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Abstract

Discrete graph diffusion models corrupt graph structure through independent edge
updates with a Markovian noise model. Combined with the exchangeability require-
ment on the output distribution, the terminal prior is necessarily an Erd6s—Rényi
(E-R) random graph. This has a fundamental consequence for unconditional graph
generation without node features: in the large graph limit, any GNN denoiser
applied to an E-R graph approximately outputs an E-R graph, making effective
denoising difficult. In practice, generated graphs fail to recover meaningful node
heterogeneity and higher-order structure. Previous models introduced specialized
node features to compensate, framing this as an expressivity problem, while the
role of the prior remained unexamined. We instead address the root cause by
introducing the Latent Sociability Prior (LSP) and a joint diffusion process that
co-evolves latent node sociability variables and graph structure, removing edge
independence while preserving exchangeability. Unlike existing latent graph diffu-
sion methods, the sociability mechanism requires no complex encoder: its sole role
is to guide edge updates and preserve node heterogeneity throughout the trajectory.
We validate our approach on multiple graph generation datasets and show that the
proposed framework more accurately captures graph distributions than baseline
methods without node features.

1 Introduction

Diffusion models [48, 49| 18] 136] have recently emerged as a powerful class of generative models,
with major improvements in image [55] and video generation [34]. Motivated by this success,
diffusion-based methods have been extended to graph generation. The two most popular approaches
are: embedding nodes into a continuous latent space and applying Gaussian diffusion [38} 22} [12], or
operating directly in the graph space through a discrete corruption process on edges [3]]. The latter
approach has been shown to be more appropriate for generating realistic graph structures [[17, [51],
leading to a growing body of work on both graph diffusion and discrete flow matching [15} 141} 43].

Despite this recent progress, discrete diffusion models also have inherent problems. For instance,
scaling to large graphs is a bottleneck as the computational complexity grows quadratically with
increasing graph size. Recent methods [9, 31} 42] have made notable progress on addressing these
practical limitations. In this work, however, we identify a more fundamental limitation at the core
of existing graph diffusion models. We find that, in unconditional graph generation without node
features, the combination of edge independence in the forward process and the requirement that the
output graph distribution remains exchangeable tightly constrains the terminal distribution, leaving
Erd8s—Rényi (E-R) as the only admissible prior. We show theoretically and empirically that such
graph diffusion models exhibit a fixed-point pathology in the large graph limit: for most architectures
including attention-based GNNs, when initialized from an E-R prior, any denoiser approximately
outputs constant edge predictions (Theorem[4.2) which is also an E-R random graph. Consequently,
the generated graphs tend to look homogeneous and lack higher-order structure.
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In practice, this failure is commonly attributed to insufficient model expressivity, with auxiliary node
features introduced as a remedy even in the unconditional setting [51} 9] 42], leaving the role of the
E-R prior unexamined. While such features may improve performance, they can be expensive to
compute and obscure the real source of failure. Our claim is therefore not simply that existing models
are insufficiently expressive, but that the standard edge-independent discrete diffusion pipeline is
fundamentally mismatched with unconditional graph generation.

As aresolution, we propose a joint diffusion framework that co-evolves continuous latent variables
together with the discrete graph structure, combining the strengths of latent diffusion models and
graph-space discrete diffusion. Our framework is built around a new prior inspired by inhomogeneous
random graph models [39/ 14,19, 5], termed the Latent Sociability Prior (LSP). Each node is endowed
with a positive sociability weight, and edge probabilities are conditioned on these weights, inducing
node-level heterogeneity. We jointly diffuse these variables and the graph edges during both noising
and denoising, allowing them to guide edge updates throughout the diffusion trajectory. As a
consequence, the terminal prior is no longer edge-independent and therefore does not induce the
fixed-point behavior of standard discrete denoisers. Crucially, the sociability mechanism is much
simpler than existing latent graph diffusion approaches, as its role is not to generate graphs alone but
to guide the companion discrete diffusion process. In particular, it requires no pre-trained encoder,
and the clean latent variables admit an approximate closed-form expression from the training data.

Our contributions can be summarized as follows:

1. We identify a fundamental limitation in existing discrete graph diffusion pipelines. Without
node features, an edge-independent terminal prior together with independent edge updates
leads to a fixed-point pathology: any denoiser applied to an E-R random graph approximately
yields an E-R random graph, making it difficult to escape this regime and preventing recovery
of meaningful node heterogeneity and higher-order structure.

2. We propose a joint diffusion framework for graph generation that co-evolves continuous
latent variables together with discrete graph structure, allowing latent node heterogeneity to
directly guide edge updates throughout both noising and denoising.

3. We instantiate this framework through the Latent Sociability Prior (LSP), a novel exchange-
able latent-variable prior inspired by inhomogeneous random graph models. The LSP admits
a closed-form approximation for the clean latent variables, bypassing the need for an encoder,
while inducing beneficial edge dependencies and preserving node-level heterogeneity.

4. We validate our approach on multiple graph generation benchmarks and show that, even
without node features, the proposed framework more accurately captures the target graph
distribution compared to existing baselines.

2 Related work

Latent graph diffusion. Extending the original diffusion formulation [48| 49, |18} 136]] for graph
generation involves embedding the graphs into a low-dimensional continuous space using variational
autoencoders (VAEs) and corrupting the graph structure using Gaussian noise in this latent space
[38, 122} [12]]. Although this approach is appealing since it allows for a computationally friendly
diffusion process, it also presents unique challenges. For instance, VAEs are notorious for training
instabilities [10] and small reconstruction errors in the encoding-decoding process can affect the
structural validity of generated graphs. Further, generating large graphs is challenging since the
dimensionality of the latent space itself becomes a bottleneck, limiting the structural detail that can
be faithfully recovered.

Discrete diffusion for graphs. Another popular approach for graph diffusion is to adopt the discrete
diffusion paradigm [3]] where the corruption process is carried out directly in the space of graphs
through independent edge additions and deletions. This framework has been shown to be more
appropriate for generating realistic graph structures, resulting in large improvements in both diffusion
models [17, 51,9131} 140,137, 23] 147]] and discrete flow matching [15| 21} 41} 43]]. However, most of
these advancements address practical issues such as scalability, since the computational burden grows
quadratically with increasing graph sizes. In this work, we identify a more fundamental limitation
specific to discrete graph diffusion models: the edge-independent forward process forces the terminal



prior to be Erd6s—Rényi, which leads to a fixed-point pathology that constrains generation quality
independently of model capacity.

Influence of prior distributions. The role of the prior in graph generation has received some
attention. [6} 7] study the limitations of edge-independent generative models and show they cannot
simultaneously produce diverse graphs and capture higher-order statistics such as triangle and cycle
counts a theoretical finding that directly motivates our work. In the continuous flow matching
setting, [8]] use embedding-based source distributions as informed starting points, and [52]] propose
motif-based priors via Gromov—Wasserstein-coupled flow matching, improving structural fidelity
at the cost of expensive optimal transport and manual motif specification per graph family. These
methods operate outside the discrete diffusion setting and do not address the fixed-point pathology
we identify. Our approach requires no optimal transport and no domain-specific prior engineering:
node heterogeneity emerges directly from the latent sociability variables by construction.

3 Background on discrete denoising diffusion framework

We recall the discrete denoising diffusion framework for graph generation following [3 51]. Let
Daata = {G1,...,Gn} be a dataset of graphs drawn from an unknown distribution pgat.. For a
graph G = (X, E) with node features X and edges E, the goal is to learn a distribution py(G) from
which new graphs can be sampled. Node features and edges are represented via one-hot encodings,
giving tensors X € R"*? and E € R"*"*?, where d is the number of node feature types and b the
number of edge categories. Here we simply consider b = 2 edge categories, with e;; € B = {0, 1}
denoting the scalar edge state (absence or presence) between nodes 7 and j, and e;; € R? its one-hot

encoding, organized into the edge tensor E € R™"*"*?,

Since we focus on unconditional graph generation without node features we set X = 1 throughout,
unless otherwise written. The forward process defines a sequence of increasingly noisy graphs
G° G1,. GT where G is a clean training graph and G7 is drawn from the termma] prior 7.
We denote by e - € B the clean edge state between nodes 7 and j in G, and by e . € RY its one-hot

encoding. The probablllty of a noisy sequence (G*,... ,GT) given G° factorlzes as
T
oG 6 = [aG" G )
t=1

The transition matrix Qf, € RV*? governs one-step edge corruption, with entries [Q%],s = g(e' =

s | et~ = = r), and Qt Qi B t is the cumulative transition matrix. Since transitions
act 1ndependently on each edge, the per-edge forward marginal is the 1 x b probability vector
qlet; | €f;) = e); Q. The joint forward marginal over all edges is

g B [E) = J[ ale e @)
1<i,j<n

For undirected graphs, noise is applied only to the upper-triangular part of E and then symmetrized.
A denoising network ¢y takes a noisy graph G* = (1, E?) and timestep ¢ as input, and outputs for

each node pair (i, j) a probability vector f)i"t € R® over edge types. It is optimized via cross-entropy
against the clean edge states:

Low(@™,G%) = > CE(e),p5") 3)
1<i,5<n

New graphs are sampled by running the reverse process from G7 ~ 77. Since node features remain
fixed, the reverse distribution factorizes over edges:

BTG = ] pelelj' |G “
1<i,5<n
Each factor is computed by marginalizing over the predicted clean edge distribution:

polei; 1 G = alel;t | efj el =) By (r) ®)

reB



where q(efj*1 | f;,ei; = r) is the forward posterior, available in closed form in [51] and pfj’t(r)
denotes the network’s estimate of the probability that the clean edge takes value r given the noisy graph
G*. As we will see later, by Theorem , when G! is an E-R random graph, f)ib;-’t is approximately

constant across all pairs (7, j), so pg(efj | G?) is the same for all pairs and E*~! again follows an
E-R distribution.

