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Abstract

Robust POMDPs (RPOMDPs) generalize classical POMDPs to the setting where
exact transition probabilities are not known – rather, they are only known to belong
to some uncertainty set of values. In this work, we study the problem of solving
RPOMDPs with general ω-regular objectives, which subsume a broad class of
objectives such as reachability, safety, and linear temporal logic (LTL) objectives.
We show that, for (s, a)-rectangular RPOMDPs with polytopic uncertainty sets,
the problem of solving RPOMDPs under ω-regular objectives can be reduced
to solving partially observable stochastic games (POSGs) under ω-regular objec-
tives. Moreover, we show for the first time that reductions can be constructed in
both directions, establishing the semantic equivalence between (s, a)-rectangular
RPOMDPs with polytopic uncertainty sets and POSGs. This allows us to derive a
range of new computational complexity results, including both upper and lower
complexity bounds, on solving RPOMDPs with different ω-regular objectives. As
a corollary, we also derive new computational complexity results for RMDPs.

1 Introduction

Partially observable Markov decision processes (POMDPs) are a standard model for sequential
decision making under uncertainty and imperfect state observability [23]. The problem of solving a
POMDP is concerned with computing a strategy (or policy) that maximizes the expected payoff or
the probability of satisfying some objective. However, classical algorithms assume that transition
probabilities are exactly known, which is not always a realistic assumption. In practice, transi-
tion probabilities are usually inferred from data and as such their estimates come with a level of
uncertainty [8]. In the fully observable setting, this challenge is addressed through robust MDPs
(RMDPs) [30, 22], which generalize classical MDPs by assuming that transition probabilities belong
to some uncertainty sets of possible values, rather than being exactly given. Robust POMDPs
(RPOMDPs) [31] provide a robust generalization of POMDPs.

Recent years have seen significant advances in algorithmic approaches to solving RMDPs and
RPOMDPs [30, 22, 46, 24, 38, 14, 20, 1, 40, 17, 16, 42, 8, 28, 31, 6, 36, 29, 11, 12, 13, 26].
However, reward objectives do not consider logical correctness properties that are particularly
important in safety-critical applications. For instance, in self-driving cars, the reach-avoid correctness
property is concerned with reaching some target region while avoiding the unsafe obstacles [37].
The stability correctness property requires the agent to eventually reach and stay within some target
region ad infinitum [25]. These are both classical examples of logical correctness properties in
control and robotics applications, which are not defined in terms of reward objectives. In formal
methods, logical correctness properties are formally defined via logics such as linear temporal
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logic (LTL) [32], or more generally ω-regular specifications [10], which subsumes most logical
correctness properties appearing in control and robotics applications [27]. While recent years have
seen significant advances in solving RMDPs and RPOMDPs with reward objectives, the literature
on logical correctness objectives remains limited. Even the literature on RMDPs with ω-regular
objectives either makes significant assumptions on uncertainty sets such as interval MDPs [9, 34], or
is restricted to probability 1 or limit-sure satisfaction of ω-regular specifications [2].

Our Contributions. In this work, we consider the problem of solving RMDPs and RPOMDPs with ω-
regular objectives, with a focus on computational complexity aspects. As common in the literature on
solving R(PO)MDPs, we consider RPOMDPs with (s, a)-rectangular and polytopic uncertainty sets.
These assumptions are quite general and subsume types of uncertainty sets considered in the existing
literature, such as intervals [15] or L1-uncertainty sets [20]. Our approach is based on the following
fundamental novel result – we formally prove that the problem of solving RPOMDPs with ω-regular
objectives is equivalent to the problem of solving partially observable stochastic games (POSGs) [19]
with ω-regular objectives. That is, we show that the two problems can be reduced to each other in
polynomial-time and thus any known algorithm and computational complexity result for solving one
problem readily applies to the other problem. The key novelty of our result lies in establishing the
equivalence of the two models. Previous work has shown that, under reward objectives, the problem
of solving R(PO)MDPs can be reduced to the problem of solving (PO)SGs [8, 18, 5]. However, in
this work, we consider ω-regular objectives rather than reward objectives. Moreover, we show that
the two models can be reduced to each other, hence are equivalent, and the reduction from (PO)SGs
to R(PO)MDPs turns out to be much more technically challenging. To the best of our knowledge,
this is the first time that a stochastic game model has been formally polynomial-time reduced to a
robust MDP model.

Since the problem of solving POSGs under ω-regular objectives has received more attention [7]
compared to RPOMDPs, our equivalence result allows us to derive a plethora of new computational
complexity results on solving RPOMDPs that were previously unknown. Our results are summarized
in Table 1. We derive results for several variants of the ω-regular objective satisfaction problem:
(1) Sure Winning, where the objective needs to be satisfied for every RPOMDP run, (2) Almost
Sure Winning, where the objective needs to be satisfied with probability 1, (3) Limit Sure Winning,
where the objective needs to be satisfied with probability 1− ϵ for every ϵ > 0, and (4) Quantitative
Winning, where the objective needs to be satisfied with at least some given probability p ∈ [0, 1].
Moreover, we derive complexity bounds both under the one-sided partial observability setting (that
we call 1s-RPOMDPs) where only the agent has partial observability but the environment has full
observability of the state, and the two-sided partial observability setting (which we refer to as
RPOMDPs) where both the agent and the environment only have partial observability of the state.
In addition, as a direct corollary of our equivalence result under full observability, we derive new
complexity bounds for RMDPs with ω-regular objectives under the Quantitative Winning setting that
were previously unknown, see Table 1. Thus, our work significantly advances the state of the art in
solving R(PO)MDPs under ω-regular objectives and provides a complete picture of the complexity
landscape for different variants of the problem. Our contributions can be summarized as follows:

1. Equivalence of RPOMDPs and POSGs. We formally prove, for the first time, that the
problems of solving RPOMDPs and POSGs under ω-regular objectives are equivalent,
i.e. polynomial-time reducible to each other. No previous work has considered reduction
from a stochastic game model to a robust MDP model.

2. New complexity results for R(PO)MDPs. We derive new computational complexity results
for RPOMDPs under ω-regular objectives, see Table 1. As a corollary, we also derive new
complexity results for RMDPs.

Related Work. Recent years have seen significant advances in algorithmic approaches to solving
RMDPs under reward objectives, with efficient algorithms being proposed for expected discounted-
sum reward and long-run average reward, as discussed above. These works assume knowledge of the
RMDP model and provide guarantees on the correctness of their results. In addition, reinforcement
learning algorithms for solving RMDPs in a model-free setting but without guarantees on the
correctness of results have also been proposed [33, 39, 44, 45, 43]. Algorithmic approaches for
solving RPOMDPs under reward objectives were considered in [31, 6, 36, 29, 11, 12, 13, 26]. See [35]
for a recent survey. We study R(PO)MDPs under ω-regular objectives, which have received much less
attention. To the best of our knowledge, no existing work considers solving RPOMDPs with ω-regular
objectives. Literature on RMDPs with ω-regular objectives either makes significant assumptions on

2



Sure Winning (Table 1) Almost Sure Winning(Table 3)
RMDP 1s RPOMDP RPOMDP RMDP 1s RPOMDP RPOMDP

Safe Linear-time EXPTIME-c EXPTIME-c Linear-time EXPTIME-c EXPTIME-c
Reach Linear-time EXPTIME-c EXPTIME-c Linear-time EXPTIME-c Open
Büchi Quad-time EXPTIME-c EXPTIME-c Quad-time EXPTIME-c Open
co-Büchi Quad-time EXPTIME-c EXPTIME-c Quad-time Undecidable Undecidable
ω-regular NP ∩ coNP EXPTIME-c EXPTIME-c NP ∩ coNP Undecidable Undecidable

Limit Sure Winning (Table 4) Quantitative Winning(Table 5)
RMDP 1s RPOMDP RPOMDP RMDP 1s RPOMDP RPOMDP

Safe Linear-time EXPTIME-c EXPTIME-c NP ∩ coNP Undecidable Undecidable
Reach Linear-time Undecidable Undecidable NP ∩ coNP Undecidable Undecidable
Büchi Quad-time Undecidable Undecidable NP ∩ coNP Undecidable Undecidable
co-Büchi Quad-time Undecidable Undecidable NP ∩ coNP Undecidable Undecidable
ω-regular NP ∩ coNP Undecidable Undecidable NP ∩ coNP Undecidable Undecidable

Table 1: Summary of complexity results that follow from our equivalence of RPOMDPs and POSGs under
ω-regular objectives. We show results both for general ω-regular objectives as well as for special instances of
objectives (reachability, safety, Büchi, co-Büchi) for which more efficient algorithms are known. The ’-c’ suffix
denotes completeness, otherwise shown results denote upper complexity bounds. The red colored entries are
our novel results that were previously unknown and that follow from our equivalence result with POSGs [7].
The table considers RMDPs (full observability for both the agent and the environment), 1s-RPOMDPs (partial
observability for the agent only), and RPOMDPs (partial observability for both). The blue colored entries remain
open problems since the decidability and complexity of solving POSGs under almost sure winning reachability
and Büchi objectives is a well-known open problem [7]. The table numbers correspond to the tables in [7] from
which the respective complexity results on POSGs were obtained.

the structure of uncertainty sets such as interval MDPs [9, 34], or is restricted to probability 1 or
limit-sure satisfaction of ω-regular specifications [2] where the two objectives are shown to have the
same value, but without exact complexity bounds that we establish. The one-sided POSG notion we
consider is from [7] where observations are on states; [21] considers a notion of one sided stochastic
games where observations are on transitions.

The existence of a reduction from R(PO)MDPs to (PO)SGs under reward objectives has been observed
in prior work [30, 18]. The work [8] formalizes the reduction from RMDPs to turn-based stochastic
games under both expected discounted-sum and long-run average objectives. The work [5] formalizes
the reduction from RPOMDPs to POSGs under discounted-sum objectives. However, none of these
works consider ω-regular objectives. Moreover, we for the first time establish a polynomial-time
reduction in the opposite direction – from (PO)SGs to R(PO)MDPs – under ω-regular objectives.

2 Model Definition and Preliminaries

For a set X , we denote by ∆(X) the set of all probability distributions over X and by 2X the set of
all subsets of X . For x ∈ X , Dirac(x) ∈ ∆(X) is the Dirac distribution assigning probability 1 to x.

For a sequence b = b0, b1, b2, · · · , bn, we write last(b) = bn. For x = (x1, x2, · · ·xk), x(i) denotes
the element at i-th index. Let N represent the set of natural numbers.

RPOMDPs. A Robust POMDP (RPOMDP) is a tuple (S,A,P,Oa,Oe,Za,Ze, s0), where S and
A are finite sets of states and actions, s0 ∈ S is the initial state, and P ⊆ (S ×A → ∆(S)), called
the uncertainty set, is a subset of all functions from S ×A to ∆(S). Oa,Oe respectively are finite
sets of observations for the agent and environment, Za : S → Oa,Ze : S → Oe are observation
functions mapping states to observations. A robust MDP (RMDP) arises when both the agent and
the environment have full observability: for ⋆ ∈ {a, e}, O⋆ = {o⋆s | s ∈ S} with Za(s) = oas and
Ze(s) = oes. A one-sided RPOMDP has partial observability for the agent but full for the environment,
i.e. Oe = {os | s ∈ S} with Ze(s) = os.

Assumptions: (s, a)-rectangularity and Polytopic Uncertainty Sets. As is common in the algorith-
mic study of RMDPs and uncertain POMDPs [30, 22, 4], we restrict our attention to RPOMDPs
with (s, a)-rectangular uncertainty sets. That is, we assume that the uncertainty set is of the form
P =

∏
(s,a)∈S×A P (s, a) with each P (s, a) ⊆ ∆(S), meaning that the environment can choose tran-
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sition probabilities independently across state-action pairs. Moreover, we assume that each P (s, a)
is a polytope with a finite vertex set Vs,a. We take every Vs,a to be given explicitly as part of the
input. Accordingly, all model sizes and linear-time claims are measured with respect to these explicit
vertex lists. A point in P (s, a) is a distribution over S, see Figure 1(a). Standard examples include L1

and interval uncertainty sets [20, 15]. In the rest of the paper, RPOMDPs refer to (s, a)-rectangular
polytopic RPOMDPs.

Semantics of RPOMDPs. Informally, the semantics of RPOMDPs are defined as follows. The
process begins in state s0 with observations (Za(s0),Ze(s0)). At each step t, an agent chooses an
action at; the agent does not know the exact state st, but only the agent observation oat = Za(st).
In response, using its observation history and at, the adversarial environment selects a complete
transition assignment Pt ∈ P; the transition from the actual state uses its component Pt(st, at) ∈
P (st, at). The environment observes only oet = Ze(st). The next state st+1 is sampled from
Pt(st, at), the agent observes Za(st+1) and the process continues. This process is formalized via
agent and environment strategies. Following the terminology of [5], our semantics model dynamic
uncertainty where the environment may select a new probability assignment at each time step. A
history is a finite sequence ht = s0, (o

a
0 , o

e
0), s1, . . . , st, (o

a
t , o

e
t ) ∈ (S×Oa ×Oe)

∗. An agent (resp.,
environment) observation history for ht is a sequence oha

t = oa0 , . . . , o
a
t ∈ (Oa)

∗ ×Oa(resp., ohe
t =

oe0, . . . , o
e
t ∈ (Oe)

∗ ×Oe). Let OHa and OHe denote the sets of agent and environment observation
histories. An agent and environment strategy are mappings

σ : OHa →
⋃

o∈Oa

∏
s:Za(s)=o

∆(A), π : OHe ×A → P,

such that σ(oh) ∈
∏

s:Za(s)=last(oh) ∆(A). Given a RPOMDP M, let ΣM and ΠM denote all
agent and environment strategies. Note that our strategies are “action invisible” since they map
observation histories which do not record actions. A strategy is finite-memory if it can be implemented
by a finite-state transducer that reads the player’s observation history and outputs the required
assignment. It is memoryless if one memory state suffices; strategies not restricted to finite memory
are called infinite-memory strategies. A pair of strategies (σ, π) ∈ ΣM × ΠM induces a play
ρ = s0, a0, s1, a1, · · · ∈ (S ×A)ω starting from s0. At time t, let αt = σ(oha

t ) and Pt = π(ohe
t , at)

be the assignments selected from the players’ observation histories. The action at is sampled
according to the distribution αt(st). The next state satisfies Pr(st+1 | ht, at) = Pt(st, at)(st+1).
Let PlaysM denote the set of all plays in M. Given an initial state s0, each pair of strategies
(σ, π) ∈ ΣM×ΠM induces a probability measure Pσ,π

s0 (·) over the set PlaysM [3]. We write Playsσ,πM
for the set of supported plays: those plays for which every finite prefix has positive probability under
(σ, π).

ω-regular Objectives. A logical objective in an RPOMDP M is a measurable set W ⊆ PlaysM.
We consider ω-regular objectives [10], specified via a parity automaton. Standard examples are
reachability (visit a target state at least once), safety (avoid a bad state forever), Büchi (visit a target
state infinitely often), and co-Büchi (visit a bad state only finitely often). It is a classical result in
formal methods that every ω-regular objective can be represented via a parity automaton [41]. We
assume we have already taken the product of the RPOMDP and the parity automaton, and that the
RPOMDP is equipped with a priority function p : S → {0, 1, . . . , d}, d ∈ N assigning a priority to
each state. The ω-regular objective is then the set of plays in which the minimum priority that is
visited infinitely often is even, i.e. ParityM(p) = {ρ ∈ PlaysM|min{p(s) : s ∈ Inf(ρ)} is even}.
Here Inf(ρ) is the set of states that occur infinitely often in ρ.

