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Abstract

Standard identifiability theory assumes one-
dimensional latent factors, but learned rep-
resentations can encode latent information
across multidimensional blocks whose in-
ternal coordinates are not uniquely deter-
mined. When such blocks are used to repre-
sent and intervene on higher-level concepts,
it is unclear whether their causal meaning
survives the transformations left unresolved
by block-identifiability. We connect block-
identifiability to constructive causal abstrac-
tion. We show that block-diagonal invertible
transformations followed by compatible coor-
dinate permutations form the maximal class
that preserves every constructive causal ab-
straction built on those blocks. This guar-
antee assumes that the correspondence be-
tween blocks and concepts is updated with
the representation. A small synthetic ex-
periment with additive autoencoders shows
that high-level interventions can be trans-
ferred between independently learned rep-
resentations while approximately preserving
their intended effects.

1 INTRODUCTION

Identifiability theory asks whether a learned repre-
sentation recovers the latent factors that generated
the observations (Hyvarinen et al., 2019; Khemakhem
et al., 2020). Many standard results assume that the
learned representation has the same dimensionality as
the latent space, with one learned coordinate corre-
sponding to each latent factor. Under the assumptions
of these results, the factors can often be recovered up
to a permutation and a separate invertible coordinate-
wise transformation. Because these transformations
do not mix the factors, additional assumptions can still

allow their causal relations to be recovered (Shimizu
et al., 2006; Reizinger et al., 2023).

In practice, a concept may be encoded across a block
of learned coordinates rather than a single coordi-
nate. Several settings motivate this block-level view.
Sparse autoencoders (SAEs) can split one concept
across multiple learned features (Bricken et al., 2023;
Mueller et al., 2025), while block-sparse featurizers ex-
plicitly learn groups of activation directions and re-
cover visual concepts that are typically two- to four-
dimensional (Fel et al., 2026). Object-centric models
represent objects using vector-valued slots (Locatello
et al., 2020). Formal block-identifiability results arise
in independent subspace analysis (ISA), which recov-
ers independent subspaces up to permutation and in-
vertible within-subspace transformations (Hyvärinen
and Hoyer, 2000; Theis, 2006), and in additive de-
coders, which identify latent blocks up to permuta-
tion and block-wise invertible transformations under
their assumptions (Lachapelle et al., 2023). These re-
sults recover each block as a whole while leaving its
internal coordinates undetermined. Different learned
models may therefore represent the same block using
different internal coordinates. While practitioners in-
tervene on such blocks by steering feature groups, ma-
nipulating object slots, or clamping latent subspaces,
block-identifiability does not tell us whether these in-
terventions keep the same high-level causal meaning
across different representations.

We use constructive causal abstractions (Beckers and
Halpern, 2019; Geiger et al., 2025) to state this ques-
tion precisely. We treat the coordinates of the learned
representation as variables in a causal model, which
we call the low-level model. The human-interpretable
concepts form another causal model, which we call the
high-level model. A constructive causal abstraction
maps states and interventions in the low-level model
to corresponding states and interventions in the high-
level model, with each high-level concept computed
from one block of learned coordinates. We ask which
changes to the learned representation preserve this
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mapping.

Our contributions are:

1. We identify the largest class of transforma-
tions guaranteed to preserve causal abstrac-
tions built from learned blocks. This class
consists of invertible transformations within blocks
followed by coordinate permutations that carry
the block-to-concept correspondence with them.
It includes the transformations allowed by block-
identifiability guarantees for ISA and additive de-
coders. We prove that every transformation in this
class preserves every abstraction of this form, while
every transformation outside it fails to preserve at
least one (Thm. 1).

2. We illustrate high-level steering and its
transfer between learned representations. In
a small synthetic experiment with independently
trained additive autoencoders, we translate high-
level interventions into low-level block edits. We
transfer these edits between models using fitted
blockwise maps and show that their intended high-
level effects are approximately preserved (§ 4).

2 BACKGROUND

Notation. Following Geiger et al. (2025), capital let-
ters denote variables and lowercase letters their values,
and boldface denotes a set of variables or a joint set-
ting of one, so that x ∈ ValX and x ∈ ValVL

. Let
S = {S1, . . . , Sm} be the ground-truth causal factors:
each Si is produced by a mechanism FSi

from its par-
ents Pa(Si) in the ground-truth directed acyclic graph
(DAG) and an exogenous noise variable Ni, written
Si := FSi

(Pa(Si), Ni). The map f takes a factor set-
ting s to the activation vector o = f(s) supplied to the
featurizer g; this includes generating the network in-
put and passing it through the network. The featurizer
returns the learned feature vector, or representation,
x = g(o). We model the coordinates of x as vari-
ables of the representation-level SCM L. They form
the finite set VL, so a learned feature is a variable
X ∈ VL with value set ValX , and x ∈ ValVL

is a to-
tal setting of L. The high-level SCM H has variables
VH = {Z(1), . . . , Z(B)}, where each Z(b) is a human-
interpretable concept chosen for intervention and may
be computed from a block of learned features rather
than from one coordinate. The ground-truth factors
S generate the activation vector o, whereas VH con-
tains the concepts abstracted from the learned repre-
sentation; we do not assume that they coincide. For a
subset U ⊆ VL, write ValU :=

∏
U∈U ValU , and the

projection ProjU : ValVL
→ ValU restricts a setting

to U. Tab. 2 in § A summarizes this notation. Fig. 1

illustrates this conceptual pipeline.

To compare interventions across levels, we first need a
common description of causal models, their solutions,
and the interventions applied to them.

Definition 1 (SCMs and interventions). A deter-
ministic SCM is a pair M = (Σ, {FX}X∈V), where
Σ = (V,Val) is a signature and FX : ValV → ValX is
the mechanism for each X ∈ V. A setting v ∈ ValV
is a solution of M if FX(v) = Proj{X}(v) for every
X ∈ V; Solve(M) denotes the set of all such solutions.
A hard intervention on U ⊆ V replaces {FX}X∈U by
constants; we identify it with the idempotent map on
ValV that overwrites the coordinates in U, and the
empty intervention with the identity map. A set Ψ
of interventionals forms an intervention algebra when
its composition algebra is isomorphic to that of hard
interventions on some signature (Geiger et al., 2025).
Hard interventions are partially ordered by extension:
I ⊑ I ′ when I ′ sets every variable I sets, to the same
value.

