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ABSTRACT

Reinforcement learning has become the foundational paradigm for enhancing the
reasoning capabilities of LLMs. Yet the dominant approach, Proximal Policy Op-
timization (PPO), relies on a geometrically degenerate clipping proxy that cannot
adapt its resistance to policy shifts, leading to premature clipping and degraded
exploration. Subsequent variants alleviate these issues through fragmented and
heuristic modifications. We propose Generalized Proximal Policy Optimization
(GPPO), a principled and unified framework for understanding and designing
LLM RL algorithms through the lens of divergence. We establish a general-
ized f -divergence trust-region theory with a monotonic performance improvement
guarantee, and show that different f -divergences induce distinct geometries and
policy update dynamics. We further introduce novel estimator topologies that
provide more faithful divergence estimates than the conventional single-sample
Monte Carlo estimation. Under this framework, PPO and recent variants such as
DAPO, DPPO, and RIPO emerge as special cases, establishing a principled two-
dimensional design space of Divergence × Estimator. Extensive experiments on
eight competition-level math and coding benchmarks show that both dimensions
are critical. The best-performing GPPO instantiation surpasses standard GRPO
by up to 50% and 14% on math and coding, delivering SOTA performance.

1 INTRODUCTION

Reinforcement learning (RL) has established itself as the primary paradigm for advancing com-
plex reasoning in LLMs (Guo et al., 2025; Comanici et al., 2025; OpenAI, 2024), powering break-
throughs across long-horizon domains such as mathematical reasoning (Shao et al., 2024; Wang
et al., 2024; Luo et al., 2025), code generation (Dou et al., 2024; Anthropic, 2024), and deep
search (OpenAI, 2025; Jin et al., 2025).

Proximal Policy Optimization (PPO) (Schulman et al., 2017) has become a dominant approach for
stable and effective RL training, with its “proximal” behavior enforced through clipping. Yet be-
neath this heuristic mechanism lies a geometrically degenerate proxy: PPO implicitly constrains a
single-sample Monte Carlo (MC) estimate of the Total Variation (TV) divergence, whose generating
function has zero curvature and strictly symmetric bounds. This linear geometry cannot adapt its
resistance to the magnitude of policy shifts, treating small and large deviations alike. This rigidity
can lead to premature clipping, distorted trust-region scaling, and exploration collapse (Yu et al.,
2025; Cai et al., 2026; Qi et al., 2026).

To alleviate these pathologies, recent variants (e.g., DAPO (Yu et al., 2025), DPPO (Qi et al., 2026),
RIPO (Cai et al., 2026)) refine trust-region constraints through relaxing clipping bounds or adjust-
ing Riemannian metrics. Despite their empirical gains, these methods are largely motivated by
specific empirical observations, leading to fragmented modifications of the trust-region constraint.
Consequently, existing approaches offer no unified, first-principles account of how these seemingly
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different mechanisms are related, why they improve optimization, or how to systematically design
trust-region constraints beyond these isolated heuristics.

We propose Generalized Proximal Policy Optimization (GPPO), a principled framework that uni-
fies the fragmented landscape of LLM RL through the lens of divergence. Rather than introducing
another isolated algorithm, GPPO establishes a principled two-dimensional design space of Diver-
gence × Estimator, enabling systematic design of proximal policy optimization.

At its core, GPPO establishes a generalized f -divergence trust-region theory, showing that policy
optimization under f -divergence level-set constraints admits a monotonic performance improvement
guarantee. Crucially, we show that different f -divergences induce distinct geometries, providing a
principled basis for understanding their different policy update dynamics.

Beyond the choice of divergence, GPPO further generalizes how divergences are estimated, in-
troducing novel estimator topologies that reduce single-sample Monte Carlo variance and provide
more faithful divergence estimates. Under this unified lens, PPO and recent variants such as DAPO,
DPPO, and RIPO emerge naturally as special cases of GPPO.

Empirically, our experiments reveal that proximal policy optimization is highly sensitive to both di-
vergence geometry and estimator topology. Compared with the linear and symmetric TV geometry,
divergences with non-zero curvature generally yield stronger performance. Estimator topology is
equally important for that Atomic estimation consistently outperforms single-sample MC across all
evaluated divergences. Notably, KL with Atomic estimation achieves the strongest performance,
improving the average score by 50% on math and 14% on coding relative to the standard TV-MC
formulation. These results validate the proposed two-dimensional design space that divergence ge-
ometry and estimator topology are both critical to effective RL optimization.

In summary, our contributions are threefold:

• We propose Generalized Proximal Policy Optimization (GPPO), establishing a two-dimensional
design space of Divergence × Estimator, which unifies PPO and recent proximal variants, and
inspires principled exploration of new proximal policy optimization algorithms.

• We establish a generalized f -divergence trust-region theory with a monotonic performance im-
provement guarantee, and illustrate how divergence geometry shapes policy update dynamics.

• We introduce novel estimator topologies that provide more faithful divergence estimates than
single-sample Monte Carlo estimation, achieving SOTA performance on math and coding.

2 PRELIMINARY

2.1 MONOTONIC IMPROVEMENT UNDER TRUST REGION CONSTRAINT

Schulman et al. (2015) establishes a trust-region lower bound on the performance improvement
between a behavior policy µ and a target policy π. Specifically,

Theorem 1 (Trust-Region Performance Bound). For behavior policy µ and target policy π, the
performance improvement satisfies

η(π)− η(µ) ≥ 1

1−γ
Es∼ρµ,a∼µ(·|s) [r(s, a)A

µ(s, a)]− 4ξγ

(1−γ)2
Dmax

TV (π ∥ µ)2, (1)

where η(π) denotes the expected discounted return, r(s, a) = π(a|s)
µ(a|s) is the importance ratio, Aµ is

the advantage function under µ, ξ = maxs,a |Aµ(s, a)|, and Dmax
TV (π ∥ µ) = maxs DTV(π(·|s) ∥

µ(·|s)) is the maximum state-wise Total Variation (TV) divergence.

