) + 2Rζ

√
ln(1/δ)

n
+Rτ

(
ζ + E[h | h > ζ]

)
.

The level comes from the profile, by the first line of the proof of Theorem B.29: µmax < 1/(2k) forces Tk > 1
2 ,

so Q(h > 2k) ≤ Q(Tk >
1
2 ), and Markov gives Q(h > 2k) ≤ 2Ae−βk, and ζn := 2⌈β−1 ln(2An/δ)⌉, at most

(2/β) ln(2An/δ) + 2, makes nτ ≤ δ, the display then holding with probability at least 1 − 2δ, with a tail
term of order δζn/n; the price is the factor ζn on the concentration term, the effective count at the sample
size, logarithmic in n, the quantity the bounds in expectation carry as ζ̄. The trim that works is on the
heavy configurations, not on the light atoms: cropping a crowded configuration to K atoms costs R times the
removed height, cheap in the conservative class where the height is the weight and expensive here where it is
the share. The cell bound of Theorem B.5 and the exact matching need no diameter, a trimmed sample point
being priced at its own observed height.

C Examples

C.1 Flocking
The protocol below stores a sample of Section 5.1, one focal particle at one instant, as a view, the term of the
legend of Figure 2.

The dynamics. Particles i = 1, . . . , d carry positions pi ∈ T2
ℓ , the torus of side ℓ, and headings θi ∈ S1.

Writing u(θ) = (cos θ, sin θ), one step of the drift of the dynamics is

θ′i = arg
∑
j

cij e
iθj , p′i = pi + v0 u(θ

′
i),
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where ci· ∈ ∆d are the neighborhood weights of particle i, the selector, computed from the distances |pj − pi|.
The classical model (Vicsek et al., 1995) takes ci· uniform on {j : |pj − pi| ≤ r}, the metric interaction on a
hard ball. Two variants are in the literature, the second in our roster: the topological interaction, uniform on
the particle itself and its k nearest neighbors, the form supported by the starling observations of Ballerini
et al. (2008) with k ≈ 7, and soft kernels, cij ∝ K(|pj − pi|).

Convention C.1 (Noise). The stochastic term, angular noise added to θ′i, is exogenous: the mechanism is
the drift map above, the noise is added afterwards, and all statements are about the drift.

The four flocks. Every flock has d = 3200 particles on the torus of side ℓ = 40, density 2, at speed
v0 = 0.5, and the flocks differ in the rule. The ball rule is the one above at r = 1. The three graded rules
have the same drift with soft weights cij ∝ K(|pj − pi|): the bump K(t) = (1 − t2/r2b )

2
+ at rb = 1.4, the

Gaussian K(t) = e−t
2/2h2

at h = 0.5 truncated at radius 3.5, and the Cauchy K(t) = (1+ t2/h2)−3 at h = 0.9
truncated at radius 4, beyond which lies 0.2% of the untruncated kernel’s weight. The range of each graded
rule is the one at which its mean tail matches the ball’s at ten atoms, T10 between 0.16 and 0.19 for every
flock in both regimes, so the four rules have the same effective number of partners. Each flock is read through
the selector of its own rule at the rule’s parameters: the lift of a sample is the weights the flock’s own update
puts on it, and the mechanism whose class the certificate bounds is that update. The two regimes are η = 1.2,
the main text’s, and η = 2.4, both in the ordered phase (Chaté et al., 2008).

The protocol. The protocol is the same for every flock and regime: a flock, a list of seeds, one replica per
seed, and every replica viewed at the same steps. A replica draws uniformly random positions and headings
from its seed and runs the drift with its noise, 64,000 replicas per flock and regime. A view is one focal
particle, drawn uniformly at random at a fixed step of its replica, with its neighborhood within radius 3.5 (4
on the Cauchy flock) stored as positions relative to the focal particle and headings rotated by an independent
uniformly random angle, the self atom included at position 0: the design certified is the law of the rotated
view, a design of the same mechanism, which is equivariant under the rotation. Every replica is viewed at
step 3000, after the burn-in, by which the flock has ordered (the polarization below), and the focal particle
and the rotation of a view are drawn from the replica’s generator after its last step. One view per replica:
the views are independent samples of the flock’s law at that age, the i.i.d. hypothesis of Theorem 4.6 holds as
stated, and nothing is assumed about mixing within a run.

The split, the lift and the certificate. Half A is the replicas of the first 32,000 seeds and half B those of
the last 32,000, a split fixed before any data were seen, and the nested sample sizes are the prefixes of the seed
order, n = 500 to 64,000 samples in doublings, both halves counted. The lift of a view is the selector’s weights
on its stored atoms, normalized to sum to one, and on the Gaussian and the Cauchy flock the lift is cropped
to the heaviest atoms carrying all but 10−3 of the weight, at the cost of Theorem A.19 per sample, paid in
the certificate by the triangle inequality: 0.0017κ and 0.0019κ at the largest n. Every distance between a lift
of A and a lift of B is the assignment of Theorem B.3, and the transport is one exact assignment on the
32,000× 32,000 matrix of them, by the Jonker–Volgenant algorithm, at every prefix. The certificate is that of
Theorem 4.6 for half A at δ = 0.05, the transport plus the crop cost plus κ

√
ln(1/δ)/n, and the whole-sample

certificate of Theorem B.1(ii), with its one term at δ/2, is larger by 0.0008κ at the largest n.

The simulator and the seeds. The simulator is a compiled implementation of the drift above, exact
against the reference implementation step by step, and a matching takes from an hour for the ball flock to
five hours for the Cauchy flock on a many-core machine, the assignment on the full matrix half an hour of it.
The seeds are consecutive integers, one range per flock and regime, stored with every replica and listed in the
supplementary material, which regenerates every table and figure of this appendix and of Section 5.1 from
them.

The count law and the profile. Figure 2 is the count law of the ball flock after the burn-in in both regimes,
the number m of particles inside the ball other than the self. At η = 1.2 the ball holds 10.7 particles on average
and 67 at most, from 2 to 23 between the 5% and 95% samples, with a variance 4.3 times the mean, and at
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Figure 2: The count law of the ball flock after the burn-in: the number m of particles inside the ball r = 1
other than the self, per sample, on the 64,000 replicas at (left) η = 1.2, those of Figure 1, and (right) η = 2.4,
those of Figure 3.

Table 2: The two-sample transport W1(Γ̂A, Γ̂B) and the certificate of Theorem 4.6 for half A at δ = 0.05,
in units of κ, at n = 64,000 samples (32,000 per half), each flock through the selector of its own rule, after
the burn-in of 3000 steps, in both regimes, with the cell certificate of Theorem B.5 on the same halves at
the same δ, its shells, resolution and cutoff optimized on the data (the covering script of the supplementary
material). The trivial value is κ, and the mean distance D between two random samples is 0.56 to 0.68κ.

η = 1.2 η = 2.4

flock W1 cert. cell cert. W1 cert. cell cert.

ball, r = 1 0.0272 0.0340 0.681 0.0435 0.0503 0.881
bump, rb = 1.4 0.1057 0.1125 1.005 0.1386 0.1454 1.004
Gaussian, h = 0.5 0.1152 0.1238 1.006 0.1498 0.1583 1.004
Cauchy, h = 0.9, a = 3 0.1205 0.1292 1.006 0.1555 0.1643 1.005

η = 2.4 it holds 10.9 on average and 81 at most, from 2 to 24, with a variance 4.6 times the mean. The survival
P (m ≥ k) is geometric beyond the knee, at 0.20 per atom on 15 ≤ k ≤ 50 in both regimes. Every sample of
the ball flock is exactly sparse with uniform weights on its m+ 1 atoms and tail Tk = (1− k/(m+ 1))+, so
the ball’s mean tail in Figure 1(a) is the functional EQTk =

∑
m P (m) (1− k/(m+ 1))+ of the count law,

and it is geometric beyond the knee because the count law is, at a decay rate of 0.23 per atom. The graded
rules are the other case, a decay inside each sample at a rate set by the local crowding. Their profiles are
Figure 1(a) at η = 1.2 and Figure 3(a) at η = 2.4: matched to the ball’s at ten atoms, the bump’s tail is the
ball’s shape on a wider support with the boundary atoms discounted, the Gaussian’s is geometric and the
Cauchy’s polynomial, above the Gaussian’s from the seventh atom on. At the one-percent level the selectors
resolve 24 (ball), 27 (bump), 32 (Gaussian) and 57 (Cauchy) atoms at η = 1.2, and 24, 29, 35 and 66 at
η = 2.4. The profiles of the two regimes are close, the high-noise flock’s tails a little heavier.

