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ABSTRACT

Understanding the mechanism behind why diffusion models memorize their training data remains an
open question in generative modeling. In this paper, we examine this question from two perspectives:
(a) the model-level perspective concerning the onset of memorization in a model during training, and
(b) the sample-level perspective concerning the proclivity of an individual sample to be memorized
by a given model. We show that the so-called input loss curvature, or the Frobenius norm of the
Hessian of the diffusion model’s training loss, is an effective metric for quantifying both perspectives
on memorization. In particular, we empirically demonstrate that input curvatures averaged across
training and validation samples can identify when a model is likely to start regurgitating its training
data when tracked over training time. However, this metric is not sufficient for measuring an
individual sample’s likelihood of being memorized. To address this perspective, we introduce a
counterfactual definition of memorization in diffusion models, extending the analogous notion from
supervised learning proposed by [Feldman, 2019]. We prove that this counterfactual memorization is
controlled by the input curvature of the leave-one-out model, thus establishing a direct theoretical
link between a sample’s local loss landscape and its generation likelihood. We validate our derived
bounds through several empirical experiments and show that input-dependent curvature provides a
proxy for memorization.

1 Introduction

Diffusion and score-based models are state-of-the-art generative models across domains from vision to drug discovery
[SDWMG15, HIA20, SE19, SSDK*21, RBL*22, ND21, AAD 24, RPGT21]. Their appeal lies in generating novel
yet realistic data, suggesting they estimate the data distribution from finitely many samples. Yet diffusion models
sometimes regurgitate training samples, a failure mode called memorization, which poses privacy and copyright risks
[CHN™23, SSG'23a, SSG*23b, GDP*23]. Existing work studies memorization at two levels:

1. Model-level memorization asks how closely the trained score matches the minimizer of the empirical denoising
score matching loss [Vin11, BDK"25], namely the score of the Gaussian KDE of the training set, whose
sampling reproduces the training data exactly. Tracking training time 7, models first generalize (at 74.,,) and
later memorize (at Ty,em) [BM23, BBABM24, YCKR23, AVST24], but these time-scales are known only
asymptotically, and measuring the memorized fraction f,,en (7) requires costly sampling.

2. Sample-level memorization asks which training points are copied. Previous work attributes sample-level
memorization to the presence of duplicates [CHN'23, SSG*23b, ZIL"T23, CTW'21]. More generally,
sample-level memorization refers to the influence of an individual sample on a model. This connects to to
the long-tail theory of [Fel20], which motivates the counterfactual memorization measure of [FZ20] (see also
[ZBH™17]). Extending this measure to diffusion models is nontrivial because the training objective (denoising
loss) differs from the test objective (likelihood), and generalization in diffusion models has its own geometric
structure [KGSM24].

*Equal contribution.
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These perspectives motivate sampling-free proxies of memorization which can ideally be measured during training. We
propose using input loss curvature from [RSR24] given by

Curvg(z) = Egoacs) [IVal(,2)[|7] 1)

as such a proxy. We use it for two reasons: (i) it is the leading order term that bounds Feldman’s memorization score,
is among the strongest membership-inference signals, and estimates differential privacy [RSHR24, RSR24, GRR24,
SSSS17, CCNT22, DMNS06]; (ii) the Hessian of the potential — log p(x) governs the local geometry of sampling,
with higher curvature confining Langevin trajectories near a minimizer for longer [BdH15, Ber13]. However, during
training it is prohibitively expensive to compute these negative log likelihoods—instead, we investigate whether the
second order information on the loss can help predict the properties implied by the second order information of the
negative log likelihood.

Contributions.

(a) Curvature over training image tracks memorization. We demonstrate that on ImageNet 64 x 64 and CelebA
32 x 32, Curvy(x) averaged over the training set corresponds to the fy,en, score and rises as the model overfits.
Moreover, at the onset of memorization, samples that are copied (i.e appear to be in the training set) have higher
curvature than samples that are not copied.

(b) Held-out curvature separates from training curvature during memorization. While curvature over training images
rises, the curvature over the validation set starts separating from the training curvature at the onset of memorization.
Surprisingly, validation curvature hits a minimum during training and starts rising as memorization proceeds,
while validation loss continues to decrease. The local minimum of validation curvature provides an early-stopping
measure for diffusion models that indicates the prevalence of model-level memorization.

(¢) A counterfactual notion of memorization. We illustrate that while curvature indicates model-level memorization, it
cannot signal the copy frequency of individual samples. To quantify such individual sample influence, we introduce
a new notion of memorization, termed counterfactual memorization given by the log-odds of sampling z; with and
without its inclusion in the training data.

(d) Counterfactual memorization is bounded by curvature. By lifting the differences in log-likelihoods to model
losses via a decomposition given in [HLC21], we quantify the influence of training dynamics on counterfactual
memorization. In particular, we demonstrate that when the model starts overfitting, the log-likelihood difference is
captured at the leading order by the curvature of the leave-one-out model and the nearest neighbour distance.

2 Background

2.1 Diffusion Models

A diffusion model is a generative algorithm for sampling from an unknown density p by transforming noise into clean
data. To learn such a model we first establish the following forward process:

dYVt:f(ta}/f)adt+g(t)7th7 YOZpra (2)

When f(t,y) = f(t)y, the transition kernel is Gaussian: Y; | Yo = 2 ~ N (m(t)x, o(t)*I). The schedules (m, o) and
the coefficients (f, ¢g) thus determine each other:

m’(t) 2 d 2 m’(t) 2
— = — -2 .
=" a0 = o —2T o) ©)
Anderson’s theorem [And82] gives the backward SDE, whose law at time ¢ is that of Y _;:
dX, = (3(t)*Viegpr—(Xe) — f(t, X)), dt )
+g(t),dB; ®)]

where f(t,z) = f(T —t,z) and g(t) = g(T — t). Thus, given f and g, sampling from p reduces to knowing the score
V log p; and running the backward SDE from ¢t = 0 to t = T'. Via the Tweedie-Miyasawa formula

_ y+o’()Viogp(t,y)
m(t) ’

we can instead parameterize the denoiser E[X | ¥; = y] and recover the score by rearranging (6). We therefore train a
model Dy by MMSE denoising:

U, 7) = Erepo,r1,ymvi [A(B)l2 = Do (yn, D)]II3 | Yo = 2] . O

E[X |Y; =y (6)
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Here (%) is a choice of weighting function. Substituting the learned score sy = o(t) 2(m(t) Dy —y) gives the plug-in
SDE:

dX, = (G(t)*s(t, Xy) — f(t, Xy)) dt +G(t) dB. 8)

The plug-in SDE has density py(y, t). At generation time we integrate (8) forward, obtaining the terminal distribution
pe (-, T') as an approximation to the true distribution p.

2.2 DDPMs

In this paper, we use Denoising Diffusion Probabilistic Models (DDPMs) [HJA20] corresponding to taking f(¢) =
—1B(t) and g(t) = +/B(t) for some non-negative rate function 3. Writing &(t) := exp (— fot B(u) du), one finds
®(t) = \/a(t) and, using La(s) ! = B(s)a(s)

m(t) = a(t),  o(t)*=1-a(). ©)

To sample from DDPMs, we use an accelerated non-Markovian sampler given in [SME21]. More generally, note that
the sampling process via (8) is implemented by discretizing the SDE via Euler-Maruyama, leading to a stochastic
sampling trajectory. A deterministic sampling, using the probability flow ODE or flow-matching may also be used
[SSDK*21, LCBH"23]. In Appendix B, we provide experimental details and additional details on flow matching.