Transition matrices are chosen as in [51]] to preserve the empirical marginal distribution of edge types
mp € Rb throughout diffusion through QtE =aul + 5 lbmg where, 5; = 1 — ;. With probability
« the edge state is preserved, and with probability 3; it is resampled from mg.

Ast — T, every edge is driven independently towards mp, so the terminal prior 77 := ¢(GT)
is a product of independent marginals, an Erd6s—Rényi random graph where every edge is drawn
independently with probability equal to the empirical edge density of the training set.

Exchangeability. An important feature of any graph generation method is that it needs to be
exchangeable: all permutations of the generated graphs need to be equiprobable. In other words, if
we denote by ¢ - G the relabelling of a graph G by a permutation ¢, our entire generation process
needs to satisfy
po(0 - G°) = po(G°)

for all o, G°. Fortunately, if a) the prior distribution 77 = q(G7) is exchangeable (which is naturally
the case of E-R random graphs), and b) the denoiser ¢g is permutation equivariam{ﬁ then it is easy to
see that the final distribution is exchangeable: we have py(o - G*=! | o - G') = pe(G'~1 | G?) by
equivariance, and g(o - GT) = ¢(G™') by exchangeability of the prior.

4 Issue with Erdos—-Rényi prior

In this section, we show that the E-R prior introduces a fundamental limitation in the generation
process: in the large-graph limit, E-R random graphs are approximate fixed points for any denoiser.
That is, as the graph size grows, denoising an E-R graph approximately yields another E-R graph,
making it increasingly difficult to escape this regime. We begin by asking whether a different prior
could have been chosen within the discrete diffusion framework.

E-R prior is unavoidable. As we have seen in the previous section, the prior distribution 7
needs to be exchangeable to guarantee exchangeability of the whole generation process. Moreover,
the discrete diffusion process is based on successive independent edge perturbations, such that the
terminal distribution has fully independent edges. We then have the following result, shown in
Appendix [B.T] for completeness.

Lemma 4.1. [2| 20] Any exchangeable random graph model with independent edges is an E-R
model.

In other words, as long as discrete diffusion operates with independent edges, the terminal distribution
7 is necessarily an E-R random graph.

E-R is a fixed point for denoisers. Consider a simple denoiser that performs link prediction by
first computing node representations with a GNN X = ¢y (X, E) (recall that we generally consider
X = 1 in this paper, but the result below is more generally valid for node features X), then compute
edge probabilities using these representations with a similarity function (:

R K K

pij = p(x",x1) € [0,1]

This method is akin to a Variational Graph Auto-Encoder (VGAE) [26} 27], but when the GNN
is a GAT [50], this is close to the graph transformer [[L1] used in DiGress [51]], removing some

normalization layers and edge modulation for simplicity ﬂ Denote by
. 2 2
std(p) = \/ Ly Costd(X) = /LY X - IS X ©

lthat is, pg(0 - G) = o - ¢ (G)

2Technically, in vanilla graph transformers the edge probabilities would also be modulated by the input graph pij =
go(xEK),xg.IO, €;;), in which case our result become: p¥ is approximately an affine function of E instead of being
approximately constant. That is: the output graph is a probabilistic “sum” of the input E-R graph and another E-R graph. We
choose our version for simplicity.

1 A
Pij = 77 2245 Dij




the standard deviation of the edge probabilities and input node features, respectively, such that E-R
random graphs have exactly std(p) = 0. We have the following result.

Theorem 4.2. Consider an input graph E of size n, drawn from an Erdos—Rényi model with parameter
p. Then, for the GNNs outlined below, there is C such that: for all 6,¢ > 0, if n is large enough, then
with probability at least 1 — 6,

std(p) S Cstd(X) +¢

where the multiplicative constant only depends on the parameters of the GNN. We have:
s ifthe GNN is a GAT [50] with K layers, then C = (1/p)¥, and n is such that
pn 2 log(n/d) @)

In particular, one can choose ¢ = 0 in this case.
* ifthe GNN is a GCN [28]], then C = O(1), and n is such that
pn 2 ¢ *log(n/d) ®)

* if the GNN is GIN [53], for all r > 0 there exists C,. such that the result is valid with
C = O(1), and n such that

pn > e 2log(n/d) and n>C.6" )

The details for this theorem and precise description of the considered GNNs are given in Appendix
In short, we thus have the following: when the node features have low standard deviation, the
denoiser outputs approximately constant edge probabilities. Constant features are an extreme version
of that, since std(1) = 0. In other words, the class of E-R random graphs represents an approximate
fixed-point for denoisers, and as a result node heterogeneity remains low during the whole diffusion
process (Figure[2)), as all graphs will be almost E-R-like.

Applicability of Theorem 4.2 on Graph Transformer. We prove Theorem 4.2 on a simplified
link predictor in Appendix [B.2] while in practice DiGress uses a complex Graph Transformer with
its edge predictions modulated by FiLM layers [51]]. We argue this does not change the conclusion
as this setup provides with a tractable model to study behavior. Further, the edge modulation in
the DiGress transformer is applied per pair: each pair’s modulation is computed from its own edge
feature and from the global (timestep) vector, so it does not introduce dependence between different
pairs. With constant node features, the predicted edge logits depend on each pair only through its
own current state and a global summary of the graph, leading to E-R-like graphs and preventing node
heterogeneity from emerging. Empirically, this is what we observe on the model used in practice:
Fig. 2] shows the node propensity variance of the actual DiGress denoiser, with edge modulation,
collapsing toward zero at high noise, while the LSP-based model retains heterogeneity throughout.

Structural node features. The above issue has often been interpreted as a lack of “expressivity”
of GNNs, hampering their denoising abilities. To fix this, many works add structural node features
computed a posteriori at each denoising step, such as degrees, cycle counts, and so on. While such
node features indeed counteract the incapacity of GNNs to compute these quantities, they only offer
limited fix to the E-R problem, as shown in the following Lemma proved in Appendix[B.3]

Lemma 4.3. Consider a dense E-R random graph with parameter p = O(1) for simplicity. Consider
a template graph H of size r, and denote by C; the number of subgraphs equal to H containing node
i. Then C = E(C;) does not depend on i, and with probability at least 1 — 6,

std(C;/C) < +/log(n/d)/n

Hence, in the limit, this does not solve the problem, as the standard deviation of such features also
vanishes. This is shown in Figure[7|in the Appendix.

5 Latent variable guided discrete diffusion

Lemma [4.1] establishes that the E-R prior is not merely a sub-optimal choice but an unavoidable
consequence of edge independence and exchangeability, and Theorem §.2and Lemma [4.3| state that



E-R graphs become difficult to denoise in the large graph limit, even with structural features computed
a posteriori. To resolve this, we propose a new prior that induces node-level heterogeneity directly
through latent variables, along with the corresponding joint diffusion process on latent variables and
discrete graph structure.
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Figure 1: Joint diffusion over edges and latent sociability. Top: the latent sociability u! and
edge states E! are jointly noised, with edge transitions conditioned on «°, until reaching u? ~
N (prsp, ofgp) and E” ~ 7. Bottom: during denoising, the graph transformer ¢, predicts the less
noisy latent '~ 1, which conditions the reverse edge transition pp (E!~1 | Ef, 4!~1).

5.1 Latent Sociability Prior (LSP)

Unlike existing latent graph diffusion approaches [47], which encode the entire graph structure into
high-dimensional latent space and may require complex autoencoders, the role of the latent variables
here is strictly to enforce node heterogeneity along the discrete diffusion process. This allows our
choice of latent model to be extremely simple.

Definition 1 (Latent Sociability Distribution [39]). Let wr, ..., wn, %" pw be latent sociability
weights, where py is a distribution on R~ to be specified in Section[5.2] The latent sociability
distribution defines a random undirected graph G with conditionally independent Bernoulli edges as

Plej =1]wi,w;) =1—e™", i<y, (10)
We refer to this distribution of random graphs as Latent Sociability Prior (LSP). By construction, the
edges are conditionally independent given wi, . .., w, but marginally dependent, while global ex-
changeability is preserved. Intuitively, a node with high weights w; will tend to be more “connected”:
all the p;; will be higher. Hence, a distribution py with a large variance guarantees a diverse profile
of connection propensities (see Figure[2)), and empirically a variety of higher-order structures as well
(Figure [6), unlike the E-R prior. Integrating this latent-variable prior into the discrete denoising
framework of Section [3]is not immediately obvious. We develop below a joint diffusion process
that combines continuous Gaussian diffusion [[18] on the latent weights with the discrete corruption
process on the graph edges.

