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Abstract—We develop a contraction-based perspective on
impact-time guidance that augments a baseline homing com-
mand with a timing bias. The proposed perspective treats the
prescribed schedule as a moving time-to-go isochron and regu-
lates motion normal to that set through velocity-normal lateral
acceleration while the interceptor’s speed remains constant.
We derive a transport equation that characterizes homing-
compatible time-to-go coordinates and define a predictor defect
that quantifies the mismatch of approximate maps. We show
that the scalar timing channel induces a coordinate-invariant
rank-one metric on the normal quotient. To account for bounded
lateral acceleration, we formulate a robust scalar filter and de-
rive a necessary and sufficient condition for pointwise feasibility.
We then show that terminal calibration and funnel invariance
establish first interception at the prescribed time under the
stated assumptions. We also develop a preterminal alignment
and homing handover that avoids singular inversion as lateral
timing authority vanishes near collision-course alignment. The
proposed perspective accommodates analytic, numerical, and
learned time-to-go maps that satisfy the required calibration
and regularity conditions.

Index Terms—Contraction analysis, impact-time guidance,
lateral acceleration, intercept guidance, time-to-go.

I. INTRODUCTION

Impact-time guidance addresses a homing task in which
the interceptor must capture a target at an assigned instant
[1]. Coordinating arrival times facilitates simultaneous and
cooperative interception [2], [3], as well as time-constrained
pursuit-evasion [4]. Related scheduling objectives arise in
time-constrained spacecraft rendezvous [5], spacecraft dock-
ing [6], and scheduled aircraft arrivals [7].

A natural way to incorporate the schedule is to augment
a baseline homing command with a timing correction, as in
biased proportional navigation (PN) [1]. Lyapunov-based and
sliding-mode designs provide nonlinear timing regulation;
see [2], [8], [9], while formulations based on true PN
and deviated pursuit use time-to-go expressions associated
with their respective homing laws [10], [11]. The predictor
generally links the regulated timing error to an estimate
of the remaining flight duration. Extending a convergence
argument to another time-to-go map requires checking how
the predicted time evolves under the executing homing law
and whether timing convergence corresponds to physical
arrival. The schedule or the prescribed impact time must
also remain compatible with available acceleration [12]. For
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velocity-normal steering, lateral timing authority depends on
the engagement geometry and may diminish as collision-
course alignment develops in the endgame. The dynamical
analysis of the timing channel must accommodate declining
authority and establish first capture at the assigned instant.

However, states with different ranges, headings, and future
paths can share the same time-to-go, so an assigned arrival
time selects a moving level set. Tangential perturbations pre-
serve the timing coordinate to first order, while normal per-
turbations change the timing error. Contraction analysis and
differential Lyapunov theory describe convergence through
infinitesimal perturbations [13], [14]; related developments
address orbital stability through transverse contraction [15]
and nonlinear feedback synthesis through control contrac-
tion metrics [16]. For impact-time guidance, the contraction
viewpoint relates the nominal timing-error decay established
by a scalar Lyapunov argument to local convergence toward
the scheduled set. A coordinate-invariant normal metric mea-
sures variations that affect timing and vanishes on tangent
directions, leaving tangential homing motion unrestricted
by the convergence requirement. This geometric description
makes the convergence statement independent of the chosen
engagement coordinates and retains the freedom to achieve
the same arrival schedule along different homing trajectories.

Timing-error convergence must be achieved within the
interceptor’s acceleration limit. Prescribed-time feedback
assigns a convergence deadline [17], while admissibility-
preserving input realization (APIR) embeds actuator bounds
in the input dynamics and establishes tracking under compat-
ibility conditions on the desired motion and available control
authority [18]. For interception, the time-to-go coordinate
must be calibrated so that convergence of the coordinate
to zero corresponds to physical capture. Keeping the co-
ordinate positive before the assigned instant excludes early
interception. The remaining challenge is to connect timing
convergence to first capture under bounded acceleration while
accounting for predictor mismatch and declining timing au-
thority. We develop a moving time-to-go isochron formula-
tion with the following contributions:

• We characterize homing-compatible maps through a
transport boundary-value problem and define a predictor
defect for approximate maps. The scalar timing channel
induces a coordinate-invariant rank-one metric for con-
traction on the normal quotient.

• We derive a necessary and sufficient feasibility condition
for a robust scalar projection under the acceleration
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bound. Terminal calibration connects funnel invariance
to first capture at the assigned instant.

• We establish preterminal alignment and homing han-
dover conditions that preserve the assigned arrival time
for an exact nominal predictor as timing authority di-
minishes.

For a PN baseline, the command retains the biased-PN struc-
ture. A stationary-target PN construction and four alternative
predictors illustrate the analysis under velocity-normal ac-
tuation. Under the stated coordinate, internal-dynamics, and
feasibility assumptions, the proposed guidance law ensures
first capture at the assigned instant within the interceptor’s
acceleration limit.

