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ABSTRACT

Chain-of-thought (CoT) can sound plausible yet be unfaithful to the model’s un-
derlying reasoning. Most prior work probes CoT faithfulness through input–
output behavior or input attributions, leaving internal computation largely under-
explored. We instead cast faithfulness as internal concept grounding: Does a large
language model’s (LLM) CoT reasoning engage the same internal concepts that
support the LLM’s direct prediction, and do the shared concepts causally drive
its answer? Encoding a prediction pass and a CoT pass with a single shared
sparse autoencoder (SAE), a reliable approximator of the latent concepts LLMs
use, makes their internal concepts directly comparable. We introduce three cor-
relational metrics of concept-level alignment and a causal metric, ∆p, which ab-
lates the shared concepts and measures the drop in answer probability. Across
five LLMs and four datasets, concept alignment is generally high, as indicated by
the correlational metrics; yet these only identify which concepts are shared, not
how much they causally contribute. ∆p fills this gap: causal faithfulness varies
substantially with model depth, peaking at mid-to-late layers rather than the final
ones, and model scale reshapes the layer-wise profile. Moreover, causally impor-
tant shared concepts are not always verbalized in the CoT. These dissociations
suggest that faithfulness cannot be reliably assessed from surface-level or repre-
sentational correspondence alone; assessing it requires causal tests of whether the
internal concepts underlying a CoT actually drive the model’s prediction.

1 INTRODUCTION

Chain-of-thought (CoT) is a promising technique that seemingly exposes an LLM’s decision-making
on various critical tasks (Wei et al., 2022; Kojima et al., 2022), such as safety monitoring (Korbak
et al., 2025). This apparent transparency, however, hinges on CoT faithfulness, i.e., the degree
to which it accurately represents or contributes to the underlying reasoning of the model, rather
than a plausible post-hoc rationalization (Jacovi & Goldberg, 2020; Agarwal et al., 2024). The
distinction matters most in high-stakes settings, where unfaithful CoTs can lull users into over-
relying on systems whose stated reasoning masks their true decision basis (Paul et al., 2024).

Prior work on measuring CoT faithfulness falls along complementary axes. One line of work in-
tervenes on the reasoning chain, or the parametric knowledge that the reasoning invokes, and treats
the CoT as faithful only if the answer changes accordingly (Lanham et al., 2023; Zaman & Srivas-
tava, 2025; Tutek et al., 2025); another injects answer hints and treats the CoT as unfaithful if a
hint is used silently without acknowledgment (Turpin et al., 2023; Chen et al., 2025; Chua & Evans,
2025). Both infer internal alignment only indirectly, from input–output behavior. Attribution-based
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Figure 1: SAE-based CoT faithfulness evaluation pipeline. We apply a shared SAE to the residual
stream, extracting sparse activations from prediction and CoT-derived prediction passes. The two
activations are then compared using two complementary families of faithfulness indicators: correla-
tional metrics (CC-SAE, Jaccard similarity, and Recall), which quantify the overlap and alignment
between the prediction and CoT activations; and a causal metric, which ablates the shared features
from the reconstructed prediction stream and measures the resulting change in answer probability.

methods (Parcalabescu & Frank, 2024; Admoni et al., 2026) assess the alignment between input
attributions for prediction and those for CoT, but they capture only dependence on the input and
miss what the model computes internally. These evaluations largely treat the model as a black box,
without testing which internal computations causally drive the answer.

A more direct line pries open this black box: it uses mechanistic interpretability (MI) to inspect
internal computation as signals for CoT faithfulness (Occhipinti et al., 2026; Shen et al., 2026).
Closest to our work, Chen et al. (2026) train two SAEs and patch CoT features into a no-CoT run,
reading the gain in answer probability to test whether reasoning concepts can steer a direct answer.
However, these approaches do not examine (1) whether and to what extent an LLM’s CoT engages
the same internal concepts that also support the LLM’s direct prediction, (2) whether these shared
concepts causally drive the prediction, and (3) how these relations are distributed across model depth.

We fill this gap by casting CoT faithfulness as internal concept grounding: does an LLM’s CoT
engage the same internal concepts that also support the LLM’s direct prediction, and do the shared
concepts causally drive its answer? Concretely, we encode the answer-position residuals of a pre-
diction pass and a CoT-derived prediction pass with a single shared SAE, making cross-pass concept
overlap well-defined (Figure 1). On this shared concept space, we propose two notions of faithful-
ness: (i) correlational metrics (CC-SAE, Jaccard similarity, and prediction-grounded recall) quan-
tifying alignment in concept usage, as a form of self-consistency1 (Parcalabescu & Frank, 2024;
Admoni et al., 2026); and (ii) a causal metric ∆p that ablates the shared concepts S∩ from the
prediction or CoT pass and measures the drop in answer probability, as a measure of faithfulness.

Applying this framework to five LLMs and four benchmarks yields six main findings. First,
correlational metrics suggest decent concept alignment overall, which provides a solid basis for
using ∆p. Yet such metrics only identify which features are shared across passes. Precisely
quantifying their contribution requires causal metrics like ∆p. Second, we show that ∆p captures
genuine causal grounding rather than artifacts of ablation count, feature selection, or the SAE
itself, through random and norm-matched controls and SAE-configuration ablations, respectively.

1Self-consistency measures the alignment between a model’s contribution to answer prediction and its gen-
erated CoT (Parcalabescu & Frank, 2024), which is necessary but not sufficient for faithfulness.
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Third, our notion of faithfulness is not a single number: it varies substantially across depth,
generally peaking at mid-to-late rather than final layers, with model-specific dips, underscoring
the need for layer-aware reporting. Fourth, architectures differ qualitatively rather than merely in
magnitude: Qwen3 models exhibit distributed faithfulness that remains high across most layers,
whereas Llama-3.1-8B shows localized faithfulness concentrated in a few layers. Fifth, within
a model family, larger models are more faithful overall, and scaling reshapes the layer-wise profile,
concentrating low-faithfulness computation into fewer, earlier layers while stabilizing alignment
across the remaining depth. Lastly, a case study of layer-wise concept transition described in natural
language reveals that causally important shared concepts are not always verbalized in the CoT.

2 RELATED WORK

CoT Faithfulness Evaluation. One line of work intervenes on input or CoT and examines whether
the intervention is reflected in the answer (Lanham et al., 2023; Zaman & Srivastava, 2025; Ye
et al., 2026). The second line of work injects answer hints and verifies whether they are verbalized
in CoT (Turpin et al., 2023; Arcuschin et al., 2025; Chua & Evans, 2025). Furthermore, Tutek
et al. (2025); Sun et al. (2026) unlearn knowledge used in CoT steps from model parameters and
assess whether the answer changes after unlearning. Paul et al. (2024) apply causal mediation and
counterfactual reasoning-chain interventions to test whether intermediate CoT steps influence final
answers. Parcalabescu & Frank (2024) measure the alignment between input contribution to answer
prediction and CoT reasoning. Our work is close to theirs but measures alignment and grounding in
the SAE concept space (§3.2), which addresses limitations of input-level alignment: SAE concepts
match the granularity of internal computation and are near-monosemantic where tokens are not.

Mechanistic Interpretability for CoT Faithfulness Evaluation. Recent advancements in MI
enable the inspection of internal representations to assess faithfulness directly. Occhipinti et al.
(2026) train a linear probe to distinguish faithful and unfaithful CoTs. Shen et al. (2026) apply
circuit tracing and a supervised detector to measure CoT unfaithfulness as the discrepancy between
sentence-level circuits and the displayed CoT. Chen et al. (2026), the closest to us, train two
separate SAEs and patch CoT features into a non-CoT run, reading the causal effect from the
gain in answer probability, which is a magnitude-based test of whether injected reasoning features
can steer a direct answer. Our intervention runs in the opposite direction (Figure 6): with a single
shared SAE that makes cross-pass concept overlap well-defined, we ablate the shared concepts S∩
between answer prediction and CoT (§3.5), yielding a test of whether the direct answer depends on,
not merely is steerable by, the concepts that the CoT instates.

3 METHODOLOGY

3.1 PROBLEM SETUP

Inspired by Parcalabescu & Frank (2024), who propose a faithfulness metric that compares input
attributions for the answer and for CoT, we instead take one step further into the model internals.
Sparse autoencoders (SAEs) have been shown to recover latent concepts reliably (§3.2) that can in-
fluence LLM outputs when manipulated (Bricken et al., 2023; Templeton et al., 2026). We measure
CoT faithfulness by checking whether the LLM’s CoT-based prediction relies on the same inter-
nal representations (SAE concepts) used in a direct prediction. Specifically, given an input x, we
compare model behavior under two conditions: ➀ Prediction Pass: The model receives the input
question x and is asked to predict the answer ŷ. We extract the residual stream activation at the
answer token position, denoted rpred ∈ Rdmodel , where dmodel denotes the model’s hidden dimension
(Table 3). ➁ CoT Pass: Following prior work (Parcalabescu & Frank, 2024; Tutek et al., 2025), we
adopt a two-step procedure: the model first generates a reasoning chain c based on input x (Kojima
et al., 2022). We then form the sequence (x; c), run a forward pass, and extract the residual stream
activation rcot ∈ Rdmodel at the answer position (§3.3), following Dura et al. (2026); Chen et al. (2026).

3.2 SPARSE AUTOENCODERS

To identify which internal representations are genuinely used by the model during prediction and
during CoT, we apply sparse autoencoders (SAEs), which reconstruct residual-stream activations
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through a sparse, overcomplete bottleneck (Cunningham et al., 2023; Zhang et al., 2026) (Figure 1).
Given a residual stream vector r ∈ Rdmodel , the SAE encoder produces a sparse activation vector a:

a = σ (Wencr+ benc) ∈ Rdsae (1)

where σ denotes the SAE activation function and dsae represents the width of the SAE (typically
dsae ≫ dmodel; an ablation study of the SAE setup is performed in §5.4). The decoder reconstructs:

r̂ = Wdeca+ bdec (2)

Each dimension of a ideally corresponds to a learned (SAE) concept; sparsity pushes these concepts
toward monosemanticity rather than superposition (Bricken et al., 2023; Shu et al., 2025).

Why SAEs? SAE concepts instantiate the three desiderata (§1): encoding both passes with a sin-
gle shared SAE makes concept usage directly comparable; sparsity promotes monosemanticity, so
overlap is meaningful rather than an artifact of entangled directions; and individual features can be
selectively ablated, making concepts intervenable for causal tests (§3.5).

3.3 ACTIVATION EXTRACTION

In both passes, we encode the residual at the answer position, ensuring that
the same functional position is compared across the prediction and CoT passes:

apred = SAEenc(r
(ans)
pred ) ∈ Rdsae (3) acot = SAEenc(r

(ans)
cot ) ∈ Rdsae (4)

Following Chen et al. (2026); Dura et al. (2026), we extract the residual r(ans)
cot at the final answer

position rather than aggregating across CoT tokens, which would be naturally noisy: by the point of
answer commitment, relevant concepts surfaced along the reasoning path are already aggregated into
this position. This mirrors the prediction pass, so apred and acot are extracted at the same functional
(answer-commitment) position. The intuition is that if the CoT is faithfully grounded in the model’s
prediction process, it should engage answer-relevant concepts.2

3.4 CORRELATIONAL METRICS

Given SAE activation vectors apred and acot, we first define three correlational metrics that quantify
the overlap and alignment in concept usage between the two passes, as a form of concept-level
self-consistency (Parcalabescu & Frank, 2024; Admoni et al., 2026):

CC-SAE. CC-SAE measures the strength-weighted alignment of activations in concept space:

CC-SAE = apred · acot/∥apred∥ · ∥acot∥ (5)

Jaccard Similarity. A set-based measure ignoring activation magnitudes, where Spred = {i :
apred,i > 0} and Scot = {i : acot,i > 0} are the sets of active concept indices:

Jaccard = |Spred ∩ Scot|/|Spred ∪ Scot| (6)

Prediction-Grounded Recall. A directional measure of how much of the prediction’s concept usage
appears in the CoT:

Recall =
∑

i∈Spred

acot,i · I[acot,i > 0]/
∑

i∈Spred

apred,i (7)

3.5 CAUSAL METRIC

The correlational metrics above measure whether the same concepts appear in both passes, but not
whether those concepts causally drive the answer. To address this, we further introduce a causal
intervention. Let S∩ = Spred ∩ Scot be the set of shared active concepts. We ablate these concepts
from the prediction pass3 by subtracting their contribution from the residual:

r′pred = rpred −Wdec[apred ⊙mS∩ ] (8)

2Following Tutek et al. (2025), we evaluate faithfulness in cases where CoT and no-CoT predictions of mod-
els agree. This avoids confounding the CoT-induced performance gain with the CoT faithfulness evaluation.

3Ablation results on the CoT pass are presented and discussed in §5.2.2 and Appendix F.2.
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Figure 2: CoT faithfulness evaluation across layers for Qwen and Llama on LogiQA (Gemma re-
sults in Figure 10). Left column: Causal faithfulness (∆p) measures the probability drop when
ablating shared features. Middle column: Correlational metrics (CC-SAE, Jaccard, Recall) be-
tween prediction and CoT activations. Right column: Spearman correlation heatmap between each
correlational metric and ∆p across layers. Shaded regions indicate 95% confidence intervals (left
and middle columns). Additional results on the remaining datasets are provided in Appendix C.4.

where mS∩ is a binary mask that selects only the shared concepts. We then measure the change in
answer probability, as a measure of faithfulness :

∆p = P (ŷ | rpred)− P (ŷ | r′pred) (9)

∆p ≫ 0 means that ablation substantially lowers answer probability, so these concepts causally
drive the prediction, suggesting a more faithful CoT. Conversely, ∆p ≈ 0 means that ablating shared
concepts leaves the answer intact: the CoT concepts are not causally responsible, so the model
reaches the answer by other means, suggesting a highly unfaithful CoT and a potential concept-level
signature of post-hoc rationalization (such examples with low ∆p are presented in Appendix H).

4 EXPERIMENTAL SETUP

Models. We employ five open-source LLMs with varying sizes: Llama-3.1-8B (Grattafiori et al.,
2024), Gemma-2-{2B,9B} (Team et al., 2024) and Qwen3-{1.7B,8B} (Yang et al., 2025),
with off-the-shelf Llama-Scope SAEs (He et al., 2024), Gemma-Scope SAEs (Lieberum et al., 2024)
and Qwen-Scope SAEs (Deng et al., 2026), respectively, trained on the residual streams.