Partially Observable Stochastic Games (POSGs). A turn-based, two-player (max,min) POSG [7]
is a tuple G = (Smax, Smin, Amax, Amin, δ, s0,Omax,Omin,Zmax,Zmin), where Smax and Smin are the
sets of max- and min-states, respectively. Write SG = Smax ∪ Smin, with initial state s0 ∈ SG . The
action sets of the two players are Amax and Amin, and we write AG = Amax ∪Amin. The transition
function is δ : (Smax×Amax)∪ (Smin×Amin) → ∆(SG). Observations are given by sets Omax,Omin

and functions Zmax : SG → Omax, Zmin : SG → Omin for two players. A POSG is alternating
control (ac-POSG) if δ(s, a) ∈ ∆(Smin) for every (s, a) ∈ Smax ×Amax and δ(s, a) ∈ ∆(Smax) for
every (s, a) ∈ Smin × Amin. Throughout, ac-POSGs start in a max-state, s0 ∈ Smax; otherwise, a
fresh deterministic initial max-state can be prepended.

A history of G is a sequence ht = s0, (o
1
0, o

2
0), s1, . . . , st, (o

1
t , o

2
t ) in (SG ×Omax ×Omin)

∗ such that
for all 0 ≤ i ≤ t, o1i = Zmax(si), o

2
i = Zmin(si). Moreover, for every 0 ≤ i < t, there is an action

a ∈ Amax if si ∈ Smax, or a ∈ Amin if si ∈ Smin, such that δ(si, a)(si+1) > 0. For ⋆ ∈ {max,min},
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if ht ends in an S⋆-state, its ⋆-observation history is the sequence of that player’s observations
oh⋆ = o⋆0, . . . , o

⋆
t . We write OHG

⋆ for the set of all such histories. A ⋆-strategy, for ⋆ ∈ {max,min},
maps each observation history as follows:

σ⋆ : OHG
⋆ →

⋃
o∈O⋆

∏
s∈S⋆:Z⋆(s)=o

∆(A⋆),

such that σ⋆(oh) ∈
∏

s∈S⋆:Z⋆(s)=last(oh) ∆(A⋆). Thus the strategy sees only oh; the game subse-
quently evaluates the component of the selected assignment belonging to its current state. We write σ
and π for the max- and min-strategies, respectively. Note that these are referred to as action-invisible
strategies in the literature [7]. Plays induced by (σ, π) are defined analogously to RPOMDP plays.
PlaysG denotes the set of all plays. Probability measures of plays, objectives W ⊆ PlaysG as well as
the value ValG(W ) are defined in a similar manner to RPOMDPs. Let ΣG and ΠG denote the sets of
all max- and min-strategies, respectively.

Problem. Given an RPOMDP M with an ω-regular objective W , its value and (its value under a
fixed agent strategy σ) are defined as ValM(W ) = supσ∈ΣM

infπ∈ΠM Pσ,π
s0 (W ) and (ValσM(W ) =

infπ∈ΠM Pσ,π
s0 (W )), respectively. We consider the four classical ω-regular analysis problems:

• Almost-sure analysis asks whether there exists an agent strategy σ such that ValσM(W ) = 1.
• Limit-sure analysis asks whether, for every ϵ > 0, there exists an agent strategy σϵ such that
Valσϵ

M(W ) ≥ 1− ϵ, equivalently, whether ValM(W ) = 1.
• Sure analysis asks whether there exists an agent strategy σ such that Playsσ,πM ⊆ W for every

environment strategy π.
• Quantitative analysis asks, for a given probability threshold p ∈ [0, 1], if ValM(W ) ≥ p.

The computational analysis problems above have been investigated for POSGs [7].

3 Equivalence with Partially Observable Stochastic Games (ac-POSG)

This section presents the main result of the paper. We provide reductions between RPOMDPs and
alternating control POSGs for each problem above. Throughout, we make the standard assumption
that every action in a player’s action alphabet is enabled at every state owned by that player. An action
is effective at a state if the construction explicitly specifies its transition there, and an effective edge is
a positive-probability transition under an effective action. We only display the effective actions and
edges; every omitted state-action pair is implicitly completed by an absorbing outcome losing for its
owner. This completion does not affect the analysis problems below.

Both reductions are linear in the model size (measured in the number of states, effective actions and
transitions).

3.1 Reduction from RPOMDPs to ac-POSGs

Our reduction from RPOMDPs to ac-POSGs draws insight from and generalizes the reduction
from RMDPs to stochastic games that was presented in [8]. In this work, we generalize this
reduction to the setting with partial observability. In what follows, given a polytopic RPOMDP
M = (S,A,P,Oa,Oe,Za,Ze, s0) with any of the objectives defined in Section 2, we outline our con-
struction of the equivalent ac-POSG G = (SG

max, S
G
min, A

G
max, A

G
min, δ

G , sG0 ,OG
max,OG

min,ZG
max,ZG

min)
and the corresponding objective. The formal construction is deferred to Appendix A.

POSG Construction. The POSG G is defined as follows. Intuitively, the ac-POSG models the
interaction between the agent and the environment in the original RPOMDP, where the max-player
corresponds to the agent, the min-player to the environment, and the two players alternate in moves:

States: max-player states SG
max = S are the states of the original RPOMDP, min-player states SG

min are
state–action pairs (s, a) ∈ S ×A, and the initial state is sG0 = s0 ∈ SG

max. Actions: the max-player’s
actions are those of the RPOMDP, AG

max = A. At min-state (s, a) the effective actions are the vertices
Vs,a, and the global min-action alphabet is AG

min =
⋃

(s,a)∈S×A Vs,a. Observations: OG
max = Oa

and OG
min = Oe, with ZG

max(s) = ZG
max((s, a)) = Za(s) and ZG

min(s) = ZG
min((s, a)) = Ze(s).

Transitions: from max-state s under action a, the POSG moves deterministically to the min-state
(s, a), i.e. δG(s, a) = Dirac((s, a)); from min-state s′ = (s, a) under an effective action v ∈ Vs,a,
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s1

s2 s3

a

p1
r1

a p2

q2

r2 a

r3

p3
b, 1

b, 1 b, 1

s1 s2s3

(s1, a)

(s2, a)(s3, a) (s1, b)

(s2, b)(s3, b)

a

b a

b

a

b

v11 v12

v21

v22

v23

v31

v32

(1, 0, 0)

(0, 1, 0)(0, 0, 1)

Figure 1: (a) RPOMDP M with states s1, s2, s3 and actions a, b. Each transition arrow consists of two
parts, the first denotes an action (a or b) whereas the second denotes the probability of moving to a state upon
taking that action (e.g. p1 is the probability of moving to s2 upon taking action a in s1). The uncertainty
set of the RPOMDP is defined by specifying the vertex set of the uncertainty polytope for each state-action
pair. We let Vs1,a={v11, v12} and (0, p1, r1) ∈ P (s1, a). Vs2,a={v21,v22,v23} and (p2, q2, r2) ∈ P (s2, a).
Vs3,a={v31, v32} and (p3, 0, r3) ∈ P (s3, a). Note that on b, all transitions are deterministic, so Vs1,b =
{(1, 0, 0)}, Vs2,b = {(0, 1, 0)} and Vs3,b = {(0, 0, 1)}. (b) The ac-POSG constructed from the RPOMDP,
circular and rectangular states represent max-player and min-player states, respectively. The action set of the
max-player is the same as the action set in the RPOMDP on the left, namely {a, b}. Min-player states are all
combinations of state-action pairs in the RPOMDP on the left. The effective actions at each such state are the
vertices of the corresponding uncertainty polytope. For instance, at (s1, a) these are v11 and v12 from Vs1,a;
randomizing with probabilities (α1, α2) mimics the point α1v11 + α2v12 in P (s1, a). We omit the remaining
completed actions and the effective edges from (s2, a) and (s3, a) for clarity.

δG(s′, v) = v is the distribution over SG
max specified by the vertex v of the uncertainty polytope

P (s, a). Randomizing over effective min-actions therefore produces every distribution in P (s, a).

The constructed POSG is linear in the size of the RPOMDP and the number of vertices of the
uncertainty polytopes. Figure 1(b) shows an example of our construction.

Parity Objectives: The ω-regular objective in the ac-POSG G is specified by the priority function
p′ : SG → {0, 1, . . . , d} defined via p′(s′) = p(s) for any s′ ∈ SG , where s is the state component
of s′ (s′ = s or s′ = (s, a)) and p is the priority function of M.

Theorem 3.1 (Proof in Appendix A.4). Let M be a RPOMDP and G the induced ac-POSG. Then
ValM(W )=ValG(W

′) for any ω-regular objective W in M and corresponding objective W ′ in G.
Consequently, sure, almost-sure, limit-sure, and quantitative analysis of any objective above on M is
inter-reducible in linear time, and therefore in polynomial time, with the corresponding analysis on
G, under the explicit vertex representation fixed in Section 2.

3.2 Reduction from ac-POSGs to RPOMDPs

Key Challenge and Our Solution. Reduction from ac-POSGs to RPOMDPs turns out to be much
more challenging due to the following subtle reason. Given an ac-POSG, if the max-player in a
state s chooses action a, the min-player gets to see the observation Zmin(s

′) where δ(s, a)(s′) > 0
before choosing its own action. On the contrary, in an RPOMDP, after the agent chooses an action
a at a state s, the environment at (s, a) commits to a polytope P (s, a) immediately, with nothing
observed in between. Thus, at a first glance, it seems that the min-player in ac-POSGs has more
power compared to the environment in RPOMDPs. Somewhat surprisingly, we show that this is
not the case and that it is still possible to construct a reduction from ac-POSGs to RPOMDPs. This
observation motivates us to construct a two-step reduction. The first step of the reduction reduces
ac-POSGs to an intermediate model which we call pre-min-transformed POSG, which resolves this
semantic discrepancy. The second step then reduces a pre-min-transformed POSG to an RPOMDP.
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3.2.1 Step 1: Reduction from ac-POSGs to Pre-min-transformed POSGs

The pre-min transformation inserts, before every min-state s ∈ Smin, a fresh dummy max-state ds
whose sole effective action leads deterministically to s, and whose observations to both players are
copies of the observations of s. Neither player gains strategic power: the max-player has nothing
to choose at ds (every other globally enabled action takes the max-losing default transition), while
the min-player sees the same information at s as in G, the observation at ds is determined by the
observation at s and so reveals nothing new. The following construction formalizes this intuition.

Pre-min-transformed POSG. Let G = (Smax, Smin, Amax, Amin, δ, s0,Omax,Omin,Zmax,Zmin) be
an ac-POSG, D = {ds | s ∈ Smin} be the set of dummy states , and O† = {o†x | x ∈ Omax} and
O# = {o#x | x ∈ Omin} be copies of observations for both players. The corresponding pre-min-
transformed POSG G′ = (S′

max, S
′
min, A

′
max, A

′
min, δ

′, s0,O′
max,O′

min,Z ′
max,Z ′

min) is defined via:

• States. S′
max = Smax ∪D and S′

min = Smin, with initial state s0.
• Actions. A′

max = Amax ∪ {⊤} and A′
min = Amin, with all respective actions enabled

throughout. The effective max-actions are Amax at original max-states and the fresh action
⊤ at dummy states.

• Observations. O′
max = Omax ∪ O† and O′

min = Omin ∪ O#, with Z ′
max(s) = Zmax(s) and

Z ′
min(s) = Zmin(s) for all s ∈ Smax ∪ Smin, while Z ′

max(ds) = o†Zmax(s)
and Z ′

min(ds) =

o#Zmin(s)
for all ds ∈ D are the newly introduced observation copies.

• Transition function. (i) For s1 ∈ Smax, a1 ∈ Amax, and s2 ∈ Smin such that δ(s1, a1)(s2) >
0, the pre-min-transformed POSG transitions to the min-player copy ds2 rather than to the
min-player state, i.e. δ′(s1, a1)(ds2) = δ(s1, a1)(s2). (ii) For s2 ∈ Smin and a2 ∈ Amin, the
transition function is the same as in the original ac-POSG, i.e. δ′(s2, a2) = δ(s2, a2). (iii)
For the newly introduced copy states ds ∈ D and action ⊤, we define δ′(ds,⊤) = Dirac(s).

Pre-min-transformed POSG objective. Plays of G and G′ are related by a bijection Γ : PlaysG →
PlaysG′ . Since G is alternating control, every h = s0, a0, s1, a1, · · · ∈ PlaysG has s2k ∈ Smax and
s2k+1 ∈ Smin, and Γ inserts the pair (ds2k+1

,⊤) between every Smax-step and the following Smin-step.
Observation histories lift the same way via Γmax

O ,Γmin
O . Strategies in G,G′ are functions of observation

histories. We lift them between the two games as follows. For ⋆ ∈ {max,min}, Φ⋆ takes a G-strategy
σ to the G′-strategy that, given a G′-observation history oh′ ending in non-dummy state, strips the
inserted observations and queries σ at the underlying G-history: Φ⋆(σ)(oh

′) = σ((Γ⋆
O)

−1(oh′));
for ending at dummy states Φmax(σ) plays ⊤ deterministically. The reverse Ψ⋆ goes the other
way: Ψ⋆(σ

′)(oh) = σ′(Γ⋆
O(oh)). The pairs are mutual inverses, Φ⋆ = (Ψ⋆)

−1, which helps us lift
objectives across to G′.

• Parity objective. Let p : Smax ∪ Smin → {0, 1, . . . , d} be the priority function for G. Define
p′ : S′

max∪S′
min → {0, 1, . . . , d} by p′(s) = p(s) for s ∈ Smax∪Smin and p′(ds) = p(s) for ds ∈ D.

Size and memory preservation under Pre-min. It is easy to see that |G′| = O(|G|) and the
construction runs in linear time. Moreover, |Γ⋆

O(oh)| (|Γ⋆
O)

−1(oh′)|) is linear in |oh| (|oh′|). Finally,
the lifting maps Φ⋆,Ψ⋆ preserve memory class exactly: memoryless, finite-memory and infinite-
memory regimes correspond exactly between G and G′. See details in Appendix B.3.1.

Lemma 3.2 (Equivalence between G and G′, Appendix B.4). Let G be an ac-POSG and G′ its
Pre-min transformation. The play map Γ and the strategy maps Φ⋆,Ψ⋆ (⋆ ∈ {max,min}) satisfy
the following: for every priority function p on G, every ω-regular objective W in G and the lifted
objective W ′ in G′ and every ρ ∈ PlaysG , σ ∈ ΣG , π ∈ ΠG:
(I, obj.) ρ ∈ W ⇐⇒ Γ(ρ) ∈ W ′; (II, plays) Γ(Playsσ,πG ) = Plays

Φmax(σ),Φmin(π)
G′ ;

(III, prob.) Pσ,π
G (W ) = PΦmax(σ),Φmin(π)

G′ (W ′); (IV, val.) ValG(W ) = ValG′(W ′).
Consequently, sure, almost-sure, limit-sure, and quantitative analysis of any objective above on G is
inter-reducible in linear time with the corresponding analysis on G′.

