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Abstract

Long-range electrostatic and polarization interactions play a central role in
molecular and condensed-phase systems, yet remain fundamentally incompatible
with locality-based machine-learning interatomic potentials. Although mod-
ern SO(3)-equivariant neural potentials achieve high accuracy for short-range
chemistry, they cannot represent the anisotropic, slowly decaying multipolar cor-
relations governing realistic materials, while existing long-range extensions either
break SO(3) equivariance or fail to maintain energy—force consistency. Here
we introduce EquiEwald, a unified neural interatomic potential that embeds
an Ewald-inspired reciprocal-space formulation within an irreducible SO(3)-
equivariant framework. By performing equivariant message passing in reciprocal
space through learned equivariant k-space filters and an equivariant inverse
transform, EquiEwald captures anisotropic, tensorial long-range correlations
without sacrificing physical consistency. Across periodic and aperiodic bench-
marks, EquiEwald captures long-range electrostatic behavior consistent with
ab initio reference data and consistently improves energy and force accuracy,
data efficiency, and long-range extrapolation. These results establish EquiEwald
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as a physically principled paradigm for long-range—capable machine-learning
interatomic potentials.

Keywords: Machine Learning Interactomic Potentials, Long Range Dependence,
Graph Neural Network

1 Introduction

Molecular dynamics (MD) simulation has become an indispensable tool for probing
atomistic mechanisms underlying chemical reactivity, condensed-phase organization,
materials discovery, and biomolecular function [1-5]. Yet despite decades of progress,
achieving quantum-level accuracy at the spatial and temporal scales required for
realistic materials and molecular systems remains a central challenge. Quantum-
mechanical methods such as density functional theory (DFT) deliver reliable energies
and forces [6], but their steep computational cost restricts system sizes and timescales.
Classical force fields, while efficient, often lack the transferability and predictive fidelity
needed for complex chemistries [7]. Machine-learning interatomic potentials (MLIPs)
aim to overcome this trade-off by learning high-dimensional potential energy surfaces
from ab initio data [8-11], enabling simulations that approach quantum accuracy with
near—force-field efficiency [12].

Within this landscape, SO(3)-equivariant graph neural networks, including
NequlP [13], Allegro [14], and MACE [15], have emerged as state-of-the-art short-range
MLIPs. By explicitly encoding rotational and translational symmetries, these mod-
els achieve remarkable data efficiency and robustness across chemical space. However,
their accuracy fundamentally relies on a strict locality assumption: the total energy
is decomposed into atomic contributions determined solely by environments within a
finite cutoff radius [16-18]. This assumption is intrinsically incompatible with systems
dominated by long-range interactions, such as electrostatics, dipole—dipole coupling,
and collective polarization, which decay slowly and exhibit pronounced anisotropy [19-
21]. As a result, even the most advanced equivariant architectures struggle to represent
the tensorial, multipolar correlations governing electrolytes, molecular crystals, and
interfacial systems [16, 22, 23]. This limitation is not merely quantitative but represen-
tational: long-range physics cannot be faithfully captured by truncating interactions
in real space, regardless of local model expressivity [24]. At its core, this reflects a
mismatch between the tensorial symmetry of long-range physical interactions and the
truncated or scalar representations imposed by locality-based learning.

Efforts to incorporate long-range interactions into MLIPs have continued for years.
Early work augments short-range models with empirical electrostatics and dispersion
baselines, which enforce the correct asymptotic behavior but are typically system-
dependent and hard to obtain for complex, heterogeneous environments [25, 26]. A
more general line of work learns intermediate physical surrogates, most commonly
effective partial charges or electronic proxies such as Wannier-center-based representa-
tions, and then evaluates long-range electrostatics explicitly [27-31]. These approaches
are easier to interpret and can capture polarization effects, but they often require



