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Abstract

Large language models (LLMs) are built from structured high-dimensional objects such
as token representations, weights, adaptation updates, caches, and activations, whose multi-
linear structure is underexploited by the conventional matrix-centric view. Tensor decompo-
sitions and tensor networks provide a principled algebraic language for this structure, yet the
literature often treats them as isolated compression mechanisms. This survey organizes ten-
sor methods for LLMs through two complementary views: a seven-stage lifecycle taxonomy
covering tokenization, embeddings, pre-training, adaptation, compression, inference, and in-
terpretability, and a component view covering embeddings, attention, and feed-forward net-
works. We provide unified notation and theoretical foundations, analyze tensorization strate-
gies for individual Transformer components, and compare methods at each lifecycle stage
while making differences in evaluation protocols and model scales explicit. We further con-
nect tensor methods to neighboring efficiency techniques and probabilistic tensor networks.
Finally, we synthesize open challenges and introduce pg.p, a metric for the compression-
realization gap between theoretical memory reduction and measured system-level speedup.
By treating tensorization as a common structural principle, the survey provides a structured
entry point to tensorized language models and clarifies when parameter savings can plausibly
translate into memory efficiency, computational efficiency, or interpretability. The GitHub
page dedicated to this paper is accessible at this https URL.

1 Introduction

Large language models (LLMs) based on the Transformer architecture [1] have reshaped deep
learning and artificial intelligence by demonstrating broad capabilities and performance gains
across successive model generations [2, 3, 4]. Their success stems from three factors: a highly par-
allelizable architecture that scales efficiently with model size and compute [1], self-supervised pre-
training on internet-scale text corpora [5, 6], and the predictable improvements that arise from
scaling this combination [7, 8]. Today’s production-scale LLMs, such as Qwen [9], DeepSeek
[10], and Kimi [11], contain tens to hundreds of billions of parameters and are deployed at scale,
demanding substantial computational resources for both training and inference.

In parallel, the past several decades have seen active development of tensor decompositions
and tensor networks within the numerical linear algebra community. Emerging independently
in psychometrics [12, 13, 14] and in quantum many-body physics [15, 16, 17], these tools have
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gradually migrated into general-purpose computational algebra. Along the way, researchers
reformulated the existing formats in the language of numerical analysis and developed stable
algorithms for computing them [18, 19, 20], alongside a broader theoretical effort to systematize
and unify the resulting landscape [21, 22, 23]. This growing activity has, in turn, fueled interest
in applying tensor methods to deep learning [24], reflecting a wider recognition that numerical
linear algebra sits at the core of modern neural architectures [25].

Motivation. Despite their impressive capabilities, modern LLMs face three persistent chal-
lenges. Training a frontier model requires substantial accelerator time [26]. Inference at scale
demands high memory bandwidth, and the KV cache can become the dominant memory bottle-
neck in long-context applications [27]. Meanwhile, internal representations, including activations
and weights, remain largely opaque, and the mechanisms by which these models reason and store
knowledge are still poorly understood, motivating a growing body of interpretability research
[28, 29]. These challenges are usually treated separately, but a tensor perspective provides a
common language for all three. LLMs are conventionally described and implemented in ma-
trix terms: Transformer computations reduce largely to batched matrix multiplication, which
is convenient and highly optimized but conceptually incomplete. Many Transformer objects,
including stacked multi-head attention projections, layer collections, activation streams, and
KV caches, are naturally higher-order, and a purely matrix-centric view leaves their multilinear
structure underexploited.

Table 1: Literature clusters surrounding tensor methods and language models.

Cluster

Main objects or methods

Specific gap for this survey

Classical tensor decompositions
and tensor networks
(21], [22], 23], [15]

Tensor methods for machine
learning and neural networks
[30, 31, 32, 33, 24, 34]

Tensors, tensor-algebraic
operations; decompositions, ranks;
computation algorithms

Tensorized machine learning;
tensorization and decomposition
of generic neural modules, layers

Discusses tensors abstractly; does
not provide LLM applications of
tensors

Often predates decoder-only
LLMs; omits LLM-specific objects
such as the KV cache

PEFT; compression: quantization,
pruning, knowledge distillation;
efficient attention; efficient
inference; KV-cache compression

Usually omits tensor counterparts;
does not emphasize tensor
methods as a separate class

LLM efficiency techniques
35, 36, 37, 38, 39, 40, 41, 42, 43,
44, 45]

Overlooks multilinear structure,
both as a descriptive language
and as an analysis tool

Features, activations, logits,
neurons, heads, circuits; activation
patching, ablations, SAEs

LLM mechanistic interpretability
[46, 47, 48]

Current state of the literature. The literature on tensors and LLMs is fragmented across
several partially overlapping clusters, summarized in Table 1. We cite representative surveys
and reviews, so that the reader can turn to a fuller treatment of each area. Each row identifies
a community with its own objects, methods, and terminology; the remainder of this section
discusses each cluster in turn, together with the specific gap it leaves for a survey connecting
tensor methods to LLMs.

The first cluster is the classical tensor decomposition literature [21, 22, 23, 15]. Works
from this cluster are mathematically deep and essential for notation, algorithms, and theoretical
concepts such as tensor rank. While this literature provides the general algebraic and numerical
foundation for tensor computations, it does not map these concepts onto LLM-specific objects.

A second line of work applies tensor decompositions and tensor networks to classical machine
learning [30, 31] and neural networks (NNs) [32, 33, 24, 34]. This literature establishes neural-
network tensorization as a general design principle. Much of it, however, predates modern



decoder-only LLMs or focuses on generic layers, convolutional neural networks (CNNs), and
recurrent neural networks (RNNs), leaving LLM-specific objects and constraints untreated.

A third body of work covers the broader landscape of LLM efficiency techniques. It has
expanded rapidly over the past few years, spanning many directions [35]. Some of this work
targets parameter-efficient fine-tuning (PEFT) [36] and post-training compression techniques
such as quantization, pruning, and knowledge distillation (KD) [37, 38, 40]; some covers PEFT
and compression together [39]. Other work targets inference-time efficiency [41, 42, 43] and
serving [44], whereas [45] cuts across all these directions by structure rather than application,
reviewing low-rank matrix factorizations in weights, adapters, and gradients. Within each of
these sub-clusters, tensor decompositions surface only occasionally, mentioned as one technique
among many. Yet tensor methods across all these sub-clusters rest on the same underlying
algebraic theory, which suggests considering them as a standalone group.

As a fourth cluster, mechanistic interpretability has become an active and rapidly growing
research direction, aiming to reverse-engineer language models’ internal computations in terms
of features, activations, neurons, heads, and circuits, using tools such as activation patching,
ablations, and sparse autoencoders (SAEs) [46, 47, 48]. Within this broader field, a smaller
community studies Transformer circuits specifically through the lens of tensor networks, using
graphical tensor notation [49]. Beyond notation, a handful of very recent works make multilinear
structure the object of the analysis itself, and no existing interpretability survey covers them.
This survey treats both the notation and these methods as a distinct direction (Section 5.7).

Scope. The same multilinear structure recurs across all four clusters, but the clusters use it
differently. The classical tensor literature develops a general theory, whereas tensorized neural
modules, LLM efficiency techniques, and mechanistic interpretability typically use that theory
locally for a specific task. This survey connects these lines of work through a unified tensor-
theoretic lens grounded in LLM-specific objects. Its distinguishing feature is the combination
of two complementary organizations: a component view that asks what inside a Transformer
is tensorized, and a lifecycle view that asks when and why tensorization is introduced. To our
knowledge, existing surveys do not combine this two-view organization with unified notation,
protocol-aware comparisons, and a systems-level analysis of whether theoretical compression is
realized in practice.

Contributions This survey makes four contributions:

1. We frame tensorization as a common structural principle acting on token representations,
weights, adaptation updates, caches, and activations. We organize this literature with a seven-
stage lifecycle tazonomy: tokenization, embeddings, pre-training, adaptation, compression,
inference, and interpretability.

2. We complement the lifecycle taxonomy with a component view of embeddings, attention, and
feed-forward networks. Together, the two views distinguish the structural compatibility of a
decomposition with a model object from the training or deployment objective for which that
decomposition is used.

3. We provide unified notation and theoretical foundations for tensor operations, decomposi-
tions, and networks in Transformer-like language models, and we compare methods while
explicitly recording differences in model scale, baselines, evaluation protocols, and reported
metrics. We also connect tensor methods to neighboring efficiency techniques and probabilis-
tic tensor networks.

4. We synthesize open challenges and formulate the compression-realization gap through pgap,
which separates algorithmic overhead from hardware realization and makes explicit why
parameter reduction alone does not imply end-to-end speedup.



Structure of the survey. The remainder of this paper is organized as follows. Section 2
presents the mathematical preliminaries, including notation, tensor-network diagrams, tensor
decompositions, and a brief review of the Transformer architecture. Section 3 introduces the
lifecycle taxonomy and illustrates tensorization at each populated stage using LLaMA-3-8B
as a running case study. Section 4 develops the component view for individual Transformer
modules, whereas Section 5 develops the lifecycle view through formal problem definitions,
literature reviews, and comparison tables where coverage permits. Section 6 situates tensor
methods within the broader landscape of LLM efficiency techniques, and Section 7 clarifies
their connections to probabilistic tensor networks. Section 8 surveys software and presents
case studies. Section 9 defines the compression-realization gap, identifies open challenges, and
outlines future research directions. Finally, Section 10 concludes the survey.

2 Preliminaries

Notation Meaning ®_I I _®_J Q
I I

« scalar

N
a vector (a) vector (b) matrix (c) tensor
A matrix
A tensor @ @ I1Is
Aiy o in (i1,...,in)-th entry I J
’Ailv---ain—lvivin+1»--wiN n-th mode slice (d) outer (e) Kronecker
product product
A®B Kronecker product
aob outer product I . K . J
Ax,B mode-n product
: : X (f) contraction
Ay i X IKB contraction

Figure 1: Notation reference. Left: symbols used throughout this survey for scalars, vectors, matrices, tensors,
and the main tensor-algebraic operations. Right: tensor-network diagram representations of the same objects,
with examples of the operations.

2.1 Notation

Objects Calligraphic uppercase letters A € RI1*22XXIN denote an Nth-order tensor; ma-
trices and vectors are denoted by bold uppercase A and lowercase letters a. The symbols in
Figure 1 (left) collect the notation used throughout the survey; the tensor-network diagrams [50]
in Figure 1 (right) give the corresponding graphical illustration for each object and operation.

Outer product Given N vectors al) € R, ... a¥) € RIN their outer product is the
Nth-order tensor al) o ---0a) € RI1**IN with entries:

1 N _ 1) (2) (N)
This tensor is called a canonical rank-one tensor. For NV = 2, this reduces to the familiar rank-

one matrix ao b € R/*/ with entries (aob);; = a;b;. In tensor-network diagrams, the outer
product is represented by placing the tensors next to each other, as shown in Figure 1(d).



Kronecker product and decomposition The Kronecker product of two matrices A €
R *71 and B € R2%/2 is the block matrix obtained by replacing each entry of A with a copy
of B scaled by that entry,

ApB - Ay B
AxB= : .. : e RIt2xJ1Jz 2)
AlllB A11J1B

The corresponding tensor-network diagram is shown in Figure 1(e). This diagram has a strong
connection with the outer product; see [51] for more details.

For a fixed R € N, one may look for the best approximation of a matrix by a sum of
Kronecker products

R

T T
’ r=1

where A € RNz U, e ROV} and V, € R2*%%2. This problem admits a closed-form
solution; rearranging the I x .J blocks of A into the rows of a matrix R(A) € RI1/1%12%2 tyrns
each Kronecker term into a rank-one matrix, so Eq. (3) reduces to a low-rank approximation
of R(A) and is solved by its rank-R truncated SVD, whose singular vectors are then reshaped
back into U, and V,; see [52] for the precise construction. This is known as the Kronecker
product SVD, and we refer to it as the Kronecker decomposition. The smallest R for which the
approximation is exact is called the Kronecker rank of A. The decomposition is not intrinsic
to A alone, since the factor shapes I1Is = I and J;Jo = J can be chosen in several ways, and
each choice defines a different problem (3) with its own Kronecker rank. We consider only the
matrix case, although the construction generalizes to tensors [53].

Contractions Contraction can be viewed as summing with respect to one or more paired
modes of two tensors, while leaving other modes free. Let A € RI1*2XxIN he an Nth-order
tensor and B € R/1XJ2xxJu an Mth-order tensor, and suppose there are K mode pairs

(ilajl)a ceey (ZvaK) SatiSfying

1<ip <N, 1<j<M, ke{l,2,... K}

ik # i, Jk # Jos Vk # (L (4)
I; :ij, kG{l,Q,...,K}.

Then the contraction of A and B over these K mode pairs, denoted as
Ail,...,iK thn-,J'KB’ (5)

is an (N + M — 2K)th-order tensor, obtained by summing over the K matched indices and
keeping every remaining mode of 4 and B free. In tensor-network diagram notation, contractions
are represented by connecting the legs of the contracted modes, while the free modes remain
unconnected. This abstract operation corresponds to the einsum function in modern array
programming libraries such as NumPy [54], PyTorch [55], and JAX [56].

For example, given A € RI*% B € RX*/ | the contraction over the mode pair (2,1) yields
the standard matrix product:

K
C=AB=A,x'BeR™, C;=> AyBy;. (6)
k=1

This example is depicted in Figure 1(f), where modes of size K are contracted and modes of
size J and [ remain free. Expressed using pseudocode einsum notation, the same operation is:

C = einsum("ik, kj — ij”, A, B). (7)



Mode-n product The mode-n product contracts an Nth-order tensor A € RI1 12X XIN with
a matrix B € R7*!» over the mode pair (n1,m1) = (n,2):

A Xn B — A 'n,X2 B c Rll><~~~><In,1><J><In+1><--~><IN’

I,
(A X0 Biy i1 jinpr iy = D AiroinBiin-

in=1
In einsum notation, this operation can be expressed as:
C =einsum("iy...0p...iN, Jjin = i1...7...in",A,B). (9)

Intuitively, this operation multiplies every fiber (i.e., every 1D line) running along the n-th
dimension of the tensor by the matrix B. If one unfolds the tensor (i.e., reshapes the tensor
into a matrix) so that the n-th dimension becomes the rows of a 2D matrix, then X, reduces
to standard matrix multiplication on that unfolded matrix, after which the result is folded back
into a tensor of the new shape.

2.2 Tensor Decompositions

This section reviews the main tensor decomposition formats relevant to this work. We cover the
CP decomposition (sum of canonical rank-one terms), the Tucker decomposition (core tensor
with mode-specific factors and its Tucker-1/2/3 variants), the TT decomposition and its matrix
variant (TTM), and the block term decomposition, which generalizes both CP and Tucker. For
each model, we present the mathematical formulation, highlight key properties, and discuss
uniqueness and trade-offs. Throughout this section, X € RI1>*/2XXIN gtands for an Nth-order
tensor.