3.2.2 Step 2: Reduction from Pre-min-transformed POSGs to RPOMDPs

We translate a Pre-min-transformed POSG G′ into a value-equivalent RPOMDP R(G) by eliminating
the min-player’s states and folding the min-player’s choices into polytope choices for the RPOMDP
environment. In G′, every play has the periodic structure s1

a1−→ ds2
⊤−→ s2

a2−→ s3
a3−→ ds4

⊤−→
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dt1

dt2
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b

a

⊤

⊤

x

x
y

P(dt2 ,⊤)

P(dt1 ,⊤)P(s1, a)

P(s1, b)

P(s2, a)s1 s2

dt1

dt2

a

b

a

⊤

⊤

Figure 2: (a) A POSG G. max-states s1, s2 are circles, while min-states t1, t2 are rectangles. (b) The Pre-min
transformed game G′ with dashed circles representing new dummy states- dt1 , dt2 and dashed arrows represent
the ⊤-action. (c) The reduced RPOMDP R(G) with green dotted circles represent uncertainty sets P (s, a).
P (s1, a) is a singleton consisting of the distribution δ(s1, a), likewise for P (s1, b) and P (s2, a). P (dt1 ,⊤) is
also a singleton {δ′(dt1 , x)}. P (dt2 ,⊤) is the polytope with two vertices {δ′(dt2 , x), δ′(dt2 , y)}.

s4 · · · , in which Smax ∪ D states alternate with Smin-states. The key observation is that the min-
player’s only role is to pick an action a ∈ Amin at each Smin-state s, and this choice deterministically
fixes a transition distribution δ′(s, a) ∈ ∆(Smax). This is precisely the role of the environment in an
RPOMDP: given a state and an action, it selects a distribution from the uncertainty set. We exploit this
correspondence by collapsing each Smin-state s into the dummy state ds that immediately precedes
it: the polytope P (ds,⊤) has as its vertices, the distributions δ′(s, a), one per min-action a ∈ Amin.
Picking a point in this polytope is a convex combination

∑
a αa δ

′(s, a), where αa is the distribution
value induced by min−action a at s. The RPOMDP environment at (ds,⊤) therefore has exactly the
choices available to the min-player at s in G′. The following construction formalizes this intuition.

RPOMDP construction. Given a Pre-min-transformed POSG G′ = (Smax ∪ D,Smin, Amax ∪
{⊤}, Amin, δ

′, s0,Omax ∪ O†,Omin ∪ O#,Z ′
max,Z ′

min), the corresponding RPOMDP R(G) =
(SR, AR,PR,OR

a ,OR
e ,ZR

a ,ZR
e , sR0 ) is defined as follows:

• States. SR = Smax ∪D, with initial state sR0 = s0.
• Actions. AR = Amax ∪ {⊤}, with every action enabled at every RPOMDP state. The

construction lists Amax as effective at original max-states and ⊤ at dummy states.
• Uncertainty set. PR =

∏
(s,a)∈SR×AR

P (s, a). The polytopes have vertex sets Vs,a =

{δ′(s, a)} if s, a ∈ Smax ×Amax, Vs,a = {δ′(s′, a′) | a′ ∈ Amin} if s = ds′ , a = ⊤.
• Observations. OR

a = Omax ∪ O† and OR
e = Omin ∪ O#, with ZR

a (s′) = Z ′
max(s

′) and
ZR

e (s′) = Z ′
min(s

′) for all s′ ∈ SR.

RPOMDP objectives. We first relate plays of G′ and R(G). For ρ′∈PlaysG′ , Λ : PlaysG′→PlaysR(G)
removes every Smin-state and every Amin-action from ρ′. The map Λ is many-to-one: G′-plays
that agree on Smax ∪ D states and Amax ∪ {⊤} actions but differ in the Amin-action chosen at
Smin-states map to the same R(G)-play. Its set-valued inverse Λ−1(ρR) recovers the pre-image by re-
introducing an arbitrary Amin-action consistent with the realised next state. Observation histories lift
via Λmax

O ,Λmin
O : the agent map Λmax

O is a bijection between OHG′

max and OHR(G)
a , while the environment

map Λmin
O is a bijection onto the co-domain of environment histories ending at a dummy state.

Strategies in G′ and R(G) are functions of observation histories. We lift strategies between the two
models as follows. Ωmax : ΣG′ → ΣR(G) converts a G′-max-strategy σ′ into an agent strategy. Given
an agent observation history ohR, the new strategy first lifts ohR to its G′-counterpart (Λmax

O )−1(ohR)
and queries σ′ there: Ωmax(σ

′)(ohR) = σ′((Λmax
O )−1(ohR)

)
. Ωmin : ΠG′ → ΠR(G) converts a G′-

min-strategy π′ into an environment strategy. At a dummy state ds′ under ⊤, with environment history
ohR ending in O#, write π′((Λmin

O )−1(ohR)
)
(s′)(a) = αa for the randomised min-action a at s′;

then Ωmin(π
′) selects the convex combination

∑
a∈Amin

αa · δ′(s′, a) ∈ P (ds′ ,⊤). At non-dummy
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state-action pairs, the polytope is a singleton, and Ωmin(π
′) picks its unique element. The reverse

maps Ξmax : ΣR(G) → ΣG′ and Ξmin : ΠR(G) → ΠG′ are defined analogously: Ξmax(σ
R)(oh′) =

σR(Λmax
O (oh′)); the environment map is defined analogously from the convex coefficients of the

selected point. The formal strategy maps are given in the Appendix.

• Parity objective. Let p′ be the priority function for G′. Define the priority function for R(G),
pR : SR → {0, 1, . . . , d} by pR(s′) = p′(s′) for all s′ ∈ SR.

Size and memory preservation under RPOMDP construction. It is easy to see that |R(G) | =
O(|G′|) and the construction runs in linear time. Moreover, observation histories on the two sides
are linear in each other. The lifting maps Ω⋆,Ξ⋆ preserve memory class exactly: memoryless, finite-
memory, and infinite-memory regimes correspond exactly between G′ and R(G) (Appendix C.3.1).
Lemma 3.3 (Equivalence between G′ and R(G), Proof in Appendix C.4). Let G′ be a Pre-min-
transformed POSG and R(G) its RPOMDP reduction. The play map Λ and the strategy maps Ω⋆,Ξ⋆

(⋆ ∈ {max,min}) satisfy the following: for every priority function p′ on G′, every ω-regular objective
W ′ in G′ with the lifted objective WR in R(G) and for every ρ′ ∈ PlaysG′ , σ′ ∈ ΣG′ and π′ ∈ ΠG′ :

(I, obj.) ρ′ ∈ W ′ ⇐⇒ Λ(ρ′) ∈ WR; (II, plays) Λ(Playsσ
′,π′

G′ ) = Plays
Ωmax(σ

′),Ωmin(π
′)

R(G) ;

(III, prob.) Pσ′,π′

G′ (W ′) = PΩmax(σ
′),Ωmin(π

′)
R(G) (WR); (IV, val.) ValG′(W ′) = ValR(G)(W

R)

Consequently, sure, almost-sure, limit-sure, and quantitative analysis of any objective defined above
on G′ is inter-reducible in linear time with the corresponding analysis on R(G).

Proof outline. The four clauses are proved in sequence, each using the previous one. (1) holds
because Λ leaves the underlying Smax ∪ D-state sequence unchanged: target states are visited at
exactly the same positions, and pR is just the restriction of p′ to SR, so the only states removed
from ρ′ are Smin-states whose priority by construction equals that of the preceding dummy state
– which does not change the lim inf used in the parity condition. (2): Take ρ′ ∈ Playsσ

′,π′

G′ and
check, step by step, that Λ(ρ′) could have been produced by the strategy pair (Ωmax(σ

′),Ωmin(π
′))

in R(G). At each Smax-state, the singleton uncertainty set forces the unique transition; at each
dummy state, the convex combination

∑
a αaδ

′(s, a) chosen by Ωmin(π
′) is exactly the next-state

distribution induced by π′ at s. Conversely, every play in Plays
Ωmax(σ

′),Ωmin(π
′)

R(G) has a G′-pre-image in
Λ−1 obtained by drawing, at each dummy step, a min-action according to the coefficients (αa). (3) is
a cylinder-set induction on history length with three cases (Smax-extension, dummy-state extension,
and Smin → Smax traversal): in each case the probability of the next step in R(G) reduces to the
corresponding G′-probability, with the deterministic ⊤-transition contributing 1 and the polytope
coefficients matching the min-action distribution. (4) first applies (3) in both mapping directions to
show equality of the inner infima for each fixed agent strategy, and then takes the outer supremum;
only agent maps need to be bijective. The “consequently” is immediate: quantitative and limit-sure
analysis follow from clause (4); almost-sure follows from (3) by taking the infimum over π′ on each
side and matching witnesses through Ω and Ξ; and sure analysis follows from (2) and (1) since a
strategy keeping all G′-plays inside W ′ corresponds via Ω to a strategy keeping all R(G)-plays inside
WR, and conversely via Ξ. Thus from the above and from Lemmas 3.3 and 3.2, we conclude:
Theorem 3.4 (Equivalence of G and R(G)). Let G be an ac-POSG and R(G) be the constructed
RPOMDP as in Section 3.2. The sure, almost-sure, limit-sure, and quantitative analysis of any
ω-regular objective on G is inter-reducible in linear time with the corresponding analysis on R(G).

Complexity Results. A corollary of the reductions in Sections 3.1 and 3.2 is that, under (s, a)-
rectangularity, Polytopic RPOMDPs are equivalent to finite ac-POSGs for any ω-regular objective.
Our proofs show this for action-invisible strategies, where agent and environment strategies cannot
observe the agent’s chosen actions in their respective observation histories. Thanks to the bidirectional
equivalence, RPOMDPs inherit both upper and lower complexity bounds from POSGs for {sure,
almost-sure, limit-sure, quantitative} winning under ω-regular objectives, see [7] for a survey. Table
1 summarizes these results.

4 Conclusion

We studied RPOMDPs under ω-regular objectives, and showed that solving them is equivalent to
solving ac-POSGs under ω-regular objectives. We do this by establishing polynomial-time reductions
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in both directions. Exploiting this equivalence, we derived several new computational complexity
results for both RPOMDPs and RMDPs, and provided a complete picture of the complexity landscape
of the problem under action invisible strategies. Our results apply to R(PO)MDPs with (s, a)-
rectangular and polytopic uncertainty sets. Interesting future work would be studying computational
complexity bounds under more general settings.
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– Section C.2 Lifting objectives from G′ to R(G)
– Section C.3 Value Preservation between G′ to R(G)
– Section C.3.1 Size and memory preservation between G′ and R(G)
– Section C.4 Proof of Lemma 3.3
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As in the main text, all actions are formally enabled at all states. When a construction displays only
effective actions, omitted actions are implicitly completed by an absorbing outcome losing for their
owner. We suppress these dominated transitions and carry out the mappings on the displayed effective
actions. For the max-player, assigning positive probability to an omitted action can only decrease the
probability of satisfying the objective, so that probability can be reassigned to an effective action.
Dually, an omitted min-action reaches a max-winning outcome and therefore cannot improve the min-
player’s strategy. Thus both players may be restricted to effective actions without changing the value
or the sure, almost-sure, limit-sure, and quantitative winning sets. This argument applies because
all objectives considered here are represented as parity objectives and the completion outcomes are
absorbing wins or losses; an arbitrary action-sensitive objective would first need to be encoded in the
state space.

A Reduction of RPOMDPs to POSGs

Definition: Let M = (S,A,P,Oa,Oe,Za,Ze, s0) be a polytopic RPOMDP. We define the POSG
induced by M as G = (SG

max, S
G
min, A

G
max, A

G
min, δ

G , sG0 ,OG
max,OG

min,ZG
max,ZG

min). For each (s, a) ∈
S ×A, let Vs,a denote the set of vertices of the local uncertainty polytope P (s, a).

• States: SG
max = S and SG

min = S ×A. Let SG = SG
max ∪ SG

min.

• Actions: AG
max = A and AG

min =
⋃

(s,a)∈S×A Vs,a. At min-state (s, a) the effective actions
are Vs,a; all remaining min-actions use the implicit min-losing transition. Let AG =

AG
max ∪AG

min.

• Transition function δG : (SG
max ×AG

max) ∪ (SG
min ×AG

min) → ∆(SG) is defined as follows:

– For max-player having state-action pairs (s, a) ∈ SG
max ×AG

max, the transition function
is given as Dirac distribution with probability mass on state (s, a) ∈ SG

min

δG(s, a)(s′) =

{
1 if s′ = (s, a)

0 otherwise

– For an effective min-action v ∈ Vs,a at (s, a) ∈ SG
min, the transition function is the

probability distribution over SG
max given by

δG((s, a), v)(s′) =

{
v(s′) where s′ ∈ SG

max and v(s′) denotes the s′th entry in v

0 otherwise

Every other globally enabled min-action follows the default max-winning transition
and is suppressed from the display.

• Initial state: sG0 = s0 ∈ SG
max.

• Observation functions: ZG
max and ZG

min are functions from states SG to OG
max and OG

min
respectively.

– For s ∈ SG
max, ZG

max(s) = Za(s)

– For (s, a) ∈ SG
min, ZG

max((s, a)) = Za(s)

– For s ∈ SG
max, ZG

min(s) = Ze(s)

– For (s, a) ∈ SG
min, ZG

min((s, a)) = Ze(s)

An effective play in G has the form ρ = s0, a0, s1, a1, . . . ∈ PlaysG , where for every k ≥ 0, s2k ∈
SG
max, a2k ∈ AG

max, s2k+1 = (s2k, a2k) ∈ SG
min, and a2k+1 ∈ Vs2k,a2k

. Non-matching min-actions
take the implicit min-losing transition. At step t, the history is ht = s0, (o

1
0, o

2
0), s1, . . . , st, (o

1
t , o

2
t ),

where o1i = ZG
max(si) and o2i = ZG

min(si).

A.1 Mapping Plays, Observation Histories and Strategies from M to G

In this section, we establish a formal mapping between the plays, observation histories and strategies
of the RPOMDP M and the POSG G.

Mapping on Plays:
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• Define a mapping Θ : PlaysM → 2PlaysG as follows. Let ρ = s0, a0, s1, a1, · · · ∈ PlaysM.
Then Θ(ρ) is the set of all plays ρ′ = s′0, a

′
0, s

′
1, a

′
1, s

′
2, a

′
2, · · · ∈ PlaysG is given index-

wise, ∀k ≥ 0 : s′2k = sk, a
′
2k = ak, s

′
2k+1 = (s′2k, a

′
2k) = (sk, ak), a

′
2k+1 = v ∈ Vsk,ak

(arbitrary v). Thus, Θ(ρ) consists of all plays in G obtained by resolving each transition
in ρ using an arbitrary choice of vertex from the uncertainty set at each step. For X ⊆
PlaysM, Θ(X) =

⋃
ρ∈X

Θ(ρ).

