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ABSTRACT

A verified reference solution provides a correct trajectory for training a reasoning
model. Alternatively, a prefix of the reference can guide the model in generating a
trajectory of its own. How much reference guidance should we provide? We study
this question through prefix continuation, where the model continues from a refer-
ence prefix and keeps the resulting trajectory if it passes verification, falling back
to the reference otherwise. Since both procedures produce correct trajectories, we
compare their distributions with the ideal distribution, the model’s own distribu-
tion conditioned on successful verification. For one continuation, we derive the
KL divergence in closed form, which, up to a bounded term, decreases with the
product of the probability of generating a different correct trajectory and the refer-
ence surprisal, the negative log probability of the reference suffix given the prefix.
Since a longer prefix tends to raise the former but lowers the latter, continuation
success alone does not determine the preferred amount of guidance. From this
analysis, we learn a prefix selector shared across training questions from continu-
ation outcomes, without estimating success probabilities or additional generation.
The resulting Adaptive Reference Guidance (ARG) constructs correct trajectories
within a fixed generation budget, and we apply it to all-failure groups in Group
Relative Policy Optimization (GRPO). Experiments on Qwen3-4B and Qwen3-
8B across five mathematical reasoning benchmarks show that ARG achieves the
highest aggregate pass@ 12 among the evaluated methods with competitive aver-
age sampled accuracy.

1 INTRODUCTION

Reinforcement learning with verifiable rewards (RLVR) (Lambert et al., [2024) trains Large Lan-
guage Models (LLMs) using feedback on their own generated responses (Guo et al., [2025) [Team!
et al., [2025| Jaech et al.,[2024). On difficult questions, however, the model may rarely generate a
response that reaches the correct answer, leaving little feedback to learn from. When such a question
comes with a reference solution written by humans or a stronger model, a straightforward approach
is to train on it directly (Yan et al.l 2026] Fu et al.| [2026, [Ma et al., [2026). However, the refer-
ence may differ substantially from the trajectories the model would produce itself, which can make
it a poor learning target (Setlur et al.| 2026, |Qu et al., 2026). Since the model learns more easily
from familiar responses (Ren et al. [2024), another line of work uses the reference as guidance so
that the model generates correct trajectories by itself. Some methods transform the reference into
hints (Zhang et al.| |2026c, [Liao et al., 2026), which requires additional LLM generation and may
introduce bias or errors. Other methods, in contrast, let the model generate a continuation from
a reference prefix, which is an initial segment of the reference. This approach uses the reference
without modification and controls how much guidance the model receives through how much of the
reference is revealed in the prefix.
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However, when generating a trajectory following a prefix, deciding how much to reveal involves
a trade-off. Specifically, using a longer reference prefix, which provides more guidance, makes
the continuation more likely to be correct. Yet the resulting trajectory contains more content the
model would not generate itself, making learning harder. Using a shorter prefix keeps the trajectory
closer to the model’s own generation, but increases the chance of failure. At the two extremes,
revealing the entire reference reduces to training on the reference directly, while revealing nothing
reduces to standard RLVR, which provides no learning signal on questions the model cannot yet
solve. Balancing the two is therefore essential. The prefix should reveal just enough for the model
to succeed, and leave the rest for the model to generate on its own.

To analyze this trade-off, we first ask which trajectories are ideal to learn from. Ideally, these trajec-
tories should be correct and generated entirely by the model. We therefore define the distribution of
the model’s own correct samples as the ideal distribution. We show that the Kullback-Leibler (KL)
divergence from the distribution of generated trajectories used for training to this ideal distribution
decreases as d;S; increases, up to a small bounded term. Here d; is the probability that the model
follows the reference’s prefix to generate a successful trajectory, and S; is the negative log probabil-
ity of the remaining reference given the prefix. Intuitively, d; reflects how much the prefix helps the
model succeed, while .S; indicates how unfamiliar the reference suffix is. Moreover, d;S; captures
both sides of the trade-off. A longer prefix tends to increase d;, since more guidance makes success
more likely, but it decreases .S;, since less of the reference is left.

As a result, a good prefix should maximize d;S;. However, d; is unknown, and estimating it for
every prefix of every question is impractical. We avoid this estimation by learning a prefix selector,
a distribution over a few guidance levels shared across questions. Since the selector only needs to
work well on average, the outcome of each continuation already provides the feedback it needs,
without any additional generation.

These analyses lead to Adaptive Reference Guidance (ARG). Given a question and its reference,
ARG samples guidance levels from the prefix selector, generates continuations from the resulting
prefixes within a fixed budget, and falls back to the reference when no continuation succeeds. The
same continuations also update the prefix selector, which therefore requires no additional generation.
To examine how the accepted trajectories affect policy learning, we apply ARG to Group Relative
Policy Optimization (GRPO) (Shao et al [2024) for groups in which every sampled response fails,
resulting in no learning signals.

Empirically, on Qwen3-4B and Qwen3-8B (Yang et al., 2025) across five mathematical reasoning
benchmarks, ARG achieves the highest aggregate pass@12 of 67.33% and 70.00%, respectively.
Moreover, its average sampled accuracy remains competitive, with a small gap to the strongest
baseline. Our contributions are threefold.

* We analyze reference-prefix continuation through the KL divergence to the model’s own
correct trajectories, revealing a trade-off between reference guidance and surprisal.

* We derive an unbiased update of the prefix selector from the same continuations, adapting
the guidance level across questions and during training without additional generation.

* We develop ARG from this analysis and apply it to all-failure groups in GRPO, achieving
the highest aggregate pass@12 across five math benchmarks on two model scales.

2 PRELIMINARIES

Reasoning with verifiable rewards. Let 7y (y | x) be a language model that generates a trajectory
y for a question z drawn from the training distribution D. The trajectory includes the reasoning,
the final answer, and the termination token. A verifier assigns a binary reward R,..(z,y) € {0,1},
and we call y correct when Racc(x,y) = 1. Let C,, be the set of correct trajectories and py(x) =
m9(Cy | ) be the success probability. During training, 6,1q denotes the parameters of the current
model, which generates the samples at each training step. We use natural logarithms throughout.

Reference-prefix continuation with fallback. Suppose that the question comes with a correct
reference r € C,. For a prefix length 0 < ¢t < |r|, we write r = h; @ a;, where the reference
prefix h; contains the first ¢ tokens of r, the reference suffix a; contains the remaining tokens, and ®
denotes token concatenation. The model samples a continuation Z ~ 7y (- | x, h), which forms the
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candidate trajectory Y, =h, ®Z. Att =0, the prefix is empty and the model generates under the
original question alone. We keep the candidate trajectory if it is correct and fall back to the reference
otherwise, which gives the accepted trajectory

Y,, Y, €C,,
Yy — ! Y ~Q,. 1
{7«, Fac Q (1)

Thus, Q) assigns all probability to correct trajectories for every prefix length. In contrast, training
on the reference corresponds to the distribution &,., which assigns all probability to r.

Ideal distribution. As discussed in Section [T} we take the model’s own correct trajectories as the
ideal distribution. Formally, for py(x) > 0, sampling from my(- | =) and keeping only correct

trajectories gives
7T@(y | x)l{y € C:L’}

po(z)
This distribution also has a direct connection to likelihood learning (Phan et al., 2023] |Singh et al.,
2023)). Specifically, for a finite trajectory space and a differentiable policy with positive probabilities,

Ey vy (-l2) [Vologma(Y | 2)] = Vg log pg(z). 3)

In other words, learning the likelihood of trajectories drawn from vy increases the success proba-
bility in expectation at the current model. Finally, we measure how far a distribution ) of correct
trajectories is from the ideal distribution by the Kullback-Leibler (KL) divergence

QYY) }

Dx1(Qllve) = Ey~q [10% (¥ [ 2)

Appendix [A.2]derives Equation (3) and explains this direction of KL.

voly | =) = @)

3 ANALYZING AND SELECTING REFERENCE PREFIXES

In this section, we analyze how the prefix length affects the accepted trajectory and turn the anal-
ysis into a practical way of choosing prefixes. Section derives the distance from the accepted
trajectory to the ideal distribution, which identifies the preferred prefix of a question. Section [3.2]
explains why this prefix is difficult to find during training, and Section[3.3]addresses both challenges
by learning a prefix selector that performs well on average across questions.

3.1 DISTANCE TO THE IDEAL DISTRIBUTION

Fix a question = with reference r and the current model 7g_,,, and suppress the conditioning on x
and the parameters by writing 7, C, p = 7(C'), and v. We assume a finite trajectory space with
0 < 7(r) < 1. For a prefix length ¢, we define the successful replacement probability d; and the
reference surprisal Sy as

dy = Pr(f’t eC, 37} #* r), Sy = —logm(as | he). 4

Here d; excludes an exact copy of the reference, since the accepted trajectory is then still . In
other words, d; is the probability that the model replaces the reference suffix with a different correct
continuation, and Sy measures how unfamiliar the reference suffix is to the model after the prefix.

Theorem 1 (Distance to the ideal distribution). Under the setup above, for every prefix length t,

Dxw(Qi]lv) = 1og% —dySy + (1 — dy) log(1 — dy). 5)

———
Dkuw(drlv)

Moreover, every t* € arg max; dyS; satisfies D1, (Q¢||v) < ming Dkr,(Q:||v) + 1/e.

Theorem [T|expresses the distance between ), and the ideal distribution v in closed form with three
terms. The first term equals that of training on the reference, which does not depend on the prefix.
The third term is bounded within [—1/e, 0]. Therefore, the prefix affects the distance mainly through
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the second term, d;S;. Intuitively, this product formalizes the trade-off in choosing the prefix length.
A longer prefix never increases S, since it leaves less of the reference for the continuation to replace.
In contrast, a longer prefix can increase d; by making the continuation easier to succeed. Conse-
quently, both a nearly complete prefix and an empty prefix on a hard question make d,S; close to
zero and leave the distance close to Dkr, (6 ||v), indicating learning from the reference alone. More-
over, a prefix with a higher success probability of the continuation need not give a smaller distance,
as illustrated in Appendix Instead, maximizing d;S; attains the smallest distance up to 1/e by
the second statement in the theorem, and we call hy- the preferred prefix of the question under the
current model. Appendix [A]gives the proof.

3.2 CHALLENGES IN FINDING THE PREFERRED PREFIX

Although Theorem [I] identifies the preferred prefix, finding it during training is difficult. The ref-
erence surprisal S; is available for every prefix length from a single forward pass of the model on
the reference. However, the successful replacement probability d; is unknown, which leads to the
following two challenges.

Challenge 1: Variation across questions and training steps. Theorem I|concerns a fixed question
and a fixed model, and d; depends on both. Therefore, the estimates of d; for one question do not
apply to another question. Furthermore, since d; changes as the model is updated, the estimates
obtained at one training step may become outdated at the next. As a result, the search for t* would
have to be repeated for every question and every model update.

Challenge 2: Limited sampling budget. Moreover, each such search is expensive. Identifying ¢*
compares d;.S; across prefix lengths and therefore requires an accurate estimate of d; at every prefix
length. Since d, is often small on hard questions, such an estimate requires many continuations even
for a single prefix length, and this cost multiplies across prefix lengths.

3.3 LEARNING A PREFIX SELECTOR ACROSS QUESTIONS

Both challenges arise from seeking the preferred prefix of each question at each training step. In-
stead, we learn a way of choosing prefixes that performs well on average over the questions that
receive guidance, which addresses both challenges.

Sharing across questions and training steps. Averaging over questions requires describing pre-
fixes in the same way for every question, which the prefix length does not achieve for references of
different lengths. Since Theorem[I]measures the replaced suffix by its surprisal rather than its length,
we describe a prefix through the reference surprisal. Specifically, for a question = with reference 7,
let So, = —logmy,, (r, | ©) be the surprisal of the entire reference. A guidance level « in a set
A C (0,1] selects a prefix length ¢, (c)) whose reference surprisal is approximately «.Sy .. Thus,
« is the fraction of the reference surprisal left to the continuation, where v = 1 gives the empty
prefix. As with prefix lengths, the levels cannot all be tried within the sampling budget. Therefore,
A contains only a few levels, and Section [4.1] specifies the mapping from levels to prefix lengths.

