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Abstract

We introduce multi-winner voting with argumentative bal-
lots (MVArg) and investigate theoretical properties. As our
conceptual contribution, we generalise approval ballots to ar-
gumentative ballots, thereby allowing voters to express defea-
sible preferences over candidates. We accordingly generalise
voter cohesion and justified representation axioms JR, PJR
and EJR. As our theoretical contribution, we establish sev-
eral key results. First, MVArg is strictly more expressive than
multi-winner voting with approval ballots (MV). Second, our
notions of cohesion and justified representation are conser-
vative generalisations of their counterparts in MV. Third, the
MVArg counterpart of JR can always be satisfied, whereas
the counterparts of PJR and EJR cannot always be. Fourth,
although verifying whether a winner set satisfies the MVArg
counterpart of JR is already coNP-hard, such a winner set
can be constructed in polynomial time. All definitions, propo-
sitions, auxiliary lemmas and theorems have been formalised
and mechanically checked in Lean 4.

1 Introduction

From parliamentary elections and participatory budgeting
to recommendation formation, collective decision making
requires selecting multiple winners. A prominent model for
such tasks is approval-based multi-winner voting, where each
voter records a set of acceptable candidates and a voting rule
aggregates the resulting approval profile into a fixed-size set
of winners.

A central concern in approval-based multi-winner vot-
ing is proportional representation. Intuitively, a sufficiently
large set of voters that agrees on sufficiently many candi-
dates should see its preferred candidates represented in the
winning set, in proportion to the group’s degree of cohe-
sion. This idea has led both to methods for selecting winner
sets (Lackner and Skowron 2023) and to justified represen-
tation axioms, such as JR, PJR and EJR (Aziz et al. 2017;
Sanchez-Fernandez et al. 2026), which provide qualitative
fairness criteria for evaluating such methods. These ideas
have also influenced real participatory budgeting processes
(Peters and Skowron 2020).

Notwithstanding this success, a recent social experiment
suggests that voters perceive more expressive input formats as
better reflecting their preferences than approval voting (Yang
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et al. 2024). Full rankings are, of course, unrealistic both
computationally and operationally in many settings (Lang
and Xia 2016). Nevertheless, finding an alternative format
that allows voters to express their preferences in more detail
remains desirable.

With this motivation, we propose argumentative ballots
for multi-winner voting. The underlying principle is that of
abstract argumentation frameworks (Dung 1995), originally
introduced for reasoning about argumentative dialogues. An
abstract argumentation framework models argumentative in-
formation as a directed graph of entities. It encodes attack
and defence relationships among entities. As a very simple
example, c3 — co — c; expresses that cg attacks c; which
attacks c;. Normally (Dung 1995), c3 then defends c¢; and
both c3 and ¢; (but not co) are acceptable. In multi-winner
voting with argumentative ballots, every voter receives a bal-
lot on which the candidates are written. Instead of marking
each candidate as approved or not approved as in an ordinary
approval ballot, the voter can draw arrows between candi-
dates to express attack claims. Approval by a set of voters
is determined with respect to the combined directed graph
obtained from their attack claims.

Alice’s ballot Bob’s ballot

LCg 62H01} [CgHCQ 01}

With these two argumentative ballots, Alice approves both
c3 and ¢y but not ¢;. Bob approves both c3 and ¢; but not
cy. Collectively, Alice and Bob approve c3 and ¢; but not
c2. The corresponding ordinary approval ballots would yield
collective approval only of c3 (from the individual approvals
{cs,c2} and {c3,c1}). So, argumentative ballots allow col-
lective approvals to be more expressive: the same individual
approval sets may give rise to different collective approvals
depending on the underlying attack and defence relations.
This additional expressiveness raises the central questions of
this paper: how should voter cohesion and justified repre-
sentation be defined when approvals are induced argumenta-
tively, and to what extent are the computational advantages
of approval-based multi-winner voting preserved in this set-
ting?

After technical preliminaries in Section 2, we make the
following contributions.
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1. We introduce multi-winner voting with argumentative
ballots (MVArg) (Section 3.1).

2. We show that MVArg is a conservative generalisation of
the standard approval-based multi-winner voting (MV)
(Lackner and Skowron 2023). At the same time, MVArg
is strictly more expressive: for fixed individual approval
sets, MV determines a unique collective approval out-
come, whereas MVArg may induce different collective
approvals (Section 3.2).

3. We define notions of voter cohesion for MVArg and estab-
lish several of their theoretical properties (Section 3.3).

4. We formulate the MVArg counterparts of JR, PJR and
EJR (Section 4.1).

5. We show that they are conservative generalisations of
JR, PJR and EJR (Section 4.2). A winner set providing
(the fairness defined in) the MVArg’s counterpart of JR al-
ways exists. For the MVArg counterparts of PJR and EJR,
we identify additional cohesion constraints that restore
existence (Section 4.3). Verifying whether a given win-
ner set provides (the fairness defined in) the MVArg coun-
terpart of JR is already coNP-hard, even though such a
winner set can be constructed in polynomial time (Section
44).

Technically, we introduce a direct inductive covering argu-
ment for the existence theorems, which to the best of our
knowledge is a novel proof strategy in the study of justified
representation.

Together, these results show what remains valid, what
changes, and what becomes computationally harder when
approval ballots are replaced by argumentative ballots.

A Lean 4 formalisation of all definitions, propositions
(Propositions 1 through 7), auxiliary lemmas (Lemmas
1 through 3) and theorems (Theorems 1 through 8), to-
gether with the accompanying Java implementation of
GreedyGrounded for Theorem 8, is provided as supporting
material with the arXiv submission.

Related work

Approval-based multi-winner voting. (Aziz et al. 2017) intro-
duced JR and EJR for approval-based multi-winner voting,
and (Sanchez-Fernandez et al. 2026) introduced PJR, which
lies between them. These axioms formalise group fairness:
sufficiently large groups of voters that agree on sufficiently
many candidates should be represented in the winning set. In
this classical setting, approvals are primitive and collective
approvals are monotonic. MVArg differs in that approvals are
induced by voters’ argumentative ballots and may become
non-monotonic when ballots are combined. Justified repre-
sentation therefore needs to be reformulated for MVArg.
Collective choice and participatory institutions. In insti-
tutional settings such as participatory budgeting, a limited
portfolio should provide representation to cohesive groups
of citizens (Peters and Skowron 2020; Peters, Pierczynski,
and Skowron 2021; Brill et al. 2023). Approval-based models
generally treat reported approvals as primitive. In policy de-
cisions, however, alternatives may be evaluated relationally:
one project may substitute for another (Jain, Sornat, and Tal-
mon 2020), undermine its rationale, or answer an objection

to it. MVArg allows for retaining such relations. While our
contribution remains axiomatic and computational, MVArg
offers a foundation for studying representation when collec-
tive evaluations depend on explicitly reported reasons.

Structured and conditional preferences. MVArg is also re-
lated to voting in combinatorial domains (Lang and Xia
2016) and conditional preference languages such as CP-nets
(Boutilier et al. 2004), where outcomes are structured and
preferences may depend on relations among issues or vari-
ables. The source of these dependences is different in MVArg:
dependencies arise from attack and defence relations inside
argumentative ballots, and candidate approvals are induced
by acceptability semantics. Specifically, instead of represent-
ing preferences over bundles of candidates, MVArg represents
justificatory relations among individually selectable candi-
dates. Accepting one candidate may undermine or defend an-
other. Our concern is therefore not preference optimisation
over structured outcomes, but proportional representation
when the acceptability of candidates is reason-dependent.

Argumentation and voting. Abstract argumentation frame-
works were introduced by (Dung 1995) as directed graphs of
arguments and attacks, together with semantics determining
acceptability. Several works combine argumentation and vot-
ing. (Leite and Martins 2011) incorporate positive and nega-
tive votes into argumentation frameworks; (Awad et al. 2017)
study judgment aggregation over argument labels in a fixed
framework; and (Bernreiter et al. 2024) combine approval
voting and abstract argumentation to select representative
acceptable sets of arguments. These works largely assume
a fixed underlying argumentation framework and primitive
votes or approvals over its arguments. More recently, (Naoki
Susami and Ryuta Arisaka 2026) have explicitly assumed
local abstract argumentation frameworks and one global ab-
stract argumentation framework. Still, their work does not
materialise collective approvals and its objective remains to
filter acceptability semantics. In contrast, MVArg uses an ar-
gumentation framework as each voter’s ballot: approvals are
derived from those ballots, and can therefore become non-
monotonic under ballot combination. Rather than aggregat-
ing evaluations of arguments within a fixed framework, we
generalise approval-based multi-winner voting by allowing
argumentation frameworks as ballots.

2 Technical Preliminaries

Multi-winner voting and justified representation. Let
V ={v1,...,v,} beasetof voters,letC = {cy,...,cn } be
aset of candidates, let A = (4,,,...,A,, )—where 4,, isa
subset of C—be the voters’ approval profile, and let k be the
number of winners not greater than |C|. Then, (V, C, A, k)
is a multi-winner voting profile. In this paper, ™ denotes
the set of all multi-winner voting profiles.