additional supervision and remain sensitive to the non-uniqueness of charge partition-
ing. Message-passing models [13, 32, 33] extend the receptive field by stacking local
convolutions, yet truly nonlocal couplings, such as interactions between fragments
separated beyond the cutoff, are still difficult to capture. Inspired by Ewald summa-
tion, more recent work models long-range effects in reciprocal space by aggregating
global interactions through Fourier components with learnable frequency filters [34—
36]. However, these frameworks encode reciprocal-space signals using scalar structure
factors or latent charge-like variables, which average over angular information and
can limit the description of directional electrostatics, multipolar correlations, and
anisotropic polarization. LODE methods [24, 37] provide a complementary strat-
egy by using local descriptors to parameterize Coulomb and more general 1/rP
far-field interactions. This formulation preserves analytic asymptotic behavior and
enables the incorporation of physically motivated long-range terms within equivariant
frameworks. However, because the long-range contributions are introduced through
predefined functional forms, these approaches can be less flexible in capturing com-
plex environment-dependent electronic correlations, and they do not fully integrate
long-range interactions into a unified end-to-end learning architecture.

Here, we introduce EquiEwald, a unified SO(3)-equivariant neural interatomic
potential that embeds Ewald summation within an irreducible representation (irrep)
framework [38]. EquiEwald replaces the conventional locality assumption with a
degree-resolved reciprocal-space pathway that enables long-range interactions to be
represented at the tensorial level. By performing SO(3)-equivariant message passing
directly in reciprocal space, the model can capture anisotropic and non-local cor-
relations while preserving exact rotational symmetry and energy—force consistency.
Specifically, EquiEwald computes irrep-resolved structure factors, applies learned
k-space filters under both periodic and aperiodic boundary conditions, and maps
spectral signals back to atomic space through an equivariant inverse transform, yield-
ing a unified treatment of real-space and reciprocal-space physics within a single
differentiable architecture. Across a suite of demanding benchmarks, we show that
this representation-level integration of reciprocal-space information leads to improved
accuracy, data efficiency, and transferability in systems governed by non-local interac-
tions. While EquiEwald does not aim to replace explicit electrostatic models, analytic
Ewald formulations, or environment-dependent dielectric descriptions, it provides
a physically structured, equivariant alternative for learning long-range interactions
directly from ab initio data, addressing a fundamental representational limitation of
locality-based MLIPs.

2 Results

2.1 Preliminaries

MLIPs aim to learn mappings from atomic structures to physical observables such
as total energy F and forces F; = —V, E. In the absence of external fields, the
underlying physical laws are invariant under global translations, rotations, and per-
mutations of atoms with identical species. To ensure physical consistency and improve
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Fig. 1: Overview. a, The whole model structure of EquiEwald. b, The EquiEwald
long-range block takes node features and wave-vector inputs, applies an SO(3) linear
map and gating, then decomposes degree-{ irreps into real/imag branches with k-space
filters driven by (k,r;); an inverse Fourier transform and an MLP return real-space
updates per degree. Outputs across degrees are concatenated and gated, then fused
with normalized local features to yield a rotationally equivariant long-range interaction
update.

generalization, modern neural potentials typically enforce equivariance to these sym-
metries [13, 14]. In this work, we focus on SO(3)-equivariance, which requires that
the learned atomic features transform as irreducible spherical tensors under global 3D
rotation [39, 40]. Formally, for a rotation matrix R € SO(3) and atomic positions

{r;}X,, an f-type atomic representation XEZ) € C?'*1 must satisfy

x9 s xW = pO(R)x\Y, (1)
where D)(R) is the Wigner-D matrix of degree ¢ [41]. A formal proof demonstrating
the SO(3) equivariance of each step within the EquiEwald module is provided in Sup-
plementary Section 2. This property ensures that energy predictions remain invariant
(E' = E) and that forces transform as proper vectors (F; = RF;) under arbitrary
global rotation [42].