We then learn a prefix selector pg, which is a distribution over A with parameters ¢ shared across
questions. Let Dgyiqe denote the distribution of questions that receive guidance at the current training
step, which Section specifies for our application. For X ~ Dgyiqe and a ~ pg, we write dx o,
Sx.a» and Qx o for di, St, and Q) at the prefix length tx («), and vx for the ideal distribution of
X. The selector maximizes

(6)

dX,aSX,a
= o [2552]

So,x

which averages d.S; over the questions and the sampled levels in units of the surprisal of the entire
reference. This normalization keeps questions with long or unfamiliar references from dominating
the average, and it does not change which prefix maximizes d;S; within any question. Since the
selector is shared across questions and updated at every training step, continuations on all questions
and at all steps inform the same choice, while the selected prefix still adapts to each question through
its reference surprisal. This addresses Challenge 1, and Appendix [B.3|bounds the sharing cost.
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Learning without estimating d;. The average objective also avoids the accurate estimates of d
required in Challenge 2. For a continuation from the prefix h;, we define the selector feedback

- ~ S
W, =1{Y; € C, Y;ﬂ}é (7

and write W , for the feedback at the prefix length ¢ x (). In other words, a successful replacement
receives the fraction of the reference surprisal left to the continuation, while a failure or an exact copy
of the reference receives zero. Since the indicator has expectation d;, the feedback satisfies

E[W,] = diSe. (8)

So

Thus, the feedback of a single continuation is an unbiased estimate of its term in .J. A single estimate
is noisy, and noisy estimates cannot reliably rank the prefix lengths of one question. However, since
J is an average that is linear in d ., the errors of single continuations cancel when pooled over
many questions. Moreover, since A contains only a few levels and the selector keeps a positive
probability on every level, every level receives feedback from many questions, which addresses
Challenge 2. The following theorem shows that J still measures the distance in Theorem T|and that
the selector can be learned from this feedback.

Theorem 2 (Learning the prefix selector from feedback). Fix the current model, the references, and
Dguide, Where every question satisfies the setup of Section Let L(¢) and L.ct be the expectations
of Dx1.(Qx,allvx)/So,x and Dx1,(6,« |Vx)/So,x over X ~ Dgyide and o ~ pg. Then

J(6) < Loet — £(8) < J(&) + Ex [ ©)

€SO,X:| '
Moreover, for a differentiable prefix selector with positive probabilities and a baseline b fixed before
sampling,

E[(Wx,a —b)Vylogpgs(a)] = V(). (10)

The first statement shows that, compared with training on the reference, the selector reduces the
average normalized distance by at least J, where each distance is divided by the surprisal of the
entire reference. The gap is at most Ex[1/(eSp x )], which is small when no reference is highly
likely under the model. Therefore, maximizing J pursues the goal of Theorem [T] across questions.
The second statement shows that raising the probability of the levels whose feedback exceeds the
baseline b moves the selector toward a larger J on average, where b introduces no bias and serves
to reduce the variance. Since these continuations also produce the accepted trajectories, the update
requires no additional generation. Appendix [B|proves Theorem[2]and extends it to batches, changing
models, and randomly sampled levels.

4 ARG: ADAPTIVE REFERENCE GUIDANCE

We now build ARG on Theorems |1| and Section describes how ARG generates accepted
trajectories for a question, and Section {f.2|describes how the same continuations update the prefix
selector. Neither step depends on a particular reinforcement learning algorithm. The algorithm
only determines the questions that receive guidance and how the model learns from the accepted
trajectories, and Section[d.3] specifies both for GRPO.

4.1 GENERATING ACCEPTED TRAJECTORIES

Consider a question z that receives guidance, with reference r. ARG first scores r once under the
current model 7g_,, which gives the reference surprisal S, for every prefix length. Each guidance
level @ € A then maps to a prefix length ¢, (a). Specifically, &« = 1 gives the empty prefix. For
a < 1, we take the latest prefix length whose reference surprisal is at least a.Sy and move it to a
nearby sentence or formula boundary, so that the prefix ends at a natural break. Appendix [E.2] gives
the boundary rules.

The prefix selector assigns a logit ¢,, to each level and samples from

ey &xp(Pa) sl
po(0) = (1= Eat) S~ (@) T TAT

(11
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where 0 < g5, < 1 keeps every level observed as the model changes. Within a fixed budget of K
continuations per question, we independently sample a;; ~ pg for j = 1,..., K. For the resulting
prefix length t; = t,(c;), we sample a continuation Z; ~ mg,,, (- | =, h¢;) and verify the candidate

trajectory Y; = hy, © Z;.

Every correct candidate trajectory different from 7 can serve as an accepted trajectory. If there is
none, ARG falls back to the reference. Therefore, the question always receives a correct trajectory.
When the number of accepted trajectories is limited, as in our application, we prefer candidate
trajectories that keep less of the reference. Specifically, a correct candidate trajectory from the empty
prefix keeps none of the reference. Indeed, it is generated entirely by the model and follows the ideal
distribution restricted to trajectories other than . Therefore, we accept these candidate trajectories
first. Among candidate trajectories from nonempty prefixes, we prefer the shortest prefix, since the
surprisal of the prefix, —log mg,,, (ht | ) = Sy — S, never decreases with ¢. Finally, Theorem
concerns a single continuation. For accepted trajectories from several continuations, Appendix |C.2]
gives a sufficient condition under which the distance remains no larger than that of training on the
reference.

4.2 UPDATING THE PREFIX SELECTOR

Every continuation provides the selector feedback W; = W, in Equation (7), whether or not its can-
didate trajectory is accepted. Since the feedback does not depend on which trajectories are accepted,
the second statement of Theorem E] holds under any acceptance rule, while the first statement, like
Theorem I] concerns a single continuation.

We collect continuations for all questions in a batch while keeping the current model and the prefix
selector fixed. Let ¢/ index these continuations, with sampled levels a; and selector feedback ;.
For a nonempty U/, we update the prefix selector by

¢ ¢+ Y _(W; — )V log py(aj), (12)
JjeU

where 751 > 0 is the step size and b is a running average of past feedback fixed before collection. By
the second statement of Theorem 2} the update follows the gradient of .J in expectation. Appendix [B]
gives the baseline update and derives the expected update as the model and the questions change
during training.

4.3 APPLYING ARG 1O GRPO

GRPO (Shao et al.|[2024) samples a group of G = 8 responses for each question and compares their
rewards within the group. When every response in a group is incorrect, the group provides no signal
for improving correctness, since all correctness rewards are identical. In such an all-failure group,
adding a correct trajectory restores the learning signal. Therefore, we apply ARG to all-failure
groups, using K = 8 continuations. These questions define Dgyide.

We insert at most four accepted trajectories into each group, which keeps at least four original
failures and permits a balanced group, motivated by prior work on intermediate pass rates (Bae
et al) [2026, Liu et al. 2026b). Following the preference in Section @ we first accept correct
candidate trajectories from the empty prefix. If fewer than four are accepted, we additionally accept
at most one from a nonempty prefix, which limits repeated reference content in the same group. If
no candidate trajectory is accepted, we insert the reference once as fallback. Each inserted trajectory
replaces an original failure at a uniformly chosen position. We then recompute the group advantages
A, from the final correctness and format rewards, as specified in Appendix [E.3]

The model learns each inserted trajectory under the original question through its complete likeli-
hood, including the prefix. This matches Theorem |1} which measures the complete accepted trajec-
tory under the original question. Let Z index the inserted trajectories (x;,y;) and let T' be the total
number of tokens in the loss. Their contribution to the gradient is

1
Vo Linserted = = ; AVlogm(y: | ), (13)



Preprint

where the trajectories, advantages, and token count are fixed during differentiation. The remaining
original responses use the clipped GRPO loss with the same denominator. Moreover, for binary
rewards, Appendix [D]shows that inserting Y ~ @ into an all-failure group gives an expected update
proportional to the gradient of log 5 f‘;e — Dk1,(Q]|ve) at the current model. The gradient of the
second term vanishes when @ is the ideal distribution, in which case the update only increases the
odds of success. This connects the distance in Theorem|I]to the GRPO update.

After collecting continuations, we update the prefix selector by Equation and take one policy
update on the final groups. Algorithm [I|summarizes the training procedure.

5 EXPERIMENTS

5.1 EXPERIMENTAL SETTING

Data and models. We use DeepMath-103k with offline reference solutions (He et al., [2026) as our
training set. We use Qwen3-4B and Qwen3-8B with thinking mode disabled (Yang et al.l 2025) as
our base LLMs. For all methods, we evaluate on five mathematical reasoning benchmarks, AIME
2024, AIME 2025, AIME 2026, HMMT February 2025, and HMMT November 2025 (Balunovic
et al., [2026} [Dekoninck et al.,|2026)). Appendix |E|gives further details.

Baselines and evaluation. We compare against the initial Qwen model, vanilla supervised fine-
tuning (SFT), GRPO (Shao et al. 2024), OPSD (Zhao et al., 2026)), SAGE (Liao et al., |2026),
BREAD (Zhang et al.| 2026d), and LUFFY (Yan et al.l |2026)). During evaluation, we draw 12
responses per question. pass@12 measures whether a question has at least one correct response,
while avg@12 measures the fraction of correct responses. We use pass@12 as the primary metric.

Model Method AIME24 AIME25 AIME26 HMMT Feb HMMT Nov | Avg.
Base 50.00 43.33 43.33 23.33 33.33 38.67
SFT 63.33 63.33 66.67 36.67 36.67 53.33
GRPO 76.67 70.00 73.33 53.33 46.67 64.00
Qwen3-4B OPSD 56.67 36.67 40.00 40.00 40.00 42.67
SAGE 73.33 70.00 70.00 43.33 56.67 62.67
BREAD 80.00 73.33 73.33 50.00 56.67 66.67
LUFFY 80.00 73.33 70.00 43.33 56.67 64.67
ARG (ours) 80.00 73.33 73.33 43.33 66.67 67.33
Base 46.67 43.33 53.33 16.67 46.67 41.33
SFT 80.00 70.00 73.33 46.67 56.67 65.33
GRPO 80.00 63.33 70.00 46.67 53.33 62.67
Qwen3-8B OPSD 66.67 60.00 50.00 36.67 43.33 51.33
SAGE 80.00 70.00 70.00 50.00 60.00 66.00
BREAD 80.00 66.67 66.67 53.33 70.00 67.33
LUFFY 76.67 76.67 73.33 46.67 63.33 67.33
ARG (ours) 83.33 73.33 73.33 56.67 63.33 70.00

Table 1. Main experimental results in pass@12 percentages. Avg. is the mean over the five bench-
marks. Within each model, bold and underline mark the best and second-best values in each column.

5.2 RESULTS

Table [I] evaluates ARG through its application to GRPO. ARG achieves the highest aggregate
pass@12 at both model scales, reaching 67.33% on Qwen3-4B and 70.00% on Qwen3-8B. Com-
pared with GRPO, these results improve pass@12 by 3.33 and 7.33 percentage points, respectively.
ARG also exceeds the reference-informed baselines in aggregate pass@12, which use reference so-
lutions as off-policy responses in LUFFY, as prefixes in BREAD, and as hints in SAGE (Yan et al.,
2026, |[Zhang et al.l 2026d| |Liao et al.l [2026). Thus, ARG solves the largest fraction of evaluation
questions under the 12-response budget. For avg@12, ARG improves over GRPO on both mod-
els and remains competitive with the strongest baseline, as discussed in Appendix [F] Sections [5.3]
and examine the contributions of the continuations and the prefix selector.
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Method pass@12 avg@12 Method Qwen3-4B Qwen3-8B
Reference insertion 56.67  28.44 pass@12 avg@12 pass@12 avg@12
Resampling 60.00  34.00 w/o weighting  63.33  34.67 6400 31.89
ARG 67.33  41.11 ARG 6733  41.11 7000 4228

(a) Sources of accepted trajectories on Qwen3-4B

(b) Surprisal weighting on both models

Table 2. Ablation results averaged over the five benchmarks. Resampling uses eight continuations
from the empty prefix without reference fallback. The weighting ablation removes S; /Sy from the
selector feedback.