II. PROBLEM FORMULATION

Let pP,pT ∈ R2 denote the interceptor’s and target’s
positions, respectively. The interceptor has constant speed
VP > 0, flight-path angle γP, velocity unit vector hP =
[cos γP, sin γP]

T, and scalar lateral acceleration aP. The
interceptor’s kinematics satisfy

ṗP = VPhP, γ̇P =
aP
VP

; |aP| ≤ amax. (1)

Thus, aP is the interceptor’s sole steering command and
changes the velocity direction while a propulsion loop main-
tains VP. An independent radial channel is absent. The
kinematic model presumes that a sufficiently fast acceleration
autopilot tracks aP.

Write the relative position as r = pT − pP = rer.
Let θ denote the line-of-sight (LOS) angle, with eθ the
counterclockwise normal to er. We define σ := γP−θ, Vr :=
ṙ, Vθ := rθ̇. With aTr = eTr aT and aTθ = eTθ aT, the polar
kinematics are

ṙ =Vr, θ̇ =
Vθ
r
, (2)

V̇r =
V 2
θ

r
+ aTr + aP sinσ, (3)

The transverse velocity and heading-error dynamics retain
the geometry-dependent effects of the same lateral input, so

V̇θ =− VrVθ
r

+ aTθ − aP cosσ, (4)

σ̇ =
aP
VP

− Vθ
r
. (5)

The polar dynamics (3)–(5) account for both the radial and
transverse LOS components of velocity-normal acceleration.
For analysis, we use the minimal Cartesian state x :=
[pT

P, γP, z
T
T]

T, where zT collects the variables describing
the target in the selected predictor. For a stationary target,
zT = pT; a constant-velocity model uses zT = [pT

T,v
T
T]

T;
and a maneuver model may append acceleration or estimator
states. The polar quantities in (2)–(5) are functions of x rather
than independent states. The state dynamics take the form

ẋ =f(x, t) + g(x, t)aP + d(x, t). (6)

The nominal target model is included in f , while d contains
prediction error and unmodeled components of the target’s
acceleration. The fields are locally Lipschitz and continuously
differentiable wherever the differential analysis is invoked.
Let C be a closed capture set and define q(x) = dist(x, C).

Consider a baseline homing law aH(x, t), such as PN,
whose solutions remain in an engagement domain D and
reach C. Let xH(τ ; t,x) denote the trajectory of (6) under
aP = aH and d = 0, with xH(t; t,x) = x. The baseline first
hitting time, measured from the current time, is

TH(x, t) := inf {τ ≥ 0 : xH(t+ τ ; t,x) ∈ C} . (7)

Thus, TH(x, t) is the baseline time-to-go, t+ TH(x, t) is the
corresponding predicted absolute impact time, and tf denotes
the prescribed absolute impact time. Along every nominal
homing trajectory, the exact map decreases at one second per
second and vanishes at capture. Those two properties yield
the transport boundary-value problem

∂T
∂t

+∇xT T (f + gaH) =− 1; T
∣∣
∂C = 0, (8)

whose characteristic curves are the nominal baseline tra-
jectories xH(τ ; t,x). The transport problem can be solved
analytically, integrated along the baseline trajectories, or
tabulated offline. Closed-form time-to-go approximations re-
main useful when their disagreement with the baseline flow is
quantified. For any candidate map, define the predictor defect

εT :=
∂T
∂t

+∇xT T (f + gaH) + 1. (9)

Hence, εT = 0 when the selected map evolves as the
exact baseline time-to-go under the nominal homing flow.
A nonzero defect identifies the term that must be canceled,
bounded, or carried into the timing-error estimate.

Assumption 1. The map T : (D \ C) × R≥0 → R>0 is
twice continuously differentiable and extends continuously
to C with T = 0 on C. There exist a terminal neighborhood
NC ⊂ D and a constant τc > 0 such that

{x ∈ D : 0 ≤ T (x, t) ≤ τc} ⊆ NC , (10)

and, on NC ,

α(q) ≤T (x, t) ≤ α(q) (11)

for class-K functions α and α. On every compact timing
tube considered in the analysis, the level sets of T are
regular, and there exist constants 0 < p ≤ p < ∞ such that
p ≤ ∥∇xT ∥ ≤ p. The baseline and timing-corrected internal
dynamics remain in D, and solutions extend continuously to
the assigned terminal time.

Terminal calibration in (11) and the terminal-sublevel
condition (10) tie small coordinate values to proximity to
capture. A sufficient construction is T = qh(η) with 0 <
h− ≤ h ≤ h+ and bounded derivatives. The internal-
dynamics requirement in Assumption 1 remains essential:
normal contraction regulates timing, while seeker field of



view, terminal angle, and other engagement coordinates re-
quire their own constraints.

