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Recent years have witnessed tremendous progress in enabling LLMs to solve complex reasoning tasks
such as math and coding. As we start to apply LLMs to harder tasks that they may not be able
to solve in one shot, it is worth paying attention to their ability to construct intermediate stepping
stones that prepare them to better solve the tasks. Examples of stepping stones include simplifications,
alternative framings, or subproblems. We study properties and benefits of stepping stones in the
context of modern reasoning LLMs via ARQ (Asking the Right Questions), a simple framework that
introduces a question generator to the default reasoning pipeline. We first show that good stepping
stone questions exist and are transferrable, meaning that good questions can be generated, and they
substantially help LLMs of various capabilities in solving the target tasks. We next frame stepping
stone generation as a post-training task and show that we can fine-tune LLMs to generate more useful
stepping stones by SFT and RL on synthetic data.
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1 Introduction

A circle of 6 coins is randomly set to heads or 
tails. What is the probability that the circle can 
be rotated so that every head lands on a 
position that was originally a tail?

A circle of 4 coins is randomly set to heads or 
tails. What is the probability that the circle can be 
rotated so that every head lands on a position that 
was originally a tail?

#$%*T!)^

There are 2^4=16 cases in total. First consider
1 head, then 2 heads...... The probability is 11/16.

There are 2^6=64 cases in total. We can follow 
the example and consider 1 head, 2 heads...  
The probability is 15/32.

w/o ARQ: The problem might be too hard 𝑦 ∼ 𝜋(𝑥)

ARQ: (1) Generate a stepping stone 𝑧 ∼ 𝜙(𝑥)

ARQ: (2) Solve the stepping stone 𝑦𝑧 ∼ 𝜋(𝑧) 

ARQ: (3) Solve the original problem 𝑦 ∼ 𝜋(𝑥, 𝑧, 𝑦𝑧)

stone 
generator

fixed solver

fixed solver

fixed solver

Figure 1 Illustration of ARQ. Instead of directly solving a
task that may be too hard for a given solver (top), ARQ
(bottom) adds a question-asking step that prompts or trains
LLMs to generate stepping stone questions which, once
solved, provide guidance or inspiration for the original prob-
lem. The LLMs used to generate stepping stone questions
are referred to as stepping stone generators. In this exam-
ple, the stepping stone (generated by an LLM) focuses on a
special case of the original problem.

There has been rapid progress in training large
language models (LLMs) to solve increasingly com-
plex reasoning tasks such as mathematics (OpenAI
et al., 2024; Lightman et al., 2023; Shao et al.,
2024), coding (Chen et al., 2021; Gehring et al.,
2025), and decision-making in long-horizon agentic
environments (Chan et al., 2025; Jimenez et al.,
2024).

A common recipe for building reasoning mod-
els combines post-training with test-time scaffold-
ing. The first (optional) step in post-training is
to curate datasets that explicitly exhibit the de-
sired reasoning behaviors and use them for su-
pervised finetuning (SFT). For instance, problem-
solving datasets annotated with high-quality chain-
of-thought (CoT) rationales (Wei et al., 2022) can
encourage pretrained LLMs to reliably express
these behaviors after SFT (Ye et al., 2025; Muen-
nighoff et al., 2025). Then reinforcement learn-
ing (RL) can be used to reinforce effective strate-
gies that achieve high reward (DeepSeek-AI et al.,
2025). After post-training, models can further be
augmented with test-time scaffolds that provide
explicit procedures for verification (Zheng et al.,
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2023; Huang and Yang, 2025), feedback (Lee et al., 2025), or iterative refinement (Madaan et al., 2023; Shinn
et al., 2023). These scaffolds further improve performance when the underlying model is capable of leveraging
such behaviors (Kim et al., 2025; Shen et al., 2025; Qin et al., 2025).

However, most post-training and inference-time approaches have focused on reasoning behaviors that help
models solve the given problem or verify proposed solutions. In contrast, the ability to ask questions —
especially to pose relevant, insight-generating questions that expand one’s knowledge and thus enable progress
on problems that are otherwise too hard — has received less attention. We believe this is due to the paradigm
shift to encapsulate all reasoning behaviors into a single, long thinking trace. Yet, asking the right question
is a crucial component of human intelligence (Newell et al., 1972). For example, when tackling challenging
tasks such as scientific research, we often construct related but more approachable stepping stone problems to
build intuition (Ho et al., 2022). Crucially, stepping stone problems are often not only easier to solve, but also
cheaper and easier to verify, enabling faster iteration. For example, in deep learning research, practitioners
routinely prototype on small datasets or simplified toy settings to validate the feasibility and correctness of
ideas, assumptions, or implementations before scaling up to the target, large-scale domain (Kaplan et al.,
2020; Henighan et al., 2020).

As LLMs are applied to longer-term reasoning scenarios (METR, 2025), it is important to understand whether
they, like humans, can also generate a useful test-time curriculum by asking the right stepping stone questions.
In this work, we propose a straightforward framework, ARQ (Asking the Right Questions), to study this
question from both inference and post-training perspectives. As shown in Figure 1, ARQ consists of two
LLM-based modules with distinct roles: a question generator ϕ and a problem solver π. Given a target
problem x, instead of directly producing a solution y ∼ π(x), ARQ first generates a stepping stone problem
z ∼ ϕ(x). It then samples a solution yz ∼ π(z) to the stepping stone and finally solves the target problem
with (z, yz) in the context, i.e., y ∼ π(x; z, yz). For simplicity, we do not use more advanced techniques for
the LLM-based solver π, such as majority voting, since they are complementarity to our method. We instead
focus only on the question generator ϕ to study whether asking the right questions in isolation can improve a
given solver’s success rate on challenging tasks.

