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ABSTRACT

Transformers can implement reinforcement-learning algorithms in context, yet how
off-policy control emerges within Transformers remains poorly understood. We
study Q-learning, a foundational model-free control algorithm that combines off-
policy bootstrapping with greedy policy improvement. We prove that a two-layer
attention-only Transformer can implement a finite-temperature form of Q-learning,
where the temperature 7 > 0 controls the approximation to greedy action selection,
recovering window Q-learning as 7 — 0. We train the structured Transformer
on randomly generated MDP tasks using output-only supervision. Experiments
show that the theoretically predicted parameter structure emerges during training,
including the internal greedy action-selection mechanism, and that the trained
Transformer achieves performance comparable to Q-learning on unseen tasks. Our
theoretical analysis further shows that the equivalent realizations form a solution
manifold and that, under suitable task-diversity conditions, the training iterates
converge locally to this manifold at an exponential rate. For the random-task model
analyzed here, the local worst-case number of gradient steps needed to reduce
the distance to the manifold by a factor € is © (775 log(1/¢)), quantifying the
increasing optimization cost as the learned update approaches window Q-learning.

1 INTRODUCTION

In-context reinforcement learning (ICRL) offers an alternative to the conventional paradigm of
reinforcement learning. Rather than adapting to a new task through parameter updates, a pretrained
agent can adjust its behavior directly from the interaction history provided in its context. This
phenomenon has motivated an algorithmic interpretation of ICRL: a Transformer may not merely
map a trajectory to a prediction, but may execute a reinforcement-learning algorithm within its
forward pass. Recent theoretical work supports this view. Transformers have been shown to
implement temporal-difference (TD) methods for policy evaluation, and more recent results extend
this perspective to policy-improvement methods such as SARSA and actor-critic (Wang et al., 2024;
2025; Xie et al., 2026a;b; Liang & Lai, 2026).

A central regime remains largely unexplored: off-policy control. Existing policy-improvement
constructions focus primarily on on-policy learning, where the behavior policy and the policy being
improved are tightly coupled (Liang & Lai, 2026). This coupling is restrictive in real applications
where an agent must learn from previously collected, heterogeneous, or suboptimal experience rather
than from trajectories generated by its current policy. Off-policy control asks whether useful policy
improvement can still be carried out when these two roles are decoupled. Q-learning provides a canon-
ical setting for studying this problem. Given a transition (s, a, r, s'), its target is 7+~ max, Q(s', a’),
which does not depend on the successor action selected by the behavior policy. Thus, subject to
sufficient state-action coverage, Q-learning can use experience generated by a suboptimal behavior
policy while improving toward a greedy target policy. This makes Q-learning a natural testbed for a
more demanding form of in-context adaptation: whether a Transformer can use off-policy experience
to carry out control, rather than merely evaluate or improve the policy that generated its context.

This transition is substantially more than a change of update rule. At a conceptual level, it marks the
passage from Bellman evaluation to Bellman optimality. An in-context implementation of Q-learning
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must compare competing successor actions, resolve the resulting action selection, and then use
that decision to construct the bootstrap target. We show that there exists a two-layer Transformer,
combining masked softmax attention with linear attention, that jointly implements next-state action
selection and the corresponding window semi-gradient Q-learning update in finite-temperature form,
where the softmax temperature 7 > 0 controls the degree of approximation to greedy action selection,
and standard window (hard-max) Q-learning is recovered in the limit 7 — 0. In this sense, the
architecture of transformer does not merely reproduce the numerical output of Q-learning; its internal
computation mirrors the decomposition of the algorithm itself.

What kind of pretraining can give rise to such a Transformer? We develop a gradient-based training
algorithm in which a soft window-Q update serves as the teacher for each sampled context. Within the
prescribed tokenization and attention mask, training supervises only the output update and imposes
no numerical targets on the internal parameter blocks to implement either window Q-learning or
action selection. Nevertheless, the constructed parameter structure emerges under training, recovering
the underlying computation, including the internal action-selection mechanism. On unseen tasks, the
trained Transformer achieves performance comparable to window Q-learning with the same step size.

To understand why a Q-learning implementation can emerge under this training procedure, we
provide a theoretical analysis of its convergence. The nonlinear dependence of softmax attention on
the action-score parameters makes the analysis substantially more intricate than in linear-attention
settings. Meanwhile, the Q-learning realization is inherently non-identifiable, with different param-
eter configurations implementing the same update. This makes the relevant optimization target a
manifold of functionally equivalent Q-learning realizations rather than a single parameter vector.
We characterize this realization manifold and show that, under verifiable conditions on the training
distribution, the discrete-time training dynamics converge locally to this manifold at an exponential
rate. The analysis further reveals a quantitative difficulty in approaching greedy Q-learning: for
the random-task model considered here, the local worst-case number of gradient steps needed to
reduce the distance to the manifold by a factor € is © (7'*5 log(1/ 5)), quantifying the increasing
optimization cost as the learned update approaches standard Q-learning.

Our results make three concrete advances. First, we give an explicit attention-only construction that
jointly realizes successor-action comparison and the window Q-learning update. Second, we design a
gradient-based training procedure and characterize a smooth manifold of functionally equivalent Q-
learning realizations, showing local exponential convergence of the training dynamics to this manifold.
Third, we quantify how the softmax temperature governs the tradeoff between approximating greedy
action selection and optimization difficulty. Together, these results extend the mechanistic analysis of
ICRL from policy evaluation and on-policy control to off-policy Q-learning.

2 RELATED WORK

Transformer-based agents have been studied extensively for sequential decision making. Deci-
sion Transformer and Trajectory Transformer formulate reinforcement learning as sequence model-
ing (Chen et al., 2021; Janner et al., 2021), while Algorithm Distillation and related ICRL methods
show that pretrained sequence models can adapt to unseen tasks through interaction histories without
test-time parameter updates (Laskin et al., 2023; Lee et al., 2023; Grigsby et al., 2024). On the
theoretical side, Lin et al. (2024) establish provable ICRL under supervised pretraining and show that
Transformers can approximate classical online decision-making algorithms.

Recent work has taken a mechanistic view of ICRL, asking which RL algorithms can be implemented
by Transformer forward computation and whether the corresponding algorithmic parameters can
emerge through pretraining. Wang et al. (2024; 2025) show that linear-attention Transformers can
implement TD updates for policy evaluation, while Xie et al. (2026b) extend this result to standard
softmax attention via a kernel-weighted TD construction. Beyond policy evaluation, Liang & Lai
(2026) show that Transformers can realize semi-gradient SARSA and actor-critic updates for policy
improvement. However, analogous results for off-policy control, including classical Q-learning,
where trajectory data are coupled with subsequent action selection, remain largely unexplored.
We study the emergence of Q-learning updates within Transformers, including the Transformer
construction, pretraining algorithm, and its convergence analysis. Unlike Liang & Lai (2026), we
focus on the effect of the action-selection mechanism on convergence, and our analysis accounts for
discrete-time training iterates and provides verifiable convergence conditions.



Off-policy learning is particularly relevant to ICRL when context trajectories are offline, heteroge-
neous, or generated by suboptimal behavior policies. In such settings, the quality of the learned policy
need not be tied to that of the behavior generating the trajectories, making off-policy value-based
learning particularly relevant. Dong et al. (2025) study ICRL from suboptimal historical trajectories
and propose an advantage-weighted policy-learning framework to improve upon the behavior policies
in the data. Scalable In-Context Q-Learning (Liu et al., 2026) combines context-conditioned value
estimation, dynamic programming, and policy extraction to enable iterative improvement from subop-
timal offline experience. In-Context Compositional Q-Learning (Xu et al., 2026) instead formulates
Q-function estimation as contextual inference and uses retrieved transitions to infer local Q-functions
for offline RL. Our work differs fundamentally from these studies by taking a mechanistic view of
how Transformers realize Q-learning in ICRL, characterizing both the forward-pass implementation
of the Q-learning update and the emergence of the corresponding parameter structure through training.

3 BACKGROUND

3.1 TRANSFORMERS AND SELF-ATTENTION

All vectors are treated as column vectors. Let I,, denote the n x n identity matrix, 0,,x, the m X n
zero matrix, and 0,,, the m-dimensional zero vector.

Let H = [hy,...,h,] € RP*™ denote a prompt representation, where each column h; € RP
corresponds to one token. The standard single-head softmax self-attention (Vaswani et al., 2017)
processes the prompt via SoftAttnp v (H) £ (VH) softmax (H"PH), where V € RP*P is the

value projection matrix, P := WI—';WQ € RPXP collects the key and query projection parameters,
the conventional scaling factor in scaled dot-product attention is absorbed into P, and the softmax is
applied independently to each query column, normalizing the attention scores over all key positions.

As a widely studied alternative to softmax self-attention, linear self-attention replaces the softmax-
normalized attention weights with unnormalized bilinear attention scores (Ahn et al. (2023), Gatmiry

etal. (2024), Zhang et al. (2024)). Its formulation is given by LinAttnp v (H) £ 1(VH)(H' PH),
where the factor % normalizes the aggregation with respect to the prompt length.

To model a multi-layer Transformer structure, we stack L attention layers with residual connec-
tions. Let H® = H € RP*" denote the initial input prompt representation. For each layer
¢e€{1,2,..., L}, the layer-wise update rule reads

HY = H*™Y + Attnp) yo (HOD) e RP*", (1)

where Attn denotes either SoftAttn or LinAttn, and {P(), V(E)} are the layer-specific projection
parameters at layer /. After stacking L attention layers, the final Transformer output is defined as

TF, (H; {PY, VO ) = freaa(HH)), )

where freaa: RPX™ — RPout denotes a fixed readout map. Equation (2) establishes the notation
convention we adopt for defining the output of an L-layer Transformer. Specifically, the attention
mechanism produces a matrix, while we require a vector output for policy improvement. Following
prior works (Xie et al. (2026b), Liang & Lai (2026), Wang et al. (2024)), we use the bottom-right
d-dimensional vector of the output matrix as this vector.

3.2 REINFORCEMENT LEARNING AND Q-LEARNING

We consider an infinite-horizon discounted Markov decision process (MDP) £ = (S, A, P, R, ),
where S is the state space, A is the action space, P(- | s,a) € P(S) is the transition kernel,
R: S8 x AxS — Ris the reward function, and v € [0, 1) is the discount factor. Here, P(X)
denotes the set of probability distributions over X'. At time ¢, an agent in state .S; selects an action
Ay ~ m(- | St) according to a policy 7 : S — P(A), receives a reward Ry1 = R(St, Aty Stt1)s
and transitions to a successor state S;y1 ~ P(- | S, A). The discounted return from time ¢ is
defined as G := Z;O:o ’yk R +1. The state-value and action-value functions associated with a
policy 7 are respectively defined as v (s) : = E[Gt | St = ], ¢z (s, a) := Ex[G | St = s, Ar = a.
The objective of RL is to find a policy that maximizes the expected discounted return.



Q-learning (Watkins, 1989; Watkins & Dayan, 1992) is a classical off-policy TD control algorithm for
estimating the optimal action-value function. In the tabular setting, an estimate Q;(s, a) is maintained
explicitly for each state-action pair. Given a transition (S, A;, Ri+1, St+1), Q-learning updates the
value of the visited state-action pair according to

Qi+1(St, Ar) = (1 — a)Q¢(St, Ar) + o | Ryqr + 'VglleaﬁQt(SHl; a’)] ; 3)

where o € (0, 1] is the learning rate. All other state-action values remain unchanged. To handle
large state-action spaces, we consider linear function approximation (Tsitsiklis & Van Roy, 1997;
Melo et al., 2008). Given a feature map ¢ : S x A — R and a parameter vector w; € RY at
time ¢, the action-value function is approximated by gy, (s,a) := W, ¢(s,a). Given a transition
(St, Aty Rii1, St+1), the semi-gradient Q-learning update is

Wil = Wi + (Rt+1 + 7 max w, ¢(Sit1,a") — w, ¢(Si, At)) B(St, Ay). 4

The tabular setting is recovered as a special case when S and A are finite, d = |S||.A|, and each
state-action pair (s, a) is assigned a distinct one-hot feature vector ¢(s, a) = €(, o). In this case, each
coordinate of w; corresponds to a single state-action value Q:(s, a), and the above semi-gradient
update reduces exactly to the standard tabular Q-learning update.

4 TRANSFORMER CAN IMPLEMENT IN-CONTEXT SOFT Q-LEARNING

We consider a Boltzmann-smoothed Q-learning update that replaces the hard maximum over suc-
cessor actions with a Boltzmann-weighted average. Given the current parameter w, trajectories
(80,@0,T1, -+ Sn—1,0An—1,Tn, Sp) can be obtained by interacting with environment under its behav-
ioral policy, where behavioral policy is a behavior policy 7, which may differ from greedy target
policy. Let z denote a context consisting of an n-transition window, parameter w, and the features

of all candidate successor actions. For i = 0,...,n — 1, define ¢; = ¢(s;, a;), (f)jj’a = ¢(8i41,0a),
a € Aand
. exp(w ' ,/7) 5= w6t
7T7J,a = T .+ ’ gbz = i,aYi,a" (5)
Dpea exp(W' o7, /7) A

The corresponding batched semi-gradient update is wggfz =w+2 S i AW AT —

w ' ¢;). Here, WT(;E;_’T is the Boltzmann-weighted average of the successor action values, which
replaces the hard maximum max, ¢ 4 WTd)ia in Q-learning. This soft backup recovers the Q-learning
backup in the zero-temperature limit 7 |, 0; see Lemma A.1.

We now give an explicit Transformer construction and show that its forward pass implements the
soft Q-learning update. Each token is partitioned into six blocks, [®; G; R; ¥; U; W] of dimensions
[d,d,1,d,d,d+1], respectively. The prompt consists of three types of tokens: transition tokens, which
encode the observed transitions; candidate-action tokens, which encode the features of candidate
actions at the successor states; and a query token, which carries the current parameter vector. Letting

w = [1; w], for each transition ¢ = 0, ..., n — 1 and candidate action a € A, we define
ti = (0330374130, w3 0], i = [050; 050, ,;0;0],  p = [0;0;0;0;0; W] (6)
Thus, the token dimension is D = 5d + 2, and the prompt contains N = n(m + 1) + 1 tokens.
For each transition 7, we group the candidate-action tokens as C; = [¢; 41, ¢ 42, - - - , Ci,om |, Where
m = |A| < oo, so that C; contains exactly the candidate-action tokens associated with all actions
available at the successor state s;11. The resulting input prompt is
H(O) = [t07CO;tlaclv "‘,tnflvcnflvp] N

Our Transformer consists of two successive attention layers. The first layer uses single-head softmax
attention to compute a Boltzmann-weighted aggregation over candidate successor actions, thereby
implementing a smooth approximation to the maximization operator in Q-learning. The second layer
then uses linear attention to realize the corresponding update. Specifically, the first layer is defined as

HD =HO 4 (VlH(O))softmax((H(O))TPlH(O) + M). ®)



We use * to denote an arbitrary matrix block of the corresponding dimension. These blocks need not
vanish and may take arbitrary values, since they do not affect the entries relevant to the construction
under the prescribed attention mask and token structure. We choose

* * * *  x % * * *x Dg * 0
* * * * ok x * x x L x 0
* * * * k% * *x *x Dp * 0
Pi=0ma % Opa + A » Vi= 0 0 ©
dxd dx1 6 * *x kK *
I N T * * x Dy = 0
* * * * k% * % x 0 x E,

where Ay = 77114, Dy, Dy € R4 L € GL(d), D € R**4, and E, = Q — I41. Here

-
Q= {0 p b] ], b€ R? p+#0,and GL(d) denotes the set of invertible d x d matrices.
dx1 d

We define the attention mask M € {0, —co}V*¥  where rows index keys and columns index queries.
The mask is chosen such that each transition token ¢; attends only to its corresponding candidate-
action tokens {¢; 4 }qc 4, While each ¢; , and the query token p attend only to p. All other pairs are
masked out, ensuring that each ¢; aggregates only its corresponding successor action candidates.

The second layer employs single-head linear attention:

1
H® =HO 4+ —(v,HY) (HV) P,HD). (10)
n
We choose
* *x *x *x *x B_
* * * * *x By
_{x x x x x B, _ | *@dt2)xd  *4d42)x(d)  *(4d+2)x (3d+2)
Po=1l, % %« % x « ['V2= C Cq Odx(3d+2) | an
* * * *x * Byp
* Kk Kx K x
where B_ = —cJQ7 !, B, = cL-T[-D},vls + DJ —DJQQ L, B, = ceJ Q7 !, By =

Q7L C = (a/e)ly, and Cg = (—a/c)DgsL~L. Here, QT = —( is arbitrary and may, in
particular, be nonzero, J = [0, I, eg = [1,01x4], and ¢ # 0.

Theorem 1 (Forward pass as soft Q-learning). Consider two-layer Transformer defined above, with
masked softmax attention (8) parameterized by P1, V1 in the first layer, and linear attention (10)
parameterized by Po, Vo in the second layer. For the input prompt H(®) in (7), the following hold.

(1) The Transformer exactly implements the soft Q-learning update:

n—1
T T (6% N T
W%F) .= TF( )(H(O);Pl,Vl,Pg,Vg) =w+ -~ E o; I:T‘iJrl +’7WT¢?_7 — WTgbi] ,

i=0
HHT — + — T4t T o+
where ;" =3 c AT 0P 0 Tia = €XD(W O /T)/ D pcaexp(W &7 /7).
(ii) For each i, define q; o = ngZ)Z'-"a, q; = MaXecA Giq and A} 1= argmaxgeca ¢ia- Let

m = |A| < oo and K; := |A}|. Suppose that ||$(s,a)|2 < By and |qw (s, a)| < By for all state-
action pairs. For every i such that A} # A, define the action gap A; := q} — maxag¢ s Gi,a > 0.

Then lim; W%g = wq and

HWQ - WgF)H2 < 207By By Z
it A #£A

m— K; e~ D/
nKZ ’

where wg = w + = Z?:_ol o; [Ti+1 + ymax,eA WT(,ZS:a - WTqﬁi] is window Q-learning update.

The proof of Theorem 1 is provided in Appendix A, together with the corresponding result for
the tabular setting. Moreover, if each maximizer is unique and A,;, := min; A; > 0, then
lwg — W(TTF)HQ < 2ayByBy(m — 1)e”Amin/T m > 1, showing that the Transformer update
converges exponentially fast to the standard window Q-learning update as 7 | 0. The theorem thus
establishes that a two-layer Transformer can exactly implement soft Q-learning in its forward pass
and recover standard Q-learning in the zero-temperature limit. We call this in-context Q-learning.



Algorithm 1 IC-Q-Learning Transformer Training with Independent-Context Minibatches

Require: Transformer parameters 6 = (Pﬁ‘”, VEO), Pgo), Vgo)), trajectory window length n,
number of optimizer updates U, minibatch size B, e-greedy parameter €, Transformer learning

rate 1), Q-learning step size «, and temperature 7.

1: fork=0,...,U—1do

2 forb=1,...,Bdo

3: Independently sample a new MDP /\/ll()k), feature map ¢£k), ng), and initial state sp.

4 Estimate q‘(,f;b)(s, a) = (wy)" l()k)(s7 a),¥(s,a) € S x A.

5 Sample an n-step trajectory (sp.0, 4,0, 76,15 Sb,1, Gb,15 - - - s Tb,ns Sb,n) frOm Ml(,k) according
to the e-greedy behavior policy derived from q‘(,f b)

6: Formulate Hj, as in (7) using the sampled trajectory, the candidate features {d)l()k) (Sb,i+1,a) :
a € .A}, and the current parameter wy,.

7: Compute ﬁb =H, + (V1H,) softmax ((Hb)TPle + M)

8: Compute W, = [ﬁb + %(Vgﬁb) ((ﬁb)TPQﬁb>:| -

9: Compute the teacher update wfgfz , according to soft Q-learning.

10:  end for ) 5 )

11:  Compute L5’ = % Yo lwrrp — WsombH%.
12:  Update oD o) nV(;ﬁg)

13: end for

14: return trained Transformer parameters 6.