Let AY,, denote ),y A, For any subset V/ of V and any
candidate ¢ € C, V' approves c iff (if and only if) ¢ € AY,..
So, AY,, is the set of all candidates V' approves. For any
subset V' of V and any positive integer [, V' is l-cohesive iff
) [V'[ > 1-([V|/k), and (2) |A7| > 1!

"Here, (|V|/k) is the Hare Quota for a subset of V to rightly
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Figure 1: The first row from left to right: a blank ballot; v;’s ballot approving ¢; and c5; v2’s ballot approving ¢y, co and
¢q; and v3’s ballot approving c¢1, ¢, c3 and cg. The second row from left to right: {v;,v2}’s collective approval of ¢; and
cq; {v1,v3}’s collective approval of ¢1; {ve, v3}’s collective approval of ¢1, ¢y and ¢y; and {vy, ve, v3}’s collective approval of

C1,C3 and Cg.

For any winner set W, which is a subset of C with |W| =
k, W satisfies, or, following the terminology in (Aziz et al.
2017), provides:

« JRiff, for any subset V' of V, if V' is 1-cohesive, then
there is some v € V' such that [W N A\{’U}| > 1.

e PJR iff, for any subset V’ of V, if V" is [-cohesive, then
(W N Uyers Ayl > 1.

e EJRiff, for any subset V' of V, if V' is [-cohesive, then
there is some v € V” such that [W N AY,,| > 1.

These are justified representation axioms. For x € IM™, let
v be amember of {JR, PJR, EJR}, and let v(x) be the set
of all subsets W of C such that W provides: JR if v is JR;
PJRif vis PJR; and EJRif v is EJR. Then:

« 0 C EJR(z) C PJR(z) C JR(x).
* Some member of v(x) is polynomial-time computable.

* Verification of membership of W in EJR(x), as well as
that in PJR(z), is coNP-complete.

* Verification of membership of W in JR(z) is
polynomial-time decidable.

Grounded acceptance in abstract argumentation. Let
(Arg, R) be an abstract argumentation framework (Dung
1995) where Arg is a finite set of entities (called arguments)
and R is a subset of Arg X Arg. a attacks o iff (a,a’) € R.
Let Arg’ be a subset of Arg. Arg’ is conflict-free iff, for any
ay € Arg’ and ay € Arg’, (a1,a2) € R. Arg’ defends an
argument a € Arg iff, for any o/ € Arg, if (a’,a) € R,
then there is some a” € Arg’ such that (a”,a’) € R. Arg’
is admissible iff Arg’ is conflict-free and, for any a € Arg/,
Arg’ defends a. The grounded extension is then defined as a
set of arguments Arg’ satisfying the following conditions.

e Arg’ is admissible and, for any argument a € Arg, if
Arg' defends a, then a is in Arg’.

demand 1 winner allocation to it.

e Arg' is the least such set of arguments.
The following facts hold for every (Arg, R) (Dung 1995).

* Let P(...) denote the power set of ..., the grounded exten-
sion is polynomial-time computable as the least fixpoint
of F': P(Arg) — P(Arg) defined as: F'(Arg’) = {a €
Arg | Arg' defends a}.

* Every (Arg, R) has a unique grounded extension.

Other types of extensions exist (Baroni and Giacomin 2007),
but in general they encode more disputable acceptance, are
not unique and can be computationally more demanding.

3 Multi-Winner Voting with Argumentative
Ballots

3.1 Conceptualisation

As briefly described in Section 1, argumentative ballots allow
voters to report their attack claims.

Example 1 (City projects) . A city receives daily com-
plaints about congestion on the main road between Districts
A and B. It has proposed six projects to mitigate congestion:

c1 : build a new subway line,

co :  widen the main road,

c3 : build a new tram line,

c4 : build high-frequency bus lanes,
c5 : introduce congestion pricing,
ce : build a large parking garage.

Three projects will be selected. Voters vy, vq, v3 cast ar-
gumentative ballots over these candidates. A blank ballot,
shown in the first column of the first row of Figure 1, con-
tains all candidates and no attacks; by default, they are all ap-
proved. By drawing arrows, voters supply their attack claims.
¢; — ¢; on a ballot specifically means that acceptance of ¢;
undermines the case for c;. The ballots by vy, v2 and v3 are
in the second, third and fourth columns of the first row.



v1: Approves c; and c; with the attack claims:

* ¢1 — co: “A new subway line undermines the case for
widening main road.”

* ¢5 — {c3, ¢4, cs }: “Congestion pricing undermines the
case for a new tram line, high-frequency bus lanes and
a large parking garage.”

v9: Approves ci, co and ¢4 with the attack claims:

* ¢1 = ¢5, c2 — ¢z and cq — {c3, ¢6}: (All similarly)
vs: Approves c1, co, c3, cg With the attack claims:

* c3 — c4: (Similarly)

* ¢5 — c5: “The case for congestion pricing is uncondi-
tionally undermined.”

Each voter individually approves the candidates in the
grounded extension of the corresponding argumentation
framework. For a set of voters, the attack claims in their bal-
lots are pooled together, and the group collectively approves
the candidates in the grounded extension of the combined
framework, as shown in the second row.

This produces non-monotonic collective approvals. For
example, voter v; alone does not approve c,4, because v, ap-
proves c5 and c5 attacks c4. However, in the combined ballot
of {v1, v2}, ¢1 is approved and ¢; attacks c5. The attack claim
c5 — c4 is therefore neutralised, and ¢4 becomes approved
by {v1, v2}. In other words, adding a voter’s ballot can turn
a previously non-approved candidate into an approved one.
This is impossible in standard approval ballots, where ap-
provals are primitive and do not change when ballots are
combined. 'y

We now formalise this intuition by defining argumentative
voting profiles and approvals.

Definition 1 (Argumentative voting profile) Let V =
{v1,...,v,} be a set of voters, let C = {c1,...,cm} bea
set of candidates, and let B = (Byy,3, - - ., By, })—Where
Byy,y is an abstract argumentation framework (C, R, )—be
voters’ argumentative ballots, and let k£ be the number of win-
ners not greater than |C|. Then, (V, C, B, k) is an argumen-
tative voting profile. M denotes the set of all argumentative
voting profiles. &

Example 1 gives rise to an argumentative voting profile
({v1,v2,v3},{c1,...,c6}, B,3) where B is as given in the
second, third and fourth columns of the first row in Figure 1.

Unless stated otherwise, we fix an arbitrary argumentative
voting profile (V, C, B, k). When we write V, it is the first
component of the argumentative voting profile, and similarly
for all other symbols.

Definition 2 (Approvals in argumentative voting profile)
For any subset V' of V and any candidate ¢ € C, V' ap-
proves ciff cis in the grounded extension of (C, J, ¢ Ro).

B‘V,, denotes the set of all candidates approved by V. &
In Example 1, B{U is {c1,¢5}, B{sz} is {c1,¢2,c4},

{Ul,vg} is {61764} B{vl va,v3}
maining collective approvals shown in Figure 1.

is {c1,c3,ce} with the re-

3.2 Relationship between 9™ and 9t

A multi-winner voting profile is encoded into 9 preserving
approvals.

Proposition 1 (Approval-preserving transformation)
There is some function T : M — M such that, for any
(V,C, A k) €M™, 7(V,C, A, k) = (V,C, B, k) (for some
B) and that A\(,/ = B‘V,/ for any non-empty subset V' of V.

7 can be instantiated in many ways, but (B3, .. ., By, })
where By, is (C, {(c,c) | ¢ € Ay, }) is one of the simplest.
In this instantiation, an unconditional non-approval on the
standard approval ballot is a self-loop around the candidate.

Continuing Example 1, let ({v1,v2,v3},
{cl, . CG} A, 3) be such that, for any v € {vy,v9,v3},

{U} = B?v}. The above concrete T returns
({v1,v2,v3},{c1,...,¢6},B',3) where B’ comprises
the following argumentative ballots.

Bluy Bl Blosy
C1 C2 O C1 C2 c1 Co
€3 D Ca ¢ €3 D Ca 3 cy O
Cs C6 C5 ¢ C6 O cs O C

It holds that B%V} = A{U}
This approval-preserving transformation offers an argu-
mentative interpretation of ballot combination in 9t™: col-
lective approval by a set of voters is the result of pooling the
attack claims in their ballots and obtaining approved candi-
dates in the resulting framework. Aggregation of attacks by
union reproduces exactly the collective approvals in O™

As for monotonicity of collective approvals in 9™

Fact 1 (Approval monotonicity in ™) Ler (V,C, A, k)
be a multi-winner voting profile in ™. If V| and Vé are
non-empty subsets of V and if V{ C V3, then A\(/Q, CcA

T preservesitin M2, but, as evidenced in Figure 1,itis not the
universal property of 9. In fact, for some argumentative
Voting proﬁle approval sets can strictly grow in size e.g.