We first investigate ARQ as an inference-time scaffold on top of existing reasoning LLMs on three challenging
math benchmarks, showing that good stepping stones exist and that the best stones greatly improve the
solver’s success rate by 13% on average (Section 4.1). We then demonstrate that these improvements are
transferable: good stepping stones are broadly helpful across multiple solvers with various levels of performance,
and the gains are not due to overfitting to a specific solver (Section 4.2). With this evidence, we establish
stepping stone generation as a meaningful post-training task. Here, we score a given stepping stone using
the expected reward of the solver when solving the target problem conditioned on this stone. We rate
generations from existing LLMs with this score function, and curate a dataset for post-training. We show that
additional post-training on this dataset substantially improves the ability of LLMs to ask effective stepping
stone questions (Section 4.3). Finally, we extend ARQ to generate multiple stepping stones sequentially
or recursively using both off-the-shelf and post-trained models (Section 4.4), where we find that additional
stepping stones can further improve performance. We thus believe that ARQ offers an encouraging step into
an underexplored research direction: what questions are worth asking, and what principled methods can train
LLMs to generate those questions that are most beneficial for a given downstream task?

2 RelatedWork

Post-training LLMs for Reasoning. The standard paradigm for enhancing the reasoning capabilities of LLMs
during post-training typically consists of two stages: (1) Supervised Fine-Tuning (SFT) on curated, high-quality
reasoning data to elicit CoT, and (2) Reinforcement Learning (RL) to further refine reasoning behaviors via
human or verifiable feedback (Li et al., 2025c; Kumar et al., 2025). In the SFT stage, a primary challenge is
the acquisition of high-quality rationales. Current literature addresses this either through self-bootstrapping
techniques (Zelikman et al., 2022; Zhang et al., 2024) or by curating compact, high-signal datasets that
prioritize diversity and quality (Muennighoff et al., 2025; Ye et al., 2025; Li et al., 2025a; Zhao et al., 2025).
Subsequently, the RL stage aligns these models with human preferences or objective reward functions. This is
achieved through on-policy methods using learned reward models (RLHF) (Ouyang et al., 2022), or via Direct
Preference Optimization (DPO) (Rafailov et al., 2023), which bypasses the complexities of on-policy RL while
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enhancing reasoning effectiveness. Apart from human feedback, verifiable reward RL (Lambert et al., 2025)
utilizes automated, deterministic objectives such as exact-match correctness in mathematics (DeepSeek-AI
et al., 2025; Team et al., 2025) or unit-test pass rates in programming (Xue et al., 2025)—to provide reliable
and scalable reward signals for large-scale optimization.

While prior research has largely focused on developing end-to-end solvers, we investigate a less-explored
dimension of reasoning model: the ability to formulate “stepping stone” questions. By generating these
intermediate queries, our approach incrementally builds the knowledge and skills necessary to tackle problems
that exceed the capabilities of current LLMs.

Inference-timeScaffoldsforReasoning. Recent research has explored integrating LLMs into scaffolds (lightweight
procedures or programs that wrap an LLM as a component.) (Welleck et al., 2024; Wang et al., 2025), aiming
to improve LLM performance by adding a layer of search or planning algorithms at inference time without
modifying the underlying weights. Notable examples include parallel sampling techniques such as majority
voting and Best-of-N aggregation (Wang et al., 2023b; Brown et al., 2024), iterative refinement loops (Madaan
et al., 2023; Snell et al., 2024), and tree-based search strategies (Yao et al., 2023; Besta et al., 2024). ARQ
introduces a novel question-asking step that can be integrated as an additional operator within iterative or
tree-based search. Existing techniques, like majority voting, can also be leveraged to further enhance the
solver of ARQ.

The inference part of our approach is closely related to prompting techniques (Press et al., 2023; Yasunaga
et al., 2024; Zhou et al., 2023) that utilize in-context learning to induce models to generate auxiliary questions
before addressing the primary task. For instance, Self-Ask and similar works (Press et al., 2023; Liu et al.,
2022; Zheng et al., 2024; Zhou et al., 2024) prompt LLMs to retrieve intermediate facts or knowledge (e.g.,
a person’s age) before resolving relevant queries. Similarly, Analogical Reasoners (Yasunaga et al., 2024)
instructs models to generate and solve a related sub-problem as a precursor to the target math problem. This
can be viewed as a simpler version of the ARQ inference procedure, condensed into a single step rather than a
multi-stage process. Furthermore, Least-to-Most (Zhou et al., 2023) and Decomposed Prompting (Khot et al.,
2023) employ a similar philosophy by decomposing tasks into a linear sequence of sub-problems.

These existing methods are purely inference-time approaches that aim to improve performance by eliciting
extended CoT traces through prompting alone. However, later in Section 3.2, we observe that these prompt-
based approaches are not beneficial anymore when applied to the latest reasoning LLMs that already produce
long CoTs. ARQ can be seen as a modernization of these approaches with multi-step reasoning instead of
purely prompting. Our analysis also shows the limitation of existing LLMs in terms of their question asking
capability.

Synthetic Task&DataGeneration for LLMs. Synthetic data and task has emerged as a scalable and cost-effective
paradigm for teaching LLMs specialized skills without relying on scarce expert data. A common method
involves using a frontier model to synthesize both novel tasks and their solutions on the basis of existing seed
tasks (Xu et al., 2024; Luo et al., 2023; Tian et al., 2024; Li et al., 2025b), followed by a rigorous curation
process to select high-quality training pairs for fine-tuning (Wang et al., 2023c; Chen et al., 2025). Within the
reasoning domain specifically, recent work has expanded mathematical corpora through multi-perspective
rewriting (Yu et al., 2024) and back-translation of questions from augmented reasoning traces (Lu et al.,
2024).

In this work, we formalize stepping stone generation as a novel reasoning task: the objective is to generate
the intermediate query that maximizes the probability of the solver reaching the solution for a given target
question. The reward can be derived from Monte Carlo rollouts of the solver conditioned on the stepping
stone question. Our fine-tuning results indicate that such a task enables models to generate more strategic
stepping stone questions.