2.2.1 Canonical Polyadic Decomposition

The canonical polyadic (CP) decomposition [57], [13], [14] approximates a tensor by a sum of
rank-one outer products

R
X%Z)\Tag,l)oaq(?)o---oag,m, (10)

r=1

or equivalently in scalar form
1) 4 (2 N
Xi17i27“'7i1\7 ~ Z ATA’L(l,)TA’EQ,)’!’ T AZ(N,)T’ (]‘1)
r=1

where A" = [agn), agn), . ,ag)} € Rm*f i5 the factor matrix for mode n, and \, are scaling

coefficients. When equality holds in Egs. (10) and (11), the decomposition is exact and we refer
to it as a CP representation of X. The minimum admissible value of R in such a representation
is the tensor rank, or CP rank, of X'. An exact representation is unique up to trivial scaling
and column permutations under the Kruskal condition Z,f:;l kamy > 2R+ (N — 1), which is
sufficient but not necessary, where ka is the k-rank of the factor matrix [58], [59], [21]. CP
decomposition is compact and often interpretable, but poorly behaved as an approximation
problem owing to the NP-hardness of computing CP rank [60], [61]. Consequently, R has to
be selected heuristically, and at a fixed R > 2 a best rank-R approximation may fail to exist
on a set of tensors of positive volume [62]. Fitting algorithms inherit these difficulties and
numerical instability at high orders [21], [22]. Additional constraints such as non-negativity,
orthogonality, or sparsity are therefore often imposed to improve stability and accuracy, and to
relax the uniqueness conditions [22].



2.2.2 Tucker Decomposition

The Tucker decomposition [12] admits the following model:
X~aGxi AW xg A xgooxy ANV (12)

where G € RFE1xR2xXRxn jg an Nth-order core tensor, and each A ¢ RIn*En ig the mode-n
factor matrix. In scalar form, the decomposition expresses each element of X as:

Ri,...RN
Xh,iz,...,iN ~ Z gh,rg,...,rNAZ(ll,)rlAg,)rz o AEJZ\\,},)TN (13)
ri=1,....,ry=1

If exact equality in Egs. (12) and (13) holds, we refer to it as a Tucker representation of
X, and the element-wise minimal N-tuple (Rj, Ro,..., Ry) for which such a representation
exists is called the Tucker, or multilinear, rank of X' (such a tuple always exists, with each R,
equal to the rank of the mode-n matricization of X [21]). The Tucker decomposition is non-
unique since, for any invertible S,, € Rf»*fi» replacing the factor matrix A with A(™S,, and
compensating in the core with S;! leaves the reconstructed tensor unchanged. Orthogonality
restricts, but does not in general remove, this gauge freedom. Stronger uniqueness statements
require additional assumptions, such as non-degenerate mode singular subspaces and a specified
canonical convention. Common algorithms such as HOSVD [18] therefore fix a particular choice,
producing orthogonal factor matrices (A(™)TA(™ =1 and a core with additional constraints
(see [18] for more details). As a result of this non-uniqueness, unlike in the CP decomposition,
the vectors given by the Tucker factors and the values in the core are not directly interpretable.
For the third-order case, there is additional terminology, indexed by the number of com-
pressed modes. Tucker-3 denotes the standard Tucker decomposition applied to a 3rd-order
tensor, where all three modes are compressed. If X € RI*/*K hag only two modes of large size
(say, I and J), and a dimensionality reduction is required only along those modes, the corre-
sponding decomposition is called the Tucker-2 model, X ~ G x1 A x5 B, where G € RFE1>xf2xK
A € RI¥Erand B € R7*f2; Ry < I, Ry < J are the reduced ranks; and the third mode
(K) remains uncompressed. Similarly, if the tensor has only one mode of large size (say, I),
and reduction is needed only in that mode, the decomposition is called the Tucker-1 model,
X ~ G xq A, with G € REAXIXK A ¢ RIXF1r Ry < I; this reduces to a truncated SVD along
the first mode. In both cases, the core tensor retains the remaining uncompressed modes in full,

making these models efficient when only a subset of modes exhibits high dimensionality.

2.2.3 Tensor Train Decomposition

The tensor train (TT) decomposition [19] expresses a higher-order tensor X € RI1x/2xxIn i
chain-like form as follows:

ng(l) ,1)(1 g(2) 71><1 ...71><1 g(N)’ (14)
where the —1 in the left contraction index denotes the last mode of the left tensor, following
Python-style indexing. In scalar form, this is equivalent to

Ro,Ry,....,RN
o (1) (2 (N)
X“”?""’ZN ~ Z gao7i1,a1ga17i27a2 a 'gaN—lﬂ;N,aN’ (15)

0,015, aN=1

where each core G € REn-1%InxBn ig 3rd-order, and the (N + 1)-tuple (Ro, R1,...,Ry) is
called the TT-rank, with Ry = Ry = 1 always holding. This decomposition can also be
expressed in terms of the core slices:

71 2 N

7



where G( ") _ g . € REn-1XEn  This form of the decomposition motivates the alternative
name Matrlx Product State (MPS). If equality holds in the above equations, we refer to it as
a TT representation of X. The TT decomposition is unique only up to gauge transformations.
Specifically, for any sequence of invertible matrices S,, inserted between adjacent cores, the cores
can be transformed via G( RN S, G( )S I without changing the reconstructed tensor. This
non-uniqueness is a fundarnental property of the TT decomposition, although orthogonality
conditions on the cores restrict this gauge freedom and yield a canonical form [22]. TT decom-
position is attractive for high-order tensors due to its favorable scaling with order. Specifically,
the chain-like structure ensures that the total number of parameters grows only as O(NIR?)
(assuming uniform dimensions and ranks), which is linear in the order N, in contrast to the
exponential growth of the full tensor.

The Tensor Train Matrix (TTM) format [63] applies the TT decomposition to matrices.
More precisely, a given matrix T € R/*/ with I = H 1In and J = Hn 1 Jn is reshaped
into a higher-order tensor 7 € RI1X/1xXINXIN “which is then approximated via the TT-like
structure

TG _ 5l g® ! o x g, (17)

where, unlike the TT decomposition, each core G € REn-1xInxJnxBn ig Ath-order. In scalar
form, this can be expressed as

Ro,Ry,...RN
- 1) 2) (N)
7;1’71""’”\”]1\’ ~ Z ga07117]1,a1ga1,l2,j2,a2 o gaN—1,iN7jN70¢N’ (18)

@0,01,..,aN=1

where (R, R1,. .., Ry) is the TTM-rank, with Ry = Ry = 1. As in the MPS form of TT, TTM
can also be expressed in terms of the matrix slices of the cores

~cl @@ (N)
Tir g1 ysinin = Gzl g1 GZQ g2 GiN,jN’ (19)
where GE:)j = g M g € RFn—1xBn I the TTM decomposition, each (i, 71,...,in,jn)-th
entry of 7 maps one-to-one to the (i1, ...,in,j1,...,Jn)-th entry of T, where i1, ...,y denotes

the multi-index and equals
iy oosin =014+ (G — 1)1+ + (in— 1)1 ... In—1.

Since this mapping is a bijection, if equality holds in Egs. (17), (18), and (19), we refer to it as
a TTM representation of the matrix T itself. The advantage of TTM is that it natively handles
matrices, representing them as a multilinear operator and thereby preserving the operator struc-
ture, in contrast to TT. That is why, in quantum physics, TTM is often referred to as a Matrix
Product Operator (MPO) [64]. We will refer to TTM and MPO interchangeably, preferring
TTM, while using MPO when it is the terminology adopted by the paper under discussion.

2.2.4 Block Term Decomposition

The block term (BT) decomposition [65] writes X" as a sum of K Tucker terms
K
X =~ Z[kxl N ><2A,(€2)---><NA,(€N) , (20)
k=1

where each G, € Rk xBe2x xRN i 5 small core tensor and each A,g") € RInxfin ig g factor
matrix associated with term k; the ranks (Rg1, Rgo, - - -, Rpn) need not be shared across terms,



so each term can have its own core size, in addition to its own core and factor matrices. In
scalar form:

Z (gk)h,m,lzv (Al(el))il,h T (A](CN))iNalN . (21)
l

When equality holds in Egs. (20) and (21), we refer to it as a BT representation of X. BT
decomposition interpolates between CP and Tucker. Setting K = 1 removes the outer sum
and recovers the Tucker decomposition with core G; and ranks (Rii, Rjo,..., Rin), whereas
setting Ry, = 1 for every term k and mode n instead collapses every core G to a scalar Ag,
recovering the CP decomposition as a sum of K rank-one terms. Its uniqueness is more nuanced
than that of the standard Tucker decomposition, as a BT decomposition carries the within-term
ambiguity of Tucker in every block, and on top of that the K blocks may be permuted arbitrarily.
Uniqueness beyond these indeterminacies requires additional conditions on the factor matrices,
which are known for third-order tensors [65]. Its main feature is that, by choosing K and the
per-term ranks (Rp1, Rg2, - .., Rin) jointly, BT decomposition can trade off CP’s compactness
against Tucker’s per-mode flexibility, at the cost of more hyperparameters and a more involved
fitting procedure than either decomposition alone [65].

2.3 Attention Mechanism

Attention mechanism is a parametric neural component that enables a model to selectively
concentrate on salient features of an input sequence while processing each element of an output
sequence. It overcomes the bottleneck of fixed-dimensional context vectors in RNNs by allowing
direct access to all previous hidden states at each decoding step [66]. Attention computes a
context vector as a convex combination of values, where the coefficients are derived from a
compatibility function between queries and keys.

2.3.1 Single-Head Attention

The most widely adopted formulation, introduced in the Transformer architecture [1], is scaled
dot-product attention. Given a query matrix Q € RV*%  a key matrix K € RM*% and a value
matrix V € RM*d  the attention output is computed as

Attention(Q, K, V) = Softma <QKT> \% (22)
Y Y = X Y
Vg

where N and M denote the sequence lengths of queries and keys/values, respectively, and d,
d, are the dimensionalities of keys and values. The scaling factor ﬁ normalizes the variance
of the softmax input, making the training process more stable.

Eq. 22 is the general formulation, in which queries and keys may come from different
sequences and differ in length. As our survey focuses on decoder-only LLMs, two restrictions
apply throughout. First, all three matrices are derived from the same sequence of T' tokens,
so that N = M = T; attention of this kind is called self-attention. Second, a token must not
attend to its successors, which is enforced by adding a mask matrix M € RT*T with zeros on

and below the diagonal and —oo entries above it:

T

K
MaskedAttention(Q, K, V) = Softmax (Q
Vi,
where now Q,K € RT*% and V € RT*%  The —oco entries vanish under the softmax, so the

i-th output depends only on the tokens 1,2,...,i. This masked self-attention is what makes
autoregressive decoding possible, and it is the variant we assume from here on.

+ M> Vv, (23)



2.3.2 Interpretation of the Attention Weights

The Softmax operation is applied row-wise to produce a probability distribution over the keys

for each query .
s = P (a/ k;/Vdy)
iy = ’
Sl exp () ka/V/dy)

where «;; represents the attention score assigned by the i-th query to the j-th key. The output
for query i is then:

(24)

M
0; = ZO{UVJ'. (25)
j=1

In the masked case the same expressions hold with the summations restricted to j < ¢, since
the mask sets the remaining weights to zero. Each term can be understood with the following
interpretation:

e Queries (Q): Represent the current position for which we seek relevant context. In
self-attention, queries are derived from the same input sequence as keys and values.

e Keys (K): Act as labels or identifiers for each element in the input sequence. The dot
product QK" measures the pairwise compatibility or similarity between each query and
all keys.

e Values (V): Contain the actual information to be aggregated. The final output is a
weighted sum of values, where the weighting is determined by the attention scores.

This formulation allows the model to dynamically weigh the importance of each input element,
effectively creating a context-aware representation for each position in the output sequence.

2.3.3 Multi-Head Attention

To capture different types of relationships and dependencies simultaneously, the Transformer
runs several attention operations in parallel, each with its own learned projection matrices. At
this point the input is no longer Q, K, and V themselves, but the hidden states from which
they are projected: given X¢g € RV*? and Xy, Xy € RM*4 where d is the model dimension

MultiHeadAttention(Xq, Xk, Xy ) = Concat(head;, ... ,headH)WO, (26)
where each head is computed as
head; = Attention(XoW&, X WK Xy W), (27)

Here, WZQ € R¥xdk, WZK € Rdxdx, WZV € R¥™dv are projection matrices for the i-th head,
and WO € RHdvxd projects the concatenated outputs back to the model dimension. Typically,
dp =d, = %, where H is the number of heads. We will denote dj, = % as the head dimension,
so dp, = di = d, in standard implementations.

In the decoder-only setting, the two restrictions introduced above carry over to every head.
A single hidden-state matrix X € RT*¢ supplies all three projections, and each head applies
masked self-attention,

MultiHead Attention(X) = Concat(heady, ..., heady )W,

28
head; = MaskedAttention(XWiQ, XWE XwY). (28)

This combination, called multi-head masked self-attention, is the standard attention mechanism
of decoder-only LLMs, and we refer to it as MHA. In standard implementations dy = d, = d/H,
and we write dp, = d/H for this common head dimension. Some architectures let several query
heads share one key-value projection. From here on, Hq denotes the number of query heads
and Hgy the number of distinct key-value heads; for MHA the two coincide, Hq = Hxy = H.
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2.3.4 KV-cache

Let us consider autoregressive decoding and observe that, within a head, the attention output
at time step t is Eq. (25) restricted to j < t:

t
o = Zatjvj. (29)
j=1

Of the queries, only q; enters this expression, through a;; in Eq. (24), whereas the keys and
values of all tokens 1,...,t¢ are required. The keys and values of the first ¢ — 1 tokens have
already been computed at the preceding steps, so they can be stored and reused instead of
being recomputed. Before appending the current token’s KV pair, an implementation holds
exactly these t — 1 cached entries. This technique is known as K'V-cache and is widely used in
LLMs to speed up inference by avoiding redundant computations, at the cost of an increased
memory footprint. Reducing this footprint is the goal of multi-query attention (MQA) [67],
which sets Hixy = 1, and grouped-query attention (GQA) [68], which takes 1 < Hgy < Hgq.
Multi-head latent attention (MLA) [69] instead caches one low-rank latent vector per token,
from which the per-head keys and values are reconstructed.

2.3.5 Computational and Memory Complexity

Three regimes have to be distinguished. During training the whole sequence is processed at
once. At inference, the model first runs a single forward pass over the input prompt, which
is called prefill, and then generates tokens one at a time, each generated token requiring one
decode step. The cost of an attention layer splits into two contributions that scale differently
across these regimes. The projection cost covers the computation of Q, K, V and of the output
projection WO, while the attention cost covers the formation of QK and the aggregation of
V. Which of the two dominates depends on whether the sequence is longer than the model
is wide. As for memory, training and prefill have to deal with the attention matrix, which
occupies O(T?) memory if materialized fully. During a decode step, thanks to the KV-cache,
only the last row of this matrix is needed, that is O(T) memory. The cache itself, however,
occupies Miy = 2LBT Hivdpb bytes, where L is the number of layers, B the batch size, and b
the number of bytes per scalar. For full MHA one has Hxvydp = d, while MQA and GQA take
Hyv < Hq. This expression does not cover MLA, which caches a latent vector of dimension d.
per token and layer instead of Hyky key-value heads. Table 2 collects the computational cost
and the corresponding memory of one attention layer in the three regimes.