5.2 Joint diffusion with LSP

A direct diffusion on the weights w; is not suitable, since Gaussian diffusion would not preserve the
positivity constraint and could produce invalid intermediate states. We therefore reparameterize the
weights as w; = exp(u;) with u; € R unconstrained. Under a Gaussian prior on u;, the induced
prior on w; is log-normal. After this reparameterization, the edge probability in Equation [T0]becomes

w;tu,
pij =1—-e"° ! (11)
Forward process. We define a joint forward noising process over the continuous latent vector u
and the discrete edge tensor E. Given a clean graph G°, one must first construct the corresponding
clean latent vector u’. While usual latent approaches require training an encoder, in the LSP u’
admits a simple, approximate closed-form expression.



Lemma 5.1. Consider an LSP random graph. Assuming a sparse regime where u; = O(—c,,) for
some constant ¢, > 0, we have for all i

E(d; | u) = Ce“i + O(ne™*n)

Sor some constant C' = O(ne~ "), where d; denotes the degree of node i.

Following this, we set u{ ~ log(d; + §) + p where § > 0 is a small smoothing constant. To better
capture relative degree heterogeneity across different training graphs, we remove the graph-level
mean and obtain

|V| > " log(dy + ) (12)

keVv

where p1,gp is the mean of the terminal Gaussian prior. Similarly to enforcing the marginal edge
density in the E-R prior, we calibrate the parameters (ursp, orsp) from the training data, as detailed
in Appendix[A.1]

We corrupt the latent variables using the shifted and scaled DDPM forward process

;= ursp + log(d; + 0) —

u’ = prse + Vay (0° — prsp) + orsev1 — ag e, e~N(0,I) (13)

so that u* = u® at ¢ = 0 and u’ converges in distribution to N (ursp,oigpl) as t — T. The
derivation and reverse posterior are given in Appendix [A.2]

For the discrete component, we modify the transition matrix of Section [3| by replacing the global
stationary mpg with a pair-specific stationary

w9440
—e k2

pY; = [1-pY;, pY;] € R", where p; = 1—e ?. This gives the pair-specific transition matrices

W= T + ﬂtlb(P?j)T7 Q7 =a I+ (1— dt)lb(p?j)T (14

with entries [Q}
matrices are ﬁxed given (E° u), and the joint forward marginal factors over independent edges:

b, = q(el; = s | el;' =r,u’). Since u” is a deterministic function of G, all

gB' |ESu’) = [ alel;led,u’), gl | el u) =ef; QpY (15)

1<i,j<n

This has the same closed-form structure as Equation 2] with pair-specific stationaries, so the forward
posteriors needed for reverse sampling remain tractable [S1]]. Crucially, parameterizing the transitions
by u® rather than u’ is what makes this possible: if the transitions depended on u?, the matrices
would be random variables and the product structure in Equation[I5] would no longer hold.
Reverse process. Starting from (u?, E'), the network ¢y predicts the clean latent vector 0% =
¢g(ut, Bt 1) and updates both components separately. The reverse kernel factorizes as

po(u' LB [ u' B = py(u'T! | u', B pp(E1 [ 07, E) (16)

For the continuous component, the reverse update follows the DDPM posterior in the shifted-and-
scaled parameterization derived in Appendix m For the discrete component, 1% determines
pair-specific reverse transition matrices

A7 = ol + B (0Y) T, QR = ad + (1 - an)1,(p5)" (17)
£0,t gt padt L0,t  AO,¢ e .
where p,; =1—e"¢ 7 and p =[1-p; 7 Dij ]. The reverse edge distribution factorizes
as in Equatlon[ﬂ with each factor glven by
NS
p9( | ew’uO,t) = Z q( ‘ 61]7611 =r u() t) pij t(r) (18)
reB

where the posterior is computed from the pair-specific matrices in Equation



Training objective. We retain the cross-entropy objective of Equation 3] for edge prediction and
augment it with an MSE loss on the predicted clean latents:

= Y. OE(ey, bj;") + ( ZHM ?II%) (19)

1<i,j<n i=1

where )\, € R, controls the relative weight of the latent regression term. The variational derivation
and its scope are detailed in Appendix[C]

6 Experiments

Datasets. We introduce a new synthetic benchmark by sampling subgraphs from two real-world
datasets, Cora [32]] and Chameleon [44]], which we refer to as CoraChameleon. Unlike commonly used
synthetic benchmarks such as SBM or planar graphs, this better reflects the structural properties of real-
world graphs; details are given in Appendix We generate 3000 graphs forn € {10, 20, 50, 100} and
1400 for n = 500, across node sizes n € {10, 20,50, 100, 500}. We also conduct experiments on the
commonly used benchmarks Ego and Community datasets [54], with a 60,/20/20 train/test/validation
split.

6.1 JointLSP preserves node heterogeneity at high noise

To study whether the proposed joint diffusion framework with LSP preserves node-level heterogeneity
during the diffusion process, we define a node propensity score S} using the predicted clean edge
probabilities at diffusion step ¢. For each node i, we compute S = ﬁ > ot ﬁg’t, where f)i’t
denotes the model’s predicted clean edge probability between nodes 7 and j at time ¢. Intuitively, S?

measures the average connectivity propensity of node ¢ at a given noise level. To quantify how much
this varies across nodes, we compute V* = Var,—; __,(S}).

We evaluate this metric at different diffusion steps ¢ € {500, 50, 0}, where ¢ = 500 corresponds to
the maximally noisy state, over training graphs in a batch. For each graph, V! is computed across all
nodes, and the mean and standard deviation are reported over graphs in the batch. This is shown for
CoraChameleon-Node100 in Figure[2] The results show that the node heterogeneity induced by the
JointLSP is preserved even at high noise levels. In contrast, under the original DiGress marginal prior
without node features, the predicted edge probabilities become increasingly uniform across node pairs
ast — T, causing the node propensity scores to collapse toward a common value. This indicates
that, at highly noisy states, the model effectively starts from an ER graph and must rely on auxiliary
handcrafted features to recover richer structure during denoising. By contrast, our framework allows
the model to retain variation in node propensity throughout the reverse process, providing an intrinsic
source of heterogeneity without requiring such external features.

—4— DiGress —#— JointLSP+DiGress —4— DiGress  —#— JointLSP+DiGress
0.004 _ 0.004
G G
E 0.002 < 0.002
>
0.000 L. | | 0.000te—e—e—— """
0 200 400 400 200 0
Timestep t Timestep t
(a) Forward Noising Process. (b) Reverse Denoising Process.

Figure 2: We compare the variance of node propensity scores for both the original DiGress and
JointLSP+DiGress (LSP in the figure). We observe at terminal noisy state, our prior helps maintain a
healthy level of node heterogeneity as opposed to DiGress which loses node distinguishability during
the diffusion process.



6.2 Experiments on graph generation

Evaluation metrics. We evaluate generated graphs using degree distribution, clustering coefficient,
triangle count, and degree assortativity. We additionally report the power-law exponent of the degree
sequence (PLE) and characteristic path length (CPL), following [7] and [9]. For each statistic, we

2
report the MMD ratio r = Myp&eneried ()
natural baseline.

following [51]. Lower is better, with r = 1 as the

Ablation with auxiliary features. We first establish a DiGress [51]] baseline using the full set of
recommended auxiliary features. We find that the performance of existing graph diffusion models
relies heavily on these additional node and graph-level features rather than on the diffusion process
alone. These features fall into two categories: structural features such as k-cycle counts, which we
address in Lemma[4.3] and spectral features such as eigenvectors and eigenvalues computed at every
denoising step. We note however that the latter are expensive to compute, and prohibitive at scale.
The full list is given in Appendix Table[TT] In Table[I]we present results on CoraChameleon-Node100
for three methods: DiGress+k structural features, by randomly choosing feature subsets of size k,
averaged over 3 runs, JointLSP+DiGress, which augments DiGress with our joint diffusion framework
and LSP but uses no auxiliary features (k = 0), and finally Digress with the full set of structural
and spectral features (k = 17), which is more computationally intensive. The training details and
hyperparameters are given in Appendix

We can observe that structural features are consistently insufficient: even with k = 10 features,
performance on higher-order statistics such as triangle count and assortativity remains poor. We also
conduct another ablation study in Table [6] where we supply degree as both node and graph-level
feature and observe similar results. This is consistent with Lemmad.3} structural features computed
on a near-ER graph are themselves nearly constant across nodes, and therefore provide little additional
information to the denoiser at high noise levels. JointLSP+DiGress outperforms DiGress with up
to kK = 10 features on clustering coefficient, triangle count, and assortativity, demonstrating that
improving the prior directly addresses these limitations. Nevertheless, JointLSP+DiGress is still
outperformed by the use of spectral features, even if much more expensive to compute. Integrating
such spectral components into our novel joint diffusion process is a major avenue for future work.

Unconditional graph generation without node features. In Table 2| we present results for
CoraChameleon datasets with n € {10, 20,50, 100} comparing DiGress without features against our
proposed method. Our goal is not to claim state-of-the-art performance, but to isolate the no-node-
feature setting in which the standard discrete diffusion pipeline is most constrained. Our method
shows consistent improvements on triangle count and assortativity [3514]. At n = 100, DiGress
performs better on degree distribution and PLE, which likely reflects occasional over-correction
of the degree distribution under the stronger node heterogeneity induced by LSP. Additional re-
sults are reported in the appendix: results for JointLSP+SparseDiff on CoraChameleon across
n € {10,20, 50, 100, 500} and on the Ego and Community datasets are given in Appendix [D] Finally,
Table [ examines whether supplying node degree directly as an auxiliary feature to DiGress can
close the gap, showing that while degree features improve some metrics, they cannot recover the
higher-order structural statistics that the LSP improves confirming that the benefit of our method is
not reducible to the degree information used in constructing u®.