Datasets. We adopt four diverse datasets, including one math and three multiple-choice question-
answering (MCQA) datasets: GSM8K (Cobbe et al., 2021), LogiQA (Liu et al., 2021), Open-
bookQA (Mihaylov et al., 2018), and ARC-Easy (Clark et al., 2018).

5 RESULTS

In this section, we analyze the correlational metrics and examine the relationship between correla-
tional and causal metrics (§5.1), validate the causal metric ∆p under controlled conditions (§5.2),
analyze causal layer-wise faithfulness (§5.3), ablate the SAE configuration (§5.4), and characterize
SAE concept transitions across layers through natural-language descriptions (§5.5).

5.1 CORRELATIONAL METRICS AND THEIR RELATIONSHIP TO THE CAUSAL METRIC

We first observe that the correlational metrics (§3.4) achieve reasonably high magnitudes (CC-SAE
> Recall > Jaccard) (Figure 2; middle column). This indicates decent conceptual alignment between
prediction and CoT passes, i.e., self-consistency , which provides a solid basis for using ∆p (§5.3).
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Figure 3: Three base causal ablation conditions and top-k upper bound comparison against ∆p (S∩)
on the prediction pass across models and datasets. Full raw results are provided in Table 10. The
Condition D results can be found in Appendix F.1.3.

We further explore the correlational metrics with respect to how and to what extent they correlate
with the causal metric ∆p (§3.5). Figure 2 (right column) illustrates that the correlational metrics
align more closely with ∆p in late layers (except for Llama-3.1-8B), while in early layers the
correlation can even become negative. Additionally, Table 15 reveals that CC-SAE has a larger mag-
nitude and correlates more strongly with ∆p, outperforming Recall, followed by Jaccard. Overall,
all three correlations are negligible to weak, with substantial variance across layers.

Table 16 provides more evidence of weak correlation by binarizing both CC-SAE (θ∗) and ∆p (τ∗)
using per-dataset median thresholds. The alignment–causal-effect association is weak (A: above-
median CC-SAE; B: above-median ∆p): P̄ (A|B) = 0.53, P̄ (B|A) = 0.54, with lift = 1.08. High
alignment thus raises the probability of a high causal effect by only 8% over baseline: concept over-
lap identifies which features are shared, but high overlap ( self-consistency ) neither guarantees nor
precludes a strong causal effect ( faithfulness ), consistent with Parcalabescu & Frank (2024). Taken
together, quantifying the contribution of overlapping features therefore requires causal metrics.

5.2 VALIDATION OF THE CAUSAL ROLE OF INTERSECTION FEATURES

5.2.1 PREDICTION PASS

To validate the strength of the causal effect of intersection features S∩ with size k, we evaluate four
base conditions for sanity checks (the Venn diagram of Spred and Scot is illustrated in Figure 7):

• Condition A: Sample k random features from (Spred ∪Scot) \S∩. It aims to test whether intersec-
tion features influence the answer probability more than other features that are active in either pass.

• Condition B: Sample k random features from Spred \ S∩. It aims to test whether the causal effect
is specific to features reused by CoT.

• Condition C: Norm-matched sampling from Spred\S∩, controlling for the L2 norm of the ablation
vector (Appendix F.1.2). It aims to test whether the effects are not driven by ablation magnitude.

• Condition D: Ablate S∩ together with k additional random features from Spred \ S∩. If S∩
captures the causally important features, adding prediction-only features should not noticeably
increase ∆p beyond ablating S∩ alone, which serves as a completeness check.

Additionally, we define and compute a top-k upper bound (magnitude-ranked baseline), i.e., ablat-
ing the k features in Spred with the largest activation magnitude.

Results. Figure 3 and Table 10 show that the intersection ablation consistently yields close to the
largest ∆p, while random baselines A–C yield ∆p close to 0. This reveals two findings. First, the
causal effect is specific to intersection features rather than to arbitrary subsets of Spred or features ac-
tive in one pass alone. Second, causal importance is as driven by conceptual reuse and grounding as
it is by activation magnitude: the top-k upper bound, which selects the k highest-magnitude features
in Spred, is only marginally above ∆p(S∩), so intersection features are nearly as causally potent as
the best magnitude-selected subset of the same size, despite not being chosen for magnitude. For
Condition D, Table 11 illustrates a negligible incremental effect across all model-dataset combina-
tions, indicating that S∩ alone is complete for the causal effect. Features that are active only in the
prediction pass but are not reused from CoT contribute minimally to the model’s final answer.
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5.2.2 COT PASS

To establish that S∩ reflects genuine reasoning-relevant computation, we further ablate these fea-
tures on the CoT pass and examine their causal effect from two angles (Appendix F.2). First, we
test cross-path consistency in terms of the causal effect of S∩. Second, analogous to the prediction
pass (§5.2), we run four base conditions for sanity (§F.2.1).

Cross-pass Consistency. For cross-pass consistency, we compare the causal effect of S∩ across the
two inference paths. Comparing ∆p(S∩) across paths, we observe similarly high values on both
prediction and CoT paths (Table 14). This rules out the interpretation that intersection features are
shallow prediction heuristics that become irrelevant when explicit reasoning is available; rather, they
remain causally central to both inference modes.

Control Conditions. Table 13 shows that Conditions A–C yield ∆p substantially lower than
S∩. The top-k upper bound remains marginally above ∆p(S∩), confirming that intersection fea-
tures, selected by conceptual reuse rather than magnitude, are nearly as causally potent as the best
magnitude-selected subset. Furthermore, Condition D yields ∆p nearly identical to ablating all of
Scot (Table 14), indicating that intersection features account for essentially all causal contributions
of CoT-active features to the reasoning process. In other words, CoT-only features provide no addi-
tional effect on the CoT pass. All three findings mirror those observed in the prediction pass (§5.2.1).

5.3 LAYER-WISE CAUSAL COT FAITHFULNESS

Prior faithfulness metrics (Lanham et al., 2023; Turpin et al., 2023; Ye et al., 2026) typically treat
faithfulness as model-level, reporting a single number. In contrast, by operating in the internal
representation space, our proposed metrics enable a layer-wise faithfulness analysis and show that
faithfulness varies notably across layers (Figure 2 for LogiQA; results for OpenbookQA, ARC-
Easy, and GSM8K are in Appendix C.4).4 Our experimental results further reveal three patterns.

Both peak and dip locations are model-specific, with peaks at mid-to-late rather than final
layers. For all models except Gemma-2-2B, peak faithfulness often occurs at mid-to-late layers
(e.g., on LogiQA, L24/28 for Qwen3-1.7B, L31/42 for Gemma-2-9B; Table 4) and not at the
final layer. A plausible explanation is that the final layers are devoted to output formatting and next-
token prediction rather than manipulating reasoning concepts. In contrast, faithfulness dips appear at
model-specific layers: Qwen3 models exhibit early-mid to mid-layer dips, while Llama-3.1-8B
exhibits high layer-to-layer variance with no clear trend (Figure 2; left column). Gemma-2 models
are rather task-specific, with the two models showing opposite patterns: Gemma-2-9B drops at
late layers on MCQA (Figure 4; Figure 8a–8c) but at early layers on GSM8k (Figure 8d), while
Gemma-2-2B exhibits a weaker and less consistent version of the reverse.

Figure 4: Causal faithfulness (∆p) variation
across normalized depth on LogiQA. Full re-
sults are presented in Figure 8.

Faithfulness manifests as distributed or localized
patterns across architectures. Figure 2 and Fig-
ure 4 demonstrate that layer-wise ∆p stability varies
substantially across models: Llama-3.1-8B ex-
hibits the highest layer-to-layer variance, with adja-
cent layers differing by up to ∆p = 0.3 (Table 4);
Qwen3 models are the most stable across datasets,
and Gemma-2-2B shows moderate fluctuations of
consistent magnitude across layers (Figure 9). Ad-
ditionally, the contrast between Qwen3’s distributed
faithfulness, which is consistently high across most
layers with great stability, and Llama-3.1-8B’s
localized faithfulness, concentrated at, e.g., L18–20
and L23–25 on LogiQA, suggests that CoT faith-
fulness may differ qualitatively across architectures,

4Spred and Scot overlap only partially (33–75%), indicating that S∩ captures a selective subset of prediction-
relevant features that are also activated during CoT reasoning (Appendix D.1), rather than all features active
at the answer position. Additional sanity checks rule out the potential that these are merely answer-identity
features (Appendix D.2) or ubiquitous features (Appendix D.3). Moreover, we find that S∩ is largely sufficient
to recover the answer alone, compared to the random baseline (Appendix D.4).
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(a) Aggregated ∆p value and Pearson’s r comparison (see raw values in Table 20).

(b) Layer-wise ∆p, CC-SAE, Jaccard, and Recall variation on GSM8K (see full results in Figure 15).

Figure 5: SAE configuration ablation study on Gemma-2-2B with increased width and
increased sparsity . Full results with other models across all datasets are provided in Appendix I.

not only in magnitude. Moreover, distributed faith-
fulness suggests a tight coupling between CoT and prediction throughout the model’s computation,
potentially suggesting more robust reasoning that is less susceptible to perturbations at any single
layer. In contrast, localized faithfulness implies that the alignment emerges only at specific compu-
tational stages, with the CoT reasoning proceeding largely independently elsewhere (Appendix C.5).

Scaling reshapes the layer-wise profile, not just its magnitude. Within the same model family,
larger models generally exhibit greater faithfulness in magnitude (∆p) (Figures 2 and 4), aligned
with Siegel et al. (2026); Wang et al. (2026) (Table 14 provides additional evidence: for example,
Qwen3-8B achieves a normalized ∆p = ∆p(S∩)

∆p(Spred)
of 0.96 on LogiQA, while Qwen3-1.7B reaches

only 0.90). Beyond this uniform shift, scaling also reshapes the layer-wise profile. For instance,
within the Qwen3 family, scaling from 1.7B to 8B shifts the faithfulness dip from a normalized
depth5 of 44% (L12–14) to 23% (L6–8) on LogiQA (Figure 2; Table 4), suggesting that larger
models may compress the early processing region. Within the Gemma-2 family, scaling from 2B to
9B additionally reduces the coefficient of variation across layers from 23% to 12%.

Implications for CoT faithfulness evaluation. The substantial layer-wise variation raises a prac-
tical question: which layer should practitioners use when reporting faithfulness? We recommend
reporting either (1) the peak-layer ∆p, which captures the model’s maximum potential for faithful
reasoning, or (2) the mean ∆p across layers, which reflects overall alignment but may underestimate
faithfulness for models with localized patterns.6

5.4 SAE CONFIGURATION ABLATION STUDY

Motivation and Setup. SAEs introduce hyperparameters, i.e., dictionary width and target sparsity,
that may confound downstream analyses. To verify that our findings genuinely reflect model behav-
ior rather than SAE-specific artifacts, we conduct ablation studies on Gemma-2-2B (the results of
other models are provided in Appendix I). We compare the baseline (width=16k, ℓ0 = 105) against
two ablation conditions: increased width (16k → 65k) and increased sparsity (ℓ0 = 105 → 46).

5Normalized depth is defined as the dip layer index divided by the total number of layers (Table 4).
6More actionable implications are further discussed in Appendix C.6. In addition, we provide a comparison

between our proposed metrics and existing CoT faithfulness metrics in Appendix E. Meanwhile, we present
post-hoc rationalization examples identified by ∆p in Appendix H.
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Table 1: Natural language descriptions of a subset of shared SAE concepts S∩. Full trajectory is pre-
sented in Table 24 and additional case studies for the remaining datasets are provided in Appendix J.

Gemma-2-9B | LogiQA

Q. Many elderly Beijings have never forgotten the unique skills
they saw at temple fairs . . . as the modernization of society
accelerates, Chinese folk culture is facing unprecedented crisis . . .
all of which make the development of folk art face difficulties.
Which of the following can be derived from this text?

A: Marketization is the way out for folk art
B: Folk culture needs rescue protection ⋆
C: Urban construction should highlight cultural characteristics
D: . . . social status of folk art talents should be improved

Pred: B ✓ CoT: B ✓ Gold: B ⋆

CoT: “. . . the survival of folk art is facing unprecedented crisis . . .
the development of folk art is facing difficulties. So, the answer is B.
The text does not say that marketization is the way out . . . that
urban construction should highlight cultural characteristics . . . So,
the answer is B.”

L ID (S∩) Feature Description

L5 #4649 Specialized compound nouns . . . social sciences,
economics, and formal academic assessments.

L11 #10504 Pinyin transliterations of Chinese proper nouns . . .
names, locations, cultural terms.

L21 #7862 Formal academic or examination-style text . . .
Chinese-to-English translations in logical reason-
ing.

L41 #13986 Academic terminology . . . cultural heritage, ar-
chaeological sites, and logical observations.

marks features overlapping with concepts verbalized in the
CoT.

Results. Figure 5a shows a highly correlated ∆p under different SAE configurations (Pearson
r > 0.8). This indicates that the SAE choice does not substantially alter which examples are judged
as faithful. Figure 5b further demonstrates broadly consistent layer-wise ∆p profiles across con-
figurations, with all three exhibiting noticeably similar trends in general. Some variation emerges
at mid-to-late layers (L15-20), where the baseline configuration yields slightly higher ∆p than the
wider or sparser alternatives.7 However, the overall profile shape and peak locations remain aligned,
suggesting that the layer-wise patterns reported in §5.3 are not artifacts of a particular SAE configu-
ration. Moreover, CC-SAE, Jaccard, and Recall report moderate correlations across configurations,
with Jaccard exhibiting the largest sensitivity to sparsity changes, which is expected given its di-
rect dependence on feature set cardinality. Overall, these results indicate that causal faithfulness
captures properties of the model’s reasoning process rather than idiosyncrasies of the SAE.

5.5 LAYER-TO-LAYER TRANSITIONS IN SHARED CONCEPTS

To interpret the shared concepts S∩ activated at each layer and analyze the feature transition across
layers, we map the active S∩ to natural-language descriptions using an automated interpretability
pipeline following Paulo et al. (2025). Specifically, we extract the top-activating shared concepts at
every layer and retrieve their corresponding descriptions, allowing us to qualitatively trace how the
model’s encoded concepts evolve across layers (further trajectories are provided in Appendix J).

