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Abstract—Reinforcement Learning with Verifiable Rewards (RLVR) and other RL-style post-training paradigms have been used for
aligning large language models (LLMs) with reasoning standards. The resulting recent Reasoning Language Models (RLMs) such as
DeepSeek-R1, 03, and Kimi k1.5 show that such RL-style post-training (“RL-for-LLMs”) can substantially improve chain-of-thought
reasoning, long-horizon planning, and self-correction. However, the computational footprint of these systems is massive:
state-of-the-art RLM training requires millions of GPU-hours and tightly coupled multi-model pipelines that stress modern hardware far
beyond classical supervised LLM training. This makes RLM training as much a parallel and distributed systems problem as an
algorithmic one. In this work, to facilitate developing RLMs that are simultaneously high-performance, scalable, and cost-effective, we
first systematize the RL-for-LLM paradigm and provide a compute-centric analysis of prominent post-training algorithmic frameworks:
Proximal Policy Optimization (PPO), Group Relative Policy Optimization (GRPO), as well as their variants. Second, we develop a
taxonomy of intra- and inter-model parallelism strategies for RL-for-LLMs, covering both traditional techniques (data, tensor, pipeline,
sequence, context, and expert parallelism) as well as novel forms of parallelism and optimization techniques for multi-model RLM
training, for example disaggregated placement, stage fusion, hybrid parallelism, and asynchronous execution. We harness the
work—depth model of parallel computing to make our taxonomy and its insights rigorous and portable. Finally, we analyze existing RLM
frameworks and we distill practical guidelines and outline open research directions for building scalable, fast, and cost-effective RLMs.

Index Terms—Parallel Reasoning Language Models, Distributed Reasoning Language Models, Parallel RLVR, Distributed RLVR,
Asynchronous Reasoning Language Models, Asynchronous RLVR.
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1 INTRODUCTION

Reinforcement learning (RL) is now the computationally
dominant post-training paradigm for aligning large lan-
guage models (LLMs) with reasoning standards. After pre-
training and supervised fine-tuning (SFT), RL optimizes a
policy against learned reward models or other feedback
signals to improve task-specific performance beyond next-
token prediction [20,192]. The resulting frontier Reasoning
Language Models (RLMs), such as DeepSeek-R1 [107], Ope-
nAl’s 03 [188], and Kimi k1.5 [86], demonstrate that care-
fully designed preference learning and policy optimization
over Chain-of-Thought trajectories can produce substan-
tially stronger reasoning, long-horizon planning, and self-
correction than SFT alone. A key paradigm behind this trend
is RL with Verifiable Rewards (RLVR), in which reward signals
are obtained from automatically checkable outcomes, such
as exact-answer verification in mathematics, unit tests in
code, or other task-specific verifiers [118,173,243].

The computational footprint of RLMs is enormous [156].
For example, OpenAl reports that in developing 03 it scaled
RL by an additional order of magnitude in both train-time
RL compute and inference-time reasoning compute, while
still observing clear gains from further scaling [187]. More
broadly, cost analyses of frontier model training indicate
that end-to-end training runs for leading systems already
cost tens to hundreds of millions of US dollars in compute
alone, and they may reach more than $1B by 2027 [73].

In contrast to classical supervised LLM training, RLM
pipelines [26] couple several large models and stages. A

standard Proximal Policy Optimization (PPO)-style setup
maintains four distinct LLMs (actor (policy), reward, critic
(value), and a reference model) and repeatedly executes
them across three stages (Generation, Assessment!, Train-
ing) with complex data dependencies. Recent reasoning-
oriented systems often use critic-free Group Relative Pol-
icy Optimization (GRPO)-style training in practice, largely
because removing the critic reduces memory pressure and
simplifies large-scale rollout training [107,213]. Neverthe-
less, PPO-style actor—critic training remains a key and rel-
evant design point as its learned value baseline reduces
gradient variance and stabilizes policy updates, provid-
ing more faithful token-level credit assignment than critic-
free alternatives such as GRPO [79,239]. PPO has been
used or revived in reasoning-focused RL systems such as
VAPO [268]. Overall, both PPO and GRPO as well as their
variants are crucial RLM training frameworks.

Systems used for RL post-training, for each Real [169],
RLHFuse [282], and OpenRLHF [117], have shown that
naively reusing supervised-training parallelization strate-
gies for RLMs yields suboptimal GPU utilization. In-
stead, the RLM workflow demands joint reasoning about
model placement, inter-model scheduling, and heteroge-
neous workload characteristics. This combination of mas-
sive scale and multi-model RL pipelines makes RLMs fun-
damentally a parallel and distributed systems problem.

!While the Assessment stage is often called “Inference” in the literature,

we use the term “Assessment” because it more precisely describes
its functional role. Indeed, inference is not specific to this stage:
Generation also performs inference, albeit autoregressively.
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Fig. 1: Overview of the contributions and analyses in this work.

To facilitate the development of next-generation scalable
and cost-effective RLMs, we conduct an in-depth investiga-
tion into the foundations of their parallel and distributed
computational characteristics; a roadmap of the paper can
be found in Figure 1. First, we systematize the RL-for-LLM
paradigm and provide a compute-centric analysis of sev-
eral prominent post-training frameworks (contribution 1),
including PPO-style [279] and GRPO-like methods [213].
We also consider preference-gradient approaches such as
Direct Preference Optimization (DPO) [250] — while these
methods do not use RL, they have been shown to also
enhance reasoning capabilities [134,238,242,252].

Next, we develop a taxonomy of parallelism for RLMs
(contribution 2). The first part focuses on intra-model paral-
lelism, instantiated by LLM-based policies, critics, rewards,
and references. For this, we analyze traditional forms of
parallelism and how they interact with the RL pipeline,
for instance which RL stage benefits most from which
form of intra-model parallelism. Here, we consider data
parallelism (DP) [146], tensor parallelism (TP, also referred
to as operator parallelism [25,219], pipeline parallelism
(PP) [120,176], sequence parallelism (SP) [132], context par-
allelism (CP) [160], and expert parallelism (EP) [141]).

The second part of our taxonomy targets inter-model
parallelism: opportunities to run different models and RL
stages concurrently, and system-level optimizations that re-
duce end-to-end iteration time by reshaping how these com-
ponents interact. We show that the available forms of inter-
model parallelism are largely determined by a small set of
concrete design choices: model structure configurations, which
can eliminate redundant model executions (e.g., critic—
reward merging), model placement strategies, which enable
component-level concurrency by co-locating models on the
same devices or disaggregating them onto separate device
groups/services; stage and sub-task fusion, which introduces
stage-level overlap (e.g., overlapping long-tailed generation
with reward/value evaluation, or pipelining actor and critic
updates) to remove serialization between stages; hybrid
intra-model configurations across components, where different
models and stages use different mixtures of intra-model
parallelism; and asynchronous execution, which decouples
rollout generation from learning via bounded staleness.
Our taxonomy provides a common performance-oriented
language for formulating, comparing, and implementing
new optimizations for large-scale RLM training.

To ensure that all the insights are portable across differ-
ent architectures, we use work/depth/memory complexi-
ties for all the parts of the taxonomy (contribution 4).

We then use the taxonomy to conduct a systematic anal-
ysis of existing RLM models and frameworks and analyze
them through the lens of the parallelism and optimization
strategies they implement (contribution 5). Concretely, we
examine general-purpose libraries such as TRL [231], Colos-
salChat [267], DeepSpeed-Chat [261], OpenRLHF [117], Hy-
bridFlow [217], and NeMo RL [184,214], as well as more
specialized systems including ReaL [169], RLHFuse [282],
FlexRLHF [251], StreamRL [281], Asynchronous RLHF [180],
AReal [92], and Pipe-RLHF [262]. For each framework,
we catalogue which intra- and inter-model techniques are
supported. This enables practitioners to make informed
choices about which framework best matches their needs,
and it reveals systematic gaps where our taxonomy suggests
additional optimizations (for example, underexplored stage-
fusion and placement policies for multi-model PPO-style
pipelines). In this way, our study not only describes the
current ecosystem but also points to concrete directions for
enhancing existing RL frameworks and designing new ones.

1.1 Complementary Analyses & Related Work

There exist general studies on the blueprint for RLMs [26]
and broad surveys on LLM-enhanced RL [61,237]. Other
works provide comprehensive analyses of specific compo-
nents of the RL pipeline [232,250,279].

Some surveys detail techniques for resource-efficient
LLMs, covering algorithms, model compression, and sys-
tems [17, 83,253]. More broadly, [25] offers a foundational
concurrency analysis of parallel and distributed deep learn-
ing. However, these works do not focus on the unique
demands of RLM pipelines.

Closer to our work, Liu et al. explore acceleration tech-
niques for deep RL [162] and Chen et al. survey the ef-
fects of scaling LLM’s reasoning capabilities [68]. However,
these works do not explain the underlying performance
foundations of the parallel and distributed systems that
enable RLMs to scale. Specifically, the latter focuses on
how reasoning capabilities emerge with scale, not on the
concurrency and system bottlenecks of the RLM training
loop. Similarly, the former analyzes acceleration for general
deep RL, not the specific parallel architectures required by
modern RLM pipelines.

We complement these studies by providing the first in-
depth analysis to demystify the performance foundations of
parallel and distributed RLMs.



1.2 Analysis of Parallel Algorithms

We use formal models for reasoning about parallelism.
Specifically, we use the work-depth (WD) analysis, an estab-
lished approach for bounding runtimes of parallel algo-
rithms. The work (W) of an algorithm is the total number
of operations and the depth (D) is defined as the longest
sequential chain of execution in the algorithm, and it forms
the lower bound on the algorithm execution time [53, 56].
One usually wants to minimize depth while preventing
work from increasing too much. Finally, Memory accounts
for model parameters, gradients, optimizer state (Adam first
and second order moments), and stored activation tensors
during a single training iteration.

2 OVERVIEW & FOUNDATIONS OF RLMs

We first overview basic RLM post-training concepts.

2.1 RL Post-Training Pipeline: Overview

The essence of RL for LLM can be captured as a sim-
ple three-stage loop that iterates continuously: Generation
— Assessment — Training — Generation — . These
stages operate over a batch of input prompts, denoted by
X = {z1,22,...,2p}, where B is the batch size. Starting
from a language model that has typically been pre-trained
and then fine-tuned via supervised learning (SFT), this
loop further improves this model (referred to as the policy
model mg) through RL-based optimization. In each iteration,
the Generation stage produces candidate responses to input
prompts using the current policy mg. Then, Assessment eval-
uates those responses and produces feedback (which can be
both scalar and vector). Finally, Training uses the resulting
feedback to update the policy mp. Both Assessment and
Training stages may invoke one or more auxiliary models
that provide the feedback signals used to improve the policy
mg, i.e., the reward model R, the critic model V, and the
reference model m.of. This iterative process continues until
convergence criteria are met or a predetermined number of
training loops are completed, with the updated my model
from each training stage serving as the starting point for the
next cycle. We overview this process in Figure 2; additional
mathematical details are in Appendix A and in Table 1.

2.2 Terminology: RLVR, RLHF, RLAIF & Others

We use RL-style reasoning post-training as the umbrella
term for reasoning-oriented post-training pipelines that use
feedback beyond next-token prediction. This term is broader
than strict online RL: it includes (1) RLVR, where online
RL algorithms such as PPO and GRPO-style methods use
verifiers as rewards; (2) online RL-based post-training with
model-based assessment, including RL from Human Feed-
back (RLHF), RL from AI Feedback (RLAIF), direct RLAIF
(d-RLAIF), and learned reward methods; and (3) offline
preference-optimization methods such as DPO, which are
not RL in their basic form but have also been used to
enhance reasoning. This broader umbrella is also reflected in
systems practice: frameworks originally named after RLHF
are now used for broader reasoning post-training. For ex-
ample, OpenRLHF [117] supports PPO- and GRPO-style
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training, while RLHFuse [282] optimizes the same staged
workflow used by both RLHF and RLVR systems.

Strict RLVR denotes online RL with rewards produced
by an automatic verifier rather than a learned reward model.
Examples include exact-answer matching in mathematics,
unit-test execution or compilation in code, theorem proving,
and other programmatic correctness checks [107,213].

A second class uses model-based assessment. In clas-
sical RLHF, rewards are derived from human preference
data, typically through a learned reward model [192]. In
canonical RLAIF, human preference labels are replaced by
Al-generated preferences or critiques, which are then used
to train a reward model; Constitutional Al is a canonical
example [21,140]. A closely related variant is direct RLAIF
(d-RLAIF), where an LLM directly evaluates policy out-
puts and provides rewards during RL, without training a
separate reward model [140]. Thus, LLM-as-a-judge reward
schemes can naturally be viewed as instances of d-RLAIF
rather than a separate feedback class. Neither RLAIF nor d-
RLAIF is strict RLVR because their Assessment signal is an
Al-generated judgment rather than an externally verifiable
correctness check.

Learned assessment models are nevertheless important for
reasoning. Process-supervised reward models improve math-
ematical reasoning [155]; Math-Shepherd trains a pro-
cess reward model and uses step-level PPO to improve
GSMS8K and MATH performance [235]; there are further
similar examples [76, 103, 138]. These examples motivate
retaining reward-model terms in our complexity analy-
sis. When Assessment is implemented by a learned out-
come or process reward model, it requires LLM forward
passes; when process-level feedback is used, the evaluator
may be invoked at many reasoning steps. Such learned-
assessment pipelines can therefore be more compute-heavy
than lightweight exact-match RLVR, even though both in-
stantiate the same Assessment role.

A third class consists of offline preference-optimization
methods. DPO is not RL in its basic form: it inherits the
preference-learning objective of RLHF but optimizes static
preference pairs without online rollout generation or ex-
plicit reward-model inference [200]. Yet, DPO-style methods
have also been adapted to reasoning, for example through
iterative reasoning preference optimization and step-wise
DPO [134,238,242,252]. We include them because they share
parts of the same post-training staged dataflow with poli-
cy/reference forward passes and policy backpropagation.

Overall, all these methods build upon all or part of the
same systems abstraction: Generation — Assessment — Train-
ing. Online RL methods such as RLHF, RLAIF/d-RLAIF, and
RLVR execute the full loop: the policy samples trajectories,
Assessment maps them to rewards, model judgments, ver-
ifier outcomes, advantages, or other learning signals, and
Training updates the policy and potentially critic. Offline
preference methods such as DPO remove online Genera-
tion and explicit reward Assessment from the inner loop,
but retain the policy/reference comparison and Training
components. Our analysis therefore targets the broad class
of RL-style reasoning post-training systems, where the As-
sessment stage may be instantiated by a learned reward
model, an LLM evaluator, an automatic verifier, or an offline
preference signal.



Models & training signals used in the RL pipeline

o Policy (Actor) model: the trainable LLM being optimized.

Tref Reference model: the frozen baseline policy (usually a checkpoint right after SFT).

R, Reward model: an assessment tool that maps prompt-response pairs to scalar rewards.

Vi Critic model (Value function): an assessment tool that estimates expected future returns from the reward model.

f) i) Al
o, 4,04

Reward for the i-th candidate of prompt b, advantage at token step ¢, and discounted return estimated at token step ¢.

Data & Dimensions

X, ¥ Space of input prompts and token sequences, respectively
X ={z1,...,zp} Batch of B input prompts; X C X.
y=(Yy1,.--,yr) A response sequence consisting of T" tokens (y € )).
K Number of candidate responses generated per prompt (in the Generation stage).
S, T The average prompt length and the average response length.
LLM & system design
N,L,V,B Number of parallel devices, number of layers, vocabulary size, batch size, respectively.
d,dg, h,dx, =d/h Hidden dimension, the intermediate FFN dimension, number of parallel heads, and per-head dimension, respectively.
E,Eq,de The number of experts per layer, the number of active experts per token, and the expert hidden dimension, respectively.

TABLE 1: Overview of basic mathematical notation and concepts used in the paper. Notation specific to the complexity analyses

is detailed separately in Table 3.

2.3 Auxiliary Models in the RL-LLM Pipeline

We now investigate the functional and execution charac-
teristics of models used in the RL pipeline, see Table 2
and Figure 2 (top). While conceptually distinct, in practical
settings, they share similar LLM-based architectures.

Model State Used in System design remarks

Policy Trainable Generation, Bottleneck: Sequential decoding

(Actor) 7y Training dominates wall-clock time.

Reward R, Frozen  Assessment Efficient parallel evaluation; no

(Outcome) backward pass. Easy to offload.

Reward RY;  Frozen  Assessment High overhead; sequential decod-

(Process) ing if using sequential verification
(e.g., MCTS).

Critic Trainable Assessment, Doubles training compute

(Value) V, Training (fwd+bwd). High memory pressure
(optimizer states).

Reference 7, Frozen Assessment Required for KL/DPO. Forward-

only; often quantized to save mem-
Ory,
TABLE 2: Overview of models used in the RLM pipeline.

2.3.1 Reward Model

The reward model is a function R, : X x Y — R that
maps a prompt-response pair (z,y) to a scalar reward r,
ie, Ry(xz,y) = r, representing overall response quality,
helpfulness, or alignment with desired behavior. These re-
wards are typically learned from human preference data
and serve as the principal alignment signal for the policy.
During the Assessment stage, the reward model performs
a single forward pass per full sequence to produce rbz). Itis a
frozen model (no gradients computed). Moreover, as scalar
rewards are usually single-token, its execution is usually
non-autoregressive, which makes its evaluation consider-
ably cheaper than autoregressive policy generation.

There are two types of reward models: outcome-based
and process-based reward models (R},*). The former is a
standard mechanism that assigns a single scalar score r to
a completed sequence. Process-based reward models provide
feedback at intermediate steps of reasoning. Formally, it maps
a sequence to a vector of rewards. While this provides a

richer supervision signal, it significantly increases compu-
tational cost (as it may require multiple forward passes or
Monte Carlo Tree Search (MCTS) integration) and is difficult
to train [26,107].

2.3.2 Critic Model

The critic model is a function defined as Vy, : X x Y<; — R.
It estimates the expected future reward from a partial
sequence, ie., Vy(z,y<) = v;. Given a prompt z and
prefix y«, the critic predicts v; as an estimate of the return
that the policy can expect from that point onward, i.e.,
Ve(x,y<t) =~ Egp, [Zf:t YT, | m,y<t}. When 7 comes
from a learned reward model, we have rr = R, (z,y1.7)
and r; = 0 for t < T,~ = 1. Unlike the reward model, the
critic provides token-level information, producing value esti-
mates for all positions ¢ in a single forward pass over the full
sequence. During the Assessment stage, these predictions
are combined with observed rewards to compute advantage
estimates A;. These advantage estimates are then used in
Training to guide gradient updates of the policy model. The
critic runs a full forward pass per sampled sequence and
a backward pass for its parameter update, often in parallel
with the policy gradient computation.

Unlike reward models, the critic is trainable. The reward
model R, acts as a fixed proxy for task quality; keeping
it fixed during policy optimization provides a stationary
reward objective. The critic V,;, however, estimates the ex-
pected return under the current policy. As mg changes, the
distribution of rollouts and their expected returns changes
as well. Therefore, PPO-style methods update V,, after
each rollout batch by minimizing a value-regression loss

A N2 .
I%\ 2 (ey)eB 2ot (Vw(x, Y<t) — Gt) , where G, is a Monte-
Carlo or GAE-style return target computed from the re-

wards collected on that batch. In this way, the critic tracks
the return function induced by the evolving policy.

2.3.3 Reference Model

The reference model 7,f is a frozen policy myef : X X YV —
[0, 1] that serves as a fixed baseline to stabilize optimization.
It is typically a snapshot of the policy after SFT and before



Classes of schemes

"RL-Style" Reasoning Post-Training

Reasoning-oriented post-training pipelines that use feedback beyond next-token

prediction. These methods build upon all or part of the same systems a

¥ Generation B Assessment B —Training

bstraction:

Reinforcement Learning with Learned Model Rewards Offline Preference Optimization

l}leinforcement Learning with
Verifiable Rewards [in a strict sense ; : Extensions of RLHF / : .
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Models

critic

@ Actor (Policy) Model @ Critic (Value) Model

A helper model trained alongside Actor, it
is used to reduce gradient variance when
training Actor.

Size: 500M — 1T+ parameteres

The model we want to train, it learns to
generate high quality responses
Size: 500M — 1T+ parameters

Policy optimization algorithms

@ Reward Model @ Reference Model

A separate model, frozen during RL A frozen copy of original Actor before RL,
training, it evaluates entire generated it prevents Actor from drifting too far
responses and outputs a "quality" score. from its original state.

Size: 500M — 400B+ parameters Size: same size as actor
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Fig. 2: Overview of policy optimization algorithms and used models. No Al was used to conceive or to draw the figure.

any RL. During the Assessment stage, it provides per-
token log-probabilities log myef (¥ | 2, y<¢) used to measure
deviation from the current policy. During the Training stage,
these outputs are reused for regularization, e.g., through a
KL-divergence penalty Dkr,(mg||mer) or preference deltas
in DPO. Since it remains frozen, m..f requires only forward
passes, but it can still be expensive to evaluate at scale
because it performs a full-sequence teacher-forced forward
pass over every rollout.