The certificate. Table 2 is the certificate of Theorem 4.6 at the largest n on every flock, in both regimes,
after the burn-in, with the transport it is built on, and Figure 1(b) and Figure 3(b) are the curves against
n. Four readings. The bound is non-vacuous by a wide margin on every flock and regime: the largest value
in the table is below 0.17κ, against the trivial value κ and a mean distance between two random samples
of 0.56 to 0.68κ, and on the ball at η = 1.2 the certificate is 0.034κ, a thirtieth of the trivial value. The
graded flocks sit together, at four times the ball’s transport at η = 1.2 and three times at η = 2.4: the weight
mismatch between two samples is a cost the ball’s uniform weights never pay, and it depends little on how
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Figure 3: The flock at η = 2.4, the twin of Figure 1: 64,000 independent replicas per flock, one sample each.
(a) The profile, the mean tail Tk under the four selectors. (b) The certificate of Theorem 4.6 for half A at
δ = 0.05, in units of κ, after the burn-in of 3000 steps.

the grading is done, the three graded certificates lying within 0.02κ of one another in both regimes. The
matching is close to its floor. The mean distance from a sample of A to its nearest sample of B is 0.95 to
0.96 of the matching cost on the graded flocks and 0.69 (0.79 at η = 2.4) on the ball, 0.0188κ at η = 1.2, so
what remains is the sample size and not slack in the transport. The covering certificates sit at the trivial
value. The cell certificate of Theorem B.5 on the cells of the quantized k-crops of the two halves (on the
ball, where the weights tie, the crop takes the k headings nearest the view’s circular mean), the resolution
floor, the observed discrepancy of the halves’ cell frequencies and the trim, with the concentration term of
Theorem 4.6, at the shells, the resolution and the cutoff K ≤ 24 that are best on the data, is 0.68κ on the
ball at η = 1.2 and 0.88κ at η = 2.4, twenty and eighteen times the matching certificate, and at or above κ
on every graded kernel at every n, where the continuous weights make almost every occupied cell a singleton,
and the stratified bound of Theorem B.14 at a fixed covering constant, from the sample’s own tails with the
shells optimized, is above 0.98κ on every flock and regime. The comparison is between forms of the same
bound on the same class, the same halves and the same δ: every cell bound is one feasible transport and the
matching is below every one of them (Theorem B.5), and a celling optimized on the sample is a certificate on
the same terms (Theorem B.8). Not computed is a chained form, the entropy integral over the scales, or the
doubling-dimension covers of Gottlieb et al. (2017), which could sit between the two.

The implied dimension. The implied dimension of a measured transport is −1/(d lnW1/d lnn), the
exponent it shows at the sample sizes attained, read here as the reciprocal of the least-squares slope of
lnW1(Γ̂A, Γ̂B) against lnn over a window of three consecutive doublings, at the middle n. No constant enters:
the transport is computed exactly and the slope is free of units. On interval values an exactly k-sparse design
with k ≥ 2 shows at most 2k−1 as n grows and the stratum design of Section D at least 2k−1 (Theorem 4.4),
as the bipartite matching on the d-cube decays at n−1/d (von Luxburg and Bousquet, 2004, Thm. 15). In
general the number is the dimension of the lifted design at the scales the sample resolves. Figure 4 draws it
for the four selectors after the burn-in in both regimes. Over the last three doublings the ball’s transport
decays with the exponent of a 3-dimensional sample at η = 1.2 and of a 5-dimensional one at η = 2.4, the
graded flocks’ with 13 to 15: about ten dimensions of weights at the sample’s scale, against the k − 1 ≈ 10
that the stratum count charges at the mean support. The dimensions are local. On the graded flocks the
exponent rises with n, from 5 to 8 at n = 1000 to 13 at n = 32,000 at η = 1.2, about one dimension per
doubling and decelerating: at a finer scale the sample resolves more atoms of the weight vector, the cutoff
Kn ≍

√
lnn/β of Theorem 4.5 read off the data, and the number is the dimension of the lifted design at the

scales the sample resolves, not a limit. On the ball it is between 2 and 3.5 at every n at η = 1.2, where the
support has up to 68 atoms, and the more ordered flock is the lower-dimensional for every selector.

The two regimes. Figure 3 is Figure 1 at η = 2.4, on the replicas of that regime. The profile is nearly the
same, the transport is larger, 0.044κ on the ball against 0.027κ: the high-noise flock is less ordered, with a
local polarization of 0.78 against 0.94 (below), and the bound sees that too.
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Figure 4: The implied dimension, the reciprocal of the local slope of lnW1(Γ̂A, Γ̂B) against lnn over three
consecutive doublings, at the middle n, after the burn-in: (a) on the replicas of Figure 1 at η = 1.2 and (b)
on those of Figure 3 at η = 2.4. The curves are the transports behind panel (b) of the two figures.

The certificate on a member with zero training risk. For a target f∗ ∈ GL observed on half A, the
lower Lipschitz extension f−(z) := maxi∈A(f

∗(zi)− LD(z, zi)) agrees with f∗ on A and is L-Lipschitz (von
Luxburg and Bousquet, 2004, Lemma 7), an empirical risk minimizer of GL with zero training risk, and on
the target f∗ = LD(·, A), which is zero on A, it is −LD(·, A): its error at z is 2LD(z,A) and its gap on half
B is exactly 2LNN, twice the mean nearest-neighbor distance from B to A. By Theorem B.22 the certificate
bounds the gap of every empirical risk minimizer of GL on every target in GL by 2L times its value, so on
this member the ratio of the bound to the gap is the certificate over NN: 1.8 on the ball at η = 1.2 (0.034
over 0.0188) and 1.5 at η = 2.4, and 1.10 to 1.13 on the graded kernels in both regimes, where the matching
is at its nearest-neighbor floor (Table 2 and the floor above). The bound uniform over the class is within that
factor of the truth on this member, and a member is what a uniform bound is judged by. For one chosen
learner on one target the gap can be far smaller, the target’s own smoothness at the neighbor scale, which
only the labels see (Ashlagi et al., 2021), and a holdout estimate on half B reads it: the certificate competes
with nothing there. What it gives is the bound before any learner is chosen or label seen, at once for every
target and predictor in the class, so that a choice made after seeing the data costs nothing (Theorem B.1(ii)).

The bandwidth sweep. The graded kernels of Section 5.1 are at the ball’s own scale: the Gaussian’s
h = 0.5 is the second-moment match to the disc of radius 1 (the disc has mean squared distance 1

2 , the
kernel 2h2), and the bump’s radius and the Cauchy’s bandwidth match the ball’s tail at ten atoms. Their
certificates lie within 0.02κ of one another, four times the ball’s: the price of a design of dimension thirteen
against one of dimension three. What the bound reads is the profile, and the bandwidth sets the profile, so
we sweep it rather than choose it: the Gaussian rule at h ∈ {0.125, 0.18, 0.25, 0.35, 0.5}, each flock simulated
under its own rule as in the protocol, on 8,000 replicas per bandwidth read at 4,000 samples per half and
on 32,000 replicas read at 16,000 per half, and the flock of Section 5.1 at the same prefixes (Table 3). The
certificate follows the profile, slowly: halving the bandwidth sharpens the profile by a factor of nearly three,
from 32 to 12 atoms carrying all but one percent of the weight, lowers the implied dimension from 10 to 7,
and lowers the certificate by a tenth at this n, and a quarter of the bandwidth, at 9 atoms and dimension 6,
lowers it by three tenths, monotone in the bandwidth over the five values. At 16,000 samples per half every
certificate is lower by 15 to 26%, 0.133κ, 0.128κ, 0.113κ, 0.097κ and 0.081κ at h = 0.5, 0.35, 0.25, 0.18 and
0.125, against the ball’s 0.043κ at that n. The weights the nearest atoms carry vary continuously with their
positions whatever the bandwidth, and those are the coordinates the transport pays for; the gain is in the
rate, n−1/6 against n−1/10, so it widens with n. The narrow kernels also order the flock less, the polarization
falling from 0.94 to 0.78, since each particle then follows fewer neighbors.

The noise sweep. Both regimes of the paper are in the ordered phase. To see where the certificate stops
being small we simulated the ball rule above the transition, at η = 3, 4 and 5, on 8,000 replicas each under
the protocol of Section 5.1, read at 4,000 samples per half, with the flocks of the paper at the same prefix
(Table 4). The certificate grows slowly, from 0.070κ to 0.107κ at η = 3, and then holds, as the crowding falls
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Table 3: The bandwidth sweep of the Gaussian rule at η = 1.2, each flock under its own rule, read at 4,000
samples per half (the pilot sets of 8,000 replicas) and at 16,000 per half (the full sets of 32,000 replicas),
h = 0.5 the flock of Section 5.1 at the same prefixes: the atoms carrying all but 1% and 0.1% of the mean
weight and the decay rate per atom between them, the mean local polarization within r = 1, the implied
dimension of the transport over the last three doublings, and the certificate of Theorem 4.6 in units of κ.

h k(1%) k(0.1%) decay ϖ dim cert.