The predictor defect quantifies the accumulated error in
the baseline arrival-time estimate.

Lemma 1. Let TH be the exact baseline first-hitting-time map
in (7), and let T satisfy the same zero boundary condition
on C. Along the nominal baseline trajectory xH(τ) :=
xH(τ ; t,x) from (t,x) to first capture,

T (x, t)− TH(x, t) =−
∫ t+TH(x,t)

t

εT (xH(τ), τ) dτ. (12)

If |εT | ≤ ε̄ along xH(τ) before capture, then

|T − TH| ≤ ε̄TH. (13)

More generally, if |εT | ≤ cεT p
H along xH(τ) before capture

for some p ≥ 0, then

|T − TH| ≤
cε

p+ 1
T p+1
H . (14)

Proof. Along the nominal baseline trajectory xH(τ ; t,x), (9)
implies dT /dτ = −1+εT , while (8) implies dTH/dτ = −1.
The derivative of T − TH is thus εT . The common zero
boundary condition and the hitting-time definition (7) imply
that both coordinates vanish at t + TH(x, t). Integrating the
difference dynamics up to capture establishes (12). Substi-
tution of |εT | ≤ ε̄ into (12) yields (13). For the higher-
order estimate, (8) implies TH(xH(τ), τ) = t+ TH(x, t)− τ .
Integrating the assumed bound |εT | ≤ cεT p

H in (12) then
establishes (14).

States with different ranges, headings, and future paths
may share the same baseline time-to-go under aH. The
scheduling objective is to reach the appropriate moving level
set while the homing law governs motion within that set.
This geometry motivates the time-to-go isochron formulation.
Given a requested impact time tf > t0, define s(t) := tf − t.
The timing error and scheduled level set, respectively, are

e(x, t) :=T (x, t)− s(t), (15)
MIT(t) := {x ∈ D \ C : e(x, t) = 0} . (16)

When T = TH, every state in MIT(t) reaches C at the
prescribed absolute time tf under aH, so MIT(t) is a time-
to-go isochron. For an approximate T , the isochron interpre-
tation requires verification of homing-flow compatibility. The
control effectiveness normal to MIT(t) is

BT :=∇xT Tg. (17)

In a minimal Cartesian state (pP, γP, zT),

BT =
1

VP

∂T
∂γP

. (18)

When redundant polar variables Vr, Vθ are used, their depen-
dence on γP must be propagated through (3)–(4). Treating
aP as an independent tangential acceleration produces a co-
efficient inconsistent with the interceptor’s kinematic model
in (1).

Along (6), the timing error satisfies the scalar channel

ė =εT +BT (aP − aH) + ∆T , (19)

where ∆T := ∇xT Td. Equivalently,

ė =FT +BT aP +∆T , (20)

with FT := εT − BT aH. The relative form (19) motivates
the command decomposition

aP =aH + aIT, (21)

where aIT is the timing bias. The command above has the
conventional biased-homing structure. The analysis estab-
lishes conditions under which the timing bias compensates
for the predictor defect and produces contraction toward
MIT(t) while respecting the lateral acceleration limit.

Problem. Given tf > t0, construct a bounded lateral timing
bias aIT(x, t) in (21) that induces normal contraction toward
MIT(t) while satisfying |aH + aIT| ≤ amax. We also require
first capture at tf , namely,

x(t) /∈ C, ∀t ∈ [t0, tf ), x(tf ) ∈ C. (22)

When εT = 0 and d = 0, we require aIT = 0 on MIT(t),
so the baseline homing dynamics are recovered after timing
alignment.

The acceleration limit constrains the attainable impact
times, since the prescribed motion must be compatible with
the available lateral authority. Similar feasibility requirements
arise in constrained tracking with APIR [18] and in safe
coordination under time-varying output constraints [19], [20].
For the constant-speed interceptor considered here, the accel-
eration limit imposes the curvature bound κmax = amax/V

2
P .

Let LD(x0, C;κmax) be the shortest bounded-curvature path
from the interceptor’s initial pose to a stationary capture set.

A necessary offline screen is tf − t0 ≥ LD(x0, C;κmax)

VP
,

which specializes the bounded-curvature geometry in [21].
The inequality provides a preliminary screen for a stationary
capture set; moving-target reachability requires further analy-
sis. The online feasibility condition developed next accounts
for the timing sensitivity along the engagement.