• Define Υ : PlaysG → PlaysM as follows. Let ρ′ = s′0, a
′
0, s

′
1, a

′
1, s

′
2, a

′
2, · · · be a play

in G. Then Υ(ρ′) = ρ = s0, a0, s1, a1, · · · ∈ PlaysM is given index-wise by si = s′2i
and ai = a′2i for every i ≥ 0. The map Υ is many-to-one. For Y ⊆ PlaysG , define
Υ(Y ) = {Υ(ρ′) | ρ′ ∈ Y }; for X ⊆ PlaysM, define its preimage Υ−1(X) = {ρ′ ∈
PlaysG | Υ(ρ′) ∈ X}.

Mapping on Observation Histories: OHa,OHe denote the set of agent and environment observation
histories respectively in RPOMDP M. OHG

max,OH
G
min denote observation histories of max,min

players respectively in POSG G.

1. Define Θa : OHa → OHG
max. For agent observation history oha = o0, o1 · · · , ot ∈ OHa,

the mapping is given by Θa(oh
a) = ohmax = o′0, o

′
1, · · · , o′2t is given index-wise, ∀ 0 ≤

k ≤ t− 1, o′2k = o′2k+1 = ok, o
′
2t = ot.

2. Define Υa : OHG
max → OHa. For max-player observation history ohmax =

o0, o1, · · · , ot−1, ot, the mapping is given by Υa(oh
max) = oha = o′0, o

′
1, · · · , o′t/2 is

given index-wise, ∀0 ≤ i ≤ t/2, o′i = o2i.

3. Define Θe : OHe → OHG
min. Let ohe = o0, o1, · · · , ot ∈ OHe. The function is given

by Θe(oh
e) = ohmin = o′0, o

′
1, · · · , o′2t, o′2t+1 is given index-wise, ∀0 ≤ k ≤ t, o′2k =

o′2k+1 = ok.

4. Define Υe : OH
G
min → OHe. Let ohmin = o0, o1, · · · , ot ∈ OHG

min. The function is given by
Υe(oh

min) = ohe = o′0, o
′
1, · · · , o′(t−1)/2 is given index-wise, ∀0 ≤ i ≤ (t−1)/2, o′i = o2i.

Lemma A.1. Let ⋆ ∈ {a, e}. Θ⋆ and Υ⋆ are inverses of each other.

Proof. 1. For all oh = o1, o1, o2, o2, · · · , ot−1, ot−1, ot ∈ OHG
max,

Θa(Υa(oh)) = Θa(o1, o2, · · · , ot−1, ot) = o1, o1, o2, o2, · · · , ot−1, ot−1, ot = oh

2. For all oh = o1, o2, · · · , ot−1, ot ∈ OHa,

Υa(Θa(oh)) = Υa(o1, o1, o2, o2, · · · , ot−1, ot−1, ot) = o1, o2, · · · , ot−1, ot = oh

3. For all oh = o1, o1, o2, o2, · · · , ot−1, ot−1, ot, ot ∈ OHG
min,

Θe(Υe(oh)) = Θe(o1, o2, · · · , ot−1, ot) = o1, o1, o2, o2, · · · , ot−1, ot−1, ot, ot = oh

4. For all oh = o1, o2, · · · , ot−1, ot ∈ OHe,

Υe(Θe(oh)) = Υe(o1, o1, o2, o2, · · · , ot−1, ot−1, ot, ot) = o1, o2, · · · , ot−1, ot = oh

Mapping of Strategies For each (s, a) ∈ S ×A, define the barycenter map

bars,a : ∆(Vs,a) → P (s, a), bars,a(λ) =
∑

v∈Vs,a

λ(v)v.

For each P ∈ P (s, a), choose coefficients αP
s,a ∈ ∆(Vs,a) such that bars,a(αP

s,a) = P . Such
coefficients need not be unique; fix one choice for every P once and for all. We identify ∆(Vs,a) with
distributions over AG

min supported on Vs,a. Also fix an arbitrary reference distribution P 0
s,a ∈ P (s, a)

for every (s, a) ∈ S ×A.
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1. The agent strategy σ ∈ ΣM for RPOMDP M is given by

σ : OHa →
⋃

o∈Oa

∏
s:Za(s)=o

∆(A)

2. The environment strategy π ∈ ΠM for RPOMDP M is given by

π : OHe ×A → P.

3. The max-player strategy σ′ ∈ ΣG for POSG G from the reduction is given by

σ′ : OHG
max →

⋃
o∈OG

max

∏
s∈SG

max:ZG
max(s)=o

∆(AG
max)

(recall that max and min states alternate)

4. The min-player strategy π′ ∈ ΠG for POSG G from the reduction is given by

π′ : OHG
min →

⋃
o∈OG

min

∏
s∈SG

min:Z
G
min(s)=o

∆(AG
min)

(recall that max and min states alternate)

Define the mappings

• Ca : ΣM → ΣG . For all σ ∈ ΣM and oh ∈ OHG
max,

Ca(σ)(oh) = σ(Υa(oh)).

• Da : ΣG → ΣM. For all σ′ ∈ ΣG and oh ∈ OHa,

Da(σ
′)(oh) = σ′(Θa(oh)).

• Ce : ΠM → ΠG . For all π ∈ ΠM, oh ∈ OHG
min, and (s, a) ∈ SG

min with ZG
min((s, a)) =

last(oh), use the component notation above.

Ce(π)(oh)((s, a)) = απ(Υe(oh),a)(s,a)
s,a .

• De : ΠG → ΠM. For all π′ ∈ ΠG , oh ∈ OHe, and a ∈ A, define the complete assignment
De(π

′)(oh, a) ∈ P componentwise as follows.

De(π
′)(oh, a)(x, b) =

{
barx,a(π

′(Θe(oh))((x, a))) if b = a and Ze(x) = last(oh),

P 0
x,b otherwise.

Hence every component belongs to its corresponding local uncertainty set.

Remark A.2. For every π ∈ ΠM, oh ∈ OHG
min, and compatible (s, a),

π(Υe(oh), a)(s, a) = bars,a(Ce(π)(oh)((s, a))) .

Lemma A.3. The agent maps Ca and Da are mutual inverses. The environment maps satisfy, at
every compatible oh, s, and a,

De(Ce(π))(oh, a)(s, a) = π(oh, a)(s, a),

bars,a(Ce(De(π
′))(oh)((s, a))) = bars,a(π

′(oh)((s, a))) .

Thus both compositions preserve the next-state distribution.

Proof. The agent identities follow from Lemma A.1. The environment identities follow from
bars,a(α

P
s,a) = P and the two history identities in Lemma A.1.
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A.2 Lifting Objectives

Let W be a parity objective in RPOMDP M given by the priority function p : S →
{0, 1, · · · , d}, d ∈ N. Then, the lifted objective in POSG G, W ′ ⊆ PlaysG is given the prior-
ity function pG : SG

max ∪ SG
min → {0, 1, · · · , d} defined as

pG(s) =

{
p(s) if s ∈ SG

max

p(s′) if s = (s′, a) ∈ SG
min

Lemma A.4. Let W be parity objective in RPOMDP M given by the priority function p and let W ′

be the lifted objective in POSG G. Then,

ρ ∈ W ⇐⇒ Θ(ρ) ⊆ W ′

Proof. We have W = ParityM(p) and W ′ = ParityG
(
pG

)
where pG is defined as above. Any play

ρ = s0, a0, s1, a1, · · · ∈ PlaysM has parity sequence: p(ρ) = p0, p1, p2, · · · such that pi = p(si).
Any play in Θ(ρ) is of the form ρ′ = s0, a0, (s0, a0), a

′
0, s1, · · · with parity sequence pG(ρ′) =

p0, p0, p1, p1, · · · , since pG(si) = pG((si, ai)) = p(si). Due to repeating values lim infi→∞ of the
sequence do not change, then lim infi→∞(p(ρ)) = lim infi→∞(pG(ρ′)). Thus, ρ ∈ W =⇒ ρ′ ∈
W ′ ⇐⇒ Θ(ρ) ⊆ W ′. The reverse direction follows similarly.

A.3 Value Preservation

Lemma A.5. The strategy maps preserve the induced probability measure in both directions. In
particular,

Pσ,π
M (W ) = PCa(σ),Ce(π)

G (W ′) for all σ ∈ ΣM, π ∈ ΠM,

Pσ′,π′

G (W ′) = PDa(σ
′),De(π

′)
M (W ) for all σ′ ∈ ΣG , π′ ∈ ΠG ,

where W ⊆ PlaysM is a parity objective of M and W ′ = Θ(W ) is the corresponding objective in
G.

Proof. For a history h, let Cyl(h) denote the set of all runs having h as a prefix. Since the probability
measure over runs is uniquely determined by its values on cylinder sets, it suffices to show that
corresponding cylinder sets have the same probability.

Let HM(resp. HG) denote the set of histories in RPOMDP M (resp. POSG G). Define the mapping
Θh : HM → 2HG as follows: Let h = s0, (o

a
0 , o

e
0), s1, . . . st, (o

a
t , o

e
t ) ∈ HM. Then Θh(h) is the

set of all histories h′ = s′0, (o
max
0 , omin

0 ), s′1, . . . s
′
2t, (o

max
2t , omin

2t ) is given index-wise, ∀k ≥ 0 :
s′2k = sk, s

′
2k+1 = (sk, ak) where ak ∈ AG

max and ∀i ≥ 0 omax
i = ZG

max(s
′
i), o

min
i = ZG

min(s
′
i).

Thus, Θh(h) consists of all histories in G obtained by resolving each transition in h using an arbitrary
choice of action from AG

max at each step.

We show that for a finite history h in W , there exists corresponding set of histories H ′ = Θh(h) in
W ′ such that

Pσ,π
M (Cyl(h)) =

∑
h′∈H′

PCa(σ),Ce(π)
G (Cyl(h′))

The proof follows induction on the length of h with base condition h = s0 and H ′ = {s0} with
values Pσ,π

M (Cyl(h)) =
∑

h′∈H′ PCa(σ),Ce(π)
G (Cyl(h′)) = 1.

For induction, let h = h1, s1, (o1, o
′
1) where o1 = Za(s1), o

′
1 = Ze(s1) and h1 ending in state

s with observations history pair (o, o′). Let H ′
1 = Θh(h1). A history h′ ∈ H ′ is of the form

h′ = h′
1, (s, a), (o, o

′), s1, (o1, o
′
1) where h′

1 ∈ H ′
1, a ∈ A(an arbitrary action a). Let oha, ohe be

the agent and environment observations histories for history h1. Let ohmax be max player observation
history for all histories h′

1 ∈ H ′
1. Then oha = Υa(oh

max). Let ohmin be min player observation
history for h′

1, (s, a), (o, o
′) where h′ ∈ H ′

1. Then ohe = Υe(oh
min).

For a given σ′ ∈ ΣG , π
′ ∈ ΠG in history h′, the transition probability from s to (s, a) is given by

σ′(ohmax)(s)(a) and the transition probability from (s, a) to s1 is given by all the transitions on the
vertices v ∈ Vs,a i.e.,

(∑
v∈Vs,a

π′(ohmin)((s, a))(v) · v(s1)
)

.
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∑
h′∈H′

PCa(σ),Ce(π)
G (Cyl(h′))

=
∑

h′∈H′

PCa(σ),Ce(π)
G (Cyl(h′

1))× Ca(σ)(oh
max)(s)(a)×

 ∑
v∈Vs,a

Ce(π)(oh
min)((s, a))(v) · v(s1)


=

∑
h′∈H′

1

PCa(σ),Ce(π)
G (Cyl(h′

1))×
∑
a∈A

Ca(σ)(oh
max)(s)(a)×

 ∑
v∈Vs,a

Ce(π)(oh
min)((s, a))(v) · v(s1)


By induction hypothesis,

∑
h′∈H′

1
PCa(σ),Ce(π)
G (Cyl(h′

1)) = Pσ,π
M (Cyl(h1)). From definition

of Ca, Ca(σ)(oh
max)(s)(a) = σ(Υa(oh

max))(s)(a) = σ(oha)(s)(a). From remark A.2,(∑
v∈Vs,a

Ce(π)(oh
min)((s, a))(v) · v(s1)

)
= π(Υe(oh

min), a)(s, a)(s1) = π(ohe, a)(s, a)(s1).
So, ∑

h′∈H′

PCa(σ),Ce(π)
G (Cyl(h′)) = Pσ,π

M (Cyl(h1))×
∑
a∈A

(σ(oha)(s)(a)× π(ohe, a)(s, a)(s1))

= Pσ,π
M (Cyl(h))

The converse cylinder identity follows by the same induction, replacing the vertex distribution by
its barycenter. The second identity of Lemma A.3 shows that this replacement preserves every
next-state probability. Equality on all cylinders yields both asserted measure equalities and hence
both objective-probability equalities.

Lemma A.6. Let W ⊆ PlaysM be a parity objective of M and let W ′ = Θ(W ) be the corresponding
objective in G. Then,

ValM(W ) = ValG(W
′).

Proof. For fixed σ ∈ ΣM, set

qM(σ) = inf
π∈ΠM

Pσ,π
M (W ), qG(σ

′) = inf
π′∈ΠG

Pσ′,π′

G (W ′).

The first equality in Lemma A.5 gives qG(Ca(σ)) ≤ qM(σ), because every π ∈ ΠM has the image
Ce(π) ∈ ΠG . Conversely, for every π′ ∈ ΠG , the second equality in Lemma A.5 and Da(Ca(σ)) = σ
give

PCa(σ),π
′

G (W ′) = Pσ,De(π
′)

M (W ),

hence qM(σ) ≤ qG(Ca(σ)). Therefore

qM(σ) = qG(Ca(σ)) for every σ ∈ ΣM.

Finally, Ca is a bijection by Lemma A.3, so taking the outer supremum yields

ValM(W ) = sup
σ∈ΣM

qM(σ) = sup
σ∈ΣM

qG(Ca(σ))

= sup
σ′∈ΣG

qG(σ
′) = ValG(W

′).

Lemma A.7. For mapped strategies, projection preserves the supported plays in both directions:

Υ
(
Plays

Ca(σ),Ce(π)
G

)
= Playsσ,πM ,

Υ
(
Playsσ

′,π′

G

)
= Plays

Da(σ
′),De(π

′)
M .
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Proof. We prove the first equality by induction on finite effective prefixes; the second follows by the
same argument using the reverse maps. The initial prefixes coincide. Suppose corresponding prefixes
end in the RPOMDP state s and the POSG max-state s. Their agent observation histories correspond
under Θa and Υa, and

Ca(σ)(Θa(oh
a))(s) = σ(oha)(s).

Consequently, an action a has positive probability after one prefix exactly when it has positive
probability after the other. The POSG then moves deterministically to (s, a).

At the min-state (s, a), let λ = Ce(π)(Θe(oh
e))((s, a)) and P = π(ohe, a)(s, a) = bars,a(λ). For

every successor s′, nonnegativity gives
P (s′) > 0 ⇐⇒ λ(v)v(s′) > 0 for some v ∈ Vs,a.

Thus an RPOMDP extension to s′ is supported exactly when some POSG extension through an effec-
tive vertex v to s′ is supported. This proves the induction step and the first projected-prefix equality.
For arbitrary σ′, π′, replace λ by π′(oh)((s, a)) and use the barycenter identity in Lemma A.3; the
same induction proves the second equality. Finally, an infinite play is supported exactly when all its
finite prefixes are supported, yielding both displayed play-set equalities.