3 Method

When humans tackle long-term reasoning tasks such as proving novel theorems or conducting scientific
research, we commonly approach the challenging problem by asking less complicated questions to decompose
the task, to reduce the cost of experimentation, or to build our intuitions. These intermediate problems serve
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Solver only Analogical Least-to-Most Plan-and-Solve ARQ MajVote@3 Self-Refine

69.8% 58.6% 64.2% 60.7% 72.8% 70.0% 73.2%

Table 1 Performance of running various test-time scaffold on BeyondAIME (100 questions) with GPT-OSS-120B (high
reasoning effort). We run method 20 times on each problem. Solver only directly uses the LLM to solve the target
question. The methods in the middle, including ARQ, share the similar idea of generating intermediate steps, either as
analogical questions (Analogical), decomposition (Least-to-Most), or plan (Plan-and-Solve). On the right, we have two
methods that directly improve the solver. We run MajVote with 3 parallel rollouts to match the number of rollouts of
ARQ and also run Self-Refine, a well-established paradigm where the LLM can iteratively refine its previous solution.
ARQ outperforms existing techniques focusing on introducing intermediate steps but slightly underperforms the mature
Self-Refine method on existing LLMs.

as stepping stones toward solving the ultimate problem. This ability to generate diverse yet useful stepping
stones is also important for algorithms such as search and planning (Yao et al., 2023). In this work, we propose
ARQ (Asking the Right Questions), a framework that includes both an inference procedure (Section 3.1) and a
synthetic data curation pipeline (Section 3.3) for post-training LLMs to generate more useful stepping stones.

3.1 The Inference Procedure of ARQ

We formalize LLM-based problem solving with the following components. Let x denote a problem stated in
natural language, and π be an LLM-based stochastic solver from which we sample solutions, y ∼ π(x). The
final solution quality is evaluated by an external reward function R(y).

Figure 1 illustrates the core idea of ARQ. We introduce a new LLM-based stochastic generator ϕ that produces
stepping stone problems (“stones”) conditioned on the target problem x, denoted as z ∼ ϕ(x). In the generator
prompt, we define stepping stones as problems that are relevant to x but easier to solve, such as special cases
of x, or closely related problems that share the same underlying solution strategy and can be used to check
whether a proposed approach is likely to work. Then ARQ uses the solver π to sample a solution to this
stepping stones yz ∼ π(z). Finally, we prepend the generated stepping stone and its solution to the target
problem in the prompt, and samples a solution from the solver, y ∼ π(x; z, yz). The prompts for generator
and solver are provided in Figures 11 to 13 of Section F.

Note that both the generator ϕ and the solver π are both reasoning LLMs that generate CoT before producing
final outputs. We remove the thinking tokens before passing the outputs to the next module to simplify the
context, as we find it leads to better performance. Since we do not have a ground-truth reward function for
the generated problems, we treat the sampled solutions as if they were always correct. It is possible to apply
additional steps, such as iterative refinement (Madaan et al., 2023) or LLM-as-a-judge (Zheng et al., 2023), to
improve the correctness of the sampled solutions. However, for simplicity, we focus on the question-generation
component and keep the solver procedure simple.

We can further apply this procedure multiple times to generate a collection of stepping stones and build a
test-time curriculum. In this paper, we will consider two strategies: generating stepping stones sequentially,
or generating them recursively. The number of stepping stones is a predetermined hyperparameter. In the
sequential version, every time we generate a new stepping stone, the LLM takes as input both the existing
ones and the target problem, zi ∼ ϕ(x; z1, . . . , zi−1), and comes up with a new problem that aims to bridge
any gap between them. The stepping stones are solved by the same solver, yzi ∼ π(zi), and the full sequence
of stones and their solutions forms the context for solving the target problem, y ∼ π(x; z1, yz1 , . . . , zi, yzi). In
the recursive version, we treat the previously generated stepping stone as the new target problem, zi ∼ ϕ(zi−1)
and z0 = x. The stepping stones are solved in reverse order, with the immediately subsequent stone and
its solution in the context, yzi−1

∼ π(zi−1; zi, yzi). The motivation behind the recursive version is to keep
constructing stepping stones that help solve previously generated stepping stones, with the target problem at
the root.

3.2 Limitation of Running ARQ on Existing LLMs

The ARQ procedure described above would ideally be an inference only approach applicable to any existing
LLMs. However, due to the novelty nature of this question generation step, we find that existing LLMs are not
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guaranteed to benefit from such an inference time procedure off-the-shelf as they generate a mixture of good
and bad stepping stones. To illustrate this point, we run a pilot experiment in Table 1 using GPT-OSS-120B
(high reasoning effort), an open-weight LLM that is more likely to ask useful questions due to its strong
reasoning performance. We use BeyondAIME (Seed et al., 2025) as the test dataset because it is difficult
enough that the LLM alone (Solver only) only achieves a moderate 69.8% success rate. We compare ARQ
against works that share a similar spirit of introducing intermediate components to facilitate reasoning, such as
Analogical (Yasunaga et al., 2024), Least-to-Most (Zhou et al., 2023), and Plan-and-Solve (Wang et al., 2023a),
as well as methods that directly operate on the solver, such as Majority voting (Wang et al., 2023b) and
Self-Refine (Madaan et al., 2023). Surprisingly, the prior prompting methods proposed before the reasoning
LLMs era hurt the performance when the LLM itself is strong and emit long CoT out of the box, while
ARQ is able to gain improvements with additional reasoning steps. However, ARQ slightly underperforms
Self-Refine, which iteratively apply the LLM to solve and refine its previous solution. Our hypothesis is
that the repeated-solving paradigm in the Self-Refine style methods benefits more directly from the existing
RLVR (DeepSeek-AI et al., 2025) pipeline than our relatively novel paradigm of asking useful questions.
We also want to emphasize the methods on the right (MajVote and Self-Refine) are complementary to our
approach as they can be applied to the solver within ARQ to get better performance. We demonstrate this
compatibility in Section B. The result is encouraging, while also highlighting the limited improvement when
applying ARQ on existing LLMs that may have not been trained to ask the right questions. Therefore, we
describe a recipe for curating a dataset of good stepping stone questions and post-training in the next section.