Table 2: Per-sequence, per-layer complexity of one MHA block. T’ denotes the sequence length,
and in the decode column the number of already cached tokens; d is the model dimension, H gy
the number of key-value heads, and dj the head dimension.

o Inference
Training
Prefill Decode (per step)
Projection cost O(Td?) O(Td?) O(d?)
Attention cost O(T?d) O(T?d) O(Td)
Attention-matrix memory  O(T?) o(T?) o(T)
KV-cache memory - O(THdeh) O(THdeh)

Training and prefill share the same asymptotics, since both process the whole sequence at
once; the nature of attention allows for efficient parallel training on GPUs [1], as all pairwise
interactions and heads can be computed simultaneously. A decoding step, in contrast, pro-
cesses a single token against the cache, which removes one factor of T' from both cost rows.
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Consequently, training and prefill are commonly compute-bound, while decoding is commonly
memory-bound [42], given that a decoding step performs only O(Td + d?) operations but has
to read the whole cache from High Bandwidth Memory (HBM). This is a typical regime, as the
actual behavior depends on the batch size, the context length, the kernel implementation, the
numerical precision, and the hardware.

2.4 Feed-Forward Network

The feed-forward network (FFN) is a critical component of the Transformer architecture, typ-
ically accounting for approximately two-thirds of the model’s parameters [70]. In modern
decoder-only LLMs, the FFN follows a gated architecture [71]:

FEN(x) = |o(x| W&') o xTW“P} wdown, (30)

where Weate WP ¢ RI*ds are the gate and up projections, WV ¢ Ré4xd ig the down
projection, o(-) denotes a non-linear activation function (commonly SiL.U/Swish; [72] or GELU
[73]), and ® represents element-wise multiplication. The expansion factor %ff typically ranges
from 2 to 4 in practice. The FFN is applied independently and identically at each sequence
position; that is, the same weights are reused for every token, so, unlike attention, it does not
mix information across positions.

Two properties make this component distinctive. First, it holds a large part of the weights,
yet consists of nothing but dense matrix multiplications. Since general matrix multiplication
(GEMM) [74] is thoroughly optimized for modern accelerator architectures such as GPUs, an
FFN is evaluated very fast despite its size, and any structured replacement has to compete with
that baseline. Second, FFNs have been argued to act as key-value memories [70] and to mediate
some factual associations [75], which makes their factorization relevant to interpretability and
not only to efficiency.

2.5 Overview of Tensor Decompositions for LLMs

Table 3 compares the five formats along the properties discussed above. CP is the most compact
of them and the only one that comes with a uniqueness guarantee, which makes it the natural
choice when the factors themselves are meant to carry meaning. Tucker assigns a separate rank
to every mode and therefore suits tensors whose modes have distinct semantics, such as layers
and heads, at the price of a core that grows with the order. TT and TTM keep the parameter
count linear in the order and are the usual choice for large matrices, including embedding layers,
projection matrices, and adapters; TTM additionally preserves the operator structure of the
matrix it replaces. BT sits in between: richer than CP, but more structured than a single large
Tucker core.

3 Lifecycle Overview

This section introduces the lifecycle taxonomy that organizes the survey. Section 3.1 defines
the stages, their boundaries, and the rule used to assign methods that affect more than one
stage. Section 3.2 then grounds the taxonomy with concrete examples based on LLaMA-3-
8B. The lifecycle view is complemented by the component view in Section 4, which asks which
Transformer objects are tensorized, and by Section 5, which formalizes the objective and reviews
the literature at each stage.

3.1 The Lifecycle Taxonomy

We organize tensor methods according to the lifecycle of a language model: tokenization, em-
beddings, pre-training, adaptation, compression, inference, and interpretability. Adaptation is
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Table 3: Overview of the tensor decomposition formats used in language models: parameter count, main
strengths and weaknesses, and representative use cases. The notation follows Section 2.2.

Decomposition Number of

Strengths

Weaknesses

Natural use cases

parameters in LLMs
Most compact.; NP-hard CP.-ranl.q a Compact embedding
CP unique under mild best approximation
RY I, . . tables [76]; factored
[57], [13], [14] " condition, hence may not exist; KV-cache [77]
interpretable factors unstable fitting
Core grows
exponentially in the Cross-head factor
Per-mode ranks; order N; gauge sharing [78], [79];
Tucker [12] [T Bt 20, InBin freedom leaves

flexible compression

Parameters linear in

factors not directly
interpretable

Gauge freedom,;
TT-rank depends

cross-head redundancy
in the KV-cache [80]

Tensorized embedding
layers [81], projection

T [19] 2o Bn-1ln B the order N on the chosen matrices [82], adapters
reshaping [83]

Tensorized embedding

Preserves the Same gauge layers [84], projection

TTM [63] 2o BnilnJn operator structure freedom as TT matrices [85], adapters
(86]

ST, Re + Interpolates More Attention rewritten as

k| Hinilkn between CP .

BT [65] compactness and hyperparameters (K a BT representation

2on InR’m] P and per-term ranks) [87]

Tucker flexibility

represented primarily by parameter-efficient fine-tuning (PEFT), although the stage also in-
cludes other procedures that modify a pre-trained model for a downstream use. The term
lifecycle identifies the point at which tensor structure is introduced, exploited, or analyzed; it
does not imply that every model follows one irreversible linear sequence. For example, adapta-
tion and compression may be repeated or applied in either order, and interpretability can be
performed before, during, or after deployment.

We distinguish the stages using four attributes: (i) the intervention time in the model life-
cycle, (ii) the primary tensor object, (iii) the objective optimized by the method, and (iv) the
evaluation criterion. Tokenization acts on a discrete vocabulary and segmentation rule; embed-
dings act on continuous token representations; pre-training learns the base model parameters;
adaptation learns task- or domain-specific updates to a pre-trained model; compression trans-
forms an already trained model to reduce its resource footprint; inference operates on runtime
objects such as attention factors and the KV cache; and interpretability analyzes, reformulates,
or deliberately imposes multilinear structure to expose model mechanisms. These boundaries
matter, since two methods may use the same decomposition while solving different optimization
problems and requiring different evidence of success.

The lifecycle view and the component view are therefore orthogonal taxonomies. A method
can be located by both when tensorization is introduced and what it acts on. For example, a
TTM representation of an FFN weight may be learned during pre-training, fitted post hoc for
compression, or used only for an adaptation update. For methods that span several stages, we
assign the primary lifecycle label according to where the tensor constraint is introduced and
which objective is optimized; downstream effects are recorded as cross-stage consequences. A
complete method description should consequently specify at least the lifecycle stage, compo-
nent or tensor object, tensorization scheme, decomposition family and ranks, training regime,
and evaluation metrics. Figure 2 presents the taxonomy with representative works, while the
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corresponding subsections of Section 5 give formal problem definitions and broader literature

coverage.
( Tokenization H Embeddings H Pre-training %
§5.1 §5.2 ( §5.3 )
no published works TT-embeddings [84], Multi-Linear Atten-
TensorGPT [81], TN- tion [87], GPT-TTM
gram [76], MorphTE [85], Hypoformer [89],
[88] Shapeshifter [90],
CoMERA [82]
J
Adaptation H Compression H Inference Hlnterpretability)

( §5.4 1 | §5.5 ) §5.6 §5.7

KronA [91], DoTA KnGPT [99], TQ- TPA [77], Tucker At- Bilinear MLPs [106],

[86], LoORETTA Compressor [100], tention [80], Deco- PolySAE [107], Ten-
[92], LoRTA [93], TensorLLM (78], Quant [104], EinSort sorLens [108]
LoTR [94], TT- LeSTD [79], Com- [105]

LoRA [83], MetaTT
[95], QuanTA [96], [102], LatentLLM
Quantum-PEFT [97], [103]

TeRA [98] \ J

pactifAlI [101], Saten

Figure 2: The seven-stage lifecycle taxonomy, with representative tensor methods at each stage.
The arrows show a common model-development and deployment flow: stages may be revisited,
reordered, or analyzed retrospectively. Each stage corresponds to a subsection of Section 5.

Each lifecycle stage exposes a different structured object and a different notion of success.
Table 4 summarizes the primary tensorization target, expected benefit, and characteristic risk
at each stage. The listed risk is stage-specific; cross-cutting issues, including rank selection,
tensorization-shape sensitivity, optimization stability, kernel support, and the compression-
realization gap, are discussed in Section 9.2.

The taxonomy also clarifies why decomposition names alone are insufficient for comparison.
TT and TTM, for example, occur in embeddings, pre-training, adaptation, and compression,
but their roles differ: they may define a trainable base-model parameterization, constrain an
update, or approximate a fixed pre-trained weight. Conversely, one lifecycle stage may admit
several decomposition families with different rank notions and contraction costs. Cross-stage
dependencies further complicate evaluation: ranks selected during pre-training may constrain
later adaptation capacity; post-training compression changes the kernels and memory traffic
observed during inference; and interpretability can study either the original or tensorized model.
Comparisons should therefore be made within a shared lifecycle objective and should report both
stage-specific quality and system-level consequences.

3.2 Illustrative Examples for LLaMA-3-8B

To ground the abstract lifecycle stages in concrete terms, this section walks through one rep-
resentative method per stage, whereas a formal description and comprehensive comparison of
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Table 4: Lifecycle view of tensor methods: the primary tensorization target, expected benefit, and characteristic

risk at each stage.

Stage Tensorization target Expected benefit Key risk or cost
Vocabul tructured b, . . .
L Vocabulary, text ocabliaty structutec by A discrete, non-differentiable
Tokenization . token relatedness (no . .
segmentation ) map offers no object to factorize
published work)
. . lary-scal L i k
Embeddings Token representations Compact vocabulary-scale ess expressive token

Pre-training

Weights, optimizer
states

embedding table

Lower memory for weights
and optimizer states;
structural priors

representations

Optimization stability; unknown
scaling behavior

Adaptation . Unmerged adapters add
. . . Ultra-parameter-efficient .
(primarily Adaptation updates . contractions to every forward
fine-tuning
PEFT) pass
Compression Pre-trained weights Memory reduct%op without Quality loss and increased
full retraining latency
Inference KV-cache, attention Per-token cache memory Compression that does not
factors savings at long context translate into decoding speedup
Explicit multilinear Imposing multilinearity requires
Interpretability Activations, weights structure; circuits as P 5 y red

. re-training from scratch
diagrams P &

methods at each stage appear in Section 5. Tokenization has no example since, although it re-
mains part of the taxonomy, no published work tensorizes this stage (Section 5.1); consequently,
the walkthrough starts with embeddings. Throughout, LLaMA-3-8B [26] serves as a running ex-
ample, with configuration |V'|=128,000, d=4096, L=32, Hq = 32, Hxy = 8, dg=14336, d;,=128,
~8.03B parameters total. Not every stage has a published method targeting this exact model,
which is why, where necessary, notation is adapted accordingly.

Per-Row TT Compression of the Embedding Table

.

I P
Reshape

+ TT-SVD

—> |dl |d2 |d3 |d4

EE-E)E)
dy da ds3 d.

4

TTM Parameterization of an FFN Projection

X ]

I I I3 Iy

Rl R2 R3 @
J1 J2 J3 J.

4

TTM

O~ -

Figure 3: Left: each embedding row e; is reshaped into a tensor E® which is then approximated
by a TT decomposition with cores G\ € REn-1xdnxRn viag TT-SVD [19]. Right: a dense matrix
W e R/*/ is represented by a chain of TTM cores W e REn-1xInxJnxBn  The reshaped

input X € RIxf2xIsx1a ig contracted directly with the core chain, producing a factorized output
y c ]RJ1><J2><J3><J4‘
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Embeddings. One way to tensorize an embedding table is per-row factorization: each row is
reshaped into a higher-order tensor and decomposed independently. TensorGPT [81] compresses
each token embedding individually. This preserves row independence, which suits the look-up
table nature of the embedding layer and keeps the scheme valid under a changing vocabulary.
In LLaMA-3-8B, the embedding table E € R!28000x409 }6]ds roughly 525M parameters, and
since the model does not tie input and output embeddings [109], [110], the table alone accounts
for about 6.5% of all parameters. The feature axis factors cleanly as d = 4096 = 8%, so each row
becomes a fourth-order tensor and admits a TT decomposition with TT-rank (1, Ry, Ro, R3,1),
as illustrated in Figure 3 (left). The technique is training-free, as TT-SVD [19] is applied
directly to the pre-trained embeddings. With Ry = Ry = Rs = R, the whole table costs
128,000 x 16 R(1 + R) ~ 2R(1 + R) x 10% parameters. The rank governs the trade-off: taking
R =1 compresses the table by 128, while R = 4 gives 12.8x and retains more of the original
embeddings, since the TT-SVD truncation error decreases as the ranks grow. The empirical
quality cost of such compression is reported in [81].

Pre-training. Training a language model with tensor-structured weight matrices from scratch
is the most direct way to use tensor structure as an inductive bias. One natural approach is to
parameterize each large dense weight matrix with a TTM representation before training [85].
The dense matrix is then never materialized. Instead, the input x is reshaped into a tensor
and contracted directly with the TTM cores, so the weights and their optimizer states scale
with the cores. As a concrete illustration, consider applying the TTM representation to the
down-projection W € R14336x4096 of one FEN block in LLaMA-3-8B, whose input and output
dimensions factor as 14336 = 8 x 14 x 16 x 8 and 4096 = 8%, respectively. As shown in Figure 3
(right), this yields a TTM chain of four cores

Wl c RlXSXSXRl WQ c RR1><14><8><R2 W3 € RR2X16X8XR3 W4 c RR:;XSXSXI
; ) ) .

If we take Ri = Ry = R3 = R, the total parameter count is 128R + 240R?, compared with
14336 x 4096 =~ 58.7M for the dense matrix. At rank R = 64, for instance, the TTM stores ap-
proximately 1M parameters, corresponding to a compression ratio of roughly 60x for this single
projection. Chekalina et al. [85] demonstrate that training GPT-2 with such TTM-parametrized
layers (at a sufficiently high rank) incurs only a small perplexity increase, suggesting that the
dense parameterization is not necessary to reach this quality level

Kronecker Parameterization of the Adapter Update Tucker Compression with a Sparse Core
H
I Ji
Tuck(:;
G [
4

Figure 4: Left: the weight update is parameterized as a Kronecker product of two factor matrices,
A € RV and B € RE2X%2 ) 50 that AW € RIV2X7172 - Right: the attention projections of
one layer are stacked into a fourth-order tensor W € R4*@>4xH “whose modes index, in order,
the model dimension d, the head dimension dj,, the projection type (W, WX WV W?), and
the H attention heads. The tensor is approximated by a Tucker decomposition with core
G € RIuxRaxBsxH an( factor matrices U ¢ R>Fr U@ ¢ RInxF2 UB) ¢ R**Fs | leaving
the head mode uncompressed. The core is then sparsified, as indicated by the dashed diagonal.
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Adaptation. At the adaptation stage, the incremental weight update AW is either pa-
rameterized directly as a tensor network or structured through tensor-algebraic operations
such as the Kronecker product. Instead of adding a low-rank matrix update UV’ e RI*/
[111] with U € R and V € R7*E KronA [91] applies a Kronecker product increment
Wy «— Wy + a(A ® B), where A € RIVX1 B ¢ R2*2 with scaling o, and I1]o = I,
J1Jo = J. Figure 4 (left) shows the corresponding tensor network diagram. By the standard
identity rank(A ® B) = rank(A) - rank(B) [52], a single Kronecker term reaches matrix rank
up to min(Iy, Jy) - min(ls, Jo) at a cost of I1J; + I3 Jy parameters. A LoRA update of rank R,
by contrast, has matrix rank up to R and costs R(/ + J) parameters. Thus, its rank grows
linearly with the parameter budget, whereas the Kronecker form multiplies the ranks of its
factors while only adding their sizes. The gap is concrete for LLaMA-3-8B. For the per-head
query projection W € RI096X128 " the factorization (I1,J;) = (64, 16), (I2, Jo) = (64,8) gives
a single-term KronA adapter of 1,536 parameters whose rank can reach 128, the full column
rank. LoRA spends 4,224 parameters per unit of rank here, so the same rank costs 540K, and
even R = 1 costs nearly three times the whole Kronecker adapter. The comparison concerns
attainable rank rather than attainable updates, since Kronecker terms span only a structured
subset of the matrices of that rank, while the low-rank factorization is unconstrained.