This bound motivates maximizing the surrogate objective Lµ(π)=Es∼ρµ, a∼µ(·|s) [r(s, a)A
µ(s, a)],

while controlling the policy discrepancy measured by Dmax
TV (π ∥ µ), providing a formal monotonic

improvement guarantee.

This principle underlies Trust Region Policy Optimization (TRPO) (Schulman et al., 2015), which
maximizes the surrogate objective Lµ(π) subject to a constraint that keeps the new policy within
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a trust region around the current policy. Define δ > 0 as the trust region radius, formally, a TV-
constrained trust-region formulation can be written as :

max
π

Lµ(π)

s.t. Dmax
TV (π ∥ µ) ≤ δ.

(2)

Alternatively, this trust-region constraint can be formulated using the KL divergence, as theoretically
justified by Pinsker’s inequality: DTV(π ∥ µ)2 ≤ 1

2DKL(π ∥ µ).

2.2 PROXIMAL POLICY OPTIMIZATION AS A DIVERGENCE PROXY

Despite the theoretical guarantees of TRPO, its constrained second-order optimization incurs sub-
stantial computational overhead, limiting its scalability in modern LLM RL. Proximal Policy Op-
timization (PPO) (Schulman et al., 2017) addresses this limitation by replacing the second-order
optimization with a first-order clipped surrogate objective:

JPPO(π) = Es∼ρµ, a∼µ(·|s)

[
min

(
r(s, a)Â(s, a), clip (r(s, a), 1− ϵ, 1 + ϵ) Â(s, a)

)]
, (3)

where Â denotes the estimated advantage, typically obtained using GAE (Schulman et al., 2016) in
PPO and group-relative advantages in modern LLM RL methods such as GRPO (Guo et al., 2025)
and its variants (Yu et al., 2025; Cai et al., 2026).

The connection between PPO-Clip and the trust-region constraint can be understood through the TV
divergence, for each state s,

DTV(π(·|s) ∥ µ(·|s)) = 1

2
Ea∼µ(·|s) [|r(s, a)− 1|] . (4)

Thus, |r(s, a) − 1| is a single-sample Monte Carlo estimator of DTV(π(·|s) ∥ µ(·|s)) (Qi et al.,
2026) (ignore the constant coefficiency). From this perspective, PPO-Clip imposes a per-sample
bound (that is proximal) on a noisy single-sample proxy of the divergence.

While effective in practice, this proxy has two fundamental limitations. First, from a geometric
perspective, the underlying TV geometry has zero curvature and symmetric penalties, providing no
adaptive resistance to different magnitudes of policy shifts. Second, from an estimation perspective,
PPO constrains only a single-sample Monte Carlo estimate rather than the full expectation defining
the TV divergence, making the effective trust region sensitive to sampling noise. These limitations
can manifest as premature clipping, distorted trust-region scaling, and exploration collapse (Yu et al.,
2025; Cai et al., 2026; Qi et al., 2026).

3 GENERALIZED PROXIMAL POLICY OPTIMIZATION

The preceding analysis reveals that PPO is not merely a clipping heuristic, but a particular instan-
tiation of trust-region policy optimization characterized by a specific divergence and its estimator.
We introduce Generalized Proximal Policy Optimization (GPPO), a principled framework that
systematically generalizes proximal policy optimization along two complementary dimensions: the
divergence being constrained and the estimator used to compute it.

3.1 GENERALIZED f -DIVERGENCE TRUST REGION

We first generalize the trust-region constraint from Total Variation (TV) to arbitrary f -divergences.
The key theoretical step is to establish a tight quantitative relationship between an arbitrary f -
divergence and the quadratic TV divergence D2

TV appearing in the monotonic improvement bound.
Specifically, Vajda’s inequality provides the tightest possible lower bound of an f -divergence in
terms of TV divergence:

Theorem 2 (Vajda’s Tight Lower Bound). Let Df (P ∥ Q) =
∫
q(x)f

(
p(x)
q(x)

)
dx be an f -divergence

generated by a convex function f satisfying f(1) = 0. For V = DTV(P ∥ Q) ∈ [0, 1], we have

Df (P ∥ Q) ≥ Lf (V ) := inf
β∈[0, 1−V ]

[
βf

(
1 +

V

β

)
+ (1− β)f

(
1− V

1− β

)]
. (5)

where β ∈ [0, 1− V ] is the auxiliary probability-mass parameter in the tight binary reduction.
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Consequently, inverting the tight lower bound yields DTV(P ∥ Q) ≤ L−1
f (Df (P ∥ Q)).

To establish a tractable quadratic trust-region bound, we seek the largest constant Cf > 0 such that
Df (P ∥ Q) ≥ CfDTV(P ∥ Q)2 holds uniformly for all P,Q. Using Vajda’s tight lower bound,
this optimal constant is:

CVajda
f := inf

0<V≤1

Lf (V )

V 2
, (6)

which establishes the universal quadratic lower bound 1:

DTV(P ∥ Q)2 ≤ 1

CVajda
f

Df (P ∥ Q). (7)

We can now generalize the TV trust-region constraint in Theorem 1 to an arbitrary f -divergence:

Theorem 3 (Generalized f -Divergence Trust-Region Performance Bound). Define Dmax
f (µ∥π) :=

maxs Df (π(·|s) ∥ µ(·|s)). Then, for any f -divergence with CVajda
f > 0,

η(π)− η(µ) ≥ 1

1− γ
Lµ(π)−

4ξγ

(1− γ)2
Dmax

TV (π ∥ µ)2

≥ 1

1− γ
Lµ(π)−

4ξγ

CVajda
f (1− γ)2

Dmax
f (π ∥ µ).