To say that L and H make consistent causal predic-
tions, mapping an intervention from L to H should
give the same high-level outcomes as mapping the re-
sulting low-level solutions to H. Exact transforma-
tions formalize this requirement (Rubenstein et al.,
2017; Geiger et al., 2025).

Definition 2 (Exact transformation). An exact trans-
formation (τ, ω) : L → H consists of a surjective
state map τ : ValVL

→ ValVH
and a surjective

order-preserving intervention map ω such that for all
I ∈ dom(ω)

τ
(
Solve(LI)

)
= Solve

(
Hω(I)

)
(1)

To ask whether a causal abstraction survives a change
of representation, we must express the low-level states,
mechanisms, and interventions in the new coordinates.
Bijective translations formalize this consistent repa-
rameterization (Geiger et al., 2025).

Definition 3 (Bijective translation). Let M be a de-
terministic SCM, and write FV(v) := (FX(v))X∈V for
the map collecting all of its mechanisms. For a bijec-
tion T : ValV → ValV, the bijective translation MT

has mechanism map

FT
V := T ◦ FV ◦ T−1. (2)

An intervention I is transported to

IT := T ◦ I ◦ T−1. (3)

For any intervention algebra Ψ on M , the transported
interventions ΨT := {IT : I ∈ Ψ} form an intervention
algebra on MT , ordered by IT ⊑ JT exactly when
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Figure 1: From ground-truth factors to a constructive causal abstraction of a learned representation.
The ground-truth causal factors S take values s, which determine the network input and the resulting activation
vector o = f(s). A featurizer g, such as a sparse autoencoder (SAE), maps these activations to the learned
representation x = g(o). We treat the coordinates of x as variables of the low-level structural causal model
(SCM) L and partition them into blocks V(b). The constructive causal abstraction (τ, ω) maps low-level states
and complete-block interventions to states and interventions in the high-level SCM H, where each human-
interpretable concept Z(b) is computed from its corresponding block. Blue and pink indicate this block-to-concept
correspondence. The ground-truth factors S generate the activations but need not coincide with the concepts in
H.

I ⊑ J . Every intervention I on M is therefore paired
with the transported intervention IT on MT . Under
this pairing,

T
(
Solve(M I)

)
= Solve(M IT

T ),

so the state map T and intervention map I 7→ IT

form an exact transformation from M to MT . Bijec-
tive translations compose with other exact transfor-
mations (Geiger et al., 2025). This composition allows
an abstraction from L to H to be carried over to a
reparameterized model LT .

Exactness tells us that the low- and high-level models
agree under corresponding interventions, but it does
not say where each high-level variable is represented
in the low-level model. Our question requires this ad-
ditional structure because we want each concept to be
computed from a particular block of learned coordi-
nates and interventions on that block to correspond to
interventions on the concept. Constructive causal ab-
stractions formalize this block-to-concept correspon-
dence through an alignment (Beckers and Halpern,
2019).

Definition 4 (Alignment and constructive causal ab-
straction). An alignment between the low-level vari-
ables VL and the high-level variables VH is a pair
⟨Π, π⟩, where Π = {ΠZ : Z ∈ VH} ∪ {Π⊥} is a parti-
tion ofVL, and π = {πZ}Z∈VH

is a family of surjective
cell maps πZ : ValΠZ

→ ValZ . The cell ΠZ contains
the low-level variables associated with Z, while the op-
tional cell Π⊥ contains variables that are not mapped

to any high-level variable.

The alignment ⟨Π, π⟩ induces the state map

τπ(x) :=
(
πZ(ProjΠZ

(x))
)
Z∈VH

and maps interventions on complete cells according to

ωπ

(
do(ΠZ=iZ , Z ∈ A)

)
:= do

(
Z=πZ(iZ), Z ∈ A

)
,

where A ⊆ VH and iZ ∈ ValΠZ
. The high-level model

H is a constructive causal abstraction of L under this
alignment if (τπ, ωπ) : L → H is an exact transforma-
tion.

For a cell map πZ , the fiber over z ∈ ValZ is π−1
Z (z),

the set of low-level cell values mapped to z. If πZ

is many-to-one, values in the same fiber correspond
to the same high-level value and therefore cannot be
distinguished in H.

3 PRESERVING CONSTRUCTIVE
CAUSAL ABSTRACTIONS

We show that constructive causal abstractions are in-
variant under block-diagonal reparameterizations and
that no larger class of reparameterizations preserves
all of them, connecting block-identifiability to causal
abstraction theory.

3.1 Setup

Our aim is to determine whether the ambiguity left
by block-identifiability changes the causal meaning as-
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signed to learned blocks. We therefore assume that
each learned block serves as the alignment cell for one
high-level variable and consider interventions on com-
plete blocks.

Assumption 1 (Block-aligned abstraction).

(i) L = (ΣL, {FX}X∈VL
) is a deterministic SCM

with block partition

VL =

B⊔
b=1

V(b). (4)

(ii) (τ, ω) : L → H is constructive, with each block
V(b) serving as the alignment cell for Z(b). We
write πb : ValV(b) → ValZ(b) for the correspond-
ing cell map, for b = 1, . . . , B.

(iii) Ψ is the intervention algebra of all hard in-
terventions on zero or more complete blocks,
dom(ω) = Ψ, and ω is the intervention map in-
duced by the alignment as in Defn. 4.

Block-identifiability recovers each block as a whole but
leaves its individual coordinates undetermined. We
therefore focus on interventions on complete blocks
because the corresponding high-level concept can de-
pend on every coordinate in the block. To test whether
changes to the internal coordinates affect the block’s
causal meaning, we collect all invertible within-block
coordinate changes in the family D.

Definition 5 (Block reparameterizations). The group
of block-diagonal reparameterizations is

D :=
{
Diag(D(1), . . . , D(B))

∣∣
D(b) : ValV(b) → ValV(b) ,

D(b) is bijective for b = 1, . . . , B
}
.