2.3 Log-Likelihoods via the Denoising Loss

Diffusion models are trained by using the loss (7). However, at test time, their performance is measured by the fidelity of
p(+, T) to the true distribution p. Therefore, their training and test tasks are rather different. However, an evidence lower
bound (ELBO) shows that the denoising loss bounds the negative log-likelihood of the distribution py (-, T'). In fact,
[HLC21] described the gap between the ELBO and — log ps (-, T') exactly under the likelihood weighting A(t) = g*(¢):

Proposition 2.1 (Theorem 4 in [HLC21]). Let £(¢, z) be the denoising loss (7), py(x, T') the distribution of the plug-in
SDE (8) at time T' and sy the learned score function in (8). Then

—logpy(z,T) — (¢, z) = C

T
+/ E [g2(t)]156(Ye, 1) — Vlog, (Ve T — )3 | Yo = ] dt, (10)
0

G“qu(l)

where C'is a constant independent of x or ¢ but dependent on the data dimension d, and the noise schedules f, g.

The RHS in (10) is purely a self-consistency gap, i.e it measures how close the score of the reversed plug-in SDE is to
the original forward SDE.

2.4 Memorization

Here we summarize the framework of [Fel20, FZ20]. Let A be a training algorithm, possibly randomized, and write

hf; for the model with parameters ¢ ~ A(S). Let é(hg, z) be its loss on an example z, and let S\* = S'\ z;. The
memorization of z; is the change in expected loss at z; caused by its inclusion in the training set,

’

M(2:,8) = |, Egoa(s)[(h%, 1)) — Egroagsi) [L(AG: 2]

A large value means the model only fits z; because it was trained on z;.

3 Empirical Results

We begin with an empirical investigation of curvature as a proxy for memorization in diffusion models. To do so, we
train DDPMs to sample two datasets: (1) 64 x 64 RGB ImageNet-1K [DDS109, RDS™15], and (2) 32 x 32 greyscale
CelebA images, also used in [BM23]). To further isolate the memorization phenomenon, we train six distinct DDPMs

on datasets of size n = 2% for 7 < k < 12 for ImageNet-1k and two distinct DDPMs on datasets of size n = 128, 10240
for CelebA, noting that for CelebA, n = 128 corresponds to a memorizing model while n = 10240 corresponds to a
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generalizing model. Across the training time 7, we track the mean curvature over the training samples and validation
samples:

Avg. train curvature = Eq wuain[|| V24(S(7), 2)|| 7], (1)
Avg. val curvature = Eqva [||V24(H(T), 2) || 7] (12)
We also generate 10, 000 samples to compute the f,, ¢, score. Following [GDP'23, YCKR23, BUBM25], a generated
sample x is considered memorized if
r — Mt
{“” i - k} (13)
[ — ar2||2

where a/' and a**? are the nearest and second nearest neighbors in the training set to z. We say that a training sample
x; is copied if it appears in the generated set. Its copy count F(7) refers to the frequency of occurrences of x; in the
generations. In Appendix C we visualize the samples generated from our various models. Here we assess the input loss
curvature of our models during training.

Evolution of input curvature during training. In Figure 1, we report our experiments on CelebA. We find that:

1. Mean training curvature rises over training together with fi,em(7) (panel (C)). The rise alone does not mark
the onset: training curvature is already increasing while fyep, is still flat.

2. The onset shows up in the validation curvature. It stays with the training curvature and then diverges, in both
panels (A) and (B), at the step where fi,om (7) starts to accelerate. The same split appears for the generalizing

model (panel (D)), where memorization is delayed until 7 = 10°. This motivates defining the relative change
in avg. train and validation curvatures as a stopping criterion:

ACurv(r) (14)
__|Avg. train curvature — Avg. val. curvature|
o |Avg. train curvature|

we may consider stopping training when ACurv(7) > ¢, where £ modulates the threshold required to limit
memorization. Notably this estimator does not need to generate any samples during training, saving significant
computational cost.

3. Once memorization is heavy, every training image is reproduced but at different frequencies. However, the
curvature of an individual image does not predict its copy count (Panel (F)).

In Figure 2, we repeat these experiments for ImageNet, observing patterns consistent with CelebA. In Panel (F), we
confirm that f,e., (7) rises and reaches 100% by 7 = 106 for every model except n = 4096. The validation loss,
a zeroth-order quantity, falls throughout training for every n (Panel (E)), so the held-out loss alone does not detect
memorization. However, in panel (A), we find that input curvature for training samples rises with 7, but the average
validation curvature reaches a local minimum and then rises once the model begins to memorize heavily. In Panel (D),
we show that ACurv(7) reaches a local maximum at around 7 = 10°, where most models are memorizing.

Appendices D and E provide additional numerical experiments.

4 Sample-Level Memorization

Our results in Section 3 show that while curvature, aggregated over either training or held-out sets, is a good indicator
of model-level memorization, it is not a good signal for whether a given sample will be memorized more than another
one. To address this gap, we introduce a counterfactual memorization, analogous to what was defined in [ZIL*23].
Before we begin, we establish the relevant notation.

4.1 Notation

The notation will be borrowed from [RSHR24]. Let X" be the space of inputs, ) the space of outputs, and & a model
h: X — Y. The joint distribution in the input-output pair z = (z, y) will be denoted pz and its X and ¥ marginals will
be the input and output distributions. The model will be drawn from some parametric function class C parameterized
by ® C R¥ where P represents the total number of parameters. To mark its dependence on parameters, the model
will therefore be denoted as h?. In practice, we draw a finite number of samples S = {2}, = {(x;,9;)}", from
8" = (X x V)™ and train to fitaloss ¢ : ) x )’ on the data. We assume the n-data points are sampled i.i.d; therefore
pz induces a distribution (via independence) on S”, termed p?. Given S ~ p7, the training process is quantified by
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Figure 1: (A) Train vs. validation input curvature for CelebA, n=128, (B) Val. curvature starts to diverge from train
curvature when f,c., (7) starts accelerating, (C) finem (7) values for n = 128,10240 on CelebA, (D) and (E) Same
experiment for CelebA, n=10240. Note that this model undergoes generalization, and memorization sets in much later
at 7 ~ 10°, (F) Curvature of an individual sample is not a good predictor of its copy count.

some algorithm A : 8™ — M, where M C Py(®) and P(®P) is the class of square integrable random m on ®. A
model trained with data S with parameters ¢ is thus denoted hg. We may define the loss over the model hg and z as

U(h%, 2) = c(h%(x),y). (15)

Wherever necessary we will abuse notation and identify the function ¢, z — ¢ (hg, z) with £. Given a dataset S we will
also define the losses on S as follows:

[S]
1
¢, S) = & Y " U(hG, z). (16)
=1

We also set £*(S) := infseqa £(0, 5).