2.4 Auxiliary Models vs. Algorithmic RL Frameworks

Depending on what auxiliary models are used, there are
PPO-like methods, GRPO-like methods, and DPO-like
methods, with distinct computational trade-offs. PPO [208]
uses all four models, requiring both forward and backward
passes for my and V,;, and additional forward-only evalua-
tion for R, and ms. GRPO [107,156,213] omits the critic,

saving backward passes but still requiring reward inference.
DPO [200] relies solely on two models (g and mef), result-
ing in an offline teacher-forced forward/backward pipeline
(without online Generation or explicit reward-model infer-
ence) that is computationally lightweight and easier to scale;
however, it also takes as input the pre-computed preference
dataset. Thus, the combination of these models not only
defines the algorithmic behavior of the RL method but also
determines its computational profile, parallelism potential,
and system-level design.

2.4.1 Variants and Emerging Frameworks
There are numerous variants of PPO, GRPO, and DPO-like
methods, we now summarize most important ones, focusing
on their computational characteristics.

Within the PPO family, VAPO [268] retains the value
model but improves value-based training efficiency and



stability through value pretraining and decoupled GAE,
so its compute remains recognizably actor—critic rather
than critic-free. RTO [280] shifts supervision toward token-
level rewards and advantages, increasing per-token book-
keeping during training. Safe-RLHF [75] extends PPO-
like RLHF with a separate cost model and a Lagrangian
safety constraint, thereby adding another assessment model
while making helpfulness-harmlessness trade-offs explicit.
Other PPO-style trust-region variants include divergence-
based DPPO [198], which replaces ratio clipping with di-
rect divergence estimates while preserving the basic online
actor—critic profile, and mirror-descent formulations such as
MDPO [228], which largely preserve the actor—critic com-
pute structure while changing the policy update from PPO’s
clipped-ratio surrogate to a Bregman- or KL-regularized
mirror-descent step around the previous policy.

Within the GRPO family, DAPO [265] improves sample
and FLOP efficiency through asymmetric clipping, dynamic
sampling, token-level losses, and better handling of over-
long trajectories, while pruning-based extensions such as
DPPO [286] reduce wasted decoding and training work by
pruning unpromising trajectories with unbiased correction.
Other GRPO-like extensions such as Graph-GRPO [60],
RiskPO [203], GBMPO [266], MicroCoder-GRPO [154], and
PIPO [233] mostly preserve the same critic-free online com-
pute profile while changing the regularizer, feedback signal,
or application setting. Related critic-free online methods
such as RLOO [6] and ReMax [153] also avoid value-
model training, but replace learned critics with leave-one-
out, sample-based, or greedy-response baselines rather than
GRPO'’s group-relative normalization.

DPO-style variants typically preserve the offline, SFT-
like compute profile in which the policy is updated by
batched teacher-forced passes over preference data. IPO [96]
changes the pairwise objective without materially changing
this profile; ORPO [114] combines the SFT term with an
odds-ratio preference penalty and removes the explicit refer-
ence model; SimPO [170] also removes the reference model
and thus reduces memory and forward cost; KTO [87] uses
binary desirability signals instead of paired preferences;
and AlphaDPO [246] introduces adaptive margins while
keeping the basic offline scaling behavior. Reward-aware
preference objectives [223] partially reintroduce reward in-
formation into this family: they add quality-aware signals
to the preference loss without returning to the full online
actor—critic loop.

Finally, emerging likelihood-oriented methods such as
MaxRL [224] target reasoning-heavy settings with compute-
indexed sampling objectives that interpolate between stan-
dard RL and maximum-likelihood optimization as addi-
tional sampling compute is allocated. Overall, these variants
do not change the main systems distinction: online methods
are dominated by rollout generation, critic-free methods
remove V,-dependent costs, and offline preference methods
trade exploration for cheaper batched training.

2.5 Computational Analysis of RL-LLM

We now analyze computational complexities of RL-LLMs.
Mathematical derivations are detailed in Appendix B.

We first derive the computational costs of building
blocks, see Table 3. Namely, each harnessed model comes
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with forward and backward pass costs (work, depth, and
memory consumption). These costs are similar or identical
(in the asymptotic sense) across different models, because
all models are based on the transformer architecture.

Next, we obtain the complexities for PPO, GRPO, and
DPO, see Table 4. Overall, the work-depth expressions
make the ordering precise. Among the online methods, PPO
is the most expensive because its per-iteration work contains
all major terms, and its training memory also includes both
trainable models. GRPO removes the critic Vy, so it elimi-
nates the additional O(BK (S + T)[CP(Vy) + CiX(Vy)])
work and the corresponding O(|Vy|) model-state mem-
ory, but it retains the same dominant online bottleneck as
PPO, namely the autoregressive generation depth Dge, =
O(T - D¢(mg)). By contrast, DPO removes online rollout
generation and explicit reward/critic evaluation from the
inner loop, leaving only batched forward/backward passes
over preference pairs. Thus, unlike PPO and GRPO, DPO
has no T'-step autoregressive term in its inner-loop depth,
which explains why its systems profile is much closer to
standard SFT. The trade-off is algorithmic: because DPO
optimizes over a fixed preference dataset rather than fresh
online rollouts, it cannot directly explore behavior outside
that dataset.

Later in Section 5, we also present detailed algorith-
mic parallelism-focused specifications (Algorithms 1, 2,
3, and 4) that explicitly annotate most relevant parallel
execution.

2.6 Key Insights & Takeaways

We summarize key takeaways.

A Autoregressive generation imposes an irreducible per-
rollout dependency. For PPO and GRPO, each rollout is
generated token by token, yielding a per-trajectory depth of
O(T'Dy(mg; S+ T)). Parallelizing Assessment or Training
cannot remove this sequential dependency within an indi-
vidual trajectory. Consequently, efficient decoding kernels
remain central to reducing rollout latency and increasing
generation throughput.

A Generation is not necessarily the end-to-end system
bottleneck. The sequential depth of an individual rollout
does not imply that the entire Generation stage must dom-
inate iteration time. Through inter-stage fusion, completed
samples or rollout subbatches can be streamed into Assess-
ment while longer trajectories or later rollout waves are still
being generated. This overlap is useful when completion
lengths are skewed or when finite generation capacity forces
the rollout batch to be processed in multiple waves. It
trades additional memory (e.g., through live KV-cache and
communication buffers) for reduced pipeline idle time.

A Auxiliary models define the systems profile. PPO
uses {myet, Ry, Vyp}, GRPO removes V,, and DPO
removes both R, and V; from the inner loop.
Hence the PPO-GRPO gap is precisely the critic cost
@(BK(S + T)[CF (Vi) + C;Ok(Vw)}) plus critic model-
state memory. The GRPO-DPO gap is more structural: DPO
also removes online rollout generation from the optimiza-
tion loop, eliminating the T-step generation depth term.

A Frozen models are placement opportunities. The reward
and reference models are forward-only. They require no



Cat. Symbol Meaning and remarks Mathematical expression
Work C;?k(M ) Forward-pass FLOPs per token for model M on a context of length S + 5
T (input prompt length + response length). The reference policy o is Cf (70) = 2Lx [4d7r + 2drdatr + (S + T)dw] +2Vdx
architecturally identical to the actor ms. Unembedding FLOPs per token are C* (o) = O (74)
2V d, (policy only). The reward model R., adds a projection head applied to ~f ‘"ref/= ~f 176
the final token only, contributing ;i—}% FLOPs per token, whereas the value C;ﬁ’k(Rw) =2LRp [4d% + 2drdger + (S + T)dR] + ﬁ*’}
model V,;, applies a projection head to every token, contributing 2dy, FLOPs .
per token. C'(Vy) = 2Ly [4d?, + 2dydye + (S + T)dv] +2dy
C°%(M) Backward-pass FLOPs per token for model M on a context of length S+ T CN N A 2. RS
(input prompt length + response length). y (M) =2-CF"(M)
C;E (mg) Autoregressive generation FLOPs per rollout for generating T" tokens (re- ool (0) = ool (m0) + ool (0)
sponse length) from a context of length S (input prompt length) with KV ~gen70/ = ~pf 170 dec\ 710
caching (policy only). It is decomposed into prefill and decode. Prefill FLOPs  roll —oL.S(4d? +2d.d Sd
are for processing the prompt of length S once and initializing the KV cache (o) T ( w T 2dmdrit 7‘)
before autoregressive decoding begins. Prefill attention is assumed to be + L. (O( 5%y + O( de)) +ovd,
dense; as it is causal only half of the full MM product are needed, giving
~ S2d, FLOPs for both QK7 and for PV; O(S?) and O(Sd) account ol -1 5
for lower-order contributions (respectively — softmax and scaling by 1/v/d, Ciwe(T6) = > {QLW(‘M.N + 2drdrst +2(S + t)dr) + 2Vd7r]
as well as RoPE and layer norms). Decode FLOPs are for generating the t=1
remaining T — 1 tokens autoregressively with KV caching. At decode step ¢, + Ly (O(S+1t)+0(dr))
the model attends to context length S + ¢.
Depth Dy (M) Forward-pass depth of model M on a context of length S + T, defined as _
the length of the critical path assuming unbounded parallelism. The policy Dj(me) = O (Lx [log dr + log(S + T)] + log dx)
mg includes an additional unembedding (output projection) step, which D (mret)= Dy (o)
contributes a log d, term to the depth. For the reward model R, and the Ds(Ry,) = O (Lg [logdg + log(S + T)] + log dr)
critic Vy, the additional projection head contributes an extra log d term to
D¢ (Vy) = O (Ly [logdy + log(S + T)] + log dv)
the depth. LN
DTP(M) Forward-pass depth of model M with tensor parallelism degree P; on a
f t TP a d
context of length S + T'. Dy (M)=0O (LM [log% + log(S + T)] + log ?1\:1)
Dy(M) Backward-pass depth of model M on a context of length S + T'. It equals _
the depth of the forward pass for the corresponding model M (which entails Do(M) = Dy (M) + O(log(B(S + T)))
computing the gradients with respect to activations), plus the additional term
O(log(B(S + T))) coming from computing the gradients with respect to
model weights, where one has to accumulate gradients across batch (as these
two branches can overlap, the expression given is a conservative bound).
Dgen(mg) Autoregressive generation depth for generating 7" tokens given a prompt of -1
length S. Prefill contributes one forward-pass depth (over context of length _ . .
S); decode contributes one sequential forward-pass depth per generated Dgen(me) = Dy (me; S) + ; Dg(mo; S+1)
token (i.e., over context of length S + ¢ for the ¢-th token). -
= O(T . Df(’n'e; S+ T))
Memory | M| ?}/fodel paratmetfer count of ﬁ/l (weights a;d etrnbteddipgi?. Tt a(lZ\:jaz};s tinch;(ii:is] |mg| = L (4dfr + 2drdast) + Vdr, |Tet| = |70
e parameters from query, key, value and output projections , two T (42
projections (2ddyf), and the final logit computation (V'd). For reward and |ac L5(4dac2 + 2dacdac,11) + Vdac + dac
critic models, there are also d parameters in the final head that outputs the |Rel =L R(4d122 +2drdrsr) + Vdr + dr
score(s). ‘V¢| = Lv(4dv + 2dy dvff) + Vdy + dy
Mact Training activation memory per processed token for model M. Under Mace = ©(Lardar)
the leading-order activation model used throughout the paper, activations
required for backpropagation scale with the number of layers and hidden
width. Constant factors from Q/K/V tensors, FFN intermediates, normaliza-
tion, residual, and other temporary tensors are suppressed. This assumes no
activation checkpointing.
Ming Forward-only inference-buffer memory per processed token for model M. Mi,¢(M) = O(dar)
Because intermediate layer buffers can be reused across layers and the
attention matrix is assumed not to be fully materialized, the leading-order
buffer scales with hidden width rather than layer count.
Myxv  KV-cache memory required for one rollout of prompt length .S and response

length T" during generation. If all BK rollouts are generated concurrently, the
peak KV-cache memory is BK - Mxv; if rollouts are generated sequentially
across the K samples per prompt, the peak reduces accordingly but the
generation depth increases.

Myv = 2(5 + T)Lwdw

TABLE 3: Computational building blocks used across the paper. We assume canonical multi-head attention and two-projection
FFN. For computing FLOP costs, an addition and a multiplication count as two seEarate FLOPs (i.e., a dot product of vectors
of dimensionalities d results in d + (d — 1) ~ 2d FLOPs under this model). C~, Clok, ngﬂ are the costs of (respectively)
forward pass, backward pass, and autoregressive generation; defining them per token and per rollout effectively clarifies the
notation for the subsequent analyses. The explicit depth expressions count the selected GEMM reduction chains and parameter-
gradient accumulation; they suppress the additional logarithmic reductions from normalization, attention/vocabulary softmax,
sampling, and distributed collectives. For generation, we explicitly distinguish prefill and decode. Prefill processes the prompt
once, while decode generates tokens sequentially with KV caching. This decomposition is important because rollout generation
is the dominant online bottleneck and is not equivalent to a single teacher-forced forward pass over a sequence of length S + 7.




Framework PPO (Online) GRPO (Online) DPO (Offline)

Work (Total FLOPs)

Generation O(BK - C2 (7)) O(BK - C2n (o)) -t
Assessment  O(BK(S +T) - [C¥(me) + CF(Ry) + CY(Vy)])  O(BE(S +T) - [CF*(mw) + CP(R,)])  O(Bpains(S + T) - [CF (met) + CF (o))
Training O(BK(S+T) - [Ci(ma) + C*(Vy)]) O(BK(S +T) - C*(we)) O(Bpairs (S + T) - C*(70))

Depth (Critical Path Latency)

Generation O(Dgen(0)) O(Dgen(76)) -

Assessment O(max{Dy (met), Ds(Ryp), Dy(Vy)}) * O(max{ D (met), Ds(Ry)}) O(max{Dj(mp), Dy (mrer)})
Training O(max{Du(mg), Du(Vy)}) O(Dy(mo)) O(De (o))

Memory Cost

Generation O(|mg| + BK - Mkv) O(|mg| + BK - Mxy) -

Assessment O(|mref| + |Re| + |V | + BK (S + T) Miys) O(|mref| + |Ryp| + BK (S + T) Miys) O(|mo| + |7ret| + Bpairs(S + T') Mact)
Training O(|mg| + |Vy| + BK(S +T) - Mact) O(|mg| + BK(S +T) - Mact) O(|mo| + Bpairs(S + T) - Mact)

TABLE 4: Asymptotic Work, Depth, and Memory analysis of PPO, GRPO, and DPO. S is prompt length, T is response

length. We denote parameter counts by | - |. “tr” subscript: For conciseness, for training-stage model invocations, we define
CIN(M) := C*(M) + CI*(M) =~ 3C*(M) and Dy, (M) := D(M) + Dy (M), because a parameter update requires a forward

pass followed by backpropagation. Note on Work: C’}Ok and C°F are the cost of forward and backward passes per token and ngﬂ
is the autoregressive generation cost per rollout; these are derived in Table 3. Work scales with total tokens (S+7"). Note on Depth:
Generation is depth-bound by T (sequential), while in Assessment/Training there is no outer linear 7T-step autoregressive chain.
¥ DPO is offline; generation occurs prior to the training loop. ¥ Max depth assumes parallel (disaggregated) execution; sequential
co-located execution is additive. Mxy is Key-Value cache memory; M is activation memory (training); M, is inference buffer

(assessment). Note that mf never requires Mact.

gradients or optimizer state, so they can be replicated,
quantized, offloaded, or served as independent inference
services. By contrast, trainable models 7y and V,; dominate
memory through activations, gradients, and optimizer state.
A Reward granularity is a compute—credit-assignment
trade-off. Outcome rewards are cheap: one scalar per com-
pletion. Process rewards can improve reasoning supervision
but may require step-level annotations, verifier calls, or
search, turning Assessment from one batched forward pass
into a much heavier verification workload.

A DPO is SFT-like, but not free. DPO still performs
Woro = ©(Bpairs(S + T)[CF¥(ma) + CF¥(mrer) + Ci¥(m0))),
but these are teacher-forced passes over static preference
pairs. Its systems advantage is therefore the removal of
online generation and reward/critic inference; its algorith-
mic limitation is that it cannot directly explore beyond the
support of the preference dataset.

3 INTRA-MODEL PARALLELISM

Efficient training and inference for each individual model
in the RL-LLM pipeline is essential. Intra-model parallelism
denotes established techniques that allow a single model to
be trained or served across multiple devices by partitioning
its parameters, activations, or computation graph. The main
families are: (i) data parallelism, (ii) tensor/operator paral-
lelism, (iii) sequence and context parallelism, (iv) pipeline
parallelism, (v) expert parallelism, and (vi) memory-centric
optimizations such as optimizer sharding and activation
checkpointing. These techniques are typically combined into
hybrid schemes (e.g., ZeRO-style sharded data parallelism
plus tensor parallelism) to balance memory footprint, com-
munication cost, and compute utilization. As these tech-
niques are well-known [120, 132, 141, 146, 160, 176, 219], we
summarize them and instead focus on implications for RL-
LLM pipelines.

We detail the computational aspects of the intra-model
execution Figure 3 (mathematical details and flow dia-
grams), Figure 4 (forward pass), Figure 5 (backward pass),
and in Figures 6-7 (details on intra-model parallelism and
taxonomy).

3.1

Data parallelism (DP) replicates the model across N devices
and shards the input batch across replicas. Each replica
performs a local forward and backward pass on its shard,
followed by a gradient synchronization step (typically an
all-reduce [63, 227]) to keep parameters identical across
devices. This strategy is conceptually simple and scales
throughput almost linearly when the model fits into a single
device and communication is not a bottleneck.

Naive DP quickly becomes memory-limited for very
large models because each device must store a full copy
of parameters, gradients, and optimizer state. Hence, DP is
most effective when combined with memory-centric opti-
mizations (e.g., ZeRO/FSDP [201]) so that parameters, gra-
dients, and optimizer state are partially sharded rather than
fully replicated. Moreover, the all-reduce step can become a
major source of overhead as the number of devices grows
or when interconnect bandwidth is limited. Here, modern
systems apply several communication optimizations, such
as overlap of computation and communication, gradient
bucketing, and gradient accumulation [146].

Data Parallelism

3.1.1 Implications for RL-LLM Pipelines

In RL-LLM pipelines, a crucial point for DP is whether a given
model or stage requires gradients or is forward-only.
Forward-only models. If a model is not updated in a
given stage, DP reduces to independent batched inference
with replicated weights and scales almost linearly in the
number of devices until limited by input or network I/0O.
This is the typical regime for the actor during Generation
(sampling rollouts), the actor during Assessment when
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Fig. 3: Mathematical notation and equations for the forward and backward passes of each decoder block. Further details on
computational aspects are in Figures 4-5 while parallelization details are in Figures 6-7. No Al was used to conceive or to draw the

figure.

only forward log-probabilities and KL terms are needed,
the reward model during Assessment, and the reference
model during Assessment. OpenRLHE, for example, uses
Ray and vLLM to run actor, reward, and reference as large-
scale batched inference services, separate from training
loops [117]. Here, DP is highly effective and typically the
first choice.

Trainable models. Here, DP must all-reduce gradients
across workers and thus benefits from sharded data-parallel
variants such as ZeRO-2/3 or FSDP. This applies to the
actor in the Training stage (PPO/GRPO/DPO updates) and
to the critic in actor—critic methods. Frameworks such as
OpenRLHF explicitly apply ZeRO-3/FSDP-style sharded
data parallelism to actor and critic training while keeping
forward-only models replicated [117,201].

In RLM pipelines, a common pattern is therefore: DP +
ZeRO for trainable components; pure DP for forward-only
components.

3.2 Tensor Parallelism

Tensor (or operator) parallelism (TP) partitions individual
layers across devices by sharding their parameters along

hidden dimensions, so that each device computes only a
slice of the layer. Synchronization via all-reduce or all-gather
then reconciles partial results.

In Transformer blocks, TP is commonly applied to both
feed-forward networks (FFNs) and to the multi-head at-
tention (MHA). For FEN, the first linear projection (e.g.,
X A) is split column-wise across devices, and the second
projection (e.g., Y B) is split row-wise. Each device holds a
shard of A or B and computes a partial result. For MHA,
query /key/value projections are sharded column-wise, as-
signing subsets of heads to devices. The output projection is
sharded row-wise, mirroring the FFN pattern. TP is typically
combined with DP (and sometimes pipeline parallelism) to
form 2D, 3D, or 5D parallelism configurations capable of
training trillion parameter models [176,219].

Megatron-LM and related systems implement TP using
communication operators that behave differently in forward
and backward passes, e.g., an operator f that is identity in
the forward pass and all-reduce in the backward, and an op-
erator g that is all-reduce in the forward and identity in the
backward [219]. This enables communication-computation
overlap and reduces idle time.
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Fig. 5: Intra-model execution details (backward pass) for each RLM model execution. Legend is provided in Figure 4. The design
details are based on Llama-3. Further details on parallelization and the corresponding taxonomy are provided in Figures 6-7. No
Al was used to conceive or to draw the figure.
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Fig. 6: Intra-model parallelism (data, pipeline, tensor, and expert parallelism) details for each RLM model execution; legend
is provided in Figure 4. No Al was used to conceive or to draw the figure.
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Fig. 7: Intra-model parallelism (sequence & context parallelism, as well as prefill vs. decode and flash attention) details for
each RLM model execution; legend is provided in Figure 4. No Al was used to conceive or to draw the figure.



