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Abstract

We study how initial model selection, later
handoff, and training targets affect success and
cost in LLM tasks that span multiple turns.
We compare several router architectures using
handoff curves, which record task success and
cost as the handoff step changes. Our dataset
contains 34,204 complete executions of three
Qwen models across BFCL, MultiWOZ, and
T-retail, providing offline supervision for rout-
ing decisions. In our primary comparison, with
Qwen3.5 35B-A3B as the starting model, al-
lowing a later handoff does not establish an
improvement in utility over initial selection on
BFCL or MultiWOZ, and increases cost on
BFCL across a range of cost weights. Chang-
ing the supervision targets improves router per-
formance on both our dataset and TwinRouter-
Bench. On our dataset, replacing noisy train-
ing success curves with monotone fits raises
success by 0.2 to 4.1 percentage points at the
same cost across the reported operating points.
On TwinRouterBench, we construct targets that
describe the model capability needed for the
remaining work and difficult steps ahead. Com-
pared with training on the benchmark’s per-step
labels, these targets raise trajectory pass scores
by 7.8 percentage points and cost savings by
6.3 percentage points on the full static bank. A
live deployment of the router trained with these
targets resolves 79 of 100 instances at a router
cost of $0.59 per instance.

1 Introduction

Large language model (LLM) routing decides
which model should serve each query, task, or user,
usually trading answer quality against cost. Early
LLM routing work used cost-aware cascades (Chen
et al., 2023) and routers trained on benchmark out-
comes (Shnitzer et al., 2024), and later work added
pairwise routers and shared benchmarks (Ding
et al., 2024; Ong et al., 2025; Hu et al., 2024).
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These routers were designed for a single query,
but the field has since moved to multi-turn rout-
ing (Zhang et al., 2026c¢,b; Xu et al., 2026; Yang
et al., 2026).

Existing multi-turn routers construct supervision
from realised trajectories, verified per-step down-
grades, search-derived policies, or annotated hand-
off windows (Zhang et al., 2026c; Yang et al., 2026;
Zhang et al., 2026b; Lei and Huang, 2026). These
labels use outcomes observed later in the interac-
tion, but they do not provide repeated outcomes for
committing at each alternative handoff step of the
same task. The Handoff Tax measures handoffs at
selected switch points (Ganz et al., 2026), and the
Replay Gap shows that substituting logged outputs
does not reproduce a live continuation (Gonuguntla,
2026). Both results motivate direct measurement
of the handoff curve.

We collect these curves on BFCL (Patil et al.,
2025), t-retail (Yao et al., 2025), and Multi-
WOZ (Budzianowski et al., 2018) by committing to
a model handoff at each collected handoff step and
measuring task success and cost. These measure-
ments let us ask how much of a router’s success
and cost trade-off comes from initial selection, and
whether allowing a later handoff adds value.

Each task begins on a starting model, which a
router can keep or replace. We evaluate routers
from each starting model in our pool (Qwen3 8B,
Qwen3.5 35B-A3B, and Qwen3.5 397B-A17B),
covering both upward and downward handoffs, to
a larger or a smaller model, respectively. We com-
pare two policies that use the same fitted router.
Initial selection chooses a model at the first step
and keeps it. Later handoff makes the same first
choice and, if that choice keeps the starting model,
can then hand off to another model at a later step.
At the primary 35B start on BFCL and MultiWOZ,
the direct router’s later-handoff policy adds no es-
tablished benefit over initial selection. Initial se-
lection by the factored router improves utility over
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the training-selected fixed policy at one tested cost
weight on BFCL, but the fixed policy has higher
utility at A € [0.2,2] on BFCL and is not beaten
on MultiWwOZ. We also propose new supervision
targets, that is, what the router learns to predict. On
our dataset, we make each training success curve
monotone across handoff steps, either increasing
or decreasing depending on the type of handoff.
On TwinRouterBench (Yang et al., 2026), which
has no measured handoff curves, we adapt this
idea by replacing each step’s tier label with the
strongest tier needed from that step to the end of
the instance. On our dataset, these targets raise the
direct router’s utility under initial selection at 7 of
the 15 cost weights on BFCL and at 4 on Multi-
WOZ, with no established decrease at any tested
weight. They raise the success of both policies
by similar amounts, so later handoff still adds no
established benefit over initial selection. On Twin-
RouterBench, they improve the static scores. Our
contributions are as follows:

* We build a dataset of 34,204 executions on
BFCL, 7-retail, and MultiWwOZ, with repli-
cated handoff curves, billed costs, and both
successful and failed outcomes, which we will
release publicly.

* We investigate whether a later handoff adds
value over initial selection, from every starting
model and with the same fitted router.

* We show that changing the supervision tar-
gets improves routing at several cost weights
on our dataset and in static TwinRouterBench
evaluation, under an identical training proce-
dure. In the live TwinRouterBench track, a
router trained with these targets resolves 79
of 100 instances at a router cost of $0.59 per
instance.

2 Related Work

Routing policies and supervision. Single-query
routers and cascades send each query to one model
or escalate it to a stronger one (Chen et al., 2023;
Shnitzer et al., 2024; Ding et al., 2024; Ong et al.,
2025; Aggarwal et al., 2024). Multi-turn routers
learn from trajectory returns or searched poli-
cies, as in MTRouter (Zhang et al., 2026c¢), Di-
alRouter (Zhang et al., 2026b), and SeqRoute (Xu
et al., 2026). Other methods replace or defer in-
dividual steps, as in TRIM (Kapoor et al., 2026),
DMR (Li et al., 2026), and ReDAct (Piatrashyn

et al., 2026), or restart a task on a stronger model
when it escalates, as in SWE-Router (Son et al.,
2026). These methods make other routing de-
cisions. TACIT-Switch learns when to make
one permanent upward handoff, from one rollout
per model and a teacher-annotated handoff win-
dow (Lei and Huang, 2026). We also study one
permanent handoff, but we measure its outcome at
every collected handoff step of the same task.

Handoff measurement and routing datasets.
RouterBench provides model-query outcomes
without a within-session timing axis (Hu et al.,
2024). TwinRouterBench verifies local tier sub-
stitutions (tiers are model levels from 0, the cheap-
est, to 3, the strongest) by executing continua-
tions, retaining substitutions only when the episode
passes (Yang et al., 2026). The Handoff Tax evalu-
ates seven fixed switch points (Ganz et al., 2026),
the switch-drift study examines a final-turn hand-
off (Khraishi et al., 2026), and the Replay Gap dis-
tinguishes live continuations from logged-output
substitution (Gonuguntla, 2026). Our dataset mea-
sures successful and failed committed handoffs at
collected handoff steps, with two executions of
each policy on each task, three starting models, and
three datasets. It supplies outcomes and billed costs
for router supervision.

Supervision and routing decisions. Routing
gains depend on the model pool and its shared fail-
ures, on task composition, and on label noise (Chen,
2026a; Lee, 2026). The gap to oracle performance
depends on how the oracle is defined under stochas-
tic decoding (Chen, 2026b), and deployable routers
realise only part of it (Shihab et al., 2026). Ac-
curate outcome predictions also need not produce
better decisions (Zhang et al., 2026a). As in that
work, we compare supervision targets under an
identical training procedure and decision rule. We
also compare initial selection with later handoff
under the same fitted router.