5 IC-Q-LEARNING ALGORITHM AND TRAINING DYNAMICS ANALYSIS

5.1 IC-Q-LEARNING ALGORITHM AND TRAINING DYNAMICS

We now design an ICRL training procedure for the proposed soft Q-learning Transformer, inspired
by prior ICRL training frameworks (Laskin et al., 2023; Liang & Lai, 2026), as summarized in
Algorithm 1. The training objective follows the teacher-mimicking principle: for each sampled
context, the Transformer is trained to predict the parameter obtained after one soft Q-learning update.
In contrast to directly supervising the internal attention matrices, the loss is imposed only on the final
parameter prediction. Hence, the Transformer is not explicitly provided with the analytical parameter
construction derived in the preceding section.

Fix integers d > 1, m > 2, n > land constants « > 0,0 < v < 1,7 > 0. Letz :=
(W,{¢i,ri+1,¢;:j :0<i<n,je€[ml]}) ~ Dy Let wi&i(z) denote the corresponding soft
Q-learning target. We define the population teacher-mimicking objective as

1 T
£(6) = Ey | 5| TFo(H(z)) — wi ()3 (12)

where the expectation is taken jointly over the training-MDP distribution, random feature maps,
behavior trajectories, and independently sampled input Q-function parameters.

We optimize the population objective in (12) using independently sampled training contexts. At

each optimization step, we draw a minibatch zq,...,zp id- D,,, where each context is gener-
ated from an independently sampled MDP and feature map. The empirical loss is L5(0) =

75 Zszl | TFo (H(zp)) — wégzt (zp)||3. Here, B controls the amount of averaging across indepen-
dently sampled training contexts within each parameter update, and hence the stochasticity of the

resulting gradient estimate. Further details are provided in Proposition B.1.

Write K = (®,R,U) and Z = (P, G, R, U). Let Wy denote the last d coordinates of W. Let Oy
collect all entries of @ = (P, V1, Py, V) outside the following 16 blocks: P1 wic, V1 7w, Vi ww,
P2 zw, Va,w,,.z. Under the full-matrix population gradient flow 8 = —VL£(0), if 6,,:(0) = 0,
then O,,¢(t) = 0 for all ¢ > 0 (Proposition B.2). Consequently, the training dynamics are entirely
determined by the retained blocks. We refer to these parameter blocks as valid parameter blocks.



However, the resulting parameterization remains highly redundant, with additional degrees of freedom
associated with Dg, Dy, p, b, ¢, L, and Q. To isolate the essential parameter blocks, we define
Osup == (Ag,L,B_,B;,B,,C) € Og,p,. Forany L € GL(d) and ¢ # 0, let

0,(L,c) = (Tflfd, L, [0, —cly], [0,eyL™ ], [¢, 0], %Id) . (13)

These six blocks form an inclusion-minimal sufficient support within the specified architecture: they
realize the target update in Theorem 1 on all admissible prompts, whereas no proper subset does so
when every other block is fixed to zero (Proposition B.3). We call these six parameter blocks the
support parameter blocks.

5.2 EMPIRICAL ANALYSIS

Each MDP has ng = 9 states and n4 = m = 4 actions, with discount v = 0.5. For each MDP,
the initial-state distribution Py and transition kernel P(- | s,a) are drawn independently from
Dirichlet(1, ..., 1) (uniform over the probability simplex on ng states), and the rewards r(a, s") ~
Unif(—1, 1) are sampled i.i.d. per (a, s"). For each MDP, the state-action feature map ¢: S x A — R?
(d = ngny = 36) and the initial weight w € R? have entries drawn i.i.d. from Unif(—1, 1). The
behavior policy is e-greedy (e = 0.1) with Q(s,a) = ¢(s,a) ' w, and the soft window Q-learning

target w ¢

is computed from the trajectory window with step size o = 0.2.

The Transformer uses embedding dimension D = 5d 4+ 2 = 182. The prompt supplies w, current
features ¢;, rewards ;1 1, and all next-state candidate features gb;fa. Tabular tests replace features by
#(5,a) = €(s—1)ym+aq and are explicitly separated from dense-feature tests. Training is performed
over 46.40 million tasks per model and five paired seeds. Adam uses cosine learning-rate decay
from the first update; the default temperature, batch size and context length are 7 = 0.2, B = 32
and n = 20. By Proposition B.2, the sixteen valid parameter blocks are initialized using Xavier
normal initialization with gain 0.1. All remaining entries of the two-layer attention construction are
initialized to zero, as they remain fixed during training. We conduct the following experiments, with
full details provided in Appendix C.1.

Experiments show that parameter blocks other than the sixteen valid parameter blocks stay at zero
as training progresse, confirming Proposition B.2. We evaluate the learned update using three
complementary metrics: Soft error measures how accurately the Transformer realizes the soft Q
update, Hard error measures its discrepancy from standard Q-learning, and Greedy agreement
measures how often it selects the same greedy action as Q-learning. The learned Transformer closely
approximates the soft Q-learning update and achieves nearly 100% greedy agreement.

Figure 1 presents the final learned matrices Py, V1, Po, and V5 obtained after training. Remarkably,
the learned matrices recover the parameter structure predicted in Theorem 1. In particular, the
diagonal entries of Ay in P approach 1/7, indicating that the Transformer has learned the internal
action-selection computation required by the soft Q-learning update. This provides direct evidence of
parameter emergence. To quantitatively assess parameter recovery, we examine several construction
relations. The learned parameters closely approximate analytical relations, and the task-exposure
curves show improved recovery as training progresses. See Appendix C.1 for details of the heatmaps.

Py Vi Py v,

150 0 150 0 50 100 150 0

50 100 50 100 5
Column index Column index Column index Column index

Figure 1: Final learned P, V1, P, and V5 matrices after training at 7 = 0.2, B = 32, and n = 20.
the non-zero structure matches the theoretical constructions (P1, V1, P2, V3) in (9) and (11).

The left panel of Figure 2 deploys frozen dense-feature-trained Transformers on unseen tabular MDPs
and measures exact policy returns under a common interaction budget. Comparisons include hard and



soft window Q-learning, a model-informed Oracle, and uniform Random. The Transformer achieves
returns close to those of the soft window teacher and a higher sample-mean return than the hard
window-Q baseline using the same fixed step size.
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Figure 2: Left: Performance of Transformers on unseen tabular MDPs (sixteen valid parameter
blocks). Right: The learned scalar projection .+ and its target 1/7 (six support parameter blocks).

The effect of the action-selection operator. To separately study how temperature affects the
emergence of parameters, we analyze the six-block parameterization, which retains the complete soft
Q-learning update mechanism and is inclusion-minimal (Proposition B.3). All six blocks remain
jointly trainable under output-only supervision. Training is performed over 20.48 million tasks per
model. At a given temperature 7, the trained Transformer is shown to approximate the soft Q-learning
update and produce emergent parameters, verifying Proposition B.3. Decreasing 7 brings the soft Q
update closer to standard Q-learning, but increases the approximation error between the Transformer
and the soft update. With a fixed training budget, the recovery error of the predicted parameter
structure increases gradually as 7 decreases. The most pronounced discrepancy appears in the scalar
attention scale Satt := tr(Ag)/d. As shown in the right panel of Figure 2, the learned scale falls
below its theoretical target 1/7 at low temperatures. This implies that smaller 7 requires greater
task exposure for accurate parameter recovery. We further examine the effects of batch size and
training-context length. See Appendix C.2 for details.

5.3 THEORETICAL ANALYSIS

In this section, we provide a theoretical account of the above empirical findings by explaining how
parameter emergence arises from the pretraining algorithm. Our primary focus is to investigate the
effect of the action-selection mechanism on convergence. To this end, we restrict optimization to the
support parameter blocks, reducing parameter redundancy and isolating the Transformer’s Q-learning
mechanism. Define the optimal parameter manifold as M. := {0,(L,¢c) : L € GL(d), ¢ # 0},
we study whether deterministic gradient descent 811 = 6, — nVL(0}) converges to M. and
characterize how its convergence rate and iteration complexity depend on 7.

Let V be a vector space with dim V = 4d? + 3d and ¢ := (Ec,eq,e—, E_,e4,Ey,E4) € V, where
the four E-symbols are d X d matrices and the three lowercase e-symbols are vectors in R?. Let the
teacher-weighted covariance be 7 = S 77 (¢, — 7 ") (¢, — &77)T € R and

n—1
Brn(2)[¢] :% Z{EC@@T + i [@] (e— + E_w) + (¢77) T (e4 + Esw)

i=0
+Ti+1€;—W+WTZZEAW]}. (14)
where 67 (z) = 7,11 — W' ¢; +yw ' ¢; 7 (z). In these coordinates, the adjoint B, ,,(z)* : R — V
is represented by the transpose of B, ,(z). We define the dim) x dim ) data Gram matrix as
H,. (1) = E[B:,,(2)*B: (z)], and denote its smallest eigenvalue by x = Amin (Hn(7)).
We now state the richness assumptions on the training-MDP distribution

Assumption 1. Let II denote the class of behavior policies used to generate training trajectories.
There exist positive constants B.,, By, B, such that, for every 7 € II, D,, is independent of 6 and



(i) Boundedness. ||w||2 < By, ||¢il2, ||¢1+a||2 < By, |rit1] < By, Dyp-as.

(ii) Joint observable richness. For the fixed (n, 7), H,(7) > 0, meaning (¢, H,,(7){) > 0 for every
¢ # 0. Equivalently, B, ,,(z)[(] = 0, D,,-a.s. = ¢ = 0.

Assumption 1 holds for a broad class of task populations with a nonzero absolutely continuous
component and sufficient trajectory support, including the distribution used in our experiments.
Explicit sufficient conditions and their verification are given in Appendix E.

Fix a nonempty relatively compact open set 2 € GL(d) x (R \ {0}). Its closure Qis compact
and remains inside GL(d) x (R \ {0}). Define its images U, = {0,(L,c) : (L,c) € Q}, U, =
{6.(L,c) : (L,c) € Q}. The set U is compact at each fixed 7.
Ata point € M, the tangent space T M, consists of derivatives at zero of smooth curves lying in
M., and passing through 8. The normal space is its orthogonal complement, Ng M, = (Tg M)+,
define the tubular neighborhood of I/, as

T=T.U-)={0+A:0clU,, A€ NgM-, |A| <r}. (15)
A perturbation U € O, has blocks denoted by AA, ..., AC in the same order as (13). Let &
denote the minimum local curvature normal to M, defined by

K= inf (U,V?L(6)U) > 0. (16)
0cU, , ULlTyM,,||U|=1
LetT,(0) = 0 —nVL(0) and d(0) := dist(0, M), define
Kop(g;00) :=min {K € Ny : d(T;(6y)) < d(60)}.

Theorem 2. Under Assumption 1, there exist a neighborhood T, a constant My > 0 such that, for
anye € (0,1/2], 0 < < 3375, and 8y € A, == {0 € T : d(6) > 0, 2L2d(6) < dist(6,T°)},

J
(i) The gradient descent 0,11 = 0, — NV L(0},), converges to some 0, € U, and ||0), — 0| <

%d(%)(l — InK)*/2, where 1 — Ink € (0,1).

(ii) Kgp(e;00) = O(niN log %)for every 0y € A., and supg 4 Kep(e;600) = @Q(Tlm log %)

In particular, under our experimental setting, we obtain the following corollary.

Corollary 3. Let feature table ® : S x A — R, reward table R : AxS — R, and an input weight w,
N C N be a nonempty finite set of context lengths. Suppose ng,d, m > 2, Py and all transition rows
are mutually independent Dirichlet(1, ..., 1), independent of (w, ®, R), whose entries are mutually
independent Unif(—1,1). The behavior policy is €,-greedy with uniform exploration, 0 < ¢, < 1.
There exists 7. > 0 such that, for 0 < 7 < 7, n € N and n satisfying Theorem 2, Kgp(e;0p) =
O(n—l5 log 1) for every 0, € A., and supg c 4 Kop(e;00,7,n) = @g,/\/(n% log 1).

The proofs of Theorem 2 and Corollary 3 are provided in Appendices D and E. Corollary 3 shows
that as 7 decreases, the local curvature diminishes, slowing convergence and requiring more iterations

to achieve the same optimization accuracy, consistent with our empirical results.

6 DISCUSSION AND LIMITATIONS

This work takes a step toward white-boxing in-context reinforcement learning for off-policy control.
We show that an attention-only Transformer can implement a finite-temperature Q-learning update
in its forward pass and recover standard window Q-learning as the temperature approaches zero.
We further show that the corresponding parameter structure can emerge through teacher-mimicking
training, and establish local exponential convergence to a manifold of functionally equivalent soft
Q-learning realizations, with particular attention to how action selection in soft Q-updates affects
parameter emergence. These results provide a mechanistic account of how Q-learning can be
represented and learned within Transformer computation.

Our analysis has several limitations. First, our theoretical analysis is restricted to the support parameter
blocks because the valid parameter blocks exhibit substantial redundancy; extending the convergence
analysis to all valid blocks remains future work. Second, we do not analyze minibatch SGD, which
would be needed to characterize the dependence of convergence on minibatch size.
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A  TWO-LAYER TRANSFORMER FOR SOFT Q-LEARNING

Softmax weights at finite temperature 7 are not exactly equivalent to max. Recall the definition of
7 o in (5). Lemma A.1 states that softmax operator can approximate max arbitrarily well, with the
true hard-max limit recovered only as the softmax temperature 7 — 0.

Lemma A.1. For each i, define q; o := WT(Z):a, qF = MaXgec A i q, and A} = argmaxqc 4 ¢i q-
Let m := |A| < 0o and K; := |Af|. Then, as 7 | 0, 7], — =1{a € A} }. If A} # A, define the

action gap Ay = g — Xy a; Gia > O then 1 = Y e 77, < [(m = Ko/ Jem /7.

Proof of Lemma A.1. Fix i. Dividing the numerator and denominator of 77 , by exp(q; /) gives

;o o4 — 4ia)/T)
Y Y heaexp(— (g — qip)/T)

For every a € A7, we have ¢F — ¢; , = 0, whereas for a ¢ A7, ¢ — ¢;.o > 0. Hence, as 7 — 0,

> pea xp(—(qf — ¢ip)/7) — Ki, which yields 77, — 1/K;, fora € A}, n], — 0, for a ¢ A7.
Therefore, ), 4- 7], — 1. Now suppose A7 # A and define A; = ¢ — maxa¢4» ¢i,o > 0. Then

ZaQ.A* e—(QZ—Qi,a)/T

1-— T4 = — .
aezA;; YK Y g e el

Uy

Since gf — g;,q = A; forall a ¢ A,

m—K; _a.
1- Ty < ———te AT,
Z* ve =K,
a€ A}

When K; = 1, this reduces to 1 — 77 . < (m — 1)e‘Ai/T. O

We proceed to prove Theorem 1. Our Transformer architecture is two-layered, where the first layer
adopts single-head softmax attention to produce Boltzmann-weighted aggregation across all candidate
successor actions. To facilitate the proof, we first formally characterize the output behavior of this
layer in Lemma A.2, before establishing the full result of Theorem 1.

We first recall the first-layer attention mask. Let 73, C; 4, and P, denote the positions of t;, ¢; 4, and p,
respectively. For each transition query T, only its associated candidate-action tokens are unmasked:

et = oo, £,

For each candidate-action query and for the parameter query, only the parameter token p is unmasked:
Mp, c;. =0, Mp, p, = 0, and all remaining entries are set to —oo. Hence, each transition token ?;
attends exactly to its own candidate-action set {¢; g }qc A-

0 | =1,
Mc. T = { ’ J MTj,Ti = MPO,Ti = —0OQ.

Lemma A.2 (First layer computes the Boltzmann-weighted successor feature). Consider the single-
head masked softmax attention layer in (8) with mask M and parameters P,V specified in (9).
Define

~ —14+b'w ~ ~ +b'w
CQ:(Q_Id-H)W:[p 04 } WQZQWZF w }
For the input prompt H(®) in (7), the output is
HO = [V, eV M e D el p™,
where Cgl) = [Cz(’,la)}aeA and
¢i + Do, 7 04 04
Lo 04 04
({0 = fra 4 DRTE o Oy | 0 (A.1)
2 Od 7,a i Od
w+ Dy " Od Ua
0g+1 CQ wQ
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Proof. Write H®) = [hy,..., hy]. Let A := softmax ((H®)TP;H® + M), where the softmax
is applied columnwise over the key positions. Thus, if hj and h, denote the tokens at key position &
and query position g, respectively, then

B exp(thlhq + M )
Zévzl eXp(thlhq + My,q)

A, (A.2)
Since the kth column of V{H( is Vhy, the gth column of the attention output satisfies
[(VlH(O))A]: .= Zivzl A} ,Vihy. Therefore, using the residual connection, the output cor-
responding to query token A, is

N
WY =hg+ Y A gVih (A.3)
k=1

We first consider a transition token ¢;. By construction of the mask, the query ¢; can attend only to its
associated candidate-action tokens {¢; , }4c.4. Hence, the only finite attention scores in the column
corresponding to ¢; are cZaPlti, ac A

Recall that t; = [¢;;04; 7i41; 04; W; 0441], €0 = [Od;Od;0;¢;a;Od;Od+1]. Since ¢, 4 is nonzero
only in its ¥ block, the inner product CIaPﬁi depends only on the ¥ block of P¢;. From the fourth
block row of P, (Plti)\p = 0gxq®; + *x0q + O0gx17i+1 +*0q + Ayw + *0gt1-

All terms except the fifth vanish, so (P1t;)y = Agw. Since Ay = 711, we obtain (P1t;)y =
7~'w. Therefore, for any candidate token ¢; q. ¢/ ,P1t; = ( IG)T(PW)W = 1w’ ja The
arbitrary * blocks in P; do not affect the relevant attention scores. Although P¢; may have nonzero
components in other blocks, the candidate token ¢; , has zeros in all of those coordinates and therefore
removes them in the inner product.

The mask now restricts the query ¢; to the candidates with the same transition index . Hence,
Mg, , 1, = 0,and My, 1, = —oo for every other key position k. It follows from (A.2) that

exp(cz—aPlti) exp(ngZ);"a/T)
o = A =T, (A4
EbeAeXp(ci,bplti) > bea EXP(W ¢i7b/7)

All other attention weights in the 7;th column are zero.

Aci,a;Ti =

We next compute the corresponding value vectors. Since ¢; , is nonzero only in its ¥ block, only
the fourth block column of V; contributes to Vc; ,. From the prescribed form of V1, this block

column is
Ds chdi-fa
L Lgb;fa
Dg D +
(Vl):,\ll - Od><d ) Vlci,a - %fl’a
DU DU¢i+a
O(a+1)xd Odrt

Hence, the attention contribution to the transition query ¢; is

[(VlH(O))A} T = Z Acm’TiVlci’a = Z WZaVlci’a

:7 7

a€A acA

+ o+,

Dq;. ZaE.A WZagﬁ_i,a Dé*dj-j T

L ea™ia ia L@:

i

— DR ZaEA WZa¢i,a = DR¢1 , (AS)

Od Od

+ 1+

Du ) uca T aPia Dy¢; "
0d+1 0d+1

where we used ngfT = uca u a(b;fa in the last equality.
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Finally, applying the residual connection gives

b D¢7$j7T i + P@&TT
04 Lo, Lo,
_ . _Jr,T . _+’T
) =t + [(VlH(O))A];,Ti - TE)ZI + DRO({); =" +0]d)R¢i ' (A.6)
W | | Due T w+ Dy,
Od+1 Ogq41 Od+1

It remains to compute the candidate-action tokens and the parameter token. By the mask construction,
each candidate-action query c; ., and the parameter query p can attend only to p. There is exactly one
unmasked key in each of these columns, so

.
1 Ap = exp(p Pip) _

exp(p'P1p)

B exp(pTPlciya)
exp(p " Picia)

All other attention weights in these columns are zero.