4.2 The Counterfactual Log-Odds of Sampling

We may simplify the notation above in the specific case of diffusion models. In particular, the training objective (7) is
unsupervised, and thus z; = x;. Moreover, we assume h? is produced via score matching/denoising and that it is then
used to drive the SDE (8). We now define the counterfactual memorization:

Definition 4.1. Let z; € S be a training example and ¢ ~ A(S),d' ~ A(S\?) be parameter distributions after
optimization on the datasets S, S\*. Let (-, T),pg (-, T) be the time marginals of the distributions produced by
driving the plug-in SDE (8). Then the sampling time memorization of z; is given by:

m(zi, S) 1= By ¢ [log pg(2i, T') — log pe (i, T)]. 17
Note that m(z;, S) represents the log-odds of sampling z; with and without its presence in the training data. Large m

implies that the model would be much less likely to sample z; if it wasn’t included in the dataset. We also introduce a
difference in the counterfactual losses, borrowed from [RSR24, RSHR24, Fel20, FZ20]:

M(2;,8) = Egoa(s)[l(h%, 2)] (18)

—Eynaill(hh, 2)]. (19)

We now use the decomposition (10) to write m in terms of M:
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Figure 2: (A) Input (11) curvatures consistently rise but validation (12) curvatures reach a local minimum at approxi-
mately peak memorization for DDPMs on different data sizes, (B) Sizes of gradients of validation loss also display
local minima, (C) Input curvature on training data tracks the largest frequency of memorized samples, (D) Relative
error between train and validation curvatures exhibits a local maximum, leading to an early stopping criterion, (E)
Memorization cannot be detected just based on validation loss, (F) Memorization rises as models train further.

Proposition 4.2. Let ¢, ¢' be parameter distributions as defined in 4.1 and m, M be defined as in (17) and (19). Fix
x; € S. Then:

—Ey[Gapy (x:)] — M(x,S) < m(z;,5) < (20)
M(z;, S) 4+ Eg[Gap ()] 2D

We now bound M purely in terms of the properties of the leave-one-out model hg. We establish a number of
mathematical preliminaries.

4.3 Mathematical Preliminaries

Forapairz; € S, z; € § \ we use four scalar quantities throughout:

dij = ||lzi — zjl|2,75 = || Vel(®, 25) |2, (22)
ki = By oasn [IV2U(9, 20) |7 (23)
Cij = |Egna()l($,2) = Egroaisin (', 25)]- (24)

Assumption 1. (¢ has p-Lipschitz hessians) The Hessian of the loss ¢ is Lipschitz in the z-variable, i.e for every ¢ € @,
there exists p (possibly dependent on ¢) such that:

IV26(6,2") = V2U(8, 2)ll2 < pll2 — 2|2, (25)
forevery z,2 € S.

Assumption 2. (Loss behaves like MSE) We assume that the cost function c(x,y) satisfies
IVye(z,y)ll; < 28c(,y). (26)

Note that any c that is 3-Lipschitz in the y-variable satisfies (26) [SST10]. For instance, the MSE ¢(x,y) = ||z — y|
orc(z,y) = ||h(x) — y||3 where h(z) is itself Lipschitz satisfy (26).

2
2

Assumption 3. (The underlying function is neural network-like) We assume that all h® = g(¢1x, ¢2) where ¢ =
(41, d2). Most neural network architectures satisfy this assumption.
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Note that the term in (28) is not quite M (z;, .S) because the second term in the absolute value involves z; (which is part
of S\%) and not z;.
Assumption 4. We assume that A is a first order optimizer in the parameters, i.e there exist €grad and €1oss sSuch that

E¢~A(S)[”V¢E(¢a Zg)”ﬂ < Egrad, E¢~A(S) [l((b, Zj)] < Eloss) (27)

for every z; € S. Note that condition (27) is typically met by most deterministic and stochastic optimizers like SGD,
Adam, or even full batch gradient descent.

Assumption 5. We assume that under A(S), the weights ¢ are almost surely bounded by B.

Assumption 6. There exists a constant C independent of x;, xj in the leading order (i.e C = O(1) in x;, x;) such that
with high probability in p'y, for any z; € S,z; € S \* the following difference is uniformly bounded by C':

[Bpmacs)ll(h§, 2:)] = By o agsniy le(hG 15 2)]] < C. (28)

Assumption 4 models .4 (S) as a first order optimizer that leads to bounded weights upon optimization. In the context of
neural networks the weight-boundedness under standard optimization algorithms has been observed in several contexts,
from deep linear models [SMG19], feedforward ReLU (or leaky ReLU) networks [DHL18] to transformers [AMSP24].

4.4 Training-Time Memorization is Controlled by Leave-One-Out Curvature

Theorem 4.3. Under Assumption I, for every z; € S and every z; € S \E

|M(2:8)] < Cij+n;dij + 5wy di + 3 di. (29)
If Assumptions 2-5 hold, then
Begra
P < B 4 s, (30)
1512

and if Assumption 6 holds as well, then with dxn (7) = min,; d;j,
|M(2;8)] < C+dun(i)? (3 ki + 22 dan(3))

= O] G

min; |||

Corollary 4.4. Let Assumptions 1-6 hold and additionally suppose €grad;€graa < dnn(i). Set C(i) = (C +
Ey [Gap 4 (2:)]). Then:

—(C(5) + o(1)) — dnn(9)? (2 ki + 22 dun (i) (32)
<m(z;,8) < dun(i)? (3 ki + 22 dan(4)) + C(i) + o(1). (33)

The proofs are provided in Appendix A. We make the following comments regarding Theorem 4.3:

1. Under Assumption 1 alone, (29) is a cubic expansion about an arbitrary second training point z;. Each
coefficient can be large and can depend on the query point z;: the training-loss gap Cj;, the leave-one-out
input gradient ;, the leave-one-out curvature x;, and the Hessian Lipschitz constant p.

2. Assumptions 2—5 put a neural network and a first-order method into the bound. When the algorithm overfits,
€grad and €105 can be considered to be comparably small against &; d;;, the curvature of the leave-one-out
loss £(¢’, z;). Curvature thus bounds counterfactual memorization at the leading order, during overfitting.

3. Assumption 6 asks for a uniform C that is O(1) in . We can undertake a splitting argument to show that this
C = O(n)—this is comparable to an analogous bound obtained in [RSR24] (Theorem 5.1) which is also O(n).

4. [RSHR24] obtain C' = O(n) using S-uniform stability and remove the first order terms -y; by comparing
A(S) with A(S”) on v-adjacent datasets, where any two points lie at most a distance of v apart, for small v.
[RSR24] remark that a training set must be augmented post-hoc to make it v-adjacent. Here Assumption 6
replaces the uniform stability assumption. Moreover, we do not require such a condition on the data—instead
we restrict the model class to be structured like a neural network in order to use its inductive biases to make
the first order terms negligible. Overall, our bound does not require uniform stability, v-adjacency, or bounded
loss as is required by Theorem 5.1 in [RSR24]-however, we make more structural but nonetheless realistic
assumptions on the model class and the algorithms at hand.
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4.5 Application to Diffusion Models

We can make further specifications with additional assumptions for the denoising loss (7) and the fact that typically, the
hypothesis class h? contains linear functions.

Assumption 7. We assume that for any M € R4*™ and b € R™ there exists some ¢ such that h® = Mz + b.