3 Methodology

3.1 Measuring Handoff Outcomes

For task x, starting model a, and receiving model
b, the handoff policy Trg_’b lets a take the first k
steps and b take all remaining steps, with no further
handoff. We call step k£ the handoff step. The
handoff curve is the success and cost of this handoff
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Here, Y € {0, 1} is the binary task success, and
C' is the billed cost of the execution. The expec-
tation is over executions of the policy on task z.
We execute every policy and do not estimate the
curves from logged trajectories. A solo execution
of b supplies the k = 0 outcome, while staying
on a (a solo execution of a) is a separate action.
Each cell in the dataset is one policy ﬂ,‘iﬁb on task
x, or one solo model, and contains two separately
collected end-to-end executions. Each execution
runs the whole episode, including the first k steps
by a (the prefix). The mean success of the two exe-
cutions is the cell’s success label, which averages
over randomness in model outputs. The executions
share the task and collection conditions, and are
not assumed to be statistically independent.

3.2 Supervision Targets

A supervision target is the quantity that a router
learns to predict. We change it while the learner,
features, splits, and decision rule stay fixed, see
Figure 1.

On our dataset, raw labels are the measured
success probability of each cell. Projected labels
make each training success curve monotone across
handoff steps by isotonic regression (Barlow et al.,
1972): nonincreasing for upward handoffs and non-
decreasing for downward handoffs. We expect this
direction because the later an upward handoff, the
more steps the weaker model takes, and the later
a downward handoff, the more steps the stronger
model takes. With two executions per cell, the raw
curves are noisy, so the projection replaces each
curve with the closest curve that has this direction.
More executions per cell would also reduce the
noise, but each one costs a full episode. We com-
pare raw and projected labels for the direct router
on BFCL and MultiWOZ, see Table 4. Only the
training curves are projected. Both versions of the
router are scored on the measured, unprojected out-
comes of the evaluation tasks. The projection is a
modelling choice for the training targets. It does
not claim that the true success curves are mono-
tone.

TwinRouterBench (Yang et al., 2026) has no
measured handoff curves. Its static bank, see
Section 4.3, gives each step j a benchmark label
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Figure 1: Supervision targets (illustrative values). (a)
Raw success of an upward handoff and its projected
label. (b) Benchmark labels 7; and forward targets
Ry, = max;>p rj.

r; € {0,...,3}: the cheapest tier found by the
benchmark’s search for which step j still passes,
given the tiers already accepted for earlier steps
and the strongest tier for all later steps (larger val-
ues are stronger models). Along an instance, these
labels can rise and fall. We adapt our monotone
targets to this setting by transforming the labels
rather than fitting them. Each step k receives the
forward target

e = o, 7 @
the strongest tier that step k or any later step needs,
where 7' is the final labelled step. If the labels from
step k on are 1, 3, 1, then R;, = 3, although step k
itself needs only tier 1. Ry, can only fall as k£ grows,
see Figure 1b. So the indicator Ry < ¢, which says
whether a permanent handoff to tier ¢ at step k is
sufficient under the benchmark labels, can only rise.
This is the same monotone direction that our fit
gives to the success curve of a downward handoff.
We build forward targets from complete training
instances and predict them from the observed pre-
fix. These two dataset settings share the monotone
direction of the targets but not the method: on our
dataset, a fit smooths measured outcomes, whereas
on TwinRouterBench, a maximum transforms the
original benchmark labels.

3.3 Routers

We study the direct, factored, and burst-aware
routers, with SR-KNN as a baseline. All four see
only the prefix observed at the decision step and
embed text with a frozen MiniLM encoder (Wang
et al., 2020; Reimers and Gurevych, 2019). Table 1
lists the data, supervision target, and model of each
router. The direct and factored routers run on our
dataset and use the decision rule in Section 3.4. The



Router Data Supervision target Model
Direct Ours Raw or projected MLP regressor
Factored Ours Projected (timing), Two MLP
raw (difficulty) regressors
Burst-aware TRB Benchmark or Boosted-tree
forward classifiers
SR-KNN Both Raw (ours), k-NN (k = 5)
benchmark (TRB)

Table 1: Routers, the data they run on, what they learn
to predict, and their model, see Section 3.2 for the su-
pervision targets. Ours: our dataset. TRB: TwinRouter-
Bench.

burst-aware router runs on TwinRouterBench and
makes at most one permanent downward handoff.

Direct router. The direct router regresses the
success probability of each cell with a multilayer
perceptron with hidden layers of 64 and 32 units
and a sigmoid output, trained with cross-entropy
against the cell’s success label. It reads the instruc-
tion, the observed history, the handoff step, and
the starting and receiving models through frozen
MiniLM embeddings (Wang et al., 2020; Reimers
and Gurevych, 2019), 11 history statistics, such as
counts of actions and errors, and model, step, and
price features. On BFCL, we train it with ten task-
grouped folds and six seeds, and on MultiWOZ and
T-retail, with fixed training and evaluation splits
and five seeds, see Appendix A. Unless stated oth-
erwise, results use the direct router trained on raw
labels.

Factored router. The factored router splits the
same prediction into two parts. The first part, d,
predicts how likely the stronger model of the pair
is to solve the task on its own. It measures task dif-
ficulty and does not depend on timing. The second
part, g(k) = min{q(k)/d, 1}, predicts how much
of that success remains when the handoff happens
at step k, and is learned from the isotonic projec-
tion g of each training curve, see Section 3.2. The
router scores each handoff by the product d g(k)
of two regression models of the same kind as the
direct router, with g trained on targets between 0
and 1. Unlike the direct router, which can learn any
pattern across handoff steps, the factored router
separates difficulty from timing.

Burst-aware router. The burst-aware router runs
on TwinRouterBench, whose tiers range from O,
the cheapest, to 3, the strongest. At each step, it
either retains tier 3 or commits to a cheaper tier
t € {0,1,2} for the rest of the instance. A burst

is a step labelled r;, = 3. Under the benchmark’s
scoring rule, a permanent handoff before a later
burst causes the instance to fail.

Three gradient-boosted tree classifiers (Fried-
man, 2001; Ke et al., 2017) read the same fea-
tures of the observed prefix, see Appendix A, and
each contributes one factor to the score. The tier-
requirement classifier predicts Ry, the tier needed
from step k£ onward, when trained on forward tar-
gets. With benchmark labels, it predicts 7, the tier
needed at step k. In either case, pyeq(t) is the pre-
dicted probability that the required tier is at most
t. The burst classifier gives p¢jear, the probability
that step k is not a burst. With forward targets, it
is instead the probability that neither step k nor
any of the next three labelled steps is a burst. The
local-feasibility classifier is trained only on steps
that are not bursts and gives pjo.(t), the probabil-
ity that r, < ¢ on such a step, which equals 1 for
t = 2. The router combines the three outputs and
calibrates the resulting score:

Dt = It <\/preq(t) Dclear ploc(t)> ) (3)

where I; is an isotonic regression (Zadrozny and
Elkan, 2002) fitted entirely within the training data.
We obtain its input scores through three-fold cross-
validation, keeping all steps of each instance to-
gether. Each score therefore comes from classifiers
trained without that instance. Evaluation instances
are excluded from both classifier fitting and cali-
bration. With forward targets, the tier-requirement
classifier predicts sufficiency for the remaining tra-
jectory, while the other two classifiers assess local
feasibility and the absence of a near-term burst. Cal-
ibration targets R, < ¢ with forward targets and
ri < t with benchmark labels. Thus the two ver-
sions use probabilities of different events to make
the same permanent-handoff decision.