7 Conclusion

We identify a fundamental limitation in discrete graph diffusion models for unconditional graph
generation without node features: the combination of independent edge updates and an E-R terminal
prior leads to a fixed-point pathology in the large graph limit, where any GNN denoiser applied to an
E-R graph approximately outputs an E-R graph. We propose the Latent Sociability Prior, a simple
latent-variable prior that is co-diffused with discrete edge updates in a joint diffusion framework. By
preserving node heterogeneity throughout the diffusion trajectory, LSP enables the model to recover
higher-order graph structure without relying on auxiliary structural features. We validate this on
graph generation benchmarks across multiple graph sizes.



Table 1: Feature subset ablation for DiGress on CoraChameleon-Node100. JointLSP+DiGress (k = 0,
no features) is included for direct comparison. Bold: best result excluding the £ = 17 ceiling.

Degree | Clustering |  Triangles |  Assortativity | PLE | CPL |

DiGress + Structural features
k=2 9.3243.08 5.0842.95 11.7544.50 118.1849 .48 7.43 1565 47.2318.47
k=4 7.0110.53 9.7317.67 11461455 107.6811237 10.074575  43.9944.43
k=8 10.8811142  5.8914.60 7.4515.08 79.81450.72 7.041538  36.55119.28
k=10 4.25.;5 10.7216.46  10.0646.11 70.54 1 40.85 6.99.:369 344719149

JointLSP+DiGress (no features)
k=0 10.50t0.16  2.071010 2.3310.15 59.721075  10.791010  44.9910.29

DiGress + Structural features + Spectral features
k=17 0.93+0.00 1.9540.00 1.6840.00 3.55+0.00 1.5340.00 1.9249.00

Table 2: MMD ratios for unconditional graph generation under no-node features.
Degree | Clustering |  Triangles |  Assortativity | PLE | CPL |

DiGress (no features)
n =10 6.3011.57 2.4610.34 15.28 17,97 124144 55 35.4046.41 12974419
n =20 22.47 1163 1.4414.00 58.4549 88 49.8043.08 15.841539 11.4645.99
n = 50 21.0940.01 1.5140.01 16.90+0.23 70.6711.95 18.57411.07  55.4913.01
n =100 4.531011 11.331027  14.8240.12 101.9545.13 4641017 39.681114

JointLSP+DiGress (no features)
n =10 5.19 161 1791006 13.451495 1.2541¢.25 23.58.1495 12.931399
n = 20 11.131199 1.4010.00 8.38.0.92 14.04 3.7 34.1943.47 7.821194
n =50 8.0110.42 1.409.00 4.8710.80 33.184:1.16 10.771069 30.6541.71
n =100 10.50+¢.16 2.0710.10 2.3310.15 59.72..75 10.7940.19  44.9940.29

Limitations and future work. This work focuses on a key limitation in existing graph diffusion
models and several questions remain. Our framework is most suited to graphs with absent or limited
node features. For molecular generation, where rich semantic features are available, the fixed-point
pathology is less of a concern and the benefit of LSP is expected to be minimal. Combining LSP with
auxiliary node features is a natural next step, but is non-trivial since LSP is already informative at
high noise levels contrary to E-R prior which is uninformative. Thus, there is no guarantee that the
auxiliary features will compound the benefits of the LSP. Promising future directions could include
designing auxiliary features that complement the LSP, rather than duplicating the degree heterogeneity
already captured by the sociability variables. In particular, spectral features appear important for
improving community-level structure, but explicitly computing eigenvectors or eigenvalues at every
denoising step can be expensive. One possibility is to extend the LSP itself with a community-aware
component, by replacing the sociability prior with a calibrated community-conditioned variant. This
would make the terminal prior informative about degree heterogeneity and community structure.
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A Appendix

Algorithm 1 Calibrating the LSP terminal prior

Require: Training dataset Dy,¢,, sSmoothing constant § > 0, number of quadrature nodes K
1:

A A R

for each graph G € Dy, and each node i € V(G) do

Compute @t; = log(d; + §) — ﬁ > ke log(dy +6)
end for
orsp  std({@; : i € V(G), G € Dyata}) > std over all nodes across all training graphs
Pdata m Yoo EDuuca % > mean empirical edge density over training graphs
Initialize p1f op %(1og Pdata — Tigp) > sparse-regime approximation, see Appendix
Solve p(ursp) = pdata for prsp using K-node Gauss-Hermite quadrature to evaluate p(-),
starting from pf gp
return (MLSP7 O'LSP)

Algorithm 2 Training JointLSP

Require: A graph G = (1, EP), calibrated prior parameters (jpsp, orsp) from Algorithm

1:

2:
3:

N s

Sample t ~ U({1,...,T})

Compute u’ from G using Equation

Sample u’ ~ g(u’ | u®) using Equation|13]
Compute py; for all pairs (4, j) using pf; =1 —e
Sample Ef ~ ¢(E! | E°, u®) using Equation|15]
(801, pE) < Gy (B 1)

Optimizer step on £(a%*, p¥t:u® E°) using Equation

w940
_etityj

Algorithm 3 Sampling from JointLSP

Require: Trained network ¢y, calibrated prior parameters (u,sp, oLsp)
1:
2:

—_

VR IINLE W

Sample n from the empirical node-count distribution of Dy,

Sample u” ~ N (ursp, ofgpl) o
Compute pz; =[1- pz;, pz;] where pg; — 1" forall pairs (i, 7)
Sample ET": each edge (i, j) independently from Bernoulli(pz;-)
for t =T down to 1 do
(804, )  do(ut, B, 1)
Sample u’~! ~ pp(ul~! | u’, E) using Equation
Sample E71 ~ pp(E!~1 | 4% E?) using Equation
end for
return E°

A.1 Constructing the Latent Sociability Prior

We derive the calibration procedure for the terminal prior parameters (upsp,orLsp), wWhich are
estimated from the training data and fixed before training begins. The goal is to choose these
parameters so that graphs sampled from the LSP terminal prior match the empirical edge density and
degree heterogeneity of Dyata-

Reparameterization. From Section the latent sociability weights satisfy w; = exp(u;), so

u; = logw; € R. We place a Gaussian prior on the log-weights, u; i N (pLsp, aisp), which
induces a log-normal distribution on w;. With ¢ = 1, the edge probability becomes

it

pij =1-ce¢ (20)
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Estimating o sp. Since the true weights w; are unobserved, we construct a proxy from the degree
sequence. For each node ¢ in each training graph G, define the centered log-degree
1
a; = log(d; +90) — ] Z log(di + 6) (21)
keVv
where § > 0 is a small smoothing constant. Centering removes the graph-level mean so that ;
captures relative degree heterogeneity within each graph. We then set

OLSpP = Std({ﬂi 11 € V(G), G e Ddata}) (22)

where the standard deviation is taken over all nodes across all training graphs.

Estimating 1;,sp. We calibrate pp,sp by matching the expected edge probability under the LSP to
the empirical edge density of the training data. The empirical edge density, averaged over training
graphs, is

1 2| Eg|

B —— _ 23
‘Ddata‘ nG(ﬂG - ]-) ( )

Pdata =
GE€Dgyata

Under the LSP with parameters (u1sp, orsp), the expected edge probability between any two nodes
is

plise) = Elpy] = E[1 —e="""] 24)

Note that c enters Equation only through the product c e%:™%i, which in the sparse regime reduces
to ¢ e2HLsPFoLsp (see Equation . Any value of ¢ > 0 can therefore be absorbed into p,sp via the
substitution pr,sp < pLsp + % log ¢, leaving the model unchanged. We fix ¢ = 1 throughout without
loss of generality, since ppsp is calibrated directly to match pgata-

Since u;, u; S N(/J,LSP,O'ESP), the sum S = u; + u; ~ N(2,U,LSP,2O'%SP). Writing S =
2ur,sp + V2 orsp Z with Z ~ N(0, 1), Equation [24{becomes

_e2nLsP+V2oLsp 2

p(prsp) =1 —=Ezao,1) [6 (25)

We solve p({1.sp) = pdata for prsp using root-finding with the expectation in Equationevaluated
via K-node Gauss-Hermite quadrature, which replaces the integral by a deterministic weighted sum.

Initialization of the root-finding. In the sparse regime where €% %5 is small, p;; = 1—e """ "7 ~
et so
Paata =~ e = eortoise (26)
Solving for prsp gives the initialization
Mgsp = %(1082 Pdata — 0 I%SP) 27

where we have used ¢ = 1. Since real-world graphs are typically sparse, this approximation is mild
and provides a close starting point for the root-finder in practice.

A.2 Shifted and scaled DDPM for latent sociability variables

The following derivation is stated for a single coordinate u;; the result extends to the full vector u
coordinatewise.

Forward process. The standard DDPM forward process [18]] takes the form
ot = Va2’ + V1 —aye, e~ N(0,1). (28)

In our setting the latent sociability variables should diffuse toward a Gaussian prior with mean pr,gp
and variance 07 gp, rather than toward N (0, I).