5.3 ABLATIONS

We examine the contribution of the continuations, compare with unguided resampling, and evaluate
the surprisal weighting in the selector feedback.

Reference insertion. For each all-failure group, we replace a random failure in the original group
with the reference without any extra generation. This ablation corresponds to training on the ref-
erence in Theorem [1| Table [2(a)| shows that reference insertion achieves 56.67% in pass@12 and
28.44% in avg@12 on Qwen3-4B, compared with 67.33% and 41.11% for ARG. These results
support using the reference to guide continuations and reserving the reference itself for fallback.

Resampling. We allocate the same eight continuations to the empty prefix for each all-failure group.
Correct candidate trajectories replace original failures, and groups with no correct candidate trajec-
tory remain unchanged. Thus, this comparison evaluates ARG against additional sampling without
reference guidance or fallback. Table shows that ARG improves pass@12 from 60.00% to
67.33% and avg@12 from 34.00% to 41.11% on Qwen3-4B. During their respective training runs,
candidate trajectories are accepted in 66.0% of all-failure groups with ARG and only 32.5% with
resampling. More details are shown in Appendix

Without surprisal weighting. We replace the selector feedback in Equation (7)) with the successful
replacement indicator. The guidance levels, surprisal-based prefix construction, selector update rule,
and acceptance rule remain unchanged. Table [2(b)|shows that removing the weighting lowers both
evaluation metrics on both models, with pass@12 decreasing by 4.00 and 6.00 percentage points
on Qwen3-4B and Qwen3-8B, respectively. These results support the surprisal weighting in the
selector feedback. Section examines the selector feedback and prefix selection under ARG,
while Appendix [G.3|compares the prefix selection with that of the ablation.

5.4 TRAINING DYNAMICS

Figure[T|examines Qwen3-8B training dynamics through successful replacement rates, selector feed-
back, and prefix selection.

Successful replacement and selector feedback. Figure[I(a)|reports the successful replacement rate
for each guidance level. Each point averages all continuations at that level within a window of 50
training steps. The level o = 1/4 has a higher successful replacement rate than o = 1/2 in every
window. However, Figure shows that their ordering can change when the successful replace-
ment indicator is weighted by the fraction S; /.Sy of the reference surprisal left to the continuation.
In the final window, for example, & = 1/4 has lower mean feedback than o« = 1/2 (0.0802 ver-
sus 0.0991), although its successful replacement rate is higher (43.84% versus 23.65%). Thus, the
feedback favors less reference guidance in this window, consistent with Section [3.1] where a higher
success probability of the continuation need not give a smaller distance.

Prefix selection during training. The selector uses the feedback W; from each continuation to
update its selection probabilities. Figure shows how these probabilities change during training.
The selector favors a = 1/4 through much of training and increases its probability of selecting
a = 1/2 later, assigning it the highest final probability of 49.0%. Since a larger « leaves more of
the reference surprisal to the continuation, this shift supplies less reference guidance. Appendix
provides additional training-dynamics results.
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a=1 (empty) a=1/2 a=1/4

60% 0.12 100%

45% 0.09 75%

30% 0.06 50%

15% 0.03 25%

Successful
replacement rate
Mean feedback 17,
Selection probability

0% - T T T 0.00 = T T T 0% -1 T 1
50 100 150 200 50 100 150 200 0 100 200

Training steps Training steps Training steps

(a) Successful replacement (b) Selector feedback (c) Prefix selection

Figure 1. Training dynamics of a Qwen3-8B ARG run. Panel (a) reports successful replacement
rates, panel (b) reports mean selector feedback W, and panel (c) shows the selection probabilities.
In panels (a) and (b), a point at step s summarizes all continuations at that level across the past 50
steps, including failures and candidate trajectories not accepted for training. Panel (c) shows the
state after each training step without smoothing.

6 RELATED WORK

Learning signals beyond on-policy rollouts. LUFFY, SRFT, ReLIFT, and related methods com-
bine reference or teacher trajectories with the model’s own rollouts, through mixed-policy groups or
combined supervised and reinforcement updates (Yan et al.| 2026} [Fu et al.| 2026, Ma et al., 2026,
Zhang et al., 2026b) [Liu et al.,|2025a, |Dong et al., 2026/ [Lv et al., [2025). OPSD and SDPO instead
use the model conditioned on solution information or feedback as a teacher for token-level supervi-
sion (Zhao et al.| [2026| Htbotter et al.| [2026). Other methods recover learning signals from failed
rollouts, either by repairing them into correct ones (Li et al., [2026b, [Yang et al., 2026, |Zhang et al.,
2025, |Ren et al.| 2026)) or by reshaping the rewards or advantages of groups with identical rewards
(Chen et al., 2025] [Nie et al., [2026| [Nan et al.| 2025, [Le et al.| [2026).

Reference-guided generation. Closer to our work, many methods use the reference only to guide
the model’s own generation, either by revealing a prefix of the reference for the model to continue
(Liu et al.} 20264l |Setlur et al., 2026} |Qu et al.| 2026l Zhang et al.l 2026al Su et al.,|2026| [Liu et al.,
2025b) or by providing hints derived from the reference or its answer (Liao et al., 2026, [Zhang et al.},
2026c¢, Nath et al., 2025} |Chen et al., 2026, Zhou et al.,[2026a)). The amount of guidance is fixed or
scheduled (Xi et al.| 2024} [Huang et al.| 2025| [Li et al.| 2026al), adapted to the observed success of
the model (Zhang et al., 2026d, amani et al., 2026} |Li et al., 2025b} \Guo et al., 2026 [Beliaev, |[2026)),
or chosen by the gain of a prefix or the transfer of a hint (Zhou et al., 2026c¢/ [Xia et al., 2026). In
contrast, we derive the amount of guidance from the distance between the accepted trajectory and
the ideal distribution, which shows that success alone does not determine the preferred prefix, and
we learn a prefix selector shared across questions from the continuations themselves.

Posterior views of learning from correct trajectories. Training on the model’s own correct sam-
ples, as in STaR and ReST™M, approximates learning from our ideal distribution (Zelikman et al.,
2022, Singh et al.| [2023)), which is also the correct distribution closest to the model in KL and relates
to the Bayesian view of KL-regularized RL (Dymetman, 2026, Korbak et al.|[2022). Latent-variable
methods approximate the posterior over rationales given the correct answer (Phan et al., 2023} Zhou
et al.,|2026b), and TRICE keeps a stored rationale until a new proposal is correct, similar to our fall-
back. Other work analyzes or modifies the function of the success probability that RL maximizes
(Davis & Recht, 2025| [Tajwar et al., 2026, Ramasubramanian et al., [2026)), or shows that targets
unlikely under the model are harder to learn from (Ren et al.l [2024] [Li et al.| 20254, |Setlur et al.,
2024).

7 CONCLUSION AND LIMITATIONS

We study reference-prefix continuation with fallback through the distance from the accepted trajec-
tory to the ideal distribution. Up to a small bounded term, this distance decreases with d;.S;, which
captures the trade-off between successful replacement and the reference surprisal. This analysis
leads to ARG, which learns a prefix selector across questions from the continuations themselves.



Preprint

Applied to all-failure groups in GRPO, ARG achieves the highest aggregate pass@12 on Qwen3-4B
and Qwen3-8B across five mathematical benchmarks, with competitive average sampled accuracy.

Limitations. ARG is only applied to GRPO, although the method does not depend on a particular
reinforcement learning algorithm. Moreover, the selector chooses among a predefined set of guid-
ance levels, and our experiments cover mathematical reasoning with one model family. Future work
may extend the method to other domains with verifiable rewards.
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A PROOFS FOR THE DISTANCE TO THE IDEAL DISTRIBUTION

This appendix proves Theorem [I] and collects its consequences. Appendix [A.T] fixes the setup.
Appendix derives the gradient identity in Equation (3)) and the distance of training on the refer-
ence. Appendix describes the accepted trajectory and the reference surprisal, and then proves
Theorem [T} Appendix [A.4] gives an equivalent reading of the closed form. Finally, Appendix [A.3]
illustrates the theorem with a finite example.

A.1 SETUP

We use the setup of Section[3.1] Fix a question z, its correct reference 7, and the current model, and
suppress the conditioning on z. The trajectory space is finite, and 7 denotes the current policy 7y, .
Moreover, C is the set of correct trajectories, p = 7(C') is the success probability, and v = 7 (- | C)
is the ideal distribution in Equation (2). We assume 0 < w(r) < 1. For a token sequence h, we
write 7(h) for the probability that a trajectory sampled from 7 begins with h, and 7(z | h) for
the probability that the model continues h with z. Since the continuation follows the same policy,
including its termination rule, autoregressive factorization gives w(h @ z) = w(h)w(z | h) for every
complete trajectory h & z.

For a prefix length 0 < ¢ < |r|, the reference splits as r = h; @ a;, and Q) is the distribution
of the accepted trajectory in Equation (I). Besides d; and S; in Equation (@), the proofs use the
probabilities of an exact copy of the reference and of a correct candidate trajectory,
Uy = W(at | ht), UV = Pr (ht D Z € C)
Zr~(-|hy)

Here an exact copy means equality of the complete token sequences, and different token sequences
can still follow the same mathematical strategy. By definition, S; = —logu;, and in particular
So = —logm(r) is the reference surprisal of the empty prefix. Since autoregressive factorization
gives uy = w(r)/m(hy) > w(r) > 0, we have d;, < 1 —u; < 1, and every S, is finite.

A.2 THE IDEAL DISTRIBUTION

We first justify the choice of the ideal distribution as the learning target in Section [2] Lemma [A.T]
shows that learning the likelihood of its trajectories increases the success probability in expectation.
Lemmal[A.2]then gives the distance of training on the reference, which is the first term in Theorem ]

Lemma A.1 (Gradient identity). Suppose that 7y is differentiable in 6 and assigns positive proba-
bility to every trajectory in a neighborhood of 0,1q. Write pg = mg(C'). Then

Ey v [Vo log mo(Y') |9=901d:| = Vologpo "9:901(1 ’

Proof. Since the trajectory space is finite, differentiating pg = » | yeC mg(y) term by term gives

1 Y
Vologpy = — > Vema(y) = > MV& log mo (y).
Pbo yec yeC Po
At 0 = 6,14, the weight mg(y)/pe of each y € C equals v(y) by Equation (2)), which proves the
claim. 0

Here v is fixed at the current model, and differentiation applies only to the trajectory log likelihood.

Lemma A.2 (Distance of training on the reference). Training on the reference has distance

Dw(6,v) = log =~ = Sy +log p € [0, So]-

m(r)
In contrast, if v assigns positive probability to a trajectory other than r, then Dk, (v||0,) = oo.
Proof. Since 0, assigns all probability to r and r € C, Equation ) gives Dk (d,]|v) =
—logv(r) =log(p/m(r)). Substituting Sy = — log 7(r) gives Sp + log p. This quantity is nonneg-
ative since v(r) < 1, and it is at most Sy since p < 1. For the reverse direction, a trajectory y # r
with v(y) > 0 has 6, (y) = 0, which makes the term v(y) log(v(y)/d,(y)) infinite.

Thus, the direction of KL in Section [2| permits a finite comparison with training on the reference.
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A.3 PROOF OF THEOREMII]

The closed form in Theorem |l| combines two ingredients. Lemma describes the distribution
of the accepted trajectory, and Lemma relates the reference surprisal to the probability of the
prefix.

Lemma A.3 (Distribution of the accepted trajectory). For every prefix length t, we have dy = vy —uy
and Q¢(r) = 1 — d;. Moreover, every trajectory y # r with Q.(y) > 0 is correct and has the form
y = hy @ z, and it satisfies

Qi(y) = 7(z | he), =

These trajectories have total probability d; under Q.

Proof. The candidate trajectory Yi=h®Z equals 7 exactly when Z = a;, which has probability
uy. Since 7 € C, the event {Y; € C} is the disjoint union of {Y; = r} and {Y; € C, V; # r}.
Therefore, v; = u¢ + d;. By Equation (I)), the accepted trajectory equals » when the candidate
trajectory is an exact copy or is incorrect. These two events are disjoint and have total probability
Ut-i‘(l—’l)t):].—dt.