A tier is eligible when p; > pyin. Among eligi-
ble tiers, the router maximises the handoff score

Vi=p: St — (1 —py) Fy, 4)

where S; forecasts the saving from a successful
handoff and F} assigns a cost penalty to failure.
The router hands off when the largest score is posi-
tive, preferring the cheaper tier on ties. Otherwise,
it retains tier 3 and reconsiders at the next step.
Static evaluation uses price-based cost proxies.
The saving S; uses the input-price difference and
forecast remaining prompt volume. The penalty



F; uses the strongest tier’s input price and forecast
whole-instance prompt volume, scaled by a weight
5. Inner cross-validation selects py,i, and (3, see
Appendix A. For Table 5, we train one version on
benchmark labels and one on forward targets. They
differ only in the targets of the tier-requirement and
burst classifiers and in the calibration event, and
both are scored on the same five folds that hold out
whole instances.

For live evaluation, we refit the forward-target
router on the full static bank and use a fixed floor
of pmin = 0.95, live cost forecasts, and a spend-
ing and step guard. Appendix A specifies these
settings.

SR-KNN baseline. As a reference, we use SR-
KNN, the nearest-neighbour (Cover and Hart,
1967) baseline of semantic routing (Liu et al.,
2026). We use a held-out, five-neighbour version,
whereas TwinRouterBench reports SR-KNN as an
in-sample one-neighbour upper bound (Yang et al.,
2026). On our dataset, it averages the measured
success of the five most similar training cells of the
same ordered model pair, weighted by similarity,
and uses the decision rule of Section 3.4. On Twin-
RouterBench, it compares the mean tier label of
the five most similar training steps with a thresh-
old selected by cross-validation inside the training
folds. It makes this comparison at the first step and
keeps the chosen tier, the cheapest or the strongest,
for the whole instance.

3.4 Initial Selection and Later Handoff

On our three datasets, we compare initial selection
and later handoff using the same fitted router: the
direct router, the factored router, or SR-KNN. At
k = 0, before any model has acted, both policies
choose among the three models. Initial selection
keeps that choice for the entire task. Later handoff
also commits immediately if the choice replaces the
designated starting model. If the choice retains the
starting model, it may reconsider at later collected
steps that the trajectory reaches, before the median
task length in the training data, see Appendix C.

At a later decision, a handoff occurs only when
another model has strictly greater predicted utility
than staying. The receiving model then finishes
the task. If no handoff occurs, the starting model
finishes it. The rule estimates no separate value
for waiting. Both policies share the fitted predictor,
opening, cost forecasts, and tie rule, with staying
preferred on exact ties.

We evaluate each policy by mean task success
(@ and mean billed execution cost C. Each task
contributes the selected cell’s average outcome over
its two executions, with router initialisation seeds
averaged within task. Utility is

U)\ = Q - )\absCy (5)

where Q is a fraction and \,ps = A/Cy, with C,
the starting model’s mean training solo cost, com-
puted within each fold. Costs in this expression
are in dollars per task, and tables report 1072 $ per
task. Router computation is excluded. At A = 1,
an additional cost equal to 1% of C, offsets one
percentage point of success. We evaluate 15 di-
mensionless weights from 0 to 50. Equal weights
across starts or datasets need not represent equal
prices in dollars.

Both policies choose by predicted utility. At
history Ay, a candidate model b receives

Us(b | hiya) = G(b | hi, @) — Aanséla, b, k), (6)

where ¢ predicts terminal task success from the ob-
served prefix, and ¢(a, b, k) forecasts total episode
cost from training cells. For b = a, the score as-
sumes that the starting model finishes the task. For
another model, it assumes a handoff now followed
by permanent use of that model.

We measure the paired difference, later handoff
minus initial selection, in success, cost, and utility
over all eligible evaluation tasks. Decisions use
one observed trajectory per task and starting model,
while outcomes come from the separately collected
execution cell selected by the policy. This assumes
that the cell’s outcome applies after the observed
prefix. We assess sensitivity to this assumption by
restricting evaluation to identical prefixes.

We also compare initial selection with a fixed
policy: for each cost weight, the solo model or fixed
handoff schedule, a handoff to a given model at a
given step, with the highest mean training utility,
applied to every evaluation task, see Appendix C.

Intervals resample tasks (10,000 paired resam-
ples, seeds averaged within task) and condition
on the fitted models. Primary comparisons are
the direct router at the 35B start on BFCL and
MultiwOZ, with simultaneous 95% bands over
all weights and metrics, adjusted across the two
datasets. Secondary comparisons (other starts,
other routers, and the routers against the training-
selected fixed policy, on BFCL and MultiWOZ) use
unadjusted 95% intervals. All other comparisons



are descriptive, including 7-retail, the router com-
parison at initial selection, the supervision targets,
and TwinRouterBench. We call a difference estab-
lished when its interval excludes zero. An interval
containing zero does not establish equivalence.

4 Datasets

We use two complementary resources: our dataset
measures task outcomes under committed handoffs,
while TwinRouterBench supplies verified bench-
mark labels for comparing supervision targets, see
Section 5.3.

4.1 Source Datasets and Collection

We collect handoff curves on three datasets.
BFCL’s multi_turn_base category (Patil et al.,
2025) tests tool use across user turns, with de-
cisions indexed by user turn. Its official metric
checks the environment state and the execution re-
sponses after every turn. We instead count a task as
solved when the model reaches the reference final
state by any sequence of calls, after normalising
whitespace and trailing punctuation, and we ex-
clude tasks whose reference calls fail. 7-retail (Yao
et al., 2025) pairs a retail agent with a simulated
user. Its decisions are indexed by agent action, and
success requires a final reward of one. MultiwOZ
2.4 (Budzianowski et al., 2018; Ye et al., 2022)
provides dialogue state tracking tasks indexed by
dialogue turn. A dialogue succeeds when the F1
score between its final predicted state and the gold
state, computed over slot—value pairs, is at least 0.9.
This measures state tracking, not general dialogue
completion. On all three datasets, task success is
the share of executions that succeed. Because the
success criteria differ, equal success rates on two
datasets do not mean equal difficulty.

Collection begins with solo screening to iden-
tify tasks on which models differ. Selected tasks
receive handoff executions at the collected steps
in Table 2, retaining both successful and failed
outcomes. This screening enriches routing oppor-
tunities, so the resulting populations are not repre-
sentative samples of the full benchmarks.

The model pool comprises Qwen3 8B (Yang
et al., 2025), Qwen3.5 35B-A3B, and Qwen3.5
397B-A17B (Qwen Team, 2026), served through
OpenRouter. The 7-retail user simulator is GPT-
4.1-mini (OpenAl, 2025), and BFCL and Multi-
WOZ use scripted user turns. Dataset costs are
agent-side execution costs, from provider bills ex-

Dataset Upward  Downward Step unit
BFCL 1-6 1-6 User turn
MultiwWOZ 1-11 1-11 Dialogue turn
T-retail 1,2,4,6,8 2,4,6,8,10 Agent action

Table 2: Collected handoff steps by dataset and direction.
At step k, the starting model has completed k steps
and the receiving model takes over. Initial selection
at k = 0 uses solo executions. Evaluation considers
reachable collected steps before the training-derived
cutoff described in Appendix C.3.