{v1 v} C B{v1 va 03} in Figure 1, for some, they can shrink
in size, and for some other, the size of approval sets stays the
same but their members change e.g. B{Vvl} £ B}’vlm} but

"
1BY, | =

Proposition 2 (No bijection) There is no function 7'
m¥ — M such that, for any (V,C,B,k) € IM¥,
(V,C, B, k) is (V,C, A, k) (for some A) and that BY,, =
AY,, for any non-empty subset V' of V.

|B{'Ul 1)2}‘

Proposition 2 clarifies the sense in which 9 is more ex-
pressive than 9™ In 9™, once the individual approval sets
are fixed, the collective approval of every voter set is fixed
as their intersection. In 9%, by contrast, two voting profiles
may induce the same individual approvals but different col-
lective approvals, because attacks from different ballots can



interact through defence after combination. Argumentative
ballots therefore retain relational information that is lost in
ordinary ballots. Propositions 1 and 2 together show that 9t
reproduces every multi-winner voting profile while also ad-
migTing collective-approval patterns that are not realised in
m

3.3 Argumentative cohesion and (I, m, n)-cohesion

We now formulate the notions of cohesion in M. In or-
dinary approval voting, cohesion is hereditary: if a set of
voters collectively approves at least [ candidates, then ev-
ery non-empty subset also does so. Argumentative approvals
are non-monotonic, so this hereditary property may fail. We
therefore measure cohesion by how widely approval of [
candidates persists across the set’s subsets. We make the fol-
lowing observation about I-cohesion in (V, C, A, k) € 9™
if V/ C V is l-cohesive, there are at least 20" (IVI/F) — 1 dis-
tinct subsets of V'’ such that, for each V" of them, |A\(,,, | > 1.
So, the key idea is to shift our focus to sufficiently agreeing
subsets. With this insight, we define [-eligibility.

Definition 3 (/-eligibility) Let V' be a subset of V. V"' is [-
eligible iff V' is non-empty and | BY,,| > 1. By eligible(l, V'),
we denote the set of all [-eligible subsets of V", i.e. {V"' C
V' V" is l-eligible}. &

In Example 1, {v1} is 1- and 2- eligible—or up to 2-eligible.
{v1, vs} is 1-eligible. {vy, v, v3} is up to 3-eligible. Gener-
ally, V' is up to | BY.,|-eligible.

We now formulate argumentative l-cohesion based on the
counts of eligible sets:

Definition 4 (Argumentative /-cohesion) Let V' be a sub-
set of V, let P(V’) be the set of all subsets of V’, and let
[ be a positive integer. V' is argumentative l-cohesive iff
there exists a subset V" of V"’ such that V"' is [-eligible and
|eligible(, V)| > 2-IVI/E 1, »

The number of winners (= k) is 3 in Example 1.

* Any non-empty subset of {v1,v2,v3} is argumentative
1-cohesive.

o {v1,v2}, {vo,v3} and {v1,ve,v3} are argumentative 2-
cohesive. The others are not.

The size requirement that a [-cohesive set contains at least
1 - |V'|/k voters is implicit in Definition 4.

Proposition 3 (Implicit size requirement) Let V' be a
non-empty subset of V and let | be a positive integer. If
leligible(l, V)| > 2VIVI/k — 1, then necessarily |V'| >
L-|V]/k.

Monotonicity holds for argumentative /-cohesion.

Proposition 4 (Monotonicity of argumentative cohesion)
Let V' be a non-empty subset of V and let | be a positive
integer. If V' is argumentative l-cohesive, then for any
superset Vsyper of Vv, Visuper is argumentative l-cohesive.

This relaxation (even if we apply the same relaxation for
9™ and make the standard [-cohesion similarly monotonic)
will turn out to be completely harmless for winner selection
(Theorem 1 in Section 4).

At times, though, stronger notions of cohesion are desir-
able. To this end, we introduce two conditions on cohesion.
The first one requires that at least m (m < [) common
candidates are approved by all eligible subsets. The second
one requires that every non-empty subset approves at least n
(n < 1) candidates.

Definition 5 ((I, m,n)-cohesion) Let V' be a subset of V,
let] be a positive integer and let m, n be non-negative integers
not greater than [. V' is (I, m, n)-cohesive iff

1. V' is argumentative [-cohesive.
2. m <|Nyreeigibler,vr) B~ |- (Common candidates)

3. n < mingyrcys|By,|. (Minimum approval count)

In Example 1, for instance,

e {v1}is (1,m1,n1)-cohesive for all 0 < my < 1 and all
0 S nq S 1.

o {vy} is 1.mg.no-cohesive for all 0 < mo < 1 and all
0 S N9 S 1.

o {v1,v2} is (l12,m12, n12)-cohesive for all 1 < 115 < 2,
all 0 S mio S 1 and all 0 S N2 S l12.

* {v1,v3} is (1,my3,n13)-cohesive for all 0 < my3 < 1
andall 0 < nqi3 < 1.

o {v1,v2,v3} is (l123, M123,N123)-cohesive for all 1 <
l123 S 2, all 0 S mi23 S 1andall 0 S 123 S 1.

Proposition 5 (Conservation) Let V' be a subset of V and
let | be a positive integer. V' is argumentative l-cohesive iff
V'is (1,0,0)-cohesive.

Proposition 6 (Cohesion monotonicity) Let V' be a subset
of V, let | be a positive integer, and let m,n be non-negative
integers. Let m' be a non-negative integer not greater than
m, and let n’ be a non-negative integer not greater than n. If
V' is (I, m,n)-cohesive, then V' is (I, m’,n')-cohesive.

In a limited case, (I, m,n)-cohesion can be lifted to
(I, (m + 1), n)-cohesion or (I, m, (n + 1))-cohesion.

Proposition 7 (Lifting) Ler V' be a subset of V, let | be a
positive integer and let n be a non-negative integer. If V' is
(1,0, n)-cohesive and l-eligible, then V' is (I, 1, n)-cohesive.

4 Justified Representation
4.1 Justified representation axioms

We now introduce justified representation axioms for 9912,
The main difficulty is as follows. On the one hand, for a multi-
winner voting profile (V,C, A, k), AV, = N,cv A?U}, SO
any candidate approved by a set of voters is also approved
individually; on the other hand, for an argumentative voting
profile (V, C, B, k), it can be that BY,, # [,y BY,y- Ex-
ample 1 is a concrete such case. Some candidate approved
by a set of voters may only be approved by the particular set
and not by its strict super-/sub-sets.

Recall JR, PJR and EJR from Section 2, even though
they are meant to satisfy the demands of sets of voters, any
winner set W providing JR/PJR/EJR is necessarily a subset
of U, ¢y Avs hence W is identifiable by comparing it against
individuals’ approvals alone. The above-described difference



suggests that, with an argumentative voting profile, we may
genuinely have to select winners from among collectively
approved candidates.

To account for this distinction, we anchor W’s provision
to approvals of eligible sets, which gives us:

Definition 6 (Justified representation axioms) Let 1 be
a size-k subset of C'. Let h : N — N x N be such that:
h(l) = (hi(D),h2(1)); 0 < 150 < hy(l) < L, and 0 <
ha(l) < 1. With respect to h, W provides

* ArgJR iff, for any (1, h1(1), ha(1))-cohesive subset V'
of V, there is some V"' € eligible(1, V’) such that [W N
BY.| > 1.

* ArgPJR iff, for any (I, hy(l), ha(1))-cohesive subset V'
Of V, lt hOldS that |W N (UV”Eeligible(l,V/) B‘V///)| Z l

* ArgEJR iff, for any (I,h1(l), ho(l))-cohesive subset
V' of V, there is some v € V’ such that |[W N
Uy cetigible(t,v),.ve v Byl = L.

» ArgEJR-Spotiff, for any (I, h1 (1), ha(l))-cohesive subset
V' of V, there is some V" € eligible(l, V') such that
W N BY. >

If V' is (I, hi (1), ha(l))-cohesive,
¢ For ArgPJR: for each of [ winners ¢y, ...,¢; € W, it has
to be approved by some [-eligible subset of V.

* For ArgEJR: there has to be some individual v € V' such
that, for each of [ winners cy,...,c; € W, itis approved
by some [-eligible subset of V' that contains v.

Clearly, they do not just compare W against approvals
at individual level. It is, however, possible to require that
W be compared against a single eligible set. Hence, we
have a stronger axiom ArgEJR-Spot of ArgEJR. ArgJR
and ArgPJR can be equally strengthened into ArgJR-Spot
and ArgPJR-Spot, but ArgJR-Spot is ArgJR itself, and
ArgPJR-Spot collapses onto ArgEJR-Spot.

In Example 1, k = 3, so there are twenty possibilities for
W. With respect to h where each of h(1) and h(2) is either
(0,0) or (1,1),

o Ten of them provide ArgEJR-Spot.

- Any W with ¢y € W and W # {c1,c3,¢6}, plus
{ca, ¢4, c5} provide it.

e Eleven of them provide ArgEJR.
- {c4, c5, 6} provides ArgEJR but not ArgEJR-Spot.
o Fourteen of them provide ArgP JR.

- {ca,c3,05}, {ca,c5,c6} and {c3,cq,c5} provide
ArgPJR but not ArgEJR.

e Fifteen of them provide ArgJR.
- {c1, ¢3,¢6} provides ArgJR but not ArgPJR.

With respect to h where h(l) = (1,1) (I € {1,2}), {v1,v2}
ceasestobe (2, h1(2), ha(2))-cohesive. Provision of ArgPJR
and ArgJR remains unchanged. For the others:

* Twelve of them provide ArgEJR-Spot.