3.2.1

Tensor parallelism is essential when a single model does not
fit on one device even after applying memory optimizations
(e.g., ZeRO, mixed precision, quantization). However, for
many RLHF workloads, inference dominates runtime. For
example, OpenRLHF reports that rollout generation and
forward Assessment account for more than 90% of wall-
clock time in RLHF loops [117]. Here, TP can hurt through-
put when not strictly necessary. For instance, Megatron-
style TP introduces two all-reduces per Transformer block
during inference and four during training [176,219]. When
a model (actor, reward, or reference) fits on a single de-
vice, empirical studies from vLLM and DeepSpeed show
that enabling TP reduces total tokens-per-second because
collective communication becomes the bottleneck [201,230].
AMD’s Qwen2-7B RLHF experiments on MI300X (192 GB)
similarly report that disabling TP gives 2.3-4.3x higher
rollout throughput than when sharding with TP by 2 or 4
for the same model, as communication is negligible in the
single-device setting [263].

The resulting rule-of-thumb for using TP in RLM
pipelines is: (1) use TP only when a model does not fit on a
single device even with ZeRO/FSDP and mixed precision;
(2) prefer no TP for inference-heavy stages (Generation,
forward-only Assessment) whenever memory allows; and
(3) tolerate TP overhead more readily in training stages,
where gradient storage already inflates memory by ~ 3x
and TP may be necessary to fit the model [219]. In prac-
tice, large RLM deployments often use TP inside high-
bandwidth device groups and combine it with pipeline and
data parallelism across nodes [176].

Implications for RL—LLM pipelines

3.3 Sequence Parallelism

TP shards heavyweight projections but leaves token-wise
operations such as layer normalization and dropout repli-
cated on each TP shard, leading to duplicated activations
and higher memory use, especially for long sequences. Se-
quence parallelism (SP) [132] addresses this by partitioning
activations along the sequence dimension. Because layer
norm and dropout operate independently per token, their
activations can be split across devices without changing
the model’s semantics. This reduces per-device activation
memory at essentially no additional computation cost.

Sequence parallelism has been adopted in large-scale
stacks such as Megatron-LM, DeepSpeed, and ColossalAl
for long-context or high-batch training [125,132, 147, 219],
where activation memory is a primary limiter.

3.3.1

Sequence parallelism is primarily beneficial in training
stages where activations must be stored or recomputed
for every token, such as policy/critic updates over long
responses and reasoning traces. Sharding activations by se-
quence length reduces per-GPU memory and allows larger
T or batch sizes under fixed memory budgets. Because SP
reuses the same collective bandwidth as TP (by switching
all-reduce to reduce-scatter/all-gather pairs), its net com-
munication volume stays similar, with modest changes in
latency due to additional synchronization points [132,219].

Implications for RL-LLM Pipelines
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3.4 Context Parallelism

Context parallelism extends sequence-based partitioning
further by maintaining the sequence split throughout the
entire Transformer layer, including attention and FFN
blocks [256]. Most operations remain token-wise and are
naturally compatible; the main challenge is attention, which
requires access to keys and values from all sequence par-
titions. Recent implementations address this using Ring
Attention [160], which pipelines key/value communication
in a ring topology to reduce latency and memory pressure.
CP enables training and inference with very long contexts
(hundreds of thousands or millions of tokens) by combining
tensor, sequence, and context partitioning without replicat-
ing activations or weights unnecessarily [256].

3.4.1 Implications for RL-LLM Pipelines

Context parallelism is most useful when RLM training is
dominated by long prompt-trajectory contexts (e.g., long
CoT traces, tool histories, verifier outputs, etc.). In this
regime, the bottleneck is often not only model size but
also attention and activation memory over the full context.
CP directly targets this axis by partitioning the sequence
dimension across devices while preserving exact attention
through cross-device KV exchange [125,160,183]. This yields
concrete implications for RLMs. First, CP can make long-
CoT rollouts feasible when the actor’s context length ex-
ceeds single-device memory. Second, in verifier- or tool-
augmented RL, CP allows prompts to include larger exe-
cution traces, retrieved evidence, and interaction histories
without truncating the reasoning state.

However, CP does not remove the autoregressive depen-
dence of online Generation: it reduces per-device context
memory and attention work, but tokens are still sampled
sequentially. Thus, CP is primarily a feasibility and long-
context scaling mechanism; online rollout latency still re-
quires complementary methods such as TP, efficient KV-
cache exchange, continuous batching, or stage-level overlap.
Recent long-context systems validate this direction: Ring At-
tention overlaps KV-block communication with blockwise
attention, DeepSpeed-Ulysses uses sequence partitioning
and all-to-all communication for long-sequence training,
and CP-style inference systems report near-linear scaling for
million-token prefill workloads [125,160,256].

3.5 Pipeline Parallelism

Pipeline parallelism (PP) partitions the layers of a model
into stages, each placed on a different device. Mini-batches
are further split into micro-batches that flow through the
pipeline stages. This allows models that are too deep to fit
on a single device to be trained, at the cost of pipeline bubbles
(periods where some stages are idle). PP is often combined
with DP and TP, yielding 3D /5D parallelism that supports
extremely large models [176].

Numerous pipeline scheduling strategies have been
proposed, examples include AFAB [120] (all-forward-all-
backward, all micro-batches complete forward passes be-
fore any backward pass starts — simple but bubble-heavy),
1F1B [175] (forward and backward passes interleave, im-
proving memory efficiency and reducing bubbles), Inter-
leaved 1F1B [176] (devices host multiple non-contiguous



pipeline stages to further overlap computation and com-
munication), Zero Bubble [197] (decomposes the backward
pass into B-steps (gradients w.r.t. activations) and W-steps
(gradients w.r.t. weights) scheduling them separately to
eliminate bubbles without increasing peak memory), and
DualPipe [156] (runs two pipelines in opposite directions
across the same devices, overlapping forward and backward
streams to improve utilization).

3.5.1 Implications for RL-LLM Pipelines

The relevance of PP to RL-LLM heavily depends on the con-
sidered stage. In Generation, the actor performs autoregres-
sive decoding, so tokens must traverse all pipeline stages
sequentially; thus, PP helps fit large actors but does not re-
move the O(T) critical path, and naive schedules can suffer
from large pipeline bubbles and poor utilization [251, 262].
By contrast, Assessment and Training operate on complete
sequences and therefore benefit more directly from standard
micro-batched PP schedules such as GPipe- or 1F1B-style ex-
ecution. This heterogeneity makes mode-aware PP especially
important in RLHF systems. The best sharding and schedul-
ing strategy for low-latency Generation need not match
the best one for high-throughput Training. Recent systems
therefore decouple configurations across stages and overlap
different RL iterations, e.g., by letting one batch generate
while another is being assessed or trained [117,261, 262].
Such inter-batch pipelining can substantially reduce idle
time. In large reasoning-oriented systems, this design is
often combined with explicit communication—computation
overlap to reduce pipeline bubbles further [156].

PP also interacts with optimization stability. Interleaved
or asynchronous schedules may introduce weight stale-
ness, where forward and backward passes for a micro-
batch observe different parameter versions. In RLHF, where
gradients are already noisy, this can destabilize training
unless explicit versioning or consistency mechanisms are
used [251,262]. Finally, PP strengthens the case for dis-
aggregated placement: placing actor, critic, reward, and
reference on separate device groups allows each component
to use a PP configuration matched to its role, instead of
forcing a single compromise configuration for the whole
pipeline [117,251].

3.6 Expert Parallelism

Expert parallelism (EP) is the standard way to scale Mixture-
of-Experts (MoE) models by distributing whole experts
across devices. Unlike DP, which replicates the full model, or
TP, which shards individual operators, EP assigns different
experts to different GPUs or nodes. Since only a small subset
of experts is activated per token, EP enables very large
model capacity with much smaller per-token compute than
an equally sized dense model [74,156]. Modern MoE designs
also separate shared and routed experts. Shared experts are
activated for all tokens and capture common linguistic fea-
tures, while routed experts specialize in narrower domains
such as mathematics or code. In practice, EP is rarely used
alone; it is typically combined with TP, PP, and DP in hybrid
multi-dimensional layouts [74,156].

Formally, an MoE layer contains E experts and a router
G(z) that selects the top-k experts for each token repre-
sentation x, with & < FE. The output can be written as
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y = Zle gi(z) fi(x), where f; is the transformation of
the i-th selected expert and g;(x) is its routing weight. EP
exploits this sparsity by storing experts on different devices
and executing only the selected ones [74].

EP’s main systems cost is communication. Each MoE
layer typically requires two all-to-all phases: dispatch, which
sends token activations to the devices hosting the selected
experts, and combine, which returns expert outputs to their
originating ranks. As expert count and cluster size increase,
this communication can dominate runtime, so practical EP
deployments rely on hierarchical collectives, locality-aware
routing, and communication-computation overlap [264].

3.6.1

EP can adapt a very large model while activating and
updating only a small subset of parameters per token.
This is particularly valuable for long reasoning trajectories,
where dense models would make both rollout generation
and policy updates prohibitively expensive [74,156].

However, RL post-training makes routing harder. As the
policy evolves, the token distribution shifts, so expert loads
can become highly imbalanced. Load balancing schemes
can help hardware efficiency, but they may also blur expert
specialization by forcing artificially uniform routing [108].
For this reason, recent reasoning-oriented MoE systems in-
creasingly prefer auxiliary-loss-free or bias-based balancing
mechanisms that preserve specialization while correcting
large load skew at the batch level [108,156]. More broadly,
EP in RLHF requires joint optimization of routing quality,
communication cost, and systems balance: if routing is good
but overloaded experts are poorly placed, all-to-all commu-
nication and straggler effects can erase the theoretical gains
from sparse activation [178,264].

EP also interacts strongly with RL framework design.
Grouped sampling methods such as GRPO may create many
structurally similar trajectories for the same prompt, which
can stress the same experts simultaneously. Thus, efficient
RL-MoE training often requires combining EP with dynamic
load-balancing policies [117,156,178].

Implications for RL-LLM Pipelines

3.7 Complexity Analysis

We now analyze how intra-model parallelism changes the
work, depth, and memory of the Transformer invocations
inside RL-LLM pipelines; detailed derivations are in Ap-
pendix B.3. The same local formulas apply to the actor in
Generation, the reward/reference/critic models in Assess-
ment, and the policy or critic in Training; the RL-specific
consequences come from whether the invocation is autore-
gressive, forward-only, or trainable.

Generation uses the actor in an autoregressive loop,
so reducing the depth of one model invocation helps but
cannot remove the outer T-step dependence. Assessment is
teacher-forced and forward-only for frozen models, so it is
mainly a batched-inference and memory-placement prob-
lem. Training requires backward passes, activations, gra-
dients, and optimizer state, so memory sharding becomes
central. Tables 5-8 therefore should be read as architecture-
independent scaling laws for the individual model calls
that compose the RL-LLM loop, not as hardware-calibrated
throughput predictions.



A logical model invocation may be distributed across
N participating ranks according to one or more parallelism
dimensions. Depending on the parallelization strategy, each
rank may operate on a partition of the input, parame-
ters, layers, activations, or experts while other components
remain replicated. We report both per-rank costs, which
characterize local device pressure, and global costs, which
aggregate costs across all N ranks participating in the
complete logical model invocation. Global work is the sum
of arithmetic FLOPs executed across these ranks, includ-
ing replicated computation on every rank where it occurs.
Global memory analogously sums resident state across all
participating ranks. Depth denotes the critical path of the
complete distributed execution.

Throughout Tables 5-8, we use an idealized arithmetic
work—depth-memory model intended to expose scaling
laws rather than predict hardware runtime. Unless stated
otherwise, we exclude communication, synchronization,
kernel-launch and scheduling overheads, finite-device uti-
lization, load imbalance, and temporary communication
workspaces. Pipeline parallelism assumes an approximately
uniform partition of the L layers and does not model
the number of microbatches, pipeline schedules, fill/drain
bubbles, or inter-stage activation transfers. Training acti-
vation memory is represented by the leading-order term
B(S+T)Ld, suppressing constant-factor storage for Q/K/V
tensors, FFN intermediates, normalization temporaries, and
other implementation-specific buffers; activation check-
pointing is treated separately. The Adam model-state ex-
pressions count parameters, gradients, and first and second
moments using a common element-size abstraction, omit-
ting precision-specific byte factors and transient buffers. The
TP activation terms use an idealized shardable-activation
model; replicated token-wise components are suppressed.
Attention is assumed not to materialize the full attention
matrix, as in FlashAttention-style execution. For MoE mod-
els, the tables retain the dominant shared-Transformer and
expert-FFN terms; router projection, softmax/top-k, auxil-
iary load-balancing operations, and their relatively small
parameter state are omitted. Finally, the isolated EP row
assumes that only expert FFNs are partitioned across P,
ranks while shared dense computation is replicated; the
combined 5D row instead assumes a coupled execution in
which EP ranks also process disjoint token/batch shards
for the shared path, so dense arithmetic is not redundantly
executed across the EP dimension.

Each parallelism strategy partitions a different dimen-
sion. DP splits the batch, reducing per-group work and
activation memory but leaving the critical path unchanged.
PP splits layers, reducing per-stage work, memory, and
architectural depth by replacing L with L/P,, though re-
alized runtime also depends on microbatch bubbles. TP
splits hidden-dimensional operators, reducing per-device
GEMM work and replacing hidden-dimension depth terms
by log(d/P;). CP splits the sequence dimension, reducing
context-dependent attention and activation memory, which
is crucial for long reasoning traces. EP splits MoE experts,
reducing per-device expert memory and compute while
leaving dense attention largely unchanged. Finally, 3D/5D
parallelism combines data, pipeline, and tensor sharding,
giving the strongest per-device memory reduction but also
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the most communication and scheduling constraints.

For RL-LLMs, this means DP is usually best for
throughput-oriented batched Generation or Assessment
when models fit per device; TP/PP are needed for large
actors, critics, or low-latency single invocations; CP is most
useful for long-context reasoning; and 3D/5D/ZeRO-style
sharding is most important during Training, where opti-
mizer state and activations dominate memory.

Note that pipeline parallelism does not reduce the global
depth layer-wise dependency from L to L/P,; the L/ P, fac-
tor appears only in the per-rank depth. This is because, for
global end-to-end critical path, the microbatch still passes
through all P, pipeline stages, so it traverses all L layers.

Context parallelism reduces the number of query posi-
tions and stored activations per device, but each query still
depends on the global key/value context. Therefore, under
the work-depth model, CP does not replace the global
attention reduction length S by S/P.; its principal bene-
fits are reduced per-rank work and memory. Distributed
attention additionally incurs communication-round depen-
dencies, which are outside the present FLOP-based depth
abstraction.

3.7.1 ZeRO & FSDP

The memory expressions in Tables 5-8 use a simplified
Adam model-state factor consisting of parameters, gra-
dients, and first and second moments. ZeRO [201] and
FSDP [277] refine this term without changing the layerwise
Transformer computation. If P denotes the parameter count
of the trainable model and P, the sharding degree, then
standard data parallelism stores approximately 4P model-
state elements per replica. ZeRO-1 shards only optimizer
states, giving P + P + 2P/P,; ZeRO-2 shards optimizer
states and gradients, giving P + 3P/ P,; and ZeRO-3/FSDP
shards parameters, gradients, and optimizer states, giving
approximately 4P/ P,, up to transient all-gather buffers.

3.7.2 Activation Checkpointing

The activation terms in the tables correspond to stored train-
ing activations without checkpointing. Activation check-
pointing reduces this term by storing only a subset of
intermediate activations and recomputing the missing ones
during backpropagation. In our notation, this replaces M
by KekptMacy for some 0 < Kepy < 1, while increasing
training work and depth by the extra forward recomputa-
tion required during the backward pass. This trade-off is
most relevant for actor and critic training, especially for long
reasoning trajectories.

3.8 Key Insights & Takeaways

The main lesson is stage-aware hybridization: no single intra-
model strategy is best for the whole RL-LLM loop. Genera-
tion, Assessment, and Training invoke similar Transformer
building blocks, but they stress different dimensions of the
system. Generation is autoregressive and latency-sensitive;
Assessment is mostly teacher-forced, forward-only, and
throughput-oriented; Training is memory-intensive as it
uses activations, gradients, and optimizer state.

A DP scales throughput, not single-sample latency. Data
parallelism is ideal for increasing the number of prompts,
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Parallelism Work Depth Memory

None* O(BmL(d? + md)) O(L[log d + log m] + log(Bm)) O(Ld? + Vd + BmLd)

Data O(BmL(d2+md>) O(L[logd +logm] + log( )) O(Ld2 L Vd+ M)
Pipeline* O LmEitmd) ) O (£ llog d + log m] + log( Bm) O(LL +va+ Bpld)

Tensor O(BmL d2+md)> O(L [log £, +log m] + 1og(Bm)) O(%‘:‘/d + B%ﬁ)

Context o(BmL(d2+'"d>) (L[log d+ logm] + 10g<i,—7c”>) o(Ld2 L Vd+ Bde)

Expert (BmL [ d? + md) + Eadde ]) O(L[log d + log m] + log(Bm)) O(L 42 4 Edde ] YVd+ Bde)
3D 0(%;;%) O£ [tog & +1ogm] +1og( £ m)) o(LL: ;‘t/d + Ll )

5D O(prpls [ +md+ Eadde])  O(& [log & +1ogm] +1og( 5225 )  O(&% + £58% + ¥ + pEmlis)

TABLE 5: Complexity Analysis (Per rank). Asymptotic work, depth, and memory for a single Transformer training iteration
(forward and backward pass), expressed in Big-O notation. For clarity, we use m := S + T The work expressions use the regime
where ds; = O(d). *: Baseline configuration without parallelism. *For PP, the Vd memory term denotes the embedding/output
state resident on boundary pipeline ranks; interior ranks need not store this state. Thus, this term represents the boundary/peak
per-rank footprint rather than replication across all P, ranks. ¥: 3D and 5D parallelism combine data, pipeline, tensor (3D), context,
and expert (5D) parallelism, with P3P, P; = N (3D) and P;P,P;P.P. = N (5D) total devices. For the combined 5D configuration,
we assume the EP dimension also partitions source-token ownership for shared-layer computation. Training memory assumes

Adam without activation checkpointing.

Parallelism Work Depth Memory

None O(BmL(d? + md) O(L[log d + log m] + log(Bm)) O(Ld? + Vd + BmLd)

Data O(BmL(d? + md) O(L[log d + log m] + log(Bm)) O(Py[Ld? + Vd] + BmLd)

Pipeline O(BmL(d? + md) O(L[logd + log m| 4 log(Bm)) O(Ld? + Vd+ BmLd

Tensor O(BmL(d? + md) O(L[log d + log m] + log(Bm)) O(Ld?> +Vd+ BmLd

Context O(BmL(d? + md) O(L[log d + log m] + log(Bm)) O(P.|Ld? + Vd] + BmLd)

Expert O(BmL [Pe(d? + md) + Eadd.)) O(L[log d + log m] + log(Bm)) O(Pe[Ld? + Vd+ BmLd] + LEdd.)

3D O(BmL(d? + md)) O(L [log d + log m] + log(Bm)) O(Py[Ld? + Vd] + BmLd)

5D O(BmL [d? + md + Eqdde]) O(L [log d + log m] + log(Bm)) O(PyqPcPe|Ld? + Vd] 4+ PyP.LEdde + BmLd)

TABLE 6: Complexity Analysis (Global). Asymptotic work, depth, and memory for a single Transformer training iteration
(forward & backward pass). For clarity, we use m := S + T'. The work expressions use the regime where d¢; = O(d).

Parallelism Work Depth Memory

None 6BmL (4d? +2ddgs+md) 2Llog (me) +log(Bm) L(16d2 +8ddg) +4Vd+ BmLd
Data 62 mL (44 +2ddis + md) 2Llog(m) +log <P£m) L(16d% +8ddy) +4Vd+ £ mLd
Pipeline 6Bm £ (4d? +2ddii+ma) 24 log (d d) +log(Bm) (1602 +8ddy) + 4V d+ Bm £ d
Tensor GBmL(W) 2Llog( = ) +log(Bm) %ﬁgdd“)—i—%ﬂ—&— BgtLd
Context 65 54T L, (4d? + 2ddg; +ma) 2L1o ( Ldym )+1og(5m) L(16d% +8ddgs) +4V d+ B2EL Ld
Expert 6BmL (44> + 22g8e 4 ) 2Llog (L4 ) +log(Bm) L (162 + 554 ) - avd+ BmLd
3D 62 m Pﬁ)‘“zﬁiw 2 1og (L ) +1og (£om) %#‘V‘%ggg
sp ooy phy (MEgnt)  opios(Sn) vion(ney) BB

TABLE 7: Complexity Analysis (Per rank). Explicit leading-order costs under our simplified Transformer cost model, for a single
Transformer training iteration (forward and backward pass), including explicit constant factors. For clarity, we use m := S + T

Parallelism Work Depth Memory

None 6BmL (4d? 4 2ddg 4 md) 2Llog(d*dgm/h) +log(Bm) L(16d% +8ddg) +4V d+ BmLd

Data 6BmL (4d? + 2ddg +md) 2Llog(d*dgm/h) +log(Bm) Py [L(16d? 4 8dds) + 4V d] + BmLd
Pipeline 6BmL (4d? 4 2ddg 4+ md) 2Llog(d*dgm/h) +log(Bm) L(16d? 4 8dds) + 4V d+ BmLd

Tensor 6BmL (4d? 4 2ddg 4 md) 2Llog(d*dgm/h) +log(Bm) L(16d? 4 8dds) + 4V d+ BmLd

Context 6BmL (4d? 4 2ddg +md) 2Llog(d*dgm/h) +log(Bm) P [L(16d? +8ddg) +4V d] + BmLd
Expert 6BmL (P (4d* + md) +2Eqdd.) 2Llog(d*dem/h) +log(Bm) P, (16Ld* +4Vd+ BmLd) +8LEdd.