Compression. At the compression stage, tensor decompositions are applied post-hoc to pre-
trained weights to reduce their memory footprint, exploiting the low-rank structure that emerges
in trained networks. LeSTD [79] targets the MHA block as a whole. For each head, the four
projections, namely query, key, value, and output, are stacked into a third-order tensor, and
the per-head tensors are stacked along a fourth mode indexing the heads. Compression is data-
free and proceeds in two stages. In the first stage, a Tucker decomposition over the first three
modes is computed , so all heads share the factor matrices U, U@ UG while head-specific
information stays in the corresponding slice of the core G € RfttxfexRsxH. the head mode is
left uncompressed. In the second stage, the core is sparsified by an importance score. Fig-
ure 4 (right) illustrates both transformations jointly. In LLaMA-3-8B, GQA prevents a single
head mode, given that Hq = 32 whereas Hiy = 8, so the construction could be split into
Waqo € RA0I6X128x2X32 and Wiy € RA096x128x2x8 1o]ding 33.6M and 8.4M parameters. The
smaller K /V tensor uses the lower mode-1 rank since its mode-1 factor would otherwise domi-
nate. With 70% core sparsity and Tucker ranks (1024, 64,2, Hg) and (256, 64, 2, Hky ), the two
shrink to 5.5M and 1.1M, a factor of 6.4x for the block. What remains is dominated by the
shared factors UM (5.2M of 6.6M), so the benefit grows with the number of heads owing to
the amortization of these factors across heads, while only the core scales with H. GQA works
against this, since the K/V tensor offers only eight heads to amortize over.

Inference. The natural target for tensorization at the inference stage is the KV-cache, whose
size grows linearly with sequence length. Tensor Product Attention (TPA) [77] factorizes the
query, key, and value matrices of each token, so that the cached keys and values are never
materialized. For token ¢, the key matrix K; € R” ¥ is written as R—lKAtT B, with A; € RftxxH
and B; € REx>dn and analogously for Q; and V. Figure 5 shows this two-factor case; variants
with more factors are also possible. Caching the factors costs (Rx + Ry )(H + dj) values per
token instead of 2Hdjy: for a LLaMA-3-8B-sized layer with H = 32 and dj;, = 128, that is 640
against 8,192, assuming Rx = Ry = 2; a reduction of 12.8x. The baseline here is multi-head
attention since TPA subsumes both: MHA, MQA, and GQA are its non-contextual special
cases. For comparison, the grouped-query attention of LLaMA-3-8B shares keys and values
across Hixy = 8 groups and therefore stores 2Hkvd, = 2,048 values per token; the factored
representation is 3.2x smaller still.
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Key Tensor in TPA

Figure 5: Left: the full key tensor K € RT*H*dn decomposes as stacked K; matrices [77]. Right:
(dotted box): for a single token ¢, the key matrix K; € R¥*% is expressed as the contraction
AtTBt over the rank mode Rk, with A; € REx*H and B, € RFx*dr_ Scaling by the factor of
R%< is omitted for this illustration.

Interpretability. Bilinear MLPs [106] drop the element-wise nonlinearity from the gated
FFN, which turns the layer into an exact contraction with a third-order tensor B € R%*dxd
(Section 4.4, Eq. (39)). For LLaMA-3-8B this means replacing all 32 gated FFN blocks by bilin-
ear ones. The parameter count stays the same, but SwiGLU disappears from the architecture,
so the model has to be pre-trained from scratch. The resulting tensor admits three modes of
analysis, differing in how much is already known about the features. Given dictionaries for both
the input FI* € RF*409 and the output FOU e RS *409 features of a layer, obtained for example
from sparse autoencoders, contracting them into all three modes rewrites B € R4096x4096x4096
in the feature basis B = B x1 FOU x5 Fit x4 Fit ¢ Rf XX/ g6 that each entry of B is the
interaction of a pair of input features for one output feature. Given only an output feature
u € R such as an unembedding row, contracting the output mode leaves the symmetric
interaction matrix Q = B x; u! € R4096x4096 whose eigenvectors are the input directions driv-
ing u and whose eigenvalues weight their quadratic contributions. With no features at all, the
tensor could be analyzed directly, for example through a HOSVD. The three routes therefore
differ in cost as well as in prerequisites, since contracting features away keeps the analysis at
matrix scale, whereas the last route touches the full tensor, where d®> ~ 69B entries per layer.

4 Tensorizing the Transformer

The current literature tensorizes the Transformer module primarily in a component-wise fash-
ion. Concretely, existing works mostly focus on a single Transformer submodule, such as the
embedding layer [81], the attention mechanism [87], or the FFN [85]. This section follows the
same component-wise organization, which we call the component view of the survey, given the
substantial differences in structural constraints across the three submodules. First, Section 4.1
introduces a two-way classification of tensorization strategies. Then, Sections 4.2 to 4.4 discuss
each submodule in turn, covering where the tensor object arises, which tensorization strategies
are structurally compatible with it, and what the key challenges are. Finally, Section 4.5 gives
a structural overview.
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4.1 Tensorization Strategies

Tensorization strategies can be classified by whether the modes of a tensor object carry semantic
meaning. If the modes have known semantics, such as position in the sequence or the attention-
head index, we refer to this as mode-specific tensorization. In this case, knowledge about the
semantic meaning allows us to exploit the structure of the tensor. For instance, decomposition
factors can be shared across structurally similar modes, reducing memory consumption. Imposed
tensorization arises when modes are assigned arbitrarily, for example by reshaping a weight
matrix into a compatible shape. In this case nothing in principle restricts the choice of tensor
network; instead, it may be motivated by the inductive bias one wishes to impose on the
parameterization [112]. This distinction organizes the component analysis in the following
sections.

4.2 Embedding Layer

Three structurally distinct lines of work on embedding tensorization can be identified, differing
in how the tensor object arises and which decompositions are structurally compatible.

Classical embedding table. Let E € RIVI*9be the standard token embedding matrix, where
each row is an independent token representation. Since the rows are independent, the matrix
carries no higher-order organization. Tensorization is therefore imposed in one of two ways.
Either each row is reshaped into a tensor independently, or the full matrix is treated as a tensor.
While the row-wise approach preserves row independence, tensorizing the full matrix can hurt
it. In both cases, however, decomposed embeddings require a chain of contractions to recover
the full vector at inference time, unlike a direct table lookup. This creates a tradeoff between
compression ratio and inference latency.

N-gram embedding table. A structurally different tensor arises when the classical em-
bedding layer is replaced by an n-gram embedding Ejgram € RIVI"xd [113], where each entry
represents a sequence of n tokens. After reshaping the vocabulary axis, each mode of the result-
ing tensor corresponds to a distinct position within the n-gram. Therefore, tensorization here
is mode-specific. For n > 2 and any realistic vocabulary size, the full table is prohibitively large
to store in memory [76]. Tensor decomposition thus serves not as a compression choice applied
post-hoc, but as a structural necessity for operating with this object at all. Parameterization
in the form of a tensor decomposition for the n-gram table introduces a rank hyperparame-
ter. This rank directly controls the expressiveness of the learned representations, with higher
ranks yielding lower final loss [76]. This demonstrates the key tradeoff involved in selecting the
optimal rank subject to memory constraints.

Morpheme-based embedding table. Instead of storing a representation for each token,
one can maintain a smaller table over morphemes, i.e., the sub-token units that compose tokens.
This morpheme-based matrix Eporpheme has size |M| x d, where [M| < |V], making it substan-
tially more compact than the standard embedding layer. Token vectors are then constructed
from morpheme embeddings via tensor-algebraic operations [88], making this a mode-specific
tensorization, as each mode corresponds to a morpheme position within the word. However,
this introduces additional hyperparameters and may yield less expressive word representations
than direct lookup.

4.3 Attention Mechanisms

The attention mechanism exposes several structurally distinct tensor objects, each admitting a
different tensorization rationale. We organize them into three cases.
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Q, K, V tensors. For hidden states X € RE*T*4 MHA produces query, key, and value
tensors

Q e RB><HQ><T><olh7 ’C, Ve RBXHK\/XTth’ (31)

where the four modes are batch, head, sequence position, and head dimension. These tensors
are activations rather than static weights, so we also use the notation Q(zx), (z),V(x). Since
each mode carries a distinct semantic role, tensorization here is mode-specific. The primary
object of interest is the KV-cache, namely the K,V tensors. Exploiting the structure of these
tensors can significantly reduce the KV-cache memory footprint and the volume of inference-time
data transfer. However, exploiting this structure remains non-trivial for the following reasons.
First, tensor methods must either be compatible with efficient Attention implementations such
as FlashAttention [114], or achieve a comparable level of GPU utilization. Second, tensor
methods must match or exceed non-tensor counterparts such as GQA and MLA in terms of
both compression ratio and model quality. Third, RoPE [115] compatibility is an additional
constraint, given that RoPE applies position-dependent rotations to Q and K at inference
time; consequently, any factored or compressed KV-cache representation must support these
rotations. The crucial design challenges for a tensorized KV cache are therefore efficient GPU
implementation, competitiveness with non-tensor schemes, and RoPE compatibility.

Projection matrices. We distinguish two approaches to tensorizing the projection matri-
ces. The first one treats each matrix Wg, W, Wy, Wy independently via imposed reshaping,
which is structurally identical to FFN tensorization and is discussed in Section 4.4. The second
one stacks projections across layers, heads, and projection types to form a joint tensor, intro-
ducing semantic modes. The projection matrices Wg?h, W%?h, Wg)h € R¥dn (per head h and

layer ¢) and Wg) e RHnxd differ in shape: Wg) maps from the concatenated outputs of all H
heads and is therefore H times wider along one dimension, which must be accounted for when

forming a joint tensor. If Wg) is excluded, the query, key, and value projections assemble as:

WQKV = stackg,p’h (W](f;b

) c ]RL><3><H><d><olh7 pE {Q,K, V}, (32)

where £ and h are the layer and head indices, respectively. To include Wg), we divide (W(Og))T
into H blocks Wg)h € R¥dn_each corresponding to a single head. Then:

Wokvo = stackyp (W;QL) e RExdxHxdxdy -, ¢ {Q,K,V,0}. (33)

For Wokv and Wgokvo, the layer, projection type, and head modes carry distinct semantic
meaning. This mode-specific structure enables cross-layer and cross-head factor sharing, which
has been widely exploited by existing methods [79]. The key tradeoff is between the compression
gains from sharing and the increased coupling between modes that sharing introduces.

4.4 Feed-Forward Network

The FFN matrices Wgate, Wayp, and Wyeen can be treated independently as linear maps or
organized into a joint tensor. The following two paragraphs discuss these approaches, which
turn out to fall on opposite sides of the mode-specific/imposed distinction.

TT and TTM. Under imposed tensorization, the projection matrix W is reshaped into
a higher-order tensor W, which is then parametrized or decomposed using a tensor network.
Both the tensorization scheme, namely the shape and order of W, and the topology of the
tensor network are free design choices. The TT family, represented by TT and TTM, prevails
in the current literature.

20



Let I = Hfzle I, and J = H%:l Jm. Under TT tensorization, the projection W & RI*”/
is reshaped into W € R xXInxJixxJm and the input x € R! into X € RIV<*IN - Repre-
senting W in the TT format with third-order cores G, ..., GV+M) the output y' = x' W is

computed entrywise as

Ty Iy
N N N+M
Vit e = Z Xih---,iNg:(,g,: T g( ) g( . 'g( N )7 (34)

LIN 5015 LIM
=1, in=1

and ) € R71X*J/M ig reshaped back into y. TTM tensorization instead requires the two
factorizations to have the same length, so that I = Hivzl I, and J = Hf:[:l Jn. The projection
is reshaped into W € RIx/ixxINXJIN “pairing each input mode with the corresponding output
mode, and the contraction becomes

I,...IN

N
Viein = D Xipoin GG (35)

:7iN7jN7:’
=1, iy=1

where G() € REn—1xInxJnxBn gr6 the TTM cores. The two formats differ in how the modes are
ordered: TT chains all N + M modes in sequence, whereas TTM couples the n-th input mode
with the n-th output mode inside a single core, halving the length of the chain.

In TT tensorization, the cut between cores N and IN + 1 separates all input modes from all
output modes, so the rank of the reconstructed matrix W' is bounded by Ry [19]. For TTM
tensorization, Theorem 1 of [84] states that almost every TTM whose ranks are bounded by a
fixed set R reconstructs to a matrix of full rank min(7, J). An arbitrary learned TTM projection
can therefore represent a full-rank matrix in principle. In practice, however, Li et al. [89] report
that TTM parameterizations with low ranks struggle to retain expressivity.

The key tradeoff here is between compression and latency. A tensorized layer replaces a
single GEMM with a sequential chain of small contractions, whereas modern GPUs are well
optimized for large matrix computations but handle such small-size contractions poorly, so
a tensorized model can cut parameters and FLOPs while still running slower than its dense
counterpart; realizing an actual speedup requires kernel-level work, such as optimizing the
contractions themselves and removing backend overhead [82]. The general solution to this
challenge remains an open direction (Section 9).

Bilinear FFN A gated FFN becomes bilinear when the element-wise nonlinearity is dropped
[71]:

ZT — (XTWgate) ® (XTWup)’ yT — ZTWdOWH. (36)
This case differs from those above: the layer is multilinear in x, so it admits an exact tensor

representation. Fix a hidden coordinate a.. Since (XTW)Q = XTWW, the two branches combine
into a quadratic form:

Zo = (x| WEMe) . (xTWUP), = (XTW%W) (XTWSE) = Xnggte (W:‘fg)Tx =x'Byx. (37)

Note that only the symmetric part of B, contributes to the quadratic form, so B, may be
replaced by %(Ba + B/) without loss of generality. Propagating through the down-projection
and summing over « gives:

dg dg dg
yo = Dz W™ = (< Bax) W™ = xT (Z Wzi?zv“Ba> x=x"Byx (39
a=1 a=1 a=1

so that the whole layer collapses into a single contraction

y' =Bxyx' xzx', (39)
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where B € R4*¥¥4 and each slice Bg.. . is symmetric. The modes of B carry semantic meaning,
with two input coordinates and one output coordinate, so this is the place in the FFN where
tensorization is mode-specific. Pearce et al. [106] use this directly as a mechanistic interpretabil-
ity tool, discovering circuits from B. The practical obstacle is that gated variants remain the
default in deployed LLMs [71], so obtaining a bilinear FFN requires training from scratch.
With a nonlinear activation no such representation exists. The three matrices can still be

stacked into:
S = [vaan;e7 Wup’ (Wdown)T] c R3Xd><dﬁ" (40)

where the modes index the projection type, the input dimension, and the hidden dimension; as
in Eq. (33), these stacks can be further concatenated across layers, or across experts in MoE
models, yielding tensors of higher order. Unlike B in Eq. (39), however, S carries no multilinear
operator meaning: its first mode does not participate in the forward pass at all.