Ap,c

0,Ci,a

Recall that p = [04; 04; 0; 04; 04; W]. The last block column of V1, corresponding to the W block, is
zero except for its last block Q — I;41. Hence

04 04

04 04

0 0
le - Od - Od )

04 04

(Q—Tgy1)W @)

- ~ -1 T |1 —1+0b"
where, explicitly, (Q — I4+1)W = [gd“ decj {W} = {p 0, Wl = (o

Therefore, the attention outputs for all candidate-action queries and for the parameter query are

[(VlH(O))A]: . =Vip, [(ViHO)A] .p, = V1p. Using the residual connection once again,
04 04 04 0g 04 04
(OF 0Oq Od 0q 0q 0q
0 0 0 0 0 0
Cg,la) = Ciq+ le = + + 0y = + , p(l) =p+ le = 04 + 04 = 04 |
04 0q 04 04 0q 04
Od-+1 Q@ €5 w @ wQ

where w + CQ = (Id+1 +Q — Id+1)V~V = Qv~v = \X/Q.

Thus, HV = [t61)7 C(()l), tgl), 051)7 . ,tgllll, C;lll,p(l)] , with all three types of tokens as stated.
In particular, the candidate-action tokens and the parameter token remain unchanged for every w

precisely when p = 1 and b = 0, that is, when Q = I ;1. [
With the above lemma established, we proceed to prove Theorem 1.

Proof of Theorem 1. (i) By Lemma A.2, after the first attention layer, each transition token takes the
form

i + D@QSj’T
Lo, "
1D | 7is1 + Dré7 oFT =" 17,07
i Od ) ’ 7 = ,a v i,a
w+Dyol"
Od41

The candidate-action tokens and the parameter token have the forms cglcz = [04; 04; 0; d);fa; 04; Col,

p(l) = [04;04; 0; 04; 04; Wg]. In particular, the ® and G blocks of these latter tokens are still zero,
and the only possibly nonzero block of p() is its W block.
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We now consider the second linear-attention layer. Write H(!) = [hgl), ceey hﬁ\l,)} From H®) =
H® + L(v,HO)(HD)TP,HW), the update to the parameter token is

Ap:=p® —p® = = ZV Y ((h)) TPop ). (A7)

Indeed, this is simply the column of the matrix product corresponding to the query token p(!): the jth
entry of the corresponding score column is (hlgl))Tng(l), and the jth value column is V, hgl).

We only need the last d coordinates of Ap, since the readout extracts these coordinates of the
parameter token. Recall Iy = [0gx (4d+2), la], C = 214, Co = —CDgL™!. By the block
structure of V, for any token h,

HouwVah = Che + Ceha, (A.8)
where hg and hg denote its @ and G blocks. The arbitrary entries in the first 4d + 2 rows of V5 do
not appear in this expression. Therefore,

HoutV2t( (¢z + D¢¢+ T) + CGL¢+ 7
= C¢; + CDg¢;" — CDgL 'Lo; "
= C: +CDud” — CDué, 7 = Coi = Z4. (A.9)

Here the second equality uses C¢ = —CDgL ™1, and the third uses L~'L = 1.

On the other hand, both cgla) and p(!) have zero ® and G blocks. Applying (A.8) gives

Mout Vac) = €04+ C0a = 04, oy Vap® = CO4 + C04 = 0g. (A.10)

Thus, only the transition tokens contribute to the last d coordinates of the parameter update. The
additional W block (¢ in each candidate token does not affect this conclusion, since the last d rows
of the W block column of V5 are zero. No assumption that the candidate or parameter scores vanish
is needed: their projected value vectors already vanish.

It remains to compute the scalar score (tgl))Tng(l). Since p(!) = [04;04;0; 04; 04; Wg], Wo =

Qw = Q [vlv] , only the last block column of P, contributes to Pop(!). Because Q is invertible,
Q 'wo=Q 'Qw=w= [vlv} . From the definition of the specified blocks, we obtain
B wgo=-cJQ'QwW = —[04x1, 1] M = —cw, (A.11)
Biwg =cL " [-Dj,vl;+ Dy — D/ Q]Q'Qw

_ 1
=cL™"[-Dg, 714+ Dg — D] {w}

=cL™" [-D} + (v1a + Dg — DQ)w], (A.12)
B,wg = ceq 1Q'QwW = ¢[1,01x4] [vlv] =g, (A.13)
Buio = €UQ Qi = 0. 1 3| = o, (A14)

The fourth and sixth block rows of Pop(!) may contain arbitrary terms arising from the corresponding

* blocks. However, the W and W blocks of tgl) are both zero, so these terms do not contribute to the
bilinear score. Consequently,

(1Y) Pap) = (¢ + Dad,) ") ' B_Wq + (Lo, ") 'ByWo + (i1 + Dré ") B,wg
+(w+ Dy ") 'Bywo
= —c(6:+Dag, ") "Wt e(Lé!7) 'L [-DF + (7144 Di — DEQ)w]
+¢(rig1 + Dréi ™) + ¢(w + Dy ™) Qw. (A.15)
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We simplify these terms one by one. First, —c(¢; + Déqgj’T)Tw = —cp] w—c(¢] ) Dw
Next, since LTL™T = I,
(Lo ™) LT [-Df + (vIs + D — DIQ)w]
(<13-+’T)TLTL‘T [-Df + (71 + Dg - DjQ)w]
—(¢; ) Dg +ey(¢77) W+ e(¢]T) ' Dgw — ¢(¢7) "Dy Qw.
The remaining two terms satisfy
¢(ris1 + Dro; ") = criy1 + cDro; T,
c(w+ DUq_SZ“T)TQW =cw Qw4 c(¢;7) T D Ow.
The terms involving Dg, D g, and Dy therefore cancel in pairs:
—c(¢7) " Dgw +c(¢;7) 'Dyw =0,
—c(¢;7) "D+ cDgre; " =0,
— (6} ) T DEw + e(6)7) DS Qw = 0.
For the second cancellation, we used the fact that D ngj’T is a scalar, so it equals its transpose
(¢;77)TD . Moreover, since QT = —Q,
wiOw=(w ow) =w'Q'w=—-w'Qw,
and therefore w ' Qw = 0. Substituting these identities into (A.15) yields
() T Pop) = —co]w + ey (67 7) Tw + eri
= c(rig1 +yw 9T — W) (A.16)
Define 5§T) =7i11 +yw ' ¢;T —w ' ¢;. Then (tl(l))TPzp(l) = C5§T).

Therefore, the last d coordinates of the second-layer update are
n—1

MoutAp = — Znoutvzh D ((rS) TPypM) = Znoutvzt () TPyp)
] 1
1 n—1 a ") a n—1 ")
== ; (;dn) e =2 ; $:6<. (A.17)

The second equality follows from (A.10), and the third uses (A.9) and (A.16).

Since the TV block of the first-layer parameter token is wg = [p+ b w; w], its last d coordinates are

. o 1
Houp™ = Iwg = IQW = IW = [04x1, 1] {W] =w.

Here JQ = J follows directly from the prescribed form of Q. The residual connection thus gives

TFT (H(O)) = Houtp(2) = H011tp(1) + HoutAp =W+ % nz_:l ¢161(T)
i=0
—w+t o nilﬁbi [ w9 T —w o]
iz
The readout extracts precisely these last d coordinates of p(2). Hence we have proved part (i). Notice

that this argument does not prescribe the first coordinate of the T block of p(?); that coordinate is
outside the readout.

(ii) Recall that ¢; , := qubl we @F = MaXge A @i q» Af 1= argmaxge 4 ¢ - K; 1= |A}|. The soft

backup value is qlg 7= wigT=% 4 ] oGi.a- Since Y o 477, = 1 and g; , = q; for every
a € A,
G =0 =D g = D atia = D a6~ tia) = D W0~ gia).  (AL8)

acA acA acA ag A¥
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(™) S

In particular, ¢f —g; "’ > 0. Since |g; o] < By and |¢f| < By, wehave 0 < ¢f —q;.0 < |¢F <
2B,. Therefore, 0 < g — 57) 2B Zag’éA* T, AT # A Lemma A 1 gives
K;

3 . 71727%\7717%/7 (A.19)

ag A* a€A? K;
Hence K

0<qg —q" < QBqDe*Ai/T. (A.20)

If A7 = A, then all actions have the same value and ¢} — q = 0 for every 7 > 0.

The difference between the hard Q-learning update and the Transformer update is therefore
n—l
T * (7 «
wo — Wil = Z ®i [(WH g =W ) = (ris +437 —w ) } -4 Z ¢i(ar — g

By the triangle 1nequahty and ||¢;||2 < B¢,

T * _(r B (T
[wa — wipl, < %leﬂbi\lzlqi ~-a"| < % S (g -a7)

i=0 i Ar£A
2avB, B - K; _
< 2¥7Bq D¢ Z mTefAl/T. (A21)
n it AF£A ¢

The second inequality uses the nonnegativity of the backup gap and the fact that this gap is zero
whenever A7 = A; the last inequality uses (A.20).

Since the number of transitions is finite and each A; > 0 in the displayed sum, the right-hand side
converges to zero as 7 | 0. Thus lim, o W(TF) = wWq. In particular, if m > 2 and every maximizer

is unique, then K; = land 1 — 7] ,» < (m — 1)e=5 i/7_ Since there are finitely many transitions,
Amin = minggign—1 4 > 0. Consequently, e~ Ri/T L e~ Bmin/T and hence

n—1
2a7ByBy(m — 1) S e g 20yByBy(m —1) A/

n . n
=0

= 2ayB,By(m 1) Amin/T,

[wo —wi], <

If m = 1, all backup gaps are zero and wTF = wq for every 7 > 0. This proves the claimed
exponential approximation bound. O

We next consider whether emergence of tabular Q-learning algorithms can be achieved within
Transformers. Let e, ,) denote the one-hot basis vector for state-action pair (s, a).

Corollary A.3 (Transformer implements tabular Q-learning). Under the conditions of the preceding
theorem, let S and A be finite, and consider ¢(s,a) = e(sq) € RISIMAL W(s,a) = Q(s,a). The
two-layer Transformer constructed in the preceding theorem implements the batch tabular Q-learning
update up to softmax approximation error.

Proof. According to Theorem 1, the batch-update formula using n samples is

n—1
TE,(HO; Py, V,, Py, Vy) = w + % Z €(si,a1) [Tiﬂ +7 Z T oW (sip1,b) = Wi(ssai) | »
=0 be A
where 77, = exp(Q(si+1,a)/7)/ D4 exp(Q(si11, )/T) Only the weight components corre-
sponding to visited (s;, a;) samples are updated; all remaining coordinates are multiplied by zero and
thus remain unchanged.

The equivalent update rule for the Q-values reads
o

[TF(H; Py, V1, Py, Vo) (s.0) = Qs, a)+g > ity D Q(sin1, )= Q(si, i)

i:(si,a:)=(s,a) beA

Notably, only state-action pairs (s, a) appearing within the mini-batch receive updates; all other
entries stay fixed. U
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B TRAINING ALGORITHM

B.1 INDEPENDENT-CONTEXT GRADIENT VARIANCE

Let £(6;2) := 1| TFy(H(z)) — w)(2)|2, and £(8) := E,.p[((6;2)]. Fix 6, and let

Wooft
Z1,...,23 LD be independent of 6. Define ¢(0;z) = Vol(6;2), §5(0) = & 25:1 9(0;zy).
The following proposition shows that independent-context minibatching preserves the population-
gradient direction in expectation while reducing context-specific gradient fluctuations.

Proposition B.1 (Independent-context minibatch gradient). Assume E|g(0;2)|3 < oo and that
differentiation and expectation can be interchanged. Then

Elj5(60) | 6] = VL(6). ®.1)
Cov((0) | 0) = = Cov(y(0:2) | 0) ®2)
E|lgn(0) - VLO)I3[0] = SE[lo(0:2) ~ V@) I]6] ®3)

Equivalently, for every deterministic direction v, Var(v' gp(0) | 6) = & Var(v'g(6;z) | 0).

Proof. (i) Let 1(0) := E,.p[g(0;z) | 0]. By the interchange of differentiation and expectation,
w(0) =K, .p[Vel(0;2)] = VoE,.p[l(0;2)] = VL(O).
Therefore, E[5(0) | 0] = & Zszl E[g(0;2s) | 6] = u(0) = VL(0), which proves (B.1).

(ii) Now define the centered gradients &, := ¢(0;2z,) — p(6). Conditioned on 6, the random
vectors &1, ...,&p are independent and identically distributed, with E[§, | 8] = 0. Moreover,

95(0) —VL(O) = LS, &. Hence

Cov(ap | 0) = ( S )(;XB)&))TG

b=1 b=1

B
= o YRGS 6]+ o 3 Bl | 6]
b=1 b

For b # b/, conditional independence and centering give E[¢,&), | 0] = E[¢, | O|E[,), | 0] =
Thus Cov(jp | 0) = £ Cov(g(0;2) | 0) = & Cov(g(6;z) | 6), which proves (B.2).

(iii) Taking the trace of the covariance identity yields
. 1 2
E[lgs — VL©O)[3]6] = SE [l9(652) - VL©)I3]6] .
which is (B.3). Finally, for any deterministic v,
1
Var(v' gp | 8) =v' Cov(gp | 0)v = EUT Cov(g(0;z) | 0)v,

giving the directional variance identity. O

B.2 INVARIANT PARAMETER GROUPS

Proposition B.2 (Invariant parameter groups). Assume that the context distribution D,, is independent
of 0 and satisfies the boundedness condition in Assumption 1 (i).

Let 0,y collect all entries of 0 = (P1, V1, Py, V) outside the following 16 blocks:
Piuk, Vize, Viww,Pazw, Vo w, .7

Under the update °+* = 6% — 0,V L (0"), if0°,, = 0, then 6%, = 0 for all k > 0.
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Proof. Let S16 = {0 : 0o, = 0}. We will prove the pointwise identity
Ve,..0(0;z) =0, for every context z and every 6 € Sig, (B.4)

where £(60;2) = 1| fo(2) — y.(2)[3. fo(z) = TFo(H(z)), and y, (z) = W) (z).

Here the context and teacher target are fixed when differentiating with respect to 8. Throughout the
proof, derivatives are taken in the full space of the four matrices. The condition 8 € S is imposed
only when evaluating these derivatives.

Fix z and @ € S;¢. The input tokens ?;, ¢; 4, and p are supported in KC, ¥, and W, respectively. The
first-layer mask allows ¢; to attend only to {¢; o : @ € A}. Write

T eui,a B
a = Ci’aP1ti, Tiaq = W7 Cc; = E Ti,aCia- (B.5)
bEA ae_A

Usg

The probabilities ; , are the student’s current attention weights; no teacher parameter value is
imposed on P;. Since each ¢; , is supported in W, so is ¢;. Every candidate query and the parameter
query have exactly one allowed key, namely p. Their attention weights are identically one, for
arbitrary full matrices P; and V. Consequently, the first-layer tokens satisfy

hy =t; +V1¢;, Cia = Ci,a + V1D, q=p+Vip. (B.6)

On S, the only possibly nonzero blocks of V' are V1 7y and V7 . Therefore supp(V1¢;) C Z,
supp(V1p) C W. Because K C 7 and the coordinate sets Z, ¥, W are pairwise disjoint, (B.6) gives

supp(h;) CZ,  supp(Cio) CYUW,  supp(q) C W. (B.7)
Neither ¢ = p nor ¢; o = ¢; 4 is required. In particular, V1 yy can be any (d + 1) x (d + 1) matrix.

Let IT = [0y (4d42), La], V, = IIV,. Write hi,...,hy for all first-layer tokens, in their original
order, with hy = g. For arbitrary full matrices, the second-layer readout is

N
1 ~
fo(z) =Tlg + — z;(Vth)(h]TPQq). (B.8)
J:
To compute its full differential, define v; = \N/'ghj and 0; = thqu. The product rule gives
d(vjo;) = o (L AV by + Vo dhy) +v;((dhy) "Pag + h] (dP2)g+ h) Py dg).  (B.9)

We now evaluate this differential at @ € Si6. Since V3 has nonzero entries only in (Wqyut,Z), Vo
has nonzero columns only in Z. Similarly, Py has nonzero entries only in (Z, W), and ¢ is supported
in W, so supp(P2q) C Z. For every candidate token and for the parameter token considered as a
key/value token, (B.7) therefore implies

v;=Vah; =04, o5 =h] Pyg=0. (B.10)
Substituting (B.10) into (B.9), every term vanishes:

d(vjo;) =0 for every full-matrix perturbation d@.

For a transition token, write a; = {fghi, s; = h Pag, and e = fo(z) — y,(z). The full differential
evaluated on Sy¢ is

n—1
1 ~
dfo(z) =1 dg + > si(ITdVy hi + Vy dhy)
=0
1 n—1
+ -~ ai((dhi)—rpzq-i-h;r(dpz)q-&-h;rPg dg). (B.11)

I
<

i

The sample-loss differential is d¢ = e dfg(z).
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Gradient of P, and V. Holding the first-layer tokens fixed, the terms involving dP5 in (B.11) give

1 n—1
dp,l =~ ;(J@l)h (dPy)q.
Since <A B)p = tr(ATB) and h (dP3)g = (hiq", dPs)r, we obtain Vp,l(0;z) =
S (e a;)h;q' . Each h; is supported in Z and q is supported in W. Thus h;q' has nonzero
entries only in rows I and columns W, and supp (er W). Entrywise, for a row coordinate
r and column coordinate s, (Vp,£),s = (e a;)(h; rqb =0ifr¢Zors¢ W.

Likewise, the terms involving dVs in (B.ll) give

dy,l = — Zsz TI(dV2)h; _< ZszHTehiT, dV2>

Hence Vv,4(0;z) = 71] Z LelTe h;. The vector IT"e is supported in Wy, while h; is
supported in Z. Therefore supp(VV2 £) C (Wout,Z). Every row outside Wy, including the first
row of the W block, has zero gradient; within W, the columns in ¥ and W also have zero gradient.

F

To propagate the loss gradient through the first layer, collect the dh; and dg terms in (B.11). For
each transition token,

1
dp, 0 =~ [sze Vy dh; + (e a;)(dhy) TPyq] =: A/ dh,

Both VTe and Pyq are supported in Z, so supp()A;) C Z. For the parameter token, its residual
contribution s ¢ T1 dg, and its query contribution is = 3", (e a;)h, Py dg. Thus

n—1
1
_mT T T3 1T 4, —. \T
dgt = [ITe+ ~ Z%(e a;)Py h;] " dg =: A} dg.
There is no additional key/value contribution from i = ¢, because its summand has zero differential
by (B.10). Since P is supported in (Z, W), its transpose maps h; into . Also I e is supported in

Wout € W. Consequently, supp(Ay) € W. Each candidate token appears in the second layer only
as a key/value token in its own summand. That summand has zero differential, so

Ve £=0. (B.12)

Ci,a
Here g and the candidate tokens are treated as separate intermediate variables; their shared dependence
on Vp is included in the next step.

Gradient of V. When varying V; and keeping P, fixed, the attention weights and ¢; are fixed.
Differentiating (B.6) yields dh; = (dV1)¢;, dé;, = (dV1)p, dg = (dV1)p. By the chain rule,
including all three token types,

E_Z/\ dV1c7+Z 2.0 (AV)p+ ] (dV1)p

n—1
=Y A (AV1)E + A (dVi)p,

i=0
where the candidate terms vanish by (B.12). It follows that Vv, £(0;z) = Z?;ol i€l + Agp'. For
the first sum, \; is supported in Z and ¢; in U, so its support is contained in (Z, ¥). For the second
term, both A, and p are supported in T, so its support is contained in (W, W'). Hence
Equivalently, the only possibly nonzero gradient blocks of V; are (,¥), (G, V), (R, V), (U, ¥),
(W, W). Every entry outside these five blocks therefore has zero sample gradient.