To obtain this, we apply the DDPM construction to the centered and scaled variable
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(u — prsp)/oLsp:

u' — ppgp u® — prsp
W RSP L THSP L TG e e~ N(O, D). (29)
oLSP OLSP

Multiplying through by or,sp and adding prsp gives
u' = prsp + Var(u® — prsp) + oLspvV1 — aye, e~ N(0,1), (30)
so that u’ = u® att = 0 and u* — N (uLsp, oigp) ast — T.

Reverse process. Since Equation [29]is the standard DDPM forward process applied to 4! :=
(ut — pLsp)/oLsp, the reverse posterior in @-space is the standard DDPM Gaussian posterior [18]:

al@ ™" |, a) = N @ | s, ) Gh
with mean = 1-a
o Va1 B o, —_at_l) it (32)
1—ay I—ay
and variance
- 1—ay_
j = Bll=aiy) 9
1-— (673

Substituting @' = (u* — prsp)/oLsp and @° = (u® — prsp)/oLsp into Equation[32)and multiplying
through by or,gp gives the posterior mean in u-space:

\/@,ﬁ O 1—6&,1
pe—1 = prsp + Y (u® — ppsp) + M(ut — [iLSP) (34)
1-— Ot 1-— Qg
The posterior variance scales by o ¢p, giving
- % Be(1 — g
0752 = oisp bt UI%SP t(l - 1 (35)
—ay
so that
qu' ™t | ut ) = N (W | e, 77). (36)
The reverse sampling step is therefore
1—
'™t =y + onsp 5:&(176;1)27 2z~ N(0,1), (37
— Oy

which is the update used in Section with u replaced by the network prediction 4% at each
timestep.

B Proofs

B.1 Proof of Lemma[4.1]

Proof of Lemma Since the edges are discrete in {0, 1}, they are independent Bernoulli random
variables. We note P(e;; = 1) = p;; its parameters. Denote by A = [e;;];; the adjacency matrix of a
drawn graph, we have P = [p;;];; = E(A). By exchangeability, c Ao " has the same distribution as
A for any permutation matrix o, and therefore

E[cAc '] = E[A] (33)
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which is
TPt =P (39)
The only matrices invariant under conjugation by all permutation matrices have constant off-diagonal

entries. Since the diagonal is zero for simple graphs, it follows that P;; = p for all ¢ # j. Therefore
the model is Erd6s—Rényi. [

B.2 Proof of Thm.

GNNs. Denote by X(©) = X the input node features. The GNNs we are examining are all under
the form

X0 = g (XED0( 4 G (XE)XEg 4 1,50 ) € R

where Sj,(X(*~1)) € R™*" are message-passing matrices that depends on the graph structure and
may depend on the layer k& and X(*~1) for attention-based models, ka) € R%-1xdk are trainable
weights, b(k) € R are trainable biases, and o is an activation function that we assume to be

1-Lipschitz. All models can then be obtained by varying the choice of Si(X), which we denote by S
when it is fixed:

e for GCN,
S — D-YV2ip-1/2

where A = Id + A and D is the corresponding degree matrix.

* GIN uses sum-aggregation, which would correspond to S = A. However for random
graphs this choice may diverge when n increases if not properly normalized. We choose the
classical normalization for random graphs [25] by the expected density of the graph: for the
ER model considered in the result,

1
S=—A
n
assuming that p is known for simplicity. Note that, for a fixed graph size n, this normalization
can be absorbed by the weight 61, such that this is indeed equivalent to the vanilla GIN;

« for GAT, we consider attention coefficients ¢ (x,x’) at layer k (typically exponentials of
dot products), and normalized attention:

_ Ck,(XZ‘,Xj)
D o Ck(Xis Xy)

We will assume that ci(-) > cmin > 0, which is for instance the case for exponential
attention coefficients on bounded features. Graph Transformers are essentially the same
model, when stripped of various normalization layers (which we do not consider here for

simplicity).

[Sk(X)]ij

After K layers, the node representations are used pairwise to obtain the edge prediction

. K) _(K)\in
bij = [‘P(Xz(‘ )7X;' ))]i,jzl € [0,1]

where ¢ is a link function that we assume to be L-Lipschitz in each component.

Proof of Thm. Recall that std(p) = \/n—lz >_i;(Pij — P)? where p = 3., pi;. First observe that

> (i —p)* = min Z(pij -p)?

j

and similarly, for X € R"*¢,

1 2 . 1 2
sta(X) = |23~ 5 = min [ 23— x

g 1 (k) _ 1 (k)
where X = - > . x;. We therefore denote x(k) = T X
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Hence, for any x, by Lipschitz property of ¢ and a triangular inequality

std(p Z xi), %) — o(x,%))?
nQZ x;) ) — o™ %) nzz — p(x,x))?

1 2
§2L¢\/Z’x ) x|
n =

and by minimizing over x, we get std(p) < 2L,std(X ).

Now, denote by Ej; = std(X®*). Define ||-||»,, = ||| » /v/ for short, where ||-|| - is the Frobe-
nius norm, and observe that std(X) = || X — 1n>_<THFn. Moreover, observe that ||[SX0|| ., <
ST 11Xl 16012

We have the recursion equation: since minimizing over x is more general than over o(x),
and using the fact that o is 1-Lipschitz and we can decompose min, |y +y —z| =
ming g ||y + 3" — (¢ + 2)[| < ming [ly —z[| + min, [[y" — x|,

std(X*)) = min ||[X* — 1nxTH

X

< min HX(’“) - ].nO'(X)TH

F.n F.n

= min |0 (X<k*1>og’“) + Sp(X D)X (k=R | 1nb(’“)) - "“"XT)HF

< min X(kfl)ﬁ(()k) + Sk(X(kfl))X(k*DQEk) +1,b®) — 1nxTHF

< min X(kfl)ﬂ(()k) — 1nxTHF + min Hsk(X(kil))X(kil)egk) - 1nXTH

Fn

k)T (k1)

For the first term, by picking x = 9(() , we get

T I G e

We need to divide the second term, since the term 1,x' cannot necessarily be written as
S(X®=DY1,x"" for some x. So we introduce a term Sy, (X*~1D)1,x’" for some x':

min ‘)Sk(x(kfl))x(kfl)egk) o 1nXTHF < Hsk(X(kfl)) (X(kfl)eik) o 1nX/T) HF

4+ min HSk(X(k*U)lnx’T - 1"XTHF

T
Then, as previously, by picking x’ = %X, = 0§k) x(F=1)

by

the first term in this equation can be bounded

Jsicxte=ny (xeve? -1 )< ek, B 1]

Note that we must then bound ||Sk(X(k*1))| 0
and chosen GNN architecture.

which is random and depend on the random graph
We denote the remaining term by

747(lk) — min HSk(X(kil))lnig — lnxTH

Fn

which we will again bound for each example.
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At the end of the day, we obtain
(k)H H ey H H (k)H )
<
B, < (Heo L+ || sex )| ey 2) Ep 1+

Uk

k k k
= Z H Up Tg) + H Up
=1 | p=0+1 =1
Tn(5)

For all example, we are going to show that u;, = O(1) with probability 1 — § if n is large enough,
and bound 7,,(4) wrt n and J. Our general strategy will be to write

rglk) = min HSk(X(k_l))lnikT — 1nxTH < ||xg || min max Zsij —c (40)
x Fn c 7 —
g~
for some constant ¢ € R (often 1 in our examples), and s;; are the elements of Sy, (X*=1)) for short.
We remark that ||X|| < HOEk) H | X k=D HF ,, and we can use Lemmato bound this term, which
2 )
again involves uy.

Our main tool will be the following Lemma.

Lemma B.1 (Lemma 3 in [24]]). Consider an ER model with parameter p. Then, with probability at
least 1 — 0, the degrees d; satisfy

f 1 1
max 1‘ M 41)
z pn pn
In particular, if
1 1
p
then with probability 1 — 9, for all 4
pn <d; < — 3pn
2 — "7 2

We now bound ||:Sy (X*~1))]|, and r,, through Equationfor our examples.

GAT. GAT is actually the simplest model to bound. Indeed, due to the normalization of the

coefficients Z = 1 at all layers, we directly obtain 7“( )= 0.

Z

For the bound on || Sk( )|l5» we remark that under the bound Equation 42|on n, for all 4, j, k
Ck (Xi’ Xj) < Cmax l

Zﬁwi Ck (Xia Xf) " Cmin PN

and thus for any layer and X

/ c d; c
S < S _ max i« Cmax
|| k( )”2 — || k ||F ;sz] ~ Canin ; (p?’l)2 ~ PCrnin

hence the result C' = O(1/p%

GIN. For GIN, we have S = A/(pn). Hence Equation directly yields r) <

% || max; |4 — 1|, and the last term is smaller than € when pn > e~2log(n/d) by Lemma

pn

For the bound on ||.S 5> we invoke [29, Thm 5.2], such that for any > 0, there is a constant C,. such
that, if n > C,.(1/4)", then

A _ 17L><77. < 1
n n ~

2 VPN

loxn

and ‘ = 1 hence the result.

2
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GCN. For GCN, if pn > e 2log(n/§) by Lemma[B.1] |d; — pn| = O(pne) and thus since

1 1 a—b
7= vs + O,

s ol

From this we get

max Zsij_l = max \/ldj-z\/ldj_l

gt gt
< 6 )
NG

For the bound on ||.S||, we have directly that ||S||, < 1, since its a symmetric normalized Laplacian
(up to identity term).