III. MAIN RESULTS

We first analyze the unconstrained timing channel, then
establish bounded-input feasibility and first capture. The
coordinate construction and predictor comparison prepare
the terminal analysis, which concludes with preterminal
alignment and homing handover. Let ∆̂T be an available
compensation term and define ∆̃T = ∆T − ∆̂T . Wherever
BT ̸= 0, the timing bias cancels the known drift and imposes
a prescribed normal rate. The total lateral acceleration takes
the form

a⋆P =aH − εT + ∆̂T + k(t)e

BT
; k(t) > 0. (23)



The second term in (23) is aIT in (21). The total command
acts through lateral acceleration, with heading changes af-
fecting both LOS velocity components. For an exact nom-
inal coordinate, the timing bias vanishes on the scheduled
isochron and the baseline homing law is recovered.

Theorem 1. Suppose Assumption 1 holds and (23) is well
defined on a tubular neighborhood of MIT(t). The timing
error satisfies

ė =− k(t)e+ ∆̃T . (24)

In the nominal case, let Fcl be the closed-loop vector field,
Acl = ∂Fcl/∂x, p = ∇xe, and M⊥ := ppT. The moving
manifold MIT(t) is invariant, and

Ṁ⊥ +AT
clM⊥ +M⊥Acl =− 2k(t)M⊥. (25)

On MIT(t), kerM⊥ = TxMIT(t). The metric M⊥ is
positive definite on the normal quotient TxD/TxMIT(t) and
semidefinite on the full state space. If

∣∣∣∆̃T

∣∣∣ ≤ δ̄(t), then

|e(t)| ≤Φ(t, t0) |e(t0)|+
∫ t

t0

Φ(t, τ)δ̄(τ) dτ, (26)

Φ(t, τ) := exp

(
−
∫ t

τ

k(ξ) dξ

)
. (27)

Proof. Substituting (23) into (19) yields (24). In the nominal
case, (24) preserves e = 0 and implies δė = −k(t)δe.
Differentiating ∂e/∂t + ∇eTFcl = −k(t)e with respect to
x produces ṗ+AT

clp = −kp, and hence (25). The level-set
regularity in Assumption 1 identifies kerM⊥ = TxMIT(t).
Under a diffeomorphism with Jacobian J , M⊥ transforms as
J−TM⊥J

−1, so δxTM⊥δx = (δe)2 is coordinate invariant.
Applying variation of constants to (24) with (27) establishes
(26).

Uniform upper and lower bounds on the directional deriva-
tive of e along normal segments imply the local comparison
|e| = Θ(dist(x,MIT(t))) in the tube. Thus, Theorem 1
relates timing-error decay to local distance from the moving
time-to-go isochron. Perturbations tangent to the isochron
remain governed by aH, domain constraints, or additional
states and inputs.
Remark 1. If aH = NVPθ̇, then

a⋆P =NVPθ̇ −
εT + ∆̂T + k(t)e

BT
, (28)

which has the conventional biased-PN command structure.
The scalar identity ė = −ke also admits a nominal conver-
gence analysis using the Lyapunov function e2/2. The con-
traction formulation complements that analysis by relating T
to the executing homing flow and by providing a coordinate-
invariant normal metric. The accompanying results address
the robust error bound, bounded-input feasibility, first cap-
ture, and handover as BT vanishes.

In Figure 1(a), the shaded bands indicate negative and
positive timing-error regions. The infinitesimal perturbation

ξ1

ξ2 e < 0
MIT(t)
e = 0 e > 0

δx∥
δe = 0

δx⊥

δx

xa

xb

δe = pTδx⊥
p = ∇xe
δx = δx∥ + δx⊥
δxTM⊥δx = (δe)2

(a) Timing variations at a fixed time.

TH

η

C

0

MIT(t0)

tf − t0

MIT(t1)

tf − t1

MIT(t2)

tf − t2

xa(t0)

xb(t0)

tf

tf

(b) A common arrival time along different paths.

Fig. 1: Schematic state-space views of the scheduled
isochron: (a) tangent and normal perturbations in local state
coordinates (ξ1, ξ2); (b) nominal homing with an exact time-
to-go coordinate.

δx has tangent and normal components. Since pTδx∥ = 0,
only δx⊥ contributes to δe and the metric value (δe)2. Panel
(b) uses the exact time-to-go TH and an internal coordinate
η. Under nominal baseline homing, (8) implies ṪH = −1, so
the illustrated trajectories pass through successive scheduled
sets at t0 < t1 < t2 < tf . The distinct paths share the arrival
time tf by (7).

We next incorporate the acceleration limit through a tim-
ing funnel. Let ρ be continuously differentiable on [t0, tf ),
with 0 < ρ(t) < s(t) and limt→t−f

ρ(t) = 0. Define

F(t) = {x : |e(x, t)| ≤ ρ(t)} and let ℓ := FT + ∆̂T with∣∣∣∆̃T

∣∣∣ ≤ δ̄. Among the commands satisfying the robust funnel
inequalities, select the command closest to the baseline
homing law:

acf ∈ arg min
|a|≤amax

1

2
(a− aH)

2 (29a)

The constraints account for the residual bound at the upper
and lower funnel boundaries:

BT a ≤− κ(e− ρ)− ℓ− δ̄ + ρ̇, (29b)
BT a ≥− κ(e+ ρ)− ℓ+ δ̄ − ρ̇, (29c)

where κ(t) > 0. The optimization (29) projects the baseline
command onto the feasible acceleration interval and thereby
defines a scalar command filter. Feasibility of the constraint
interval determines whether the prescribed funnel is compat-
ible with the available lateral acceleration.