Gradient of P; (including the softmax derivative). Only transition queries have nonconstant
first-layer attention weights. For a candidate query or the parameter query, the unique allowed-key
weight is e* /e* = 1, whose derivative with respect to every entry of P is zero.
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For a transition query, differentiating (B.5) gives

dﬂ-i,a T3, a duz a E Ti,b duz b

be A
dCl*Zczad’fria*Z’nzaczaduza ClZ’]TZdeZb—ZTQaCZ(If duza
acA acA be A acA
When only P, varies, dh; = V1 d¢;, while dg = 0 and d¢; , = 0. Therefore
n—1 n—1
dp, = AN'Vide; =Y > mia) Vi(cia — ) duga.
i=0 i=0 a€A
Define the scalar x;, = m o\ Vi(cia — ¢). Since the input tokens are ﬁxed du; =

cIa( dPy)t; = (cmtiT, dP;)r. Consequently, Vp £(0;z) = Z ZaeA Ki,aCial T Each Ciq s
supported in ¥ and each input transition token ¢; is supported in IC (®,R,U). Hence

supp(Vp,¢) C (¥, K).
Explicitly, only Py g, P1 wr, and P gy can have nonzero gradients.

Population gradients and zero coordinates. The calculations above hold for every fixed context z.
Taking expectations gives the full-matrix population gradient formulas, evaluated at any 8 € Sy4:

Z )\ZE: + quT] )
Z s;II"e hT]

Vplﬁ(e) =E, Zﬁi,aci,at: , Vv, L(0) =

1
szﬁ(e) = EEZ [Z(eTai)hiqT] ) VV2

%

Their supports are therefore contained in

supp(Vp, £) € (V,K), supp(Vv, L) € (Z,¥) U (W, W), (B.13)
supp(Vp, L) € (Z,W), supp(Vv,L) € (Wout,I).
These are exactly the 16 retained blocks. Thus
Vo,..L(0) =0 whenever 0,,; = 0. (B.14)

The boundedness condition in Assumption 1 (i) justifies differentiation under the expectation: on
each compact parameter set, the fixed-mask softmax and the two attention layers have uniformly
bounded derivatives of every fixed order on these bounded inputs. The teacher target is bounded as
well. Thus the sample loss and its first two parameter derivatives admit an integrable bound there, so
L is C? and the displayed expectation formulas are valid.

It remains to show that (B.14) holds along the entire training trajectory, rather than only at initial-
ization. Write @ = (z,y), where z collects the retained coordinates and y = 6,,¢. Then the full
gradient-flow system is

T =-=V.L(x,y), y=—-V,L(x,y). (B.15)
By (B.14), V, L(x,0) = 0 for every x, not merely for the initial value z(0). Consider the restricted
system = = —V L(z,0), z(0) = x(O) y(t) = 0. It satisfies y(t) = 0 = =V, L(z(t),0), so
(Z(t), y(t)) solves the full system (B.15) with the same initial condition as (z(¢), y( )). Since L is
C?, its gradient is locally Lipschitz, and the initial-value problem has a unique local solution. The
full solution therefore coincides with the restricted solution. Repeating this uniqueness argument
along the trajectory gives y(t) = 0 throughout its maximal interval of existence.

For completeness, this interval contains every ¢ 2> 0. Along a gradient-flow solution, using the product

Frobenius norm, jtﬁ( (1)) = (VL(O()),0(t)) = —||[VLO))||> = —||0(t)||>. Integrating and
using £ > 0 yields fo 10(s)||2 ds = £(6(0)) — L(O(t)) < L(6(0)). By the triangle inequality and
Cauchy—-Schwarz,

1/2

0 / 10(s)] ds < ﬁ(/otné(s)n?ds) < VIZ@0)).
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If the maximal existence time were finite, this bound would keep the trajectory inside a compact
subset of the full parameter space up to that time. The locally Lipschitz vector field then permits
continuation, contradicting maximality. Thus the solution is global, and 8,,:(t) = 0 for all ¢ > 0.

For any batch z1, ..., zp, at every 6 € Sig, Vo, Lp(0) = i Zle Vo,..£(0;2,) = 0. Hence an

update 0°+1 = 0F — 1, VL (0"%) gives 081 = 0% — 1 0 = 0 whenever 8*, = 0. Induction

proves invariance at every discrete iteration, without projecting the gradients or explicitly freezing
these coordinates. O

B.3 SUPPORT PARAMETER BLOCKS

Denote the six blocks by
A=(Pi1)yv, L=Vi)gw, B-=(P2ow,
B, = (P2)ew, Br=(P2)rw, C=(V2)w,, o

LetSs = {A,L,B_,B,,B,,C}. For § C Sg, let ©(S) be the parameter space in which the blocks
in S are unrestricted and every other entry of the four matrices is zero. Set Oy, = ©(Sg). Define

F,(H) :w—l—%Zqﬁi(ri—i—v(uZ)Tw—cﬁ;rw). (B.16)

i=1

¢F and p] = pi (771 1y).

_—m exp((¢},) T Aw)
where Hi (A) - Za:l > cxp((¢;r)b)TAW)
The following Proposition shows that the six-block support realizes the target update F, (H) exactly,
whereas none of its proper subsets does so on all original prompts.

Proposition B.3 (Sufficiency and inclusion-minimality of the six-block support). Let H denote the
class of prompts of the form (7), d,n > 1, m > 2, a>0,0<~v <1, and 0 < 7 < co. Then

(i) There exists 0 € Ogyp, such that for all H € H, TFy(H) = F.(H).
(ii) For all S C S, and 0 € O(S), there exists H € H, such that TFy(H) # F.(H).

Proof. (i) For arbitrary parameters in Og,,,, the first-layer transition token is

) = [¢hs; Lyss (A); 745 05 w3 041

Indeed, the mask restricts transition ¢ to its own successor candidates, whose scores are w;Aw.

The candidates and final query are unchanged, since each attends only to the final query p and
Vip = 0. In the second layer, Pyp is supported on @, G, R. Consequently, the candidate and
final-query scores against p are zero; only the transition tokens contribute. Their scores are o; =
¢/ B_W + 1;(A) TLTB W + r,B, W, and their value vectors in the output coordinates are C¢;.
Including the residual readout gives

1 n
TFe(H) — w = - Z Co; (¢ B_W + 11;(A) 'L'Biw + 1B, W). (B.17)

i=1
For any ¢ # 0 and any L. € GL(d), choose A = 7711;, B_ = —cJ, B, = cej, By = vcL™ "7,
C = 2],;. Then Jw = w, eg\fv =1,and L'TB, = y¢J. Thus 0; = c(rl- + v(uz)—rw — nglTw),

c

C¢; = < ¢;. Equation (B.17) becomes (B.16).

(i) Fix a unit vector e € R?. In every counterexample below, take ¢); = e and ¢; = 0 for i > 2.
Accordingly only transition 1 contributes to either update, regardless of the fixed context length n.
These inputs can be realized by a trajectory that moves from an initial state to a second state and
subsequently selects a zero-feature action there. The successor feature lists used below are either all
zero or (e,0,...,0), so such an action exists because m > 2. Set the later rewards to zero.

If C =0, (B.17) gives TFg(H) = w for every input. Choose w = 0, r; = 1, and all first-transition
successor features zero. The target increment is ae/n # 0, which cannot be reproduced.

If B, = 0, the output in (B.17) does not depend on any reward. Fix w = 0 and the first-transition
successor features at zero, and compare otherwise identical inputs with 7y = 0 and r; = 1. Their
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target outputs differ by cee/n, while the model outputs coincide. No fixed choice of the other blocks
can fit both inputs; Set w = e, r; = 0, and all first-transition successor features to zero. Then
u1(A) = 0 for every A.

If B_ = 0, the model increment is zero, but the target increment is —ae/n # 0.
IfL=0o0r By =0, then LB, = 0, so the output is independent of the successor features. Fix
w = e and r; = 0, and compare successor lists (0, ...,0) and (e, 0, ..., 0). The target outputs differ

by <1 expc()f%'% e # 0. Again the model outputs coincide, so they cannot both equal the targets.

If A = 0, attention weights are uniform. Holding the features and rewards fixed, p;(0) is inde-
pendent of w, and the increment in (B.17) is an affine function of w. Choose the first-transition

successor list (e,0,...,0), 1 = 0, and w = te, with ¢ varying in an interval about zero. The
target increment is g(t) = Ze[ytp(t) — t], p(t) = %. Since p/(0) = (m — 1)/(tm?),

g"(0) = % e # 0. Thus the target increment is not affine in ¢, whereas the model increment

is affine. They cannot agree for all these inputs.

Every proper subset of Sg omits at least one of these blocks. The corresponding case applies
irrespective of the values of the remaining blocks.

C EXPERIMENTAL REPRODUCIBILITY AND IMPLEMENTATION DETAILS

We evaluate parameter recovery and cross-task generalization in a structured two-layer Q-learning
Transformer trained by output-only supervision. All models use cosine learning-rate decay from
the first Adam update. Batch-size and context-length comparisons further reveal distinct effects on
parameter recovery and functional accuracy under fixed task budgets. Frozen models transfer to 512
unseen tabular tasks, achieving returns close to their soft teachers.

Table 1: Notation. A task is one independently sampled MDP/feature realization; a context is a valid
trajectory window generated in that task. In the training, one task supplies one context.

Symbol Meaning and default

S,m,d State count S = 9, action count m = 4, Q-feature dimension d = 36.

w, 0 Q parameter w € R%; distinct Transformer parameter vector .

T Teacher temperature.

a,Y, €1 Q-update step 0.2, discount 0.5, behavior exploration 0.1, Adam learning rate.
B, U Independent contexts per optimizer update; number of optimizer updates.

n Transitions within one context, default 20; not minibatch size B.

Niask, Nobs  Tasks/contexts seen: Niask = BU; supplied transitions: Nobs = nBU.

D, Niok Token width D = 5d + 2 = 182; tokens per prompt Niox = n(m + 1) + 1.

Task budget and optimization. Each independently sampled task contributes one context. Let B
denote the number of contexts per optimizer update, n the number of transitions within a context, and
Up the number of optimizer updates. At update k = 0,...,Up — 1, let my = kB be the number of

tasks already consumed. The learning rate is 7(my) = 107° + w [1 + cos(ﬂ'ﬁ)]. All

blocks follow this schedule from the first update at 1073, without warm-up, restarts, or an additional
phase. Its minimum is 1076 at the budget boundary; the last actual update occurs at my = Nyask — B
and uses a slightly larger value. Adam uses (51, 82) = (0.9, 0.999), €Adam = 1078, no weight decay,
and float32 parameters and moments.

The study uses five paired seeds for each configuration. For experiments on valid parameter blocks,
the cosine schedule terminates at 20.48 x 10° tasks. Training continues at a learning rate of 10~°
to 25.60 x 10° tasks, then 10~%, with the rate lowered to 10~° beyond 37.76 x 109 tasks. The rate
is finally switched to 1079, ending at 46.40 x 10° tasks per seed. For experiments on structured
parameter blocks, the cosine schedule terminates at 20.48 X 106 tasks.
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C.1 EXPERIMENTS ON VALID PARAMETER BLOCKS

Evaluating the accuracy of approximate Q updates. We adopt three metrics, namely Soft error
eITgof, Hard error errp,.q, and Greedy agreement, to quantify how closely the Transformer proposed
in this work approximates the Q-learning update rule. Specifically,

Q z)||2
PRI
Dosez HUT( IE

where UT(Z) =2 Zn_ol ¢Z[TZ+1 + ’YVT i ™ W ¢z] Umax( ) = Zn_ol (bz[rz—&-l + v max, qz+a -
w ' ¢;], and qz .= WT@ a Vi =D, 7r1qZ - The two greedy metrlcs quantify action agreement at
distinct granularities: Greedy,, reports the fraction of individual transitions for which the model’s
attention-selected action matches the teacher’s greedy action, i.e., the action with the maximum
Q-value; Greedy . is a stricter metric, defined as the fraction of contexts where such a match holds
across all 20 transitions within the context. The Teacher bias is obtained by replacing the numerator
Of ertparg With Y ||t — Umax||>. Teacher bias is deterministic on the common corpus and is not
assigned an artificial seed confidence interval.

2 [[8(2) — thmax(2)|13
2z [umax(2)13

(C.1)

CITsoft =

Update errors and greedy agreement are reported as percentages. The identity/zero-update predictor
yields a 100% update error: the residual w cannot mask an unlearned update. + denotes a 95%
Student-t interval across trained seeds.

Table 2 (dense features) demonstrates close reproduction of the soft-Q update by the model, yielding
0.01256% NRMSE and 99.990% transition-level greedy agreement; by contrast, the one-hot feature
setting (Table 3) exhibits noticeably weaker performance, attaining 0.07950% NRMSE and 99.989%
transition-level greedy agreement.

Table 2: Dense held-out contexts: update errors and greedy agreement

Tasks (10) Soft error (%) Hard error (%) Greedy:, (%) Greedycx (%)
0.32  9.0157 £0.6508 9.0465 £ 0.6716  95.314 +0.102 56.587 + 0.776

512 7.1287 +0.2225 7.1792 £0.2118 96.708 + 0.157  67.205 + 0.895

10.24  4.4694 + 0.6952 4.5328 +0.6750 98.246 £ 0.087 80.769 £ 1.045
20.48 0.0657 £ 0.0002 0.6655 +0.0019  99.920 +0.005 98.840 4 0.082
25.60 0.0625 + 0.0002 0.6633 +0.0020 99.927 +0.003  98.936 4+ 0.035
37.76  0.7393 + 0.0557 0.9834 +0.0444 99.654 + 0.012 96.003 £ 0.197
4576  0.0846 £ 0.0107 0.6468 £ 0.0044 99.971 +£0.002 99.636 4 0.046
46.40 0.0126 +0.0005 0.6394 + 0.0008  99.990 4+ 0.004 99.861 4 0.045

Table 3: One-hot held-out contexts: update errors and greedy agreement

Tasks (10%)

Soft error (%)

Hard error (%)

Greedyy, (%)

Greedyctx (%)

0.32  55.7678 £4.5493 57.4641 £4.8244 95.752 £ 0.151  66.636 £ 0.899

512 44.0258 £1.9607 45.6216 £1.9971 97.076 £ 0.085  75.928 £ 0.833
10.24  27.8956 + 4.6804  29.2407 £4.7820 98.406 £ 0.067  86.035 £ 0.483
20.48 0.4427 £ 0.0066 5.1372+£0.0071  99.985 £ 0.002  99.834 £+ 0.023
25.60 0.4181 £ 0.0073 5.1137 £ 0.0097  99.987 £ 0.003  99.875 £ 0.022
37.76 4.5953 £ 0.3353 6.7774 £0.2200 99.681 £0.012 97.070 £ 0.077
45.76 0.5257 £ 0.0639 4.8381 £0.0171  99.978 £0.004  99.783 £ 0.020
46.40 0.0795 £ 0.0037 4.8091 £ 0.0029  99.989 4+ 0.004  99.890 £ 0.039
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Emergence of Parameters.

tr(Ap)/d. Frobenius orthogonality of Ay — Bu:] and I gives

To distinguish scalar calibration from nonscalar distortion, let 5,4 =

2

-

E% = (Bare — 1) + EHAa — BateI||% .
—_——

E2

A,scale

2
EA,shape

When Sq:: > 0, 1/544+ summarizes the effective temperature of the scalar projection; it is not an
exact temperature when nonscalar components remain. A visible diagonal in a heatmap is therefore
insufficient evidence of inverse-temperature recovery. As can be seen in Table 4, both residual
components decrease substantially toward the end of training, demonstrating the emergence of
an action-selection mechanism. Figures 3 presents heatmaps of the key matrices under 7 = 0.2,
revealing that the training algorithm successfully induces the constructed parameters to emerge.

Table 4: Attention residual and scale across training.

Tasks (10%)

Ea

/Batt

EA,shape

0.32  0.729464 £ 0.000924  1.353730 £ 0.004596  0.017515 £ 0.000474

5.12 0.435038 £0.001273  2.828350 £ 0.006350  0.024805 £ 0.000613
10.24  0.303830 £ 0.000436  3.483203 £ 0.002233  0.016895 &£ 0.000379
20.48 0.081884 £0.000192  4.590583 £ 0.000960  0.000274 £ 0.000009
25.60 0.077982 £ 0.000189  4.610089 £ 0.000944  0.000148 £ 0.000007
37.76  0.023377 £0.000188  4.885535 £ 0.001009  0.004731 £ 0.000092
45.76  0.009809 £ 0.000093  4.951000 £ 0.000462  0.000428 £ 0.000016
46.40  0.009781 £ 0.000091  4.951105 £ 0.000457  0.000185 £ 0.000008

Generalization to unseen tabular tasks We evaluate frozen Transformers on a common bank of
512 independent unseen MDPs. Deployment features are one-hot, ¢(s, a) = e4s14, Whereas training
uses dense features. These experiments assess dense-to-tabular transfer, not direct tabular training.
Each learner recursively updates its own Q parameter w and generates its own e-greedy actions and
successor states. The Transformer parameters 8 remain fixed, with no teacher parameters, actions,
or states injected into its rollout. The primary comparison uses wg = 0, nest = 20, and 20,000
environment interactions per learner.

Every temperature comparison includes the Transformer, hard and soft window-Q teachers, Oracle,
and Random. The window teachers, or their hard-max counterpart, maintain a fixed w for each
trajectory segment. Standard online Q-learning instead updates after every transition; we report both
a constant step size of 0.2 and a visit-count step size of 1/N,. Oracle uses the true transition and
reward model to compute an optimal policy and is therefore a privileged upper reference. Random
uses a uniform action policy rather than a greedy policy induced by a random Q table.

We evaluate the exact discounted return J(w) = Py (I — vPy) " 'ra, 7(s,a) = Y, P(s' |
s,a)R(a,s"), where P, and r, are the policy-induced transition matrix and expected reward vector.
For learned methods and Q-learning baselines, 7 is the current greedy policy; Oracle and Random
use their specified policies. Thus, .J is a policy-evaluation metric.

Table 5: Exact greedy-policy return after 20,000 interactions on 512 unseen MDPs.

Method Mean J () 95% interval
Transformer 0.479225 0.461365, 0.497690]
Soft window-Q 0.480136 0.462090, 0.498943]
Hard window-Q 0.465381 0.447874,0.483684]

[
|
Online Q, constant 0.449844  [0.426708,0.473394]
[
[

Online Q, visit count 0.522897 0.502016, 0.544255]
Oracle 0.529490 0.508685, 0.550915]
Random -0.002155 [—0.019109,0.015196]
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Figure 3: Terminal detail of all 16 initialized blocks for seed 0. Each block has its own color range,
shared across seeds for that block. This view complements the full matrices; it does not replace
structural zeros by cropped or normalized values in the full-matrix figures.
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Figure 4 deploys frozen dense-feature-trained Transformers on unseen tabular MDPs and measures
exact policy returns under a common interaction budget. Comparisons include hard and soft window
Q-learning, a model-informed Oracle, and uniform Random. The Transformer achieves returns close
to those of the soft window teacher and a higher sample-mean return than the hard window-Q baseline
using the same fixed step size.
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Figure 4: Frozen dense-feature-trained Transformers on unseen tabular MDPs and measures exact
policy returns under a common interaction budget.
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C.2 EXPERIMENTS ON STRUCTURED PARAMETER BLOCKS

Evaluating the accuracy of approximate Q updates. Learning error across different tempera-
tures 7. Table 6 gives an analysis of the impacts of 7. The 7 = 0.1 model has a soft-update error
of 0.07575% despite its appreciable parameter residual; the 7 = 1 model closely matches its soft
teacher but has a large hard-update error, reflecting the finite-temperature teacher discrepancy. Here,
Greedy agreement quantifies the fraction of contexts where the argmax action from the attention
module matches the optimal maximizing next action of the Q-learning target.

Table 6: Update accuracy on 8,192 common dense-feature contexts.