In objective (7) we train a denoiser Dy : R? x R — R?. Thus we require that the underlying function class contain
at least all linear denoisers. This assumption is satisfied by ReLU networks or ReLU U-Nets. Next we state the
PL-inequality assumption used for simplifying the analysis of first-order methods in non-convex optimization. Note
that neural network loss landscapes have been known to satisfy the local-PL inequality below for the parameter regions
of most commonly used neural networks [LZB22].

Assumption 8. Let ¢ be the parameters and NV y€(p, S) the parameter gradient of the empirical loss. We assume that
there exists > 0 such that almost surely under A(S),

(€(6,5) — £(5")) < inww, 9|2 (34)

Proposition 4.5. Under assumptions 1-8, if ¢ is given by (7), there exists A(T') depending on f, g, T such that the
constant C' in assumption 6 is of the form:

C< Zegmd + nA(T). (35)

We provide a proof in Appendix A. Note that in this setting the constant C' is comparable to the constant ¢; given in Eq.
8 in [RSR24].

4.6 Held-Out Curvature During Training

Finally, we validate our bound on the DDPMs on Imagenet, to check whether held-out curvature can stand as a proxy
for counterfactual memorization. In order to track it during training, we assume bounded ELBO gaps in (10) and track
the counterfactual loss difference (19) instead of the log odds (17). Since training a diffusion model on S \? for every @ is
prohibitively expensive, we remove the top 10 most memorized examples for the DDPMs corresponding to n = 128 and
n = 1024. We then estimate M (x;, .S) for these ten points, with the loss on the S := S\ {top 10 memorized points}

with parameters ¢’ evaluated on x; as an estimator for ¢ (hg\i ,x;). We present our results in Figures 3 and 4 where we
track:

Al(r) = L%, z) — L(hS), z). (36)

Note that A/ is the signed version of (19). We observe the following phenomenon with A/Z: as training progresses, Af
drops sharply at the initial phase of training, showing that the full model attempts to fit at the seen example x;. Then the
loss stabilizes as both models enter their respective memorization phases. As the f,c., approaches 100% A(7) starts
dropping quickly again. Throughout this whole process, however, the curvature of the held out models at the held out
samples roughly corresponds to the drops and stability of A(7), thus suggesting that our bound (29) is a meaningful
proxy for the counterfactual loss. At the very tail of training, the curvature for the held-out models rises, reflecting the
local minimum phenomenon seen in Figures 1 and 2. However, A(7) keeps falling, suggested that the held out point’s
influence on A(7) via curvature breaks down in the highly overfitted regime.

5 Conclusion

In this paper, we introduced the input-loss curvature as a sampling-free proxy for fi,emn. Averaged over the training
set, it tracks fi,em On ImageNet and on CelebA as training proceeds, albeit it is not sufficient to detect the onset or
prevalence of memorization. Instead, we find that the step at which the validation curvature separates from the training
curvature marks the transition into a memorizing model. However, over individual points, the input loss curvature
cannot reflect the copy count of individual samples. For that question, we use a counterfactual definition, the change in
loss and in log-likelihood at = when x is removed from the training set, and we prove that this quantity is influenced, to
leading order in the displacement of x, by the input-loss curvature of the leave-one-out model.

We enumerate the limitations of our findings below:
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Figure 3: Loss difference and curvature for Imagenet (n=128) DDPM noise prediction - leave-10-out training:
(left) difference between per sample loss of full model and leave-10-out model vs. training step for each of the 10
left-out training samples, (right) per sample curvature of the leave-10-out model vs. training step for each of the 10

left-out training samples.
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Figure 4: Loss difference and curvature for Imagenet (n=1024) DDPM noise prediction - leave-10-out-training:
(Ieft) difference between per sample loss of full model and leave-10-out model vs. training step for each of the 10
left-out training samples, (right) per sample curvature of the leave-10-out model vs. training step for each of the 10
left-out training samples.

1. We provide narrow evidence ranging over only two datasets, ImageNet and CelebA. Moreover, a comparison
between the various training losses used to train diffusion models merits further investigation that is not
performed at length here.

2. We propose using the local maximum of the relative train—validation curvature error as a stopping criterion.
However, our experiments show that this local maximum indicates a period of already high memorization.
An improved statistic would be needed to locate the onset of memorization. For small datasets, Figure 2
shows that the norm of the loss gradient averaged over the validation data might prove useful, but its role and
behaviour for larger datasets is not well-understood.
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3. The bound is a plausibility argument and depends on a list of assumptions on the loss, the model, and
the optimizer. It is also unsettled whether the curvature term dominates the ELBO gap at , which is the
comparison that decides whether curvature is the leading contribution to (17).
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A Proofs for Section 4

Lemma A.1 (Lemma 1 from [NPO6]). Suppose (¢, z) satsifies Assumption 1 of p-Lipschitz Hessians. Then for any
2,2 € R?

—Lll = 213 < €6, 2) — U(,2) — (VU($,2),2 = ) = (' = 2) V2B, 2) (< = 2) < £l =23 (D)

Using Assumption (1) we can also obtain the following bound on the gradients of ¢:

Lemma A.2. Suppose {(¢, z) satisfies Assumption 1 of p-Lipschitz Hessians. Then for any z,z' € R?
IV2£(6,2") = V28, 2)ll2 < IV2E(d. 2) 25212 — 2|2 + gIIZ’ —z3. (38)

Here |[V2((, 2)||2—2 is the operator norm of the Hessian.

Following an argument of Ma & Ying [MY21] we use the multiplicative nature of neural networks to prove a bound on
the input gradients in terms of the parameter gradients.

Lemma A.3. Suppose ((¢, z) = g(é12, 2, 2) and there exists a constant Cy such that |V .g|| < Cag. Then we have

[

VZ€7 S
V-6 9l < T

IV, (8, 2) || + Cat(9, 2). (39)

Proof. We compute the gradient with respect to the inputs:

Vzg(d)? Z) = Vzg(¢lz7 ¢2a Z) = ¢IVQ9(¢1Z, ¢27 Z) + ch((blZ, ¢27 Z)7 (40)
Vo l(h,2) = Vag($12,¢2,2)2". (41)
Multiplying the first equation on the right by z T we get
Vol(¢,2)2" = ¢f Vag(drz,¢2,2)2" + Veg(d12,¢2,2)2 " (42)
= Vol(d,2)2" = ¢{ Vi, l($,2) + Veg(drz, ¢2,2)z " (43)
TV, 0o,
Aand VZ€(¢?Z) = W +vcg(¢lz7¢27z)' (44)
2

Now, taking norms and using our assumption we have:

[

121l

IV2£(¢, 2)]2 < IV, (9, 2) || + Cal(9, 2). (45)

O

Before going further, we remark on the significance of Lemma A.3. In machine learning, we optimize the loss with
respect to the parameters in the model ¢. However, since we are interested in the effect of the inclusion of a single
training sample, we are more interested in the behaviour of the loss with respect to its inputs z. Lemma A.3 gives us a
way to relate these two, specifically relating the sizes of the input and parameter gradients of the loss. In particular, it
says that the input gradients can be (roughly) controlled by the parameter gradients, which we explicitly control via
optimization.