Lemma A.8 (Sure winning analysis). Let W ⊆ PlaysM be a parity objective of M and W ′ =
Υ−1(W ) = Θ(W ) its lifted objective in G. The preimage Υ−1 was defined in Appendix A.1. For
σ ∈ ΣM, let σ′ = Ca(σ). Then,

σ is sure winning for W ⇐⇒ σ′ is sure winning for W ′.

Proof. Suppose first that σ is sure winning and take arbitrary π′ ∈ ΠG . By Lemma A.7,

Υ
(
Playsσ

′,π′

G

)
= Plays

σ,De(π
′)

M ⊆ W,

so Playsσ
′,π′

G ⊆ Υ−1(W ) = W ′. Conversely, suppose that σ′ is sure winning and take arbitrary

π ∈ ΠM. The first equality in Lemma A.7 gives Υ(Plays
σ′,Ce(π)
G ) = Playsσ,πM ; since the game plays

lie in W ′, their projections lie in W .

Lemma A.9 (Almost-sure analysis). Let W ⊆ PlaysM be a parity objective of M and W ′ = Θ(W )
its lifted objective in G. For σ ∈ ΣM, let σ′ = Ca(σ). Then,

σ is almost-sure winning for W ⇐⇒ σ′ is almost-sure winning for W ′.

Proof. The fixed-strategy equality established in the proof of Lemma A.6 gives

inf
π∈ΠM

Pσ,π
M (W ) = inf

π′∈ΠG
Pσ′,π′

G (W ′).

One side equals 1 if and only if the other does.

Lemma A.10 (Limit-sure Analysis). Let W ⊆ PlaysM be a parity objective of M and W ′ = Θ(W )
is the corresponding objective in G. Then,

W is limit-sure winning ⇐⇒ W ′ is limit-sure winning

Proof. Follows directly from lemma A.6.

Lemma A.11 (Quantitative Analysis). Let W ⊆ PlaysM be a parity objective of M and W ′ = Θ(W )
is the corresponding objective in G. Then, for k ∈ (0, 1)

ValM(W ) ≥ k ⇐⇒ ValG(W
′) ≥ k

Proof. Follows directly from lemma A.6.

A.4 Proof of Theorem 3.1

Proof. Because parity subsumes all ω-regular objectives, from Lemma A.6, ValM(W ) = ValG(W
′)

for any ω-regular objective W in M and its lifted objective W ′ in G.
The “consequently” statement follows from lemmas A.8, A.9, A.10, and A.11.
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B The Pre-min-transformation from ac-POSG G to G ′

In this section, we begin with the transformation from G to G′.

Consider any alternating control POSG G. In G the max-player selects an action from a max-state
and the output is immediately a min-state (and vice versa). To make the subsequent RPOMDP
construction cleaner, we first insert a dummy max-state ds before every min-state s ∈ Smin, so that
the max-player always acts twice in a row before the min-player acts. The max-action at a dummy
state is always the fixed action ⊤ with a deterministic transition to the corresponding min-state; it
therefore carries no strategic content.
Definition B.1 (Pre-min transformation). Given an alternating control POSG G =
(Smax, Smin, Amax, Amin, δ, s0,Omax,Omin,Zmax,Zmin), the Pre-min transformation of G is the
POSG G′ = (S′

max, S
′
min, A

′
max, A

′
min, δ

′, s0,O′
max,O′

min,Z ′
max,Z ′

min) where:

• State spaces:

S′
max = Smax ∪ { ds | s ∈ Smin }︸ ︷︷ ︸

D

, S′
min = Smin,

where D is a set of fresh dummy max-states, one for each min-state.

• Actions:
A′

max = Amax ∪ {⊤}, A′
min = Amin,

where ⊤ /∈ Amax is fresh. All actions in A′
max are enabled at every max-state; Amax is

effective at original max-states and ⊤ is effective at dummy states.

• Transition function δ′:

– For s1 ∈ Smax, a1 ∈ Amax, and s2 ∈ Smin: δ′(s1, a1)(ds2) = δ(s1, a1)(s2).
– For s2 ∈ Smin and a2 ∈ Amin: δ′(s2, a2) = δ(s2, a2).
– For ds ∈ D and action ⊤: δ′(ds,⊤) = Dirac(s).
– Every other max state-action pair follows the implicit max-losing transition.

• Observations:

O′
max = Omax ∪ { o†x | x ∈ Omax }︸ ︷︷ ︸

O†

, O′
min = Omin ∪ { o#x | x ∈ Omin }︸ ︷︷ ︸

O#

.

• Observation functions:

– ∀s ∈ Smax ∪ Smin: Z ′
max(s) = Zmax(s) and Z ′

min(s) = Zmin(s).

– ∀ds ∈ D: Z ′
max(ds) = o†Zmax(s)

and Z ′
min(ds) = o#Zmin(s)

.

B.1 Mapping plays, observation histories and strategies from G to G′

Mapping on plays. We define a map Γ : PlaysG → PlaysG′ . Let h = s0, a0, s1, a1, s2, a2, · · · ∈
PlaysG . Since G is alternating control, even-indexed states lie in Smax and odd-indexed states lie in
Smin. We set Γ(h) = h′ = s′0, a

′
0, s

′
1, a

′
1, · · · index-wise as: For k ≥ 0,

s′3k = s2k

a′3k = a2k

s′3k+1 = ds2k+1

a′3k+1 = ⊤
s′3k+2 = s2k+1

a′3k+2 = a2k+1

For X ⊆ PlaysG , define Γ(X) = {Γ(ρ) | ρ ∈ X}.
Observation B.2. By construction of G′, Γ(h) ∈ PlaysG′ for every h ∈ PlaysG , so Γ is well-defined.
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Observation B.3. Every play h′ = s1, a1, s2, a2, · · · ∈ PlaysG′ satisfies, for each k ≥ 0:

s3k+1 ∈ Smax, a3k+1 ∈ Amax, s3k+2 ∈ D, a3k+2 = ⊤, s3k+3 ∈ Smin, a3k+3 ∈ Amin

Lemma B.4. Let h′ ∈ PlaysG′ and let h be obtained by removing all occurrences of states in D and
the action ⊤ from h′. Then h ∈ PlaysG and Γ(h) = h′.
Lemma B.5. The map Γ : PlaysG → PlaysG′ is a bijection.

Mapping on observation histories. We extend Γ to observation histories. For the max-player,
define Γmax

O : OHG
max → OHG′

max as follows. Let oh = x0, y0, . . . , xn−1, yn−1, xn ∈ OHG
max. Then

Γmax
O (oh) = x0, z0, y0, x1, z1, y1, . . . , xn−1, zn−1, yn−1, xn where each zi = o†yi

.

Since Γmax
O (oh) cannot end with a o†-observation by construction, the map is not surjective. We nev-

ertheless define an inverse (Γmax
O )−1 : OHG′

max → OHG
max by removing all occurrences of observations

in O†. We define Γmin
O and (Γmin

O )−1 for the min-player analogously.

Lemma B.6. Let ⋆ ∈ {max,min}. For all oh ∈ OHG
⋆ , (Γ⋆

O)
−1(Γ⋆

O(oh)) = oh.

Lemma B.7. Let ⋆ ∈ {max,min} and let o⋆ ∈ O† if ⋆ = max and o⋆ ∈ O# otherwise. For all
oh′ = (oh′

1, o) ∈ OHG′

⋆ ,

Γ⋆
O
(
(Γ⋆

O)
−1(oh′

1, o)
)
=

{
oh′ if o ̸= o⋆,

oh′
1 otherwise.

Mapping of strategies. As in the main text, each player selects a complete prescription based only
on its observation history. Thus, for ⋆ ∈ {max,min}, a strategy in G has type

σ⋆ : OHG
⋆ →

⋃
o∈O⋆

∏
s∈S⋆:Z⋆(s)=o

∆(A⋆),

and the corresponding strategies in G′ use the same direct product with S′
max, S

′
min, A

′
max, A

′
min. The

expressions below evaluate the selected assignment at a compatible state; that state is not an input to
the strategy.

We define the following four maps lifting strategies between G and G′:

1. Φmax : ΣG → ΣG′ : for each σ ∈ ΣG , oh′ ∈ OHG′

max and ∀s ∈ Smax ∪ D such that
Z ′

max(s) = last(oh′) = last((Γmax
O )−1(oh′)), then

Φmax(σ)(oh
′)(s) = σ

(
(Γmax

O )−1(oh′)
)
(s)

If Z ′
max(s) = last(oh′) ∈ O†, then Φmax(σ)(oh

′)(s) = Dirac(⊤)

2. Φmin : ΠG → ΠG′ : for each π ∈ ΠG , oh′ ∈ OHG′

min and ∀s ∈ Smin such that Z ′
min(s) =

last(oh′), then
Φmin(π)(oh

′)(s) = π
(
(Γmin

O )−1(oh′)
)
(s)

3. Ψmax : ΣG′ → ΣG : for each σ′ ∈ ΣG′ , oh ∈ OHG
max and ∀s ∈ Smax such that Zmax(s) =

last(oh), then
Ψmax(σ

′)(oh)(s) = σ′(Γmax
O (oh)) (s).

4. Ψmin : ΠG′ → ΠG : for each π′ ∈ ΠG′ , oh ∈ OHG
min and ∀s ∈ Smin such that Zmin(s) =

last(oh), then
Ψmin(π

′)(oh)(s) = π′(Γmin
O (oh)

)
(s).

Lemma B.8. For ⋆ ∈ {max,min}, Φ⋆ and Ψ⋆ are inverses of each other: Φ⋆ = (Ψ⋆)
−1 and

Ψ⋆ = (Φ⋆)
−1.

Proof. Without loss of generality, let ⋆ = min. We first show Ψmin(Φmin(π))(oh)(s) = π(oh)(s) for
all π ∈ ΠG , oh ∈ OHG

min and s ∈ Smin such that Zmin(s) = last(oh).

Ψmin(Φmin(π))(oh)(s) = Φmin(π)
(
Γmin
O (oh)

)
(s) by definition of Ψmin

= π
(
(Γmin

O )−1
(
Γmin
O (oh)

))
(s) by definition of Φmin

= π(oh)(s) by Lemma B.6.
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Conversely, for all π′ ∈ ΠG′ , oh′ ∈ OHG′

min and s ∈ Smin such that Z ′
min(s) = last(oh′):

Φmin(Ψmin(π
′))(oh′)(s) = Ψmin(π

′)
(
(Γmin

O )−1(oh′)
)
(s) by definition of Φmin

= π′(Γmin
O

(
(Γmin

O )−1(oh′)
))

(s) by definition of Ψmin

= π′(oh′)(s) by Lemma B.7 and last(oh′) /∈ O#.

B.2 Lifting objectives from G to G′

Let p : Smax ∪ Smin → {0, 1, . . . , d} be the priority function for G. Define p′ : S′
max ∪ S′

min →
{0, 1, . . . , d} by p′(s) = p(s) for s ∈ Smax ∪ Smin and p′(ds) = p(s) for ds ∈ D.

Lemma B.9. Let G, G′, p, and p′ be as above, and let ρ ∈ PlaysG . Then

ρ ∈ ParityG(p) ⇐⇒ Γ(ρ) ∈ ParityG′(p′) .

Proof. The play Γ(ρ) visits every dummy state ds ∈ D exactly once between visiting s ∈ Smax and
s ∈ Smin; p′(ds) = p(s), so no new priority value is introduced. The sequence of priorities seen
along Γ(ρ) is therefore a repetition of the sequence seen along ρ (each value appears twice in a row
at the dummy-state interleaving), which does not change the lim inf . Hence Γ(ρ) satisfies the parity
condition with respect to p′ if and only if ρ satisfies it with respect to p.

B.3 Value Preservation

Lemma B.10. The strategy maps preserve objective probabilities in both directions:

Pσ,π
G (W ) = PΦmax(σ),Φmin(π)

G′ (W ′), for all σ ∈ ΣG , π ∈ ΠG ,

Pσ′,π′

G′ (W ′) = PΨmax(σ
′),Ψmin(π

′)
G (W ), for all σ′ ∈ ΣG′ , π′ ∈ ΠG′ ,

where W ⊆ PlaysG is a parity objective of G and W ′ = Γ(W ) is its corresponding objective in G′.

Proof. Let ρ ∈ W be a play of G and let ρ′ = Γ(ρ) ∈ W ′. It suffices to show that for every finite
history h in W the corresponding history h′ (constructed index-wise exactly as Γ constructs ρ′ from
ρ, but truncated to end at the same state as h) satisfies

Pσ,π
G (Cyl(h)) = PΦmax(σ),Φmin(π)

G′ (Cyl(h′)).

Since the probability measure over plays is uniquely determined by its values on cylinder sets, this
suffices. The proof proceeds by induction on |h|. The base case h = s0 holds trivially since h′ = s0
and both cylinders have probability 1.

For the inductive step, write h = h1, s and distinguish two cases.

Case 1: s ∈ Smax. Then last(h1) ∈ Smin. By construction, h′ = h′
1, s where h′

1 is the prefix
corresponding to h1 and oh′

1 = Z ′
min(h

′
1). Let oh1 = Zmin(h1) and s1 = last(h′

1).

PΦmax(σ),Φmin(π)
G′ (Cyl(h′)) = PΦmax(σ),Φmin(π)

G′ (Cyl(h′
1))×

∑
a∈Amin

(Φmin(π)(oh
′
1)(s1)(a)× δ′(s1, a)(s)) .

By the induction hypothesis, PΦmax(σ),Φmin(π)
G′ (Cyl(h′

1)) = Pσ,π
G (Cyl(h1)). For a ∈ Amin : By

definition of Φmin, oh′
1 = (Γmin

O )−1(oh1) we have Φmin(π)(oh
′
1)(s1)(a) = π(oh1)(s1)(a) and

last(h1) = last(h′
1) = s1 by construction and δ′ = δ on Smin × Amin we have δ′(s1, a)(s) =

δ(s1, a)(s). Hence

PΦmax(σ),Φmin(π)
G′ (Cyl(h′)) = Pσ,π

G (Cyl(h1))×
∑

a∈Amin

(π(oh1)(s1)(a)× δ(s1, a)(s))

= Pσ,π
G (Cyl(h))
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Case 2: s ∈ Smin. Then last(h1) ∈ Smax. By construction, h′ = h′
1, ds, s, so Zmax(h

′) = oh′
1, o

†
o, o

where o = Zmax(s) and oh′
1 = Z ′

max(h
′
1) . Let oh1 = Zmax(h1) and s1 = last(h′

1) = last(h1).

PΦmax(σ),Φmin(π)
G′ (Cyl(h′)) = PΦmax(σ),Φmin(π)

G′ (Cyl(h′
1))

×
∑

a∈Amax

(Φmax(σ)(oh
′
1)(s1)(a)× δ′(s1, a)(ds))

× Φmax(σ)(oh
′
1, o

†
o)(ds)(⊤)× δ′(ds,⊤)(s).