< max
K2

d;
Gy
pn

and we go back to the GIN case.

L]
Lemma B.2.
k k k
HX(k)HF,nS IT w| ve+ Hup] me)HEn (43)
(=1 | p=t+1 =1
where
=0, Bt =[]
2 2 2
Proof. We write the recursion
[ = o (x50 + 50 (xB-0)x 0% + 1,0
F.n 0 1 " Fn
< (|7, + [}sex ] i) [l + 6]
2 2 2 Fon
——
Uk Vi
k k k
=3 TL | [T <),
(=1 |p=t+1 =
O]

B.3 Proof of Lemmad.3|

With the same reasoning as before, we have
std(C;/C) < max |C;/C — 1|

we are going to bound the right hand side.
The feature C; can be expressed as a sum over subsets of  — 1 indices:
Ci= > lagus=n (44)
Sc([Ln\{ip)

where G5 refers to the subgraph of G corresponding to subset of nodes S, and 1~z = 1if F and
H are isomorphic and 0 otherwise.

By exchangeability, it is obvious that C = E(C};) does not depend on the node i. For S of size r,
since G's is also an E-R graph of size r, we have Elg ,, s~m = rlp™# (1 — p)r(r=1/2=mu where
myy is the number of edges in H, such that

-1
“- (7; - 1)”?””’(1 —p) 2 — O ) (45)

21



We are going to bound the deviation of C;/C from its expectation of 1 using McDiarmid’s concentra-
tion inequality [[33]], which requires to bound the variation of C;/C when one edge ey, flips, and sum
the square of these variations over all indices k, /.

If ey, flips and k, ¢ are different from i, then the terms affected are those where S contains both
k,¢. There are (Z:;’) = O(n"3) such terms, such that the deviation of C;/C is of order 1/n?.

There are O(n?) such indices k, ¢, such that the sum of the square of the deviation has a term
O(n?/n*) = O(1/n?).

If e, flips and k& = 4, then the terms affected are those where S contains £. There are (ﬁ:g) =
O(n"~2) such terms, such that the deviation of C;/C is of order 1/n. There are O(n) such indices
k, ¢, such that the sum of the square of the deviation has a term O(n/n?) = O(1/n). Similarly when
(=1

Hence, by applying McDiarmid’s inequality, with probability 1 — 4, |C;/C — 1] is bounded by
\/log(1/§)/n. Using a union bound over 4, we obtain the result.

B.4 Proof of Lemma[5.1]
A simple approximation of 1 — e~ % yields
pij = € £ O((E" %) = e+ Oe )
Then,
E(d; | u) = Zpij = Ze“iJF“.f + O(’I’L674C")
J j

Z e" | e*i + O(ne_4c")
J

—_———
C

C Variational motivation for the training objective

The following derivation provides variational motivation for the joint training objective in Equation
[[9] We follow the DiGress framework [51]] and highlight the additional terms arising from the
continuous latent component u.

A key structural feature of our forward process is that the discrete transition matrices QE” are
parameterized by the clean latent vector u® rather than the noisy u’ this is what gives the forward
process its closed-form factorization (Section[5.2). As a consequence, the terminal distribution of the
forward process conditioned on a training graph G has a discrete component that depends on u®

0
—eti

w0
edges converge to Bernoulli(pgj) where p?j =1—e ™7 The sampling process (Algorithm ,
on the other hand, draws u” ~ A (u1sp, 02pI) and then samples edges from Bernoulli (pz;) where

pL: depends on u”. These two terminals coincide only in expectation over u’. We therefore do
not claim that[I9]is an exact ELBO for the generative model in Algorithm 3} rather, following the
pragmatic stance of DiGress [51]], we treat the objective as a well-motivated denoising loss whose
variational structure we describe below.

Let the joint state at time ¢ be 2! = (uf, E!), with clean graph z° = (u° E) and terminal state
2T = (uT,ET).

Joint forward factorization. Because the continuous and discrete components are corrupted
independently, the forward process factorizes as

q(z" | 2) = q(u’ [ u®) q(B" | E°, u°) (46)
The continuous component follows the shifted-scaled Gaussian diffusion of Appendix [A.2}

g(u’ | u®) =N (u" | prsp + Vay (0’ — prsp), ofgp(l — a)l) (47
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The discrete component follows from the pair-specific forward marginals of Equation [T5}

q(E' | E%u’) = H q(eﬁj | e?j, u?) (48)
1<i,j<n
Evidence lower bound. Following [51]], applying Jensen’s inequality with (27 | 2°) as the
variational distribution gives the ELBO:
T
logpo (@) = logp(ng) — Dxwla(=" | G) ||p(z" | n6)] = Y Li(G) + Eq(a1jc) [log pa(G | 21)]
t=2
(49)
where
Lt(G) = Eq(zﬂG) [DKL (q(ztfl | Zt,ZO) ||p9(2’t71 | Zt))] (50)
Terminal prior KL. With the u®-keyed forward process, the training terminal factors as
(2T | ng) = N(puLsp, oigpl) X H Bernoulli(p?j) (51

1<i,j<n
where p;; =1 — exp(fe"%“? ) depends on the clean graph. The prior KL decomposes as
Dxr[a(z" | G)llp(=" | ne)] = Dxvla(u” | u®) | N (uwsp, ofspl)]
+ D |g(ET |E%u®) | ] Bernoulli(p);)| (52)
1<i,j<n

Both terms vanish as a7 — 0 for the u’-keyed forward process: the continuous component converges

to N (pursp, 02gpl) and each row of Q5 converges to (P%) 7, so g(el; | €);,u’) converges

to Bernoulli(p%) independently of e?j. Note that this vanishing holds for the training terminal
conditioned on u®, not for the unconditional sampling terminal.

Decomposition of the diffusion loss. Because the forward posterior factorizes as
q(zt—l | Zt,ZO) — q(ut—l ‘ ut7u0) q(Et—l ‘ Et,EO,uO) (53)
the per-step loss L (G) splits into independent continuous and discrete terms:
Li(G) = L}G) + LE(G) (54)
where LE(G) is identical in form to the DiGress per-step loss [51]], and L¥(G) is the additional term:

L{(G) = Eqeutu) [DKL (q(uf’_1 | uf, u®) || po(u’~t | zt))} (55)

Practical training objective. As in DDPM [18] and DiGress [51]], we do not optimize the ELBO
term-by-term. Instead, we optimize the simplified joint objective of Equation [TI9] replacing the
per-step KL terms with cross-entropy and MSE losses respectively. The prior KL terms are dropped
since they vanish for the u’-keyed forward process by construction.

D Additional experiments

D.1 DiGress on Tree dataset
In Table [3| we also present results on the Tree dataset [S4] comparing DiGress with no aux features

and our JointLSP with DiGress. We can observe that our proposed method outperforms DiGress on 3
out of 4 metrics.
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Table 3: Results on Tree dataset
Method Degree Assortativity PLE CPL

DiGress 1073.41 £38.35 33.89+0.81 242.14+0.63 222.38 £6.51
JointLSP+DiGress  204.17 £26.83 1545+ 1.58 134.26 £2.03 23138+ 1.19

Table 4: MMD ratios on CoraChameleon datasets for SparseDiff and JointLSP+SparseDiff under
no-node features. Results are mean+std over 3 random seeds. Bold: better of SparseDiff vs.
JointLSP+SparseDiff.

Degree |  Clustering | Triangles |  Assortativity | PLE | CPL |

SparseDiff (no features)
n =10 17.2310.87 1.99_ .02 6.6810.07 69.7711817  431.131133.46 114.33121.79

n =20 49.1042.08 1.4140.00 3.67+0.43 30.174+4.03 27.2549 67 0.9240.12
n=>50  17.51199s8  1.55+0.04 25.8710.77 60.65+4.84 4.98_0.59 3.69+0.39
n=100 30434015 3431010  66.65507  50.441 44 15.335010 18921010
n = 500 3.934+0.01 3.2340.02 113.8147.41 39.0440.14 2.1340.00 7.93.10.00

JointLSP+SparseDiff (no features)
n=10 14184064  2.00+0.01 6.4310.14 11.38+17.16 377011413  37.19+3.19
n =20 29.0841 .11 1.4049.00 2.19.4¢.93 15.319.95 15.7541 29 0.54.12

n=>50 13.291032 1494001 15.114034 36.18.11.16 6.2910.19 5.76+0.16
n =100 19.07+p.49 3.0710.07 36.004¢ 84 24.8841.18 11.141 903 16.24 491
n=>500  3.82i¢.01 2.990.02 35411401 28.89..0.27 2.20-0.00 8.37+0.00

D.2 Graph generation using JointLSP+SparseDiff

We augment SparseDiff [42] with our prior and joint diffusion process, referring to the result as
JointLSP+SparseDiff. SparseDiff is particularly efficient at larger graph sizes, processing only
randomly selected node pairs at each step, which is why we use it as the baseline for n = 500 and the
Ego and Community datasets.

The results on CoraChameleon across n € {10,20,50,100,500} are reported in Table
JointLSP+SparseDiff consistently improves over SparseDiff on most metrics, with gains most
pronounced on triangle count and assortativity. Notably, the improvement holds at n = 500, where
the fixed-point pathology is most severe and the edge-independent prior has the greatest influence on
generated statistics.