3D 6BmL (4d? + 2dd +md) 2Llog(d*dgm/h) +log(Bm) Py [L(16d?% + 8ddg) +4Vd]| + BmLd

5D 6BmL (4d? 4+ 2E,dde +md) 2Llog(d*dem/h) +log(Bm) PyPeP. (16Ld?> +4Vd) 4+ 8P4 P.LEdd. + BmLd

TABLE 8: Complexity Analysis (Global). Explicit leading-order costs under our simplified Transformer cost model, for a single
Transformer training iteration (forward and backward pass), including explicit constant factors. For clarity, we use m := S + T



completions, or preference pairs processed per unit time.
In online Generation, it can process more prompts or can-
didates in parallel, but each replica still executes the full
autoregressive chain Dgen(mg; S, T) = O(T'Dy(mp; S + T)).
Thus, DP does not shorten the critical path of one rollout
trajectory or one model invocation.

A TP and PP are capacity/latency tools with communica-
tion costs. Tensor and pipeline parallelism are useful when
a model does not fit on one device or when the latency of
a single invocation must be reduced. In Generation, they
reduce the cost of each actor invocation but do not remove
the outer token-by-token dependence. In Assessment and
Training, they help execute larger reward, reference, actor,
or critic models. Their benefit must be balanced against TP
collectives, PP activation transfers, pipeline bubbles, and
resharding overheads.

A SP/CP matter increasingly for reasoning. Long CoT
traces, tool histories, retrieved documents, verifier outputs,
and multi-turn interaction histories increase S + T, mak-
ing activation and attention memory central bottlenecks.
Sequence and context parallelism directly target this regime
by partitioning the sequence/context dimension. They are
especially useful for long-context Assessment and Training,
and for actor Generation when the rollout context exceeds
single-device memory.

A Frozen and trainable models prefer different layouts. Re-
ward and reference models are usually frozen and forward-
only, so they often scale best as replicated batched-inference
services when they fit per device. The actor and critic
are trainable, and therefore dominate memory through
activations, gradients, and optimizer state. Consequently,
actor/critic Training benefits most from ZeRO/FSDP-style
sharding, TP/PP, and 3D/5D combinations. PPO is the
most demanding case because it may train both mg and V,
whereas GRPO and DPO train only 7.

A EP scales capability but can create systems skew.
MoE policies can increase reasoning capacity at limited
per-token compute by activating only a subset of experts.
However, dense attention remains on the critical path, and
expert routing introduces all-to-all communication. RL post-
training further complicates EP because the evolving policy
changes the token distribution, which can create expert-
load imbalance. Efficient EP for RLMs therefore requires
routing-aware load balancing and communication-aware
expert placement.

A Practical RLM systems should specialize by model and
stage. Actor Generation may prioritize KV-cache memory,
rollout latency, and batching; reward /reference Assessment
may use cheap replicated inference; actor/critic Training
may require 3D parallelism and optimizer-state sharding.
This intra-model specialization is precisely what motivates
the inter-model placement, stage fusion, hybrid execution,
and asynchronous strategies discussed next.

4 INTER-MODEL PARALLELISM

We organize inter-model parallelism into five categories.
Model structure configurations decide whether trainable
components such as the actor and critic share parameters.
Model placement strategies decide whether model roles
are co-located, partially co-located, or disaggregated across
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device groups. Stage fusion removes coarse barriers be-
tween stages or sub-stages by streaming partial outputs
downstream. Hybrid execution allows different invocations
of the same model to use different intra-model layouts,
often requiring resharding or automated planning. Finally,
asynchronous execution overlaps different RL iterations by
allowing bounded-stale parameter reads. These categories
are often combined in high-performance systems such as
Real, RLHFuse, HybridFlow /verl, OpenRLHEF, StreamRL,
and AReaL [92,117,169,217,281,282]. Figures 8 and 9 illus-
trate this taxonomy.

4.1 Model Structure Configurations

Model structure configurations determine the architectural
relation between the trainable model components in the RL-LLM
loop. The central question is whether the actor 7y and critic
Vi, are implemented as independent models, as a shared
actor—critic network, or whether the critic is removed by
the learning algorithm. PPO-style RLHF uses an actor and
a value model, so this choice directly affects work, memory,
and optimization stability [208, 279]. Critic-free methods
such as GRPO remove V,, and replace value-based advan-
tage estimation by group-relative normalization or related
baselines, changing both the algorithm and the systems
profile [107,213].

In a shared actor—critic configuration, a single Trans-
former backbone f,, produces hidden states that feed two
task-specific heads: a policy head h, for token logits and
a value head hy for scalar value estimates (i.e., mg(- |
€T, y<t> = h’ﬂ'(fw (JI, y<t)) and V¢ (Z‘, y<t) = hV(fw(x7 y<t)))
The main systems benefit is that the actor and critic no
longer require two separate backbones. This reduces pa-
rameter, gradient, optimizer-state, and activation memory,
and can replace separate actor/critic forward passes by
one shared backbone pass followed by two small heads.
In a PPO-style pipeline, this is an inter-model decision: it
changes the number of trainable model invocations in As-
sessment and Training, not merely the internal architecture
of one model.

The trade-off is optimization coupling. The policy-
gradient loss and value loss both update f,, so their
gradients may pull the shared representation in differ-
ent directions. A single backbone must serve both action
selection and return prediction, and a shared optimizer
schedule must accommodate losses with different scales
and curvature. In practice, this often requires careful value
loss weighting, separate learning rates for heads, or partial
sharing in which only lower layers are shared and upper
layers remain task-specific. Shared actor—critic is therefore
most attractive when memory is scarce or when the critic
is close in scale to the actor; it is less attractive when value
learning requires substantially different representations or
optimization dynamics.

With independent actor and critic models, 9 and Vy;
have separate backbones, optimizer states, and hyperpa-
rameters. This avoids gradient interference and allows the
critic to be sized differently from the actor, for example
by using a smaller critic to reduce memory and compute.
The cost is a larger model-state footprint and a separate
critic forward/backward path. In the work-depth analy-
sis of Section 2.5, this is exactly the additional PPO cost
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S} (BK (S +T)[CF (Vi) + C’{)"k(Vw}) plus the correspond-
ing critic model-state memory.

Finally, critic-free methods move this trade-off from
architecture to algorithm design. GRPO removes the learned
value model and computes relative advantages from groups
of completions sampled for the same prompt, while DPO re-
moves the online actor—critic loop altogether and optimizes
over preference pairs.

4.2 Model Placement Strategies

Model placement specifies the mapping from model exe-
cution to device groups. A device group is a set of GPUs
that jointly stores and executes one or more model invo-
cations, possibly using an intra-model strategy internally.
The placement decision controls aspects such as memory
co-residency, inter-stage communication, and the amount of
concurrency available across model roles.

In fully co-located placement, all model roles share
one device group and execute through temporal multi-
plexing. The same pool of GPUs first performs actor gen-
eration, then reward/reference/critic inference, and then
actor/critic training. This maximizes locality: intermediate
tensors can remain within the same device group, and no
inter-group communication is needed to pass rollouts, log-
probabilities, values, or rewards. It also simplifies orchestra-
tion because the runtime schedules one device pool rather
than multiple distributed services.

The cost is co-resident memory pressure and poor role
specialization. The device group must be provisioned for
the largest memory requirement, often Training, yet it is also
used for Generation, which has different arithmetic inten-
sity and is often memory-bandwidth or latency dominated.
Moreover, “redundant memory” in this context means that
the same devices must hold the resident state for multiple
model roles even when only one role is active. If the system



uses data parallelism, this co-residency may be replicated
across data-parallel groups: each replica may need actor,
critic, reward, and reference state or the ability to materialize
them. To mitigate this, one can employ techniques such as
offloading, loading and unloading idle models, or weight
gathering from sharded states. These techniques reduce
memory pressure but introduce context-switching and data-
movement overheads. As a result, fully co-located execution
is simple and locality-friendly, but it often leaves hardware
idle because the stage service times and resource needs are
highly imbalanced.

Partially co-located, or interleaved, placement sits be-
tween full colocation and full disaggregation. Selected mod-
els or stages share a device group; others are placed sepa-
rately. For example, actor generation and training may share
a group to avoid repeated actor-weight transfers, while
reward and reference inference run on smaller inference-
oriented groups. Alternatively, reward and reference models
may be co-located because both are frozen and forward-
only, while the trainable actor and critic are separated.

This design is useful when some model pairs benefit
from locality while others benefit from concurrency. It re-
duces the worst co-residency pressure of full colocation
without requiring every stage boundary to become a net-
work boundary. Yet, it also complicates scheduling: groups
that share some but not all models must coordinate execu-
tion order, memory residency, and data handoff. The best
interleaving depends on model sizes, stage service times,
cluster topology, and whether a given edge carries small
metadata, token IDs, activations, or large parameter shards.

In disaggregated placement, different model roles or
stages run on dedicated, disjoint device groups. The actor
group stores and executes the actor, the reward group stores
the reward model, the critic group stores the value model,
and the reference group stores the frozen reference model.
This eliminates cross-model co-residency: a reward-model
GPU no longer needs actor or critic weights, and a training
GPU no longer needs to keep frozen reward/reference
models resident. It also enables heterogeneous hardware
specialization. Large trainable actors can be assigned to
high-memory GPUs, while smaller frozen reward or ref-
erence models can run on cheaper or inference-optimized
devices. StreamRL explicitly argues for such disaggregation
because colocated generation and training couple resources
with very different compute and memory profiles, while
disaggregated stream generation enables flexible resource
allocation, heterogeneous training setups, and even cross-
datacenter deployment [281].

Disaggregation is a prerequisite for many forms of inter-
model concurrency, but it is not by itself a speedup. If
the stages still execute strictly Generation — Assessment
— Training, then the iteration latency remains the sum of
stage times and some groups will wait idle. The benefit
appears when disaggregation is combined with stage fusion,
streaming, or asynchronous execution. The price is explicit
communication: rollouts, token IDs, log-probabilities, re-
wards, values, and sometimes updated parameters must
cross device-group boundaries. Systems such as OpenRLHF,
HybridFlow /verl, Real, FlexRLHF, and StreamRL explore
different points in this placement space, using Ray-style
orchestration, hierarchical APIs, parameter reallocation, or
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streaming data paths to manage the additional complex-
ity [117,169,217,251,281].

4.3 Stage Fusion

Stage fusion removes coarse barriers between consecutive
stages or between subtasks within a stage. In the baseline
RLHF loop, the Assessment stage waits until the entire
Generation batch has completed, and Training waits until
all assessment outputs are ready. This barrier structure is
inefficient for RLMs because generation lengths are long-
tailed: short trajectories may finish much earlier than the
longest ones, yet their reward /reference/value inference is
delayed by stragglers. Stage fusion decomposes stages into
finer-grained subtasks and schedules downstream work as
soon as its input is available.

There are two common forms. In inter-stage fusion, com-
pleted samples are streamed from Generation into As-
sessment without waiting for the whole rollout batch. A
short completion can be scored by the reward model and
processed by the reference or critic while the actor is still
decoding longer completions. This turns generation-length
skewness into useful overlap. In intra-stage fusion, operators
within the same stage interleave microbatches or pipeline
schedules. For example, actor and critic training pipelines
may be interleaved so that one model’s bubble time is filled
by another model’s forward or backward microbatch.

RLHFuse is a canonical example: it splits generation and
assessment into sample-level subtasks for inter-stage fusion
and splits training into microbatch-level subtasks for intra-
stage fusion, enhancing throughput by up to 3.7x by miti-
gating long-tail generation skew and pipeline bubbles [282].
Related overlap-oriented work such as OPPO also targets
PPO-style serialization and long-tail response lengths by
overlapping pipeline stages [255]. The key point is that
fusion does not reduce total work; it reduces depth and idle
time by changing when ready subtasks may execute.

Fusion is throughput-oriented and can increase single-
sample latency. A sample that finishes early may wait in a
queue until enough samples form an efficient microbatch,
or it may be delayed by backpressure from a downstream
stage. Thus, the steady-state time per batch can improve
even if the time from one sample’s generation to its train-
ing update increases. Fusion also increases peak memory
because multiple stages are live simultaneously: model
weights, KV caches, activations, queues, and communica-
tion buffers may coexist. The design problem is therefore to
choose a granularity that is fine enough to hide skew and
bubbles but not so fine that scheduling overhead, fragmen-
tation, or memory pressure dominates.

4.4 Hybrid Parallelism and Adaptive Scheduling

Hybrid parallelism means that different model invocations
in the same RL-LLM pipeline may use different intra-model
strategies, device allocations, or execution modes. This is
distinct from ordinary 3D parallelism inside one model:
the same actor my may be invoked once for autoregressive
generation and later for training, and these two invoca-
tions have different optimal layouts. Generation favors low-
latency inference and efficient KV-cache use while Train-
ing favors higher memory capacity, efficient gradient syn-
chronization, activation checkpointing, or optimizer-state



sharding. A single static layout forces a compromise; hybrid
execution allows each role to use a matched layout.

For example, if the actor is stored in a ZeRO/FSDP-style
sharded training layout, generation may require gathering
or resharding the weights into an inference-centered lay-
out. Conversely, after generation, the system may need to
redistribute weights or optimizer state back into the train-
ing layout. DeepSpeed-Chat’s Hybrid Engine is an early
example of this idea, combining training-mode memory
optimizations with inference-mode kernel and parallelism
optimizations [261]. ReaL generalizes the idea as parameter
reallocation: an execution plan chooses role-specific alloca-
tions and parallelization strategies, and the runtime redis-
tributes parameters between them [169]. HybridFlow /verl’s
3D-HybridEngine similarly targets efficient actor reshard-
ing between training and generation with low redundancy,
while NeMo RL exposes a mode that can train with pipeline
parallelism but run TensorRT-LLM inference in a tensor-
parallel layout [184,214,217].

The cost is resharding. When two invocations of the same
model use incompatible layouts or different device groups,
parameter shards must be communicated and repartitioned.
During the transfer, the system may need extra memory for
source and destination layouts, and the transfer may sit on
the critical path unless it is overlapped with unrelated work.
Hybrid execution is profitable only when the per-stage gains
from using specialized layouts exceed the resharding cost.

Pipe-RLHF is an example of computation-mode-aware
parallelism: it uses stage-specific parallelization to improve
resource utilization [262]. Real and HybridFlow also move
in this direction by representing the RLHF pipeline as a
dataflow or execution plan rather than a fixed sequence of
scripts [169,217]. The trade-off is engineering complexity:
an adaptive scheduler requires profiling, cost modeling,
memory feasibility checks, and robust orchestration. It is
most valuable at scales where a static hand-designed layout
leaves substantial hardware idle.

4.5 Asynchronous Execution

Stage fusion overlaps work within an iteration. Asyn-
chronous execution overlaps different RL iterations by re-
laxing cross-iteration parameter freshness. In a synchronous
loop, iteration k41 cannot generate data until iteration k has
completed Training and published updated parameters. In
an asynchronous loop, Generation or Assessment may read
a bounded-stale snapshot while Training from the previous
iteration has still not completed.

Bounded asynchrony introduces a systems-algorithm
trade-off. Systems benefit because rollout workers and
learners no longer wait for one another. This can substan-
tially improve utilization when generation is long-tailed or
much slower than training. Asynchronous RLHF explicitly
studies this off-policy setting and shows that generation
and learning can be decoupled for better efficiency, while
AReaL further develops a fully asynchronous RL system
with a staleness-aware PPO [92,180]. Laminar pushes the
systems side further through trajectory-level asynchrony
and a distributed parameter relay tier, while StaleFlow
explicitly coordinates rollouts under staleness constraints to
balance convergence and throughput [145,216].
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The algorithmic risk is policy drift. A trajectory may
have been sampled from a behavior policy mhen, while
the learner updates a newer policy mg. To alleviate this,
systems can track statistics such as staleness, token-level
KL, ratio variance, clip fraction, effective sample size, and
reward /advantage shifts. Standard PPO tolerates small drift
because clipped importance ratios limit the update, but
large staleness can move the trust-region center toward
an outdated low-quality policy. AReal addresses this by
separating the behavior policy used for off-policy correction
from the proximal policy used as the trust-region center.

Asynchrony also changes memory accounting. If gen-
eration and training run on disjoint device groups and
must proceed concurrently, generation needs a stable read-
only snapshot while training updates another copy. This
creates a shadow pair: a training copy with optimizer state
and a generation copy used for inference. In the worst
case, this roughly doubles the parameter memory for each
asynchronously consumed trainable model. The factor is
not necessarily a full 2x increase in total training memory,
because optimizer states usually remain only on the training
side and the shadow copy may be BF16, quantized, or
offloaded; nevertheless, any table or memory model for
asynchronous execution should include an additional per-
sistent inference-side parameter copy whenever trainable
models are disaggregated across stale readers and writers.

4.6 Complexity Analysis

We now rigorously quantify the inter-model strategies.
The analysis is conducted for a PPO-style online RL-LLM
pipeline, which is the most demanding common setting;
GRPO and DPO can be recovered by deleting the critic
and/or online assessment components. Detailed derivations
are in Appendix B.4.

We first define stage-level terms. Generation comes with

WG = BK Cgen(ﬂ'g) (work),
Deg = Dgen(ﬂ'g) (depth),
Mg = |mg| + BK Mgy (memory).

Here Cgen and Dgey include the prefill-decode decom-
position from Table 3.
Next, the work of the assessment stage is

Wa = BE(S +T) [CF"(met) + CY(Ry) + CP(Vy)].
For depth, we distinguish co-located sequential execution
D} = Dy(met) + Dy (Rp) + Dy (Vy),
from disaggregated execution
DR = max{Dy(mer), Dy (Rp), Dy (Vy)}-
Similarly, training work is
Wr = BE(S +T) [Ci*(mo) + C*(Vy)],
with sequential and disaggregated depths
DF = Dy(79)+Du(Vy), DF™ = max{Dy(mg), De(Vy)}.