T Soft error (%) Hard error (%) Teacher bias (%) Greedy (%)

1 0.00283 £ 0.00107 10.03718 £ 0.00020 10.0370 99.9985
0.8 0.00261 £ 0.00071 7.114048 £ 0.000049 7.1140 99.9974
0.5 0.00276 £ 0.00078  3.21972 £ 0.00013 3.2198 99.9962
0.2 0.00393 £0.00019  0.63950 &+ 0.00014 0.6385 99.9990
0.1 0.07575 £ 0.00025  0.25509 £ 0.00040 0.1960 99.9707

Table 7 illustrates how different batch sizes B affect the approximation error. The soft error decreases
first and then rises with increasing batch size, minimized at B = 64. Greedy agreement stays near
100%. The fitted effective temperature Togr = 1/ B¢, With Bae¢ = tr(Ag)/d > 0 acting as a scalar
projection diagnostic, remains around 0.2.

Table 7: Final checkpoints on 8,192 new shared contexts.

B Soft error (%) Hard error (%)  Greedy (%) Toff

1 0.0202 4+ 0.0008 0.6348 + 0.0007 99.994  0.200113

2 0.0135£0.0013 0.6347 + 0.0004 99.995 0.200128

4 0.0110 +£0.0014 0.6349 + 0.0004 99.995 0.200161

8 0.0077 £ 0.0009 0.6351 £ 0.0002 99.999  0.200223
16 0.0052 4+ 0.0005 0.6352 =+ 0.0003 99.999  0.200299
32 0.0041 £ 0.0003 0.6355 £ 0.0001 100.000  0.200373
64 0.0036 +0.0001  0.6357 4 0.0001 100.000  0.200459
128  0.0045 4+ 0.0001  0.6367 4 0.0001 100.000  0.200784
256  0.0123 +0.0001 0.6424 4+ 0.0003 99.998  0.202525

To compare the effects of different optimizations on experimental results, we also evaluated the
following methods. 1. Constant Adam: All six blocks retain learning rate 102, with moments
(0.9,0.999) and numerical constant 10~%; 2. Uniform cosine decay: separately labeled optimizer
change. After the common 100,000-step prefix, all block learning rates decrease from 1073 to
1075, For an update indexed by j € {0, ...,219999} after the fork, the rate for block k is ny(j) =

107° + W[l + cos(%)]; 3. Low-rate extension: a larger, adaptively chosen budget.
After observing the completed uniform-cosine runs and the aggressive schedule’s training/validation
overscaling, we continue all five uniform-cosine endpoints to 20.48 million tasks. Every block uses
n(j) = 1076 4 w [1+ cos(z75855)]- 7 = 0, - .., 319999. Table 8 reports three metrics under

7 = (0.2 with above learning rate schedules. Each dense-feature experiment uses B = 32 and n = 20.

Table 8: Results of Soft error, Hard error, and Greedy agreement with three learning rate schedules.

Condition Niask Soft error (%) Hard error (%) Greedy (%)
Constant Adam 10,240,000 3.242 +0.732 3.332+0.717  98.100 £ 0.142
Uniform cosine 10,240,000 0.04028 + 0.00419 0.64309 4+ 0.00076  99.980 + 0.006

Low-rate extension 20,480,000 0.00415 = 0.00023 0.63428 + 0.00012 100.000 =4 0.000
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Emergence of Parameters. Figure 5 presents the final learned matrices P, Vi, Po, and V,
obtained after training with 7 = 0.2. Remarkably, the learned matrices recover the parameter
structure predicted in Theorem 1. In particular, the diagonal entries of Ay in P approach 1/7,
indicating that the Transformer has learned the internal action-selection computation required by the
soft Q-learning update. This provides direct evidence of parameter emergence.

(a) Learned P, (b) Learned V, (c) Learned P2 (d) Learned V2,

Figure 5: Final learned P, V1, P5 and V5 matrices after training at 7 = 0.2, B = 32, and n = 20.
the non-zero structure matches the theoretical constructions (P1, V1, P2, V3) in (9) and (11).

We define some evaluation metrics to demonstrate whether the final parameters emerge. Write B_ =
[b—,K_] and By = [by, K ]. The analytical construction defines a sufficient family satisfying
Agy=71K =—-cl,B,=[1,0,L'Ky =~cl,cC=al,b_ =0,L"b; =0, where c # 0
may be positive or negative. For each trained model, we estimate ¢ = ((B,)g —tr K_)/(d + 1)
separately for each model, allowing either sign. The product LT K| removes the arbitrary invertible
representation of the intermediate greedy feature. Likewise LT b, rather than b, alone, is the
appropriate product entering the output relation. Low residuals indicate agreement with these
sufficient relations. The complete diagnostics used in every table are

Ay -1 K_+cI
pa, _ I8 1l I+t .
Vi v
B, —¢f1 LTK, —~el
ET — H T E[ 7O]||F7 E+ — || + e ||F, (C.3)
@ e
cC — al b_
po_lEC—alle ol -
i iV
_ HLTb“FHQ 2 _ 2 2 2 2 2 2
Bl = E2 4+ B2+ B2+ B2+ E2 +E2,  (C5)

0= ———F—
eV
and F, = ,/E%e + E2p, Ter = 1/Batr with Bue = tr(Ag)/d > 0 is a scalar projection

diagnostic, not an exact temperature when A has nonscalar components. The scalar estimate is
allowed to be negative. The full completed models have nondegenerate ¢; a normalization near zero
is not interpreted as a zero residual. For arbitrary active blocks, E,); is not an established Euclidean
distance to all minimizers. Figures 6 and 7 present heatmaps of the key matrices and their relations
under 7 = 0.2, respectively, revealing that the training algorithm successfully induces the constructed
parameters to emerge.
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Ag, 36 x 36, seed 0
L, 36 x 36, seed 0; free hidden basis
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Figure 6: All six actual trained blocks, seed 0. Ag, L, C are 36 x 36; B_, B are 36 x 37; B,. is
1 x 37. The fitted scalar is ¢ = 0.967893. Dense L and B, are compatible with a nontrivial invertible
gauge and are not replaced by identity-shaped pictures.
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Figure 7: Normalized relations for the same model. The first four targets are I, the reward-row target
is [1,0, ..., 0], and the two bias targets are zero. These are display-only diagnostics, not raw weights.
Common limits are used for each named relation across seeds and methods, including the failed
control.

For the relationship between the emergence of parameters and cumulative task exposure. Figure 8
tracks recovery along one training trajectory under growing cumulative task exposure. Reduced final
TD residual shows attention-scale calibration dominates aggregate residual. Since task exposure and
optimizer updates rise together, the curves cannot isolate task diversity’s fixed-compute effect.
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Figure 8: Parameter recovery versus cumulative fresh tasks at B = 32, n = 20, and 7 = 0.2. Left:
attention residual E 4. Right: the aggregate of the six remaining TD and bias residuals, E1p.

Table 9 shows close agreement with the analytical relations at temperature 7 = 1,0.8,0.5, and
0.2, while recovery remains incomplete at 7 = 0.1. At 7 = 0.2, the learned scalar projection
is Bate = 4.992236 against a target of 5. At 7 = 0.1, it is 8.174396 against a target of 10, and
FE.1 = 0.1826. Figure 9 makes this scale discrepancy explicit rather than inferring recovery from
matrix appearance alone. No temperature-specific tuning is performed; the tested values do not
establish a critical temperature or an impossibility result for lower-temperature recovery.

Table 9: Final parameter recovery at 20.48 million tasks, B = 32, and n = 20. Entries are five-seed
means; F,)) includes a pointwise 95% interval half-width. Residuals are dimensionless. The scalar
projection S, is compared with 1/7 without removing nonscalar distortion.

T 1/7 Batt Ea Erp Ean
1 1 1.000000 3.808 x 1075 5.410 x 10™° (6.624 & 2.102) x 107°
0.8 1.25 1.250000 3.150 x 107° 4.741 x 107° (5.715 4 1.049) x 107°
0.5 2 2.000002 2.424 x 107° 4.882 x 107° (5.466 + 1.323) x 107
02 5 4992236 1.553 x 1072 6.384 x 10™° (1.554 £0.017) x 1073
0.1 10 8.174396 0.1826 6.590 x 1074 0.18256 & 0.00020
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Figure 9: Temperature-dependent recovery at B = 32 and n = 20. Left: attention residual versus
cumulative tasks, with five paired seeds per temperature. Right: the learned scalar projection 3, and
its target 1 /7. The target is shown only for evaluation; no matrix target is supplied during training.

For the relationship between the emergence of parameters and batch size. We report scale calibration
and matrix shape in Figure 10. The lowest endpoint mean of E,j; occurs at B = 128, with value
7.204 x 10~%. By contrast, mean soft-update error continues to decrease up to B = 64 in Table 7.
Thus, the best observed parameter recovery and the lowest observed functional error do not coincide
in this sweep. At fixed Ny,sk, reducing B increases the number of Adam updates, whereas increasing
B averages more tasks in each update. Adam’s moment memories are defined in update units, so their
span in task units also changes. The observed ranking is consequently specific to the shared schedule,
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numerical precision, architecture, and task budget; it does not establish a universally optimal batch

size.
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Figure 10: Batch-size effects under a fixed task budget. Left: attention scale and traceless-shape
residuals, whose squares sum to E% for each model. Right: aggregate residuals at four checkpoints of
the same training runs. Intermediate curves are not independently retrained short-budget experiments.

For the relationship between the emergence of parameters and Training context length. For each
training length, only the first n¢;,i, transitions of the common 80-step trajectory enter the loss. The
teacher increment is recomputed from that prefix with normalization o /ntyain. The ngpain = 20
default uses the same paired generator and is shared across the three sweeps.

Table 10: Training-length comparison at 7 = 0.2 and B = 32. Every model receives 20.48 million
tasks and 640,000 updates; supplied transitions differ. Residuals are five-seed means, with the 95%
interval half-width for E); in the final column. The default is shared across sweeps.

95% interval

Ntrain 1ransitions (M) Ea Erp E.n half-width
1 20.48 0.0128 2.033 x 107* 0.0128 1.969 x 10™*

5 102.4 2.155 x 1072 8.059 x 107° 2.156 x 10™2 8.661 x 107°

10 204.8 1.699 x 1072 6.440 x 1075 1.700 x 10~ 5.381 x 10~°

20 409.6 1.553 x 1072 6.384 x 107° 1.554 x 1072 1.728 x 10~°
40 819.2 1.739 x 102 6.393 x 10~° 1.740 x 102 5.290 x 10~°
80 1638.4 2.019 x 1072 7.050 x 10™° 2.020 x 10™2 3.846 x 107

Table 11: Length-specific models on matched-length and common-nest = 20 dense tests, and
matched-length one-hot tests. Entries are update NRMSE percentages with pointwise 95% seed-
interval half-widths. The tabular column measures feature transfer without one-hot training.

Ntrain

Dense matched (%) Dense common 20 (%)

Tabular matched (%)

1 0.01893 £ 0.00032
5 0.00561 £ 0.00039
10 0.00431 £ 0.00043
20 0.00393 £ 0.00019
40 0.00367 £ 0.00020
80 0.00380 £ 0.00012

0.01573 £ 0.00025
0.00525 £ 0.00038
0.00417 £ 0.00042
0.00393 £ 0.00019
0.00384 £ 0.00021
0.00411 £ 0.00012

0.08467 £ 0.00095
0.01558 £ 0.00077
0.01284 £ 0.00049
0.01222 £ 0.00036
0.01413 £ 0.00060
0.01679 £ 0.00044

Among the tested lengths, 1¢;ain = 20 yields the lowest sample mean of E,j;, 1.554 x 103 (Table 10).
This is a fixed-task, fixed-update comparison, not a fixed-transition or fixed-compute comparison:
n = 80 supplies 80 times as many transitions per task as n = 1. Context length also changes the
distribution and variance of the window-averaged target. Table 11 therefore reports both matched-
length tests and tests at the common length nesy = 20. The common-length evaluation holds the test
window fixed when comparing models trained with different lengths. The one-hot results measure
dense-to-tabular feature transfer, not performance after one-hot training.
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Figure 11: Training context length at 7 = 0.2 and B = 32, with 20.48 million tasks per model. Left:
final parameter residuals. Right: update errors on matched-length and common-length dense-feature
tests.

Generalization to unseen tabular tasks. At 7 = 0.2, the Transformer achieves mean return
0.4880, compared with 0.4861 for its soft teacher and 0.5374 for Oracle. The paired Transformer-
minus-soft difference is 0.00188. This comparison does not resolve a return advantage and does not
establish equivalence or noninferiority. The visit-count online Q-learning baseline reaches 0.5318,
exceeding the Transformer means in the primary comparison. The evidence therefore supports
useful self-fed transfer (Figure 12). Deployment intervals use 5,000 percentile-bootstrap replicates
with independent resampling of the training-seed and test-task axes, preserving paired methods and
complete trajectories.
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Figure 12: Online Q-learning is included in the comparisons; the variant with decaying visit-count
learning rate yields the best performance.

Table 12 and Figure 13 complete the five-temperature comparison; 7 = 0.2 appears in the main text.
All curves use the same task bank, interaction axis, and evaluation protocol, and include Transformer,
hard window-Q, soft window-Q, Oracle, and Random.

Table 12: Final returns on 512 unseen tabular tasks: ni.s = 20, zero Q initialization.

Hard Q  Soft Q
7  Transformer [95% CI] (window) (window) Oracle Random

1 0.5036 [0.4835, 0.5237] 0.4740  0.5036 0.5374 0.0033
0.8 0.5033 [0.4829, 0.5227] 0.4740  0.5025 0.5374 0.0033
0.5 0.5003 [0.4804, 0.5198] 04740  0.4996 0.5374 0.0033
0.2 0.4880 [0.4686, 0.5074] 04740  0.4861 0.5374 0.0033
0.1 0.4833[0.4644, 0.5022] 0.4740  0.4795 0.5374 0.0033
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Figure 13: Tabular transfer at 7 = 1, 7 = 0.8, 7 = 0.5, and 7 = 0.1, with nges = 20, zero Q
initialization, and 20,000 interactions. Error bars denote pointwise 95% intervals. Transformer
weights are frozen throughout. All experiments use the same 512 tasks and 20,000-interaction budget.

For training and deployment context lengths. We distinguish three evaluations. The frozen-length
test varies niest for models trained with n,.in, = 20. The matched-length test deploys each length-
specific model at its training length. The common-length test deploys all length-specific models
at niest = 20. Every learner receives 20,000 interactions, so a window-based learner performs
20, 000/nest updates. Varying the deployment length therefore changes both the window-averaging
coefficient and the update frequency.

In the frozen-length test, niest = 5 yields the highest observed Transformer mean return, 0.5194,
whereas nyest = 20 yields 0.4880. The window teachers exhibit a similar dependence on deployment
length. With common nyest = 20, the length-specific models instead have mean returns between
0.4868 and 0.4884. Thus, training-context effects should be distinguished from deployment update
frequency; longer windows do not uniformly improve finite-budget control.
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Figure 14: Separating training-length and deployment-length effects at 7 = 0.2. Left: models trained
at Ngrain = 20 and deployed with different windows. Right: models trained at different lengths and
all deployed at n.st = 20. Both evaluations use the same task bank and 20,000-interaction budget.
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D THEORETICAL ANALYSIS

Fix integers d > 1 > 2,n > 1 and real constants & > 0,0 < v < 1, 7 > 0. The meanings of
these fixed quantitles are given below The temperature 7 is fixed during optimization, let
( {(burwrlvwza: Z<7’L CLE[ ]})NDn

Here w € R is an input vector, held fixed within a context. The vector ¢; € R4 is the current
state—action feature, r;41 € R is the observed reward, and v; , € R? is the feature of candidate
action a at the successor state. These are allowed to be statistically dependent. The symbol D,,
denotes their joint probability law, let

T _ eXp(WT¢i7a/T) T _ - T .
7Ti,a(z) - 22121 eXp(WT¢i,b/T)7 ¢z (z) - GZ:l Wi,a(z)wz,aa (D~1)
n—1
07(2) = rig1 — W & +yw 97 (2), Frn(z)= =3 6:67(z). (D)

The probabilities 7] , average successor features; they are not the behavior policy that generated the
trajectory. The scalar 07 is the specified temporal-difference target minus the current score. The
vector F,,, € R? is the update increment to imitate. Thus the teacher’s full prediction is w + .

In this appendix, we explicitly restrict optimization to the six-block support of Proposition B.3, with
every other block fixed at zero. The six-block support O5,, = (Ag,L,B_,B4,B,.,C) € Og,;, can
be broken down into following blocks

0=(ALb K by Ki B,¢C)c®,  dim®O =5d2+3d+ 1. (D.3)

where A=Ay, L=L,B_=[b_,K_],B; =[by,K.],B,. =[3,q"]. The trainable matrix L is
not assumed invertible; invertibility is imposed only on the exact-realization manifold.

exp(¢ , Aw)
Zb 1 exp(;beAw) ’
5i(0:2) = ¢; (b— + K_w) + (L;(A;2)) " (by + K+W) +ripi(B+q w), (D.5)

Di, a(A Z)

d)z A Z sza A zZ 1/11 as (D.4)

Fo.,(z ZCQST% (0;2) (D.6)
Both full outputs add the same w, so their difference is the increment error eg(z) := Fp ,(z) —
F. »(z). For the fixed context length n, we write the loss as L,, () = £(6), i.e.
1
Ln(0) = 5Bonp, [|Fo.n(2) = Frn(2)]3: (D.7)

We prove Theorem 2 in three parts. First, we characterize the local geometry and normal curvature
of the optimal parameter manifold. Second, we establish a one-step contraction of gradient descent
toward this manifold. Finally, we use these results to prove convergence to a single optimal parameter
and derive the matching worst-case iteration complexity over the admissible initialization class.

D.1 GEOMETRY AND CURVATURE OF THE OPTIMAL PARAMETER MANIFOLD

A perturbation U € © has blocks denoted by AA, ..., AC in the same order as (D.3).
OIS =IAAIF + IALIE + [|Ab- 13 + [AK_[IF + [|Aby 13
HIIAKLE + AL + [|Aql3 + [AC]IE-
For a vector, |23 = > 3; for a matrix, | M||3 = tr(M T M). The product inner product is
the corresponding sum of vector dot products and matrix Frobenius inner products. We abbreviate

lU|le to ||U|| when the space is unambiguous. Norms of operators are induced by their domain and
codomain norms, not entrywise norms unless specified.
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For a fixed context z, let Jg ,(z) := DgFp n(z) : © — R¢ denote the Jacobian of the Transformer
output with respect to its parameters. Thus, for a parameter perturbation U € ©, Jg ,,(z)[U] =
%Fg+tU7n(Z)|t:0. Equivalently, Fo11u,n(2) = Fo,n(2) + tJo n(z)[U] + o(t). Hence Jg ,,(z)[U]
measures the first-order change of the Transformer output, on the particular context z, when the
parameters are perturbed in direction U.

Since our training objective is the population loss (D.7), we now introduce the population Jacobian.
We therefore consider the Hilbert space

Hn = L2(Dn; Rd)? <f7 h>Hn = ]E<f(Z), h(z)>27
with norm |f|3, = E|f(2)|3, and define the population Jacobian Jp , : © = Hp, (Jo,nU)(z) =

Jo.n(2)[U]. Thus | 7o, U3, = E[Jg,.(2)[U]|3 measures the average squared first-order output
change caused by the parameter perturbation U over the entire context distribution.

Let Jg ,, denote the adjoint of the population Jacobian, defined by (Jo,, U, f)3, = (U, T4 . f)e-
Equivalently, Jg ,, f = E[Jo,n(2)* f(2)].

At an exact realization @ € M., define the population Gauss-Newton operator G(8) := o nJon-
For every parameter direction U,
(U,G(0)U) =|75,,Ul%, = ElJg,(2)[U]l3.

Therefore G(0) quantifies how strongly the Transformer output responds, to first order, to perturba-
tions of its parameters around an exact realization. The minimum normal curvature over the chosen
target patch U, C M is defined by k := infgeyy 1 enyMm, jUI=1 1T, U3, -

The quantity  has a direct optimization interpretation. A large x means that every unit perturbation
away from the exact-realization manifold produces a substantial change in the Transformer output, so
the population loss has appreciable curvature in every identifiable parameter direction. A small x
means that at least one identifiable direction is nearly flat and is therefore harder to learn by training.