The results on Ego and Community are reported in Table[5] These datasets remain challenging for both
methods, as indicated by the uniformly large MMD ratios. This is likely due in part to the presence
of self-loops in Ego and the lack of auxiliary spectral features needed to capture community structure.
Nevertheless, JointLSP+SparseDiff improves over SparseDiff on all metrics except clustering on Ego
and assortativity on Community. Taken together, these results support our main claim: the benefit of
the proposed method is not that it universally optimizes generation quality, but that it addresses a
fundamental limitation of edge-independent diffusion in the no-node feature setting.

Table 5: Comparison of graph generation with JointLSP+SparseDiff and SparseDiff on Ego and
Community datasets. Results are mean=std over 3 random seeds.

Degree | Clustering |  Triangles |  Assortativity | PLE | CPL |
Ego
Spa.rselef 768.06i107,44 14.78i0_25 85.20i12_2] 1715.86i53_10 1696.14i183_27 183.07i31_15
J0intLSP+SparseDiff 302'50i51.36 15.48i0_57 12~41i1.25 785.72i141_52 750~94i145.86 28~95i6.31
Community
SparseDiff 91-57i24.34 6.86i0,63 8-12i0,96 0.993:1‘27 226.18i49,36 21917.624+157.43
JointLSP+SparseDiff 38-70j:14.18 5'081:0‘44 1'54:(:()‘44 9-02i6.79 105'09i3066 18251.36:(:55(],46
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D.3 DiGress with degree features

In the JointDiffusion+LSP proposal we derive the latent weights for each node by using the node
degree as a proxy. This naturally leads to the question: is this similar to supplying node degree
as auxiliary features to the denoiser, and whether DiGress [51] could also benefit from such aug-
mentation? To answer this question, we conduct an experiment where we compute node degrees
from the noisy graph at each denoising step and feed them as auxiliary features. More specifically,
we compute the normalized degree d; = d;/(n — 1) as a node-level feature, and the mean p4 and
standard deviation o4 of d; across nodes as graph-level features, recomputed from the noisy adjacency
Ay at every reverse step. The results are shown in Table[6] We can observe that JointLSP+DiGress
outperforms DiGress+Degree features on metrics like degree, triangles, PLE and CPL. Thus, DiGress
augmented with degree features does not recover the performance of JointLSP. This is consistent
with Lemma at high noise levels A; is approximately E-R, so all d; ~ p and the features
collapse to a near-constant, carrying no structural signal. The key distinction is that the LSP does
not compute degree on the noisy graph, it supplies this information inherently by construction. The
degree-informed heterogeneity information is baked into the terminal prior itself via «°, making
node-level variation available throughout the entire reverse trajectory rather than only when the graph
is sufficiently clean.

Table 6: DiGress + degree features on CoraChameleon-Node100. JointLSP+DiGress (k = 0, no
features) is included for direct comparison. Bold: best result excluding the k = 17 ceiling.

Degree |  Clustering | Triangles |  Assortativity | PLE | CPL |
DiGress+Degree
k=1 10671914  2.0410.02 2414014 57.66.0.76 10.8140.17 45.54410.56
JointLSP+DiGress

DiGress + 17 features
k=17 0.9310.00 1.9540.00 1.68+0.00 3.5510.00 1.53+0.00 1.9240.00

DiGress+degree does not preserve node heterogeneity. We compute the variance in node propen-
sity scores as defined in Section [6.1] comparing JointLSP+DiGress, DiGress, and DiGress+Degree
— where node degree is supplied as both a node-level and graph-level auxiliary feature — in Fig-
ure [3] JointLSP+DiGress maintains consistently high node heterogeneity throughout the reverse
trajectory, starting from ¢ = 7" where the LSP prior already induces diverse connection propensities.
DiGress+Degree, by contrast, starts near zero at high noise levels and builds heterogeneity only as
denoising progresses. This confirms that degree features are reactive: they can only provide structural
signal once the graph is already partially denoised, whereas LSP provides it from initialization. The
two mechanisms are therefore fundamentally different, even though both draw on degree information.

—4— DiGress —%— JointLSP+DiGress —4— DiGress —%— JointLSP+DiGress

—— DiGress+Degree —— DiGress+Degree
© ©
> >

0. OOOO 0.0000

200 400 200
Timestep t Tlmestep t
(a) Forward Noising Process. (b) Reverse Denoising Process.

Figure 3: We compare the variance in node propensity scores for JointLSP+DiGress, DiGress+degree
and DiGress. We can observe that our proposal yields node heterogeneity throughout the diffusion
trajectory even at highly noisy states as opposed to DiGress with degree features which only improve
the node heterogeneity when the graph is already denoised.
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Random node features Many works such as [1} 45} [T6] suggest incorporating random node features
improve GNN expressivity, we test if this also helps improve generation quality in graph diffusion
models. We verify this empirically on the CoraChameleon-Node100 dataset and compare DiGress
with no aux features, DiGress+RND which denotes the random node features and JointLSP+Digress.
The setup is as follows: The diffused node state is unchanged (X = 1), and at each denoising step
we concatenate random features € R"*4, drawn i.i.d. from N(0, I) with dim=8 to the node input.
The results are presented in Table [7} adding random node features does not help with generation
because firstly RND leaves the corruption process and the terminal distribution unchanged: Lemma
[.1]still applies and the terminal distribution is still E-R, and sampling still begins from a graph with
no node-level structure. RND alters only the denoiser input, not where the reverse trajectory starts.
Second, the heterogeneity it supplies is uncalibrated, as the features are drawn independently of the
data, whereas LSP is calibrated from the training data.

Table 7: Results on CoraChameleon-Node100 dataset comparing DiGress with random node features
Method Degree Clustering Triangles  Assortativity PLE CPL

DiGress 4.53+0.1  11.33x0.27 14.82+0.12 101.95£2.13  4.64+0.17 39.68+1.14
DiGress+RND 5.48+0.13  12.50+1.18 10.13+0.04 127.06+6.20 4.14+0.41 24.01+1.57
JointLSP+DiGress  10.50+0.16  2.07+0.10  2.33+0.15  59.72+0.75  10.79+0.19 44.99+0.29

D.4 LSP improves generation quality throughout diffusion trajectory

To further demonstrate the effectiveness of the proposed JointLSP framework, we track the MMD
ratio (r) presented in Sectionat various timesteps ¢ € {500, 50, 0} for both JointLSP+DiGress
and DiGress on CoraChameleon-Node100 dataset. At each timestep ¢, we use the network’s predicted

clean edge probabilities f)f-’t to construct a graph and evaluate MMD against the test set. The
results are shown in Figure [l JointLSP+DiGress consistently achieves lower MMD ratios than
DiGress at all timesteps across all three structural statistics except Degree, where we surmise the
LSP over-corrects the degree when inducing node heterogeneity. At¢ = 500, where the input is
close to the terminal prior, DiGress produces graphs with very high MMD as the ER prior provides
no structural information making it difficult for the denoiser. JointLSP+DiGress already achieves
substantially lower MMD at this stage, confirming that the LSP along with the joint diffusion process
provides a more informative starting point. As ¢ — 0 both models improve, but JointLSP+DiGress
maintains a consistent advantage, particularly on assortativity and triangle count. This supports
our main claim that our proposal indeed improves the diffusion pipeline and does not result in the
fixed-point pathology we have pointed out.

B JointLSP+DiGress mm DiGress

T=500 t=50 t=0 T=500 t=50 t=0 T=500 t=50 t=0
Assortativity Clustering Triangle

Figure 4: We track the MMD ratio across various diffusion timesteps for JointLSP+DiGress and
DiGress. Our proposed framework consistently generates good quality graphs even at intermediate
steps.

D.5 LSP induces node heterogeneity

To verify that the proposed prior preserves node distinguishability, we simulate graphs (m = 100
graphs) with increasing node sizes n = {10, 20, 50, 100, 500, 1000} under three random graph
models:

1. Dense Bernoulli baseline: A;; ~ Bern(pdense), Where paense = 0.1.
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2. Sparse mean-field Bernoulli: A;; ~ Bern(psparse), Where pparse = % and k = 5, and

3. Latent Sociability Prior: A;; ~ Bern(P;;), where P;; =1 — e(—ce"iThi)

To quantify node-level heterogeneity, we measure the within-graph degree variance Vari(dgm)) and
within-graph degree mean E; [dgm)], and define the dispersion index

~ Var; [dgm)]

(3

(56)

which we then average across all sampled graphs. This statistic captures how much node degrees vary
within a graph. The results are shown in Figure[5] As n — 1000, both the dense and sparse Bernoulli
baselines yield ¢ =~ 1, indicating that edge-independent models remain tightly constrained by their
mean degree and therefore, by design, cannot induce meaningful node heterogeneity. In contrast,
LSP consistently yields ¢ > 1, showing that it preserves non-trivial degree variation as graph size
increases. This confirms that, unlike ER-type models, LSP does not collapse to a homogeneous
fixed-point.

% Dense Bernoulli —A- Sparse Mean-Field -e- Latent Sociability Prior
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Figure 5: Dispersion index ¢ as a function of node size under three prior models. Unlike edge-
independent Bernoulli baselines, LSP preserves non-trivial node heterogeneity as graph size increases.