Lemma 2. Let the lower and upper bounds in (29c) and
(29b) be denoted by

ζ− :=− κ(e+ ρ)− ℓ+ δ̄ − ρ̇,

ζ+ :=− κ(e− ρ)− ℓ− δ̄ + ρ̇. (30)

The filter (29a)–(29c) is feasible if and only if

[ζ−, ζ+] ∩ [− |BT | amax, |BT | amax] ̸=∅. (31)

Equivalently, ζ− ≤ ζ+, ζ− ≤ |BT | amax, − |BT | amax ≤
ζ+. If ζ− ≤ ζ+ and BT ̸= 0, the minimum required
symmetric authority is

areq =
max{ζ−,−ζ+, 0}

|BT |
. (32)

Proof. Fix (x, t) and set b = |BT | amax. Under the input
bound in (29a), the scalar quantity BT a ranges over [−b, b].
The constraints (29b)–(29c) and the definitions (30) require
ζ− ≤ BT a ≤ ζ+. Thus, a feasible command exists if and
only if the attainable and required intervals intersect, estab-
lishing (31). Comparing the endpoints, the overlap condition
takes the form max{ζ−,−b} ≤ min{ζ+, b}. Since b ≥ 0, the
endpoint inequality is equivalent to ζ− ≤ ζ+, ζ− ≤ b, and
−ζ+ ≤ b. For a nonempty constraint interval, the smallest
admissible value of b is max{ζ−,−ζ+, 0}. Dividing by |BT |
when BT ̸= 0 yields the minimum required acceleration in
(32).

When BT = 0, lateral acceleration has zero first-order tim-
ing effectiveness irrespective of the feedback gain; feasibility
then requires 0 ∈ [ζ−, ζ+]. The interval width obtained from
(30) is ζ+− ζ− = 2(κρ+ ρ̇− δ̄). Thus, excessive uncertainty
or rapid funnel shrinkage can make the interval empty even
for large amax.

Corollary 1. A necessary condition for robust funnel feasi-
bility is

κ(t)ρ(t) + ρ̇(t) ≥ δ̄(t). (33)

Condition (33) is independent of the available acceleration
authority. Once this condition holds, the remaining limitation
is expressed by the steering margin

m(t) := |BT |amax −max{ζ−,−ζ+, 0}. (34)

The inequalities m(t) ≥ 0 and ζ− ≤ ζ+ are equivalent to
pointwise feasibility when BT ̸= 0. For the power-law funnel
ρ = ρ0[(th − t)/(th − t0)]

p and κ = c/(th − t), the identity
κρ + ρ̇ = (c − p)ρ/(th − t) makes c ≥ p necessary in
the nominal case, while persistent uncertainty imposes the
stronger lower bound in (33).

With vector actuation, the timing channel remains scalar.
The minimum-norm timing correction acts along the input
sensitivity, and a Euclidean input bound determines the
attainable timing action.

Corollary 2. Consider ẋ = f(x, t) + G(x, t)u + d(x, t)
with u ∈ Rm, ∥u∥2 ≤ umax, and a baseline command uH.

Define the predictor defect along the baseline vector flow by
εT = ∂tT +∇xT T(f +GuH)+1, and define the row vector
BT := ∇xT TG. Where BT ̸= 0, the minimum-norm timing
correction

u⋆
IT =− BT

T
∥BT ∥22

(
εT + ∆̂T + k(t)e

)
(35)

recovers the timing dynamics (24), so Theorem 1 ap-
plies. The attainable scalar timing action satisfies BT u ∈
[−∥BT ∥2umax, ∥BT ∥2umax]. The feasibility criteria in
Lemma 2 and corollary 1 extend by replacing |BT |amax

with ∥BT ∥2umax. The extension includes three-dimensional
point-mass guidance with two lateral steering components.
The reader may refer to [3], [22] and references therein
for details on impact time guidance in three-dimensional
settings.

Terminal calibration connects the feasible timing funnel to
physical capture, as discussed next.

Theorem 2. Suppose Assumption 1 holds, x(t0) ∈ F(t0),
and (31) holds for every state visited in F(t), t < tf .
Then (29) makes F(t) robustly forward invariant for every
mismatch satisfying

∣∣∣∆̃T

∣∣∣ ≤ δ̄. The first capture occurs at
the prescribed absolute time tf .