By the induction hypothesis the PΦmax(σ),Φmin(π)
G′ (Cyl(h′

1)) = Pσ,π
G (Cyl(h1)). For a ∈ Amax: By

definition of Φmax, oh1 = (Γmax
O )−1(oh′

1) Φmax(σ)(oh
′
1)(s1)(a) = σ(oh1)(s1)(a) and By construc-

tion of G′, δ′(s1, a)(ds) = δ(s1, a)(s). Since ⊤ is the sole effective action at any dummy state,
Φmax(σ)(oh

′
1, o

†
o)(ds)(⊤) = 1. Finally, δ′(ds,⊤)(s) = 1 by construction of G′. Hence

PΦmax(σ),Φmin(π)
G′ (Cyl(h′)) = Pσ,π

G (Cyl(h1))×
∑

a∈Amax

(σ(oh1)(s1)(a)× δ(s1, a)(s))× 1× 1

= Pσ,π
G (Cyl(h))

The symmetric direction (replacing Φ⋆ by Ψ⋆ = (Φ⋆)
−1) follows by an identical argument.

We now state the main correctness theorem for Pre-min transformation.

Lemma B.11. Let G be any alternating control POSG and G′ its Pre-min transformation. Let
W ⊆ PlaysG be parity objective and W ′ = Γ(W ) its corresponding objective in G′. Then

ValG(W ) = ValG′(W ′).

Proof. For fixed σ ∈ ΣG , set

qG(σ) = inf
π∈ΠG

Pσ,π
G (W ), qG′(σ′) = inf

π′∈ΠG′
Pσ′,π′

G′ (W ′).

The first equality in Lemma B.10 gives qG′(Φmax(σ)) ≤ qG(σ) because every π ∈ ΠG has an image
Φmin(π) ∈ ΠG′ . Conversely, for every π′ ∈ ΠG′ , the second equality there and Ψmax(Φmax(σ)) = σ
give

PΦmax(σ),π
′

G′ (W ′) = Pσ,Ψmin(π
′)

G (W ),

so qG(σ) ≤ qG′(Φmax(σ)). Hence the two fixed-strategy infima are equal. Since Φmax is a bijection
by Lemma B.8, taking the outer supremum yields

ValG(W ) = sup
σ∈ΣG

qG(σ) = sup
σ∈ΣG

qG′(Φmax(σ))

= sup
σ′∈ΣG′

qG′(σ′) = ValG′(W ′).

Corollary B.12. Let G be any alternating control POSG and G′ its Pre-min transformation. Let p- a
priority function for G. Then

ValG
(
ParityG(p)

)
= ValG′

(
ParityG′(p′)

)
.

Proof. Follows directly from lemma B.11 together with Lemma B.9.

Lemma B.13. For any σ ∈ ΣG and π ∈ ΠG:

Γ
(
Playsσ,πG

)
= Plays

Φmax(σ),Φmin(π)
G′ .

where Playsσ,πG (resp.Playsσ
′,π′

G′ ) denote the set of plays in G(resp.G′) under the pair of strategies
σ, π(resp.σ′, π′).
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Proof. Let ρ′ ∈ Γ(Playsσ,πG ). Then there exists ρ ∈ Playsσ,πG with Γ(ρ) = ρ′. Write ρ =
s0, a0, s1, a1, . . . and ρ′ = s0, a0, ds1 ,⊤, s1, a1, . . . as constructed by Γ. We verify ρ′ is consis-
tent with (Φmax(σ),Φmin(π)).

• At each max-state sk ∈ Smax (k is even): The max-player observation history in G′ at state
sk is oh′

k = Γmax
O (ohk), where oh is the max-player observation history of ρ at sk. By

definition of Φmax:

Φmax(σ)(oh
′
k)(sk) = σ

(
(Γmax

O )−1(oh′
k)
)
(sk)

= σ(ohk)(sk) from Lemma B.6

Because ρ ∈ Playsσ,πG , action ak is in the support of σ(ohk)(sk), and hence also in the sup-
port of Φmax(σ)(oh

′
k)(sk). The max-transition in G′ sends (sk, ak) to dsk+1

with probability
δ′(sk, ak)(dsk+1

) = δ(sk, ak)(sk+1), matching the transition used in ρ.

• At each dummy state ds2k+1
∈ D: By definition of Φmax, the strategy assigns Dirac(⊤)

to the sole effective action; all other globally enabled actions are max-losing defaults.
Moreover, δ′(ds2k+1

,⊤)(s2k+1) = 1.

• At each min-state sk ∈ Smin (k is odd): The min-player observation history in G′ at sk
is oh′ = Γmin

O (oh), where oh is the min-player observation history of ρ at state sk. By
definition of Φmin:

Φmin(π)(oh
′)(sk) = π

(
(Γmin

O )−1(oh′)
)
(sk)

= π(oh)(sk) from lemma B.6

Because ρ ∈ Playsσ,πG , action ak is in the support of π(oh)(sk), hence action ak is also in
the support of Φmin(π)(oh

′)(sk).

Thus ρ′ ∈ Plays
Φmax(σ),Φmin(π)
G′ , hence Γ

(
Playsσ,πG

)
⊆ Plays

Φmax(σ),Φmin(π)
G′ .

Since Γ : PlaysG → PlaysG′ is a bijection (Lemma B.5), every ρ′ ∈ Plays
Φmax(σ),Φmin(π)
G′ has a

unique pre-image ρ = Γ−1(ρ′) obtained by removing all dummy states and ⊤-actions. By the same
step-by-step argument with (Γmax

O )−1, (Γmin
O )−1 in place of Γmax

O , Γmin
O , and using Ψ⋆ = (Φ⋆)

−1 in
place of Φ⋆, the play ρ is consistent with (σ, π), hence Plays

Φmax(σ),Φmin(π)
G′ ⊆ Γ

(
Playsσ,πG

)
.

Lemma B.14 (Sure Winning). Let W ⊆ PlaysG be a parity objective of G and W ′ = Γ(W ) be its
lifted objective in G′. Let σ ∈ ΣG and σ′ = Φmax(σ). Then,

σ is sure winning for W ⇐⇒ σ′ is sure winning for W ′

Proof. We will show that

∀π ∈ ΠG : Playsσ,πG ⊆ W ⇐⇒ ∀π′ ∈ ΠG′ : Playsσ
′,π′

G′ ⊆ W ′

For forward direction, let σ ∈ ΣG be sure winning for W . Then, ∀π ∈ ΠG : Playsσ,πG ⊆ W .
From lemma B.9, for any ρ ∈ Playsσ,πG , ρ ∈ W ⇐⇒ Γ(ρ) ⊆ W ′. Since ρ is arbitrary, we have
Γ(Playsσ,πG ) ⊆ W ′.
For any π′ ∈ ΠG′ : Due to bijection of Φmin,Ψmin, ∃π such that π′ = Φmin(π). Then, from lemma
B.13 and B.8

Playsσ
′,π′

G′ = Γ(Plays
Ψmax(σ

′),Ψmin(π
′)

G ) = Γ(Plays
Ψmax(Φmax(σ)),Ψmin(Φmin(π))
G ) = Γ(Playsσ,πG ) ⊆ W ′

The reverse direction can be proven similarly using inverse mappings Ψmax,Ψmin.

Lemma B.15 (Almost-sure Winning). Let W ⊆ PlaysG be a parity objective of G and W ′ = Γ(W )
be lifted objective in G′. Let σ ∈ ΣG and σ′ = Φmax(σ). Then,

σ is almost-sure winning for W ⇐⇒ σ′ is almost-sure winning for W ′
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Proof. The fixed-strategy equality established in the proof of Lemma B.11 is

inf
π∈ΠG

Pσ,π
G (W ) = inf

π′∈ΠG′
Pσ′,π′

G′ (W ′).

Hence one side equals 1 if and only if the other does.

Lemma B.16 (Limit-Sure Winning). Let W ⊆ PlaysG be a parity objective of G and W ′ = Γ(W ) is
the corresponding objective in G′. Then,

W is limit-sure ⇐⇒ W ′ is limit-sure

Proof. Follows directly from lemma B.11.

Lemma B.17 (Quantitative Analysis). Let W ⊆ PlaysG be a parity objective of G and W ′ = Γ(W )
is the corresponding objective in G′. Then, for k ∈ (0, 1)

ValG(W ) ≥ k ⇐⇒ ValG′(W ′) ≥ k

Proof. Follows directly from lemma B.11.

B.3.1 Size and Memory Preservation of the reduction

Lemma B.18. Let G be an alternating-control POSG and G′ its Pre-min transformation. The maps
Γ : PlaysG → PlaysG′ , Γmax

O ,Γmin
O on observation histories, and Φ⋆,Ψ⋆ = (Φ⋆)

−1 (⋆ ∈ {max,min})
on strategies satisfy the following. Exact counts use the displayed transitions; the implicit sink
completion has constant descriptive overhead. Let S′ = S′

max ∪ S′
min and A′ = A′

max ∪A′
min.

1. (size) |S′| = |SG | + |Smin|, |A′| = |AG | + 1, |O′
max| = 2|Omax|, |O′

min| = 2|Omin|, and
|δ′| = |δ|+ |Smin|. In particular, |G′| = O(|G|) and the construction runs in linear time.

2. (history length) For every oh ∈ OHG
⋆ , |Γ⋆

O(oh)| =
⌈
3|oh|−1

2

⌉
and for every oh′ ∈ OHG′

⋆ ,

|(Γ⋆
O)

−1(oh′)| ≤ |oh′|. Observation histories on the two sides are linear in each other.

3. (memory) The lifting maps Φ⋆,Ψ⋆ preserve memory class exactly: memoryless, finite-
memory and infinite-memory regimes correspond exactly between G and G′.

Proof. Clause (1). Direct from the construction. The state space gains one fresh dummy state per
Smin-state, so |S′| = |Smax|+ 2|Smin| = |SG |+ |Smin|. The action set gains the single fresh action
⊤, so |A′| = |AG | + 1. The observation alphabets are O′

max = Omax ∪ {o†x | x ∈ Omax} and
O′

min = Omin ∪ {o#x | x ∈ Omin}, which doubles each cardinality. The transition function δ′ agrees
with δ on every (s, a) ∈ Smin×Amin, and on each (s, a) ∈ Smax×Amax replaces the target s2 ∈ Smin

by ds2 ∈ D – giving the same number of edges as δ – and additionally contributes the deterministic
edge δ′(ds,⊤) = Dirac(s) for every ds ∈ D, of which there are |Smin|. Hence |δ′| = |δ| + |Smin|.
Each component is therefore a constant or unit-additive perturbation of the corresponding component
in G, so |G′| = O(|G|) and G′ is computed from G in linear time.

Clause (2). Let ⋆ = max and let oh = o0, o1, . . . , o2n ∈ OHG
⋆ , so that |oh| = 2n + 1. By

construction,
Γ⋆
O(oh) = o0, z1, o1, o2, z3, o3, . . . , o2n−2, z2n−1, o2n−1, o2n,

where z2k+1 is the appropriately tagged copy of o2k+1 (z2k+1 = o†o2k+1
) one tagged observation is

inserted between every pair of consecutive original observations. Hence

|Γ⋆
O(oh)| = (2n+ 1) + n = 3n+ 1 = 3|oh|−1

2

Let ⋆ = min and let oh = o0, o1, . . . , o2n+1 ∈ OHG
⋆ , so that |oh| = 2n+ 2. By construction,

Γ⋆
O(oh) = o0, z1, o1, o2, z3, o3, . . . , o2n−2, z2n−1, o2n−1, o2n, , z2n+1, o2n+1

where z2k+1 is the appropriately tagged copy of o2k+1 (z2k+1 = o#o2k+1
) one tagged observation is

inserted between every pair of consecutive original observations. Hence

|Γ⋆
O(oh)| = (2n+ 2) + n+ 1 = 3n+ 3 = 3|oh|

2 .
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From above values, for ⋆ ∈ {max,min}, |Γ⋆
O(oh)| =

⌈
3|oh|−1

2

⌉
For the reverse direction, (Γ⋆

O)
−1 acts on oh′ ∈ OHG′

⋆ by deleting observations in O† for ⋆ = max
and in O# for ⋆ = min. Deletion only shortens the sequence, so |(Γ⋆

O)
−1(oh′)| ≤ |oh′|. Combining

the two bounds, observation histories on the two sides are within a factor of 3
2 in length.

Clause (3). Fix ⋆ ∈ {max,min} and let a finite-memory strategy be realized by a transducer
M = (Q, q0, u, g), where u updates the memory state from observations and g outputs the complete
state-indexed action assignment prescribed by the strategy.

For the forward map Φ⋆, run M on (Γ⋆
O)

−1(oh′). This can be done online with the same memory set
Q: an inserted observation in O† or O# is skipped, while every original observation is processed
exactly as in M . At an original player state, the output is the assignment produced by g; at a
dummy max-state, the output assigns Dirac(⊤) to every compatible dummy state. Thus the resulting
transducer realizes Φ⋆ and uses exactly the memory states in Q.

Conversely, let M ′ realize a strategy in G′. To realize Ψ⋆ in G, run M ′ on the virtual history Γ⋆
O(oh).

Each inserted observation is determined by the adjacent original observation, so the corresponding
finite block can be fed to M ′ as soon as that original observation is read; no additional persistent
memory is required. The output at an original state is then precisely M ′’s output after reading
Γ⋆
O(oh). Lemmas B.6 and B.7 show that these simulations realize the stated strategy maps.

Therefore both maps preserve the number of memory states. In particular, one-state memoryless
strategies, finite-memory strategies, and unrestricted infinite-memory strategies correspond in both
directions.

B.4 Proof of Lemma 3.2

Proof. Because parity objective subsumes all ω-regular objectives, from lemma B.11, ValG(W ) =
ValG′(W ′) for any ω-regular objective W in G and its corresponding objective W ′ in G′.
The “consequently” statement follows from lemmas B.14, B.15, B.16, and B.17.
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C Constructing an RPOMDP from a Pre-min Transformed POSG

Let G′ be the Pre-min transformation of an alternating control POSG G as constructed in definition
B.1. In G′, every play has the periodic structure

s1
a1−→ ds2

⊤−→ s2
a2−→ s3

a3−→ ds4
⊤−→ s4 · · ·

where max-states and dummy states in Smax ∪ D alternate with Smin-states. The key observation
is that the min-player’s choice of action a ∈ Amin at a Smin-state s determines the next transition
distribution δ′(s, a) ∈ ∆(Smax). This is exactly the role of the environment in an RPOMDP: given
a state and an action, it selects a distribution from the uncertainty set. We exploit this to define
a polytopic RPOMDP R(G) whose states are the max-states and dummy states of G′, and whose
uncertainty set at each dummy state under action ⊤ is the polytope whose vertices are the transition
distributions corresponding to the min-player’s available actions.
Definition C.1 (RPOMDP reduction of a Pre-min transformed POSG). Let G′ = (Smax ∪
D,Smin, Amax ∪ {⊤}, Amin, δ

′, s0,Omax ∪ O†,Omin ∪ O#,Z ′
max,Z ′

min) be a Pre-min transformed
POSG. We define the associated RPOMDP as

R(G) = (SR, AR, PR, OR
a , OR

e , ZR
a , ZR

e , sR0 ),

where:

• (State space) SR = Smax ∪D.

• (Actions) AR = Amax ∪ {⊤}, with every action enabled at every state. The effective pairs
are (s, a) ∈ Smax ×Amax and (ds,⊤); all other pairs use the default max-losing singleton
transition.