Throughout this paper, we use this formulation to build rotation-equivariant
neural architectures. Our proposed long-range module, EquiEwald, operates on
such irreducible SO(3) representations in reciprocal space and preserves equivari-
ance via spherical harmonic decomposition, frequency-domain filtering, and inverse
accumulation, as detailed in the following sections.



2.2 Overall structure of EquiEwald

EquiEwald is a neural framework for learning interatomic potentials that unifies
short-range geometric modeling with long-range physical interactions in a single,
rotation-equivariant architecture. As shown in Fig. 1(a), it consists of two synergistic
representation pathways: a short-range encoder that captures local atomic environ-
ments using a local graph message passing backbone, and a long-range spectral encoder
that introduces non-local information via message passing in reciprocal space. Both
components operate on the same atom-wise input and their outputs are fused through
a residual update to form the final atomic representation used for energy and force
prediction.

A central feature of the EquiEwald design, illustrated in Fig. 1(b), is its use of high
harmonic spherical degrees to organize and propagate information in reciprocal space.
This enables the model to resolve anisotropic, direction-dependent, and multipolar
correlations that are critical for accurately modeling long-range interactions in systems
with electrostatics, polarization, or delocalized electronic structure. Unlike purely local
models that rely on cutoff-based neighborhoods, EquiEwald captures extended spatial
dependencies through equivariant Fourier accumulation and degree-resolved filtering,
maintaining SO(3) symmetry throughout.

By embedding physically motivated priors into the representation space,
EquiEwald provides a unified treatment of short-range and long-range physics effects.
This design improves model accuracy, long-range extrapolation, and data efficiency
across both periodic and aperiodic systems, including charged dimers, conjugated
molecules, supramolecular assemblies, and biomolecular dynamics.

2.3 Experimental results

The effectiveness of EquiEwald was systematically evaluated on both aperiodic and
periodic systems. For the main results, we adopted the eSCN framework [43] as our
primary method. For periodic systems, we additionally included EquiformerV2 [44]
as another baseline. Aperiodic benchmarks included molecular dimer [36], AIMD-
Chig [45], and buckyball catcher [46] datasets, while periodic systems were assessed
using the OC20 dataset [47].

Molecular Dimer. This system presents a prototypical case of long-range electro-
static interaction between spatially separated charged species. It comprises a cationic
C4NoHg and an anionic C3NOH; molecule, forming a loosely bound dimer where
intermolecular interactions are governed predominantly by long-range dipole-dipole
forces. The training configurations cover centroid separations from 5 to 12 A, while
the test set focuses on even more distant geometries extending from 12 to 15 A. At
these distances, the two fragments lie well beyond the 5 A local cutoff, rendering them
effectively disconnected in standard message-passing architectures. Figure 2 compares
the performance of four modeling approaches. The baseline eSCN model (Fig. 2a) does
not capture the correct asymptotic decay of the interaction energy and yields a large
MAE of 21.08 meV. As interactions beyond the local cutoff are not modeled, the pre-
dicted energies level off too early and break down in the extrapolative test set. Two
alternative long-range methods are evaluated to address this issue (Fig. 2b and c).



These methods substantially reduce the error, achieving MAEs of 1.18 meV and 2.28
meV, respectively, but visible deviations from the reference values remain at larger
separations. In contrast, the eSCN + EquiEwald model (Fig. 2d) produces accurate
energy predictions across the full range of separations, including the extrapolative test
configurations, with a MAE of 0.78 meV. We also compared the results for another
pair of molecular dimers. A detailed comparison of the energy and force MAE between
eSCN and eSCN + EquiEwald is given in Supplementary Fig. S1. These results
show that EquiEwald overcomes the limitations of scalar methods in modeling long-
range electrostatic interactions by incorporating higher-order tensor representations,
enabling accurate capture of anisotropic and multipolar interactions, and significantly
improving the modeling accuracy and physical consistency for molecular systems.
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Fig. 2: Benchmark comparison between short-range and long-range mod-
els on charged molecular dimer systems. a—d Predicted versus reference energy
results for polar-polar dimers. The short-range model is compared with three long-
range variants: (b) eSCN+EwaldMP (scalar) [35], (¢) eSCN+4LES [22], and (d)
eSCN+EquiEwald. For energy prediction, the short-range model fits only short-
distance configurations and fails to generalize beyond the cutoff, while all long-range
variants recover the full interaction curve, including distant test points.