4,000 samples per half
0.125 9 16 0.33 0.78 5.8 0.109
0.18 11 19 0.29 0.85 5.9 0.127
0.25 12 21 0.26 0.90 7.2 0.142
0.35 20 33 0.18 0.93 7.2 0.155
0.5 32 53 0.11 0.94 9.7 0.157

16,000 samples per half
0.125 9 16 0.33 0.78 5.8 0.081
0.18 11 19 0.29 0.86 6.7 0.097
0.25 13 21 0.29 0.90 8.0 0.113
0.35 20 33 0.18 0.93 9.9 0.128
0.5 32 53 0.11 0.94 12.0 0.133

with the order, from 10.7 to 6.5 neighbors, and the transport’s implied dimension rises from 2.5 to 4.9: a
disordered lift is a count and a spread of headings with no common direction, a few dimensions more than
an ordered one. The polarization gate ϖ0 = 0.6 of the η = 2.4 regime, below which the update leaves the
class (Theorem C.7), is met on 69%, 27% and 13% of the samples at η = 3, 4 and 5: above the transition the
update is a member on a minority of the samples, while the certificate is the design’s and does not need the
order.

Table 4: The noise sweep of the ball rule at 4,000 samples per half: the paper’s regimes at that prefix and the
pilots above the transition (8,000 replicas each). The columns of Table 3, with the mean count of neighbors
other than the self and the share of samples at the polarization gate ϖ0 of Theorem C.7.

η k(1%) k(0.1%) β count pol. gate dim. certA ϖ0

1.2 24 34 0.23 10.7 0.94 1.00 2.5 0.070 0.8
2.4 24 34 0.23 10.9 0.78 0.94 3.5 0.088 0.6
3 26 39 0.18 10.8 0.66 0.69 4.0 0.107 0.6
4 15 20 0.46 7.5 0.47 0.27 4.4 0.101 0.6
5 12 15 0.77 6.5 0.37 0.13 4.9 0.106 0.6

The fully symmetric form. The drift is invariant under torus shifts, and depends on particle i only
through the configuration relative to it, with no internal memory. Frame by the focal particle with the shift
Ti : p 7→ p− pi:

p̃j := pj − pi ∈ T2
ℓ , xj := θj ∈ V := S1,

for all j, including j = i: the framed position p̃j is what the selector reads, the heading xj is the value the
mechanism reads, and the self atom sits at position p̃i = 0 with its own heading. Framed positions keep
the tilde, and tj := |p̃j | is the distance from the focal particle. Headings are untouched (shift-only framing).
Then the selector becomes an ordinary anonymous selector c : (T2

ℓ)
d → ∆d of the framed positions with

per-coordinate scores: with i fixed by the framing, c = c(p̃) ∈ ∆d is the weight vector, its j-th coordinate
cj ∝ K(tj) depends on p̃j alone, and j = i contributes K(0), the maximal weight. The aggregation is fully
anonymous, self included,

m =
∑
j

cj e
iθj , θ′i = argm, p′i = pi + v0m/|m|,
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and the focal state appears only in the framing and un-framing shifts, which are isometries, never as an
argument of the aggregation. The composite is therefore θ′i = g(x, p̃) := f(x, c(p̃)) with f anonymous, the
mechanism reading the headings and the selector the positions, and the design the law of (x, c(p̃)): a move of
particle j ̸= i moves the framed positions in coordinate j only, by exactly the world distance, and a move of
the focal particle moves the whole frame, an ordinary telescope priced with no new axiom.

Convention C.2 (The self atom stays in). The self atom is always part of the configuration. Beyond
physical fidelity (the Vicsek average includes the particle itself) it pins the normalization from below: the sum
Z =

∑
lK(tl) contains the self term K(0), so Z ≥ K(0) however small every neighbor term is, which keeps

the selector well defined for an isolated particle and carries the additive locality of compact windows.

Remark C.3 (What the framing removes, and what stays). Removed: the self as a distinguished argument.
f has no query slot, is symmetric in all d atoms, and cannot tell which atom is the self; it sees a multiset of
weighted headings, and the selector sees an atom at position 0 carrying the maximal weight, so a particle exactly
on top of the focal one is rightly treated identically. Kept: the self data, as an ordinary atom, necessarily so,
because shift-only framing pins the self position but not the self heading, and θi is a variable the alignment
average reads. Deleting the self atom would force f to remember θi, a query slot again. Full SE(2) framing,
rotating by −θi, removes the self entirely but is wanted only for heading-dependent interactions (vision cones,
blind spots) or to make a learned mechanism equivariant by construction; rotations are not isometries of
the torus, so that variant lives on a planar relative chart cropped to a ball of a few interaction ranges, at a
crop cost that is exactly zero for compact windows and exponentially small for Gaussian kernels. Default:
shift-only, self atom in. From here on (x, µ) denotes the framed configuration and neighbor moves are moves
of coordinates j ̸= i.

The value space and its constants.

Definition C.4 (Value space). V = S1, the heading, with ρ = dS1 , the angle in radians. The framed positions
are not values: they are read by the selector alone, and the design is the law of the headings and the weights.

V is compact and geodesic, diamV = π, so R = π/2 and κ = π, and N(ε,V, ρ) = ⌈π/ε⌉: metric dimension
1. A learner who took the positions as values would pay their dimension in the exponents of Section 4, which
carry dimV . Every statement of Section 4 made on an interval [−R,R] holds on S1 with the same constants.
With R = π/2, N(ε/2, S1) = ⌈2π/ε⌉ ≤ 5R/ε for ε ≤ R, the bound the proof of Theorem A.17 uses for the
interval, so C1 = 34 and the constant of Theorem 4.5 are unchanged, and the lower bounds of Theorems 4.4
and 4.5 transfer by placing the design on a half-circle, which is isometric to an interval of length π. By
Theorem A.17 the stratum of k-sparse lifted configurations has

logN(ε,Ak, D) ≲ k log(C/ε) + (k − 1) log(C ′/ε) = (2k − 1) log(C ′′/ε),

exponent 2k − 1 when the weights are free, as they are for the graded kernels, whose weights are functions of
the positions, and k for the ball, whose weights are uniform on its support.

Remark C.5 (The domain size is in the selector). The torus enters only through the selector’s scores. The
class’s constants are those of the circle: the reservoir price R = π/2 is the worst change of a heading average
per unit of weight removed, the crop constant κ = π is a half turn, and neither the side ℓ nor the interaction
range r appears in them. The framing shift and the position update p′i = pi + v0u

′ are an isometry and a
Lipschitz image of the heading output, and never enter the aggregation.

Membership: the Vicsek statistics are in the class. The update factors through two statistics of the
configuration,

m(x, µ) =
∑
j

µj e
iθj ∈ R2, ϖ(x, µ) = |m(x, µ)| ∈ [0, 1], (10)

the local mean velocity, with headings read from the values and weights from the selector slot, and its
resultant length, the local polarization: ϖ = 1 at perfect alignment, ϖ ≈ 0 at cancellation, and with uniform
weights over the whole flock ϖ is exactly Vicsek’s global order parameter. Membership comes in two layers of
different regularity, and the ordered-region hypothesis of the second is a lower bound ϖ ≥ ϖ0 on the first.

46



Proposition C.6 (Unconditional layer). For m and ϖ of (10): (i) each component of m is in G1, and
jointly |m(P )−m(Q)|2 ≤ D(P,Q) for all lifted P,Q; (ii) ϖ is in G1, so the quantity gating the conditional
layer is itself a member, unconditionally.

Proof. (i) m =
∑
j µje

iθj =
∫
uφ(s) dΦ with φ(s) = eiθ(s), the linear sum of Theorem A.5 with a value-only

score. For values s, t with headings θ, θ′, |eiθ − eiθ
′ |2 = 2 sin(dS1/2) ≤ dS1(θ, θ′) = ρ(s, t). Theorem A.5, in

its vector-valued form, gives the joint bound. Anonymity is clear. (ii) Post-compose with the 1-Lipschitz map
|·|2.

m is position-blind: value moves in position cost nothing and change nothing, consistently with positions
entering only through the selector. The update θ′i = argm factors as configuration 7→ m (Theorem C.6)
followed by the fixed normalization m 7→ u′ = m/|m| of R2 → S1, which discards the magnitude and keeps
the direction. Both outputs pass through it: the position update p′i = pi + v0 u

′ consumes the same direction
at constant speed, and the magnitude ϖ never enters the dynamics.