• (Uncertainty set) PR =
∏

(s,a)∈SR×AR
P (s, a), where the non-default polytopes are:

– For (s, a) ∈ Smax ×Amax or s = ds′ ∈ D and a = ⊤, define

Vs,a =

{
{δ′(s, a)} if s ∈ Smax, a ∈ Amax,{
δ′(s′, a′)

∣∣ a′ ∈ Amin

}
if s = ds′ , a = ⊤, s′ ∈ Smin.

For these pairs,
P (s, a) = conv(Vs,a),

where conv(Vs,a) denotes the convex hull of Vs,a. Every remaining pair uses the
implicit max-losing singleton.

• (Agent observations) OR
a = Omax ∪ O†.

• (Environment observations) OR
e = Omin ∪ O#.

• (Agent observation function) ZR
a : SR → OR

a with ZR
a (s′) = Z ′

max(s
′) for s′ ∈ SR.

• (Environment observation function) ZR
e : SR → OR

e with ZR
e (s′) = Z ′

min(s
′) for s′ ∈ SR.

• (Initial state) sR0 = s0.
Remark C.2. The vertex set Vds,⊤ = {δ′(s, a) | a ∈ Amin} of the polytope P (ds,⊤) encodes all
min-actions at s ∈ Smin: each vertex corresponds to the distribution induced by a min-action. The
environment in R(G) selects any convex combination of these vertices, which corresponds to the
min-player in G′ playing a randomized distribution over actions at state s. At non-dummy states
s′ ∈ Smax, the uncertainty set is a singleton, so the environment has no real choice there. This makes
R(G) a polytopic (s, a)-rectangular RPOMDP.

C.1 Mapping plays, observation histories, strategies from G′ to R(G)

Mapping on plays. Because the uncertainty set at dummy states is polytopic (not a singleton),
different plays in G′ that agree on all Smax ∪D states and Amax ∪ {⊤} actions but differ in the min-
action chosen at Smin-states will map to the same play in R(G). We therefore define Λ : PlaysG′ →
PlaysR(G) and its set-valued inverse Λ−1 : PlaysR(G) → 2PlaysG′ .
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Let ρ′ ∈ PlaysG′ be of the form ρ′ = s1, a1, s2, a2, s3, a3, . . . where by construction of G′, for all
k ≥ 0:

s3k+1 ∈ Smax, s3k+2 ∈ D, s3k+3 ∈ Smin, a3k+1 ∈ Amax, a3k+2 = ⊤, a3k+3 ∈ Amin.

We define Λ(ρ′) = ρR where ρR = t1, b1, t2, b2, . . . ∈ PlaysR(G) is given index-wise, for all k ≥ 0,
by:

t2k+1 = s3k+1 ∈ Smax,

b2k+1 = a3k+1 ∈ Amax,

t2k+2 = s3k+2 ∈ D,

b2k+2 = ⊤.

That is, we remove all occurrences of Smin-states and Amin-actions from ρ′.

Set-valued inverse. Define Λ−1 : PlaysR(G) → 2PlaysG′ as follows. Let ρR = t1, b1, t2, b2, . . . ∈
PlaysR(G) where for all k ≥ 0: t2k+1 ∈ Smax, t2k+2 ∈ D, b2k+1 ∈ Amax, b2k+2 = ⊤. Then
Λ−1(ρR) is the set of all plays ρ′ = s1, a1, s2, a2, s3, a3, . . . ∈ PlaysG′ such that for all k ≥ 0:

s3k+1 = t2k+1,

a3k+1 = b2k+1,

s3k+2 = t2k+2,

a3k+2 = ⊤,

s3k+3 = s such that t2k+2 = ds ∈ D,

a3k+3 ∈ Amin (arbitrary action subject to δ′(s3k+3, a3k+3)(s3k+4) > 0).

Thus Λ−1(ρR) consists of all plays in G′ obtained by resolving each transition at a dummy state using
an arbitrary min-action. In particular, Λ(ρ′) = ρR for every ρ′ ∈ Λ−1(ρR), i.e. Λ is many-to-one.

Mapping on observation histories. We extend Λ to observation histories exactly as before. Let
oh = o1, o2, o3, . . . , on ∈ OHG′

max.

We define Λmax
O : OHG′

max → OHR(G)
a by Λmax

O (oh) = ohR where ohR = õ1, õ2, õ3, . . . is given
index-wise, for all k ≥ 0 such that indices exist, by:

õ2k+1 = o3k+1,

õ2k+2 = o3k+2.

Observations o3k+3 of Smin-states are removed. The map Λmax
O is a bijection with inverse (Λmax

O )−1 :

OHR(G)
a → OHG′

max defined, for ohR = õ1, õ2, . . . , õm ∈ OHR(G)
a (õ2k+1 ∈ Omax, õ2k+2 ∈ o† for

k ≥ 0), by (Λmax
O )−1(ohR) = oh = o1, o2, . . . , ok where for all k ≥ 0:

o3k+1 = õ2k+1,

o3k+2 = õ2k+2,

o3k+3 = x such that õ2k+2 = o†x,

ok = õm

We extend this to the min-player. We define Λmin
O : OHG′

min → ÔH
R(G)
e , where ÔH

R(G)
e ⊆ OHR(G)

e
is the set of environment observation histories of R(G) ending in an observation of a state in

D, i.e, ÔH
R(G)
e = {ohR ∈ OHR(G)

e | last(ohR) ∈ O#}. For oh = o1, o2, . . . , on ∈ OHG′

min,
Λmin
O (oh) = õ1, õ2, . . . is defined index-wise for all k ≥ 0 by:

õ2k+1 = o3k+1,

õ2k+2 = o3k+2.

Since last(oh) ∈ Omin, the mapped history ends in O# and hence lies in ÔH
R(G)
e . Its inverse

(Λmin
O )−1 : ÔH

R(G)
e → OHG′

min is defined for ohR = õ1, õ2, . . . , õm ∈ ÔH
R(G)
e by (Λmin

O )−1(ohR) =
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o1, o2, . . . , om+m/2 where for all k ≥ 0:

o3k+1 = õ2k+1,

o3k+2 = õ2k+2,

o3k+3 = x such that õ2k+2 = o#x ,

om+m/2 = x such that õm = o#x .

Lemma C.3. For all ohR ∈ OHR(G)
a , Λmax

O
(
(Λmax

O )−1(ohR)
)
= ohR; and for all oh′ ∈ OHG′

max,
(Λmax

O )−1(Λmax
O (oh′)) = oh′.

Lemma C.4. For all ohR ∈ ÔH
R(G)
e , Λmin

O
(
(Λmin

O )−1(ohR)
)
= ohR; and for all oh′ ∈ OHG′

min,
(Λmin

O )−1
(
Λmin
O (oh′)

)
= oh′.

Mapping of strategies. Recall from section 2 and the definition of RPOMDP that:

• A player strategy in G′ maps its observation history to state-indexed distributions over its
global action alphabet, as in the main text.

• An agent strategy σR ∈ ΣR(G) maps each observation history to state-indexed distributions
over AR.

• An environment strategy πR ∈ ΠR(G) has type πR : OHR(G)
e × AR → PR and hence

selects a complete transition assignment.

Since PR is (s, a)-rectangular and polytopic, the environment strategy πR ∈ ΠR(G) at a dummy state
ds ∈ D under action ⊤ picks a distribution πR(ohR,⊤)(ds,⊤) ∈ P (ds,⊤), which by Definition C.1
is a convex combination of the vertices Vds,⊤ = {δ′(s, a) | a ∈ Amin}. We write this as

πR(ohR,⊤)(ds,⊤) =
∑

a∈Amin

αa · δ′(s, a), αa ≥ 0,
∑

a∈Amin

αa = 1.

For every s ∈ Smin, define

barG
′

s : ∆(Amin) → P (ds,⊤), barG
′

s (λ) =
∑

a∈Amin

λ(a)δ′(s, a).

For each P ∈ P (ds,⊤), choose βP
s ∈ ∆(Amin) such that barG

′

s (βP
s ) = P . The coefficients may be

nonunique; fix one such βP
s for every P . For a complete assignment P ∈ PR, fix a reference element

P 0
x,b ∈ P (x, b) for every (x, b) ∈ SR × AR. We define the following four maps lifting strategies

between G′ and R(G):

1. Ωmax : ΣG′ → ΣR(G): for each σ′ ∈ ΣG′ , ohR ∈ OHR(G)
a and ∀s ∈ SR = Smax ∪D such

that ZR
a (s) = last(ohR),

Ωmax(σ
′)(ohR)(s) = σ′((Λmax

O )−1(ohR)
)
(s)

2. Ωmin : ΠG′ → ΠR(G): for each π′ ∈ ΠG′ , ohR ∈ OHR(G)
e , and b ∈ AR, define the complete

assignment Ωmin(π
′)(ohR, b) ∈ PR by

Ωmin(π
′)(ohR, b)(x, c) =


barG

′

s

(
π′((Λmin

O )−1(ohR)
)
(s)

) if x = ds, b = c = ⊤,
ZR

e (x) = last(ohR),

δ′(x, b)
if x ∈ Smax, b = c ∈ Amax,
ZR

e (x) = last(ohR),

P 0
x,c otherwise.

3. Ξmax : ΣR(G) → ΣG′ : for each σR ∈ ΣR(G), oh′ ∈ OHG′

max and ∀s ∈ Smax ∪D such that
Z ′

max(s) = last(oh′) ,

Ξmax(σ
R)(oh′)(s) = σR(Λmax

O (oh′)) (s).
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4. Ξmin : ΠR(G) → ΠG′ : for each πR ∈ ΠR(G), oh′ ∈ OHG′

min and ∀s′ ∈ Smin with Z ′
min(s

′) =
last(oh′), define

Ξmin(π
R)(oh′)(s′) = β

πR(Λmin
O (oh′),⊤)(ds′ ,⊤)

s′ .

Remark C.5. By definition of Ξmin, for all πR ∈ ΠR(G), oh′ ∈ OHG′

min, and ds′ ∈ D,

πR(Λmin
O (oh′),⊤)(ds′ ,⊤) = barG

′

s′
(
Ξmin(π

R)(oh′)(s′)
)
.

Lemma C.6. The agent maps Ωmax and Ξmax are mutual inverses. For every compatible dummy
history and state, the environment maps satisfy

Ωmin(Ξmin(π
R))(ohR,⊤)(ds,⊤) = πR(ohR,⊤)(ds,⊤),

barG
′

s (Ξmin(Ωmin(π
′))(oh′)(s)) = barG

′

s (π′(oh′)(s)) .

Thus the environment compositions preserve transition distributions.

Proof. The agent identities follow immediately from Lemmas C.3 and the definitions of Ωmax,Ξmax.
The environment identities follow from barG

′

s (βP
s ) = P and Lemma C.4. At non-dummy states the

uncertainty set is a singleton.

C.2 Lifting objectives from G′ to R(G)

Define pR : SR → {0, 1, . . . , d}, d ∈ N by pR(s′) = p′(s′) for s′ ∈ SR where p′ is priority function
for G′.

Lemma C.7. Let G′, R(G), p′, and pR be as above, and let ρ′ ∈ PlaysG′ . Then

ρ′ ∈ ParityG′(p′) ⇐⇒ Λ(ρ′) ∈ ParityR(G)
(
pR

)
.

Proof. By construction of pR, every state s′ ∈ Smax in Λ(ρ′) carries priority pR(s′) = p′(s′), and
every dummy state ds ∈ D carries priority pR(ds) = p′(ds). The Smin-states of ρ′ are removed by
Λ; since by definition of p′ the priority of each s ∈ Smin equals that of the preceding dummy state ds,
no lim inf-relevant priority value is lost. Hence the parity condition is preserved.

C.3 Value Preservation between G′ and R(G)

Lemma C.8. The strategy maps preserve objective probabilities in both directions:

Pσ′,π′

G′ (W ′) = PΩmax(σ
′),Ωmin(π

′)
R(G) (WR),

PσR,πR

R(G) (WR) = PΞmax(σ
R),Ξmin(π

R)
G′ (W ′),

for all strategies of the indicated types, where W ′ ⊆ PlaysG′ is parity objective in G′ and WR =
Λ(W ′) is the corresponding objective in R(G).

Proof. Since the probability measure over plays is uniquely determined by its values on cylinder sets,
it suffices to show that for every finite history h′ in W ′ ending at a state in Smax ∪D, there exists a
corresponding history hR in WR such that

Pσ′,π′

G′ (Cyl(h′)) = PΩmax(σ
′),Ωmin(π

′)
R(G) (Cyl

(
hR

)
).

We map each such h′ to hR similar to Λ maps the corresponding plays (dropping Smin-states). The
proof proceeds by induction on the length of h′.

Base case. h′ = s0. Then hR = sR0 = s0 and both cylinders have probability 1.

Inductive step. We distinguish three cases based on how h′ is extended.
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Case 1: h′ is of the form h′
1, ds where ds ∈ D. Then last(h′

1) ∈ Smax and hR = hR
1 , ds where hR

1

corresponds to h′
1 by induction. Let ohR

a = ZR
a (hR

1 ). Since last(hR
1 ) = s1 ∈ Smax, the uncertainty

set for a ∈ Amax, P (s1, a) is a singleton {δ′(s1, a)}. Then

PΩmax(σ
′),Ωmin(π

′)
R(G) (Cyl

(
hR

)
) = PΩmax(σ

′),Ωmin(π
′)

R(G) (Cyl
(
hR
1

)
)×

∑
a∈Amax

(
Ωmax(σ

′)(ohR
a )(s1)(a)× δ′(s1, a)(ds)

)
.

By the induction hypothesis, PΩmax(σ
′),Ωmin(π

′)
R(G) (Cyl

(
hR
1

)
) = Pσ′,π′

G′ (Cyl(h′
1)). Since last(ohR

a ) ∈
Omax and (Λmax

O )−1(ohR
a ) = Z ′

max(h
′
1), we have Ωmax(σ

′)(ohR
a )(s1)(a) = σ′(Z ′

max(h
′
1))(s1)(a).

The singleton uncertainty set means the environment contributes the unique element δ′(s1, a) evalu-
ated for transition to ds. Hence

PΩmax(σ
′),Ωmin(π

′)
R(G) (Cyl

(
hR

)
) = Pσ′,π′

G′ (Cyl(h′
1))×

∑
a∈Amax

(σ′(Z ′
max(h

′
1))(s1)(a)× δ′(s1, a)(ds))

= Pσ′,π′

G′ (Cyl(h′))

Case 2: h′ is of the form h′
1, s where s ∈ Smin and last(h′

1) = ds ∈ D. The sole effective action
from ds is ⊤ and the transition δ′(ds,⊤) = Dirac(s) is deterministic. The corresponding prefix in
R(G) is hR = hR

1 (unchanged, since the Smin-state s is removed by Λ). Since the ⊤ step at ds is
deterministic (probability 1) in both G′ and R(G), and the Smin-state s is not present in R(G), we
have immediately

PΩmax(σ
′),Ωmin(π

′)
R(G) (Cyl

(
hR

)
) = Pσ′,π′

G′ (Cyl(h′))

Case 3: h′ is of the form h′
1, s, s

′ where last(h′
1) = ds ∈ D, s ∈ Smin, and s′ ∈ Smax. Then

hR = hR
1 , s′ where hR

1 corresponds to h′
1. Let ohR

a = ZR
a (hR

1 ) and ohR
e = ZR

e (hR
1 ). Since

last(hR
1 ) = ds ∈ D, we have last(ohR

e ) ∈ O#. The environment in R(G) selects a distribution
from P (ds,⊤); the mapped agent plays the sole effective action ⊤ with probability 1.