3.3 Data Curation and Post-training for ARQ

As we demonstrate in the previous section as well as in Section 4.1, existing LLMs generate a mixture of
advantageous and detrimental stepping stones that lead to only moderate improvement on average. Therefore,
a natural next step is to explore whether we can fine-tune LLMs to generate better stepping stones to achieve
better performance under the ARQ framework. One option would be to collect annotated (Question, CoT,
Stepping Stones) tuples from expert humans. However, this approach is expensive and limited by the human
ability to generate good stepping stone problems for LLMs. Instead, we study the effect of fine-tuning LLMs
to ask the right questions via a synthetic data generation pipeline.

A key step in generating synthetic datasets is to accurately evaluate the quality of the generated data. We
define the score of a stone, z, as the expected reward on the target problem, x, averaged over Monte Carlo
rollouts of solutions to the generated stone, yz and the target problem, y; that is,

S(z, x) = Eyz∼π(z),y∼π(z,yz,x)R(x, y). (1)

Compared to the inference section where we roll out the solver π twice to get solutions to the stepping stone
and the target question, here we roll out the solver 2n times in total to estimate the score in Equation (1)
where n is the sampling budget.

To generate synthetic data for fine-tuning, we start from a dataset of problems and use an existing LLM
to generate a pool of candidate stepping-stone problems for each target problem. We evaluate each stone
with k rollouts to estimate its score S(z, x), using an off-the-shelf LLM as the solver π. We then fine-tune
the stone generator ϕ using a standard two-stage approach. First, we collect the highest-scoring stones for
each target problem in the original dataset and use them for SFT. Next, we construct a preference dataset of
paired stepping stones using the top- and bottom-performing ones, and use it to further fine-tune the LLM
with DPO (Rafailov et al., 2023). Using these synthetically generated datasets, we substantially improve the
performance of base LLMs as stone generators within the ARQ framework.

4 Experiments

The experiment section is divided into the following parts. First recall that in Section 3.2, we demonstrated
that running ARQ on existing LLMs bring limited improvement compared to methods like Self-Refine when
averaged over 20 individual runs where each run has its own stepping stone. In Section 4.1, we examine
the score of individual stones generated with different LLMs as the stone generator. We show that existing
LLMs generate a mixture of good and bad stepping stones, and that the good stepping stones are more
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Figure 2 Scores of individual stones on selected questions from AIME 2024. Each point represents the score of the
target problem conditioned on a generated stone, and the short horizontal bar indicates the average score over all
stepping stones. The horizontal dashed line is the average performance of the Solver only baseline. ARQ generates
stepping stones of varying quality. The best ones are highly beneficial, but some are detrimental and reduce the
average improvement. ARQ with the more capable reasoning LLM is able to generate better stones, both in terms of
the best and the average.
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Figure 3 The performance of ARQ variants conditioned
on the best stepping stone. Existing LLMs can generate
highly useful stepping stones that increase the success rate
on the target problems, and LLMs with better reasoning
capabilities generate better stepping stones. In contrast,
the best stone from Rand does not improve over the Solver
only baseline (horizontal dashed lines). To avoid selection
bias, we use half of the rollouts to select the best stones
while we report the score using the other half.

Dataset:        
Solver:          

AIME 2024
GPT 20B
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Figure 4 Transferability results of good stepping stones.
Performance remains roughly the same regardless of
whether the best stones are selected by the new solvers
themselves or by a reference solver (GPT 120B) that has
a different size and reasoning capacity. This indicates that
good stepping stones are universally helpful across solvers.
The Solver only scores of the new solvers are shown as
dashed lines.

helpful towards solving the target problem. Then, in Section 4.2, we show that under our scoring system, the
best stepping stones are not merely overfitting to a particular solver. Their benefit transfers to solvers of
varying strength. The strong benefit of good stepping stones and their transferability lay the foundation for
the post-training experiments in Section 4.3, where we fine-tune LLMs to generate better stepping stones.
Finally, we extend ARQ to multiple stepping stones and evaluate two instantiations of this idea using both
off-the-shelf LLMs and our fine-tuned LLMs.

4.1 Delving into Individual Stepping Stones

Setup: We use AIME 2024, AIME 2025, and BeyondAIME as our test benchmarks. The AIME 2024 and
AIME 2025 datasets are widely used reasoning datasets. Each of them contains 30 challenging questions from
the prestigious math competition for high school students. BeyondAIME (Seed et al., 2025) is a dataset of
100 questions that are much more challenging. We use MathVerify (Kydlíček) to compare generated answers
against the ground truth. For the solver LLMs, we use GPT-OSS-120B with low reasoning effort in AIME
2024 and AIME 2025 and the same model with high reasoning effort in BeyondAIME due to their different
difficulty levels. Using these two levels of reasoning effort also helps us understand the performance of different
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methods when combined with LLMs of different capabilities.

For stepping stone generation, we consider a Rand baseline and two ARQ variants:

• Rand: a baseline that uses randomly generated stepping stones; the stone generator does not take the target
problem as input and is asked to generate a random AIME-style question;

• ARQ low: ARQ using GPT-120B with reasoning effort low as stone generator ϕ, simulating a naive generator
with superficial thinking before asking questions;

• ARQ high: ARQ using GPT-120B with reasoning effort high as stone generator ϕ, simulating the effect of
having stepping stones from a more capable “oracle”.

We first run the stone generator to generate 20 stepping stones independently. Then, to compute scores for
each stone following Equation (1), we sample 20 rollouts per stone, i.e., 20 pairs of sampled solutions to the
stepping stone and the target problem.

Results: We first look at the scores of individual stones Figure 2 on selected AIME 2024 problems. The full
plots for all AIME 2024 and AIME 2025 problems are in Figures 7 and 8 of Section C. Figure 2 reveals that
there is significant variance in the scores across generations. Many stones score much lower than the solver
only baseline, even when using the more powerful LLM as the stone generator. Two possible factors contribute
to the failure cases. One is that the generated stones are irrelevant or misleading, biasing the solver in the
wrong direction. The other is that the generated questions are unsolvable for the solver and the wrong or
invalid solutions in the context cause contamination when addressing the target problem. On the positive side,
we notice that the best stepping stones are able to lead to significantly higher scores on the target problem,
indicating that we may fine-tune LLMs to ask better questions with this score as a reward signal.