Proposition C.7 (Direction layer). On the ordered region {ϖ ≥ ϖ0} the normalization u′ = m/|m| satisfies
|u′(m)−u′(m′)|2 ≤ (1/ϖ0)|m−m′|2 and ∥Du′(m)∥ = 1/|m| ≤ 1/ϖ0. Hence the heading-update components
lie in the class at scale 1/ϖ0 on the ordered region, and the position displacement v0 m/|m| at scale v0/ϖ0.

Proof. For unit vectors u, v and r, s ≥ ϖ0, |ru− sv|22 = (r − s)2 + rs|u− v|22, so |u− v|2 ≤ |ru− sv|2/
√
rs ≤

|ru − sv|2/ϖ0: take u = u′(m), r = |m|, v = u′(m′), s = |m′|. The differential form is the Jacobian
(I − u′u′⊤)/|m|. Compose with Theorem C.6(i).

Remark C.8 (The ϖ0 caveat is the phase transition). ϖ ≥ ϖ0 fails where neighbors cancel, the rule in the
disordered phase and the exception in the ordered one, half a percent of the samples at η = 1.2. There the true
update is genuinely unstable, the direction of a near-zero resultant, so the divergence of the class constant
as ϖ0 ↓ 0 is the constant pricing the physics rather than slack: L = 1/ϖ0 diverges at the order–disorder
transition, where the order-parameter fluctuations peak (Chaté et al., 2008). The resultant ϖ is a member
unconditionally, and only the direction readout pays 1/ϖ0. The price is attached to the constant-speed rule,
which forces the output onto the unit circle, not to alignment as such: a linear velocity-averaging dynamics of
Cucker–Smale type (Cucker and Smale, 2007), v′i =

∑
j cijvj with no renormalization, stops at the first layer

and is a fully unconditional member.

On the replicas after the burn-in the local polarization under the ball selector has mean 0.94 at η = 1.2,
with ϖ ≥ 0.8 on 99.5% of the samples and ϖ ≥ 0.6 on 99.96%, and mean 0.78 at η = 2.4, with ϖ ≥ 0.6 on
94% and ϖ ≥ 0.5 on 97% (64,000 samples per regime, the resultant of the atoms within r = 1, self included).

The gate ϖ ≥ ϖ0 is a condition on (x, µ) jointly, hence with µ = c(ω) apparently a restriction on the
selector as well as on x. The next lemma decouples it: weighted averages of unit vectors respect cones, so a
heading-coherence condition on x alone yields one ϖ0 uniformly over all selectors with a given tail bound.

Lemma C.9 (Coherence decouples the gate from the selector). Fix a range rc > 0 and α < π/2, and call the
state (α, rc)-coherent at the focal particle if all headings of the particles within distance rc of it, self included,
lie in a closed arc of half-width α, a condition on the headings and the positions together. Then for every
µ ∈ ∆d placing mass at least 1− t on the rc-ball,

ϖ(x, µ) ≥ (1− t) cosα− t ≥ cosα− 2t.

Consequently, for any selector whose tail beyond rc is at most t on the design region, the ordered-region
hypothesis holds with ϖ0 = cosα − 2t, positive once cosα > 2t, uniformly over the selector family: the
restriction is on the state, the standard locally ordered hypothesis of the flocking literature, and on the selector
only through its standing tail bound.

Proof. Let e be the arc axis. Each in-ball heading vector has ⟨eiθj , e⟩ ≥ cosα, each out-of-ball vector at least
−1, so ⟨m, e⟩ ≥ (1− t) cosα− t, and ϖ ≥ ⟨m, e⟩.

Remark C.10 (Region restrictions are benign). ϖ is a functional of the lift, ϖ = |
∫
u eiθ(s) dP |, so {ϖ ≥ ϖ0}

is a lift-defined region of the same kind as a stratum hypothesis: in the learning setup both are conditions on
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the lifted design. Membership on the region is direct. m is 1-Lipschitz on all lifts (Theorem C.6) and u′ is
(1/ϖ0)-Lipschitz in m on the region (Theorem C.7), so each component of u′ ◦m, restricted to the lifts of
the region, is (1/ϖ0)-Lipschitz there, and McShane’s extension, clipped to [−1, 1], is a member of G1/ϖ0

that
agrees with the update on the region. The characterization itself is not the route: the proof of Theorem 3.2
passes through intermediate configurations that can leave the region. The region is stable under the crop up to
a margin: a t-crop moves ϖ by at most 2t/(1− t), so after the crop the gate holds at ϖ0 − 2t/(1− t).

What the number bounds. The certificate bounds the uniform deviation of the unit ball G1 in the class’s
own units, against the trivial κ, and it translates directly into the flock’s own statistics. The components
of the local mean velocity are members of G1 with range 2 (Theorem C.6), so on the ball at η = 1.2 their
deviation between the population and the sample is at most 0.034κ = 0.11 against 2. The heading update is
in GL at L = 1/ϖ0 on the samples whose local polarization is at least ϖ0 (Theorem C.7), and its extension
from that region, clipped to [−1, 1], is a member of G1/ϖ0

on every sample (Theorem C.10) that differs from
the update only on the region B := {ϖ < ϖ0}, by at most the range 2. So for a component u of the update
and its extension ū,

|Γu− Γ̂Au| ≤ |Γū− Γ̂Aū|+ 2Γ(B) + 2 Γ̂A(B) ≤ 1

ϖ0
W1(Γ̂A,Γ) + 2Γ(B) + 2 Γ̂A(B),

where Γ̂A(B) is observed and Γ(B) is at most the share of B in the 64,000 samples plus
√
ln(1/δ)/(2 · 64,000) =

0.005 at δ = 0.05, by Hoeffding’s inequality on the indicator of B. At η = 1.2 and ϖ0 = 0.8 the region holds
on 99.5% of the samples of either half, so the deviation of the update between the population and the sample
is at most 0.13+0.03 = 0.16 against a range of 2. At η = 2.4 and ϖ0 = 0.6 it holds on 94%, and the deviation
is at most 0.26 + 0.25 = 0.51 against 2, the samples outside the gate costing as much as the certificate at that
noise. For regression with the absolute loss on a target in the class the gap of every predictor is at most twice
the number (Theorem B.22), and other losses cost the factor of their Lipschitz constant.

D Lower bounds from the profile
The upper bounds of Section 4 are functionals of the profile. This appendix shows that the profile is also
what bounds the problem from below: at a fixed stratum the uniform law is at the (2k − 1)-dimensional rate,
and so is the risk of learning from noiseless labels (Theorem D.5), and on a design with an exponential profile
it is quasi-polynomial in n. The technique is classical, a bound on the mass that the lifted design gives a ball,
so that n atoms cover at most half of the design at the scale where the bound is 1/(2n), and the content
is in the object: the metric D restricted to a fiber of fixed weights is bi-Lipschitz to a weighted supremum
distance whose weights are the design’s (Theorem D.1), so the lifted design is locally an anisotropic box
with semi-axes the weights, and on an exponential profile its mass at scale ε is exp(− ln2(1/ε)/(2β)) up to
constants. The square loss has lower bounds of the same shape from the same fibers, by Assouad’s hypercube,
sketched in Theorem B.23.

D.1 The device: fibers of fixed weights
Lemma D.1 (Fibers of fixed weights). Let µ ∈ ∆d have support S := {i : µi > 0} with pairwise distinct
entries on S, and set, with γ(µ) := 1 when S is a single atom,

γ(µ) := min
i̸=j∈S

|µi − µj |
max(µi, µj)

∈ (0, 1].

(i) Φ is injective on VS × {µ}, values off S being forgotten, and for all x, y ∈ Vd,

γ(µ)

2
max
i∈S

µi ρ(xi, yi) ≤ D
(
Φ(x, µ),Φ(y, µ)

)
≤
∑
i∈S

µi ρ(xi, yi).

(ii) Write Fµ := Φ(Vd × {µ}) for the fiber over µ. If µ, ν differ as multisets of positive weights then
D(Fµ, Fν) ≥ Rm(µ, ν) > 0, where m(µ, ν) is the minimum, over partial matchings of the positive
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entries of µ with those of ν, of the sum of |µi − νj | over matched pairs plus the sum of the unmatched
entries.