For memory, we use M7 for the co-resident assessment
footprint, M¥ for the co-resident actor—critic training foot-
print, and M3#* for the maximum over disaggregated actor
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Config Stage Global Work Global Depth Peak Memory per-device group
Gen. BK~Cgen(7r9) Dgen(rrg) |mo| + BK - My
Baseline [mret| + [ R | + [ Vi |
BK(S+T) +BK(S+T)
ASSES (O () + O (Ryy) + C(Viy)] D) + Dy (Re) + Dy (V) - maxe{ Ming (re ). Ming (R ), Min (Vs)}
Train. BEK(S + T)-[C* ck (v, D Du(V, 4-(|mo| + [V )
rain (S +T)-[C*(mo) + C*(V)] (o) + Du(Vy) ok
Gen. BK~Cgen(’ﬂ's]—[) Dgen(ﬂ'SH) ‘7\'5]—[‘ + BK - Mgy
AC shared |mret| + | R | + |7l
BK(S+T) +BK(S+T)
A 1O () + O () + O ()] Dy (et) + Dy (Re) & Dy (msn) - max{ Ming (mrer), Mint (Rip), Min (i)}
Train. BK(S + T)-C (msp) Dy (mspr) 4-|7s| + BK (S 4 T) Lsdsu
Gen. BK~Cgen(7T9) Dgen(ﬂ'g) |7'rg| + BK - Mgy
Disagg. mar{\ﬂlmd + B(K(S +)T)M1(nf(77)ref)7
BK(S+T) Ry| + BK(S + T) Mt (Ry),
Assess. ~[C§§’k(ﬂ'rcf) + thOk(Rw) + thgk(‘/w)] max{Dy(mes), Dy(Ry), Dy (Vy)} [Vip] + BK(S + T) Mine(Vyy) }
Train. BK(S + T).[Cok ok D Do (V. max{4|mg| + BK(S + T)Lrdx,
rain (S +T)-[C*(mo) + O (V)] max{ Di(m0), Du (Vi) } e s e
Gen. BE - Cgen(o) Dy (o) |mo| + BE - My
Hybrid |mret| + [Reo | + [ Vi |
BK(S+T) ™ TP ™ +BK(S+T)
Assess. (O () + O (R, + O (Vi) D () + D§ (Ry) + Dy (Vi) - max{ Mint (Tret ), Mnt (Ry), Mt (Vi) }
Train.  BK(S + T)-[C(r0) + CI*(Vy)] Du(m) + Du(Viy) 4-(mol + Vi)
tr tr +BK(S+ T)(Lxdr + Lydy)
BK Cgen(mg) + BK(S +T) max{Dgen(7g), D¢ (7ref)
Inter &e & S ety max{|mg| + BK My, |Ti| + [Re| + [V |}
Stage F. 1CF () + CF (Ry) + CF (V)] Dy(Re), Dy (Vy)} i ’ v
4-(Imo| + [V )
Int BK(S +1T)-[Cl* C(Vy Dy Dy (Vy ¥
ntra (8 +T)-[CI*(ma) + O (V)] max{ Dy (o), Da(Vis)} CBES AT L)
BK Cgen(m9) + BK(S + T) max { Dgen(76) + max{|mg| + BK Myy + My,(7g),
Async Aggr. (O () + O (Ry) + C(Vyy) maX{Df(ﬂ'ref);Df(R¢)7Df(}‘/w)}7 | H’fﬁ}'{’?g'j‘%'i .
tok tok maX{Dtr(Tre),Dn(Vw)} s 7wl
+ctr (Trg) + ctr (Vw)] 4|Vw‘ + BK(S + T)Lwdw}
BK Cgen(mo) + BK(S +T) max { max{DF (7g), Ds(mret), max{|mg| + BK Mxv + M(mo),
Combined A K Kk Kk gen 4 R, v,
ombine ggr. (O (er) + C*(Ry) + C (V) [met], [ Reo |, [Vip

+O (mo) + O (V)]

Dy(Ry), Dy(Vy)},
max{Dy(mg), Dtr(Vz/z)}}

4|mg| + BK(S + T)Lrdr,
4|V1/,‘ + BK(S + T)Lwdw}

TABLE 9: Inter-model parallelism. Global work, global depth, and peak memory per device group reported for the Generation,
Assessment, and Training stages of a single RL iteration within one epoch under different inter-model parallelism techniques.
Global work and depth report total FLOPs and the critical-path length per stage. Peak memory is measured per device group
and taken as the maximum over all groups active within a stage; in configurations without disaggregation, all models share
the same device group and execute through temporal multiplexing, where different models become active at different stages.
“TP” superscript & “SH” subscript: A TP superscript denotes tensor-parallel execution; msu denotes the shared actor—critic
configuration. “tr” subscript: For conciseness, for training-stage model invocations, we define C{°* (M) := C}"k(M ) + CP%(M) ~
3C%5(M) and Du(M) := Dy(M) + Dy(M), because a parameter update requires a forward pass followed by backpropagation.
Mg (me) denotes the persistent inference-side shadow copy of the actor required when asynchronous consumers use a bounded-
stale snapshot. Also, sample-time actor log-probabilities are assumed to be computed on the fly during Generation from the
same logits used for sampling; therefore they do not add a separate actor forward pass. Baselines: The Baseline configuration
sequentially (i.e., one device group) executes all RL components, resulting in additive depth terms. AC shared uses a shared
Transformer backbone for actor and critic. All models run sequentially in a single device group. Disaggregated execution assigns
models to distinct device groups, allowing concurrent execution. The Hybrid configuration applies TP to Generation, TP/PP to
Assessment, and ZeRO-3 to Training. All models share the same device group. Stage F. applies inter-stage fusion to Generation
and Assessment and intra-stage fusion to Training. Asynchronous execution overlaps Generation and Assessment with Training by
allowing bounded weight staleness. Combined execution combines asynchronous overlap with disaggregated model placement and
hybrid intra-model parallelism, following the RLHFuse execution model. Training memory assumes the Adam optimizer without
activation checkpointing, accounting for parameters, gradients, optimizer states, and activations.



and critic training groups. When asynchronous execution re-
quires a persistent inference-side copy of a trainable model,
we write this shadow-copy cost as Mgy,

Table 9 summarizes the resulting work, depth, and peak
per-device-group memory. The most important point is that
most inter-model techniques do not reduce total work: they
reduce depth by replacing sequential sums with maxima, or
reduce peak memory by eliminating co-residency. The main
exception is shared actor—critic, which also reduces work
and model state by replacing two trainable backbones with
one shared backbone.

The baseline has critical path Dg + D% + D¥. Disag-
gregation preserves work but changes within-stage compo-
sition from sums to maxima, giving Dg + D}** + Dip?*.
Stage fusion further overlaps Generation and Assessment,
resulting in max{Dg, D3>} + DR** =~ Dg + Dp**
whenever generation dominates assessment. Bounded asyn-
chrony overlaps generation/assessment of one iteration
with training of another, yielding a steady-state recurrence
depth max{Dg + D3**, D#**}. The strongest configuration
combines intra-model sharding, disaggregated placement,
stage fusion, and bounded asynchrony. Its idealized depth
is max{DZEF, DPard} up to any unhidden assessment tail,
resharding, and communication overheads. This expression
makes the central limitation explicit: inter-model parallelism
can hide or overlap non-generation work, but it cannot
remove the autoregressive decode chain inside D¢. Reduc-
ing that term requires intra-model inference parallelism,
faster decoding kernels, batching, or algorithmic changes
that shorten generated trajectories.

4.7 Key Insights & Takeaways

The inter-model analysis yields several lessons.

A Most inter-model schemes reduce depth, not work.
Placement, fusion, hybrid execution, and asynchrony
mainly change the critical path by replacing sequential sums
with maxima or by overlapping stages. The total FLOP
work remains essentially unchanged. Shared actor—critic is
the main exception because it removes a separate critic
backbone and therefore reduces both work and trainable
model-state memory.

A Disaggregation is a memory and concurrency enabler,
not a standalone speedup. Moving actor, critic, reward,
and reference models to separate device groups reduces co-
resident memory and turns independent subcomputations
into max-depth terms. However, if the pipeline still executes
strict Generation — Assessment — Training barriers, disag-
gregation only moves idle time to different device groups.
It must be combined with fusion, streaming, or asynchrony
to reduce iteration depth.

A Stage fusion and asynchrony attack different bar-
riers. Stage fusion removes within-iteration barriers, es-
pecially the barrier between long-tailed Generation and
Assessment. Asynchrony removes cross-iteration barri-
ers by allowing bounded-stale parameter reads. Fusion
gives max{D¢, D'}**} + D}**, while asynchrony gives
max{D¢q + D3**, Dip**}. They can be combined.

A The actor remains the dominant bottleneck. Even the
combined configuration cannot remove the autoregressive
decode chain in Dg = Dgen(mg) = O(T'Dy(mp)). Inter-
model scheduling can hide reward, reference, critic, and
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training work around actor generation, but reducing Dg
itself requires better inference parallelism (most notably ten-
sor parallelism), batching, KV-cache management, shorter
trajectories, or algorithmic changes.

A Asynchrony trades freshness for hardware utilization
and memory. Bounded staleness can reduce steady-state
depth from a sum to a max, but it introduces policy drift
and may require shadow copies. Thus, the relevant control
variables are not only throughput and memory, but also
staleness, KL drift between behavior and current policies,
PPO clip fraction, and others.

A The best systems are stage- and role-aware. A scal-
able RLM system should not assign one global execution
mode to all models. Actor Generation, reward/reference
Assessment, critic inference, actor Training, and critic Train-
ing have different bottlenecks. The strongest designs there-
fore combine shared or critic-free structure when appropri-
ate, disaggregated placement for memory and concurrency,
stage fusion for long-tail overlap, hybrid layouts for stage-
specific efficiency, and bounded asynchrony when the learn-
ing rule tolerates stale data.

A Shared actor—critic is effective under resource con-
straints. Shared actor—critic architectures are particularly
effective when device groups and memory are scarce and
inter-model concurrency is limited thanks to sharing a single
backbone between the policy and value functions.

5 PARALLELISM-FOCUSED SPECIFICATIONS

We present a unified algorithmic and mathematical formula-
tion of PPO (Algorithm 2) and GRPO (Algorithm 3), which
share a common rollout-generation routine (Algorithm 1),
together with the offline counterpart DPO (Algorithm 4).
The goal is to expose where the RL-LLM pipeline admits
intra- and inter-model parallelism, and this to facilitate the
development of more efficient RLM architectures.

We use a notation in which boldface denotes a per-token
vector and a non-bold letter with a ¢ subscript denotes one of
its per-token components. For example, V', < Vi (xn, y,,)
abbreviates (Vn,t),‘fy:“l‘ — (Vw(mn,yn,q))lti‘ll, with all |y,,|
entries produced by a single teacher-forced forward pass.
A plain letter without a ¢ subscript is a scalar (e.g., r,
Rg,(ac”, y,,))- The unit basis vector e; has 1 at position ¢ and
0 elsewhere. The all-ones vector 1 has 1 at every position,
with length inferred from context.

If the actor and critic share a backbone, the PPO actor/-
critic two invocations should instead be read as a single
shared-model invocation with two heads. For DPO, the
reference path may be omitted from the online training loop
if £ and EEZf)’l are precomputed and stored with the
preference dataset.

Background colors indicate model roles. The label [inter-
model concurrency] marks following fork—join (colored)
regions in which distinct model invocations have no data
dependency and may run concurrently when placed on
separate device groups. The label [DP] (data parallelism)
marks independent sample-level work, such as prompts,
completions, rollouts, or preference pairs. The tags [TP],
[PP], [SP], [CP], and [EP] indicate intra-model parallel
strategies that can be used for the corresponding invocation.
Boldface (e.g., TP) indicates a usual use, non-bold font (e.g.,



SP) is a possible but not a necessarily common use case.
Each tag describes the next following line or code block.
TP/PP are mainly capacity or single-invocation latency
tools, SP is mainly useful for trainable teacher-forced passes
with large activation memory, CP is useful for long-context
invocations, and EP applies only to MoE models.

Algorithm 1: A common part of Generation, used by PPO and GRPO

Input: Batch of prompts X = {@,}£_,, candidates/prompt K.
Output: Set B,.,11 of generated samples paired with per-token rollout
log-probabilities.
1 Initialize B,on + 0;
2 [DP] foreach prompt x;, € X do
3 [DP] for candidate : = 1 to K do

4 Initialize y( g [] and eold » < 1

actor path
fort = 1,2,... until EOS or max length do
[TP, PP, SP, CP, EP]

Sample next token y( ) ~ g ( | mb»yz()i)«,) via
5 stochastic decodmg,
old bt < log e ( (1> | mb,yg )<t>

Append yb () to y(i) and Z(l()i bt tO Egi()i B
end

Append (mb, y( ) Ziigj b) to Bron;

Actor log-prob &

end
end

N o

The intra-model annotations are attached only to oper-
ations that invoke a Transformer model or backpropagate
through one. For independent samples, prompts, candi-
dates, rollouts, or preference pairs, DP is the natural default
because these units have no semantic dependency and can
be assigned to different replicas with only later reductions
for losses, statistics, or gradients. For model invocations,
TP and PP are marked whenever the actor, critic, reward,
or reference model may need to be sharded to fit mem-
ory or reduce single-invocation latency; however, they are
conditional because their collectives, activation transfers,
and pipeline bubbles can hurt throughput when the model
already fits on one device. CP is marked on long-context
forward or training invocations, including autoregressive
decode, because KV/attention memory of RLM rollouts
may exceed single-device capacity. SP is marked only on
trainable teacher-forced forward/backward paths, not on
ordinary forward-only Assessment or decode-time Gener-
ation, because its main benefit is reducing stored activation
memory during Training. EP is marked only as an MoE-
dependent option: it applies if the corresponding actor,
critic, reward, or reference model contains routed experts,
where it reduces per-device expert storage and compute but
introduces routing and all-to-all communication.

6 ANALYSIS OF EXISTING MODELS & DESIGNS

We also analyze existing models and frameworks.

6.1 Reasoning Language Models

We compare representative post-trained LLMs and RLMs
in Table 10. We classify a model as a general aligned LLM
if post-training primarily improves instruction-following,
helpfulness, safety, or general assistant behavior, even when
the model can solve reasoning tasks. We classify a model as
an RLM if its training or inference pipeline explicitly targets
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Algorithm 2: Algorithmic and Mathematical Specification of PPO

Input: GAE discount v and smoothing X, KL coefficient 3, PPO clip
range ¢, entropy coefficient cgr; set of prompts X, prompt batch
size B, candidates/prompt K, training epochs Eppo.

Output: Trained parameters (6, ).

1 [DP] foreach prompt batch {x,}£_, C X do

2 Generation (Online)

. (i) (i) B,K .
3 Generate completions Byo1 < Ty, Yy Zold ) Syt e via
Algorithm 1; S

m) 1B
4 Flatten Byon < T, Yns £o1a 1’
n=

5 Ass 1ent
6 [DP] foreach (a:n, yn,lgbd) € Bron do
7 [inter-model concurrency]

reward path
8 [TP, PP, SP, CP, EP]
Compute scalar reward s,, <~ Ry (@n,Y,);

critic path

[TP, PP, SP, CP, EP]

Compute values V,, + Vi (Zn,y,);
EOS terminal value Vo lunl+1 < 0;

reference path

10 [TP, PP, SP, CP, EP]

Compute reference log-probs Z f < log Tret (Y, | @n);

1 Per-token KL-shaped rewards

Th — —f8 (eg’l‘d) Zi:f)) + sn €|y, | (KL penalty enters via

reward and propagates through GAE; no KL term in PPO loss)

12 Initialize A,, + [, G, — [, and EOS terminal advantage
Anlyyl+1 < 0
13 fort = |y,|to1ldo
14 Temporal difference residual
On,t < Tn,t +YVn,t41 — Vi ot;

15 Compute advantage (GAE) A, ¢ < dn,¢t + YAAn t41;

16 Compute discounted return G, ;¢ < Vit + An t;

17 Prepend A, ¢ to Ay, and G, ¢ to G

18 end

19 Augment rollout n in B,o1 with (An, G,L);

20 end

21 Training via PPO

22 fore = 1to Eppo do

23 Shuffle B;o11 and partition into minibatches {B};

24 [DP] foreach minibatch B do

25 [DP] foreach rollout n € B do

26 [inter-model concurrency]
actor path
[TP, PP, SP, CP, EP]

27 Current log-probs len) <« logmo(y, | Tn);
Importance ratios p,, < exp (Zé") lf)’fd) )
critic path

28 [TP, PP, SP, CP, EP]

Current values V!, + Vi (€n,y,);

29 end

30 Number of tokens in batch Z <+ 3= |y, |;

31 [inter-model concurrency]

actor path
Compute PPO loss:
LPPo = —% Moep Zly" min(pp,tAn,t,

cip(pn,t, 1 £e) Ant);
(Optional) Entropy bonus; H (+) is the actor’s
per-token Shannon entrop%/ (cg = 0 disables)
Lu=~7% neB 2ut—1 H (mo (| 2, yn,<t))?
Define actor objective: Lppo < Lppo + cx LH;
[TP, PP, SP, CP, EP]
Backpropagate & update on 6 to minimize Lppo;

32

critic path
Compute critic loss:
33 Lecritic = E cB Zlyn‘( n - Gn,t)z}

[TP, PP, SP CP, EP]
Backpropagate & update on 1) to minimize Lcritic;

34 end
35 end
36 end




26

Algorithm 3: Algorithmic and Mathematical Specification of GRPO

Algorithm 4: Algorithmic and Mathematical Specification of DPO

Input: KL coefficient 8, GRPO clip range ¢; set of prompts X, prompt
batch size B, candidates/prompt K, training epochs Egrpo-
Output: Trained parameters 6.

1 foreach prompt batch {x,}£_, C X do

2 Generation (Online)
3 Generate completi B {( () g0 B i
pletions Bron < (@5, Y35 €145 e oy ViR
Algorithm 1; '
4 Assessment
5 [DP] for prompt b = 1 to B do
6 [DP] for candidate i = 1 to K do
7 [inter-model concurrency]
reward path
s [TP, PP, SP, C, EP] _ ‘
Compute scalar reward 7"1(;1) ~ R, (mb, y(()l));
reference path
[TP, PP, SP, CP, EP]
9 Compute reference log-probs
el(«:;)f’b < log mret (yﬁ” | ﬂ’b);
10 end
1 Group mean jip — & Zf(zl rl(f);
. 2\ 1/2
12 Group std o (% K (rff') — ub) > ;
13 [DP] for candidate : = 1 to K do
14 Per-token advantage (broadcast across tokens)
(4)
(4) ", "Hb 4.
AV — o F10-F 1; » .
15 Augment rollout (b, 1) in Byon with (Aff), 43‘.5);
16 end
17 end
n n BK
18 Flatten B,op {(mn, yn,i(()lg,An,lief))} 71;
19 Training via GRPO
20 fore = 1to Egrpo do
21 Shuffle B, and partition into minibatches {B};
2 [DP] foreach minibatch B do
23 [DP] foreach rollout n € B do
actor path
[TP, PP, SP, CP, EP]
2 Current log-probs £5) « log 7o (y,, | n);
Importance ratios p,, < exp (lé") = lgﬁ);
25 Per-token KL approximation
d,  exp () — ) - (€ — ) — 1;
26 end
27 Number of tokens in batch Z <+ 3= |y, |;
actor path
Compute GRPO loss:
LGRPO = —% Y neB thiq‘ [min(pn,tAn,t;
28
lip(pn,ts 1) An,i) =B dn.e
[TP, PP, SP, CP, EP]
Backpropagate & update on 6 to minimize Lgrpo;
29 end
30 end
31 end

reasoning trajectories, verifiable rewards, long CoT, search,
tool use, or controllable test-time computation. This distinc-
tion is often blurred in practice: recent systems increasingly
unify fast response modes and slow reasoning modes inside
a single routed or hybrid model family.

Overall, the comparison shows a shift from reference-
driven alignment as preference optimization to alignment as
reasoning-time computation. Early RL-enhanced LLMs pri-
marily used PPO-like RLHF or more lightweight DPO-
style preference optimization to improve instruction follow-
ing, safety, and general assistant quality, whereas RLMs
increasingly optimize or allocate compute to long-CoT
trajectories, RLVR, search, tools, agentic environments, or

Input: KL coefficient 3, training epochs Eppo; preference dataset

D= { (mm yi”,”vyz@) }N

=1
Output: Trained parameters 6. "

Training via DPO

fore = 1to Eppo do
Shuffle D and partition into minibatches {B};
[DP] foreach minibatch B do

[DP] foreach (m"’ygf)1yl(n>) € Bdo

6 [inter-model concurrency]

O N

o

actor path
[TP, PP, SP, CP, EP] Actor log-probs:
7 e((:; + log g (y,(u'f‘) | mn) (preferred completion);

ngl) « log g (yl(n) \ ccn) (dispreferred completion);

reference path
[TP, PP, SP, CP, EP] Reference log-probs:
o)

8 ref,w

£ log meet (yl(") | mn) (dispreferred

ref,
completion);

<« log Tref 'yEU") | mn) (preferred completion);

Trajectory-level log-ratio difference:
By <17 (Zé"ﬁl _ ™ ) _17 (eénl) _pm );

ref,w ref, 1

end

©

actor path

Compute DPO loss, where o (-) is the sigmoid:

10 Lppo = —%‘ > neploga(Bhn);

[TP, PP, SP, CP, EP]

Backpropagate & update on 6 to minimize Lppo;

11 end
12 end

hybrid fast/thinking modes. The training signal is often
more predictive of reasoning gains than parameter count
alone: exact-answer rewards, unit tests, process/preference
models, MCTS, or environment feedback can make smaller
specialized models competitive on narrow math/code tasks,
while frontier systems retain broader coverage through
scale, data diversity, and tool integration. Architecturally,
sparse MoE has become central for open frontier mod-
els because it increases total capacity at moderate active-
parameter cost, but it shifts systems pressure toward expert
parallelism, routing balance, all-to-all communication, and
memory placement; dense models remain simpler and more
predictable for deployment.

6.2 Training & Inference Frameworks for RLMs

Table 11 shows that modern RL-LLM frameworks differ
primarily by how aggressively they separate, specialize,
and overlap the rollout and training workloads. In practice,
wall-clock time is often dominated by rollout/generation
under long-output reasoning settings, while gradient up-
dates are comparatively more parallelizable; consequently,
the highest-throughput frameworks either (a) maximize
rollout throughput via inference engines and stage-specific
parallelism, or (b) overlap generation with evaluation and
training via stage fusion or asynchronous execution.
Library-centric stacks such as TRL [231], DeepSpeed-
Chat [261], and ColossalChat [267] are easiest to use and rely
mainly on DP/ZeRO/FSDP-style sharding [201,277] plus
optional fast rollout engines such as vLLM [133], but they
expose limited inter-model scheduling. Orchestrator-centric
stacks such as OpenRLHF [117], HybridFlow/verl [217],
SkyRL [181], NeMo RL [184,214], slime [287], ROLL [240]
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Model / family Access Scale / arch.