(8)

Thus, constraining any f -divergence to a sufficiently small level set guarantees monotonic per-
formance improvement, establishing a unified trust-region framework for TV, Pearson χ2, KL,
Hellinger, and other f -divergences. This naturally motivates the generalized trust-region optimiza-
tion problem:

max
π

Lµ(π)

s.t. Dmax
f (π ∥ µ) ≤ δ.

(9)

From f -Divergence Trust Regions to Generalized Proximal Policy Optimization. Directly
solving this generalized constrained optimization problem is computationally prohibitive for large-
scale language model policy optimization. We therefore retain the first-order proximal paradigm
of PPO, while replacing its fixed clipping rule with a clipped proximal region induced by the cho-
sen f -divergence. Let D̂f denote an estimator of the underlying f -divergence. The corresponding
proximal region is defined as the δ-sublevel set of D̂f :

R̂f (δ) =
{
r > 0 : D̂f (r) ≤ δ

}
. (10)

This induces the objective of generalized proximal policy optimization:

JGPPO(π) = Es∼ρµ, a∼µ(·|s)

[
min

(
r(s, a)Â(s, a), clipR̂f (δ)

(r(s, a))Â(s, a)
)]

. (11)

Thus the policy ratio is clipped whenever it moves outside the divergence-induced proximal region
R̂f (δ), thereby suppressing the gradient associated with the corresponding samples.

3.2 DIVERGENCE GEOMETRY AND POLICY UPDATE DYNAMICS

GPPO in Eq. 11 reduces generalized f -divergence trust regions to practical updates. We now char-
acterize how the geometry of f affects the proximal region and policy update dynamics. Under
our convention in Eq. 9, we constrain Df (π(·|s) ∥ µ(·|s)) = Ea∼µ(·|s) [f(r(s, a))] ≤ δ. Thus the
generating function f(r) determines the shape of the divergence level set and hence the admissible
proximal region of policy-ratio, for which its first derivative f ′(r) characterizes the marginal diver-
gence cost while its curvature f ′′(r) governs how that cost grows with the magnitude of a finite ratio
shift. This distinction becomes particularly critical beyond the local regime r ≈ 1.

1The detailed derivation is provided in Appendix.
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Figure 1: Schematic of four f -divergence geometries and the corresponding proximal regions they
induce, shown for three sampled policy ratios r = (r1, r2, r3) centred at r = 1.

Local Fisher–Rao Equivalence and Finite-Shift Geometry. For smooth f -divergences, a Taylor
expansion around the reference point r = 1 gives

f(r) = f(1) + f ′(1)(r − 1) +
1

2
f ′′(1)(r − 1)2 + o

(
(r − 1)2

)
. (12)

Since Ea∼µ[r − 1] = 0 and f(1) = 0, the linear term vanishes after taking expectation, yielding

Df (π ∥ µ) =
f ′′(1)

2
Ea∼µ

[
(r − 1)2

]
+ o
(
∥r − 1∥2

)
. (13)

Hence, all twice-differentiable f -divergences with f ′′(1) > 0 share the same local Fisher–Rao ge-
ometry up to a scaling factor. Their distinction emerges in the finite-shift regime (r ̸≈ 1), where
higher-order and asymmetric terms determine how resistance varies with the magnitude and direc-
tion of the policy-ratio deviation.

Zero Curvature of TV and Rigid Clipping. For TV divergence, the generating function gives

fTV(r) =
1

2
|r − 1|, f ′

TV(r) =
1

2
sign(r − 1), f ′′

TV(r) = 0 (r ̸= 1). (14)

Thus, TV’s polyhedral geometry is piecewise linear with zero curvature almost everywhere, yielding
a marginal penalty independent of the magnitude of the ratio deviation |r−1|. PPO-Clip reflects this
linear penalty structure through a fixed pointwise clipping threshold, beyond which the correspond-
ing surrogate gradient is suppressed. Hence, the distinctive limitation of the TV-induced geometry
is not the existence of a fixed clipping boundary itself, but the absence of curvature that would
otherwise provide magnitude-dependent resistance. This rigidity provides a geometric explanation
for the premature clipping and exploration-related issues discussed in Section 2.2 and explored by
subsequent variants (Yu et al., 2025; Cai et al., 2026; Qi et al., 2026).

Adaptive Resistance of Smooth Divergences. In contrast, smooth f -divergences provide adap-
tive resistance through non-zero curvature. For Pearson χ2 divergence,

fχ2(r) = (r − 1)2, f ′
χ2(r) = 2(r − 1), f ′′

χ2(r) = 2, (15)

induces an ellipsoidal (Mahalanobis) geometry where the penalty grows quadratically with the ratio
deviation, yielding progressively stronger resistance as |r − 1| increases. For KL divergence,

fKL(r) = − log r, f ′
KL(r) = −1

r
, f ′′

KL(r) =
1

r2
, (16)

introduces an asymmetric and logarithmically warped geometry where contraction r → 0 is increas-
ingly penalized, while expansion toward large r faces diminishing marginal resistance, thus facili-
tating probability expansion of low-probability actions and thereby favor exploration. For Hellinger,

fH(r) = (
√
r − 1)2, f ′

H(r) = 1− 1√
r
, f ′′

H(r) =
1

2r3/2
. (17)

It induces a spherical geometry under the square-root embedding whose curvature likewise increases
toward r → 0 and decreases as r grows, resulting in asymmetric resistance.

Fig. 1 visualizes the geometry of above four f -divergence. To conclude, Divergence Geometry de-
termines the shape of the admissible policy-ratio region and its finite-shift resistance profile, thereby
shaping where and how policy updates are constrained.
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3.3 DIVERGENCE ESTIMATOR TOPOLOGIES

The proximal region in Eq. 10 depends on how the underlying f -divergence is estimated. Beyond
the classical Single-Sample Monte Carlo estimator, we propose two alternative topologies, Atomic
and Binary, that more faithfully preserve the distribution-level divergence structure.