4.5 Components Overview

Table 5 provides an overview of the component-wise analysis. The Tensorization Type column
follows the mode-specific/imposed classification of Section 4.1, and the Key tradeoff column
names the dominant constraint.

Table 5: Structural overview of tensorized Transformer components. The tensorization strategy
follows the classification of Section 4.1.

Component Tensor object Tensorization Key tradeoff
strategy
E e RIVIxd imposed Compression vs. lookup latency
. n . Memory tractability vs. rank
Embedd IVI"xd - . .
mla(;ermg Engram € R mode-specific selection difficulty

Memory reduction vs. expressiveness

R|M\ xd
of representations

Enorpheme € mode-specific
Q c RBXHQxTxdh;

IC’V c RBXHKvXTth

. KV-cache compression vs. kernel
mode-specific

Attention efficiency and quality parity
mechanism Wory € REXSxHxdxdh . Parameter sharing vs. reduced
W RLx4x Hxdxdy, mode-specific ind d
QKVO € independence
Wap, Wate € RIXdi imbosed Compression vs. latency (contractions
Wdown € R4 P vs. GEMM)
FFN B € R4*dxd (bilinear) mode-specific Exact mul tilinear structure vs.
training from scratch
3xdxd . Joint representation of a layer vs. no
SeR f (stacked) mode-specific

operator semantics

5 'Tensorization Across the Lifecycle

This section develops the lifecycle view: it organizes applications of tensor methods for LLMs
by stage, following the lifecycle taxonomy introduced in Section 3. Each subsection opens
with a formal problem definition, followed by a literature overview and a summary table where
coverage is sufficient. Stages with sparse literature acknowledge gaps directly.
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5.1 Tokenization

The tokenization stage maps raw text to a sequence of subword units drawn from a fixed
vocabulary V, typically produced by byte-pair encoding [116] or the unigram language model
[117], commonly applied through SentencePiece [118]. The vocabulary is a set of discrete
symbols and the tokenizer is a non-differentiable map, which makes this stage an unusual target
for tensor methods, as no continuous multilinear object exists until the tokens are embedded.

To our knowledge, no published work applies tensor methods to the tokenization procedure
itself. The closest tensor work starts one step later, at the representation of tokens: MorphTE
[88] injects morphological structure into the embedding table, and TN-gram [76] tensorizes n-
gram embeddings (Section 5.2). Both take the vocabulary as given. The tokenizer has been
made stochastic [117], [119] and even learnable [120], but not tensorized. We outline what
tensorization could offer at this stage in Section 9.

5.2 Embeddings

Problem definition. Tensorizing the embedding layer can pursue different optimization ob-
jectives mirroring the two objectives for pre-training (see Section 5.3) and compression (see
Section 5.5), namely training the embedding matrix from scratch or applying a training-free
compression scheme to a pretrained embedding matrix. Both cases affect only the embedding
layer while leaving the rest of the model unchanged, unlike the methods discussed in Section 5.3
and Section 5.5. This two-way classification is orthogonal to the table-type classification from
Section 4.2, since any table type may appear under either objective.

Literature overview. Before LLMs, tensor methods in NLP were primarily used for repre-
sentation learning of linguistic units. Early works constructed representations for subject-verb-
object triplets via Tucker-inspired factorization [121] and tensor-algebraic operations on word
vectors [122]. A second line of work emerged from reformulating the embedding-learning prob-
lem as matrix factorization of co-occurrence matrices. This motivated tensor extensions that
obtain richer representations by aggregating additional information, such as sentiment [123]
or frame-semantic role annotations [124], into a higher-order co-occurrence tensor, which was
then factorized to produce word representations. However, with the development of LLMs, the
objective shifted from tensor-based enrichment to compression and parameterization of learned
embedding table.

In modern LLMs, the dominant approach for tensorizing the classical embedding layer (see
Section 4.2) relies on TT-family decompositions. Hrinchuk et al. [84] replace the embedding
layer with a TTM representation and trains the model from scratch. This parameterization
achieves a substantial compression for Transformer-XL [125] on the language modeling task [84].
However, this approach requires training from zero in this parameterization, and, as discussed in
Section 4.2, row independence is violated: token ordering may affect representation quality [84].
TensorGPT [81] treats each row of the embedding layer independently; specifically, each row is
reshaped and compressed via TT-SVD [19] applied to an already pretrained model (see Figure 3,
left). This eliminates the need for retraining but may yield less expressive representations and
add inference latency.

Beyond the standard embedding table, tensor methods have been applied to two struc-
turally different settings: n-gram embedding table and morpheme-based embedding table (see
Section 4.2). In the first case, TN-gram [76] parameterizes the n-gram embedding table as
a CP representation, reducing the parameter count from exponential O(|V|"d) in n to linear
O(Rn|V|+ Rd). At the same time, each CP factor corresponds to a specific position within the
n-gram, making the decomposition interpretable. However, as with TT-Embedding, TN-gram
must be trained from scratch since the CP parameterization is intrinsic to the n-gram table. In
the second case, MorphTE [88] takes a different direction: instead of compressing a word-level
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table, it maintains a small morpheme embedding table and constructs word representations as
Kronecker products (referred to as tensor products in the original paper) of morpheme vectors.
This drastically reduces embedding table size but, again, requires training from scratch to adapt
the model to such embeddings.

Comparison. Table 6 compares the embedding methods discussed above along structural
lines. Each method targets a structurally different embedding table, each serving a different
representational purpose and application area. Therefore, these methods are not fairly compa-
rable, which is why no compression-ratio or perplexity columns are included here. The table
identifies the decomposition applied, the embedding table type, and whether a training stage is
required (training-free vs. from-scratch training).

Table 6: Structural comparison of tensor methods for embeddings stage.

Method Decomposition Embedding table Training
TT-embeddings [84] TTM Classical from scratch
TensorGPT [81] TT row-wise Classical training-free
TN-gram [76] CP N-gram from-scratch

Kronecker product of

MorphTE [88] morpheme embeddings

Morpheme-based from scratch

5.3 Pre-training

Problem definition. The optimization goal for tensorized pre-training can be stated as the
following constrained optimization problem:

min ﬁLM(W; DLM),
WeIN(R) (41)

st.mW) <M, c(W) <C

Here, W denotes the tensorized weights of the language model, TI(R) is the parametric family
of tensor networks given a set of ranks R, and Lr is the language-modelling loss on a corpus
Drm- The budget uses two functions to reflect the different effects of tensorization: m(-) mea-
sures memory, typically the stored parameters together with the peak footprint reached during
training, whereas c¢(-) measures computation, either the contraction FLOPs or the latency they
induce on the target hardware. The pre-training objective, in contrast to the compression ob-
jective (see Section 5.5), has no reference dense W, so the tensorized weights VW are trained
from scratch. And, unlike the embedding stage (see Section 5.2), tensorization here can target
any part of the Transformer.

Literature overview. Besides Transformers, tensor methods were already used in NLP. Prob-
abilistic language models were built directly with tensor decompositions: Tensor Space Language
Model (TSLM) [126] represents sentences as a tensor product of word vectors and then expresses
the conditional probability of the next token as the inner product of two tensors. Tensor Train
Language Model (TTLM) [127] continues this line and parameterizes the language model via
TT decomposition.

Several works reformulate the attention mechanism itself as a tensor network in order to
mitigate the complexity disadvantages of the Transformer architecture. Ma et al. [87] rewrite
it entirely in BT form (Eq. (20)): queries, keys and values act as the factor matrices A() = Q,
A®@ =K, A®) = V of a third-order tensor, shared across all K blocks, which differ only in their
diagonal cores G, € RFE*RXE: aach block term then plays the role of one head in classical MHA,
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with the head count replaced by K and the head dimension by the rank R. The construction
buys factor sharing and low-rank cores at the price of non-trivial causal masking, an issue
that the authors leave largely unexplained and that should be borne in mind when reading the
perplexities in Table 7. TensorCoder [128] pays a similar price: its dimension-wise attention
lowers the complexity from O(T2d) to O(Td?), but only in the encoder, as the causal mask
restores O(T2d?) in the decoder. Overall, tensor networks can change attention structurally,
with the autoregressive mask as the binding constraint.

A larger group of methods leaves the attention mechanism intact and tensorizes the weight
projections separately instead, following earlier work on tensorizing neural networks [129]. GPT-
TTM [85] applies this idea to an LLM, replacing every projection matrix in the dense layers
by a TTM parameterization (Section 4.4). The difficulty is the one described there: a low
TTM-rank is the regime in which the format is worth using, and also the regime in which its
full-rank expressivity is hardest to retain. Hypoformer [89] addresses this with a hybrid layer

W = [VWV“} with Wense € R* and Wrpy € RO-OI%J iy which a low-rank TTM
TTM

branch propagates in parallel with a dense one and the input vector is divided between the two
in a controlled proportion (a / 1 — ), combining the compression power of the tensor network
with the full-rank expressivity of the dense matrix. Both methods, however, fix the ranks before
training, so meeting a given budget requires a costly search. COMERA [82], instead, makes the
ranks themselves part of the optimization: it interleaves the T'T parameterization with diagonal
factors

W=g¢® _x' DO _x1g?® x! . _ x!DN-D_ x g

so that, within a multi-objective optimization problem, the matrices D™ e REnxEn gllow to
adjust the TT-rank dynamically during training. The authors additionally propose implemen-
tations of their framework optimized via CUDA Graph. The TT family is not the only choice;
Shapeshifter [90] parameterizes all matrices as a sum of Kronecker products instead, although
there the number of terms is again fixed in advance.

Comparison. Table 7 compares tensorized pre-training methods restricted to those that re-
port perplexity on a language-modeling benchmark. Only multi-linear attention [87] and GPT-
TTM [85] do this, with both appearing at two validated scales. The two are not equally solid,
however. Multi-linear attention [87] is compared against a Transformer-XL baseline of differ-
ent depth and width, so its compression may reflect the change of configuration. Shapeshifter
[90], Hypoformer [89], and CoMERA [82] are omitted, as they report no language-modeling
validation at all, making their compression claims incomparable with the LM pre-training-scale
evidence. This distinction matters here, given that scaling behavior is a central concern of the
pre-training stage in terms of Scaling Laws [7]; it is therefore necessary to know how far the
empirical evidence for a method extends before drawing conclusions.

5.4 Adaptation

Problem definition. Tensorized PEFT generalizes the idea of LoRA [111] by parametrizing
the update as a low-rank tensor network. The general optimization problem for tensorized

adaptation is

min Lk Wo + AW; Diask),
AWETN(R) (42)

s.t. m(AW) < M, ¢(AW) <C
where W is a frozen pretrained backbone, AW is constrained to a tensor family TI(R) for a
given set of ranks R, and Dy, is a task-specific dataset. The memory budget m(-) is the same

as in Section 5.3, only applied to the update. The compute budget ¢(-) depends on how the
adapter is deployed. If it is merged into W, after training, inference costs no more than the
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Table 7: Comparison of tensorized pre-training methods. Column definitions are as follows: Decomposition
denotes the underlying decomposition and its rank R; Baseline denotes the model against which A PPL is
calculated; Params gives the number of parameters in the tensorized model; and CR denotes the compression
ratio, CR = £ PAametelShasaiine.  \We calculate APPL = RPIXi%ensorized —Perplexitypaseline 3 1((), and | indicates

# Parameterstensorized perpleXitYI)aselizle
that lower values are better.

Method Decomposition Baseline ’IYz;l:ta/SG’)I;est #Params CR A PPL ({)
Transformer-XL WikiText-103 / *
Multi-linear Large (257M) [125]  WikiText-103 85M 3.01 3.28
attention BT ; o ilion
(core 2) [87] Transformer-XL ne-Billion * )
Large (0.8B) One-Billion 160M 50 10:55
B WikiText-103 /
CPTTTAL TTM (R=64) GPT-2uman [5] Wik Toxt- 103 84M 1.49 3.02
[85]
TTM (R=72)  GPT-Zmeqiam [35]  CPWEPTEXt /oot 163 50.05

WikiText-103

* The ratio is computed against a baseline of different depth and width; see the discussion in the text.

backbone alone. If it cannot be merged, as in multi-task serving where many adapters share
one backbone, its contractions run in every forward pass and have to be counted.

The tensorization of AW can take one of two forms. In the local approach, each update
is reshaped and parameterized as a tensor separately. In the global approach, the updates are
aggregated across all matrices into a single tensor, similar to the tensors in (32) and (40), and
then parameterized jointly.

Literature overview. The first line of work follows the local tensorization approach, mean-
ing that each update matrix is tensorized independently. KronA [91] replaces low-rank matrix
factorization with a Kronecker rank-1 factorization. As discussed in Section 3.2, the resulting
update matrix can have full rank. DoTA [86] represents each update matrix using a MPO
initialized from the MPO decomposition of the pretrained weight Wy € R/*/_ while keeping
the residual matrix Wyes = Wy — MPO(W)) frozen. Moreover, analogously to QLoRA [130],
QDoTA [86] was proposed: it trains updates in bFloat16 while casting the frozen parts to Nor-
malFloat4 [130]. LoRETTA [92] provides two variants using TT parameterization of matrices:
LoRETTA,qp incorporates a TT-parameterized Houlsby-inspired adapter [131] after each atten-
tion and FFN block, whereas LORETTA, ¢, makes a LoRA-like low-rank factorized incremental
update AW = BA, where the matrices B € R™*® and A € REX/ are TT-parameterized. TT-
LoRA [83] continues this line of TT parameterization, but instead of parametrizing B and A
separately, it parameterizes AW directly in TT form. Overall, all of the above methods adapt
each weight matrix independently.

There exists a small cluster of works inspired by the quantum tensor network literature.
QuanTA [96] reshapes the update matrix and then parameterizes it as a quantum-circuit tensor
network constructed from a set of small "gates,” i.e., tensors that connect only two axes. The
main advantage is that QuanTA’s tensor-network representation is not restricted to low rank,
since such an update can have high rank [96]. A related but structurally different method,
Quantum-PEFT [97], instead follows the AdaLoRA [132] SVD-like update parameterization:
AW = UAVT where U € RI*E A € REXE and V € R7*E. However, unlike AdaLoRA,
where orthogonality is imposed inexactly through a regularizer, Quantum-PEFT makes U and
V orthogonal by construction through the Pauli parameterization. Their parameter count then
grows logarithmically with the matrix dimension rather than linearly as in LoRA, while the
diagonal factor contributes R parameters. This yields comparable downstream performance at
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a substantially smaller parameter budget.