Using the cubic envelope from Lemma (A.1) we may bound the memorization term M (z;, S) from (46).

Lemma A.4. Let S be a finite dataset and let S’ C S and let z; € S\ S’. Then under assumptions (1) and (6), for any
zj # z; € 5" we have:

Eol6(h%, )] — B [U(hG, %)) < €+ Bomacs) Va0, 2], 25 — )]
105 = 20) Bgma(s) [V2URS, 2)](z = 20)| + Ellzg = 2l @6)
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Proof. Let ¢ ~ A(S"). For zj, z;, we have, using Lemma A.1 that:
! !’ ! ! p
—U(h%s, 25) = —L(h, zi) — (Vol(hGs, 20), 25 — 2i) — (25 — 1) T V2U(hG0, 2:) (2 — 2) — EHZJ —zll3, (@47
0%, 2) <0G, 2) + (Vol(hGs, 20), 25 — 22) + (25 — 20) V(MG 2) (25 — 2) + gHZj —zil3. @8)

Using the monotonicity of expectation we therefore get:

~Egmas) [0, 7)) 2 ~Egnasn[€(hG, 20)] = (Egmasn[VaE(hg, 20)], 25 — =) (49)
— (21 = 2) "By a(sn [V2UhG,, 20)| (2 — 2) — g”zj - zil3, (50)
Egmais)[0(hG, )] < Egma(on b, 2] + (Bgmasn [Vo0(hG,, )], 2 — 2) (51)
+ (21 = 20) "B as) V2GS 225 — ) + Ellz — 3. (52)

Plugging these into the two-sided bound implied by Assumption 6 we get:
C > Egll(h$, )] — By [0(h%,, ;)] (53)
> Eg[0(h$, 2:)] — Egnacsn[(h%), )] — (Egm s [VaUh), 20)], 2 — 2) (54)
— (2 — 20) "Egas) [V2URG, 20)(z — 21) — EHZJ - zill3- (55)

By rearranging, we have

By (%, 20)] — Bor (€1, 2))] < C + (Bgma(sn [VaL(h%,, 2], 25 — 2) (56)
+ (25 = %) Egnaon [V2UEG 2l = ) + £l = =l3. D)

Using the same tactic, we may prove a lower bound for IEd,[é(h‘g, zi)] — Eg [Z(h &, zj)] using the negative of the term
above. This yields a bound for the absolute value, and recalling the definition of M yields the bound (46). O

We can now and prove our main result 4.3.

Proof. First, we construct the high probability event under which the bound should hold. Set the threshold in assumption
4 to be o(n~'/?) where n is the size of the dataset. Then fix a threshold 1 — §(n) such that both events under which

assumptions 6 and 5 hold. In this high probability event we apply Lemma A.4 to the set S’ = S\* := S\ {2;} to obtain
(46):

M(zi, ) < O+ (B as) [VURG 0 20)), 25 — 20|
A

P
+ 125 = 20) "By s\ [VE(hGr 20)](25 — 20)| + Gl — 23 (46)

B
To bound (A), we use Cauchy-Schwarz and Jensen’s inequality:
(Egnasii)[Vz Wls\n 2], 7 — )| < Byagso [IV-000%, z0)la]ll25 — zill2- (58)

We now apply Lemma A.2 on V¢ (h z;)||2 and take expectations to obtain:

S\is
B ais\) V=050 20 12]125 = zilla < By asiy[IV=0(BG\ 23) 12]ll25 = 212 (59)

p
+ Eyoasi [[[VZE(R S\L,Zz)||2—>2ﬂ\zj - zill5 + Sllzi = zil3. (60)

We now apply Lemma A.3 to (59) and thus get:

¢/
By sy [IV-URG 0 )]l = 22 < <E¢f~A s\ H |” V6,6, 29)I| + 2800 25) | |12 = il
(61)
=Eyacs\i) (mink”Zk”Egrad + 2581%5) 125 = zill2 (62)
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The last equality follows due to assumption 4 and 5 which results in both the loss and the gradients of the loss of a
trained model at a training sample to be small (compared to the parameters and the nearest neighbor distance ||z; — z; ).
Putting (62) with (59) we get:

|<E¢~A(S\l [V.L(h S\qazz)] zj — zi)| < Ey s\ )[ S(h S\mzz)||2ﬂ2]”'zj ZZHE (63)

B
E,. i —— 1  Cgra 2 oss j T <1 @ ‘_i3-
+ ¢~A<S\>(mmk”2k”eg a7+ 2851 25 = il + Oz — 519
(64)

To bound we use an operator norm upper bound along with Jensen’s inequality to bound the quadratic term in (46)
also by the operator norm of the hessian appearing in (64):

(25 = 21) "By a0 [V2(hS 0, 20)) (25 — 20) | = (25 — 20) By agsniy V2R G s, 20) (2 — 2)]l - (69)

B yoacsio) [V2URG ., 20) (25 — 2z)lllllz — 2zl (66)
< Egrmas IV 5\7722)\\2%]”%‘ - zill3 (67)
< By lIV2ehG, 2)lIF]12; — 2ill3 (68)
Plugging (64) and (68) yields (29). O

A.1 Proof of Proposition 4.5

For brevity we set z = z;, 2’ 1= zj, and S = S\, First, since the function class A% contains linear denoisers, the

performance of h? under A(S) is better than any linear denoiser. However, the best linear denoiser attains an MSE
dependent on 7, f, g [WDMG25] that we term A(T"). Thus £*(S) < A(T). We may now decompose the difference in
assumption 6 as follows by introducing the rest of the dataset .S, S’:

Uh?,2) — L%, 2") = |8] (£(h?, S) — £%(S)) — |S'| (z(h¢’,5) (S )) + 18| (£%(S) — £*(S"))
HIS\SES) + > ) - Y Uht )

2k €Sz F2! 2L €S,z F2
<151 (€(h%.8) — £(9)) - |8'| (£ .8') — £(5) + [S')(£°(S) - £(5))
1S — §'e5(S).

Here the inequality on the third line follows because of the following calculation:

St m) - > ih, %)

2k €Sz #£2! 2K €S,z F2
< DU z) = D U z) = [S'|((hY,S) — £(h?,S")) <0
zr €S’ zL €S’
Using the PL-inequality in assumption 8, the bound ¢*(S) < A(T') and the fact that {*(S”) > 0 we get:
0h,2) — 0, 2) < %sgmd + nA(T). (69)

B Experimental Details
Here we describe our experimental details. Note that we also conducted analogous versions of our experiments for
Sflow-matching which we describe below.

Flow matching [LCBH™23, LGL23] learns a time-dependent velocity field vy (z,t) whose flow transports a noise
distribution pg to the data distribution p;. Given Xy ~ pg and X; ~ pi, one forms the linear interpolant X; =
(1 —1t)Xo + tX; fort € [0, 1], whose conditional velocity is %Xt = X — Xj. The field is trained by regressing onto
this target,

U,w) = Bo, xo,x, | [00(Xet) = (X1 = Xo) 3 | Xo =], (70)
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and the minimizer is the marginal velocity v*(z,t) = E[X; — X | X; = z]. Samples are then generated by integrating
the ODE &; = vg(x¢,t) fromt =0tot = 1.