Evaluation tasks

Dataset Cells Executions 8B 35B 397B
BFCL 2,247 4,494 102 102 102
MultiwOZ 12,504 25,008 117 117 117
T-retail 2,351 4,702 41 17 17
Total 17,102 34,204

Table 3: Dataset size. Cells and executions cover all
tasks (training, screening, and evaluation). The last
three columns give the evaluation tasks for each starting
model.

cept for 431 re-collected executions priced at list
price. Simulator spending is recorded separately
where available and is not included in the routing
cost. Appendix B gives further information.

4.2 Coverage and Splits

Each cell holds two executions, see Table 3. Cell
averages provide the training labels. Tasks, not
cells, are the units of evaluation.

BFCL uses task-grouped cross-validation as it
does not possess a separate validation or test split.
7-retail and MultiwOZ have disjoint training and
evaluation tasks. BFCL and MultiWOZ support
all three starts on the same evaluation populations.
In 7-retail, incomplete downward handoff cover-
age limits the 35B and 397B starts to 17 tasks,
compared with 41 at 8B. We report those smaller
populations with particular caution, i.e. all 7-retail
comparisons remain descriptive rather than estab-
lishing cross-dataset effects. We will release the
dataset.

4.3 TwinRouterBench

TwinRouterBench (Yang et al., 2026) is an agentic
routing benchmark with two parts. Its static bank
has 970 labelled steps from 520 instances, each one
agent trajectory. Of these instances, 81 have more
than one labelled step, and 40, the SWE subset,
are software engineering tasks from SWE-bench



Verified (Jimenez et al., 2024). Each step has a
verified benchmark label, from which we build our
forward targets, see Section 3.2. On the bank, we
hold out whole instances and score each model
choice against these labels, not against new exe-
cutions. The benchmark scores the routers based
on four metrics. RowPass counts steps given at
least the labelled tier, RowExact counts steps given
exactly that tier, and TrajPass counts steps whose
whole instance passes. CostSave is the share of the
always-strongest bill saved under the benchmark’s
cost model, which bills the whole prompt as a new
cache write at every tier switch, and it can be neg-
ative because a failed instance is charged a rerun
on the strongest tier. Combined is the mean of the
four and is not live task success. The benchmark’s
live track runs a router on 100 held-out instances.
The benchmark uses a different model pool, suc-
cess measure, and cost model, so its scores are not
comparable with those on our dataset.

5 Results

All routers use offline full-information supervision
and causal inputs, see Section 3.3. Evaluation pop-
ulations are given in Table 3. Unless stated other-
wise, results are at the 35B start, the only start that
permits handoff in both directions. Results at the
other starts are in Appendix D.

5.1 Later Handoff

No improvement over initial selection is estab-
lished for the direct router at the 35B start on
BFCL or MultiWOZ at any tested cost weight, see
Figure 2. On BFCL, later handoff adds cost: at
A € [0,0.35] it spends 0.75 to 1.6 x 1073 $ more
per task with no established gain in success, and
at A € [0.2,1.5] it lowers utility. On MultiWOZ,
it spends 0.08 to 0.13 x 1072 $ more per task at
A € [0.05,0.5], and at A € [0.75, 1.5], where only
7 to 17% of dialogues succeed, it saves 0.05 to
0.07 x 1073 $ per task but loses 5.3 to 7.7 points
of success. No utility difference is established at
any cost weight on MultiwWOZ. Appendix D re-
ports sensitivity checks for fold splits, tie rules,
cost forecasts, prefix identity, and waiting rules.
The losses of later handoff come from handoffs
that the router ranks poorly. After the first step, the
rank correlation between its predicted and realised
success gain from handing off is about 0.07 on both
datasets, where 0 means no rank association. On
BFCL at A = 0.2, the router hands off later to 8B
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Figure 2: Effect of allowing later handoff for the direct
router at the 35B start. Each panel shows later hand-
off minus initial selection, so values above zero mean
higher success, cost, or utility with later handoff. Bars
are simultaneous bands that cover all cost weights and
metrics at once, at 97.5% per dataset and 95% over both
datasets, and filled markers show bands that exclude 0.
Success differences are in percentage points and cost
differences in 1072 $ per task.

98 times across its six training seeds, on 49 tasks,
predicting higher success than staying despite a
higher forecast cost. These handoffs succeed 44.4%
of the time at 4.75 x 10~3 $ per task, whereas stay-
ing on 35B would have succeeded 77.0% of the
time at 4.47 x 1073 $. On MultiWOZ, the router
systematically under-predicts success from staying.
With such a weak ranking, the comparison has little
power to detect value in timing.

The factored router and SR-KNN behave in the
same way: at A = 0.2 on BFCL, their later hand-
offs cost 0.78 and 0.57 x 10~3 $ more per task and
lower utility, with no established change in success,
see Table 6. The 8B and 397B starts permit only
upward and downward handoffs, respectively, see
Figure 4. At the 8B start on BFCL, later handoff
adds 4.7 points of success at A = 1 at almost no



extra cost, which we state as a hypothesis for a new
test. On the 47 tasks where it hands off later, an
immediate upward handoff, at £ = 0, would have
done better, with 72.1% against 32.1% success for
3.83 against 3.31 x 1073 $ per task. At the 397B
start and A = 0.2, later handoffs lower both success
and cost on both datasets, see Table 6.

5.2 Router Comparison

Because later handoff adds no established bene-
fit, we compare the routers under initial selection,
see Figure 3. By unadjusted 95% intervals of the
paired utility difference, the factored router has
higher utility than the direct router on MultiwOZ
at 6 of the 15 cost weights, with no established de-
crease at any weight. On BFCL, the factored router
has higher utility than the direct router at only 2
of the 15 weights. On MultiwOZ, SR-KNN has
higher utility than the factored router at 3 of the 15
weights and lower utility at none, and its highest
success is also higher, 86.8% against 83.8%. On
BFCL and 7-retail, the factored router reaches the
higher success, 86.4% against 82.4% and 59.4%
against 41.2%, at higher cost, 11.69 against 10.36
and 27.64 against 14.36 x 1073 § per task. A likely
reason for the factored router’s gain is its training
target: it learns from success curves made mono-
tone across handoff steps, the same projection that
improves the direct router in Section 5.3. On 7-
retail, which has only 17 evaluation tasks at this
start, the comparison is descriptive.

At one low cost weight, A = 0.05, the factored
router has higher utility than the training-selected
fixed policy on BFCL, by 0.055 [0.015,0.098],
with 8.5 points more success for 2.30 x 1073 $
more per task. At A = 0, both the factored and the
direct router reach slightly higher success than al-
ways using 397B at 17 to 23% lower cost, although
the success intervals include zero. At A € [0.2, 2]
on BFCL, the fixed policy, which stays on 35B,
beats the factored router, and at A € [0.2, 3] it beats
SR-KNN. On MultiWOZ, the factored router estab-
lishes no utility improvement over the fixed policy
at any weight.

5.3 Supervision Targets

On our dataset, projected labels improve the di-
rect router under initial selection, see Table 4. At
the same A, the two label types can reach differ-
ent costs, so we compare each projected operating
point with the success that raw labels reach at the
same cost. At the same cost, projected labels reach

0.2 to 4.1 points more success in all eight cases,
with the largest gain on BFCL at A = 0.5. Utility,
which accounts for cost at each weight, rises in 5
of the 8 cases, with no established decrease, see Ta-
ble 8 for all 15 weights. On MultiWOZ, most of the
gain at the same weight comes from a more expen-
sive operating point. Nevertheless, projected labels
improve the router consistently, with more success
at the same cost in all eight cases and no established
decrease in utility at any tested weight. Projected
labels also raise later handoff, by 2.5 points of suc-
cess on BFCL and 11.5 on MultiWOZ at A = 0.2,
for 0.18 and 0.21 x 1073 $ more per task. Later
handoff therefore still adds no established benefit.
On BFCL it lowers utility by 0.100 [0.060, 0.141]
under projected labels, and on MultiWOZ no utility
difference is established.