Single-Sample Monte Carlo Estimation. Single-Sample Monte Carlo estimation directly evaluates
the divergence integrand at the sampled action:

D̂MC
f (r(s, a)) = f(r(s, a)), a ∼ µ(·|s). (18)

This induces the proximal region R̂MC
f (δ) = {r > 0 : f(r) ≤ δ}, suppressing sample gradients

whenever f(r(s, a)) > δ. Although unbiased, D̂MC
f relies entirely on single-sample realizations,

making its proximal clipping decisions highly susceptible to MC sampling variance.

Atomic Estimation. To mitigate the sensitivity of MC-estimated constraints to individual sampled
outliers, we propose Atomic Estimation, which provides a probability-aware alternative. Recall that
the exact divergence expands over discrete actions as Df (π ∥ µ) =

∑
a µ(a|s)f(r(s, a)). Atomic

estimation imposes the proximal constraint directly on each atomic mass contribution:

D̂Atom
f (r(s, a)) = µ(a|s)f(r(s, a)), a ∼ µ(·|s). (19)

This induces the probability-aware proximal region R̂Atom
f (δ) = {r > 0 : µ(a|s)f(r) ≤ δ}.

Crucially 2, Atomic estimation distinguishes the magnitude of a ratio deviation from its probability-
weighted contribution: a large shift on a low-probability action does not necessarily constitute a
large divergence contribution, thereby avoiding premature clipping of rare exploratory actions. Fur-
thermore, we prove in Appendix that atomic estimation offers an improved bias-variance trade-off
than MC, enabling stable and efficient training.

Binary Estimation. To capture distribution-level discrepancies beyond the randomly-sampled ac-
tion, we consider Binary Estimation (Qi et al., 2026), which collapses the action space into the
sampled action and its complement, yielding the binary f -divergence estimation:

D̂Bin
f (r(s, a)) = µ(a|s)f (r(s, a))+(1− µ(a|s)) f

(
1− µ(a|s)r(s, a)

1− µ(a|s)

)
, a ∼ µ(·|s). (20)

This induces the proximal region R̂Bin
f (δ) = {r(s, a) : D̂Bin

f (r(s, a)) ≤ δ}. Unlike MC and Atomic
estimation, which evaluate only the sampled action contribution, Binary estimation accounts for the
complementary probability mass and therefore captures the resulting distribution-level shift. 3.

To conclude, these estimators provide distinct ways of translating the underlying f -divergence ge-
ometry into a practical proximal constraint.

3.4 UNIFIED VIEW OF EXISTING PROXIMAL POLICY OPTIMIZATION METHODS

GPPO provides a principled framework for interpreting existing proximal policy optimization meth-
ods within a two-dimensional design space of Divergence f × Estimator T . Specifically,

PPO (Schulman et al., 2017), as previously stated, essentially constrains the TV divergence under
single-sample MC estimation, follower by GRPO (Shao et al., 2024; Guo et al., 2025). GSPO (Zheng
et al., 2025) and GMPO (Zhao et al., 2026) retain the TV divergence and MC estimator as PPO does,
while changing the sampling unit from individual tokens to complete rollouts.

DAPO (Yu et al., 2025) adopts an asymmetric clipping mechanism:

JDAPO(π) = Es,a

[
min

(
r(s, a)Â(s, a), clip (r(s, a), 1− ϵlow, 1 + ϵhigh) Â(s, a)

)]
,

2Detailed illustration and complete theoretical analysis are provided in Appendix.
3We also explored Top-K estimation since both distributions of µ, π are known. However, it incurs pro-

hibitively high memory overhead (O(K)) and exhibits elevated variance across candidate actions, making the
proximal threshold δ excessively difficult to tune. These empirical findings suggest that overly fine-grained
estimation does not necessarily benefit, and can even compromise overall system robustness.
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which corresponds to constraining the KL divergence under single-sample MC estimation. Accord-
ing to Eq. 18, D̂MC

KL (r(s, a))=−log r, constraining −δ≤ log r≤δ gives R̂MC
KL (δ)={e−δ≤r≤eδ}.

Let δ = 0.23, thus 0.8≤r≤1.26, matching DAPO’s asymmetric clipping bounds of ϵlow and ϵhigh.

DPPO (Qi et al., 2026) constrains |π(a|s)−µ(a|s)| ≤ δ, which corresponds exactly to constraining
TV divergence under binary estimation. According to Eq. 20 we obtain,

D̂Bin
TV (r(s, a)) =

µ(a|s)
2

|r(s, a)−1|+ (1−µ(a|s))
2

∣∣∣∣1−µ(a|s)r(s, a)
1−µ(a|s)

−1

∣∣∣∣ = |π(a|s)−µ(a|s)| ≤ δ,

which yields the actual proximal region R̂Bin
TV(δ) = {1 − δ

µ(a|s) ≤ r(s, a) ≤ 1 + δ
µ(a|s)}. Thus,

DPPO can be equivalently written as:

JDPPO(π) = Es,a

[
min

(
r(s, a)Â(s, a), clip

(
r(s, a), 1− δ

µ(a|s)
, 1 +

δ

µ(a|s)

)
Â(s, a)

)]
.

RIPO (Cai et al., 2026) guarantees isometric policy updates through the clipped objective:

JRIPO(π) = Es,a

[
min

(
r(s, a)Â(s, a), clip

(
r(s, a), 1−

√
δ

µ(a|s)
, 1+

√
δ

µ(a|s)

)
Â(s, a)

)]
.

which essentially constrains χ2 divergence under atomic estimation, since D̂Atom
χ2 (r(s, a)) =

µ(a|s)(r(s, a)−1)2 ≤ δ induces exactly the proximal region R̂Atom
χ2 (δ) = {1−

√
δ

µ(a|s) ≤ r(s, a) ≤

1+
√

δ
µ(a|s)} used by RIPO.