Proof. (i) Injectivity: Φ(x, µ) = Φ(y, µ) forces equal multisets of positive pairs (Theorem A.8); the weights
being distinct, the pairing is the identity on S. Upper bound: match atom i to atom i, at cone cost µiρ(xi, yi)
each. Lower bound: fix i ∈ S attaining the maximum and follow the atom (xi, µi) in an optimal partial
matching. Matched to (yi, µi) it costs µiρ(xi, yi). Matched to (yj , µj), j ̸= i, it costs at least the height
term R|µi − µj | ≥ Rγ(µ)µi ≥ 1

2γ(µ)µiρ(xi, yi), as ρ ≤ 2R. Unmatched it costs Rµi ≥ 1
2µiρ(xi, yi). All other

terms are nonnegative. (ii) Value terms are nonnegative, so every partial matching between Φ(x, µ) and
Φ(y, ν) costs at least R times its height cost, which is at least Rm(µ, ν); the minimum is over finitely many
matchings and vanishes only if one of them pairs every entry with an equal entry, that is if the multisets
coincide.

D.2 Fixed stratum: the calibration from below
Definition D.2 (A region of separated weights). Let V = [−R,R], k ≥ 2, and put

µ0
i :=

2i

k(k + 1)
, δ0 :=

2

k(k + 1)
, r :=

δ0
4k
, m0 :=

3δ0
4
,

so δ0 is both the gap between consecutive coordinates of µ0 ∈ ∆k and its minimum, and let

Uk :=
{
a ∈ ∆k : |ai − µ0

i | ≤ r, i ≤ k − 1
}
,

a cube of side 2r in the chart (a1, . . . , ak−1). On Uk every coordinate is within δ0/4 of µ0, the last one because
(k − 1)r ≤ δ0/4, hence ai ≥ m0 for all i, the coordinates of a single a ∈ Uk are pairwise at distance at least
δ0/2, and |ai − a′j | ≥ δ0/2 for all a, a′ ∈ Uk, i ̸= j. The stratum design is Qk := Unif([−R,R]k)⊗Unif(Uk)
on the first k coordinates, weight 0 on the others, normalized Lebesgue measure in the chart: an exactly
k-sparse design, Tk = 0 a.s., with lift Γk supported in Sk := Φ([−R,R]k × Uk) ⊆ Ak.

At k = 1 the stratum is the interval at height 1, and W1(νn,Γ1) ≥ c/n for every n-atom νn is the
quantization bound of the uniform law on an interval, so the converse of Theorem 4.4 holds at k0 = 1 as well.

Lemma D.3 (Local bi-Lipschitz bound on the separated region). For (x, a), (y, a′) ∈ [−R,R]k × Uk with
D(Φ(x, a),Φ(y, a′)) ≤ ε < Rδ0/2,

m0 ∥x− y∥1 +R ∥a− a′∥1 ≤ ε.

Proof. Both lifts have k atoms, one per coordinate. A partial matching that pairs coordinate i of the first
with coordinate j ≠ i of the second pays R|ai − a′j | ≥ Rδ0/2 on that pair, and one that leaves an atom
unmatched pays Rai ≥ Rm0 ≥ Rδ0/2; either exceeds ε. So the optimal matching pairs each coordinate with
itself, and D =

∑
i

[
min(ai, a

′
i) |xi − yi|+R|ai − a′i|

]
≥ m0 ∥x− y∥1 +R ∥a− a′∥1.

Lemma D.4 (Mass bound, and the uniform law at a stratum). Let εmax(k) := Rδ0/5,

Ck :=
22k−1

mk
0 R

2k−1 rk−1 k! (k − 1)!
, ck := 1

2 (2Ck)
−1/(2k−1).

For every P ∈ Md and ε ≤ εmax(k), Γk(B(P, ε)) ≤ Ck ε
2k−1, and for every n and every n-atom probability

measure νn on Md,
W1(νn,Γk) ≥ min

{
ck n

−1/(2k−1), εmax(k)/2
}
;

in particular this bounds EW1(Γ̂n,Γk) from below.

Proof. Mass bound. If B(P, ε) misses Sk there is nothing to prove. Otherwise pick P ′ = Φ(x′, a′) ∈ Sk∩B(P, ε),
so that B(P, ε) ⊆ B(P ′, 2ε). Every (y, a) ∈ [−R,R]k × Uk with Φ(y, a) ∈ B(P ′, 2ε) satisfies, by Theorem D.3
as 2ε < Rδ0/2, ∥x′ − y∥1 ≤ t := 2ε/m0 and ∥a′ − a∥1 ≤ 2ε/R. Since Qk is a product measure,

Γk
(
B(P ′, 2ε)

)
≤ (2t)k

k! (2R)k
· (4ε/R)k−1

(k − 1)! (2r)k−1
= Ck ε

2k−1,
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using the volume (2t)m/m! of the ℓ1-ball of radius t in Rm, in the chart for the second factor, where the
ℓ1-norm of the first k − 1 coordinates is at most the full one. Uniform law. Let νn =

∑
i≤n ai δPi and set

ε := min{(2nCk)−1/(2k−1), εmax(k)}, so that nCkε2k−1 ≤ 1
2 . By the mass bound, Γk

(⋃
i B(Pi, ε)

)
≤ 1

2 , and
any coupling of νn with Γk transports the Γk-mass outside this union, at least 1

2 , across distance > ε. Hence
W1(νn,Γk) ≥ ε/2.

Theorem D.5 (Learning from below at a stratum). Let k ≥ 2 and let Qk be the stratum design of
Theorem D.2. A learner is a measurable map from a sample (Zi, f

∗(Zi))i≤n, Zi i.i.d. ∼ Qk, to a function f̂

on C, and its risk on the target f∗ is EQk
|f̂ − f∗|. There are c′k > 0 and nk, depending on k and R only,

such that for every n ≥ nk and every learner

sup
f∗∈G1

EEQk
|f̂ − f∗| ≥ c′k n

− 1
2k−1 :

at a fixed stratum the labels, however many and noiseless, do not lift the exponent of Theorem 4.4.

Proof. Write Γ := Γk, S := Sk, and fix ε ≤ ε′max(k) := Rδ0 min{1/20, 2/k}, so that 2ε ≤ εmax(k) and ε/(8R) ≤
r. A packing. Let P1, . . . , PN be a maximal 2ε-separated subset of S, finite by compactness. By maximality
the balls B(Pj , 2ε) cover S, so 1 ≤

∑
j Γ(B(Pj , 2ε)) ≤ N Ck(2ε)

2k−1 by the mass bound of Theorem D.4,
that is N ≥ 1/(Ck(2ε)

2k−1). The mass near a center. Write Pj = Φ(xj , aj) with (xj , aj) ∈ [−R,R]k × Uk.
Matching coordinate i with coordinate i (Equation (4)), D(Φ(y, a), Pj) ≤

∥∥y − xj
∥∥
1
+R

∥∥a− aj
∥∥
1
, and the last

coordinate of a−aj is bounded by the sum of the others, so {
∥∥y − xj

∥∥
1
≤ ε/4}×{

∥∥(a− aj)≤k−1

∥∥
1
≤ ε/(8R)}

lifts into B(Pj , ε/2). The ℓ1-ball of radius t in Rm has volume (2t)m/m!, and its intersection with a cube
containing the center contains one of its 2m orthant pieces, wherever the center sits, once t is at most half
the cube’s side, which holds for both factors (ε/4 ≤ R and ε/(8R) ≤ r). As Qk is the product of the uniform
laws on the cube [−R,R]k and on the cube Uk of side 2r in the chart,

Γ
(
B(Pj , ε/2)

)
≥ (ε/2)k

2k k! (2R)k
· (ε/(4R))k−1

2k−1 (k − 1)! (2r)k−1
=: c2 ε

2k−1.

The bumps. Let φj(P ) := (ε − D(P, Pj))+, a 1-Lipschitz function of the lift supported in B(Pj , ε) and
at least ε/2 on B(Pj , ε/2), so that

∫
φj dΓ ≥ 1

2c2ε
2k. For σ ∈ {−1, 1}N put fσ :=

∑
j σj φj ◦ Φ. It is in

G1: the supports are disjoint, the centers being 2ε apart, and for P in the j-th support and P ′ in the
l-th, l ≠ j, |fσ(P ) − fσ(P

′)| ≤ φj(P ) + φl(P
′) = 2ε − D(P, Pj) − D(P ′, Pl) ≤ D(P, P ′) by the triangle

inequality through D(Pj , Pl) ≥ 2ε, while for P ′ in no support |fσ(P )− fσ(P
′)| = φj(P ) ≤ ε−D(P, Pj) ≤

D(P ′, Pj)−D(P, Pj) ≤ D(P, P ′). The signs. Let σ be uniform on {−1, 1}N , independent of the sample, and
J the set of j whose ball B(Pj , ε) contains no sample point. The labels fσ(Zi) are functions of the sample
and of (σj)j /∈J alone, so conditionally on both, (σj)j∈J is still uniform, and for Z ′ ∈ B(Pj , ε) with j ∈ J ,
where fσ = σjφj , E[|f̂(Z ′)− σjφj(Z

′)| | sample, (σj)j /∈J ] ≥ φj(Z
′), as 1

2 |a− b|+ 1
2 |a+ b| ≥ |b|. Integrating

over Z ′ and summing over j ∈ J , the risk averaged over σ, which the supremum over f∗ dominates, is at
least

∑
j Pr(j ∈ J)

∫
φj dΓ, and Pr(j ∈ J) = (1 − Γ(B(Pj , ε)))

n ≥ 1 − nCkε
2k−1 by the mass bound. The

scale. Take ε := (2nCk)
−1/(2k−1) = 2ckn

−1/(2k−1), which is at most ε′max(k) for n ≥ nk := (2ck/ε
′
max(k))

2k−1.
Then Pr(j ∈ J) ≥ 1

2 and

sup
f∗∈G1

EEQk
|f̂ − f∗| ≥ N · 1

2 · 1
2c2ε

2k ≥ c2 ε

4Ck 22k−1
=

c2 ck
4k Ck

n−
1

2k−1 =: c′k n
− 1

2k−1 .