Table 1 illustrates a Chinese folk art case study from LogiQA, mapping its shared concept (S∩) tran-
sitions and layer-wise descriptions extracted from Gemma-2-9B. S∩ exhibits a distinct trajectory
across layers: early layers encode topic-specific concepts; middle and late layers shift toward more
abstract concepts detached from specific entities or explicitly tied to evaluating candidate answers.
Specifically, the trajectory reveals a cross-lingual transition: S∩ is initially anchored in Chinese
topic-related entities; at a middle layer (L21), a Chinese-to-English translation feature emerges,
suggesting a bridge from topic-specific Chinese concepts into English ones (Wendler et al., 2024).

Moreover, we observe a high ∆p in layers associated with question content or answer evaluation;
conversely, ∆p drops noticeably for layers with topically irrelevant concepts, e.g., L16 and L25
(Table 24). Additionally, certain highly activated concepts across layers mirror content explicitly
verbalized in the CoT, suggesting that these concepts indeed track specific reasoning content.
Nevertheless, not all concepts with high ∆p are verbalized in the CoT. Conversely, some content of
the CoT verbalization may not appear among the highly activated layer-wise concepts.

7One possible explanation is that intermediate layers encode increasingly compositional features with poten-
tially higher superposition density, making them more sensitive to SAE hyperparameter (Gurnee et al., 2026).
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6 CONCLUSION

We recast CoT faithfulness as an internal concept grounding: whether an LLM’s CoT reasoning
relies on the same SAE concepts that also support the LLM’s direct prediction, and whether the
shared concepts causally drive its answer. A single shared SAE renders the cross-pass concept
overlap well-defined, supporting correlational alignment metrics and a causal metric ∆p, a necessity
test validated against count, arbitrary feature selection, and SAE-choice confounds. Across five
LLMs and four reasoning benchmarks, although concept alignment reveals substantial feature
overlap between passes, it neither establishes nor negates a strong causal link; precisely determining
a feature’s contribution requires causal metrics like ∆p. Faithfulness generally peaks at mid-to-late
depths, is distributed in some architectures yet localized in others, and, within model families, is
reorganized rather than merely raised by scale, arguing for layer-aware reporting. Natural-language
concept descriptions further show that causally important shared concepts may not be verbalized
in the CoT. Overall, our findings suggest a future direction for faithfulness evaluations that also test
whether the internal representations associated with a CoT causally support the model’s prediction.
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A PRELIMINARY

A.1 COMPARISON WITH PRIOR WORK

Table 2 illustrates the CoT faithfulness evaluation metric comparison. The evaluation dimensions
are listed as follows:

• Granularity: The level at which the CoT is treated;

• Intervention: Whether the CoT is adapted or modified;

• Causal: Whether the method employs a causal framework (e.g., activation patching);

• Inference Time: The time complexity of the given metric;

• Polysemanticity: Whether the metric can isolate decoupled features;

• Training: Whether additional training is required for the tested model;

• Per-Instance: Whether the faithfulness evaluation is aggregate or per-instance.

For our proposed causal metric ∆p at a given layer ℓ, an intervention can be applied, and its infer-
ence time is O(1), as it only requires a constant number of forward passes, which is notably more
efficient than most prior work. Moreover, it is training-free when SAEs are available, can mitigate
polysemanticity, and can be used to measure the CoT faithfulness of each individual instance.

Table 2: CoT faithfulness evaluation metric comparison. Intervention: Whether the method perturbs
the CoT or the input. n: number of input tokens; L: number of CoT steps; m: the number of traced
tokens per step; P : resamples per step.

Method Granularity Intervention Causal Inference Time Polysemanticity Training Per-Instance

Bias Feature (Turpin et al., 2023) CoT ! % O(1) % % !

CoT Corruption (Lanham et al., 2023) CoT ! % O(1) % % !

NLDD (Ye et al., 2026) Step ! % O(L) % % !

FUR (Tutek et al., 2025) Step ! % O(L) % ! !

Thought Branches (Macar et al., 2026) Step ! ! O(L ·R) % % !

AttriCoT (Wei et al., 2026) Step ! ! O(L) % % !

CIE-Scorer (Shen et al., 2026) Circuit ! ! O(L ·m) % ! !

CC-SHAP (Parcalabescu & Frank, 2024) Input Token % % O(2n) % % !

CC-LIME (Admoni et al., 2026) Input Token % % O(n) % % !

SAE Patching (Chen et al., 2026) SAE Concept ! ! O(1) ! ! %

Our SAE Concept ! ! O(1) ! % !

A.2 SEPARATE VS. SHARED SAES

Figure 6: Comparison between Chen et al. (2026) and our metrics.
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Figure 6 illustrates the differences between Chen et al. (2026) and our metrics. First, Chen et al.
(2026) train and deploy two distinct SAEs on the prediction and CoT passes, respectively, which
makes the two SAEs’ activations not directly comparable. In contrast, we use a single SAE for
both passes, which enables the measurement of concept alignment and causal grounding. Further-
more, they patch acot into the prediction pass and measure the changes in answer log-probability. In
comparison, we ablate the shared SAE features that are proven to causally drive the answer (§5.2).
Additionally, we have validated that patching only the shared SAE features is sufficient to largely
reproduce the original answer (Appendix D.4).

A.3 VENN DIAGRAM OF SAE FEATURES

Figure 7: Venn diagram of SAE features.

Figure 7 displays an overview of the SAE features. In general, the features can be categorized into
three classes: Spred-only, Scot-only, and S∩, where Spred = Spred-only ∪ S∩ and Scot = Scot-only ∪ S∩.
This is enabled by employing a shared SAE, which allows us to assess the shared concepts that drive
the model toward answers faithfully across the prediction and CoT passes. Appendix D.1 further
presents the SAE concept composition analysis.

B EXPERIMENTAL DETAIL

B.1 MODELS & SAES

Table 3 illustrates the hidden state dimension, model link, and residual-stream SAE suite of each
model.

Table 3: Hidden state dimension, model link, and residual-stream SAE suite of each model.

Model dmodel Link SAE Scope
Llama-3.1-8B (Grattafiori et al., 2024) 4096 meta-llama/Llama-3.1-8B Llama-Scope (He et al., 2024)
Gemma-2-2B (Team et al., 2024) 2304 google/gemma-2-2b Gemma-Scope (Lieberum et al., 2024)
Gemma-2-9B (Team et al., 2024) 3584 google/gemma-2-9b Gemma-Scope (Lieberum et al., 2024)
Qwen3-1.7B (Yang et al., 2025) 2048 Qwen/Qwen3-1.7B Qwen-Scope (Deng et al., 2026)
Qwen3-8B (Yang et al., 2025) 4096 Qwen/Qwen3-8B Qwen-Scope (Deng et al., 2026)

We note that there is one shared SAE between passes at a given layer, rather than a single SAE
shared across layers.8 We extract activations at the output of each transformer layer (post-attention,
post-MLP, post-residual connection), corresponding to resid_post in TransformerLens9 termi-
nology. Formally, for layer ℓ:

r(ℓ) = LayerNorm
(
h(ℓ−1) + Attn(ℓ) + MLP(ℓ)

)
(10)

8Since the residual stream’s distribution and semantic abstraction level change qualitatively with layer depth,
a single shared SAE cannot converge to a coherent sparse mapping.

9https://github.com/TransformerLensOrg/TransformerLens
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(a) LogiQA (b) OpenbookQA

(c) ARC-Easy (d) GSM8K

Figure 8: Causal faithfulness (∆p) variation across normalized model depth.

B.2 DECODING CONFIGURATION

We evaluate CoT faithfulness using greedy decoding (temperature= 0, max_new_tokens=
2048) for CoT generation. The reasoning chain is extracted by splitting at the “Answer:” delimiter.

B.3 INFERENCE TIME

All experiments were conducted on a single NVIDIA RTX A6000 GPU. Under this setup, the aver-
age computational cost for a single ∆p was approximately 15 seconds.

C COT FAITHFULNESS EVALUATION

C.1 FAITHFULNESS METRIC DISCUSSION

We emphasize that our metric operationalizes faithfulness as causal cross-path feature reuse:
whether the CoT-conditioned answer pass shares causally important features with the direct-answer
pass. Our contribution is methodological, enabling internal comparison where prior work relied on
behavioral proxies, rather than claiming to resolve the faithfulness question definitively.

C.2 CAUSAL FAITHFULNESS VARIATION

Figure 8 displays ∆p variation across relative model depth, defined as the fraction of the current
layer over the total model layers. Table 4 further reports the peak layer at which each model’s in-
ternal representations exhibit maximal faithfulness, alongside the corresponding normalized depth.
Across most models, faithfulness peaks in the latter half of the network, with normalized depths typ-
ically exceeding 70–90%, suggesting that decisive, faithful representations emerge predominantly
in deeper layers. In contrast, Gemma-2-2B is a notable outlier, with its faithfulness peak occurring
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(a) LogiQA (b) OpenbookQA

(c) ARC-Easy (d) GSM8K

Figure 9: Layer stability across models.

at or near the earliest layers, implying that its most faithful representations are formed very early
in the network rather than progressively refined through depth. This divergence highlights substan-
tial variation in how faithfulness develops across layer depth, depending on model architecture and
scale.

C.3 LAYER STABILITY

Figure 9 shows the layer stability across models. Gemma-2-9B and Qwen3 models exhibit gener-
ally high stability, whereas Llama3.1-8B demonstrates noticeable variance across different lay-
ers, suggesting localized faithfulness.

C.4 COT FAITHFULNESS EVALUATION

Figure 10, 11, 12, and 13 show the faithfulness evaluation with three correlational metrics and ∆p
on LogiQA, OpenbookQA, ARC-Easy, and GSM8K, respectively.

C.5 LAYER-WISE FAITHFULNESS DYNAMICS

A natural question arising from our layer-wise analysis is whether models exhibit “repair”, i.e.,
whether faithfulness that degrades in earlier layers can be recovered in subsequent layers.
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Figure 10: CoT faithfulness evaluation across layers for different models on LogiQA. Left column:
Causal faithfulness (∆p) measures the probability drop when ablating shared features. Middle
column: Correlational metrics (CC-SAE, Jaccard, Recall) between prediction and CoT activations.
Right column: Spearman correlation heatmap between each correlational metric and ∆p across
layers. Shaded regions indicate 95% confidence intervals (left and middle columns). Additional
results on the remaining datasets are provided in Appendix C.4.

C.5.1 SETUP

We track the evolution of the causal effect (∆p) across layers for each instance, using the first layer
as a baseline. Specifically, for each instance i and layer ℓ, we compute the growth ratio:

r
(ℓ)
i =

∆p
(ℓ)
i

∆p
(0)
i

(11)

We then report the median growth ratio across instances at each layer, along with the interquartile
range to quantify variability. A ratio greater than 1 indicates increased faithfulness relative to the
first layer, while a ratio less than 1 indicates decreased faithfulness.

C.5.2 RESULTS

Figure 14 presents the layer-wise faithfulness dynamics for five models across four datasets. We
observe notable differences across model families.

Gemma models exhibit U-shaped repair patterns. Both Gemma-2-2B and Gemma-2-9B show
a characteristic pattern where faithfulness drops in the early-to-middle layers before recovering to-
ward the final layers. For Gemma-2-2B, the median ∆p ratio drops to approximately 0.4–0.5
around layers 5–6 across all datasets, then gradually recovers to ≈1.0 by the final layer. This U-
shaped trajectory suggests that intermediate layers may perform transformations that temporarily
reduce alignment between CoT features and answer-relevant computations, but subsequent layers
repair this misalignment.
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Figure 11: CoT faithfulness evaluation across layers for different models on OpenbookQA. Left
column: Causal faithfulness (∆p) measures the probability drop when ablating shared features.
Middle column: Correlational metrics (CC-SAE, Jaccard, Recall) between prediction and CoT
activations. Right column: Heatmap showing Spearman correlation between each correlational
metric and ∆p across layers. Shaded regions indicate 95% confidence intervals.

Qwen models maintain stable faithfulness across layers. In contrast, both Qwen3-1.7B and
Qwen3-8B exhibit remarkably stable ∆p ratios close to 1.0 throughout all layers. This suggests that
whatever causal relationship exists between CoTs and predictions is established early and preserved
throughout the forward pass, with minimal perturbation or correction in later layers.

Llama-3.1-8B shows high layer-wise variability. Llama-3.1-8B exhibits substantial oscil-
lations in the ∆p ratio across layers, with no clear monotonic trend, aligned with Figure 9. This
high variability suggests that the SAE features at different layers may capture qualitatively different
aspects of the reasoning process.

C.6 IMPLICATIONS

Beyond reporting, the layer-wise profile also carries practical guidance. As peak layers concentrate
the causally important shared concepts, probing, steering, and CoT monitoring are best deployed at
mid-to-late peak layers rather than at the final layers. This suggests that readouts anchored to last-
layer representations may underestimate faithfulness. The distributed-localized faithfulness contrast
further yields a testable prediction: models with localized faithfulness should be disproportionately
brittle to pruning, quantization, or editing at their few alignment-bearing layers, while distributed
models should degrade more gracefully.
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Figure 12: CoT faithfulness evaluation across layers for different models on ARC-Easy. Left
column: Causal faithfulness (∆p) measures the probability drop when ablating shared features.
Middle column: Correlational metrics (CC-SAE, Jaccard, Recall) between prediction and CoT
activations. Right column: Heatmap showing Spearman correlation between each correlational
metric and ∆p across layers. Shaded regions indicate 95% confidence intervals.

D SANITY CHECK

D.1 SAE CONCEPT COMPOSITION

Table 5 reports the feature set composition across models. The intersection S∩ comprises 33–75%
of Spred, leaving substantial pred-only (|Spred \ S∩|) and CoT-only (|Scot \ S∩|) subsets. For models
with top-k SAEs (Qwen3 models), |Spred| = |Scot| = 100 is set by construction, yet overlap remains
around 50%. The partial overlap indicates that the two passes activate distinct feature sets despite
predicting the same answer, ruling out trivial explanations where Spred ≈ Scot.

D.2 ANSWER IDENTITY

To rule out the possibility that shared features merely encode the answer token (e.g., A/B/C/D)
rather than reflecting genuine reasoning on MCQA datasets, we identify answer-identity features by
encoding each letter in isolation.10 Specifically,

1. Isolated-token feature extraction. For each answer letter ℓ ∈ {A,B,C,D}, we tokenize
ℓ in isolation, take the model’s residual stream at the target layer and final token position,
and SAE-encode it. The set of features with nonzero activation, Fℓ, is the answer-identity

10GSM8K is intentionally excluded from this sanity check, as it does not use fixed options.
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Figure 13: CoT faithfulness evaluation across layers for different models on GSM8K. Left column:
Causal faithfulness (∆p) measures the probability drop when ablating shared features. Middle
column: Correlational metrics (CC-SAE, Jaccard, Recall) between prediction and CoT activations.
Right column: Heatmap showing Spearman correlation between each correlational metric and ∆p
across layers. Shaded regions indicate 95% confidence intervals.

feature set for letter ℓ; this is computed once per dataset–model pair and reused across
items.