We conduct numerical experiments on the Imagenet and CelebA datasets. We use ImageNet-1k [DDST09,
RDS™15] and convert to RGB downscaled images of size d = 64 x 64. For Imagenet, we train on n €
{128,256, 512, 1024, 2048, 4096, 10240}. We convert the CelebA [LLWT15] face images to grayscale and down-
sample them to size d = 32 x 32. We use a training set size of n € {128,10240} for CelebA, yielding a memorizing
vs. generalizing model. All our score models have a U-Net architecture [RFB15] with four resolution levels, base
channel width W = 64, and channel multipliers 1, 2, 4, and 4 respectively. Self-attention is applied at the two
lowest-resolution levels, and each level has two residual blocks in the encoder and three in the decoder. The models
are conditioned on diffusion time ¢ through the sinusoidal embedding [VSP™17] in every residual block, so a single
network serves all noise levels. We train the network in one of three ways: DDPM [HJA20]with either noise prediction
(e-prediction) or clean-sample prediction (z-prediction), or flow matching [LCBH™"23]. The DDPM noise prediction
predicts the injected Gaussian noise at diffusion time ¢ using the Adam optimizer [Kin14] with a fixed batch size of
128. DDPM sample prediction takes the noisy images z; and time ¢ and predicts the clean image x¢ directly using
loss MSE (2 (x4, t), zo). DDPM models are sampled using DDIM with 100 steps and stochasticity parameter 1 = 0,
starting from z7 ~ N(0, ). For the noise prediction models, the predicted noise ¢ is converted to a clean image
estimate g = (x; — /(1 — @;)€)/+/ before stepping to the next time. The sample prediction models use the same
DDIM sampler with the network output taken as the clean image estimate « directly. The flow matching networks
predict the velocity u = xg — € along the linear path z; = (1 — 7)e + Tz, where € ~ N(0, I) is the noise, zg is the
training image, and 7 is the normalized time. Training minimizes MSE (9 (z;,t), u), and sampling integrates 9% = 4

ar =V
from 7 = 0 (noise) to 7 = 1 (data) with 100 Euler steps.

C Generated Samples

Figures 5-12 shows generated samples at the pre-memorization, beginning of memorization, and full memorization
stages with their nearest training neighbor for DDPM noise prediction and flow matching on CelebA with n €
{128, 10240} as well as the leave-10-out models for Imagenet with n € {128,1024}.

DDPM n=128: generated vs. nearest training image
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Figure 5: Generated samples vs. nearest training image for CelebA (n=128) DDPM: generated samples at the
pre-memorization, start of memorization, and full memorization stages alongside their nearest neighbor in the training
set.

Figures 13-20 show generated samples and their nearest training images for models trained on all n images: DDPM
noise prediction with n € {128,256,512,1024, 2048, 4096} and flow matching with n € {128,1024}. Each row
contains five generated—training image pairs. All memorization fractions are measured over 10,000 generations.

For models with sustained memorization, pre_mem denotes the last evaluated checkpoint with f,.,, = 0 before onset,
and start_mem denotes the first checkpoint after which fi,e stays above zero. Full memorization (full_mem) denotes
the first evaluated checkpoint with fi,em > 95%. For DDPM with n = 512 and n = 1024, which never reach this
threshold, peak_mem denotes the highest observed memorization fraction. For DDPM with n = 4096, the two rows
instead show a zero-copy checkpoint followed by an isolated copy event.
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FM n=128: generated vs. nearest training image
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Figure 6: Generated samples vs. nearest training image for CelebA (n=128) flow matching: generated samples
at the pre-memorization, start of memorization, and full memorization stages alongside their nearest neighbor in the
training set.

DDPM n=10240: generated vs. nearest training image
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Figure 7: Generated samples vs. nearest training image for CelebA (n=10240) DDPM: generated samples at the
pre-memorization, start of memorization, and full memorization stages alongside their nearest neighbor in the training
set.

FM n=10240: generated vs. nearest training image
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Figure 8: Generated samples vs. nearest training image for CelebA (n=10240) flow matching: generated samples
at the pre-memorization, start of memorization, and full memorization stages alongside their nearest neighbor in the
training set.
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DDPM n=128: generated vs. nearest training image
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Figure 9: Generated samples vs. nearest training image for Imagenet (n=128) DDPM leave-10-out model:
generated samples at the pre-memorization, start of memorization, and full memorization stages alongside their nearest
neighbor in the training set.
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DDPM n=1024: generated vs. nearest training image

enerated nearest idx 533 enerated nearest idx 746 enerated nearest idx 615 enerated nearest idx 615 enerated nearest idx 746
pre_mem
o - . . . .

generated

nearest idx 615

generated nearest idx 746 generated nearest idx 281 nearest idx 630

generated  nearestidx 761 _ generated  nearestidx 746 _ generated  nearestidx 310 _ generated  nearestidx 761 _ generated  nearest idx 677

Figure 10: Generated samples vs. nearest training image for Imagenet (n=1024) DDPM leave-10-out model:
generated samples at the pre-memorization, start of memorization, and full memorization stages alongside their nearest
neighbor in the training set.
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FM n=128: generated vs. nearest training image
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Figure 11: Generated samples vs. nearest training image for Imagenet (n=128) flow matching leave-10-out model:
generated samples at the pre-memorization, start of memorization, and full memorization stages alongside their nearest
neighbor in the training set.
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FM n=1024: generated vs. nearest training image
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Figure 12: Generated samples vs. nearest training image for Imagenet (n=1024) flow matching leave-10-out
model: generated samples at the pre-memorization, start of memorization, and full memorization stages alongside their
nearest neighbor in the training set.
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DDPM n=128: generated vs. nearest training image
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Figure 13: Generated samples vs. nearest training image for ImageNet (n = 128) DDPM. pre_mem: step 2,000,
fmem = 0, five random samples. start_mem: step 3,000, finem = 0.10% (10 copies of 10%), five randomly selected
copies. full_mem: step 150,000, fiem = 99.8%, five randomly selected copies.
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DDPM n=256: generated vs. nearest training image
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Figure 14: Generated samples vs. nearest training image for ImageNet (n = 256) DDPM. pre_mem: step 3,000,
fmem = 0, five random samples. start_mem: step 5,000, fmem = 0.04% (4 copies of 10%); the four copies, followed in
the rightmost pair by the non-copy with the smallest gap ratio. full_mem: step 200,000, fyem = 95.5%, five randomly
selected copies.
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DDPM n=512: generated vs. nearest training image
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Figure 15: Generated samples vs. nearest training image for ImageNet (n = 512) DDPM. pre_mem: step 5,000,
Smem = 0, five random samples. start_mem: step 7,000, fimem = 0.03% (3 copies of 10%); the three copies, followed
in the two rightmost pairs by the non-copies with the smallest gap ratios. peak_mem: step 2,000,000, fyem = 85.0%,
five randomly selected copies. This model never reaches the full-memorization threshold.
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DDPM n=1024: generated vs. nearest training image
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Figure 16: Generated samples vs. nearest training image for ImageNet (n = 1024) DDPM. pre_mem: step 15,000,
fmem = 0, five random samples. start_mem: step 20,000, fiem = 0.10% (10 copies of 10%), five randomly selected
copies. peak_mem: step 2,000,000, fmem = 19.9%, five randomly selected copies. This model never reaches the
full-memorization threshold.