Proof. By Lemma 2, the feasibility condition (31) ensures
that the optimization problem (29) admits a command acf
satisfying |acf | ≤ amax. Set g+ = e − ρ. Applying the
upper constraint (29b) to the timing channel (20) yields
ġ+ ≤ −κg+ under the worst positive mismatch. Writing
the lower boundary as g− = −e − ρ, the constraint (29c)
implies ġ− ≤ −κg− under the worst negative mismatch. The
initial funnel membership implies g+(t0), g−(t0) ≤ 0. Scalar
comparison preserves both inequalities and establishes funnel
invariance. For t < tf , the error definition (15) and the funnel
bound imply T (x(t), t) = s(t) + e(t) ≥ s(t) − ρ(t) > 0.
Since T = 0 on C by Assumption 1, capture cannot occur
before tf . As t → t−f , T → 0. The sublevel condition (10)
places the trajectory in NC for all sufficiently late times,
and terminal calibration in (11) implies q(x(t)) → 0. The
continuous extension in Assumption 1 and closedness of C
imply x(tf ) ∈ C.

The first-capture guarantee requires a coordinate satisfying
Assumption 1. We use the transport equation (8) to construct
an exact PN coordinate and examine alternative predictors
under the same actuator model. Consider a stationary target,
VP = V , and the velocity-normal PN baseline

aH =NVPθ̇ = −NV
2

r
sinσ. (36)

We seek an exact homogeneous time-to-go map of the form

TH(r, σ) =
r

V
hN (σ). (37)

Substitution into (8) yields the scalar equation

(N − 1) sinσ h′N (σ) + cosσ hN (σ) =1; hN (0) = 1. (38)



For N > 1, (38) can be tabulated on any compact capturable
subset |σ| ≤ σmax < π. The lateral timing coefficient of TH
is

BH =
r

V 2
h′N (σ). (39)

The regular expansion

hN (σ) =1 +
σ2

4N − 2
+O(σ4) (40)

recovers the leading-order behavior of the large-heading
approximation with sin2 σ/(4N − 2) used in the guidance
design of [2]. The large-heading approximation differs from
the exact solution of (38).

The PN geometry also determines the rate at which lateral
timing authority vanishes near capture.

Lemma 3. For a nontrivial stationary-target PN trajectory
with N > 1 that approaches collision-course capture,

sinσ = CrN−1, (41)

for a trajectory-dependent constant C. The exact PN timing
coefficient in (39) satisfies

|BH| = Θ(rN ) = Θ(T N
H ). (42)

If direct prescribed-time inversion is continued to capture
with k = c/s, e = O(sc), and vanishing predictor residual,
then

aIT = O(sc−N−1). (43)

Thus, c ≥ N + 1 is required for bounded nominal timing
correction and c > N+1 makes the timing correction vanish
at capture.

Proof. For the stationary-target PN baseline in (36), the
polar dynamics (2) and (5) reduce to ṙ = −V cosσ and
σ̇ = −(N − 1)V sinσ/r. Hence, dσ/dr = (N − 1) tanσ/r,
and integration establishes (41). The expansion (40) implies
h′N (σ) = σ/(2N − 1) + O(σ3). Substituting the derivative
expansion into (39) and using σ = Θ(rN−1) from (41),
one obtains BH = Θ(rN ). Since (37) has the terminal form
TH = (r/V )(1+ o(1)), the two orders in (42) agree. Finally,
substituting (42) and the assumed timing-error order into the
nominal bias in (23) with k = c/s produces (43).

Table I collects established time-to-go predictors and their
input coefficients under the plant (1), where we write ψT =
γT − θ and Υ = V 2

P − V 2
T for brevity. Each coefficient

uses the velocity-normal actuation model, irrespective of the
actuation assumed in the original derivation. For the closing-
speed predictor, differentiating TC along (2)–(3) yields

ė =
V 2
θ + raTr

V 2
r

+
r sinσ

V 2
r

aP. (44)

The coefficient BTPN likewise includes the radial and trans-
verse sensitivities induced by a single velocity-normal com-
mand. A coefficient derived for LOS-normal actuation would
correspond to a different physical input.

Each coordinate in Table I has the factorized form rh(·)
with positive, bounded h on a compact subset of the coordi-
nate’s domain, providing terminal calibration. Homing-flow
compatibility is assessed by the defect (9); the coefficient Bi

measures local timing authority; and (31) tests whether the
available authority satisfies the filter constraints. The impact-
time analysis accounts for all three properties. For example,
BC = 0 at σ = 0; BDP = 0 at Vθ = 0; and BLPN = 0 when
sin (2σ) = 0. Each surface corresponds to a loss of first-order
timing authority and enters the nonsingularity analysis.