Throughout the remainder of Appendix D, n and 7 are fixed. We use the abbreviations Jg = Jy ,
G =G,, H =H,, and H = H,,(7). Below we mainly analyze the geometric and curvature
information of the optimal parameter manifold, as detailed in Lemmas D.1, D.2 and D.3 below.

Structure of the optimal parameter manifold. The structure of the optimal parameter manifold
establishes that every parameter on the manifold exactly realizes the target update and achieves zero
loss, that the collection of such optimal parameters forms a smooth embedded manifold, and that the
Hessian V2L,,(0) is degenerate exactly along the tangent directions of this manifold, which means
motion within M, preserves zero loss, whereas every nonzero normal direction has strictly positive
Hessian curvature.

Lemma D.1 (Structure of the optimal parameter manifold). For every 8 = 0.(L,c) € M.,
Fg ,(z) = F: n(z) for every admissible input z, and

(i) L,(0) = 0 = mingee L, (0), and M, C argmingee L, (0).

(ii) M, is a closed smooth embedded submanifold of ©, dim(M.) = d* + 1.

(iii) Under Assumption 1, ker G.,(0) = Ty M and V?L,,(0) = G,,(0), where ker T denotes the set
of directions that the operator T' maps to zero, i.e., the directions along which T has no effect.

Proof. (i) Since the population loss is L,,(8) = 3E [|| Fo,,.(z) — F;,»(2)||3]. Theorem 1 immediately
gives L,,(6) = 0 and L,,(0) > 0 for every @ € ©. Therefore L,,(6) = 0 = mingee L, (8). Since
6 € M, was arbitrary, M, C argmingeeo L, (0).

(ii) Define G := GL(d) x (R \ {0}). Since GL(d) = {L € R¥9 : det(L) # 0}, and the
determinant map is continuous, G'L(d) is an open subset of R4*? ~ R%. Likewise, R \ {0} is open
in R. Therefore G C R4 *1 is an open smooth manifold of dimension dim(G) = d2 + 1.

Define the parameterization ®, : G — O, ®, (L, c) := 0.(L, c). Then, by definition, M, = ®,(G).
Matrix inversion L — L~! is smooth on GL(d), while the scalar map ¢ — ¢~ is smooth on R \ {0}.
Consequently, (L, c) — eyL™*, (L, ¢) — 21, are smooth, and hence @ is a smooth map.
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In order to prove M, = ®.(G) is an embedded submanifold of O, it suffices to verify that @ is an
injective immersion which is a homeomorphism onto its image. Since ®,(L1,¢1) = ®, (Lo, c2) —
(Ly,c1) = (Lo, c3), @, is injective. For a perturbation (Z,¢) € R49*4 x R ~ T(1,¢)9, where T(, )G
is the tangent space of G at the point (L, ¢), the differential of @ is

D@T(L,C)[Z, 5] = <Oa Z7 07 7£Id7 vayELiT - C’YLiTZTLiTa fa 07 70[5072Id>-

This follows from differentiating L~ T LT = I, in the direction Z, which gives D(L~")[Z] =
~L=TZTL=T. Suppose D®.(L,c)[Z,&] = 0, we have (Z,£) = (0,0), which means
D®,(L,c) is injective at every (L,c) € G, ie. &, is an immersion. For any 8 =
(A,L,b_,K_,b,,K,,$3,q,C) € M., The inverse parameterization on M is simply ®-1(0) =
(L, B). Since coordinate projections are continuous, -1 is continuous on its image. Therefore,
M, = ®,(G) is an embedded submanifold of ©, and dim(M,) = d? + 1 by the fact that an
embedding preserves dimension.

It remains to show that M is closed as a subset of ©. Consider an arbitrary convergent sequence
0; = 0.(Lj,cj) € M;,0; — 6, in ©. We show that 8, € M. Since convergence in ©
implies convergence of every parameter block, L; — L,. Since the seventh block satisfies 3; = ¢;,
¢j — ¢, = . We need to verify that ¢, # 0 and L, € GL(d).

Suppose, for contradiction, that ¢ = 0, then ¢; — 0. However, the ninth parameter block is C; = < 1.

Cj
Since a > 0, |Cj||F = ﬁHIdHF = (TC,‘d — oo. This contradicts the assumed convergence of 8, in
J J

the finite-dimensional parameter space ©, thus ¢, # 0.

Similarly, suppose that L, is singular. Since L; € GL(d), L; — L,, with L, singular, the smallest

singular value satisfies omin (L;) — 0. Consequently, ||Lj_1H0p = m — 00. On the other
hand, ¢; — c. # 0, so for sufficiently large j, |cj| > ICQ*I > 0. The sixth parameter block

is Ki; = cjfij_T. Therefore | Ky jllop = 7|cj] ||Lj_T||op = UHZLC(J'Llj) — 00, contradicting

convergence of the sixth block of 8, thus L, € GL(d). Since L, € GL(d) and ¢, # 0, the pair
(Ly, c) belongs to G. Moreover, continuity of matrix inversion on GL(d) gives Lj_1 — L1, and

inui ; 1 1
continuity of ¢, — 1/c, gives ; =

C.

Therefore every block of @; converges to the corresponding block of 0.(L,c), so that 8, =

0.(Ls,ci) € M,. Hence every convergent sequence in M, whose limit exists in © has its
limit again in M. Since © is finite dimensional, this proves that M is closed.

(iii) We prove ker G(0) = Ty M, and V2L, (8) = G(8) := J};J5 in the following four steps.
Step 1: Tangent space of the optimal parameter manifold M.

Consider a smooth curve ¢t — (L(¢),c(t)) in GL(d) x (R \ {0}) such that L(0) = L, ¢(0) = c.
Write Z := L(0), & := ¢(0). Differentiating L(#) "1 L(t) = I; att = 0 gives
d
—L(t)""| =-L""ZTL7T.
dt ®) t=0
Hence differentiating 0. (L(t), c(t)) gives
AA=0, AL=2, Ab_ =0, AK_=—¢I,

Aby =0, A¢g=0, AB=¢ AC=—atc?Iy,

d _ _ - _
ARy = — [ye(t)L(1) Ng=2L" " —eyL™ 2707

Therefore
ToM, = {(0, Z,0,—€14,0,76L™ T —eyL™TZTL™7,£,0,—age™?1y) : Z e R™, ¢ € R}.
(D.8)
These are precisely the infinitesimal gauge directions.

Step 2: Sample Jacobian and collect the observable parameter combinations.
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Recall p; o(A) and ¢;(A) defined in (D.4). Let X7 = >, 77 , (¢i,a =7 ) (thi,.a — ] ) T The softmax
derivative gives Dp; o (771 I4)[AA] = 7], (¢i,o —¢7) T AAw. Consequently,

DYi(r7 1) [AA] =Y i Dpia(r 1) [AA] = ST AAw. (D.9)

Recall 5;(6;2) = ¢ (b— + K_w) + b L)i(A) + w K[ Li(A) + 7i41(8 + ¢ w) defined in
(D.5). Atf = 0,(L,c), wehave by = 0and K, = cyL™". For an arbitrary perturbation U, write
& := Ap. Using the product rule and (D.9), we obtain

$i[U] =] (Ab_ + AK_w) + (¥]) " [LTAby + (LTAK, +eyALTL™ ") w]
+ 7ip1 (§ + Aqu) + ’ychZZTAA w. (D.10)
Since Fo n(z) = 2 3, C¢;si(0;z) and C = 214, 5;(0;z) = 67, the sample Jacobian satisfies
1 Lo
Jo@[U] = — 3" [eAC 407 + Z6:5.[U] (D.11)

Then we collect the observable parameter combinations. Define the linear map Qr . : © — V,
QLU= (Ec,eq,e_,E_,es,E.,E4), by
Ec = %AC +&ly, eq=Aq, e_=Ab_, E_=AK_+¢&lq,, (D.12)
ey =LTAby, Ejx=~cAA, E;=cyAL'L™ "+ LTAK, —~£1,. (D.13)
Subtracting £67 from (D.10), where 6] = 741 — W +yw ! _ZT, gives
5:[U) = €67 = ¢ (e- + E-w) + (0]) T (e + Exw) + ri1eqg w +w ST Eaw.

Likewise, cAC' = % (E¢ — £I4). Substitution into (D.11) shows that the terms proportional to £67
cancel exactly. Thus

Jo(z)[U] = %Bf,n(Z)[QL,CU]. (D.14)

Step 3: The kernels of Qr, . and G,,(0) are exactly the tangent space.

Suppose Q..U = 0. Then E4 =e; = e_ = ey = 0. Since v > 0, ¢ # 0, and L is invertible,
this implies AA = 0, Ag = 0, Ab_ = 0, Ab, = 0. Moreover, Ec = 0 implies AC = —afc™ 21y,
while F_ = 0 gives AK_ = —¢I,. Finally, B, = 0 gives LTAK, =&l — ¢yALTL~T. Then
AK, =~6L~ " —eyL " TALTL™T. Set Z := AL. Together with the preceding identities, this is
precisely the tangent form in (D.8). Hence ker Qr, . C Tg M.

Conversely, take any U € T M .. Then for some Z and &, direct substitution of (D.8) into (D.12)-
(D.13) gives Q.U = 0. Therefore Tg M, C ker @1, ., which means

ker Qp . =TgM;. (D.15)

Since H = L?(D,,; R?) is the population output space, and G(0) = J} Jg, then, for every perturba-
tion U, by (D.14), we have

B 2 2
(U,GOU) = [JgUJ3, = 5 B [|Bra(2)QuU]E] = % (QueU, HQLAU)y, (D.16)

where H = E[B; ,,(2)*B; »(z)]. By Assumption 1 (i), H > 0. Therefore (@1 .U, HQr U) =0
if and only if Q1 .U = 0. Since G(8) = J; J is positive semi-definite,
(U,GOU) =0 <= GOU=0.
Combining this with (D.16) and (D.15), we obtain
ker G(0) = ker Qp, . = TgM.. (D.17)

Step 4: Prove V2L, (0) = G(6).
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Recall that L,,(8) = 1E||eg(z)||3, where eg(z) := Fg,,(z) — F: ,(2). Under Assumption 1 (i), the
data are bounded. On a sufficiently small bounded parameter neighborhood, softmax smoothness
gives common integrable bounds on the predictor and its first two derivatives. Hence differentiation
under the expectation is valid. For arbitrary directions U, V,

D?L,(0)[U, V] = E [(Jo(z)[U], Jo(2)[V])] + E [{eq(z), D*Fp »,(2)[U, V])] . (D.18)

By part (i), at every correct parameter @ € M. we have the samplewise identity eg(z) = 0. Therefore
the second term in (D.18) vanishes identically, and

D?L,(9)[U, V] = E [(J5(2)[U], Jo(2)[V])] = (U, J5.Jg V).

Hence, as operators, ~ ~
V2L, (0) = J3J5 = G(0). (D.19)

Combining (D.19) with (D.17) yields
ker V2L, (0) = TgM..

Equivalently, if U ¢ TgM.,, then (U, V2L,,(6)U) > 0. In particular, for every nonzero normal
direction U € Na M., \ {0}, we have (U, V2L, (6)U) > 0. O

Uniform normal curvature of the optimal parameter manifold By Lemma D.1, we have
V2L, (0) = G(0). It follows that the curvature « defined in (16) characterizes the weakest second-
order growth of the loss when moving away from the optimal manifold.

Lemma D.2 shows that the loss has uniformly positive curvature in all normal, non-gauge directions
around the optimal parameter manifold, and that this curvature is quantitatively comparable to the
data-richness constant: £ < x := Apin(Hn (7)), where H := E [B; ,,(2)*B;,,(2z)]. Thus, stronger
data identifiability leads to stronger local curvature and faster contraction toward the optimal manifold.

Recall that @ € GL(d) x (R\ {0}), U :={6,(L,c): (L,c) € R} C M,.
Lemma D.2 (Uniform normal curvature). Under Assumptions 1, there exists constants 0 < cq <

Cq < oo such that, uniformly over @ = 0.(L,c) € U, cox < )\min(VQLn(éﬂNéM,) < Cax.
Equivalently, 0 < cox < k < Cqx.

Proof. Fix0 = 6.(L,c) € U,. From (D.14), J5(2)[U] = 2B, ,,(z)[QL,.U], where Qp, . : T40 —
V is the linear map collecting the effective observable coefficients. Moreover, ker Qr . = T M.

We first show that the restriction )z, .| NgM, : NgM, — Vis an isomorphism (a bijective linear map
that preserves linear operations). Since Ng M, Nker Q. = {0}, the restriction is injective. Further-
more, dim Ng M, = (5d% +3d+1) — (d* + 1) = 4d? + 3d. The dimension of observable coefficient
space is dim V = 4d? + 3d, thus the restriction is bijective. For completeness, one may construct an
explicit right inverse Ry, . : V — TgO. Specifically, for ( = (Ec,eq,e—, E_, e, EL,E4) €V, set

AA = (ye) 'Eyq, AL =0, AB =0,
AC = ac ?E¢, Ab_=e_, AK_=E_,
Ag = e, Ab, =L Te,, AK, =L "E,.

Then Qr .Rr,. = Iy. Let Py denote the orthogonal projection onto NgM . Since (), . vanishes
onTyM-, Qr..Pn = Qr.c. Therefore Py Ry, . is the inverse of Q7 c| vy, -

Since €2 is compact and L, L™!, ¢, ¢! are uniformly bounded on €2, the operator norms of Q L
and Ry, . are uniformly bounded. Hence there exist constants 0 < t_ < ¢4 < oo such that, for every

0 € U, and every U € Ny M,
t U]l < |Qr.cUllv < t4][U]. (D.20)

where one may take t_ = (SUP(L,c)eﬁ IRLcllop) ™"t = SUP(r,.c)eqa 1QL,cllop-

We now transfer Assumption 1 from coefficient space to parameter space. Since H > xIy, we
can obtain (Qr U, HQL .U) > x||Qr,U|3 by (D.16). Thus, for every unit normal vector
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U € NgM... U] = 1, yields (U, G(9)U) > 2 yt? from (D.20). Let cy. := max; g |c|. then

S
_ (12 2 2,2
C% > é, and hence (U, G(0)U) > Cg . Therefore, by taking co = = i we have

Amin(G(0)|nyMm, ) = cax. (D.21)
Let (. € V, ||¢«|ly = 1, be a unit eigenvector of H corresponding to its smallest eigenvalue
H(. = xC.. Since QL c|n,m, is invertible, define U, = (QL.c|n,m )*14*. Then Qr, .U, = (..

By the upper estimate in (D. 20) 1=1QL.cUsllv < t4]|Uy|, s0 |UL]| = . 7. - Using (D.16),
I T3 o? (G, HG) o x 2t2 o U,
(U.,GO)U,) = 55" = —5 <—tx Ue= ==
¢ U2 Uz = e 0.l
2
Letc_ :=ming; g lc/ > 0. Then % < é, and therefore, by taking Cq, = aé*,

mll’l

(G(0)|ngm., ) < Cax. (D.22)
Finally, by Lemma D.1, V2L,,(8) = G(8) for every 8 € M. Combining (D.21) and (D.22) gives
caX € Amin(VZLn(0)|nprt, ) < Cax.

Taking the infimum over @ € U/, and over unit normal directions yields cox < & < Cqx. Since
x > 0 by Assumption 1 and cq, > 0, we conclude that £ > 0. O

Local tubular geometry and unique projection. Lemma D.3 provides a precise local notion of
distance to the optimal parameter manifold.

For any parameter 6 sufficiently close to M, define,
d(0) :=dist(0, M) = inf ||@ — 9.
(6) := dist (8, M,) = inf | |

Lemma D.3 guarantees that this distance is attained at a unique nearest point @ = I1(8). Moreover,
the displacement A = 6 — I1(0) is normal to the manifold, i.e. d(8) = ||@ — I1(0)]|.

Lemma D.3 (Local tubular geometry and unique projection). There exists a constant 7gco > 0 such
that the following statements hold.

(i) For every 6 € U, and A € Ng M, with ||A|| < rgeo, the point @ = 0 + A has 0 as its unique
nearest point on the full manifold M.

(ii) Define the normal tube T, (U {0 +A:0cU,, A NgM,, |A| < rgeo}. For every
0 < T, (U:), the nearest-point prOJecnOn I1(8) onto M is uniquely defined and satisfies 6 —
I1(0) € NrgyM; and d(8) = |0 —I1(8)|. Moreover, T, (U-) is an open neighborhood of U, in
the ambient parameter space.

Proof. By Lemma D.1, M is a smooth closed embedded submanifold of the finite-dimensional
Euclidean parameter space, and U/, is compact. By the tubular neighborhood theorem (Lee, 2013,
Theorem 6.24), every point sufficiently close to M can be uniquely represented as 8 = 6 + A,
where 8 € M., and A € Ng M is a sufficiently small normal displacement.

For each 8 € U, there exist a neighborhood Vg C M. and a radius rg > 0 such that the above
normal representation remains unique for all normal perturbations of size smaller than 75 from points
in Vy. Since U, is compact, finitely many such neighborhoods, say Vi, ..., Vr, cover U. Define
V= Ule V; and 1o = min; <z rj. Since the minimum is taken over finitely many positive radii,
7o > 0. Thus every normal perturbation of norm smaller than ry from a point in V lies in the region
where the normal representation is unique.

(1) We choose the radius small enough so that the nearest point cannot leave V. Since U, C V, U, is
compact, and M \ V is closed, we have § := dist(U,, M, \ V) > 0. Choose rge, > 0 such that
Tgeo < min{rg,§/2}. Now take @ € U, and A € NgM, with | A|| < 7ge0, and set 8 = 0 + A.
Since M, is closed, there exists at least one nearest point 8* € M to 6. Because 8 € M.,

16— 67| < [0 — 8] = [|All < rgeo.
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The triangle inequality then gives ||0* — 0] < 2rge, < &. Hence 8* € V.

Since 0" minimizes the Euclidean distance from 6 to M, the first-order optimality condition implies
0 — 0" € Ng- M., Therefore 8 has two normal representations: @ = 6 + A and 8 = 0" + (60 — 6™).
Both base points lie in 1V, and both normal displacements have norm smaller than 7. By uniqueness
of the tubular representation, we must have 8* = 6. Thus 6 is the unique nearest point to € on the
full manifold M. Consequently,

M0)=6. 6-TI(6) € NyoyM,,  d(6) =6 TI(6)].

(i) Since U is relatively open in M, the normal perturbations of norm smaller than 7., based at
points of U/, form an open set in the tubular coordinates. The tubular-neighborhood map sends this
set to an open subset of the ambient parameter space containing /.. Hence the corresponding normal
tube is an open neighborhood of U/ . O

D.2 A DIRECT PARAMETER-DISTANCE ESTIMATE FOR ONE GD STEP

The identity d(0) = ||A|| is essential for the convergence analysis, where A = 6 — TI(0) is the
normal displacement from the current parameter to its nearest point on the optimal manifold. The
operator Jry(g),,[A] describes the first-order change of the model output when the parameter moves
from the nearest optimal point II(0) in the direction A. Since A is normal to the manifold, the
normal-curvature bound in Lemma D.2 can be applied directly, giving

1Ty nl A2, = BIAI? = 5el(6)°.

Lemma D.4 shows that one gradient-descent step moves the current parameter closer to the optimal
manifold. We first prove that the gradient has a sufficiently large component in the direction that
reduces the normal displacement from the manifold. We then control the overall gradient norm
to ensure that the update does not overshoot. Combining these two estimates yields a one-step
contraction of the distance to M ..

Lemma D.4 (One-step contraction toward the optimal manifold). Under Assumption 1,

(i) There exist constants My > 0, L; > 0, and 0 < pg < rgeo such that, for all 0,0" € Too (U-),
HJG,n”op g MJ: and ||j0,n - jO’,nHop < LJ”O - G/H

(ii) Let r := min {po, %}, T := T, (U,). Forany 0 € T and every step size 0 < n < 1/(2M?3),
d (6 —nVL,(8)° < (1—2)d(6)% andn ||[VL, ()| < 4\%’ [d(0) — d (0 —nVL,(0))], where
1—nk/4€[7/8,1).