For y # r, the accepted trajectory equals y only when ¥; = y and y € C. Hence, Q:(y) > 0
requires y € C and y = hy @ z for some z, in which case Q:(y) = 7(z | ht). Autoregressive
factorization gives w(z | ht) = w(y)/m(ht), where w(hy) > w(r) > 0. Since v(y) = 7r( )/p
for y € C, the ratio Q:(y)/v(y) equals p/m(h;). Finally, these trajectories carry the remaining
probability 1 — Q.(r) = dy. O

Lemma A.4 (Monotonicity of the reference surprisal). For every prefix length t,
SO - St = —iOg’ﬂ'(ht), 0 S St S SO.

Moreover, Sy is nonincreasing in t.

Proof. Autoregressive factorization gives w(r) = m(h)m(as | he). Taking negative logarithms gives
So = —logm(ht) + St Since 7(as | ht) < 1and w(h:) < 1, both S; and Sy — S; are nonnegative.
For s < t, every trajectory that begins with h; also begins with hg. Therefore, w(h;) < w(hs),
which gives S; = Sy + log w(h;) < S. O

With these two lemmas, the proof of Theorem [I|reduces to a direct computation.

Theorem 1 (Distance to the ideal distribution, restated). Under the setup in Appendix[A.]] for every
prefix length t,

DKL(Qt”V) = log —dtSt + (1 — dt) iOg(l — dt)

P
m(r)

—_———
Dxw(6rlv)

Moreover, every t* € arg max; d;S; satisfies Dk, (Qq+||v) < ming Dir,(Q¢l|v) + 1/e.

Proof. Write d = d;. By Lemmam A3l Q, assigns probability 1 — d to r, whose likelihood ratio is
Q+(r)/v(r) = (1—d)p/m(r). It assigns the remaining probability d to trajectories whose likelihood
ratio is p/m(h;). Therefore,

(1-d)p
D v —d)log ———
kL(Qt[lv) = (1 — d)log ) (ht)
Lemma [A 4] gives log w(h¢) = logm(r) + Sy, and hence dlog(p/m(hi)) = dlog(p/m(r)) — dS,.
Collecting the two terms in log(p/m(r)) proves the closed form. Its first term equals Dkr, (6, ||v) by
Lemma[A.2]and does not depend on ¢.

+ dlog ——

For the second statement, write D, = Dxy,(d,||v) and ¢; = (1 — d;) log(1 — dy). Since —aloga €
[0,1/e] for a € [0, 1], we have ¢; € [—1/e,0]. For every prefix length ¢, the maximality of d;» Sy
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gives
Dx1(Q¢-||v) = Dy — dp= S« 4 ¢4 < Dy — dy=Sp= < Dy — dySy
= Dxn(Qt|v) — ¢t < Dxr(Q¢llv) + é-
Taking the minimum over the finitely many prefix lengths completes the proof. [

Since d;S; > 0 and (1 —d;)log(1—d;) < 0, the closed form also gives Dk, (Q¢||v) < Dkr(6,]|v)
for every prefix length ¢. Therefore, a continuation with fallback never moves the distribution of the
accepted trajectory farther from the ideal distribution than training on the reference.

A.4 CONSEQUENCES OF THEOREM/I]
We now give an equivalent reading of the closed form. Corollary [A.3|rewrites the distance in terms
of the reference content kept in the accepted trajectory.

Corollary A.5 (Reference content kept in the accepted trajectory). Let h be the reference content
kept in the accepted trajectory Y ~ Qy, which is r when'Y = r and the prefix hy otherwise. Then,
for every prefix length t,

Dxr,(Q¢llv) =logp + (1 — di)So + de(So — Si) +(1 — dy) log(1 — dy).

E[—log m(h)]

Proof. Lemma[A.2] gives log(p/m(r)) = logp + So. Substituting this expression and Sy = (1 —
d;)So + diSp into the closed form of Theorem |1| gives the display. By Lemma , h = r with
probability 1 —d, and h = h, with probability d;. Since —log 7(r) = Sy and — log 7(ht) = So— St
by Lemma the middle two terms equal E[— log w(h)]. O

In other words, apart from log p, which does not depend on the prefix, and a term in [—1/e, 0], the
distance to the ideal distribution is the expected surprisal of the reference content that the model has
not replaced. Both extremes of the prefix length keep nearly all of the reference surprisal Sy. A
prefix covering almost the entire reference keeps it through the prefix, while an empty prefix on a
hard question keeps it through fallback.

A.5 A FINITE EXAMPLE

This example shows that neither the success probability of the continuation nor the successful re-
placement probability alone determines which prefix gives the smaller distance. Consider five com-
plete trajectories whose displayed strings omit a shared deterministic termination token, Hbr, HE s,
H® £,0® t, and 0 @ g, with respective probabilities 0.08, 0.01, 0.01, 0.20, and 0.70. The correct
trajectories are HO r, HP s, and 0 & t, and the reference is H & r. The first tokens are H and 0, with
probabilities 0.10 and 0.90, and the second-token probabilities are the corresponding conditional
probabilities. These probabilities define a finite autoregressive distribution.

Prefix Uy Uy dy St dy Sy Dy (Q:llv)
Empty 0.29 0.08 0.21 2.525729 0.530403 0.571231
H 0.90 0.80 0.10 0.223144 0.022314 1.170715

Training on the reference gives Dky,(d,||v) = 1.287854. Supplying H increases v; while making
an exact copy more likely. In this setting, both the successful replacement probability d; and the
reference surprisal S; decrease. Therefore, the empty prefix gives the larger d;.S; and the smaller
distance despite the lower success probability of its continuation.

To isolate the role of the reference surprisal, keep the three probabilities under H unchanged and
assign probabilities 0.04 and 0.86 to 0 @ t and 0 & g, respectively. The resulting comparison is
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Prefix V¢ Ut dt St dtSt DKL(QtHV)
Empty 0.13 0.08 0.05 2.525729 0.126286 0.310493
H 0.90 0.80 0.10 0.223144 0.022314 0.368369

Training on the reference now gives Dk, (d,]|v) = 0.485508. Here supplying H increases both v,
and d;. However, the decrease in the reference surprisal outweighs the increase in d;. Therefore,
the empty prefix still gives the larger d;S; and the smaller distance. Thus, even the successful
replacement probability alone can favor a different prefix from the one preferred by Theorem
Both examples concern a fixed model and illustrate why the choice of prefix should account for d;
and S, together.

B PROOFS FOR LEARNING THE PREFIX SELECTOR

This appendix proves Theorem[2]and analyzes the prefix selector during training. Appendix[B.I|fixes
the setup and derives the properties of the selector feedback, and Appendix [B.2] proves Theorem [2}
Appendix [B.3|examines the effects of sharing the selector across questions and of randomizing the
guidance level. Finally, Appendix[B.4]derives the expected update of the selector in the GRPO appli-
cation as the model and the questions change, and Appendix [B.5]bounds the accumulated sampling
noise.

B.1 SETUP AND SELECTOR FEEDBACK

Fix the current model, the references, and Dgyiqc as in Section@ We assume that every question
satisfies the setup of Appendix[A.1] which includes 0 < 7, (5 | ) < 1and hence 0 < Sy, < cc.
For a question x, we write v, for its ideal distribution. For a guidance level o, we write Q) o, dg.a»
and S,  for the distribution of the accepted trajectory, the successful replacement probability, and
the reference surprisal at the prefix length ¢, («). Here ¢, («) is the actual prefix length, including
the boundary adjustment in Section Therefore, the nominal level « can differ from the realized
ratio S, o /S0, We first collect the properties of the selector feedback for a single question, for
which we suppress x as in Appendix [A]

Lemma B.1 (Selector feedback). For every prefix length t, the selector feedback satisfies Wy € [0, 1]
and BE[Wy] = d;St/So. Moreover, with ¢, = (1 — dy) log(1 — dy),

Dxr(Q¢llv) — Dxv(d:|v) Ct Ct 1
So B So B+ So’ So © e5070 ’ (1

and the normalized distances satisfy 0 < Dk1,(Q¢||v)/So < Dk (6-||v)/So < 1.

Proof. The indicator in Equation (7)) has expectation d; by Equation (@). LemmalA.4Jgives 0 < S, <
So, and hence W; € [0, 1] and E[W;] = d;S;/Sy, which proves Equation (8). Dividing the closed
form of Theoremby So gives Equation (T4}, and the range of ¢; follows from —aloga € [0,1/¢]
for a € [0, 1]. Finally, since E[W;] > 0 and ¢; < 0, Equation (T4) gives Dxr,(Q:||v) < Dkw(0,||v),
and Lemma|A 2] gives 0 < Dy, (6,[|v) < So. O

Thus, a larger expected feedback corresponds to a smaller normalized distance, up to the bounded
last term. Since normalization divides d;S; at every prefix of the same reference by the same Sy, it
preserves the ranking of d.S; across these prefixes. Because of the bounded last term, this ranking
need not equal the ranking of the exact distances. Across questions, normalization expresses each
distance relative to the reference surprisal of the empty prefix.

The ablation without surprisal weighting in Section[5.3|replaces W; with the indicator of successful
replacement, whose expectation is d;. Since this indicator still excludes exact copies of the reference,
comparing it with W; isolates the effect of weighting a successful replacement by the reference
surprisal.

For the rest of this appendix, we write

da:,aS:r,a
gu(a) = E[Wy o] = S
0,z

)

€ [0,1]
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for the expected selector feedback of question x at level o, where the equality follows from

Lemmal[B.1]

B.2 PROOF OF THEOREM[Z]

Theorem 2] measures a selector by its average normalized distance and compares it with training on
the reference. Written out, these distances are

D ollv
£(¢) = EXNDgtlide, an~pg |:KL(QX’||)()

So,x
By LemmaB.1]and g, () € [0, 1], the quantities £(¢), L,cf, and J(¢) lie in [0, 1].

Theorem 2 (Learning the prefix selector from feedback, restated). Fix the current model, the refer-
ences, and Dgyuide, Where every question satisfies the setup of Sectlonn Let L(¢) and L.t be the
expectations of Dk1,(Qx,a|lvx)/So x and Dk1, (6,4 ||[vx)/So,x over X ~ Dgyide and o ~ py.
Then

Dier (6
}7 Loet = Ex o, {m(xﬂyx)}

So,x

1
J6) < Lot = £(6) < (0) + Bx | .
6507)(
Moreover, for a differentiable prefix selector with positive probabilities and a baseline b fixed before
sampling,
E[(Wx.a = b)Velogpy(a)] = Ve ().
Proof. For the first statement, averaging Equation (I4) over X ~ Dgyige and o ~ py gives

£(¢) = Lret — J((b) + €(¢)7 -Ex

Sox < e(p) <0, (15)

where ¢ (b = Elcx,a/S0,x] and ¢, q is the last term of Theorem [I] at the prefix length ¢, (c).
Lemma |B.1{bounds each cg /S0 s, and rearranging Equation (T3)) gives the first statement.

For the second statement, the level is sampled independently of the question. Condition on X = z.
Since a ~ pg and E[W, , | o] = go(a),

E[(Wea —b)Velogps(a) | X = 2] =Y (gz(e) = 0)Veps(a) = > gs(a)Vyps(a).
acA acA

The baseline term vanishes since ), Vgpgy(a) = V1 = 0. Define piq = Exap, 4. l9x ()] €
[0, 1], which does not depend on ¢. Then

Z P¢ )Has V¢>J(¢) = Z Mav¢p¢(a)
acA acA

where differentiation acts on a finite sum with fixed bounded coefficients. Averaging the conditional
identity over X ~ Dgyige gives the same expression, which proves the second statement. O

The first statement leads to the following guarantee for a selector that maximizes J.
Corollary B.2 (Maximizing the objective). If J(¢*) > J(&), then L(¢*) < L($)+Ex[1/(eSo.x)]-

Proof. By Equation (13)), J(¢*) > J (&) gives
£(6%) < Lot — J(6") < Lot — J(6) < £(6) + Ex —

. O
X 6507)(

Thus, a larger objective corresponds to a smaller average normalized distance, up to a bounded
correction. Since the correction €(¢) can change with the selector, J and £ can rank selectors
differently within this bound. The bound is informative only when Ex [1/Sy x] is small, and it can
be large when some reference surprisals are close to zero.