Next, we focus on the performance the best generated stepping stones averaged over the three datasets to
get a holistic view. To report the scores of the best stepping stones, we use the average score of the first 10
solutions per stone to select the best stones and report their scores using the remaining 10 solutions to avoid
selection bias. In Figure 3, we first notice that the best stepping stones substantially improve the performance
in the ARQ framework. The best stones from ARQ low improve the performance by 5% over the solver only
baseline, while the ones from ARQ high improve it by 13%. This improvement is not merely an effect of
maximization over 20 runs or having more context, as it brings no improvement when maximizing over the
20 uninformative stepping stones in Rand. Second, between the two ARQ versions, we see generating useful
stepping stones could be an emergent behavior for off-the-shelf LLMs, with the more capable reasoning models
generating much better stepping stones. For a more intuitive understanding of the best stepping stones and
the behavior difference between ARQ high and ARQ low, please refer to Section A for a qualitative analysis.

Obviously, the best score is not attainable at test time, as it requires access to the reward function in the math
domain. However, this analysis is crucial to understand the strengths and weaknesses of ARQ on existing
LLMs and paves the way for the post-training experiment in Section 4.3.

4.2 Transferability of Good Stepping Stones

After identifying the good stepping stones, the next question is whether the benefit from the good stones
transfers and generalizes across different solvers.

Setup: The core idea for evaluating the transferability of good stepping stones is to take a set of best stones
selected by one solver (reference solver) and evaluate them using a new solver (target solver). Then we
compare the resulting score against ARQ using the best stones selected by the target solver itself. Specifically,
we use the same datasets as in the previous section and use the stepping stones generated by ARQ high as the
candidate pool. The reference solvers are the same ones used in the previous experiments, i.e., GPT-120B low
for AIME 2024 and AIME 2025, and GPT-120B high for BeyondAIME. For the new target solvers, we use
GPT-20B, a smaller model, with low and high reasoning efforts for AIME and BeyondAIME respectively. We
also consider a Qwen3-4B (thinking) solver on AIME to evaluate transferability between solvers of different
families. We use 20 rollouts per stone to score each stepping stone. When evaluating the stones selected by
the target solvers themselves, we also perform the previously mentioned procedure to avoid bias, i.e., we use
separate sets of rollouts for stone selection and evaluation.
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Results: Figure 4 shows the results. First, it is worth noting that the new solvers have noticeably different
strengths from the reference solver in the previous experiment. For example, on the AIME 2024 and AIME
2025 datasets, the new GPT-20B low solver is 21% worse than the reference solver on average, while the
GPT-20B medium solver is 27% better. However, running ARQ with the best stepping stones improves
the performance of all, reinforcing the observation that good stepping stones are helpful. Regarding the
transferability of good stepping stones, the performance of ARQ using the stones selected by the reference
solvers is on par with that using the stones selected by the target solvers shown on the x-axis. This shows that
good stepping stones are generally useful across solvers of different reasoning and problem-solving capacity.
They improve performance not because they overfit to some specific biases of a particular solver but rather
because they are genuinely useful questions to ask and solve first.

4.3 Fine-tuning LLMs to Generate Stepping Stones

Next, we show that we can improve LLMs’ ability to ask better questions by fine-tuning them on the ARQ
task following the process described in Section 3.3.

Setup: We fine-tune Qwen3-8B (a thinking model) (Yang et al., 2025) and Qwen2.5-32B-Instruct (Qwen
et al., 2025) to cover two representative starting points for additional post-training. Qwen3-8B is a capable
reasoning model that has been extensively post-trained on various reasoning tasks. This model performs
decently on math benchmarks, but we find that it is not not good at generating useful stepping stones out
of the box. Qwen2.5-32B-Instruct is a base model that has not been post-trained for reasoning tasks. This
model potentially has higher capacity, but it struggles to generate any stepping stones as it fails to follow our
prompt and formatting instructions before fine-tuning.

Dataset:   
Solver:     

AIME24
GPT-120B low

AIME25
GPT-120B low

BeyondAIME
GPT-120B high

55%

60%

65%

70%

75%

58.6

52.6

69.8

58.7

53.8

70.4

58.1

52.6

71.5

62.3

56.5

71.6

60.8

55.9

73.0
Solver only
Qwen3-8B
Qwen3-8B FT (baseline)
Qwen3-8B FT (ours)
Qwen2.5-32B FT (ours)

Figure 5 Performance of ARQ with Qwen3-8B and
Qwen2.5-32B before and after fine-tuning (FT). Our fine-
tuning procedure noticeably improves their performance
as stone generators for different solvers.

To collect the dataset for fine-tuning, we run ARQ
with GPT-120B high as the stone generator and GPT-
120B low as the solver on all 918 pre-2024 AIME
questions. We generate 20 stepping stones per ques-
tion and use our scoring function to assign a reward
to each stepping stone. We first run SFT on the
best stepping stones, followed by DPO on paired
stones constructed from the pool of stones. Addi-
tional details of the data curation and SFT + DPO
hyper-parameters are in Section D. To verify the im-
portance of the scoring function and differentiate our
procedure from pure distillation, we also consider a
baseline where we repeat the exact fine-tuning proce-
dure on the 8B model but the stones have randomly
assigned scores.

We evaluate both LLMs before and after our fine-
tuning procedure following the same practice as in
Section 4.1. We run the ARQ inference pipeline 20 times per problem and report the average performance
as an indicator of whether the models have improved their question-asking capability in general. As before,
we use GPT-120B low as the solver in AIME 2024 and AIME 2025, and GPT-120B high as the solver in
BeyondAIME.