(5)

Block-identifiability may also permute whole blocks;
we incorporate those permutations below. To charac-
terize the largest class of transformations guaranteed
to preserve every abstraction of this form, Thm. 1 com-
pares these structured transformations with arbitrary
bijections of the low-level state space.

To test whether a change of representation preserves
the abstraction, we must compare the same high-level
intervention before and after the change. Under a bi-
jection T , a state y in LT corresponds to T−1(y) in L,
and a low-level intervention I becomes IT . We there-
fore use τ ◦ T−1 for states and define ωT so that IT

has the same high-level meaning as I.

Definition 6 (Transported high-level intervention
map). For every I ∈ Ψ, define

ωT (IT ) := ω(I). (6)

Because I 7→ IT is an order-preserving bijection,
ωT is well-defined, surjective, and order-preserving.
By exactness of bijective translations and composi-
tion of exact transformations (Geiger et al., 2025),
(τ ◦ T−1, ωT ) : LT → H is exact. Since every D ∈ D
is a bijection, this includes all within-block reparame-
terizations.

3.2 The Maximal Class Preserving
Constructiveness

The family D changes coordinates within blocks, but
block-identifiability may also permute whole blocks.
More generally, a coordinate permutation can move
the coordinates of a block to new positions. To keep
each concept associated with the same group of coor-
dinates after this change, we track where each block
moves under the permutation.

Definition 7 (Compatible permutations and trans-
ported cells). A permutation σ of the low-level vari-
ables VL is compatible if Valσ(X) = ValX for ev-
ery X ∈ VL. It acts on total settings accord-
ing to

(
σ(x)

)
σ(X)

:= xX . For each block V(b), its

image σ(V(b)) is the corresponding transported cell,
and σb denotes the induced bijection from ValV(b) to
Valσ(V(b)).

Because σ is a permutation and the original blocks
partition VL, the transported cells also partition VL,
although they may be interleaved with respect to the
original partition. We now combine the two changes
of representation: D changes coordinates within each
block, and σ moves those coordinates to their trans-
ported cells. The family T contains all transformations
of this form.

Definition 8 (Transformation family T ). The fam-
ily of block-diagonal reparameterizations followed by
compatible coordinate permutations is

T := {σ ◦D | σ is compatible and D ∈ D }.

Any bijection preserves exactness when the model and
its interventions are transported as in Defn. 3. Our
goal is stronger: after changing the representation,
each high-level variable should still be computed from
one cell, and setting that cell should still be a hard
intervention. Both properties hold when T = σ ◦ D.
If I = do(V(b)=ib) for some block value ib ∈ ValV(b) ,
then IT sets the transported cell σ(V(b)) to the fixed
value σb(D

(b)(ib)). For a general bijection, either prop-
erty can fail: the transported intervention may depend
on the current state, or a high-level variable may de-
pend on coordinates from several cells.

A two-variable XOR transformation illustrates both
failures. Let V = {X1, X2} with binary singleton



Zaghw, Brendel, Reizinger

blocks V(1) = {X1} and V(2) = {X2}, and let
τ(x1, x2) = (x1, x2) map them to Z(1) and Z(2). Con-
sider

T (x1, x2) = (x1 ⊕ x2, x2),

T−1(y1, y2) = (y1 ⊕ y2, y2).

For the hard intervention I = do(X1=0), the trans-
ported operation is IT (y1, y2) = (y2, y2) which copies
the current value of Y2 into Y1 rather than setting Y1

to a constant. It is therefore not a hard intervention in
the new coordinates. The transported state map also
satisfies

(τ ◦ T−1)(y1, y2) = (y1 ⊕ y2, y2).

Thus Z(1) requires both Y1 and Y2, while Z(2) also
requires Y2, so the two high-level variables cannot be
computed from disjoint cells. Exactness survives rela-
tive to the transported intervention algebra, but con-
structiveness does not.

The XOR example shows that preserving exactness
does not necessarily preserve the block-to-concept
structure. We now ask which transformations pre-
serve this structure for every constructive abstraction
built on the fixed blocks. For each target SCM H,
let A(L,H) be the set of constructive abstractions
(τ, ω) : L → H whose cell for Z(b) is V(b) for every
b, with dom(ω) = Ψ and ω the intervention map in-
duced by that alignment (Assum. 1).

Theorem 1 (Universal maximality of block-diagonal
invariance). For the low-level SCM L and block parti-
tion in Assum. 1, fix any bijection T : ValVL

→ ValVL

and any compatible permutation σ. The following are
equivalent:

(a) For every target SCM H and every (τ, ω) ∈
A(L,H), the transported pair (τ ◦ T−1, ωT ) :
LT → H is constructive with cells σ(V(b)) for
every b.

(b) T = σ ◦D for some D ∈ D.

The proof is given in § B.1. The theorem identifies the
largest family of transformations for which construc-
tiveness is guaranteed, connecting the result directly
to block-identifiability. In block-identifiability results,
the permitted permutations are whole-block permuta-
tions, meaning that each original block is mapped onto
another original block. Together with invertible trans-
formations within blocks, these transformations are a
special case of T . The family T is broader because it
also permits compatible coordinate permutations that
move a block to an interleaved transported cell.

There is one important qualification: the guarantee
is universal. Every transformation in T preserves ev-
ery constructive abstraction built on the fixed blocks.

A transformation outside T must break at least one
such abstraction, but it may still preserve a partic-
ular one. For example, take four binary variables
with blocks {X1, X2} and {X3, X4}, and let τ(x) =
(x1 ⊕ x2, x3 ⊕ x4). Consider the transformation

T+(x) =
(
x1 ⊕ x3, x2 ⊕ x3, x3, x4

)
,

which mixes the two blocks. Nevertheless,

(τ ◦ T−1
+ )(y) =

(
y1 ⊕ y2, y3 ⊕ y4

)
.

The first high-level variable is unchanged because the
added value x3 appears twice and therefore disappears
under XOR: (x1 ⊕ x3) ⊕ (x2 ⊕ x3) = x1 ⊕ x2. Thus
T+ /∈ T still preserves this particular abstraction.