In Section the baseline is a running average of past feedback. For such a baseline, the same
argument applies after conditioning on the history and the current question. Given this information,
the baseline is fixed, the level still follows py, and its feedback still has conditional mean g, («).
Moreover, the baseline update in Appendix keeps b € [0, 1], which ensures integrability.

18



Preprint

B.3 SHARING AND RANDOMIZING GUIDANCE LEVELS

The prefix selector shares one distribution over guidance levels across questions and samples a level
for each continuation. We now examine both choices. Proposition B.3]bounds the cost of sharing
within the objective .J. Proposition [B.4|then compares the distance after randomizing the level with
the average over levels in J.

For any distribution p over A, write J(p) = > p(a)puq with pi, from the proof of Theorem
which gives J(pg) = J(¢). The best shared distribution has value .J* hared = MaXq flo. In contrast,
an oracle that knows g, for every question and chooses a level for each question separately has value
Jindividual = Ex maxq gx (@).

Proposition B.3 (Cost of sharing). For every distribution p over A,
‘]itldividual - J(ﬂ) = (Jitldividual - Js*hared) =+ (Js*hared - J(p))7 (16)

where both terms are nonnegative. Moreover, the prefix selector in Equation (1) satisfies

sup J(¢) = (1 — €ge1) max pg + sel Loy
T () = (1) s + 555

Proof. The decomposition is an identity. The first term is nonnegative since max, Ex[gx (a)] <
Ex max, gx (c). The second term is nonnegative since J(p) is a convex combination of the values
- For the selector in Equation (TIJ), write g4 for its softmax component. Then J(¢) = (1 —
Esel) Yo 46 () pta + (£sel/|A]) D, ta- The first sum is at most max, fq, and it approaches this
value as g4 concentrates on a maximizing level. O

The first term in Equation (T6) measures the cost of using the same distribution over levels for every
question. It is zero if one level maximizes g, for almost every question. The second term measures
the gap between the current selector and the best shared distribution. If all ., are equal, every shared
distribution has the same objective even when individual questions prefer different levels. Moreover,
the uniform component of the selector has an explicit cost in the current objective, while it keeps
every level observed as the model changes.

Through Theorem [2] the objective J corresponds to the average of the normalized distance over
the selected levels. However, sampling a level and then making one continuation produces a
single distribution of the accepted trajectory, which mixes the distributions for different levels.
For a fixed question x and a distribution p over A, this mixture is Q. , = >, p(®)Qqz . Let
I, be the mutual information between the sampled level and the accepted trajectory, and let

H(p) = =, pla)log p(c) be the entropy of p.
Proposition B.4 (Randomizing the guidance level). For every question x and distribution p over A,

D1, Qw p”l’w Zp DKL Qw ocHVw) — Iy,

where 0 < I, < H(p). Consequently, with j,(p) = ., p(a)ge (),

Dk (0, ||ve) 1/e +H(p) < DKL(Qz,p”Vx) < Dy (0, ||vz)

SO,w e (p) - SO,I a SO,w SO,I Te (p)

Proof. Every @ o has finite distance by Lemma Splitting the log probability ratio through
Q. and summing over trajectories with positive probability gives

Qz,a(y) Qm’p(y)
Z P DKL Q:}c aHZ/r Z p Q:L’ a |:10g ijp(y) + 10g I/x(y)

= Ig; + Dk (Qz,pllVe),

since ), p(a) Dxr(Qz,a|Qx,p) equals the mutual information /,,. The mutual information is non-
negative and at most the entropy of the level, which gives 0 < I,, < H(p). For the bounds, divide the
identity by Sy ., and apply Equation (T4) to each level. The upper bound uses I,, > 0 and ¢, o < 0,
and the lower bound uses I, < H(p) and ¢ o > —1/e. O
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The mutual information is zero when all distributions with positive weight coincide. Otherwise,
randomizing the level gives a smaller distance than the average over levels. This construction returns
one accepted trajectory from one continuation, and Appendix|C.2]analyzes acceptance after multiple
continuations.

B.4 SELECTOR UPDATES IN THE GRPO APPLICATION

Theorem E] fixes the model, the references, and Dgyige. We now specify Dgyige and the baseline in
the GRPO application of Section[4.3] and then derive the expected update of the selector for a batch
and across training iterations.

Questions selected for reference guidance. Fix the current model and a reference r, for each
question. Since the G responses of a group are sampled independently, the group is an all-failure
group with probability f, = (1 — py,,, ())¢. For X ~ D, define ¢ = Ep[fx]. When ¢ > 0, the
questions that receive reference guidance follow

D(x)fa

Dguide (JZ) = ¢

Given the question, the guidance levels and continuations are sampled independently of the group.
Therefore, restricting guidance to questions with an all-failure group changes their relative weights
while preserving E[W, o] = g.(«) for each question and level. If ( = 0, no question receives
guidance and the selector update is zero almost surely.

a7

Baseline and update order. The selector starts with ¢ = 0 and b = 0. Every term in Equation (12)
uses the same selector parameters and baseline, which are fixed before the batch is collected. After
a nonempty batch of continuations, the baseline is updated by

b (1— b+‘u|ZWJ, (18)
jeu

where 0 < < 1. Since this update is a convex combination of values in [0, 1], induction gives
b € [0,1] at every iteration. Centering the updated logits by subtracting their mean leaves the
selection probabilities unchanged. An empty batch of continuations leaves ¢ and b unchanged.
Table [3] specifies the numerical hyperparameters. Reference surprisals, verification outcomes, and
model parameters are fixed during the selector update. This update precedes the policy update, and
both use the continuations generated by the same current model. All continuations supply feedback,
including K zero feedback values when no continuation gives a successful replacement and ARG
falls back to the reference.

Expected batch update. Let ¥ denote the summed direction in Equation (I2)) before multiplication
by the step size,
U= 3" (W; — )V, log py(ay).

Jjeu
with ¥ = 0 when U is empty.
Proposition B.5 (Expected batch update). Consider a batch of n question positions, each with
marginal distribution D. Suppose that the model, the selector, and the baseline are fixed during
collection, and that every all-failure group receives K continuations whose levels and feedback
follow the laws above. Then

E[¥] = nK(VyJ(9), (19)
where the right-hand side is zero when ¢ = 0.

Proof. Write ¥ as a sum over question positions ¢ and continuations ¢ = 1,..., K of the terms
1{group i is all-failure} (W;, — b)V 4 log py(cvi¢). Conditional on the question x at position ¢ and
on its all-failure event, each term has expectation ) g.(a)Vpe () by the proof of Theorem
Therefore, position ¢ contributes

ZD( f;cKng v(bqu Kcngulde ng v¢p¢ ) KCV¢J(¢)7

where the first equallty uses Equation (T7). Summmg over the n positions by linearity proves the
claim. When ¢ = 0, no group is an all-failure group almost surely, and hence ¥ = 0 almost
surely. [
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Since the proof uses only the marginal laws, it requires no independence between question positions
or between continuations. Holding J fixed, the factors n, K, and ¢ only scale the expected update at
a fixed step size. However, changes in the all-failure probabilities also change the question weights
in J and hence the update direction.

Changing models and questions. Across training iterations, the model, the question distribution,
and the selector all change. Let (Fj)x be the increasing filtration of the training history, where
Fi contains the history before iteration k, including the current model, the selector parameters ¢y,
and the baseline. For the question positions Xy 1,..., X}, at iteration k, define their average
conditional marginal distribution by

1 n
Dy () = — > Pr(Xpi = | Fi).
i=1

With the current all-failure probabilities fj ,, and expected feedback gy, ., (v), define

Ck = ]EXND}C [fk,X}a Dguidc,k(x) = M7

Ck
Ti(8) = Exapyuier Y Po(@)gr.x (),

where the last two are defined when (i > 0. Let Uy, be the summed direction at iteration k.

Proposition B.6 (Expected update under changing models and questions). Suppose that, conditional
on Fy, the groups and continuations at iteration k follow the laws of Proposition under the
current model, except that position i has the marginal distribution Pr(Xy, ; = - | Fi). Then

E[Uy | Fi] = nK (Vi (o), (20)

where the right-hand side is zero when (i, = 0.

Proof. Apply the proof of Proposition conditionally on F}, with the marginal distribution of

position 7 given by Pr(Xj, ; = - | Fj). Since the proof uses only marginal laws, the positions may
have different marginal distributions. Summing their contributions replaces nD with nDy, which
gives Equation (20). O

The gradient in Equation (Z0) holds the history-dependent model, question distribution, and prefix
mapping fixed. Thus, the update follows the current objective in expectation even as training changes
these quantities. The setting includes sampling with replacement from a fixed distribution, for which
Dy, = D, and sampling without replacement from a remaining pool of questions.

B.5 ACCUMULATED SAMPLING NOISE

Proposition [B.6] describes the expected update at each iteration. We now bound how far the accu-
mulated updates deviate from these expectations, starting with the size of each update.

Lemma B.7 (Bounded update direction). For the selector in Equation and a baseline in [0, 1],
every term of Wy, has Euclidean norm at most \/2. Consequently, || ¥, /(nK)|l2 < V2.

Proof. Let gg4 be the softmax component of Equation (T1)) and e,, the coordinate vector for level .
e (1 - u)asle)
ps(@)

The prefactor is at most one since pg(a) > (1 — £sa1)qp(r). Moreover, [leq — ¢oll3 = (1 —
46())* + Y za 46(2’)? < 2(1 — gg(@))® < 2. Since W and b both lie in [0, 1], we have
|Wj —b| < 1, which bounds each term by V2. Finally, U, has at most n K terms, including the case
of no continuations. O

Vg log py(a) = (ea — 0)-

Define the centered errors -
k

93 o eV (or).
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Proposition B.8 (Accumulated sampling noise). Under the conditions of Proposition [B.6| and a
baseline in [0, 1], for a deterministic number Nito, of iterations,
2

E L %f < 2 2n
Niter 1 ¥ 9 o iter

2

Proof. Proposition gives E[¢;, | Fi] = 0. The conditional variance identity and Lemma
<2.

then give
o, |2
i el ¥
nk ||, nK 9

For k < K/, the error & is measurable with respect to Fy/. Therefore, E({y, (i) = E(&g, E[ép |
Fi]) = 0. Expanding the squared norm of the sum, the cross terms vanish and each of the Njte,
diagonal terms is at most 2, which proves the bound. O

E[lx]I3 | Fi] =E Fi

d

The baseline update in Equation (I8)) satisfies the condition on the baseline. Proposition[B.8|controls
the noise around the changing expected directions.

C ANALYSIS OF MULTIPLE CONTINUATIONS

Theorem|I|concerns a single continuation, whereas ARG samples K continuations for each question
and accepts candidate trajectories by the rule in Section .1} This appendix analyzes the distribution
of the accepted trajectory after multiple continuations. Appendix fixes one prefix and studies
how the distance to the ideal distribution changes with the number of continuations. Appendix [C.2]
gives a sufficient condition under which an arbitrary acceptance rule keeps the distance no larger
than that of training on the reference.

C.1 REPEATED CONTINUATIONS FROM A FIXED PREFIX

Fix a prefix length ¢ and let H; be the event that a trajectory begins with h;. Since the reference is
correct and has positive probability, 0 < u; < v; < 1. For a positive integer k, draw k independent
continuations from h;. The first-success rule returns the first correct candidate trajectory, including
an exact copy of r, and returns r if every candidate trajectory is incorrect. This rule treats an
exact copy as a success. Let Qik) be the resulting distribution of the accepted trajectory, and let
vp, = (- | C N Hy) be the ideal distribution restricted to trajectories that begin with h.

t
Lemma C.1 (Distribution after repeated continuations). Let wy, = 1 — (1 — v;)* be the probability

that at least one candidate trajectory is correct, and define A, = wy, /vy and dﬁk) = di\g. Then

) — (1 — we)dy + wevn,, (22)

and

D (QP|v) = Dw(8:|[v) — d¥ S, + (1 — d{”) log (1 — di™) + di log Ar.