On TwinRouterBench, our forward targets im-
prove the burst-aware router over the benchmark
labels, see Table 5. RowExact rewards matching
the benchmark’s tier label at each step, whereas
CostSave also accounts for the cost of changing
tiers, see Section 4.3. Following labels that rise
and fall can therefore improve RowExact while
incurring additional cache-write costs. Both burst-
aware variants use the same one-handoff rule. For-
ward targets change when and to which tier the
router hands off, but they do not introduce the one-
handoff restriction. We report all four components
alongside Combined to distinguish tier matching,
successful execution under the benchmark labels,
and cost saving.

On the full bank, forward targets raise RowPass
from 95.1 to 99.3, TrajPass from 90.3 to 98.1, and
CostSave by 6.3 points. On SWE, the router fails
1 instance instead of 10, with TrajPass higher by
20.5 points and CostSave by 3.3 points, although
its 95% interval, [—4.1,8.3], includes zero. SR-
KNN’s higher full-bank Combined comes only
from RowExact, and on the full bank the forward-
target router is higher on RowPass, TrajPass, and
CostSave. The comparison changes three training
targets together, not one label. On the live track,
the router trained with forward targets resolves 79
of 100 instances at a router cost of $0.59 per in-
stance, see Appendix D.3. On both our dataset and
TwinRouterBench, changing only the supervision
targets, with the learner, features, and decision rule
fixed, improves the trade-off between success and
cost.
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Figure 3: Initial selection at the 35B start. Each marker is a router’s operating point at one of the 15 cost weights,
and lines join the points in order of increasing A. 7-retail has 17 evaluation tasks at this start.

Projected labels Raw labels Projected — Raw
A Success Cost | Success Cost A Success A Utility A Success at same cost
(%) (107%9) (%) (107°$) (%) (%)

BFCL

0 86.6 12.59 86.4 10.75 | 0.2 [-2.6, 3.31 0.002 [-0.026,0.033] 0.2
0.2 73.7 493 71.3 499 24[-0.1, 5.0 0.027[ 0.003,0.051] 2.7
0.5 69.0 3.74 64.0 371 5.1 2.3, 8.0] 0.047[ 0.021,0.075] 4.1

1 64.9 3.70 62.1 370 2.8[ 0.5, 5.11 0.028 [ 0.008,0.050] 29
MultiwOZ

0 86.3 2.02 84.7 200 1.6[ 0.6, 2.81 0.016 [ 0.006,0.028] 1.6
0.2 75.4 1.75 64.4 1.57 11.0[ 7.0,15.11 0.067 [ 0.038,0.097] 22
0.5 56.5 1.36 47.6 1.20 89[ 4.4,13.51 0.001 [-0.033,0.036] 1.9

1 154 0.60 14.6 0.60 0.8[-1.4, 3.0 0.007[-0.011,0.027] 0.7

Table 4: Direct router at the 35B start under initial selection, trained on projected or raw labels, see Section 3.2, and
scored on the same raw outcomes. Success in %, success differences in percentage points, cost in 1073 $ per task.
A Success and A Utility compare the two label types at the same A, with unadjusted 95% intervals, and bold utility
differences have intervals that exclude zero. A Success at same cost compares each projected operating point with
the Pareto front of the raw-label operating points over all 15 weights. Linear interpolation between front points
gives the raw-label success at the projected point’s cost, and beyond the most expensive front point the front keeps

its highest success.

6 Discussion

Initial selection. At the 35B start, allowing a
later handoff adds no established benefit for the
direct router, the factored router, or SR-KNN, and
on BFCL it adds cost. The routers’ results are
therefore decided mostly by the model they select
at the first step. This result depends on our model
pool and on our costs, which are mostly provider
bills that include prompt-cache discounts, while a

handoff to another model starts without that cache.

The Qwen experiments do not test transfer across
model families. The result also reflects routers
whose ranking of handing off against staying is
close to chance, so it is not evidence that timing
has no value. Because our dataset measures the

outcome of a handoff at every collected step, better
predictors can be tested on it directly.

Fixed policies. A fixed policy chosen on train-
ing data is hard to beat, and how much a router
can gain depends on the model pool. On BFCL,
35B solves 73.5% of tasks at 3.78 x 1073 $ per
task, against 84.3% at 14.05 x 1072 $ for 397B.
At A = 0, both routers reach slightly higher suc-
cess than always using 397B at 17 to 23% lower
cost, although the success intervals include zero,
and at A = 0.05 the factored router also has higher
utility. On MultiwWOZ, 35B solves 46.2% of di-
alogues at 0.88 x 1073 $ per task, against 86.3%
at 2.02 x 1073 $ for 397B, and the routers stay
close to 397B in both success and cost. In all three



Policy RowPass RowExact TrajPass CostSave Combined
Full bank

Always strongest 100.0 17.5 100.0 0.0 54.4
Burst-aware, benchmark labels 95.1 20.1 90.3 543 64.9
Burst-aware, forward targets 99.3 26.1 98.1 60.6 71.0
SR-KNN 95.7 76.8 93.0 55.4 80.2
SWE

Always strongest 100.0 50.0 100.0 0.0 62.5
Burst-aware, benchmark labels 88.4 41.4 76.8 -1.2 51.3
Burst-aware, forward targets 99.7 50.6 97.3 2.1 62.4
SR-KNN 98.2 49.7 97.6 -0.1 614

Table 5: TwinRouterBench static scores (%). Our burst-aware router is trained on the benchmark labels or on our
forward targets, see Section 3.2. Benchmark labels are TwinRouterBench’s tier labels for each step, and forward
targets give each step the strongest tier needed from that step to the end of the instance. The full bank has 520
instances with 970 labelled steps, and SWE is its subset of 40 SWE-bench Verified instances. Always strongest, in
grey, is a reference. Among the three router rows, the highest value in each column is in bold and the second highest

is underlined.

datasets, 8B fails most tasks, so routing to it saves
little. This suggests that a pool whose models are
closer in capability but differ in price would leave
more room for routing to improve the trade-off be-
tween success and cost. Router evaluations should
report the training-selected fixed policy next to the
router.

Supervision targets. The clearest gains in our
study come from what the routers learn to predict,
not from when they may hand off. On our dataset,
making training curves monotone gives the direct
router 0.2 to 4.1 points more success at the same
cost in all eight reported cases, and raises its utility
at 7 of the 15 cost weights on BFCL and at 4 on
MultiWwOZ, with no decrease established at any
tested weight. The factored router, which learns
from monotone curves, has higher utility than the
direct router at 6 of the 15 weights on MultiwOZ.
On TwinRouterBench, forward targets raise the
burst-aware router’s TrajPass by 7.8 points and its
CostSave by 6.3 points on the full static bank, and
on SWE they reduce failed instances from 10 to
1. A router trained with these targets resolves 79
of 100 live instances at a router cost of $0.59 per
instance. On our dataset, projected labels improve
both policies by similar amounts.
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A Prediction and Live Policy Details

A.1 Dataset Router Training

The direct router is fitted once per dataset, fold, and
initialisation seed, pooling all three starting models.
In its weighted cross-entropy loss, when a cell sup-
plies several views, including solo anchors and stay
rows at several handoff steps, those views share
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its total weight of two within each fitted objective.
Zero-success cells remain in raw-label training.