AIMD-Chig. Derived from ab initio molecular dynamics of the protein Chignolin, it
poses challenges due to its flexible backbone, complex conformational dynamics, and
long-range intra-molecular interactions important for maintaining structural stability.



Table 1: Performance comparison of different long-range interac-
tion modeling approaches on the AIMD-Chig dataset. The base-
line eSCN model is compared with variants incorporating scalar
EwaldMP, and the proposed EquiEwald method. Mean Absolute
Errors (MAE) for energy and atomic forces are reported in meV
and meV /A, respectively.

Model Test Energy (MAE)  Test Force (MAE)
eSCN [43] 193.9 23.1
eSCN+EwaldMP (scalar) [35] 132.8 20.3
eSCN+EquiEwald 109.0 18.1

As shown in Table 1, the baseline eSCN model yields a test energy MAE of 193.9 meV
and a force MAE of 23.1 meV/A. With EquiEwald, these errors are reduced to 109.0
meV and 18.1 meV/ A, corresponding to improvements of 44% and 21%, respectively.
By incorporating reciprocal-space information with angular resolution, EquiEwald
provides the representational capacity needed to model collective motions and long-
range electrostatics in biomolecular systems. Table 1 further includes scalar EwaldMP,
enabling a systematic comparison between invariant and equivariant treatments of
long-range interactions.

We further evaluate the effect of explicitly modeling long-range interactions on
thermodynamic properties using the fast-folding protein Chignolin. From the sim-
ulation trajectories, 100,000 conformational snapshots were uniformly sampled and
analyzed using the ) score, which measures the fraction of native contacts relative to
the reference folded structure. The model-predicted potential energies were then used
to reconstruct the energy landscape and estimate thermodynamic quantities, includ-
ing the folding free-energy difference (AG). Detailed protocols and analysis procedures
are described in the Methods. Compared to the baseline eSCN model, which relies
solely on local message passing, incorporating the EquiEwald reciprocal-space mod-
ule substantially improves the accuracy of energy predictions relevant to free-energy
estimation. Specifically, the prediction error is reduced from 1.15 kcal/mol for eSCN
to 0.67 kcal/mol for eSCN+EquiEwald, corresponding to an approximate 42% rela-
tive reduction. This improvement demonstrates that explicitly modeling long-range
electrostatic interactions leads to more accurate thermodynamic estimates. In con-
trast, purely local representations struggle to capture the collective intra-molecular
interactions that stabilize folded conformations in Chignolin.

Buckyball Catcher. The Buckyball Catcher system presents a strong challenge for
interatomic potentials due to its supramolecular structure and long-range non-covalent
interactions between the host and the encapsulated fullerene. These interactions exceed
typical cutoff distances, making them difficult for local models to capture. As shown
in Supplementary Table S1, the baseline eSCN model yields a test energy MAE of
36.0 meV, while incorporating EquiEwald reduces this to 18.1 meV, corresponding to
an improvement of nearly 50%. For force prediction, the MAE drops from 6.4 meV /A



Table 2: Mean absolute errors (MAE) of energy and force. Results are
reported on the evaluation splits for OC20. Energy errors are reported
in meV, and force errors are in meV /A. Our method is highlighted

in bold.