D.3 Exponential profiles: quasi-polynomial from below
Theorem D.6 (Exponential profile: the uniform law from below). Let V = [−R,R], β > 0, q := e−β,
γ := 1− q, and d ≥ 2. Let µβ ∈ ∆d have entries µβj := γqj−1/(1− qd), and let Qβ := Unif([−R,R]d)⊗ δµβ ,
with lift Γβ supported in the fiber F β := Fµβ . Then Tk ≤ e−βk for all k at every configuration: an exponential
profile at rate β with A = 1, to which Theorem 4.5 applies. For every n ≥ 1 with d ≥

√
2 ln(2n)/β + 1 and

every n-atom probability measure νn on Md,

W1(νn,Γ
β) ≥ γ2R

16
e−

√
2β ln(2n);

50



in particular this bounds EW1(Γ̂n,Γ
β) = ∆n(Q

β) from below.

Proof. Profile and gaps. Tk(µβ) =
∑
j>k µ

β
j = (qk − qd)/(1− qd) ≤ qk, as qk+d ≤ qd. For i < j, µβi − µβj =

µβi (1− qj−i) ≥ γµβi , so γ(µβ) ≥ γ in Theorem D.1(i):

D
(
Φ(x, µβ),Φ(y, µβ)

)
≥ γ

2
max
j
µβj |xj − yj | (x, y ∈ [−R,R]d), (11)

and Φ is injective on [−R,R]d × {µβ}. Also µβj ≥ γqj−1.
The anisotropic box. For t ∈ (0, γ2R/4] put a(t) := ln(γ2R/(4t)) ≥ 0, K(t) := ⌊a(t)/β⌋ + 1 ≥ 1, and

yj(t) := γµβjR/(2t) ≥ γ2qj−1R/(2t) = 2ea(t)−β(j−1), so that yj(t) ≥ 2 for j ≤ K(t), as β(K(t) − 1) ≤ a(t).
Consequently, for K = K(t) ≤ d and a = a(t),∏

j≤K

1

yj(t)
≤ 2−Ke−aK+βK(K−1)/2 ≤ 2−Ke−aK/2 ≤ e−a

2/(2β), (12)

using β(K − 1) ≤ a and then K > a/β.
The bound. Fix P ∈ Md and ε with 2ε ≤ γ2R/4 and K ′ := K(2ε) ≤ d, and suppose B(P, ε) meets F β at

P ′ = Φ(x′, µβ). Then B(P, ε) ⊆ B(P ′, 2ε), and by (11) every Φ(y, µβ) ∈ B(P ′, 2ε) has |yj − x′j | ≤ 4ε/(γµβj ) =

R/yj(2ε) for every j. As Qβ is uniform on the cube, Γβ(B(P, ε)) ≤
∏
j≤K′ min{1, 1/yj(2ε)} ≤ e−a(2ε)

2/(2β)

by (12). For an n-atom νn =
∑
i aiδPi

take ε := 1
8γ

2Re−
√

2β ln(2n), so that a(2ε)2/(2β) = ln(2n) and
K ′ = ⌊

√
2 ln(2n)/β⌋ + 1 ≤ d: then Γβ(

⋃
i B(Pi, ε)) ≤ ne− ln(2n) = 1

2 , every coupling of νn with Γβ moves
Γβ-mass at least 1

2 across distance ≥ ε, and W1(νn,Γ
β) ≥ ε/2.

D.4 Reading
Fixed stratum. The lower exponent of Theorem D.4, 1/(2k − 1), is the upper exponent of Theorem 4.4 on
interval values for k ≥ 2, by the multiscale coupling of Theorem B.18 on the cropped stratum: at a fixed
stratum the uniform law is n−1/(2k−1) from both sides. The constants are polynomial in k on the lower side
and the comparison of constants is not pursued. At k = 1 the stratum is an interval, where the empirical
measure converges at n−1/2 and the quantization bound c/n of every n-atom measure is the converse’s form.

The exponential rate is the rate of the problem. Between Theorem 4.5 and Theorem D.6 the uniform law
of the design Qβ is e−c

√
β lnn with the constant c lying between 1/

√
2 and

√
2, up to lower-order factors. The

fiber resembles the exponential ellipsoid of Lei (2020, Thm. 4.2) at log γ = β, whose entropy ln2(1/ε)/(2β)

is his Lemma 4.3 and whose rate e−
√
2 log γ lnn has the shape of Theorem D.6. Neither the partition nor

the crop is the reason for the quasi-polynomial shape: for every fixed k the lower bound exceeds n−1/(2k−1)

eventually (for d ≥
√
2 ln(2n)/β + 1), so Qβ is harder than every stratum, while the upper bound places

it below every logarithmic rate. The design is d-free in the sense that matters: d enters only through that
condition, the number of coordinates the construction uses, which is the cutoff Kn ≍

√
lnn/β of Theorem 4.5

read from below. The whole lower bound is the mass bound Γβ(B(P, ε)) ≤ exp(− ln2(γ2R/(8ε))/(2β)): the
local dimension of the lifted design at scale ε is ln(1/ε)/β, the profile’s own cutoff, and upper and lower
bounds read the same quantity, one as a covering count and the other as a packing mass. The stratum
count of Theorem A.17 resolves every value at the scale ε and covers the weights over all of ∆k, whereas
the fiber itself has the metric entropy of the anisotropic box

∏
j [±Rµ

β
j ] and no weights to cover. Whether a

count resolving the atom of rank j at its own scale ε/(kµj), which would recover the fiber’s entropy up to a
polylogarithmic factor, raises the constant of Theorem 4.5 is left open.

E The literature in full
Section 2 keeps the contrasts the results rest on. This appendix gives the lines in full.
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Symmetric functions and Deep Sets. The representation of Section 3.2 belongs to a tradition in which
an invariant embedding absorbs a symmetry and the functions above it are free. For permutation symmetry
the embedding is a sum of per-element features: the fundamental theorem of symmetric polynomials (Weyl,
1939; Macdonald, 1995) gives every continuous symmetric function of n scalars as ρ(

∑
i φ(xi)) with φ the

power sums, Deep Sets (Zaheer et al., 2017) is this statement with the two maps learned, and the sum
decomposition is the form of the set networks that followed (Sannai et al., 2019; Segol and Lipman, 2020;
Amir et al., 2023; Zweig and Bruna, 2022). The width is the price: Wagstaff et al. (2022) show that a
continuous sum decomposition of all symmetric functions of n elements needs latent dimension n, and that
below it there is a Lipschitz symmetric function that no decomposition approximates better than a constant
does. The embedding of these results carries no metric, so the class it represents is all continuous symmetric
functions and the complexity sits in the width. Here the embedding carries a metric, the class is its Lipschitz
ball, the sum networks are its linear functionals with a readout (Section 3.2), and the complexity sits in
the geometry of the design. The count-free rate of the linear sums (Theorem B.20) is the phenomenon of
distribution regression, the learning of a function of a distribution from the mean embedding of a sample
of it, at rates in the number of distributions and the size of each sample (Póczos et al., 2013; Szabó et al.,
2016): a linear sum is a function of the mean lift of the configuration and learns at the value space’s rate
whatever the count, and the class beyond the linear sums is what the profile prices. The sample-complexity
gain of an invariance is quantified in another line: on an invariant target the least-squares gap of a linear
model exceeds the invariant model’s by the dimension of the non-invariant directions over n (Elesedy and
Zaidi, 2021), an invariant kernel gains a factor of the group’s order for a finite group (Bietti et al., 2021), the
covering of a quotient feature space gains