All routers use frozen all-MinilLM-L6-v2 em-
beddings with normalised 384-dimensional out-
puts (Wang et al., 2020; Reimers and Gurevych,
2019). The direct router concatenates the instruc-
tion embedding of the first 2,000 characters, 11
history statistics, 32 history-embedding PCA com-
ponents fitted on training rows, and 11 model, step,
and price features. History statistics describe ac-
tions, results, errors, history length, user turns, and
the size and parse health of the carried state. The
static features encode the model pair, direction,
current and candidate steps, their difference, and
a price proxy at the median training task length.
In all reported analyses, the candidate step is the
current step. At step zero, the start, direction, and
price features are zeroed.

Neural heads use standard scaling, ReLU acti-
vations, and Adam (Kingma and Ba, 2015), with
learning rate 1073, Ly coefficient 10~%, and at
most 700 iterations. BFCL uses partition seed 0,
and seeds 1 and 2 test sensitivity to the split.

For the direct router’s label comparison, projec-
tion is fitted separately by training task and ordered
model pair. It includes the receiving-model solo
anchor and leaves stay labels raw. Zero-anchor
curves remain in training without an anchor cap.
All other training and evaluation settings are held
fixed.

A.2 Factored Router and SR-KNN Baseline

For the factorisation in Section 3.3, curves with
d < 1079 are excluded from fitting the timing head
¢ but remain in fitting the difficulty head d and
in evaluation. Reconstructed training targets are
capped at the solo anchor. The direct router’s pro-
jected labels have no such cap. Both heads use the
same neural settings as above. The difficulty head
sees the instruction and the stronger-model indi-
cator on BFCL, or the receiving-model indicator
within each fixed start on MultiWOZ and 7-retail.
The timing head sees the instruction, 11 history
statistics, starting- and receiving-model indicators,
and handoff step (k/16 on BFCL and 7-retail, k/12
on MultiWwOZ). Predicted timing profiles are pro-
jected using only steps observed so far, with the
upward handoff profile anchored at one at step zero.

SR-KNN draws neighbours from the same or-
dered model pair, with one pool entry per train-
ing task and measured cell. Similarity is the dot
product of concatenated normalised instruction and



history embeddings. SR-KNN averages the raw
labels of the five most similar cells, with similarity
weights floored at 1076,

A.3 Bank Relabelling and Live Handoff

TwinRouterBench verifies each tier substitution un-
der its search procedure (Yang et al., 2026). Its step
labels do not measure the outcome of a permanent
handoff, see Section 3.2.

The classifiers use scikit-learn’s histogram gra-
dient boosting (Friedman, 2001; Ke et al., 2017),
with seed 0, learning rate 0.1, and at most 100 iter-
ations and 31 leaves. History excludes system mes-
sages, limits messages to 300 characters and tool-
call arguments to 160, and retains the final 4,000
characters. Role-delimited segments are limited to
1,500 characters, with tool outputs attached to the
preceding segment. Features concatenate the em-
bedding of the first 2,000 characters of the first user
message, the embeddings of the last four segments
with zero left-padding, the mean of all segment em-
beddings, and a scenario indicator. With forward
targets, the burst classifier has three classes: a burst
at the current step, a burst within the next three
labelled steps, or neither. Its predicted probability
of the last class is pcjear. With benchmark labels, it
has two classes, a burst at the current step or not,
and P¢lear 18 the probability of no burst.

Static evaluation uses five outer folds grouped
by instance. Within each training fold, three inner
folds supply calibration scores and select ppin €
{0,0.95,0.975,0.98,0.99} and 8 € {0.5,1,2} by
the highest Combined score among settings with
positive CostSave. Evaluation uses the original
benchmark labels.

Static cost forecasts use S; = (p3 — pt)Wrem
and F; = Bpgﬁ/inst, where p; is the tier’s input
price per token, and Wrem and Wmst are the fore-
cast prompt volumes of the remaining steps and of
the whole instance. Each prompt-volume forecast
multiplies the current history length by a training
mean ratio for remaining or total volume, grouped
by scenario and step bin: 0, 1-4, 5-14, 15-39, or
40 and above.

For live use, the router is refitted on the full
static bank with three instance-grouped calibration
folds, the software-engineering scenario indicator,
and pmin = 0.95. Forecasts assume an instance
length of 32 steps, at least five remaining steps,
500 output tokens per step, and one prompt token
per four characters, using locked input and output
prices without cache discounts. S; is the remaining
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cost difference between tiers 3 and ¢, and F; is
the forecast tier-¢ spend plus the $0.60 unresolved-
instance penalty. Every eligible tier has positive
V4, so the floor py,i, controls handoff timing and
the handoff score V; selects the tier. If no handoff
has occurred, spending above $1.50 or a step count
above 70 triggers a permanent handoff to tier 2.
Appendix D.3 reports the live evaluation.

B Data Collection and Provenance

BFCL’s solo inventory includes 95 screening-only
tasks outside the 102 tasks with handoff curves
used for evaluation.

B.1 Collection and Serving Conditions

BFCL and MultiWOZ have both handoff direc-
tions for every selected task, using the steps in
Table 2. In 7-retail, all 41 evaluation tasks have up-
ward handoff curves, but only 17 have downward
handoff curves. The 28 upward and 29 downward
training tasks are disjoint, leaving no training task
with both directions at the 35B start. Nine down-
ward training cells are missing: seven had only
one valid execution and two were never collected.
MultiWOZ training and evaluation partitions both
come from the MultiWOZ 2.4 validation set.

Qwen3 8B, Qwen3.5 35B-A3B, and Qwen3.5
397B-A17B were served through OpenRouter and
pinned to the providers Alibaba, Parasail, and
Chutes, respectively. Provider changes, fallbacks,
and campaign-specific exceptions are recorded by
campaign and, where available, by call.

B.2 Replication and Exclusions

The dataset retains two executions per cell, selected
by source-file order and record index. It excludes
837 earlier-protocol 7-retail training cells: 768 re-
played a recorded prefix and billed only the con-
tinuation, and 69 used a shared recorded opening.
These were not separately collected full episodes.

C Evaluation and Statistical Details

C.1 Decision Inputs and Canonical
Trajectories

Timing features use the current step index, never
its fraction of the final episode length. Other inputs
follow the causal restrictions in Section 3.3.

Ties between alternative receiving models go
to the lower forecast cost and then to the smaller
model. A threshold that allows handoff on ties and



rules that give waiting an explicit value are descrip-
tive sensitivities, see Appendix D, not replacements
for the primary rule.

One canonical trajectory per task and starting
model supplies every candidate’s prefix at a deci-
sion point. The canonical trajectory is the start-
ing model’s solo execution with the lowest repli-
cate identifier. If none exists, it is a rollout with
the starting model’s prefix and the latest collected
handoff step, breaking ties by fixed dataset keys,
not outcomes. The trajectory is selected once,
never stitched or replaced, and its termination is
respected.

C.2 Cost Forecasts and Cost Weights

Cost forecasts use training cells only. Initial se-
lection uses each model’s mean solo cost. Later
handoffs use means by starting model, receiving
model, and step. Staying uses solo means over
training tasks whose canonical trajectory reaches
that step.