Proof. (i) Write the parameter as @ = (A, x), where x collects all parameter blocks other than
A. Since U, is compact, there exists My < oo such that ||z|| < My on U,. Choose 0 < py <
min{rgeo, 1} sufficiently small so that 7,, (U, ) and the line segment joining each point in this tube
to its projection onto M, are contained in

C={(Az): AcR™ |z| < My+1}.

Although A is unrestricted in C, it enters the model through the softmax logits. The derivatives of
the softmax are uniformly bounded, the features and weights are bounded by Assumption 1, and all
remaining parameter blocks are bounded on C. Hence there exist constants My > 0 and L; > 0
such that, for all 8,6’ € T, (U;),

||L70,n||0p < MJ; ||t797n - j@’,n”op g LJ||0 - 0/” (D23)

Since « is the minimum curvature over unit normal directions on the selected optimal patch, the first
bound in (D.23) also gives k < M 3 For a fixed gauge domain 2 and temperature-independent data
bounds, the constants M ; and L ; can be chosen independently of 7. Indeed, the non-A coordinates
of the realization patch do not depend on 7, while A enters the model only through the softmax logits,
whose derivatives with respect to those logits are uniformly bounded.

(ii) Fix @ € T,.(U,) and let @ = T1(@) and A = §—6. By LemmaD.3, A € Ny M, and ||A|| = d(0).
If d(@) = 0, then @ € M, and VL, (0) = 0, so the conclusions are immediate. Hence assume
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d(0) > 0. Define 87 = 6 — nVL,(0) and d, := d(6"). Since & € M, is a valid comparison
point in the definition of d,,

&2 < ||60 = nVL.(0) - 0|° = d(6)? — 27 (VL,(0), A) + 17| VL (0)[|. (D.24)

Thus, it is enough to show that the directional component (V L, (), A) is uniformly positive and
that the total gradient norm is controlled by this same quantity. We establish these two bounds below.

For (VL,(0),A). Since 6 € M, Fg,, = F; ,, and the fundamental theorem of calculus gives

1
Fom—Fyp= / TosianlAdt. (D.25)
0

Moreover, for every parameter direction U,

<VLTL(0)7 U> = <F0,n - FT,’I’L7 \797n[U]>L2(Dn) . (D.26)

Because A is normal to M, Lemma D.2 gives || 75 ,, [A] VK d(0). Using the Jacobian

Lipschitz bound in (D.23),
1o [Alll2(p,) = 10,0 (Al 12p,, — L0 = BIIIA[ > Vi d(8) — Lyd(8)*.
Since d(0) < r and r < v/k/(4Ly),

I,

3
1T, [Alll 2(p,.) = 7 VR d(O). (D.27)

Using (D.25), write
F07n - ‘rn j@ n[ ] +R, (D28)
where R := fol (J641a.n — Jo.n) [A] dt. By the Jacobian Lipschitz bound,

LJ

1
|Rllz2(p,) < / Ly — )| A2 dt = Z2d(6)* < \Fd( ) (D.29)

Combining this with (D.27) gives || R|[z2(p,) < éng’n[A]”Lz(Dn). Taking U = A in (D.26) and
using (D.28), we have

)
(VLn(0),A) = (TonlAl + R, To.n[A]) 12p, ) > 6||~79,n[A]||%2(Dn)~ (D.30)
Together with (D.27), this yields
1
(VLo (), A) > 3—250[(9) D31)

For [[VL,(6)[. By (D.28). [ Fo.. — Froullz(p,) < 51 J0.4[A)lz2(p,). Using (D26), (D.23), and
(D.30), we obtain A
9

IVLa(0)IF < 55

M2 (VL. (6),A) . (D32)

We now return to the distance expansion (D.24). Using (D.32),

dZ < d(0)* — (2 - SOnMJ> (VL,(0),A). (D.33)
Ifn < 1/(2M?3), then 2 — (49/30)nM?2 > 71/60 > 1. Therefore, by (D.31),
15 K
&2 < d(0)% = (VL,(6),A) < (1 - 32m> d(0)* < (1 - ”Z) d(9)>. (D.34)

Since k < M2 and n < 1/(2M?), the contraction factor satisfies 1 — nr/4 € [7/8,1).
It remains to control the step length. From (D.33) and the same step-size condition,

1 (VLn(0),A) < d(0)* —di <2d(6) (d(6) —dy), (D.35)
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where dy < (0) follows from (D.34). Furthermore, by (D.30), (D.27), and the bound || Fg ,, —
‘rnHLZ(D ) (7/6)”«70 n[ H‘LQ(DH)’
IVL.(0)] _ 28M,

< . D.36
(VE.(0),) < 155 d(0) (D-30)
Combining (D.35) and (D.36) yields
56MJ 4MJ
L,(0)] < d0) —dy) < —=1[d(0) —d (0 —nVL,())].
MIVLL(O)] < T 72 (d(0) — ) <~ [d(0) ~ d(0 ~ 1V L (0))]
This proves both the one-step contraction and the step-length estimate. O

D.3 THE PROOF OF THEOREM 2
Let g, := 1 —nx/4. By Lemma D.4,if 0 < n < 1/(2M3), then ¢,, € (0, 1).

Convergence of the full parameter sequence and its limit. Let dj := d(0y). Assume dy > 0.
Define Ag := % dp. By the initialization condition, Ay < b7 (0y), where by (0) := dist(0,T°).
Therefore the closed ball B(8g, Ag) is contained in 7.

We prove inductively that every iterate and every update segment remain in this ball and that
di, < qs/zdo. Suppose 8, € 7. By Lemma D 4,

4M
dr+1 < /Gy di, 16541 — Ok]| < —=2

N3 (dy, — djgr).- (D.37)

The first inequality gives dy4+1 < ( 1)/ %do.

Now consider any point y = 0 + s(0x1 — 0}), with 0 < s < 1, on the new update segment. Using
(D.37) and the induction hypothesis,

ly — 6ol < Z 16511 = 05l + 5[0k41 — O]

k
AM,
z:;) djt1) W(do —dpy1) < Ao. (D.38)

Hence the entire update segment remains in B(6y, A¢) C 7. Every iterate remains in 7, and
dy, < q/*dy holds for all k > 0.

The decay d — 0 alone does not guarantee convergence of the full parameter sequence, since the
iterates could in principle drift along the optimal manifold. The step-length estimate in (D.37) rules
out this possibility. For integers ¢ > k, summing the step-length bound gives

AM AM
Zuem 6| < fJ( —dy) < TJdk < Aogl/2. (D.39)

The right-hand side tends to zero as k — oco. Hence (0}) is a Cauchy sequence. Since the parameter
space is finite-dimensional, there exists 8, such that 8, — 6

Letting £ — oo in (D.39) yields
16k — Ooc|| < Aog/?. (D.40)

Together with dj < qlﬁ / % do, this proves geometric convergence both to the optimal manifold and to a
single parameter limit. The distance function d(@) = dist(@, M) is 1-Lipschitz. Since 8, — 0
and d, — 0, we obtain d(6,) = 0. Because M is closed, O, € M.

Moreover, all iterates lie in the closed ball B(8, Ag), so the limit also lies in this ball and therefore in
T. Since T = T,.(Us), there exist @ € U, and A € Nag M, with ||A|| < r, such that 0, = 0 + A.

By Lemma D.3, 0 is the unique nearest point of 6., on M. But O € M, so O itself is
a nearest point. Uniqueness therefore implies A = 0 and 8., = 6 € U,. Hence there exist
(Loo, Coo) € Q2 such that O, = 6(Lo, o). By exact realization on M., Fyg_ ,, = F: ., and
therefore L, (0o) = 0 = mingceo L, (0).
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Iteration-complexity bound. By dj < qf,/zdo, d0k) < qf/zdo. Since ¢, = 1 — nr/4 and
1—z<e ™, d0k) < exp(—2E)dy. Thus K > % log(1/¢) is sufficient to guarantee d(0 ) <

8
edy. Consequently, Kgp(e;00) < L}% log %—‘

We prove the lower bound by considering a small perturbation along the normal direction with the
smallest local curvature. This direction is the locally slowest contraction direction of gradient descent.

Choose an interior point 8° € U, and define

= Amin (V2Ln(é°) (D.41)

|NéOM'r> :

Thus, ¢ is the smallest Hessian curvature over the normal directions at 6°. By LemmaD.2, k < £ <
(Cq/cq)k. At an optimal parameter, V2L, (0°) = Jge ,Je° - Hence the local Jacobian bound

gives £ < M?3. Since the Hessian is symmetric and ker(VQLn(éo)) = Tgo M., the normal space is
invariant under the Hessian. Therefore, there exists a unit vector U® € Ngo M, such that

V2L, (6°)U° = (U°, (D.42)

Thus, U° is a normal direction with the smallest local curvature.

For t > 0, define 8; = 8° + tU°. For sufficiently small ¢, Lemma D.3 gives d(0;) = t. We first

verify that these perturbations are admissible initializations. Let b° := b7(8°) > 0. Since the
distance to 7€ is 1-Lipschitz, b (0;) > b° — t. Thus, if ¢ is sufficiently small so that t < r, ¢ < b°/2,
and t < b°\/k/(8M ), then

AM;
\/>

Hence all sufficiently small nonzero 8, are admissible initializations.

We next determine how fast gradient descent contracts this perturbation. Define 7,,(0) = 6 —
nVL,(8). Since VL,(0°) = 0, the point 8° is a fixed point of T;,. Moreover, DT, (8°) =
I-— nVQLn(éo). Therefore, using (D.42), for every fixed finite integer K,

D(TF)(6°)U° = (1 —no)KU°. (D.44)
Hence, to first order, the perturbation along U® is reduced by the factor (1 — n¢)¥ after K gradient-

descent steps.

We now make this local linearization precise. Fix K and then let ¢ tend to zero. Since L, is twice
continuously differentiable in the local regularity region, 75, is continuously differentiable there. For
sufficiently small ¢, the first K iterates remain in this region, and

[Rx @)l
t

Here K is fixed before taking the limit ¢ | 0. Since ¢ < M3 and n < 1/(2M?%), we have

0 < 7 < 1/2, and therefore (1 — 7¢)* > 0. For sufficiently small ¢, Lemma D.3 gives d(8° + t(1 —
nf)KU°) = t(1 — nl)X. Because the distance to M is 1-Lipschitz, (D.45) implies

TK(6:) = 6" + t(1 — nt)*U° + R (), —0 ast]O. (D.45)

o AT (6)

_ o K

Suppose that K iterations guarantee d(T," (8¢)) < £d(6y) for every admissible initialization. Since

all sufficiently small 8, constructed above are admissible, (D.46) implies (1 — nE)K < ¢&. Therefore,
K >log(1/e)/[—log(1 —nf)]. Since 0 < n¢ < 1/2 and —log(l — z) < 2z for 0 < = < 1/2, we
obtain

1 1 1
log _ > 55— log . (D.47)

sup [(GD(E 0 ) 2CQ nk 0g €

0%c A, 277€
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E VERIFICATION FOR A CONCRETE POPULATION MODEL

In this section, we provide simple sufficient conditions under which the richness condition in
Assumption 1 holds, showing that it is satisfied by a broad class of task distributions, including
our experimental setting. We then quantify its dependence on the temperature parameter for the
experimental distribution.

Let a task consist of an initial distribution Py, transition kernel P, feature table ® : S x A — R4,
reward table R(a,s’), and an input weight w. Given a task, a trajectory is generated by a fixed
behavior policy 7y, and ¢; = P (s, a;), Vi e = P(Sit1,a), and riy1 = R(a;, Si+1)-

E.1 QUALITATIVE VERIFICATION OF OBSERVABLE RICHNESS

Theorem E.1 (Continuous-population verification). Under Assumption 1(i), assume that:

(i) the finite-dimensional random vector formed by w, the entries of the feature ®, and the entries of
the reward R has a nonzero absolutely continuous component with respect to Lebesgue measure;

(ii) there exist distinct states sy, s1 and, when n > 1, distinct actions a,,a, such that, almost
surely over tasks, Py(so) > 0, P(s1 | so,ayz) > 0, P(s1 | s1,a.) > 0, and mp(ay | so) > 0,
mp(az | s1) > 0. Forn =1, only Py(sg) > 0, P(s1 | s0,as) > 0, and mp(a, | so) > 0 are required.

Then, for every fixed n > 1 and T > 0, Assumption 1 (ii) holds.

Proof. Fixn > 1and 7 > 0. Recall that H ,, = E,[B, ,,(z)* B, ,,(z)]. Hence, for every coefficient
vector ¢, (¢, Hr.»nC) = E[|| B (z)[¢]||?]. Therefore, it is enough to prove that B; ,,(z)[¢] = 0 almost
surely implies ¢ = 0. Let T}, denote the random discrete trajectory and &, = {T,, = w,, } denote the
calibration family. Since E|B;,,(z)[¢]|* > E [|B:,,(2)[¢]|*1¢,]. it suffices to show that every ¢ # 0
is detected on &y, i.e., E [|B- . (2)[(]|*1¢,] > 0.

Consider the deterministic calibration path w,, consisting of s Loy s1, followed, whenn > 1,by n—1
repetitions of s; — s1. For n = 1, only the first transition is retained. Let X, collect the continuous
coordinates W = w, Y = ®(sg,a;), ¥, = P(s1,a), a € [m], together with Ry = R(a,, $1) and,
whenn > 1, Ry = R(a,, s1). Define the subprobability measure v,,(E) := P (X,, € E, T, = wy,).

—_
—

The calibration path w, is not a null event. Let p denote the task distribution, and define p,,, (E) :=
Pr(T,, = wy | 2), where = denotes the sampled task variables. By assumption (ii), every factor
in p,, () is strictly positive almost surely. Hence p,, (=) > 0 for py-almost every task, and
Pr(T, = wn) = Eulpw, (E)] > 0. Let ux denote the marginal distribution of X,,, and define
lo(z) == E,[pu,(E) | X, = z|. Since p, (E) > 0 almost surely, we have £,,(z) > 0 for
px-almost every . By the tower property, for every Borel set E, v,(F) = Pr(X,, € E, T,, =
wn) = [pln(x) px(dz). By assumption (i), the joint distribution of (w, ®, R) has a nonzero
absolutely continuous component. Since X, is a coordinate subvector of (w, ®, R), its marginal
distribution px also has a nonzero absolutely continuous component, denoted by 15¢. The measure
Uy (dx) := £, (x) pi¢(dz) is absolutely continuous with respect to Lebesgue measure. Moreover,
it is nonzero because 15 # 0 and ¢,, > 0 p5¢-almost everywhere. Since ;5 < px, we also have
Upn, < vy. Therefore, v, has a nonzero absolutely continuous component.

Suppose that B ,,(z)[¢] = 0 almost surely under the joint task-trajectory distribution. Restricting
to the event T,, = w,, gives B, (an (x)) [¢] = 0 for v,,-almost every x. Each component of the
left-hand side is real analytic in the continuous coordinates z, since it is formed from finite sums,
products, exponentials, and divisions by strictly positive softmax denominators. Because v, has a
nonzero absolutely continuous component, each component vanishes on a set of positive Lebesgue
measure. A nonzero real-analytic scalar function on R? has a Lebesgue-null zero set. Hence every
component must vanish identically. Therefore, B ,,(z)[¢] = 0 implies

B (2w, (2))[¢] = 0, forall z.

We now use this identity to identify the coefficient blocks in (.
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Leta, =1,setY =y, U3 =z, and ¥, = 0 for every a # 1. Since a, # a, when n > 1, all later
current-state features on the calibration path vanish. Writing r = Ry, nB; ,,[¢] = 0 reduces to

0=FEcy(r—w'y+yw'¢)+ y{yT(e_ +E_w)+v¢ (ey + Eyw) + reqTW + WTEEAW},

for every z,y,w € R? and r € R.

The coefficient of r is [E¢ + (equ)Id]y. Setting w = 0 and varying y gives E~ = 0. The remaining
identity (equ)y = 0 for every w, y then gives e, = 0. After substituting Ec = ¢, = 0, the scalar
multiplying y must vanish for every y # 0. Its dependence on y is affine, so its linear coefficient
satisfies e + E_w = 0 for every w. Setting w = 0 gives e_ = 0, and varying w then yields
E_ = 0. The remaining identity is

V' (er + Exw) +w SEaw = 0. (E.1)
For the candidate feature set (z,0,...,0), define p = __op(w a/T) _ Thep Y =prand ¥ =

exp(w'z/T)+m—1"
p(1 —p)zx . Since m > 2, we have 0 < p < 1. Dividing (E.1) by p gives

' (ey +Eiw) + (1 —p)(w'z)(z" Exw) = 0. (E.2)

Set = tv with t # 0 and divide (E.2) by t. The second term is O(t) as ¢ — 0, while the first
term becomes v ' (e + E,w). Letting t — 0 gives v (e + E,w) = 0 for every v, w. Hence
e+ + ELw = 0 for every w, and therefore e, = 0 and E; = 0.

Equation (E.2) now reduces to
(w'z)(z"Esw) =0 for every =, w. (E.3)

Suppose, for contradiction, that 4w # 0 for some w. Then w # 0, and the two proper hyperplanes
{r :w'z =0}and {x : 2" Eaw = 0} cannot cover R%. Hence there exists = for which both
factors in (E.3) are nonzero, a contradiction. Therefore £ 4w = 0 for every w, and thus £4 = 0. We
have shown that all seven coefficient blocks vanish: Ec =e; =e_ = E_=e¢y =FE, =F4 =0.
Hence ( = 0. O

Corollary E.2 (Verification under the experimental generator). Let Ny > 2 and m > 2. Suppose that
Py and all transition rows are mutually independent Dirichlet(1, . .., 1) random vectors, independent
of (w, @, R), whose scalar entries are mutually independent Unif(—1, 1) random variables. Let the
behavior policy be €y,-greedy with uniform exploration for some 0 < €, < 1. Then the hypotheses of
Theorem E.1 are satisfied. Consequently, for every fixedn > 1 and T > 0, Assumption I holds.

Proof. We verify the two conditions of Theorem E.1. First, collect all scalar coordinates of w, ®,
and R into a finite-dimensional random vector X = (w, vec(®), vec(R)) € R?. By assumption, the
coordinates of X are mutually independent Unif(—1, 1) random variables. Hence X has density
Jx(x) =2791(_q 1y« (x) with respect to g-dimensional Lebesgue measure. In particular, the law of
X is absolutely continuous, with a nonzero density on the open set (—1,1)9. Thus condition (i) of
Theorem E.1 holds.

We next verify condition (ii). A Dirichlet(1,..., 1) random vector is uniformly distributed on the
probability simplex and lies in its relative interior almost surely. Therefore every coordinate is strictly
positive almost surely. In particular, for any two distinct states sq, s1, Py(sg) > 0 a.s. and, for every
action a, P(s1 | so,a) > 0, P(s1 | s1,a) > 0as.

It remains to check the behavior-policy probabilities. Because the behavior policy is €5-greedy with
uniform exploration, every action receives at least its exploration probability: 7 (a | s) > & > 0 for
every (s, a), independently of which action is greedy and of how ties are broken.

Hence, when n > 1, choose any distinct states sq, s; and any distinct actions a,, a,. Then, almost
surely, Py(sg) > 0, P(s1 | s0,az) > 0, P(s1 | $1,a,) > 0, and m(ay | so) > 0, mp(a, | s1) > 0.
Thus condition (ii) holds. For n = 1, only the first transition is needed, and the same argument gives
Py(s0) > 0, P(s1 | s0,az) > 0, mp(az | so) > 0 a.s. Therefore all hypotheses of Theorem E.1 are
satisfied. Applying that theorem yields Assumption 1 for every fixed n > 1 and 7 > 0. O
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E.2 EFFECT OF TEMPERATURE ON CONVERGENCE RATE

In this section, we establish the lower bound on x(7) and then construct a matching normal direction
for the upper bound. By the normal-curvature comparison established in Lemma D.2, it is sufficient
for the lower bound to control the smallest eigenvalue X, := Amin(Hr.) of the coefficient-space

Gram matrix. Equivalently, we need to prove a uniform lower bound of Ep,, |B; ., (2)[(] \; for every
coefficient direction (.