2. Per-item prediction pass. For each item, we build the prediction-only prompt (no CoT),
take the model’s greedy answer y = argmaxℓ∈{A,B,C,D} logit(ℓ) at the final position, and
extract Spred. We use Spred rather than S∩ as the ablated set in this control, since it isolates
the identity confound from the prediction pass directly, independent of whether the CoT
also activates the same identity features.

3. Targeted ablation. We compute the causal-faithfulness effect (§3.5) twice: once ablating
the full Spred (∆pfull), and once ablating Spred \ Fy , i.e., Spred with the letter’s own identity
features removed (∆pno-pred), i.e., we ablate Fℓ – all four letters’ feature sets.

4. Aggregation. We average ∆pfull and ∆pno-pred across items per dataset–model pair and
report retention as the ratio of means, ∆pno-pred/∆pfull.

Results. Table 6 shows that after removing these features from S∩, the causal effect remains nearly
unchanged (mean retention = 0.997 ± 0.007). Furthermore, the number of option-related features
contained in S∩ is very limited. Together, these observations indicate that ∆p reflects reasoning-
related features, rather than superficial answer encoding.
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(a) Gemma-2-2B (b) Gemma-2-9B

(c) Qwen3-1.7B (d) Qwen3-8B

(e) Llama-3.1-8B

Figure 14: Layer-wise faithfulness dynamics across datasets.
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Table 4: Faithfulness peak layer, corresponding ∆p values, relative depth of the peak layer, and
averaged ∆p values across models.

Model Peak Layer Peak ∆p Rel. Dep. Avg ∆p

Lo
gi

Q
A

Llama-3.1-8B 25 0.350 93% 0.145± 0.099
Qwen3-1.7B 24 0.566 89% 0.512± 0.049
Qwen3-8B 34 0.713 97% 0.642± 0.067

Gemma-2-2B 1 0.269 4% 0.197± 0.045
Gemma-2-9B 31 0.412 76% 0.356± 0.042

O
pe

nb
oo

kQ
A Llama-3.1-8B 25 0.585 93% 0.275± 0.292

Qwen3-1.7B 19 0.694 70% 0.589± 0.458
Qwen3-8B 27 0.872 77% 0.798± 0.339

Gemma-2-2B 1 0.379 4% 0.282± 0.243
Gemma-2-9B 32 0.679 78% 0.597± 0.280

A
R

C
-E

as
y Llama-3.1-8B 24 0.805 77% 0.371± 0.336

Qwen3-1.7B 22 0.894 81% 0.795± 0.377
Qwen3-8B 30 0.976 86% 0.924± 0.214

Gemma-2-2B 0 0.615 0% 0.479± 0.298
Gemma-2-9B 29 0.896 71% 0.810± 0.220

G
S

M
8K

Llama-3.1-8B 5 0.062 16% 0.037± 0.089
Qwen3-1.7B 6 0.187 22% 0.160± 0.243
Qwen3-8B 19 0.197 54% 0.169± 0.287

Gemma-2-2B 1 0.183 4% 0.124± 0.152
Gemma-2-9B 1 0.276 2% 0.123± 0.184

Table 5: Feature set statistics across models and datasets (averaged across layers). S∩ comprises a
fraction of Spred, with substantial pred-only and CoT-only features.

Dataset Model |Spred| |Scot| |S∩| Pred-only CoT-only |S∩|/|Spred|
LogiQA Llama-3.1-8B 17.6 18.6 13.4 4.2 5.2 75.3%

Qwen3-1.7B 100.0 100.0 54.9 45.1 45.1 54.9%
Qwen3-8B 100.0 100.0 61.0 39.0 39.0 61.0%
Gemma-2-2B 68.2 66.8 40.6 27.6 26.2 62.2%
Gemma-2-9B 93.1 93.9 56.7 36.4 37.2 63.9%

OpenbookQA Llama-3.1-8B 18.3 18.9 12.7 5.6 6.3 68.3%
Qwen3-1.7B 100.0 100.0 48.8 51.2 51.2 48.8%
Qwen3-8B 100.0 100.0 49.5 50.5 50.5 49.5%
Gemma-2-2B 74.6 69.1 37.3 37.3 31.8 53.8%
Gemma-2-9B 90.7 93.3 51.9 38.8 41.4 61.0%

ARC-Easy Llama-3.1-8B 18.7 19.5 13.5 5.2 6.0 70.7%
Qwen3-1.7B 100.0 100.0 48.1 51.9 51.9 48.1%
Qwen3-8B 100.0 100.0 51.1 48.9 48.9 51.1%
Gemma-2-2B 73.1 67.7 38.2 34.8 29.5 56.2%
Gemma-2-9B 85.3 88.7 52.8 32.5 35.9 65.8%

GSM8K Llama-3.1-8B 18.6 18.7 10.2 8.4 8.5 50.4%
Qwen3-1.7B 100.0 100.0 36.4 63.6 63.6 36.4%
Qwen3-8B 100.0 100.0 33.3 66.7 66.7 33.3%
Gemma-2-2B 56.8 55.3 25.8 30.9 29.4 50.1%
Gemma-2-9B 72.1 71.1 24.9 47.2 46.2 40.4%

D.3 ROBUSTNESS TO UBIQUITOUS FEATURES

S∩ may partly consist of ubiquitous features, i.e., generic multiple-choice artifacts that recur across
nearly all items regardless of content, rather than item-specific reasoning concepts. If such features
drive a substantial share of ∆p, the causal effect would reflect superficial task formatting rather than
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Table 6: Answer-identity ablation results. δX = ∆pfull − ∆pno-X is the drop in causal effect after
removing option X’s answer-identity features; #X is the number of option-X features in S∩ that
are responsible for outputting the answer corresponding to one of the predefined option letters. Avg.
retention ≈ 1 indicates the causal effect is driven by reasoning features, not answer-encoding.

Dataset Model ∆pfull δA δB δC δD Avg. Ret. #A #B #C #D |S∩|

ARC-Easy

Gemma-2-2B 0.6812 0.0000 0.0000 0.0000 0.0000 1.0000 8.8 7.3 6.7 7.4 89
Gemma-2-9B 0.9126 0.0045 0.0000 0.0000 -0.0000 0.9985 4.0 2.4 2.3 4.4 91
Llama-3.1-8B 0.8513 0.0001 0.0052 0.0030 0.0036 0.9963 4.9 2.1 5.7 4.0 37
Qwen3-1.7B 0.9898 -0.0000 -0.0000 -0.0000 -0.0000 1.0000 4.5 5.6 5.6 5.4 100
Qwen3-8B 0.9879 0.0000 0.0000 0.0000 0.0000 1.0000 3.2 4.6 4.7 4.6 100

LogiQA

Gemma-2-2B 0.3349 0.0000 0.0000 0.0000 0.0000 1.0000 8.7 6.3 5.2 5.5 84
Gemma-2-9B 0.5236 0.0052 0.0000 0.0000 0.0000 0.9980 3.3 2.3 3.1 5.0 92
Llama-3.1-8B 0.5177 0.0004 0.0140 0.0122 0.0116 0.9809 3.9 3.1 3.5 3.7 38
Qwen3-1.7B 0.9129 -0.0000 -0.0000 -0.0000 -0.0000 1.0000 4.4 5.5 5.5 5.2 100
Qwen3-8B 0.9053 0.0000 0.0000 0.0000 0.0000 1.0000 3.8 6.0 6.3 5.7 100

OpenBookQA

Gemma-2-2B 0.5020 0.0000 0.0000 0.0000 0.0000 1.0000 8.5 6.9 5.9 6.6 90
Gemma-2-9B 0.7656 0.0223 0.0000 0.0000 0.0000 0.9923 2.9 2.2 2.4 3.8 83
Llama-3.1-8B 0.7337 0.0002 0.0092 0.0050 0.0060 0.9924 4.8 2.1 5.7 4.1 38
Qwen3-1.7B 0.9576 -0.0000 -0.0000 -0.0000 -0.0000 1.0000 4.3 5.2 5.2 5.1 100
Qwen3-8B 0.9771 0.0000 0.0000 0.0000 0.0000 1.0000 3.2 4.5 4.6 4.6 100

genuine CoT-driven reasoning. For each dataset–model pair, we identify ubiquitous features and
quantify their contribution to ∆p in two passes:

1. Pass 1: frequency collection. For every item i, we extract S(i)
∩ = S

(i)
pred ∩ S

(i)
cot (§3.5) and

accumulate a corpus-level frequency count count(f) = |{i : f ∈ S
(i)
∩ }| for every feature f

observed in any item’s intersection set.

2. Thresholding. Given N items with a valid intersection set, we define the ubiquitous set
Uτ = {f : count(f)/N > τ} for a chosen frequency threshold τ ∈ (0, 1).

3. Pass 2: ablation comparison. For every item, we recompute the causal-faithfulness inter-
vention (§3.5) three times, ablating (i) the full intersection S

(i)
∩ , (ii) the intersection with

ubiquitous features removed, S(i)
∩ \ Uτ , and (iii) the ubiquitous features alone, S(i)

∩ ∩ Uτ ,
yielding ∆pfull, ∆pno-gen, and ∆pgen per item.

4. Aggregation. We average each quantity across items within a dataset–model pair and
report retention as

Retention =
∆pno-gen

∆pfull
,

Retention ≈ 1 indicates the causal effect is largely content-specific, while retention ≪ 1 indicates it
is substantially driven by generic, ubiquitous features.

Results. Table 7 reports ∆pfull, ∆pno-gen, ∆pgen, and retention for each dataset–model pair.
Qwen3-1.7B and Qwen3-8B retain 1.00 of the causal effect after removing ubiquitous features
across all three datasets, indicating their S∩-driven causal effect is content-specific. Gemma-2-2B
similarly retains 0.88–1.28. Llama-3.1-8B and Gemma-2-9B show more moderate retention.
Averaged across all 15 dataset–model pairs, 87% of the causal effect measured by ∆p survives re-
moval of ubiquitous features, indicating that the causal effect of S∩ predominantly reflects content-
specific concept reuse rather than generic MCQA artifacts.

D.4 SUFFICIENCY TEST

To complement our necessity analysis, which shows that ablating S∩ reduces answer probability in
§5.3, we additionally conduct a sufficiency test to answer the question: can S∩ alone largely recover
the model’s answer? Specifically, we define three conditions:

1. Base: No intervention; measure pbase = p(answer | rpred);

2. Zeroed: Replace rpred with 0; measure pzero;
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Table 7: Ubiquitous-feature ablation at threshold τ = 0.9. Nubiq/Ntotal: number of features
flagged ubiquitous (frequency > τ across items) out of all features observed in any S∩. Retention
= ∆pno-gen/∆pfull; retention ≈ 1 indicates the causal effect is content-specific rather than driven by
ubiquitous features.

Dataset Model Nubiq/Ntotal ∆pfull ∆pno-gen ∆pgen Retention

ARC-Easy Gemma2-2B 24/296 0.49± 0.39 0.44± 0.29 0.11± 0.44 0.88
Gemma2-9B 23/476 0.88± 0.17 0.61± 0.33 0.83± 0.30 0.69
Llama3.1-8B 9/53 0.46± 0.23 0.30± 0.19 0.28± 0.17 0.64
Qwen3-1.7B 14/382 0.81± 0.37 0.81± 0.35 0.00± 0.04 1.00
Qwen3-8B 14/402 0.97± 0.14 0.97± 0.14 0.19± 0.25 1.00

LogiQA Gemma2-2B 18/206 0.18± 0.21 0.18± 0.08 −0.04± 0.31 1.00
Gemma2-9B 22/360 0.41± 0.21 0.20± 0.16 0.39± 0.21 0.49
Llama3.1-8B 10/48 0.20± 0.15 0.06± 0.14 0.13± 0.10 0.30
Qwen3-1.7B 14/277 0.53± 0.45 0.53± 0.44 0.02± 0.09 1.00
Qwen3-8B 16/317 0.70± 0.37 0.70± 0.37 0.19± 0.28 1.00

OpenbookQA Gemma2-2B 23/262 0.31± 0.31 0.31± 0.23 −0.07± 0.35 1.00
Gemma2-9B 20/495 0.66± 0.28 0.41± 0.31 0.48± 0.38 0.63
Llama3.1-8B 9/45 0.32± 0.23 0.22± 0.21 0.20± 0.16 0.68
Qwen3-1.7B 17/278 0.61± 0.46 0.61± 0.44 0.01± 0.06 1.00
Qwen3-8B 15/346 0.82± 0.34 0.82± 0.34 0.11± 0.23 1.00

3. Patched: Replace rpred with only the S∩ contribution: rpatch = Dec(apred ⊙mS∩), where
mS∩ is a binary mask selecting only shared features; measure ppatch.

Recall that rpred ∈ Rmodel denotes the residual stream activation and apred = Enc(rpred) represents
the corresponding SAE latent activation (§3.5).

We quantify sufficiency via the recovery metric:

Recovery =
ppatch − pzero

pbase − pzero
(12)

A recovery of 1.0 indicates that S∩ fully restores the original answer probability. To verify that S∩
is specifically sufficient (not just any k features), we compare against a random baseline: for each
example, we sample k = |S∩| random features from Spred, compute recovery, and repeat 20 times. If
S∩ captures causally important features, its recovery should noticeably exceed the random baseline.

Results. Table 8 presents the sufficiency results across all model–dataset combinations. On av-
erage, patching only S∩ achieves a recovery of 1.05 ± 0.09, indicating that these shared features
not only restore but sometimes exceed the original answer probability, likely because the patched
representation removes interfering non-shared features. In contrast, random features of equal size
achieve only 0.45± 0.35 recovery, with a substantial gap of 0.60.

Together, these findings suggest that S∩ is both necessary and sufficient: removing it disrupts
the answer probability, and retaining it alone largely recovers the answer compared to the random
baseline, indicating that the shared concepts between prediction and CoT passes capture the causally
relevant reasoning.

E ALTERNATIVES TO MEASURING FAITHFULNESS

Lack of Ground-truth. We want to highlight that there is no gold metric for measuring CoT
faithfulness in the absence of a ground truth for the model’s underlying reasoning (Parcalabescu
& Frank, 2024; Sun et al., 2026). Therefore, the existing metrics are used only as proxies for
faithfulness.