Results: Figure 5 summarizes the results. We omit the score of Qwen2.5-32B as the stone generator before
fine-tuning as it fails to follow our prompt. The Qwen3-8B reasoning model is able to generate well-formatted
stepping stones, but they only improve performance by 0.6% on average compared to the solver-only baseline.
After fine-tuning, both models greatly improve their question-asking capability, leading to improvements
of 3.1% for Qwen3-8B and 2.9% for Qwen2.5-32B averaged over three datasets. The models now generate
questions that are helpful both for a weak solver (as in AIME 2024 and AIME 2025) and for a solver that is
significantly stronger than themselves in terms of model size and reasoning capability (as in BeyondAIME).
The 8B model fine-tuned with the baseline approach, however, has mixed results across the three datasets. It
performs noticeably worse than 8B (ours) on the two AIME datasets but on par on the hard BeyondAIME
dataset, potentially because the strong solver used in BeyondAIME becomes the more dominant factor for
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Best
Avg

0 1 2 3
Number of Stepping Stones

60%
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75%

Multi-stone ARQ with fine-tuned Qwen3-8B

0 1 2 3
Number of Stepping Stones

60%

64%

68%

72%

Multi-stone ARQ with fine-tuned Qwen2.5-32B

Figure 6 Performance of ARQ with multiple stones. We run ARQ with GPT-120B high (left), fine-tuned Qwen3-8B
(middle), and fine-tuned Qwen2.5-32B (right) as stone generators. Results are averaged over the AIME 2024, AIME
2025, and BeyondAIME benchmarks. Each stone generator is asked to produce 20 sets of either 2 or 3 stepping stones,
generated either sequentially or recursively. Best denotes performance conditioned on the best-performing set of stones,
while Avg denotes performance averaged over the 20 sets. Sequentially generated stepping stones continuously improve
both best-case and average-case performance. Results with 0 stepping stones correspond to the solver only in the
previous sections.

performance. This result is particularly encouraging given the relatively small amount of data used for
fine-tuning. It further validates the potential of stepping stone generation as a promising and interesting
post-training task.

4.4 Extending ARQ toMultiple Stones

So far, we have focused on ARQ with a single stepping stone. Next, we evaluate whether increasing the
number of stepping stones brings further improvement.

Setup: We consider two strategies for extending ARQ to multiple stepping stones discussed in Section 3.1:
generating stepping stones sequentially or recursively. In the sequential case, the goal is to gradually build
a curriculum, where each new question aims to bridge the gap between the existing stepping stones and
the target problem. In the recursive case, each new stepping stone is generated to help solve the previously
generated stepping stone, treating it as the new target problem. The prompts for sequential and recursive
stone generation are listed in Section F.

We evaluate both strategies on the same three math benchmarks used in previous experiments, using the same
solvers as in Section 4.1 for each benchmark. For the stepping stone generators, we consider an off-the-shelf
model (GPT-120B with high reasoning effort) as well as the two fine-tuned LLMs from Section 4.3, Qwen3-8B
FT (ours) and Qwen2.5-32B FT (ours). Note that sequential stone generation is a generalization test for our
fine-tuned models, because they have not seen prompts in which they are given both the target problem and
one or more existing stepping stones during our fine-tuning stage.

We run both multi-stone generation strategies to produce 20 sets of either 2 or 3 stepping stones for each
benchmark problem. For each set, we use the solver to solve each stone and then solve the target problem,
conditioning on the available stones and their solutions as context. We repeat this procedure 20 times to
estimate the average score for each set of stones.

Results: Figure 6 summarizes the results for each model averaged over all three benchmarks. We also provide
the separate results for each model on each dataset in Section E. The results show that sequential ARQ leads
to substantial gains in both average and best performance across all three LLM backbones, while the recursive
approach overall exhibits fluctuation or degradation. For the sequential version in particular, we observe a
5.2% absolute improvement in the best score and 3.9% in the average score when scaling from one stepping
stone to three stepping stones using GPT-120B high as the stone generator. Notably, this performance
gain extends to models that have only been fine-tuned on single stepping stone generation, demonstrating
additional generalization benefits from the ARQ post-training procedure. The fine-tuned Qwen3-8B and the
fine-tuned Qwen2.5-32B achieve absolute improvements of 1.7% and 2.7% in the average score, respectively,
and their best scores improve by 3.7% and 3.8% respectively.
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5 Conclusion

In this paper, we study LLMs’ ability to address hard problems by asking the right stepping-stone questions.
We propose the ARQ framework, which includes both an inference-time procedure to generate and utilize
stepping-stone problems as well as a data-curation recipe and post-training procedure to fine-tune LLMs
to generate better stepping stones. We show that good stepping stones improve the chance of solving the
target problem, and we demonstrate that their helpfulness generalizes to solvers of varying capabilities.
Finally, we curate a stepping-stone dataset and show that we can post-train multiple LLMs to become better
stepping stone generators. The primary limitation of this work is the relatively small scale of the post-training
experiment given constraints in computation and limited sources of hard target problems. The concept of
stepping stones could be more useful in extremely challenging domains such as IMO level math and scientific
research. Directions for future research include scaling up the study to larger datasets and other domains
such as coding, as well as exploration of post-training LLMs to ask better questions via online RL.
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Appendix

A Qualitative Analysis for Stepping Stone

Model Scale
Reduction

Constraint
Simplification Generalization Intermediate

Step
Method
Practice

ARQ high 68 13 8 8 3
ARQ low 62 22 8 5 3

Table 2 Distribution of the best stepping stones for 100 target problems in BeyondAIME among five categories.

In Section 4, we perform a series of experiments to understand the properties of stepping stones and their
effect on solving target problems. To have a more intuitive understanding of how the stepping stone assists
the solver, we manually review the stepping stone problems that produce the best roll-out performance for
all 100 problems in BeyondAIME benchmark. We find that the stepping stones can be classified into five
categories based on their strategies.

• Scale Reduction: The stepping stone keeps the original question structure unchanged and only reduces
the large parameters to small values that can be calculated manually;

• ConstraintSimplification: The stepping stone freezes a free variable, reduces the dimension of the problem,
or only considers a special case.

• Generalization: The stepping stone changes a large value to a generic parameter such as “m” or “n” and
asks for a generic formula.

• Intermediate Step: The stepping stone figures out the prerequisite subtasks or critical lemmas that must
be completed first.

• Method Practice: The stepping stone changes the question structure to practice the core math tricks
involved in the question.