Post-training signal

Selected system details

General aligned large language models (LLMs)

InstructGPT [192]
GPT-4 [4]
Gemini 1.x [12]
Claude 3 [13,21]
Reka [191]
InternLM2 [59]
Zephyr [114,229]

Closed 1.3B, 6B, 175B dense
Closed Undisclosed

Closed Undisclosed

Closed Undisclosed

Mixed 7B, 21B dense

Open 1.8B, 7B, 20B dense
Open MOoE variant reported

Phi-3 [2] Open 3.8B, 7B, 14B dense
Phi-4 [3] Open 7B, 14B dense
ChatGLM [284] Open 6B, 9B dense
Gemma 2 [204] Open 2B, 9B, 27B dense
Starling-7B [285] Open 7B dense

Hermes 3 [226] Open 8B, 70B, 405B dense
Athene-70B [91] Open 70B dense

Llama 3 & 3.1 [104] Open 8B, 70B, 405B dense

0.5B-72B dense;

8&3?‘[258] Open 578 Mok (14B active)
Nemotron-4 340B [5] Open 340B-class model
DeepSeek-V3 [156] Open  671B MoE (~37B active)
Llama 4 Scout [171] Open ~109B MoE (17B active)
Llama 4 Open ~400B MoE (17B active)

Maverick [171]

PPO-like (SFT + RM + PPO)
PPO-like (rule-based rewards)
PPO-like (iterative RM refinement)
PPO-like (RLAIF / Constitutional AI)
PPO-like (multi-round RLHF)
PPO-like (conditional RM)

DPO-like (ORPO)

DPO-like

DPO-like (RLAIF data)

Mixed (PPO-like vs. DPO-like)
PPO-like (Bradley-Terry RM)
PPO-like (RLAIF; Plackett-Luce RM)
DPO-like (LoRA-DPO)

PPO-like (details limited)

DPO-like (RM + rejection sampling)

DPO-like (offline + online refresh)

DPO-like (RPO)

Hybrid alignment
Hybrid alignment
Hybrid alignment

Canonical actor-reward-reference PPO loop.
Frontier-scale alignment; limited public systems detail.
Repeated RM/RL cycles increase assessment cost.
Al-generated preference labels from written principles.
Standard PPO-style alignment at moderate scale.
Multiple domain-specific reward heads.

No explicit reward model or PPO loop.

SFT-like alignment cost.

Preference tuning over AI/human feedback data.
Controlled comparison of online vs. DPO training.
Reward-model alignment.

Ranking-based RM; partial model updates reduce memory.

Only LoRA /adapters are trained; optimizer memory is small.

A model with preference/safety tuning.

New preference pairs are created from online model samples.

Quality-aware preference optimization without PPO.
MoE, MLA, FP8, MTP, and DualPipe.

Long context.

MOoE and multimodality.

Reasoning language models (RLMs)

Closed Undisclosed

Closed Undisclosed

OpenAl 04-mini [188] Closed Undisclosed

GPT-5 [220] Closed Undisclosed

GPT-5.4 Thinking [190] Closed Undisclosed

GPT-5.5 Thinking [189] Closed Undisclosed

Claude 3.7 Sonnet [14] Closed Undisclosed

Claude 4 family [15]  Closed Undisclosed

Gemini 2.5 Pro [71] Closed Sparse MoE; multimodal

Gemini 2.5 Flash [71]  Closed Sparse MoE with a
lower-latency variant

Closed Gemini 2.5 family

OpenAl ol [186]
OpenAlI 03 [188]

Gemini 2.5 Deep

Think [102]
DeepSeek-R1 [107] Open 671B MoE / ~37B active
DAPO [265] Open 32B dense

Qwen3 [257]
Kimi k1.5 [86]

Open Dense/MOoE, 0.6B-235B
Closed Undisclosed; long-context
multimodal

Kimi K2 [19] Open 1T MoE (32B active)

Kimi K2.5 [18] Open MOoE; multimodal agentic
extension

Phi-4-reasoning [1] Open 14B dense

rStar-Math [106] Open 7B-scale policy/reward
components

Closed Undisclosed

Closed Undisclosed; multi-agent
variant

Grok 4 [249]
Grok 4 Heavy [249]

Hybrid RL (CoT)

Hybrid RL (CoT + tools)

Hybrid RL (CoT + tools)

Hybrid (fast/thinking router)
Hybrid (coding + agents)

Hybrid (agentic reasoning)
PPO-like/RLAIF + thinking mode
PPO-like/RLAIF + thinking mode
Hybrid RL (thinking mode)
Hybrid RL (low-cost thinking)

Search-like, parallel reasoning

GRPO-like (RLVR; no critic)
GRPO-like (DAPO; no critic)
Hybrid (thinking /non-thinking)
DPO-like/custom RL (KL-DPO)

Agentic RL-like (tool environments)
Agentic RL-like (visual tools)

DPO-like (RLVR)
Search/RLVR-like (MCTS + PRM)

Hybrid RL
Agentic / parallel reasoning

“Reasoning tokens” become inference-time cost.
Training-time RL and tool-using inference both dominate.
Lower-cost reasoning model; latency/quality trade-off.
Runtime routes between fast and reasoning modes.
Agentic workflow.

Higher autonomy increases orchestration cost.

Same model supports quick and extended reasoning.
Reasoning budget is a user/system cost knob.

Long context.

Cheaper reasoning.

Multiple reasoning paths increase per-query compute.

Removes V,;,; generation remains bottleneck.
Critic-free long-CoT RL.

Variable reasoning length.

Long trajectories dominate training and serving cost.

Adds multimodal environment overheads.

Small strong STEM model at low serving cost.
Search improves math but increases inference compute.

Parallel agents increase inference compute.

TABLE 10: A comparison of representative general aligned LLMs and RLMs. The upper block lists general aligned LLMs,
which primarily target instruction following, safety, preference alignment, and broad assistant quality. The lower block lists
RLMs, which explicitly target reasoning trajectories, long-CoT, RLVR/verifiable rewards, search, tools, multi-agent inference, or
controllable test-time computation. The “Post-training signal” column follows the taxonomy used in this paper: PPO-like methods
use reward-model- or RLAIF-based policy optimization; GRPO-like methods use critic-free grouped RL/RLVR; DPO-like methods
use direct preference optimization; Hybrid denotes mixed or undisclosed pipelines; Search/Agentic denotes explicit search, tools,
environments, or multi-agent reasoning. Proprietary details are based on public reports and should be treated as approximate.
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Intra-Model Parallelism

Inter-Model Parallelism

Framework Remarks

DP Z1 Z2 Z3 TP CP EP PP Sﬁc Dis- Stage pyvprid Async

are agg. Fusion

TRL [231] - ) (- - - - % X - - @ () @ Accelerate; TP/vLLM mostly rollout; CP via FSDP2/Ulysses
ColossalChat [267] () () () () (- (- 5 - X % X b X Colossal-Al HybridParallel + Gemini; TP/PP/SP, Z1/2 and Z3
DeepSpeed-Chat [261] ) [m) @) @D @) X X X X X x (= X Train ZeRO-2/3; Hybrid Engine uses TP mainly for rollout
OpenRLHF [117] - ) (- - (- - ¢ - X - @ () @ Train: ZeRO-3/AutoTP; rollout: vLLM TP/PP; RingAttention
HybridFlow / verl [217] [ @) @) () ) ) ) - = x - 2§ () @® Train: FSDP or Megatron; rollout: vVLLM/SGLang/TensorRT-LLM
NeMo RL [184,214] [ () () () () () (- (- ¢ (X (- ®® Train: DTensor or Megatron; rollout: vLLM /Megatron/SGLang
RealL [169] - % X x X Em x (- X Per-stage DP/TP/PP/SP plans; ZeRO backend not stage-enumerated
RLHFuse [282] EDED X XED) X X @ X @) @ m @  Scheduling layer; inter-stage sample fusion + intra-stage fused PP
FlexRLHF [251] - EEEE X XD m - (- X DeepSpeed-based; AC-share/nonshare; interleaving/disaggregated layouts
AReaL [92] () () () () () () () ([ - @D @  ®® Train: Megatron/FSDP/Archon; infer: SGLang default, vVLLM optional
MindSpeed RL [89] (I (5 (5 [ () ) - (- x - @D (= @ Ascend stack; co-card/decoupled deploy, repartition, partial rollout
slime [287] (o () (5 ([ (- - - - % (- @ (- ® Megatron train + SGLang rollout
ROLL [240] () () [ () () () () [ (- @D W) @® train: DeepSpeed/FSDP2/Megatron; infer: vLLM/SGLang/Megatron
StreamRL [281] outside system focus X - - (=) @ Disaggregation-first; stream generation; full overlap in async mode
AsyncFlow [111] outside system focus X @ @ (- @® Distributed data/param streaming; producer-consumer async
Laminar [216] outside system focus X @ @ (- @ Relay-worker parameter service; trajectory-level async repack
StaleFlow [145] outside system focus X @ ED @) @ Data+parameter servers; explicit global staleness control

TABLE 11: Comparison of public training / inference frameworks for LLM and RLM post-training under the systems taxonomy.
Intra-Model Parallelism: DP=data parallel; Z1/72/Z3=7eRO/FSDP-like sharding levels (optimizer / optimizer+gradients /
parameters+gradients+optimizer; FSDP2 is counted under Z3); TP=tensor parallel; CP=context or long-sequence parallelism;
EP=expert parallelism; PP=pipeline parallelism. Inter-Model Parallelism: AC Share=shared actor/critic parameters or value-
head mode; Disagg.=separate services or device groups for rollout, reward, or training; Stage Fusion=explicit overlap or
fusion across normally sequential RL stages or subtasks; Hybrid=stage-specific backends/layouts or runtime resharding/refit;
Async=asynchronous or bounded-stale execution. Symbols: @® documented support; B2 indirect, partial, backend-specific, or

train-vs-rollout-specific support; ¥ no documented public support;

and ReaL [169] treat RLHF as a multi-role dataflow. They
provide explicit placement and resource management for
actor, rollout, reward, reference, critic, and data-buffer com-
ponents, and commonly combine training backends such
as DeepSpeed ZeRO, PyTorch FSDP/FSDP2, or Megatron-
Core that support TP/PP/CP/DP/EP [125,160, 176, 219],
with rollout engines such as vLLM, SGLang, or TensorRT-
LLM [133, 185, 278]. These systems often support het-
erogeneous parallelism across roles, weight synchroniza-
tion, and resharding between training and rollout with
explicit weight synchronization or resharding [169, 217].
Scheduling-centric systems such as RLHFuse [282], Pipe-
RLHEF [262], StreamRL [281], AReaL [92], AsyncFlow [111],
Laminar [216], StaleFlow [145], and MindSpeed RL [89]
are best viewed as emphasizing scheduling policies rather
than defining a disjoint framework class. In practice, many
orchestrator-centric frameworks can also manually sched-
ule workloads or incorporate similar optimizations. These
systems target the dominant bottlenecks of long-tailed au-
toregressive rollout by improving utilization by stage fu-
sion [282], streaming and disaggregation [281], dynamic
load balancing [111], and bounded-stale asynchronous ex-
ecution [92,145,180], at the cost of more complex queues,
weight-version management, and convergence validation.
Practically, small experiments should favor library-
centric stacks; memory-bounded large-model runs should
favor mature state-sharding backends such as FSDP/ZeRO
or Megatron [201, 219, 277]; RL post-training workloads
whose wall-clock time is dominated by rollout/genera-
tion should favor disaggregated vLLM/SGLang-style roll-
out [133,278,281]; and frontier-scale reasoning RL increas-
ingly requires async or streaming systems that explicitly
control staleness and generation-length skew [92,145,216].
Across frameworks, data parallelism remains a common
outer abstraction, but modern RL post-training stacks in-
creasingly compose multiple forms of parallelism across

undocumented or unclear in public materials.

roles and stages. FSDP/ZeRO-style state sharding and
Megatron-FSDP occupy the same broad design space for
sharding optimizer states, gradients, and parameters, while
Megatron-style backends can further combine DP with TP,
PP, CP, and EP when model size, sequence length, or MoE
require it. Thus, the main systems issue is not a fixed
choice between FSDP/ZeRO and Megatron, but how the
framework places heterogeneous roles, synchronizes or re-
shards weights between the trainer and rollout workers,
and balances optimizer-state memory, communication, KV-
cache pressure, and variable rollout lengths. In this sense,
orchestrator-centric and scheduling-centric systems are bet-
ter viewed as different emphases within the same design
space: the former provides the multi-role execution sub-
strate, while the latter emphasizes utilization policies for
long-tailed generation workloads.

7 RESEARCH OPPORTUNITIES

We briefly outline potential opportunities for future research
in the performance aspects of RLMs.

Resource-aware test-time compute. RLMs increasingly
trade inference-time compute for accuracy through long-
CoT generation, self-consistency, search, tool use, and other
strategies, exploring different scaling regimes and trade-
offs [71,115,115,130, 188,221, 225,247,270]. Future systems
could treat reasoning as a constrained optimization prob-
lem: maximize expected utility subject to token, latency,
memory, tool-call, and energy budgets. This opens the door
to interesting research into making reasoning budget a first-
class scheduling variable, and into online predictors of task
difficulty, verifier value, branch utility, and stopping time.

Efficient RLM execution structures beyond chains.
RLM reasoning is usually represented as a linear token
sequence. Prior works such as Tree of Thoughts, Graph
of Thoughts, and Hypergraph-of-Thoughts work shows



that nonlinear reasoning structures can improve search and
aggregation in-context [26, 33, 45, 179, 259, 260]. Some ef-
forts to distill this behavior into weights have been made
into this direction by harnessing aggregation during fine-
tuning [8, 150, 151, 275]. Efficient and effective integration
of such structures and ideas in the RL execution pipeline
is an interesting novel direction in the science of RLM
performance and parallel design.

Automatic selection of parallelization schemes. One
concrete idea of how to enhance the parallel design of RLM
pipelines, is to provide an effective way of automating the
intra-parallelization of each model invocation based on the
available hardware and cluster conditions. There have been
works into this direction, for example AutoDDL [65] and
PyTorch/XLA SPMD [127], but they focus on an individual
Transformer invocations and not whole pipelines [65,127].

Automatic derivation of reasoning topologies and
schedules. In the RLM designs that harness explicit struc-
tures such as MCTS, most methods still use hand-designed
chains, trees, beams, and others [26]. A potential direction
is to automatically derive both the reasoning topology and
the execution schedule from aspects such as task difficulty,
model uncertainty, verifier availability, hardware availabil-
ity and performance properties, and others. Dynamic graph
representations and algorithms could offer useful templates
for such planners in terms of performance-focused aspects
such as algorithm design [32], effective task graph decom-
positions and partitioning [58,101], scheduling [27,77], and
others. Example questions to pursuit would be how many
branches to explore, when to prune a branch, when to call a
verifier, when to merge thoughts, how to map the resulting
DAG to device groups, and others.

RLVR beyond final-answer rewards. RLVR scales rea-
soning post-training through exact-answer checks, unit
tests, and task-specific verifiers, but its mechanisms remain
incompletely understood; for example, weak or spurious re-
wards can sometimes still improve reasoning, and outcomes
are model-family dependent [212]. Future work could focus
on developing reliable and efficient process-level rewards,
building upon existing work [69,129,149, 165, 241,271,273],
and potentially even extend them to consider the structural
aspects of the reasoning process beyond chains. Since pro-
cess rewards create many assessment nodes, their usefulness
will depend on performance-oriented policies that involve
caching, batching, placement, and overlap with generation.

Harnessing data analytics for enhanced reasoning. A
rich landscape of research opportunities exist at the overlap
of reasoning and data analytics. One could delegate certain
parts of reasoning tasks that are hard to instill into model
weights to existing algorithms and frameworks; examples
are graph mining and analytics [16, 36, 46, 99, 193]. One
could also harness graph learning for reasoning supervision,
i.e., graph neural networks (GNNs) [50, 131, 248, 274, 283]
and broader graph representation learning methods [28,
57,62,100,110] may help score branches, help construct-
ing process rewards, or predict useful tool calls, based on
learning useful reasoning patterns. The systems challenge is
to integrate such designs efficiently [40,49] without adding
bottlenecks to the Generation—Assessment-Training loop or
broader MCTS.

Enhancing data analytics pipelines. On the other hand,
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data analytics frameworks [31, 32, 52, 54, 95, 109, 137, 236]
as well as databases [10, 11, 33, 35, 41, 78] could also inte-
grate reasoning LLMs and agents for more effective data
processing, especially at the user-framework interface. Dif-
ferent designs have already been proposed to integrate
LLMs into analytics architectures [42,55, 64,67, 85,139,199,
244,269]. This includes document analysis (e.g., Aryn [9],
DocETL [211], Palimpzest [158], PalimpChat [159]), tabular
data (e.g., InsightPilot [164], CoddLLM [272], Pneuma [23],
Chat2data [276], LOTUS [194], DB-GPT [254]), video pro-
cessing [167], and others [80]. Here, harnessing RLMs and
their efficient integration into such frameworks is an inter-
esting novel research direction.

Asynchronous and stale-data RL. Online RLM training
is limited by long-tailed autoregressive generation. Asyn-
chronous systems such as AReal, AsyncFlow, Laminar,
StreamRL, and StaleFlow show that bounded staleness and
streaming rollouts can improve utilization [92,111,145, 216,
281]. The open problem is to characterize in a more rigorous
way when and to what degree involve staleness — for
example, when stale rollouts remain useful, how to correct
policy drift, and how to trade staleness against throughput
without degrading reasoning quality.

Retrieval, tools, and external state as operators. Effec-
tive and efficient integration of tools into the reasoning pro-
cess is another interesting research opportunity [161,215].
Various tool calls (e.g., retrieval [44, 93,126, 142,206], sim-
ulators, verifiers [47,105], agent calls [29, 48, 70, 119, 245],
etc.) could be modeled as operators in the same execution
graph as actor generation, reward evaluation, and training.
Retrieval-augmented and graph-based LLM methods such
as Topologies of Reasoning provide starting points for such
integration [45].

Harnessing HPC architectures as well as emerging
hardware. RLMs stress hardware through aspects such
as — among others — its long outputs [177], large KV
caches [144,157,218], repeated verifier calls, tool use, and
many samples per prompt. Beyond established forms of par-
allelism, promising directions include harnessing emerging
hardware such as processing-in-memory [7,43,97,174,209],
RDMA and SmartNICs [38,39,81,82,94,207,222], serverless
architectures [72,112,128,152,152,168,210], next-generation
interconnects [30,51,135,136], chiplets [90,121,124,148,163,
166,172], and others [34,37,98,122,123].

Reasoning for discovering novel optimizations. In-
spired by the schemes such as AlphaTensor [88] and en-
abled by the emergence of RLMs with their innate coding
capabilities [22,66,84,202,205,234], such models could also
help discover novel kernels and other performance-centric
schemes, including collectives, placement heuristics, and
routing policies, following recent LLM-driven algorithm-
discovery systems such as AlphaEvolve [182].

Evaluation and reproducibility. The evaluation of RLMs
involves a plethora of aspects such as reasoning budget,
sampling strategy, rollout length, staleness, and metrics as-
sociated with whole RLM components and subsystems such
as tools, retrieval, and verification. It poses an opportunity
for designing effective evaluation pipelines, reusing and
extending evaluation methodologies for other domains such
as parallel programming [24,113].

Shared-weight RLHF and snapshot-consistent rollout



workers. Another example concrete systems opportunity
is to reduce the cost of synchronizing actor weights in
disaggregated or asynchronous RLHF pipelines. Current
systems often push full policy snapshots from the learner to
rollout workers, which creates latency, bandwidth pressure,
and synchronization stalls at large model scale. A promising
alternative is a shared-weight design in which rollout actors
access versioned trainer-resident parameter slots, switching
only at rollout boundaries to preserve snapshot consistency.
Such a system could use read-copy-update-style double or
triple buffering, version counters, and publication fences so
that actors never observe partially written parameters. On a
single node, this suggests CUDA IPC [195] or peer-to-peer
refresh over NVLink or PCle [143]; across nodes, one can
harness GPUDirect RDMA [196] or NVSHMEM-style one-
sided communication [116].

8 CONCLUSION

Reasoning Language Models (RLMs) and their underlying
paradigms such as Reinforcement Learning with Verifiable
Rewards (RLVR) are not only an algorithmic advance, but
also an enormous parallel and distributed systems challenge
due to their compute requirements. Our work systematizes
the RL-for-LLM pipeline, analyzes PPO-, GRPO-, and DPO-
like frameworks through work-depth-memory complex-
ity, and develops a taxonomy of intra- and inter-model
parallelism strategies for scalable RLM training and infer-
ence. The result is a unified performance vocabulary for
understanding where computation, memory, and critical-
path bottlenecks arise, and for offering opportunities for
performance optimizations while considering performance-
critical aspects such as autoregressive rollout generation,
auxiliary-model assessment, trainable actor/critic updates,
long-context memory, model-state sharding, placement, fu-
sion, and bounded-stale execution. By making these trade-
offs explicit, our analysis provides a foundation for design-
ing the next generation of RLM systems.
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APPENDIX A
RLM PIPELINE: FUNCTIONAL DESCRIPTION

In the RLM pipeline, each stage can be understood as a
function acting on batches, with clearly defined inputs and
outputs. We now describe these stages in more detail.