Infeasibility of Human Evaluation. The effectiveness of human evaluation depends on the as-
sumption that people can meaningfully assess whether a CoT faithfully represents a model’s inter-
nal reasoning. Yet this assumption becomes questionable in the context of modern LLMs. With
billions of parameters composing intricate, nonlinear interactions that map inputs to outputs, the
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Table 8: Sufficiency test results: patching only S∩ features into zeroed activations. Recovery mea-
sures how much of the original answer probability is restored. S∩ noticeably outperforms random
features of the same size.

Dataset Model S∩ Recov. Rand Recov. Gap S∩ > Rand

LogiQA

Llama-3.1-8B 1.018 0.919 0.099 63.5%
Qwen3-1.7B 0.978 0.068 0.910 83.9%
Qwen3-8B 1.147 0.081 1.066 97.3%
Gemma-2-2B 1.000 0.711 0.289 65.5%
Gemma-2-9B 0.950 0.750 0.200 60.5%

OpenbookQA

Llama-3.1-8B 1.079 0.939 0.140 75.5%
Qwen3-1.7B 1.213 0.140 1.073 92.8%
Qwen3-8B 1.226 0.125 1.101 97.3%
Gemma-2-2B 0.954 0.782 0.172 58.5%
Gemma-2-9B 0.992 0.447 0.545 90.0%

ARC-Easy

Llama-3.1-8B 1.075 0.923 0.152 88.5%
Qwen3-1.7B 1.085 0.084 1.001 97.7%
Qwen3-8B 1.045 0.077 0.967 100.0%
Gemma-2-2B 0.996 0.502 0.494 78.0%
Gemma-2-9B 0.950 0.136 0.814 96.5%

actual computational pathways are essentially opaque to human observers. We currently lack both
the tools and the theoretical understanding required to trace how these vast networks collectively
produce any given prediction. As a result, human judgments of CoT faithfulness, though intuitively
compelling, may be methodologically unsound given our present limited visibility into LLM inter-
nals.

Contextual Metrics. We consider contextual CoT faithfulness metrics from (Lanham et al., 2023),
which are based on context perturbation: (i) Early Answering, which truncates the CoT before the
original answer is produced and forces an early response; (ii) Adding Mistake, which injects an
error into one CoT step and regenerates the remaining steps; (iii) Paraphrasing, which restates
the initial portion of the CoT while preserving its meaning and regenerates the rest; and (iv) Filler
Token, which substitutes the CoT with meaningless symbols such as ellipses. The results of these
metrics are binary, i.e., faithful or unfaithful, which is coarse-grained compared to our proposed
metrics, which range from 0 to 1. Therefore, we follow Zaman & Srivastava (2025) and instead
measure the prediction score ẑi changes, ranging from -1 to 1.

ẑi =
exp(pθ(Li | x))∑

Lj∈L exp(pθ(Lj | x))
(13)

where L denotes the set of possible labels and x represents the input text.

The hint injection method (Turpin et al., 2023) is intentionally excluded. It produces binary la-
bels (faithful vs. unfaithful), whereas our metric yields continuous values. As a result, we cannot
compute a meaningful rank (Spearman) correlation.

Parametric Metric. Additionally, we follow Tutek et al. (2025); Sun et al. (2026) to assess faith-
fulness through interventions on the parametric knowledge of model M. Specifically, given an
input x, the target CoT c is first decomposed into T reasoning steps c = (s1, ..., sT ). FUR provides
a continuous answer as to whether a CoT is faithful by measuring the extent to which unlearning the
knowledge used by models in CoT steps causes model to change their output prediction:

FUR =

∑T
i=1 I[si such that y ̸= y(i)∗]

T
(14)

where si is the i-th reasoning step, y(i)∗ denotes the prediction made by M(i)∗ after unlearning the
knowledge involved in the i-th reasoning step, and I(·) represents the indicator function.
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Circuit-guided Internal-External Discrepancy (CIE). CIE compares the model’s internal com-
putation against its displayed reasoning (Shen et al., 2026). For each trace, an internal representa-
tion is created by tracing sentence-level attribution circuits over informative tokens, and an external
representation from the hidden states of the reasoning sentences is extracted and organized into sen-
tence graphs. Their structural discrepancy is measured via the Fused Gromov-Wasserstein distance.
A larger CIE score indicates greater internal-external divergence and thus lower faithfulness.

Table 9: Existing faithfulness metrics results with Llama3.1-8B on LogiQA.

Metric Mean Std 95% CI
Early Answering (Zaman & Srivastava, 2025) 0.6469 0.1119 [0.6371, 0.6567]
Filler Tokens (Zaman & Srivastava, 2025) 0.6476 0.1118 [0.6378, 0.6574]
Adding Mistakes (Zaman & Srivastava, 2025) 0.3953 0.1259 [0.3843, 0.4064]
Paraphrasing (Zaman & Srivastava, 2025) -0.0447 0.0568 [-0.0497, -0.0398]
FUR (Tutek et al., 2025) 0.2217 0.1710 [0.1876, 0.2558]
CIE (Shen et al., 2026) 0.6160 0.0098 [0.6139, 0.6181]

CC-SAE 0.9142 0.0251 [0.9120, 0.9164]
Jaccard 0.6145 0.0588 [0.6093, 0.6196]
Recall 0.8580 0.0456 [0.8540, 0.8620]
∆p 0.1450 0.0990 [0.1400, 0.1585]

Relationship to Prior Metrics. This comparison serves as a sanity check to verify that our met-
ric captures information not already redundant with existing approaches, rather than establishing
superiority over prior methods, because no ground-truth can be provided as discussed in the prior
paragraph. We only conduct a small-scale comparison with Llama3.1-8B on LogiQA, as most
metrics are computationally too expensive for extensive evaluation (for example, per-instance faith-
fulness using FUR with Llama3.1-8B takes approximately 25 minutes). Therefore, we defer
a more systematic and comprehensive comparison to future work. Table 9 reports correlations
between our metrics and existing faithfulness measures. We observe slightly positive Spearman
correlations between ∆p and contextual metrics (ρ ≈ 0.10), while noting weak-to-moderate corre-
lations with the parametric faithfulness metric FUR (ρ = 0.25) and the MI-based metric CIE score
(ρ = 0.30). The weak-to-moderate correlations are expected, not a deficiency of either approach,
aligned with Parcalabescu & Frank (2024); Gur-Arieh et al. (2026). Prior metrics probe different
dimensions: contextual metrics test sensitivity to textual perturbations; FUR tests dependence on
unlearned knowledge; CIE measures circuit-trace discrepancy. Our ∆p tests whether shared inter-
nal features causally drive the answer. These dimensions are conceptually orthogonal, i.e., a CoT
can be contextually robust yet rely on different internal features, or vice versa. The low correlations
confirm that our metric captures a complementary signal rather than redundantly measuring what
existing methods already measure. Together, these metric families provide a more comprehensive
assessment than any single approach.

F CAUSAL VALIDATION VIA CONDITIONS

F.1 PREDICTION PASS ABLATION

F.1.1 THREE BASE CONDITIONS

Table 10 shows the complete raw values of three base conditions (Conditions A–C) for all models
and datasets. Conditions A–C yield ∆p ≈ 0 across all settings, while ∆p(S∩) ranges from 0.1
to 0.9. This demonstrates that the causal effect is specific to intersection features rather than an
artifact of set size or ablation magnitude. Even norm-matched random sampling (Condition C) fails
to replicate the effect, indicating that S∩ captures semantically meaningful features beyond what
magnitude alone would predict.

We further observe that Llama-3.1-8B conditions are magnitude-wise notably smaller than those
of other models and exhibit markedly lower variance than those of the other models, indicating that
random ablations have essentially no effect on Llama-3.1-8B.
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Table 10: Prediction pass conditions and top-k upper bound comparison against ∆p (S∩) across
models.

Model Condition A Condition B Condition C top-k upper bound
Lo

gi
Q

A

Llama-3.1-8B 0.045± 0.150 0.068± 0.160 0.065± 0.141 0.156± 0.204
Qwen3-1.7B 0.142± 0.311 0.178± 0.334 0.110± 0.308 0.530± 0.442
Qwen3-8B 0.156± 0.302 0.172± 0.308 0.141± 0.319 0.678± 0.378

Gemma-2-2B 0.034± 0.105 0.034± 0.130 0.021± 0.121 0.222± 0.100
Gemma-2-9B 0.022± 0.109 0.035± 0.112 0.052± 0.124 0.378± 0.203

O
pe

nb
oo

kQ
A Llama-3.1-8B 0.075± 0.167 0.147± 0.192 0.140± 0.169 0.286± 0.289

Qwen3-1.7B 0.135± 0.323 0.165± 0.349 0.072± 0.279 0.588± 0.464
Qwen3-8B 0.164± 0.323 0.170± 0.327 0.166± 0.324 0.804± 0.347

Gemma-2-2B 0.057± 0.122 0.057± 0.129 0.039± 0.111 0.351± 0.213
Gemma-2-9B 0.035± 0.138 0.071± 0.150 0.067± 0.121 0.614± 0.273

A
R

C
-E

as
y Llama-3.1-8B 0.098± 0.173 0.195± 0.203 0.173± 0.184 0.366± 0.330

Qwen3-1.7B 0.148± 0.311 0.189± 0.348 0.066± 0.224 0.766± 0.399
Qwen3-8B 0.176± 0.313 0.178± 0.309 0.139± 0.282 0.935± 0.195

Gemma-2-2B 0.082± 0.154 0.088± 0.167 0.076± 0.181 0.494± 0.270
Gemma-2-9B 0.046± 0.141 0.066± 0.122 0.069± 0.127 0.819± 0.218

G
S

M
8K

Llama-3.1-8B 0.019± 0.066 0.022± 0.061 0.023± 0.078 0.036± 0.086
Qwen3-1.7B 0.063± 0.228 0.059± 0.220 0.034± 0.226 0.192± 0.269
Qwen3-8B 0.091± 0.255 0.096± 0.258 0.066± 0.257 0.188± 0.299

Gemma-2-2B 0.012± 0.073 0.017± 0.081 0.017± 0.080 0.153± 0.151
Gemma-2-9B 0.029± 0.121 0.040± 0.140 0.031± 0.127 0.169± 0.209

F.1.2 CONDITION C: NORM-MATCHED CONTROL

To control for the magnitude of intervention rather than merely the number of ablated features, we
introduce a norm-matched condition. Let aS∩ denote the SAE activation vector restricted to the
intersection features S∩, and let |Dec(aS∩)|2 be the L2 norm of the corresponding contribution
in residual stream space. For each random sample, we construct a feature set from Spred \ S∩ by
iteratively adding features in random order until the decoded ablation vector matches the target norm
within a tolerance τ :

Find Srand ⊆ Spred \ S∩ s.t. ||Dec(aSrand)|2 − |Dec(aS∩)|2| ≤ τ · |Dec(aS∩)|2

This ensures that the Condition C ablation removes approximately the same amount of activation
magnitude from the residual stream as ablating S∩, isolating the effect of which features are ablated
from how much is removed.

F.1.3 TWO SPECIFIC CONDITIONS FOR SANITY CHECKS

Condition D. Table 11 shows that the incremental effect is negligible across all model-dataset
combinations, suggesting that S∩ alone is sufficient for the causal effect. Features that are active
only in the prediction pass but are not reused from CoT contribute minimally to the model’s final
answer.

Condition E. Table 12 illustrates that ablating features exclusive to the CoT pass (Scot \ S∩)
yields ∆̄p ≈ 0 across all model-dataset combinations. In contrast, ablating intersection features S∩
produces substantial probability drops (Section 5.3). In other words, features activated only during
CoT generation do not causally influence the final prediction. This indicates that the causal effect
of S∩ is not an artifact of position-level activation overlap, but reflects genuine concept grounding
between CoT reasoning and prediction. Condition E serves as an implementation sanity check, i.e.,
verifying that our hook correctly targets only the specified features and that the SAE encode-decode
cycle introduces no spurious effects, rather than being evidence for any causal claim.
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Table 11: Condition D analysis: incremental effect of ablating k pred-only features on top of S∩.
Near-zero values confirm that S∩ is complete and prediction-only features contribute minimally. The
averaged normalized ratio ∆p(S∩)/∆p(Spred) is 0.907± 0.108, indicating negligible floor effect.

Dataset Model Incremental Effect

LogiQA Llama-3.1-8B −6.8e−02 ± 1.2e−01

Qwen3-1.7B −3.5e−02 ± 1.6e−01

Qwen3-8B −2.8e−02 ± 1.4e−01

Gemma-2-2B −7.8e−02 ± 1.2e−01

Gemma-2-9B −3.1e−02 ± 7.0e−02

OpenbookQA Llama-3.1-8B −7.9e−02 ± 1.4e−01

Qwen3-1.7B −5.9e−02 ± 2.3e−01

Qwen3-8B −3.2e−02 ± 1.6e−01

Gemma-2-2B −6.3e−02 ± 1.3e−01

Gemma-2-9B −4.9e−02 ± 9.7e−02

ARC-Easy Llama-3.1-8B −1.1e−01 ± 1.9e−01

Qwen3-1.7B −6.4e−02 ± 2.4e−01

Qwen3-8B −4.3e−02 ± 1.9e−01

Gemma-2-2B −1.2e−01 ± 1.9e−01

Gemma-2-9B −7.3e−02 ± 1.3e−01

GSM8K Llama-3.1-8B −6.3e−03 ± 2.5e−02

Qwen3-1.7B −1.3e−02 ± 8.5e−02

Qwen3-8B −1.0e−02 ± 8.5e−02

Gemma-2-2B −3.9e−02 ± 9.0e−02

Gemma-2-9B −3.7e−02 ± 8.5e−02

Table 12: Condition E analysis: ablating CoT-only features (Scot \ S∩) yields ∆p ≈ 0, confirming
these features do not affect the prediction. In contrast, ablating S∩ causes substantial probability
drops (Table 10).

Dataset Model ∆̄p σ

LogiQA Llama-3.1-8B 0.030 0.122
Qwen3-1.7B 0.013 0.306
Qwen3-8B 0.016 0.275
Gemma-2-2B 0.023 0.094
Gemma-2-9B 0.030 0.105

OpenbookQA Llama-3.1-8B 0.072 0.172
Qwen3-1.7B 0.081 0.288
Qwen3-8B 0.012 0.305
Gemma-2-2B 0.036 0.096
Gemma-2-9B 0.047 0.121

ARC-Easy Llama-3.1-8B 0.019 0.192
Qwen3-1.7B 0.096 0.279
Qwen3-8B 0.014 0.267
Gemma-2-2B 0.066 0.139
Gemma-2-9B 0.052 0.114

GSM8K Llama-3.1-8B 0.015 0.060
Qwen3-1.7B 0.047 0.243
Qwen3-8B 0.081 0.273
Gemma-2-2B 0.008 0.074
Gemma-2-9B 0.030 0.130
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Table 13: CoT pass conditions and top-k upper bound comparison against ∆p (S∩) across models.