The distribution of the best-performing stepping stones for ARQ high and ARQ low among the five distributions
is shown in Table 2. We could observe from the table that ARQ high and ARQ low exhibit a highly similar
trend. Under both settings, most of the best-performing stepping stones fall into the category of scale reduction
and constraint simplification, while only very few best-performing stepping stones work by teaching the solver
the required math tricks.

B Compatibility with Inference Approach that Improves the Solver

In Section 3.2, we compare our proposed ARQ with other similar methods that generate intermediate steps
and two representative test-time scaling methods that directly operate on the solver, namely majority voting
and self-refine. Notably, ARQ improves the problem-solving ability by introducing stepping stones with
question generation ϕ. Being agnostic to the problem solver π, ARQ is compatible with test-time scaling
approaches that enhance the performance of solver π. Here we use majority voting as an example, and the
experimental results are in Table 3. As shown in the table, both ARQ high and ARQ low exhibit substantial

No Maj Maj@20 Gain

Solver only 69.8 76.0 +6.2
ARQ high 72.8 79.0 +6.2
ARQ low 72.7 77.0 +4.3

Table 3 The performance of ARQ and solver only baseline when combined with major voting.
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gains with Maj@20, suggesting that ARQ can be combined with other test-time scaling approaches to achieve
better performance.

C Supplementary Figures for Section 4.1

In Figure 2 of Section 4.1, we plot the performance of ARQ conditioned on individual stepping stones, together
with a Rand baseline that generates random stepping stones without conditioning on the target problems. In
Figure 7 and Figure 8, we show the results for all problems in AIME 2024 and AIME 2025. This holistic view
reaffirms the observation that running ARQ with existing LLMs generates a diverse set of stepping stones
containing both beneficial ones and detrimental ones. The LLM with better reasoning capability tends to
generate more beneficial stepping stones with larger improvements. Both benchmarks also contain a number
of questions where the solver itself can reliably solve the problem, in which case running ARQ is technically
not necessary.

D Details of Dataset and Implementation of Post-Training in Section 4.3

Dataset Size Mean Prompt Length Mean CoT Length Mean Stepping Stone Length

SFT 918 184.25 4034.45 66.24
DPO 1063 193.93 4911.18 74.54

Table 4 The statistics of the SFT dataset and the DPO dataset in our experiments.

In this section we elaborate on the data collection process and the implementation details for our our
post-training experiments in Section 4.3.

D.1 Data Collection

We take the 918 pre-2024 AIME questions as our source of target problems for both datasets. We first generate
20 stepping stones for every target AIME problem using GPT-120B high as the stone generator. Then for
each stepping stone we sample 20 rollouts following Equation (1) to evaluate its quality. The stepping stone
with the best score is included in the SFT dataset.

Next, we take the 20 generated stepping stones per problem to construct the DPO dataset. We rank the
stepping stones by their scores and only keep the top-3 stones z1, z2, z3 as well as the bottom-3 stones
z18, z19, z20. With the 6 remaining stones, we construct three pairs of stones, namely (z1, z20), (z2, z19) and
(z3, z18). We compute the score difference for all pairs of stones and keep the ones with a difference ≥ 0.25 in
the DPO dataset. In principle, the rationale behind the data construction procedure is to 1) avoid having too
many pairs from the same problem; 2) avoid having the same stone appear multiple times, which may cause
overfitting; and 3) avoid using pairs where the score gap between the preferred and non-preferred is small.
This procedure results in a dataset of 1063 preference pairs generated from 436 unique target problems. The
average score difference over the selected pairs is 0.47.

The statistics of the SFT dataset and the DPO dataset, including the dataset size and the mean length
of prompts, chains of thought, and generated stones, are displayed in Section D. Note that for the DPO
dataset, the length is averaged over both positive examples and negative examples. Moreover, we plot the
distribution of the CoT length in Figure 9. From the figure, we observe that there is a long tail in the CoT
length distribution, especially for the DPO dataset, where the CoT can be longer than 40,000.

D.2 Implementation and Hyper-Parameters

We use Qwen3-8B (Yang et al., 2025) and Qwen2.5-32B-Instruct (Qwen et al., 2025) as the base models
for post-training, but in principle the post-training approach is agnostic to specific language models. Our
experiments are conducted on a cloud Linux server with Ubuntu 22.04.5 operating system. The codes are
written in Python 3.12.8. We run our experiments on Nvidia H200 GPU. The hyperparameters for SFT
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Figure 7 Score of individual stones on all questions from AIME 2024, a complete version of Figure 2. The solver is
GPT-120B with low reasoning effort for all methods.
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Figure 8 Score of individual stones on all questions from AIME 2025. The solver is GPT-120B with low reasoning
effort for all methods.
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Figure 9 The distribution of the CoT length in our constructed SFT dataset (left) and DPO dataset (right).

Hyper-parameter Value

max_length 16384
batch_size 16
lr 1e-5
adam_betas (0.9, 0.95)
grad_clip 1.0
weight_decay 0.0001
warmup_ratio 0.05
schedule cosine
epoch 5

Hyper-parameter Value

max_length 14336
batch_size 16
lr 1e-6
adam_betas (0.9, 0.95)
grad_clip 1.0
weight_decay 0.01
schedule constant
epoch 1
dpo_beta 0.1

Table 5 The value of the hyper-parameters in our reasoning-oriented training experiment (Section 5.2) for SFT (left)
and RL (right).

and DPO are shown in Section D.2. Notably, we set the maximum sequence length in both experiments
to be 16, 384, which is much longer than the average CoT length to include a small amount of extremely
long sequences shown in Figure 9. Such a large sequence length makes it difficult to perform full-parameter
fine-tuning on DPO, since DPO requires an additional reference model to compute KL-divergence, and
it needs to process both positive and negative examples. Therefore, we use LoRA (Hu et al., 2022) for
parameter-efficient fine-tuning with hyper-parameter r = 256 and α = 32, following the setting of Schulman
and Lab (2025).