A1

The Generation stage takes as input a batch of prompts
X ={z1,...,2p} C X and the behavior policy 7y_,,, which
either comes from the previous RL iteration, or — for the
1st iteration — is the base model. Here, & is the space of
input prompts. For each input prompt x;, € X, the policy
model y(y | zp) generates a set of K candidate completions
Geng(xp) = {yéi)}_Kl. The i-th candidate response to a
prompt x; is denoted as yéi) € Y and it is a sequence of
T tokens yg, . ﬁgéf}), where yézz represents a token at
time-step ¢; Y is the space of token sequences. The output
is thus the rollout batch B,on = { (xb, yl(,i)) }b : Along with

the sampled outputs, PPO-like methods often also compute

Generation Stage

per-token actor log-probabilities log g (yl(fz | zp, yl(f)<t) for
each step ¢t € {1,..., T}, for use in the training stage.

A.2 Assessment Stage

The Assessment stage takes the rollout batch B, and eval-
uates it with the auxiliary models required by the algorithm.
In PPO-like methods, this usually includes the reward
model R, reference policy m.f, and critic V;; that are used
to transform Generation’s output into numerical learning
signals. The most important such signals are sequence-level
l(f): a single quality score assigned to each

complete sequence ylgl)

scalar rewards r
, typically computed by the frozen
reward model R, (xb,ybi . These scores quantify align-
ment with human preferences, such as helpfulness or safety.
Moreover, the stage also produces token-level training tar-
gets Aéi) = (quAggAg%), each such target is a dense
vector of values for each token position ¢t € {1,...,T}.
These values, commonly referred to as advantages, enable
granular credit assignment by comparing the empirical re-
turn égf; against the estimate return by the critic model

Vi <xb, yl(f)d) They are constructed from returns/rewards
and, for PPO-like actor—critic methods, and critic value
estimates, e.g., Al(fz = G}t — Vps,i- In critic-free methods
such as GRPO, no Vi paés is performed; advantages are
computed from group-normalized rewards instead. Finally,
the Assessment stage also involves computing reference

log-probabilities log 7yt (yl(fz | zp, yl(f)d)

A.3 Training Stage

The Training stage takes the rollout batch and the learn-
ing signals from Assessment: rewards, reference log-
probabilities, stored sample-time actor log-probabilities,
and, when applicable, advantages and value targets. It
updates the trainable model components required by the
algorithm. In PPO, the actor uses policy-ratio terms such as

o (yélz | xb,yéf)«) /0.1 (yélz | xb,yéf)«), while the critic
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is updated with a value-regression loss. In GRPO, only the
actor is updated because no learned critic is used. In DPO,
Training operates on preference pairs rather than online
rollouts and updates only the policy using teacher-forced
likelihoods of preferred and dispreferred responses. Thus,
Training outputs the next policy 7y, and updated critic
parameters ¢’ only for algorithms that train a critic.

A4

This process is repeated in an iterative loop: after the pol-
icy update, the new parameters §' <+ 6 are used in the
next Generation stage. The full loop therefore evolves as
0 — Geng(X) — Assess(X,Y) — Train(:) — 0" — ...
and continues until convergence or until a predetermined
number of iterations is reached.

Iterative Loop



APPENDIX B
DETAILS OF MATHEMATICAL DERIVATIONS

We offer details of mathematical derivations. To simplify

equations, we use C’}"k =y, C’}f’k = (%, and Cé‘e’ﬂ = Cgen.

B.1

We now derive the model-specific building blocks used
in Table 3 for forward and backward passes in terms of
architectural parameters such as the number of layers L,
hidden size d, feed-forward width dg, vocabulary size V,
and sequence lengths S,T. We parameterize these values
with a given model M in question, i.e., hidden size dj,,
feed-forward width ds g, and Ly, layers.

Results for Building Blocks

B.1.1 Forward-Pass FLOPs

We begin with a standard dense Transformer layer. For a
model M, one layer contains four dense attention pro-
jections: Wq, Wi, Wy, Wo € RM*dr | contributing 4d3,
parameters, and two FFN projections, W, € R xda.
and Wyoyn € RIMXdy - contributing 2dpsdas g parame-
ters. Thus, one layer contains

4d?\/[ + 2d dM7ﬂ‘

trainable projection parameters.

Under the standard FLOP accounting for matrix mul-
tiplication, each parameter contributes approximately two
FLOPs per processed token in the forward pass (one multi-
ply and one add). Hence, the parameter-dependent forward
FLOPs per token per layer are

2 (4d?\4 + 2d]\4dM7ff) .
Across L layers, this becomes
2L (4d?\/f + Qde]yLﬂf) .

In addition, self-attention performs parameter-free
token-mixing operations, namely score computation and
value aggregation. Under the same coarse cost model used
throughout the paper, these contribute

QLA/[(S + T)d]u

FLOPs per token on a sequence of total length S + T
Therefore, the base forward-pass cost per token for
model M is

Cf(M) =2L) (4d§\/l + Zde]uﬁ + (S + T)dM),

up to model-specific output heads.

B.1.1.1 Policy and reference model: We parameter-
ize M € {m,ref}. For the policy model 7y, one addition-
ally computes logits over the vocabulary, i.e. an unembed-
ding/output projection of size d — V. Under the same
multiply-add accounting, this contributes

2Vd,
FLOPs per token. Hence
Cy(mg) = 2L (4d2 + 2drdfy + (S + T)dy) + 2Vd,.

Because the reference model 7,¢ is architecturally identical
to the actor,

Cy(mrer) = Cy(mg).
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B.1.1.2 Reward model: Now, M = R. The reward
model R, processes the full sequence but produces a single
scalar score from the final hidden state. Its transformer
backbone therefore costs

2L (4d% + 2dpdff + (S + T)dR).

The scalar reward head is a projection dg — 1 applied once
per sequence, i.e. 2dg FLOPs per sequence, or equivalently
2dgr
S+T

FLOPs per token when normalized by sequence length.
Thus,

2dr
S+T
B.1.1.3 Value model / critic: Finally, M = V. The

critic V3, outputs one scalar value per token. Its transformer
backbone contributes

2Ly (4d%, + 2dvdy + (S + T)dy ),

Ct(Ry) = 2L (4d% + 2dgdff + (S + T)dg) +

and its value head dy — 1 is applied at every token
position, contributing
2dy

FLOPs per token. Hence
Cy(Vy) = 2Ly (4d3, + 2dy dig + (S + T)dy) + 2dv..

B.1.2 Backward-pass FLOPs

For dense Transformer training, a standard approximation is
that the backward pass costs about twice the forward pass,
because gradients must be propagated both with respect to
activations and with respect to weights. Accordingly, for any
trainable model M we use

Cb(M) ~ QCf(M).

This is the approximation used throughout the paper when
deriving training-stage costs.

B.1.3 Autoregressive generation: prefill and decode

For policy generation, it is important to distinguish prefill
from decode.

B.1.3.1 Prefill: Given a prompt of length S, the
prefill pass processes the prompt once, initializes the KV
cache, and produces the logits needed to begin generation.
Therefore, its cost is simply the forward cost evaluated at
sequence length S:

Cpreﬁu(ﬂ'g; S) = 2[1775(4d72T —+ Qdﬂdg + de) +2Vd,
L. [0(S?) + O(Sd,)] .

B.1.3.2 Decode: After prefill, the model generates
tokens autoregressively. At decode step ?, the current token
attends to a context of length .S + ¢, consisting of the prompt
plus the ¢ previously generated tokens. Hence the cost of the
full decode phase is

T—-1
Cace(70; S, T) = Y [2Lx (4d7 + 2dndf + (S + t)dx ) +2Vdr] .
t=1

Using



this can be written as
Caec(m9; S, T) = 2(T — 1)L (4d% + 2ddf)
+ 4L, dy ((T —-1S+ (T21)T)
+2(T — 1)Vd,.

B.1.3.3 Total generation cost: The total generation
cost is therefore

Cgen (7T9; S7 T) = Cpreﬁll(TFG; S) + Cdec('/TQ; Sa T)

This is the quantity that should be used in the most detailed
generation accounting. For more compact asymptotic com-
parisons, one may further summarize it as

Cgen(m0; S, T) = O((S + T) Cy(mg; S + T)),

but this coarser form should be understood as an upper-
level abstraction of the explicit prefill+decode decomposi-
tion above.

B.1.4 Depth

We now derive the depth terms used in Table 3. Here,
depth means the critical-path length under unbounded par-
allelism.

B.14.1 Single forward pass: Within one Trans-
former layer, the dense projections in the FFN contribute
reduction depth

log dar + log dar -

For the multi-head attention block, the depth comes from
the sequential dependencies among the projection, atten-
tion, aggregation, and output-projection subcomputations.
The query, key, and value projections are independent and
can be computed in parallel; therefore, they contribute only
log d s to the critical path. Once @ and K are available, the
attention-score computation within each head reduces over
the per-head hidden dimension dys/h s, contributing

1og(dM/hM) = long — 1og hM.

The subsequent weighted aggregation of values reduces
over the sequence length, contributing log(S + T'). Finally,
the attention output projection maps the concatenated heads
back to the hidden dimension and contributes another
log dps. Thus, suppressing constant factors, the multi-head
attention depth is

log dps + log(dar/har) +log(S + T) + logdyr =
3logdnr + log(S +T) — log has.
Since layers are sequential, the total forward depth scales

linearly with Ljs. In the simplified cost model used in
Table 3, this is summarized as

Dy(M) = O(La[log dar +log(S + T))]),

plus model-specific output-head terms.

For the policy/reference model, the additional vocabu-
lary projection contributes one more logarithmic reduction,
yielding

Dy (mg) = O(Ly[log dr + log(S + T)] + log dx),
Df(ﬂref) = Df(ﬂ'@)'
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For the reward and value models, the scalar head con-
tributes an additional log d term:

D¢(R,) = O(Lg[logdg + log(S + T)] + log dr),
Dy (Vi) = O(Lv [log dy + log(S + T)] + log dy ).

B.14.2 Tensor-parallel forward depth: If tensor
parallelism of degree P; shards the hidden dimension, the
corresponding reduction depth decreases accordingly, giv-

ll’lg
D¥(M) = O(Larlog(dar/Py)+log(S + T)]+log(das / P)).

B.14.3 Backward depth: Under the same coarse-
grained model, the backward pass has a different depen-
dency structure to that of the forward pass. Namely, for
any product of activations with model weights, one must
consider computing gradients with respect to both the ac-
tivations and the weights. Computing the gradients with
respect to activations has the same asymptotic dependency
structure as in the forward pass. Computing the gradients
with respect to model weights, however, has to accumulate
gradients across the whole batch. Thus

Dy(M) = Dy(M) + O(log(B(S +1T)))
= O(L(logdps +10g(S +T)) + log(B(S +1T))).

As gradients with respect to weights do not need to be
backpropagated to the previous layer, log(B(S + T)) does
not have to be multiplied with L.

B.14.4 Generation depth: Autoregressive genera-
tion has two components: one prefill pass plus a sequence
of sequential decode steps. Therefore,

T-1
Dgen(m9; S, T) = Dy(m: S) + Y Dy(mp; S +1).
t=1

In compact asymptotic form, this is
Dgen(ﬂ'g; S, T) = O(T . Df(ﬂ'g, S + T))7

which makes explicit that the dominant sequential depen-
dence comes from the 1" decode steps.

B.1.5 Parameter counts

We finally derive the parameter-count and memory expres-
sions used in Table 3.

B.1.5.1 Policy/reference model: Ignoring biases
and layer-norm parameters, the actor contains

|mo| = Ln(4d2 + 2ddF) + Vdyx

parameters: the first term comes from the stacked Trans-
former blocks, and the second from token embeddings /
output vocabulary projection. Since the reference model
shares the same architecture,

|Tret| = | ol

B.1.5.2 Shared actor—critic backbone: For a shared
actor—critic model with backbone width d,. and L, layers,
plus a policy head of size Vd,. and a scalar value head of
size d,., we obtain

|7TaC| = LaC (4d§c + Qdacd?fc) + Vdac + dac~



B.1.5.3 Reward model: The reward model consists
of a Transformer backbone plus a scalar reward head:

|R,| = Lr(4d% + 2drdf) + Vdg + dg.

B.1.54 Value model / critic: Similarly, the value
model consists of a Transformer backbone plus a scalar
head:

\Vip| = Ly (4d%, + 2dydy) + Vdy + dy.

B.1.5.5 KV-cache memory: During generation, each
layer stores both keys and values for every processed token.
For one rollout of total length .S + T, this yields

Myv =2(S+T)Ldx,

where the factor 2 accounts for keys and values. If all BK
rollouts are generated concurrently, the corresponding peak
KV-cache memory is

BK - Mgy.

If fewer rollouts are generated concurrently, the peak mem-
ory decreases proportionally, at the cost of reduced concur-
rency.

B.1.5.6 Optimizer state: For trainable models,
optimizer-state memory is approximated by a factor of four
times the parameter count, corresponding to parameters,
gradients, and Adam first and second moments.

B.1.5.7 Training activations and inference buffers:
For a trainable model M, backpropagation requires interme-
diate activations from the forward pass. Under the leading-
order activation model used throughout the paper, we retain
one hidden-state-sized contribution per layer and processed
token:

Mact(M) = O(Lydn)

per token. Hence, for a batch of () sequences of length S+T,
MAct,total(M) =0(Q(S+T)Lydy) -

This expression suppresses constant-factor storage for
Q/K/V tensors, FEN intermediates, normalization and
residual temporaries, and other implementation-specific
buffers, and assumes no activation checkpointing.

For a frozen forward-only model, intermediate layer
buffers need not be retained for backpropagation and can
be reused across layers. Assuming the attention matrix is
not fully materialized, the leading-order inference buffer is

Mine (M) = O(dn)
per processed token, or
Myt totat(M) = ©(Q(S + T')dar)

for () sequences. Model parameters and autoregressive KV-
cache storage are accounted for separately.

B.2 Results for RL-LLM Frameworks

We start with derivations for results in Section 2.5.

B.2.1 Online Frameworks

Online methods such as PPO and GRPO repeatedly execute
the full Generation — Assessment — Training loop, so their
per-iteration cost is the sum of these three stages.

45

B.2.1.1 Generation: Generation is dominated by au-
toregressive sampling with the current policy my. For each of
the B prompts, the policy generates K candidate responses,
yielding BK rollouts in total. The cost of one rollout should
be decomposed into a prefill pass over the prompt of length
S and a sequence of T' decode steps:

T-1

Claen(m0) = Chpresin(mg; S) + Z Clecode (g5 S + 1).
=1

Here, the prefill initializes the KV cache from the prompt,
while decode step t produces the next token while attending
to a context of length S + ¢. Thus, the total generation work
over the whole batch is

Wgen - @(BK . Cgen(ﬂ'g)).

The critical path is determined by the autoregressive
dependence across generated tokens: token ¢ 4+ 1 cannot be
produced before token ¢ has been generated. Therefore, the
generation depth scales linearly in 7"

Dyen = (T - Dy(m).

This sequential dependence makes generation the primary
wall-clock bottleneck in online RL-LLM pipelines.

B.2.1.2 Assessment: After generation, the com-
pleted prompt-response pairs are evaluated by auxiliary
models such as the reward model R, the critic V;, and the
reference policy me¢. For PPO, all three are used; for GRPO,
the critic is omitted. Each model processes the full sampled
sequences in teacher-forced, non-autoregressive mode, so
the work per model scales as

Wassess(M) = ©(BE (S +T) Cy(M)).

Unlike generation, this stage does not incur a factor-T' se-
quential dependence across output tokens. Its critical path
is therefore the depth of a single forward pass through the
corresponding model:

Dassess(M) = G(Df(M))

If the assessment models are placed on disjoint device
groups and executed concurrently, the stage depth is the
maximum of their forward-pass depths; if they are co-
located and executed sequentially, these depths add.

B.2.1.3 Training: In the training stage, the policy
and, for actor—critic methods, the critic are updated by back-
propagation over the sampled sequences. Since training is
performed in teacher-forced mode on the complete prompt-
response sequences, the work per updated model and per
optimization epoch scales as

Wtrain(M) = @(BK(S + T) C’tr (M))

Again, there is no autoregressive factor-1" dependence
across tokens in the critical path; instead, the depth is that
of a single backward pass:

Dtrain(M) = @(DtT(M))

Thus, PPO incurs updates for both my and V,, whereas
GRPO updates only mg.



B.2.2 Offline Frameworks

Offline frameworks such as DPO decouple generation from
optimization. Instead of sampling fresh rollouts inside the
training loop, they optimize the policy 7y on a static dataset
of preference pairs (x, Yy, y;). As a result, the inner loop
contains only batched forward and backward passes over
fixed data.

For a batch of Bjirs preference pairs, the forward work
is

Wiorward = e(Bpairs(S + T) [Of (779) + C’f (ﬂref)])a
while the backward work is
Wbackward = @(Bpairs(s + T) Cb(ﬂ—O)) .

The critical path is therefore the depth of a single batched
forward/backward evaluation rather than an autoregressive
decode chain:

Dppo = O(max{Dy(mg), Df(mrer), Dy(mg)}).

B.3 Results for Intra-Model Parallelism

We now derive the results for Section 3.7 (Tables 5, 6, 7, and
8). The goal is to expose how standard intra-model paral-
lelism strategies transform the work, depth, and memory
terms derived in Appendix B.1.

B.3.1 Baseline Cost Model

Appendix B.1 derives the forward and backward costs of
Transformer-based models in terms of layer count, hid-
den dimension, FFEN width, vocabulary size, and sequence
length. For the present intra-model analysis, we consider a
dense Transformer training iteration with L layers, hidden
dimension d, FEN dimension dg, vocabulary size V, prompt
length S, response length 7', and batch size B. The complete
teacher-forced training sequence therefore has length S+ 7.
Since Tables 5-8 analyze a generic Transformer training step
rather than a role-specific actor, critic, reward, or reference
model, we ignore small model-specific head differences and
use the common dense Transformer body.

From Appendix B.1, the forward-pass cost per token of
the dense Transformer body is

Cy = 2L (4d*> + 2ddg + (S + T)d) ,

where 4d? comes from the query, key, value, and output pro-
jections, 2ddg from the two FEN projections, and (S + T')d
from the sequence-dependent attention score/value opera-
tions. Using the same approximation as in Table 3,

Cy = 20CY.
Thus, the forward-plus-backward work per token is
Cy + Cyp = 3C; = 6L (4d* + 2ddg + (S + T)d) .
For B(S + T') processed tokens, the baseline work is
Whase = 6B(S + T)L (4d* + 2ddg + (S + T)d) ,
which gives the asymptotic summary
Whase = O(B(S + T)L(d* + (S + T)d))

in the parameter-dominated regime.
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We next refine the depth expression. A single forward
Transformer layer has reduction depth

4logd + logdg + log(S +T) — logh,
where h is the number of attention heads. Hence,
Dy =L (4logd +logdg +log(S +T) —logh).

The activation-gradient path in the backward pass has

a comparable layerwise dependency structure. However,

trainable projections also require parameter gradients. For

a projection Y = XW, with the batch and sequence dimen-
sions flattened into B(S + T') rows,

VxL=VyLW', — VwL=X'VyL.

The second product accumulates contributions to each
shared parameter over the B(S + T') batch-token positions
and therefore introduces a reduction of depth

log(B(S +1T)).

These parameter-gradient reductions branch from the
activation-gradient backward path and can overlap with
propagation through preceding layers; therefore they are
not multiplied by L. We conservatively account for this
additional critical-path contribution as

Dy, = O(L[logd + log(S + T)] + log(B(S + T))) .

Under the explicit reduction-depth model used in Tables 7-
8, we therefore use

Drase = 2L (4log d + log dg + log(S + T') — log h)
+1log(B(S+1T))

d*d T
—or log(ﬁ(fH> +log(B(S +T)).
The corresponding asymptotic form is
Drase = O(Ljlogd +log(S +T)] +log(B(S+1T))) .

Finally, the memory model follows the same parameter-
counting convention as Appendix B.1. The dominant model-
state terms are parameters, gradients, and Adam first and
second moments, giving a factor of four over the parameter
count:

AL (4d* + 2ddg) + 4Vd = L(16d* + 8ddg) + 4V d.
Stored activations contribute
B(S+1T)Ld.
Therefore,
Myase = L(16d* + 8ddg) + 4V d + B(S + T)Ld,
or asymptotically
Mpase = O(Ld*> + Vd+ B(S +T)Ld) .

The remaining derivations apply each intra-model par-
allelism strategy as a partitioning transformation of these
baseline work, depth, and memory terms.



B.3.2 Data Parallelism

Data parallelism of degree P, partitions the batch dimen-
sion. Each rank processes B/ P, sequences but stores a full
model replica. Therefore, the per-rank work is

1
W rank — — W ase
DP,rank P, b
B
=65 (S+T)L (4d® + 2ddg + (S + T)d),
d
while the global work remains

WDP,global = Whase-

The layerwise forward/backward dependency is un-
changed. Locally, however, each rank forms parameter gra-
dients from only P%(S + T') batch-token positions. Hence,

4
Dpp rank = 2L 10g(ddﬂ(§+T)) + log<§(5’ + T)) .
d

The globally aggregated parameter gradient still depends on
all B(S + T') positions, so, ignoring communication latency
while retaining the logical gradient-reduction dependency,

DDP,global = Dbase .