- {co,c3,05} and {ca,c5,c6} additionally provide
ArgEJR-Spot.

» Fourteen of them provide ArgEJR.

- {es,cq,05} and {cy,c5,c6} provide ArgEJR but not
ArgEJR-Spot.

As this illustration shows, greater values for hq(l) and
ha(1) lead to fewer, or at best the same number of, require-
ments for a size-k subset of C to satisfy in order to provide
the axioms. As such, two particular h make canonical cases:
the permissive h is such that h(l) = (0,0) for all ; and the
robust h is such that k(1) = (,1) for all .

In the remainder, we establish: correspondence with JR,
PJR and EJR (Section 4.2); unconditional provision of
ArgJR and provision under robust h for the stronger ax-
ioms (Section 4.3); and polynomial-time construction but
coNP-hard verification for ArgJR (Section 4.4).

4.2 Representation correspondence results

Proposition 1 gave an approval-preserving embedding of
multi-winner voting profiles into argumentative ones.

Let v be a member of { ArgJR", ArgPJR", ArgEJR",
ArgEJRS"}, and let v(V, C, B, k) be the set of all size-k
subsets W of C' such that W provides: ArgJR with respect
to h if v is ArgJR"; ArgPJR with respect to h if v is
ArgPJR", ArgEJR with respect to h if v is ArgEJR";
and ArgEJR-Spot with respect to h if v is ArgEJRS™.
Then, the following correspondence results hold.

Theorem 1 (Preservation of 9™ representations) Let
x = (V,C, A, k) be a member of M. For any size-k subset
W of C and any h,
e W e JR(z) iff W € ArgJR"(7(x)).
W € PJR(z) if W € ArgPJR"(1(x)).
« W e EJR(x) if W € ArgEJR"(7(x))
if W € ArgEJRS"(1(x)).
The set inclusions among justified representation axioms
in M are as expected.
Theorem 2 (Inclusion hierarchy) Ler = = (V,C, B, k)
be a member of M*, then, with respect to every h,
ArgEJRS"(x) C ArgEJRMz) C ArgPJR"(z) C
ArgJRM(x).
Also, they are separable.
Theorem 3 (Separations) For each of the following state-
ments, there exist an argumentative voting profile x =
(V,C, B, k), a size-k subset W of C and an h for which
the statement holds.
« W€ ArgEJR"(z) and W ¢ ArgEJRS"(x).
« W e ArgPJR"(z) and W ¢ ArgEJR"(x).
« W€ ArgJR"(z) and W ¢ ArgPJR"(z).

4.3 Existence results
Provision of only ArgJR is unconditionally guaranteed.

Theorem 4 (Existence for ArgJR) For any (V,C, B, k) €
N2, with respect to any h, there is some size-k subset W of
C such that W provides ArgJR.

Theorem 5 (Impossibility for ArgPJR/ArgEJR/ArgEJR-Spot)
For any p € {ArgPJR, ArgEJR, ArgEJR-Spot}, there is
some (V,C, B, k) € MM and some h such that, with respect
to h, no size-k subset W of C' provides p.



Algorithm 1: GreedyGrounded algorithm

Input: An argumentative voting profile (V, C, B, k)
Output: A size-k subset of C'.

I: out <« 0. Alloc + {(v,0) | v € V
D «+ 0. waiting < notAttkd(C,{V' C V
forsomec € C, V' = (V\{v € V | 3¢.(¢,¢)
R,})V"' is a maximal set satisfying: V¢' € C.(¢/,c)
Uper Ro and [V'[ > |V|/k}). // initialise.
2: while true do
3:  while waiting # () do
4: (¢,V') < a greatest member of waiting.
waiting + waiting\{(c, V')}. out + out U {c}.
for each v € V', Alloc|v] + Alloc|v] + 1.

5: if |out| = k then

6: return out.

7: end if

8: if V' is not a key in D then

9: D+ Du{(V',{ch}.
10: else
11: D[V’ + D[V'TuU{c}.
12: end if

13:  end while

14 waiting < Uyscpeys(p) NOtALEkd(C\(D[V'] U
{ce C |3 e D[V'].(,c) € U%V, R, 1), {V'}).

15:  if waiting = 0 then

16: return a size-k subset of C that contains out.

17:  end if

18: end while

Nonetheless, the robust h gives us the following result.

Theorem 6 (Existence for all) For any p € {ArgPJR,
ArgEJR, ArgEJR-Spot} and for any argumentative voting
profile (V,C, B, k) € M2 there is some size-k subset W of
C such that W provides p with respect to the robust h.

4.4 Computational complexity results
Verification is coNP-hard for ArgJR and thus for all axioms.

Theorem 7 (Verification hardness) With respect to any h,
determining if a given size-k subset W of C provides ArgJR,
ArgPJR, ArgEJR or ArgEJR-Spot is coNP-hard.

Nevertheless, a size-k winner set providing ArgJR with
respect to any h can be constructed in polynomial time.
GreedyGrounded in Algorithm 1 takes (V,C, B, k) as the
input and outputs a size-k subset of C'.

There are three auxiliary data structures.

1. Alloc : V — Nrecords an allocation score of each voter.
For v € V, the greater its value Alloc[v] is, the more
allocated v is considered to be.

2. D is a partial map from voter subsets (C P(V)) to candi-
date subsets (C P(C)). It records the candidates selected
on behalf of each stored subset of voters. keys(D) de-
notes the set of keys in D, and D[V’] denotes the value
of V' € keys(D).

3. The priority set waiting contains pairs of C' x P(V)
ranked in the following order: (c1, V{) > (c2, Vy) (with

non-empty V7 and VJ) iff there is some integer 0 < x
such that, for every integer 0 < y < x, the same num-
ber of y occurs in the multisets W,ecy,{Alloc[v]} and
Wyevy { Alloc[v]}, and the multiplicity of x is greater in
Wyevy{Alloc[v]}. Thus, pairs representing more voters
with low allocation scores receive higher priority.

The waiting set is generated by a function notAttkd :
P(C) x P(P(V)) — P(C x P(V)), which is such that
notAttkd(C’, {V{,..., V/}) = {(¢, V') | c € C"and 31 <
i < j(V' = V/andvd € C'.(cd,¢) & (C" x C') N
(Uvevi’ R,)))}. For example, notAttkd(C’, {V{,V5}) con-
tains every pair (¢;, V) (i € {1,2}) suchthate; € C’ and V/
does not attack c; in the graph (C’, (C" x C") N, ¢y Ro).

With these, GreedyGrounded constructs its output. '

For each ¢ € C, if V! C V does not attack ¢ in
(C,Upev Ro)s [V'| > |V|/k, and is a maximal such set,
then (¢, V') is added into waiting (line 1). The algorithm
repeatedly removes a highest-priority pair (c,,V)) from
waiting, ¢, is added to out, and Alloc is updated for mem-
bers of V' (line 4). D is also updated (lines 8~12). If the
initial waiting set yields fewer than k winners, the algorithm
tries to favour members of keys(D) with more winners. So,
it generates a new waiting set comprising all (¢, V) where
¢ € (C\DI[V)]), V.| € keys(D) and D[V]] defends ¢, in
<4, cvy R,) (line 14).> Selection continues (line 4) until
k distinct winners are selected (lines 5~7) or a new waiting
set is empty (line 15) in which case the remaining winners
are arbitrary (line 16).

The invariants that D[V'] C BY,, forevery V' € keys(D)
and that keys(D) < k hold at every execution of line 3.

Theorem 8 (Polynomial-time construction) For any
(V,C, B, k) € MM and any h, GreedyGrounded computes
in polynomial time a size-k subset W of C' providing ArgJR
with respect to h. With adjacency-matrix representations, its
running time is O(k* - |[V| - |C|?).

The running time with an incremental implementation of:
the union graphs; grounded-extension computations for each
fixedV' € keys(D), and priority updates, is O (k-|V|-|C|?).

5 Conclusions

We introduced multi-winner voting with argumentative bal-
lots, where approvals are induced by grounded acceptance.
The framework conservatively generalises approval voting
while retaining relational information that ordinary approval
ballots do not capture.

Individual approvals may be fixed, but combining ballots
can lead to different collective approvals through attack and
defence. This non-monotonicity demands that justified rep-
resentation be reformulated.

Our argumentative cohesion notions and justified repre-
sentation axioms ArgJR, ArgPJR, ArgEJR and ArgEJR-
Spot conservatively generalise JR, PJR and EJR, and pre-
serve their inclusion hierarchy. We showed that a winner set
providing ArgJR always exists, whereas winner sets provid-
ing the stronger axioms need not exist. The robust h restores

2 Algorithm 1 achieves this with notAttkd.



existence for all of them. Identifying a more precise bound-
ary remains open. Computationally, a winner set satisfying
ArgJR is polynomial-time constructible, even though verify-
ing whether a given winner set provides it is coNP-hard.
Future work includes adapting further representation ax-
ioms (Kalayci, Jiu, and Kempe 2025; Brill et al. 2023), incor-
porating candidate costs (Peters, Pierczyriski, and Skowron
2021), understanding strategic behaviour, and developing
practical methods for eliciting argumentative ballots.
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Appendix: Proofs

This appendix contains all proofs of the claims in the main
text. To prove Proposition 2, we use Lemma 1. To prove
Theorem 1, we use Lemma 3. To prove Theorem 5, we use
Lemmas 1 and 2. These lemmas appear in the final sec-
tion. The existence proofs for Theorem 4 and in particular
Theorem 6, use a direct inductive covering argument, rather
than optimisation of a specific voting rule. To the best of
our knowledge, this proof strategy is novel in the study of
justified representation. All proofs are certified in Lean 4.