Model Test(Evaluation) Energy  Test(Evaluation) Force
eSCN [43] 347.0 24.7
eSCN+EquiEwald 321.2 24.1
EquiformerV2 [44] 541.0 46.4
EquiformerV2+EquiEwald 453.0 38.4

to 6.1 meV/A. This larger energy gain arises because reciprocal-space methods effi-
ciently capture the global modes governing the potential energy surface, whereas local
force gradients remain more sensitive to high-frequency spectral truncation. These
improvements are consistently observed across multiple training runs, as evidenced
by the error bars in Supplementary Fig. S2, which demonstrate the statistical sta-
bility of our method. These results demonstrate that EquiEwald enables the model
to capture extended spatial correlations through reciprocal-space message passing
with high harmonic spherical degrees, improving accuracy in systems with long-range
supramolecular interactions.

0OC20. We further evaluate EquiEwald on the OC20 S2EF benchmark, which com-
prises catalytic surface—adsorbate structures under periodic boundary conditions.
Because OC20 contains heterogeneous interfaces, the predicted energies and forces can
be affected by nonlocal effects, including charge redistribution, surface polarization,
and interactions induced by periodicity. This property makes OC20 a relevant bench-
mark for evaluating long-range interaction modeling. As shown in Table 2, EquiEwald
consistently improves the performance of both backbones. The improvement is partic-
ularly pronounced for EquiformerV2, for which the energy and force MAEs decrease
from 541.0 to 453.0 meV and from 46.4 to 38.4 meV/A, respectively. For eSCN,
EquiEwald also reduces the energy MAE from 347.0 to 321.2 meV and the force MAE
from 24.7 to 24.1 meV/A. Overall, these results indicate that reciprocal-space long-
range modeling is beneficial for periodic interfacial systems, with a more evident effect
on energy prediction than on force prediction.

3 Discussion

In this work, we introduced EquiEwald, an SO(3)-equivariant neural interatomic
potential that integrates long-range interactions directly into the representation space
of message-passing models. By embedding Ewald summation within a reciprocal-
space framework and performing degree-resolved equivariant convolutions over high
harmonic spherical components, EquiEwald captures multipolar and anisotropic cor-
relations that are inaccessible to purely local methods. Our results across diverse
benchmarks demonstrate the effectiveness and generality of this approach. In peri-
odic systems, supramolecular assemblies, conjugated molecules, charged dimers, and



biomolecular dynamics, EquiEwald consistently improves energy and force predictions,
even under limited data. These improvements reflect the model’s ability to resolve
long-range electronic, electrostatic, and structural dependencies in a physically con-
sistent manner. Rather than treating long-range interactions as external corrections,
EquiEwald unifies short-range chemistry and long-range physics within a single, differ-
entiable neural potential. This reframes the challenge of long-range modeling in MLIPs
as a representational problem, and highlights the importance of embedding physical
structure into the architecture itself, rather than deferring it to post hoc corrections
or auxiliary terms.

By bridging quantum accuracy and force-field scalability, EquiEwald offers a
promising direction for next-generation MLIPs applicable to realistic systems such as
electrolytes, molecular crystals, interfaces, and proteins. Its reciprocal-space formula-
tion may also be extended to incorporate dielectric response, long-range polarization,
or time-dependent interactions in future work. More broadly, it suggests a general
strategy for integrating global physical priors into geometric deep learning models for
scientific applications.

4 Methods

4.1 Model implementations

Short-range Encoders. To capture local geometric information, we employ equiv-
ariant neural networks that process atomic structures while maintaining physical
symmetries. We initialize the initial atom features x? via an embedding of the atomic
number z;. To represent the directional nature of the local relation, these encoders
utilize spherical harmonics to expand the relative displacement vectors between neigh-
boring atoms. Here, the spherical harmonic degree ¢ determines the resolution of the
angular information, where higher degrees capture more complex multi-body corre-
lations, and the magnetic component m (ranging from —¢ to ¢) tracks the specific
orientation of these features under rotation. Through equivariant operations, the
encoder iteratively updates atom features to produce the final local atom representa-
tion, denoted as x1°°!. Specific architectural details (eSCN [43] and EquiformerV2 [44])

are provided in the Supplementary Section 3.