The per-rank activation memory is reduced by P, but
model-state memory is replicated:

B
Mpp yank = L(16d* + 8ddg) + 4Vd + ?(S +T)Ld.
d

At the global level, the activation term sums back to B(S +
T)Ld, while the model-state term is replicated P, times:

Mpp global = Pa[L(16d° + 8ddg) + 4Vd] + B(S + T)Ld.

Thus, DP reduces per-rank work and activation memory,
while the full logical model update retains the global batch-
gradient dependency.

B.3.3 Pipeline Parallelism

Pipeline parallelism of degree P, partitions the layer di-
mension. Each pipeline stage stores and computes approxi-
mately L/P, layers. Applying
L
L =
— Pp

to the baseline per-rank formulas gives

L
WPPJ‘&H]& = 6B(S + T)F (4d2 + Qddff + (S + T)d) s
p

and

Dpp rank = 2— 1
PP,rank P, 0g 3

The layer-dependent memory terms are similarly divided
across pipeline stages:

L (Wm) +log(B(S + T)).

L L
Mpp rank = F(16d2 +8ddyg) +4Vd + B(S +T)5-d.
p p

The vocabulary term 4Vd is written separately because
embeddings and output heads are commonly pinned to
boundary stages rather than evenly partitioned across all
stages.
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Globally, pipeline parallelism preserves total work and
total model-state memory up to boundary-stage effects:

WpP global = Whase, Mpp global = Mpase-

For global depth, a microbatch still traverses all P, stages
and hence all L layers. Therefore,

DPP,global = Dbase-

Realized runtime additionally depends on the microbatch
schedule, pipeline fill/drain bubbles, and whether one
counts the latency of a single microbatch or steady-state
throughput. Those hardware-schedule effects are outside
the present work—depth abstraction.

B.3.4 Tensor Parallelism

Tensor parallelism of degree P, partitions hidden-
dimensional operators within each layer. In the simplified
work-depth model, this shards the dominant GEMM work,
model-state memory, and activation memory by P,. Thus,

4d? + 2ddg + (S +T)d
P, ’

WTP,rank = GB(S + T)L (

and

L(16d? + 8ddg) L 4Vd L B(S+T)Ld
P, t P, t P, t .
The hidden-dimensional reductions are correspondingly
shortened on each tensor shard, while the parameter-

gradient accumulation still spans all B(S + T') batch-token
positions. Under the explicit model used in the tables,

d*dg(S +T)
P2h

MTP,rank =

Drp =2L log< ) +log(B(S+1T)).

Asymptotically,
Drp = O(L[log(d/P;) 4+ log(S + T)] + log(B(S + T))) .

Globally, TP preserves total work and total memory
order:

WTP,global = Wbase7 MTP,globa] ~ Mba567

ignoring communication buffers and collective overheads.
Thus, TP primarily reduces per-device pressure and hidden-
dimensional critical-path reductions, at the cost of layer-
wise communication not modeled in these tables.

B.3.5 Context Parallelism

Context parallelism of degree P, partitions the sequence
dimension. Each rank owns a local query/context shard
of length (S + T)/P.. Each local query, however, still
depends on keys and values from the global context of
length S + T'. Thus, CP partitions sequence-local work and
activations without replacing the global attention-reduction
length S+ T by (S +T)/P..
The per-rank work is

S+T

c

WCP,rank =68 L (4d2 + Qddﬁ + (S + T)d) .

The per-rank memory is
S+T

c

Mcp rank = L(16d* + 8ddg) +4Vd + B Ld.



Under the computation-only depth abstraction, the at-
tention part retains the global S + T reduction dependency.
The local parameter-gradient reduction is over B(S+T)/P,
token instances, giving

d4dﬁ(i + T)) . log(B(SP—Cs— T)) |

Globally, the partial parameter gradients span all sequence
partitions, so

DCP,rank =2L 10g<

DCP,global = Dbase-

Distributed attention additionally introduces
communication-round dependencies, which are outside the
present FLOP-based depth abstraction.

Globally, model parameters are replicated across context
partitions, while the activation term sums back to the origi-
nal order:

WCP,global = Wbasea

Mcp global = Pe[L(16d* + 8ddg) + 4V d] + B(S + T) Ld.

Thus, CP is primarily a sequence-work, memory, and long-
context feasibility technique; it does not reduce the global
exact-attention reduction from S + T to (S +T')/F..

B.3.6 Expert Parallelism

Expert parallelism applies to MoE layers. Suppose the
model has E experts, E, active experts per token, expert
hidden dimension d., and expert-parallel degree F..

For the isolated EP results in Tables 5-8, we assume
that EP is the only partitioning mechanism: the non-expert
Transformer computation is replicated across the P, ranks,
while expert FFN parameters and routed expert computa-
tion are partitioned across them. Thus, no additional DP, TP,
PP, or CP partitioning is assumed outside the expert FFN.

The per-rank work is therefore

2E,dd,
P,

€

WP rank = 6B(S +T)L (4d2 + + (5 + T)d> .

Because the dense/shared computation is replicated, while
expert computation is partitioned, global executed work is

WeP global = 6B(S + T)L (P.[4d*> + (S + T)d] + 2E,dd.) .

Since experts are selected inside the same layer position,
EP does not remove the dense Transformer critical path. The
dense parameter-gradient reduction also spans all B(S +T)
token instances. Thus,
d*d.(S+T)

DEP =2L log( h

) +log(B(S+T1T)),

or asymptotically,
Dgp = O(L[logd + log(S + T)] + log(B(S+1T1))) .
The per-rank memory is

8Edd,

€

Mgp rank = L (16d2 + ) +4Vd+ B(S + T)Ld.

Globally, the dense model state and dense activations are
replicated across the P, ranks, while expert parameters sum
across expert partitions:

Mgp global = Pe (16Ld? +4Vd + B(S + T)Ld) + 8LEdd,,

up to the same optimizer-state convention used in the
baseline memory model.
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B.3.7 3D Parallelism

3D parallelism combines data, pipeline, and tensor paral-
lelism with degrees (Pg, Py, P;). It applies the substitutions

1
Py Fp’ d-sharded GEMM terms B
to the corresponding baseline terms. Therefore, the per-rank
work is

B L
Wab rank = 6— (S +T) —
3D,rank Pd( + )Pp <

4d? + 2ddg + (S + T)d)
P, '

The per-rank depth combines pipeline and tensor reduc-
tions, while the local parameter-gradient reduction spans
the P%(S + T') batch-token positions assigned to the data-
parallel replica:

L d*dg(S+T) B
Dsp rank = 2— log| ——5—- log| =—(S+T1)),
3D, rank P, Og( P2h >+ Og<Pd( + ))
or asymptotically,
L
Ds3p rank = O| —-
3D,rank (Pp[

+kg(;2u%+T0>.

The memory expression combines layer partitioning,
tensor partitioning, and batch partitioning;:

log(d/P;) +log(S + T)]

L(16d* + 8ddg)  4Vd
P,P, P,

B(S +T)Ld
PP, P,

MSD,rank =

Globally, the dominant work remains the baseline work,
while model-state memory is replicated across data-parallel
groups:

WSD,global = Wbasea

M3p global = Pa [L(16d* + 8ddg) + 4Vd] + B(S + T)) Ld.

The global depth restores the full L-layer pipeline path
and the full batch-gradient dependency, while retaining the
tensor-parallel hidden reduction:

didg(S +T)

D3p global = 2L log< P2h
t

> +log(B(S+T)),
or

Dsp global = O(L[log(d/Py) + log(S + T)]
+log(B(S +1T))).

This explains the main role of 3D parallelism in the
tables: it gives strong per-device memory reduction be-
cause it simultaneously partitions batch, layers, and hidden-
dimensional computation. Its realized runtime, however,
depends on communication, pipeline scheduling, and mi-
crobatching, which are deliberately outside the work-
depth-memory abstraction used here.



B.3.8 5D Parallelism

We finally consider a combined configuration using data,
pipeline, tensor, context, and expert parallelism with de-
grees (P, Py, P, P, P.), where

PyP,P,P.P. = N.

An important distinction from the isolated EP analysis
above is required. The isolated EP row is intentionally a con-
ceptual abstraction designed to expose the effect of expert
partitioning alone: only expert FFNs are partitioned across
the P, ranks, while the same shared dense Transformer
computation is executed on the same token set by every EP
rank. Consequently, its global work contains P, copies of
the shared dense arithmetic. This should not be interpreted
as the execution strategy necessarily used in a practical
multidimensional MoE system.

For the 5D configuration, we instead model a practically
motivated coupled execution in which the ranks participat-
ing in the EP dimension also own disjoint source-token shards
for the shared Transformer path. Expert parallelism itself
determines where expert parameters reside; the additional
source-token partition specifies where tokens reside before
expert dispatch. These are distinct notions. Formally, if U/
denotes the B(S + T') batch-token positions of the global
training invocation, then we assume

c

Py P, P,
Z/{: I_l |_| I_l urd,rc,rea

rg=1lr.=1r.=1
with approximately balanced partitions
B(S+T)
P,P.P.

Thus, a shared dense parameter may be replicated across
the EP dimension, but each source token is processed by
the shared path on only one EP rank. After routing, token
representations are redistributed by the expert-parallel all-
to-all to the ranks hosting the selected experts, and expert
outputs are subsequently returned to the corresponding
source-token ranks. We assume balanced routing, so the
resulting token—expert assignments are approximately uni-
formly distributed across the P, expert ranks. Tensor paral-
lelism is applied to both shared dense and expert GEMMs.
Under these assumptions, the per-rank work is

U | ~
Td;Te;Te

WBD,rank =6

P,P. P, P, P,

The factors have distinct origins: P partitions the batch, P,
partitions source sequence positions, P, further partitions
source-token ownership across the expert-parallel ranks,
P, partitions layers, and P; partitions intra-layer matrix
operations. The 1/P, factor is therefore applied to the
source-token workload rather than separately to the expert
term; under balanced routing, each EP rank already receives
approximately 1/ P, of the global token—expert assignments.

Summing executed arithmetic across all N =
PP, P, P, P, ranks gives

Wsp global = 6B(S + T)L (4d? + 2E,dd. + (S + T)d) .

In particular, the shared dense term is not multiplied by
P,, unlike in the isolated EP abstraction. The reason is that

B S+TL<4d2+2Eadde+(S+T)d)
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the execution mapping assigns disjoint source-token subsets
to the EP ranks, so the same dense token computation is
not redundantly executed on every EP rank. This illustrates
the distinction between parameter replication and arithmetic
replication: shared dense parameters may remain replicated
across the EP dimension even though the corresponding
FLOPs are evaluated on disjoint token subsets.
The per-rank depth is

L d*d.(S+T) B(S+T)
D= 2Ppl°g( F#h ) s < PiP.P. ) |
The first term combines pipeline and tensor partitioning
of the layerwise critical path while retaining the global
attention span S+7'. The second term is the local parameter-
gradient reduction over the source batch-token positions
assigned to the rank. As in the other tables, communica-
tion, including the expert dispatch/combine all-to-all and
distributed-attention collectives, is outside the arithmetic-
depth abstraction.

At the global level, the complete invocation traverses all
L pipeline layers and its parameter gradients depend on all
B(S + T') batch-token positions. Hence,

d*d.(S+T
Dsp gobal = 2L 10g<1(32h)) +1og(B(S+1T)).
t
The corresponding per-rank memory is
u _ 16Ld*>  8LEdd. 4Vd B(S+T)Ld
Shrank = p P " P,PP, ' P, ' PyP.P.P,P

Shared dense model state is partitioned by PP and TP but
remains replicated across the DP, CP, and EP dimensions.
Expert model state is additionally partitioned across P,
while the leading-order activation term follows the com-
bined source-token, layer, and tensor partitioning assumed
above. Consequently, aggregate global memory is

Msp giobal =PaP.Pe (16Ld* + 4V d)
+ 8PyP.LEdd. + B(S + T)Ld,

up to the same boundary-stage and embedding-placement
conventions used for PP and TP.

Isolated EP provides a clean limiting case in which only
expert FFNs are partitioned, making the cost of replicated
shared computation explicit. The 5D configuration instead
captures a more practically relevant multidimensional MoE
execution in which expert placement is combined with
source-token distribution and other intra-model parallelism
dimensions. As a result, shared dense arithmetic is par-
titioned rather than replicated across the EP dimension,
whereas replicated shared state can still contribute a factor
P, to global memory.

B.4 Results for Inter-Model Parallelism

We provide derivations for results in Section 4.6 and in
Table 9. The analysis uses the building blocks from Table 3:
forward costs Cy(-), backward costs Cj(-), autoregressive
generation cost Cgen(-), forward/backward depths Dy(-),
Dy(-), and generation depth Dgep (). Communication, ker-
nel efficiency, and scheduling overheads are outside the
work-depth abstraction; they are represented only indi-
rectly through memory buffers such as M;eshara and shadow
copies Mgy,.



B.4.1

For a PPO-style iteration with B prompts, K rollouts per
prompt, prompt length S, and response length 7', Gener-
ation invokes the actor autoregressively. Using the prefill-
decode decomposition from Table 3,

Stage Primitives

WG = BK Cgen(ﬂ'g),
Dg = Dgen(ﬂ'e)a
Ma = |71'9| + BK My .

This assumes the rollout-time actor log-probabilities are
stored during generation. If an implementation recomputes
old actor log-probabilities in a teacher-forced pass, an addi-
tional BK (S+T)C¢(mg) work term and Dy (mg) depth term
should be added to Assessment or Training, depending on
where the recomputation is performed.

Assessment consists of teacher-forced forward passes
through 7., Ry, and Vy:

If these models are co-located and executed sequentially, the
depth is

D% = Dg(met) + Dp(Ry) + Dp(Vy).

If they are placed on disjoint device groups and executed
concurrently, the depth becomes

DR = max{Dy(mer), D (Ry), Dy (Vip)}-
The corresponding co-located memory footprint is
M5 = |mret| + | Ryl + [Viy| + BK(S + T) Myg.

Training updates the actor and critic. For a trainable
model M, we define

Cu(M) = Cf(M) +Cp(M) = 3Cf(M),
D(M) := Dy (M) + Dy(M),

since a parameter update requires a forward pass followed
by backpropagation. Thus,

Wr = BK(S + T)[Cir(mg) + Cir(Vip)]-
Sequential co-located training has depth
DF = Dux(m9) + Dex(Vip),
whereas disaggregated actor/critic training has depth
D3** = max{ Dy, (mg), Der (Vi) }-

Under the Adam memory model without activation check-
pointing, the co-located training footprint is

MZ = 4(|mg| 4 |Vy|) + BK(S + T)(Lrdy + Ly dy).
For disaggregated training, the peak per device group is

M2 = max{4|rg| + BEK(S + T)Lrdy,
4‘V¢| + BK(S + T)Lvdv}
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B.4.2 Baseline Co-Located Execution

The baseline uses separate actor and critic models and a
fully co-located device group. All stages execute sequen-
tially. Therefore,

Wbase - WG + WA + WT’
Dbasc = DG + DE + D%a

and
Mbase = maX{MG7 ME? M’ZX“:}

The maximum appears because the stages are temporally
multiplexed on the same device group: the peak is the
largest stage footprint, not the sum over all stages. If an
implementation keeps all models resident simultaneously,
then the persistent part of the memory expression should
instead sum the resident model states.

B.4.3 Shared Actor—Critic

With a shared actor—critic model ,., the actor and value
heads share a Transformer backbone. Generation uses 7y
as the policy:

W& = BK Cgen(ﬂ'ac), D?}’C = Dgen(ﬂ'ac)-

Assessment no longer requires an independent critic model;
instead, value estimates are produced by the shared model:

Wi = BK(S + T)[Cy(mrer) + Cp(Ry) + Cp(mac)].

Training performs one forward pass followed by backprop-
agation through the shared backbone:

Wi = BK(S + T)Cir(mac).

Thus, shared actor—critic is the only inter-model config-
uration in Table 9 that reduces global work relative to
the separate-backbone PPO baseline. Its training memory
becomes

M2 = 4|7e| + BK(S + T) Lacdac,

up to the small policy/value head activations. The benefit is
largest when |V,;| is comparable to |my; it is smaller when
the critic is already much smaller than the actor.

B.4.4 Disaggregated Placement

Disaggregated placement assigns actor, reference, reward,
and critic operators to separate device groups. It does not
change total work:

Waisage = Wa + Wa + Wy

It changes depth by replacing independent sequential sub-
computations with parallel fork—join regions:

Ddisagg = Dg + D;Illax + D’ln“lax-

It also changes memory from co-resident memory to per-
group memory:

Mdisagg = Il'laX{Z\fG7 Mﬂrcf, MRW 5 Mvw 5 ]\4’1“771-7 MT,V}~

This captures the main memory advantage of disaggrega-
tion: reward-model devices need not hold actor or critic
state, and actor-training devices need not hold frozen re-
ward/reference models. Disaggregation alone does not re-
move the Generation — Assessment — Training depen-
dency; it only enables concurrency where the dataflow
graph has independent branches.



B.4.5 Hybrid Execution and Resharding

Hybrid execution allows the same model to use different
intra-model layouts in different stages. Let D% and M
denote Generation depth and memory under an inference-
oriented layout, and let D" and M denote Training
depth and memory under a training-oriented layout such
as ZeRO/FSDP or 3D parallelism. The FLOP work is un-
changed:

Wiy = Wa + Wy + Wr,
but the stage depths become layout-specific:
Dhyb _ chr;f + DEf,Z +D¥ain,

assuming the same device group is temporally multiplexed
and therefore provides no inter-model concurrency by itself.

The cost of hybrid execution is resharding. If two invoca-
tions of the same model use incompatible layouts, weights
or optimizer state must be redistributed. This does not
change FLOP work in the work-depth table, but it affects
realized runtime and may require an additional transient
buffer:

inf inf train
Mhyb = maX{MG ) A aMT } + Mreshard-

Hybrid execution is useful only when the per-stage gains
from specialized layouts exceed the resharding and orches-
tration costs.

B.4.6 Stage Fusion
Stage fusion preserves total work:

qusion - WG + WA + WT.

Its effect is on depth. Inter-stage fusion streams completed
generations into Assessment, so the fused Generation—
Assessment depth is

fused a
D¢y = max{Dg, D3**}
under ideal overlap. Training remains downstream, so
Dfusion = maX{DGa Dfélllax} + D$ax.
When generation dominates assessment, this simplifies to
Dfusion ~ DG + DYH"IaX'

Intra-stage fusion similarly replaces sequential actor/critic
training pipelines with a max term when the two pipelines
can be overlapped:

Dy — DP™.

The memory footprint may increase because multiple stage
fragments are live simultaneously:

fused a
Meusion = maX{MC}‘/Sf‘ , MY

Here M gl/sfld includes the live generation KV cache, the
assessment model states, and any queues or communication
buffers needed to stream completed samples.
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B.4.7 Asynchronous Execution

Bounded asynchrony overlaps generation/assessment of
one iteration with training of another. Total work is un-
changed:

Wasync =Wg+ W4+ Wr.

The steady-state recurrence depth becomes
Dasyne = max{Dg + D}**, Dp**},

assuming disaggregated generation/assessment and train-
ing groups. If assessment is also fused with generation, then
the first term can be replaced by max{Dg, D}**}.

Asynchrony requires parameter snapshots. If a trainable
model is read by a stale consumer on a disjoint device
group, the consumer needs a stable inference-side copy
while the training side updates another copy. We denote
this additional persistent copy by

Msh(m).

For actor asynchrony, Mg, (7y) is typically a BF16, possibly
quantized, inference copy of the actor. Thus,

Masyne = max{Mgs/ﬁw + Mg (mg), M7}

This exposes the memory trade-off: asynchrony reduces
depth by overlapping iterations, but it may require roughly
one extra parameter copy for each asynchronously con-
sumed trainable model. This is not necessarily a full 2x
increase in total memory, because optimizer states remain
on the training side and the shadow copy may be lower
precision or sharded, but it must be accounted for.

B.4.8 Combined Configuration

The combined configuration composes the strongest ingre-
dients: stage-specific intra-model sharding, disaggregated
model placement, stage fusion, and bounded asynchrony.
The total FLOP work is still

Wcomb == WG + WA + WT7

unless the model structure is also changed, for example by
using a shared actor—critic backbone. With ideal fusion and
bounded asynchrony, the recurrence depth is

TP shard
Deomp = max{D¢ , D ,

where DZIF denotes actor generation depth under an
inference-oriented sharded layout, and D54 denotes the
depth of the sharded training layout. A more conservative
expression keeps the unhidden assessment tail:

Deom = max{max(Dg", D3™), D™},
The memory expression is

TP hard
Mcomb = maX{MG +Msh(7r«9)7 MRw ) MVw 3 MZS" e

Tref?

Thus, the combined strategy gives the smallest idealized
depth and peak per-device-group memory in Table 9, but
only under sufficient hardware, careful scheduling, and
acceptable staleness.
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