A1 Proofs of Propositions
Proof of Proposition 1. Let x : M™ — 9N be a function
with the same domain and co-domain as 7. If x satisfies
the following condition, « is an instantiation of 7: for any
(V,C, A k) € M™, let (V,C, B, k) denote x(V,C, A, k),
forany v € V and any c € C,

* if c € A,, then there is no ¢ € C such that (¢, ¢) is an

edge in B(,y.



» for any (C, R;) where R, includes all edges in By,,
if ¢ ¢ A,, then ¢ is not in the grounded extension of
(C, Ry).

One such x is: for any z € M™, k(z) = (V,C, B, k)
comes with B = (B{vl}v---vB{vm}) where By,,) is
(C{lc,0) [ ¢ & Au,}). O

Proof of Proposition 2. Use collective approval gadgets;
Lemma 1. Obvious, since Fact 1 holds for 7/(V, C, B, k) but
does not need hold for (V, C, B, k). O

Proof of Proposition 3. If |[V’| < [ - |[V|/k, the number of
subsets of V" is strictly smaller than 2"'IVI/% Even if every
non-empty subset is [-eligible, |eligible(l, V)| is strictly
smaller than 2V 1VI/F — 1. O

Proof of Proposition 4. V.. contains all [-eligible
subsets of V. O

Proof of Proposition 5. If: Vacuous. Only if: The first
condition holds by assumption. The second condition holds
because |y caigible, vy By | is at least 0. The third

condition holds because miny»cyv/|By.| is atleast 0. [

Proof of Proposition 6. If V' is (I, m, n)-cohesive, then:

 Every member of eligible(l, V") approves at least m same
candidates, which means at least m’ same candidates are
approved.

* Every non-empty subset of V' approves at least n candi-
dates, which means at least n’ candidates are approved.

O

Proof of Proposition 7. By assumption, V' is [-eligible.
So, BY., # (. Thus, there must exist a candidate c in
ﬂvev, Bf{’v} which is not attacked in By . For, otherwise,

By would contain no unattacked candidate and BY,, would
be an empty set. Hence, for any subset V" of V', ¢ € BY,,,.0]

A2 Proofs of Theorems

Proof of Theorem 1. Let (V,C,B,k) denote 7(x).
By Proposition 1, for any non-empty subset V' of V,
(Nuev: Av) = AV = BY..

For the first obligation, Only if: Let I'(1) denote the set of
all non-empty subsets V’/ of V' such that V"’ is 1-cohesive in
x and that there is no strict non-empty subset V" of V' such
that V" is 1-cohesive in z. Since W provides JR, for each
V' € T'(1), there is some v € V" such that [W N AY,,| > 1.

For any 1-cohesive subset V in x not in I'(1), there is some
V' € I'(1) such that V' C V.

ByLemma3, V’is (1,1, 1)-cohesive in 7(x) and that there
is no strict non-empty subset V" of V'’ such that V" is ar-
gumentative 1-cohesive in 7(x). Since {v} € eligible(l, V'),
|W N BY,,| > 1. By Proposition 6, V" is (1, (1), ha(1))-
cohesive in 7(x). By Proposition 4, for any superset Vs per
of V', Vsuper is argumentative 1-cohesive. If Viyper is

(1,h1(1), ha(1))-cohesive, {v} € eligible(1, Viyper); oth-
erwise, there is nothing to show.

If: Let A(h, 1) denote the set of all non-empty subsets V"’
of V such that V' is (1, hy(1), ha(1))-cohesive in 7(x) and
that there is no strict non-empty subset V" of V/ such that
V" is (1, hq1(1), ha(1))-cohesive in 7(z). Since W provides
ArgJR with respect to h, for each V' € A(h,1), there is
some V" € eligible(1, V") such that [W N BY.,,| > 1. Since,
by Fact 1 and Proposition 1, V" is (1, 1, 1)-cohesive in 7(z),
there is in particular some v € V" such that |WﬂBf{U}| > 1.
For any (1, hy1(1), ha(1))-cohesive subset V, in 7(x) not in
A(h, 1), there is some V' € A(h,1) such that V' C V and
that v € eligible(1, V) for each v € V.

By Lemma 3, V' is 1-cohesive in = and that there is no
strict non-empty subset V" of V'’ such that V"' is 1-cohesive
in z. Trivially, |W N AYU}| > 1. For any superset Vyper Of
V', v € Viuper-

For the second obligation, Only if: Foreach 1 <[ < k,
let T'(1) denote the set of all non-empty subsets V'’ of V' such
that V' is [-cohesive in = and that there is no strict non-empty
subset V" of V' such that V" is I-cohesive in x. Since W
provides PJR, for each 1 < | < k and each V' € T'(]),
W N U,ev A?U}| > 1. For any [-cohesive subset V] in
not in I'(7), there is some V’ € T'({) such that V' C V.

By Lemma 3, V" is (I, 1, 1)-cohesive in 7(z) and that there
is no strict non-empty subset V" of V’ such that V" is
argumentative [-cohesive in 7(z). Since {v} € eligible(l, V")
for each v € V', W N U,cy B{Vv}| > [. Then, clearly,
(W N (Uy ceigible(t,vr) BV)| > 1. For any superset Viyper
of V', if Viyper is (1, h1(1), ha(1))-cohesive in 7(x), then for
each v € V’, {v} € eligible(l, Vsyper); otherwise, there is
nothing to show.

If: For each 1 < [ < k, let A(h,!) denote the set of all
non-empty subsets V'’ of V' such that V' is (I, h1 (1), h2(1))-
cohesive in 7(z) and that there is no strict non-empty subset
V' of V' such that V" is (I, hy (1), ho(1))-cohesive in 7(x).
Since W provides ArgPJR with respectto h,foreach1 <1 <
k and each V' € A(h, 1), there is some V"' € eligible(l, V")
such that [W N (Uy ceiigible(t,v1) BY.,)| > 1. Since, by
Fact 1 and Proposition 1, V' is (I,1,1)-cohesive in 7(z),
UV”eeIigibIe(l,V’) B‘V,,, C Upev B}{’U}, S0, in particular, we
have |[W N (U, ey B{Vv})| > [.Hence, |[W N,y A?v}\ >
I. For any (I, hy(l), ha(l))-cohesive subset V. in 7(z) not in
A(h,1), there is some V' € A(h,I) such that V' C V/ and
that v € eligible(l, V) for each v € V.

For the third obligation, firstly for: W € ArgEJR"(7(x))
if W € ArgEJRS"(r(x)), Only if: Since W pro-
vides ArgEJR with respect to h, for any (I, hq(1), ha(l))-
cohesive subset V' of V, there is some v € V'
such that [W N (Uy» celigible(t, v),0ev BY.,)| > 1. Since
Uy celigible(t, vy vev By, = B?U} by Fact 1 and Proposi-
tion 1, it follows that |/ N B?U}| > (. If: Since W provides
ArgEJR-Spot with respect to h, for any (I, hq(1), ha(l))-
cohesive subset V' of V, there is some V"' € eligible(l, V")
such that |W N BY.,| > I. By Fact 1 and Proposition 1, it
follows that |/ N Bf{v}| > [ forany v € V". So, let v be a




member of V. By Fact 1 and Proposmon 1, it follows that
|W N (UV”EellglbIe(l V) ,veVvy) V”)| > 1.

Now for: W € EJR(x) iff W € ArgEJRS"(7(z)),
Only if: For each 1 < [ < k, let I'() denote the set of all
non-empty subsets V' of V such that V' is I-cohesive in x
and that there is no strict non-empty subset V"' of V' such
that V"' is [-cohesive in z. Since W provides EJR, for each
1 <1 < k and each V' € T'(I), there is some v € V' such
that |W N A\{fv}\ > . For any [-cohesive subset V in z not

in I'(1), there is some V' € T'(1) such that V' C V.

By Lemma 3, V" is (I, 1, 1)-cohesive in 7(z) and that there
is no strict non-empty subset V" of V'’ such that V" is ar-
gumentatlvel cohesive in 7(z). Since {v} € eligible(l, V"),
W N B | = 1. By Proposition 6, V" is (I, h1 (1), ha(1))-
coheswe in 7(z). By Proposition 4, for any superset Vi per
of V', Viuper is argumentative [-cohesive. If Viyper is
(I, h1(1), ha(l))-cohesive, {v} € eligible(l, Vsyper); other-
wise, there is nothing to show.