E Supplementary Figures for Section 4.4

For the multiple stone experiments in Section 4.4, we propose two possible paradigms of extending the number
of stepping stones, namely sequential stepping stones and recursive stepping stones. We compare these two
paradigms using three stone generators and report the average performance over three datasets (AIME 2024,
AIME 2025, and BeyondAIME) in Figure 6. To compare and analyze the performance on each individual
dataset, we plot the performance of GPT-120B, Qwen3-8B post-trained, and Qwen3-32B post-trained in
Figure 10a, Figure 10b and Figure 10c, respectively.

F The Complete List of Prompts

In this section we provide the prompts used for our experiments in Section 4.1 and Section 4.4. The prompt
to generate a stepping stone in ARQ is shown in Figure 11. The prompts to solve the stepping stone and
the target problem in ARQ are displayed in Figure 12 and Figure 13 respectively. The prompt to generate

20



0 1 2 3
Number of Stepping Stones

60%

65%

70%

75%

80%
Sc

or
e

AIME 2024

Sequential
Recursive
Best
Avg

0 1 2 3
Number of Stepping Stones

55%

60%

65%

70%

75%

Sc
or

e

AIME 2025

0 1 2 3
Number of Stepping Stones

70%

72%

75%

78%

80%

Sc
or

e

BeyondAIME

(a) Multi-stone ARQ with GPT-120B (high) as stone generator.
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(b) Multi-stone ARQ with Qwen3-8B post-trained as a stone generator.
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(c) Multi-stone ARQ with Qwen2.5-32B post-trained as a stone generator.

Figure 10 Performance of sequential multiple stones and recursive multiple stones on AIME 2024 (left), AIME 2025
(middle), and BeyondAIME (right). Best is conditioned on the best generated stones for the target questions, and Avg
is averaged over 20 stones.

a random question for the Rand baseline is shown in Figure 14. For the experiments involving multiple
stones, we use the prompt in Figure 15 to generate stones sequentially and reuse the prompt in Figure 11
to generate stones recursively by treating the previously generated stone as the new target problem. The
prompts in Figure 12 and Figure 13 are used to solve the stepping stones and final problems in the multi-stone
experiments. For all prompts that require us to parse out the generated content, such as in stone generation,
we instruct the LLMs to wrap the final output in YAML for easy parsing.

G The Use of Large LanguageModel

Large language model is used in our study as a general-purpose assist tools and we use it for checking grammar
mistakes and fixing Latex compile errors.

H Dataset Credits and Licenses

We use the following datasets as test benchmarks. We acknowledge the original dataset creators and list the
corresponding sources and licenses below:

AIME pre-2024: https://huggingface.co/datasets/gneubig/aime-1983-2024.
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Prompt for Stepping Stone Generation

Task:
We are trying to write some subproblems that may be helpful or inspirational for solving the final problem.
The subproblems should be stepping stones towards solving the final problem.

A subproblem can take one or a few of the following roles:
• a simpler version of the final problem;
• a special case of the final problem;
• a practice for some methods that will be useful for solving the final problem.

Subproblem:
<Placeholder>
Final problem:
{problem}

Instructions:
1. Be clear and self-contained, someone seeing only the subproblem should understand what’s being asked.
2. You do not need to solve the proposed subproblem.
3. Write the subproblem in the same tone and format as the final problem.

Output format:
‘‘‘yaml
problem: |

...
‘‘‘

Figure 11 Prompt used to generate stepping stone problems in ARQ. The {problem} is replaced by the target problem.

Prompt for Solvers

Question:

{question}

Please reason step by step to solve the question above.
For the final solution, include critical details and put your final answer within \boxed{}.
If the final answer is a fraction, please reduce to the simplest form.
Don’t use commas when writing out large numbers.

Figure 12 Prompt used to solve stepping stone problems in ARQ. The {question} is replaced by the stepping stone
problem.
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Prompt for Solvers

Study the following example problems and their solutions.

Example:

{stone problem}

Solution to Example:

{stone solution}

Task: Reason step by step to solve the following final problem, and put your final answer within \boxed{}.
If the final answer is a fraction, please reduce to the simplest form.
Don’t use commas when writing out large numbers.

Final Problem:

{question}

Figure 13 Prompt used to solve target problems in ARQ. The {stone problem}, {stone solution}, and {question} are
replaced by the stepping stone problem, the solution to the stepping stone problem, and the target problem.

Licensed under CC0: Public Domain.

AIME 2024: https://huggingface.co/datasets/gneubig/aime-1983-2024.
Licensed under CC0: Public Domain.

AIME 2025: https://huggingface.co/datasets/opencompass/AIME2025.
Licensed under the MIT License.

BeyondAIME: https://huggingface.co/datasets/ByteDance-Seed/BeyondAIME.
Licensed under the MIT License.

23

https://huggingface.co/datasets/gneubig/aime-1983-2024
https://huggingface.co/datasets/opencompass/AIME2025
https://huggingface.co/datasets/ByteDance-Seed/BeyondAIME


Prompt for Solvers

Task:
Please randomly generate an AMC or AIME style math problem to help student practice.

1. Be clear and self-contained.
2. You do not need to solve the proposed problem.

Output format:
‘‘‘yaml
problem: |

...
‘‘‘

Figure 14 Prompt used to generate a random stepping stone in the Rand baseline.
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Prompt for Solvers

Task:
We are trying to write some subproblems that may be helpful or inspirational for solving the final problem.
The subproblems should be stepping stones towards solving the final problem.

Each subproblem can take one of the following roles:
• a simpler version of the final problem;
• a special case of the final problem;
• a practice for some methods that will be useful for solving the final problem.

We have proposed a few subproblems. Please propose a new subproblem that takes a step closer towards
solving the problem.

Subproblem {1}:
{subproblem 1}

Subproblem {2}:
{subproblem 2}

...

Subproblem {k}:
<Placeholder>

Final problem:
{problem}

Instructions:

1. Be clear and self-contained, someone seeing only the subproblem should understand what’s being asked.
2. You do not need to solve the proposed subproblem.
3. Write the subproblem in the same tone and format as the final problem.

Output format:

‘‘‘ yaml
subproblem: |
...
‘‘‘

Figure 15 Prompt used to generate the k-th sequential problem in ARQ.
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