Proof. A correct trajectory y = h; &z is returned at continuation j with probability (1—wv;)7 =17 (z |

ht). Summing over j = 1,...,k gives Q,Ek)(y) = M\g7(z | he) for every correct y # r. Since
vp, (y) = w(z | hy) /v, for these trajectories, this probability equals wy vy, (y). The same calculation

gives \pu; for an exact copy, and fallback adds (1 — v;)*. Therefore, ng) (r) = (1 —wg)+
wpug /vy =1— dgk), which proves Equation (22)). For the distance, the trajectories other than r have

total probability dgk) and likelihood ratio Agp/7(h;). Following the proof of Theoremwith this
ratio gives the closed form. O

Compared with the closed form for one continuation, the additional term dgk) log A\x, accounts for

the larger probability of each trajectory other than the reference after repeated continuations. For
k = 1, we have A\; = 1, and the lemma recovers Theorem The mixture form in Equation @I)
shows that additional continuations move probability from the reference to v,,, which leads to the
following limit.
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Proposition C.2 (The limit of a fixed prefix). The distance DKL(ng) lv) is nonincreasing in k and
satisfies

v
—logv(H;) < Dki( ik)”l/) < —logv(Hy) + (1 —v;)¥ log u—t

¢
Consequently, it converges to —logv(Hy) as k — oo.
Proof. Fory € C N Hy, we have v(y) = v(H;)vp, (y). Hence, every distribution () supported on
CNH, satisfies D1, (Q||v) = Dk (Q||vn,)—logv(H,;). By Lemma ng) is such a distribution.
Therefore, it suffices to study DKL(Q,(fk) |k, ), and the lower bound follows from its nonnegativity.
For the upper bound, convexity of KL applied to Equation (22) gives DKL(ng)Huht) < (1-
wy) Dk (8, ]|vn, ), where Dxr, (8, ||lvh,) = —log vp, (1) = log(vs/us) and 1 — wy, = (1 — v;)*. For
monotonicity, take £ > k. If wy, = 1, then ng) = QEZ) = vp,. Otherwise, a = (1 —wy)/(1—wy) €
[0, 1] satisfies Qﬁ“ = ank) + (1 — a)vp,, and convexity gives

¢ k k
Dice (@4 lvn,) < Dk (@4 o) < Dicr (@1 [lom,)-
Finally, the upper bound converges to — log v(H;) since vy > ug > 0. O

For the empty prefix, H; contains every trajectory. Therefore, the limiting distribution is v and the
limiting distance is zero. A nonempty prefix has the same limit exactly when H; contains all correct
trajectories with positive probability. Proposition [C.2]orders the numbers of continuations for each
fixed prefix. However, comparing different prefixes also requires their respective u; and v;, which
determine both the rate and the limit of the decrease.

C.2 A SUFFICIENT CONDITION FOR GENERAL ACCEPTANCE RULES

To cover the acceptance rule of ARG, which excludes exact copies, mixes several prefixes, prefers
some candidate trajectories over others, and may accept several of them, we consider a general
procedure. Choose K > 1 reference prefixes hy,, ..., h¢, before generation. Conditional on this

list, draw a continuation Z; ~ (- | h¢;) and form the candidate trajectory Y; = h;, © Z; for each
7. The continuations may depend on each other, provided that each candidate trajectory has this
conditional marginal law given the entire list. A procedure returns r or one of the correct candidate
trajectories. If several trajectories are accepted, we consider the distribution obtained by selecting
one of them with nonnegative weights that sum to one. Let () denote the resulting distribution of the
accepted trajectory, including fallback, and use the convention 0log 0 = 0.

Proposition C.3 (Multiple continuations and acceptance). Under the setup above, define dg =

1-Q(r)and A = ZJK:1 exp(—S;,). Then

Dxr(Qlv) < D (0r[v) +dglog A + (1 = dg)log(1 — dg). (23)
In particular, A < 1 guarantees Dxy,(Ql|v) < Dkv(0-||v). A sufficient condition is min; Sy, >
log K.

Proof. A trajectory y # r can be selected only if it appears among the candidate trajectories. Thus,

o po(7 S mly) _ 7y
Q(y)SZPT(Yj=y)221{ybeginswithhtj} y < y

= 7(he;) m(r)’

where the last inequality uses 7(r)/m(hs;) = exp(—S;,) from Lemma Every y # r with
Q(y) > 0is correct and has w(y) > 0. Hence, Q(y)/v(y) < pA/m(r). Since these trajectories have
total probability d¢ and the reference has probability 1 — dg with Q(r)/v(r) = (1 — dg)p/= (1),

Dx1(Qllv) < log % + (1 —dg)log(l —dg) + dg log A.

Lemma(A.2]gives log(p/7(r)) = Dkw(6,||v), which proves Equation (23). Since (1 — d¢) log(1 —
dg) < 0, and dglog A < 0 when A < 1, the condition A < 1 gives the comparison with training
on the reference. Finally, min; Sy, > log K gives A < K exp(—log K) = 1. O
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The argument permits arbitrary selection among correct candidate trajectories, including the exclu-
sion of exact copies and the priority rule of ARG. For one prefix used K times, A = K exp(—S;),
and the bound becomes Dxr,(0,]|v) — dg(S: — log K) + (1 — dg)log(1l — dg). The term log K
accounts for the possible concentration from selecting among several candidate trajectories. For
K = 1 and the acceptance rule in Equation , we have dg = d, and the bound becomes the
equality in Theorem|T]

In ARG, the prefixes come from guidance levels sampled before generation. The following corollary
extends the comparison to this case.

Corollary C.4 (Guidance levels sampled before generation). Under the setup of Proposition
suppose that the K guidance levels are sampled before generation from any distribution over A*,
and that minge 4 Sy, (o) > log K. Then the distribution Q of the accepted trajectory, averaged over
the sampled levels, satisfies Dk, (Q||v) < Dxr(6,]|v).

Proof. Conditional on each list of levels, every prefix satisfies S;; > log K. Therefore, Proposi-
tion [C.3|bounds the conditional distance by D, (,||v). Since Q is the average of these conditional
distributions, convexity of KL in its first argument gives the same bound for Q. [

The condition in Corollary uses the actual prefix lengths after the boundary adjustment and is
available from the same reference surprisals used for prefix selection.

D ANALYSIS OF LEARNING FROM INSERTED TRAJECTORIES

The preceding appendices compare distributions of accepted trajectories at a fixed model. This
appendix examines how the inserted trajectories contribute to the policy update in Section[d.3] Ap-
pendix [D.T| derives the gradient of inserted trajectories in Equation (I3). Appendix [D.2]derives the
expected group update under binary rewards for one inserted trajectory, and Appendix extends
it to multiple inserted trajectories. Finally, Appendix [D.4] relates learning the complete trajectory
and learning only the continuation to their respective success events.

D.1 THE GRADIENT OF INSERTED TRAJECTORIES

Condition on the realized batch, its masks, and the recomputed group advantages. Let Z index
the inserted trajectories, and let 7' > 0 be the total number of active response tokens in the batch
loss. For token j of an inserted trajectory y;, let ¢; ;() be its log probability given the original
question and all preceding tokens of the trajectory. Inserted trajectories use the clipped objective of
Equation (29) in Appendix [E.3]with the stopped current probability in the ratio denominator,

Linserea(0) = f% D> min{@; ;(0)As, clip(@:,;(),0.8,1.3)A; },

ieZ j=1

@i,(0) = exp(£,;(0) — stopgrad(¢; ;(6))),
where stopgrad preserves a value but assigns zero derivative to it.

Lemma D.1 (Gradient of inserted trajectories). Suppose that the advantages A; and the token count
T are held fixed during differentiation and that every token of an inserted trajectory is active. Then
the gradient of Lipsertea is given by Equation (13).

Proof. By construction, w; ; = 1 and Vew; ; = Vg¥; ;. Since the clipping interval contains one
in its interior, both branches of the clipped loss have the same derivative at this ratio. Therefore,
for any fixed real advantage A;, the loss of token j has derivative —A; V¢, ;/T. Summing over all
positions, including any supplied prefix and the termination token, gives —A; Vg log 7 (y; | ;)/T
for each inserted trajectory. Summing over ¢ € Z proves Equation (13). O

Lemmal|D.Tidentifies the gradient under the prescribed rule of automatic differentiation. For A; > 0,
minimizing Lipserted gives a positively weighted supervised fine-tuning (SFT) contribution. The
advantage specifies its learning weight, while candidate generation and acceptance determine the
distribution of the trajectory.
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D.2 THE GROUP UPDATE WITH ONE INSERTED TRAJECTORY

We now use binary correctness rewards to separate the contributions of correct and incorrect re-
sponses. This simplification ignores the format reward, which leaves the advantages unchanged
when all responses in a group receive the same format reward. The calculation is at the current
model and precedes division by the batch token count. Fix a question = with set of correct trajec-
tories C', and suppress the conditioning on = unless shown explicitly. Assume a finite trajectory
space, a differentiable policy with positive trajectory probabilities in a neighborhood of 6,4, and
0 < p=mg,,(C) < 1. Draw G > 2 independent responses from 7y_, and condition on all of them
failing verification. Then replace one uniformly chosen response by Y ~ @, where @ is supported
on C, and where Y and the replaced position are independent of the original failures. Both @ and
the collected responses are fixed during differentiation. Set

po = m(C), vg =mo(- | C), po = mo(- | C°),

and write v = vy_,, for the ideal distribution at the current model.

old

At the current model, the ratios of the original responses equal one and clipping is inactive. The
inserted trajectory follows Lemma|[D.I] and all response tokens are included. We consider the group
ascent direction, which is the sum of the reward-dependent gradients before division by the batch
token count. With one inserted trajectory, the reward mean is 1/G and the sample standard deviation
is sp = 1/v/G. Therefore, the inserted trajectory has advantage (G — 1)/[G(sg + 6)], and each
failure has advantage —1/[G(sg + d)], where 6 > 0 is the stabilizer in Equation (28). Define the
positive coefficient

G-1
g =—"-—7"—.
G(1/VG + 6)
Let I, ..., Fg_1 denote the original failures that remain after replacement. The realized group
direction is
G-
g=ca |Velogme(Y | x) *7ZV910g7T9F | ) . (24)

0=0o1a

Proposition D.2 (Inserted trajectories and the group update). Under the setup above, let go = E[g]
be the expectation over the original failures, the replaced position, and the inserted trajectory. Then

& - DKL<Q|VQ)} (25)

gQ =cag Vo |:10g 1
0=0,14
In particular, for QQ = v,

_ ca

Gy = (26)

———— Vypolg_
pa—p) "l

old *

Proof. Conditioning independent responses on all of them belonging to C*° gives independent draws
from j14,,,, and uniform replacement preserves this distribution for the remaining failures. There-
fore, with ' ~ pg_ >

9o _

=X = |:]EQV9 log iyl (Y) - E'U‘gold VQ 10g iyl (F)} ‘

ca 0=0o1a

Applying the argument of LemmaA.1|to the event C° gives E,,, Vg logmg(F) = Vg log(1 — po)
at O,1q4. For fixed @, expanding log vy (y) = log e (y) — log py gives

V@DKL(QHVQ) = —EQVQ log 7T9(Y) + Vo logpg.

Substituting both expressions proves Equation (23). When @ = v, the gradient of the KL term
vanishes at 6,4 by Lemma Since Vg loglpe/(1 — po)] = Vope/[pe(1 — pe)], this gives
Equation (26). O

The ratio pg/(1 — py) is the odds of passing verification. The first term in Equation (23) favors
success over failure. The second term records which correct trajectories the distribution @) favors.
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For training on the reference, Dk, (d,||vg) = — log vp(r), and this term favors the particular refer-
ence within the set of correct trajectories. In contrast, Equation shows that inserting trajectories
from the ideal distribution gives an expected group update proportional to the gradient of the success
probability under the original question.

For reference fallback, Y = r makes the positive term in Equation a weighted SFT gradient.
For an accepted candidate trajectory, the positive term learns its complete sequence, including the
supplied prefix. In both cases, the original failures supply the negative terms in the same group
update. This combination of learning from correct trajectories with feedback on the model’s own
failures connects our update to prior work on integrating supervised and reinforcement fine-tuning
(Yan et al ., [2026| [Fu et al., 2026).