If: For each 1 <[ < k, let A(h,l) denote the set of all
non-empty subsets V’ of V' such that V' is (I, h1 (1), ha(1))-
cohesive in 7(z) and that there is no strict non-empty subset
V' of V' such that V" is (I, hy (1), h2(1))-cohesive in 7(x).
Since W provides ArgEJR-Spot with respect to h, for each
1 <1 < k and each V' € A(h,l), there is some V" €
eligible(l, V') such that [W N BY.,| > I. Since, by Fact 1
and Proposition 1, V"’ is (I, 1,1)-cohesive in T( ), there is in
particular some v € V" such that [ N B vy = 1. For any

(I, h1(1), ha(l))-cohesive subset V. in 7(z ) not in A(h,1),
there is some V' € A(h,l) such that V' C V. and that
v € eligible(l, V) for each v € V.

By Lemma 3, V' is [-cohesive in x and that there is no
strict non-empty subset V" of V' such that V" is I-cohesive
in . Trivially, [IW N A¥D}| > 1. For any superset Vi, pe, of

V/7 (S V:euper~ O

Proof of Theorem 2. Let W be a member of
ArgEJRS"(x). By assumption, for any (I, hi(1), ha(1))-
cohesive subset V' of V, there is some V" &
eligible(l, V') such that |[W N BY.,| > [. Implicitly,
leligible(I, V)] > 1. Let v be a member of V". Since
By C Uy, ceiigible,v7)vev, BY,» it holds that W' €

ArgEJR"(z), as required.

Next, let W be a member of ArgEJR"(z). It is straight-
forward to see that W € ArgPJR"(x).

Next, let W be a member of ArgPJR"(x). It is straight-
forward to see that W € ArgJR"(x). O

Proof of Theorem 3. As we saw in section 4.1, Example 1 is
the witness. But also, in general, the second and the third are
immediate from Theorem 1 and the known results that JR,
PJR and EJR do not coincide. This leaves the first obligation
still to verify.

Let « be ({v1,v2}, {c1,...,
By, are as shown below.

cs}, B, 3) where B,y and

Biv,y B{vg}
' N N
C1 cg
N
C ey — ¢ C ey — c3
C Cs K
Coes e
N\ J J
We have: B{U = {01,03,08}, B{vz} = {c1,¢5,c8},

{v1 va} {01,07,08}

So, {v1}, {va} and {vy, v} are l-eligible, 2-eligible and
3-eligible. Hare Quota is |[{v1, v2}|/3, so {v1} and {va} are
argumentative 1-cohesive, and {vy, v2} is argumentative 1-,
2- and 3-cohesive. Let h be the permissive h, i.e. h(l) =
(0,0) for every positive integer [. Then, {v;} and {v,} are
(1,0,0)-cohesive, and {vy,v2} is (1,0,0)-, (2,0,0)- and
(3,0, 0)-cohesive.

Let W be {c1, c3,¢7}. Then,

B}, oy "W|=2.
* |BY,,nW|=2
|B G NW=1

So, for each subset V" of {vy, v}, 3 > |BY., N W| and
W ¢ ArgEJRS"(z). On the other hand,

* Uy celigible(3,{v1,02}) 01 eV BYn) VW] =3 > 3.

* Uy celigible(z {v1,02}).n v BYn) N W] =3 > 2.
Uy eeligible(1, (o105 )01 v By ) VW] =3 > 1.

* Uy eeligible(t, {u1 }),oreve By ) "W =2 > 1.
* Uy eeligible(1,{vs}),0aev By ) "W =12 1.
So, W € ArgEJR"(z). O

Proof of Theorem 4. Proof strategy. We establish existence
directly through an inductive covering argument, rather than
by identifying a size-k winner set that optimises a prese-
lected scoring objective. The induction maintains a residual-
capacity invariant relating the remaining seats (< k) to the
voters whose cohesive demands are not yet covered. The same
proof strategy is used in Theorem 6.

We say that a subset C” of C' covers a subset V, of V iff,
for any (1, h1(1), ha(1))-cohesive subset V' of V, if V' N
V) # 0, then there is some V" € eligible(1, V") such that
V"N V] # () and that 1 < |BY., N C’'|. By cover(C’)
(C" C (), we denote the largest subset V' of V' covered by
C’.

For any subset C” of C, let cohesion rank of C’ be:

* 1 if some subset of (V'\cover(C")) is (1, h1(1), ha(1))-
cohesive;

* ( if there is no such subset,



and let residual of C’ be |V'\cover(C")|.

For any subset C’ of C, we prove by induction on cohesion
rank of C’ and subinduction on residual of C’ that, if (k —
|C']) - (|[V|/k) > residual(C”), then the claim holds.

Base case: Cohesion rank of C’ is 0. Then, necessarily,
residual of C’ is 0. W is any size-k subset of C' such that
C’'Cw.

Inductive case: Assume that the claim holds for any subset
C’ of C with (k—|C’|)-(|V'|/k) > residual(C") for cohesion
rank of 0. We prove it for any subset C’ of C with (k—|C’|) -
(IV]/k) > residual(C’) and cohesion rank of 1. By the
definition of residual, necessarily residual(C") > 1-(|V|/k).
Then, necessarily (k — |C’|) - (|V|/k) > 1 (|[V|/k), so
necessarily & > |C’| + 1.

Let V' be an (1,hi(1),ha(1))-cohesive subset of
(V\cover(C")). By the definition of argumentative 1-
cohesion, there exists a subset V" of V' such that V" is
(1, h1(1), ho(1))-cohesive and 1-eligible. By Proposition 7,
there exists some v € V" such that |BY,, N BY| > 1.

Let ¢ be a member of BY,, N BY., and let C" be C’ U{c}.

Then, |cover(C”)| > |cover(C")| +1- (|V|/k). It holds that
residual(C") < residual(C") —1-(|V|/k). In the meantime,
(k—1C")) > (k- |C"]) = L. So, (k — [C"]) - (IV|/k) >
residual(C") — 1- (|V'|/k) > residual(C"). If cohesion rank
of C" is 0, we apply induction hypothesis of main induction.
If cohesion rank of C” is 1, we apply induction hypothesis
of subinduction. O

Proof of Theorem 5. Suppose an argumentative voting pro-
file ({v1,...,v12}, C, B,12) where B is such that it satisfies
all the following conditions.

s forany 1 <i <12, B, , = {c}.

o forany 1 <i; < iy < 12, B{UL ot = {co.¢i i}

e forany 1 < iy < iy < iz < 12 Bl oy =
{COnglmg.}‘

e forany 1 < 41 < 49 < i3 < iy < 12, B?Um ) =
{co.cl, in Cin b

eforany 1 < 47 < 19 < i3 < 14 < 15 < 12,

?"il’“"vis} = {00701‘1...1'5701‘21...1'5

eforany 1 < 47 < -+ < 15 < 12, Bf%’___’%} =
{007631...i67cl21...i6}'

eforany 1 < ip < -+ < iy < 12, B{Vvil’.."vi7} =
{007 Gl 17702 .i7vc?1...i7}'

eforany 1 < 47 < -+ < 1g < 12, B}zvil’___’%} =
{6076%1...i876121...i87C?l...ig}'

eforany 1 < 47 < -+ < 19 < 12, B{vvil,..‘,vig} =
{00701'11...2'9763 297C§1...i9}'

'foranylgz'l<~~<i10§12,BV =

{iyvigo}
1 2 3 4
{co, Cii...i102 Cir..ito? Cin..itg? cil...iw}

eforany 1 < i; < --- < iy < 12, BY =

{vig,evigy

1 2 3 4
{CO7 Ciying 2 Ciyingr Gy inn o Ciy iy }

e BY

{Viqseees Vijo }
By Lemmas 1 and 2, this B is constructible. C' contains all
that appear above, and all that are needed to construct B with
collective approval gadgets and non-approval gadgets.

Let h be the permissive h, i.e. hi(l) = 0 and ho(l) = 0.
Hare Quota is |[{v1,...,v12}|/12 = 1, so, if a subset W of
C is to provide ArgPJR, then:

1. [Wn B »p}| must be at least 1. So W must contain co.

2. |W N (UV”GeligibIe(Q,{vl,vg,vg}) Bg”)"

|W N (UV”Eeligible(Q,{v4,v5,vg}) BV/’)"
v
|W N (UV”Eeligible(Z,{v7,us,v9}) BV”Q]‘ and
|W n (UV”Eeligible(Q,{vw,vu,’ulg}.) BV”)|
must be at least 2. Since the four sets
{U17U2,03}, {U47U5;'U6}; {117,718,7)9},{7110,1)1171)12}
do not share size-2 or size-3 subsets, and since no
size-1 subsets are 2-eligible, W must contain one of
1 1

{01172’011137@223’ 111213} for the (2ah1(2)5h2(2))'
cohesive subset {v1, v2, v3}. With no loss of generality,
we assume W contains c1 ,- Similarly for the others,

with no loss of generality, We assume W contains c}

_ 1 2 3 4
= {007ci14..1‘12aci1...i127cil.“in?ci]...in}'

1 14 'L ’
Cl77‘8 and 01107’11
v
3. W N (Uvr eligible(3,{or....vs}) BVl and

|W n (UV”GellglbIe(S {v7,...,v12}) B&”)' must be at
least 3. Now, the two sets {v1,...,ve} and {v7, ..., v12}
do not share size-4 or size-5 subsets, and no size-1,
size-2 or size-3 subset is 3- ehglble With no loss of
generality, we assume W contains 071,2,374 and c,mm

for the (3, h1(3), ha(3))-cohesive set {v1,...,v6}, and

1 1
Cirigigino A0 Cj g0 o for {v7, ..., v12}.