Later-step means require five distinct training
tasks. Unsupported steps use interpolation within
the supported range, the nearest supported step
outside it, or the pooled ordered-pair mean if no
step is supported. Initial solo means are exempt
from this requirement. The primary forecasts have
no monotonicity constraint. Reported costs are the
selected cells’ billed execution costs.

The 15 cost weights are 0, 0.05, 0.1, 0.2, 0.35,
0.5, 0.75, 1, 1.5, 2, 3, 5, 10, 25, and 50. The nor-
maliser C,, is computed for each fold, and at the
35B start it is 3.78 x 1073 $ per task on BFCL, av-
eraged over folds, and 0.87 x 1073 $ on MultiWOZ.
No cost weight is selected on evaluation outcomes.

C.3 Evaluation Populations and Uncertainty

Evaluation tasks are excluded from training at ev-
ery starting model. Handoffs are considered only
before the median training task length: 4 steps on
BFCL, 8 on MultiWOZ, and 8, 10, and 12 on 7-
retail at the 8B, 35B, and 397B starts. This removes
36 of 276 BFCL and 56 of 771 MultiWOZ decision
points.

The data were examined before the protocol was
frozen, and screening outcomes also supply the
solo outcomes at £ = (. Evaluation therefore
does not use an untouched sample, and indepen-
dent solo outcomes were not re-collected. The
effect of changing stay-observation weights was
not tested, so the router’s under-prediction of stay-
ing on MultiWOZ remains a diagnostic rather than
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an established causal explanation.

Task-bootstrap resamples (Efron, 1979) are
shared across policies and cost weights. Primary
simultaneous bands (Montiel Olea and Plagborg-
Mgller, 2019) use the maximum standardised boot-
strap deviation across success, cost, utility, and all
15 weights, with error rate 0.025 per dataset for
95% coverage across BFCL and MultiwWOZ. In-
tervals outside the primary family, including all
T-retail intervals, are unadjusted 95% percentile
intervals from the same resamples.

C.4 Fixed-Policy Comparison

For each dataset, start, fold, and cost weight, the
fixed policy maximises mean training utility over
the three solos and handoff schedules observed on
at least 80% of training tasks. At the 7-retail 35B
start, only solos qualify. Ties favour lower mean
billed cost, earlier handoff, and then the smaller
model. Evaluation outcomes are never imputed.

For comparisons with the fixed policy, initial
selection uses a standardised opening, taken from
one fixed execution of each task, and solo-mean
cost forecasts. On BFCL and MultiWQZ, this pro-
duces the same direct-router initial choices as the
later-handoff comparison. On 7-retail, the two can
differ.

D Additional Results and Sensitivities

D.1 Policy and Supervision Comparisons

Figure 4 shows initial selection and later handoff
for the two routers and SR-KNN at every starting
model, and Table 6 gives their paired differences at
A = 0.2. At the 35B and 397B starts, 7-retail has
17 evaluation tasks. Table 7 gives the values plotted
in Figure 2. Table 8 gives the raw-against-projected
label comparison of Table 4 at every cost weight.

D.2 Sensitivity Checks

At BFCL’s 35B start, waiting variants improve on
strict later handoff at some cost weights. The direct
waiting rule establishes no improvement over initial
selection, and it adds supervision for future handoff
schedules, so that comparison does not isolate the
effect of waiting. The factored router’s waiting rule
is compared only with strict later handoff.

BFCL partition seeds 1 and 2 preserve the signs
of the checked contrasts on the same 102 tasks.
Allowing handoff on ties changes no direct- or
factored-router decisions, and one SR-KNN de-
cision per seed on MultiWOZ at the 397B start.
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Figure 4: Initial selection (solid, filled) and later handoff (dashed, open) at every starting model over the 15 cost
weights. 7-retail has 17 evaluation tasks at the 35B and 397B starts and 41 at the 8B start, see Table 3.
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Start Router A Success (%) A Cost (1072 $) A Utility

BFCL

&B Direct 25[ 1.1, 4.0] 0.03[-0.01, 0.07] 0.023 [ 0.009, 0.038]
Factored 1.6[ 04, 3.1] 0.02[-0.01, 0.06] 0.015[ 0.002, 0.031]
SR-KNN 1.0[ 0.0, 29] 0.08[-0.01, 0.22] 0.005 [-0.002, 0.018]

35B  Direct 421 -8.0, -0.7] 0.87[ 0.60, 1.16] -0.088 [-0.127,-0.052]
Factored 14[ -0.6, 3.6] 0.78[ 0.46, 1.15] -0.027 [-0.047,-0.009]
SR-KNN  -39[-10.3, 2.0] 0.57[ 0.25, 0.95] -0.069 [-0.130,-0.014]

397B Direct -42[ -6.3, -2.2] -0.62[-0.82,-0.44] -0.033 [-0.052,-0.015]
Factored -11.3[-15.8, —6.9] -1.83[-2.25,-1.44] -0.087 [-0.128,-0.046]
SR-KNN  —-49[ -9.8, -0.5] -0.69 [-1.10,-0.32] -0.039 [-0.087, 0.004]

MultiwoZ

&B Direct 571 3.5, 82] 0.13[ 0.09, 0.17] 0.006 [-0.014, 0.028]
Factored 15[ 03, 29] 0.05[ 0.03, 0.08] -0.006[-0.018, 0.004]
SR-KNN 00[ 0.0, 0.0] 0.00[ 0.00, 0.01] -0.002[-0.005, 0.000]

35B  Direct 22[ 0.1, 45] 0.13[ 0.08, 0.17] -0.007 [-0.028, 0.014]

Factored -0.1[ -1.8, 1.6] 0.11[ 0.06, 0.17] -0.026 [-0.046,—-0.008]
SR-KNN 13[ -1.7, 43] 0.15[ 0.07, 0.25] -0.021 [-0.063, 0.014]
397B Direct -17.4[-22.5,-12.5] -0.33 [-0.40,-0.27] -0.140 [-0.188,-0.093]
Factored -18.0 [-24.2,-11.9] -0.37 [-0.44,-0.30] —0.143 [-0.202,-0.084]
SR-KNN -15.4[-21.8, -9.4] -0.27 [-0.36,-0.19] -0.126 [-0.187,-0.069]

T-retail

8B Direct 0.0[ 0.0, 0.0] 0.03[ 0.00, 0.10] -0.001 [=0.003, 0.000]
Factored 0.7[ 0.0, 2.0] 0.04[-0.05, 0.16] 0.006 [-0.003, 0.019]
SR-KNN 85[ 1.2, 17.11 1.56[ 0.04, 3.44] 0.041 [-0.040, 0.135]

35B  Direct 10.0[ -0.6, 21.2] 11.63[ 7.25,16.41] -0.300[-0.443,-0.171]
Factored 1.2[ -3.5, 7.1] 1.58[ 040, 2.99] -0.043 [-0.114, 0.020]
SR-KNN 29[ 0.0, 8.8] 5.35[ 1.76, 9.48] -0.155[-0.295,-0.039]

397B Direct 00[ 0.0, 0.0] 0.00[ 0.00, 0.00] 0.000[ 0.000, 0.000]
Factored -1.8[ -3.5, 0.0] -1.86[-4.48,-0.20] -0.006 [-0.027, 0.015]
SR-KNN 29[ 0.0, 8.8] -0.58[-1.73, 0.00] 0.033[ 0.000, 0.099]