This does not contradict Thm. 1, which concerns
preservation of every abstraction built on the fixed
blocks. Its proof shows that a transformation outside
T fails for the identity block abstraction, whose cell
maps retain the complete value of each block. Pre-
serving one particular abstraction therefore does not
imply that T ∈ T .

Implication for block-identifiable representa-
tions. Under Assum. 1, the transformations left un-
resolved by block-identifiability do not change the pre-
dicted high-level effect of an intervention. After trans-
porting the alignment and interventions, whole-block
permutations and invertible within-block reparame-
terizations yield the same solution set in H for ev-
ery corresponding intervention. Thm. 1 identifies the
boundary of this universal guarantee: every T ∈ T
preserves every block-aligned constructive abstraction,
whereas each T /∈ T breaks at least one, although
a particular abstraction may survive. Thus com-
plete blocks, rather than their non-identifiable inter-
nal coordinates, are the stable units of intervention.
When πb is many-to-one, the high-level intervention
do(Z(b)=z) corresponds to every complete-block inter-
vention do(V(b)=ib) with ib ∈ π−1

b (z). Two abstrac-
tions whose cell maps have the same fibers in every
cell differ only by a relabeling of their high-level val-
ues (Corollary 1). The abstraction does not distin-
guish these low-level interventions, so implementing a
high-level intervention requires an additional selection
rule. This ambiguity becomes relevant in § 4, where a
nearest-point rule selects one representative from the
fiber.

4 EXPERIMENTS

Goal. We test whether a high-level intervention in
the human-interpretable model H can be translated
into a block intervention in a reference low-level model
L0 and transported to independently trained low-level
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s ⋆1

u1

s2

u2

Z (1)

Z (2)

sgen

exact factor
setting

f

ogen = f(sgen)

exact generator
comparison

generator used only for evaluation

x ⋆
0

edited reference code

x(1)⋆
0 ∈ π−1

1 (s ⋆1 )

x(2)
0

L0

reference model 0

̂o ⋆
0

reference
output

G0

reference decoder

x ⋆
r

edited recipient code

x(1)⋆
r = ̂D(1)

r (x(1)⋆
0 )

x(2)
r

Lr

recipient model r

̂o ⋆
r

recipient
output

Gr

recipient decoder

≈

≈

̂Tr = ̂σr ∘ ̂Dr

J ⋆ = do(Z (1)=s ⋆1 )

chosen concepts

H

nearest preimage
under π1

Figure 2: Concept-directed steering and transport between independently trained additive autoen-
coders. Starting from a base observation, the high-level intervention J⋆ = do(Z(1)=s⋆1) in H is implemented in

the reference model L0 by editing block 1. Here, π1 maps that block to Z(1), and x
(1)⋆
0 is the closest block value

satisfying π1(x
(1)⋆
0 ) = s⋆1; block 2 remains unchanged. The fitted transformation T̂r = σ̂r ◦ D̂r transfers the edit

to recipient model Lr, where D̂r maps corresponding blocks and σ̂r accounts for their ordering. The decoders
G0 and Gr produce the edited outputs ô⋆

0 and ô⋆
r . For evaluation, the exact factor setting sgen = (s⋆1, u1, s2, u2)

changes only s1, setting it to the intervention value s⋆1, and the data-generating map f produces the comparison
observation ogen = f(sgen). Both decoded outputs are compared with this same observation, as indicated by the
dotted lines. Green marks the intervention, while blue and pink identify the two blocks throughout.

models Lr while preserving its high-level effect. Fig. 2
summarizes this steering, transport, and evaluation
procedure.

Setting. Synthetic factors (s1, u1, s2, u2) generate
observations through the nonlinear additive map
o = A1ϕ(s1, u1) + A2ϕ(s2, u2), where ϕ(s, u) =
(s, u, s2, su, u2); the distribution and mixing matrix
are specified in § C. Following additive-decoder mod-
els (Lachapelle et al., 2023), model r has an en-
coder Er(o) = xr and a decoder Gr(xr) = ôr.
The four-dimensional representation xr has two two-

dimensional blocks x
(1)
r ,x

(2)
r . Each block is passed

through its own nonlinear decoder branch, and the two
outputs are added:

ôr = G(1)
r (x(1)

r ) +G(2)
r (x(2)

r ).

We treat xr as the state of the low-level SCM Lr and
the two learned blocks as its cellsV(1),V(2). The high-
level SCM H keeps only Z(1) = s1 and Z(2) = s2;
omitting u1, u2 makes each cell map πb many-to-one.

Protocol. We train one reference autoencoder
(E0, G0) and ten additional autoencoders (Er, Gr)
that may receive an intervention transported from the
reference model. After training, we freeze every model
and retain for transport only those that reconstruct
held-out observations with normalized mean squared
error (NMSE) at most 0.01. The architecture, training
settings, data splits, and definition of NMSE are given
in § C, and we provide the code as supplementary ma-
terial.

We do not initially know which learned block corre-
sponds to Z(1) and which corresponds to Z(2). We
therefore use fresh examples in which each obser-
vation o is paired with its known concept values
(Z(1), Z(2)) = (s1, s2), and encode o with E0. Let πbj

denote the affine map fitted from learned block V(b)

to concept Z(j). We fit all four maps and compare the
two possible one-to-one assignments: (π11, π22) and
(π12, π21). On held-out examples, we choose the as-
signment whose two maps best predict Z(1) and Z(2).
After indexing the blocks by their selected concepts,
these maps become the cell maps π1 and π2, defining



Zaghw, Brendel, Reizinger

the empirical reference abstraction

τ(x0) :=
(
π1(x

(1)
0 ), π2(x

(2)
0 )

)
, (7)

which approximates (s1, s2). The nuisance variables
u1, u2 are not used to fit these maps.

We estimate Tr = σr ◦ Dr by encoding the same ob-
servations with E0 and Er, giving paired codes x0 =
E0(o) and xr = Er(o). We fit affine maps between all
pairs of blocks and choose the one-to-one pairing with
the lowest held-out code error. This gives both the
estimated permutation σ̂r and the fitted within-block

maps D̂
(b)
r . We then index recipient blocks by their

matched reference blocks, so that D̂
(b)
r (x

(b)
0 ) ≈ x

(b)
r . In

the original output order, T̂r = σ̂r ◦Diag(D̂
(1)
r , D̂

(2)
r ).