In summary, existing proximal methods correspond to different (f, T ) choices, inducing distinct
proximal regions for policy updates. More broadly, GPPO provides a systematic principle for de-
signing new methods: f specifies the desired resistance profile, while T determines how the result-
ing divergence constraint is estimated and enforced from sampled data.

4 EXPERIMENTS

To validate GPPO as a principled framework for proximal policy optimization and to characterize
how the constrained divergence and its estimator shape policy update, we conduct extensive exper-
iments across eight competition-level benchmarks spanning both mathematical reasoning and code
generation, and benchmark instantiations drawn from the GPPO design space against nine represen-
tative RL algorithms.

4.1 EXPERIMENTAL SETUP

Baselines. Since GPPO unifies proximal policy optimization along two complementary axes,
namely, the constrained divergence f and its estimator T , we instantiate it across four divergences
(TV, Pearson χ2, Hellinger, and KL) and three estimators (MC, Atomic, and Binary), forming a
4 × 3 design space. Within this space, several existing methods are recovered as special cases oc-
cupying specific (f, T ) cells, including GRPO (Shao et al., 2024) (fTV, TMC), DAPO (Yu et al.,
2025) (fKL, TMC), DPPO (Qi et al., 2026) (fTV, TBin), and RIPO (Cai et al., 2026) (fχ2 , TAtom).

Rather than tuning the trust-region radius δ directly, we calibrate it per divergence by matching the
contraction-side clip of its MC proximal region R̂MC

f (δ) = {r > 0 : f(r) ≤ δ} to standard PPO-
Clip, isolating divergence geometry from trust-region scale: fixing the lower bound to rmin = 0.8
directly gives δ = f(0.8). Accordingly, δTV = 0.2, δχ2 = 0.04, δH ≈ 0.01, and δKL ≈ 0.22.
While the upper bound rmax follows from f(rmax) = δ. The Atomic and Binary estimators directly
reuse this δ, so that all estimators of a divergence share a common radius while their realized bounds
adapt to the reference probability µ(a | s).
We further compare against other RL algorithms, including GSPO (Zheng et al., 2025) and
GMPO (Zhao et al., 2026), which apply the TV–MC constraint at the full-rollout rather than per-
token level; SAPO (Gao et al., 2025) and CISPO (Chen et al., 2025), which preserve otherwise-
clipped gradients via soft gating and importance-weight clipping; and Clip-Cov (Cui et al., 2025b),
which clips high-covariance tokens. All following their default hyper-parameter settings.
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Table 1: Results of the different divergences and estimators across various competition-level math-
ematical reasoning and code generation benchmarks (evaluated by Avg@8). We also compare the
performance of other baselines. We highlight each cell as best , second best , and third best .

Mathematical Reasoning
Divergence Estimator AIME24 AIME25 BRUMO25 SMT25 Avg.

TV
MC (GRPO) 34.6 20.8 33.3 21.9 27.7 ( +0.00%)
Binary (DPPO) 46.7 32.5 42.5 34.2 39.0 (+40.79%)
Atomic 45.0 28.3 40.8 30.9 36.3 (+31.05%)

Hellinger
MC 37.9 30.8 35.4 23.1 31.8 (+14.80%)
Binary 42.1 32.9 37.5 29.0 35.4 (+27.80%)
Atomic 42.9 32.5 43.3 29.0 36.9 (+33.21%)

χ2
MC 34.6 20.8 33.3 21.9 27.7 ( +0.00%)
Binary 45.0 29.2 36.7 28.1 34.8 (+25.63%)
Atomic (RIPO) 47.9 32.5 47.5 34.2 40.5 (+46.21%)

KL
MC (DAPO) 45.0 27.5 37.5 28.5 34.6 (+24.91%)
Binary 47.1 29.6 42.9 29.0 37.2 (+34.30%)
Atomic 48.9 33.9 48.7 34.4 41.5 (+49.82%)

Other
Baselines

GSPO 42.9 28.7 36.3 32.5 35.1 (+26.71%)
GMPO 41.7 30.0 35.8 33.0 35.1 (+26.71%)
SAPO 37.3 28.7 41.7 32.3 35.0 (+26.35%)
CISPO 31.7 23.8 38.3 28.0 30.5 (+10.11%)
Clip-Cov 36.3 22.9 36.6 30.2 31.5 (+13.72%)
Base Model 3.8 3.3 15.0 10.8 8.2 (-70.40%)

Code Generation
Divergence Estimator Codeforces CodeContests TACO APPS Avg.

TV
MC (GRPO) 61.9 57.4 36.2 54.2 52.4 ( +0.00%)
Binary (DPPO) 63.5 58.6 37.6 55.6 53.8 ( +2.67%)
Atomic 64.2 60.5 38.1 56.7 54.9 ( +4.77%)

Hellinger
MC 66.4 58.2 36.3 56.8 54.4 ( +3.82%)
Binary 66.3 60.2 39.2 57.7 55.9 ( +6.68%)
Atomic 68.2 63.7 40.3 60.3 58.1 (+10.88%)

χ2
MC 61.9 57.4 36.2 54.2 52.4 ( +0.00%)
Binary 64.8 59.3 38.6 56.3 54.8 ( +4.58%)
Atomic (RIPO) 68.2 62.3 39.3 58.9 57.2 ( +9.16%)

KL
MC (DAPO) 64.0 59.1 37.4 56.8 54.3 ( +3.63%)
Binary 66.4 61.4 38.3 57.3 55.9 ( +6.68%)
Atomic 70.7 65.1 42.3 60.8 59.7 (+13.93%)