Table 6: Later handoff minus initial selection for each router at A = 0.2, with success differences in percentage
points and cost differences in 1073 $ per task. Intervals are unadjusted 95%, and rows of zeros mean that the two
policies make identical choices. T-retail has 41 evaluation tasks at the 8B start and 17 at the 35B and 397B starts,
see Table 3.
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A A Success (%) A Cost (1072 9$) A Utility
BFCL
0 -0.7[ -5.2, 3.8] 1.22[ 0.65, 1.79] -0.007 [-0.052, 0.038]
0.05 -1.7[ -84, 5.0] 1.58[ 0.82, 2.33] -0.038 [-0.103, 0.027]
0.1 247 -8.8, 4.1] 1.31[ 0.70, 1.93] -0.058 [-0.122, 0.006]
02 -42[-104, 2.1] 0.87[ 0.39, 1.34] -0.088 [-0.151,-0.024]
0.35 -5.1[-10.7, 0.6] 0.75[ 0.22, 1.28] —0.120[-0.192,-0.049]
0.5 -5.1[-10.3, 0.1] 0.20[-0.06, 0.46] -0.077 [-0.137,-0.018]
0.75 -4.6[ -9.3, 0.1] 0.04 [-0.03, 0.10] —0.054 [-0.104,-0.003]
1 -42[ -84, 0.0] 0.04[-0.02, 0.10] -0.053 [-0.101,-0.004]
1.5 =-3.5[ -7.3, 0.31 0.04[-0.01, 0.10] -0.052 [-0.103,-0.002]
2 -25[ =59, 0.8] 0.04[-0.01, 0.09] -0.046 [-0.099, 0.006]
3 -19[ -4.6, 09] 0.03[-0.01, 0.06] -0.041[-0.090, 0.008]
5 -0.7[ -1.9, 0.6] 0.01[-0.01, 0.03] -0.020 [-0.057, 0.017]
10-50 identical policies (all differences 0)
MultiwOZ
0 I1.1[ =05, 271 0.03[-0.01, 0.06] 0.011 [-0.005, 0.027]
0.05 2.6[ -0.3, 54] 0.09[ 0.03, 0.15] 0.021 [-0.007, 0.048]
0.1 23[ -1.0, 56] 0.11[ 0.04, 0.17] 0.011 [-0.020, 0.042]
02 22[ -1.5, 59] 0.13[ 0.05, 0.20] -0.007 [-0.042, 0.028]
035 15[ -2.6, 57] 0.12[ 0.04, 0.19] -0.032 [-0.074, 0.010]
05 -1.1[ -6.1, 39] 0.08[ 0.01, 0.15] -0.056 [-0.113, 0.001]
0.75 -7.7[-13.5,-1.9] -0.07 [-0.10,-0.04] —0.019 [-0.077, 0.039]
1 -69[-12.2,-1.6] -0.07 [-0.10,-0.04] 0.011 [-0.043, 0.064]
1.5 -53[ -9.7,-0.9] -0.05[-0.08,-0.03] 0.036 [-0.014, 0.086]
2 =24[ =52, 04] -0.02[-0.04,-0.01] 0.033 [-0.004, 0.070]
3-50 identical policies (all differences 0)

Table 7: Later handoff minus initial selection for the direct router at the 35B start, at every cost weight, with success
differences in percentage points and cost differences in 1073 $ per task. Intervals are the primary simultaneous
bands of Figure 2, covering all cost weights and metrics at 97.5% per dataset and 95% over both datasets.

A A Success (%) A Cost (1072 $) A Utility
BFCL
0 02[-26, 331 1.83[ 1.34,2.36] 0.002 [-0.026,0.033]
005 4.7[ 23, 73] 1.68[ 1.13,2.27] 0.025[ 0.002,0.049]
0.1 40[ 14, 671 0.85[ 0.39,1.34] 0.017 [-0.006,0.041]
0.2 24[-0.1, 5.0 -0.06[-0.42,0.27] 0.027 [ 0.003,0.051]
035 4471 1.8, 7.3]1 -0.01[-0.05,0.03] 0.045[ 0.019,0.072]
0.5 5.17[ 23, 80] 0.02[-0.01,0.06] 0.047 [ 0.021,0.075]
0.75 3.7[ 1.1, 6.4] 0.02 [-0.02,0.05] 0.033[ 0.010,0.058]
1 28[ 05, 5111 0.00[-0.03,0.03] 0.028 [ 0.008,0.050]
1.5 19[-0.6, 42] -0.01[-0.04,0.03] 0.021 [-0.000,0.042]
2 29[ 02, 54] 0.00[-0.03,0.04] 0.027 [ 0.005,0.049]
3 21[-14, 56] 0.01[-0.03,0.05] 0.015[-0.023,0.053]
5 00[-3.5 34] 0.00[-0.04,0.04] -0.003 [-0.055,0.050]
10-50 1identical policies (all differences 0)
MultiwOZ
0 1.6[ 0.6, 2.81 0.02[ 0.01,0.04] 0.016 [ 0.006,0.028]
0.05 6.7[ 3.3,10.11 0.11[ 0.05,0.16] 0.061 [ 0.030,0.092]
0.1 9.5 5.6,134] 0.14[ 0.07,0.21] 0.079 [ 0.045,0.113]
0.2 11.0[ 7.0,15.11 0.19[ 0.12,0.26] 0.067 [ 0.038,0.097]
035 89[ 4.6,13.2] 0.17[ 0.09,0.24] 0.022 [-0.005, 0.049]
0.5 89[ 44,1351 0.15[ 0.08,0.23] 0.001 [-0.033,0.036]
0.75 09[-1.5, 34] 0.01[-0.01,0.02] 0.001 [-0.021,0.024]
1 08[-14, 3.0] 0.00[-0.01,0.01] 0.007 [-0.011,0.027]
1.5 -0.3[-24, 1.8] 0.00[-0.01,0.01] -0.003 [-0.021,0.017]
2  13[-038, 371 0.00[-0.01,0.02] 0.005 [-0.016,0.025]
3-50 identical policies (all differences 0)

Table 8: Projected minus raw labels for the direct router at the 35B start under initial selection, at every cost weight,
with success differences in percentage points and cost differences in 1072 $ per task. Intervals are unadjusted 95%.
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At the 35B start, alternative cost tables change no
direct-router decisions on BFCL and two on Multi-
WOZ. A monotone cost forecast lowers the success
gain of later handoff at BFCL’s 8B start at A = 1
from 4.7 to 3.3 points. Restricting evaluation to
identical prefixes leaves the BECL utility difference
at A = 0.35 unchanged at —0.120 on 58 tasks. On
91 MultiWOZ dialogues, the small positive utility
differences at A = 1.5 and 2 shrink to +0.008.

D.3 Live TwinRouterBench Evaluation

On the live track’s 100 held-out instances, the burst-
aware router trained with forward targets on the full
static bank resolves 79 of 100 instances at $0.591 in
router cost and $0.717 in penalty-inclusive leader-
board bill per instance. Published reference runs
resolve 74 instances for always strongest and 75
for SR-KNN, at agent costs of $0.547 and $0.556
per instance, or bills of $0.703 and $0.706 with the
same penalty.

The live pool maps tiers 0-3 to DeepSeek V3.2,
MiniMax M2.7, Gemini 3 Flash Preview, and
Claude Opus 4.6, respectively. This is the exe-
cution pool, distinct from the static bank’s tier an-
notations.
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