D.3 MULTIPLE INSERTED TRAJECTORIES

We keep the preceding setup but insert a random number IV of correct trajectories with 1 < N, <
G, where a single reference is inserted when no candidate trajectory is accepted. The inserted
trajectories may depend on each other. However, they, their number IV, and the replaced positions,
which are uniformly chosen and distinct, are independent of the original failures. Conditional on

Ny =m,let @ and M be the empirical distributions of the inserted trajectories and of the remaining
failures. Substituting the advantages (G — m)/[G(sm + 0)] and —m/[G(sy, + 9)] of the inserted
trajectories and the remaining failures gives the group direction

9=rtm |E5Velogmy(Y) — E5; Ve logﬂe(F)] ;
0=0014

where

~ m(G —m) m(G —m)

’im, -

Gimto) ™\ GaG-1"

Define the average coefficient and the advantage-weighted distribution of inserted trajectories by

~

_ Elxn, Q(y)]
R=Elin Qi) = — et

Since 1 < N4 < G, we have & > 0, and @) is a probability distribution on C.
Proposition D.3 (Multiple inserted trajectories). Under the setup above,

Py

Elg] = % Vg |log T DKL(Q+|V0)]

0=0014

For one inserted trajectory, k1 = cg and Q4 = Q, which recovers Proposition[D.2]

Proof. Conditional on the inserted trajectories and their number, uniform replacement preserves

the failure distribution s, , for the remaining failures. Therefore, E[xn, M (y)] = Rpe.,,(y), and
taking expectations in the group direction gives

E[g] = & [EQ+ Vologmo(Y) — E,,  Vglog m(F)} o
=Uold

The proof of Proposition [D.2] then applies with ¢ replaced by & and @ replaced by Q.. Finally,
s1 :1/\/§gives K1 = cq. O

The distribution () weights each realized set of inserted trajectories by its total positive advantage
K, - Therefore, it accounts for both acceptance and the resulting composition of the group.

D.4 LEARNING THE PREFIX AND THE CONTINUATION

The likelihood in Equation (T3) includes every token of the complete accepted trajectory under the
original question. For a candidate trajectory from a nonempty prefix, the chain rule gives

logmg(ht & z | x) = log mg(hy | z) + log mo(2 | z, hy). (27
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Hence, learning covers both producing the supplied prefix and completing the trajectory, and refer-
ence fallback trains the complete reference through Equation (13). We now connect the two terms in
Equation to different success events. Fix a prefix length ¢, let H; be the event that a trajectory
begins with h;, and let vy, = 7y, (- | C' N Hy) asin Appendix This distribution is well defined
since the correct reference has positive probability. Let Qz ((z) = v, (hy @ 2) be the distribution
of its continuations. Here 7y(C' | H;) is the probability that a continuation from h,; gives a correct
candidate trajectory, which equals v; at 0)q.

Proposition D.4 (Learning the prefix and the continuation). Under the assumptions of Lemma
at 0 = 0q14,

EYwuhtVG logm(Y) = Vg logﬂg(CﬂHt), EZ~QZ¢V6 logmg(Z | ht) = Ve logﬂ'e(c | Ht).

Moreover, the distribution ng) of the accepted trajectory after k continuations in Lemma sat—
isfies

EYNQ£k>V9 logmg(Y) = (1 — wy) Vg log mg(r) + wi Ve log me(C N Hy).

Proof. The first identity follows from Lemma [A.T| with C replaced by C' N H;. For the second,
Equation gives Vg logmy(ht ® Z) = Vg logmg(hy) + Vg logme(Z | hy), and mp(C N Hy) =
mo(he)me(C | Hy). Subtracting Vg log 7y (h:) from both sides of the first identity gives the second.
Finally, the mixture form in Equation (22)), whose weights are fixed at 6,14, and the first identity give
the last statement.

Under vy, , the expected gradient of the complete trajectory addresses the joint event of producing
the prefix and passing verification. In contrast, learning only the continuation addresses verification
given an externally supplied prefix. The two coincide for the empty prefix. The joint event covers
the correct trajectories that begin with this prefix, while the overall success event C' also includes
correct trajectories that begin differently. Finally, the mixture identity in Proposition[D.4]shows how
fallback and successful continuations contribute to the expected gradient of the accepted trajectory
before any weighting.

E IMPLEMENTATION AND EVALUATION DETAILS

We first specify the training procedure, reference boundaries, and policy loss. We then give the
training configurations, question prompt, and evaluation protocol. Together, these details connect
the single-continuation analysis in Theorem [I]to the complete training procedure.

E.1 TRAINING PROCEDURE

Training uses 11,068 screened DeepMath examples with matched offline DeepSeek-R1 reference
solutions (Guo et al.| [2025). We start from DeepMath-103K, keep problems with difficulty at least
5.0, and drop problems whose gold answer is not a single short expression, is a multiple-choice
letter, or cannot be verified by our checker when written inside \boxed{ }. From the remaining
problems, we randomly sample 16,000 in proportion to difficulty and let the base Qwen3-4B attempt
each one eight times under the training prompt and sampling settings. Problems solved in all eight
attempts are removed. We also drop the few problems whose reference solution does not end in the
gold answer. Table 3| gives the ARG configuration. Algorithm [1|separates collection under a fixed
policy from updates of the selector and policy. All continuations, including failures and candidate
trajectories not selected for the policy update, provide selector feedback.

In the algorithm, U/, contains K distinct batch-wide continuation indices for question z. Candidate
quantities are computed for every j € U,. The operation Accept returns the candidate indices
selected by the rule in Section

E.2 PREFIX BOUNDARIES
The level o = 1 always uses the empty prefix. For a < 1, we take the latest prefix length whose

reference surprisal is at least a.Sy and, if this length is positive, move it to the first valid sentence or
formula boundary at or after it. If no such boundary exists, we use the latest earlier valid boundary,
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Algorithm 1 One ARG training update with GRPO

Moo=

oW

s

ijf}m)dd(. | z) forz € B

a; % gty tulay)

Zj~ Tooa (- | 7, htj)? Y; + htj ® Z;

W; « 1{Y; € Cy, Y; # 7} S, /S0

U —UUUy, Ty — Accept((Yi,t;)jeu, 7)

¢ < &+ el 2oy (W — b)Vg log pg(a;)
b (1= B+ i X jeu Wi

s Te — @

Input Batch B with references, policy 6, selector ¢, baseline b.
Oolg <~ 0, U +— &

Yz = (yw,i)iG:p Yz,i
for z € Bwith "% | Ruce(x,y2) = 0 do

Sy «— —logmg,, (ar | x, hy) for 0 <t < |r
if 0 < Sy < oo then

end if _

Replace rows in y, by (Y;) ez, orby rif 7, = @.
. end for ~
. Recompute final rewards R;, then A; < (R; — R)/(sgr + 9).
. if U # @ then

. Update 6 using Equation and the remaining-response loss in Appendix [E.3]

Setting ARG configuration
Questions per update 32
Ordinary responses per question G 8
Continuations per all-failure group K 8
Guidance levels A {1,1/2,1/4}
Total acceptance cap in Algorithm 1] 4
Maximum accepted trajectories with empty prefixes 4
Maximum accepted trajectories with nonempty prefixes 1
Selector exploration egej 0.2
Selector step size 7sel 0.3
Baseline update rate 3 0.1
Training budget 200 updates
Learning rate 107°
Warmup updates 10
Weight decay 0.01
Gradient norm clipping 1
Policy optimization epochs per batch 1
Clipping ratio interval [0.8,1.3]

Policy loss averaging

Total reward

Advantage stabilizer §

Training temperature

Training top-p and top-k

Question length limit

Trajectory length budget including the prefix
Additional KL loss

Entropy loss coefficient

Batch token mean
Accuracy plus 0.2 format
107°

1

1 and no truncation

3072 tokens

8192 tokens

None

0

Table 3. ARG configuration for both model sizes.
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or the empty prefix if there is none. A valid boundary falls on a token boundary, closes all math-
ematical delimiters, and leaves a nontrivial suffix containing the final boxed answer. The selector
feedback uses the reference surprisal S; at this adjusted prefix length, and the prefix counts toward
the maximum trajectory length.

E.3 PoLicy Loss

Final rewards R; combine binary verifier accuracy with 0.2 times a binary format reward indicat-
ing an extracted boxed answer. Thus, a correct response receives 1.2, while an incorrect response
receives 0.2 or zero according to its format. We recompute advantages within each final group as
R-R
7 SR + 57
where R and sy are the mean and sample standard deviation of the group’s final rewards, and
§ = 1075 ensures numerical stability. All-equal rewards give exactly zero advantages.

(28)

For an ordinary response y;, let y; ; be token j and define

. We(yi,j | Cﬂi,yi,q‘)
wi,j(0) = .
T0o1a (yiJ | Li, yi,<j)
Let O index the original responses that remain in their groups, and let 7" be the total number

of active response tokens in the final batch. Their loss contribution uses the asymmetric clipping
interval [0.8, 1.3],

il
Loriginal () = f% D> min {w; ;(0) Ay, clip(wi ;(0),0.8,1.3) A; }. (29)
1€0 j=1
Inserted trajectories use the stopped current probability in the ratio denominator, as derived in Ap-
pendix [D] With unit token weights over each complete inserted trajectory, this gives Equation (T3)).
Loss-active tokens include supplied prefixes and termination tokens when present, and both contri-
butions share the same batch token denominator.

E.4 TRAINING CONFIGURATIONS AND QUESTION PROMPT

The GRPO, SAGE, BREAD, LUFFY, and ARG runs share the optimizer and student rollout set-
tings in Table[d The resampling and weighting ablations use the same settings. SFT learns from the
offline references. For OPSD, we follow Zhao et al.| (2026)) in using one student response per ques-
tion, a training generation limit of 1024 tokens, and temperature 1.1. Tabled]specifies the remaining
settings used in our experiments. All listed runs use 32 questions per update and one optimization
epoch per collected batch. Their data and parameter-initialization seeds are zero, and the learning
rate is constant after warmup.

Setting GRPO-based runs SFT OPSD
Learning rate 1076 1076 5x 1077
Warmup updates 10 10 0
Weight decay 0.01 0.01 0
Gradient norm clipping 1 1 0.1
Responses per question 8 Reference 1
Response length limit 8192 8192 1024
Generation temperature 1 N/A 1.1
Generation top-p 1 N/A 0.95
Generation top-k Unrestricted N/A 20

Table 4. Recorded configurations for both model sizes. GRPO-based runs here comprise GRPO,
SAGE, BREAD, LUFFY, ARG, resampling, and the weighting ablation. The reference-insertion
ablation is specified by its replacement rule in Section @

The ordinary student question prompt and the evaluation prompt contain a single user message

with the question, a blank line, and the instruction below. They use no system message or few-
shot example. Auxiliary teacher or reference conditioning is specific to each training method. The
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Qwen3 chat template is applied with thinking mode disabled, which appends an empty thinking
block before response generation. The rendered question prompt is shown schematically below.

<|lim_start|>user
<question>

Please reason step by step, and put your final answer within \boxed{}.
<|im_end|>

<|im_start|>assistant

<think>

</think>

Here <question> denotes the question text, and the line break before < | im_end | > is added for
display. For ARG generation, the selected reference prefix supplies the beginning of the candidate
trajectory. Evaluation supplies no reference prefix.

E.5 CHECKPOINT AND EVALUATION RECORDS

TableE]lists the reported checkpoints. GRPO, SAGE, BREAD, LUFFY, ARG, resampling, and the
weighting ablations use the fixed budget of 200 updates. Reference insertion also reports its step-200
checkpoint. For SFT and OPSD, we select the reported checkpoints by comparing mean pass@12
and avg@12 on the five evaluation benchmarks.

Method 4B checkpoint 8B checkpoint
Base 0 0
SFT 25 25
OPSD 60 100
GRPO, SAGE, BREAD, LUFFY, ARG 200 200
Resampling 200 N/A
w/o weighting 200 200
Reference insertion 200 N/A

Table 5. Reported checkpoint steps for both model sizes. Base uses the released parameters. SFT
and OPSD use benchmark-selected checkpoints, and the remaining trained entries report step 200.