The second line of work follows the global approach, where all update weights are aggregated
into a single tensor, which is then parameterized using some decomposition. LoRTA [93] suggests
a CP parameterization for all weights, composed into a 5th-order tensor AW € R4*dnxHXLxM
where the modes represent the model and head dimensions, the number of heads, the layer index,
and the projection type (query, key, value, output). LoTR [94] instead proposes to compose a
third-order tensor AW € R¥*4*N Ly stacking all update matrices one by one along the third
mode. Then LoTR applies a Tucker-2 parameterization to this tensor: AW = G x1 A x5 B,
where the factors A and B are shared across all stacked projection updates, which helps make
fine-tuning more parameter-efficient. TeRA [98] reaches the same global principle by a different
path, starting by reshaping and Tucker-decomposing each update matrix as an N-th order
tensor on its own and then constraining the resulting core and factors to be shared across all
update matrices. The shared core and factors are randomly initialized and kept frozen, while
only diagonal per-update additional factors are trained. Despite this per-matrix starting point,
the frozen shared core and factors are what place TeRA in this cluster rather than the local
one. MetaTT [95] constructs a 4-th order update tensor AW € RIXLxMxdn where d and dj,
are the model and head dimensions, L is the number of layers, and M is the projection type.
MetaTT then utilizes a TT parameterization for this tensor. Moreover, this method proposes
an adaptive rank optimization strategy [95].

Comparison. Table 8 compares the tensorized PEFT methods discussed above. For each
method, the table first reports the underlying decomposition and whether it follows the local
or global tensorization principle introduced earlier. Then, the table reports parameter and
accuracy results as published in the original papers, for one or several models. Although they
give a general idea, these numbers are still not fully comparable across methods: the models are
roughly similar but not always identical, and the relative-accuracy reported is itself an average
computed by each paper over its own benchmark suite, which sometimes differs from method
to method.

5.5 Compression

Problem definition. Post-training compression can be viewed as a two-stage process. The
first stage minimizes the reconstruction error between the original and the factorized weights

* : 2
2 =g min W - 2|, (43)
where W collects the pretrained weights targeted for compression, Z is their tensorized approx-
imation, and TN(R) is the set of tensors admitting a given decomposition with rank set R;
the minimizer Z* is the compressed model. It is followed by an optional second stage, here-
after called healing, that retrains the factorized model on a healing dataset, initialized with the
factorized weights Z* obtained from Eq. (43)

min_ Lpeal(Z; Dheat), 2 = Z*. (44)
ZeTN(R)

Healing can range from short retraining on some dataset [101] to a lightweight knowledge
distillation approach [136], so the healing loss Ly is not restricted to the pre-training language
modeling loss. The healing stage is not a cosmetic correction, as Zagitov et al. [137] give
theoretical and empirical evidence that the reconstruction objective of Eq. (43) is misaligned
with functional preservation. Consequently, a Frobenius-optimal Z* need not be a good solution
in the operator sense. In their experiments, even a lightweight LoRA-style repair recovers only
part of the lost quality, which suggests that healing should be a full post-compression training
stage.
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. . t
Table 8: Comparison of tensorized PEFT methods, %Params = 2280 method 3 1()(), Rel. Perf. = 5¢%Cmethod
p ’ parametersy, seline ’ X SCOrehaseline
100, where baseline is the full fine-tuning. scoremethod and scorepaseline are the average metric across benchmarks
reported in the corresponding paper. R denotes the rank of the decomposition, if several ranks are reported.
1Y 1Y g pap )

indicates that higher values are better.

Method Decomposition Type Model % Params Rel. Perf. (1)
KronA [91] Kronecker Local T5 [6] 0.07 100.57
LLaMA-2-7B [133] 0.15 100.49
DoTA [86] MPO Local
LLaMA-3-8B [26] 0.06 99.43
9. §
LoRETTA,cp [92] TT Local LL&N[IS;] B 0.0076 92.31
TT-LoRA [83] TT Local LLaMA-2-7B [133] 0.0015 106.87
LLaMA3-8B [26] 0.0025 107.56"
LLaMA-2-7B [133] 0.041 100.49
QuanTA [96] Qi??:lim Local LLaMA-3-8B [133] 0.035 106.19
DeBERTaV 3p5e
[134] 0.051 99.56
Quantum-PEFT [97] SVD-like Local DeBEﬁgZ]V 3base 0.007 100.57
LoRTA(R=8) [93] LLaMA-2-7B [133] 0.00043 99.22
CP Global .
LoRTA(R=16) [93] ROBEI;;%"‘“ 0.012 102.15
ROBEE{;%“Q 0.26 91.44
LoTR [94] Tucker Global
RoBERTaar g0
[135] 0.092 93.36
LLaMA-2-7B [133] 0.0039 94.13
TeRA [98] Tucker Global
LLaMA-3-8B [26] 0.0033 98.46
MetaTT(R=16) [95] LLaMA-2-7B [133] 0.0021 96.86"
MetaTT(R=64) [95] T Global  LLaMA-2-7B [133] 0.098 98.86
MetaTT(R=64) [95] ROBEE{;%““ 0.125 93.35

¥ These results are taken from [83]
* Calculated with respect to the best LoRA score instead of full FT
t These results are taken from [97]

Alternatively, the first stage can minimize the error on activations over a calibration dataset
[103]
2
Z* =arg min i Epn W; —Z;)x;||,. 45
gZG‘I‘ﬁ(R) - ¢ DcalH( % 7,) ZH2 ( )
Here I indexes the components being compressed, including individual projections or projection
groups that a method factorizes jointly, and W;, Z; are the corresponding slices of W and Z.
The activation x; is the input induced at component ¢ by a calibration sample x ~ D, in the
uncompressed model, and D, is the calibration dataset. The weights A\; > 0 make the terms
proportional, as components could differ in output dimension and in activation scale, so an
unweighted sum would let the largest of them dominate.
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Literature overview. One line of work uses Kronecker decomposition, which yields a high
compression ratio while keeping the factorized matrices high-rank. Initially, Tahaei et al. [136]
applied a Kronecker rank-1 decomposition of each projection to the BERT model [138], followed
by a KD healing stage. Continuing this line, KnGPT [99] uses the same approach to compress
the GPT-2 model [5], achieving the same compression ratio as DistilGPT2 [139] with better
perplexity and substantially lower training time. TQCompressor [100] then adds column and
row permutations to the Kronecker parameterization, which improves the compression ratio
while matching quality on benchmarks.

Several works explore Tucker decomposition for model compression. TRAWL [140] was
among the first to apply a tensor decomposition to a tensor aggregated from projection matrices,
motivated not only by compression but also by noise reduction. TRAWL explores CP and
Tucker decomposition applied to a third-order tensor formed by stacking projection matrices
one by one. Following this line, TensorLLM [78] proposes operating on a fourth-order tensor
that separates the head dimension. Tucker is then applied to this tensor, leaving the head mode
uncompressed; it can be viewed as a per-head full Tucker decomposition with shared factors and
distinct third-order cores. This yields a high compression ratio with better accuracy than the
uncompressed model, for GPT-J [141] and LLaMA2 [133]. However, an accurate decomposition
requires a high Tucker rank, so the dense core becomes a new memory bottleneck. To mitigate
this issue, LeSTD [79] proposes a two-stage scheme: (1) finding the cores and shared factors as
in TensorLLM, and (2) sparsifying the fourth-order core by pruning unimportant values. The
authors also propose an algorithm for inference without reconstruction. It yields better accuracy
and matches or exceeds the throughput of TensorLLM and of non-tensor counterparts.

Other decompositions were explored as well. CompactifAI [101] applies MPO decomposition
to the pretrained weights of LLaMA2-7B [133], then heals on several datasets in less than one
epoch. The authors systematically compare this approach against, and in combination with,
quantization techniques. Saten [102] also uses sparsity, but in a different way from LeSTD [79].
Saten first decomposes the weight matrices with error-based TT-SVD [19] and then constructs
an additive sparse correction to the residual W — Wrr. LatentLLM [103] follows the activation-
aware optimization objective in Eq. (45), building the compression from a joint preconditioned
factorization of three projection groups: query with key, value with output, and up with down.
Validation across all scales of OPT [142] shows that LatentLLM outperforms activation-aware
non-tensor methods.

Comparison. Table 9 compares and summarizes the compression methods discussed above.
The Model column identifies the model used for validation in the original paper; where a method
reports results on multiple models, we select the one closest to the 6-7B scale, and where no such
model is reported, we use whatever model the paper provides. If the table contains two rows for
the same method, one corresponds to the more aggressive compression (small) and the other to
the softest compression (large). The table is meant to give a general picture, taking into account
different benchmark sets, some training-free, some with a healing stage, some fine-tuned per
task. Consequently, conclusions drawn from this table carry real limitations and should be read
with these differences in mind.

5.6 Inference

Problem definition. Given the KV-cache tensor produced by MHA for an input z: C(x) =
(lC(a?), V(x)) € R2XIxBxHiyxTxdn the objective for the inference stage can, roughly speaking,
be stated as follows:

rrhin E.wp [/L (0(53)7 H(x))}

s.t. memory/latency budget,

(46)
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Table 9: Comparison of tensorized compression methods. Model - compression target, Healing - dataset used for
healing or calibration (”-” indicates no healing), CR - compression ratio, CR = # parametors

uncompressed

. For a single
# parameters;,mpressed g

perplexit —perplexit, < 5
dataset /benchmark: APPL = T Yuncompressed e 100, Rel. Perf, = _—orcompressed 0

perplexityyncompressed SCOreyncompressed

Where several datasets/benchmarks are listed, the resulting metrics are computed as an average. |, 1 indicate
that lower or higher values are better respectively.

(small)

PTB, C4 /

. PPL dataset / A PPL ({) /
Method Model Healing Benchmark CR Rel. Perf. (1)
1. _ T
KnGPT [99] GPT-2uman [5]  OpenWebText W‘k‘TgXIfJgg / 15 9.04 / 99.82
WikiText-103,
TQ- WikiText-2, Lambada
_Compressor [100] GPT-2sman [5] OpenWebText / 1.5 37.31 / -
-/
LLaMA2-7B HotPotQA, FEVER, 3.54 -
TensorLLM [78] [133] ) Bios Profession, -5.81" -/ 106.92
BigBenchWikidataQA
WikiText-2 /
LeS;ll‘aDr [67)9] MathQA, GSMSK, 1.25 0.68 / 88.30
& Truthful QA
GPT-J [141] - /
WikiText-2
LeS(Is‘ga[g;J] MathQA, GSMSK, 2.5 459.37 / 43.78
Truthful QA
LLaMA2-7B Ultrachat, M_N{LU
. - 5 8 ~
CompactifAl [101] (float-16) [133] OAQIE;C;}neSS HellaSwag, BoolQ, 3.34 / 97.25
P TriviaQ, GSMSK
Saten(2:4) [102] BoolQ, CB, WSC, 1.59 -/ 101.33
LLaMA3.2-1B Fine-tuning COPA
[143] on each task .
Saten(u) [102] BoolQ, CB, WSC, 3.26 -/ 88.34
COPA
WikiText-2,
LatentLLM [103] PTB, C4 | 111 0.81 /-
(large) T ’ ’
OPT-6.7B [142] cgfilbflfJ;tion G
LatentLLM [103] WikiText-2, Ler 5439 / -

T Reported perplexity is computed on the WikiText-103 test set, but the model was fine-tuned on the
WikiText-103 training set [99].

* Compression ratio is reported only for the MHA parameters, not for the entire model [78].

¥ Note that the compression ratio accounts only parameter counts, not the memory footprint, which is also
affected by quantization [101].
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where TI(-) is such that, for every x drawn from the input distribution D, II(z) € TN(R) is
a tensor-network approximation of the KV-cache, with TI(R) denoting the tensor network
family given a set of ranks R; u(-,-) is a measure of error, such as reconstruction error on
the cache tensor or an activation-aware loss, analogous to Section 5.5. We do not attempt
a fully rigorous formalization here, as no work poses or solves this joint constrained problem
explicitly; the common implicit goal across these methods is instead to find an efficient tensor
parameterization or decomposition of the KV-cache that substantially reduces memory footprint
while preserving quality and maintaining or improving inference throughput.

Literature overview. Several works explore different tensor-based approaches to compress
the KV-cache. TPA [77] parameterizes per-token slices Q, K¢, V; € RAXdn a5 a sum of context-
aware tensor products

1 &
K= - > " al(w) o b (xy), (47)
K r=1

where al(z;) € R¥ bX(z;) € R are context-dependent transformations. This is equiv-
alent to ﬁAf(:pt}TB%{(xt} with Ay(zy) = [a(y),... 7aI1§3K($t)] € RE<XH and By(z) =
b (xy),.. .,bgK (z4)] € RExXdn which is a low-rank factorization of the key matrix, as dis-
cussed in Section 3.2 for inference stage. The same is done for query and values. This results in
(Rk + Rv)(H + dj,) memory per token instead of 2Hd), for MHA. Tucker Attention [80] starts
from the observation that cross-head redundancy is left unexploited by non-tensor KV-cache
methods (MQA, GQA, MLA). Inspired by this, the attention computation is first rewritten in
tensor form, and the weight tensors are then parameterized via Tucker decomposition, letting
the method exploit that cross-head redundancy. The per-token memory footprint is reduced
to 2R, where R is a rank hyperparameter. DecoQuant [104] observes that MPO-decomposing
a weight matrix into a large and a small core yields a narrow weight distribution in the large
core and a wider one in the small core. This motivates a mixed-precision quantization scheme,
where the large core is quantized using low precision and the small core is quantized using
high precision. EinSort [105] explores the idea of permutations, motivated by the finding that
sorting the elements of a matrix yields a substantially better low-rank approximation. Building
on this, the framework proposes using an invertible permutation 7[-] before compression and,
after compression, restoring the initial order via 7—!. This compression framework is applied
to the KV-cache (note that such an approach could also be applied in the weight-compression
scenario). This poses a new challenge, since the permutation order needs to be stored for each
token, which can be costly.

Comparison. Table 10 compares the tensorized KV-cache compression methods discussed
above along structural dimensions. PPL, benchmark score, and latency are not included, given
the limited comparability of the reported numbers across methods; for example, TPA conducts
experiments matching the baseline’s parameter count, while Tucker Attention actually reduces
the parameter count. The table instead gives a structural comparison along two axes: the
underlying decomposition family and whether the method is applied post-hoc without additional
training (training-free) or requires training the entire model from scratch.

5.7 Interpretability

Problem definition. Interpretability operates under a structurally different goal than the
rest of the survey. The preceding stages follow the implicit paradigm of making the model as
capable as possible while minimizing memory, training, and inference costs. Interpretability
instead aims to understand and explain existing models. Due to the vagueness of this goal we
do not state a formal objective here.
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Table 10: Structural comparison of tensorized inference methods.

Method Decomposition Training
TPA [77] CP from scratch
Tucker Attention [80] Tucker from scratch
DecoQuant [104] MPO + quantization training-free
EinSort [105] Arbitrary training-free

Literature overview. After tokenization, interpretability is the least developed stage in this
survey, and nearly all of the work in it is recent. The contribution of tensor theory here is not
efficiency but description, providing a way to write down what a model computes so that its
structure becomes visible. In its weakest form, this contribution is purely notational; Taylor [49]
rewrites the mathematical framework of [28] in graphical tensor notation, up to the construction
of the induction head, so that circuits become diagrams.