DDPM n=2048: generated vs. nearest training image
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Figure 17: Generated samples vs. nearest training image for ImageNet (n = 2048) DDPM. pre_mem: step 70,000,
Sfmem = 0, five random samples. start_mem: step 100,000, fiem = 0.02% (2 copies of 10%); the two copies, followed
in the three rightmost pairs by the non-copies with the smallest gap ratios. There is no full_mem row: fi,., peaks at
0.57%.
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DDPM n=4096: generated vs. nearest training image
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Figure 18: Generated samples vs. nearest training image for ImageNet (n = 4096) DDPM. pre_mem: step 300,000,
Sfmem = 0, five random samples. start_mem: step 500,000, an isolated checkpoint with fier, = 0.03% (3 copies
of 10%); the three copies, followed in the two rightmost pairs by the non-copies with the smallest gap ratios. Here
start_mem labels the isolated copy event. No sustained memorization is observed, and there is no full_mem row.

FM n=128: generated vs. nearest training image
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Figure 19: Generated samples vs. nearest training image for ImageNet (n = 128) flow matching. pre_mem: step
1,000, fuem = 0, five random samples. start_mem: step 2,000, fmem = 0.10% (10 copies of 10%), five randomly
selected copies. full_mem: step 10,000, fimem = 95.7%, five randomly selected copies.
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FM n=1024: generated vs. nearest training image

generated nearest idx 173 generated nearest idx 839 nearest idx 365 generated nearest idx 986
— = - .

pre_mem
ckpt 10000

generated nearest idx 41 generated nearest idx 529 generated nearest idx 133

Eo r— = =

generated nearest idx 41 generated nearest idx 536

o=

generated nearest idx 691 generated nearest idx 75 generated nearest idx 96 generated nearest idx 371 generated nearest idx 157

HEETEEE

Figure 20: Generated samples vs. nearest training image for ImageNet (n = 1024) flow matching. pre_mem: step
10,000, fiem = 0, five random samples. start_mem: step 15,000, finem = 0.46% (46 copies of 10%), five randomly
selected copies. full_mem: step 500,000, finem = 96.2%, five randomly selected copies.

full_mem
ckpt 500000

21



Loss Curvature and Memorization in Diffusion Models

D Additional Experiments

We provide additional experiments on Imagenet and CelebA. Figures 21-25 plot the average training input loss curvature
over diffusion time and fraction of generated samples that are considered memorized with memorization threshold
k = 1/3 vs. training step for DDPM noise prediction and flow matching for the datasets CelebA with training set size
n € {128,1024} and Imagenet with training set size n € {128, 1024, 10240}, respectively. DDPM and flow matching
on CelebA with n = 128 is a memorizing model, since fraction memorization starts increasing rapidly to 100% around
training step 7 = 103, whereas DDPM and flow matching on CelebA with n = 10240 is a generalizing model with
fraction memorization increasing much later around training step 7 = 10° and never reaching full memorization
of 100% before training ends. We observe that the average input loss curvature increases more drastically for the
memorizing model as compared to the generalizing model. A similar trend can be seen for the DDPM and flow matching
models for Imagenet as training size n increases.

For the flow matching model on CelebA with training size n = 128, Figure 26 shows the average training and validation
input loss curvatures over diffusion time vs. training step, as well as the relative training and validation curvature
gaps, which is calculated as [E.wuain[[|V2U(6(7), 2)|2] — Epmat [[V2E(O(), @) [3]]/Eariran | V2E((7), 2) 3] and
B marain[| VEL(S(T), 2) | F] = Bomval [IVEL(A(T), 2)[7]]/Eanva || V2L(S(7), 2)|[F]. vs. training step. We observe
that the training curvature separates from the validation curvature right before training step 7 = 103, which is around
where memorization begins, as shown in Figure 21.

Figure 27 shows the fraction memorization score for DDPM noise prediction and flow matching on Imagenet (n =
10240) with different values for the memorization threshold & € {1/3,0.8,0.9}. There is no trend in the nearest-
neighbor gap ratios for DDPM even when £k is increased. However, for flow matching, when & is large, the nearest-
neighbor gap ratios increase as training continues. Nonetheless, this pattern in the gap ratios does not indicate that this
model is a memorizing model, since for k£ = 1/3, the fraction memorized is approximately 0% for all training steps.

Figure 28 shows the average training curvature over diffusion time and fraction memorized with k = 1/3 vs. training step
for DDPM sample prediction on Imagenet (n = 10240) as well as the fraction memorization with k& € {1/3,0.8,0.9}.
This model is a generalizing model, since for ¥ = 1/3, approximately 0% of the generated samples are considered
memorized for all training steps, even though for large values of k, the nearest-neighbor gap ratios increase as training
steps increase. We also observe that the average input loss curvature barely changes across training steps, validating the
connection between memorization and curvature.

In Figure 29, the average training input loss curvature over diffusion time vs. training step is plotted for DDPM noise
prediction and flow matching on the CelebA and Imagenet datasets with training set size n = 10240. CelebA has larger
curvature values than Imagenet for both models, which correspond to higher memorization scores as seen in Figures 22
and 25. In particular, DDPM and flow matching for CelebA (n = 10240) have fraction memorization scores of around
23% and 40%, respectively, at the end of training, whereas DDPM and flow matching for Imagenet (n = 10240) have
fraction memorization scores of around 0% and 0.1%, respectively, at the end of training.

Figure 30 compares two DDPM noise prediction models on Imagenet, one that is trained on a training set of size
n = 1024 and another that is trained on the same training set with the top 10 memorized samples from the full n = 1024
model removed. The figure plots fraction memorization and average training curvature over diffusion time vs. training
step for both the full and leave-10-out models. The leave-10-out model has a lower memorization score at the end
of training and lower input loss curvature for all training steps, indicating that it is worthwhile to remove the top
memorized samples from a model to improve generalization. Figure 31 shows similar results for flow matching. We
repeat these experiments for Imagenet n = 128 in Figures 32 and 33. Figures 34 and 35 plot the difference between the
per sample losses of the full flow matching models and the leave-10-out models vs. training step, as well as the per
sample curvatures of the leave-10-out models, for each of the top 10 left-out samples.

E Additional ImageNet DDPM experiments

E.1 Experimental Details

We use 64 x 64 RGB ImageNet images and nested training sets of size n € {128,256, 512, 1024, 2048, 4096}, taking
the first n images in a fixed dataset ordering. We evaluate all models on the same disjoint set of 1,024 held-out images.
Each training size corresponds to one DDPM trained with the noise-prediction objective. The U-Net has base width
64 and channel multipliers (1,2,4,4). We use Adam with learning rate 10~* and a linear noise schedule with 1,000
diffusion steps. We train all models for 106 updates and continue training those with n € {512,1024,2048, 4096} for
another 10°® updates to examine their behavior over longer training.
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Figure 21: Curvature and memorization for CelebA (n=128): average input loss curvature over diffusion time and
training set and fraction memorized (%) with memorization threshold & = 1/3 vs. training step for (a) DDPM noise
prediction and (b) flow matching.
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Figure 22: Curvature and memorization for CelebA (n=10240): average input loss curvature over diffusion time and
training set and fraction memorized (%) with memorization threshold k& = 1/3 vs. training step for (a) DDPM noise
prediction and (b) flow matching.