√
d! for a permutation-invariant network (Sannai et al., 2021), and

on a manifold under a Lie group the minimax exponent carries the dimension of the quotient (Tahmasebi
and Jegelka, 2023). For the symmetric group on d coordinates the quotient of the configuration space still
has dimension of order d, so anonymity alone buys a constant, and it is the profile that removes d from the
exponent (Section 4.1). The stability results on sum embeddings ask how well a fixed embedding preserves a
Wasserstein distance chosen in advance, under which sum-based multiset networks are Hölder in expectation
and not bi-Lipschitz (Davidson and Dym, 2025), and which aggregators are Lipschitz for a multiset distance
fixed in advance, the sum, the mean, the maximum and attention against three such distances, is Nikolentzos
and Skianis (2026), and a sliced-Wasserstein embedding of multisets that is bi-Lipschitz for that distance,
with no bi-Lipschitz embedding of measures at all, is Amir and Dym (2025), while De Bie et al. (2019) build
networks on weighted point clouds that are Lipschitz for a Wasserstein distance chosen in advance. Networks
on spaces of probability measures with a universal approximation theorem are Pevný and Kovařík (2019),
and the learning of Lipschitz and Sobolev functions on Wasserstein space from samples is Fornasier et al.
(2023) and Pham and Warin (2023): functions of the weighted value measure, the pointwise subclass of
Theorem A.6, in which the weights are mass. Here the question is which distance the class itself determines.
On a fixed hard selection the two views agree, since the restriction of our class is every symmetric Lipschitz
function of the selected values (Theorem A.15).

Graph networks. A graph network aggregates over the neighborhood of each node, a set that differs from
node to node, and its neighborhood aggregation is our object with a hard selector. Its generalization bounds,
Rademacher and PAC-Bayes bounds for a fixed architecture (Garg et al., 2020; Liao et al., 2021), charge
the maximum degree of the training graphs per layer, or its spectral relaxation (Ju et al., 2023) or norms of
the propagation matrix that reduce to degree bounds (Esser et al., 2021), at the rate m−1/2 with the degree
a constant in front. Whether any finer statistic of the data can be used was posed as a question in that
line (Liao et al., 2021; Morris et al., 2024). The graphon line (Maskey et al., 2022), with its extension to
sparse graphs and mixtures of graphons (Maskey et al., 2024), points the other way: with mean aggregation
on dense graphs its bounds improve with the node count, with constants that grow as the kernel’s minimal
degree shrinks, where ours improve as the design gets sparser and never see the node count. These bounds
cover the parameter ball of one network, whose parameters are shared across nodes so that the node count
drops out, and with it the neighbor count. What they become when asked to learn our class is Theorem B.19,
a bound at the maximum count. Lower bounds exist in graph learning, in Weisfeiler–Leman classes and in
margins (Vasileiou et al., 2025b), and on the Rademacher complexity of a graph convolutional network at a
constant degree on one fixed graph (Lv, 2021), none minimax, and none for a neighbor count that varies with
the configuration.
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A second line puts a metric on the graphs under which message-passing networks are Lipschitz. The
metrics are the tree mover’s distance (Chuang and Jegelka, 2022), the cut distance of graphon signals (Levie,
2023), unbalanced transport distances with a mass-difference term (Böker et al., 2023; Rauchwerger et al.,
2025), and lately one metric on graphs of every size, sparse and dense, through graphops (Amran et al.,
2026). It covers the graph space and applies a generic statistical step, a Rademacher bound or the robustness
bound of Xu and Mannor (2012) or its occupied-cell form (Kawaguchi et al., 2022). Covered Forest (Vasileiou
et al., 2025a) is its latest form, with covering numbers through Weisfeiler–Leman classes. Ours has the same
architecture, the lift with D, the strata with their covering numbers and the coupling, and differs in three
places. The direction of the geometry: they start from a model and find a metric in which it is Lipschitz, so
the Lipschitz ball is an envelope of the model and the metric one choice among several, where Rauchwerger
et al. (2025) come closest with a converse and the model class dense in the continuous functions of their
space. We start from the axioms, and the representation theorem is an equality. What is covered: they cover
the space at one scale, or with the sample’s cell proportions at one radius (Carrasco et al., 2025, Prop. 4) and
per-cell radii (Vasileiou et al., 2025a, Thm. 35), and we cover the measure, by the profile across the shells
with a multiscale coupling within each, and by the sample’s own configurations. What is proved, and what
is non-vacuous, below the trivial value of the risk in the sense of Dziugaite and Roy (2017) and of the risk
certificates of Pérez-Ortiz et al. (2021): the covering number of a graph space is astronomical where it is
known (Levie, 2023) and unbounded where it is not (Amran et al., 2026), so the theorems’ values are not
reported on a benchmark, and the non-vacuous values Covered Forest reports evaluate the Weisfeiler–Leman
classes the dataset occupies, with a Lipschitz constant estimated from the data, a counting of the kind of
the occupied-cell bound of Kawaguchi et al. (2022), while the non-vacuous value of Ju et al. (2023) is a
PAC-Bayes bound evaluated at the trained network through its loss Hessian, a bound on one trained network
rather than over a class. The certificate of Theorem 4.6 is a theorem on the data at every step, and on the
flock it is a thirtieth of the trivial value (Section 5.1). That a class large enough to hold a trained network
makes every uniform bound vacuous (Nagarajan and Kolter, 2019) is an objection to the size of the class:
here the class is the Lipschitz ball of the lift, its uniform deviation on the design is measured rather than
bounded from above by a covering, and on the flock it is small.

Empirical complexity. The bound behind the certificate is the classical one, the maximum discrepancy of
Bartlett et al. (2002) through the symmetrization of Vapnik and Chervonenkis (1971), and what is ours is
that on the class it is the transport itself, by the representation, and is computed at one observed split. A
similar quantity has recently been used in a different context. Chuang et al. (2021, Thm. 2) take the expected
transport between two independent samples of a feature distribution, the k-variance of Solomon et al. (2022),
as the complexity term of a margin bound for the readouts of a trained encoder, with an empirical version
at one concentration term (their Lemma 5 and Cor. 6), and compute it on data as a measure that tracks
generalization rather than evaluating the bound. Hou et al. (2023) evaluate a transport bound with the
counts of a fixed partition, and Zhu et al. (2021) compute sample covering numbers on image data with the
bound itself not evaluated, in the shape of the sample-cover bound of Mansour and McAllester (2000). None
of these is the bound of Theorem 4.6: theirs is a complexity term or a partition count entering a bound on a
model, in the metric of its features, ours the observed gap of the class itself in the metric the class implies.
The closest form is in domain adaptation, where the target risk of a Lipschitz class is bounded by the source
risk plus the transport between the empirical source and target samples (Redko et al., 2017, Thm. 2), (Shen
et al., 2018, Thm. 1), with the joint error of the two domains and one concentration term per sample: the
two halves of Theorem 4.6 share a law, so the joint error is absent and one term serves, and the transport is
a matching in the class’s own metric, computed exactly.

Attention. Attention (Vaswani et al., 2017) gives each output its own field of view: the softmax weights
over the inputs are a weight vector of the kind this paper is about, they vary with the input, and in some
heads and on some inputs a few tokens carry most of the weight. Fixed-pattern attention restricts each output
to a window or a sparse pattern chosen in advance (Child et al., 2019; Beltagy et al., 2020), a hard selector
given, with the softmax inside the pattern a graded one. The Lipschitz constant of a whole attention map,
weights included, is Kim et al. (2021), a statement about the composite rather than about the mechanism
with its weights held as an input. Attention as a map on measures, a self-interacting particle system that
is Lipschitz in a transport metric (Vuckovic et al., 2020), with a constant bounded by

√
n in the sequence
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length on a compact set and independent of it in the mean-field regime (Castin et al., 2024), is the same
composite with uniform weights and the selector inside it. The learning-theory results nearest to ours are on
transformers whose target depends on a few tokens of the context: a sample complexity almost independent
of the context length when the positions of the q tokens are given in the prompt (Mousavi-Hosseini et al.,
2025), logarithmic in it for sparse variable creation (Edelman et al., 2022), with the q-sparse average as the
representational primitive (Sanford et al., 2023), length-independent norm bounds (Trauger and Tewari,
2024), an input-dependent importance of the coordinates (Takakura and Suzuki, 2023), and a per-sample
sensitivity cap as the locality condition (Nagler, 2023), a one-layer transformer that learns the sparse token
selection by gradient descent where a fully connected network cannot (Wang et al., 2024), and a sample
complexity in the inverse fraction of the label-relevant tokens, a statistic of graded sparsity, with an attention
map that training sparsifies (Li et al., 2023). Those have a selection of tokens, hard at a fixed count or graded
by an importance the network infers, an ordered link and a parametric class, and ask which architecture
learns to retrieve the tokens. Ours has graded weights given as input and a varying count, anonymity, the
full Lipschitz class, a profile with lower bounds, and a certificate, and asks the complexity of the mechanism
once the weights are given. Nikolentzos and Skianis (2026) show that attention pooling has instances that are
Lipschitz for none of the three multiset distances they consider, a statement about the composite (1) with
the selector inside it; with the weights an input and the cap an axiom, the mechanism f is Lipschitz in the
metric the class determines, and the composite is not treated here. The mechanism is nevertheless outside
the scope of this paper. Its weights are learned, together with everything else, and an attention block is not
trained on its own, so the problem studied here, learning a mechanism whose selector is given, does not arise
in that form.