When the target has a constant velocity, the predicted
interception point pI(t) = pT(t)+vT(t)(tf −t) is stationary
for a fixed tf and may replace the target in r, θ, and σ. For
a maneuvering target, one may instead use p̂T(tf | t). The
motion and error of the predicted interception point enter εT
or ∆T . A prescribed-interception guarantee requires a target
model, sufficient control authority, and terminally compatible
prediction error. Arbitrary unknown target motion lies outside
the scope of the present results.

Remark 2. The kinematics (1) take achieved lateral accel-
eration as the input. A bounded static tracking error can be
included in ∆̃T . A first-order acceleration or turn-rate actua-
tor makes the command-to-e channel relative degree two and
requires a dynamic contraction and filter design. Appending
a lag to (23) changes the timing channel (19) and requires
a new analysis. Range, LOS rate, the interceptor’s heading,
and the target’s variables required by the selected map are
presumed available, with measurement and estimation errors
covered by the residual bound

∣∣∣∆̃T

∣∣∣ ≤ δ̄. Actuator and
sensing dynamics remain topics for further study.

If direct inversion is continued to tf and |BT | = Θ(sµ), a
sufficient bounded-command condition is e = O(sµ+1) and
εT + ∆̃T = O(sµ). With k = c/s, the stated decay orders
are ensured in the worst case by c > µ + 1 and a residual
of order at least sµ. When µ > 0, a bounded residual can
still lead to an unbounded acceleration command as timing
authority vanishes.

Remark 3. The invariant funnel in Theorem 2 bounds the
timing error while the feasibility condition (31) holds. Near
capture, BT → 0 for many lateral-guidance maps as
collision-course alignment develops. A staged architecture
corrects the schedule while lateral steering retains timing
authority, aligns the time-to-go coordinate at a preterminal
instant, and returns to ordinary homing for the terminal phase.

Theorem 3. Suppose T = TH is the exact baseline time-to-
go coordinate defined by (7) and satisfies (8). Choose t0 <
th < tf and assume |BT | ≥ bh > 0 on [t0, th]. For c > 1,
apply

aP =

aH − c e

(th − t)BT
, t < th,

aH, t ≥ th.
(45)

If the command (45) satisfies |aP| ≤ amax and |e(t)| < s(t)



TABLE I: Time-to-go coordinates and the corresponding coefficients of velocity-normal acceleration in ė = Fi +BiaP.

Time-to-go map Ti Coefficient Bi of aP in ė

Conservative, based on closing speed: TC = −
r

Vr
BC =

r sinσ

V 2
r

Deviated pursuit [11]: TDP =
r secσ

Υ
[VP + VT cos (ψT + σ)] BDP = −

rVθ sec
2 σ

VPΥ

TPN-inspired [10]: TTPN = −
r (Vr + 2cT)

V 2
θ + V 2

r + 2cTVr
BTPN =

r
[
sinσ

(
(Vr + 2cT)

2 − V 2
θ

)
− 2 (Vr + 2cT)Vθ cosσ

]
(
V 2
θ + V 2

r + 2cTVr
)2

Large-heading PN [2], [9]: TLPN =
r

VP

(
1 +

sin2 σ

4N − 2

)
BLPN =

r sin (2σ)

V 2
P (4N − 2)

during alignment, then

e(t) =e(t0)

(
th − t

th − t0

)c

, t < th, (46)

so e(t) = 0 for t ∈ [th, tf ], and the first nominal capture
occurs at tf . The timing correction is bounded and tends to
zero at th.

Proof. Before handover, substituting (8) and (45) into the
nominal timing channel (19) reduces the error dynamics to
ė = −ce/(th−t), which integrates to (46). For the correction
in (45), the response (46) and the assumed bound |BT | ≥ bh
imply

|aP − aH| ≤
c |e(t0)|

bh(th − t0)c
(th − t)c−1, (47)

so the timing correction vanishes for c > 1. At handover, (46)
and (15) imply TH(x(th), th) = tf − th. The baseline first-
hitting-time definition (7) then places the first post-handover
capture at tf , while (8) preserves e = 0. During alignment,
|e(t)| < s(t) ensures TH > 0 by (15), excluding earlier
capture.

The handover in Theorem 3 requires alignment with the
scheduled isochron of the executing baseline homing flow.
For an approximate predictor, a small numerical value of e
must be accompanied by a compatibility check through (9):
a nonzero εT +∆T after th causes drift from the scheduled
level set by (19). An exact numerical time-to-go map, contin-
ued use of the filter, or a robust timing tube addresses the cor-
responding prediction mismatch. In Figure 2, state feedback
updates the baseline homing command and the time-to-go
map. The error e = T −(tf − t) measures deviation from the
assigned schedule, while BT and εT quantify lateral timing
sensitivity and mismatch with the baseline flow. Inversion
or constrained projection determines aP, which drives the
engagement dynamics. Under Theorem 3, nominal alignment
at th allows baseline homing to complete interception at tf .