Model Condition A Condition B Condition C top-k upper bound
Lo

gi
Q

A
Llama-3.1-8B 0.057± 0.143 0.072± 0.172 0.061± 0.170 0.187± 0.258
Qwen3-1.7B 0.052± 0.212 0.038± 0.185 0.076± 0.265 0.521± 0.468
Qwen3-8B 0.111± 0.287 0.074± 0.222 0.165± 0.296 0.739± 0.402

Gemma-2-2B 0.019± 0.109 0.042± 0.159 0.023± 0.144 0.238± 0.328
Gemma-2-9B 0.013± 0.088 0.018± 0.093 0.037± 0.108 0.374± 0.273

O
pe

nb
oo

kQ
A Llama-3.1-8B 0.077± 0.147 0.074± 0.140 0.076± 0.155 0.318± 0.333

Qwen3-1.7B 0.095± 0.261 0.101± 0.275 0.125± 0.305 0.638± 0.453
Qwen3-8B 0.193± 0.352 0.118± 0.267 0.185± 0.297 0.885± 0.281

Gemma-2-2B 0.010± 0.109 0.012± 0.133 0.017± 0.109 0.292± 0.305
Gemma-2-9B 0.027± 0.108 0.041± 0.127 0.069± 0.144 0.620± 0.345

A
R

C
-E

as
y Llama-3.1-8B 0.069± 0.143 0.074± 0.140 0.102± 0.158 0.392± 0.359

Qwen3-1.7B 0.107± 0.267 0.103± 0.265 0.130± 0.311 0.706± 0.428
Qwen3-8B 0.166± 0.329 0.089± 0.231 0.149± 0.274 0.919± 0.238

Gemma-2-2B 0.018± 0.118 0.015± 0.148 0.011± 0.126 0.427± 0.358
Gemma-2-9B 0.002± 0.106 0.020± 0.117 0.041± 0.097 0.755± 0.256

G
S

M
8K

Llama-3.1-8B 0.036± 0.087 0.052± 0.107 0.030± 0.136 0.104± 0.241
Qwen3-1.7B 0.145± 0.310 0.153± 0.316 0.118± 0.299 0.564± 0.411
Qwen3-8B 0.226± 0.367 0.202± 0.333 0.081± 0.232 0.739± 0.369

Gemma-2-2B 0.011± 0.082 0.020± 0.096 0.017± 0.093 0.190± 0.262
Gemma-2-9B 0.010± 0.065 0.024± 0.092 0.016± 0.082 0.214± 0.299

F.2 COT PASS ABLATION

F.2.1 SETUP AND CONDITIONS

Similar to the prediction pass ablation (§3.5), the CoT pass ablation is calculated as follows:

r′cot = rcot −Wdec[acot ⊙mS∩ ] (15)

where mS∩ is a binary mask that selects only the shared concepts. We then measure the change in
answer probability:

∆p = P (ŷ | rcot)− P (ŷ | r′cot) (16)

Analogously, we evaluate four base conditions for sanity checks on the CoT pass (§5.2.1):

• Condition A: Sample k random features from (Spred ∪ Scot) \ S∩. It aims to test whether
intersection features influence the answer probability more than other features that are
active in either pass.

• Condition B: Sample k random features from Scot \ S∩. It aims to test whether the causal
effect is specific to features reused by CoT.

• Condition C: Norm-matched sampling from Scot \ S∩, controlling for the L2 norm of
the ablation vector (Appendix F.1.2). It aims to test whether the effects are not driven by
ablation magnitude.

• Condition D: Ablate S∩ together with k additional random features from Scot \ S∩. If S∩
captures the causally important features, adding CoT-only features should not noticeably
increase ∆p beyond ablating S∩ alone, which serves as a completeness check.

Additionally, we define and compute a top-k upper bound (magnitude-ranked baseline), i.e., ablat-
ing the k features in Scot with the largest activation magnitude.

F.2.2 RESULTS

Condition A–C. Table 13 reveals that across all models and datasets, Conditions A–C yield sub-
stantially lower ∆p values compared to the true causal effect of S∩ (Table 14). For instance, on
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Table 14: CoT ablation analysis. Completeness: ∆p(S∩) ≈ ∆p(Spred) on CoT pass indicates
prediction-only features contribute minimally. Cross-path: similar ∆p on both paths confirms S∩
is equally important for reasoning and prediction.

Completeness (CoT Pass) Cross-path

Dataset Model ∆p(S∩) ∆p(Spred) Ratio ∆pcot ∆pdirect

LogiQA Gemma2-2B 0.22± 0.32 0.24± 0.34 0.95± 0.84 0.22± 0.32 0.20± 0.12
Gemma2-9B 0.37± 0.29 0.39± 0.30 0.96± 0.72 0.37± 0.29 0.38± 0.21
Llama3.1-8B 0.16± 0.24 0.20± 0.26 0.83± 1.22 0.16± 0.24 0.15± 0.20
Qwen3-1.7B 0.52± 0.47 0.58± 0.47 0.90± 3.28 0.52± 0.47 0.53± 0.44
Qwen3-8B 0.72± 0.41 0.76± 0.39 0.96± 3.03 0.72± 0.41 0.67± 0.38

OpenbookQA Gemma2-2B 0.29± 0.32 0.31± 0.32 0.96± 0.66 0.29± 0.32 0.32± 0.23
Gemma2-9B 0.61± 0.35 0.63± 0.35 0.96± 0.75 0.61± 0.35 0.61± 0.28
Llama3.1-8B 0.28± 0.32 0.35± 0.35 0.81± 0.75 0.28± 0.32 0.28± 0.29
Qwen3-1.7B 0.70± 0.44 0.74± 0.42 0.94± 3.45 0.70± 0.44 0.61± 0.46
Qwen3-8B 0.83± 0.34 0.88± 0.29 0.94± 3.23 0.83± 0.34 0.80± 0.35

ARC-Easy Gemma2-2B 0.42± 0.36 0.44± 0.36 0.96± 0.42 0.42± 0.36 0.47± 0.30
Gemma2-9B 0.77± 0.26 0.79± 0.25 0.97± 0.86 0.77± 0.26 0.82± 0.22
Llama3.1-8B 0.37± 0.35 0.44± 0.38 0.83± 0.71 0.37± 0.35 0.36± 0.33
Qwen3-1.7B 0.78± 0.39 0.85± 0.34 0.93± 3.97 0.78± 0.39 0.79± 0.39
Qwen3-8B 0.86± 0.31 0.92± 0.23 0.94± 3.93 0.86± 0.31 0.94± 0.19

ARC-Easy, Qwen3-8B achieves ∆p(S∩) = 0.86 while all three baseline conditions remain below
0.17, a gap exceeding 5×. Similarly, Gemma-2-9B shows ∆p(S∩) = 0.77 versus baseline effects
of merely 0.002–0.041. The consistently low baseline values across union-based (A), prediction-
exclusive (B), and norm-matched (C) conditions provide evidence that the causal effect is specific to
intersection features rather than arbitrary subsets. Crucially, similar to the prediction pass (§5.2.1),
the top-k upper bound is marginally above ∆p(S∩), and in several cases S∩ achieves comparable
or even higher effects. This parallels our findings for the prediction pass (Table 10): intersection
features, selected by conceptual reuse across reasoning paths rather than activation magnitude, are
nearly as causally potent as the best magnitude-selected subset. The consistency across both CoT
and prediction passes strengthens the conclusion that S∩ captures genuinely privileged causal struc-
ture.

Condition D: Completeness of S∩. We compare the causal effect of intersection features ∆p(S∩)
against all predictive features ∆p(Spred) on the CoT path. Across all model-dataset combinations,
the ratio ∆p(S∩)/∆p(Spred) averages 0.88 ± 0.11, indicating that S∩ captures the vast majority of
the causal effect. This suggests that prediction-only features contribute minimally to CoT reasoning.

Cross-path Comparison. We further examine whether S∩ is equally important for reasoning ver-
sus prediction by comparing ∆pcot and ∆ppred. Table 14 shows that both paths exhibit similar causal
effects, suggesting that the model can leverage these features through either reasoning or direct re-
trieval. Additionally, the Pearson correlation between the ablation results of the two passes is 0.64
on average, suggesting that the two paths are moderately similar.

G COMPARISON BETWEEN CORRELATIONAL AND CAUSAL METRICS

G.1 CORRELATIONAL ANALYSIS

Table 15 illustrates that the averaged layer-wise Spearman correlation coefficient is generally low
(r=0.0–0.2), indicating a negligible positive monotonic relationship between ∆p and correlational
metrics.
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Table 15: Averaged layer-wise Spearman correlation between correlational metrics (CC-SAE, Jac-
card, and Recall) and causal metric (∆p).

Model CC-SAE Jaccard Recall

Lo
gi

Q
A

Llama-3.1-8B +0.04± 0.08 +0.06± 0.08 +0.03± 0.09
Qwen3-1.7B +0.14± 0.09 +0.05± 0.07 +0.13± 0.05
Qwen3-8B +0.07± 0.13 +0.00± 0.09 +0.11± 0.14
Gemma-2-2B +0.14± 0.15 +0.14± 0.15 +0.10± 0.15
Gemma-2-9B +0.09± 0.11 +0.08± 0.10 +0.08± 0.08

O
pe

nb
oo

kQ
A Llama-3.1-8B +0.09± 0.08 +0.12± 0.09 +0.12± 0.09

Qwen3-1.7B +0.17± 0.11 +0.08± 0.07 +0.19± 0.07
Qwen3-8B +0.12± 0.20 +0.02± 0.13 +0.12± 0.16
Gemma-2-2B +0.10± 0.12 +0.08± 0.10 +0.00± 0.13
Gemma-2-9B +0.21± 0.19 +0.18± 0.16 +0.17± 0.15

A
R

C
-E

as
y Llama-3.1-8B +0.10± 0.13 +0.11± 0.14 +0.10± 0.13

Qwen3-1.7B +0.11± 0.12 +0.07± 0.09 +0.08± 0.09
Qwen3-8B +0.08± 0.10 +0.02± 0.10 +0.07± 0.11
Gemma-2-2B +0.14± 0.19 +0.11± 0.13 +0.03± 0.14
Gemma-2-9B +0.22± 0.19 +0.19± 0.14 +0.12± 0.12

G
S

M
8K

Llama-3.1-8B +0.04± 0.11 +0.11± 0.13 +0.07± 0.11
Qwen3-1.7B +0.03± 0.06 +0.03± 0.06 +0.04± 0.06
Qwen3-8B +0.01± 0.07 +0.04± 0.07 −0.02± 0.08
Gemma-2-2B +0.13± 0.15 +0.12± 0.15 +0.11± 0.13
Gemma-2-9B +0.09± 0.13 +0.05± 0.09 +0.02± 0.08

G.2 RELATIONSHIP BETWEEN CONCEPT ALIGNMENT AND CAUSAL EFFECT

We further examine the relationship between CC-SAE alignment and causal effect (∆p) at the in-
stance level using per-dataset median thresholds to account for cross-dataset difficulty differences.
Table 16) illustrates that:

• P̄ (A|B) = 0.53 (range: 0.47–0.59): When causal effect is above median, alignment is
equally likely to be above or below median.

• P̄ (B|A) = 0.54 (range: 0.47–0.59): High alignment does not reliably predict high causal
effect.

• Lift = 1.08 (range: 0.94–1.19): High alignment increases the probability of high causal
effect by only 8% relative to the base rate.

• ϕ̄ = 0.08 (range: −0.06–0.18): The association between binarized alignment and causal
effect is weak.

These findings suggest that CC-SAE measures representational overlap between SAE features and
model activations, which is conceptually distinct from causal importance. A feature set may align
well with model activations (high CC-SAE) yet contribute minimally to the output when ablated,
e.g., due to redundant computational pathways. Conversely, causally critical features may be par-
tially missed by the SAE (low CC-SAE, high ∆p).

H COT POST-HOC RATIONALIZATION EXAMPLES

Table 17 presents a CoT instance yielding a ∆p of 0.22. The illustrated CoT glosses over a critical
logical gap: in the original prompt, meat prices lack any logical connection to grain, vegetables, or
cooking oil. The post-hoc explanation completely ignores this flaw and instead praises option B for
“elegantly connecting the hidden variables”.

A similar pattern appears in Table 18 (∆p = 0.18), where the CoT opens with a measurement
that is not among the choices (“the student should measure the type of soil”), declares every option
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Table 16: Association between Concept Alignment and Causal Effect under Per-Dataset Median
Thresholds. θ∗, τ∗: per-dataset median thresholds for CC-SAE and ∆p. ϕ: Pearson correlation
coefficient for 2×2 table. Normalization ensures comparable metrics across datasets with different
difficulty levels.

Thresholds Conditional Prob. Association
Model Dataset θ∗ τ∗ P (A|B) P (B|¬A) P (B|A) Lift ϕ

Gemma-2-2B ARC-Easy 0.88 0.52 0.52 0.48 0.52 1.04 0.04
GSM8K 0.78 0.10 0.55 0.44 0.56 1.12 0.12
LogiQA 0.89 0.21 0.53 0.47 0.53 1.07 0.07
OpenbookQA 0.88 0.28 0.51 0.48 0.52 1.04 0.04

Gemma-2-9B ARC-Easy 0.90 0.91 0.59 0.41 0.59 1.18 0.18
GSM8K 0.66 0.07 0.47 0.53 0.47 0.94 -0.06
LogiQA 0.89 0.32 0.52 0.47 0.53 1.06 0.06
OpenbookQA 0.88 0.67 0.56 0.43 0.57 1.14 0.14

Llama-3.1-8B ARC-Easy 0.89 0.29 0.55 0.45 0.55 1.10 0.10
GSM8K 0.82 0.01 0.51 0.49 0.51 1.03 0.03
LogiQA 0.93 0.12 0.52 0.48 0.52 1.03 0.03
OpenbookQA 0.90 0.21 0.53 0.47 0.53 1.06 0.06

Qwen3-1.7B ARC-Easy 0.82 1.00 0.59 0.41 0.59 1.18 0.18
GSM8K 0.65 0.07 0.51 0.49 0.51 1.02 0.02
LogiQA 0.84 0.56 0.53 0.47 0.53 1.06 0.06
OpenbookQA 0.79 0.92 0.56 0.44 0.56 1.12 0.12

Qwen3-8B ARC-Easy 0.85 1.00 0.55 0.44 0.57 1.14 0.13
GSM8K 0.62 0.04 0.50 0.50 0.50 1.01 0.01
LogiQA 0.87 0.90 0.53 0.45 0.55 1.10 0.10
OpenbookQA 0.83 0.99 0.55 0.44 0.57 1.13 0.13

unrelated to the question, and then selects one of them regardless. Nothing in the displayed reasoning
provides a basis for that selection.