The purpose ofH is to express interventions in the con-
cepts we understand, but the edit must ultimately be
applied to L. The high-level intervention do(Z(b)=s⋆b)
does not have a unique low-level implementation be-
cause πb is many-to-one. Given a base observation,
we encode x0 = E0(obase) and keep its other block

fixed while choosing x
(b)⋆
0 ∈ π−1

b (s⋆b) closest to the cur-

rent block x
(b)
0 . Thus H specifies the fiber, while the

nearest-point rule uses information unavailable in H
to select one low-level representative. Replacing block
b gives the edited reference code x⋆

0, which decodes as
ô⋆
0 = G0(x

⋆
0). We encode the same base observation

as xr = Er(obase) and replace its corresponding block
by

x(b)⋆
r := D̂(b)

r (x
(b)⋆
0 ), (8)

and decode the edited recipient code as ô⋆
r = Gr(x

⋆
r).

The closed-form affine projection used to choose x
(b)⋆
0

is given in § C.

The known map used to generate the synthetic ob-
servations is used only to evaluate the edits. For the
intervention do(Z(b)=s⋆b), we construct

ogen = Abϕ(s
⋆
b , ub) +A3−bϕ(s3−b, u3−b),

where ub and (s3−b, u3−b) come from the base obser-
vation. Thus only sb is changed, setting it to s⋆b . We
compare both the reference output ô⋆

0 and every recip-
ient output ô⋆

r with this same observation. We mea-
sure agreement using the NMSE between each decoded
output and ogen. Because the generator is injective, a
low NMSE indicates that the edit sets sb to s⋆b while
preserving its nuisance value and the other factor pair.
These factor values and the generator are used only for
evaluation, not to choose or transport the edit. Full
experimental details and additional diagnostics are in
§ C.

Results. The reference model and four of the ten ad-
ditional autoencoders pass the reconstruction thresh-

Table 1: Reconstruction and concept-
intervention accuracy across retained additive
autoencoders. Rows show one reference additive
autoencoder and four independently trained recipient
additive autoencoders, identified by training seed.
“Recon.” is the normalized mean squared error
(NMSE) between each model’s decoded reconstruc-
tions and held-out synthetic input observations; only
models with reconstruction NMSE at most 0.01
are retained. The Z(b) columns report intervention
error. An intervention on Z(b) is implemented as a
block edit in the reference model and transported to
each recipient model. Each decoded edited output
is compared with the exact synthetic observation
obtained by changing only sb to the intervention value
while keeping ub and (s3−b, u3−b) fixed. Each NMSE
pools 5,000 examples; lower values are better.

Model (seed) Recon. Z(1) Z(2)

Reference (0) 0.007312 0.007407 0.007378
Recipient (2) 0.007927 0.011931 0.010487
Recipient (3) 0.007762 0.009342 0.010307
Recipient (5) 0.007825 0.010572 0.010985
Recipient (10) 0.007779 0.009505 0.010923

old; the other six fail clearly and are excluded be-
fore steering. The reference cell maps identify their
concepts unambiguously, and paired codes identify
the corresponding blocks in every retained recipient
model. Steering succeeds in the reference model and
after transport to all four recipient models: every de-
coded observation has NMSE at most 0.012 against
the common exact generator comparison for the corre-
sponding intervention. Tab. 1 reports the reconstruc-
tion and steering NMSE for every retained model.

This experiment is an approximate illustration of the
theory; it does not establish that the learned models
form an exact constructive abstraction. The accom-
panying supplementary code generates the synthetic
data, trains the models, and reproduces the reported
results from fixed seeds.

5 RELATED WORKS

Causal abstractions and alignment. Prior work
introduced exact transformations and constructive
causal abstractions for relating causal models at dif-
ferent levels (Rubenstein et al., 2017; Beckers and
Halpern, 2019; Geiger et al., 2025) and applied causal
abstractions to neural networks (Geiger et al., 2021).
Distributed alignment search (DAS) finds a rotation
of a neural representation that places each specified
high-level variable in its own subspace, allowing inter-
ventions on that variable to be implemented by editing



When Do Learned Blocks Preserve Causal Meaning?

the corresponding subspace (Geiger et al., 2024). DAS
searches for an alignment to one high-level model; we
instead characterize the representation changes guar-
anteed to preserve any constructive abstraction with
the given blocks. Other work studies how abstractions
can be discovered. Causal feature learning (Chalupka
et al., 2017) and unsupervised causal abstraction dis-
covery (Saulus et al., 2026) seek macro-variables or
high-level models, while Li et al. (2025) use paired
observations before and after unknown interventions
to determine which latent variables cannot be dis-
tinguished and must therefore be represented as one
higher-level variable. Our theory assumes that the
low- and high-level models, blocks, and abstraction are
given and asks which changes of representation pre-
serve that abstraction.

Block identifiability. Independent subspace anal-
ysis (ISA) identifies latent subspaces up to their
permutation and invertible transformations within
them (Hyvärinen and Hoyer, 2000; Theis, 2006); addi-
tive decoders give an analogous guarantee under addi-
tive structure (Lachapelle et al., 2023). These trans-
formations are a special case of the family T char-
acterized by Thm. 1. Causal representation learning
more broadly seeks to recover latent causal variables
or their structure (Schölkopf et al., 2021). Our theory
starts from a given abstraction and studies whether it
remains valid under the transformations left open by
block identifiability.

Feature blocks and steering. For an SAE, each
output coordinate of the encoder is one learned fea-
ture in our terminology. SAEs with different num-
bers of output coordinates need not learn the same
features: a concept represented by one coordinate in
an SAE with fewer output coordinates may be repre-
sented by several more specific coordinates in an SAE
with more output coordinates (Bricken et al., 2023;
Leask et al., 2025). Sparse Shift Autoencoders iden-
tify one-dimensional steering directions up to permu-
tation and rescaling under their assumptions (Joshi
et al., 2025). Block-sparse featurizers instead represent
a concept using a multidimensional block and recover
low-dimensional visual concept manifolds whose inter-
nal coordinates are defined only up to rotation (Fel
et al., 2026). Together, these works motivate asking
when steering a concept represented by a block retains
its high-level causal meaning under changes of repre-
sentation.