D.6 LSP can generate higher triangle and cycle counts

We conduct a second experiment to study how higher-order graph statistics scale with increasing
graph size under a fixed mean-degree constraint. This distinction is important, since large triangle
or cycle counts can be obtained trivially by generating dense graphs. Specifically, for node sizes
n = {10, 20, 50, 100, 500, 1000}, we simulate 100 graphs from each random graph model while
fixing the mean degree to the same target value. For each graph, we measure the number of triangles,
4-cycles, and 4-cliques, and study how these quantities scale as n increases. The results, shown in
Figure[6] indicate that LSP consistently produces substantially larger higher-order structure counts
than a sparse mean-field Bernoulli prior under the same mean-degree budget. This shows that the gain
is not a consequence of simply generating denser graphs, but of inducing non-trivial dependencies
that support richer local structure.

D.7 Structural features are uninformative for E-R graphs

In Figure [7] we empirically validate Lemma [4.3] We simulate 100 graphs of node sizes n €
{100, 500, 1000, 2000, 5000} under two priors at matched edge density p = 0.1. For E-R, each
edge is drawn independently with probability p = 0.1. For the LSP, we fix o,sp = 1.0 and solve
for pr.gp such that Efp;;] = 0.1 using the calibration procedure of Algorithm [I| Graphs are then
sampled directly from the prior by drawing u; ~ N (ursp, 0fgp) and connecting each pair (3, j)
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Figure 6: We simulate graphs using the sparse Bernoulli and our proposed LSP and compute how
many triangles, 4-cycles and 4-cliques can the prior generate at a fixed mean-degree resolution while
the number of nodes is increased.

with probability p;; = 1 — e=¢"""  Note that no diffusion process is involved; we sample from

the terminal prior directly to isolate the effect of the prior on structural feature statistics. For each
graph, we compute the per-node triangle count C; and measure std(C;/C) where C' = mean,(C;).
As n grows, this quantity vanishes for E-R graphs, confirming that structural features become
increasingly uniform across nodes and therefore uninformative to a denoiser. The LSP maintains a
stable, non-trivial spread across all graph sizes.
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Figure 7: We empirically validate the hypothesis that in the large graph limit the structural features
derived from an E-R are uninformative for the denoiser.

E Dataset generation

CoraChameleon datasets. Existing datasets like Community and Planar graphs which are usually
used in evaluation of the graph diffusion models do not accurately reflect the characteristics of
real-world graphs. Hence, we generate 5 new datasets by sampling from two real-world datasets Cora
[32] and Chameleon [44]].

We apply 3 sampling strategies to the source graphs: random walk based where a biased random walk
starts from a random node. The walk continues until ~ 1.5x the target node size has been visited, then
the BFS-largest connected component is taken. After half of the allowed attempts, the starting node
is biased toward high-degree nodes to improve connectivity. Forest-fire [30] which starting from a
seed node, each active node stochastically ignites a geometrically-distributed number of its un-burned
neighbors with forward probability peorward = 0.7 and backward probability phackward = 0.3. And
a dense-core sampling strategy that randomly picks top-10% of highest degree nodes in the source
graph as candidate neighbours and greedily scores how many edges are already in the currently
selected set and picks the highest-scoring candidate and adds it. A density check is done once target
size nodes are collected, rejects the subgraph if it isn’t connected or if its average degree is below
minimum average degree (default 4.0). We use a ratio of 40% Random walk, 40% Forest-fire and
20% Dense core to generate our synthetic graphs. Additionally 100 graphs are generated which are
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divided into 60/40 as test and validation sets respectively. The hyperparameters are tuned on the
validation set.

Ego network Similar to SparseDiff [42] we also evaluate our models on the Ego dataset [S4] which
is a 3-hop ego network extracted from the Citeseer dataset [46].

Community dataset We also evaluate on the community dataset [54] which consists of 2 commu-
nities generated by an E-R model with n = |V'|/2 nodes and p = 0.3. The inter-community edges
are added with probability 0.05|V'| with uniform probability. In Table [8{we provide the data statistics
of the graphs used for the generation task.

Table 8: Statistics for the datasets used in the graph generation experiments

Dataset #Graphs  #Nodes #Edges
CoraChameleon-Nodel0 3000 10 [14,45]
CoraChameleon-Node20 3000 20 [27,120]
CoraChameleon-Node50 3000 50 [71,300]

CoraChameleon-Node100 3000 100 [172,600]
CoraChameleon-Node500 1400 500 [1282,4630]

EGO 757 [50,399] [57,1071]
Community 510 [60,160] [231,1956]

(a) CoraChameleon-Node100 (b) CoraChameleon-Node500

(c) Community dataset

Figure 8: Sample graphs from the training set.

(a) Sample CoraChameleon-Node100 graphs gen-(b) Sample CoraChameleon-Node100 graphs gen-
erated using JointLSP+DiGress. erated using DiGress.

Figure 9: We visualize the generated graphs from both JointLSP+DiGress (a) and DiGress (b) on
CoraChameleon-Node100 dataset. Clearly, we can observe that without node features the generation
quality is impacted, but DiGress generates graphs which are dense and hairball-like even generating
isolated nodes.

E.1 Training details

All experiments were implemented in PyTorch and PyTorch Geometric [13]]. Our model architecture
follows DiGress and SparseDiff, using a Graph Transformer [[L1] as the denoising network. All
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experiments were run on a single A40 GPU. Hyperparameters are provided in Table 9] For each
configuration, we train a single model and run inference three times with different random seeds;
reported mean and standard deviation are computed over these three inference runs. This evaluation
setup is consistent with the protocol followed in existing graph diffusion papers such as DeFoG [41]
which reports the mean and std deviation averaged over 5 sampling runs and not 5 independent runs as
it is computationally infeasible. For instance, training DiGress [S1] on Planar graphs requires nearly
50K epochs with a 10 layer transformer and DeFoG is trained for 100000 epochs with a 10 layer
transformer. Additionally, computing the auxiliary features such as spectral adds further overhead. In
our setup, we report the mmd ratios averaged over 3 sampling runs.

Table 9: Hyperparameters used for the graph generation task.
Weight  #Training Diffusion

Dataset #Layers LR Decay Epochs Steps
JointLSP+DiGress
CoraChameleon-Node10 6 0.0001  0.00012 5000 500
CoraChameleon-Node20 6 0.0001  0.00012 5000 500
CoraChameleon-Node50 6 0.0001  0.00012 5000 500
CoraChameleon-Node100 6 0.0001  0.00012 5000 500
JointLSP+SparseDiff
CoraChameleon-Node10 6 0.0001  0.00001 100 500
CoraChameleon-Node20 6 0.0001  0.00001 100 500
CoraChameleon-Node50 6 0.0001  0.00001 100 500
CoraChameleon-Node100 6 0.0001  0.00001 100 500
CoraChameleon-Node500 4 0.0001  0.00001 100 500
EGO 6 0.0001 0.000012 2000 500
Community 6 0.0001 0.000012 1000 500

Runtime analysis LSP does not change the complexity of the underlying model. The denoiser
forward pass is O(Kn?d?) for both DiGress and JointLSP+DiGress; the operations LSP adds is
0 0

. ug tug . .
computing pgj =1-—¢e7¢" 7 across node pairs and the DDPM update on the n latent variables

which are O(n?) and O(n) respectively, smaller than the base cost by a factor O(Kd?). Prior
calibration (Algorithm 1) is a one time pre-processing step, not per-iteration.

Table 10: Runtime analysis

Metric DiGress  JointLSP+DiGress
Model parameters 8,888,579 8,888,579
Training step (in ms) 493.3+4.7 489.8+5.0
Peak GPU Memory (GiB) 13.40 13.39
Sampling (graph/sec) 9.50 9.33

List of auxiliary features In|[II]the details of node level and graph level features used as auxiliary
features for DiGress is provided.

F Broader impact

Graph diffusion models have potential applications across a range of domains, including drug
discovery, protein interaction networks, and social network analysis, where the ability to generate
realistic graph structures could accelerate scientific discovery or inform network design. Like
all generative models, these methods are not free from certain risks, for instance, realistic graph
generation could in principle be misused to generate fake synthetic social network structures or in
the long term, to design molecules with adversarial properties. However, we note that these risks
are not specific to our contribution. This work addresses a theoretical limitation in existing discrete
graph diffusion pipelines and proposes a prior and a joint diffusion framework that improves graph
generation in the no-node-feature setting.
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Table 11: Auxiliary features used in DiGress.

Feature Description

k3_node Node triangle count

k4_node Node 4-cycle count

k5_node Node 5-cycle count

k3_graph  Graph triangle count

k4_graph  Graph 4-cycle count

k5_graph  Graph 5-cycle count

k6_graph  Graph 6-cycle count

n_comp Number of connected components
nonLCC Indicator for nodes outside the largest connected component
eigvecl First nontrivial Laplacian eigenvector
eigvec2 Second nontrivial Laplacian eigenvector
eigvall First nonzero Laplacian eigenvalue
eigval2 Second nonzero Laplacian eigenvalue
eigval3 Third nonzero Laplacian eigenvalue
eigvald Fourth nonzero Laplacian eigenvalue
eigvalb Fifth nonzero Laplacian eigenvalue
n/max_n  Normalized graph size (n/Nmax)
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