Interaction kernels. The learning of interaction laws in particle systems from trajectories is the subject
of Lu et al. (2019, 2021): the mechanism is a mean-field sum N−1

∑
j φ(|xj − xi|)(xj − xi) with the scalar

kernel φ unknown, and the least-squares estimator converges at the one-dimensional nonparametric rate, in
the L2 norm of the law of the pairwise distances along the trajectories, a measure-level norm. In the terms of
Section 3.1 their class is the linear sums with the weights uniform over all agents and the score a fixed function
of the pairwise displacement, so the rate is that of the one-dimensional kernel and no profile enters; here the
class is every Lipschitz function of the lift, whose rate the profile sets, with the selector given. Their treatment
of dependence along a trajectory is what the independent replicas of Section 5 sidestep. The same mean-field
object with the drift a nonparametric function of the state and of the empirical measure is estimated from
one trajectory per particle at the minimax rate of its Hölder class (Yao et al., 2022), uniform weights again
and no selector. In the animal groups the object inferred is the selector itself, the interaction range of a
starling flock from field data by a maximum-entropy fit, a fixed number of topological neighbors (Bialek
et al., 2012), and in robot swarms a graph network learns the flocking controller with the communication
graph given (Tolstaya et al., 2020): the second is the setting of this paper, the first its complement.

The matching distance. The metric of Section 3.2 is produced by the axioms, and the derivation is new:
none of the lines that built its ingredients starts from a class of functions. Each ingredient was met before from
the other end, introduced to compare measures of unequal mass. Mass must be allowed to appear or vanish,
the cheapest way to price that is a reservoir at a linear price per unit, and the height coordinate of the cone is
the mass itself. The Kantorovich–Rubinstein norm extends from measures of mass zero to all finite measures
by paying the variation of the untransported part, which gives the flat metric, whose dual is the space of
bounded Lipschitz functions (Kantorovich and Rubinstein, 1958; Hanin, 1992), reached again from transport
equations with a source term as the generalized Wasserstein distance (Piccoli and Rossi, 2014, 2016). Figalli
and Gigli (2010) let mass leak through the boundary of the domain at the cost of its squared distance to it.
In unbalanced transport, the least cost of carrying mass m0 at x0 to mass m1 at x1, with transport at unit
price and creation or destruction at price δ per unit, is min(|x1 − x0|, 2δ)min(m0,m1) + δ|m1 −m0| (Chizat
et al., 2018), the cone cost (2) at δ = R. The same function is the marginal perspective of the total-variation
entropy-transport problem, which Liero et al. (2018) rewrite as transport on the cone over the base space
with mass-weighted marginals. A persistence diagram is a multiset of birth–death pairs, and its distance
to another diagram lets a feature vanish at the cost of its distance to the diagonal, available with infinite
multiplicity (Cohen-Steiner et al., 2010; Turner et al., 2014): the matching form with a reservoir on multisets
of unit masses. On multisets of vectors the matching distances of Chuang and Jegelka (2022), Davidson and
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Dym (2025) and Nikolentzos and Skianis (2026) charge an unmatched element its norm, the origin as the
reservoir. Divol and Lacombe (2021) identify it with boundary transport and compute it by padding each
side with the other’s mass at the reservoir, the identity (5) (also Lacombe et al., 2018). Bubenik and Elchesen
(2022a) prove that on any metric space with a distinguished subset the Wasserstein distance on such multisets
is universal, the largest subadditive metric compatible with the ground metric, with Kantorovich–Rubinstein
duality at p = 1: Theorem A.9(iii) is that theorem on the cone with its apex. What Theorem 3.2 adds is
not the space but the identification. The configuration is a multiset because anonymity says so, the value
cost at the smaller height is the value cap, the height is the cap weight rather than a mass, and the price R
of a unit of height is the modulus of the linear sums (Theorem A.4). The axioms’ per-coordinate moduli
integrate, with constant 1 and for every pair of configurations, to exactly the matching cost (Section A.3).
Theorem 3.2(ii), that the metric is the smallest making the class Lipschitz, is the class-side statement and
a corollary of (i). Two consequences separate this from the mass-bookkeeping reading. The marginals are
counting marginals, one atom per participant whatever its weight: with mass-weighted marginals the same
cost gives the flat metric, whose Lipschitz ball is a strictly smaller class in which the selected maximum has
no constant at all (Theorem A.6). And the two semantics differ only in the height coordinate. The statistics
done on these spaces asks different questions: consistency and minimax rates for the diagram of a sample
under a support assumption (Chazal and Michel, 2021), populations of diagrams and their means (Mileyko
et al., 2011; Turner et al., 2014), and plug-in rates for the Kantorovich–Rubinstein distance of unbalanced
transport, for point-process intensities, under a covering dimension of the space (Struleva et al., 2025). On
the diagram space a hypothesis on the space alone is weak, since with the bottleneck distance every separable
bounded metric space embeds isometrically into it (Bubenik and Wagner, 2020), and Section 4 supplies what
is missing, the design’s profile over the strata of the lift.

Partitions, transport, and one-number dimensions. Bounding the transport distance between two
measures by the mass they assign to the cells of a partition is the classical device behind the rates of
convergence of empirical measures in Wasserstein distance from Dudley (1969) onward (Ajtai et al., 1984;
Dereich et al., 2013; Boissard and Le Gouic, 2014; Fournier and Guillin, 2015), stated by Weed and Bach
(2019, Prop. 4) in the form we use, one partition at one scale with a trimmed remainder. The stratified
argument behind our rates has been used several times: Fournier and Guillin (2015) stratify Rd into annuli, Lei
(2020) an unbounded function space into shells, and Huang et al. (2026), recently, the space of configurations
into cardinalities, for the empirical measures of point processes, a setting that is the unweighted case of
ours. We add two things. The first is continuity, the grading and the tubes: Theorem B.14 stratifies by the
weight tail instead of the count, so that each stratum is a tube around a sparse set (Theorem B.12) with
the crop in place of the truncation (Theorem B.11), and this is what gives rates on kernels of full support,
where there is no count to stratify by, including the exponential rate from a decay inside the configuration
(Theorem 4.5). The tail Tk itself is the best k-term ℓ1 approximation error of the weight vector (Cohen et al.,
2009), so an exponential profile is a geometric compressibility of the weights on average, taken here as a
learning parameter. The second is that rate itself, for the mean tail of a configuration with free weights and
values: quasi-polynomial rates of the same shape are those of Lei (2020, Thm. 4.2), for empirical measures
in a Hilbert space under an exponential-ellipsoid moment condition, and of Huang et al. (2026, Thms. 2,
3), for point processes with a geometric count law, the unweighted case of a hard-ball selector, and neither
hypothesis is ours (Section D.4 for the fiber, where the class’s metric is Lei’s ellipsoid). The rates of Weed
and Bach are in one number of the measure, its upper Wasserstein dimension, a limit in the scale, or at
finite n the trimmed covering count optimized over one scale and one trim (Weed and Bach, 2019, Prop. 10).
The entropic dimension of Chakraborty and Bartlett (2025), restated in Chakraborty and Bartlett (2024), is
another such number, a trimmed covering in the limit of small scale, with a minimax lower bound in the
upper Wasserstein dimension (Theorem 29 of the former), and the regression rates in the intrinsic dimension
of the support (Bickel and Li, 2007; Kpotufe, 2011) read the support, which for the lifted flock is every
stratum up to the crowded one. A design is not a measure with a dimension but a mixture of strata of
different dimension with a mass on each, and the bulk of the lifted flock is such a union (Figure 2, counts
from 2 to 23 other than the self between the 5% and 95% views). The certificate resolves the strata at the
sample’s own configurations, and the implied dimension of Section C.1 is the estimator of Block et al. (2022),
who read the intrinsic dimension of a measure from the decay in n of the transport between two independent
samples, applied to the lifted design. We keep from these works the point of contact, that a measure-level
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dimension controls rates, and the shape of the minimax lower bound.
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