Approximate causal abstractions. Approximate
causal abstraction allows the high-level model to repro-
duce the low-level system only up to a quantified er-
ror (Beckers et al., 2019), and abstraction maps can be

learned by enforcing consistency across interventional
distributions (Zennaro et al., 2023). Our maximal-
ity theorem concerns exact abstractions; the synthetic
experiment measures approximate steering and trans-
port rather than proving an approximate abstraction
guarantee.

6 DISCUSSION

Limitations. Our result assumes deterministic
SCMs L and H, a fixed block partition and its corre-
spondence to the high-level variables, and a given ex-
act constructive abstraction (τ, ω). It applies to hard
interventions on complete blocks and does not show
how these assumptions can be learned from data. Our
synthetic experiment studies a controlled and approx-
imate setting: the additive architecture matches the
synthetic generator, concept-labelled observations are
used to fit the cell maps πb, observations encoded by
different additive autoencoders are used to fit transfor-
mations between their representations, and only au-
toencoders that reconstruct accurately are retained.
The experiment therefore illustrates concept-directed
steering and its transport in a simplified setting, but
it does not establish an exact abstraction or provide a
general method for discovering one.

Future work. The main open problems are to re-
cover the blocks and (τ, ω) under explicit identifiability
assumptions; extend the maximality result to stochas-
tic SCMs, soft interventions, and quantitatively ap-
proximate abstractions; and evaluate concept-directed
steering and transport in real neural representations,
where exact generator comparisons are unavailable.

Conclusion. Under a given block-aligned con-
structive abstraction, the ambiguity left by block-
identifiability does not destroy the high-level causal in-
terpretation. Block-diagonal reparameterizations, up
to compatible coordinate permutations, are the max-
imal class guaranteed to preserve every such abstrac-
tion under the transported alignment; transformations
outside this class may preserve a particular abstraction
but have no universal guarantee (Thm. 1). In a con-
trolled synthetic setting, we illustrate this connection
by translating high-level concept interventions into ed-
its of entire learned blocks and transporting those edits
between independently trained representations (§ 4).

AI use statement

Generative AI tools were used to assist with imple-
menting, debugging, and testing the experimental code
and to suggest limited edits to the manuscript for
clarity and concision. All reported results were pro-
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duced by executing the code, and the authors re-
viewed the AI-assisted code, experimental outputs,
and manuscript edits. The authors take responsibility
for the final content of this work, including all text,
claims, and artifacts produced with the aid of genera-
tive AI.
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Block Identifiability and Constructive Causal Abstractions:

Supplementary Materials

A TERMINOLOGY

Tab. 2 collects the terms the paper builds on with their notation, a one-line reading, and the place each is defined.

Table 2: Core terminology and notation used in the paper.

Term Notation Meaning Defined in

Representation
(feature vector)

x = g(o) Featurizer output whose coordinates form VL § 2

Activation vector o Activation read from the network and supplied
to the featurizer g

§ 2

Featurizer g Maps network activations to x; examples
include SAEs and block-sparse featurizers

§ 2

Learned feature X ∈ VL Coordinate variable of the featurizer output § 2

Concept Z(b) ∈ VH High-level variable, possibly encoded across
several learned coordinates

§ 2

Low-level model L, VL Representation-level SCM on the featurizer
output, whose coordinates carry the block
partition

§ 2 and Assum. 1

High-level model H, VH SCM over the human-interpretable concepts § 2
Deterministic SCM M Signature Σ plus mechanisms {FX}; Solve(M)

are its fixed points
§ 2; Geiger et al.
(2025)

Hard intervention I (on L), J
(on H)

Replaces the mechanisms of a variable set by
constants; identified with its overwrite map;
the empty intervention is the identity

§ 2

Intervention algebra Ψ Composition algebra isomorphic to hard
interventions; here, hard interventions on zero
or more complete blocks

§ 2; Assum. 1

Exact transformation (τ, ω) State and intervention maps commuting with
Solve

eq. (1); Rubenstein
et al. (2017); Geiger
et al. (2025)

Bijective translation T : L → LT Coordinate change with transported
interventions IT = T ◦ I ◦ T−1; exact relative
to the transported intervention algebra

Defn. 3; Geiger
et al. (2025)

Constructive
abstraction

— Exact transformation whose state and
intervention maps are induced by an alignment

Defn. 4; Beckers
and Halpern (2019);
Geiger et al. (2025)

Block partition V(b) Disjoint grouping of the low-level variables
into B blocks

eq. (4)

Alignment cell, cell
map

V(b), πb The block from which Z(b) is computed and
the surjection producing its value

Assum. 1

Block-diagonal
reparameterization

D ∈ D Bijection acting within each block, mixing
none

Defn. 5

Transformation family T ∈ T Maps T = σ ◦D with compatible σ and D ∈ D Defn. 8 and Thm. 1
Transported model LT Mechanisms conjugated through T , so

T : L → LT is a bijective translation
Defn. 3

Compatible
permutation,
transported cells

σ, σ(V(b)) Permutation of coordinates with matching
value domains, carrying each block to a
possibly interleaved cell; whole-block
permutations are the special case

Defn. 7
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Term Notation Meaning Defined in

Fibers π−1
b (z) The low-level cell values mapped to the same

high-level value; equal fibers make two
abstractions differ by a relabeling

§ 3.2
and Corollary 1

Block-identifiability — Recovery of blocks up to their permutation
and invertible within-block maps; ISA gives
the linear within-subspace case

§ 1

B PROOFS

This section contains the proof of the main theorem and a secondary corollary.

B.1 Universal maximality of block-diagonal invariance

Proof of Thm. 1. (b)⇒(a). Assume T = σ ◦D with D = Diag(D(1), . . . , D(B)), and fix a target H and (τ, ω) ∈
A(L,H). Constructiveness of the transported pair requires two properties: an alignment with cells σ(V(b))
inducing τ ◦ T−1, and exactness of (τ ◦ T−1, ωT ) : LT → H.