Other
Baselines

GSPO 63.8 57.9 36.6 56.3 53.7 ( +2.48%)
GMPO 64.0 59.2 37.4 56.8 54.4 ( +3.82%)
SAPO 63.7 57.0 37.5 55.9 53.5 ( +2.10%)
CISPO 61.6 54.6 35.1 53.9 51.3 ( -2.10%)
Clip-Cov 62.9 57.4 36.0 55.5 53.0 ( +1.15%)
Base Model 32.3 32.1 16.5 32.1 28.3 (-45.99%)

Following common practice (Yang et al., 2025b; Ye et al., 2020), we apply dual clipping to the
importance ratio with lower and upper bounds of 0.5 and 10, and remove the KL penalty term for all
methods (Yu et al., 2025; Yang et al., 2025b). All algorithms adopt the GRPO-style group-relative
advantage estimator, and trained on Qwen3-8B-Base (Yang et al., 2025a).

Training. We evaluate the improvement induced by each RL algorithm on two complementary
domains, mathematical reasoning and code generation, both of which admit verifiable rewards and
are widely regarded as strong indicators of general reasoning ability. For mathematical reasoning
we train on DAPO-Math-17k (Yu et al., 2025), and for code generation on Eurus-Code-25k (Cui
et al., 2025a). For each query we generate 8 rollouts (namely, the group size is 8) with a maximum
response length of 20k tokens for thorough reasoning. In each RL iteration, the behavior policy πθold

totally generates 1024 rollouts with a train batch size of 128, and the current policy πθ is updated
8 times with a mini-batch size of 16. Rewards are set to 1 for correct responses and 0 otherwise.
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Figure 2: Training dynamics of different GPPO instantiations on Math and Code. Solid lines repre-
sent the training score, while dash-dotted lines represent the policy entropy.

We uniformly adopt token-mean loss aggregation and optimize all models to convergence using
AdamW (Loshchilov & Hutter, 2017) with a constant learning rate of 1 × 10−6, training for 400
steps on mathematical reasoning and 600 steps on code generation. All experiments are conducted
on the VeRL (Sheng et al., 2025) framework using 8×H20 GPUs.

Evaluation. We comprehensively evaluate the effectiveness of these algorithms on eight
competition-level benchmarks without contamination, spanning the two domains. For mathemat-
ical reasoning we use AIME24, AIME25, BRUMO25, and SMT25 (Balunović et al., 2025); for
code generation we use Codeforces, CodeContests, TACO, and APPS (Cui et al., 2025a). We repeat
the evaluation set for 8 times and report avg@8 metric for results stability.

4.2 MAIN RESULTS

Table 1 summarizes the main experimental results across eight competition-level benchmarks. Fig 2
visualized the training dynamics of different GPPO instantiations on math and coding.

GPPO establishes a new state-of-the-art across reasoning tasks. As highlighted in Table 1, our
top-performing GPPO instantiation (KL divergence under Atomic estimation) achieves an average
of 41.5 on mathematical reasoning and 59.7 on code generation, drastically improving upon the
standard TV–MC baseline (GRPO) by +49.8% and +13.9%, respectively, outperforming all exist-
ing RL algorithms. Beyond this optimal configuration, GPPO instantiations consistently dominate
the design space, every divergence equipped with an Atomic or Binary estimator outperforms the
strongest baseline (GMPO). These gains are uniform rather than dataset-specific, confirming that
systematic exploration of the Divergence × Estimator interplay provides a fundamentally superior
foundation for policy optimization than ad-hoc clipping heuristics.

Divergence geometry shapes policy optimization dynamics. Under single-sample MC, KL im-
proves over TV by 24.9% on math and 3.6% on code, while Hellinger yields gains of 14.8% and
3.8%, both enhancing the entropy level of TV. TV–MC and χ2–MC share the same results for that
our matched calibration of single-sample MC coincidentally assigns them the same symmetric inter-
val r ∈ [0.8, 1.2], their geometric differences become contributing when estimated more faithfully
with Atomic or Binary. Under Atomic estimation, KL surpasses TV by +14.3% and +8.7% on
math and code. Binary reverses this on math but yields only modest gains for non-TV divergences
on code, showing that divergence geometry is filtered through estimator topology rather than uni-
versally ranked. One possible explanation is that TV–Binary directly constrains the absolute mass
change |π(a | s) − µ(a | s)| ≤ δ, whereas curved divergences convert the same radius into a
µ(a | s)-dependent ratio penalty that can be tighter for rare actions. This could favor TV when use-
ful mathematical updates require reallocating mass among a few low-probability reasoning branches,
while coding’s larger set of valid implementations may attenuate the difference.

Estimator topology determines how this geometry is enforced under sampling. Across four
divergences, both proposed probability-aware estimators improve substantially over MC, while
Atomic ranks first in every column of the code table and achieves the best math average. Aver-
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aged over the four divergences, Binary improves over MC by 21.3% on math and 3.2% on code,
whereas Atomic yields larger gains of 28.3% and 7.7%, respectively. As Figure 2 shows, the en-
tropy of MC collapse rapidly toward zero with the score curves plateau early at comparatively low
levels. In contrast, Atomic and Binary maintain moderate range of entropy and continue improv-
ing over a longer horizon. This phenomenon follows directly from the estimator: Atomic avoids
clipping large but low-probability exploratory updates by weighting with reference probability, and
Binary instead accounts for the complementary probability mass.

5 CONCLUSION

This paper introduces GPPO, a principled framework that unifies proximal policy optimization
through a two-dimensional design space of divergence geometry and estimator topology, supported
by a generalized f -divergence trust-region theorem. Across eight mathematical reasoning and code
generation benchmarks, GPPO substantially outperforms standard PPO, demonstrating that both
dimensions are critical for effective LLM reinforcement learning. Ultimately, GPPO provides a
systematic foundation for understanding and designing future LLM RL algorithms.
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A DERIVATION FOR THEOREM 2

Derivation of Vajda’s Tight Lower Bound. We derive the tight lower bound by reducing the
original probability space to a binary partition induced by the total variation distance. Let

V = DTV(P ∥ Q) =
1

2

∫
X
|p(x)− q(x)| dx.