PΩmax(σ
′),Ωmin(π

′)
R(G) (Cyl

(
hR

)
) = PΩmax(σ

′),Ωmin(π
′)

R(G) (Cyl
(
hR
1

)
)× Ωmax(σ

′)(ohR
a )(ds)(⊤)

× Ωmin(π
′)(ohR

e ,⊤)(ds,⊤)(s′)

where we use the fact that the distribution selected by the environment at (ds,⊤) is evaluated at s′.
By definition of Ωmin,

Ωmin(π
′)(ohR

e ,⊤)(ds,⊤) =
∑

a′′∈Amin

π′((Λmin
O )−1(ohR

e )
)
(s)(a′′) · δ′(s, a′′).

Evaluating at s′:

Ωmin(π
′)(ohR

e ,⊤)(ds,⊤)(s′) =
∑

a′′∈Amin

π′((Λmin
O )−1(ohR

e )
)
(s)(a′′) · δ′(s, a′′)(s′).

Since (Λmin
O )−1(ohR

e ) = Z ′
min(h

′
1, s), this equals

∑
a′′∈Amin

π′(Z ′
min(h

′
1, s))(s)(a

′′) · δ′(s, a′′)(s′).
Also, Ωmax(σ

′)(ohR
a )(ds)(⊤) = 1 since ⊤ is the sole effective action at dummy states. By the

induction hypothesis applied to h′
1,

PΩmax(σ
′),Ωmin(π

′)
R(G) (Cyl

(
hR

)
) = Pσ′,π′

G′ (Cyl(h′
1))×

∑
a′′∈Amin

π′(Z ′
min(h

′
1, s))(s)(a

′′) · δ′(s, a′′)(s′).

On the other hand, in G′, from history h′
1 ending at ds, the max-player plays ⊤ (probability 1),

reaching s deterministically, after which the min-player at s chooses action a′′ ∈ Amin with probability
π′(Z ′

min(h
′
1))(s)(a

′′), reaching s′ with probability δ′(s, a′′)(s′). Therefore, summing over all min
actions in G′:

Pσ′,π′

G′ (Cyl(h′)) = Pσ′,π′

G′ (Cyl(h′
1))× 1×

∑
a′′∈Amin

π′(Z ′
min(h

′
1, s))(s)(a

′′) · δ′(s, a′′)(s′).

These two expressions agree, so PΩmax(σ
′),Ωmin(π

′)
R(G) (Cyl

(
hR

)
) = Pσ′,π′

G′ (Cyl(h′)).

For the converse mapping, repeat the cylinder induction with Ξmax and Ξmin. At a dummy state,
the first environment identity in Lemma C.6 ensures that the selected action mixture has barycenter
exactly πR(ohR,⊤)(ds,⊤). Thus every cylinder probability, and consequently the probability of the
parity objective, is preserved in the reverse direction as well.
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We now state the main equivalence theorem for the RPOMDP reduction.
Lemma C.9. Let G′ be a Pre-min transformed POSG and R(G) its RPOMDP reduction. Let
W ′ ⊆ PlaysG′ be parity objective and WR = Λ(W ′) its corresponding objective in R(G). Then

ValG′(W ′) = ValR(G)(W
R).

Proof. For fixed σ′ ∈ ΣG′ , write

qG′(σ′) = inf
π′∈ΠG′

Pσ′,π′

G′ (W ′), qR(G)(σ
R) = inf

πR∈ΠR(G)

PσR,πR

R(G) (WR).

The first equality in Lemma C.8 gives qR(G)(Ωmax(σ
′)) ≤ qG′(σ′). Conversely, for every πR ∈

ΠR(G), the second equality there and Ξmax(Ωmax(σ
′)) = σ′ give

PΩmax(σ
′),πR

R(G) (WR) = Pσ′,Ξmin(π
R)

G′ (W ′),

so qG′(σ′) ≤ qR(G)(Ωmax(σ
′)). Hence the two fixed-strategy infima are equal. Since Ωmax is a

bijection by Lemma C.6,

ValG′(W ′) = sup
σ′∈ΣG′

qG′(σ′) = sup
σ′∈ΣG′

qR(G)(Ωmax(σ
′))

= sup
σR∈ΣR(G)

qR(G)(σ
R) = ValR(G)(W

R).

Corollary C.10. Let G′ be a Pre-min transformed POSG and R(G) its RPOMDP reduction. Let p′ a
priority function for G′. Then

ValG′
(
ParityG′(p′)

)
= ValR(G)

(
ParityR(G)

(
pR

))
.

Proof. Follows directly from lemma C.9 together with lemma C.7.

Lemma C.11. Projected supported plays are preserved in both mapping directions:

Λ
(
Playsσ

′,π′

G′

)
= Plays

Ωmax(σ
′),Ωmin(π

′)
R(G) ,

Λ
(
Plays

Ξmax(σ
R),Ξmin(π

R)
G′

)
= Playsσ

R,πR

R(G) .

Proof. We prove both equalities by induction on corresponding finite prefixes. The initial prefixes
consist of s0 on both sides. Suppose first that corresponding prefixes under (σ′, π′) end at an original
max-state s ∈ Smax. Their agent observation histories correspond under Λmax

O , and the definition of
Ωmax gives

Ωmax(σ
′)(Λmax

O (oh′))(s) = σ′(oh′)(s).

Thus the same max-actions have positive probability. For every such action a, the RPOMDP
uncertainty set at (s, a) is the singleton {δ′(s, a)}, so a dummy state dt is a supported successor in
R(G) exactly when it is a supported successor in G′.

Now suppose the corresponding prefixes end at dt. In G′, the effective action ⊤ leads deterministically
to t ∈ Smin, after which the min-player uses λ = π′(oh′

t)(t) ∈ ∆(Amin). In R(G), the mapped
environment selects barG

′

t (λ) at (dt,⊤). Hence, for every successor s′ ∈ Smax,

barG
′

t (λ)(s′) > 0 ⇐⇒ λ(a)δ′(t, a)(s′) > 0 for some a ∈ Amin,

because all summands are nonnegative. Therefore an extension from dt to s′ is supported in R(G)
exactly when an extension from dt through t and some supported min-action a to s′ is supported in
G′. This proves the induction step for the first equality.

For the reverse direction, agent-action supports agree by the definition of Ξmax. At a dummy state use
λ = Ξmin(π

R)(oh′)(t). The first identity in Lemma C.6 gives barG
′

t (λ) = πR(Λmin
O (oh′),⊤)(dt,⊤),

so the same nonnegativity argument proves the reverse induction step. Finally, an infinite play
is supported exactly when all its finite prefixes are supported. Applying Λ to the resulting prefix
correspondences yields both displayed equalities.
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Lemma C.12. Let W ′ ⊆ PlaysG′ be a parity objective of G′ and WR = Λ(W ′) its lifted objective
in R(G). Let σ ∈ ΣG′ and σR = Ωmax(σ). Then

σ is sure winning for W ′ ⇐⇒ σR is sure winning for WR.

Proof. Suppose σ is sure winning and take arbitrary πR ∈ ΠR(G). The second equality of
Lemma C.11 gives

Playsσ
R,πR

R (G) = Λ
(
Plays

σ,Ξmin(π
R)

G′

)
⊆ WR.

Conversely, suppose σR is sure winning and take arbitrary π′ ∈ ΠG′ . The first equality gives
Λ(Playsσ,π

′

G′ ) = Plays
σR,Ωmin(π

′)
R (G) ⊆ WR. Lemma C.7 then implies Playsσ,π

′

G′ ⊆ W ′.

Lemma C.13 (Almost-sure Winning). Let W ′ ⊆ PlaysG′ be a parity objective of G′ and WR =

Λ(W ′) its lifted objective in R(G). Let σ ∈ ΣG′ and σR = Ωmax(σ). Then,

σ is almost-sure winning for W ′ ⇐⇒ σR is almost-sure winning for WR.

Proof. The fixed-strategy equality proved in Lemma C.9 is

inf
π′∈ΠG′

Pσ,π′

G′ (W ′) = inf
πR∈ΠR(G)

PR(G)σ
R,πR

(WR).

Hence one side equals 1 if and only if the other does.

Lemma C.14 (Limit-Sure Winning). Let W ′ ⊆ PlaysG′ be a parity objective of G′ and WR = Λ(W ′)
is the corresponding objective in R(G). Then,

W ′ is limit-sure ⇐⇒ WR is limit-sure

Proof. Follows directly from lemma C.9.

Lemma C.15 (Quantitative Analysis). Let W ′ ⊆ PlaysG′ be a parity objective of G′ and WR =
Λ(W ′) is the corresponding objective in R(G). Then, for k ∈ (0, 1)

ValG′(W ′) ≥ k ⇐⇒ ValR(G)(W
R) ≥ k

Proof. Follows directly from lemma C.9.

C.3.1 Size and memory preservation between G′ and R(G)

Lemma C.16 (Size and memory preservation under RPOMDP reduction). Let G′ be a Pre-min-
transformed POSG and R(G) its RPOMDP reduction. The maps Λ : PlaysG′ → PlaysR(G),
Λmax
O ,Λmin

O on observation histories, and Ω⋆,Ξ⋆ (⋆∈{max,min}) on strategies satisfy the following.

1. (size) |SR| = |Smax|+ |Smin|, |AR| = |Amax|+ 1, the total vertex count of PR is at most
|Smin| |Amin|+ |Smax| |Amax|, and observation alphabets are inherited unchanged from G′.
In particular, |R(G) | = O(|G′|) and the construction runs in linear time.

2. (history length) For every oh′ ∈ OHG′

max, |Λmax
O (oh′)| =

⌈
2|oh′|+1

3

⌉
, and for every ohR ∈

OHR(G)
a , |(Λmax

O )−1(ohR)| = |ohR|+⌊|ohR|/2⌋. The same bounds hold for Λmin
O on OHG′

min

and ÔH
R(G)
e . Observation histories on the two sides are linear in each other.

3. (memory) The lifting maps Ω⋆,Ξ⋆ preserve memory class exactly: memoryless, finite-
memory and infinite-memory regimes correspond exactly between G′ and R(G).

Proof. Clause (1). Direct from the construction. The state space deletes the min-states Smin retaining
only Smax ∪ D, so |SR| = |Smax| + |Smin|. The action set deletes the min-actions retaining only
Amax ∪ {⊤}, so |AR| = |Amax| + 1. The observation alphabets are OR

max = Omax ∪ {o†x | x ∈
Omax} = O′

max and OR
min = Omin ∪ {o#x | x ∈ Omin} = O′

min, which have the same cardinalities
as in G′. For every (s, a) ∈ Smax ×Amax, the non-default vertex set Vs,a is the singleton {δ′(s, a)}.
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For each (ds,⊤), the vertex list consists of δ′(s, a) for all a ∈ Amin. Hence the construction lists
at most |Smax| |Amax|+ |Smin| |Amin| generators; all other globally enabled pairs share one default
max-losing rule.

Each component is therefore a constant or unit-additive perturbation of the corresponding component
in G′, so |R(G) | = O(|G′|) and R(G) is computed from G′ in linear time.

Clause (2). Let oh′ = o0, z1, o1, o2, z3, o3, · · · , o2n−2, z2n−1, o2n−1, o2n ∈ OHG′

max ending in max
state, so that |oh′| = 3n+ 1. By construction,

Λmax
O (oh′) = o0, z1, · · · , o2n,

where o2k+1 are removed for every 3 states. Hence

|Λmax
O (oh′)| = 2n+ 1 = 2|oh′|+1

3 .

Let oh′ = o0, z1, o1, o2, z3, o3, · · · , o2n−2, z2n−1, o2n−1, o2n, z2n+1 ∈ OHG′

max ending in dummy
state, so that |oh′| = 3n+ 2. By construction,

Λmax
O (oh′) = o0, z1, · · · , o2n, z2n+1

where o2k+1 are removed for every 3 states. Hence

|Λmax
O (oh′)| = 2n+ 2 = 2|oh′|+2

3 .

From above values, For every oh′ ∈ OHG′

max, |Λmax
O (oh′)| =

⌈
2|oh′|+1

3

⌉
Let oh = o0, z1, · · · , o2n ∈ OHR(G)

a ending in Smax state, so that |oh| = 2n+ 1. By construction,

(Λmax
O )−1(oh) = o0, z1, o1, o2, z3, o3, · · · , o2n−2, z2n−1, o2n−1, o2n

where o2k+1 are added deterministically from z2k+1 for every 2 states. Hence

|(Λmax
O )−1(oh)| = 3n+ 1 = 3|oh|−1

2 = |oh|+ |oh|−1
2 .

Let oh = o0, z1, · · · , o2n, z2n+1 ∈ OHR(G)
a ending in dummy state, so that |oh| = 2n + 2. By

construction,
(Λmax

O )−1(oh) = o0, z1, o1, o2, z3, o3, · · · , o2n−2, z2n−1, o2n−1, o2n, z2n+1

where o2k+1 are added from z2k+1 for every 2 states. Hence

|(Λmax
O )−1(oh)| = 3n+ 2 = 3|oh|

2 − 1 = |oh|+ |oh|−2
2 .

Thus, for every oh ∈ OHR(G)
a , |(Λmax

O )−1(oh)| = |oh|+
⌊
|oh|−1

2

⌋
. The environment-history bounds

follow identically.

Clause (3). Fix a player and let its strategy be realized by a transducer M = (Q, q0, u, g) over that
player’s observation alphabet. The history maps Λmax

O and Λmin
O delete each Smin-observation, while

their inverses reinsert it. The deleted observation is determined by the preceding tagged dummy
observation: o†x or o#x uniquely determines x. Consequently, both contraction and expansion can be
performed online without adding persistent memory states.

For Ωmax, run the transducer for σ′ on the expanded history (Λmax
O )−1(ohR) and use its state-indexed

action assignment unchanged. For Ωmin, run the transducer for π′ on (Λmin
O )−1(ohR) and apply barG

′

s
to the output distribution at a compatible dummy state; at a non-dummy state the required transition
assignment is the unique element of the singleton uncertainty set. These are output transformations
and require no additional memory.

Conversely, Ξmax runs the transducer for σR on the contracted history Λmax
O (oh′). The map Ξmin

runs the transducer for πR on Λmin
O (oh′) and applies the fixed coefficient choice βP

s to the selected
polytope point. Again, contraction and the output transformation leave the memory set Q unchanged.
The history identities in Lemmas C.3 and C.4 show that these transducers realize the four stated
strategy maps.

Thus each map preserves the number of memory states. In particular, memoryless, finite-memory,
and unrestricted infinite-memory strategies correspond in both directions.
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C.4 Proof of Lemma 3.3

Proof. Because parity objective subsumes all ω-regular objectives, from lemma C.9, ValG′(W ′) =
ValR(G)(W

R) for any ω-regular objective W ′ in G′ and its corresponding objective WR in R(G).
The “consequently” statement follows from lemmas C.12, C.13, C.14, and C.15.
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