All 20 reported model and method entries use the same 150 evaluation questions, comprising 30
questions from each of the five benchmarks. The benchmark files, answer extractor, and verifier
implementation match across entries. Table[6] gives the common decoding settings. Each question
contributes 12 scored responses.

Setting Evaluation value
Temperature 1
Top-p 0.95
Top-k 20
Maximum new tokens 16,384
Maximum context length 32,768
Scored responses per question 12
Random seed 1234
Parameter precision bfloatl6
Generation engine vLLM 0.11.0
Thinking mode Disabled

Table 6. Evaluation configuration shared by all reported entries.

The scorer extracts the final balanced boxed answer. A response without a boxed answer is incorrect.
Extracted answers are checked with Math-Verify 0.9.0 and a normalized string comparison. For each
question, pass@12 records whether at least one of its 12 responses is correct, while avg@12 is the
fraction of those responses that are correct. Both metrics are averaged over questions and reported

30



Preprint

as percentages. Since the benchmarks have equal sizes, the mean over benchmarks also equals the
mean over all 150 questions.

F ADDITIONAL MAIN RESULTS

Table[7]reports avg@12 for the same checkpoints and the same 12 scored responses per question as
Table|I] following the scoring protocol in Appendix

Model Method AIME24 AIME25 AIME26 HMMT Feb HMMT Nov | Avg.
Base 22.78 2222 13.33 11.94 9.17 15.89
SFT 19.44 20.56 16.94 9.72 9.17 15.17
GRPO 47.22 42.22 46.67 26.94 29.17 38.44
Qwen3-4B OPSD 2222 18.89 20.83 14.44 13.06 17.89
SAGE 44.17 39.17 40.83 25.00 28.06 35.44
BREAD 56.39 47.78 47.78 29.17 35.56 43.33
LUFFY 50.28 43.61 41.67 25.00 33.06 38.72
ARG (ours) 52.50 46.67 46.39 26.94 33.06 41.11
Base 25.28 21.67 18.61 9.72 9.44 16.94
SFT 33.06 27.78 28.06 12.22 17.50 23.72
GRPO 48.89 35.83 36.67 2222 30.56 34.83
Qwen3-8B OPSD 33.89 29.44 26.67 14.17 19.44 24.72
SAGE 54.72 40.00 44.17 27.22 35.28 40.28
BREAD 60.56 42.50 43.06 27.78 39.44 42.67
LUFFY 50.83 42.22 43.89 25.28 31.94 38.83
ARG (ours) 55.28 46.94 46.39 27.22 35.56 42.28

Table 7. Main experimental results in avg@12 percentages. Avg. is the mean over the five bench-
marks. Within each model, bold and underline mark the best and second-best values in each column.

ARG improves aggregate avg@12 over GRPO by 2.67 and 7.45 percentage points on Qwen3-4B
and Qwen3-8B, respectively, and achieves the second-highest aggregate avg@12 on both models.
The difference between the two metrics is consistent with where ARG intervenes. Specifically, ARG
modifies the GRPO update only for all-failure groups, where all GG responses to a training question
are incorrect, and leaves the update for all other questions unchanged. Therefore, the additional
learning signal concentrates on questions that the model currently fails to solve. When a question
changes from unsolved to solved by a few of the 12 responses, pass@12 counts the entire question,
whereas avg@12 counts only the fraction of correct responses. As a result, the effect of ARG appears
most clearly in pass@12, which measures the fraction of questions that the model solves within the
sampling budget.

G ADDITIONAL ABLATION RESULTS

We provide benchmark-level results, then examine how the ablations change the accepted trajec-
tories and the prefix selector during training. Reference insertion and resampling use Qwen3-4B,
while the surprisal-weighting comparison covers both model sizes.

G.1 EVALUATION RESULTS

Tables [§] and [9] report pass@12 and avg@12 separately for all five benchmarks. All entries use
the checkpoint after 200 training steps and the same evaluation protocol as the main results. Each
question contributes 12 scored responses, as specified in Appendix

For the ablations in Table[9] ARG has higher average sampled accuracy on every benchmark.

G.2 ACCEPTED CANDIDATE TRAJECTORIES DURING TRAINING

To measure how often continuations supply the trajectories used for training, we count all-failure
groups that accept at least one candidate trajectory. Reference fallback is excluded from this count.
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Model Method AIME24 AIME25 AIME26 HMMT_Feb HMMT Nov \ Avg.
Reference insertion 70.00 60.00 63.33 43.33 46.67 56.67

Qwen3-4B Resampling 76.67 63.33 63.33 43.33 53.33 60.00
w/o weighting 76.67 70.00 66.67 50.00 53.33 63.33
ARG 80.00 73.33 73.33 43.33 66.67 67.33
w/o weighting . . . . . .

Qwen3-SB / ighti 83.33 70.00 66.67 50.00 50.00 64.00
ARG 83.33 73.33 73.33 56.67 63.33 70.00

Table 8. Benchmark-level ablation results in pass@12 percentages. Avg. is the mean over bench-
marks. Here w/o weighting denotes ARG without surprisal weighting.

Model Method AIME24 AIME25 AIME26 HMMT _Feb HMMTNOV\ Avg.
Reference insertion 36.67 34.17 34.17 17.78 19.44 28.44
Qwen3-4B Resampling 44.44 35.56 40.00 21.67 28.33 34.00
w/o weighting 43.61 40.83 39.17 21.39 28.33 34.67
ARG 52.50 46.67 46.39 26.94 33.06 41.11
Qwen3-SB w/o weighting 45.28 33.89 38.33 18.33 23.61 31.89
ARG 55.28 46.94 46.39 27.22 35.56 42.28

Table 9. Benchmark-level ablation results in avg@12 percentages, computed from the same scored
responses as Table @ Avg. is the mean over benchmarks.

Figure [2] reports the proportion in consecutive windows of 50 training steps, using the total group
counts within each window. Each curve describes the all-failure questions encountered in its own
training run.

ARG Resampling ARG w/o weighting

100% 100%

75% 75%
50% 50%

25% 25%

Groups accepting
candidate trajectories

Groups accepting
candidate trajectories

0% T T T T 0% T T T T
50 100 150 200 50 100 150 200

Training steps Training steps
(a) Qwen3-4B resampling (b) Qwen3-8B surprisal weighting

Figure 2. Proportion of all-failure groups that accept candidate trajectories. A point at step s aggre-
gates steps s — 49 through s. Reference fallback is excluded. The curves come from their respective
training runs.

On Qwen3-4B, the proportion increases from 59.4% to 71.8% for ARG across the first and last win-
dows, while resampling decreases from 37.6% to 26.4%. Over the full runs, ARG accepts candidate
trajectories in 318 of 482 all-failure groups and uses reference fallback in the remaining 164. Re-
sampling accepts candidate trajectories in 145 of 446 all-failure groups, leaving the remaining 301
unchanged. Resampling retains all correct candidate trajectories. Both methods use eight continua-
tions per all-failure group, and ARG also uses reference guidance and fallback.

The weighting ablation gives a different comparison. On Qwen3-8B, it accepts candidate trajectories
in 64.8% of all-failure groups, compared with 60.2% for ARG, despite its lower evaluation scores.
On Qwen3-4B, these proportions are similar at 65.9% and 66.0%. Thus, the proportion of groups
that accept candidate trajectories alone does not explain the evaluation results.
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G.3 SURPRISAL WEIGHTING AND PREFIX SELECTION

The weighting ablation uses the successful replacement indicator as feedback, while retaining the
same guidance levels, prefix construction, selector hyperparameters, and acceptance rule. Figure 3]
compares the resulting selection probabilities. On Qwen3-4B, both selectors favor v = 1/4 for most
of training. On Qwen3-8B, the unweighted selector favors o = 1/4 throughout training, whereas
the probabilities under ARG change more over time. The final probabilities under ARG are 49.0%
for « = 1/2 and 34.6% for o« = 1/4, compared with 6.8% and 86.4% without weighting.

a=1 (empty) a=1/2 a=1/4

5 100% = 5 100% =
S 75% o S 75% o
S S

E 50% ~ E- 50%
] ]

S 25% S 25%
@ @

0(%) T T T 1 0(%J T T T 1
0 50 100 150 200 0 50 100 150 200
Training steps Training steps
(a) Qwen3-4B ARG (b) Qwen3-4B w/o weighting

- 100% - - 100% -
:':.: 75% - ,.:.: 75% -
< <

S 50% ~ E- 50% ~
] ]

S 25% A S 25% A
A A

0% T T T 1 0% T T T 1
0 50 100 150 200 0 50 100 150 200
Training steps Training steps
(c) Qwen3-8B ARG (d) Qwen3-8B w/o weighting

Figure 3. Selection probabilities of the prefix selector with and without surprisal weighting. Curves
show the state after each training step without smoothing. Steps with no selector update retain the
previous probabilities. The level a = 1 uses an empty prefix, while smaller levels leave less of the
reference surprisal to the continuation.

H TRAINING DYNAMICS

We supplement Section [5.4] with the corresponding analysis on Qwen3-4B and the sources of ac-
cepted trajectories for both models. Comparisons with the ablated methods appear in Appendix [G]

H.1 SUCCESSFUL REPLACEMENT, FEEDBACK, AND PREFIX SELECTION

Figure [] reports successful replacement rates, mean selector feedback, and prefix selection on
Qwen3-4B. As in the Qwen3-8B plots, each point in the first two panels uses all continuations
sampled at that level within a window of 50 training steps. Successful replacement requires a cor-
rect candidate trajectory different from the reference. We compute W; with the actual S;/S after
prefix-boundary adjustment, including zero feedback from failures and exact reference copies. The
third panel shows the selection probabilities after each training step without smoothing.

The level a = 1/4 has the highest successful replacement rate in each window. Weighting reduces
its advantage over « = 1/2, and their mean-feedback ordering varies across windows. Over the
full run, the mean feedback is 0.0754 for & = 1/4 and 0.0588 for @ = 1/2. These observations
accompany the persistent preference for a = 1/4 shown in Figure
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Figure 4. Training dynamics of a Qwen3-4B ARG run. In panels (a) and (b), a point at step s
averages the continuations at each level from steps s — 49 through s. Panel (c) shows the selection
probabilities after each training step without smoothing. The colors and corresponding axis ranges
match Figure|[T]

The windowed statistics summarize continuations collected as the policy, the all-failure questions,
and the selection probabilities change. Since the selector updates sequentially from these continu-
ations, its state reflects their order and the preceding updates. Steps with no selector update retain
the previous probabilities. This gives a view of the feedback observed during training alongside the
resulting selection history.

H.2 SOURCES OF ACCEPTED TRAJECTORIES

Figure [5] records which trajectories enter policy learning. We call a candidate trajectory guided if
it comes from a nonempty prefix and unguided if it comes from the empty prefix. Each all-failure
group belongs to one of four categories, according to whether it accepts only guided candidate
trajectories, only unguided ones, both types, or the reference as fallback. Thus, the figure describes
groups, with each group counted once even when it accepts multiple trajectories.

I Unguided only [0 Guided only I Mixed I Reference fallback

100% - 100% -
©n 7Q0/ %)
2 2 :
2 7% — 2 7%
£ 50% A g 50% A —
i i
= 25% 1 = 25% 1
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Training steps Training steps
(a) Qwen3-4B (b) Qwen3-8B

Figure 5. Sources of accepted trajectories among all-failure groups in consecutive windows of 50
training steps. The mixed category contains groups that accept both guided and unguided candidate
trajectories. Fallback supplies the complete reference when no candidate trajectory is accepted.
Counts below the windows give the number of all-failure groups.

Candidate trajectories are accepted in 66.0% and 60.2% of all-failure groups for Qwen3-4B and
Qwen3-8B, respectively. The remaining groups use reference fallback. Most groups that accept can-
didate trajectories use guided ones, while a smaller fraction accept unguided ones. Fallback remains
present throughout training, and its proportion varies across windows as the all-failure questions
change. These records complement the selection curves by showing the trajectories used for the
policy updates.
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