In Table 19 (∆p = 0.16), the CoT correctly states that skills are “learned through experience” and
that height is “determined by genetics”. Both point to (B), yet the CoT answers (D): the answer does
not follow from what the CoT itself says.

I SAE CONFIGURATION ABLATION STUDY

I.1 SPARSITY AND WIDTH ABLATION

Apart from Gemma-2-2B (§5.4), we further conduct an ablation study on the remaining models.
For Gemma-2-9B, similarly, we use an increased width (16k → 131k) and an increased sparsity
(ℓ0 = 129 → 50). For Qwen3 models, as QwenScope only provides SAE variants with different ℓ0
values, we only consider increased sparsity (ℓ0 = 100 → 50).11

Figure 15–18 display layer-wise ∆ across three SAE configurations. Table 21–23 further show the
∆ raw values and Pearson’s r correlation values across three SAE configurations.

I.2 ℓ0 VARIATION ACROSS LAYERS

Qwen3 and Llama3.1models use TopK-ReLU activations, which therefore have the same ℓ0 value
across layers. However, Gemma-2 models employ JumpReLU and the ℓ0 values vary across layers.
As a sanity check, we investigate how ℓ0 correlates with ∆p. In our experiments, we consider the ℓ0
value at the first layer as the anchor and consistently choose the closest ℓ0 from the available ℓ0 set
at the other layers to largely maintain the ℓ0 consistency.12

11https://huggingface.co/collections/Qwen/qwen-scope
12https://huggingface.co/google/gemma-scope
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Table 17: Qualitative analysis of CoT faithfulness: Gemma-2-9B on LogiQA.

Gemma-2-2B | LogiQA | ∆p = 0.22

Question. Professionals predict that if grain prices remain stable, vegetable prices will also remain stable;
if edible oil prices are unstable, vegetable prices will also fluctuate. Lao Li concluded that grain prices
will remain stable, but meat prices will rise. According to the above professional forecasts, which of the
following, if true, can best question Lao Li’s point of view?

A: If the price of cooking oil is stable, then the price of meat will rise
B: If the price of cooking oil is stable, then the price of meat will not rise ⋆

C: If the price of meat does not rise, then the price of cooking oil will rise
D: If the price of cooking oil fluctuates, then the price of meat will not rise
CoT Pass: B ✓ Gold: B ⋆

CoT: “The experts establish a delicate market balance: grain stability ensures vegetable stability, while
cooking oil instability disrupts vegetables. Lao Li leaps to a bold conclusion that grains stay stable
but meat will rise. To best challenge Lao Li, we need an option that disrupts his certainty. We can
immediately eliminate (A) because it agrees with Lao Li’s prediction that meat will rise, offering no
skepticism. Options (C) and (D) get tangled up in meat not rising triggering oil rises, or oil fluctuating,
which completely misses the core premise of market stability. This leaves us with (B). Why is (B) correct?
Because it perfectly connects the hidden variable: it states that if cooking oil is stable, meat will not rise.
By introducing oil stability as a stabilizing anchor for meat, it directly invalidates Lao Li’s claim that
meat is guaranteed to rise under stable grain conditions. It uses the implicit harmony of the market to
dismantle his view. Therefore, (B) is logically the only answer that fits.”

Table 18: Qualitative analysis of CoT faithfulness: Gemma-2-2B on ARC-Easy.

Gemma-2-2B | ARC-Easy | ∆p = 0.18

Question. A student is investigating in which type of soil a plant will grow best. Which should the
student measure to answer the question?

A: height of the plants ⋆
B: weight of the soil
C: amount of water used
D: temperature of the room
CoT Pass: A ✓ Gold: A ⋆

CoT: “The question is asking about the type of soil that will grow best. The student should measure the
type of soil. The other options are not related to the question. The height of the plants is not related to
the type of soil. The weight of the soil is not related to the type of soil. The amount of water used is not
related to the type of soil. The temperature of the room is not related to the type of soil. Therefore, the
correct answer is (A) height of the plants.”

Figures 19 and 20 demonstrate that the correlation between ℓ0 and ∆p is generally negligible. This
indicates that the variation of ℓ0 should have minimal impact on the ability to detect shared concepts.

I.3 SAE RECONSTRUCTION

In order to separate model effects from SAE effects, we examine the SAE reconstruction with
Qwen3-1.7B on LogiQA as a sanity check. Specifically, we evaluate SAE reconstruction qual-
ity using the Fraction of Variance Unexplained (FVU), defined as:

FVU =
|x− x̂|2

|x− x̄|2
(17)
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Table 19: Qualitative analysis of CoT faithfulness: Gemma-2-2B on OpenbookQA.

Gemma-2-2B | OpenbookQA | ∆p = 0.16

Question. What type of characteristics are people not born with?

A: genetics
B: skills ⋆
C: physical attributes
D: height
CoT Pass: D ✗ Gold: B ⋆

CoT: “(A) Genetics: This is a characteristic that is passed down from parents to children. (B) Skills: This
is a characteristic that is learned through experience. (C) Physical attributes: This is a characteristic that
is determined by the body’s physical makeup. (D) Height: This is a characteristic that is determined by
genetics. Therefore, the correct answer is (D).”

Table 20: SAE configuration ablation study results with layer-wise faithfulness results and averaged
layer-wise Pearson’s r on Gemma-2-2B.

Configuration ∆p CC-SAE Jaccard Recall

Lo
gi

Q
A

width = 16k, ℓ0 = 105 (baseline) 0.206± 0.124 0.863± 0.113 0.477± 0.166 0.780± 0.151

width = 65k, ℓ0 = 105 0.198± 0.128 0.863± 0.107 0.450± 0.163 0.770± 0.156
Pearson’s r 0.906± 0.031 0.804± 0.081 0.700± 0.093 0.717± 0.112

width = 16k, ℓ0 = 46 0.191± 0.129 0.866± 0.113 0.511± 0.175 0.796± 0.156
Pearson’s r 0.860± 0.117 0.779± 0.080 0.633± 0.094 0.703± 0.052

O
pe

nb
oo

kQ
A width = 16k, ℓ0 = 105 (baseline) 0.307± 0.234 0.845± 0.115 0.464± 0.161 0.716± 0.165

width = 65k, ℓ0 = 105 0.283± 0.238 0.841± 0.119 0.405± 0.168 0.706± 0.178
Pearson’s r 0.890± 0.024 0.812± 0.083 0.708± 0.076 0.747± 0.205

width = 16k, ℓ0 = 46 0.281± 0.242 0.856± 0.116 0.468± 0.174 0.744± 0.170
Pearson’s r 0.901± 0.035 0.706± 0.079 0.577± 0.068 0.676± 0.071

A
R

C
-E

as
y width = 16k, ℓ0 = 105 (baseline) 0.509± 0.291 0.854± 0.113 0.447± 0.159 0.729± 0.163

width = 65k, ℓ0 = 105 0.490± 0.297 0.846± 0.116 0.411± 0.164 0.712± 0.179
Pearson’s r 0.800± 0.120 0.764± 0.077 0.698± 0.041 0.719± 0.170

width = 16k, ℓ0 = 46 0.479± 0.301 0.857± 0.116 0.477± 0.174 0.748± 0.171
Pearson’s r 0.824± 0.115 0.745± 0.087 0.635± 0.040 0.707± 0.060

G
S

M
8K

width = 16k, ℓ0 = 105 (baseline) 0.134± 0.149 0.753± 0.176 0.369± 0.159 0.646± 0.196

width = 65k, ℓ0 = 105 0.127± 0.147 0.744± 0.176 0.324± 0.149 0.615± 0.199
Pearson’s r 0.886± 0.087 0.888± 0.084 0.817± 0.115 0.824± 0.135

width = 16k, ℓ0 = 46 0.129± 0.151 0.747± 0.186 0.385± 0.176 0.639± 0.211
Pearson’s r 0.868± 0.114 0.796± 0.038 0.695± 0.080 0.732± 0.081

where x̂ = Dec(Enc(x)) is the SAE reconstruction of residual stream activation x. The metric is
bounded meaningfully between 0 and 1. An FVU of 0 corresponds to perfect reconstruction, where
the SAE recovers the input activations exactly and leaves no residual variance unexplained. An
FVU of 1 corresponds to a reconstruction no better than trivially predicting the dataset mean for
every input, i.e., the SAE explains none of the variance beyond a constant baseline.

Across layers, Figure 21 shows that FVU ranges from 0.01 to 0.18, with the strongest reconstruction
in late layers (L20–L24, FVU≈ 0.01–0.03) and higher residual error in early-to-middle layers (L2–
L7, FVU ≈ 0.07—0.18). For most layers FVU falls below 0.1, corresponding to over 90% of the
activation variance being recovered – a fidelity comparable to or better than that reported for SAEs
in prior work (Lieberum et al., 2024; Rajamanoharan et al., 2024; Gao et al., 2025). This provides a
favorable basis for the feature-extraction and causal-intervention experiments that follow.
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Table 21: SAE configuration ablation study results on Gemma-2-9B.

Configuration ∆p CC-SAE Jaccard Recall

Lo
gi

Q
A

width = 16k, ℓ0 = 129 (baseline) 0.366± 0.034 0.875± 0.069 0.466± 0.112 0.787± 0.102

width=131k, ℓ0 = 129 0.340± 0.050 0.847± 0.076 0.449± 0.115 0.778± 0.105
Pearson’s r 0.880± 0.105 0.762± 0.119 0.693± 0.105 0.761± 0.080

width = 16k, ℓ0 = 50 0.350± 0.051 0.872± 0.072 0.525± 0.120 0.819± 0.096
Pearson’s r 0.915± 0.095 0.756± 0.088 0.645± 0.121 0.733± 0.071

O
pe

nb
oo

kQ
A width = 16k, ℓ0 = 129 (baseline) 0.613± 0.059 0.865± 0.073 0.456± 0.120 0.784± 0.113

width=131k, ℓ0 = 129 0.567± 0.094 0.829± 0.082 0.418± 0.116 0.761± 0.119
Pearson’s r 0.866± 0.121 0.828± 0.065 0.703± 0.079 0.751± 0.092

width = 16k, ℓ0 = 50 0.595± 0.079 0.856± 0.077 0.498± 0.120 0.796± 0.105
Pearson’s r 0.914± 0.085 0.790± 0.092 0.618± 0.116 0.699± 0.091

A
rc

E
as

y width=16k, ℓ0 = 129 (baseline) 0.822± 0.209 0.885± 0.078 0.482± 0.134 0.809± 0.119

width=131k, ℓ0 = 129 0.765± 0.255 0.855± 0.088 0.449± 0.131 0.792± 0.128
Pearson’s r 0.829± 0.120 0.848± 0.066 0.667± 0.088 0.743± 0.094

width=16k, ℓ0 = 50 0.798± 0.227 0.878± 0.083 0.528± 0.140 0.820± 0.117
Pearson’s r 0.797± 0.187 0.829± 0.093 0.598± 0.138 0.713± 0.109

G
S

M
8K

width = 16k, ℓ0 = 129 (baseline) 0.132± 0.188 0.657± 0.219 0.293± 0.178 0.556± 0.222

width = 131k, ℓ0 = 129 0.115± 0.177 0.561± 0.256 0.242± 0.181 0.469± 0.245
Pearson’s r 0.837± 0.075 0.916± 0.063 0.873± 0.089 0.889± 0.068

width = 16k, ℓ0 = 50 0.123± 0.182 0.595± 0.256 0.307± 0.207 0.533± 0.242
Pearson’s r 0.864± 0.069 0.934± 0.048 0.865± 0.098 0.890± 0.067

Table 22: SAE configuration ablation study results on Qwen3-1.7B.

Configuration ∆p CC-SAE Jaccard Recall

Lo
gi

Q
A width = 16k, ℓ0 = 129 (baseline) 0.511± 0.442 0.832± 0.112 0.404± 0.132 0.673± 0.125

width = 16k, ℓ0 = 50 0.512± 0.441 0.831± 0.110 0.381± 0.126 0.656± 0.130
Pearson’s r 0.958± 0.075 0.607± 0.182 0.493± 0.063 0.624± 0.070

O
pe

nb
oo

kQ
A width = 16k, ℓ0 = 129 (baseline) 0.603± 0.452 0.743± 0.196 0.358± 0.125 0.627± 0.148

width = 16k, ℓ0 = 50 0.621± 0.445 0.731± 0.216 0.326± 0.114 0.609± 0.155
Pearson’s r 0.914± 0.107 0.604± 0.160 0.411± 0.063 0.576± 0.065

A
R

C
-E

as
y width = 16k, ℓ0 = 129 (baseline) 0.811± 0.366 0.768± 0.186 0.371± 0.132 0.643± 0.145

width = 16k, ℓ0 = 50 0.824± 0.356 0.757± 0.206 0.341± 0.122 0.626± 0.152
Pearson’s r 0.852± 0.151 0.596± 0.204 0.415± 0.047 0.578± 0.088

G
S

M
8K width = 16k, ℓ0 = 129 (baseline) 0.165± 0.240 0.670± 0.180 0.240± 0.152 0.497± 0.199

width = 16k, ℓ0 = 50 0.169± 0.239 0.657± 0.177 0.220± 0.140 0.479± 0.208
Pearson’s r 0.941± 0.058 0.800± 0.145 0.673± 0.155 0.786± 0.123
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(a) LogiQA

(b) OpenbookQA

(c) ARC-Easy

(d) GSM8K

Figure 15: Ablation study on Gemma-2-2B with increased width and increased sparsity.