Long-range Encoders. The EquiEwald block is designed to capture non-local
directional interactions by extending the Ewald message passing [35] framework to
high-degree equivariant representations. While the original Ewald MP primarily com-
municates isotropic scalar information, our high-degree approach enables the model to
learn anisotropic long-range correlations and complex multi-body geometric patterns
that extend across the entire molecular system. By incorporating tensorial features
(¢ > 0), the block captures how the specific orientations and angular distributions
of distant atomic environments mutually influence the potential energy surface, effec-
tively modeling long-range directional dependencies that are lost in local or scalar-only
paradigms.

The core concept of EquiEwald involves flipping the traditional rationale behind
Ewald summation, rather than starting with a known physical kernel and seeking a
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decomposition, we parametrize a learnable filter that is specifically not short-ranged.
By learning this component directly in Fourier space, we replace the conventional
spatial distance limit with a cutoff on frequency, enabling the efficient capture of global
structural information through reciprocal-space message passing. To process these
high-degree representations, EquiEwald introduces degree-resolved message passing
in reciprocal space. For each spherical harmonic degree ¢ € {0,1,..., lpax }, we first

compute structure factor embeddings s((f,)m via a forward Fourier transform:

sg,)m = ngﬂ)n exp( —ikg - rj)D(ka,rj), (2)
JES

where r; denotes the position of atom j, k., indexes the reciprocal-space sampling
points, and xge,)n is the m-th magnetic component of the degree-¢ atomic feature. The
scalar factor D(k,r) denotes an accumulation window that weights each phase term
during reciprocal-space summation; in our implementation this window is applied sym-
metrically in both the forward and inverse accumulation. In periodic systems we set
D(k,r) = 1 since structure factors are evaluated directly on the reciprocal lattice. In
aperiodic systems, where reciprocal space is discretized on a Cartesian voxel grid with
spacing Ak, we use a voxel-averaging window to account for finite k-space resolution.

To maintain SO(3) equivariance throughout the global update, a learnable filter
F(k,) is applied identically to all magnetic components m within a specific degree ¢
before the inverse transform:

N
MO (r;) = Z exp(ika - 1;)F(ka) ng,)m- (3)
a=1

By constraining F(k,) to mix the channel dimensions, EquiEwald ensures the geo-
metric integrity of the tensorial features is preserved. We use F(k,) as a unified
notation: in periodic systems it reduces to a shared, k-independent channel mixer
F € RE*C whereas in aperiodic systems it denotes a k-dependent diagonal spectral
gate F(k,) = diag(f,) parameterized by the radial embedding ¥ (||k4||). The resulting
reciprocal-space message M,(,f) (r;) provides each atom with a comprehensive global
update, complementing the local representations x.°°®! to capture the full spectrum of
interatomic interactions.

Periodic systems. For periodic systems, reciprocal vectors are sampled on the
reciprocal lattice induced by the simulation cell. Let (aj,aq,a3) € R? be the direct
lattice basis and (by, ba, bs) the reciprocal basis satisfying b;-a; = 274;;, i.e., with
V= al-(aQ X ag),

b, = 2777(8.2 X 33), by = 2%(8.3 X al), bz = 27”(a1 X ag). (4)

Following Ewald message passing, we truncate reciprocal sampling by an index box
rather than a direct radial cutoff to keep the number of k-points fixed across structures.
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Specifically, we consider integer triples
(Ngyny,n.) €T ={=Ng,...,Ng} X {=Ny,...,Ny} x {=N.,...,N.}, (5)
and form reciprocal vectors
Ky, nymn. = neb1 +nybs +n.bs. (6)

We then enumerate the resulting set {ky, n,n. : (Pz,ny,n.) € Z} and relabel it as
{ka}gil for convenient summation, where each « corresponds to one triple in Z.