The three substantive works on interpretability differ in how they treat multilinearity. Bi-
linear MLPs [106] impose it. A Gated Linear Unit without its element-wise nonlinearity is
described exactly by a third-order weight tensor, so it can be analyzed from the weights alone.
We discussed this bilinear construction in Section 4.4 and provide it as the example in Sec-
tion 3.2. PolySAE [107] instead adds multilinearity where it was missing, since standard sparse
autoencoders [144] reconstruct activations as linear combinations of dictionary atoms and there-
fore cannot separate a compound concept from the co-occurrence of its parts. PolySAE keeps
the linear encoder but extends the decoder with quadratic and cubic terms, made tractable by a
low-rank tensor factorization on a shared projection subspace, at roughly 3% extra parameters
on GPT-2 small. TensorLens [108] reformulates the model as a whole: the entire Transformer
stack, including attention, FFNs, normalization, and residual connections, becomes a single
input-dependent operator represented as a fourth-order tensor 7 € RT*@xTxd  Thyjs tensor acts
as a generalized attention matrix by replacing both the individual attention maps and their
heuristic aggregations across heads and layers, thereby providing a global description of the
model.

Comparison. The described interpretability works analyze different objects, so we do not
provide a comparison table for them.

6 Relationship with Neighboring Efficiency Methods

Tensor methods interact with other LLM-efficiency techniques. Table 11 describes, for each
neighboring technique, what it targets, its typical advantages and limitations, and exactly how
it interacts with tensor methods. A key observation is that tensor methods do not need to
compete with these techniques as mutually exclusive alternatives. In realistic deployments,
tensor factors can be quantized, tensorized adapters can be trained on a quantized backbone
model, and tensor compression can be followed by knowledge distillation.

How to read the interactions. The last column of Table 11 contains three conceptually dif-
ferent relationships. First, techniques can be compositional: tensorization changes the structural
parameter count or operator graph, whereas quantization changes precision, pruning changes
support, and knowledge distillation changes the training signal. These methods act on different
design variables and can therefore be optimized jointly. Second, a tensor method can generalize
a neighboring method. Matrix low-rank adaptation is recovered when an update has only two
modes, while tensorized PEFT extends sharing across layers, heads, or modules; similarly, MQA
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Table 11: Comparison of tensor methods with neighboring LLM-efficiency techniques. The table emphasizes
interaction and complementarity.

. Typical Typical How tensors
Technique Target advantages limitations interact
Tensorized PEFT
Low-rank Individual Simple. mature. eas Limited to generalizes low-rank
Adapters matrices or E)o i7m 161“[161’11] Y two-dimensional structure across layers,
[111, 132] updates P structure modules and heads
(Section 5.4)
Quality degrades at
Quantization Numerical Strong memory low bit-widths; Tensor factors can be
[145, 146, recision reduction, hardware post-training quantized to different
147] P support methods often need precisions [104]
calibration data
Pruning / Removes weights Tensor networks can
. & Weights: neurons, and the Irregular sparsity be combined with
sparsity [148, . .
149] blocks, heads corresponding may be slow structured sparsity
compute [102, 79]
Recovers Tensorized student
KD [150] Model behavior performance in Requlres. Qata and models can be distilled
smaller models training from dense teachers
[99]
Efficient . Often does not Tensorized attention
. Attention Addresses may complement
attention reduce FFN or
compute and long-context . 10-aware and
[114, 151, embedding .
152] memory traffic bottleneck parameters linear /sparse methods
(87]
Reduces cache Non-tensor methods
Cached keys and memory and such as MQA and
KV-cache [67, values at bandwidth in May degrade model GQA are special cases
68, 69] inference lone-context quality of more general tensor
dgco din parameterizations [77,
J 80]
The expert index
. Parameters Scales capacity Routing and becomes an addltlonal
MOoE routing . . . . mode, so a single
activated per without activating load-balancing L
[153, 154] . factorization can share
token all parameters complexity

structure across
experts [155]

and GQA can be viewed as restricted cases of more general tensor factorizations of attention
projections or cached states. Third, methods can overlap, i.e., efficient-attention kernels, linear
or sparse attention, and tensorized attention may all target the same compute or memory traffic.
In this case, the gain of the combination is the marginal gain after the first method has already
changed the bottleneck, not the product of two independently reported speedups.

For example, in the case of quantization, a compact memory model is

K

Myits = Z ngby + Metas
k=1

(48)

where the tensorized model is stored as K factors/cores, ny is the number of scalars retained
in part k, by its precision in bits, and Mp,eta collects what the format needs besides the values
themselves such as quantization scales and zero-points. Written this way, the two techniques act
on different arguments of one expression: tensorization determine ny, quantization determines
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b, and both are chosen per factor. A sequential pipeline such as decompose and then quantize,
or decompose an already quantized model, fixes one argument before the other is examined
and therefore searches only a slice of this space, with no reason for the result to be optimal.
Schemes that assign different precisions to different factors are a first step out of that slice
[104], and the argument is not specific to quantization. The last term Mpeta decides whether
structural savings survive into the stored format. For instance, regular structure is almost free
to describe, whereas irregular structure, which group carries which scale, which core entries
survived pruning, has to be enumerated. Since high compression ratios are often obtained by
introducing such irregularity, a ratio computed from the values alone can overstate the memory
actually occupied.

Order of composition and error interaction. FEven when two techniques target different
variables, their order can matter. Decomposition changes the distributions and sensitivities of
the resulting factors, which changes how aggressively each factor can be quantized. Pruning
before decomposition may destroy a low-rank pattern that the factorization could otherwise
exploit, whereas pruning the factors after decomposition introduces a different structured ap-
proximation. Distillation can be used either to train a tensorized student directly or as a healing
stage after compression. Consequently, the errors of two techniques need not add linearly: they
may amplify one another, partially cancel, or act as an implicit regularizer. A combined method
should therefore be optimized and evaluated as a joint pipeline instead of being assembled from
hyperparameters tuned for each technique in isolation.

Bottleneck-aware combinations. The appropriate combination depends on which resource
dominates the operating regime. If weight bandwidth is the bottleneck, tensorization combined
with quantization or structured sparsity can reduce the bytes fetched per token. In long-context
decoding, attention and KV-cache methods are more likely to dominate, so tensor cache factor-
ization should be evaluated together with MQA/GQA and IO-aware kernels. For adaptation,
a tensorized update can reduce trainable state while a quantized backbone controls the frozen-
model footprint. Knowledge distillation is different again since it can recover quality or transfer
behavior, but its benefit must be weighed against the additional training cost. This stage-
specific view prevents a method that improves an inactive resource from being credited with an
end-to-end gain it cannot deliver.

The limitation can be stated through an Amdahl-style bound. Let p be the fraction of
baseline runtime affected by a technique and let Siaget be the speedup of that fraction. Then
the end-to-end speedup satisfies

1
(1 - p) + p/Starget .

Se?e < (49)
Thus, even an arbitrarily fast tensorized module gives only a modest gain when untensorized
FFNs, attention, communication, or framework overhead dominate the remaining runtime.
Methods that target disjoint bottlenecks can be complementary, whereas methods that tar-
get the same fraction exhibit diminishing returns. This also explains why the same combination
may help prefill, decoding, fine-tuning, and batch serving by very different amounts.

Evaluation of combined methods. A convincing comparison should include four systems:
the dense baseline, the tensor-only method, the neighboring technique alone, and their com-
bination, all at matched quality and under the same hardware and precision. Reporting only
the combined result makes it difficult to attribute the gain to tensorization. Moreover, mem-
ory accounting should include tensor metadata, quantization scales, sparsity indices, temporary
contraction buffers, and adapter state. Latency should be separated by prefill and decoding
and reported both per module and end to end. Finally, the order of operations and the tuning
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budget for every baseline should be stated explicitly, and pga, from Equation (55) should be
reported for the tensorized part and for the full pipeline.

7 Relationship to Probabilistic Tensor Networks

The connection between tensor decompositions and probabilistic graphical models (PGMs) has
been recognized for over a decade, primarily in the context of unsupervised learning and density
estimation [156, 157, 158, 159, 160]. This relationship is often invoked to justify tensor-network
architectures for sequential data, but the correspondence is subtle and requires careful qualifi-
cation. In this section, we clarify the precise conditions under which a tensor decomposition
corresponds to a PGM, discuss the limitations of these correspondences for real-valued tensor
networks, and outline the implications for language modeling.

7.1 Tensor Decompositions as Parameterizations of Graphical Models

A joint probability mass function over N discrete random variables X1, Xo,..., Xx can be
represented as a tensor P € RIV2XXIN with non-negative entries summing to one. Many
common PGMs correspond to low-rank or structured tensor factorizations of P, with the tensor
decomposition directly encoding the conditional independence structure of the model.

CP decomposition and naive Bayes. The CP decomposition expresses an N-th-order
tensor as

i2,r iN,T"

R
Pivvin = 3 MALLAL ALY (50)
r=1

If P is a joint probability tensor and the entries A, AE:)T are non-negative and suitably normal-

ized, then the CP representation corresponds exactly to a naive Bayes model with a latent class
variable Z € {1,2,..., R}. Specifically, each observed variable X, is conditionally independent

given Z, with conditional distributions Pr(X, =i, | Z =r) x AE:)T, and prior Pr(Z =71) « A,
(up to normalization constants). This correspondence is well-known in the tensor decomposition
literature and has been exploited for topic modeling [161] and non-negative tensor factorization

[162].

TT decomposition and hidden Markov models. The tensor train decomposition [19]
represents a tensor as:

9 iN ?

Z(:) € Rftn—1XFn ig 3 matrix slice of the n-th core, and Ry = Ry = 1.

If the entries are non-negative and the cores satisfy certain column-stochastic normalization
conditions, the TT format is equivalent to a hidden Markov model (HMM) [160]. Specifically,
the bond dimension R,, corresponds to the number of hidden states at position n, and the
core GE:) encodes the transition probabilities from hidden state R,,_1 to R, together with the
emission probability of X,, = 7,. This connection has been used in tensor-network-based density
estimation [157], generative modeling [163], and sequence modeling [164].

Once again, the correspondence is conditional, since an unconstrained real-valued TT rep-
resentation of a weight matrix does not correspond to an HMM. The cores are not stochastic
matrices, the bond dimensions do not have a probabilistic interpretation, and there is no un-
derlying latent process. The TT format is simply a structured low-rank parameterization that
happens to share the same algebraic form as an HMM’s parameterization but without the
probabilistic semantics.

where each G
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Block-term decomposition and more general PGMs. The BT decomposition represents
a tensor as a sum of Tucker blocks:

K
P:ng XlA](Cl) XQA](CZ)“-XNA;N). (52)
k=1

When the factors and core are non-negative and normalized, BT decomposition can represent
mixtures of latent-variable models, such as mixture of naive Bayes (where each block is a
naive Bayes component) or more general hierarchical models. Conversely, an unconstrained
BT decomposition has no PGM interpretation and should be viewed purely as a flexible tensor
parameterization.

7.2 Tensor Networks as Matrix-Valued Stochastic Processes

The term “matrix-valued Markov chain” is often used informally to describe the TTM or MPO
parameterization of a sequence of matrices. This terminology is evocative but not formally
precise. An MPO is a tensor network of the form:

Wit jisiniin = c® g® ... .gW (53)

11,51 12,52 ININ
E:)jn € Rftn—1XEBn is 3 matrix slice indexed by an input-output pair (i, jn ).

This represéntation is not a Markov chain in the probabilistic sense. It has no transition
probabilities, no state space over which probability mass is conserved, and no stochastic inter-
pretation. The term “matrix-valued” refers to the fact that each slice is a matrix, and “chain”
refers to the sequential contraction of these matrices. It is a useful mnemonic, but it should
not be interpreted as implying a probabilistic Markov process unless the cores are explicitly
constrained to be column-stochastic and the appropriate normalization conditions are imposed

where each G

7.3 Implications for Language Models

The correspondence between tensor decompositions and PGMs has several implications for
tensor methods in language modeling:

1. Interpretability: When a tensor decomposition is applied to an embedding table, at-
tention tensor, or activation tensor, the factors do not automatically correspond to inter-
pretable latent variables such as topics, syntactic roles, or semantic features. For factors
to be interpretable in a probabilistic sense, the decomposition must be non-negative and
properly normalized. This is rarely the case in practice; most LLM tensorization uses
real-valued decompositions optimized for reconstruction or task loss.

2. Generative modeling: If the goal is to build a generative language model directly from
a tensor network, the decomposition must be constrained to represent a valid probability
distribution. This requires non-negativity and normalization, which complicate optimiza-
tion and may reduce expressivity compared to unconstrained real-valued factorizations.

3. Sequential structure: The TT and MPO formats are natural for sequential data, as
they impose a chain-like structure that mirrors the temporal or positional ordering of to-
kens. However, this structural similarity does not imply that the model captures temporal
dependencies in a probabilistic sense; it simply means the parameterization is aligned with
the sequential nature of the data.

4. Unified view: Treating tensor decompositions as parameterizations of PGMs provides a
unified perspective on tensor methods for language models. It suggests that tensorization
can be viewed as imposing a particular conditional independence structure on the model’s
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representations, which may serve as a useful inductive bias. This perspective is particularly
relevant for understanding the expressivity and generalization properties of tensorized
architectures.

8 Software overview

8.1 Packages and Frameworks.

Python tensor libraries. This paragraph lists the most relevant Python packages that are
either compatible with or specifically designed for deep learning scenarios. TensorLy [165] is
a general-purpose tensor toolbox that runs on many backends, including NumPy [54], JAX
[56], and PyTorch [55], whereas tntorch [166] targets PyTorch directly. Packages for tensorized
training build upon mature deep learning frameworks: TensorLy-Torch [167] for PyTorch and
T3F [168] for TensorFlow [169]. Other packages, including TensorKrowch [170] and tn4ml [171],
address machine-learning applications more broadly. Finally, quimb [172] supports tensor net-
works of arbitrary topology across several backends, and cotengra [173] specializes in optimizing
their contraction.

Hardware co-design. A separate line of work co-designs software and hardware for ten-
sorized layers. ETTE [174] and Huang et al. [175] optimize forward pass for tensorized linear
layers to accelerate inference, whereas FETTA [176] and the FPGA design of Tian et al. [177]
cover both training and inference.

Others. The remaining tools fall into three groups. Some target languages other than Python,
including Julia, C++, and MATLAB; examples include ITensor [178], TenDeC++ [179], and
Tensor Toolbox [180]. Others implement a single decomposition family without specializing in
deep learning, as in Scikit-TT [181]. A third group has not been updated for five years or more:
TTAX [182], TorchMPS [183], and TedNet [184].

8.2 Case studies

We now examine two recent studies that illustrate how these tools are used in practice at different
scales, with one operating at research scale and the other at production scale. Javanmard et al.
[185] apply MPO parameterization to every linear layer of PicoGPT [186], a small, GPT-2-style
character-level model. Their work provides an open-source MPOLinear module, whose cores can
be initialized from a dense matrix or trained from scratch with standard PyTorch autograd.
They validate the tensorized model against a dense baseline on the Tiny Shakespeare dataset.
Kozyrev et al. [187] propose Minima, a deployment-ready compression pipeline for production-
scale LLMs. The pipeline consists of sensitivity analysis, Tucker/TT/Tensor Ring compression,
a short healing stage, custom Triton/CUDA kernels, and speculative decoding. The authors
validate it on the Qwen3-32B [9] model.

9 Discussion

In this section, we discuss the challenges, gaps, and future research directions regarding tensor
methods for LLMs.