Step 1: the transported alignment. Let πb : ValV(b) ↠ ValZ(b) be the original cell maps, so

τ(x) =
(
πb(xV(b))

)B
b=1

. (9)

For y = T (x), σ−1 moves the value in σ(V(b)) back to V(b), and (D(b))−1 undoes the within-block change of
coordinates:

(T−1(y))V(b) = (D(b))−1
(
σ−1
b (yσ(V(b)))

)
. (10)

Define the cell map on the transported cell σ(V(b)) by

πT
b := πb ◦ (D(b))−1 ◦ σ−1

b . (11)

The cells σ(V(b)) partition VL (Defn. 7); each πT
b is surjective because πb is and the remaining factors are

bijective; and substituting the block formula for T−1 into τ gives

(τ ◦ T−1)(y) =
(
πT
b (yσ(V(b)))

)B
b=1

, (12)

the required alignment-induced form.

Step 2: exactness. Let I ∈ dom(ω) = Ψ set the complete blocks indexed by S ⊆ {1, . . . , B} to values ib. Its
conjugate IT sets each transported cell σ(V(b)), b ∈ S, to

iTb := σb(D
(b)(ib)), (13)

and the transported cell map assigns this cell value the same macro-value:

πT
b (i

T
b ) = πb(ib). (14)

Hence ωT , as defined in Defn. 6, coincides with the intervention map induced by the transported alignment
(Defn. 4). Since T : L → LT is a bijective translation (Defn. 3), and bijective translations are exact (Geiger
et al., 2025),

Solve(LIT

T ) = T (Solve(LI)), (15)

so

(τ ◦ T−1)(Solve(LIT

T )) = τ(Solve(LI)) (16)

= Solve(Hω(I)) (17)

= Solve(HωT (IT )), (18)
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using the transported-solution equation, exactness of (τ, ω), and ωT (IT ) = ω(I). The transported pair is exact
and alignment-induced, hence constructive, proving (a).

(a)⇒(b). Fix the compatible permutation σ from the theorem statement. We construct a block-diagonal bijection
D with T = σ ◦D via the identity block abstraction: a coarse abstraction may discard the information needed
to recover T , whereas the identity abstraction retains the complete value of every block.

Step 1: the identity abstraction lies in the quantified family. Define

τid(x) =
(
xV(b)

)B
b=1

, (19)

which packages each complete block as one product-valued macro-variable and loses no information. Let Hid be
the SCM with mechanisms conjugated through τid (Defn. 3), with interventions transported accordingly. The
pair is a bijective translation, hence exact, and is induced by the cells V(b) with identity cell maps, so it lies in
A(L,Hid); because condition (a) ranges over every target H, it applies to this abstraction.

Step 2: blockwise factorization of T−1. Condition (a) says τid ◦ T−1 is constructive under the fixed transported
cells σ(V(b)), so it supplies surjective cell maps

πT
b : Valσ(V(b)) ↠ ValV(b) (20)

whose outputs are the complete original block values. Equating the b-th component of the alignment-induced
state map with the b-th component of τid ◦ T−1 gives

(T−1(y))V(b) = πT
b (yσ(V(b))) (21)

for every b: each output block of T−1 depends only on its assigned transported input block.

Step 3: the block factors are bijective. Each πT
b is surjective as a cell map in the transported alignment. For

injectivity, suppose u ̸= u′ but πT
b (u) = πT

b (u
′); completing u and u′ to total states y ̸= y′ that agree on every

other transported cell, the component equations give T−1(y) = T−1(y′), contradicting injectivity of T−1. Hence
every πT

b is bijective.

Step 4: assembling D. With the bijection σb : ValV(b) → Valσ(V(b)), define

(D(b))−1 := πT
b ◦ σb : ValV(b) → ValV(b) , (22)

and let D−1 := Diag((D(1))−1, . . . , (D(B))−1). Comparing D−1 ◦ σ−1 with T−1 on each block:

((D−1 ◦ σ−1)(y))V(b) = (D(b))−1
(
σ−1
b (yσ(V(b)))

)
(23)

= πT
b (yσ(V(b))) (24)

= (T−1(y))V(b) , (25)

by the definition of (D(b))−1 and the block-factorization equation of Step 2. The maps agree on every block, so
T−1 = D−1 ◦ σ−1 and T = σ ◦D, which is condition (b). Exactness is not used in this algebraic factorization; it
is needed in Step 1 to place the identity abstraction in the family quantified over by condition (a).

B.2 Uniqueness up to macro value relabeling

Two surjective cell maps with the same fibers identify the same low-level values and therefore differ only by a
relabeling of their high-level values. The following corollary applies this observation to abstractions related by a
block reparameterization.

Corollary 1 (Uniqueness up to macro value relabeling). Let L2 = (L1)D for D ∈ D. Let (τ1, ω1) : L1 → H1

and (τ2, ω2) : L2 → H2 be constructive abstractions with the same cells V(b) and cell maps π1,b, π2,b, and suppose
that for every b the fibers of π2,b and of π1,b ◦ (D(b))−1 coincide on ValV(b) . Then there is a unique blockwise
bijection ϕ = (ϕb)b, ϕb : ValZ(b)

1
→ Val

Z
(b)
2

, with τ2 = ϕ ◦ τ1 ◦D−1 and ω2(I
D) = ϕ ◦ ω1(I) ◦ ϕ−1 for every I ∈ Ψ,

and H1 and H2 have ϕ-related solution sets under every intervention in ω1(Ψ). If moreover π2,b = π1,b ◦(D(b))−1

for every b, then ϕ = id and the two macro-models have the same solution sets under every such intervention.
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Proof of Corollary 1. By Thm. 1 with σ = id, (τ1 ◦ D−1, ωD
1 ) is constructive L2 → H1 with cell maps π1,b ◦