Lemma E.3 further reduces this task to the reference law U, on the calibration path. Hence it suffices
to establish the corresponding coercivity bound for Ey, | By, (2w, )[¢]|3. The only coefficient block
whose response degenerates is the attention-score block in the first layer of Transformer. We therefore
first isolate the successor-value and attention contribution K, = U (e, + E, W) + W TS, E4W
and derive a quantitative lower bound for Ey;, K2, which shows in Lemma E.4. We then combine this
estimate with orthogonal projections controlling the remaining coefficient blocks (E¢, eq,e—, E_),
which yields the lower bound of (7).

Lemma E.3 (Calibration-path reduction). Under the experimental generator, let w,, be the calibration
path used in Theorem E. 1, and let U,, denote the product-uniform law of the continuous coordinates
appearing along this path. Then, for every coefficient direction (,

Ep, Bf,n<z)[<] ||§ > pn By, [|Brn (2w, )[C] ||§ )
where PN (n)
Dini s n €p
n — -~ 07 min +—
Prn="N2T(N, +n-1) b m

Proof. We use the same calibration path as in Theorem E.1, s 2oy 81, 81 —25 ¢ for the remaining
n — 1 transitions, with the second part omitted when n = 1. Let U,, denote the product-uniform law
of the continuous coordinates appearing along this path, and let z,,, be the corresponding context.

Because the behavior policy selects every action with probability at least pp,i,, the conditional
probability of following the prescribed action sequence is at least p]’ ;. . The remaining state-transition
contribution is
Qn = Po(s0)P(s1 | s0,a5)P(s1 | s1,a:)" ",

where the final factor is omitted for n = 1. Hence the probability of the calibration path, conditional
on the task, is bounded below by pl, @,. Since the initial-state probability Py(s¢) and the transition
probability P(sy | so,a,) each have mean 1/N,. The repeated self-transition probability P(s; |
s1,a) has the Beta(1, Ny — 1) distribution, so

_ 1 T(N)I'(n
EQ, = EPy(s0)EP(s1 | s0,a,)EP(s1 | 81,a,)" " = NQF(N(_F)n(_)l)

Under the experimental generator, the environment variables in (), are independent of the selected
continuous coordinates (w, ®, R). Therefore, for every nonnegative measurable function f,
EDn f(Z) = IEDn [f(z)l{Tn:wn}] =E [f(zwn (Xrb))]P)(Tn = Wn | E)]
2 PminE [f (2w, (Xn))Qn] = Piin E [f (2w, (X0))] E[Qn] = pnEu, f(2a,,)-

where p,, = p]‘s‘é“ % > 0. Let f(z) = ||B;.(2)[¢]||?, we have the desired result. O

Let ( = (Ec,eq,e—, E_,eq, E., E4) be the observable coefficient direction induced by U. We
decompose the attention coefficient E4 as D := E4 = Dy + alg, a := #, tr(Dg) = 0. We first
isolate the part of the response associated with the successor-feature and attention coefficients. Under
the reference law U, let W denote the weight vector and ¥, ..., ¥,, the successor features. Their

contribution is summarized by K, := Ut ' (et + E, W)+ W S, DW.
Lemma E.4 shows that the temperature dependence of K, determines the weakest curvature con-
tributed by the attention block and, in particular, reveals the 75 scaling of the scalar attention direction.

Lemma E.4. Assume d > 2. Under the reference law U, there exist constants b,y > 0 and 1, > 0,
independent of T and of the coefficient direction, such that for every 0 < 7 < Ty,

Eu, K2 2 bage ([le4 > + [|1E4 |5 + 72| Doll7 + 7°da®) . (E.4)
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Proof. (i) We first lower-bound E[(W T X, DW)?]. The difficulty is that Dy may point in an arbitrary
trace-free matrix direction. We first construct a finite collection of measurements u | Dov that controls
the entire matrix Dg. Define

Feflnepizpu{ (G800 a) (a0 h) g,

The pairs (e;, e;) directly measure the off-diagonal entries of Dy, while the rotated pairs also measure
differences between its diagonal entries. Since tr(Do) = 0, we have

Z (uTDov)2 = Z Dy)? it Z DO)J]) + %((DO)U’ - (D0>ji)2

(u,v)EF i£] i<j
1
= (Do)} + Z(Do) 52 ((Do)ij = (Do)’
] i<J
Z(DO ij + Z DO 7.2 - ||D0HF (E.5)
i#£]

Hence the finite family F detects every nonzero trace-free direction.

For each (u,v) € F, we construct a local configuration in which the attention response contains
the measurement u " Dyv. Choose fixed sufficiently small constants s,¢,b > 0 and set W = sv,
V=", — Uy = tu,and M := (¥ + U3)/2 = bv, with ¥, = —bv for @ > 3. Equivalently,
Uy =bv+ (t/2)uand Uy = bv — (t/2)u.

Since u" v = 0, actions 1 and 2 have the same score, W' U, = W T Uy = sb, whereas every action

a > 3 has score —sb. Thus actions 1 and 2 are tied, while all remaining actions are separated from
them by a fixed positive margin. Let g :== W'V = W T (¥; — ¥,) denote the score gap between
actions 1 and 2. At the center, g = 0. In a sufficiently small neighborhood of each center, we use g,
together with the remaining local coordinates v, as coordinates. The corresponding reference density
can be written as jy(v,g) dv dg, with 0 < j_ < js(v,g9) < j+ < oo. Since only finitely many
charts are used, these constants can be chosen uniformly.

We restrict each chart to the near-tie region 7 < |g| < 27. In this region, actions 1 and 2 both receive
nonnegligible softmax mass, whereas all other actions remain separated by a fixed score gap and
contribute only exponentially small terms. Using the pairwise representation of .., we obtain

WS, DW = a77] gV DW + R,,|R.| < Ce™%/7||D||p. (E.6)
Since D = Dy + algand VW = g,
gVTDW = gV T DoW + ag?. (E.7)

The trace-free component therefore contains one factor of the small gap g, whereas the scalar
component contains two. To make the dependence on 7 explicit, set g = 7z and a. := Ta. Then

gV T DoW + ag? =7 (2V I DoW + a.z?) . (E.8)

Squaring contributes a factor 72, while dg = 7 dx contributes one additional factor 7. Hence the
near-tie contribution has an overall factor 73. After removing this common factor, the corresponding
quadratic forms converge to

Go(Do,ae) = Z/ j((U,O)/ k(x) (xfg(U;Do) + aex2)2 dz dv, (E.9)
)z, 1<]z]<2

where k(z) := €% /(1+¢%)* > 0and fy(v; Do) := Vy(v,0) " DoW,(v,0). The role of Gy is to rule
out cancellation between the trace-free part D and the scalar part al;. Suppose Go(Dy,a.) = 0.
Since the integrand is nonnegative and the weights are strictly positive, we must have x fy(v; Do) +
a.w? = 0 throughout each chart. Evaluating this identity at x and —z, with 1 < 2 < 2, gives
zfs + acx® = 0,—xf; + acx? = 0. Hence a. = 0 and f, = 0. At the center of the /-th chart,
Vy = tuy and W, = svy, and therefore f;(0; Do) = stu, Dovy = 0. Since this holds for every
(ug,vp) € F, (E.5) implies Dy = 0. Thus Gy is positive definite. Because the coefficient space is
finite dimensional, compactness of its unit sphere gives a constant A\g > 0 such that

Go(Dosae) = Ao (| Dol|% + da?) . (E.10)
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Moreover, after the rescaling ¢ = 7z and a = a./7, the contribution of the remaining actions to
the rescaled response is uniformly O(7~2e~99/7) = (1) on the coefficient unit sphere tr(Dg) = 0,
| Dol|% + da? = 1. The coordinate maps and densities also converge uniformly on the fixed chart
domains, chosen with compact closures. Thus G, converges uniformly to GGy on this unit sphere,
equivalently in operator norm for the associated Gram operators. Hence, for all sufficiently small
T >0,

2
G, (Do, a.) := 32 ; WTET Dy +i1d) W} dP)%(IIDOH%erag). (E.11)
e,

Let Cy,» denote the near-tie region in the /-th chart and define ;e () := (J, C,-. Since there are only
= | F| charts, their overlap multiplicity is at most L. Therefore, for every nonnegative function h,

> | hdP<LE[hlg, ). (E.12)
CZ,T

Combining this finite-overlap bound with (E.11), and recalling that a. = Ta, gives
I {(WTZTDW)zlsm(T)] > b37®|| Dol|3 + bs7°da® — Ce™ /7 || D|[3.. (E.13)

Thus the near-tie regions provide order-72 control of the trace-free component Dy and the weaker
order-7° control of the scalar component al.

(i1) We next control cancellation with . All expectations below are under the reference law U,,.
Write X, := VTE, W, Y, :== W'Y, DW, Z, := ¥le,, where D = Dy + aly and tr(Dy) = 0.
In particular, K, = Z, + X, + Y., || D||Z = || Do || + da?. We choose all constants independently
of 7 and the coefficient direction. The parameters d and m are fixed.

Choose fixed, sufficiently small positive numbers 7., a., b, and consider the following d> configura-
tions in the interior of the product-uniform support:

W =r.ej, Uy = byej, U, =—bie; (a>2), ji=1,....d;
W =r.e;j, Uy = a.e; + biej, U, =—be; (a>2), i # .

At each configuration, action 1 has a fixed positive winning gap. Take sufficiently small, fixed open
neighborhoods of these configurations whose closures lie inside the support, and denote their union
by Esep. On this union, every gap WT(\IJ1 —U,), a > 2,is bounded below by a common constant
gSep > 0

For Xo(E) := U] EW, the center measurements are b,7, E;; and a.r. E;; + b.r.E;;. They jointly
determine every entry of E. Hence the quadratic form E[X(FE)?1¢, ] is positive definite: if it
vanished, positivity of the reference density and continuity would force X((E) to vanish on each
neighborhood, including at every center, and therefore &X' = 0. The diagonal centers similarly show
that E[(¥]e)?1¢, ] is positive definite in e. Compactness of the respective unit spheres therefore
gives constants Ag, A, > 0 such that

E[Xo(E)’1 Ae|BIE, E[(¥]e)’1e,,] = A e (E.14)

sep] sep

All features and W are bounded. The uniform winning gap gives
[ W7 — W] + 2], < Ce™%P/T on Exep. (E.15)

For example, the total softmax mass outside action 1 is at most (m — 1)e~9sep /T which bounds both
quantities in (E.15) up to fixed constants. The reverse triangle inequality in the restricted L? norm,
together with (E.14), implies that, for all sufficiently small 7,

Ae

E[X71e,,] > 4EHE+H§7 E[Z71e,,) > z||6+H (E.16)

sep
These estimates hold simultaneously for all coefficient directions, because the L? approximation
errors are bounded by Ce~9%<r/7||E, || and Ce~ 9%/ ||e ||, respectively. Also, (E.15) yields

E[Y?1e, ] < Csepe™2%2/7|| D||2. The elementary inequality (u + v)? > 2u? — v? for u,v € R

sep
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follows by completing the square. Applying it with v = X, and v = Y, and weakening the
exponential remainder if necessary, gives
AR

B[(Xr +Y2)* 1., ] 2 BBl B4 — Cuope ™/ 7DIZ, bpi="E>0.  ®1D

Let & (7) be the union of the near-tie charts from part (i). Their bounded densities, fixed bounded
coordinate domains, and gap restriction 7 < |g| < 27 imply P(Eio(7)) < Cy7. Indeed, each chart
contributes at most its upper density bound times its coordinate-domain volume times the gap-interval
length 27; summing over the finitely many charts gives this bound regardless of overlap. Since

W < V.,
E[X 1. (] < Cx7|[EL|f,  Cx :=d?C. (E.18)
Rewrite (E.13), retaining its coefficient-independent constants, as
E[Y? 1, ()] = bs7® || Dol|2 + bs7°da® — Chiee%/7||D||2. (E.19)

Apply (u+v)? > Lu? — v? withw = Y, and v = X.. Equations (E.18) and (E.19) give
b b Cie — T
E[(X; +Y7)Le.n) = 278 | Dollf + 27°da? — CxTl| 4| = 2=/ [D|)2. (B.20)
No disjointness of the two regions is needed: thelr indicators sum to at most two. Consequently,
1
E[(X7 + YT)Z] = 9 (E[(X‘r + YT)Zlgsep] +E[(X- + YT>215H0(T)])'

Set ¢ = min{go, gsep } > 0 and Cy = Ciep/2 + Ciie/4. Combining the two regional lower bounds
yields

b Cxt bs - o/r
Bl + Vo) > (8 = S5 ) 1B 2 + eI Dull + b = Coe™/ (IDulE + da?).
(E21)
Choose 7, > 0 smaller than the thresholds used above and in part (i), so that for every 0 < 7 < 7y,
b , in{bs, b
r<l Oxt< 2, G < WT? (E.22)

Such a choice exists because e ~¢/7 /7 — 0as 7 | 0. Every quantity used to choose this threshold is
independent of e, F/, and D. Using 75 < 73 and (E.22) in (E.21) gives

b b
B(X, + Y] > 2B, 2 + 2rlDoll3 + Zrda”. (E.23)
The product-uniform law of (W, ¥4, ..., ¥,,) is invariant under simultaneous sign reversal. This

transformation preserves all softmax logits and X, reverses V.., and makes Z, odd while X, + Y,
is even. Therefore E[Z, (X, + Y;)] = 0, E[K?] = E[Z2] + E[(X, + Y;)?]. The second estimate in

(E.16) implies E[Z2] > (A./4) ||e+||*. Combining this with (E.23) proves
EIKZ) > buas (lles I + B4 12 + 781 Dol + 7°da?) (E.24)

where one may take b, = mm{ o f, b83, 3 } > 0. Both b, and 7, are independent of the

coefficient direction. They can also be chosen independently of n, since all quantities in this
argument, including the near-tie construction in part (i), depend only on the same product-uniform
marginal of (W, ¥y, ..., ¥,,) under every U,,. O

The proof of Corollary 3. (i) Since B; ,,(z)[¢] = 0, Dyp-a.s. => ¢ = 0 has already been established
in Corollary E.2; This step is quantitative only. Lemma E.4 analyzed e, E |, E 4, we now incorporate
Ec,eq, e, E_.

On the calibration path, let Y := ®(so,a,), Ry := R(ag,s1), Zy := YY" — 114, and v, :=
W T ... Conditional on all variables other than Y and Rj, the observable response can be written as

B 0 (2w,)[C] = RoAr(Y) + As(Y) + A2(Y) + Aconst, (E.25)
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where A,(Y) = [Ec+ (e] W)Y, Ao(Y) = yw - EcY + K, Y, A3 (Y) = —Ec Zy W + Zy (e_ +
E_W),and Aconst = %(—ECW +e_+E_W)+ Ajater- Here Ajater is the sum of the contributions
from transitions 1,...,n — 1, and is zero when n = 1.

The calibration path has sy # s;, and all later transitions use features associated with s;. Hence,
under the product reference law, A}, is independent of Y = ®(sp, a, ) and of Rg. Thus Aconst is
constant with respect to the conditional variables (Y, Ry).

The four terms in (E.25) are mutually orthogonal in L2 (Y, Ry). Indeed, ERy = 0 and R, independent
onY; A,isoddinY,ie., A,(-Y) = —A,(Y); Since Z_y = Zy, Ay isevenin Y and centered
because EZy = 0; and Aconst 18 constant in (Y, Ry). Odd and even functions are orthogonal under
symmetric distributions. In particular, later transitions cannot cancel any of the first three components.

The uniform moments satisfy JE[YYT] =EWWT] = 11, ER} = §, and EZ} = viy v :=
51

2 1 d
E||RoA,(Y)|* = gE [Ec + (g W)l = SlECIE + 5= lleql?, (E.26)
where the cross term vanishes because EW = 0.
For 0 < ¢ < 1, weuse ||z + y|? = §|lyl|> — 125 ]|=||?. Since |v,| < d
dod B 0o Y d \E ||
30T 14, clr

Moreover, Zy e_ is orthogonal to the terms linear in the centered variable W. Using E|| Zy E_W||? =
2|3 E|[ EaZy W = £||Eci3 we obtain

OV 02
25 2 L
E[|A(Y)|? = vle-|* + =I1E_|% — =46, 3

E| A, (V)| > (E.27)

3 (E.28)

Choose §, = min{%, 487%[12}, 6 = min {3, ;5> }. Since §/(1 — d) < 26 for § < 1/2, each
negative coefficient multiplying || Ec||% in (E.27) and (E.28) is at most 1/72. Hence the coefficient

1/9 in (E.26) retains at least % Combining the orthogonal decomposition, (E.4), (E.26), (E.27), and
(E.28), there exists b,er > 0, independent of n, 7, and (, such that for all sufficiently small 0 < 7 < 1,

B, 1Brn (2, I > 2 (o1 + el + lle— | + 18- 3
+ lex 2+ 1B+ I3 + 721 Doll} +7°da?).  (€29)
Since ||D||% = || Do||% + da? and 0 < 7 < 1, the right-hand side is bounded below by r°2f7'5||C||v
Using Lemma E.3,
o, [Ben(@)ClI2 > 222 ¢]3 (E30)

b

Therefore X, > p” xet 5 By Lemma D.2, /<;(T, n) = cqPryetrS. Since N is finite, Coxp 1=

cabres mingcpr 25 > O and hence £(7) > Cexp®, n € N.

(ii) For the upper bound, it suffices to exhibit a single unit normal direction whose response is O(75).
Consider the pure scalar attention perturbation Ug, = (%, 0,...,0). Every tangent vector to M,

has zero A-block, so Uy, € Ng M, atevery § € M., and || Uy || = 1.

For a fixed successor state, define g,, = WT(\I/a — Uy). This random variable has a uniformly
bounded density. Conditional on W # 0, let My, := max; |[W,| and choose a coordinate at-
taining this maximum. Since the difference of two independent Unif(—1, 1) variables has density
bounded by 1/2, convolution with the remaining independent coordinates yields || fy,,w [loo < 337

Furthermore, P(My < t) = t4, I['ZMV_V1 = so, because d > 2

d . _ d
a—1 < Ld = m < Q.
Set V, := WTX,W. The pairwise covariance identity gives V, = Y oact TaTh g%, Moreover,
Ty < e~ 19481/ Indeed, if the larger of the two logits is ¢,, the softmax denominator is at least
e24+/7 after multiplying the two probabilities.
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Let P, := m(m — 1)/2. By Cauchy-Schwarz,

T

EV?< Pn) E {gé‘be’z'g“”‘”] < 2LdPﬁl/ e 2T dg = Cyr®, (E31)
a<b 0

where C'yy < oo depends only on d and m.
Direct differentiation in the direction Uy, gives J;3(2)[Usc| = n"—\}g Z;:ol ¢; V> ;. Using convexity
of the squared norm and ||¢;|? < d, E[|J5(2)[Us] |2 < 2 S EV?;.

n

The visited successor state may depend on the task, so we do not condition on it. If V. (s) denotes the
same scalar covariance computed using the feature table at a fixed state s, then

EVT2,Z = Z]E [1{Si+1:S}VT(S)2} < ZEVT(S)z < NSCVT5.
sES seS

Therefore E||J5(z)[Us]||3 < a?y2N,Cy75. Since () is the minimum squared response over unit
normal directions, k(7,n) < CCXPTS, Coxp = a?~y2N,Cy, uniformly over all n > 1.

Finally, by the uniform local derivative bounds established in Lemma D.4, the same admissible
step size 7 may be used throughout the small-temperature regime. Applying the parameter-distance
complexity result of Theorem 2 and substituting x(7) = ©(7°) yields supgoc 4 Kap(s;60°,7,n) =
Oa (15 logl). O

n?
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