4. |W n (UV”Eeligible(4,{v1,...,vg}) Bg//” must be at least 4
No size-1, size-2, size-3, size-4, size-5 or size-6 subset
of {v1,...,v9} is 4- ehglble With no loss of generality,

we assume W contains c“mmi%im, Ciligmmms and

1114156271819
v
5. W N (Uvr celigible(5,{vr....01»}) Bv)| must be at least
5. No size-1, size-2, size-3, size-4, size-5 or size-
6, size-7, size-8 or size-9 subset of {vi,...,vi2}
s S-eligible. With no loss of generality, we assume
: 1 1
W' contains Cirisiiisicirisioino® Cirisiaisicirisioitoiin’
1
Cirisisigirisioitoinine AN Ciigisisigirisioioin-
|W| = 16 is now strictly greater than 12. So, there is no W
providing ArgPJR for this argumentative voting profile and
h

By contrapositive of Theorem 2, this impossibility result
extends to ArgEJR and ArgEJR-Spot. O

Proof of Theorem 6. We say that a subset C’ of C' covers a
subset V/ of V'iff, for any (I, h1 (1), ho(1))-cohesive subset V’
of V,if VNV, = (, then there is some V"' € eligible(l, V")
such that V/NV = () and that ! < | BY,,,NC"|. By cover(C”)

*In this proof, we are showing impossibility of generating a
winner set providing ArgPJR, so we mean no generality is lost for
that objective.



(C" C O), we denote the largest subset V' of V' covered by
C'.
For any subset C’ of C, let cohesion rank of C’ be:
e the maximum integer ¢ with which some subset of
(V\cover(C")) is (i, hy (i), ha(i))-cohesive;
¢ ( if there is no such subset,

and let residual of C’ be |V'\cover(C")|.

For any subset C’ of C, we prove by induction on cohesion
rank of C’ and subinduction on residual of C’ that, if (k —
|C']) - (|[V|/k) > residual(C”), then the claim holds.

Base case: Cohesion rank of C” is 0. Then, necessarily,
residual of C’ is 0. W is any size-k subset of C' such that
C'Cw.

Inductive case: Assume that the claim holds for any subset
C’ of C with (k — |C’]) - (JV|/k) > residual(C”) up to
cohesion rank of i. We prove it for any subset C’ of C' with
(k= |C']) - (|[V|/k) > residual(C”) and cohesion rank of
i+1. By the definition of residual, necessarily residual(C”) >
(1 + 1) - (JV|/k). Then, necessarily (k — |C’|) - (|V|/k) >
(i +1)-(|V|/k), so necessarily k > |C'| + (i + 1).

Let V' be an (( + 1),h1(i + 1), ha(i + 1))-cohesive
subset of (V\cover(C")), and let ¢1,...,¢;41 be @ + 1
members of Yy ceigible(i1,v) By Since hi(i 4+ 1) =
ho(i + 1) = i + 1, there is some v € V' such that these
1 4+ 1 members are in B}é)}. Thus, for any (I, hi(l), ha(l))-
cohesive subset V; of V, if V{ contains v, it holds that
there is some V{" € eligible(l,V}) (namely, {v}) such that
I < [BY, N W|. Hence, |cover(C’' U {c1,...,cir1})| =
|cover(C")|+(i4+1)-(JV|/k).Let C" be C"U{cy, . .., ciy1}-
It holds that residual(C"") < residual(C") — (i+1)-(|V|/k).
In the meantime, (k — |C”|) > (k — |C']) — (¢ + 1). So,
(k—|C"]) - (|V|/k) > residual(C") — (i + 1) - (|[V|/k) >
residual (C"). If cohesion rank of C" is strictly smaller than
1 + 1, we apply induction hypothesis of main induction. If
cohesion rank of C"' is i + 1, we apply induction hypothesis
of subinduction.

Hence, with respect to h, W provides ArgEJR-Spot, and
by Theorem 2, also ArgEJR and ArgPJR. U

Proof of Theorem 7. We prove coNP-hardness by reducing
CLIQUE to the complement of the verification problem.

Let G = (U, E) be an undirected graph and let ¢ be an
integer greater than or equal to 2. We construct, in polynomial
time, an argumentative voting profile (V, C, B, k) and a size-
k winner set W C C' such that G has a clique of size g iff W
fails to provide the axiom under consideration.

Construction of (V,C, B, k). Let k be [|U|/q]. For every
u € U, we create a distinct voter v,,. We also create gk — |U]|
voters different from them, so that |V| = gk.

Let W be {ci1,...,ck} and let ¢y be such that ¢y &
W. For each t € {1,...,k}, we create a candidate c;.
For each e = {u,u'} ¢ FE, we create five candidates
€y CE 4 €O s Coy and €} i Also, let {vy, ... ,vquflU‘} be
(V\{uys -+ -V, })- Foreach v (1 < j < gk — |UJ), we
create a candidate c,x. C'is then W U {co} U{c{,...,cp}U

J

(] > O * *
UeE{u,u’}QE{CW Ce,ur Ceu’s Ceu ce,u’} U {Cle reee ,cvix }

Now, for every v € V, every t € {1,...,k} and every
e = {u,u'} ¢ E, we introduce the following attacks in v’s
ballot:

1. (¢f,ct). So, unless cf is defeated, c¢; € W is not accepted.

2. (cgusce)s (cgyce) and (e, cf). So, every ballot con-

tains |[{{u, v’} | {u,v'} ¢ E}| attackers of ¢{ and two
attackers for each of the attackers.

Second, for every e = {u,u'} ¢ E, we introduce (c} ,,c¢ )
in v,’s ballot, and (c} ,,/, ¢¢ /) in v,/’s ballot. So, in a com-
bined ballot of voters including v,, and v, c? is accepted,
and thus all candidates in W are accepted.

Finally, for every v (1 < j < gk — [U]) and every ¢ €
{1,...,k}, we introduce (cvjx ,¢f) in v s ballot. So, in a

combined ballot of voters including any v>*, all candidates
in W are accepted. B comprises all these ballots, and this
concludes the polynomial-time construction of (V, C, B, k).

Correctness of the reduction. Let us first show that, for
any non-empty subset V’ of V, W C BY,, iff there is some
j € {1l,...,qk — |U[} such that v; € V' or there is some
e = {u,v'} € FE such that {v,,v,,} C V’. If: vacuous
from the construction. Only if: we show the contrapositive.
Suppose thereisno j € {1,...,gk—|U|} suchthatv € V'
and no e = {u,u'} ¢ F such that {v,,v,s} C V'. Then,
for every e = {u,u’'} ¢ FE, it holds that ¢? is not accepted
in BY, and that at least one attacker of c? is in BY,,. Hence,
for every ¢t € {1,...,k}, every attacker ¢? of ¢} is attacked
by some accepted candidate. Therefore c¢f € By,,. Since ¢
attacks c, it follows that ¢; ¢ B‘V,/.

We now show correctness of the reduction. Only if: Sup-
pose G has a size-q clique Q@ C U. Let V() be {v, | u € Q},
then for every non-empty subset V"' of V), co € BY,, and
V" is l-eligible. Hence, |eligible(1,V)| = 2/Vel —1 =
20 — 1 = 2IVI/k 1. Therefore, V4 is (1,1, 1)-cohesive.
By Proposition 6, V{, is (1, h1(1), h2(1))-cohesive for ev-
ery h. Now, because @ is a clique, Vé contains no vjx,
j € {1,...,qk — |U|}, and there is no {u,u'} ¢ E such
that {v,, v} C Vé. Hence, for any subset V"' of Vc/g’ it
holds that W N B‘V/,, = (). Therefore, with respect to any h,
W fails to provide ArgJR.

For I = 1, ArgPJR, ArgEJR and ArgEJR-Spot also re-
quire the existence of at least one candidate in W approved
by an appropriate eligible subset. Since no eligible subset of
Vc’g approves any candidate in W, with respect to every h, W
fails to provide these axioms.

If: We show the contrapositive. Suppose that G has no
size-q clique. Then, we must show that W provides every
axiom. Let [ be a positive integer not greater than £ and
let V' be a (I, h1(1), h2(1))-cohesive subset of V. Since V'
is argumentative [ cohesive, by Proposition 3, |[V'| > [ -
|V|/k =1- q. We consider cases.

Casev; € V'forsomej € {1,...,qk—|U|} : W C
B?U.X}‘ Since [W| = k and I < k, {v}} is l-eligible

and [WNBY | >1
{’Uj}




Case, otherwise : Since |V’| > [-¢q > g and G has no size-
q clique, there exist u,u’ € U such that {v,, v,/ } C V'
and that {u, v’} € E. Since W C vawvu/}, {Vu, U } 18

l-eligible. Also, |[W N BY, }| > 1.