Consider the Hahn decomposition induced by the signed measure P −Q, with

A := {x ∈ X : p(x) ≥ q(x)}.
and let Ac = X\A denote its complement. By construction, p(x)−q(x) ≥ 0 on A and p(x)−q(x) <
0 on Ac. Therefore,

2V =

∫
A

(p(x)− q(x)) dx+

∫
Ac

(q(x)− p(x)) dx

= P (A)−Q(A) +Q(Ac)− P (Ac). (21)

Since A and Ac form a partition of X ,

P (Ac) = 1− P (A), Q(Ac) = 1−Q(A).

It follows that

Q(Ac)− P (Ac) = (1−Q(A))− (1− P (A))

= P (A)−Q(A). (22)

Substituting this equality into equation 21 yields

V = P (A)−Q(A) = Q(Ac)− P (Ac). (23)

Introduce the auxiliary probability-mass parameter

β := Q(A).

By equation 23, the probability masses of the two distributions on the binary partition {A,Ac} are

P (A) = β + V, Q(A) = β, (24)
P (Ac) = 1− β − V, Q(Ac) = 1− β. (25)

Non-negativity of these probabilities requires

β ∈ [0, 1− V ].

We next partition the f -divergence according to A and Ac. Recall that

Df (P ∥ Q) =

∫
X
q(x)f

(
p(x)

q(x)

)
dx.

Thus,

Df (P ∥ Q) =

∫
A

q(x)f

(
p(x)

q(x)

)
dx+

∫
Ac

q(x)f

(
p(x)

q(x)

)
dx. (26)

Consider first the integral over A. For β = Q(A) > 0, we can rewrite it as∫
A

q(x)f

(
p(x)

q(x)

)
dx = Q(A)

∫
A

q(x)

Q(A)
f

(
p(x)

q(x)

)
dx. (27)

The normalized density q(x)/Q(A) defines the conditional distribution Q(· | A). Since f is convex,
Jensen’s inequality gives∫

A

q(x)f

(
p(x)

q(x)

)
dx ≥ Q(A)f

(∫
A

q(x)

Q(A)

p(x)

q(x)
dx

)
= Q(A)f

(
P (A)

Q(A)

)
. (28)
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Similarly, applying Jensen’s inequality to the complementary set Ac yields∫
Ac

q(x)f

(
p(x)

q(x)

)
dx ≥ Q(Ac)f

(
P (Ac)

Q(Ac)

)
. (29)

Combining equation 26, equation 28, and equation 29, we obtain

Df (P ∥ Q) ≥ Q(A)f

(
P (A)

Q(A)

)
+Q(Ac)f

(
P (Ac)

Q(Ac)

)
. (30)

This inequality can be interpreted as the data processing inequality for the binary mapping T (x) =
1A(x): aggregating the original sample space into the two events A and Ac cannot increase the
f -divergence.

Substituting the probability masses in equation 24 and equation 25 into equation 30, we obtain

Df (P ∥ Q) ≥ βf

(
β + V

β

)
+ (1− β)f

(
1− β − V

1− β

)
.

Rearranging the arguments of f gives

Df (P ∥ Q) ≥ βf

(
1 +

V

β

)
+ (1− β)f

(
1− V

1− β

)
. (31)

Since β is an auxiliary parameter determined by the particular pair (P,Q), while constrained only
by β ∈ [0, 1− V ], taking the infimum over all feasible values of β yields

Df (P ∥ Q) ≥ inf
β∈[0,1−V ]

[
βf

(
1 +

V

β

)
+ (1− β)f

(
1− V

1− β

)]
. (32)

Therefore,
Df (P ∥ Q) ≥ Lf (V ).

The boundary cases β = 0 and β = 1− V are understood by continuity through the corresponding
limiting binary distributions. In particular, when a denominator vanishes, the expression is inter-
preted using the extended-valued convention for f -divergences.

Finally, the lower bound is tight. For any V ∈ [0, 1] and β ∈ [0, 1 − V ], consider the binary
distributions

Pβ = (β + V, 1− β − V ), Qβ = (β, 1− β).

They satisfy

DTV(Pβ ∥ Qβ) =
1

2
(|β + V − β|+ |1− β − V − (1− β)|) = V.

Moreover,

Df (Pβ ∥ Qβ) = βf

(
β + V

β

)
+ (1− β)f

(
1− β − V

1− β

)
= βf

(
1 +

V

β

)
+ (1− β)f

(
1− V

1− β

)
. (33)

Thus, taking the infimum over β ∈ [0, 1 − V ] shows that Lf (V ) is achieved by binary distribu-
tions whenever the infimum is attained. More generally, a sequence of binary distributions can
approach Lf (V ) arbitrarily closely. Hence, no larger universal lower bound depending solely on
V = DTV(P ∥ Q) can hold for all probability distributions.

Derivation for the Optimal Constant. We next derive the optimal constant for a quadratic lower
bound between the total variation distance and an arbitrary f -divergence. Specifically, we seek the
largest constant Cf > 0 such that

Df (P ∥ Q) ≥ CfDTV(P ∥ Q)2 (34)

holds uniformly for all probability distributions P and Q.
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Let
V = DTV(P ∥ Q).