Since {k, }2* | are reciprocal-lattice vectors computed analytically from the unit-
cell geometry, the Fourier accumulation is performed directly on this lattice without
any interpolation. Accordingly, no additional sampling window is required and we set
D(k,r) = 1. Moreover, under a global rotation R € SO(3), the crystal lattice co-
rotates: a; — Ra; implies b; — Rb; and hence k, — Rk,. Together with r; — Rr;,
this preserves the phase (Rky)- (Rrj;) = kq-r;, so the structure-factor computation
is SO(3)-equivariant under global rotations.

After forward accumulation, we apply a learnable spectral filter to the structure
factors in reciprocal space. In our implementation, the linear reciprocal-space filter is
shared across all degrees ¢. Concretely, for each k, we use a single channel mixer

50, =Fsl),,  FeRC, (7)

where the same channel mixer F is shared across degrees ¢. Crucially, for each
fixed ¢, F is applied identically to all magnetic components m = —¢,... ¢ (i.e., it
mixes channels only), thereby preserving SO(3)-equivariance. We parameterize F in
a low-rank (bottleneck) form

F = Wupwdown7 Wdown € RClXC» Wup € RCXCL~ (8)

Here Waown € RE*C performs a down-projection from C' channels to a compact
latent dimension C|, and Wy, € RE*C performs the corresponding up-projection
back to C' channels. This low-rank form reduces parameters and computation relative
to a full C' x C' matrix while retaining an expressive linear spectral response. In imple-
mentation, Wqown and Wy, correspond to the weights of the down and up-projection
linear layers, and their product is reused for all degrees ¢, whereas subsequent nonlinear
updates are applied degree-wise.

Aperiodic systems. For aperiodic systems, reciprocal sampling is performed on a
fixed Cartesian voxel grid instead of a cell induced reciprocal lattice. Given a frequency
resolution Ak and cutoff ky.x, we enumerate integer triples

kmax
(nranyanz)EIbox:{*Nkw"aNk}ga Nk: \‘ Ak J 5 (9)

Kn, nym, = Ak (ng,ny,n.), (10)

12



and retain only points inside the spherical cutoff ||k|| < kmax. We denote the retained
set by {ka}gil. Unlike the periodic branch, we use a separable voxel window

Dk = ] sinc<A’;”), (11)

de{z,y,z}

which reduces discretization artifacts from finite Ak. In practice, coordinates are
first centered and mapped to an internal SVD frame before this damping is applied,
improving numerical stability across differently oriented structures. Instead of a sin-
gle k-independent mixer, each reciprocal point uses a radial embedding ¥ (|| k,||) and
a bottleneck projection:

foz = Wup(Wdown w(”kaH)) € RC' (12)

where 1(||kq|) € R is a fixed radial embedding, Waown € R*% and W, €
RE*CL are learnable projections. Equivalently, this corresponds to using a diagonal
channel mixer F(k,) = diag(f, ), a channel-wise spectral gate at each reciprocal point.
Here, f,, is applied channel-wise at k,,, giving a resolution-aware spectral response that
varies with frequency magnitude. Since 9 (||k,||) depends only on the precomputed
grid, these radial features can be prepared once and reused across structures, reducing
runtime overhead.

Inverse accumulation. After reciprocal-space filtering, the long-range update is
obtained in one step by degree-wise inverse accumulation, degree-specific nonlinear
refinement, and scalar-conditioned gating:

Limax
X?Wald = Gate(WQ hi’g:m @ MLP(Q(n [Méf) (ri)]ﬁz_5>> ) (13)
=0

where h; y—g € R denotes the scalar (¢ = 0) block of the current atom representation
and g; = Wyh; g € Rzmxc,Wg € RUmaxC)XC are the gating coefficients. In our
implementation, g; provides one C-dimensional gate per degree £ = 1,..., .y, and
the corresponding gate is broadcast to all magnetic components m = —/, ..., within
that degree. Moreover, M (Z)(ri) € RHDXC g the degree-f inverse-accumulated mes-
sage at atom i, and MLP() : R@HDXC _y R2H1XC ig the degree-specific nonlinear
update network that acts on channels and is shared across m. Finally, Gate(g;,-)
denotes scalar-conditioned gating that modulates the non-scalar (¢ > 0) blocks using