IV. SIMULATIONS

The numerical study examines timing regulation for sta-
tionary and maneuvering targets. Two cases distinguish reg-
ulation using the exact homing-compatible coordinate from
evaluation of closed-form predictors: a stationary-target case
with the large-heading PN (LPN) approximation and a

Impact schedule
s = tf − t

Time-to-go map
T , BT , εT

Baseline homing
aH(x, t)

Timing error
e = T − s

Guidance command
Timing regulation: (23) or (29)

Terminal homing: (45)

Engagement dynamics
(6)

s

T

aH e

BT , εT

aP

x

Fig. 2: Impact-time guidance and homing handover.

maneuvering-target case with the deviated-pursuit predictor.
The reported histories include trajectories, relative range,
time-to-go, timing error, lateral acceleration, timing effective-
ness, and predictor defect. The preterminal handover time
th marks the transition from timing correction to baseline
homing. The steering margin m in (34) provides the online
feasibility diagnostic described in Corollary 1.

For the stationary-target case, the interceptor travels at
VP = 300 m/s with navigation constant N = 3. The initial
geometry is r(0) = 12 km, θ(0) = 0◦, and σ(0) = 60◦.
The desired impact and handover times are tf = 55 s and
th = 35 s, respectively, with prescribed-time gain c = 2.5
and acceleration limit amax = 30 m/s2. The interceptor
reaches the target at the prescribed terminal time, with the
range decreasing continuously to zero. The exact homing-
compatible time-to-go TH approaches tf − t, while the
large-heading approximation TLPN initially differs from TH
because of the large heading error and converges toward it as
alignment develops. The timing error starts inside the funnel
with ρ(0) = 12.5 s, remains within ±ρ(t), and approaches
zero before handover. Before th, the bias aIT modifies the
baseline command aH, while aP remains within ±amax;
after handover, aIT vanishes and aP = aH. As collision-
course alignment develops, BH and BLPN decrease, while
the initially nonzero defect εT,LPN approaches the exact-map



(a) Interceptor’s trajectory. (b) Time-to-go profiles.

(c) Lateral acceleration profiles. (d) Relative range profile.

(e) Timing error and prescribed funnel. (f) Timing effectiveness and predictor defect.

Fig. 3: Performance under large-heading PN-based impact-time guidance.

reference εT,H = 0.
For the deviated-pursuit case, the interceptor and target

travel at VP = 300 m/s and VT = 120 m/s, respectively.
The initial range and LOS angle are r(0) = 20.10 km and
θ(0) = 5.71◦, respectively, with initial headings γP(0) = 10◦

and γT(0) = 150◦. The target follows the acceleration history
aT(t) = 6 sin (0.20t) + 3 sin (0.43t+ 0.5) m/s2. We set
tf = 50 s, th = 35 s, c = 1.2, and amax = 50 m/s2. The
exact coordinate TH is again computed as the numerical first

hitting time in (7), using the baseline closed-loop flow and
the known model of the target’s maneuver. The deviated-
pursuit expression is assessed through the predictor defect
and timing effectiveness. The trajectories reach interception
at the prescribed time, and the range decreases continuously
toward zero. The coordinate TH approaches tf − t, while
the initially different predictor TDP approaches the terminal
profile as the engagement evolves. The timing error remains
between ±ρ(t) and approaches zero by handover. The preter-



(a) Agents’ trajectories. (b) Time-to-go profiles.

(c) Lateral acceleration profiles. (d) Relative range profile.

(e) Timing error and prescribed funnel. (f) Timing effectiveness and predictor defect.

Fig. 4: Performance under deviated-pursuit guidance.

minal bias modifies aH within the total acceleration bounds
±amax; at th, the bias vanishes and aP coincides with the
baseline command. Throughout the active correction interval,
BH remains nonzero and then decreases as collision-course
alignment develops. The deviated-pursuit coefficient BDP

varies with the relative-motion geometry. The nonzero defect
εT,DP quantifies the closed-form predictor’s disagreement
with the baseline homing flow; the exact coordinate has
reference defect εT,H = 0.

V. CONCLUSIONS AND FUTURE WORK

We developed a normal-contraction perspective on impact-
time guidance that augments a baseline homing command
with a scalar timing correction. Under the stated engage-
ment assumptions, terminal calibration and feasible funnel
constraints link timing convergence to first capture at the
assigned impact time. Declining lateral timing authority
favors preterminal alignment, after which an exact nominal



predictor allows baseline homing to preserve the assigned
arrival time. The reported stationary and modeled maneu-
vering target cases achieve scheduled interception within
the acceleration bounds; approximate predictors exhibit a
mismatch that varies with engagement geometry. Future work
will incorporate actuator dynamics and sensing constraints
and examine three-dimensional cooperative interception.
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