From Vajda’s tight lower bound established above, we have

Df (P ∥ Q) ≥ Lf (V ). (35)

For any V > 0, dividing both sides of equation 35 by V 2 gives

Df (P ∥ Q)

DTV(P ∥ Q)2
≥ Lf (V )

V 2
. (36)

Since the right-hand side depends only on the total variation distance, a universal quadratic lower
bound must hold for all possible values V ∈ (0, 1]. Therefore, taking the infimum over V yields

CVajda
f := inf

0<V≤1

Lf (V )

V 2
. (37)

By definition of the infimum,

Lf (V )

V 2
≥ CVajda

f for all V ∈ (0, 1].

Combining this inequality with equation 35, we obtain

Df (P ∥ Q) ≥ Lf (V )

≥ CVajda
f V 2

= CVajda
f DTV(P ∥ Q)2. (38)

Equivalently,

DTV(P ∥ Q)2 ≤ 1

CVajda
f

Df (P ∥ Q). (39)

It remains to show that CVajda
f is the largest possible universal constant. Suppose there exists a

constant C > CVajda
f such that

Df (P ∥ Q) ≥ CDTV(P ∥ Q)2

holds for all probability distributions P and Q. By the tightness of Vajda’s bound, for every V ∈
(0, 1] there exist binary distributions (Pβ , Qβ) satisfying

DTV(Pβ , Qβ) = V

and
Df (Pβ ∥ Qβ) = Lf (V ),

where β minimizes the binary lower-bound expression (or approaches its infimum arbitrarily
closely). Applying the assumed quadratic bound to these distributions gives

Lf (V ) ≥ CV 2,

and hence
Lf (V )

V 2
≥ C for all V ∈ (0, 1].

Taking the infimum over V contradicts the definition of CVajda
f , since it would imply

CVajda
f = inf

0<V≤1

Lf (V )

V 2
≥ C > CVajda

f .

Therefore, no constant larger than CVajda
f can satisfy the quadratic lower bound uniformly over all

distributions. Consequently, CVajda
f is the optimal universal quadratic constant.

15



Local Quadratic Behavior of the Vajda Bound. We further characterize the local quadratic be-
havior of the binary lower bound around V = 0. For a fixed β ∈ (0, 1), define

gβ(V ) = βf

(
1 +

V

β

)
+ (1− β)f

(
1− V

1− β

)
. (40)

The Vajda bound gives

Df (P ∥ Q) ≥ gβ(V ), V = DTV(P,Q). (41)

Since f(1) = 0, we have
gβ(0) = 0. (42)

Differentiating with respect to V gives

g′β(V ) = f ′
(
1 +

V

β

)
− f ′

(
1− V

1− β

)
, (43)

g′′β(V ) =
1

β
f ′′
(
1 +

V

β

)
+

1

1− β
f ′′
(
1− V

1− β

)
. (44)

Consequently,

g′β(0) = 0, g′′β(0) =
f ′′(1)

β(1− β)
. (45)

Applying Taylor’s theorem around V = 0, we obtain

gβ(V ) =
f ′′(1)

2β(1− β)
V 2 + o(V 2), V → 0. (46)

Therefore, for every fixed β ∈ (0, 1),

Df (P ∥ Q) ≥ f ′′(1)

2β(1− β)
DTV(P,Q)2 + o

(
DTV(P,Q)2

)
. (47)

Since
β(1− β) ≤ 1

4
,

the smallest possible local quadratic coefficient over β ∈ (0, 1) is

C local
f = min

β∈(0,1)

f ′′(1)

2β(1− β)
= 2f ′′(1), (48)

attained at β = 1/2. This local coefficient should be distinguished from the global Vajda constant

CVajda
f = inf

0<V≤1

Lf (V )

V 2
. (49)

The former characterizes the local curvature of the binary lower bound around V = 0, whereas the
latter controls the entire range V ∈ (0, 1]. Consequently,

CVajda
f ≤ C local

f = 2f ′′(1), (50)

with equality when the global minimum of Lf (V )/V 2 is attained asymptotically at V = 0.

B VARIANCE REDUCTION OF ATOMIC ESTIMATION

We next analyze the variance reduction induced by Atomic Estimation. Let

h(a) = f(r(s, a)), a ∼ µ(· | s), (51)

so that
Df (π ∥ µ) =

∑
a

µ(a | s)h(a). (52)
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Since the variance of a random contribution decomposes into its second moment minus its squared
mean, we focus on the second-moment term, which captures the contribution of large-magnitude
samples and is the dominant source of variance in long-tailed importance-weighted estimation.

Under MC estimation, the sampled divergence contribution is

D̂MC
f = h(a). (53)

Its second moment is

Ea∼µ

[(
D̂MC

f

)2]
=
∑
a

µ(a | s)h(a)2. (54)

Thus, the contribution of action a to the second moment is

vMC(a) = µ(a | s)h(a)2. (55)

Atomic Estimation instead evaluates the probability-weighted atomic contribution

D̂Atom
f = µ(a | s)h(a). (56)

Its corresponding second moment is

Ea∼µ

[(
D̂Atom

f

)2]
=
∑
a

µ(a | s)3h(a)2, (57)

so the contribution of action a becomes

vAtom(a) = µ(a | s)3h(a)2. (58)

Consequently,
vAtom(a) = µ(a | s)2vMC(a) ≤ vMC(a), (59)

where the inequality follows from µ(a | s) ≤ 1.

The suppression is particularly strong for rare actions. For µ(a | s) ≪ 1, the second-moment
contribution of action a is reduced by the additional factor µ(a | s)2 under Atomic Estimation.
Hence, even when a rare action exhibits a large ratio deviation and consequently a large raw value
of h(a), its contribution to the probability-weighted proximal constraint remains controlled.

This analysis shows that Atomic Estimation mitigates the long-tail sensitivity of MC-based con-
straints by suppressing the second-moment contribution of low-probability actions. It therefore
provides a probability-aware mechanism for improving the stability of proximal estimation, while
distinguishing the magnitude of a ratio deviation from its actual contribution to the overall diver-
gence.
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