For the curvature, gradient, and loss measurements, we convert the predicted noise to a clean-image estimate zy and
evaluate the mean squared reconstruction error

1.
U (w3t €) = y &0 (e, t;6(7)) — |3, d=3- 642,

where d is the number of scalar image values across the three RGB channels, so 1/d averages the squared error over
all channels and pixels. Here « is the clean image after the input normalization used for training, and x; is its noisy
version at diffusion step ¢, obtained using Gaussian noise €. The training checkpoint is indexed by 7, and ¢(7) denotes
the model parameters at that checkpoint. Derivatives are taken with respect to x, including its contribution through
x;. We estimate the input-Hessian trace using 32 Monte Carlo draws per image. Each draw samples ¢ uniformly from
{1,...,999}, Gaussian forward noise ¢, and a Rademacher vector v, and evaluates v ' V2/, (z;t, €)v. The gradient
curves average ||V 0, (x;t, €)||2 over 32 draws, and the loss curves average £ over 64 draws. Training means use all n
images; validation means use the fixed held-out set. These measurements do not require generating samples from the
model.

At each checkpoint used to evaluate memorization, we generate 10,000 images using 100 deterministic DDIM steps
(n = 0). A generated image is classified as a copy when the ratio of its nearest to second-nearest training-image
distances is below 1/3. We use Euclidean distances in the normalized image space used for training. The copy count
F(i,7) is the number of generated copies assigned to training image ¢ at checkpoint 7, and fiem (7) is the fraction of
generations classified as copies.
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Figure 23: Curvature and memorization for Imagenet (n=128): average input loss curvature over diffusion time and
training set and fraction memorized (%) with memorization threshold & = 1/3 vs. training step for (a) DDPM noise
prediction and (b) flow matching.
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Figure 24: Curvature and memorization for Imagenet (n=1024): average input loss curvature over diffusion time
and training set and fraction memorized (%) with memorization threshold k£ = 1/3 vs. training step for (a) DDPM
noise prediction and (b) flow matching.

E.2 Supporting Figures

Figure 37 compares the mean curvature of training images copied at a checkpoint with that of the remaining training
images. The copied group generally has higher curvature, although the separation varies with training size and
checkpoint. Figure 38 compares the maximum copy count with the relative train—validation curvature gap. Smaller
training sets tend to exhibit both larger maximum copy counts and larger curvature gaps.
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Figure 25: Curvature and memorization for Imagenet (n=10240): average input loss curvature over diffusion time
and training set and fraction memorized (%) with memorization threshold k£ = 1/3 vs. training step for (a) DDPM
noise prediction and (b) flow matching.
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Figure 26: Training vs. validation curvature for CelebA (n=128) flow matching: (left) average input loss cur-
vature over diffusion time and training (blue) / Validation (orange) set, (right) relative training/validation curva-
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Figure 27: Memorization for Imagenet (n=10240): fraction memorized (%) with memorization threshold k£ €
{1/3,0.8,0.9} vs. training step for (a) DDPM noise prediction and (b) flow matching.
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Figure 28: Curvature and memorization for Imagenet (n=10240) DDPM Sample Prediction: (a) average input loss
curvature over diffusion time and training set and fraction memorized (%) with memorization threshold k = 1/3 vs.
training step, and (b) fraction memorized (%) with memorization threshold k& € {1/3,0.8,0.9} vs. training step.
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Figure 29: CelebA vs. Imagenet (n=10240) Curvature: average input loss curvature over diffusion time and training
set vs. training step for (a) DDPM noise prediction and (b) flow matching.
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Figure 30: Memorization and curvature for Imagenet (n=1024) DDPM noise prediction - full vs. leave-10-out
training: (a) fraction memorized (%) with memorization threshold & = 1/3 vs. training step and (b) average input loss
curvature over diffusion time and training set vs. training step for full n = 1024 training set and leave-10-out training
set with the top 10 memorized training samples removed.
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Figure 31: Memorization and curvature for Imagenet (n=1024) flow matching - full vs. leave-10-out training: (a)
fraction memorized (%) with memorization threshold k£ = 1/3 vs. training step and (b) average input loss curvature
over diffusion time and training set vs. training step for full n = 1024 training set and leave-10-out training set with the
top 10 memorized training samples removed.
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Figure 32: Memorization and curvature for Imagenet (n=128) DDPM noise prediction - full vs. leave-10-out
training: (a) fraction memorized (%) with memorization threshold & = 1/3 vs. training step and (b) average input loss
curvature over diffusion time and training set vs. training step for full n = 128 training set and leave-10-out training set
with the top 10 memorized training samples removed.
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Figure 33: Memorization and curvature for Imagenet (n=128) flow matching - full vs. leave-10-out training: (a)
fraction memorized (%) with memorization threshold k£ = 1/3 vs. training step and (b) average input loss curvature
over diffusion time and training set vs. training step for full n = 128 training set and leave-10-out training set with the
top 10 memorized training samples removed.
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Figure 34: Loss difference and curvature for Imagenet (n=128) flow matching - leave-10-out-training: (left)
difference between per sample loss of full model and leave-10-out model vs. training step for each of the 10 left-out
training samples, (right) per sample curvature of the leave-10-out model vs. training step for each of the 10 left-out

training samples.
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Figure 35: Loss difference and curvature for Imagenet (n=1024) flow matching - leave-10-out-training: (left)
difference between per sample loss of full model and leave-10-out model vs. training step for each of the 10 left-out
training samples, (right) per sample curvature of the leave-10-out model vs. training step for each of the 10 left-out

training samples.
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Figure 36: Memorization and curvature for Imagenet (n=128) flow matching - full vs. leave-10-out training: (a)
fraction memorized (%) with memorization threshold & = 1/3 vs. training step and (b) average input loss curvature
over diffusion time and training set vs. training step for full n = 128 training set and leave-10-out training set with the
top 10 memorized training samples removed.
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Figure 37: Curvature of copied and non-copied training images. Each panel shows one ImageNet DDPM training
size. Orange and blue curves average the input-Hessian trace over images with F'(¢,7) > 0 and F(i,7) = 0,
respectively. Group membership is determined separately at each checkpoint; “never copied” in the legend refers only
to that checkpoint’s generations. Shading shows one standard error across images in the group, and orange numbers
give the copied-group size. A group is plotted only when it contains at least ten images. Dashed vertical lines mark the
first evaluated checkpoint with fiem > 1%, used as a reference threshold.
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Figure 38: Maximum copy count and relative curvature gap. Each point represents one evaluated checkpoint
of an ImageNet DDPM; colors indicate training-set size. The horizontal coordinate is max; F(¢, 7) among 10,000
generations. The vertical coordinate is |Ctrain (7) — Cyal(7)|/|Clrain (7)|, where the two means use all training images
and the same 1,024 held-out images, respectively. Curvature is the input-Hessian trace estimated as described above.
The horizontal scale is logarithmic above one and linear near zero to retain checkpoints with no observed copies.
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