J SHARED CONCEPT TRANSITION ACROSS LAYERS

J.1 SAE FEATURE DESCRIPTION GENERATION

We detail the automated interpretability pipeline used to map the shared concepts S∩ to natural-
language descriptions, following Paulo et al. (2025) and using gemini-3-flash-preview13

as the explainer. Specifically, for each shared SAE feature we mine its top-activating exemplars
from the dataset’s question and option texts together with the generated CoT traces. Each exemplar
is a 32-token window centered on the peak-activating token, within which we mark the contiguous
high-activation span and quantize its per-token activations to an integer scale from 0 to 10. We
then prompt the explainer to summarize these exemplars into a single concise description. All case
studies use Gemma-2-9B with a compact width-16k SAE applied at every layer.

13https://ai.google.dev/gemini-api/docs/models/gemini-3-flash-preview
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(a) LogiQA

(b) OpenbookQA

(c) ARC-Easy

(d) GSM8K

Figure 16: SAE configuration ablation study on Gemma-2-9B with increased width and reduced
sparsity.

J.2 CASE STUDIES

Tables 24 – 27 report one qualitative instance each from LogiQA, OpenbookQA, ARC-Easy, and
GSM8K. For every instance, we show the question and its options, the predicted answers under the
prediction and CoT passes together with the gold answer, the generated CoT, and, for each layer,
the shared SAE features S∩ ablated in the causal intervention (§3.5), reporting their descriptions,
pre-ablation activations, and the per-layer ∆p. |S∩| is typically large, so we cannot list every layer
or every shared concept in each table. We instead hand-select a few features from S∩ whose de-
scriptions are topically relevant to the question. Across all four datasets, the shared SAE features
trace a consistent trajectory: early layers encode SAE features tied to the question topic (e.g., cul-
tural entities in LogiQA, spatial orientation in OpenbookQA), while middle and late layers activate
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(a) LogiQA

(b) OpenbookQA

(c) ARC-Easy

(d) GSM8K

Figure 17: Ablation study on Qwen3-1.7B with reduced sparsity.

more abstract, answer-evaluation concepts. Additionally, ∆p is largest at layers whose SAE fea-
tures are semantically relevant to the answer. Additionally, we observe that not all SAE features are
verbalized in the CoT, while not all verbalizations correspond to highly activated concepts across
layers.
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(a) LogiQA

(b) OpenbookQA

(c) ARC-Easy

(d) GSM8K

Figure 18: Ablation study on Qwen3-8B with reduced sparsity.
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Table 23: SAE configuration ablation study results on Qwen3-8B.

Configuration ∆p CC-SAE Jaccard Recall
Lo

gi
Q

A width = 16k, ℓ0 = 129 (baseline) 0.659± 0.396 0.872± 0.060 0.434± 0.092 0.759± 0.081

width = 16k, ℓ0 = 50 0.665± 0.392 0.877± 0.065 0.410± 0.091 0.754± 0.089
Pearson’s r 0.935± 0.091 0.464± 0.157 0.381± 0.091 0.551± 0.101

O
pe

nb
oo

kQ
A width = 16k, ℓ0 = 129 (baseline) 0.807± 0.334 0.841± 0.063 0.379± 0.074 0.706± 0.081

width = 16k, ℓ0 = 50 0.818± 0.327 0.853± 0.064 0.356± 0.073 0.699± 0.082
Pearson’s r 0.929± 0.085 0.722± 0.181 0.541± 0.123 0.720± 0.176

A
R

C
-E

as
y width=16k, ℓ0 = 129 (baseline) 0.939± 0.192 0.853± 0.063 0.388± 0.081 0.732± 0.086

width=16k, ℓ0 = 50 0.952± 0.166 0.861± 0.064 0.365± 0.079 0.727± 0.089
Pearson’s r 0.806± 0.166 0.778± 0.218 0.600± 0.152 0.768± 0.187

G
S

M
8K width = 16k, ℓ0 = 129 (baseline) 0.175± 0.284 0.689± 0.182 0.266± 0.134 0.520± 0.183

width = 16k, ℓ0 = 50 0.175± 0.284 0.636± 0.195 0.209± 0.116 0.450± 0.186
Pearson’s r 0.946± 0.040 0.632± 0.121 0.483± 0.117 0.594± 0.114

(a) ARC-Easy (b) GSM8K

(c) LogiQA (d) OpenbookQA

Figure 19: ℓ0 correlation analysis for Gemma-2-2B across four different datasets.

(a) ARC-Easy (b) GSM8K

(c) LogiQA (d) OpenbookQA

Figure 20: ℓ0 correlation analysis for Gemma-2-9B across four different datasets.
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Figure 21: Layer-wise SAE reconstruction quality (FVU) for Qwen3-1.7B on LogiQA. FVU is
the ratio of the SAE’s reconstruction error to the total variance of the original activations, so lower
values indicate better reconstruction.
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Table 24: Qualitative instance from Gemma-2-9B on LogiQA: question, choices, CoT rationale,
and prediction under both conditions, together with the shared concepts S∩ ablated in the causal
intervention (§3.5) and their feature descriptions and pre-ablation activation magnitudes.

Gemma-2-9B | LogiQA

Question. Many elderly Beijings have never forgotten the unique skills they saw at temple fairs when
they were young. Today, these unique skills have more formal names—folk art. However, as the mod-
ernization of society accelerates, Chinese folk culture is facing unprecedented crisis. The survival crisis
of the city, the continuous change of the urban environment, the rapid diversion and transfer of people’s
interests and hobbies, and the gradual loss of folk art talents, all of which make the development of folk
art face difficulties. Which of the following can be derived from this text?

A: Marketization is the way out for folk art
B: Folk culture needs rescue protection ⋆

C: Urban construction should highlight cultural characteristics
D: The social status of folk art talents should be improved

Prediction Pass: B ✓ CoT Pass: B ✓ Gold: B ⋆

CoT: “The text says that the survival of folk art is facing unprecedented crisis. The text also says that
the development of folk art is facing difficulties. So, the answer is B. The text does not say that

marketization is the way out for folk art. The text does not say that urban construction should highlight
cultural characteristics. The text does not say that the social status of folk art talents should be

improved. So, the answer is B. . . . ”

Layer ∆p Feature ID (S∩) Act. Feature Description

L5 0.67 #15137 1.9 Proper nouns and specific cultural or geographic identifiers
associated with China, Hong Kong, Taiwan, and Chinese
political or social contexts.

#4649 6.2 Specialized compound nouns and terminology related to so-
cial sciences, economics, and formal academic assessments.

L8 0.67 #4149 2.9 Specific entities, proper nouns, and key subjects within log-
ical reasoning problems or translated Chinese cultural con-
texts.

#16084 3.0 Formal and technical terminology related to business, in-
dustry trends, and economic development.

L11 0.67 #10504 2.9 Pinyin transliterations of Chinese proper nouns, including
personal names, locations, and cultural terms.

#5924 2.4 Proper nouns of Chinese or Taiwanese origin and structural
formatting elements used in standardized test questions and
logical premises.

L16 0.21 #6229 6.1 Abstract nouns and formal terminology associated with
systemic processes, institutional mechanisms, and socio-
economic concepts in academic or standardized testing con-
texts.

L21 0.36 #7862 18.1 Formal academic or examination-style text, often character-
istic of Chinese-to-English translations in reading compre-
hension and logical reasoning contexts.

L32 0.66 #8910 15.8 Assertions or evaluations regarding the truth, validity, or
correctness of a specific statement, theory, or position.

L41 0.67 #13986 14.8 Academic and formal terminology related to cultural her-
itage, archaeological sites, and scientific or logical observa-
tions.

marks features whose description semantically overlaps with concepts explicitly verbalized in the
CoT above.
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Table 25: Qualitative instance from Gemma-2-9B on OpenbookQA: question, choices, CoT ra-
tionale, and prediction under both conditions, together with the shared concepts S∩ ablated in the
causal intervention (§3.5) and their feature descriptions and pre-ablation activation magnitudes.

Gemma-2-9B | OpenbookQA

Question. The middle of the day usually involves the bright star nearest to the earth to be straight
overhead why?

A: moons gravity
B: human planet rotation ⋆

C: global warming
D: moon rotation

Prediction Pass: B ✓ CoT Pass: B ✓ Gold: B ⋆

CoT: “The sun is the closest star to the earth. The earth rotates on its axis. The earth rotates from west

to east. The sun is in the east in the morning and in the west in the evening. The sun is straight overhead
at noon. The sun is straight overhead at noon because the earth rotates from west to east...”

Layer ∆p Feature ID (S∩) Act. Feature Description

L8 0.76 #12308 2.3 Terms describing spatial orientation, geographical direc-
tions, navigation, and physical positioning.

L23 0.75 #11033 12.7 Technical descriptions of physical motion, biological pro-
cesses, and scientific concepts within educational or
multiple-choice contexts.

L24 0.75 #15666 11.3 Scientific descriptions of planetary rotation and biological
traits, frequently appearing as specific options or answers
within a multiple-choice format.

L25 0.73 #4751 12.2 Technical descriptions of physical rotation, directional
movement, and specific nouns used as options in multiple-
choice questions.

L26 0.46 #1718 18.1 Technical terminology and specific answer choices within
scientific explanations or multiple-choice questions, partic-
ularly regarding planetary rotation and physical properties.

L29 0.76 #10712 23.6 Scientific facts and descriptions concerning animal biol-
ogy, behaviors, and astronomical or physical processes, fre-
quently appearing in educational or multiple-choice con-
texts.

L31 0.76 #15964 17.2 Factual descriptions and multiple-choice selections con-
cerning biological characteristics, animal types, and phys-
ical or astronomical motions.

L33 0.75 #5895 19.9 Scientific and biological terminology describing animal
species, ecological behaviors, and physical or astronomical
processes.

L38 0.53 #1529 20.1 Key terms and phrases that provide the specific factual or
logical completion to a statement or question.

L41 0.76 #1957 17.4 Scientific descriptions and multiple-choice questions re-
garding celestial bodies, lunar cycles, and astronomical
events.

marks features whose description semantically overlaps with concepts explicitly verbalized in the
CoT above.
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Table 26: Qualitative instance from Gemma-2-9B on ARC-Easy: question, choices, CoT ratio-
nale, and prediction under both conditions, together with the shared concepts S∩ ablated in the
causal intervention (§3.5) and their feature descriptions and pre-ablation activation magnitudes.

Gemma-2-9B | ARC-Easy

Question. A student has just completed a laboratory activity. What is the last action that the student
should perform before leaving the lab area?

A: wash hands ⋆
B: turn off all equipment
C: put away all glassware
D: wash instruments and table tops

Prediction Pass.: A ✓ CoT Pass.: A ✓ Gold: A ⋆

CoT. “The first thing that the student should do is to wash hands. The second thing that the student

should do is to turn off all equipment. The third thing that the student should do is to put away all
glassware. The fourth thing that the student should do is to wash instruments and table tops. Therefore,

the correct answer is (A) wash hands.”

Layer ∆p Feature ID (S∩) Act. Feature Description

L1 0.21 #14397 2.2 Nouns identifying the participants, safety protocols, and
formal designations of scientific activities within an edu-
cational laboratory or classroom setting.

L11 0.29 #3433 3.3 Scientific terminology and formal phrasing used in educa-
tional assessments, laboratory observations, and multiple-
choice questions.

L15 0.15 #8576 3.9 Structural elements of multiple-choice science questions,
including question framing, student-led scenarios, and the
identification of correct answers.

L19 0.29 #12737 5.3 Technical terminology and vocabulary used in scientific ed-
ucational materials, standardized test questions, and labora-
tory contexts.

L22 0.28 #7909 14.7 Nouns and descriptive phrases identifying physical features,
biological structures, or scientific equipment in academic
contexts.

L32 0.28 #8551 13.3 Procedural steps, safety equipment, and experimental
methodologies found in scientific laboratory instructions
and multiple-choice science assessment questions.

L38 0.18 #6835 12.8 Key scientific terms and concepts serving as correct answers
or critical components within educational multiple-choice
questions and explanations.

L40 0.29 #15047 39.5 Symbols and notation characters used in scientific formulas,
temperature units, and structured multiple-choice options.

marks features whose description semantically overlaps with concepts explicitly verbalized in the
CoT above.
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Table 27: Qualitative instance from Gemma-2-9B on GSM8K: question, CoT rationale, and predic-
tion under both conditions, together with the shared concepts S∩ ablated in the causal intervention
(§3.5) and their feature descriptions and pre-ablation activation magnitudes.

Gemma-2-9B | GSM8K

Question. In a dance class of 20 students, 20% enrolled in contemporary dance, 25% of the remaining
enrolled in jazz dance, and the rest enrolled in hip-hop dance. What percentage of the entire students

enrolled in hip-hop dance? Prediction Pass.: 60 ✓ CoT Pass.: 60 ✓ Gold: 60 ⋆

CoT: “First, we need to find out how many students enrolled in contemporary dance. 20% of 20

students = 0.2 * 20 = 4 students. Now, we need to find out how many students are left after 4 students
enrolled in contemporary dance. 20 - 4 = 16 students. Next, we need to find out how many students

enrolled in jazz dance. 25% of 16 students = 0.25 * 16 = 4 students. Now, we need to find out how many
students are left after 4 students enrolled in jazz dance. 16 - 4 = 12 students. Finally, we need to find out
what percentage of the entire students enrolled in hip-hop dance. 12 students out of 20 students = 12/20

= 0.6 = 60%. Therefore, 60% of the entire students enrolled in hip-hop dance.”

Layer ∆p Feature ID (S∩) Act. Feature Description

L8 0.00 #10482 3.0 Mathematical terminology and symbols used to define pro-
portions, percentages, and quantitative relationships within
word problems.

L14 0.03 #6364 9.8 Mathematical terminology and symbols used to express
probability, percentages, and statistical likelihood within
word problems.

L19 0.01 #760 23.2 Numerical values and percentages representing proportions,
ratios, or fractional parts within mathematical contexts.

L25 0.07 #2610 19.5 Mathematical contexts involving the calculation, phrasing,
or conversion of percentages and proportions.

L28 0.06 #10761 24.1 Phrases following a fractional or numerical value that spec-
ify a portion of a remaining quantity in mathematical word
problems.

L31 0.07 #16056 40.5 Transitions and qualifiers used in mathematical word prob-
lems to introduce the final, remaining, or resulting quantity
in a sequence of calculations.

L33 0.06 #7582 19.9 Clauses in mathematical word problems that introduce spe-
cific constraints or define the final question to be solved.

L34 0.07 #3298 55.5 The transition point and leading digit of a numerical value
representing a secondary quantity or proportion in a mathe-
matical word problem.

marks features whose description semantically overlaps with concepts explicitly verbalized in the
CoT above.
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