(D(b))−1. Fix b: this map and π2,b are surjections of ValV(b) with the same fibers, so ϕb(z) := π2,b(u) for any
u ∈ (π1,b ◦ (D(b))−1)−1(z) is a well-defined bijection, and it is the only map with π2,b = ϕb ◦ π1,b ◦ (D(b))−1

because the latter map is onto. Hence τ2 = ϕ ◦ τ1 ◦ D−1, and by the definition of the induced intervention

map (Defn. 4) the intervention ID setting the cells S to D(b)(ib) is sent by ω2 to do(Z
(b)
2 =ϕb(π1,b(ib)), b ∈ S),

which is ϕ ◦ ω1(I) ◦ ϕ−1 because ϕ acts coordinatewise. Exactness of both pairs then gives, for every I ∈ Ψ,

ϕ(Solve(H
ω1(I)
1 )) = ϕ(τ1(Solve(L

I
1))) = τ2(Solve(L

ID

2 )) = Solve(H
ω2(I

D)
2 ), the empty intervention included; the

last claim follows because equal cell maps force ϕb = id.

C CONCEPT-DIRECTED STEERING AND TRANSPORT DETAILS

Generator and model. Each example draws s1, u1, s2, u2 independently from Uniform[−1, 1], lifts each pair
by ϕ(s, u) = (s, u, s2, su, u2)⊤, and forms

o = A1ϕ(s1, u1) +A2ϕ(s2, u2) ∈ R10, (26)

where A = [A1 A2] ∈ R10×10 is the orthogonal factor of one seeded random matrix and is fixed across all splits
and models. The construction satisfies the reference-side sufficient-nonlinearity condition of Lachapelle et al.
(2023); the exact learned-side conditions of that result are not claimed for finite trained networks. For model
r, the encoder Er has widths 10, 64, 64, 4, and each branch of the decoder Gr has widths 2, 64, 64, 10, with tanh
hidden activations and linear outputs. Training minimizes reconstruction mean squared error (MSE) with Adam,
using batch size 1024, learning rate 10−3, and weight decay 5× 10−4. Training runs for at most 2000 epochs and
stops after 200 epochs without a validation-MSE improvement of at least 10−7; the best validation checkpoint is
retained. All runs use CPU-only local execution with four PyTorch threads. No factor label enters autoencoder
training or checkpoint selection.

Data splits and fitted maps. The experiment uses 20,000/2,000 observations for autoencoder training and
validation and 5,000 held-out observations for reconstruction eligibility. The reference cell maps use separate
calibration, validation, and test splits of sizes 2,000, 2,000, and 5,000. The cross-model maps use 5,000/2,000
paired, unlabelled observations for fitting and validation. For each of 5,000 further base observations, we inde-
pendently sample one intervention value s⋆1 and one intervention value s⋆2 from Uniform[−1, 1]. This gives 5,000
steering cases per concept, or 10,000 interventions in total; each corresponding edit is evaluated in the reference
model and four retained recipient models.

For each possible pairing of reference block b and concept j, an affine candidate map

πbj(x
(b)
0 ) = w⊤

bjx
(b)
0 + cbj (27)

is fitted by least squares. The one-to-one assignment with the highest validation R2 is retained, and its two
maps become π1 and π2. For every possible reference–recipient block pair, an affine map is fitted in standardized
coordinates by least squares. The one-to-one pairing with the lowest worst-block validation NMSE estimates σ̂r

and is retained. After indexing each recipient block by its matched reference block, the selected within-block

map D̂
(b)
r satisfies D̂

(b)
r (x

(b)
0 ) ≈ x

(b)
r . This second fit sees paired codes of the same observations but no factor

values.

Selecting a point in the fiber. Let x
(b)
0 be the intervened block of the reference code for the base observation.

For the affine πb, the closest point in its fiber over s⋆b is

x
(b)⋆
0 = x

(b)
0 +

s⋆b − πb(x
(b)
0 )

∥wb∥2
wb, πb(x

(b)⋆
0 ) = s⋆b . (28)

Replacing this block produces the reference code x⋆
0 and decoded observation ô⋆

0 = G0(x
⋆
0). Recipient model r

receives x
(b)⋆
r = D̂

(b)
r (x

(b)⋆
0 ), producing x⋆

r and ô⋆
r = Gr(x

⋆
r). This Euclidean projection is a convenient way to

choose one representative of the fiber; it is not a unique inverse of πb.
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Evaluation. For each intervention, we construct one exact generator observation by replacing only the inter-
vened concept value in the factors of the base observation:

ogen = Abϕ(s
⋆
b , ub) +A3−bϕ(s3−b, u3−b), (29)

where ub and the second factor pair come from the base observation. The same ogen is used to evaluate the
complete reference and recipient observations by computing the NMSE between ô⋆

r and ogen for r = 0 and every
retained recipient. Because the generator is injective and ϕ contains the original factor coordinates, this common
comparison tests whether the edit sets sb to s⋆b while preserving its nuisance value and the other factor pair.

For predictions ŷ1, . . . , ŷN and comparisons y1, . . . ,yN , we define

NMSE(ŷ,y) :=

∑N
n=1∥ŷn − yn∥2∑N
n=1∥yn − y∥2

, y :=
1

N

N∑
n=1

yn. (30)

For cross-model map validation, each recipient coordinate is standardized using the corresponding training-set
mean and standard deviation before applying this definition.

The thresholds were fixed before the run: reconstruction NMSE at most 0.01; reference-readout and decoded-
concept R2 at least 0.95; cross-model map NMSE at most 0.05; untargeted s and u R2 at least 0.95; generator-
validity residual at most three times the reconstruction floor; and final common-comparison NMSE at most
0.02.

Numerical results. The reference model reconstructs with NMSE 0.007312. Four of ten additional autoen-
coders pass the same gate, with NMSE between 0.007762 and 0.007927; the other six lie between 0.099071 and
0.100609. The two selected reference cell maps have test R2 between 0.999602 and 0.999618, while each block
has no predictive power for the other concept. The selected cross-model maps have validation NMSE between
0.001985 and 0.005839; the alternative block pairings have NMSE near 1.

All retained models satisfy the reconstruction criterion, and every predeclared calibration, map-validation, steer-
ing, preservation, validity, and common-observation check passes.
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