8i-
Information fusion. At interaction layer ¢, we fuse the running representation, the
local update, and the long-range update via

1
Xff+1 _ (Xf + X?OcaLt + X?wald,t) ) (14)

' V3
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Here, t denotes the message-passing layer index. For brevity, earlier equations omit
the layer superscript; all feature tensors can be interpreted as layer-dependent when
this does not cause ambiguity.

4.2 Free-energy calculation

To characterize folding thermodynamics, we utilized the extensively sampled simula-
tion trajectories from [48] (the same dataset as in [49]), comprising 100,000 snapshots
for Chignolin. Snapshots were classified into folded and unfolded states using the
native contact fraction ) with thresholds of @ > 0.82 for folded and @ < 0.03 for
unfolded states [50]. For each snapshot, the potential energy was re-evaluated using
both eSCN and eSCN+EquiEwald potentials. State probabilities were then obtained
by Boltzmann reweighting over the sampled conformational ensemble at temperature
T

P(s) x> _exp(=BE)), (15)
i€ES
where E; denotes the re-evaluated potential energy of snapshot i, 3 = (kgT)~!, and
s indicates either the folded or unfolded state. The free-energy difference between the
two states was computed as

Py
AG = —kpTIn — 24 (16)
Punfolded

This approach yields free-energy estimates directly from equilibrium ensembles
without invoking additional biasing potentials or alchemical transformations.

4.3 Training settings

The model is optimized using a composite loss with energy FE and atom-wise forces F;:
1 X

L=\ |[EP — By + Ap o= > |FPd — Fyef 17

el 1+ F3N;” i i Il (17)

where || - ||; denotes the mean absolute error (MAE), EP™ and E™f are the predicted
and reference total energies per configuration, Ffmd, Fﬁef € R? are the predicted and
reference forces on atom ¢, N is the number of atoms in the configuration, and the
factor 1/(3N) averages the force MAE over all 3N Cartesian components. Ag, Ap > 0
are scalar weights balancing the two objectives.

The training settings on the OC20 periodic systems dataset are as follows: a cutoff
radius of 6.0A is used to construct local neighborhood graphs. For reciprocal space
settings, we followed [35]. In reciprocal space, the number of included frequencies along
the three lattice directions is adjusted to account for the average anisotropy of the unit
cell. Observing that the average reciprocal-space unit cell on OC20 is approximately
three times narrower along the surface normal (z-direction) than along the x and y
directions, we set 1, 1, and 3 for each direction. In the loss function, the weighting

14



coefficients for energy and forces are set to A\g = 1 and Ap = 100. For aperiodic
systems, including the supramolecular buckyball catcher and the charged dimer, the
following settings are employed. The spherical harmonic degree is set to £y, = 3, and
the Ewald-based long-range module uses a reciprocal-space cutoff of 0.6A°1, a grid
spacing of 0.2A°1, and 128-dimensional Gaussian radial-basis functions to parameterize
the frequency-domain filters. The loss-function weighting between energy and forces is
fixed at Ap = 1 and Ap = 100. Additional experimental hyperparameters are provided
in Supplementary Tables S3—S6.

Data availability

The datasets used in this work are available at Code Ocean.

Code availability

The source code for reproducing the findings in this paper is available at Code Ocean.
It is licensed under the Apache License 2.0, which allows users to use, modify, and
distribute the code freely, provided that proper attribution is given to the original
authors. This open source approach improves the reproducibility of our results and
facilitates further research in this area.
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