9.1 Compression-Realization Gap

A recurrent problem with tensorized models is that a substantial reduction in parameter count
rarely converts into a proportional speedup, either in training or at inference. We do not report
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new measurements here; the aim is to name the phenomenon, to separate its two sources, and
to fix a protocol under which it becomes comparable across methods. Intuitively, the quantity

of interest is . )
theoretical compression

Pgap = )

practical speedup
whose numerator is what a paper usually claims and whose denominator is what a user obtains.
Let B denote the total number of bytes, F' the FLOPs count, and T the wall-clock time, with
the subscripts “dense” and “TN” referring to the baseline dense model and to its tensorized
counterpart. We define byte compression, FLOPs compression, and speedup as

Cp = Baense Cp — Faense - Tdense (54)

By T P T Tin

These quantities are comparable only under a common setup, which we require to satisfy: (i) the
same device and numerical precision, so that the peak throughput is shared; (ii) an optimized
dense baseline; (iii) matched quality for the dense and the TN model; (iv) the same scope
for all three quantities, either per module or end-to-end; and (v) a declared operating regime,
with prefill and decoding reported separately, as they sit on opposite sides of the compute-
bound/memory-bound boundary.

We define the compression-realization gap as

~Cp (g Cr
Pgap = ST - CF X ST ) (55)
N N

algorithmic  realization

which splits the gap into two complementary and independently actionable parts. The algorith-
mic term depends only on the decomposition and the contraction scheme, not on the hardware;
it exceeds one when FLOPs increase more rapidly than memory as the decomposition-specific
ranks grow, or when a suboptimal contraction order is used. The realization term admits an
exact reading in terms of hardware utilization. Model FLOPs utilization is defined with re-
spect to the device peak throughput as MFU = F/(T - Fjeak), so that T' = F/(MFU - Fyeax)-
Substituting this into S and using the shared Fjeax granted by condition (i), we obtain

% _ MFUdense
St MFUTy

This identity is informative only in the compute-bound regime, where FLOPs govern the runtime.
In the memory-bound regime the runtime is set by the bytes moved, and the analogous quantity
is the achieved memory-bandwidth utilization.

A value pgap = 1 means that the system realizes all of the idealized byte-compression
factor as speedup. The typical case is pgap > 1, and the two factors attribute it either to
a decomposition that buys memory at the price of arithmetic, or to a model that utilizes the
device worse than dense GEMMs. A value pg,p, < 1 is also possible in the memory-bound
regime, where shrinking the weights or the KV-cache reduces exactly the resource that bounds
the runtime, so the speedup may exceed the byte compression. Since the metric only contrasts
nominal compression with realized speedup, it applies equally to quantization [145, 146, 147],
sparsification [148, 149], and IO-aware attention kernels [114], providing common ground for
the comparison tensor and non-tensor methods; we return to it in Section 9.2.

(56)

9.2 Gaps, Challenges, and Possible Solutions

This subsection collects the open problems that the reviewed works themselves report. We took
them from the limitations and future-work sections of the surveyed papers and grouped them
by theme. For each gap we describe the challenges that arise there and the directions that could
resolve them. Table 12 presents this in compact form, and the paragraphs that follow discuss
each gap in more detail.
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Table 12: Gaps and challenges overview across the tensor methods literature.

Gap

Challenges

Possible solutions

Hardware compatibility

Rank selection

Tensorization scheme

New tensor networks

Training/optimization

Small, sequential, and irregular
contractions underutilize GPU
parallelism, so fewer parameters need
not mean faster computations

Optimal rank differs across layers and

component types; matrix adaptive

schemes do not easily extend to tensor

ranks

Schemes with equal parameter count
differ in quality and contraction cost;
scheme selection is a complex search
whose objective is expensive to
evaluate

Richer topologies introduce more
complex ranks/scheme choices; raise
contraction cost and latency

Training can be unstable since the
tensor parameterization changes the

Open-source Triton/CUDA libraries
with fused and structure-aware
kernels, evaluated via measured pgap

Adaptive ranks allocation
algorithms, benchmarked against
fixed-rank heuristics

Construct an admissible set of
schemes and search it efficiently,
scoring candidates by validation

loss, memory, and contraction cost

Evaluate underexplored topologies
per component/stage, reporting
quality, memory, and latency jointly

Diagnostics of gradient scale and
initialization across cores;

dynamics loss landscape, yet optimizers are optimization routines that account
tuned for dense weight matrices for the tensor structure
Training tensorized models from Measure how quality and
Scaling scratch at large scales is beyond most  compression ratio change with scale,

giving an analogue of scaling laws
for tensorized models

academic compute, which affects the
pre-training stage most

Orthogonality to other efficiency
methods holds in principle, but
whether gains add up and how errors
compose is unknown

Compatibility with
neighboring efficiency
methods

Ablations separating the
contribution of tensorization from
that of other methods

A per-stage benchmark on a shared
baseline, reporting the
compression-realization gap next to
quality

Methods use different baselines,
datasets, and per-paper tuning, so
reported gains are not directly
comparable

Benchmarking and
evaluation

Hardware compatibility. Tensorization of all components and stages shares one common
challenge: hardware compatibility. Modern GPUs are built for dense GEMMs, which are large,
regular, and highly parallelizable, whereas tensor contractions are small, sequential, and irregu-
lar, so a model with fewer parameters need not run faster. Closing this compression-realization
gap is probably a kernel-level problem. Two kinds of GPU kernels could address it. Fused
kernels combine a chain of contractions into a single launch, removing per-launch overhead and
keeping intermediate factors in fast memory instead of writing them back to global memory.
Structure-aware kernels exploit the structure that a decomposition imposes on the factors, such
as sparse cores, instead of treating them as dense arrays. One practical solution is open-source
Triton or CUDA libraries implementing such kernels, with their benefit reported as measured

Pgap (Eq. 55).

Rank selection. Ranks are the main control knob of a tensorized model. Uniform rank selec-
tion is a convenient heuristic, but it is not optimal, since the optimal ranks may differ between
layers and component types. Algorithms that allocate ranks adaptively should, in principle,
dominate uniform assignment at an equal parameter budget. At the same time, generalizing
matrix adaptive schemes, such as AdaLoRA [132], to tensor ranks is not straightforward. Sev-
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eral reviewed studies [82], [95], as well as work beyond our scope [188], [189], [190], propose
adaptive schemes for automatic rank allocation. However, a universal and generally applicable
method for adaptive rank allocation is still missing.

Tensorization scheme. A second design choice concerns the tensorization scheme itself,
namely how a model parameter becomes a tensor object, and which of the admissible map-
pings works best in practice. For example, in the imposed setting (Section 4.1), turning a
weight matrix W into a tensor W requires choosing the number of modes and their sizes, and
these choices are not obvious. Different choices may give the same parameter count but differ
in approximation quality and contraction cost. This area remains under-theorized.

New tensor networks. Applying new tensor networks is a natural and promising direction.
In the imposed tensorization setting, for instance, nothing in principle restricts the applicable
tensor network to TTM,; richer topologies are equally valid. Deep tensor networks are potentially
more expressive and memory-efficient than shallow chain-like topologies such as TTM, and they
have shown promising results in domains beyond LLMs and NLP [191], which suggests they
may transfer to the LLM setting as well. The deeper and more complicated the tensor network,
however, the higher the computational latency, since the contraction cost grows. Tensor Ring
[20], tree-structured [192], fully-connected [193], PEPS [16], MERA-inspired [17], and Kronecker
Tensor Decomposition [53] networks remain underexplored in LLM tensorization.

Training and optimization dynamics. Training a tensorized model with standard tech-
niques and optimizers can be unstable [194]. One reason is that the tensor parameterization
substantially changes the loss landscape, so optimizers designed and tuned for dense weight
matrices, such as Adam, may not be optimal for tensorized models [82]. What is still missing is
an understanding of how tensorized training behaves in this landscape, including how gradient
magnitudes are distributed across cores, how core initialization affects convergence, and how
these quantities evolve during training. Such diagnostics would also indicate what an optimizer
actually has to correct. Studying optimization routines that account for the tensor structure
could then make training both faster and more stable; some methods, such as MetaTT [95],
point in this direction.

Scaling. Training a tensorized language model from scratch is expensive, and training one at
several scales, or at a large scale at all, is beyond the compute of most academic groups [85].
This affects the pre-training stage most. The open question is how the benefits of tensorization
change as the model grows, specifically how compression ratio and quality behave at each scale,
thereby providing an analogue of scaling laws [7] for tensorized language models. Current
evidence is far from this (Table 7). Scaling is also a practical question at the other stages, since
how much a model can be compressed depends on how it was trained. Recent models are often
distilled and probably harder to compress [102]. A compression ratio measured on one model
therefore need not translate to a newer or larger one.

Compatibility with neighboring efficiency methods. Section 6 discusses how tensor
methods relate to quantization, pruning, distillation, and other efficiency techniques. Most
of them are orthogonal to tensorization in principle, but their practical interaction, including
whether the gains add up and how the errors compose, remains an open question.

Benchmarking and evaluation. Numbers reported across papers often are not directly
comparable; methods are evaluated on different baselines and datasets, and each is tuned sepa-
rately, so a difference in reported quality may come from the setup, not only from the method.
Claiming that one method is better than another requires a comparison on a shared baseline,
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with hyperparameters tuned for every method under the same approach. A benchmark would
provide this, and it is probably better to have one per stage, since the stages optimize for dif-
ferent things. Whatever the stage, such a benchmark has to report the compression-realization
gap (Eq. 55) next to quality. Otherwise a method that saves parameters on paper but not time
on a GPU is indistinguishable from one that saves both.

9.3 Future Directions

The preceding subsection focuses on obstacles that must be removed for existing tensor methods
to become reliable and efficient. Here we highlight longer-horizon directions that change where
tensorization enters the model lifecycle, which objects it acts on, or what capabilities it is
intended to provide. These directions extend the stage-specific literature toward tensor-native
language-model design.

Tokenization. No tensor method reaches the tokenizer (Section 5.1), although relatedness
between tokens is lost as soon as the vocabulary is used, as the vocabulary built by BPE and its
variants is a set of subword strings, but each string is used only through its index. Consequently,
two tokens sharing a morpheme may receive unrelated embeddings. Tensor methods are a
natural way to impose structure that reflects this relatedness. MorphTE [88] does this for
embeddings, but takes the segmentation from an external analyzer and leaves the vocabulary
unchanged. More broadly, the vocabulary and the embedding table are still built in sequence;
forming them jointly is an open problem. The obstacle is that the tokenizer is a discrete,
non-differentiable map, so there is no continuous object to factorize.

Interpretability. Interpretability is underexplored for the opposite reason. The stage is not
empty but new and, in our view, the most promising. Apart from the notational work, every
method surveyed in Section 5.7 has appeared within the last year. Together they show that
multilinear structure can support understanding in three ways. It can be added to the analysis
tool, as in PolySAE [107]; reformulated from a model that is multilinear without having been
written that way, as in TensorLens [108]; or imposed at training time as an inductive bias, as in
bilinear layers [106]. The last route is the most demanding, since it requires pre-training from
scratch, and the most far-reaching, as it turns interpretability into a design constraint on the
architecture.

A separate opportunity is graphical tensor notation [49]. Its immediate benefit is exposi-
tory, as a diagram states which modes a method contracts, shares, or truncates; accordingly,
we encourage authors of tensor interpretability methods to draw their constructions this way.
Beyond that, the notation is a reasoning tool in its own right, since asking which contraction
orders, factorizations, and shared factors a network admits can reveal new mechanisms.

Lifecycle-level co-design. Most existing methods optimize tensorization at one lifecycle
stage while treating the surrounding stages as fixed. A tensor-native model could instead
co-design the embedding factorization, base-model ranks, adaptation subspaces, post-training
compression, and inference contraction schedule. Such coupling matters, since a rank pattern
that minimizes pre-training loss may be unsuitable for later PEFT, and a decomposition that
is compact algebraically may be difficult to execute efficiently during decoding. A useful formu-
lation is therefore multi-objective: select tensorization schemes and ranks jointly to optimize
quality, training memory, adaptation capacity, serving latency, and energy under explicit re-
source budgets. Results should be reported as Pareto frontiers.

Tensorized training state and distributed learning. The literature focuses primarily
on model weights, adapters, and KV caches, but large-scale training also stores activations,
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gradients, optimizer moments, and communication buffers. These objects have natural modes
associated with layers, microbatches, sequence positions, heads or experts, and devices. Ex-
ploiting low-rank structure across such modes could reduce both accelerator memory and inter-
device communication, extending tensorization from model representation to the full training
state. The central difficulty is that these tensors are transient and non-stationary: their use-
ful ranks may change over the course of training, and approximation errors can accumulate
through optimization. Future work should therefore evaluate convergence, numerical stability,
communicated bytes, synchronization cost, and end-to-end training throughput together.

Conditional and elastic tensorization. Nearly all surveyed methods use ranks and con-
traction graphs that remain fixed for every input. A more flexible model could allocate tensor
capacity conditionally by layer, token, context length, task, or confidence, activating additional
cores or rank components only when they improve the prediction sufficiently. This would
turn rank from a static architecture hyperparameter into a runtime compute budget and could
provide controllable quality—latency trade-offs. The systems challenge is substantial: variable
contraction shapes interfere with batching, compilation, and fused kernels. Evaluation must
consequently include worst-case memory and tail latency, not only average FLOPs or average
rank.

Multimodal and modular architectures. Multimodal language models and mixture-of-
experts architectures expose semantic modes that are absent from a single dense text model,
including modality, expert, routing group, spatial position, and temporal position. Tucker,
block-term, tree-structured, or shared-core decompositions could separate globally shared lin-
guistic factors from modality- or expert-specific factors. This may offer a principled alternative
to duplicating full projection and adapter matrices across modules. The open questions are
how to preserve modality-specific capacity, routing balance, and rare-expert behavior while
avoiding negative transfer through an overly restrictive shared core. This direction would also
test whether semantically meaningful tensor modes are more robust than imposed reshaping at
scale.

10 Conclusion

This survey has examined tensor methods for language models through a unified tensor-theoretic
lens, organizing the literature across the seven stages of the LLM lifecycle. Two findings emerge
from this synthesis. First, the tensorization strategies available to a given component depend
on whether its modes carry semantic meaning. Attention tensors and stacked projection ten-
sors admit mode-specific decompositions, while feed-forward networks and embedding tables
typically rely on imposed reshaping and chain-like tensor networks such as TT and TTM. Sec-
ond, the same decomposition families recur across stages; for example, TT and TTM appear
in embeddings, pre-training, PEFT, and compression. Nevertheless, the objectives differ, with
pre-training optimizing a language-modeling loss under a parameter budget and compression
optimizing reconstruction error or activation-aware distortion. This distinction has practical
consequences for method design and evaluation.

The lifecycle view also makes the uneven coverage of the field visible. Tokenization is
untouched by tensor methods, interpretability is the newest stage and, in our view, the most
promising, and pre-training lacks the multi-scale evidence needed to say how tensorization
interacts with scaling laws. Cutting across the stages, the central obstacle is the compression-
realization gap, since parameter savings rarely convert into proportional speedups. We formalize
it as the metric pgap, which separates an algorithmic term, set by the decomposition and the
contraction scheme, from a realization term, set by how well the model uses the device. The
directions we outline address both sides of this problem. Fused and structure-aware kernels
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target the realization side, whereas adaptive rank allocation, better-understood tensorization
schemes, and richer tensor-network topologies target the algorithmic side. These directions
should be accompanied by per-stage benchmarks that report pg.p, alongside quality.

Overall, this survey treats tensor methods as a coherent subfield within LLM research. We
hope it serves both as a reference for the existing work and as an entry point for the next
generation of tensorized language models.
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