{Vu,v,
Hence, W provides ArgEJR-Spot with respect to any h. By
Theorem 2, W provides every axiom with respect to any h.
We have proved that the complement of the verification
problem is NP-hard. Hence, verification is coNP-hard for
each axiom with respect to any h. 0

Proof of Theorem 8. Run-time of Algorithm 1. We assume
that each ballot is represented by an adjacency matrix over C,
so that whether ¢; attacks c; in a voter’s ballot can be checked
in constant time. Alternative standard representations, such
as edge lists, do not affect polynomial-time computability,
although they may change the precise running time.

Set operations over subsets of V' and C' are implemented
by lists or arrays, and therefore take polynomial time in |V|
and |C/.

To construct the initial waiting set, Algorithm 1 com-
putes, for each candidate ¢ € C, the largest voter set
Ve = {v € V | v’s ballot contains no attack against c}.
For a fixed pair (c,v), checking whether v attacks c re-
quires scanning all possible attackers ¢’ € C and testing
whether (¢, ¢) € R,. This takes O(|C|) time. Since there
are |C| candidates and |V'| voters, constructing all sets V,
takes O(|V||C|?) time. The size checks |V.| > |V|/k take
at most O(|V||C) time in total, and are therefore dominated
by O(IVIICP?).

Next consider an update step. The algorithm works with
pairs (¢, V'), where ¢ € C and V' C V. For a fixed voter
set V', computing which candidates are unattacked under the
combined ballot of ¥’ can be done by scanning all voters in
V' and all ordered pairs of candidates. This costs at most
O(|V||C|?) time. All other operations in the same update
step, such as updating out, Alloc, and D, testing set mem-
bership, and comparing priorities, are polynomially bounded
by O([VI|CP?).

It remains to bound the total cost of recomputing waiting.
Since Algorithm 1 terminates once |out| = k, and since by
construction there are at most & — 1 voter sets in keys(D),
we have |keys(D)| < k throughout the execution.

For each V' € keys(D), the pairs that can be newly
added to waiting are computed by inspecting the com-
bined ballot (C,|J,cy~ Rv) and the candidates that remain
relevant after taking D[V’] into account. This computation
can be performed in O(|V||C|?) time for each fixed V.
Since |keys(D)| < k, one recomputation of waiting takes
O(k|V||C|?) time.

Finally, the number of recomputations of waiting is
bounded by k. Let k&’ denote |out| right before the first ex-
ecution of line 14. It holds that ¥’ = |keys(D)|. If ¥’ = 0,
then after the execution of line 14, waiting = () and line 16
is executed. Otherwise, by the definition of line 14, for each
V' € keys(D) and any pair (¢, V') € waiting, ¢ € D[V’].
Thus, if the main loop is executed k times, there is at least
one V' € keys(D) such that | D[V’]| > k. This means that
lout| = k.

Hence the total cost of all recomputations is
O(K2|V||C|?). Adding the O(|V||C|?) initialisation cost
does not change the bound. Therefore Algorithm 1 runs in
O(k?|V||C|?) time under the present assumption that each
ballot is represented by an adjacency matrix over C. With
other representations such as edge lists, Algorithm 1 still runs
in polynomial time.

The Java implementation is in the supplemen-
tary material, as the greedyGrounded method in
GreedyGroundedDemo.java, and runs in O(k?|V||C|?).

A better run-time bound. Note that the waiting set needs
to be updated only incrementally. After a pair (¢, V') is
selected, the incremental implementation recomputes only
the candidate pairs associated with the affected voter set
V", rather than recomputing waiting from all voter sets in
keys(D). For a fixed V", this update costs O(|V||C|?). Since
at most k recomputations are done before |out| = k, the total
update cost is O(k|V||C|?). Since the initialisation cost is
O(|V||C|?), the overall running time is O(k|V'||C|?).

The Java implementation of this incremen-
tal version is in the supplementary material,
as the greedyGroundedIncremental — method in

GreedyGroundedDemo.java, and runs in O(k|V||C|?).

Correctness of Algorithm 1. Theorem 4 proved that a size-
k subset W of C providing ArgJR with respect to any h exists
for every member of 9.

For each candidate ¢ € C, Algorithm 1 computes the
largest voter set V! C V' whose members do not attack c.
Hence, if there is a (1, h1(1), ha(1))-cohesive set of voters,
then for every maximal (1, k1 (1), ho(1))-cohesive set of vot-
ers V' that is itself 1-eligible, the initial waiting set contains
at least one pair (c, V) such that V! = V’. We divide cases
by the size of the initial waiting set.

Case |waiting| < k : Algorithm 1 adds every ¢ € C occur-
ring in the members of waiting to out. Thus, any size-k
subset of C' that contains out provides ArgJR (with re-
spect to any h).

Case |waiting| > k : Algorithm 1 selects a highest-priority
pair (¢, V) in waiting each time. With Theorem 4’s
cover, {c} covers at least V! which is at least as large as
|[V|/E. If {c} covers V, then any size-k subset of C that
includes ¢ provides ArgJR with respect to any h. If {c}
does not cover V, there are at least [|V|/k] voters who
have not been covered. Necessarily, their scores are O.
The highest-priority pair (c,, V) in waiting\{(c, V/)}
is therefore such that |V| > |V|/k.

This selection process continues, and it takes at most k
additions to out before out covers V. ]

A3 Claims and Proofs of Auxiliary Lemmas

Lemma 1 (Collective approval gadgets) Let an argumen-
tative voting profile (V,C, B, k) be such that it satisfies the
following conditions.

1. 'V has a non-empty subset V' = {v1,...,v;}.
2. C has a subset {co, Cy, , ..., Cy,,Cyr}.
3. B satisfies the following conditions.



(a) co € Nyey B{Vv}.
(b) for any z,y € {1,...,7}, (cv,,C0,) € Ry, and
(Cym,CV/) S Ryy.
(c) for any y € {1,...,7}, (co,co,) € Ry, and
(c0; o) & Upe(v\ fu, 1) Bo-
(d) foranyy € {1,...,j}, no other attacks among mem-
bers of {co, Cyy, -, Cu;,Cyr )} existin R,
For any non-empty subset V! of V, if ¢y € B‘V,I,, then
V' C V.

Proof. By, is shown below for {co, ¢y, ;. .., Cy;, cv}.

B,y

Cyr
TN
C Cyy e Cvj D

Co

If ¢y is approved by V., it has to be that V' C V. O

Lemma 2 (Non-approval gadgets) Let an argumentative
voting profile (V,C, B, k) be such that it satisfies the fol-
lowing conditions.

1. 'V has a non-empty subset V{ such that Vi = (V\V{) is
non-empty.

2. C has a subset {cg,c1}.

3. foranyv € V, (co,co) € Ry

4. foranyv € V{, (co,c1) € R,

5. for any v € V, no other attacks among {co, c1} exist in
R,.

For any non-empty subset V' of V, if V' N V] # 0, then

C1 g B‘V/I

Proof. By, for v € V] and By, for v" € Vj are
shown below.

B{’v'} B{vn}
C1 C1
T
C Co C Co

Since ¢q € B‘V,, for any V! C V, v € V' implies that
c1 € By O

Lemma 3 (Cohesion correspondence in 7) Let
r = (V,C,Ak) be a member of M™. For any non-
empty subset V' of V and any positive integer ,

1. If V' is l-cohesive in x, then V' is (l,1,1)-cohesive in
7(x).

2. If V' is argumentative l-cohesive in T(x), then there is a
non-empty subset V" of V' such that V"' is argumentative
l-cohesive in 7(x) and l-cohesive in x.

3. If V' is argumentative l-cohesive in 7(x) and l-cohesive
in x, then for any non-empty subset V" of V', if V" is
argumentative l-cohesive in T(x), then V" is l-cohesive
inx.

Proof. For the first obligation, if V' is [-cohesive in
(V,C, A, k), then |V'| > 1. (|]V|/k) and |AY,,| > I. By
Fact 1, for any non-empty subset V"' of V', it holds that
AY,, C AV... So, eligible(l, V') comprises all non-empty
subsets of V. Then, |eligible({,V’)] > 2-UVI/) — 1 and
I < |ﬂv"eeligible(l,v')B¥”| and | < mingzyrcy/| By l.
So, V"is (I,1,1)-cohesive.

For the second obligation, suppose V' is argumentative
I-cohesive in 7(V,C, A, k). If V' is (I,1,1)-cohesive, then
clearly V' is l-cohesive in (V, C, A, k). Otherwise, there is
a non-empty subset V)" of V' such that (V'\V)") is (I,1,1)-
cohesivein 7(V, C, A, k) but V'U{v} isnot (I, 1, [)-cohesive
in7(V,C, A, k) foreach v € V. Let V" denote (V'\V,/),
then V" is [-cohesive in (V, C, A, k).

For the third obligation, suppose V' is argumentative [-
cohesive in 7(V,C, A, k) and l-cohesive in (V,C, A k).
Since V' is then (I,1,1)-cohesive in 7(V,C, A, k), for
any subset V' of V', if V" is argumentative [-cohesive
in 7(V,C,A,k), then V" is necessarily [-cohesive in

(V,C, A, k). O



